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Abstract

While the Born’s rule allows us to predict the output statistics of quantum devices, inferring
the underlying quantum functionality from these statistics without any prior knowledge
of the device is generally difficult. Intriguingly, this challenge can be overcome by self-
testing, a phenomenon where certain non-local statistics is exclusively produced by certain
configuration of the devices.

This thesis contributes to a refined mathematical framework of self-testing from three
aspects. First, via a detailed analysis of Naimark dilation, restriction, and purification trans-
formations within non-local strategies we systematically remove the common assumptions
under natural conditions. We can eliminate assumptions of purity, full-rankness, and projec-
tivity, thereby lifting many existing self-testing protocols to their strongest form. We further
identify specific instances where these assumptions remain necessary, by identifying a statis-
tic that admit no pure, full-rank projective realization. A no-go result shows non-projective
measurements can never be self-tested in the strongest sense.

Second, we delve into the issue of complex conjugate, refining the formulation of complex
local dilation and complex self-testing where the definition of self-testing is relaxed to allow
complex conjugation. A conjecture on the operator-algebraic structure of complex self-
testing is proposed. Additionally, we revisit the notion of “reality” in quantum strategies,
examining what it means for a strategy to be “real” and addressing subtleties within this
concept.

Lastly, we introduce the first robust, assumption-free self-testing protocol applicable to
any real projective measurement. This is achieved through a new theoretical method, post-
hoc self-testing, which enables construction of self-tests from established ones. We further
generalise this method in an iterative manner, paving the way for future developments in

self-testing protocols across different classes of measurements.



Resumé

Selvom Born-reglen tillader os at forudsige output-statistikken af kvanteapparater, er det
generelt sveert at udlede den underliggende kvantefunktionalitet fra sadanne statistikker uden
nogen forudgaende viden om apparatet. Interessant nok kan denne udfordring overvindes
ved selvtestning, et feenomen hvor visse ikke-lokale statistikker udelukkende produceres af
bestemte konfigurationer af apparaterne.

Denne athandling bidrager til en raffineret matematisk ramme for selvtestning ud fra
tre aspekter. For det forste fjerner vi systematisk de almindelige antagelser via en detaljeret
analyse af Naimark-udvidelse, begraensning og renheds-transformationer inden for ikke-lokale
strategier. Vi kan eliminere antagelser om renhed, fuld rang og projektivitet og derved
lgfte eksisterende selvtestningsprotokoller til deres staerkeste form. Vi identificerer endvidere
specifikke tilfeelde, hvor disse antagelser forbliver ngdvendige, ved at identificere en statistik,
der ikke tillader nogen ren, fuldrang og projektiv strategi. Et no-go-resultat viser, at ikke-
projektive malinger aldrig kan selvtestes i den staerkeste forstand.

For det andet dykker vi ned i spgrgsmalet om kompleks konjugation og forfiner formu-
leringen af kompleks, lokal udvidelse og kompleks selvtestning, hvor definitionen af selvtest-
ning er lempet for at tillade kompleks konjugation. En formodning om den operator-
algebraiske struktur af kompleks selvtestning foreslas. Derudover genbesgger vi begrebet ‘re-
alitet’ i kvantestrategier og undersgger, hvad det vil sige, at en strategi er ‘reel’, og adresserer
subtile aspekter ved dette begreb.

Til sidst introducerer vi den fgrste robuste, forudsasetningsfrie selvtest-protokol, der kan
anvendes til enhver reel projektiv maling. Dette opnas ved hjalp af en ny teoretisk metode,
post-hoc selvtestning, som ggr det muligt at konstruere selvtest ud fra allerede etablerede
selvtest. Vi generaliserer yderligere denne metode pa en iterativ made, hvilket baner vejen

for fremtidig udvikling af selvtestningsprotokoller pa tveers af forskellige klasser af malinger.
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1 Introduction

With the fast advancement of quantum technology, we are now witnessing the construction
of increasingly large and powerful quantum computers. The potential applications of these
devices, from complicated simulations in physics and chemistry [CRO'19] to transformative
impacts in cryptography [PAB*20], are vast and promising. Soon, we may see practical
use cases emerging, where quantum computers deliver capabilities that surpass the limits of
classical computation. This however, leads to a natural question of trust and reliability: How
can we be assured of the accuracy and integrity of the results provided by quantum devices,
especially when they are likely to be more powerful than the classical systems available to
users?

A number of approaches to quantum certification have been explored, tailored to different
types of applications and levels of required rigour [MW16]. One traditional method is quan-
tum state and process tomography [BCD09], which aims to obtain complete information
about the quantum system in question. However, tomography requires significant quantum
resources and expertise from the verifier, as it depends on the ability to perform quantum
measurements on the system directly. Indeed, due to the immense cost and complexity of
their construction, for the foreseeable future quantum resources may only be accessed by the
general public and most researchers remotely through service providers like AWS [AWS] and
IBM [IBM]. Thus, a remote verification method that relies solely on classical communication
is more practical and highly desirable.

In this spirit, self-testing offers a verification approach where the verifier interacts with
the quantum device in a “black-box” manner. The interaction is modelled as sending input
questions to the device (imagine pressing one of the buttons on a box) and receiving responses
(the box shows an answer on a display). After repeated interactions, the verifier may post
process these response data to determine whether the device is operating correctly. This
black-box certification requires minimal assumptions about the internal workings of the de-
vice, thus is refereed to as the strongest form of verification. However, black-box verification
alone faces a critical limitation: without further constraints (like running time restrictions),
even a classical system could mimic a quantum device’s behaviour, thus passing the test
without actually performing any quantum computations”.

The solution to this impossibility came with the study of Bell nonlocality, a founda-
tional concept in quantum mechanics. In the 1960s, John Bell [Bel64] first showed that

"Black-box verification for computationally bounded quantum devices has been studied [KLVY22, NZ23,
CMM™24, KMP*24], which relies on certain computational hardness assumptions.
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two spatially separated devices could exhibit correlations that could not be explained by
any classical theory, formulating what are now known as Bell’s Inequalities. The CHSH
inequality [CHSHG69] is the most famous and simplest form of them. In the 1980s, Tsirelson
established the maximal violation of CHSH inequality achievable by quantum mechanics,
showing that this violation is achieved uniquely by a specific quantum state and measure-
ment configuration [Tsi87]. Later, Mayers and Yao formalized this uniqueness property as a
method of device certification, formally introducing the concept of self-testing [MY04].

Since its inception, self-testing has evolved into an active and expanding field of research.
Numerous new Bell-type inequalities have been discovered, some of which admit unique,
maximally violating quantum configurations that support self-testing [JHCL19, SBJ*23,
PPW23]. The utility of self-testing extends well beyond certification alone; it underpins ap-
plications across quantum information science including protocols for delegated quantum
computation [CGJV19], verifiable randomness generation [BCM*18], device-independent
cryptography [MY04, VV14], Bell nonlocality [Col20], and quantum complexity theory. The
breakthroughs MIP* = RE [JNV120] in both complexity theory and operator algebra takes
self-testing techniques as a key ingredient. Despite these successes, the mathematical formu-
lation of self-testing have not kept pace with its applications. The need to bridge the gap
between the expanding applications of self-testing and a rigorous mathematical framework
is increasingly evident, making such formalism essential for its continued development.

In this thesis we advance the field of self-testing by addressing several fundamental prob-
lems concerning its power and limit from a mathematics point of view. The central con-
tributions of this work are threefold: first, we propose new concepts together with a novel
framework for non-local strategies, enabling a rigorous approach that systematically removes
common assumptions that could potentially restricted the applicability of self-testing pro-
tocols. Secondly, we conduct a thorough examination of complex self-testing by formalizing
complex local dilation and presenting insights aimed at advancing understanding in this area.
Lastly, we demonstrate that all real projective measurements can be incorporated to some
self-testing strategies via developing a handy way for developing new self-tests.

In the remainder of the introduction, we provide more context about those problems and

outline our main results.

1.1 Common assumptions in self-testing

In self-testing, the black-box framework allows for certain “free manipulations” on the devices

that remain undetectable to the verifier through classical statistics alone. For instance, the
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device might alter its frame of reference or possess extra resources that are not engaged in
the interaction. To capture these free manipulations mathematically researchers introduced
the notion of “equivalence up to local isometry” (e.g., in [SB20]), which was later formalized
as “local dilation” by [MPS24]. However, additional transformations can be applied to the
device’s mathematical formulation (called strategies, the tuple of shared state and local
measurements) that preserve observed statistics but lack a clear physical interpretation.
These transformations include purification, Naimark dilation, restriction to the support of
the state, and complex conjugation.

As a result, many authors limit their analyses to specific types of strategies rather than
the full generality allowed by quantum mechanics (POVM measurements on a mixed quan-
tum state). For example, one may assume the state shared by the devices is pure, as one can
always consider the purification of the state. A priori this constraint might weaken the theo-
retical notion of self-testing, contradicting the idea of ‘black-box verification’ that untrusted
devices should have unrestricted power. Most self-testing in the literature to date adopt at
least one of the following standard assumptions: the state is pure, the state is full-rank (or
measurements act only on the support), or measurements are projective.

In Sect. 3, we start by closely examining Naimark dilation, restriction, and purification
of non-local strategy. Built on these our main result shows that in “natural” cases—covering
most instances in the literature—these three transformations are incorporated by local dila-
tion. Consequently, in these cases, assumptions about purity, full-rankness, and projectivity
can be lifted, allowing existing self-testing results to be promoted to assumption-free vari-
ants. We also identify specific scenarios where these assumptions are essential, as we pinpoint
a statistics that admit no realization with pure, full-rank PVM strategy. Additionally, we
establish a limitation of self-testing: non-projective measurements can never be self-tested

in the assumption-free manner.

1.2 Issue of complex conjugate

In the previous discussion, we set aside the complex conjugate, which warrants more detailed
consideration. This transformation is not problematic if the devices are expected to perform
real measurements on a real state. However, if we aim to verify a complex strategy that has
no real matrix representation in any basis (e.g., a strategy involving all three Pauli measure-
ments), the device could potentially “cheat” by implementing its complex conjugate. This
is problematic with the standard definition because taking the complex conjugate generally

cannot be achieved through local isometries. Consequently, researchers have had to relax the
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definition of self-testing to allow for any combination of the expected strategy and its complex
conjugate. Relevant work in this area includes [MM11, APVW16, BSCA18, JMS20], though
the mathematical underpinnings of this relaxed framework remain largely unexplored.

In Section 4, we explore complex self-testing in depth, examining its foundational con-
cepts and offering insights which in hope could shed some light on the study of this field.
We rigorously define complex local dilation and complex self-testing, establishing several
basic properties. Inspired by [PSZZ24], we propose a conjecture on the operator-algebraic
formulation of complex self-testing. Lastly, we revisit the concept of “realness” in quantum
strategies, examining what it means for a strategy to be “real” and highlighting key nuances

within this notion.

1.3 Self-testing any real projective measurement

In the discussion of the limit of self-testing we have shown that non-projective measure-
ments cannot be self-tested, and likewise, complex measurements are not self-testable in the
standard sense. This raises the natural question: can all real projective measurements be
self-tested? By self-testing a measurement, we mean constructing a strategy that incorpo-
rates that specific measurement. Current protocols are largely confined to low-dimensional
quantum systems or specific measurements within higher-dimensional spaces. For exam-
ple, in two-level systems, self-testing protocols for Pauli measurements are well-established
[IMYO04], and later work demonstrates that any two-dimensional projective measurement can
be self-tested [YN13]. Higher-dimensional cases are also partially explored: tensor products
of Pauli matrices have been successfully self-tested [McK17, Col17], and a specific pair of
d-output measurements was self-tested in [SSKA21]. Constant-sized self-tests for measure-
ments with particular properties have also been developed [MPS24, Fu22]. We also remark
that, while the question regarding self-testing an arbitrary states has been extensively stud-
ied in [CGS17, SBR*23], self-testing of arbitrary (higher-dimensional) measurements has
remained out of reach.

In Sect. 5, we present the first robust, assumption-free self-testing protocol for any
real projective measurements. To accomplish this, we formalize a new theoretical approach
called post-hoc self-testing which facilitates the development of new self-tests by building
upon existing ones. Additionally, we generalise this approach and introduce iterative self-
testing, and describe measurements self-testable via this technique in terms of real Jordan

algebras.
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2 Preliminaries and notation

Throughout this thesis all Hilbert spaces (denoted by H, with subscripts indicating the
party they belong to) are assumed to be over complex field and finite-dimensional unless
specified otherwise. The set of bounded operator on Hilbert space is denoted by B(#H). The
identity operator of a d-dimensional Hilbert space is denoted by Idg, which is simplified to

be Id if the dimension is clear from the context. The norm of a vector v € H is denoted by
v :== /(v,v). We write u ~. v if |Ju —v|| <e.

2.1 Quantum states and measurements

For a more detailed introduction of quantum computing and quantum information, we refer
the readers to nice textbooks by Nielsen and Chuang [NC10] and Watrous [Wat18].

A state of a quantum system is described by a density operator in complex Hilbert
spaces. In finite-dimensional cases it can be presented by a positive semidefinite operator
p € B(H),p > 0 with unit trace Trp = 1. If a state has rank 1, then it is called a pure
state, and thus takes the form p = [1))(1)| for some unit vector |1)) € H. In this sense we also
refer to a pure state by [¢)). On the other hand, a state witch is not pure is called a mixed
state. Any mixed state has purification: given its density operator p € B(#H), there exist an
auxiliary space Hp and a pure state [¢) € Hp @ H such that p = Trp [)1)].

The composition of quantum systems is described by the tensor product of the corre-
sponding Hilbert spaces. In a composed bipartite system H4 ® Hp, any pure state |¢) ,5

admits a Schmidt decomposition:
k—1
) = Zai le) ® | i),
i=0

for some integer k, where a; > 0 and {|e;) }i € Ha, {|fi)}: € Hp are orthonormal vector sets.
The integer k is the Schmidt rank of the state. When k£ = 1 the state is called separable,
otherwise entangled. And if £ = dimH 4 = dimHp holds we call the state full-rank. For
the general case, we define the support of the state by supp, [v)) = span{le;)}; C Ha,
supp; ) = span{|fi)}; € Hp.

A measurement of a quantum system is characterised by a set of self-adjoint positive
semidefinite operators {£;}; satisfying >, F; = Id. The probability of getting outcome i
when measuring a system in state p is given by Tr[E;p]. Such a measurement is called a

positive, operator-valued measurement (POVM). If further it holds that E; are projectors,
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i.e., E? = E; for all 7, then we call it a projection-valued measure (PVM).

2.2 Bell Scenario

In a (bipartite) Bell scenario [Bel64, BCP*14], a classical verifier interacts with two spatially
separated quantum devices, usually referred to as Alice and Bob. The verifier sends questions
x € Iy to Alice and y € Zg to Bob, and they respond with answers a € O4 and b € Op,
respectively. Although Alice and Bob cannot communicate during the interaction, they
may beforehand share an entangled quantum state psp. They can measure this shared
state locally, using sets of measurements {E,, : a € Og,2 € Ly} for Alice and {Fy;, : b €
Op,y € Zp} for Bob to produce outputs a and b. The statistics observed by the verifier are
then governed by the probability distribution p(a,b|z,y) = Tr[E,, ® Fupag|, which can be
estimated by repeating such interaction?.

In such scenarios, the behaviour of Alice and Bob are described as quantum strategies.

Definition 2.1 ([BCK"23], Quantum strategy). A (tensor-product) quantum strategy is a
tuple
S = (pa,{Eva v €ZLa,a € O}, {Fp:y €Ip,be Op}), (1)

consisting of a shared state p,p € B(Ha ® Hp), where H,, Hp are Hilbert spaces of
Alice and Bob, respectively. For each x € 74, the set {E,,}.co, C B(Ha) is a POVM on
Ha, and for each y € L, the set {F,}reco, C B(Hp) is a POVM on Hg. We identify the
following special cases (which are not mutually exclusive):

* If pap = )| is a pure state for some |¢) € Ha ® Hp, we refer to the quantum
strategy as pure. In this case, we may replace pap with |¢) in (1).

* If both marginal states ps := Trg[pag],pp := Tralpap| have rank equal to the di-
mension of corresponding Hilbert space, we may refer to the quantum strategy as
full-rank. In the case of pure state p,p = |V), this is equivalent to |i)) having full
Schmidt rank.

* If all measurements { E,,} and {F,,} are PVMs, then we refer to the quantum strat-
egy as projective. Otherwise, we call it non-projective.

2Tt is typically assumed that the devices are prepared independently and identically distributed (IID) for
each round. Extending beyond the IID assumption [Ca022] has become a significant trend in information
theory research, though self-testing in non-IID settings remains largely unexplored.

15



We will write {E,, : © € Za,a € Ou} as {E.,} when from the context it is clear that
the set is indexed over the sets Z4, and O4. We will use analogous notation for Bob’s
measurements {Fy}.

As mentioned earlier, the statistics p(a, b|x, y) is determined by the strategy p(a, b|x, y) =
Tr(E.. ® Fypl. It is also referred to as a correlation in this thesis. We call a strategy -
approximately generates the correlation p(a,blz,y) if |p(a,b|z,y) — Tr[E,, @ Fyupl| < 6 for
all a,b,z,y.

2.3 Local dilation and Self-testing

In a self-testing protocol, the verifier aims to deduce the underlying behaviour of quan-
tum devices based solely on observed statistics. It is therefore essential for the behaviour
producing a given statistics to be unique. However, at least two types of transformations—
changing frames of reference and appending additional unused systems—Ileave the statistics
unaffected. To account for these transformations, the concept of local dilation was intro-
duced. In this thesis, we adopt the following definition of approximate local dilation, as it is

critical in defining robust self-testing.

Definition 2.2 ([BCK*23], Local «-dilation). Given two strategies

S = (pAB < B(HA ® HB)? {E:w}u {Fyb}) and
g (|1/~)> € HA®,HB>{E~IIG}7{ﬁyb}>

we say that S is a local e-dilation of S and write S < S if for any purification V) € Ha®
Hp®@Hp Of pap there exist spaces H 4, H 3, a local isometry U = Uy @Up, withUy : Ha —
Hi@H,; Up: Hp — Hiz®Hp and a state |aux) € H ;@ Hz ® Hp such that forall a,b, z,y
we have

(U®1dp) [¢) ~. 1) @ |aux)
(U @ 1dp)(Ere ® ldp ® Idp) [0) & (Ere @ ldg) 1) @ [aux) (2)
(U @ Idp)(lda ® Fyp @ Idp) [¥0) ~. (Id; @ Fyp) 1)) @ |aux) .

In case we want to name the local isometry and the auxiliary state, we write S ﬁ S.

We will use this notation only when p 4p is pure to avoid ambiguity.

Remark 2.3.
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* Note that local dilations are transitive. That is if Sy <l Sy and Sy 38 ., then
e1+e2

Sx —— Sy, see [MPS24, Lemma 4.7].

* If the state pap = [¥)¢)| in strategy S is pure, we do not need to concern ourselves
with purifications of psp in the above definition. That is, the auxiliary state |aux) €
H; ® Hp, and Eq. (2) becomes

U ) = [¢) © |aux) ,
U(Ez ®dp) |¢) =~ (Eza ®ldg) |2Z> ® |aux) ,
U(lda @ Fyp) [¢) =2 (1d 5 ® Fyp) [¢) © [aux) .

« If ¢ = 0 holds, we say that S is a local dilation of S and write S < S. For pure states,
this is equivalent to finding a local isometry U = Uy ® Upg such that

U(Bua ® Fip) [) = (Eva ® Fyp) [$) © [aux)

holds for all a, b, z,y.

produces self-tests

_’ p(a'b|x,}’) _’

Figure 1: (adapted from [CMV24, Fig. 1]) Self-testing in a Bell scenario involves spatially
separated parties, Alice and Bob, who perform local measurements on a shared state (their
strategy denoted by S), producing a correlation p(a,b|x,y). In the context of self-testing,
this correlation allows Alice and Bob to be verified classically: the only way they can pro-
duce the correlation p(a, b|x,y) is by following the specified target state and measurements,
represented by S, up to local dilation.

Roughly speaking, self-testing requires that any strategy S generating the same correla-
tion as S can be mapped to strategy S via local dilation (see Fig. 1). Robust self-testing

enhances this by ensuring that any strategy S generating a correlation close to that of S can
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be approximately mapped to S. This makes it particularly practical, as correlation may be

dampened by noise. With the notion of local dilation we define robust self-testing as follows.

Definition 2.4 ([BCK'23], Robust self-testing). Let S be a pure strategy that generates
correlation p(a,b|z,y). We say that p(a,b|z,y) robust self-tests S if from every ¢ > 0,
there exists § > 0 such that S <s S for every strategy S that 5-approximately generates

p(a,blz,y).

We remark that, it is also common to study self-testing in terms of a (non-local) game
G or a Bell expression B. In these cases, Alice and Bob aim to maximize a target function f
(depending on G or B), which is typically a linear function in p(a, b|x,y). A game G or Bell
expression B is said to self-test its optimal strategy S if S is the unique optimal strategy, up
to local dilation. In this thesis, we focus primarily on self-testing from correlations, and we
will indicate explicitly when our techniques or results also apply to self-testing from games

or Bell expressions.
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3 Assumptions in self-testing

The work presented in this section is largely based on the joint work with Pedro Baptista,
Jedrzej Kaniewski, David Rasmussen Lolck, Laura Mancinska, Thor Gabelgaard Nielsen,
and Simon Schmidt [BCK*23], of which I contributed to Sect. 1, 3, 4, 6. Here

1. Sect. 3.1 is adapted from [BCK'23, Sect. 1], Sect. 3.2 and 3.3 corresponds to
[BCK™23, Sect. 3|, and Sect. 3.5 corresponds to [BCK*23, Sect. 6], with format

and notations’ changes to fit with the layout of this thesis.

2. Sect. 3.4.3 is a modification of [BCK"23, Sect. 4], where I generalise the methods in

removing purity assumption to self-testing from correlations.

3.1 Motivation

Ideally, self-testing allows us to say that S generates its correlation uniquely among all
possible strategies allowed by quantum mechanism. In practice, however, when proving
self-testing theorems, authors often impose different restrictions on the set of considered
strategies S. Three most common types of assumptions restricting the strategy, S, imple-

mented by the untrusted black-box quantum device are as follows:
1. the state in S is pure (rather than mixed),
2. the state in S is full-rank,
3. the measurements in S are projective (rather than general POVMs).

The above assumptions give rise to a priori different definitions of self-testing. A t-strategy
for t C {pure, full-rank, PVM} is a strategy where the states and measurements are restricted
according to t. For example, a pure PVM strategy has a pure state and projective measure-
ments, while the rank of the state can be arbitrary. An assumption-free strategy will usually

just be called a strategy.

Definition 3.1 (Self-testing with assumptions). Let S be a pure strategy that generates
pla,blz,y), and t C {pure, full-rank, PYM}. We say that p(a,b|x,y) robust t-self-tests S
if from every ¢ > 0, there exists 6 > 0 such that S < S for every t-strategy S that é-
approximately generates p(a,b|z,y).
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It is clear that every t-self-test is also a t'-self-test if ¢’ imposes more restrictions on the
strategy than t. For example, every PVM self-test is also a pure PVM self-test. Conversely,
if one could show that some #'-self-test is actually a ¢-self-test, then we say the assumptions
in ¢'\ ¢ can be removed. We will refer to an assumption free self-test just as self-test. That is,
t = () and our arbitrary strategies are allowed to have mixed states of any rank and POVM
measurements.

To gain intuition of the potential consequences of making unjustified assumptions, con-
sider an example from [CHLM?22] where two provers receive a single question each and
produce a perfectly correlated bit. This can be achieved with a classical, separable mixed
state: no quantum entanglement needed. However, if we assume that the perfectly correlated
bit is produced by measuring a pure state, then this state needs to be entangled, leading to
an entirely different analysis and conclusions. To give a more practical example, in device-
independent random number generation, randomness is secure if it is not predictable by a
third party [AM16]. Then the purity assumption oversimplifies and invalidate the security
analysis, as there is no way any third party is entangled with a pure state. The assump-
tion that all measurements are projective is sometimes made for the sake of simplicity or
due to historical precedent. On the other hand, we know that non-projective measurements
are essential for certain tasks in quantum error correction and state discrimination. Adher-
ing to this assumption could therefore unnecessarily restrict the applicability of self-testing
methods. From a philosophical standpoint, making additional assumption goes against the
idea of self-testing, which aims to make as few assumptions as possible. This is particularly
important in cryptographic contexts where fewer assumptions often translate into stronger
security guarantees.

The goal of this section is to show that which of these assumptions can or cannot be re-
moved under which condition. The remainder of this section is organized as follows: we start
with an introduction to two new concepts: nearly support-preserving and nearly projective
strategies in Sect. 3.2. Then in Sect. 3.3 we take a recap of two commonly used tricks:
restriction and Naimark dilation, and show their connection to our new concepts. This con-
nection will play a central role in the proof of our main results, which we will elaborate in
Sect. 3.4 and 3.5. In particular, Sect. 3.4 shows how to remove certain assumptions and

Sect. 3.5 provides a key example indicating when some assumptions cannot be removed.
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3.2 New concepts

We noted previously in Definition 2.2 that the local dilation is transitive, so it gives a pre-
order on the set of strategies. In general, local dilation is not an equivalence relation, because
if we let S’ to be S attached with an entangled auxiliary state, then S’ < S but not the
other direction. Nevertheless, we can show that if the auxiliary state in the local dilation is

separable and both strategies are pure, then the two strategies are essentially ‘equivalent’:

Proposition 3.2. If a strategy S, is a e-local dilation of a strategy S,,, with a separable
auxiliary state:

€
Sm © > Sn,
Va®Vp,|0) 1810 5

then S,, is also a =-local dilation of S,, (for some separable auxiliary state).

Proof. Without loss of generality, assume that S, has local dimension n, and S,, has local

. . . g
dimension m. Since .S,, > Sy, then
Va®Vg,|0) 1©10) 5

(Va® VB)(ED @ F3) [tm) =(10)410)5) ® (ED @ F5) [n)
:(IdanXn ® ldn%xn)(E(n) X F ) |¢n>

where n/y =n xdimH 4, nl; = n xdim?H 4, and Id,«, (y < x) denotes the first y columns of
the x x x identity matrix, which is an isometry.

Express V4, Vg as Vy = UAIdanXma Vg = UBIdn/me7 where Uy, Up are unitaries. Then

(Idur, xm @ 1y ) (ES @ AF“")rwm>
ws(Uzldngxn ® Ugldnjg Xn)(E:J(ca yb ) |¢n> .

Take the smallest (or any) n” > max{n'y, )z} such that n” is a multiple of m. Then

(ldn”xn/ Uzldn’ xn & |dn”><n/ Ul*gldn’ Xn)(E(n ® F ) |'¢n>
(ldn”Xm ® Idn Xm)(E(m) ® F ) |77Z)m>
=(10) 4 10} ) ® (ES) @ Fiy™) [},
where |0) 4, € H 4 = cn'/m, 0) 5 € Hpp = C™'/™_ Tt is clear that both Vy, := |dn/’Xn’A Ujgldanxn

and Vg 1= Id,ryy Ugld, ., are isometries. So S, « > S [
B B VA’®VB’7|O>A’®|O)B’
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3.2.1 Nearly support-preserving strategies

We introduce the idea of support-preserving strategies [Lol22]. Given a pure strategy S =
(1) ,{Eza}, {Fp}), in the case where [¢) is not full-rank, the support of |¢/) may or may not
be an invariant subspace of the measurement operators. In a support-preserving strategy,
the measurement operators map the state still inside the support of the state. That is, a

quantum strategy S = (|¢) , {Es.}, {Fp}) is called support-preserving if

SUPP 4 ((Ere @ Idp) [10)) C supp([1))), suppgp ((Ida ® Fyp) [10)) € suppg([4)),

holds for all a,b, x,y. Alternatively, one also can think of it as the measurement operators
being block-diagonal in the Schmidt basis of the state, as what the authors of [PSZZ24]
independently defined therein, which they refer to as “centrally-supported”. It is given by
the following condition:

[Era, 4] = [Fyp, TI] = 0,

where 114 and Ilp is the projection onto supp 4(|¢)) and suppg(|1)), respectively. As the
latter form is easier to be generalised in the case of robust self-testing, we adopt it to the

following definition of nearly support-preserving strategies.

Definition 3.3 (Nearly support-preserving). Let ¢ > 0. A pure strategy S = (|¢)) € Ha ®
Hp, {Ew}, {Fyp}) is called e-support-preserving if

14 Enalllon < & [, Fyplllos < e,

hold for all a,b, z,y, where 11, is the projection onto supp ,(|v)) (likewise for 11z on Bob),
oa = Trg[|Y)v|] is the reduced density matrix on Alice (likewise for oz on Bob), and the
state dependent norm is defined as || X||, := \/Tr[X*Xo]. If further e = 0, S is called
support-preserving for simplicity.

Note that [|[Ta, Erelllo, = [T, Era] @ ldp|¢) | = /(Q(E2, — ErallaEy.) ® ldg[e)).
This identity is useful in later calculation. Also note that all full-rank strategies are support-
preserving by definition.

We will show that support-preservingness is an invariant property under local dilation.
That is, if S < S, then S is support-preserving if and only if S is. So this characteristic
would not change as we move along ‘-’ To prove this, the following characterization of

near support-preservingness, inspired by [PSZZ24, Lemma 4.3], is needed.
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Lemma 3.4. Let S = (|¢) ,{E..}, {Fy»}) be a pure strategy.

(a) IfS ise-support-preserving, then there exist operators Eo €M B, ﬁyb € H 4 such that
Era @ ldp |¢0) ~c ldy @ By 1) and ldy @ Fy, [00) ~. Fy, @ Idg @) forall a,b, z, .

(b) If there exist operators E,, € Mg, F,, € H4 such that E,, ® Idg |1) ~. lds @ E,q 1)
andldy ® Fy, ) ~. Fyb ® Idg |¢) for all a,b, x,y, then S is 2e-support-preserving.

Proof. To prove (a), consider the Schmidt decomposition of the state
= ZM@ If:) . A > 0.
Define operators
AasB = Z Ai | fi) (el
Ml = Z A i el
ABa 1= Z Aile) (fil = (Aasp)",

ATBiA _Z/\ 1’61 fz - AAHB) )

and let Em ‘= AapE] )\B%A € Hg, B yb = )\B_>AF /\AHB € H 4, where the transpose are
with respect to the bases {|e;) 4}, {|fi) g}, respectively. Then

lda @ Epa [¢0) =lda @ AaspEL > le) les)
= A {es|ELled) lea) 1)
(2]
= >N (il Erales) les) 1)
(2]
=TI E, @ ldg |0)) .
In the last equation we use the identity II4 = ). |e;)e;]. So

||Exa X ldB |¢> - ldA ® Exa |¢> ||
:HEMHA ®ldp W]) —M4Ey ®1dp WJ) || = H[HAv Exa]HUA'
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Then E,, ® ldg 1)) ~. ldy @ Euq [¢0) if ||[TLa, Eralls, < e. The similar argument also works
for Bob’s operators.
To prove (b), note that ||[I14, Eulllo, = [TTaFre @ 1d|Y) — ELlla @ 1d|9) ||. Then

MpE @ Id[¢) /2, Ty @ By )
= 1d @ Eyq 1)
~, Epe @ 1d[00) = Epolly @ Id [4) .

So M4 Ey, ®1d 1)) ~9. Eyolls ®1d|1)). The similar argument also works for Bob’s operators.
O

The invariance of support-preservingness under local dilation can be stated as follows:
Proposition 3.5. Let S and S be two pure strategies.
(a) If S — S, then S is e-support-preserving if and only if S is e-support-preserving.

(b) If S <+ S, then S being =-support-preserving implies that S is (4¢' + 2¢)-support-
preserving, and S being e-support-preserving implies that S is (4’ + 2¢)-support-
preserving.

Proof. Let V4 ® Vg be the local isometry and |aux) be the auxiliary state in the exact/near
local-dilation.

To prove (a), note that V4IlI4,Vi = I1; ® I, where II; and II; are projections onto
supp 4 |¢) and supp , |aux), respectively. Then

L4, Eaa]ll7, = (¥

= (V|(E2, — EwllaEy,) @ ldplo)

<¢|EmVAVA(E —HAVIVAE) @ VEVBY)

= (1, aux|[( Epo ® ld4r) (Euq @ lda — VATLAV; (Euq ® 1d 1)) @ Id 5 5[0, aux)
= (¢, aux| (A2, — Euull 1Ere) @ Ty @ ld 5 500, aux)

= (¥

DI(A ExaHAELw) ®1dglY) = (|, Exalll7,-

So ||[I14, Eyalllo, < € if and only if ||[I14, Exa]Ha/; < e. The similar argument also works
for Bob’s operators.

In (b), we first prove the first implication.
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Since S is e-support-preserving, by Lemma 3.4 there exist Em such that Em ® Id |1;> =
Id ® E,q, [¢0). From the near local dilation, we have that

(VaVi ® VBV5) (Eua ® ldg [0) ® Jaux)) ~ (Vi @ Vp)(Euq @ Idp) [¥) . (3)

~

Consider the operator B, = Vi (Ey, ®1dg)Vp, then
Vi@ Vp(lds @ Ep [90)) = Va @ Va(ldg @ Vi (Ere @ 1d5)Vp 1))
= (VaVi @ VaVi(Era @ 1d ) (Va ® Vi) [40)
Rl (VAVZ{ ® VBVEEM)“T@ ® |aux>)
~. (VaVi @ VaVi)(Ere @ 1d3) [¥) @ |aux))

el VA ® VB(E:EG, ® |dB) |w> . (4)

So Va@Vi(ldg @ Epq 1)) Rgerye Va®@ Vi (Eue ®1dg |1)), which implies (Id4 ® Eg [¢0)) Ao
(Ero @1dp[1)). By Lemma 3.4, ||[I14, Eyolllo, < 4¢’ + 2¢ for all z,a. The similar argument
holds for Bob’s operators. So we conclude that S is (4&” + 2¢)-support-preserving,.

For the second implication of (b), given the existence of Exa, consider Z%m = VBEMV];*,
then

Id; ® l%m 1) |aux) = ld; 4 ® VB Vi ([1) |aux))
R Vi ® Ve Ea 1)
~e VaErw @ Vp|)
e Era @ 1dj[0) Jaux) .

So by Lemma 3.4, |HHA7Em]HUA = ;@14 B @ ld4]llo; ; < 4e’+ 2¢ for all z,a. The
similar argument holds for Bob’s operators. So we conclude that S is (4’ + 2¢)-support-

preserving. O

(It has come to our attention that the exact (¢ = 0) case of the "only if” direction of
part (a) of Proposition 3.5 was independently developed by [PSZZ24, Proposition 4.6].)
3.2.2 Nearly projective strategies

We introduce the definition of nearly projective strategies. This notion quantifies ‘how

projective a strategy is on its state’.
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Definition 3.6 (nearly projective). Lets > 0. A strategy S = (|¢)) € Ha®@Hp,{Eza}. {Fp})
is called e-projective if

<|dA — By, Exa>JA < 52, <|dB - Fyb, Fyb>03 < 82

hold for all a,b,z,y. Here (X,Y), = Tr[X"Yol|.

Note that (Idq — E,q, Fea),,. = (U|(lda — Epy) Ere ® ldg|t), and this identity is useful

in some calculations. Also note that being O-projective does not necessarily imply being

A

projective: a non-projective strategy might be only non-projective outside of the support
of the state, so it could be O-projective. But for full-rank strategies, being projective and
0-projective are equivalent.

The projectiveness of strategies is another invariant property under local dilation. Namely,

we have
Proposition 3.7. Let S and S be two pure strategies.
(a) If S — S, then S is =-projective if and only if S is e-projective.
(b) If S <> 3, then § being c-projective implies that S is (V3¢ + ¢)-projective, and S

being e-projective implies that S is (\/3<' + ¢)-projective.

Proof. Since (a) is an implication of (b) (by taking ¢’ = 0), we only need to prove (b).

Given that S <s S , there exists a local isometry and auxiliary state such that

V[Ew @ Id[¢)] ~o (Epe @ 1d[) ® |aux) ,V a, s (5)
VI[)] e [9) © |aux) (6)

(6) — (3):
VI(Id = Byo) ® 1d [¢)] ~oer (1 = Epa) @ 1d 1)) © Jaux) (7)

Then the inner product of (5) and (7):

(V[(Era — E:%a) ® Id[)) ~3e0 <1;’(E:m - Ega) ® |d|7/;> .
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Note that both sides are real positive numbers, then

O (Bra = B2,) @ 1010} — \/ (0] (Bra — E2,) @ ||

<N — B2) @ 1[0) + A/ (](Era — F2,)  1d[3)]
Wl mww<w —mew
I OI(Era — BZ,) © 10) — 1/ (0( .) ® 1d|)]

=$WW%WQMWM—WW%—%WWWSﬁQ

Then the two implications in (b) follows immediately. O

3.3 Folklore tricks
3.3.1 Restrictions of nonlocal strategies

In the literature we often encounter statements such as ‘on the state the measurement behaves
like.... This is reasonable because statistics cannot provide information beyond the support

of the state. Here we formalize this notion by specifying the restriction of a strategy.

Definition 3.8 (Restriction of a strategy). Let S = (|¢) 45, {Eza}, {Fp}) be a pure strategy,
and let

d—1
=> Ailealfi)g
1=0

be its Schmidt decomposition. Define the isometries U, : C¢ — H 4, Up : C* — Hp by

d—1 d—1
Un="lealil  and U =Y [f)yl
=0 =0

Then the restriction of S is the strategy Sres = (|V') ,{ E..}, {F,}), where

El, =UiE.Ua,

=> Nli)|iy =Us @ Uy |0) .
=0
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It is evident from the definition that the restriction always yields a full-rank strategy.
In this sense the restriction provides a natural, canonical way of constructing a full-rank
strategy. Also note that the projectors 114 = UsU} € B(Ha),llp = UgUy, € B(Hp)
projects onto the support of the state |1)) , 5.

We will now see that if a non-full-rank strategy S is exactly/nearly support-preserving,
then S and its restriction Sres (defined as in Definition 3.8) can be mutually exactly/nearly
local-dilated.

Proposition 3.9. Ifa pure strategy S is e-support-preserving, then Sies < Sand S < Ses,
where S, iS the restriction of S.

Proof. We show that S, < S with a separable auxiliary state, then S <y Sres follows from
Proposition 3.2.

Consider isometries Uy, Up in Definition 3.8, and recall that U U} = 114, UgUf = 1.
Then

Ua @ Up(Al; @1dp) [¢') = UaULE,oUaUj @ UgUg |4)
= B4 @1 [¢)
Re Epally @ 1l |¢)
=, ®1dp |¢) .

A similar argument holds for Bob’s operators. So Sres 5 8. 0

In general, a projective strategy might become non-projective under restriction. Here,
we show that the other way around can never happen: whenever a restriction is projective,

the original strategy must be both projective and support-preserving.
Theorem 3.10. Let S = (|¢) ,{E..},{F»}) be a pure strategy and Ses be its restriction.
(a) If S is e1-support-preserving and e,-projective, then Sies is (¢1 + 2)-projective.

(b) If Sies iS e3-projective, then S is e3-support-preserving and e;-projective.
Proof. We prove for Alice’s side, and the same argument works also for Bob. By definition,

H [HAa Eﬂca]H?rA = <¢|(E;wHA - HAEM)(HAEM - EﬂcaHA) ® Id|¢>
- <77Z)|(EazaHAExa - ExaHAExaHA - HAEa:aHAEa:a + HAAiaHA) X |d|?/)>
= (Y|(E?, — EpollgEy,) @ 1d|0) .
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On the other hand, recall that S.es = (|¢'),{E},}, {F},}) where |[¢') = U} ® Ug [v),
U\, =UiE,Ua, and Uy satisfies UyU} = 114. So

(Id = AL, AL, = (l(Ua ® Up)((Id = Uj EraUa) U7 EraUs @ Id) (U5 ® Up)|19)
= <,’7Z)|(HAEa:aHA - HAExaHAEzaHA) X |d|77/1>
= <w’(ECL‘a - ExaHAExa) & |d|¢> .

Therefore

(Id = Ay Ava)or, = IITLa, Ed]l7, = (W 1(Bua — E,) © 1d[3))
= <¢|((|d - Exa)Exa) ® |d|¢>
=(Id — Eypa, Eua), , -

Then (a) is clear. For (b), note that both (Id — E,q, Era),,, and ||[I1a, E.q]
So if (Id — A}, AL,) g < €3 then (Id — Eyo, Era),, < €3 and ||[Ia, Eyql

Y —
Ta O'A

|2, are positive.

< £3. O

17,

Corollary 3.11. The restriction Sy is projective if and only S is support-preserving and
0-projective (i.e. projective on the support of the state).

3.3.2 Naimark dilation of nonlocal strategies

The Naimark dilation theorem (of a single POVM) provides an essential framework for
characterizing POVMs, having significant influence not only in this study but also in the
broader domains of operator theory and quantum information theory. To apply this in

non-local strategies, here we extend this to any given (finite) set of POV Ms.

Definition 3.12. Let {R;;}7",, 1 < i < n, be a family of POVMs on H. ({F;;};%,,V) is
called a Naimark dilation of {R;; iy, if {P,-j};’zl is a family of PYMson H', V : H — H/,
and R;; = V*P,;V forall i, j.

The definition above is an abstract one since Naimark dilation has diverse forms, and all
of them fit in our we general framework. For the sake of completeness we give an construction
below, which it is also ‘minimal’ in the sense of what we introduce later in Definition 3.33.
Another iterative construction of it can be found in [Paul6, Proposition 9.6 and Theorem
9.8] (which is not minimal). it’s important to note that while this construction serves to

illuminate the intuition behind Naimark dilations, the results we present later in the paper
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are not tied to this specific example. Our general theorem applies to any Naimark dilation,

regardless of its particular structure.

Construction 3.13. Let {R;; ;”:1 1 < i < n, be a family of POVM'’s on d-dimensional

Hilbert space H. Let r;; = rank(R;;) be the rank of each POVM element, then by spec-
trum decomposition R;; = Z;’igl x5, for some sub-normalised vector v, Let d' =
max; » ;i Tij- d" will be the dimension of our projectors.

The matrix M; := [x;11, Ti12y -y Titryy s oo Iz’mmmi] then is a d x Zj r;; co-isometry. Pad it
with zero vectors on the right to be a d x d' co-isometry. Then use Gram Schmidt process
we can always find a (d' — d) x n matrix N; such that U; = [M;, N;|" is a unitary. Denote the
columns of U; by U; := [xi11, T1z, s Titpyy s oo Ty, -] DeMiNE Pyj 1= ;ggl(x;jk)(x;jk)*,

andV = [ldg, 04x(@—q)|T. It follows from their construction that P,; are projectors and R;; =
V*P;;V forall i, j.

In our subsequent analysis, we show that our results hold for all Naimark dilations, thus
are not limited by the specific details of this construction.

Given the Naimark dilation of multiple POV Ms, one can talk about the Naimark dilation
of a strategy:

Definition 3.14 (Naimark dilation of quantum strategies). Given a pure strategy S =
(1), {Eza}, { Fyp}), @ PYM strategy Snaimarc = (Va®@Vi [¢) , { Pra}, {Qys}) is called a Naimark
dilation of S, if ({P..},Va) is @ Naimark dilation of {E,.}, and ({Q}, V) is a Naimark di-
lation of {F,;}.

And not surprisingly, they generate the same statistics:

Lemma 3.15. Any pure strategy gives the same correlation as its Naimark dilations.

Proof. Let S = (’w> R {Exa}, {Fyb}) and SNaimark = (VA (059 VB ’¢> , {an}, {be}) Using Exa =
ViPrVa, Fyp = VEQ Vs, we get

(V1 Era @ Fyplth) = (IVV Ere @ EgVIVI[$h) = (V| Pra @ Quu|VY)

where V =V, ® Vg. OJ

As an analog of Proposition 3.9, we will show that S and Snaimark are mutually locally

dilated if S is projective. To prove this, we need the following lemma:
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Lemma 3.16. Let {Rij};.”:l, 1 < i < n, be a collection of POVM’s on H, o be a density
matrix on H, and |+)) be a purification of o. Then any Naimark dilation ({P,;;},V') of {R;;}
satisfies

VR @1d[¢) — PV @1d[p) [|* = (4](Id — Rij) Rij @ ldg|v) .
Proof. Using V*P;;V = R;;, we get

VR @1d|v) — PV @Id ) ||?
= (Y|(R;V*V R + V* P P;V — V*P;V Ry — Ri;V*P;V) @ Id|1))
= <¢|(R22j + R — R?j - Rzzj) @ Id[2)
= (Y|(ld — R;j)R;; ® ldg|1)) .
L]

Applying Lemma 3.16 in the context of nonlocal strategies, we have the following propo-

sition:

Proposition 3.17. If a pure strategy S is e-projective, then S < Snaimark @nd Saimark — S,
where Snaimark IS @any Naimark dilation of S.

Proof. 1t is clear from Lemma 3.16 that S ﬁ SNaimark, Where V4, Vg are isometries given
AQVB

in Definition 3.12. Then SNaimark < S follows from Proposition 3.2. ]

We now show that if a Naimark dilation of a strategy is support-preserving, then the

original one must be both projective and support-preserving (an analog of Theorem 3.10).

Theorem 3.18. Let S = (|¢) ,{E..}, {F,»}) be a pure strategy and Snaimark be any Naimark
dilation of S.

(a) If S is e1-support-preserving and e,-projective, then Snaimark IS (€1 + €2)-Support-
preserving.

(b) If Snaimark IS €3-SUpport-preserving, then S is e3-support-preserving and s3-projective.

Proof. We prove for Alice’s side, and the same argument works also for Bob. Let II be the
projection on the support of |¢)) on Alice’s side. Let ({ Py}, V') be the Naimark dilation of
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{E..}. Note that

|[VIIV*, P.a) H%/av* =|| P, VIIV*'V @ Id |¢p) — VIIV* P,V @ Id |¢) H2
= <¢|Exa & |d|?/1> - <¢‘E:BaHExa & |d|¢> :

And

I[IL, Evoll5 =IT1E @ 1d [¢) — En Il @ Id[9) |2
= <1/)|Aia X |d|¢> - <¢|ExaHEra & |d|1/}> :

So

VIV, Pralllvgy- = (Id = Era, Bua),

= (|42, @ 1d[Y)) — (Y| Bl By @ Id1))
=1L, E,q 2.

Then (a) is clear. For (b), note that both (Id — E,,, E,,), and ||[II, E.,]||? are positive. So
SNaimark being es-support-preserving implies that S is e3-projective and e3-support-preserving.
O

Corollary 3.19. The Naimark dilation Snaimark IS Support-preserving if and only if S is
support-preserving and 0-projective (i.e. projective on the support of the state).

Finally, we summarize the interaction of the concepts introduced in this section by Fig.

3.4 Removing assumptions

In this section, we aim to remove the assumptions that are commonly made in the literature.

Specifically, we will establish the following theorem.

Theorem 3.20. Let S be a pure strategy that generates a correlation p(a, blx,y) that satis-
fies certain geometric properties (will be specified later) in the quantum set of correlation.
Then the following two implications hold:

(a) If S is full-rank and p(a,b|z,vy) robust pure PVM self-tests S, then p(a,b|x,y) robust
assumption-free self-tests S.
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Figure 2: Local dilation “—" is the central concept of self-testing. We introduce the idea
of support-preservingness and projectiveness for strategies, which are invariant under local
dilations. There are two canonical ways of obtaining a support-preserving strategy and a
projective strategy, respectively: restriction and Naimark dilation. If a strategy S is support-
preserving/projective, then we can locally dilate S to its restriction/Naimark dilation and
vice versa. Finally, if the restriction of S is projective, or if its Naimark dilation is support-
preserving, then S must be both projective and support-preserving.

(b) If S is projective and p(a,b|z,y) robust pure full-rank self-tests S, then p(a,b|z,v)
robust assumption-free self-tests S.

We will prove Theorem 3.20 (a) and (b) both in two steps. For part (a), we first show
how to get rid of the PVM assumption in the following subsections. Similarly, we show
that we can remove the full-rank assumption in part (b) in Subsection 3.4.2. Then, for both
Theorem 3.20 (a) and (b), we get from pure to mixed states in Subsection 3.4.3.

As a final remark before we go into the steps of the proof of Theorem 3.20, we note that

most of the results in this section also apply to self-tests from games/Bell expressions.

3.4.1 Removing the PVM assumption

Here we show that robust pure PVM self-test implies robust pure self-test if the canonical

strategy is full-rank, with the building blocks from Section 3.2.

Theorem 3.21. If p(a, b|z,y) robust pure PVM self-tests a full-rank canonical strategy S.
Then

(a) S is a projective strategy, and
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(b) (a,b|z,y) is also a robust pure self-test for S.

Proof. We first prove (a). Note that robust self-tests always imply exact self-tests by taking
e = 0 (which causes § = 0).

For any S that generates the same correlation of S , consider its Naimark dilation Snaimark-
Since G is a PVM self-test for S , it holds that SNaimark < S. By the invariance of projec-
tiveness (Proposition 3.7), S is 0-projective, thus projective.

Now we prove (b). For any ¢, let ¢’ = ¢/5. Since p(a, b|x,y) robust pure PVM self-tests
S, for such ¢ there exist ¢’ such that, any &-optimal pure projective strategy Sproj for G
satisfies Sproj ‘i/> S.

Consider a non-projective strategy Shon-proj that is ¢’-optimal for G. Since its Naimark
dilation Snaimark is projective and §’-optimal, it holds that Snaimark i> S. Note that S is as-
sumed to be full-rank (thus support-preserving), by the invariance of support-preservingness
(Proposition 3.5) Snaimark is 4€’-support-preserving. Then by Theorem 3.18 Spon-proj is 4€’-
support-preserving. Then Snon-proj (4—€/> SNaimark by Proposition 3.17. By transitivity,

Snon-full (ﬂ 5’

Let 6 = ¢’. So we conclude that Spon-proj < § for any d-optimal Spon-fur, that is, p(a,blz,y)

also robust pure self-test S, O

Remark 3.22.

* Previously, work [PSZZ24, Theorem 3.7] shows that in some special cases where
the correlation is synchronous or binary, PVM assumption can be removeed for exact
self-tests. Here we show that this in fact be done in a more general scenario, and
for robust self-tests as well.

» Exact version of the (b) part of the theorem and its proof hold automatically by taking
e = 0 (which causes § = 0).

« Ifthere is already an explicit (§, <) dependence in the PVM self-test, e.g., e = O(5?),
then our proof still works and give the result that any 6-optimal strategy is a 50(5%)-
local-dilation.

3.4.2 Removing the full-rank assumption

Once again, using the tools from Section 3.2 and 3.3, we will now show we can get rid of the

full-rank assumption if our canonical strategy is projective.
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Theorem 3.23. If p(a, b|x,y) robust pure full-rank self-tests a projective canonical strategy
S. Then

(a) S is support-preserving, and

(b) p(a,blz,y) also robust pure self-tests S.

Proof. We first prove (a). Note that robust self-tests always imply exact self-tests by taking
¢ = 0 (which causes 0 = 0).

For any S that generates the same correlation of S, consider its restriction Sres. Since
p(a,blz,y) is a full-rank self-test for S it holds that Sres — S. By the invariance of support-
preservingness (Proposition 3.5), S is support-preserving.

Now we prove (b). For any ¢, let ¢’ be the positive number such that &’ ++/3¢’ = . Since
p(a,blz,y) is a robust pure full-rank self-test, for such &’ there exist ¢’ such that, any pure
full-rank strategy Spy ¢’-approximately generates p(a, b|x,y) satisfies Sgy (i/> S.

Consider a non-full-rank strategy Sponsur that ¢’-approximately generates p(a,b|z,y).
Since its restriction Syes is full-rank and ¢’-approximately generates p(a,blz,y), it holds
that Sres fi/> S. Note that S is assumed to be projective, by the invariance of projectiveness
(Proposition 3.7) Sres is \/@—projective. Then by Theorem 3.10, Shonfun is \/@—support—
preserving. Then Shon-full ﬂ) Sres by Proposition 3.9. By transitivity, Spon-ful VI, S.

Let § = &'. So we conclude that Snonsun — S for any d-optimal Sponfun, that is, p(a, bz, y)

also robust pure self-tests S. Il
Remark 3.24.

* Exact version of the (b) part of the theorem and its proof hold automatically by taking
£ = 0 (which causes § = 0).

« If there is already an explicit (4, ) dependence in the full-rank self-test, e.g., ¢ = O(4?),
then our proof still works and give the result that any d-optimal strategy is a O(6)-

local-dilation.

3.4.3 Removing the purity assumption

Let us now shift our attention to mixed strategies. We will show that a pure self-test is
a mixed self-test as long as the the correlation satisfies certain geometric properties in the

quantum set of correlations.

35



To prove this result, some techniques about convex cone in Euclidean space is required.
Given a convex set T' (in our case, the set of quantum correlations C as a convex set in
RIZalxIZel>10alx|08]) and a boundary point p (in our case, p’ = [p(a,b|z,y)]apay), consider

the convex cone
k
C(T,p) = cone{T — i} = {>_ Xi(g; — p)lg: € T.\; > 0,k € N}.
i=1

Notice that the origin moves to p. The width (also referred to as the maximal angle; see
e.g. in [IS05]) of C(T,p) is defined as

w(T, p) = sup{llz — yll|z,y € C(T,p), [|z[| = [lyll = 1}

w(T, p) can be understood as the ‘sharpness’ of the set T" at point p. It is clear from the
definition that 0 < w(7T,p) < 2 for any T, p, and w(T,p) < 2 when p'is exposed in 7. The

following holds for any convex set T" and p:

Proposition 3.25. Ifa,,...,a, > 0 and p;, ..., p, € C(T,p) are unit vectors, then

n n

13 anpall = T3 )+ (1 = TN a0

=1 =1

Proof. Notice that w?(T, p) lower bounds the inner products between unit vectors in C(T', p)

by (z;,2;) > (1 — sw?). Expanding the norm of the sum of vectors we have

1) anpall® =D af +2) " aia; (i, py)
=1 7

i#]

ZZ@? + 22%’@]‘(1 - %uﬂ)

i#]

:Za? + ((Z a;)® — Za?) (1-— %wQ)

7 %

ST a) + (1= ST )Y 0o

Proposition 3.25 tells us that
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1. if w(T,p) < V2 ie. T is sufficiently sharp at 7, then
Vi < 2|3 ail®
Y 1 — Q(T’p') —

2. if V2 < w(T, p) <2, for n small enough such that n < we have

227

2 n
AT T T 2 P

‘v’i,a? < H2

The main result in this subsection is the following.

Theorem 3.26. Lett C {PVM} and p(a,b|z, y) robust pure t self-tests S with local dimen-
sion d, where p' = [p(a,b|z,y)]as.., Satisfies either w(C,,p) < /2 or d* < “’(—% Then
p(a, blz,y) also robust mixed t self-tests S.

The following lemma can be seen as a first step in the proof of Theorem 3.26. It identifies
the isometry in the local dilation from any purification of a mixed quantum strategy to a

quantum strategy that uses the operators of the canonical strategy of the pure self-test.

Lemma 3.27. Let p(a,b|z,y) robust, pure self-tests S = <|1/~1> {Ey}, {Fyb}) Let S =
(paB, {Em} {F,»}) be a mixed strategy that §-approximately generates p(a,b|z,y). Con-
sider S = (|9) spp » {Era}s {Fyp @ Idp}), where |10} ,5p is a purification of pag. Then
S = (X 1) app > {Bra @ 1d;}, {Fp @ 1ds @ Idp}) is a local 2¢-dilation of SV, where X is
an isometry obtained from the robust, pure self-test.

Proof. We have two pure strategies, SU and (|¢) 15p , {Ewa @ ldp}, {Fp}), which are 6-

optimal. Then by the pure robustness, we have that

Vap ® V[(Era @ Idp) @ 1dg [10) 4 5p) = (Fra ® IdB 1)) @ |aux, ),
Vap @ Va[(lda @ 1dp) @ Fyy [1) 4] = (15 @ Fyp [90)) @ |aux) (8)
Vap @ VB[|[Y) app] ~ |¢> ® |auxy), 9)
Wa @ Wip[Ep @ (Idp @ 1dp) [) 4pp] e (Beo @ [dz () @ [aUX,) , (10)
Wa @ Wgp[lda @ (Fyp @ 1dp) [¢0) y5p] 2 (Id 5 ® Fyb ’@) ® |auxy) ,
Wa @ Wapl|t)) sppl == ) ® |auxs) . (11)
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Let X .=W,4® Vs ®Ildp. We need to show that

X[Epo @ 1dp @ ldp [¥) y5p] m2: (B @ ldg @ 1d 55p) X |¥) 45p
X[lda @ Fy @ Idp [¥0) y5p] m2e (Id5 © Fyb ®1di5p) X V) app

for all a,b, x,y.

Equations (8), (9) imply
Vap @ Va[(lda ©1dp) ® Fyp [10) 4pp] ~ac (1d5 @ Fyp @ 1d 3 3p) (Var @ Va)[[¢)) app)-

Applying Vip ® Id55 to the left of both sides yields

ldap @ VBEW[|[Y) app) R2cldap @ (Fyp @ Id3)VB[[Y) 4pp)- (12)

Similarly, we obtain

WaEz, ® IdBP[W>ABP] ~2e (Em ® IdA>WA ® IdBP[|w>ABP] (13)

from the equations (10), (11).
Now, applying W4 ® Id 5, to the left of both sides of equation (12) gives us

Wa®Vp® |dP[|dA ® Fyb @ ldp |¢>ABP] ~2e (ldA ® Fyb ® |dABP)(WA ® Ve ® |dP) |77Z}>ABP :

Finally, we deduce

Wa® Vp®@Ildp[Ey @ ldp @ Idp 1) 45p) ~oe (Exa ®Idz @ Ids5p)(Wa @ Ve ®Idp) [¥) 45p

from applying Vi ® Id 5 1, to the left of both sides of equation (13). O

The next lemma shows that the strategy we constructed before approximately generates

the correlation.

Lemma 3.28. Let p(a, b|z,y) pure, robust self-tests S and let S be as in Lemma 3.27.
Then S@ js (6 + Ce)-approximately generates p(a,b|z,y), where C depends only on the
Bell scenario.

Proof. Let py(a,b|z,y) and py(a,b|z,y) be the correlation of S and S respectively. It
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holds

Ip1(a,blz,y) — pa(a,blz,y)|
= [Tr(((Era ® Fyp @ 1dp)
— (Wa® Vs @1dp)*(Ere @ Fyy ® 1d45)(Wa @ Vs @ 1dp)) [¢0) (¥] 4 )
= [(Wa® Ve @1dp) [¥0) . (Wa® Ve @ ldp)(Epe @ Fy, @ Idp)
— (Foa ® Fyp ® Id 45p) (WA ®@ Vg @ ldp)) 1))
<|[(Wa@Vp@1dp) [9) || - [[(Wa ® Ve @ ldp)(Era ® Fyp @ 1dp)
— (Bpa ® Fypy @ ld 4 5p) (WA ® Vi @ Idp)) [9) ||
= (W4 ® Vs ®1dp)(Esa ® Fyp @ Idp) — (Epa ® Fyp @ 1d 35p)(Wa @ Vp @ Idp)) [0 ||

for all a, b, z,y, where the inequality comes from the Cauchy-Schwarz inequality. Since S®)

is a local 2e-dilation of S by Lemma 3.27, we know

(W4 ® Vi ®1dp)(Era ® Fyp @ ldp) — (Eua ® Fyp @ 1d 15p) (Wa®Vs @ Idp)) [¢) ||
< 2max{|O4|,|Og|}e.

Since S §-approximately generates p(a,b|z,y), we deduce that S
(0 +2max{|O4|, |Op|}e)-approximately generates p(a, b|z,y). O

Finally, we will see that the almost optimal strategy from the previous lemma can be
¢’-dilated to the canonical strategy of the pure, robust self-test, under the condition that

p(a, blz,y) is ‘sharp’ enough on the boundary of C,,.

Lemma 3.29. Let p(a,b|x,y) pure, robust self-tests S, and S®@ be as in Lemma 3.27.
Then S is a local &'-dilation of S? if i = [p(a, blz, y)]ap.., Satisfies either w(C,,p) < v/2 or

d? < %, where ¢’ depends only on the Bell scenario and w(C,, p), the width of C,

at p(a,b|z,y).

Proof. Tt suffices to show that

| X |¢>ABP - |7L> ® |aux) || < g’

for some €’.

Consider the Schmidt decomposition of X [¢) ,zp With respect to the separation between

39



Hip and Hpp
r—1
X [¥) app = Zai pi) a5 [AUX:) 4P

=0

where 7 < d? and d being the local dimension of S. Then p;(a, blz,y) == (0i|Eea @ Fyl:)

are correlations satisfying

1Y~ efpi(a,blz,y) — pla,bla,y)|| < 6+ Ce.

Take i = [pi(a, b1, sy € REAXTXIOA00 and similarly 5 = [p(0, 82, )lupny €
RIIA|><\IB|X|(')I‘1|X‘OB‘7 it holds that

IIZapz ﬂI—HZa -l < C'(0+Ce)

where C" = |Z4| X |Zg| x |O4| x |Op|. Then Proposition 3.25 tells us that
Ipi — Pl < C"C"(6 + Ce) /o,

if either w(Cy, p) < V2or d? < w 20, ‘L)m 5 holds, where C” is a constant depending only on

w*(Cy,p). Then from pure self- testlng there is some €] such that |¢;) ~ |4). We therefore

get
1X [9) ap — 1) @ [auxo) | =[1 D ailler) — [9)) [auxs) |
= [D_ai(e)? =
This finishes the proof. Il

By putting together the previous lemmas, we can prove Theorem 3.26.

Proof of Theorem 3.26. Let ¢ > 0 and let S be a d-optimal, mixed strategy, where we choose
0 as in the robust pure self-test. Then by Lemmas 3.27 and 3.29 as well as transitivity, we

know that S is a local (2¢ + &’)-dilation of the pure quantum strategy S associated to
S. ]

Remark 3.30.
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* To the best of our knowledge, it is unclear how to compute w(C, p) given p even in
the simplest cases like CHSH. And in general, deciding w greater or less than v/2 is
hard already for polyhedral (i.e., finitely generated) cones [IS05].

* Theorem 3.26, or more specifically, Lemma 3.29 can be translated to self-testing from
games or Bell expressions, as shown in [BCK™*23]. Furthermore, in those cases the con-
stant C” depends on the spectrum gap of the canonical game operator /Bell expression,

thus no additional conditions are needed.

3.4.4 Proof of Theorem 3.20

We are now ready to prove our main theorem:

Proof of Theorem 3.20. (a): by Theorem 3.21, GG is a robust pure self-test for S. Then by
Theorem 3.26 G is an assumption-free self-test.

(b): by Theorem 3.23, G is a robust pure self-test for S. By Theorem 3.38, S is support-
preserving. So we take its restriction Sies, and G also robust pure self-tests S.s. Then
using Theorem 3.26 G is an assumption-free self-test for S.es. From Proposition 3.9, G is an

assumption-free self-test for S. [

3.5 A Counterexample

In Section 3.4 we showed that certain assumptions can be removed when the canonical
strategy has nice properties (support-preserving/0-projective). Here we further show that
these nice properties are necessary, by identifying self-tests that are only valid when proper
assumptions are made. Surprisingly, one can obtain those counterexamples from a single
extreme correlation py(a, blz,y) € Cy(2,3,2,3) (that is, |Za| = |O4| = 2,|Zg| = |Op| = 3).

Theorem 3.31. There exists a correlation py(a,b|z,y) € C,(2, 3,2, 3) satisfying the follow-
ing:

(@) po(a,blz,y) is extreme in C,(2,3,2,3);

(b) po(a,b|x,y) pure full-rank self-tests some S (given below);

(c) po(a,blz,y) pure PVM self-tests any Naimark dilation of S.

(d) po(a,blx,y) does not pure self-test any strategy.
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(e) pol(a,blx,y) does not admit any pure full-rank projective realisation.

We first give the explicit construction of S which generates py(a,b|z,y). Consider the
canonical strategy of CHSH game Scpsy = (|®1),{X, 2}, {#,G}), where |®1) = (]00) +
111))/+/2, and X, Z,H,G are the measurements corresponding to the binary observables
X,Z H = \/LQ(X + 7),G = \%(X — 7), respectively. (That is, X = {|+)}+/|, |-)X—|},
Z = {]0)0],|1)X1]}, etc.) It is well-known that the CHSH game is an assumption-free self-
test for Scusy [MYS12].

Then we incorporate a three-output POVM M = {M,, My, M>} to Bob’s side, where

1
1 1 V3
M, ==-(d— =2 +~-X
1 3(d 5 + 5 ),
1 1
My = taa Lty 3y,
3 2 2

It is clear that M; > 0,> . M; = Id, so M is a valid (non-projective) POVM. Therefore
S = (|®*),{X, 2}, {H,G, M}). Notice that S is full-rank but non-projective.

3.5.1 py(a,b|z,y) pure full-rank self-tests S

We will show that po(a, bz, y) is extreme and pure full-rank self-test strategy S = (|®*) , {X, Z},
{#H,G, M}). For this we need Holder’s inequality

TrAB] < [[Allcl| Bl

where [|Al|o 1= sUPy,=; [|Av]| is the infinity norm, and || B||, := Tr[B| = Tr[v/B*B] is the

trace norm.

Proof of Theorem 3.31 (a), (b). Consider any pure full-rank strategy S = (|¢) , { Ao, A1}, {Bo, B1, B2})
that generates po(a,blr,y). Let A, = {Af,A;}, Bi = {B,B;} for i = 0,1 where

Al A7, B, B are POVM elements. Define observables A; :== AF —A; and B; := B" — B; .

Let By = {Fo, F1, F»}. Define the following two functionals:

Bo = (| Ao ® By + Ag @ By + A1 ® By — A1 @ Bi[y)

1 V3 1 V3
b= (¢]A0®Fo—§A0®F1+7A1®F1—§A0®F2_7A1®F2|¢>'
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And, from direct calculation, one can see that S satisfies By = 2v/2 and 8, = 1.

To prove (a), we will show that the correlation satisfying 3y = 2v/2 and f; = 1 is unique
in the quantum set.

Since the CHSH inequality is a full-rank self-test, achieving 8, = 2v/2 implies that there
exist unitary Uy, Ug such that

UAAQUZ =7ZQ® |dA’7
Uadi U = X @ ldu,
Us @ Ug ) = |9F) 45 ® |aux) 4 p -

Let us now consider the three-outcome measurement and define operators:
Gj = TrB/ [('dB X 0'13//2)UEFJUB(|CIB & O'IB//2>],

where o = Try/[|aux)(aux|]. It is easy to see that the effective operators G; fully determine
the correlation, since the observables of Alice completely ignore the A’ system.

Let us also define {Tj}gzo and note that they can be computed explicitly:

1
Ty := Traap [UsAcUa @ ldpp )] = EZ’

1 3 1,1 3

Ty = Traws [U;g( — 5 Ao+ gAI)UA ® IdBB/|1/;>(¢|} _ §( —5Z2+ \/T—X)
1 3 1,1 3

Ty = Trawm [U(— 540 - gAl)UA @ p)vl] =5 (- 57 - gx)

One can verify that the functional 3; can be rewritten as:
B =Y Tr(T;G;).
J
Each term can be upper-bounded using Holder’s inequality:

1
B < 3T Gl = 5 3 TrG = 1,
J J

where we used the fact that || T} = 3. It is easy to determine the conditions under which
these inequalities hold as equalities: since for every 7Tj the positive part is one-dimensional,

the Gj operator must be proportional to these rank-1 projectors. The completeness condition
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allows us to deduce the proportionality constants, and finally we conclude that:

1
G() — g(ld + Z) = M(),

1 1 V3
— (d=Z+2X"X)=M
G, 3(d 5 + 5 ) 1,

Lig—1z- EX) = M,

Gy = —
273 9 9

This allows us to fully compute the statistics, which means that it is indeed the unique
correlation satisfying By = 2v/2 and $; = 1. Therefore, this point is an exposed point of
the 3y = 2v/2 face of the quantum set, and it must be (at least) extreme within the entire
quantum set.

To prove (b), consider
H; = (d® o HULF;Us(ld @ o})?)
and note that G; = Trg: H;. Since G; are rank-1 PSD operators, we must have
H; =G; ® Kj,
for some K; > 0 satisfying Tr K; = 1. Now, if op is full-rank we can actually reconstruct

the original measurement operators:

—1/2 —1/2
F;=G;® (UB// KjUB// )-

Using the completeness relation ) ; Fj = 1d and the fact that the G; operators correspond
to an extremal three-outcome measurement on a qubit, we find that the only solution is

K; =op. Then F; = Ug(M; ® Idp)Up. So S is a full-rank self-tested. O

3.5.2 py(a,b|z,y) pure PVM self-tests any Naimark dilation of S

To prove this result we will need the concept of minimal Naimark dilation [Ben20]. A
Naimark dilation {P;, € B(H')}!*, of POVM {R; € B(#)}!, is minimal if and only if
H' = span{P,V |¢) : |¢)) € H,i € [1,m]}. One important fact about minimal Naimark

dilation is that it is unique up to unitary.

Theorem 3.32 ([Ben20], Theorem 2.22). Let ({P;}1,,V), ({P/},,V’) be two minimal
Naimark dilations of { R;}!" ;. Then there exists unitary U such that V' = UV and UP,U* =
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1

We generalise the concept of minimal Naimark dilation in the context of nonlocal strate-

gies.

Definition 3.33. Let {R;; ;”:1 1 < i < n be a family of POVMs. A Naimark dilation
({Py}52,,V) of {R;;} is minimal if, for at least one iy € [1,n], ({Fi;};, V) is a minimal
Naimark dilation of {R;;};.

Let S = (|¢).{Ew},{Fn}) be a pure strategy. A pure PVM strategy S = (V4 ®
Vi |Y) ,{ P}, {Qu}) is @ minimal Naimark dilation of S, if ({ P,.}, Va) is @ minimal Naimark

dilation of {E,,}, and ({Q}, V) is @ minimal Naimark dilation of { F,;,}.

Minimal Naimark dilation of nonlocal strategies always exists, but is not unique (up to
local unitary) in general, since those PVM which are non-minimal could be very different
outside the support of the state. Nevertheless, we can show that in a special case, the

minimal Naimark dilations of S are equivalent up to local dilation.

Lemma 3.34. Let {R;;} be a family of POVMs on H with at most one non-projective mea-
surement. Then for any two minimal Naimark dilations ({P;;},V), ({P};}, V'), there exist
unitary U such that

uv =V
UPGV 1) = BV 1),V [i) € H.

Proof. The case where all {R;;} are projections is trivial, because {R;;} is the minimal
Naimark dilation of itself. Without loss of generality, we assume {R;;}; to be the non-
projective measurement. By definition, { P;;} and {P};} are two minimal Naimark dilations
of {Ry;}. So, by Theorem 3.32 there exist unitary U such that UV = V', and U Pj;U* = Py;.
Also note that R?; = Ry; for all i # 1, so

VvV, PylV [v) |I?
= (V7P V) — (VP VVT P V)
= (Y|(Rij — R?j)|w> =0.

So PV |[) = PyVV*V [) = VV*PyV [ih) = V Ry [¢0). Similarly, PV" [vh) = V'Ry; [¢).
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Then the following holds:

UP;V ) =UP,;UUV |¢) = Pl/jV/ [4)
UP;V [¢) =UV R;; [¢))

=V'R;; [)

=P,V |[), Vi #1,

as required. ]

For the case of single POVM, any Naimark dilation of {R;} is a Naimark dilation of
some minimal Naimark dilation of {R;}. It is not true in the case of multiple POVMs or for

non-local strategies. Nevertheless, we prove the following:

Lemma 3.35. Let {R;; € B(H)}',, 1 < i < n, be a family of POVMs with at most one

j=1
non-projective measurement, and let ({P,; € B(H')},V) be a Naimark dilation of {R;;}.
Then there exists a minimal Naimark dilation ({PJ™" € B(H™")},V™") of {R;;} and an
isometry V' : H™" — H’' such that

V/Vmin =V
VPRV ) = PV i), Y ]) € H.

Proof. The case where all {R;;} are projections is trivial. We assume {R;;}; to be the

non-projective measurement. Consider the subspace

H™ = @ H™ of H', where HI'™ := span{P,;V |¢) : [¢) € H}.

JE,m]

Here @ refers to the internal direct sum. It is clear that VH C H™" C H'. Let V/™M be
the canonical embedding from VH to H™", and V' be the canonical embedding from #H™"
to H'. Let U be the unitary from H to VH. Let VMn .= y/mingy,
We construct
P = (V) PV,
PiTin — VminRil(Vmin)* + ([ o Vmin(vmin)*)’i 7& 1
Pir;jin — VminRij(Vmin)*,i 7& 1>j 7& 1.

It is clear that P{;‘i” are projections for ¢ # 1. For P{gi”, note that ’HT"‘ C Range(P;), so Py,
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commutes with (V’)*V’. Then (P[I")? = P". Also note that ™" = span{Py;V [¢) : [¢) €
H,j € [1,m]}, so {PJ™} is a minimal Naimark dilation of {R;;}. The following holds:

V/P{?invmin W)) :V/(V/)*Pljvlvmin |¢>
=P,V (VyV'V™ ) = PV ),
VPRV ) =VIVIN R [0) = VR VIV @) = PV [¢) Vi # 1.

So we conclude that ({PZ-’}"”}, Vminy satisfies the required property. O

Applying Lemma 3.34 and 3.35 in the context of non-local strategies, we have the fol-

lowing;:

Proposition 3.36. Let S be a pure full-rank strategy with at most one non-projective mea-
surement on each side. Then any Naimark dilations of S are local-dilations of each other.

Proof. Consider two Naimark dilations S; and S, of S. By Lemma 3.35, there exists min-
imal Naimark dilations ST and ST of S such that S™ — S;, ST < S,. Then from

Proposition 3.2
S1 — Sv{nin7 Sy — Svgnin.
Also, from Lemma 3.34 we know that S™ and SP'™" are local dilations of each other. So

we conclude that S; < Sy and Sy — 5. ]

Theorem 3.37. Let S be a pure full-rank strategy with at most one non-projective mea-
surement on each side. Then if p full-rank self-tests S, p also PVM self-tests any Naimark
dilation of S.

Proof. Consider a pure PVM strategy Spym that generates the same correlation as S =
([0) , {Era}, {F,p}). From full-rank self-test, the restriction of Spyw is equivalent to S at-
tached with some auxiliary state up to local unitary. In other words, Spym is a Naimark
dilation of S ® laux) = (W} laux) , {Em o [N {ﬁyb ® ldayx,5}). Note that ]1@ laux) is also

full-rank, then from Proposition 3.36 and the transitivity of local dilation,

SpyM “— SNaimark @ |aux) <= SNaimark

for any Naimark dilation SNaimark of S. OJ
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Proof of Theorem 3.31 (c). By part (b) po(a,b|x,y) pure full-rank self-tests S. Since M is
the only non-projective measurement in S, Theorem 3.37 implies that po(a, bz, y) also pure
PVM self-tests any Naimark dilation of S. ]

For the sake of completeness we give a construction of a minimal Naimark dilation for
S. Since the measurements for Alice are projective, they are minimal themselves. For Bob,
let V be the canonical embedding C* — C? (that is, in the computational basis V = Idzya2).
Then for M, let rank-1 projections M/ = |e;)(e;| for i = 0, 1,2, where

R
leo) = Nz (1) ; (14)
~1
ey =—1| —v3 | (15)
Vol
. —1
le2) = —= V3 | (16)
Vol s

And let M’ = {M{}, M{, M}}. By definition, (M’,V) is a minimal Naimark dilation
of M. For G and H, since they are projective themselves, we just need to ensure their
projectiveness outside the range of V' when we extend them. To do this, we let Hy, G4
be the +1-eigenspace projection of H,G, respectively. Define H, = VH, V* +Id — VV*,
H' = VH_V* (that is, H, = Hy ®Id,H_ = H_ ©0), and G’ = VG V* +1d - VV*,
G =VG_V*. Then (H' ={H',H },V), (¢" ={G",G"_},V) are Naimark dilations if H
and G, respectively. So we conclude that Spyy = (Id ® V|@1)  {X, Z}, {H, G/, M'}) is a

minimal Naimark dilation of S.

3.5.3 po(a,b|z,y) does not pure full-rank PVM self-test any strategy

We show this result by proving that any pure self-tested strategy has to be both support-

preserving and O-projective:

Theorem 3.38. If p(a,b|x,y) pure self-tests S, then S must be 0-projective and support-
preserving. Furthermore, one can always take the canonical strategy S to be both projec-
tive and full-rank without loss of generality.
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Proof. Take any pure strategy S that generates p(a, b|x,y), then so does its Naimark dilation
SNaimark and its restriction Spes. Since G is an assumption-free self-test, it is also a pure self-
test. So Sres — S, which implies that S is support-preserving using Proposition 3.5 and the
fact that Spes is support-preserving. Similarly, Snaimark < S implies S to be 0-projective by
Proposition 3.7 and the fact that Snaimark 1S projective.

Since S is 0-projective and support-preserving, S < Sres. So p(a,b|z,y) assumption-free
self-tests S,es as well. O

(This result was shown also in [PSZZ24, Proposition 4.14] via a different approach.) We
note that, we can never show that a canonical strategy is projective and full-rank: consider
S = (|)@10) 4 |0) 5, {Era @Id}, {Fp ®1d}). Then S’ < S and S < S’. So G also self-tests
S

Proof of Theorem 3.31 (d), (e). Part (d) follows directly from Theorem 3.38, since S is not
O-projective. Part (e) follows from Part (b): since po(a,blz,y) pure full-rank self-tests S,
any full-rank realisation of py(a, bz, y) must not be O-projective, as S is not 0-projective and

e-projectivity is invariant under local dilation. Il

pola, bz, y) is also the first found correlation that cannot be realized by locally measuring

a shared state of full Schmidt rank with projective measurements.

3.5.4 Separating (standard) self-tests and abstract state self-tests

We show that Part (c) of Theorem 3.31 also answers an open question raised in [PSZ724],
separating abstract state self-testing defined therein and (standard) self-testing in a case
where there is no full-rank strategy in a certain class of strategies (namely, the class of all
pure PVM strategies). Recall that, in an abstract state self-test the higher order moments

are the same for all strategy inducing the correlation.

Definition 3.39 ([PSZZ24]). Let ¢t C {pure, full-rank, PVM}. A correlation p(a,b|z,y) is an
abstract state t self-test if for every k,l > 1, ay,...,a; € Oy, x1,..., 05 € La, by,.... b €
O, y1,- .-,y € Ip, the value

<w|Ex1a1 e kaxk ® Fylbl T Fylbl|w>

is the same across all t strategies generating p(a,b|z,y).
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Proposition 3.40. Let py(a, b|x,y) be the correlation generated by the pure non-projective
strategy S = (|®),{X, Z},{H,G, M}). Then py(a,b|z,y) is not an abstract state PVM
self-test.

Proof. According to the definition of abstract state self-testing, it suffices to find two pure
PVM strategies for p that give different higher-order moments.

Define Spyy, = (Id@ V [@F) {X, Z},{H',G', M'}) as in the previous subsection. Now
consider another dilation H"” of H, namely, H! = VH, V*, H' = VH_V*+Id — VV* (that
is, HY = H, ® 0,H” = H_ ®d). Let Siyy, = (d@ V |0T) {X, 2}, {H", G, M'}). Then

direct calculation shows that

4 —+/2
@104 @ V)1 (I M) e V)je7) - V2
2 -2
(@*](ld @ V*)(Id @ (M{H M) (Id @ V)| @) = 18\/_'
So Spyy and S3yy are of different higher order moments. N

Note that by to [PSZZ24, Theorem 3.5], abstract state self-testing is equivalent to (stan-
dard) self-testing under the condition that py(a, b|z,y) is extreme and there exists a full-rank
t strategies inducing the correlation pg(a,b|z,y). Therefore, our results indicates that the
condition of [PSZZ24, Theorem 3.5] is crucial: there exists extreme correlation py(a, b|x,y)
such that, the class of PVM strategies admits no full-rank strategy for po(a, b|x,y), where
pola,blz,y) is a (standard) PVM-self-test but not an abstract state PVM-self-test.
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4 On complex self-testing

The work presented in this section is based on an unpublished work [CV].

4.1 Motivation

As we it’s been discussed in the Introduction, there are (at least) three types of ‘free’ manip-
ulation in non-local strategies. Definition 2.4 incorporates the freedom of unused resource
(auxiliary state) and changing frames of reference (local isometry), but not taking the com-
plex conjugate into consideration. This is not an problem if our canonical strategy is real
(has a real matrix representation) since it is then equivalent to the complex conjugate of
itself. However, for strategies without real matrix representation® Definition 2.4 might not
fit, as there might be no local unitary taking the strategy to its complex conjugate. To
address this issue, the notion of complex self-testing [MM11] was introduced, and works
alone this line includes [MM11, APVW16, BSCA18, JMS20]. Roughly speaking, a complex
self-test allows the devices to concurrently adopt either the canonical strategy or its complex
conjugate.

In this section, we will take a careful examination of the notion of complex self-testing,
and provide some observations which in hope could shed some light on the study of this
field. In Sect. 4.2 we formalize the notion of complex local dilation and complex self-testing,
providing two equivalent ways of understanding it. In Sect. 4.3 we prove some properties
of complex self-testing, including ones related to real simulation of strategies. In Sect. 4.4
we give a conjecture on the operator-algebraic formulation of complex self-testing. Finally,
we revisit the ‘realness’ of quantum strategies in Sect. 4.5, providing some subtleties in the
notion of real strategies.

For the sake of simplicity, all the results in this section are presented in terms of exact

(rather than robust) pure (all states are assumed to be pure) self-testing.

4.2 Definition of complex dilation and self-testing

Similar to the standard self-testing, we first formulate the ‘complex’ counterpart of the local
dilation notation. A common approach in the literature is to introduce additional Hilbert
space Ha ® Hp/, on which the devices perform measurements on an entangled state to

concurrently decides to employ the canonical strategy or its complex conjugate. Since the

3A good example to keep in mind is a strategy contains all three Pauli measurements oy, oy, oy
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additional measurements H 4 and Hp has binary outcomes, without loss of generality we
can take H 4 = Hp = C?, and the state can take the form of o |00) 4+ 3 [11). Also, notice
that the real coefficients «, 8 can be absorbed to the auxiliary states. We then define complex

local dilation as follows.

Definition 4.1 (Complex local dilation). A strategy S = (|)), {E..}, {F,»}) is a complex
local dilation of a strategy S = (|¢) ,{Ez.},{Fyp}), if there exist local isometry

UAiHA%/HA®7‘[A®HA’7

UBI,HB—>HB®,HB€®HBU

U =U, ® Ug such that

UlEse ® ld5 [) 5]

=(Era © 3 [9) 1) [2Ux0) 4 100) 4 + (B @ 1d5 [0 1) lawxt) 15 1) 0 (17)
Ullda @ Fyy 4 4]

=(1d3 ® Fyp |9) i) lauxo) 45 100) o + (15 ® Fyo |9) 5) lauxi) 45 110 4 (18)

hold for all a,b, z,y, where |aux ;) are subnormalized states (not necessarily orthogonal):

(auxo|auxg) + (aux;|aux;) = 1.

We denote this relation by S <¢ S. Without loss of generality we take all the states
1), ), lauxg 1) to be real, due to the existence of Schmidt decomposition of bipartite states.
Clearly, if S is already a real strategy, then complex local dilation becomes equivalent to
standard local dilation (take ¢ = 0 in Definition 2.2).

Alternatively, complex local dilation could be also understood as a convex combination
of S and its complex conjugate, in the sense introduced in [MNP21]. To see this, first note

that if local systems are direct sum of subsystems:
HA = HAO © HANHB = HB() S HBI?
then the whole system

Hap=HaQ@Hp = Ha, @ Hp, D Ha, ® Hp, D Ha, ® Hp, ® Ha, ® Hp, .
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And if we only care about vectors exactly in the subspace
Hay @ Hp, ®Ha, @ Hp, € Ha @ Hp,
we then use the diagonal direct sum notation for vectors vg € Ha, ® Hp,,v1 € Ha, ® Hp,:
vo ®a Vo = Vo ® Opeu, 025, © Oy, omip, ® 01 € Has,

that is, vo@®a v; should be understood as an vector in the subspace H, @ Hp, B Ha, @Hp, <

Hap.

Definition 4.2 (complex local dilation, alternative). A strategy S = {|¥) 15, {Ewa}, {Fyp}}
is a complex local dilation of S = {|V) s, {Exa}, {Fy}}, If there exist local isometry

Un:Ha—Hz, @Hay ®@Hz, @Hy,,

UB : HB —)HBO ®H36 EBHBl ®7—[31’

U =U, ® Upg such that

U[Exa ® IdB ‘w>AB] = (Exa ® Idéo ’/&>Aoéo) ’aUXO>AQBO @A (Exa ® Idél ‘17Z>A131> |aux1>A131 )
(19)

U[ldA ® Fyb |¢>AB] = (ld;lo ® Fyb |QZ>A0BO) |aUXO>A030 @A (ldA1 ® Fyb |1/’;>A131) |aux1>A131
(20)

hold for all a,b, x,y, where |aux ) are subnormalized state (not necessarily orthogonal):

(auxp|auxg) + (aux;|aux;) = 1.
Lemma 4.3. Definition 4.2 and Definition 4.1 imply each other.

Proof. We show that Eq. (17) and Eq. (19) implies each other, and the rest can be proved
similarly. Assume in Eq. (17) H 4 5 = H 4, p, as we can always extend the smaller space to

the larger one. Let

v1 :=(Ea @ g, [V) 1, 5,) 1aux1) 4,5, € Hi, 5,48 = Vi
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then V; and V; has the same dimension, and Vy, & V; &V, ® C?. Then
Eq. (17) = vy ®av1 Z 09 ®[0) 2 + 11 @ [1) 2, Eg. (19) = v ® [00) 4/ 5 + 11 @ [11) 41530 -

By embedding C? into H a5 as its subspace spanned by {]|00),|11)} we have Eq. (19) <=
Eq. (17). Similarly by projecting H 45 onto its subspace span{|00),|11)} = C? we have
Eq. (17) < Eq. (19). O

In this thesis we will work with Definition 4.1. Then complex self-testing is defined in

terms of complex local dilation:

Definition 4.4 (complex self-testing). A strategy S = (|1)) , {Esa}, {F,»}) is complex self-
tested by a correlation p if it is a complex local dilation of all strategy producing p.

4.3 Some properties of complex local dilation

The first two properties we show about complex local dilation are that, similar to its standard
counterpart, complex local dilation preserves (exact) support-preservingness and projective-

ness.

Proposition 4.5 (Analog of Proposition 3.5). If S <s¢ S, then S is support preserving if
and only if S is support-preserving.

Proof. First, if S <»¢ S, then

(Eua ®1d5 |9) 15) |aux0) i 100) 4 s + (Eua @ 15 [¥) 13) [auxa) i [11) 41

(Ua @ Up)(Eye ® 1d) [¢)

(UaE Uy @1d)(Us @ Ug) |1)

(UaErU3 @ 1d) [9) 13 [aux0) 4 100) 4o + (UaEraU% ®1d) [4) 55 [auxi) ap [11) 0

And note that |auxg) ;5 [00) 4 5 and |auxy) 45 |11) 4 5 are always orthogonal. So

(Em ®ldg W) ) |aUXO>AB ’00>A’B' = (UalpUy ®1d) |9 >AB |aUXO>AB ‘OO>A’B’
(Em ®ldg W’)AB) laux1) 415 [11) 4 g = (UaEy Uy @ Id) [¢ >AB laux1) 45 [11) 4 -

And we take the complex conjugate of the second line:
(Ewa @ ldg ) 15) laux1) 45 [11) 4 g = (UaEwU} @ 1d) [9) 15 [auxs) 45 [11) 4 - (21)

54



Recall that a strategy (|¢),{Ea}, {Fy}) is support-preserving if and only if there exist
Eya, Fyy such that E,,®1d [¢)) = 1d®@ F,, |¢) and I[d® Fy, [¢)) = F,®1d [1). Also without loss
of generality we take the local isometry such that [¢) , |aux ) are real. Then V4 ® Vg [¢)) =
Va® Vg |¢).

I’ part: Since S is support-preserving, there exist operators E,m such that Em®|d |1D>
Id ® Em 1), Taking the complex conjugate of both sides we get Ep, @ Id |¢)) = Id @ Em ).

Consider operators

Era = UE[(EM ® |0X0]p» + E:ca ® |1X1]pr) @ ldp/|Ug.

Then

(Ua ® Up)(Id @ Eu) [10) =(1da @ UpUg Era) [1) [auxo) 00) + (Ida @ UpUs Eva) |6) [auxa) [11)
(Eva ® UgUp) |§) [auxo) [00) + (Eyq @ UpU) [9) |aux;) [11)
=(Ua® Up)(Eype @ d) [1) .

So S is support-preserving.

‘Only if” part: Since S is support-preserving, there exist operators E,, such that E,, ®
ld]y) = 1d® E,q|1). Taking the complex conjugate of both sides we get Ey, ® Id|i)) =
Id ® E,, |¢). Consider operators

A

E,q = (|0)0|p ® IdRB,)UBEMUg + (|1)(1|p ® IdRB,)U_BEng.
Then

(1d 5 ® Eza [19))(Jauxo) [00) + faux;) [11)))

=(ldz 4,47 ® (10X0]p» @ 1d 3 B/)UBExa 5)(Ua®Ug) [¥)

+(1d 40 40 @ (11157 @ 1d 3 ) Up B )( ® Us) [¥)
=Ua @ ((|0)0]r ® 1d 5 )UpEsa) [¥) + Ua @ (111157 @ 1dj 5 ) UpEya) [)
=(UaEea @ (|0X0[r @ 1 5 )Up) [¥)) + (UAEm ® (1115 ® ld5 ) Up) [¢)
=(UaE Ul @ 1d) [§) |auxo) [00) + (UaEroUf @ 1d) [) [auxy) [11)
(Bra ® 3 [9)) (Jauxo) 00) + Jauxs) [11)) (by Eq. (21)).
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S0 Euq @ ld4r4n and IT; ® Ilaux 4 commute. Note that
[Exa & HA’A”) HA & 1_[aux,A] = [Ea:aa HA] ® 1_[aux,A-

So F,, and II i commute, and then S is support-preserving. O

Proposition 4.6 (Analog of Proposition 3.7). If S <¢ S, then S is O-projective if and only
if S is O-projective.

Proof. Note that

U[Era & ldB ‘¢>AB]
+

U[<IdA - E:va) ® ldp W»AB]
+

va @ 145 [9) 15) |auxo) 43 00) 4

za @ ldj W>AB) |aux1) ip [11) 4
(Idj — m) ®ldj W)AB) |auxo) 4 100) 4/
(ldj — Bz ®1dg |1/)> ) auxy) 45 [11) 4 -

=(E
(Bua
=(
(

Take the inner product of the above two equations, one have that

()| Epa(lda — Epe) @ ldp[Y)) = (1] Epe(Id 5 — Epe) ® 1d5]10) (auxo|auxg)

+ (Y| Epa(id ; — Epe) @ 1d 5)20) (aux; |aux,) .

On one hand, if (| Esq(ld; — Eva) @ Id[t0) = 0, then so is (] Epe(ld 1 — Eua) @ ld5| ), and
hence (Y|E.q(lda — E.q) ® Idp|th) = 0. On the other hand, since both Em(IdA — Em) and
(Id; — E_m) are positive, (Y| Ey(lda — E.) ® ldg|1) = 0 implies that

()| Ea(Id ; — Epe) @ 1dglth) = 0, hence S is 0-projective. So we conclude that S is 0-
projective if and only if S is 0-projective. [

Proposition 4.6 and 4.5 have the following consequence: for a full-rank, PVM strategy

to be complex self-tested, it cannot be ‘one-sided complex’.

Theorem 4.7. Let S = (|1)) , {E,a}, {F,}) be a full-rank, PVM strategy with real measure-
ments E,,, real state |1)), and at least one F,;, which is not real. Then S cannot be complex
self-tested.

Proof. We prove this by showing re S := (|1)) , { E.a}, {re F,}) produces the same correlation
as S, but cannot be complex local dilated to S. First of all, we note that re Fj;, = 1/2(F, +
Fyb), a convex combination of POVMs. So {re F,;}; gives a valid POVM.
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To show that re S produces the same correlation as S, notice that im Fyb is anti-symmetric.
Therefore (1| E,, @ im Fy|th) = 0 for all a, b, 2,y. Then (| Ey @ Fyplth) = (| Era @ re Fy|i)).

To show that re S cannot be complex local dilated to S, we first prove that {re Fj;} is
PVM if and only if I:’yb is real. We have that

]_ ~ — = ~ ~ —
re Fyb = Z(Fyb + Fyb + Fbeyb + Fbeyb).

So re F;, being projection ((re Fy,)? = re F;) is equivalent to

Fybﬁyb+Fbeyb:Fyb+Fyb

ﬁﬁybﬁybﬁyb = Fyb-
Also note that both Fyb, Fyb are projections of the same rank. So this implies Fyb = Fyb.
Since there is at least one Fyb which is not real, re S is not PVM. Therefore re S <

S
does not hold, since complex local dilation preserves projectivity (Proposition 4.6). 0

Finally, we discuss properties related to real simulation of quantum strategies [MMGO09].
The idea of real simulation is that any quantum correlation can be dilated to a real strategy
without affecting its correlation. To achieve this, let |+i) := (|0) %4 |1))/+/2 be the eigenstate

of Pauli matrix oy.

Definition 4.8 (real simulation). Let S = (|¢),{E..}, {Fy»}) be a complex strategy. The
real simulation Sy, of S is defined as S := (|Yr) ,{Erza}, {Fryo}), Where

[Wr) = (|+i+ i) [0) + |—i — i) [1)/V2
ERpa = |+i){(+i| ® Epq + |—i){—i| ® Epq
Fryp = |+i)(+i| ® Fyp + |—i)(—i| ® Fy.

It is straightforward to verify that |[1r) , Arza, Brys all have real entries, and Sg gives
the same correlation as S. We remark that the auxiliary state |+i) is not strictly necessary;
any state |¢) satisfying (¢|¢) = 0 would suffice. And |4i) is the smallest example of such
states.

On real simulation and complex local dilation we have the following property:

Proposition 4.9. If S < S, then S — Sp.
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Proof. Given that S <—¢ S, there exist local isometries Vy, Vi and auxiliary states |aux,) , |aux;)
that satisfy the complex local dilation relations. Now consider the action of Vy g := |+i)(+i|®
Va+ | —i}—i| @ Va,Var =V ® | +i){+i| + Vp ® | — i)—i| on Sg, we have

(Var® Ve R) (Evar ® Fyr|tr))

=(Var ® V) \}_ (|48 + ) (Fua ® Fpp |90) + |=i = i) (Fra ® Fy |¥)))

(|+Z+2>(VA®VB)( w0 @ Fyp [9)) + |=i — i) (Va ® Vi) (Ewa ® Fyo [¢)))

-~

:E(W +0) [00) |auxe) (B ® Fyp [9)) + |+ + i) [11) fauxs) (B @ Fyp [4))+
=i — i) 00) |auxo) (B @ Fyp [0) + [—i = ) [11) |awxs) (B @ Fyp [ 1))
Z% (100} [auxo)) (| + i) B @ Fyp [) + |—i — i) Eya ® Fyy [0))+
% (111) auxy)) (| =i — i) Baw @ Fyy |[0) + |[+i + 1) Bua ® Fp [0)).
Let U; be the 2-dimensional unitary that maps |4i) to |F¢). Then consider the action of local

unitary U := [0)0] @ ldayx ® Id; + |1)(1| ® ldaux @ U;. Clearly U @ U keeps |00) |auxo) |+i £ )
unchanged, and maps |11) |aux;) |+ +4) to |11) |aux;) |Fi F 7). Therefore,

(U®Ild;@U@lds) (Var © Ver) (Brar © Fypr [Vr))
:% (100) [auxg)) (|7 + i) Bro @ Fypy [0) + | i — i) B ® Fyp [10))+
% (111) [auxs)) (140 + 1) Baw ® Fyp [8) + [—i — 0) Evo ® Fyp [9))
=(|00) Jauxo) + 11) |auxi)) (Eya,r @ Fyp i [PR))-

Also notice that (]00) |auxo) + |11) |aux;)) is a unit vector. We conclude that Sp < Sp via
local isometry (U ®Id; ® U ®1dg) (Va,r ® Vi g). O
4.4 An operator-algebraic characterization

Inspired by the work of [PSZZ24], here we discuss the operator-algebraic picture of complex
self-testing. A key observation is that if S is a complex local dilation of S, then S and S has
the same real part of their higher order moments.
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Proposition 4.10. If support-preserving S is complex self-tested by p(a, bz, ), then

re (Y|E ® Fy) .

will be the same for all strategy S producing p(a,b|x,y), where E = E, 0, FEvyay -+ Fupay
F=F, Fyu, - F,, are words in the POVM elements from S.

Proof. 1t is clear that the statement is true with for words of length 0 or 1. Consider
E = E; 4, Frya,- Given any S producing p(a,blz,y), let V = V4 ® Vg be the isometry and

lauxg 1) be the auxiliary state from the complex self-test. We have that

V(Epyay Eryay @ 1dB) [00)
2Er0, Vi @1dB)V (Epya, © Idp) [1)
ViaBuya, Vi ® 1d5) (Eryay @ 1) [6) [auxo) [00) + (Bpa, @ 1dg) [1) |aux,) [11))
)(1d 5 ® Eoyas) [6) |auxo) [00) + (15 @ Eyyay) [4) [auxs) [11))
®Earzaz)| D) [auxo) [00) + (Euyay © Enyay) [9) |auxs) [11) (by Eq. (21))
w11 Brsay ©1d ) [10) |auxo) 00) + (Eryay Eryay © 1d ) [10) Jauxy) [11) .

(V.
(
(VaEpa, Vi ®1dp
(Ea
(£

(The third equation uses the fact that S s support preserving, and so is S due to
Proposition 4.5.) Then by induction we get V(E @ 1d) [¢) = (E®1d3) |¢) |auxo) |00) + (£ ®
dp) |¥) [auxy) [11). Similarly for Bob’s operator, V(Id @ F) 1) = (Id; ® F) [¢}) |auxo) [00) +
(Id; ® F)|4) |aux;) |11). Then

V(E® F) ) =(VaEV; ® I,V (Id ® F) 1)
=(VaEV; @ dp5)[(1d5 ® F) ) [auxo) [00) + (Id 5 ® F) [¢)) |auxy) [11)]
—(ld 11, ® F)(VAEV; ® 1dp ) [1) |auxo) [00)
+H(ld 40 @ F)(VAEV; ® dp ) [0) |aux) [11)
=(E ® F)|4) |auxe) [00) + (E ® F) [) [aux;) |11).

Note that V |1) = [) |auxo) [00) 4 |) Jauxy) [11). Take the inner product of the two sides

respectively, we get

(WIE® Fly) = (D|E ® F|) | |auxo) > + (S|E @ F|g) | Jaux,) 2.
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And the final statement is achieved by taking the real part of both sides of the equation. []

Note that if S and S already have all-real moment, then it reduces to the case of (stan-
dard) self-testing. So our Proposition 4.9 could also be proven from Proposition 4.10.
In the language of C* algebra, such property can be described by having a unique finite

dimensional real state on some universal real C* algebra:
Lemma 4.11. The following two statements are equivalent:

1. The real parts of moments
re (Y|E ® Fly)

coincide for all strategy producing p(a, b|x,y),

. . .. . . Z4,04 5,0
2. There is a unique finite dimensional real state on Ag’s5u ®min Azpoyy that agree

with p(a, b|z,y).
Here Aﬁj‘,sgﬁ,w is the universal real C* algebra generated by positive contractions {e,, :
x €Zy,a € Oy}, subject to the relations ) e,, = 1,Yx € I,, and similarly A,ng’\?,\f is
generated by {f,, : y € Ip,b € Op}. Areal state f agrees with p(a, b|x, y) whenever f(e,,®

fw) = p(a,blz,y) holds for all a,b, x, y.

Proof. (1)=(2): For any finite dimensional real state f that agrees with p, its real GNS con-
struction (see e.g. [Li03]) gives a representation on a finite dimensional real Hilbert space,
whose matrix representation gives raise to a real strategy which is moment-real. By Propo-
sition 4.10, those f then agrees with all the words of generators, so f is determined on the
whole real C* algebra from its real linearity.

(2)=(1): Suppose S@ SW differs in their real parts of moments, define real states fo, f1
by setting fo(eza ® fyp) = re (WO|EL) @ F[00), fi(ew ® fp) = re (V| EY @ Flp®),

and extending them by real linearity. Then fy, fi are valid real states on Aéf‘g,gfm Omin

AZESE but fo # fi. u

Theorem 4.12. If a support-preserving S is complex self-tested by a correlation p, then

there is a unique finite-dimensional real state on A28 @min ALES?  that agrees with p.

Proof. Combining Proposition 4.10 and Lemma 4.11. O

To the best of our knowledge it is yet unclear whether the reversed statement, similar
to standard self-testing, is also true for complex self-testing. Therefore we leave it as an

conjecture:
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. . . . . . . ZA,Op 1,0
Conjecture 4.13. Ifthere is a unique finite-dimensional real state on A5y ©min AR Bovu

that agrees with p which is extreme in C,, then there is a support-preserving S such that
S is complex self-tested by correlation p.

As our final remark on this, if one would like to prove the conjecture by reproducing

the process in [PSZZ24], then one would need to show that any real state on Aﬁf‘ﬁg{‘,M ®min

AﬁBI;g’\B,M is actually the real part of a (complex) state on A}I{(“)’\?ﬁ ®min A}I)%’\?ﬁ. To the best

. . . I I :
of our knowledge, it is known to be true only if a representation of ARAIS?){*,M Rmin ARBp’gf’}M is

obtained from regarding a representation of (Aﬁ*(‘)’%‘}[ Smin Aﬁg’%}) as a real C*-algebra [Li03,

Proposition 1.1.6].

4.5 Realness of quantum strategies

Theorem 4.12 indicates that the real parts of higher order moments are essential in complex
self-testing, and leads our attention to quantum strategies with real moments. An obvious
candidate is the family of strategies with a real matrix representation. Then the natural
question to ask is, are there any other strategies with real high order moments? If the answer
is affirmative then it would be a more appropriate definition of ‘real’” quantum strategies in
the context of self-testing.

Here we solve this problem by fully identifying the family of strategies with real high
order moments, which we call ‘self-conjugate’ strategies. For those strategies the action of
complex conjugate is trivial. For simplicity in this section we consider irreducible strategies,
that is, the the POVM elements generate the whole matrix algebra as (complex) algebra
Alge(Ere ® Fyp : a,b,z,y) = B(H4 ® Hp). By the fundamental structure theorem of finite
dimensional C*-algebras, any strategy can be decomposed as a direct sum of irreducible

ones.
Definition 4.14. A strategy S is:
1. real if some matrix representation of S is real;

2. self-conjugate if for some basis there exist local unitaries U4, Ug such that
UaBpUh = Era, UpFypUp = Fy,, Us @ Up [¢) = [9)

holds for all x,y, a,b.
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3. moment-real if (| E® F'|¢) € R for all words E of measurements E,, and words F
of measurements Fy,,.

Clearly all real strategies are self-conjugate (by taking Uy = U = Id), and self-conjugate

strategies indeed have real higher order moments: for any word £ ® F,

(WE®Flv) = (W[E@ FlY) = (W|UU(E® F)UUR) = (Y|E® Fli).

Conversely, it is also true that:

Theorem 4.15. If a irreducible strategy S = (|¢) , {E..}. {F,»}) has real higher order mo-
ments ((¢|E @ F|i) is real for all words E @ F), then S is self-conjugate.

The proof of Theorem 4.15 relies on the following proposition:

Proposition 4.16 ([Vol22]). For any irreducible collection {X,, ..., X,,} C B(H), there is
U € U(H) such that UX,;U* = X, for j = 1,...,n ifand only if Algg (X;: j) # B(H).

Proof of Theorem 4.15. Suppose for contradiction that S has real higher order moments
but not self-conjugate. Assume that the conditions in Definition 4.14 at least fail for {FE,, :
x,a}. Then by Proposition 4.16 {E,, : x,a} generate B(H,) as a real algebra. Let |¢)) =
>y |ui) |v;) for linearly independent |u;) € H 4 and linearly independent |v;) € Hp. Note
that

T

WIE@F )= (w|Euy) - (vi] F |v;) (22)

ij=1
for E € B(Ha) and F € B(Hp). Since {F,} are irreducible, there exists a word F of
{Fy : y,b} such that not all (v;| F'|v;) are 0. In particular, (v, | F' |v;,) # 0 for some i, jo.
Since {E,,} generate B(#H.4) as a real algebra, there is a real combination E = )", o E), of
words Ej, of E,, such that

7;(’[)1'0’ F ‘U]b) le = io,j = jo

0 otherwise.

(wil Eluz) = {

Therefore

S W B Fly) = W E@Fly) ¢ R

by (22), and so (Y| By @ F 1)) ¢ R for some k, which contradicts S having real higher order

moments.
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Therefore there are Uy € Uy, (C) and Ug € Uy, (C) such that
UaBualU4 = B, UsFpUp = Fyp
for all x, %, a,b. Denote |[¢') = U} @ U [1). Clearly,
WE® FlY) = (|UE @ F)U*P)) = (UIE @ FlY) = (Y|E @ Fly)

for all words £ of E,, and words F' of F,;. Since both sides are complex linear in E, F', it
furthermore follows that it holds for all Alge(Ey,: z,a) @ Alge(Fyp: y,b) = B(Ha @ Hp).
From [PSZZ24, Lemma 4.11] [¢) | = [¢'X¢'|, or |[¢') = «a i) for some phase a € C of

modulus 1. Therefore we have

Ero = (QUa)Epa(aUa)*,  Fyp =UgFuUf, |[¢) =Ua@Up|Y') = (aUs) @ Up |¢)

for unitaries aUy4 and Ug. O

Interestingly enough, there exists self-conjugate strategies which are not real. Such strate-
gies generate the quaternion matrix algebra as real *-algebra, therefore only exist in Hilbert

spaces with even local dimensions greater than 2 [Vol22]. So we conclude that
Real C Self-conjugate = Moment real,

where the first inclusion becomes the identity when the local dimension is 2 or odd.
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5 Self-testing all projective measurements

The work presented in this section was conducted with Laura Manc¢inska and Jurij Vol¢i¢
and has been published on Nat. Phys. under the title of “All real projective measurements
can be self-tested” [CMV24]. Some format and notations from it might be changes to fit
with the layout of this thesis.

5.1 Motivation

Recall that Theorem 3.38 showed that for S to be assumption-free self-tested, it has to
be both support-preserving and 0-projective. Then it becomes natural to ask whether all
such strategies can possibly be self-tested. The first step towards fully solving this problem
is probably to break it down to self-testing of any full-rank state and self-testing of any
projective measurement. Here by self-testing of a state |QZ) we mean that constructing a
strategy that incorporates |1;>, and similarly for measurements. The question regarding self-
testable states has been extensively studied in [CGS17, SBR*23], while the self-testing of
general measurements has remained elusive.

In this work we provide the first results for self-testing of general measurements by putting
forth a fully explicit assumption-free robust self-testing protocol for any real projective mea-
surement. To achieve we formalise the theoretical method of post-hoc self-testing and iden-
tify a sufficient condition for its application in Sect. 5.3. Applying post-hoc self-testing to
an established self-test from the recent work [MPS24] allows us to obtain our self-testing
construction for any real projective measurement in Sect. 5.4. Additionally, we develop a
new technique called iterative self-testing which involves sequential application of post-hoc
self-testing in Sect. 5.5. Iterative self-testing is inspired by our self-testing construction, and

offers a handy way for developing new self-tests based on pre-existing ones.

5.2 Measurements in the observable picture

Before we delve into the new techniques and results, let us first recap of the observable
picture of quantum measurements. It gives an alternative characterization of POVMs, and
it turns out to be very useful in our calculations.

In many cases, especially when the measurement is projective (i.e., all operators in the
POVMs are projections), it can be more convenient to work with generalized observables

instead of operators of POVMs. Given a POVM {E,,}, its generalized observables are given
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|[Oal-1

AY) = Z W By,

where w = ¢27/194l Note that A = Id by definition. Due to the invertibility of the

Oal-1, —a j
transform, {E,,} can be recovered from {AY'} by E |OA| Zl Al= iAY . So {AV)}
provides an alternative, yet full, description of the measurement. The following properties
about the generalized observables hold: (see [KST*19] for a proof)

* For any POVM {FE,,}, AV AV <1d, AD*AY) < 1d, ie., AY are contractions.

* A POVM {E,.} is projective if and only if the corresponding A, := AV s a unitary
matrix of order |O4|. In this case, we call A, the observable of {E,,}, further having
that Ag ) — Ag;. Therefore,

* Projective measurements are fully characterised by its observable:

|Oal-1

Fea |OA| Z WAL,

while in general, it might not be possible to recover the POVM elements of a measure-

ment from A,.

In this section only, we will specify quantum strategies by the tuple

S = (pAB7 {Ao(cj)}erA,jeoAa {Bl(/k)}IyEZB,k’GOB)7

@ 1 j ; k Opl—1 .
where AY) = Z' AT WY B wa = e2m/10a]) B = L:g’l wh Ny, wp = €27/1981 The

correlation is also conveniently specified via

{Tr[AY @ BB pl}jpay = Zw%w%’fpab|x,y>}my.

Furthermore, if all the measurements in S are all projective, we denote it by S =
(paB;{Az}zezns {By}yer,) for simplicity. In this section only we shall present our results in

terms of observables.
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Figure 3: Post-hoc self-testing: starting from a self-tested strategy S (on the left), if it is
feasible to infer the new measurement O with input ynew and output ¢ from correlations
{(¢|A§f) ® OW[)}, then extended strategy S’ (on the right) remains self-tested.

5.3 Robust post-hoc self-testing of projective measurements

The concept of post-hoc self-testing has been implicitly employed in prior works, such as
self-testing of graph states [McK16], randomness certification [ABDC18, WKB*20], and
one-sided self-testing [SBJ*23]. The review paper [SB20] was the first to summarize this
technique and refer to it as ‘post-hoc self-testing’. In this section, we formalise the idea of

post-hoc self-testing and establish a sufficient condition for its application.

5.3.1 Definition

In post-hoc self-testing we consider a scenario where we have self-tested strategy S =
(J¥), {flg(gj)}l,, {Bék)}y), and we would like to self-test an additional measurement {O®}.
We are interested to ask when can {O(Z)} be self-tested by extending S. In particular, when
is S = (|¢) {A;(Cj)}x, {B’g(,k), O(Z)}y) self-tested by the correlation it produces (Fig. 3)?

Since the reference strategy S = (|¢)) -y {Aé”), {B?Sk)}) is robust self-tested by its corre-

lation, to pass the test up to ¢ deviation Alice has to honestly perform some measurement
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which can be e-approximately local-dilated to {AY'}:
(U@ 1dp)(AY @ ldp @ 1dp) [¢) 45p == (AY @ 1d5) [) @ |aux)

for some purification |¢) , 5 p, local isometry U and auxiliary state |aux). Then post-hoc self-
testing for an additional observable O would ask that the same U and |aux) also connect

O and O® on the same shared state for any O generating correlation close to that of

oW,

Definition 5.1 (robust post-hoc self-testing). Given the state |¢)) = 1)) ip and generalized
observables {fl&j ) }, a L-output generalized observable {O")} is robust post-hoc self-tested
(by the correlation {()|AY) @ OW|4)}) based on (|4 15, {AY'}) if the following condition
holds: for any ¢’ > 0, there exist ¢ > 0 and 6 > 0 such that:

if (Uldp)(AY @1dp®1dp) V) App R (A&”@Idg) )@ |aux) for state 1) , ;. p, generalized
observables {Afvj )}, local isometry U = U, ® Ug and state |aux) , 5., then any generalized
observable {0} having | (¥|AY @ OO |p) — (|AY ® OP 1)) | < § satisfies

(U®Idp)(lds @ OF @ 1dp) [V) spp ~er (Idz © OF) 1) ® |aux)
foralll € [0,L —1].

Then post-hoc self-testing extends self-testing protocol in the following sense:

Proposition 5.2. If correlation {(zﬂfl(zj) ® Bf,k)\f@} robust self-tests S = (’@AB , {Ag))’ {é@(}k)})’
and correlation { ()| AY @ O® i)} robust post-hoc self-tests {01} based on (|¢) 15, {AY}),
then the extended correlation { ()| AY @ B i)} U{ ()| AY @ OV|)} robust self-tests the
extended strategy SE=terd — (1)) 1 {AD} {B{P, O0WY}).

Proof. By robust post-hoc self-testing, for any €; there exist e and §; such that
(U @1dp)(1da ® OP @ 1dp) [¥) 4pp e, (Id; @ OV) |9) ® [aux)

if | (p]AY ® 00)) — (P|AY @ O |$) | < 61 Since S = (1) 15, {AY'}, {B}"}) is robust

self-tested, for €5 there exist d, such that

(U Idp)(AY @ Idg @ Idp) [¥) 4pp ~e, (AP @ 1d5) [¢) ® |aux) ,
(U ®Idp)(lda ® B @ 1dp) [¥) spp ~e, (Idz @ BF) ) @ Jaux)
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if | (Y]|AY @ B{P|y) — (D|AY @ B 1) | < 8. Take § = min{sy,8,} and £ = max{e, &2}
one get that the extended strategy SFefend — (|@E>AB,{flg)},{éék),é(l)}) is robust self-
tested. [

We visualize the extension of the correlation table to help better understand post-hoc
self-testing. For simplicity, consider binary observables A, By, O. The correlation generated
by S can be written as a (|Za| + 1) x (|Zg| + 1) table as in Table 1. Then we say that
Table 1 self-tests strategy S. Take S as the initial strategy, then add an additional binary
observable O on Bob’s side; this will extend the correlation table as in Table 2. Intuitively,
given self-tested {A,}, then for some O it could be the case that O is fully characterized by
(I ®0) and {(A, ® O)},. If so, we say that O is post-hoc self-tested based on {A,} and
|1E> Then the extended Table 2 self-tests SZ**"! hecause essentially the white part of Table
2 tests S, and the yellow part tests 0.

I By By_1
i - I, Boy; || IBv)y
Ao (Ao, I) (Ao, Bo)y | | (Ao, By-1)y
Ax—1 | (Ax—1,1)y | (Ax—1,Bo)y | - | (Ax-1,By-1)y

Table 1: Initiate correlation table. Here (A, B) is in short for ()| A ® B|¢)), and we take
X = |Zal, Y = [Ts].

I By By_1 0)
T i T B0, || LBy 1y T,0);
Ax—1 | (Ax—1,0)y | (Ax—1,Bo)y | - | (Ax—1,By—1)y | (Ax-1,0)y

Table 2: Extended correlation table.

From hereon we shall call S, [¢)) 5, {AY'} the initial strategy, initial state, and initial
generalized observables, respectively, and call O® the additional generalized observables.
5.3.2 Robust post-hoc self-testing criterion for projective strategies

Given the set of initial generalized observables {A,} together with the initial state |¢), what
kind of generalized observable O is post-hoc self-tested based on (|¢)), A,)? Intuitively, if
{(|(AD @ OO)[i))}, can fully characterize {O®} for all £ then Bob also has no choice but
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to honestly perform a local dilation of O® on |@/;> This then gives a criterion of post-hoc
self-testing. In proving this criterion, a version of the folklore fact ‘any vector is uniquely

determined by its inner products with basis vectors’ is useful. Explicitly,

Lemma5.3. Letv, ..., v, 1 belinearly independent vectors in a Hilbert space. Letvy, ..., v, 1
be nearby vectors (in the norm induced by the inner product ||a|| = +/{a, a}),

Vo € [0,n— 1], v, — 0. < e.
For any vector pair v and © such that (v,v) < (0,0) and v € spanc{vo,...,vn_1}, if
Vo € [0,n — 1], | (vg,v) — (0, 0) | < &

then

- 4n 1 . L1
o=l < (s ) ol + 92 ol

where G is the Gram matrix of ¥y, ..., v, with entries g;, = (0;,0x), and Amin(G) is the
minimal eigenvalue of G.

Proof. Since © € spang{dy,...,0n-1}, let o =) a,0, = Wa, where
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then
o —o||> =[lv]|* + ||0]]* — 2Re (v, 7)
=[[vlI> + [|0]]* — 2||2]|* — 2Re (v — ©, 0)
< —2Re(v—1,0)

<2|{v—0,0) |

n—1
=2| Zax (v—"70,0,) |
=0
n—1
<2 oy | (v, 0,) — (8,7,) |
=0
n—1
=23 faul - [ (0,52) = (0,02) + (v, 02) = (5, 5) |
x=0

n—1
<2 Jag|- (elloll +6)
=0
<2||all(el|o]l + 0),
where || - ||1 is the vector 1-norm. Using the vector norm inequality we have

lalli <vAlal
Vil (W W)W Wal
<Vl (W W)W Wl

where || - ||« is the spectral norm of operators (Schatten oo-norm).
Note that W admits a singular value decomposition W = VIU*, where V is isometry,
U is unitary, and ¥ = diag(oy,...,0,_1) is positive definite. Then G = W*W = UX2U*.
Therefore
1

[W W)W o = (U207 USV o = [UE7V o = oma(US V) = ———xe
/\min(G)
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Finally,

v — o] <2llalls (]3] + 6)
<A (W W)W o [Wall (el +6)
2/ 5 -
_ 2Vl + )9

vV )\min (G)

= fe—d| <2
! v = /\min(G)

) (elloll + )% 1]

]

The analogue of Lemma 5.3 for unitary operators is crucial in the following proposition.

From hereon we assume that the reference strategy is given in a Schmidt basis for its state.

Proposition 5.4. Let |/)) ;5 € H; ® Hj be a state, and {A,}, z € [0,n — 1] be unitaries in
B(H ;). Suppose O € B(H ) is a unitary such that

OP € span.{DA,D}

where P is positive definite and D = vec™!(|¢))) = diag(), ..., A\a_1), where \; are Schmidt
coefficients of [1)).

If states ) ,zp € Ha @ Hp ® Hp,|aux) € Ha & Hp ® Hp, contractions {A,} in
B(Ha), a contraction O € B(Hp), and a local isometry U = Uy @ Ug : Ha @ Hp —
(Hi®@Ha)® (Hz @ Hp ) satisfy

Vo, (U@ dp)(A, ® ldp @ 1dp) [¥0) 1 5p ~: (A @ 1dg) [¢)) @ |aux) |
(U @Idp) [¥) s5p ~e |@Z~}> ® |aux)
| (]Az ® OlY) — (P|A, ® Of) | < 6,

then (U @ Idp)(Ids @ O @ 1dp) |¢) ypp e (Id; @ OF) 1) @ |aux), where

e = ( Am:( G)) (2 A:r(%) H(D)) : ((2 (A:r—(%)) : Amax(D) + 1) e+ 5) : te (23)

Here Q = D~'PD~!, G is the Gram matrix of {A,} with etries g;, = Tr[A* 4], and k(D) is
the condition number of D, i.e., the ratio of the maximal and the minimal Schmidt coefficient

of |1).

Ll
V)
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Proof. Define

i, =D ® VP DAD,

— (I ® VPID)(U4 AU (D' @ D),
5= (D' @ VP)Iy ®0") =D @ VPOT,
v:= (D' @ VP)(UgOUp)T.

where D' = vec™!(]aux)). We also consider |aux) given in its Schmidt basis, so D’ is diagonal
(while not necessarily full-ranked). Note that Tr[D"?] = Tr[p4] = 1. The entries of the Gram
matrix G’ for {@,} are g}, = Tr[0:5;] = Tr(D-'PD~1)TA;D?A;)] = Tr[(Q)~'A;D?A;].

Comparing the minimal eigenvalues of G' and G’, we have that

mln( ) mln( )> )\min(G))‘gﬂn(D)'

)\min<G,) Z /\min (G))\min(D2>/\min (Q_l) - )\ (Q) TFQ

To apply Lemma 5.3, one check the conditions:

* 0 € span{7,}:

OP € span.{DA,D}
= P(O) € spanc{DA*D}
D' @ VP(O) € spanc{D' @ VP DA*D}

= 0 € spans{0,}.

4

* ol < flof

51l =/ Tr[D2 & VP(O)T((O)7)*VP] = /Tr[ P,
loll =/ Tr(Us0U3)" (D @ VP)(D' & VP)((UsOUR)T)"]
—\/Trl(U0U3)"(D? & P)(UpOU})

_\/Tr D2 @ P)UgOU5UR(0)*U}]

<\/Trl(D? & P)UsU;)

<y\/Tr[(D? ® F)

Tr

@z
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where the first inequality comes from O being a contraction, and the second inequality
comes from UpU% < I35 and D? ®@ P > 0.

e for all z, v, and v, are close:

[ve — B | <N (UAALUZ) (D' @ D) — D' @ A D||||VP'D| o
=[[(D' ® D)(UaAU3) — D' ® DAY|||[VPDl|e
=[[(U4A,U3)(D' @ D) — D' ® A, D|||[VPD||
=[(UsA, U @ I)(|aux) @ [9)) — |aux) @ (A @ T [1) || VP~1D| o
<(I(UaAU3 @ DU[[¥)] = Jaux) ® (A, @ I[§)]| + &)l VP D]l

(IU[A @ I[$)] = |aux) @ (A, @ I [))]| + &) [IVP1D]loo
2e 2e
:)\min(DilpDil)% )\min(Q)%‘

* the inner products are close:

(vz, v) = (0, D) |

(I @ VPID)(U4ALU)(D' @ D), (D' @ VP)(UgOUL)) — (0, 9) |
(D' @ D, (Us AU (I © DVP-1)(D' @ VP)(UgOUL)) — (v, 9) |
(D'® D, (UaAU3) (D' @ D)(UpOUg)) — (¥4, 7) |

(Jau) ® [¢) , (UaA,Us @ UpOUR)(Jaux) @ [90))) — (T, 8) |

(Ull)], (UaA UL @ UgOUR)U[|Y)]) — (0, 0) | + 22

([¥), As @ O ) — (0, 0) | + 2¢

(

|
=
=|
=|
=]
<|
=
—| (1h| Ay @ O|Y) — (Y|4, @ OlD) | + & < § + 2¢.
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So all the conditions of Lemma 5.3 hold. By Lemma 5.3, we have

N

. 4dn i 2 1 1
|lv — o] < (/\min(G’)> <)\min(Q)%e(TrP) +0+ 25) (TrP)

() (6 )
(47;(: mT:XU)))zY ((2 (ALE(%))  Anen( D) + 2) et 5) ‘
(= () i) )

N|=

N[

o ) 2(TrQ)(D))

which implies

101 © O |¢)] — laux) @ (I; @ O[))]
<[Iin ® UsOUg(laux) @ [¢)) — Jaux) @ (I; @ O[))] +¢
=[|(D" ® D)(UsOUp)T — (D' @ D)(Ipr ® O")| +¢

<o~ FIVPID | +e
TrQ 2 :
() )]

N

A few remarks of Proposition 5.4:

1. If we fix P = I, then the criterion of Proposition 5.4 reduces to O e span{DA,D},
which is foreseeable from the fact that (|A, ® O[¢)) = Tr[DA,DOT] = (DA*D,OT).
Our result however, allows for more general O than just the linear combinations of
{DA,D}.

2. For small ¢,6 we have ¢/ = O(v/Ce +6). If the initial strategy has explicit ¢ — §

dependence, by Proposition 5.4 the extended strategy will also have explicit robustness.

3. In the mirror case where we have additional unitary O on Alice’s side and Bob’s
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unitaries are B, the criterion is similar:

OP; € span.{DB,D}.

4. In Eq. (23), k(D) and Amax(D) imply that more entanglement enables more robustness,
which is intuitive: imagine that |¢)) is weakly entangled (which leads to a large (D)),

then Alice and Bob are so weakly correlated that we cannot control O from {Afﬁ )}.

Now we are ready to provide a sufficient condition for O being post-hoc self-tested based
on ([¢), A,}. If the condition in Proposition 5.4 is satisfied for all powers of a generalized
observable O as required by the definition of robust self-testing, we immediately have the

following criterion:

Theorem 5.5. An additional L-output projective measurement, characterized by observ-
able {O}, is robust post-hoc self-tested based on a robust self-tested initial observables
{A,} and initial state |1)) ; 5, if there exist positive definite operators P, > 0 such that

O'P, € span.{DA'D : z, j},

for every | € [0,L — 1]. Here D = vec™'(|[¢))) = diag(\i, ..., \a), where \; are Schmidt
coefficients of |¢)). Moreover, the (¢',(¢,0)) dependence of the robustness will be & =

O(v/Ce +9).

Proof. For every | € [0, L — 1], note that A7, O' are unitaries, AP OO are contractions, so
we can apply Proposition 5.4 to get ¢; = O(v/Ce + 6) by Eq. (23). Taking ¢’ = max;{¢}} =
O(v/Ce + 6) then gives the desired conclusion. O

Given concrete ) , {A,), O, the condition O'P, € spans{DAJD} can be determined via
a feasibility semidefinite program (SDP). Moreover, since P, has the freedom in scaling and
Q; = D7'BD7! is positive definite, we can without loss of generality take Amin(Q;) = 1, and
minimize Tr @, by the following SDP to get a better robustness:

min  TrQ,
s.t. O'DQID =Y ¢, DAID,
I
Q> 1,
cja1 €C
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for every k individually. Also note that Theorem 5.5 does not assume measurements to be

real, so it works for observables of complex reference measurements as well.

5.3.3 A closed-form criterion for binary observables

While the condition in Theorem 5.5 can be checked through a semidefinite program, the
existential nature of it can make it cumbersome to work with in some applications. In order
to address this issue, we present a closed-form variant of Theorem 5.5 for the special case
where A, and O are binary measurements. This particular form not only facilitates the proof
of our main theorem, but also proves useful in the context of iterative self-testing.

Let all the measurements in S be binary, i.e., |04 = |Op| = 2. Since A, and O are now
orthogonal matrices (as the projections are real), the condition from Theorem 5.5 simplifies

to
OP ¢ span.{D? DA,D}.
(Note that O°Py = P, is always in the span by taking Py = D?.) Further, we can restrict

ourselves in the real span of {D? DA,D}: if OP € spanc{D? DA,D}, then ORe(P) €
spang{D? DA,D} where Re(P) is positive definite*. Thus it suffices to consider

OP ¢ spang{D* DA,D), (24)

where P is real and positive definite.
Since every operator contained in spang{D? D/LCD} is real Hermitian (or symmetric),
consider the following sgn map that takes real Hermitian matrices to real Hermitian matrices

with eigenvalues 0, 1, defined by

sgn: H(R); — HR),
H= Z Ajlvi)u;| = sgn(H) =~ sgn();)]v;Xv]

J

where (|v;)}; is an orthonormal basis of eigenvectors for H. That is, sgn is the extension
of the sign function via functional calculus. Then we show that the criterion Eq. (24) is
equivalent to that O is in the image of span{D? DA,D} via sgn:

Lemma 5.6. Given d-dimensional orthogonal matrices O and {A,}, and D = diag({);})

“Re(P) = 1(P + P), where P and P are both positive definite.
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where \; > 0 for j € [0,d — 1]. Then there exist a real positive definite P such that
OP € spany{D* DA,D},
if and only if
O € sgn(spang{D?* DA,D}).

Proof. The ‘if’ part: Let O = sgn(H) where H € spang{D? DA,D}. Since O is non-
singular, H is also non-singular. Then OH = sgn(H)H is positive definite. Take P = OH
then OP = H € spang{D? DA,D}.

The ‘only if’ part: Let OP = H € spang{D? DA,D}, then H = HT = (OP)T = PO.
So O, H, and P commute, therefore are simultaneously diagonalizable. Let {b;}, {p;}, {h;}
be the eigenvalues of O, P, H, respectively; then ojp; = h; # 0. Also note that o; = £1 and
p; >0, 50 p; = |h;| and o; = h;/|h;| = sgn(h;). Therefore O = sgn(H). O

And the equivalent criterion for post-hoc selt-testing binary observables follows immedi-

ately:

Proposition 5.7. An additional binary (2-output) d-dimensional observable O is robust
post-hoc self-tested based on robust self-tested initial binary observables {A,} and initial
state |1)) ; 5, if

O € sgn(spang{D* DA,D : z}),

where D = vec™'(|1)), and sgn maps real Hermitian matrices to real Hermitian matrices,
defined by

sgn: H(R); — H(R)
H = \lv)Xv;| = sgn(H ngn NI

J

Moreover, the £’ — (¢, ) dependence of the robustness will be ¢’ = O(v/Ce + ).
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5.4 lterative self-testingl: self-testing of arbitrary real projective mea-
surements

Now we introduce the technique of iterative self-testing, by which we show how to self-test
arbitrary real projective measurements. From now we restrict to reference strategies with
binary observables and a maximally entangled initial state [))) = |®g) = 3 i13g)/ Vd. In this
case, the criterion in Proposition 5.7 reduces to O € sgn(span{ld, A, }), because D = 1/+/dld
is proportional to the identity matrix.

Civen initial strategy S = (Uy, {A,}, {B,}), if we post-hoc self-test O € sgn(span{ld, A,})
on Bob’s side, then we can use {By,()} to post-hoc self-test another measurement O’ €
sgn(span{ld, B,, O}) for Alice. By doing this in several rounds, starting from a small set
of observables {Ax} we may eventually self-test many additional observables. We call this
process iterative self-testing.

We visualize the extension of the correlation table to help better understand iterative self-
testing. Let the initial binary observables to be {A,), {B,}, and the initial state 1)) = |®g)
is maximally entangled. Then the correlation generated Table 3 self-tests the initial strategy
S. Recall that the condition from Proposition 5.7 reduces to O € sgn(span{ld, A,}). Now
consider an additional binary observable O such that
O e sgn(span{sgn(span{ld, A,})}) \ sgn(span{ld, A,}). Since O §Z gn(span{ld, 4,})
we do not know whether it is post-hoc self-tested by correlation {(1/;| 1Y) @ O®|4))} based
on {A,}. Nevertheless, given O € sgn(span{sgn(span{ld, A,})}) we can do the follow-
ing: take the fewest binary observables £~3|IB‘, ... By~ € sgn(span{ld, A,}) such that
span{ld, By, ..., By:_;} = span{sgn(span{ld, A,})}. Then the correlation Table 3 will self-
test the corresponding strategy, because the white part tests S, and the green part tests the
additional binary observables ]5’|IB‘, .., Byr_1 € sgn(span{ld,fix}). Now, add O as a new
row in the Table 4. Because O € sgn(span{sgn(span{ld, 4,})}), the yellow part of correla-
tion the Table 4 (iteratively) post-hoc self-tests O. Thus the correlation Table 4 self-tests the

extended strategy including 0. Evidently, via this construction, the size of the correlation
d(d+1 5 dld+1)

5— regardless of the number of iterations.

table has the trivial upper bound

5.4.1 Self-testing arbitrary real observable

In [MPS24], the authors considered a set of projections summing up to a proportion of 7, and
showed that the strategy consisting of those projections and the maximally entangled state

can be self-tested by the correlation it generates. Here we employ one of those strategies
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I By By_1
i - T, Boyy |~ | (I,Br1)y
Ax-1 | (Ax—1, D) | (Ax—1,Bo)j | - | (Ax—1,By-1);

Table 3: Extended correlation table in the first iteration. We take X = |Z4|, Y = |Z5|, and
Y’ = |Z};| for convenience.

I Bl BY_1
T - By |~ | (LBr1)y
Ax—1 | (Ax—1, D) | (Ax—1,B1) | - | (Ax—1,By-1)y
G | 0.0y | 0By |~ | (0B | (0,Br)y (0, By'1);

Table 4: Extended correlation table in the second iteration.

with a specific construction. It turns out that, with the initial strategy we chose, in two
iterations we will be able to self-test arbitrary binary projective measurement using the
iterative scheme.

Consider d + 1 unit vectors vy, ..., vy € R? which form the vertices of a regular (d + 1)-

simplex centered at the origin. Note that

. 1
VpUg? = _C_l (25)

for x # 2/. Define forms d + 1 binary observables

T, = 2v,v, — I.

The code in Mathematica for generating the observables is provided in Appendix 5.7.
According to [MPS24] the following strategy containing 7, and the maximally entangled

state is robust self-tested:

Corollary 5.8. By Theorem 6.10 in [MPS24], the strategy S = (|®4) , {T.}?_, {T,})
is robust self-tested by the correlation it generates.

Now take the strategy S© in Corollary 5.8 as the initial strategy, and consider additional
binary observables in the form of Tjk = Sgn(Tj + Tk) for 7 # k. By Proposition 5.7 they
are robust post-hoc self-tested. Specifically, we have the following extended strategy that is
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robust self-tested:
d( d+1

Lemma 5.9. Strategy SU = (1), {4, }4_, {B,},—5 1Y is robust self-tested, where
|12;> = |q)d> )
{Ax}izo = {Tx}i:m
d(d+1)

{ByYymo = {1} jeor {Bubymiys = {Ti 1< <k <d}\{Tha}.

Proof. Since S© = (|), {A,}9_,, {By}zzo) is robust self-tested, and T}, € sgn(span{T,}),
by Propositions 5.7 and 5.2 we immediately have that the strategy S is robust self-tested

by the correlation it generates. [

d(d +1)

The extended strategy S = (|®,), {4, }¢_,, {By} - ) introduces d(d+1)/2—d—1
additional binary observables to Bob that is post-hoc self-tested based on the initial strategy,
which are in the form of sgn(Tj + T}) (but not every j # k is included). It turns out that
the additional binary observables together with the d + 1 initial ones span the space of all

d X d symmetric matrices. To show this, we require the following lemma:

Lemma 5.10. For d > 2, spany{Tj : j,k € [0,d],j # k} = Hy(R) the space of all d-
dimensional symmetric matrices.

Proof. Since dim Hy(R) = d(d 4+ 1)/2 = #{T}). : j, k € [0,d],j # k}, it suffice to show that
{sgn(T; +Tx) : 0< j <k <d}is linearly independent.

Note that T + T, = 2(1)]11 + vivp — Id). Consider the two-dimensional subspace H; =
span(v;,v). Then (T} + Tk)’HIL = —2Id, and

(T + Ty —0) = S0 —w), (B + Ty +0x) = — (05 + ),

50 (T 4 T1)|3, has eigenvalues +2/d, and the (normalised) eigenvector corresponding to 2/d

is wjj, == Q(d;il)(vj — ). Hence, sgn(T; + T.) have eigenvalues 1 with multiplicity 1, and
—1 with multiplicity d — 1. Its eigenvector corresponding to 1 is wj;, = 2(d;j-1)(vj — Ug).
Therefore Tjk = 2wjpwyy, — Id.
Suppose Zj<k cjijk = 0 for some real coefficients c;;. Then
d
QmZCjk(Uj U — Uk chkld. (26)
i<k i<k
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By Eq. (25) we have
0 gk #1
(v; —vp)u = —%1—1 jA£k=1
1+3 1=j#k

Therefore multiplying Eq. (26) by v, on the left results in

% (Z le(_%i - 1)('0]' — ’Ul) + Z Clk(l + é)(vl — Uk)) — chkvl

j<l I<k j<k

and so

(Z Cﬂ(Ul — Uj) + Z clk(vl — Uk)> = Z CikU;

i<l <k i<k
= ( E cji + E Clp, — E Cjk) v — E CjiVj — E v = 0.
<l <k i<k i<l <k

Since };v; = 0, we further have
( E le + E Clj — E Cjk) E Uj — E Cjﬂ)j — E Cljvj = 0.
j<l 1<j j<k j# j<l 1<j

Since {v; : j # [} is linearly independent, we see that ¢;; for j <[ are equal, and ¢;; for [ > j

are equal; therefore cj, =: ¢ for all j < k. Thus,

c<d—d(d;1)>vz—czvj=

which holds only when ¢ =0 or d = 2 or d = —1. So we conclude that c;, = 0 is the only
solution for Zj<k cjkj}k =0 when d > 2. O

Let T = {T; : j € [0,d]}U{Ty : j,k € [0,d],j # k}. By Lemma 5.10 we know that
spang(T) = Hy(R). Note that |T| = d + 1+ 24 > dim H,(R). The following proposition

gives a maximal linearly independent subset in 7":
Proposition 5.11. Define T = {T; : j € [0,d]} U{Tj : j,k € [0,d],j # k}. LetT =
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T\{Oy; : j € [1,d]} and T" = T'\ {Oy,}. Then T" is a maximal linearly independent
subset in T.

Proof. Note that |T"| = @ = dim Hy(R). So it suffice to show that Ty; € spang(T")
and Ty, € spang(T”). Also note that the identity matrix Id = (d+1—2d 2 T; belongs to

spang(7"), and so does v;v} = (T; + 1d) /2.

* Oy, € spang(T"): note that >_;vj = 0. Then for every j > 0,

~ d .
Ooj =77 (v0 —v3)(v5 — ;) — Id
d
=2 )= Y- v)) — Id
d+1 k>0 k>0
d .
=710 > (wev) +owp) + > (u] +vj0;) + Py) — 1d € spang (T7)

0<k<l k>0
because v, vy + v,v; = =P, + P, - &t (T, — Id) € spang (1) for all z,y > 0.

« T1, € spang(T"): we show that doi<jeh<d Ty, 4 dvougs + d(d J1d = 0, meaning that T},
is a linear combination of elements in 7”. Since SpanR{vl [ €[1,d]} = R4, it suffices

to show that Z1<]<k<dTJk“l + dvgvgu + (d W)y =0 for all I € [1,d):

d(d — 3)

Z k:'Ul + dPOUl + Tvl
1<j<k<d
d d(d—1 d(d—3
= Z d—l(v — o) (V] — vp)u — ( 5 >vl—vo+¥vl
1<j<k<d
_d(d-1 d(d—3
= Z ’Ul—l)] (2 )’l}l—UQ+ (2 )Ul
J>0,j#l
d(d—1 d(d—3
:<d — 1)?}[ + Z (-Uj) — %Ul — Vo + %Uz
J>0,5#1
d(d—1 d(d—3
:<d— 1)1}l+U0+?}l — %UI—UO—F%M =0.
N
Since T" = {By} in S spans the space of all symmetric matrices, every d-dimensional

binary observable Opinary belongs to span{B,}. Therefore, by adding Opinary into {A,} we

construct a strategy that can self-test any binary observable:
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Proposition 5.12. For any d-dimensional real projective binary measurement, given by
d+1)

observable Oyinary, the strategy S@ = (1), {A,}244, {B,},—5 ') is robust self-tested,
where

[4) = |®a),
{A }x 0 — {fz};l:m Ad+1 = ONbinarw

{ByYy=o = {1y}, {By}y e =T 1<) <k <d}\{On}.

Proof. Since Obinary € Hy(R) = span{ld, By} for any Obinary, by Lemma 5.9 and Proposition
5.2 we immediately have that the strategy S® is robust self-tested by the correlation it

generates. O

Finally, we generalize the self-testing of binary measurements to the self-testing of arbi-
trary L-output measurements. Intuitively, we can think of an L-output projective mea-
surement as a collection of L binary ones: given an L-output projective measurement
O = Yl e?m/LE, consider binary observables {2E, — Id}EZ}. If we can self-test ev-
ery binary observable 2E, — Id, then we should be able to also self-test O.

Proposition 5.13. For any L-output observable O = Y~ ¢?™/L F,, strategy
Sy = ([§), {As, O : 2}, {By : y})
is robust self-tested if and only if strategy
Sy = (1), {As, 2B, —1d : w,a},{B, : y})

is robust self-tested.

Proof. We prove the ‘if” part, and the reasoning for the ‘only if’ part is similar.

Suppose Sy = (), {A,,2F, — Id : z,a},{B,}) is robust self-tested. Then for any
e > 0 there exists § > 0 such that any strategy ¢/3-approximately generating correla-
tion {(p|AY), BSF 1), ()| (2E, — Id) @ B4} can be locally e/L-dilated by S;. Let S; =
(]¢>,{Ax]), DY, {B, k)}) be a strategy that §/3-approximately generates the correlation
{(WIAY @ B|i), (910" @ By |)}. Construct a strategy Sy := (|¢), {Ax, 2E, —d), {B,})
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where B, .= 1/L Y1 e 2™/LO0. Then

| (]0Y @ B® |y — (0]0" @ BP |y | < 6/3
= | (¥|(2E, — ld) ® B{P ) — (|(2E, — Id) @ B |y | < 6.

So Sy d-approximately generates correlation {<;E|21§5) ® B?(,k)hb (Y|(2E, — Id) ® B?Sk)h@}
By the hypothesis, S, is a local ¢/ L-dilation of Sy, and so

U((2Eq —1da) @ 1dp) [¥) 45 ~er (2Eq —1d5) @ 1) [1) 45 |aux)
= U0V ®Idp) [¢) 4 = (0' @ Ip) |¥) 15 |aux)

and
U(lds @ BY) 1) 4 me/1 (15 @ BY) |9 45 [aux)

Therefore 31 is a local e-dilation of S;. Thus 5’1 is robust self-tested. OJ
So we conclude that any real projective measurements can be self-tested:

Theorem 5.14. For any d-dimensional L-output observable O, the strategy

)

- _ d(d+1
50 = (|w> (A (B
is robust self-tested, where

|77Z~)> = |de>7
{Ar}izo = {Tx}izm Ad-kl = O

{By}ymo = {T, )i, {B}y w1 = AT 1<) <k <dp\{T}.

Proof. Statement is true for L = 2 by Proposition 5.12. For L > 2, let O = 3__ e/ F, be
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N - L dd+D)
the L-output observable, consider the strategy So = (|¢), {4}, {B,}. 2 1) where

z=0"

|0) = [®a) ,
{Am}izo = {Tm}izm {Ax iig—&—l = {2Ea —1:0<a<L-1j},
d(d+1) 4

{By}zzo = {Ty}Z:Oa {By}szdH = {Tjk’ 1 Sj <k< d} \ {T12}a

and F, = 1/L ZlL:_Ol e~2mal/LOl By a similar argument in the proof of Propisition 5.12, Sy
is robust self-tested. Then the strategy S® is robust self-tested by by Proposition 5.13. [

5.5 Iterative self-testing Il: general theory

In this section we develop the theory of iterative self-testing in general, whenever the initial
state |¢) = [Bg) = 3 ildgy/ V/d is maximally entangled and all reference measurements are
binary and projective, i.e., are described by orthogonal matrices.

Civen the initial strategy S = (|®4) ,{A.), {B,}), denote Sy = {Id, A,} to be the set of
initial binary observables, and V = spang(Sp) to be the subspace generated by Sy. Denote
by S = sgn(Vp) N GL4(R) the binary observables that by Proposition 5.7 are post-hoc
self-tested on Bob’s side, and take S; = S7 U {By} Note that So C 57 C S; because
sgn(A,) = A,. Let V; = spang(S;); then we also have V; C V;. Now consider the post-hoc
self-testing of additional binary observables on Alice’s side based on Sy; we get the next set
of binary observables Sy = sgn(Vy) N GLg(R) O S; that is self-tested, and also the next
subspace V, = spang(S;) 2 Vi. By iteratively using this technique, we enlarge the set of
self-tested binary observables S} in each step. We remark that, when trying to make a similar
argument for a non-maximally entangled |1;>, it is not clear whether V; C Vj, still holds.

Since {V}}, is an increasing sequence of subspaces of the finite-dimensional real Hermitian
matrix space Hy(R), it eventually stabilizes at Vo, = lim;_o V;. It is natural to ask, given
initial binary observables {A,), {B,}, what is V,,? Before we answer this question, we make

the following observation:

Lemma 5.15. Given a set of orthogonal matrices { A, }, recursively define V, = spang{ld, 4,}
and V; = spang(sgn(V;_1))°, where sgn is defined as in Proposition 5.7. If x € V;, then
p(x) € V;4, for any real coefficient polynomial p € R[t|. Consequently, x,y € V; implies
ry +yx € Viq1.

SHere we do not exclude the non-singular matrices in S;. In fact, span(sgn(V;)) = span(sgn(V;) N
GL4(R)): for any singular s = sgn(z) where z € V;, sgn(z £ dld) € sgn(V;). And for small enough 6, we
have sgn(x £ §ld) € GL4(R) and 2s = sgn(z + éld) + sgn(a — 41d).
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Proof. For any x € V;, let + = UAU* where A has diagonal entries \1,...,\; € R sorted
decreasingly. Then p(x) has eigenvalues p(\1),...,p(Aqg). Note that the identity matrix I is
in V;. Now, for each i € [1,d — 1] such that \; # A1, choose r; € (\;, A\i11), and consider

x;:=sgn(z —r;l) =Udiag(l,...,1,—1,...,—1)U™.
—— N—— ——
ils (d—i) —1s
So x; € sgn(V;) C V;i1. Since {z;} forms a basis of {p(z): p € R[t]}, we have that
p(x) € Vj4q for every p € R[t].
Take p(t) = t*, and notice that

vy +yr=(r+y)°— 2 — y* €Vi.
€Vjt1 Vit eV

]

Lemma 5.15 allows one to characterize® V., in terms of Jordan algebras [Jac68]. A vector
subspace of an associative algebra is a (unital) Jordan algebra if it contains the identity and

is closed under the Jordan product a «b = %(ab + ba).

Proposition 5.16. Given a set of Hermitian orthogonal matrices { A, }, define
Vo = spang{ld, A,}, V; = spany(sgn(V;_,)), where sgn is defined as in Proposition 5.7.
Then V., = JAx({A,}), the real Jordan algebra generated by {A,}.

Proof. JAg({A,}) = JAg({ld, A,}) because I = A2, From Lemma 5.15 we know that
x,y € Vi implies z xy € V.. So V,, is a Jordan algebra, and hence JAg({ld, flx}) C V.
On the other hand, for any = € Hy(R) the matrix sgn(x) is a polynomial in z, and
therefore lies in JAg({z}). This implies Voo C JAg({ld, A,}). So we conclude that V., =
JAR({ld, A.}) = JAR({A.}). O

Proposition 5.16 implies that, after sufficiently many steps, every binary observable
O e JAR({Id,flx}) can be iteratively post-hoc self-tested based on the binary strategy
S = (|®4),{A.), {B,}). We also provide two properties of real Jordan algebras that help
analysing JAg({A,}). The first one is that Algy({A,}), the real associative algebra gener-

ated by {A,}, is My(R) (the real algebra of d x d real matrices), if and only if JAg({A,}),

8Here we omit {By} for simplicity. This simplification only strengthens our result because we now do not
ask {By} to contribute.
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the real Jordan algebra generated by {A,}, is Hy(R) (the real Jordan algebra of symmetric

d X d matrices).

Lemma 5.17. For symmetric d x d matrices {A,}, Algy({4.}) = My(R) if and only if
JAR({A,}) = Ha(R).

Proof. The ‘if’ part: it is straightforward to see that every real matrix is a linear combination
of products of symmetric matrices.

The ‘only if” part: note that My(R) is a simple algebra, and that a Jordan subalgebra
of Hy(R) is semisimple. Suppose Algg({A;}) = Mg(R). Then we claim that JAg({A,}) is
also simple. Indeed; if JAg({A,}) were isomorphic to a non-trivial product of simple ones,
then AIgR({flx}) would likewise be isomorphic to a non-trivial product of simple algebras,
which is a contradiction. By the Jordan—von Neumann—-Wigner Theorem [JvNW34], finite-

dimensional simple Jordan algebras are isomorphic to one of the following five types:
* The Jordan algebra of n x n Hermitian real matrices H, (R),
* The Jordan algebra of n x n Hermitian complex matrices H,(C),
* The Jordan algebra of n x n Hermitian quaternionic matrices H,, (H),
* The ‘spin factor’ R" @& R with the product (z,a) x (v, 8) = (bz + ay, af + (z,y)),
* The Jordan algebra of 3 x 3 Hermitian octonionic matrices.
Since JAg({A,}) is special, we only need to exam the first four cases individually:

« JAR({4,}) = H,(R) for some n. By the ’if’ part of the proof, Algg({A,}) = M,(R).
But Algg ({A4,}) = Mg(R), so we are only left with the possibility n = d.

« JAR({4,}) = H,(C) for some n > 2. On one hand, complex Hermitian n x n matrices
do not embed into real matrices of size smaller than 2n, so 2n < d. On the other hand,
JAR({A,}) = H,(C) implies that My(R) = Algp ({A,}) is a real subalgebra of M, (C),

so d? < 2n?, a contradiction.

« JAR({A,}) = H,(H) for some n > 2. On one hand, quaternion Hermitian n x n
matrices do not embed into real matrices of size smaller than 4n, so 4n < d. On the
other hand, JAg({A,}) = H,,(H) implies that My(R) = Algg ({A,}) is a real subalgebra
of M, (H), so d* < 4n?, a contradiction.
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« JAR({A,}) is a spin factor R* ®R for some n > 3. It is known that it can be embedded
in the Hermitian real matrices of size 2" x 2" but not smaller [McC04]; therefore 2" < d.
On the other hand, the spin factor generates a real Clifford algebra of dimension 2"

[Jac68], so 2" > d?, a contradiction.
So, we conclude that Algg ({A4,}) = My(R) if and only if JAR({A,}) = Hy(R). O

As a consequence of this lemma, if [¢)) = |®,), and {A,} generate the real matrix algebra
of the corresponding dimension, any binary observable will be in V., thus can be self-tested.
In Section 5.4 we showed that a self-tested strategy given by [MPS24] can be used for this
purpose. However, several of the self-tested strategies across the existing literature consist of
a maximally entangled state and operators that generate the full matrix algebra, so they can
be used to self-test arbitrary observables (of suitable size) by Proposition 5.16. Notice that
{A,}. generates M, (R) as a real associative algebra if and only if the only real solutions of
the linear system [SA, = A,S for all ] are S = ¢l the scalar multiples of I. Hence given
{flx}, one can check whether it generates the whole matrix algebra in the following way:
suppose we have X binary observables (d-dimensional); then [SA, = A,S for all z] is a linear
system of d? variables (which are entries of S) with Xd? equations. Thus the condition of
Lemma 5.17 is equivalent to checking that the coefficient matrix has rank d? — 1.

Another property we provide can help in upper-bounding the iteration we need for Vj;, =
V. Let U; denote the span of all the Jordan products of elements in Sy of length at most

J. Then we have the following relation between U; and V;:

Lemma 5.18. For a set of Hermitian orthogonal matrices S, = {Id, A, }, define
Uj = SpanR{al * ek Ak, A; € S(), k< j),

and define V; as in Proposition 5.16 for j > 0. Then U, C V.

Proof. By definition, U; = V. Now suppose U,y C V; for some j. By Proposition 5.15
x*xy € Vjy for every z,y € V;, so in particular z xy € Vj4; for every x,y € U,y). Since

Usivr = Uyg) is spanned by U,y * Uy, we conclude that Usi+r C V. O

Note that while V;} is not straightforward to determine (since sgn is a non-linear map), U;
is easily computable. If U; = U;4; for some j, then U; is a Jordan algebra, and so U; = V;

therefore we get an upper bound on the number of iterations as itr < [log, j|. A trivial
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bound for U; to stop growing is @ = dim H4(R), hence
d(d+1
itr < [log2 %w < [2log, d].

We remark that, for robust self-tested initial strategy with explicit € — § dependence, we
can use Proposition 5.7 repeatedly to get the robustness of the final strategy. For example,
some of the robust self-testing results summarized in [SB20] have robustness ¢ = O(v/9),
and so O(Ce + 6) = O(v/9) in Proposition 5.7. If we take these initial strategies, we get

Eoo = O(377T) = O(57a).

Summarizing Proposition 5.16 and Lemma 5.18, and applying Proposition 5.13 to argue
about many-ouput (rather than just binary-output) measurements, we reach an easy-to-use

criterion for a real measurement O to be reachable after iterative self-testing:

Theorem 5.19. Let S = (|®,),{A,},{B,}) be a self-tested strategy using maximally en-
tangled state and binary real projective measurements. A real projective measurement
{E,, ¢ € [0, L — 1]} can be iteratively self-tested if

B e JAR({A)) Veelo,L—1],

where JAg({A,}) is the real Jordan algebra generated by {A,}. Moreover, the number of
the iterations is upper-bounded by [2log, d|.

In particular, if JAg({A,}) = Hy(R), i.e. {A,} generates the whole real Jordan algebra
of symmetric d x d matrices, then every d-dimensional measurement can be self-tested. As
what we have shown in Lemma 5.17, it is equivalent to {A,} having a trivial centralizer,

which can be checked efficiently.

5.6 Appendix I: Examples for post-hoc self-testing
5.6.1 An analytic image of sgn in the two-dimensional case

Although the image of sgn is hard to describe in general cases, we give an example where
Sgn(span{DQ,DAgj)D}) has an analytic form. In this case the initial state is a partially
entangled, 1)) = cos~|00) + sin~ |11) for y € (0, 7), and the binary observable Ay = X the
Pauli X.
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We show that there is a 1-parametric family of post-hoc self-tested binary observables
sgn(span{D? DAY D}). Note that DA,D = sinycosyX for Ay = X. Without loss of
generality, suppose O = sgn(X + aD?) for some real parameter a. If |a| is large, then
X +aD? is diagonally dominant, so X + aD? will be positive or negative definite, leading to
the trivial case O = £1. So, to obtain a non-trivial O, |a| must be bounded, and the upper

bound is attained when X + aD? becomes singular:

. 1
det(X +aD?) = (acosvysiny)?  —1=0=a=+———.
cos ysin~y
When a € [— cos'ylsinfy’ Coswlsin,y], we can calculate O explicitly as a function of parameter
a:
a(—1+292> 2
O = | Va+a2(1-2¢2)  \/4+a2(1-2¢2)
2 a—2ag>

\/4Jra?(172g2)2 \/44»(12(17292)2

2

/ey ranging from 1 to sin2y.

Then in this case, the image of the sgn is {r,X + /1 —7r2Z: sin(2vy) < r, < 1}, which is

where g = cos~y. Let O =r.X+ r.Z, then r, =

an uncountable set.
We also give an explicit O that cannot be post-hoc self-tested: let v = arctan(1/v/2),
O=H=(X+Z2)/V2¢sgn(span{D?, X}). Then a “cheating” POVM {M,, M} is given

by
. 6-v2 V2| 24v2 V2
_ 8 4 _ 8 4
Mo=1 s | Mi=| »n |
4 2 4 2

One can check that this POVM generates the same correlation as O, but there is no local

isometry connecting them. Indeed; suppose ®[I4 ® Mj Wv)] =I4® E]- |1;7> for j = 0,1,
O+(—=1)1
2

where Ej = , then we have

0= (|14 ® EoEr|thy) = (1|14 @ My@5 AN [,) = (0] T4 @ MoMi i) # 0,

a contradiction. Thus O cannot be post-hoc self-tested based on |¢) and X.
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5.6.2 An obstruction to post-hoc self-testing

Here we show that, as soon as the number of inputs is small compared to local dimensions,
a post-hoc extension of a self-testing strategy is a highly non-trivial phenomenon. In par-
ticular, the main theorem is non-trivial, since self-testing does not extend to “most” binary

observables when the local dimension is large compared to the number of inputs.

Proposition 5.20. Let (|¢), {4,}=5, {B,}I=}) be a n-input / 2-output strategy with local
dimension d. Assume that | has full Schmidt rank and the observables B, have a trivial
centralizer in My(R).

1. If B_,,, B, € My(R) are distinct binary observables, then none of the strategies
(|¢),{A,), {B,, Bz,}) is a local dilation of the other.

2. Ifeither L%J > n+1 or|y) is maximally entangled and L%J > n, then there exist dis-
tinct binary observables B_,,, B,, € My(R) such that the strategies (|¢) , {A,), {B,, Bin})
yield the same correlations, but none of them is a local dilation of the other (by 1.).

Proof. 1. Suppose (|1),{A,), {B,, B_,}) is a local dilation of (|9}, {A,),{B,, B,}). Thus
there are isometries ®4,®5 and an auxiliary state |aux) =, o; |ii) € R? with oy > 0 such
that 4 ® O [¢)) = |aux) ® |[¢)) and

(24 ® @p)(A, ® B,) [¢) = [aux) ® (A ® By) [¢)).

Then
(I ® ©5B,®%)(Jaux) ® [¢) = (I ® I @ Byy))(jaux) & [¢))

for all y € {0,...,n —1,—n}. Let 7 : R?® RY — R? be the projection induced by the

projection R¥ — R onto the first component. Then
(I @ 7®pB, ") [4) = (I @ By [v)
Since |4)) has full Schmidt rank,
T®p B, Py = B|y|

for all y € {0,...,n —1,—n}. Let C = 7®p € R Note that C is a contraction. Since
C’ByC* = By for all y > 0 and By generate the whole My(R) as an R-algebra, it follows

that C' is invertible (otherwise B, would have a common kernel). Furthermore, if \ is an
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eigenvalue of C*, then C*v = Av implies C(Byv) = %Byv for all y > 0. Since at least one
of Byv is nonzero if v # 0, it follows that % is an eigenvalue of C. Since C,C* are both

contractions, we conclude that C'is unitary. Therefore
CBy =B 1wl C

for all y € {0,...,n — 1, —n}. Since B, have a trivial centralizer (also in My(C)), it follows
that C' is a scalar multiple of identity. Therefore B_,, = B,, a contradiction.
2. The real algebraic set of binary observables in M,,(R) has an irreducible component Z of

dimension L;J (concretely, Z is the set of binary observables with | 3] positive eigenvalues).

Consider the map
Z=RM, Un (Wl AU W), (T U)); (27)

if [)) is maximally entangled, one can discard the last component (| I @ U [¢))) = \/iﬁ Tr(U)
because it is constant on Z. Then (27) is a linear map between semialgebraic sets, so its
generic fiber has dimension at least Ld;j —n—1>0 (or [%J —n > 0 in the maximally
entangled case). Therefore there exist distinct B_n, Bn € Z such that

(W11 @B |0) = (DT @ By [ib), (] Ax ® By [) = (¢ Ax @ By [4))
holds for all z. [

If ]@ is maximally entangled and fly = By, then we know that after sufficiently many
post-hoc steps, all binary observables are self-tested (under the given condition on By)
Proposition 5.20(b) guarantees that this cannot always happen immediately after the first
step if number of inputs n is sufficiently smaller than the local dimension d; in the case of
our preferred strategy with d 4+ 1 inputs in Section 5.4, Proposition guarantees “bad” binary

observables for d > 5. However, they already exist for d = 3:

Example 5.21. Let Ay,..., A; € M;s(R) be the binary observables as in Section 5, and
let |®5) € R® ® R® be the maximally entangled state (in its Schmidt basis). Then S =
(|®3), {As}2, {AL )} is self-tested by its correlation, and {A,}, has trivial centralizer in
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M;(R). A direct calculation shows that

1 1

Apg = —\% —% :F%
1 1 1

t5 F2 3

are binary observables with one positive eigenvalue, and
<(I)3’121$®A,4‘(I)3> = <(I)3‘A1®A4|(I)3> forl’:O,...,S.

Therefore the strategies (|s) , {A,), {A,, A+s}) give the same correlation but are not local
dilations of each other by Proposition 5.20(a), so they are not self-tested.

5.7 Appendix ll: Recipe for the robust self-tested strategy

We first show how to construct d + 1 unit vectors vy, ...,vq € R? that form the vertices of
a regular d + 1-simplex centered at the origin. This can be guaranteed by (v;,vy) = —1/d
for all j # k. To find vectors satisfying this property, consider any unitary U in R whose
first row is the ‘all one’ unit vector a = (1,1,...,1)/+v/d + 1. Then, apply U to d + 1 vectors
{f;} where f; is the normalization of f] = e; — (a,¢;) a, and {e;}_, are base vectors. We
have that all Uf; are orthogonal to ey. So {U fj};-lzo spans a d-dimensional subspace. We
can also show that (Uf;, U fx) = (fj, fr) = —1/d. So we take v, = Uf,, P, = v,v}, and
T, =2P, —I.

(¥local dimension )

d = 4;

(% find the unitary*)

allone = Normalize [ConstantArray[1, d + 1]];
unitary = ConstantArray [0, {d + 1, d + 1}];

unitary [[1, All]] = allone;

unitary [[2 ;; d + 1, All]] =
Table [ UnitVector[d + 1, i], {i, 2, d + 1}];

unitary = Orthogonalize [unitary |;

(xd+1 vectorsx)
vect [x | := (unitary
Normalize [( UnitVector[d + 1, x] —
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Projection[UnitVector[d + 1, x|, allone])])[[2 ;; d + 1]]
FullSimplify ;
(¥d+1 projectionsx*)

proj[x | := Transpose[{vect[x]}] . {vect[x]} // FullSimplify;
(xd+1 binary observablesx)
obs[x | := 2 proj[x] — IdentityMatrix [d];
jordanproduct[x_, vy ] = (x . y+y . x)/2;
sgnx | =
JordanDecomposition [x][[1]]

RealSign [JordanDecomposition [x][[2]]] .

Inverse [JordanDecomposition [x|[[1]]] // FullSimplify ;
(+ alternative sgn map x*)
(+ sgn[x_ ] := Inverse[x].MatrixPower[x.x,1/2] x)

Based on this one can calculate Tjk = Sgn(Tj + Tk), or alternatively T]k = 2wjkw}‘k — 1,

— d .
where wj, := m(v] Vg)-

obs2[x , y | := sgn[obs[x] + obs|y]];

(¢alternative O {jk} operatorx)

(x0bs2[x_,y_]:=d/(d+1) \

Transpose [{ vect [x]—vect [y]}].{ vect [x]—vect[y]}//FullSimplify ;x)
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