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Abstract

The goal of this thesis is to study the moduli space M (M) associated to
a smooth compact manifold M equipped with an action of a finite group G.
This space is homotopy equivalent to the classifying space of Diff®(M) the
topological group of equivariant diffeomorphisms of M. We prove that under
some connectivity conditions, its homology is often given by that of an infinite
loop space in the stable range, answering a question raised by Galatius-Szucs in
[GS21]. We strongly rely on the work of Galatius-Randal-Williams ([GR17a],
[GR17b]) on the homology of moduli spaces of high dimensional manifolds,
which gave such a stable computation in the non equivariant setting. Our
proof relies on the existence of an isotropy separation sequence at the level of
equivariant cobordism categories a la Steimle.
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Resumé

Malet med denne afhandling er at studere modulirummet M (M) for en glat
kompakt mangfoldighed M udstyret med en virkning af en endelig gruppe G.
Dette rum er homotopizkvivalent med klassificerenderummet for Diff” (M), den
topologiske gruppe af sekvivariante diffeomorfier af M. Vi beviser, at under visse
sammenhaengsforhold er dens homologi ofte givet ved homologien af et uendeligt
lokkerum i det stabile omrade, hvilket besvarer et spgrgsmal, der blev rejst af
Galatius og Szucs i [GS21]. Vores arbejde er steerkt athengigt af Galatius og
Randal-Williams’ forskning ([GR17a], [GR17b]) om homologien af modulirum
for hgjdimensionelle mangfoldigheder, som gav sadan en stabil udregning i det
ikke-sekvivariante tilfaelde. Vores bevis bygger pa eksistensen af en isotropi-
separationsfglge i rammerne af sekvivariante cobordismekategorier a la Steimle.
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History and motivation

Over the past decade, significant advances have been made in understanding
moduli spaces of manifolds and their stable homology. Given a smooth compact
manifold W, its associated moduli space denoted by M (W) is a classifying space
for smooth parametrized families of manifolds that are pointwise diffeomorphic
to W. These moduli spaces are of great importance in the field of algebraic
topology of manifolds, first intrinsically—since they arise naturally in the study
manifolds and their invariants—but also because they help understand the group
of diffeomorphisms Diff (W) of the manifold W. Notably Diff (W) and M(W) ~
BDiff (W) share the same homotopy groups up to a shift of degrees.

The most basic instance of such moduli spaces is the case of manifolds of
dimension 0. For a set X of cardinality n, the space M(X) ~ BY,, has been
well understood since the 1960s, when Nakaoa showed that they satisfy ho-
mological stability as the cardinality increases by computing their homology
([Nak60],[Nak61]). Moreover, more can be said: the Barratt-Priddy theorem
([BP72]) identifies the homotopy type of the stabilized moduli space h(y)Lc_())liom B,

with the infinite loop space Q§°S after plus construction, where S is the sphere
spectrum.

In 1985, [Har85] showed that the homology of the moduli space of orientable
surfaces with a boundary component stabilises as the genus increases, more
precisely if W, 1 denotes the orientable surface of genus g with one boundary
component, the map of oriented moduli spaces My (Wy1) = Mo y(Woy11),
induced by gluing Wi ; := S x S'\ D? along part of the boundary, is a ho-
mology isomorphism in a range of degrees growing w.r.t. g. A natural question
was then to give a description of the stabilised moduli space h(;(i)(gm MEWy1).

Mumford conjectured in 1983 in [Mum83] that its homology with rational coef-
ficients is given by a polynomial algebra Q[x;], where the degree 2i > 0 classes
ki are the so-called Miller-Morita-Mumford classes and have a geometric de-
scription in terms of characteristic classes of associated vector bundles. This
conjecture was proven in 2007 by Madsen and Weiss in [MWO07], where they
identify that space with some infinite loop space after plus construction, as it
had been suggested in 1997 by Tillmann ([Ti197]). Building on that, Madsen and
Weiss along with Galatius and Tillmann extended these ideas in the celebrated
article [GMT+09], where they offer a new proof of the Mumford conjecture,
more conceptual, coming with a clear strategy in two steps:

e In general, given a dimension d, they consider the topological category C¢
whose objects are given by smooth closed manifolds of dimension d — 1
and whose morphisms are given by cobordisms between them. The clas-
sifying space of this category BC? admits a map of a geometric nature
— the parametrised Thom-Pontrjagin construction — into an infinite loop
space, which is shown to be an equivalence in great generality. Namely,
there are variants C§ that one can consider, given  any tangential struc-
ture for instance an orientation. They show that the parametrized Thom-
Pontrjagin construction is an equivalence BCg — Q"1 MT8, where MT0



is the so-called Madsen-Tillmann spectrum associated to #. Given a sur-
face S (without boundary to ease the notations), its oriented moduli space
admits a natural map

M (S) = QoBC — QP MTSO(2) (1.1)

This map was later reinterpreted in a geometric way in [GR10] and has
since then been referred to in the literature as the scanning map.

e Then, parametrised surgeries can be performed on the category Ci to show
that the above map — in the presence of a boundary component — becomes
an equivalence after taking colimit over ¢ — oo and plus construction, by
an application of the group completion theorem.

The Mumford conjecture is then a consequence of Harer stability, together with
the computation H*(Q°MTSO(2); Q) = Q[k;].

The philosophy of this strategy has been used to describe various stable mod-
uli spaces, for instance certain moduli spaces of graphs leading to computations
of the stable homology of Aut(F,) in [Galll], or higher dimensional analogs
of the moduli space of surfaces. The latter forms the starting point of this thesis.

In a series of papers ([GR14], [GR17a],[GR17b]), Galatius and Randal-
Williams generalized the parametrized surgery argument of [GMT+09] to man-
ifolds of even dimensions d = 2k > 6, and proved relevant homological stability
results for manifolds which are simply connected. The non simply connected
case was later worked out by [Fril7] under some finiteness conditions. Col-
lectively, these results provide a systematic method for calculating the stable
homology of moduli spaces of even-dimensional manifolds in dimensions d > 6.
The range of stability involves a notion of -genus g’(W,ly ) associated to a
manifold with #-structure (W, ly/). Ignoring the tangential structure, this no-
tion of genus is a natural generalisation of that for surfaces. Namely, let Wy 1 be
the connect sum of g copies of S* x S*, to which one removes a disk D?*. The
genus of W is the largest g such that there exists an embedding W, 1 — W. An
informal statement summarizing a portion of these results can be presented as
follows.

Theorem (Galatius-Randal-Williams,Friedrich). Let 6 be a tangential struc-
ture, let (W,lw) be a manifold of dimension d = 2k > 6 equipped with a
O-structure ly, which is k-connected, and suppose that w1 (W) is virtually poly-
cylic. Then the homology of the moduli space with 6-structure My(W, ly) can
be computed in a range, namely there exists an explicit linear map rw : Z>o — Z
depending only on w1 (W) such that ry (z) > and the so called scanning

map (a generalisation of (1.1))

is an isomorphism in homology in degrees * < ry (g°(W,lw)) onto the path
component that it hits, for all local systems of coefficients. An analogous state-
ment in the presence of a non empty boundary holds.
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In this thesis, we explore an equivariant analog of the above statement.

Summary of the research article

This section is an attempt of an informal and ergonomic summary of the
main part of this thesis, consisting of the actual paper. We apologize for the
redundancy with its internal introduction.

Let G be a finite group. In [GS21] the authors defined a category which
we shall denote by Cgi , where objects are smooth closed (d — 1)-dimensional
manifolds with an action of G, that also have some additional tangential struc-
ture encoded by the subscript #;. A morphism between two such G-manifolds is
given by an equivariant cobordism of dimension d between them, with a compat-
ible tangential structure. They prove that the homotopy type of this category
is given by the infinite loop-space Q1 (MT603)¢ where MT6, is a genuine
G-Thom spectrum and (—)¢ denotes genuine G-fixed points. Given (M, lyr) a
closed G-manifold of dimension d with a #4-structure, there is an equivariant
scanning map

MG (M, 1) — Q°(MT6,)¢
analog to the non-equivariant one. They raise the following natural question.

Question. [GS21, section 7] In general what can be said about the map
MG (M, 1) — QF(MTH)E ? Typically, is it an isomorphism in homology
in a certain range of degrees ?

In the paper below we give a systematic treatment of this question and
show that this map does indeed induce an isomorphism in homology in a range
of degrees with all local coefficient systems, under some hypotheses analogous
to the non-equivariant case adressed in [GR17a] and [GR17b]. Our approach is
based on isotropy separation sequences, which also allow to have a new view on
the main result of [GS21] although we miss one step to conclude a full new proof.

We now describe the contents of the joint paper. We consider a slight vari-
ation of the categories defined in [GS21], namely we assemble them into one
unique category CQG . It is defined in the same way as above, with the difference
that the manifolds are allowed to be of any finite dimension, possibly varying
along their path components. This category is well-suited for the systematic
study of G-manifolds, as the set of fixed points of a G-manifold is itself a man-
ifold in that broader sense. Although this category has not been considered in
the literature before to the author’s knowledge, note that it does not encode
any new homotopical information as we show that there is an equivalence of
categories

!/
(—)m:c§ =[] cf

d>0



into the restricted product of the usual ones, where a G-manifold M is sent to
the finitely supported family (Mg)q>0 of its d-dimensional parts.

We start by establishing some properties of these categories for varying G
and 6, in particular we study how they interact with respect to taking H-fixed
points for H < G. This will later allows us to say something about the moduli
space associated to a G-manifold M with #-structure, which can be seen as a
path component of some morphism space of C(? . Some constructions and new
definitions arise naturally as follows.

(i) Given # an equivariant tangential structure and H < G we define an
associated H-fized points structure 97 and construct a well defined H-
fixed points functor

FH.C§ — C;/‘I/{GH

where WgH := NgH/H stands for the Weyl group of H in G, which acts
naturally on the H-fixed points.

(ii) Given F a family of subgroups of G, there is a corresponding (non full)
subcategory CQC’: £ of CGG consisting of those manifolds the points of which
have isotropy contained in F. If the family F contains only the trivial
subgroup * < G, we denote the corresponding category by Cecffmc. If H
is a maximal subgroup inside F, then the residual action of WgH on the
H-fixed points is free, hence F'¥ refines to a functor

H. pG WeH
F Ce’]: - CGH(?free
Let H be maximal in a family F of subgroups of GG, we define a new family
F —(H) by removing all conjugates of H inside F. There is a canonical inclusion
functor i: Cf' x5y = C§ 5.
The main technical result of this paper is the following property about F¥.

WagH

Proposition. The functor FH : Cg;}- — Cyifreo 18 @ cocartesian fibration.

By applying the additivity theorem of Steimle in [Ste21] we deduce

Theorem A. With the notations above, there is a fiber sequence of spaces

. H
BCSr_ ) =5 BCS 7 27— BCYeH

0H free
which we call isotropy separation sequence for equivariant cobordism categories.

A version of this sequence exists at the higher level of equivariant cobordism
categories themselves. In particular we show an isotropy separation sequence for
spaces of equivariant nullbordisms, and conclude the proof of our main result.

Theorem B (see the corresponding Theorem B of the joint paper for a precise
statement). Let (W,lw ) be a closed G-manifold with 6-structure. Under some
conditions, the equivariant scanning map MY (W, ly) — Q8 (MTO)€ is acyclic
in a range of degrees.
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The range of degrees we get has an explicit formula, which we explain in
particular in Corollary 2.3.8.

We apply our theorem in some examples to give concrete computations of the
homology of certain equivariant moduli spaces. The first example is pictured
on the front page of this thesis: it is a surface with an action of Cs. Our
second example a class of hypersurfaces in CP* called Fermat hypersurfaces.
In the non-equivariant setting, they have been considered in [GR19] where the
authors compute the stable homology of their oriented moduli space. Fermat
hypersurfaces have a natural action of the symmetric group X5, and restricting
to a 3-cycle gives an interesting action of C3 the fixed points of which are a
surface of high genus. We compute the stable homology of their equivariant
oriented moduli space.

Perspectives for future research

Diffeomorphisms of equivariant disks

By a work of Kupers ([Kup19]), the knowledge of the homology of M (W 1) can
be used as an input to show some finiteness properties of the higher homotopy
groups of Diff(D?*) (if 2k # 4). Namely, the author shows that the so-called
Weiss fiber sequence admits a delooping

BDiffy(M) — BEmb,,(M) — B*Diff5(D**)

given M a compact manifold of dimension 2k and an embedding D?¢~1 —
OM. In the middle term, Embi),,(M) stands for those self-embeddings of M
preserving a neighborhood M \ Int(D?*) and which are isotopic through such
embeddings to a diffeomorphism fixing a neighborhood of the boundary.

As B2Diff 5(D?*) is simply connected, it it enough to show that its homology
is finitely generated as this will imply the same for its homotopy groups. If
M is taken to be Wy, for large g, then in a range of degrees (which can be
made as big as desired), the homology of BDiff5(W, 1) is finitely generated by
the calculations of Galatius Randal-Williams. On the other end, embedding
calculus can be used to describe the path component of the identity map in
Emb?/w(M ). The last ingredient needed is an input about finiteness properties
of mo(Wy,1).

The strategy above can be made equivariant, giving some hope to understand
7 (DiffY(D(V @ R))) given V an odd-dimensional representation of G. The
delooped Weiss fiber sequence also holds in the equivariant setting, as it turns
out Kuper’s construction can be reproduced almost verbatim. This gives a fiber
sequence

BDIff§ (M) — BEmby7 (M) — B*Diffo(D(V & R))



given an equivariant embedding D(V) < M, V being a (2k — 1)-dimensional
representation of G. By the main result of this thesis, the homology of
BDing(M ) is often finitely generated in a range of degrees. On the other hand,
equivariant embedding calculus can be setup and shown to converge in a similar
way to the classical setting, using geometric isotropy separation sequences at the
level of embeddings as well as at the level of k-th derivatives. The last missing
step would be to understand mo(Diff§ (M)) for some relevant G-manifolds M,
which is an interesting topic of further research which was suggested to us by
Sander Kupers.

Homological stability for equivariant moduli spaces

One of the unsatisfactory aspects of this thesis is that it does not tackle the
question of homological stability for equivariant moduli spaces. The reason for
that is that we could not find a proper way to phrase it in decent generality.
Stabilisation maps can be defined in some easy cases, but in general it is not
clear what it means to “increase genus”. From our main theorem B, it seems
clear that a relevant notion of genus could be that of (H, V')-genus g g, (W) for
varying (H, V'), defined as the usual genus of the building block Wy vy 9/ WcH.

Question. Given a G-manifold W such that WHV) £ () is there always a
well-defined glueing operation W — W’ such that gz v)y(W') = gia,vy(W) +
k(v for some fixed k(g,1) > 0, inducing a continuous morphism DiffG(W) —
Diff(W’) ? In the cases where such an operation exists, when does it exhibit
homological stability phenomena ?

It can be seen by working with examples that we should not necessarily
expect k(g,vy to be equal to 1 (for example starting with 52 with a Cs-action
consisting of a 27/3-rotation along an axis). An interesting question would be
to minimize such an r(g v.

On the other hand, there are positive signs that a general form of homological
stability should be satisfied. In [GR17b], the authors show a form of stability
which is prone to generalisation using isotropy separation sequences.

Proposition (Consequence of [GR17b, Corollary 1.7],[Fril7]). Let (W,lw ) be a
manifold of dimension d = 2k > 6 such that Iy, is k-connected, and let M be a 0-
bordism M : P ~» OW such that (M,0W) is (k—1)-connected. Suppose that the
fundamental groups of W and W' := W Ugw M are virtually polycylic. Then,
there is an increasing map Tw.n,0: Z>o — Z such that ry, are(x) — and

the gluing map
Mo,o(W,lw) — Mo,o(W Usw M, lw Upw In)

induces an isomorphism in homology with abelian coefficient systems in degrees
* < rwoare(9’ (W, lw)).
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Suppose now that all manifolds in the statement above come with an action
of a finite group G. By using techniques in this thesis, one can show that in the
commutative diagram

Maoo(W,lw) ————— Mo o(W Uaw M, lw Usw lar)

| -

Moe o(WEIG) —— Myc o(WE Ugwe M, 15, Uaw 15))

the vertical homotopy fibers can be identified with a disjoint union of stabiliza-
tion maps of the same manifolds after removing fixed points (in particular the
size of the allowed isotropy decreases). By induction, and using a comparison
of Serre spectral sequences with abelian coefficients, this gives an equivariant
analog of the theorem above, after carefully chosing relevant hypotheses.

Note that homology stability for equivariant moduli spaces has been sub-
ject of recent research. For instance [BQV23] shows a version of homological
stability for equivariant configuration spaces, which can be considered as a zero-
dimensional case of the general problem.

Miscellaneous suggestions

An interesting generalization of the homotopy cartesian square of categories we
get by taking fixed points would be to adapt it for extended equivariant cobor-
dism categories. We expect this to work in the same way as the (oo, 1)-case,
although we do not know if F' remains a cocartesian fibration in that setting.
This would be a natural question in the context of the equivariant cobordism
hypothesis.

Another natural question is about the homotopy type of embedded equiv-
ariant cobordism categories as we define them in this thesis. An answer in the
classical setting is given in [Ran10], where the author identifies this homotopy
type with the space of compactly supported sections of a certain bundle. We
expect that the equivariant analog could be studied by using isotropy separation
sequences and reducing to the theorem of Randal-Williams.
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THE STABLE HOMOLOGY OF MODULI
SPACES OF EQUIVARIANT MANIFOLDS

PI1ERRE ELIS

ABSTRACT. We prove a formula for the cohomology of equivariant
moduli spaces of manifolds equipped with an action of a finite group
G, and provide concrete examples of computations. The proof con-
sists in constructing an isotropy separation sequence for equivariant
moduli spaces, which we also extend to one at the level of cobordism
categories.

Introduction

Let G be a finite group, we define the cobordism category C¢ of all G-manifolds.
Objects in this category are closed smooth manifolds equipped with a smooth
action of G, and are topologized as the union

| | BDiff% (M)
[M]

where [M] ranges over isomorphism classes of G-manifolds and Diff” (M) stands
for the topological group of G-equivariant diffeomorphisms of M. A morphism
between two G-manifolds is essentially a compact cobordism between them,
also equipped with a smooth action of G in a compatible way. Morphisms
are given a topology in a similar way, and a slight adjustment allows to de-
fine an associative composition resulting in a weakly unital topological category.

A variant COG is also defined in the presence of an equivariant tangential
structure 0. Given H < G, taking H-fixed points induces a continuous functor

FH:CEHC;/ZGH

where 07 is the H-fized point structure associated to 0, and WgH is the Weyl
group of H in G. In this paper we prove that F¥ is a cocartesian fibration,
which has several consequences of interest.
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A fibre sequence of classifying spaces

First, we prove an isotropy separation sequence for the classifying spaces of
equivariant cobordism categories. A particular case of it is the following.

Theorem (A). Consider the (non full) subcategory Cgp < C§' of those mani-
folds which have an action of G with proper isotropy. There is a homotopy fibre
sequence

BC§'p — BC§ — BCye.

As suggested by its title, this theorem is directly related to the isotropy
separation sequence for genuine G-spectra. As a matter of fact, it is easily
seen as a consequence of [GS21] which identifies the homotopy type of the d-
dimensional equivariant cobordism category as BCGCf g~ QY (M T0)E, where
MT8 is a genuine G-Thom spectrum. However we do not appeal to op. cit. in
the proof of Theorem A, which allows to give a new understand of their result
modulo a missing argument.

Corollary ([GS21]). Let MT#® be the genuine G-Thom spectrum associated to
0. There is a weak equivalence

BCS = QY (MT6)C.

The homology of equivariant moduli spaces

A second consequence of FH being a cocartesian fibration is a formula for
the cohomology of BDiff§ (W, lyy) in a range of degrees, for (W, ly) a closed
smooth manifold with a smooth action of G together with a 6-structure.

In the series of papers [GR17a], [GR17b] (together with [Fril7] for the non
simply-connected case) the authors show that under some conditions on a closed
smooth manifold M equipped with a #-structure I, the so-called scanning map

BDiffg(M, ly) — QE°MT8

becomes r-connected after passing to homology with any local coefficient system,
for r a certain natural number depending on (M, ly;) and diverging according
to its O-genus. Say that (M, 1) verifying this property is r-stable.

The r-stability (M, 1ys) is typically ensured by requiring the map Iy, : M —
B to be k-connected, when M is of dimension 2k. In the equivariant setting,
we introduce the notion of %—connectedness which generalises the one described
above. We show in Corollary 2.3.8 how to compute the homology of Mg(M Jar)
when [, is %—connected. Namely we construct finite collections (6;);c; of tan-
gential structures, and (M;,[;);c; of compact smooth (non-equivariant) mani-
folds with structures which we call building blocks associated to (M,lyr), such
that the following holds.
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Proposition (simplified statement of Corollary 2.3.8). Under some conditions
on 0, the scanning map

MG (M, 1) — Q5 (MTH)C

is acyclic in a range of degrees growing w.r.t. the genus of the building blocks
associated to (M, lys), under the assumption that ly; Is %—connected,

In practice this range is quite explicit and can be computed as the minimum
of the ranges of stability of those building blocks. It follows from a general
result which we state as our Theorem B.

Theorem (B — simplified statement). Suppose that for all 1 € I, (M;,1;) is

r;-stable, for some r; € N. Then, (M,ly) is r-stable for r = mi}l ri, in the sense
1€

that the equivariant scanning map
BDIff§ (M, 157) — Q3 (MTH)%
is r-connected after passing to homology with all local coefficients.

Up to homotopy, the collection (M;);e;r can be described as
(M(p,vy/WeH)n,vy indexed by subgroups H < G and a certain equiva-
lence class of H-representations V. Here, My ) denotes the subspace of M
consisting of those points with pure H-isotropy, and tangential H-representation
equivalent to V. The orbits are taken over the action of the Weyl group of H
in G, acting freely on Mg v.

General tangential structures

When working out concrete examples of computation for a G-manifold (M, l)
with 6-structure, it is rare that Theorem B can be applied directly as [y, will
in general not be %—connected. In the non-equivariant setting, a systematic
solution to this issue is described in [GR17b] and is as follows: given a non-

equivariant closed 2k-manifold (W, lyy) with #-structure, consider a factorisation

W li> B’ % B where Iy is k-connected and u is k-truncated. Then, the
moduli spaces Mo(W,lw) and Mo, (W, 1};,) lie in a homotopy fibre sequence
which allows calculations for Mg (W, lyy).

We show an equivariant version of this fibre sequence in Proposition 2.3.16.
A corollary is the following.

Proposition. Suppose that there exists a factorisation

u

Iy: M2 B % B

such that 1}, is a i-connected cofibration and w is a 3-truncated fibration.
Define Aut(u) to be the topological monoid of those homotopy equivalences B’
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over u. If uwo#@ satisfies the conditions of Corollary 2.3.8 and M satisfies the gap
hypothesis, there exists a map

MG (M, 1pr) — Q®(MTO')C //Aut(u)

which onto the path component that it hits is acyclic in a range of degrees
growing w.r.t. to the genera of the building blocks associated to (M,l},).

The gap hypothesis on an G-manifold is defined for instance in [Sch06]. It
is quite restrictive and intuitively means that the dimension of the fixed points
grows exponentially (as a power of 2) along inclusions H < K < G.

2.1 Preliminaries and statement of the results

In this section we give the definitions as well as the basic properties of the
moduli spaces of G-manifolds for a finite group GG, and the equivariant cobordism
category. We first define the equivariant notion of tangential structure 6 and
discuss how they interact with taking fixed points and orbits. We then define the
moduli space associated to a G-manifold with -structure, and use it to define
the cobordism category of all compact G-manifolds with #-structure C§'. Finally
we recall some major results of [GMT+09],[GS21],|GR17a],[GR17b] about these
moduli spaces and the category C9G .

2.1.1 Homotopy theory of G-spaces and G-vector bundles

We first recall some natural model structures one may consider on equivariant
spaces. The need for model structures in this paper comes from the fact that
we use pointset models for our categories and in particular for moduli spaces
of manifolds. Once our main definitions have been set, it will most often be
possible to abstract away from model structures and work within the underlying
oo-categories directly.

Model theoretic considerations By convention our topological spaces are
supposed to be compactly generated and weakly Hausdorff. We denote by Top
the category of such spaces endowed with the Quillen model structure. Given a
general topological group II, a family of subgroups F of 11 is by definition a col-
lection of closed subgroups of II stable under conjugation and taking subgroup.
The category Topy; of spaces equipped with a Il-action admit a cofibrantly
generated model structure depending on F called the F-model structure, such
that

e weak equivalences are G-maps inducing weak-equivalences on H-fixed
points for all H € F,

e fibrations are G-maps which are fibrations on H-fixed points for all H € F,

e generating cofibrations — resp. acyclic cofibrations are the maps IT/A X
Sk=1 < TI/A x D*, k > 0 — resp. II/A x D* — TI/A x D* x [0,1], k > 0,
where A € F.
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This result is folklore as stated, and was generalised in [Stel6]. For this model
structure, cofibrant objects are in particular F-spaces, that is, they have isotropy
contained in F.

For G a finite group, and F the family of all subgroups, this model structure
is called genuine equivariant. We endow Top, with the latter by default. When
JF is the trivial family, it is called Borel equivariant, and we denote by Topg oyl
the associated model category.

Given d > 0, we consider the category Topg o) endowed with a certain
F-model structure, namely for the choice of family F := G4 the family of graph
subgroups. A graph subgroup A < G x O(d) is a subgroup of the form

A, ={(g9,0(9))lg € H}

for some subgroup H < G and some group morphism p: H — O(d). Graph
subgroups are exactly those subgroups A < G x O(d) such that A N O(d) = x,
also called O(d)-free (G x O(d))-spaces. Let G4 be the family of graph subgroups
of G x O(d). We will call this structure the graph model structure, and denote
the associated model category by Topgyo(a),g,-

Let II be a general topological group and F be a family of (closed) subgroups
of II. Recall that a universal F-space is a cofibrant space EF € Topy which is
an F-space, and such that (EF)# is weakly contractible for all H € F. This
property characterizes it uniquely inside the homotopy category hTopy. A II-
space admits an equivariant map to EF if and only if it is an F-space and if
so, this map is unique up to homotopy.

For IT = G x O(d), we are interested in the universal G4-space FG, which we
also denote by EgO(d). Its O(d)-orbits form a G-space BgO(d) which is well
defined inside h'Top. Those spaces have a geometric description as follows. Let
Ug be the direct sum of all finite dimensional orthogonal representations of G,
one in each isomorphism class Ug = @M V. Any orthogonal G-representation
isomorphic to Ug will be called a complete G-universe.

Lemma 2.1.1. The space Stqy(Uca) of orthogonal d-frames inside Ug is a uni-
versal Gg-space. Hence the Grassmannian Grqa(Uc) = Stq(Ua)/O(d) is a model
for BO(d) in Topg.

Proof. This is a consequence of [Sch18, Proposition 1.1.26] O

We also recall another model for G-spaces which will be convenient to apply
our main theorem in section 2.4. Given X,Y € Topg, let MapG(X, Y) € Top
be the fixed points of the internal mapping space Map(X,Y) € Top.

Theorem (Elmendorf (e.g. [MC96, Theorem 3.2]). Let Og be the cate-
gory with objects the coset projections G/H, H < G and maps given by G-
equivariant maps. The functor

®: Topg — Fun(OZ, Top), X ~ Map®(—, X)

is a Quillen equivalence, for the projective model structure on the right.
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Note that Map(G/H, X) = X* | so that the theorem above means that a
G-space is determined by its fixed points for all subgroups of H and the maps
between them. This will allow more flexibility in defining G-spaces by specifying
their underlying Borel G-space and their fixed points separately.

G-vector bundles In this short paragraph we follow the exposition of [MC96,
Chapter VII].

Definition 2.1.2. Given II a topological group, a G-equivariant principal II-
bundle is the datum of a principal II-bundle p: E — B which is G-equivariant
as map of spaces, such that G acts through maps of principle II-bundles.

In particular in this definition, p is the projection on IT-orbits from a II-free
(G xII)-space E. This point of view gives an equivalent definition after requiring
the local triviality of the projection map p.

Remark 2.1.3. Usually in the theory of equivariant bundles, stronger local
triviality conditions are imposed on bundles, taking the action G into account
(see e.g. [GS21, Section 2.1.]). Because we took G finite, equivariant local
triviality in the sense of op. cit. follows from the non-equivariant one.

The following is a consequence of [Las82, Theorem 2.14].

Proposition 2.1.4. Let B be a G-space which is paracompact. Then, there is a
bijection between the set of equivariant homotopy classes of maps [B, BcO(d)]¢,
and the set of equivariant isomorphism classes of G-equivariant O(d)-principal
bundles over B.

When B is a finite complex, this property can be seen as a particular case
of general Quillen equivalence

Topgxo(a).g, = Tora/BaO(d)

given by taking O(d)-orbits of the projection — x EG; — EG4, where on the
right is the slice model structure.

Definition 2.1.5. A G-equivariant d-vector bundle, or G-vector bundle of di-
mension d, is a d-vector bundle £: E — B such that E and B are G-spaces, &
is G-equivariant and G acts through bundle maps.

Given p: E — B a G-equivariant O(d)-principal bundle, we get a G-

equivariant d-vector bundle E' X o(q4) R? — B over B in the usual way.

2.1.2 Tangential structures and cobordism categories

The representation Ug = R X U is a complete G-universe. Hence Gry(R x Ug)
is a model for B;O(d).
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Definition 2.1.6. The model category of equivariant tangential structures is
defined as Top/Gr(R xUg), where Gr(R xUg) := Ug>0Grq(R xUg). A typical
object will be denoted as 6: B — Gr(R x Ug).

When V is a representation of G, we more generally define an equivariant tangen-
tial structure for manifolds in V as the datum of a G-fibration 6: B — Gr(V).

Note that Gr(R x Ug) is a classifying space for disjoint unions of G-vector
bundles of varying dimensions. Hence the the model category of equivariant
tangential structures is also that of G-vector bundles in that sense.

Taking pullback along the inclusions Grg(R x Ug) — Gr(R x Ug) gives a
map 0 — f,cn inducing an equivalence of categories

Tope/Gr(R x Ug) = H Topea/Gra(R x Ue)
d>0

Definition 2.1.7. Identifying 6 and (64)4en through this isomorphism, we say
0 is of dimension d if 0 = 6.

Remark 2.1.8. By the discussion in the previous section, the model category
of equivariant tangential structures is Quillen equivalent to ] 450 TOPGx0(d),Gu-
In [GS21], the authors define an equivariant tangential structure of dimension
d as the datum of a (G x O(d))-space, but define equivalences between such
structures as equivariant maps which are equivalences on H-fixed points for all
H < G. With this convention, the underlying homotopy theory is not that of
G-spaces over B5O(d), and the observations they make in their Remark 6.7 are
not true as stated. The issue is solved however by considering the graph model
structure instead.

The cobordism category of G-manifolds The manifolds we consider in
this paper are smooth, possibly with boundary and occasionally (if specified)
with corners. By definition, a point in the interior a manifold x € M has
a neighbourhood which is homeomorphic to R? for some d > 0. We do not
require d to be constant along the points of M. A G-manifold is a manifold
which is equipped with a smooth action of G. With the convention above, when
M is a G-manifold, its fixed points M& also form a G-manifold.

Definition 2.1.9. Given M a G-manifold, and d > 0, define My to be the
union of those path components which have dimension d.

Although R xU¢ is not finite dimensional, it is the colimit of the G-manifolds
R x V, for V ranging over isomorphism classes of finite dimensional orthogonal
representations of G. We will say that M C R x Ug is a G-submanifold if it is
a G-submanifold of R x V for some V' as above.

Let W C R x Ug be a G-submanifold. Then, the association z +— T, W
induces a G-map 7y : W — Gr(R x Ug) which we call the Gauss map of W.
This map classifies the equivariant tangent bundle of W. If instead we are
given P a G-submanifold of Ug, the same process applied to R x P C R x Ug
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and composed with P M R x P gives a G-map € ® 7p: P — Gry(R x Ug),

which classifies the equivariant vector bundle e @ T'P. The Gauss map depends
continuously on the submanifold, in the sense that the maps

e® 7: Emb®(P,Ug) — Map® (P, Gr(R x Ug))

and
7: Emb% (W, R x Ug) — Map® (W, Gr(R x Ug))

are continous where on the left is the strong Whitney topology, and on the right
is the compact open topology.

Definition 2.1.10. An equivariant #-bundle over a G-space X is the datum of
amap X — B. The underlying equivariant vector bundle is given by composing
with 6: B — Gr(R x Ug).

Using the notations from the discussion above, a 8-structure on W C R xUg
is the datum of a #-bundle lyy: W — B such that the underlying G-vector
bundle is given by 7y .

A f-structure on P C Uz is the datum of a #-bundle Ip: P — B such that
the underlying G-vector bundle is given by € ® 7p.

Note that in either case, a f-structure on M is equivalent to the data of 64-
structures on My for all d > 0. Also, given 6 an equivariant tangential structure,
taking pullback by ¢: Us — R X Ug the inclusion of {0} x Ug induces ¢*0 an
equivariant tangential structure for manifolds in Ug. The last definition can be
rephrased in saying that [p is a (*6-structure on P.

Although this paper mainly focuses on studying equivariant cobordism cat-
egories in the usual sense, it will be convenient for some proofs to define the
more general equivariant analog of the notion of embedded cobordism categories
as studied in [Ran10]. Consider M a G-submanifold of U, and define the cobor-
dism category of G-manifolds with #-structure embedded inside M as follows.

Definition 2.1.11. Let C§’.(M) be the non-unital category with objects given
by /

(i) a closed G-submanifold P of M, and
(ii) a G-map [p: P— Bsuch that e ®7p =lpob
A morphism from (P, Zp) to (@, [Q) is given by

(i) an s € (2¢,0),
(ii) a G-submanifold W C [0,s] x M, such that W intersects ([0,¢) x M) U
((s—g,8] x M) in ([0,e) x P)U ((s — &, 8] x Q),
(i) a f-structure lyy: W — B on W restricting to {p o pr on [0,) x P and to
lgopron (s—e,s X Q.

We put a topology on the set of objects by identifying it as a subspace of

|_| (EmbG(Pu M) X MapC (P,Gr(RxUg)) MapG(P7 B)) /DlﬁG(P)
(P]
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The set of morphisms mor(Cng(M )) is toplogized as a subspace of

(0’ +OO) X |_| EmbG(VVa [07 1] X M) XMapG(W,Gr(]RXUG)) MapG(W, B)/DIEG(W)
(W]

Morphisms in CQC’?E (M) are called e-collared. We define C§' (M) as the following
(filtered) colimit of topological categories

Cy' (M) := colim Cg’_ (M)

The set of morphisms in C§' (M) coincides with that in Cg . (M) where condition
(ii) in Definition 2.1.11 is verified for some €, and is endowed with the colimit
topology. This description holds in good generality as we recall for completeness.

Lemma 2.1.12. Let D: I — nuTopCat be a filtered diagram non-unital topo-
logical categories. Then the natural maps colim(oboD) — ob(colim(D)) and
colim(mor oD) — mor(colim(D)) are isomorphisms.

Proof. The nerve functor nuTopCat — Fun(Aij, Top) valued in semisimplicial
topological spaces induces an equivalence onto the subcategory of those objects
verifying the Segal condition. As the Segal condition involves a limit diagram

and filtered colimits commute with limits, the result follows. O

Remark 2.1.13. An alternative way of chosing the topology on mor(Cng(M))
is to first consider the subspace of

(07 +OO) X I_I EmbG(I/Va [07 ]-] X M) XMapG(W,Gr(RXUG)) MapG(VVv B)
W]

of those embeddings such that the image of W is e-collared, and then take the
orbits for the action of DiffG(W). Because this subspace is closed and saturated,
the two topologies on the quotient coincide.

Strictly speaking, the definitions don’t allow us yet to chose M = Ug. In or-
der to consider more complicated infinite dimensional ambiant spaces in general,
we introduce the following definition.

Definition 2.1.14. A increasing union of G-submanifolds of Ug is the datum
of a subspace M C Ug such that there exists an increasing sequence of G-
subrepresentations (V,,)n>0 of Ug such that M, := M NV, is a G-submanifold
of V,, and U,>0V,, = Ug. We say that such a sequence (V;,)n>0 realises M as
an increasing union of G-submanifolds of Ug.

Fix M such a subspace of Uz, an embedding of a G-manifold N inside of M
is the datum of a map f: N — M such that there exists a sequence (V,,)n>0
realising M as a union of G-submanifolds of U and n > 0 such that f factors
through M, = M NV, and the resulting map is a G-embedding. Note that if
this is true for one such sequence, it is true for all.
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As an example, Ug is an increasing union of G-submanifolds of Ug in the
obvious way. One other example which we will use later on is given by S(U¢)
the unit sphere of Ug. Any increasing sequence of finite dimensional subrep-
resentations (V;,)n>0 such that U,>oV,, = Ug realises S(Ug) as an union of
G-submanifolds of Ug, as S(Ug) NV, = S(V,) is the unit sphere in V,, which is
a G-manifold.

Definition 2.1.15. Let (V,),>0 realise M as an increasing union of G-
submanifolds of Ug, we define C§(M) := colim,>o C§(M N V,) where the
colimit is taken inside the category of non-unital topological categories.

Note that for any other choice of sequence (V)), >0 vields a category which
homeomorphic the the one above hence we omit it from the notation.

When M = Ug (resp. M = R>), we simply write C§' (resp. Cy) for CS' (M)
(resp. Co(M)).

Notation 2.1.16. Given C a category and f € mor(C), we write C(f) for the
path component of mor(C) spanned by f. In the case of a bordism (W,lw,s)
in the morphism space of one of the cobordism categories defined above, we
drop the letter s from the notations. We shall write CQG (W, lw; V) instead of
CS' (V)(W,lw) when W is embedded inside R>q x V.

When W: OW ~ () we write MaG,e(VVv lw) instead, and we drop 9 from the
notation when OW = ().

If P a G-manifold with ¢*6-structure, Nga(P, Ip) denotes the space of all

morphisms C§ ((P,lp),0), which is a union of /\/laG,G(VV,lW) where W ranges
over diffeomorphism classes of equivariant #-nulbordisms of (P, [ P)-

If (W, lw) is a compact manifold with an action of G and a #-structure, then
/\/lgﬂ(VV, lw) is a model for BDiﬂ‘gg(W, lw), the classifying space for concor-
dance classes of smooth G-manifold bundles £ — X with #-structure and fibre
(W, lw) over compact base manifolds X, together with an equivariant triviali-
sation X x (OW x [0,¢)) C E over X as f-manifolds for some & > 0, as defined
in [GR19, section 12.2.2].

Remark 2.1.17. The topologies chosen above make C§’ into a non-unital topo-
logical category. It is weakly-unital in the sense of [Ste21]. Moreover, it is locally
fibrant in the sense of op. cit., which one proves using equivariant isotopy ex-
tension. Given such a category, there is an associated marked semiSegal space
in the sense of [Harl5], which gives rise to an oo-category after completion.
Also, given F' a continuous functor between such categories which preserves
weak units, then F' gives rise to a functor between the associated oco-categories.
If moreover F' is a weak equivalence on objects and on morphisms, then the in-
duced functor between oco-categories is an equivalence. This translation can be
applied at several places in this paper to deduce statements about equivariant
cobordism oo-categories.

Proposition 2.1.18. Taking pullback along Grg(R x Ug) C Gr(R x Ug) gives
a continuous functor
(—)a: C§ —CF
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There is an induced functor into the restricted product

e . ¢ _ 71T G
(—)n: Cq — CBIQHNH Hcad = HdeNcod
deD
where the filtered colimit is indexed over finite subsets D C N and taken in-

side the category of non-unital topological categories. This functor is a weak-
equivalence on objects and on morphisms.

Corollary 2.1.19. Define MT60 as ©qenMT0,. Then, there is an equivalence
BC(,G ~ Q"L (MTH)C.

Proof. (of 2.1.19) Apply 2.1.18 and use the equivalence
oco—1 ~ ! oco—1
QI MTO ~ HdeNQ MTé,

together with the main theorem of [GS21]. O

Proof of the proposition. First note that if M is an object or a morphism in C§',
then My = 0 for all except a finite number of d € N, by compactness. Hence
the functor (—)y does take values in the restricted product. We prove the
equivalence for morphisms, the proof for objects is similar. Consider a diagram

Sk=1 % mor (Cgc)

li [

D" —— mor (IT;enC§)
The colimit defining restricted product is filtered, hence

mor (H;GNC§> = cglcigl H mor (C§) = Clc))lchkrrl CSEBH H mor(C§’, )
=" deD = deD

By connectedness and compactness, [ lands in one path component of
[T4e pmor(C§’,) for some D C N finite and for some € > 0. Such a path compo-
nent is of the form Hdecha(Wda lw,) for some compact G-bordisms (Wy, lyw,)
with f-structure embedded inside R>o xUg Again by compactness and by finite-
ness of D, § actually lands in Hdechs(Wd7 lw,; V) for some finite dimensional
representation V' C Ug. Let p be a smooth function D¥ — [0, 1] with p(z) = 0
iff z € S*~1, and let Rz be a trivial summand of Ug — V. Then,

H(z,t) = (Ba(2) + tdp(2)x)acp

is a homotopy from 8 to a map ' := H(—,1) such that the manifolds 5}(z),
d € D are pairwise disjoint. This homotopy induces a homotopy of squares,
from the one we started with to a new square such that taking disjoint union
gives a lift. O
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Remark 2.1.20. Let (W, lw) = (W4, lw, )den be a G-manifold with #-structure.
From the proof of Proposition 2.1.18, one can see that the natural map

MG oW, lw) = [[ MG s(Was lw,)
deN

is an equivalence, where the product on the right really is a finite product.

Remark 2.1.21. We have only defined the notion of a #-structure on a manifold
when it is given as a submanifold of Ug or R X Ug. If M is now any closed G-
manifold, fix a G-map 7: M — BgO(d) — in particular make a choice of a model
for B O(d) — which classifies its equivariant tangent bundle. If : B — BzO(d)
is a G-fibration, a f-structure on M as the datum of a map ly;: M — B
is such that 7 = 6 o l;;. Consider M?(M, 7,lp) to be the path component
of Map%)pc/BGO(d)(M,B)//DiffG(M) containing lp;. Then MG (M, 7,1r) co-
incides with the moduli space previously defined, in the sense that if M is
embedded inside Ug, Tar: M — Grg(R X Ug) is the equivariant Gauss map
associated to the embedding M — Ug — R x Ug and 0: B — Grg(R x Ug) is
a d-dimensional equivariant tangential structure,then there is an equivalence

MG (M, a1, 1) =~ M§ (M, 1nr)

Remark 2.1.22. Another flexibility we have is the choice of model for the
category of G-spaces. The definitions above also make sense if Top; is replaced
by Fun(OZ', Top), and we will allows ourselves to switch between models when
it is convenient to.

The fixed point structure Given H < G, the space (Gr(R x Ug))¥ is equal
to the space of orthogonal H-representations embedded inside R xUg. Applying
H-fixed points further gives a map

(=) (Gr(R x Ug))? — Gr(R x UH)

Note that this map is also equivariant, for the residual action of the Weyl group
WeH of H in G, i.e. the quotient of its normaliser WgH = NgH/H. Remark-
ing that the W H-representation Z/lg is a complete W H-universe, we might
as well take the definition Uy, p = UE as a convention.

Definition 2.1.23. Let §: B — Gr(R xUg) be an equivariant tangential struc-
ture. For H < G, define the H-fixed points structure F(0) as
H u o7 7 ()"
F (9): BY —» (GI‘(R X UG)) E—— GI‘(R X quH)
which is as such a Wg H-equivariant structure.

Abusing notations, we shall write # instead of F'*/(#) when this does not
lead to any confusion.

With this definition, we see that the H-fixed points of a manifold with 6-
structure inherit a 89 -structure, compatible with the residual W H-action.
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Definition 2.1.24. Taking H-fixed points and remembering the residual action
of W H defines a functor
FH. CGG — CZZGH

Recall that the space of H-fixed points of B¢ O(d) is equivalent to a disjoint
union (e.g. [MC96])

BeO(d)" ~ ||  BAut?(V) (2.1)
[V]E€Repy (d)

where Repy;(d) is the set of isomorphism classes of d-dimensional real represen-
tations of H.

In terms of our model Gr(R x Ug) for B5O(e), this equivalence is reflected
by an equivariant homeomorphism Gr(R x Ug)H = Upvjerep,, Gromv) (R x
Ue), where the summands are defined as the space of sub-H-representations of
R X Ug which are abtractly isomorphic to V. Note that the action of WgH
isn’t clear from this formula, as isomorphism classes of H-representations might
have non trivial orbits along the action of W H (acting by conjugation). Hence,
given such an isomorphism class up to WgH -conjugation [V] € Repy/WaH,
we define Gr(g,[v))(R x Ug) as the union of the summands above, along the
W H-orbits of V. Then, there is a W H-equivariant splitting Gr(R x Ug) =
Uivierep we m Gt v (R x Ua).

Definition 2.1.25. Let 6 be a G-equivariant tangential structure, H < G and
[V] € Repy/WeH an isomorphism class of H-representations up to WgH-
conjugation. Define BM:V) as the pullback

BV = Grpr ) (R X Us) X Grexueyn B
and §FIVD as
gH.IVD). gUH.IV]D) _, gH _, Gr(R x Uy m)-

More generally, taking pullback along this inclusion induces a continous func-
tor
H)V). pG WaH
FUHYY el — cyisth,

On morphisms, this functor maps (W, Iy ) to (W(H’[V]),Zég’[v])) defined as the
submanifold of of those points x € W such that [T,,W] € Repy /W H is equal
to [V], with the structure described above.

2.1.3 Isotropy separation for cobordism categories

Let F be a family of subgroups of G.

Definition 2.1.26. Let Cgf]_- be the subcategory of C§' on those objects and
morphisms consisting of manifolds the points of which have isotropy contained
in F.
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This is not a full subcategory, but is an inclusion of path components on
objects as well as on morphisms.

Remark 2.1.27. Given an equivariant tangential structure : B — Gr(Ug),
consider the product structure

0 x EF: Bx EF 2% B % Gr(Ug)

Recall that the space of G-maps from a G-space X to EF is either contractible
if all points of X have isotropy contained in F, or empty. This implies the
existence of a canonical dotted arrow

G pT G
CO xXEF CG

M

G
Co'r

which is a weak equivalence on objects and on morphisms. Hence Cgf 7~ is also
(equivalent to) a cobordism category of G-manifold with some equivariant tan-
gential structure, namely 6 x EF.

Let H € F which is maximal for the inclusion, and denote F — (H) for the
family F' where the conjugacy class (H) of H has been taken out.
By maximality of H, the functor F¥ factors as

PH
WaH
C CG H free

[

a FH WeH
Cy —— CQH

where CaH “fre . 1s a notation for CQH en

Theorem A. The functors

G i, FT weH
Cor—my = Cor = Corpree

induce a homotopy fibre sequence based at ()

WaeH
0H free

. H
BC§ 5_ 1y~ BCSx ~— BC

We call this result isotropy seperation sequence for equivariant cobordism
categories, by analogy to the corresponding sequence of spectra which we de-
scribe in section 2.2.1. Our ideas and proofs are strongly inspired from [Ste21].
The latter describes conditions under which a certain strict pullback of cate-
gories induces a homotopy pullback of classifying spaces, and applies it to give
a new proof of the classical Genauer sequence of [Genll]. We shall adapt his
proof strategy in our equivariant setting, and then argue how to see the Genauer
sequence as a particular case of Theorem A.
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A corollary Given 6 a d-dimensional G-equivariant tangential structure, we
define in section 2.2.3 a non-equivariant structure 6, called homotopy orbit
structure, which is informally described as

Onc:: Bue — (BcO(d))ne ~ BG x BO(d) — BO(d)

where the first map is induced on homotopy orbits from 6, and where the
equivalence holds because BsO(d) is Borel equivalent to BO(d) with triv-
ial action. The precise definition of 6,4 allows us to make the associa-
tion (M,ln) — (M/G,(In),e) functorial on the free G-manifold M with 6-
structure.

Proposition 2.1.28. Taking quotient for the action of G induces a functor
G ~
CG,free - Cehc
which is an equivalence of objects and on morphisms.

Corollary 2.1.29. The fibre sequence of Theorem A can be rewritten as

. H

BCx_ury » BCGr +— BCop,

This corollary makes it possible to decompose Bcgf -~ into two simpler pieces:

the base is a cobordism category of non-equivariant manifolds, and the fibre is a

cobordism category of manifolds having smaller isotropy. This allows proofs by

induction, in particular, we give a new approach to understanding the following
main result [GS21].

Theorem ([GS21)). There is an equivalence
BCS = Q>~Y(MTo)¢

Our proof uses the description of the homotopy type of the non-equivariant
cobordism category in [GMT+09], which serves as base case for the induction as
well as a key ingredient in the induction step. In turn, this proof is very different
from the original one in [GS21], where the authors develop some equivariant
delooping machinery to adapt the non-equivariant proof of [GR10]. In that
sense, our proof may be considered as more elementary, although we do not get
results for the homotopy type of the cobordism category of manifolds embedded
in a finite dimensional representation like the authors in [GS21] do.

Remark 2.1.30. Theorem A can be slightly generalised, considering the sub-
functor FUIVD) of FH | for [V] € Repy /WgH. We will not need this fact.

2.1.4 Moduli spaces of equivariant manifolds

Let W be a G-manifold and H < G be a maximal in the family
Fw = {H < G| WH # (}. The residual action of WgH on WULIVD
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is free, for all [V] € Repy/WeH. If W is equipped with a #-structure Iy, then

the quotient WULIVD /W H comes with a 92@!}1—s‘cructure (l%,{,{’v))h as
WeH
in Proposition 2.1.28. ¢

For K > H, let O(W(K )) be the image of a G-equivariant tubular neighbour-
hood of Ugegngg_l inside W#, and define

W(H)ﬁ =W - U O(W(K))

K>H

After rounding corners, we get a G-manifold with boundary Wg) s € Wig)
such that the inclusion is an isotopy equivalence where W is the subspace of
W of those points having pure isotropy H. As before, there is a W H-splitting

Wiry,o = | | Wa,vp.o
[V]eRepy /We H

where Wg (v]),0 is a subspace of WD,

Definition 2.1.31. For (H,[V]) as above, we define

Wi,y wwer = W, v)),o/ WeH

1)

This is a compact manifold with boundary, and comes with a 9,(5[}2‘/ -structure

(ZW>§LI€[/V2/I]{) We refer to this collection of compact manifolds with tangential

structure as the building blocks associated to (W, ly).

The homology of equivariant moduli spaces Let 6 be an non-equivariant
tangential structure, and let (W,ly ) be a nullbordism in Cy, i.e. (W,lw) €
Ny(P,lp) for (P,lp) its boundary. The so-called scanning map is the composi-
tion

s: Moo(W,lw) € Co((P,lp),0) = Qpj,) g BCas = Q Q>~1MTo

[(Pir),0]

)

where on the right is the space of paths from (P,lp) to () inside the classifying
space of BCy, equivalent to Q°~'MT6 by Corollary 2.1.19 applied to G = .
In many situations, this scanning map is r-acyclic for some interesting r, in the
following sense.

Definition 2.1.32. Let f: X — Y be a continuous map and r € N, we say
that f is r-acyclic if for all local coefficient system £ on Y, the map induced
on homology H.(X;f*L) — H.(Y;L) is an isomorphism for * < r and an
epimorphism for x = r.

In cases of interest, r is a diverging function of the 6-genus of (W, lw),
which implies increasingly better understanding of the homology as this genus
increases.
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Note that although the literature deals with the case of a d-dimensional
tangential structure 0, results for general § follow because the map s splits as a
product

!/ !/
s 2 (8d)a>o0: HdZOMa,a(Wd,le) — Q[(depd)ymHdZOQOO‘lMTHd

with 0 of dimension d, hence everything takes places dimension-wise.
Supposing W is a non-equivariant manifold of a fixed dimension, r-acyclicity
type theorems include

(1)

(iii)

The case where W is of dimension 2n > 6, is simply connected, and
lw: W — B is n-connected, by [GR17b, Corollary 1.8]. In this case the
range is given by

3r(Wlw) = ¢"(W,lw) — 1

where the #-genus of g% (W, Iy ) is defined as the maximal number of ways
of embedding disjoint copies of Wy 1 = D?"#S" x S™ with an admissible
f-structure.
The case where W is a connected manifold of dimension 2n > 6 and, more
generally, m (W) is virtually polycylic, by [Fril7, Theorem 4.12], together
with the proof of [GR17a, Corollary 1.8]. In this case the range is given
by

3r(W,lw) = ¢"(W,lw) — h(m(W)) -3
where g% (W, lyy) is defined as above and h(my (W)) is the Hirsch length of
the fundamental group of W.

The case where W is of dimension 0 and B the base space of 6§ is path-
connected, by [Kral9, Theorem D]. In this case, the range is given by

Ir(W,lw) =n

where n is the cardinality of W.

The case where W is of dimension 2, under some hypothesis on 6, and in
the case where w1 (MT6) = x (so that all coefficient systems are constant).
The homological stability statement (with constant coefficients only) is
proved in [Ranl6, Theorems 7.1 and 7.2], and the range is a complicated
function depending on 6, but not on lyy .

Let 6 be an equivariant tangential structure. We make a last definition to
ease the statement of our main result.

Definition 2.1.33. Let (W,ly) be a compact G-manifold with #-structure,
and let r € N. We say that (W,ly ) is r-stable if the scanning map

s: MG o(Wlw) = Qpj 02 (MTO)C

is r-acyclic onto the path component that it hits.
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Theorem B. Let (W,lw ) be a compact G-manifold with #-structure. Suppose
that in the collection of building blocks associated to (W, ly ) indexed by (H, [V])
where H < G and [V] € Repy /WgH, all elements are respectively (g [v])-
stable.

Then, (W, lw) is rw,,,)-stable where

T(Wilw) = ML T )

where the minimum is taken over the (H,[V]) such that Wy v}y, # 0.

2.2 Theorem A and a corollary

As explained in the previous section, our Theorem A is very similar to [Ste21,
Theorem 4.1], which proves a homotopy fibre sequence for cobordism categories
with corners, the Genauer sequence. The original proof of this fibre sequence in
[Genll] was done by realising the homotopy types of the categories in play as
loop spaces of some spectra, and by remaking that the spectra themselves lie in
a fibre sequence. However, the extra knowledge of their homotopy type is not
needed to derive the fibre sequence, rather, the general additivity result [Ste21,
Theorem 2.3] can be applied to give a direct proof, which is what Steimle did
in op. cit.

We first give a sketch of proof of Theorem A using the stable homotopy
theoretic argument, and then focus on our proof of interest following the work
of Steimle.

2.2.1 Isotropy separation for spectra

In this section we explain the link between isotropy separation for cobordism
categories as in Theorem A, and that of genuine G-spectra. This leads to a
first (sketch of) proof of Theorem A. Some extra care is needed to verify the
commutativity of certain diagrams, we have made the choice of not writing the
full details as we will give another proof in the next section. This section is
independent from the next ones and can be skipped.

Let F be a family of subgroups of a finite group G, and let H < G. For
X a genuine G-spectrum, X canonically maps to the geometric fixed points
®H(X), and ®* is symmetric monoidal. Moreover, H is normal in Ng H so that
there is a natural equivalence XNeH ~ (XH)YWeH GQuppose that H is maximal
in F and consider the composition \I/VHVGH given by

(X @ EF.)¢ (X @ EF,)NeH

(X & BF,)T)Watt
Ol (X @ EF,)Well
(@7(X) @ (BF)H)Vet!
(@7 (X)® EWgH  )Well

e (el
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Lemma 2.2.1. For H < G maximal in F, there is a fibre sequence
(X ® B(F - (H))4)° = (X © BEF)¢ - (87 (X) @ EWgH,)Wo!

for every genuine G-spectrum X, where the first map is induced by the canonical
G-map E(F — (H)) — EF, and the second map is the one described above. We
refer to it as the (F, (H))-isotropy separation sequence.

Remark that in the case where F is the family of all (closed) subgroups of
G and H = G, the sequence above takes the form

(X @ EP)Y - X% — ®Y(X)
which is the classical isotropy separation sequence for G-spectra.

Proof. The maps in play commute with colimits in the variable X, so we are
left with the case where X = ¥°G/K, where (K) < (H), which follows from a
comparison of the tom Dieck splittings. O

By [GS21], the vertical arrows in the following commutative square (in
Ho(Top)) are equivalences

Bi
BCGGXE(]-'f(H)) - BC§ g
QY MT(0 x E(F — (H))))® —— QY MT(0 x EF))“
Also, there is an equivalence

BCy o — QT (MT (0" x EWgH))"eH

The equivalence of WgH-spectra &7 (MT0) = MT(6") composed with
\IIVHVGH gives a map

MT(0 x EF)Y — MT (0" x EWgH)VeH
and it can be verified that the following diagram commutes up to homotopy

G BFH WeH
BCQXEJ-' BCOHXEWGH

A :

Q®~1MT(0 x EF)¢ ——— Q¥ 1MT(07 x EWgH)WeH

Sketch of a first proof of Theorem A. Consider the (homotopy) commutative
diagram

WeH
BCGG,J:—(H) BCGG,f BCGHG,free
WgH
BC0G><E(]-"—(H)) BCg, EF BCyi, EWgH

| l l

Q-1 (MT(6 x E(F — (H))))® —— Q%Y MT(0 x EF))¢ —— Q*~Y(MT (0" x EWgH)VeH
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The bottom row is obtained by applying the functor Q! to the maps of
spectra

MT(0 x E(F — (H)))Y - MT(0 x EF)¢ — MT (6" x EWgH)Vel

Moreover there is an equivalence of genuine G-spectra MT(9x A) ~ MTYQ A+
for all equivariant tangential structure ¥ and G-space A, hence this sequence is
equivalent to the (F,(H))-isotropy separation sequence applied to MT6. We
conclude that bottom row of the diagram above is a homotopy fibre sequence.
The map from the middle row to the top row is an equivalence as in Lemma
2.1.27, which concludes the proof. O

2.2.2 The main proof of Theorem A

This section is the heart of this paper, where we prove in particular that the
functor F™ : CQG — CZI:,GH is a cocartesian fibration. This will be the main input
in the proof of both theorems A and B. We first recall some definitions as well
as the main result of [Ste21]. We then prove our Theorem A and use it to give
a new view on the main result of [GS21].

2.2.2.1 A plan of proof

We first recall the setting of [Ste21] and state their Theorem 2.3.

Definition 2.2.2. Let C and D be non-unital topological categories. C is weakly
unital if all x € ob(C) admits a weak unit which is a morphism v € C(z, z) such
that u and wow lie in the same path-component. A continuous functor F': C — D
is

e a level fibration if the map induced on nerves is a level-wise Serre fibration,
e a local fibration if both maps

(F,s,t) : mor(C) — mor(D) Xopp)2 0b(C)?
F : ob(C)— ob(D)

are Serre fibrations,
e a cocartesian fibration if for all g: d — d’ € mor(D) and ¢ € ob(C) such
that F'(c) = d, there exists f: ¢ — ¢ € mor(C) such that

- F(f) =g,

— f is F-cocartesian in the sense that for all ¢ € ob(C) the square

Cle,t) —L 5 (e 1)

|- Ir

D(d, F(t)) —L D(d', F(t))

is homotopy cartesian.
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A non-unital topological category C is called locally fibrant if the

unique functor C — x* is a local fibration, i.e. if mor(C) b, ob(C)?

is a Serre fibration.

e a cartesian fibration if F'°P is a cocartesian fibration,
e a bicartesian fibration if it is both a cartesian and a cocartesian fibration.

If both categories are in addition weakly unital, F' is weakly unital if it sends
weak units to weak units.

Remark 2.2.3. Several definitions of weakly unital topological categories exist,
as well as several characterisations of weak units. They are proven to coincide
in [Harl5], a summary is given in [Ste22, Fact 4.8].

We will use the following result.

Theorem. ([Ste21, Theorem 2.3]) Let P: C — D and I: D' — D be two con-
tinuous weakly unital functors between locally fibrant weakly unital topological
categories. Suppose that P is a level fibration and bicartesian fibration. Then
taking classifying space transforms the pullback square

D/XDC%C

L)

DL
into a homotopy pullback square.

Let G be a finite group, F be a family of subgroups of G and let H € F
be maximal. Given 6 be an equivariant tangential structure, Theorem A states
that there is a homotopy fibre sequence

BC§ iy — BCG » — BCEl

0H free

WeH

0H free
spanned by the empty manifold, with morphisms given by (s,0), s > 0. Note
that morphisms in () are exactly the weak units of § € ob(Clv¢ X ). There is a

. . 0H free
strict pullback diagram

based at (). By abuse of notation let us also note (} for the subcategory of C

All the non-unital topological categories in play are weakly unital, and locally
fibrant as a consequence of equivariant isotopy extension. The functors I and
FH are also continous and weakly unital.
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Supposing we can show that F'¥ is a level and bicartesian fibration, Steimle’s
theorem applies and immediatly gives a proof of Theorem A, as B(() — ngfé{a o)
. . . . . WaoH
is homotopic to the inclusion of the point {0} — BCyiree:

Although F turns out not to be a level fibration, we shall define other
categories (for all (0, F, H) where H is maximal in F)

G,DH >~ G
Cor > Cq'

|z L
WeH =~ WeH
CGG,sm CQH

such that

e the horizontal inclusions are equivalences on objects and morphisms,

e the restriction Fg is a local fibration — in particular a level fibration,

e the map induced after taking Eullback along the inclusion of () is equal to
H

the inclusion of categories C?}._(H) — CQG}-,(H)

Secondly, we show that the functor Fg is a bicartesian fibration (hence so
is ). Applying Theorem 2.2.2.1 to Fé{ then yields a proof of Theorem A.

2.2.2.2 Technical preparations

In this paragraph we define the categories Cg ’fDH and C%ngz and show that the

induced functor Fg is a local fibration.

Lemma 2.2.4. Let W be a G-manifold embedded inside R x Ug and H < G,
then W intersects R X Ug in an orthogonal way in the following sense: for
x € WH  there is a splitting

T,W = T,(WH) & [T,W n U ))

where L{g L s the orthogonal complement of L{g inside Ug. This identifies
TWiwn 0 (WH x UF") with NywWH | the normal bundle of WH in W.

Proof. We wish to show that the orthogonal complement N of T, (W) in T, W
is contained in L{g L. The orthogonal projection p: N — Z/{g is equivariant,
and N has no trivial summand, so p is null, e.g. by the Schur lemma. O

Corollary 2.2.5. Let W is a G-manifold embedded inside R x Ug and H < G,
then the normal bundle NywWH is naturally equivariantly embedded inside
WH x UE") CR x Ug.

When W is given as a G-submanifold of R x Ug we shall then see Ny W7
as an embedded (non compact, with non compact boundary) G-submanifold
R x [/{G.
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Definition 2.2.6. Let M be a G-submanifold of R xUs with #-bundle f: M —
B, and 6 > 0. Say that (M, f) has d-neat H-fized points if it satisfies the
condition

M N [(RxUE) x DsUEH)) = Ds(Nyy M)

as G-manifolds with #-bundle, where the §-bundle structure on Ds(Ny M) is
given by the composition

H
Ds(Ny MHY 25 pH Ly gH

5
Let Cg éDH be the non-full subcategory of Cgfs of those objects and morphisms
which have §-neat H-fixed points, and define

O . G,08 O . 0O
Cg; A= colimC, 7" Cg’ "= cohmcg’E ",
’ 6>0 ) e>0 ’

Remark 2.2.7. Despite the notion of H-neatness being specific to the subgroup
H, note that it is equivalent to require it for all conjugates of H, so that the
condition is really a property of a neighbourhood of G x y,z W inside R x Ug.

5
;DH is locally fibrant, which is proven in an analogous way

The category Cg
as for C§', hence so are its colimits over § > 0 resp. € > 0.

5
Lemma 2.2.8. The natural functor I : COG’EDH C Cg; is an equivalence on objects

and on morphisms. Hence the functors induced after taking colimits over § > 0
or e > 0 are as well.

Proof. We prove it for morphisms, the argument is analogous for objects. Let
8
(W,lw, s) be a morphism in CaG ;DH , we show that this functor is an equivalence
s
after restriction to CGG ;DH (W, lw) (note that it is injective on my). Consider first

s
the case where there is no tangential structure, and define Embg’sljH (W, [0, —] x

Ug) as the subspace of EmbS (W, [0,1] x Us) x (0, 4+00) consisting of those (f, s)
such that the image of f has é-neat H-fixed points, and e/s-collared boundary.

5
The functor I factors as Cg ’EDH — Cecf . = C§ and it is clear that the rightmost

map is an equivalence, as the natural functor Cg . = Cg . is an equivalence for

€ > ¢’. On the other hand the leftmost map, restricted to Cg;D%(VV,lW), is
given up to homeomorphism by the Diff§ (W)-orbits of the inclusion
G0, G
Emb@,s (VV’ [07 _] X UG) — Emba,s(Wa [07 _] X UG) (22)

where on the right the case 6 = 0 is omitted from the notation. Consider a
square

st L B ([0, -] x Us)

| |

D" —%— Emb§ (W, [0, -] x Uc)
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We shall deform this diagram by a continuous path of squares, to one admitting a
lift. We construct this path in two steps. First, consider x: [0, +00) — [0,1] be a
smooth function with y = 1 near 0, supported on [0, 1], and let n: Ny W < W
be a tubular neighbourhood of W inside W. By compactness of [0,1] x D"
and the openness of embeddings for the strong Whitney topology, there exists
a > 0 such that for all z € D",

t (1= tx( = [l/a))ez o+ tx(l| = [I/a)To(ez 0 )

is a path of embeddings Ny W — [0,1] x U, where Ty(a, on): Ny WH —
[0,1] x Ug is the map (w,v) + Ty 0a-(0,v). Close to the zero-section W —
NwWH | these embeddings are linear embeddings of Ny W hence their images
have ¢’-neat H-fixed points for some §’ > 0. Far from the zero-section, they
coincide with «, hence they extend to a path of embeddings W — [0,1] x
Ug. Thi§ gives a first homotopy of squares, to one where o admits a lift to
Embg’E% (W,]0,—] x Ug). Continue this homotopy with a radial rescaling of
the subspace Z/{g’l until all images of W have d-neat H-fixed points, and we
have proved that the inclusion (2.2) is a weak equivalence in the case without
tangential structures.

Because 6 is a G-fibration, this inclusion is also an equivalence after taking
pullack with

Map§ (W, Gr(R x Ug)) 2= Map§ (W, B)

5 8
The space Cg’gDH (W, lw) is a quotient of Embg”(gf (W, lw), [0, =] xUg) defined
as the subspace of the pullback

G,08
Emb&a & (VV, [07 7] X L{G) XMapg(W,Gr(]RXMG)) Mapg(W, B)

consisting of those (v,1,) such that [, o v~ ! is fibrewise constant on (W) N
[0,1] x UH x DsU") in W, and agreeing with low ov~" on (W) N ([0,&/s]U
[1 —¢/s,1]) X Ug in W. The inclusion of this subspace is an equivalence: the
condition on the structure can be achieved by a continuous deformation with
the same strategy as above. O

Suppose that (My C RxUEY, fir) a Wg H-submanifold with equipped with a
-bundle, which is an object (resp. a morphism) of CZY,GH . Because it classifies
the smooth Wg H-vector bundle e & T'M (resp. T M), the composition

9H

eH

M BH O (Gr(R x Ue )P — Gr(R x UH)
is smooth, in the sense that if factors as a smooth map to Uge pGry(V), for some
finite D C N and some finite dimensional W H-subrepresentation V' of R x Z/lg ,
followed by the inclusion in Gr(R x U} ). If we further suppose that (Mg, fr)
is equal to FH (M, f) for (M, f) some object (resp. morphism) of C§’, then the
shorter composition

9H

My 25 BH 22 (Gr(R x Ug))?
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is smooth because it classifies ¢ © T'M|ys, (vesp. TMjay,, ).

Definition 2.2.9. Let Cglffﬁn be the subcategory spanned those objects and
morphisms (M, f) such that f is smooth for 0 meaning that the composition

H
ML B O (Gr(R x Ug))H
is smooth in the sense described above.

We will need the following smooth approximation tool.

Lemma 2.2.10. Let K be a finite complex, M be a G-manifold, p: E —
X be a smooth G-manifold bundle over the compact G-manifold X, and let
f: K x M — E be a G-map such that p o fy is smooth for all k € K. Then,
there exists an equivariant homotopy H: [0,1] x K x M — E over p such that
Hy(0,-) = fr and Hx(1,—): M — E is smooth for all k.

Remark 2.2.11. The lemma above also has a relative version if we are given
A C M a closed subset on which the maps f are already smooth.

Proof. The manifold bundle p is isomorphic to a G-submanifold bundle of X x
Ug by the classification theorem for G-manifold bundles. By conjugating with
such an isomorphism, we can suppose that p is already of this form. For all
x € X there exists a small neighbourhood U, of z over which the bundle p is
trivial, which implies that p over U, is given by a G-embedding U, x £, — E —
X xUg over X. Then there exists ¢, > 0 such that all points (y,v) € U, — Ug
such that d(v, Ey) < ¢ have a unique projection on E,. As X is compact, it is
the union of a finite number of opens U,,, and we define € := min;e,,. Let U
be the subspace of those (z,v) € X X Ug such that d(v, E;) < €. Then, the
projection map p: F — X can be extended to U, and p: U — X is a sub fibre
bundle of X xU¢ the fibres of which are open in Ug. There exists an equivariant
deformation of f: K x M — FE inside X X Ug which at time 1 is smooth. By
compactness of K we can take it small enough that it lands inside U. If H is
a homotopy realising this deformation, then the composition p o H satisfies the
properties we were looking for. O

Lemma 2.2.12. The inclusion Cg‘,/fgn - C;/Y,GH is an equivalence on objects
and on morphisms.

Proof. We show it for morphisms, the argument is analogous for objects. It is
enough to show that given a compact Wz H-manifold Wy, the inclusion
Mapy ¢ (Wy, BY) € Mapy " (Wg, BY)

is an equivalence over Map" ¢ (W, Gr(R x U})), where the first space is the
space of smooth maps for 07, Let f: K — MangGH(WH,BH) where K is a
connected finite complex.

As K is connected, 0§ o f: K x Wy — Gr(R x Ug)™ lands in one path
component of Gr(RxUg ), which is given by Gry (RxUg), the subspace of those
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sub H-representations of R x Ug that are isomorphic to V for some V' € Repy.
By compactness of K x Wy, we can factor this map further through an inclusion
Gry (V'), for V' a large enough finite-dimensional sub-H-representation of R x
Uc containing a copy of V. The map

(=) Gry (V') = Grya (V)H)

is a WgH-equivariant manifold bundle with typical fibre isomorphic to
Gry_ya(V' — (V)H). Hence, the (relative version of the) lemma above ap-
plies and gives a W H-equivariant homotopy which makes the maps f; smooth
after composition with 6. The last step is to lift this homotopy to B¥, which is
possible because 6 is a W H-fibration. O

Let (Mg, fr) be an object resp. a morphism of CgY,GSHm. To it we associate
a vector bundle embedded in R x Ug as

N(Mgy, fr) = {(z,v) € Mg x Z/{g’J‘ | v €pry ogH ol (2)}
where pry | is the orthogonal projection on Ug L Defined as such, it is an

N¢ H-submanifold of R x Ug, as well as an NgH-vector bundle over MH
Consider its translates over the cosets of NgH in G,

Ne(My, fu) == G xneug N(Mu, fu)

which is a G-vector bundle over G x n, g Mu, G-equivariantly embedded inside
R X Ug. Tt comes with a 6-bundle structure N(fr) defined by

N(fH): Ng(MH,fH) K} G XNegH MH f—H> G XNgH BH — B
We shall write N§" (Mg, frr) resp. N5" (M, fr) resp. NZ" (Mg, far) for
the subspace of those (z,v) such that |[v|| < r, ||[v|| < r and ||v]| = r respectively.
Lemma 2.2.13. The fixed point functor

FH . CQG’DH N

0H sm

is a local fibration.

Proof. Let (W,lw,s): (P, Zp) — (Q,lg) be a morphism in Cg’DH, we want to
show that the maps

H

F/“ X —————— ¢ (P.lp) x €57 (Q, D)
_

COG,DH (Wa ZW)

Cort oy (W 1) —— i [ (PR x Cie [, (QM 1)

0H sm 0H sm
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and X R
FH.c§Pm(pip) — Vel (pH ()

0H sm

are Serre fibrations, where X is a short name for the pullback. We show it for
the first map, the second will follow by a subargument. Let (f;, g¢, h¢): [0, 1] —
CVeH(WH JH Y x c§PH (P lp) x 5§77 (Q,lo) (t € [0,1]) be a map valued in

6,sm

the pullback, and suppose that we are given a lift through F¥, wy: [0,1]F —

CGG’DH(W, lw) at time 0. We wish to extend wy to a path w; extending
(fmgu ht)-

By compactness of [0, 1] x [0, 1]¥, we can assume that the maps f;, g; and hy
are valued in the morphism spaces of the corresponding decorated cobordism
categories, where boundaries are e-collard and H-fixed points are e-neat for
small enough ¢ > 0. The first step will be to lift all of those maps to certain
spaces of embeddings.

There is a principal fibre bundle

Diffp(W) — Embg g M (W, lw), [0, ] x Us) = Cg " (W, lw)
Because [0, 1]* is contractible, we may consider a section
_ k G,0%
Wo - [Oa 1] - Emb(’)ﬁ,a ((VV) lW)a [Oa _] X Z/{G)

over wy. Analogous principal bundles exist for the spaces Cg‘;cjfg(WH ),

Co ™ (P.lp) x Cy(Q,lq) and Cyielt (PHLIH) x cyiell (QM,1ff), which
in turns gives a fibration with base given by the pullback space X, and total
space given by the appropriate pullback of spaces of embeddings. Using that,
with the section wq as starting point, consider lifts
Embg’/ec}ffsm’g((WH7 Zg/)a [Oa _] X ug)
— _ — G’DE ~
(f1 G0 Pu)  [0,1]° — § Emby 7 ((P,lp),Uc)

DE ~
Embg ¥ ((Q. lg), Us)

of (ft, ge, he) with values in the pullback. We now show, at the level of em-
beddings, that (f;,5;,h:) admits a lift through F¥ starting at wg. After a
straight-line homotopy of the ambiant space and making € smaller, we may as-
sume that length of the bordisms given by the images of f; are always equal to
1. By the inverse function theorem, we can find ¢’ < € and ¢ : [0,&'] x P < W,
CEQ' :[1—¢€,1] x Q — W two collars, such that wg o cp and wg o ¢ are given by
10,€'] x go resp. [1—¢’,1] x hg. Let n: NyyWH < W be an equivariant tubular
neighbourhood of G x y,z WH inside W. The embeddings f: linearly extends
to G-equivariant embeddings of G x iy Do (Nyw WH) inside [0, 1] x Ug. In turn,
letting A,/ be the union of the images of cfp,, cg and 7 restricted to vectors of
length < &', there is a preferred way of defining the wanted lift w, restricted
to A.. Note that the closure A.x C W is not a manifold itself, however it is
an equivariant submanifold with corners. By perturbating it slightly we can
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find an equivariant submanifold with boundary A C W to which it is isotopy
equivalent.
The restriction map

Emb§ (W, [0,1] x Ug) — Emb§ (4, [0,1] x Ug)

is a fibre bundle, where embeddings in the right side are relative OW C 0A.
The path lifting property for this bundle gives a lift of (f,,3,, h¢) as wanted, if
we first let #-structures aside. In order to also lift the tangential structures, it
is enough to argue that a lift exists in the following diagram

{0} x [0, 1] Map§ (W, B)

! [

k
[07 1] X [0’ 1] - Ma‘pg(A7 B) XMapg(A,Gr(]RXUG)) Mapg(vv’ GI‘(R X UG))

The inclusion i: A — W is a G-cofibration, and §: B — Gr(R x Ug) is a
G-fibration, so we can conclude by the pullback-power axiom. O

Remark 2.2.14. Let Cg’]‘_-]H be the subcategory of C&DH on those manifolds

having isotropy in the family F, and suppose H € F is maximal. Then, FH#
restricts to a local fibration F'7 : CgEH — Cg‘,/fgn froe”

2.2.2.3 The equivariant Genauer sequence

In the proof of Theorem A, we shall use an equivariant version of [Ste21, Lemma
4.4]. Together with their general additivity result, this lemma is one of the main
technical inputs in their geometric proof of the Genauer sequence. Although we
don’t need an equivariant Genauer sequence in our proof of Theorem A per se,
we do state it anyway as it is arguably interesting on its own.

Cobordisms with corners We define equivariant cobordism categories
where morphisms are manifolds that have corners of local form R x R>¢ x RF
(after forgetting the action of G), and discuss why the Genauer sequence of
[Ste21, Theorem 4.8]. holds in the equivariant setting.

Definition 2.2.15. Let §: B — Gr(R? x Ug) be an equivariant tangential
structure for manifolds inside R? x Ug. Letting tg,¢1: R x Ug — R% x Ug be
the two canonical inclusions, we define the equivariant tangential structures ¢;0
and (760 by taking pullback along o and ¢;.

For this paragraph we fix a choice of 6 as above.

Definition 2.2.16. Let M an increasing union of G-submanifolds of Ug, we
define the equivariant cobordism category of manifolds with corners Cg; ) (M)
in a similar way to Definition 2.1.11. Let €, > 0, we first define a category

ng@)(M) with objects given by
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(i) a compact G-submanifold P of [0, +00) x M with boundary which is d-neat
in the sense that 0P = PN {0} x M and

dP x [0,8] = PN ([0,6] x M)

(ii) a G-map Ip: P — B such that ¢ ® 7p = 6 o Ip (in other words a t%6-
structure) which is d-neat in the sense that

. . i
(Ip)|Pr(0.51xar) = OP x [0,6] 25 0P -2 B
A morphism from (P,[p) and (Q, fQ) is given by

(i) an s € (2¢, +00),
(ii) a compact G-submanifold W C [0, s] x [0,4+00) x M with corners such
that W is (¢, d)-neat in the following sense. First we define

W :=W N ({0,s} x [0,+00) x M), LW :=WnN(0,s] x {0} x M)
We require that

(a) W intersects ([0,¢] x [0,+00) x M) U ((s — ¢, s] x [0,+00) x M) in
([0,6) x P)U ((s — &, 5] x Q) (e-neatness for dy),
(b) 1W x [0,0] = W N ([0,e] x [0,6] x M),
(i) an equivariant f-structure lyy: W — B on W restricting to {p on {0} x P
and to lg on {s} x @, which is (¢, d)-neat in the sense that
(a) the restriction of Iy to WN(([0,e]U[s—¢, s]) x [0, +00) x M is given
by
([0,6)x P)U((s —&,8) x Q) Xy PuQ XX B

(b) the restriction of Iy to W N (([0, s]) x [0,d] x M is given by
HW x [0,6] 25 oow s B

We make C(?f(g) (M) into a topological category in the same way as we did in

Definition 2.1.11, and define

C§ 13y (M) 1= colimy o cgj<

2y (M)

When (W, ly) is a morphism in C§;<2>, 01 W inherits a ¢}6-structure. More-
over, this association assembles into a continuous functor

O1: CF 19y (M) = C (M)

We state the following lemma in full generality — namely for all tangential
structures 6 — although it will be convenient to first prove it in the case where
0 is trivial, and postpone the rest of proof to the later Remark 2.2.20.
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Lemma 2.2.17. 9;: Cf ) (M) — C%4(M) is a cocartesian fibration.

Proof (in the absence of tangential structures). In this simpler case, the proof
is almost verbatim the same as [Ste2l, Lemma 4.4]. The homeomorphism
B: R%Z, — R%, constructed in op. cit. induces an equivariant homeomorphism
denoted by the same letter

B: R, >Ry x M - Ry, - RE; x M

by applying the identify map on M. With this modification, the proof of [Ste21,
Lemma 4.4]. still is still valid and the present lemma follows. O

Note that the embedded cobordism category C§'(Rsq x M) can be identified
with the strict fibre of 9; based at (.

Corollary 2.2.18. The functors
b
C§ (Roo x M) < Cf iy (M) = Cgo(M)
induce a homotopy fibre sequence based at ()
BC§ (Rso x M) = BCY 5 (M) 2% BCS p(M)

Proof. First note that the categories in play are weakly unital and locally fibrant.
The functor 0, is a level fibration, which is proven in an way analogous to FH
in Lemma 2.2.13. Because the categories in play are self dual, Lemma 2.2.17
imples that 0, is a bicartesian fibration and the result follows from the additivity
theorem [Ste21], Theorem 2.3. O

2.2.2.4 The proof of Theorem A
We now state and show our main result about the functor FH.
Proposition 2.2.19. The fixed point functor

Fg : CQG’DH N

0H sm
is a cocartesian fibration. Hence FH also is.

As we explained earlier, this proposition is analogous to [Ste2l, Lemma
4.4], which as we argued in Lemma 2.2.17 can be generalised equivariantly. We
shall reduce the proof of Proposition 2.2.19 to the latter.

A morphism (W,ly) out of an object (P,ip) of CQG’DH contains a small
cylinder [0,¢] x (P,1p), and if FH (W, Iy ) factors through (W, lw,, ), W also
contains a thickening NGSE(WH, lw,, ) for small enough e, by H-neatness. Hence
in some sense, (W, ly) factors through [0,¢] x (P,lp) U N5* (W, lw,, ) which
is a bordism with corners between (P,lp) and another manifold with corners
X. An adaptation of the smoothing procedure used in [Ste21] will modify this
bordism into an actual morphism in CQG Du , between (P,lp) and a smoothened
version of X, which will be shown to be F¥-cocartesian.
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o]

Vo Wi

Figure 2.1: The datum to be lifted.

Proof. We first study the case where : Gr(RxUg) — Gr(R xUg) is the trivial
structure. Note that the fixed point structure 8 is not the trivial one however.
Let (P,lp) be an object of C;;’DH, (Qu,lg,) be an object of ng‘fgn and let
(Wy,lw,,s) be a morphism in ng‘fgn between FH (P lp) and (Qmu,lg,, ), as
in figure 2.2.2.4. We shall construct an F¥-cocartesian lift of the morphism
([0,s] X (Qu,lgy)) o (W, lw, ), as in [Ste21], where we forget the length of the
bordisms in the notation. By local fibrancy of F# it will follow that (W, lyy,, )
itselfs admits a cocartesian lift.

Fix ¢ < s small enough so that P has e-neat H-fixed points, and the
morphism (Wg,lw,,,s) has e-collared incoming boundary. Define T, g to be
the subspace [0,e] x Ug U Rso x UH x DSG(Ug’J‘) of Ug, and S. g to be
the subspace [g, +00) x UH x (L{g’l - D<€(Z/{g’L)), which we identify with
[e, +00)? x Ug X S(Ug’J‘). Denote the intersection of T. i and S¢ g by Oe m,
so that Ryo X Ug = T, i Us, ;; Se,r. We define

W<, :=[0,¢] x PUNS (W, lwy,)
and the longer version
WL, = [0e] x PUNE((10,5] x (Qu,lqu)) o (Wi, lwy))

as well as their corner part W—. := W<, N 0- g, and WL, := W.L_N 0. n.
We now follow the construction of [Ste21, Lemma 4.4] applied to the manifold
with corners W_.. Namely, we use the bending homeomorphism B of op. cit.,
which we see as a map B: [¢,+00)? — [g,+00)?, with B(e,s) = (£,0) and
B(e,0) = (s,0). Applying this map on the first two factors and the identity
elsewhere gives an equivariant homeomorphism

B:S.u = Se.H

The space Y := B~}(W_,) is a smooth G-submanifold of {e} x [¢, +00) x UH x
S(L{g’l), and we define W. _ := B([e, s| xY) C [e, 2s] x [¢, +00) xUH xS(ug’l).
Finally we define W’ := WZ_UWZ _. Then, W’ is indeed a solution to the lifting
problem we started with, if we omit the tangential structures.
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Figure 2.2: The lift.

To define a #-structure lj;, on W’ which lifts the one on Wy and Qg and
coincides with the one prescribed on P, we start defining its restriction on
W.L.. On [0,e] x P C WL, we define it as [0,e] x P 25 P 2, B. On
Nc—fa(([O7 5] X (Qm,loy)) o (Wi, lwy)), we also define it as a projection followed
by

A ([0,s] %10, UL
(10,51 % Q1. lgu)) © (Wi, b, ) ———"—" B

The cylindricity hypotheses of the structures in play imply that these two maps
glue to form a map lyy,__: W._ — B. Because WZ_ — W is an acyclic G-
cofibration and 6 is a G-fibration, we can make an arbitrary (but unique up to
homotopy) choice of structure Iy on W by extending leQ. Defined as such,
(W, Iy, 2s) is an equivariant smooth bordism, such that F(W,ly ) = ([0, s] x
(Qe, 1oy ))o(Wa, lw,, ), between (P, (p) and another equivariant f-manifold that
we denote by (L = L(P,lp, Wu,lwy),l5), satisfying FH((L,11)) = (Qu,lgy)-
This construction is pictured in 2.2.2.4.

It now remains to show that (W', l};,) is FH-cocartesian. That is, given
(R, ZR) an object of CE’DH, we need to prove that the following square is homo-
topy cartesian

CGCJ,DH((LJAL% (RJAR)) oW’ COC:7DH((P’ iP), (R’ ZR))

o e

CWer (Qu,lqy), (RH, 1)) W20 elel (pH [H) (RH (),

0H sm 0H sm

Again, we first consider the case where @ is the trivial structure 6: Gr(RxUg) —
Gr(R x Ug). We still keep 6 in the notations however, because the fixed points
structures are not trivial structures.

We show it on vertical fibres: given (V,ly,t) € nglfgn((QH, loy), (REIHY)
we show that the induced map on homotopy fibres

oy, COPE L), (RR) €T (i), (R 1R))
(W'l ): Vi) — Vilv) o ((W’)H,l{,{w)

(2.3)
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is an equivalence.

Using Lemma 2.2.8, we can make V e-collared, and the same lemma reduces
the problem to showing that the map above is an equivalence on the category
Cym
points.

We now introduce corners in order to apply results of [Ste21]. Consider the
ambiant space U = UH x S(UL ). Note that any increasing sequence (V,)>0 of
subrepresentations of Ug with U,,>oV,, = Ug realises U as an increasing sequence
of G-submanifolds of Ug. There is a functor cut: Cg;lj% — Cg<2>(U) with the
following behaviour on morphisms (M, s) (there is no tangential structure to
consider): first intersect (M, s) with

where all bordism are e-collared and all manifolds have e-neat H-fixed

[e,5 — ] x UH x (Z/{g’L - D<5(L{g’L)) CRxUg

The result can be identified with a subspace of [g,+00)? x U and lastly apply
a translation by (—e, —¢) on the two first coordinates, which gives a bordism of
length s — 2. The functor is defined similarly on objects.

In the same way, we define a normal boundary functor 9, : Cgi,/fgn — C§(U)
which on morphisms takes a G-bordism with structure (Mg, Iy, , s) and outputs
the intersection of N5*(Mpy, I, ) C [0, +00) x {e} x U with [e,s—¢] x {e} x U,
composed with a translation of (—e,—¢) on the first two variables, with the
induced structure.

We can now relate our situation to that of Lemma 2.2.17 as the following

diagram commutes

G,0% u
CG,E H cut Cg<2>(U)
lFH lal
cper o c§ ()

By Lemma 2.2.17, 9; is a cocartesian fibration (note that we are using the ver-
sion of that lemma which we have already proven). Moreover, an inspection of
the proof of [Ste21, Lemma 4.4] shows that cut(W’) is d;-cocartesian. Consider
the induced square

6,05 > ; G Uy | ]
CG,E ((L7 lL)a (R7 lR)) —o(W’ L) CQ,E <(P’ lP)’ (R7 lR))
Vi) (V,lv) o (W)™ 1H,)
qut lcut
Cf o (UL I1), Wt(RolR)) oWty Chigay (ut(Plp), cut(R, In))
8, (V. ly) On((V,1v) o (W)™, 1IL))

where implicitely the upper line are morphisms over F¥ and the lower are
morphisms over J;. By design, the vertical maps are homeomorphisms. Because
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01 is a cocartesian fibration and cut(W’) is d;-cocartesian, the lower horizontal
map is an equivalence. Hence, the upper map is as well.

Lastly we show that the result still holds in the presence of #-structures. Note
that all the steps in the proof still work except the last one, namely we have
still not proven that 9; is cocartesian in the presence of tangential structures.

We now show that the map (2.3) is still an equivalence for general §. Com-
paring this map with the one without structure gives a commutative square

CoH (L,1L), (R, IR)) —o(W' L) Co T (P1p). (R.1R))
(V) (Vily) o (W) Ul,)
e (L, R) oW ¢S (p R)
UAGHS) (Vy (1) i) © (W) (U ) eri)

(2.4)
where for [p;: M — BH | (Ipf)4ri0 is the associated Gr(R x Ug)H -structure, and
where the vertial maps forget the tangential structures resp. take the associated
Gr(R x Ug)H-structure. Note that given (C,lc,s) an element of the bottom
left, the homotopy fibre of the left hand vertical map based at the latter is given
by the space of dotted lifts in the square

Cce ——— > B

cC— Gr(R x Ug)

where C<, is defined as [0,e] x P U (NGSE((ZV)MU)) Uls—¢,s] x Q. A similar
description holds for the homotopy fibre of the right hand map of (2.4) based
at (C,lc) o (W',1};,), where C<. is replaced by W’ Uy, C<.. Because W' is
topologically a cylinder between P and L, the map induced on homotopy fibres
is a weak equivalence. As — o (W’ [j;,) is surjective on path components, we
deduce that it is an equivalence. Hence the result follows. O

Remark 2.2.20. In the proof above we have first shown that F is a co-
cartesian fibration in the absence of tangential structures, and have then used
a homotopy-theoretic argument to conclude that it is still so in general. The
same argument can be used to prove that 0; is a cocartesian fibration for all
tangential structures, which proves Lemma 2.2.17 in full generality.

Proof. (of Theorem A) The functor F¥ is clearly continuous and weakly unital.
By Lemma 2.2.13, it is a local fibration, and so is also a level fibration. By
Lemma 2.2.19, it is a cocartesian fibration, and because the categories in play are
self-dual, it is in turn a cartesian fibration as well. We have gathered the required
hypotheses to apply [Ste21, Theorem 2.3] which concludes the proof. O
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Remark 2.2.21. Using Remark 2.1.17, a model independant consequence of
Theorem A can be stated. By Lemma 2.2.13, the square

G G
Cor—my —— Cor

L

0 WeH
* CGH Jfree

becomes homotopy cartesian after passing to marked Segal spaces. It turns
out that it is also homotopy cartesian after completion by the argument in
[CDH+23, Proof of Theorem 2.5.1], namely because F'¥! is an isofibration which
is implied by Lemma 2.2.19. Hence it induces a pullback of associated oo-

categories.

WeH
COH J[free

the inclusion of any object (Py,lp, ), by an adaptation of the proof of [GR14,
Proposition 2.16].

Moreover, it remains a pullback when the arrow * LN is replaced with

2.2.3 A new approach to the result of [GS21]

In this section we explain how Theorem A can give a new understanding of the
main theorem of [GS21]. We miss an argument to provide a new full proof of
the latter, but believe there is hope in this direction. We first prove a lemma
identifying cobordism categories of free manifolds with non-equivariant ones.

When W is a free G-manifold with f-structure, the quotient manifold W/G
ought to inherit some structure as well. We define below the homotopy orbit
structure 0 associated to 6.

The inclusion of fixed points R>® < Ug induces a map Gr(R x R*) —
Gr(R x Ug) which is a Borel G-equivalence. As a consequence, there is an
equivalence over BG

Gr(R x R®) x BG = (Gr(R x Ug))na (2.5)

In order to have a well-defined association 6 +— 6¢, and in turn a functor
Cgfree — Co, ,» we wish to define a map in the other direction of this equivalence.

Remark that a free G-manifold W C R x U is in particular embedded inside
R x EG(Ug), where EG(Ug) is the subspace of Ug consisting of those points
which have free isotropy. As the latter is an open subspace, it is clearly an
increasing union of G-submanifolds of U in the sense of Definition 2.1.14. Tt
turns out that EG(Ug) has the G-equivariant homotopy type of EG. Hence the
projection p: EG(Ug) — BG(Ug) := EG(Ug)/G is a model for the universal
principal G-bundle EG — BG. More generally, for F a family of subgroups of
@G, the following holds.



2.2 THEOREM A AND A COROLLARY 45

Lemma 2.2.22. Let EF(Ug) be the open subspace of Ug of those vectors
having isotropy contained in F. Then, EF(Ug) has the G-equivariant homotopy
type of EF.

Remark 2.2.23. As a consequence, #-manifolds M embedded inside R x Ug
which have isotropy contained in F canonically come with an explicit choice of
0 x EF-structure, given by the inclusion M — R x EF. This defines a functor
CQGJ — C§, ;= which is a section of the equivalence of Remark 2.1.27.

Proof. We show it when F = {x} i.e. for EG(Ug), the general statement
follows by induction. Clearly EG(Ug)" = 0 if H # *. Now let f: K —
EG(Ug) be amap from a compact space, then f lands in some finite dimensional
representation V' C Ug. Take x € EG(Ug)—V, and first deform f by f; = f+tx.
Then, contracting V to {0} gives a homotopy from f; to the constant map equal
to z. O

From now on, we will use the strict model for the Borel construction
Xpne of a topological space X with G-action Xpg := (X x R x EG(Ug))/G.
In particular, the projection p: EG — BG will now designate the smooth
principal G-bundle R x EG(Ug) — (R x EG(Ug))/G.

We now construct a map EG(Ug)/G — R*>°, which can be thought of as
a smooth embedding in some sense. Letting p be the regular representation of
G, there is an isomorphism of orthogonal G-representations Ug =2 colim,,>op®™.
By induction n > 0 and using the relative Whitney embedding theorem, we
define smooth embeddings EG(p®")/G < R¥" in such a way that the diagram

EG(p®")/G > Rb»

[ J

EG(p®"+1) /G —— Rbntr

where the map R*» — R*»+1 is the inclusion of the k,, first coordinates. These
maps assemble to a well defined map e: EG(Ug)/G — R*>. Define a G-map h
as

b { (Rx EGUg)) x Gr(R xUs) — (R x EG(Ug)) x Gr(R x R>®)
: (,V) = (x,Tp(eop)(V)
(2.6)
For n: W — R X Ug an embedding of a free G-manifold, the composition

ho(n,Tn): W — (R x EG(Ug)) x Gr(R x Ug)
induces after taking G-orbits a map

Wy L2 TE Ry BG(UG) /G)x Gr(RxR) LMD, Ry o) Gr(RxR)

(2.7)
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which has the property of being equal to the product of an embedding
ng: W/G — R x R* with its associated Gauss map 7,,: W/G — Gr(R x R™).
By Lemma 2.2.22; the map h induces on strict G-orbits a map

Gr(R x Ug)ne 2= Gr(R x R®) x BG
which goes in the reverse direction of 2.5 as wanted.

Definition 2.2.24. Let 6 : B — Gr(R x Ug) be an equivariant tangential
structure. The homotopy orbit structure assiciated to 6 is the following (non-
equivariant) tangential structure

Onc: Bre — (GI(R x Ug))he ~= Gr(R x R®) x BG 25 Gr(R x R*®)

When (W, ly) is a free G-submanifold of R xUg with #-structure, we identify
its quotient W/G with its image in R x R* through the embedding e, so that
W/G becomes a submanifold of R x R* equipped with a 0,g-structure which
we denote by (Iw)na-

Lemma 2.2.25. Taking G-orbits induces a functor

G (Hna
Ce,free E— CehG
which is a weak equivalence on objects and on morphisms.

Remark 2.2.26. In particular there is an equivalence BCQG>< BG = BCy, -
Because MT(0r¢) is equivalent to the homotopy orbits spectrum (MT0)¢,
this translates to what we believe to be a geometric intepretation of the Adams
isomorphism (MT0 ® EG, )¢ = (MTO)c after applying Q1.

Proof. Tt is clear that the constructions of 2.7 and in Definition 2.2.24 produces
a well-defined continuous functor as claimed. As usual we show that the induced
map of morphism spaces is a weak equivalence, as the proof for objects is similar.
We also first treat the case where 6 is the trivial structure, in which case 6;¢ is
the product structure Gr(R x R*®) x BG — Gr(R x R*) which we denote by
/BG.

A path component of the space mor(C%

free

) has the homotopy type of
Emb§ (W, [0,1] x EG(Uc))/Diff§ (W)

where W is a G-manifold with a given decomposition OW = oW Lo, W.
Taking strict G-orbits induces a map ¢

Emb§ (W, [0, 1]x EG(Ug)) /Diff§ (W) — Embg(W/G, [0,1]x EG(Ug)/G) /Diff 5 (W/G)

which we show is an equivalence. First note that it is a bijection, as more
generally free G-subspaces of R x U i.e. G-subspaces of EG = R x EG(Ug) are
in one-to-one correspondance with subspaces of BG = (R x EG(Ug))/G, with
inverse given by taking the pullback along the projection EG — BG.
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We claim that the map ¢, defined as ¢ before passing to orbits for diffeo-
morphism groups, is a Serre fibration. Indeed consider a diagram

{0} x [0,1]* —2— Emb§ (W, [0,1] x EGUg))

£ le

[0,1] x [0,1]* —= Emba(W/G,[0,1] x BEG(Uc)/G)

which we can rewrite as a diagram of G-maps

{0} x [0,1]* x W —2— [0,1] x EG(Ug)

l Jp’“ (2.8)

[0,1] x [0, 1]F x W/G —2 [0,1] x EG(Uc)/G
Note that the right vertical map is a covering map, so there exists a unique
solution @; to the lifting problem above, and it is equivariant by uniqueness.
It induces a map }: [0,1] x [0,1]* — Map§ (W/G,[0,1] x EG(Ug)/G) and we
wish to show that o} factors through the forgetful map

Emb§ (W/G,[0,1] x EG(Ug)/G) — Map§ (W/G,[0,1] x EG(Ug)/G)

The fact that o) lands in Emb§ (W/G,[0,1] x EG(Ug)/G) as a subset is due
to the fact that the lift of a topological embedding through a covering map is
still a topological embedding, moreover in our case the covering map is a local
diffeomorphism which implies that the lift of an immersion is an immersion.
The continuity of the induced map

a2 0,1] x [0,1]F — Emb§ (W/G, [0,1] x EG(U)/G)

can be seen using the characterisation of the weak Whitney topology in terms
of sections of jet spaces. Hence ¢ is a Serre fibration. Because the projections
from Emb§ (W, [0,1] x EG(Ug)) (resp. Emby(W/G,[0,1] x EG(Ug)/G)) onto
the orbits mod Diff§ (W) (resp. Diff5(W/G)) are fibre bundles hence Serre
fibrations, the map ¢ induced on orbits from ¢ also is. Because it is bijective,
it is a weak equivalence.

We now consider the Diff(W/G)-equivariant map of locally trivial
Diff(W/G)-spaces

Emby(W/G,[0,1] x EG(Uc)/G)
P J(eﬂbz)
Embs(W/G, [0,1] x R*®) x Map(W/G, BG)
where 15 is the forgetful map from embeddings to continuous maps, composed

with postcomposition by the inclusion [0, 1] x EG(Ug)/G C BG. The space
Emby(W/G, [0,1] x R*) is contractible, on the other hand the weak Whitney
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embedding theorem implies that the map Embs(W/G,[0,1] x EG(Ug)/G) —
Map,(W/G, [0,1]x EG(Ug)/G) is an equivalence. Therefore ¢ is an equivalence,
and so is the map induced on Diff (W/G)-orbits.

As a consequence, the map mor(C?ree) — mor(C/pg) is a weak equivalence
onto the path components that it hits. It is also surjective on m, by approximat-
ing the map W/G — BG to an embedding, and chosing a lift of the composition
W — W/G — BG along the smooth covering map EG — BG. Hence it is an
equivalence.

We now finish the proof by considering the case of general tangential struc-
tures. Let 6 be an equivariant tangential structure, we consider the commutative
diagram

mor(C§ee) % mor(Co, )

I I

mor(cjgree) e mor(C/BG>

where the vertical left map forgets the structure, and the right one composes
the 0 g-structures with the canonical map p: Bp,g — BG. We can check as
before that the upper horizontal map is surjective on 7. Now let (WW,s) be
element in mor(CfGTEG), the homotopy fibre of f based at that point is equivalent

to the (maybe empty space) Mapg/cr(quG>(W B). On the other hand, the
homotopy fibre of f based at (W, s) ne 1S equivalent to

hofib(Mapy /armxre=)(W/G, Bra)) = Maby jar@xre<)(W/G, BG))

which is a formula for the mapping space between W/G and By, in the category
of spaces over BG x Gr(R x R*) ~ Gr(R x Ug),,; with the appropriate bound-
ary condition. The result follows by a slight modification of the equivalence of
homotopy theories

TOpG,Borel/Gr(R X Z/[G) i TOP/GI'(R X Z/{G)hG

to take the boundary condition into account, because W is Borel G-cofibrant.
O

Note that we have proved Theorem A without any reference to [GS21]. We
can now give a new insight on the main theorem of [GS21]. Let MT6 be the
genuine Thom G-spectrum associated to 6. Recall that their main shows that
there is a weak equivalence

BC§ = Q°~Y(MTH)¢
We have seen that taking EF(Ug) as a model for EF, there is a natural

functor Cgcf F CGGX gy which is an equivalence on objects and morphism, hence
an equivalence on classifying spaces. Composing with the scanning maps, we
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get a commutative diagram

BCQC’:;_(H) —— Q®Y(MT(0 x E(F — (H))))“

S

BCS pr ————— Q"N (MT(0 x EF))®

| |

BCYeH 5 QY (MT (0" x EWgH))Wel

0H free

By Lemma 2.2.25, CeH free 1S €quivalent to CG,‘?W L on objects and morphisms.
G

There are isomorphisms in the homotopy category of spectra
(MT(0% x EWgH))WeH ~ (MT(0%) @ EWgH,)Ve¥

and
MT(einWGH) = MT(QH)hWGH

hence there is a square in the homotopy category

~

BCY/cH = BCpr

0H free hWg H

l l: (2.9)

QXY MTO") @ EWgH )Wl < Q¥ *MTO0")nwon

where « is defined so that it makes the diagram commute, inverting the top
horizontal equivalence and the right vertical map which is an equivalence by
[GMT-+09].

On the other hand, the Adams map is an isomorphism

MTO™)weor = (MT(07) @ EWgH, )Vel (2.10)

If if o is homotopic to the Adams map after applying loops, then it is possible
to derive a new proof of the result of [GS21] by induction on the family of
subgroups F. Hence we raise this as an open question.

Question 1. Is the map « homotopic the Adams isomorphism 2.10 after ap-
plying Q>°~1 ?

2.3 The homology of equivariant moduli spaces

2.3.1 Proof of Theorem B

In this section we give the proof of our main Theorem B. Let (W,ly) be an
equivariant compact f-manifold with boundary (P, lp), we wish to compute the
homology of the moduli space /\/lgﬂ(‘/V, lw).
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Let Fw be the family of subgroups of G consisting of those H such that
WH - (), and let H be maximal inside F. Note that Mge(W, lw) is a path

component of the bigger space of nullbordisms N5 (P, Ip) of (P,1p). Consider
the H-fixed points map

FHNGR(Plp) — Nyiel (PRI

0H free

The following lemma can be considered as an isotropy separation sequence for
nullbordism spaces.

Lemma 2.3.1. Let (C,lg): (P,ip) ~ (S,ls) be the FH-cocartesian lift of
(WH 1) starting at (P,lp) which we constructed in the proof of Lemma 2.2.19.
Then, there is a homotopy fibre sequence based at (W 1H)

(Gledom, NGL(P,Ip) £ NWeH (pH [t

0H free

NOC,:J-'f(H)(S? ZAS)

Proof. This is a direct consequence of the fact that (C, ZC) is FH_cocartesian,
proved in Lemma 2.2.19. O

Corollary 2.3.2. With the same notations, there is a commutative diagram of
homotopy fibre sequences based at (WH | IH,)

Ngr— i (S:ls) —— Qi) 0 BCG 7— )

l(alc)o— l(C,lc)'*
( lp) —— Q[(Pzp) 0] Bco F
J{FH lFH
W H WeH
QHGfree(P ) Q[(PH,[g) 0] BCOH free

Proof. By Theorem A and applying path spaces, the bottom row is a homotopy
fibre sequence based at (W, l{,{V) Both squares commute by definition. O

Proof of Theorem B. We prove the statement by induction on Fy. If Fyy =
{*}, then the action on W is free and the theorem follows from Lemma 2.2.25.
Assume that the theorem has been proven for all manifolds (W', [j;,) such that
Fwr < Fw.

Let H be maximal in Fy. Restricting the diagram given by Corollary 2.3.2
(and keeping the notations therein) to the path component Mge(i/V, lw) gives
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a new map of fibre sequences

G
E > Qs o), 0 BCo 7 ()

l(CJC)O— l(qlc)._

o o

Mg‘,jgf(wH’ lil/qv) ? Q[(PH,ZE),Q]BCXII/’C,;fIée

The fibre F is a union of path components of ./\/'QGF_(H)(AS’7 Is), hence a union

of moduli spaces Mgfa(Wi,li) for some G-manifolds with #-structure (W;,1;).
By construction, namely by the proof of Theorem 2.2.19, those manifolds are
all equivariantly isotopy-equivalent to W where an equivariant tubular neigh-
bourhood of WH has been removed. '. In particular, the collection of their
building blocks is a subcollection of that of W, hence they satisfy the hypothe-
ses of Theorem B with the same ranges as for W. As Fy, < Fw, the induction
hypothesis applies to them and we deduce that the top map in (2.11) is rg | -
acyclic, where rg, | is the minimum of rg [y over those K € Fw — (H) and
[V] € Repy /We K.

On the other hand, for all [V] € Repy/WgH such that Wiy )y # 0,
the manifold (W(g v),a, lgf’[v])) is 7(g,v)-stable w.r.t. the tangential structure
92]5‘,;/%1 for some r(g,v) € Z>0, by the hypotheses of the theorem and the base
case of the inducion. Hence their union (Wg) nwem, (ZW)II;I/GH) is 7(r)-stable
where 7y is defined as the minimum of r(g vy over the V' € Repy /WeH for
which WWHIVD £ (. As H is maximal in Fyy, Wm),s is actually equal to wH,
and we deduce that the bottom map in (2.11)

M W) = Qpu iy g1 BCyrie

01,0 0H free

is r()-acyclic. The proof follows by the following spectral sequence argument.
O

Lemma 2.3.3. Consider a commutative diagram of spaces

A—— B ——(C

A

X —Y —7

such that the two rows are homotopy fibre sequences based at all possible points.
If f is r-acyclic and h is r’-acyclic, then h is min(r, r’)-acyclic.

INote that moreover, the number of path components is given by the size of
coim 7o (Diff§ (W, lw) — Diff & (WH, 1))
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Proof. The map of fibre sequences induces a map between associated Serre spec-
tral sequences with local coeffients. On the E2-pages, this map is an isomorhism
in degrees 0 < p,¢ < min(r,7’) hence it remains an isomorphism on the E°°-
pages in the same degrees. The proof follows. O

Remark 2.3.4. Note that in the proof of Theorem B, acyclicity of the scanning
maps is needed at each step of the induction so that the spectral sequence
argument can be carried out. If one wishes to simply show that the equivariant
scanning map for ./\/lgg(l/V, lw) is an integral homology isomorphism in a range
of degrees, there is a priori no simplification of our strategy. If G = C), though,
something more can be said.

If in the situation Lemma 2.3.3, if the map h is r’-acyclic but f induces
an r-connected map after applying integral chains only, then the same is true
for g with range min(r,r’) by the same spectral sequence argument. Hence, to
compute the homology of Mgp (W, lw ) with integral coefficients in a range of de-
grees, it is enough to show r-stability for the fixed points (W, l%’) and to show
a range of stability with respect to integral coefficients for (W, nc,, (Iw) hcp)'
We will use this remark for the first example of computation in section 2.4.

2.3.2 Applying Theorem B in practice

As pointed out in section 2.1.4, there are several conditions under which an
ordinary manifold with structure (M,l5;) can be shown to be r-stable. The
case of dimension 0 i.e. of a finite set X is well known, c.f. [Kral9]. The case of
an even dimension d = 2k > 2 is usually studied in two complementary ways,
first by showing that the scanning map becomes an equivalence onto the path
component that it hits after stabilizing the moduli space ([GR17b, Theorem
1.5]), and then by using a homological stability input. The first step is covered
in great generality by op. cit., and can be carried out under the condition that
the tangential structure lj;: M — B is k-connected. On the other hand, the
precise range given by the homological stability input depends on the dimension
(2 or d > 6) and on the fundamental group ([Ranl6], [GR17a], [Fril7]), and no
case of stability is known in dimension 4. The case of dimension 2 is treated
in a way which is somehow less uniform that the others, hence we state the
following corollary of Theorem B in a way which avoids complications in that
dimension.

In practice, we apply Theorem B under a slightly more explicit form. Recall
that for H < G there is an equivalence

BgO(e)" ~ | | BAut(V)
VERepy

Definition 2.3.5. Let f be a map between two G-spaces over BgO(e), we
define fU1V) as the pullback of f# along the inclusion BAut(V) < BgO(e)™.
Say that f is %—connected if for all H < G, fHV) s %dim VH _connected.
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Definition 2.3.6. Let M be a G-manifold. Say that M satisfies the gap hy-
pothesis if for all (H,V), H < G,V € Repy, the inclusion of (non-equivariant)
submanifolds MV — MH.V) is of codimension at least %dim VH 41 when-
ever (H',V') > (H,V), i.e. whenever there exists a proper (not surjective)
embedding of G-representations G Xy V < G xg/ V.

Remark 2.3.7. As in applications we always require that fixed points are even-
dimensional, the way we state the gap hypothesis is equivalent to that in [Sch06]
referred there as the standard gap hypothesis.

Let (M,lyr) be a d-dimensional compact G-manifold with #-structure. Let
gi = g% (M;,ly,) for i € I, where (M, s, )ier is the collection of building
blocks associated to (M, lar).

Corollary 2.3.8 (of Theorem B). Let d =2k > 0 and §: B — BgO(d) be an
equivariant tangential structure such that

(i) BHV) /WqH is connected if dim VH = 0,
(i) 0U1V)) satisfies the hypotheses of [Ranl6, Theorem 7.1] and MT(6H:V)
is simply-connected if diim V7 = 2
(iii) BHY) =@ if dim V¥ is odd or equal to 4,
(iv) w1 (BUY)Y is virtually polycyclic for all basepoints if dim VH > 6

There exists a function rg: ZIZO — Z>o depending only on 6 such that
ro(x) ——— o0 and the scanning map

|z| =00
MG o (M, 1) = QF° (MT6)

is 79((9s);)-acyclic under the assumption that Iy is 3-connected and M sat-
isfies the gap hypothesis.

Remark 2.3.9. The genus of a 2k-manifold M is defined as largest g such that
it admits an embedding of Wy 1 = (S* x S$¥)#9\ D?*. In dimension 0, Wy ; is a
set of size 2g + 1, hence g(M) = §(#M — 1). Also note that in that dimension,
in the presence of a path-connected tangential structure, the #-genus is remains
the same.

Remark 2.3.10. The function ry can be explicitly described in practice.
Namely we can take rg((g;)ics) = min;ere,(g;), where ry, is one of the fol-
lowing functions, according to what (H,V')-building block (W;,!;) corresponds
to.

e if dim V# =0, we can take rg;(g) = 3(29 + 1) by [Kral9],

o if dim VH = 2, there is no systematic answer in the literature so r9,; has
to be worked out case by case according to 6,

e if dim V¥ > 6 then we can take rg ;(g) = 1(g — h(m (BH:V))) — 3) where
the middle term is the Hirsch length of 71 (B®:Y)) (or the minimum of
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those along the path components of BULY) if it is not connected), by
[Fril7]. Note that in the last case, in practice one would have to consider
the Hirsch length of the fundamental group of B}(LI;VZ}{, but these happen

to coincide because G is finite.

Proof. By the gap hypothesis, for all (H,V) the inclusion Mg ) < MUEHYV)
is %dim VH_connected, hence the hypotheses ensures that all building blocks
(M;,1;) fall under the range of application of one of the papers cited above.
More precisely, for M; of dimension 0, condition (1) implies that (M;,{;) is r-
stable with range r = n/3 where n is the cardinality of M;. In the case when
M; is 2-dimensional, the ad hoc condition (2) gives the existence of a certain
range of stability only for integral coefficients by [Ranl6, Theorem 7.1], on the
other hand the simple connectedness of MT#@ implies that there are no more
general coefficients possible. Condition (3) together with the %—connectedness
of Ip; implies that M has no fixed points of dimension 4 or odd. Lastly, if
71 (BHY)) is virtually polycyclic then so is 7 (B;LI‘L,IVZI)J), so that building blocks
M; of dimension 2k > 6 can be handled by [Fril7, Theorem 4.12]. Hence the
conclusion follows from Theorem B. O

2.3.3 Rational coefficients

The cohomology of the spectrum (MT6)% can be described in a convenient
way over Q. In general, given X a genuine G-spectrum, there is a rational
equivalence
~,Q
X == @ ((I)HX)hWGH
(H)<G

where (H) ranges over the conjugacy classes of subgroups of G, and ® denotes
geometric H-fixed points, for example by [Wim19, Theorem 3.1]. There is
an equivalence ®7(MT0) ~ MT(6") which follows from the fact that &
commutes with X5 and with colimits. Hence using the notations we introduced
in section 2.1.2, this implies

Lemma 2.3.11. Given 0 an equivariant tangential structure, there is a rational

equivalence

~,Q H,[V
MTo)¢ =% B M6 )

(H,[V])

where (H, [V]) ranges over conjugacy classes of subgroups H < G and isomor-
phism classes of finite dimensional H-representations up to WgH-conjugacy
[V] € Repy /W H. O

This lemma is essentially a reformulation of Lemma 7.5 in [GS21]. With our
notations, Corollary 7.6 of op. cit. can be stated as follows

Corollary 2.3.12 (see [GS21, Corollary 7.6]). Let (H) be a conjugacy class of

subgroups of G and let [V] € Repy/WaH. The tangential structure 9;151,2/1]{) is
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a map
gL VD . IV s BO(dim V)
Let w(H VD be the orientation character of 9,(LW[VI]{) and QULIVD be the associ-
ated local system on B,(IV[}[GVI]{).
For all n > dimVH and c € H ”(B,(II;VGVIP,@ VD), there is an associated

MMM class kg v].. € H*=9™ V" (Qee(MT6)%; Q).
If BH is of finite type for all H, the induced map

Qlrm vyl = H*(Q5°(MT6)%; Q)

is an isomorphism, where on the left is the polynomial algebra gen-

erated by the MMM classes assciated to each element of a basis of
im VH H,[V]).,

@(H,[V])H>d % (B}(LWE;P]I)’Q(H’[V]))'

Remark 2.3.13. As G is finite, the natural map BHIVD — B}(L};II}[GV}]I) exhibits

H, (B}(LIJV([;VIP, ) as the quotient H,(BYVD:Q)/WeH.
Hence in the case of the structure oy given by BSO(2) — BO(2), Lemma
2.3.11 gives a rational equivalence of spectra

(MTo)¢ =% @ [ MTSO@2) @ D S BSO(2)
(H)<G [H—SO(2)] mod Wg H

which is a correction to the formula given in [GS21, end of section 7).

Note that as in the non-equivariant setting, the class rp ). has a geo-
metric interpretation. We saw in Lemma 2.2.8 that the inclusion of categories

CG D — C was an equivalence on objects and morphisms given any ¢ > 0,

more generally we can see by induction that the inclusion of ﬂ( <G CG Dl is

an equivalence, defined as the intersection on objects and on morphlsms An
object resp. a morphism in this category is in particular a G-manifold embedded
in Ug resp. R X Ug in a straight way, in the sense of [Was69, page 143]. Such
a manifold W can be cut into pieces that are equivariantly isotopy-equivalent
to Wi, vy),0 for varying (H,[V]). This yields in particular a well-defined map
between moduli spaces

MG (W) < ) B (W, 1) —>HM9 (Wi, 1;)
(H)<G

where (Wi, 1;) = (Wim, v anwe s> (Z%I’[V]))hWGH) for varying (H, [V]). Hence, a

G-manifold bundle (with tangential structure) with fibre (W, ly) gives rise to a

collection of non-equivariant manifold bundles with fibres given by the building

blocks of (W, Iy ). The classical non-equivariant MMM classes of these manifold

bundles correspond to the ones in Corollary 2.3.12.
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2.3.4 Replacements of structures

In many cases, the manifold (W, ly,) does not verify the conditions of Corollary
2.3.8. However, in some situations, there exists another tangential structure
0": B’ — Gr(Ug) mapping to 6 via a map u, and a factorisation

u

hw: W 2 B % B

such that the #’-manifold (W, 1j;,) satisfies the conditions of Theorem B. We will
see that under some condition on the factorisation, it can be possible to recover
information about M§ (W, ly) from the calculation of M§ , (W, ;). This is
an adaptation of the nén—equivariant situation, dealt in [GRi?a, Theorem 9.4].
In this section we will work in the framework of co-categories to avoid techni-
calities of model structures. In particular all mapping spaces in this section are
derived. Let S be (oo-)category of spaces, and S¢ := Fun(OZ,S) be that of
(G-spaces.

Given AL X v € A/Sq/Y, we write Aut®(u, 1) for the subspace of its
endomorphisms spanned by equivalences. For | = lf,;,: OW — B’ and u: B’ —
B, Aut®(u,lyy,) acts on Mang/SG/BGO(,)(VV, B') by postcomposition, and
composition with u refines to an Aut®(u, Iy, )-invariant map

Map§yy /s, Beo(e)(Ws B') — Map§y s, o) (W B)

Furthermore, this map also refines to a Diffg(W)—equivariant map so that there
is an induced map of moduli spaces

MG o/ (W, 1) == MG o(W, lw)

In the non-equivariant setting, [GR17a, Theorem 9.4] shows that there is a
fibre sequence involving Mgy ¢/ (W, 1y;,) and Mg ¢(W, ly) which allows to trans-
late computations for one of the two moduli spaces to computations for the
other. This requires I{;, to be n-connected and u to be n-truncated, where W is
of dimension 2n. A factorisation lyy = woly : W — B as such is given by the
n-th stage of the Moore Postnikov tower of Iy and is unique up to homotopy.
It can be functorial in the arrow W — B, and we denote by 7, the induced
functor

7,,: Fun(A,S) — Fun(A',S) xs Fun(Al,S)

The equivariant setting is similar, and a natural idea is to apply Moore Post-
nikov decomposition levelwise on the map ly: W — B of functors OF — S
with stages depending on the dimension of each fixed point stratum, using the
functoriality of 7,,. Unfortunately, such a factorisation may not always exist, as
the functors 7,, do not come with a given natural transformation 7, — 7,
when m > n. We introduce the following definition to take this remark into
account.
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Definition 2.3.14. An orthogonal partial factorisation system on an oo-
category C is the datum of two classes of maps L, R of C stable under com-

position and retract, such that for any arrows X Ly % 7 with f €L and
g € R, f is left orthogonal to g in the sense of factorisation systems.

Let (L, R) be an orthogonal partial factorisation system on S and suppose
that u € R. Let Mang/SG/BGO(.)(VV, B’)1, be the subspace of those maps

belonging to L, and let M§ , (W, ly,) 1, denote its homotopy Diff(W)-orbits.

Proposition 2.3.15. With the notations above, there is a Diff (W)-equivariant
equivalence

Mang/Sc/Gr(uc) (W, B/)L//AUtG(U» low) — Mang/SG/Gr(ZAG) (W, B)

onto the path component that it hits. Hence, so is the map induced homotopy
orbits
Mg;,e/(W, léW)L//AUtG(U» léw) = Mg,e(VVv low)

Proof. This proposition is analogous to [GR17a, Lemma 9.2], and so is its proof.
The homotopy fibre over Iy of the map

Mapgvv/sc/c;r(ug) (W,B")p — Mang/Sc/Gr(uc)(VVv B) (2.12)

is identified with the (derived) space of equivariant fillings

ow v, pr
W " B

belonging to L, i.e. the mapping space MapaGW/SG/B(I/V, B')r. We show that

this space is either empty or an AutG(u,lgW)—torsor. If it is not empty, let
lw: W — B’ be an element of it, and consider the map

ol
Map§iy /s, 5(B', B') L= Map§y /s, 5(W, B')

We claim that it is an equivalence. Indeed, the homotopy fibre of this map
taken at [ is given by Map%/SG/B(B’, B’), the space fillings of the diagram

w —s B

llw’_," ’ Ju (2'13)

B —“, B
The latter is contractible because [j;, and w are orthogonal. Moreover, the map
composing with Iy send the subspace Aut®(u,lyy,) C Mang/SG/B(B’,B’)
onto Mang/SG/B(VV, B’), indeed L is stable under composition and contains
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equivalences, and if [: W — B’ is in Mapgw/SG/B(VV, B')p, then the diagram
(2.13) admits a lift f and the uniqueness of lifts up to contractible choice shows
that it is an equivalence.

So, the fibres of (2.12) are either empty, or an AutG(u, Uy )-torsor, hence the
result follows. Note that all maps are also Diff 5(W)-equivariant, and that the
actions of Diffa(W) and Aut®(u, ly;;,) commute, so that we also get Diff5(1W)-
equivariance after taking homotopy orbits for the other action. O

Applying the orbit-stabiliser theorem, we get

Corollary 2.3.16. Let T' < Aut®(u, Iy ) be the the submonoid on those maps
f: B" — B’ which preserve the ¢'-structure lj;, of W up to an equivariant
0-diffeomorphism of (W,ly ). Then there is an equivalence

MG g0 (W, L) /T == MG o (W, L)
and in particular, a fibre sequence
MS o (W, 1) = MG 4(W,lw) — BT

Remark 2.3.17. The fibre sequence of moduli space above also has an analog
at the level of infinite loop spaces: there is also an action of Aut®(u, 5y ) on
MTO" compatible with the scanning map, and if AutG(u,l’aw)[W,l@V ] denotes
the union of path components that preserve [W,[j;,] € mo(MT6"), there is an
associated fibre sequence

Q°MTO" — Q°MT6 — BAut® (u, Ly )jwiy, )
receieving a map from the first one.

Note that in the above proposition, all the spaces are spaces over BzO(e),
and the statement remains true if the orthogonal partial factorisation system
is taken in the over-category Sg/BgO(e). There is a natural choice of such a
system, which allows us to mimic [GR17a, Theorem 9.4] levelwise. Recall that
for H < (G there is an equivalence

BgO(e)(G/H) ~ |_| BAut(V)

VERepy

Define a map %: B;O(e) — Z where Z is the constant presheaf equal to
Z, by %G/H(V) = 1dim(V#) if dim(VH) is even, and an arbitrary choice
otherwise. Say that a map f of G-spaces over BgO(e) is %—connected if for
all H < G, fg/m is % ) ;1 (V)-connected after pulling back along the inclusion

BAut(V) = BgO(e)(G/H), for all V € Repy;. We define -truncatedness in a
similar way. Then, the classes of %—connected and %—truncated maps form an
orthogonal partial factorisation system in Sg/BgO(e).
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Proposition 2.3.18. Let d = 2k > 0 and 0: B — B;O(d) be an equivariant
tangential structure. Let (M,lp) be a compact G-manifold with 6-structure
and suppose that there exists a factorisation

y: M 25 B % B

such that l); is a 3-connected cofibration and u is a 3-truncated fibration (for the
genuine model structure). Suppose furthermore that the equivariant tangential
structure u o 6 satisfies the conditions of Corollary 2.3.8 and that M satisfies
the gap hypothesis. Then, there exists a map
G e’} NG !

Mg (M) — Q57 (MTO) [/ Aut(u, Uy ) aris,)
which is 74/ ((g);c)-acyclic, where g; denotes the 0'-genus of the i-th building
block of (M,1},) and re/ is the output of Corollary 2.3.8 applied to (M, 1},).

Proof. The (co)fibrancy conditions ensure that the the topological monoid
Aut(u,l},,) has the correct homotopy type. Hence this is a direct consequence
of the discussion above and the proof of the non-equivariant version of this
statement in [GR19, Corollary 4.6]. O

2.3.5 A note on Bredon homology

Our Theorem B concerns the space Mg’:a(VV, lw) associated to (W, lw ), which
can be seen as the G-fixed points of a G-space My 5(W, Iy ). The latter is a path
component of the morphism G-space of the cobordism G-category Cy,, defined
by Galatius-Sziics in [GS21]. What they show is an equivalence of genuine
G-spaces BCy, — QUe—1AIT6,;. A natural question is the behaviour of the
equivariant scanning map

Moo(W,lw) — Q[(PJP)’@]Q“G”MTQ

on homology with coeflients in a Mackey functor. Bredon homology of equiv-
ariant moduli spaces has already been considered in the literature, recently in
[BQV23] for intance where the authors show a version of homological stability
for equivariant configuration spaces.

It turns out that Corollary 2.3.8 can be adapted to take Mackey functor
coefficients into account.

Corollary 2.3.19. Suppose that 6 is an equivariant tangential structure sat-
isfying the hypotheses of Corollary 2.3.8, that ly is %—connected and that W
satisfies the gap hypothesis. Then, the scanning map

U —
./\/le’a(VV7 lw) — Q[(P,fp),(D]Q ¢ 1MT9

induces an isomorphism in RO(G)-graded homology with coefficients in all
Mackey functors as long as the index (H, V') is such that dim V' is in the same
range as that given by Remark 2.3.10.
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Proof. One shows by induction on the size of the family F that the map

G
(BT (Mo o(W,lw)) @ A& EF) = (D59 pj, % MTO @ A EF,)
(2.14)
is r-connected where A is a Mackey functor, identified with its associated
Eilenberg-MacLane spectrum, and r is the range given by Corollary 2.3.8 ap-
plied to (W, ly ). The base case corresponds, under the Adams isomorphism, to
the map of spectra

BF (Moo(W.lw)ne) ® Ang = SF(Qpin) g2 MT)he © An

The functor D>((Z) — Sp preserves colimits (where on the right is the category
of spectra) so that A, can be computed in Ds¢(Z)-valued Mackey functors.
Hence A is a sum of (positive) suspensions of Eilenberg-MacLane spectra.
Hence the map above is indeed ryy,,, )-connected by Corollary 2.3.8.

If the statement is true for a family F then given any H ¢ F we consider the
map induced between the two (F + (H), H)-isotropy separation sequences, as
described in section 2.2.1. The map induced on fibres is (., )-connected by
the induction step, and on the base is given by the Wz H-orbits of the geometric
H-fixed points. Before passing to Wg H-orbits, the latter is equivalent to the
map

2% BDiffy (W, lw) @ 1 (A) — 70 QY M1 @ o (A)

(P.ip),0]
where we see (W,ly) as an H-manifold by restricting the action of G. As
& preserves colimits, the remark above about (=)na also applies for it, hence
®H(A) is a sum of (positive) suspensions of Eilenberg-MacLane spectra. We
now wish to apply Corollary 2.3.8 to the H-manifold (W, ), in a way that the
range of stability is at least as good as that for (W, ly ) seen as a G-manifold.
We denote this H-manifold with structure by (gW,l,w). The fact that the
G-manifold W verifies the gap hypothesis implies that W does as well, hence
Corollary 2.3.8 applies to (gW,l,w). As for the range of stability, it can be
verified that those for the building blocks of (W, 1, w) are greater or equal than
those for the corresponding building blocks for (W, ly): this follows from a case
by case analysis using the explicit description or the range in Remark 2.3.10,
and the fact that the 6-genus decreases along submanifold inclusions. Hence
the map (2.14) is r-connected. If instead of taking genuine G-fixed points we
take H-fixed points, it remains r-connected by the same argument. Hence, it is
V-connected for dimV < r. O

2.4 Examples of computation

In order to describe examples of computations, it will be convenient to use
Fun(Og, Top) as model for G-spaces by the Elmendorf theorem. As noted in
Remark 2.2.22; our definitions and results also hold for that choice of model.
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Figure 2.3: The Cs-surface Y}, with fixed points marked in red.

2.4.1 An ad hoc example

We first show how to apply our main result in a sort of canonical example, tay-
lored to satisfy all its hypotheses. Consider the Cs-surface Y}, defined as follows:
first start with W}, the genus k surface endowed with the hyperelliptic involution.
Then Wy = Wit c,/c,Wi#co e, - #¢a/c, W1, where the subscript means that
the connected sum is done along a disc which is an equivariant tubular neigbor-
hood of a fixed point. We now replace Wi by Y7 := Wl#CQ/e{SI x St x Co},
i.e. the connect sum of W; with two copies of the torus, glued at a point of free
orbit, where the induced action swaps the two tori. We then define Yy to be
equal to Y1# ¢, 0, Yi#c, 0, #Coyco Y1, see Figure 2.4.1.

The cardinality of the fixed points ch2 is equal to 2k +2 (note that it is a 0-
dimensional manifold of genus k), and the genus of (Yy), 5/C2 ~ (Y}, —Yk02) /C2
is equal to k.

We shall compute the rational cohomology of BDifoC2 (Y, ly,) in the stable
range, where o denotes the equivariant tangential structure hit by Y inside
B¢, SO(2). The map ly, is the following morphism in Fun(Og , Top)

Co C>

Q) o

Yk L BC2SO(2)(CQ, *)

[ e

v, — ", BAutt (p)

where p is the tangential representation of the fixed points, namely the unique
irreducible 2-dimensional representation of Cy. Note that Aut™(p) ~ SO(2).
Because BSO(2) is simply connected, we have that

o the Cy-manifold (V,72,1{?) is r-stable for r = #V,72/3 = 1(2k +2), by
[Kral9],
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!

e the map (Yi),, — Vi ey B, 50(2)(Cy/*) is 1-connected, and
as a consequence its Cy-homotopy orbits i.e. (lv,)nc,: (Yi), o/Co —
Bc,SO(2)ne, ~ BSO(2) x BC; are as well.

The 2-dimensional tangential structure f: BSO(2) x BCy; — BO(2) is not
one of those studied in [Ranl6], so we still have to argue about homological
stability for this structure. Although 7 (MTSO(2) ® (BCy),) # *, so that
local systems of coefficients might appear, it is enough by Remark 2.3.4 to
study homological stability for integral coefficients in this case. The later turns
out to be satisfied, and is a consequence of [Put23, Theorem A].

Proposition 2.4.1. Let (S,lg) be a oriented surface of genus g with at least
one boundary component, where lg is a 03-structure on S. Picking a path
component of S defines a stabilisation map

n: BDiﬁ‘a)ez (S, ls) — BDiﬁ‘a)ez (ShWLl, lfg)

where the map l'y: S§Wi 1 — BC5 is an extension of lg which is nulhomotopic
on Wl,l'

Then, n,: H.(BDiffy,(S,1s); Z) — H.(BDiffy g,(StW1 1,1%5); Z) is an iso-
morphism for x < %, and is surjective for x = [ 43=].

Proof. By a theorem of Earle-Eells ([EEGY]), for S’ € {S, S§W1 1}, Diff5(5’) is
discrete. Moreover, Mapy(S’, BCs) is also discrete because 95" # (§, hence so is
Diff ¢,(5",ls/). The map 7, can then be seen as a stabilisation map between
mapping class groups with homology markings in the sense of [Put23].

Theorem A in op. cit. is a stability theorem for surfaces with only one boundary
component. Although S can have several boundary components, the stabilisa-
tion map only uses one, and in that case the proof of [Put23, Theorem A]
can be reproduced verbatim, ignoring the remaining components. Hence the
proposition follows. O

Thus the hypotheses of Theorem B are satisfied modulo Remark 2.3.4, and
we can deduce the following calculation.

Corollary 2.4.2. The natural map MS$?(Yy,ly,) — Q5 (MT0%?) inducing a
homology isomorphism for all constant coefficients, in degrees * < %.
In particular with rational coefficients, this homology coincides with the graded

algebra Q[r;, Ky |4, j > 0] in these degrees, where

e x; is of degree 2i and is the MMM class associated to the class c¢;+1 in
H?*2(Q°MTSO(2); Q) coming from an associated surface bundle,

° /@3 is of degree 2j and is the MMM class associated to the class c; in
H%(Q5°Y°BSO(2); Q) coming from the associated bundle of configura-

tions labelled in BSO(2)

by Corollary 2.3.12.
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2.4.2 Hypersurfaces in CP*

In [GR19], the authors consider a complex manifold V;;, and compute the ra-
tional homology of its moduli space in a range. In this section, we show that
V4 admits an action of the group C3, and we apply Theorem B to compute the
rational homology of its oriented equivariant moduli space in a range. We shall
often refer to [GR19] in this section, as our argument is simply an extension of
the latter.

The complex manifold V; C CP* is defined as the zero locus of a non de-
generate polynomial of degree d on CP*. Its diffeomorphism type does not
depend on the chosen polynomial, hence we can make the arbitrary choice of
Pi=X¢+ X{+-- + X{.

With this choice of P, the zero locus Vy clearly inherits an action of the
symmetric group ¥, induced from the global action of X5 on CP* that permutes
the coordinates.

The Y5-manifold V; does not verify the assumptions of B, therefore we will
consider a simpler subaction. Namely, let C3 — 35 be the inclusion of a 3-
cycle in ¥5, and consider V; as a Cs-manifold by restriction the action. We
are interested in its equivariantly oriented moduli space, which is the classifying
space for the topological group of those equivariant diffeomorphisms of V; which
preserving the orientation of V; as well as that of its Cs3-fixed points. This
condition corresponds to a certain Cs-equivariant tangential structure.

For convenience, in this section we replace the orthogonal group O(6) by its
linear analog GL(6). Note that the inclusion O(6) — GL(6) induces a weak
equivalence BO(6) ~ BGL(6). As Vy is a complex Cs-manifold of complex di-

mension 3, we make can make a choice of a Cs-map ng: Va = B, GL(3,C)

in Fun(O¢¥, Top) such that 77 composed with the map Be,GL(3,C) RN

Be,GL(6) classifies its equivariant tangent bundle, where ¢: GL(3,C) — GL(6)
is the standard inclusion.

The map B, GL~o(6) — B, GL(6) defines an equivariant tangential struc-
ture which we denote by o where the subscript > 0 denotes positive determinant
matrices; l% induces a canonical choice of an o-structure l‘td on V;. We wish to

compute the cohomology of M&3(V,, l;i).
Following [GR19] and the hypotheses of B, we shall proceed as follows.

(i) Identify the diffeomorphism type of the fixed points VdC3

!
(i) Find an equivariant factorisation of I, : Vi —% By % Be,GLxo(6) by
an %—connected map followed by an %—truncated map, such that (Vg,ly,)
satisfies the hypotheses of Theorem B.

(iii) Compute the 953—genus of VdC?’7 and the 0c,-genus of (Vy).,0/C? ~ (Va—
Vdc3) /C? and deduce a lower bound for the stable range in Theorem B,
(iv) Compute H* (M%’(Vd, ly,); Q) in the stable range,

(v) Deduce a computation of H*(M$3(Vy,1y,); Q) in some range using Corol-
lary 2.3.16.
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We will first have to restrict to those d which are multiples of 3, and we
eventually focus on those that are divisible by 6.

2.4.2.1 Preliminaries

From [GR19] we know that the 6-dimensional manifold V; has genus equal
to d* — 5d® + 10d® — 10d + 4, which is proved by first computing its Euler
characteristic, equal to d(10 — 10d + 5d? — d?).

We reproduce the same argument to derive the genus of Vdc37 and then that
of (Vd)*,(’)'

We make the explicit choice of 3-cycle (2,3,4) in S5 = Aut{0,1,2,3,4}.

Then,
VGZC3 =Van{[wo: a1 :20:23:34) = [20: 21 : T3 : T4 : 2]} CCP?
where the right-end term can be rewritten as the union
{[wo w1 w2 U{[0:0: g2 jwg : 2a0]} U{[0:0: 2o 1 22y ¢ jao]}

which we denote by CP?" U CP°, UCPY].

e V;NCP? can be seen as a the zero locus of the non-degenerate polynomial

P = X{ + X{ +3X¢

in CP2, so it has real dimension 2, and has the diffeomorphism type of
the complex dimension 1 analogue of Vj.

e The two other spaces of the form V; N CP(); are either empty or a point,
according to if the equation

14+wl+w?@=0
is satisfied or not, where w = /—1. Thus, they are empty when 3|d, and
are not otherwise.

It follows that if d is not a multiple of 3, Vdc3 has components of dimension 0
with constant genus. Hence the conclusion of Theorem B is of little interest in
this case. Therefore we shall from now on assume that d is divisible by 3.

Writing Hz(VdC3; Z) = Z{u), then i*z = du for x a generator of H?(CP?%;Z),
because P has degree d. Also, Vdc3 is a transverse pullback of the 0-section
CP? — O(d), thus has normal bundle i*O(d). Therefore there is an isomor-
phism of complex vector bundles

TV @i O(d) & C = i*(TCP?) @ C = i*(0(1)®?)

We deduce the following formula for the total Chern class

vy =i (128
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so that ¢, (V") = (3 — d)i*z = (3d — d®)u.
Computing the Euler characteristic as ([Vdcd}, cl(VdCd)) gives

(V) = 3d — &’
Therefore, the real surface Vd03 has genus

9(Vig ) =2=x(Vi") = d* = 3d +2

2.4.2.2 Factoring l‘z

Letting [V'] be the isomorphism class of the C3-representation on the fixed points
of Vy, the o-structure of V; amounts to a diagram

Vi —L s Bo,GLoo(6)(Cs /%)

T T

v 2 BSAut(V)

where the top map is Cz-equivariant.
Recall the following result from [GR19].

Theorem A ([GR19, section 12.5.3.3]). Consider V; as an non-equivariant
manifold, together with its canonical orientation 7: Vy; — BGLsq(6). Then,
the 3-stage of the Moore—Postnikov decomposition of T is given by

l
Vi -4 By % BGL.o(6)

where
o BSpin©(6) — BGL+((6) if d is even
=\ BSpin(6) x K(Z,2) — BGLxo(6) ifd is odd

We will focus on the case when d is even for simplicity. That is, we will from
now consider degrees which are divisible by 6. In order to make Theorem A
equivariant for the action of C3, we give a geometric description of the map ly;,.

—_~—

In order to avoid dealing with hermitian metrics, we define II(n) := (GLx(n) x
C*)/C5 which is a non orthogonal analog of Spin°(n). By definition there is
an inclusion of a compact subgroup Spin®(n) < II(n) which is a homotopy
equivalence.

There is a fibre sequence of Lie groups

C* —» II(n) — GLsg(n)

and a 2-sheeted covering map p: II(n) — GLso(n) x C*.

Let ¢: GL(k,C) — GLx(2k) be the standard embedding, then the map
¢ x det: GL(k,C) — GL<o(2k) x C* induces on 7; the map Z — Z/2 @ Z which
coincides with 1 (p), so there exists a lift

v x det: GL(E,C) & T1(2k) & GLso(2k) x C*
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Hence if M is a complex G-manifold, its complex equivariant Gauss map
75 M — BgGL(k,C) can be composed with Bgp: BgGL(k,C) — BglIl(2k)
endowing M with an equivariant II(2k)-structure. We shall denote the Cs-
equivariant tangential structures Be, (II(n)) — Be,GL(n) by oy for all n, the
value of n will be clear from the context.

An op-structure on a manifold can be twisted by a complex line bundle as
follows. The kernel of the projection II(n) — GL~(n), isomorphic to C*, is
contained in the centre of II(n). This induces a morphism given by multiplica-
tion w: I(n) x C* — II(n). It follows after passing to classifying spaces that
if Ips is a op-structure on a manifold M, and L is a complex line bundle on
M, there is a new op-structure on M which we denote by Iy ® L, the twist
of Iy by L. Letting det(lps) denote the determinant bundle associated to the
orp-structure [p; i.e. the line bundle classified by Bdetoly;: M — BC*, the
following equation about first Chern classes is satisfied ([GGK02, Proposition
D.43]).

allpy ® L) = c1(det lM) + QCl(L) (2.15)

Note that the vector bundles O(k) on CP* are equivariant for the action of
Y5, hence for that of Cs.

Lemma 2.4.3. Suppose that 6|d and let oq: V4 — Bc,C* be a Cs-map classi-
fying the Cs-equivariant complex line bundle i*O(d/2 — 2) on V. Define ly, to
be the Cs-equivariant twist of the canonical oyp-structure on Vg by i*O(d/2—2),
i.e. the composition

, (BpO'r\C,d)Xod .
V- V4 BCSH(G) X BC3(C — BCSH(6)

Then, l@d is 3-connected, and hence is a (Borel) Cs-equivariant model for the
factorisation in Theorem A.

Note that for the statement above to make sense, we must make a choice
of a classifying space functor Be, : TopGrp — Fun(Og, Top) which commutes
with products, which we fix for the rest of this section.

Proof. Both spaces are simply connected. On H?(—;Z), the map is given by the
first Chern class of the determinant bundle of I7, . By the equation 2.15, it is
given by ¢1(Vy) +2¢1(0(d/2—2)) = 5—d+2(d/2—2) = 1, so that the map is an
isomorphism on H? and hence on 7y by Hurewicz theorem. The space Bc,I1(6)
has vanishing 73 because II(6) is a Lie group, hence the proof follows. O

Let [V] be the isomorphism class of the tangential representation of C5 on the
fixed points of V;. The representation V comes from a complex representation,
which can be checked to be isomorphic to A: C3 — U(3) given by

1 0 0 1
s (1 0) (0 1)
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for o a generator of C3. The 6 x 6 matrix ((A) is conjugate to the real block
matrix
I 0 0
B:=({0 M 0
0 0 M
and the centralizer of B in GL+(6) is isomorphic to GLx(2) x GL(2,C), em-
bedded inside GL+¢(2) X GL(4) C GLs((6) by the identity on the first factor,
and on the second factor by the map GL(2,C) — GLx(4) induced by the map

a b
C—- M(2,R), a+wb— (b ab)

Note that this non-standard inclusion is conjugate to the standard one by
the block matrix

I 0 0
p= 0 & D) e=(F )
0 0 C
In turn, the centralizer C(GLx(6)) is conjugate to the subgroup GLx¢(2) x
GL(2,C) < GLao(6).

Remark 2.4.4. This conjugation happens inside GL~((6) and of course does
not preserve the inclusion O(6) < GL(6) which why we chose to use linear
groups instead of orthogonal groups for this example.

For 6: B — Be,GL(6) an equivariant tangential structure and [: V; — B
a f-structure on Vj, level-wise restricting to the path component which is hit
by [ gives a subfunctor of # which we refer as the tangential structure 6 after
restriction to V.

Lemma 2.4.5. There is a factorisation of equivariant tangential structures after
restriction to Vy
op—0—o

such that

e the map of Borel Cs-spaces underlying or; — 0 is an equivalence,

e the map on fixed points underlying 6 — o is given by the path-component
inclusion of BCx\(GL+((6)) after restriction to Vy.

In particular 6 satisfies the hypotheses of Corollary 2.3.8. Moreover, there is
an equivalence between the fixed point structure 6°* and the product structure
BGL+o(2) x BGL(2,C) — BGL(2).

Proof. Let p be the 2-sheeted covering map p: II(6) Txdet, GL5o(6) x C*,
clearly 7=1(Cx\(GLx0(6))) = p~1(Cx\(GLx((6) x C*)). There is an inclusion
CA(I1(6)) € 71 (Cx(GLx((6))) and on the other hand, x € 7=(C\(GLxo(6)))
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iff AzA=tz=1 € kerp = {I,I'}. We now show that this preimage is connected
so that only I can be hit.

The inclusion i: Cx\(GLx((6)) = GLs((6) is conjugate to the standard one
GL>0(2) x GL(2,C) < GL+¢(6) so that the maps on m coincide. Hence, as in
the standard case, the map

CA(GL0(6)) %% GLso(6) x C*
admits a lift through p. This gives a section of 7 along Cy\(GLx(6)), so that
71 (C\(GL50(6))) =~ Cx(GL=o(6)) x U(1) in particular it is connected.
In turn we deduce that C\(II(6)) = 7 1(Cyx(GLs(6))), so that
m: CA(II(6)) — Cx(GLx¢(6)) is isomorphic to the projection Cy(GLxo(6)) x
C* = CA\(GLx¢(6)).
Define the group morphism

51 Ox(GLs0(6)) "5 0\ (GLxo(6)) x U(1) = C, (II(6))

We define B € Fun(O¢f, Top), the base space of a Cs-equivariant tangential
structure #, as the middle column in the following diagram, which describes the
factorisation orf — 6 — o after restriction to Vj

Be,I1(6)(Cs/*) —— BeyI(6)(Cs/%) —— By GLo(6)(Cs/x)

. o] ]

BC)\<H(6)) _— BC)\(GL>0(6)) _— BC)\(GL>O(6)>

The tangential structure 6 clearly verifies the first two properties claimed. The
third follows from the fact that C)(GLso(6)) — GLso(6) is conjugate in
GL~((6) to the subgroup GLx((2) x GL(2,C) and the conjugation preserves
the projection to GLx¢(2). O

Lemma 2.4.6. Suppose 6|d. The og-structure l@d gives rise to a 0-structure

ly, on V. This structure is %—conncctcd and (Vy,ly,) satisfies the hypotheses
of Corollary 2.3.8.

Proof. By Lemma 2.4.3, the map induced ly, (C3 /%) is 3-connected, also the map
ly,(C5/C3) is clearly 1-connected because the BCy(GL(6)) is simply connected.
Moreover Vj clearly satisfies the gap hypothesis. O

2.4.2.3 Estimating the genus of V,* and (V,).»

Suppose 6|d. The stable range in Corollary 2.3.8 depends on the §3-genus of
(Vdca,lvd), and the 6c,-genus of ((Va)xnos, (vy)ne,)-

We have seen that there is a 1-stage Moore Postnikov decomposition

l/
v 2 B BGL(6)S
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hence from [GR17b, Lemma 9.4], the #%-genus of ((V,?,1y,)) coincides with
its genus in the usual sense. From the earlier computation, we deduce

¢ ((VE ) = d* — 3d + 2

We now wish to compute the 8j,c,-genus of (Vi) nhcs, (lvd)hC3)' We do not
know how to compute it explicitely, rather, we shall prove a certainly unoptimal
lower bound.

Technical preparations We explain how to generalize the argument of
[GR17a, Remark 7.16] where the authors show how to approximate the #-genus
of a simply connected manifold using only computable algebraic invariants.

Suppose that we are given an oriented compact manifold M of dimension
2n with fundamental group G, and a 6-structure lp;: M — B which is n-
connected. Smale-Hirsch theory identifies the Z[G]-module m,(Fr(M)) with
the set of regular homotopy classes of immersions of framed spheres inside M
together with a path in Fr(M) to a prescribed point, denoted by I(M). As
explained in [GR17a, Definition 5.2], the latter can be equipped with an e-
symmetric Z[G]-bilinear form A for ¢ = (—1)"™ which computes intersections
of spheres, and which can be refined into an e-quadratic form p: I'"(M) —
Z|G)/(g — eg~') which computes self-intersections. Taking the maps induced
in homology gives map h,: If(M) — H,(M;Z) which is compatible with the
Poincaré pairing — note that there is no a priori no given quadratic refinement
on the right.

Given R a ring with involution and (M, \) an e-symmetric R-module, recall
that the (symmetric) Witt index gs(M, A) is defined as the largest g such that
there exists a decomposition (M, \) & (H,A\,)®9 @ (M’, ), for (H, \,) hyper-
bolic. When (M, A, u) is an e-quadratic R-module, g,(M, A, 1) is defined in the
same way with instead (H, A, ur) hyperbolic for the e-quadratic structure. We
shall omit A, u from the notations when there is no confusion.

The proof of [Fril7, Theorem 4.7] shows that the genus g(M) is equal to
the quadratic Witt index of If(M) = m,(Fr(M)). In the presence of a 6-
structure lp;: M — B, recall that the #-genus of (M,ly) only counts those
copies of S™ x S™\ D?" on which the pulled back structure is standard. Define
IE(M,ly) C IF(M) as in [GR17a, Remark 7.16] to be the subset of those
classes [f: S™ x D™ < M] such that f*I; is standard. Then the Smale-Hirsch
theorem implies that the map taking homotopy classes

I (M, Inr) — ker (mn (Fr(M)) 2275 Fr(6%42,))

is an isomorphism, where 79, is the universal 2n-dimensional vector bundle.
In the same way as before, there is an equality ¢%(M,ly) = g,(IT(M,1nr))
where the e-quadratic structure is obtained by composing with the inclusion
into I (M).
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The argument is then as follows: ker (m,, (Fr(M)) LGOI Fr(0*v2,) is equal

to Im (7,41 (Fr(0*y2y,), Fr(M)) 2, 7 (Fr(M))) so there is an inequality

9s (M1 (Fr(0%720), Fr(M)) 2= g(I" (M, Iar))-

On the other hand, because [ is n-connected the Hurewicz theorem implies
Tn41(Fr(0y2,), Fr(M))) = 7Tn+1(B7 M) = Hn+1(Ba M)

There is an exact sequence

Hoo1 (B, 31) 2 =y (1) Y g (B

and all maps are compatible with the e-symmetric structures. To continue the
estimation we shall use the following lemma the proof of which we learned from
Ismael Sierra.

Lemma 2.4.7. Let R be a ring with involution such that the unique map
Z — R is split as a Z-module map. Let N be an abelian group generated by at
most e elements, let (M, \) be a e-symmetric R-module and p: M — N be an
Z-module map. Then gq(kerp) > gs(M, \) — e.

Proof. We induct on the number of generators of N as a Z-module. The case
when N = 0 is clear. Suppose that the statement is true when N is generated
by < e — 1 elements. Chose an isomorphism of abelian groups N = N; & Ny
where N; is generated by one element. Applying the induction hypothesis on
the composition ps: M ZoN = Ny shows the existence of g — e + 1 hyperbolic
summands contained in ker ps. Let (u;, fi)i1<i<g—et+1 be a hyperbolic R-basis
for these, and let Hy be the Z-linear span of this basis. Identifying Z as a sub-
Z-module of R, note that the bilinear form A factors through Z when restricted
on Hz, so that (Hz, A) is a skew-symmetric Z-module, which is clearly a sum of

g — e+ 1 hyperbolic summands over Z. Consider the map p;: : Hyg LN — N
Because Hy, is free over Z, we can lift p; to Z given a choice of surjection Z — Ny,
forming a new map p;. Its image is a submodule of Z which is of the form dZ,
d > 0. If d = 0 then we are done, otherwise we consider p} := p;/d, which is
surjective and verifies ker pj = ker p; C ker p;. Because (Hz, A) is non-singular,
there exists © € Hy, such that pj = A\(—, z). As p] is surjective, x is unimodular
and we deduce the existence of an automorphism A of (Hz, A) such that h(z) =
Ug—e+1. Consider now the family (u}, f/)1<i<g—e = (R (wi), R (fi))1<i<g—e-
By design, all these vectors are orthogonal to x so that they lie in ker p}. In turn,
they lie in kerp, and form a basis for g — e hyperbolic summands inside ker p
over Z. It follows that they also form an R-basis of their R-linear span which
is a basis for g — e hyperbolic summands over R. The induction follows. O
Corollary 2.4.8. Suppose that the abelian group Hn(B) is generated by at
most e elements. Then, gs(I™(M,15;) > gs(Hn(M)) — e.
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The next lemma will enable us to make an estimation of the e-quadratic
Witt index from the symmetric one.

Lemma 2.4.9. Let R be as in Lemma 2.4.7 and suppose that R/(r — eF) is
generated by at most e elements over Z. Let (M, )\, u) be an e-quadratic R-
module. Then, g,(M, A, 1) > gs(M, \) —e.

Proof. Consider an inclusion H®9 — M. The quadratic form p takes values
in Z/2. Let pn: H®Y — R/(r — er) be the quadratic refinement of A\ which
makes H®9 hyperbolic as an e-quadratic module. Consider the difference p —
pn: H®9 — R/(r — eF), which is a Z-linear map. By Lemma 2.4.7, we can
find a sum of g — e hyperbolics for the e-symmetric structure contained inside
ker (u— pp). On these, there is an equality p = pp. It follows that they are also
hyperbolic for the e-quadratic structure. O

Putting everything together shows the following lemma.

Lemma 2.4.10 (Estimation of the #-genus). Let M be a compact oriented
2n-manifold which is connected with w1 (M) = G, and let lpy: M — B be an
n-connected §-structure. If Z|G]/(g — (—1)"g~ ") resp. H,(B;Z) are generated
by at most ey resp. e; elements as abelian groups, then there is an inequality

9" (M, lnr) > gs(Ho(M;Z)) — g — e

where H, (M;7)) is seen as a (—1)"-symmetric Z[G]-module. O

The 6-genus of (Vy).nc, Note that for G = Cs, there is an isomorphism
Z|G)/(g + g~') = Z/2. On the other hand, it turns out that the homology
group H3(BSpin®(6);Z) vanishes. Indeed there is a fibre sequence

BU(1) — BSpin®(6) — BSO(6)

and the Serre spectral sequence identifies H3(BSpin©(6);Z) as a subgroup of
H3(BSO(6);Z). Then of [Bro82, Theorem 1.5] implies that H?(BSO(6);Z) =
Z]2 generated by dws, so that Hs(BSO(6);Z) is torsion. The same theorem
implies H*(BSO(6);Z) = Z generated by p1, so that H3(BSO(6);Z) is torsion
free. In turn, H3(BSpin®(6)) = H3(BSO(6)) = 0. As I1(6) deform retracts on
Spin®(6), lemma 2.4.10 implies

9" (Va) s, WVa)ney) = 9s(Ha((Va)s0; Z)) — 1.

Note that Vdc3 is of codimension 4 in Vy, so the inclusion (Vy).o9 < Vy is
3-connected. Hence the gs(H3((Va)x,0;Z)) > gs(H3(Vy)) where H3(Vy) is seen
as a skew-symmetric Z[Cs]-module. We will use an explicit description of this
module together with its Poincaré skew-symmetric form, proved in [Loo]. We
thank Oscar Randal-Williams for pointing out this article to us.
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Theorem ([Loo, Corollary 2.2]). Let pq be the cyclic group of order d with
generator u, there is an isomorphism Z[(4] = Z[pg)/1 + u + -+ + d471 for
Cd = 62i7r/d‘

Letting u; = 1® - ®u® --- ® 1 where u is in the ith position and v :=
U1 - Usg - U3 - Ug, there is an isomorphism of abelian groups

H3(Va) = Z[G)®* /(1 + v+ -+ 0?7

where v € Z[ug)®? is identified with its image in Z[(q)®?.
The Cs-action is given by permuting the generators us, us and u4, and the
Z-valued Poincaré pairing is given by

Az, y) = (27 - (1= 0)(1 =) (1 = u2)(1 = uz)(1 = ua))o

where the involution a — @ is induced by the inverse map g — g~ of uq, and for
r € Z[ua)®*, ro denotes the projection of r on the split summand Z < Z[uq)®*.

More explicitely, the pairing is given by A(x,y) = (2§r)o where

r= (ﬂl — ’U,1) + (’l]g — UQ) + (ﬂ3 — ’U,3) + (1]4 — U4) — (U1UQ — ’U,1U2) — (’U,gu?, —
ugug) — (Uztgtz — uguyg) — (Ugty — uguy) + (UrGzus — uiusus) + (Ustzts —
Ugugus) + (UWaUatin — uzuaur) + (Tat1 U2 — s U2) — (UTUUz UL — U U2USU4)

Let o be a generator of C5 and consider the Z[Cs]-valued pairing
N(z,y) = Az, y) + Az, 0y)o + A(z, 0°y)o

We wish to find hyperbolic summands inside the skew-symmetric Z[Cs]-
module (Hs(Vy), A’). Suppose that d is even and d > 6. Identifying u; with its
image in H3(Vy), a direct computation shows that for all a > 0, the vectors

. .a ,,a+2 _a+3 /. a+l a+2 _ a+3
Vg = Ug, U3z Uy —, Uy :=Uy ~,Uz ~,Uy

span a hyperbolic, which we denote by H, C H3(V;). Another analogous com-
putation shows that A(z,y) = 0 for all x € H, and y € H, if and only if
a—>b¢ {-1,0,1} (mod d). As a consequence, there is a split inclusion of the
sum of hyperbolic summands

Hy® Hy @ ---Hq o — H3(Va)
From the previous discussion, we can now conclude the following estimation.

Proposition 2.4.11. g% ((Va)uncs, (lv,)pe,) = 4_1. O

2.4.2.4 The cohomology of MgB(Vd,lVd)

We can now state a first result about the cohomology of an equivariant moduli
space associated to V.



2.4 EXAMPLES OF COMPUTATION 73

Proposition 2.4.12. Let d > 0 be divisible by d, and equip Vy with the 6-
structure ly, defined in Lemma 2.4.6. Then the equivariant scanning map

MG? (Vi ly,) — Q°(MTO)
is acyclic in degrees x < % — 1 onto the path component that it hits.

Proof. By Lemma 2.4.6, (Vy,ly,) satisfies the assumptions of Theorem B. Hence
in this case the equivariant scanning map is acyclic in degrees * < min(ry,72),
where 7 is the #3-genus of Vdc3 equal to d? — 3d + 2, and ry is the 0),c,-genus
of (Va), pe, which we have bounded below by § — 1 in Proposition 2.4.11. This
concludes the proof. O

Remark 2.4.13. As pointed out earlier, the estimation of the genus for
(Va), nc, is in no mean sharp. Judging by the amount of Q[Cs]-free summands
inside H3((Va)«,0,Q) — a degree 3 polynomial in d — we expect that for d large
enough

gehc‘3 ((Vd)*ﬁ/og, (lVd)hC3) > 9003 ((Vd037 lVd))

If this is the case, the range of degrees given by Proposition 2.4.12 can be
improved to * < d? — 3d + 2.

The tangential structure : B — B, GL(6) is such that B € Fun(Ogf ; Top)
is levelwise simply connected. Also, there is a rational equivalence B(C3/*) —
B(C3/%)nc, because Cs is finite. Hence

H*(B(C3/¥)nc,; Q) = H*(BSO(6) x BS'; Q) = Q[p1, p2, e, 1]

by [GR19, section 5.3.3], where t € H?(BS'; Q) and e € H%(BSO(6); Q) is the
Euler class. The degrees are given by |p1| =4, |p2| =8, |e| = 6, |t| = 2. On the
other hand,

H*(B(C3/C3); Q) = H*(BSO(2) x BU(2): Q) = Q[¢, c1, ¢2)]

with degrees |e/| = 2, |e1] = 2, |ea] = 4.

Let B be a basis for monomials in the variables pi,ps,e,t, and B’ be a
basis for those in the variables €, c1, co. Then, Propostion 2.4.12 together with
Proposition 2.3.12 imply that the natural map

Qltic, kier |c € B, ¢ € B, || > 6, || > 2] = H*(My(Va,lv,): Q)

is an isomorphism, in degrees * < ‘21 — 2 and an epimorphism for *x = % —1.

2.4.2.5 Change of tangential structure

In order to compute the cohomology of M&3(V, l¢d) the last step is to compare
it with the moduli space for the tangential structure 6. Forgetting the action
of C3 on Vg, this corresponds to [GR19, section 5.3.4]. By chance, it is possible
to quickly reduce this change of structures to the non-equivariant computation
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worked out in details in op. cit.

The morphism of equivariant tangential structures § — o factors as

on ! 0o x BS! 0

B, I1(6)(Cs /%) —— Be,GLao(6)(Cs /%) x BS' —— Be,GLxo(6)(Cs/%)

T T T

BC\(GLxo(6)) ——=—— BCx\(GLxo(6)) ——=— BC\(GLso(6))

where the columns are the descriptions of the structure as functors
Fun(Ogf , Top), the maps to Bc,GL(6) being the canonical ones. The
Borel Cs-action on BS?! is taken to be the trivial one. Following [GR19], we
decompose the change of structures into two changes, one from 6 to o x BS?!,
and the second from i x BS! to 0. In both case we reduce to the computations
in [GR19].

Recall that Aut®® (f) is defined as the oo-group formed by equivariant self-
equivalences of oy over 0 x BS'. The proof of Proposition 2.3.15 shows it
1

coincides with the space of 5-connected #-structures [ on Vy such that fol =

foly,. The latter is equivalent to the space of lifts

> 011

f
Vi, —% ox BS

where V; is seen as an object of Fun(Og,, Top)/Bc,GL(6). Evaluating this
diagram at C3/C3 € Og’; gives a constant diagram, hence the space of lifts
coincides with the space of lifts of the same diagram evaluated at Cs3/*. Writing
Mapgzrel resp. Mape, for the mapping space in Borel C3-spaces resp. the
internal mapping space in Topg,, there is a natural equivalence Mapggrel ~
(Mapg, )"“® so that as a space, the following formula for Aut®(f) holds

hC

Aut®? (f) ~ hoﬁbfolvd (Mapc3 (Va,on(C3/*) = Mapg, (Vg, 0(C3/%) x BSl) 3
The discussion in [GR19, section 5.3.4] shows that the space of lifts in the
non-equivariant case is rationally trivial. The fact that the map X"¢ — X
is rationally a monomorphism when G is finite implies that Aut“(f) itself is
rationally trivial. Hence Corollary 2.3.16 implies that the map

Mgs (Va, lv,) fo—_> Mfile (Va, folv,)

is a rational homotopy equivalence, as the subgroup I'" < Autc3( f) has to be
rationally trivial itself.
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For the second change of structures, we use Corollary 2.3.16 which gives a
fibre sequence

M 51 (Vas f 0 lvy) = MG (Vy, I,) — BT

where I is the subgroup of Aut“ (pr: o x BS' — 0) consisting of those equiv-
ariant automorphisms which preserve f oly, up to equivariant oriented diffeo-
morphism of V. As in the first change of structures, the map pr is non-trivial
only at the level of Borel Cs-spaces, so that the following formula holds

Aut®? (pr) (Map¢, (Bc, SO(6), Aut(BS?)))hCs
Map(BSO(6) x BCs, Aut(BS!))
7% x Map(BSO(6) x BCs, K(Z,2))

7" x K(Z,2) x K(Z/2,1)

R R R

because the action of C3 on B, SO(6) is Borel-trivial. By the same argument
as [GR19], T < Aut® (pr) coincides with K (Z,2) x K(Z/2,1). Hence the fibre
sequence is of the form

M2 i (Va, foly,) = MS3(Va, I ) = K(Z,3) x K(Z/2,2) (2.16)

The space K(Z/2,2) is rationally trivial, so that rationally we are lead to the
same computation as in [GR19]. This proves

Proposition 2.4.14. There is an isomorphism
H. (MG (Va, 1,); Q) = ket (ds O Qlie [ e € B, [e] > 6]) ©Qlrer | ¢ € B, |¢'] > 2]

in degrees x < % — 1, where ds is the third differential in the Serre spectral

sequence associated to (2.16).

More properties of d3 are explained in [GR19].
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