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Abstract

This thesis is comprised of nine independent research projects pertaining primarily
to dynamic portfolio optimization with time-varying investment opportunities,
model ambiguity, and relative performance concerns. We start with the optimal
mean-variance portfolio selection problem with a 3/2 stochastic volatility in a
complete market setting, where we derive, in closed form, both the static and
dynamic optimality using a backward stochastic differential equation approach.
Then, in incomplete market settings, we study more complicated cases within
the framework of the mean-variance criteria under a hybrid model of stochastic
volatility and stochastic interest rates, the family of state-of-the-art 4/2 stochastic
volatility models with derivatives trading and uncontrollable random liabilities,
and in the presence of mispricing, respectively. Next, three portfolio optimization
problems under the expected utility maximization paradigm are investigated, where
we consider the presence of stochastic volatility and affine short rates, stochastic
income and stochastic inflation, and random liabilities under the hyperbolic absolute
risk aversion preferences, respectively. The last two projects revolve around optimal
asset-liability management problems with stochastic volatility in the non-Markovian
cases, demonstrating the impact of model ambiguity and relative performance
concerns on the behavior of the optimal investment strategies by means of the
backward stochastic differential equations, in which the former one is modeled as a
zero-sum stochastic differential game between the manager and the adverse market
whereas the latter one is described by a non-zero-sum stochastic differential game
between two competitive managers.






Preface

This thesis has been submitted in partial fulfillment of the requirements for the PhD
degree at the Department of Mathematical Sciences, Faculty of Science, University
of Copenhagen. The work was carried out between January 2020 and December
2022 under the supervision of Associate Professor Jesper Lund Pedersen.

The thesis is comprised of an introductory chapter and nine manuscripts, of which
two are submitted for review and seven have been published in international peer-
reviewed journals at the time of writing. The introduction, Chapter 1, provides an
overview and contextualization of the contributions and outlines the interconnections
of the manuscripts. Each manuscript is independent, constituting a chapter, and
some minor notational discrepancies may exist between the contents of a chapter
and the corresponding manuscript. The author takes full responsibility for any
typographical and mathematical errors.
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Summary

This thesis is comprised of an introductory chapter and nine research papers
written from January 2020 to December 2022. Each paper is self-contained and
constitutes a chapter, investigating problems and techniques around dynamic
portfolio optimization problems with time-varying investment opportunities under
different market scenarios. The introduction, Chapter 1, provides the scientific
background and an overview of the main contributions of the papers and their
interconnections. The abstracts of the subsequent Chapters 2-10 are listed below:

e Dynamic optimal mean-variance portfolio selection with a 3/2
stochastic volatility. This paper considers a mean-variance portfolio selec-
tion problem when the stock price has a 3/2 stochastic volatility in a complete
market. Specifically, we assume that the stock price and the volatility are
perfectly negatively correlated. By applying a backward stochastic differential
equation (BSDE) approach, closed-form expressions for the statically optimal
(time-inconsistent) strategy and the value function are derived. Due to the
time inconsistency of the mean-variance criterion, a dynamic formulation of
the problem is presented. We obtain the dynamically optimal (time-consistent)
strategy explicitly which is shown to keep the wealth process strictly below
the target (expected terminal wealth) before the terminal time. Finally, we
provide numerical studies to show the impact of main model parameters on
the efficient frontier and illustrate the differences between the two optimal
wealth processes.

e Dynamic optimal mean-variance portfolio selection with stochastic
volatility and stochastic interest rate. This paper studies optimal port-
folio selection problems in the presence of stochastic volatility and stochastic
interest rate under the mean-variance criterion. The financial market con-
sists of a risk-free asset (cash), a zero-coupon bond (roll-over bond), and
a risky asset (stock). Specifically, we assume that the interest rate follows
the Vasicek model, and the risky asset’s return rate not only depends on a
Cox-Ingersoll-Ross (CIR) process but also has stochastic covariance with the
interest rate, which embraces the family of state-of-the-art 4/2 stochastic
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volatility models as an exceptional case. By adopting a backward stochastic
differential equation (BSDE) approach and solving two related BSDEs, we
derive, in closed form, the static optimal (time-inconsistent) strategy and
optimal value function. Given the time inconsistency of the mean-variance
criterion, a dynamic formulation of the problem is further investigated and
the explicit expression for the dynamic optimal (time-consistent) strategy is
derived. In addition, analytical solutions to some special cases of our model
are provided. Finally, the impact of the model parameters on the efficient
frontier and the behavior of the static and dynamic optimal asset allocations

is illustrated with numerical examples.

Mean-variance asset-liability management under CIR interest rate
and the family of 4/2 stochastic volatility models with derivative
trading. This paper investigates the effects of derivative trading on the
performance of asset-liability management in the presence of stochastic interest
rate and stochastic volatility under the mean-variance criterion. Specifically,
the asset-liability manager can invest not only in a money market account, a
zero-coupon (rollover) bond, and a stock index but also in stock derivatives.
It is assumed that the interest rate follows a Cox-Ingersoll-Ross (CIR) process,
and the instantaneous variance of the stock index is governed by the family of
4/2 stochastic volatility models, which embraces the Heston model and 3/2
model, as particular cases. By solving a system of three backward stochastic
differential equations, closed-form expressions for the optimal strategies and
optimal value functions are derived in two cases: with and without the stock
derivatives. Moreover, we consider the special cases without random liabilities.
Numerical examples are provided to illustrate theoretical results and explore
the effects of derivative trading on efficient frontiers.

Dynamic optimal mean-variance investment with mispricing in the
family of 4/2 stochastic volatility models. This paper considers an
optimal investment problem with mispricing in the family of 4/2 stochastic
volatility models under the mean-variance criterion. The financial market
consists of a risk-free asset, a market index, and a pair of mispriced stocks.
By applying the linear—quadratic stochastic control theory and solving the
corresponding Hamilton—Jacobi—Bellman equation, explicit expressions for the
statically optimal (pre-commitment) strategy and the corresponding optimal
value function are derived. Moreover, a necessary verification theorem is
provided based on an assumption of the model parameters with the investment
horizon. Due to the time inconsistency under the mean-variance criterion,
we give a dynamic formulation of the problem and obtain the closed-form
expression of the dynamically optimal (time-consistent) strategy. This strategy
is shown to keep the wealth process strictly below the target (expected
terminal wealth) before the terminal time. Results on the special case without
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mispricing are included. Finally, some numerical examples are given to
illustrate the effects of model parameters on the efficient frontier and the
difference between static and dynamic optimality.

Utility maximization in a stochastic affine interest rate and CIR
risk premium framework: a BSDE approach. This paper investigates
optimal investment problems in the presence of stochastic interest rates and
stochastic volatility under the expected utility maximization criterion. The
financial market consists of three assets: a risk-free asset, a risky asset,
and zero-coupon bonds (rolling bonds). The short interest rate is assumed
to follow an affine diffusion process, which includes the Vasicek and the
Cox-Ingersoll-Ross (CIR) models, as special cases. The risk premium of
the risky asset depends on a square-root diffusion (CIR) process, while the
return rate and volatility coefficient are unspecified and possibly given by
non-Markovian processes. This framework embraces the family of state-of-
the-art 4/2 stochastic volatility models and some non-Markovian models, as
exceptional examples. The investor aims to maximize the expected utility
of the terminal wealth for two types of utility functions, power utility, and
logarithmic utility. By adopting a backward stochastic differential equation
(BSDE) approach to overcome the potentially non-Markovian framework and
solving two BSDEs explicitly, we derive, in closed form, the optimal investment
strategies and optimal value functions. Furthermore, explicit solutions to
some special cases of our model are provided. Finally, numerical examples
illustrate our results under one specific case, the hybrid Vasicek-4/2 model.

Optimal DC pension investment with square-root factor processes
under stochastic income and inflation risks. This paper studies optimal
defined contribution (DC) pension investment problems under the expected
utility maximization framework with stochastic income and inflation risks.
The member has access to a financial market consisting of a risk-free asset
(money account), an inflation-indexed bond, and a stock. The market price
of volatility risk is assumed to depend on an affine-form, Markovian, square-
root factor process, while the return rate and the volatility of the stock are
possibly given by general non-Markovian, unbounded stochastic processes.
This financial framework recovers the Black-Scholes model, constant elasticity
of variance (CEV) model, Heston model, 3/2 model, 4/2 model, and some
non-Markovian models as exceptional cases. To tackle the potentially non-
Markovian structures, we adopt a backward stochastic differential equation
(BSDE) approach. By solving the associated BSDEs explicitly, closed-form
expressions for the optimal investment strategies and optimal value functions
are obtained for the power, logarithmic, and exponential utility functions.
Moreover, explicit solutions to some special cases of our portfolio model are
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provided. Finally, numerical examples are provided to illustrate the effects of
model parameters on the optimal investment strategies under the 4/2 model.

Optimal investment strategies for asset-liability management with
affine diffusion factor processes and HARA preferences. This pa-
per investigates an optimal asset-liability management problem within the
expected utility maximization framework. The general hyperbolic absolute
risk aversion (HARA) utility is adopted to describe the risk preference of the
asset-liability manager. The financial market comprises a risk-free asset and a
risky asset. The market price of risk depends on an affine diffusion factor pro-
cess, which includes, but is not limited to, the constant elasticity of variance
(CEV), Stein-Stein, Schobel and Zhu, Heston, 3/2, 4/2 models, and some
non-Markovian models, as exceptional examples. The accumulative liability
process is featured by a generalized drifted Brownian motion with possibly
unbounded and non-Markovian drift and diffusion coefficients. Due to the
sophisticated structure of HARA utility and the non-Markovian framework of
the incomplete financial market, a backward stochastic differential equation
(BSDE) approach is adopted. By solving a recursively coupled BSDE system,
closed-form expressions for both the optimal investment strategy and optimal
value function are derived. Moreover, explicit solutions to some particular
cases of our model are provided. Finally, numerical examples are presented to
illustrate the effect of model parameters on the optimal investment strategies

in several particular cases.

Robust optimal asset-liability management under square-root factor
processes and model ambiguity: a BSDE approach. This paper studies
robust optimal asset-liability management problems for an ambiguity-averse
manager in a possibly non-Markovian environment with stochastic investment
opportunities. The manager has access to one risk-free asset and one risky asset
in a financial market. The market price of risk relies on a stochastic factor
process satisfying an affine-form, square-root, Markovian model, whereas
the risky asset’s return rate and volatility are potentially given by general
non-Markovian, unbounded stochastic processes. This financial framework
includes, but is not limited to, the constant elasticity of variance (CEV) model,
the family of 4/2 stochastic volatility models, and some path-dependent non-
Markovian models, as exceptional cases. As opposed to most of the papers
using the Hamilton-Jacobi-Bellman-Issacs (HJBI) equation to deal with model
ambiguity in the Markovian cases, we address the non-Markovian case by
proposing a backward stochastic differential equation (BSDE) approach. By
solving the associated BSDEs explicitly, we derive, in closed form, the robust
optimal controls and robust optimal value functions for power and exponential
utility, respectively. In addition, analytical solutions to some particular cases
of our model are provided. Finally, the effects of model ambiguity and market



parameters on the robust optimal investment strategies are illustrated under
the CEV model and 4/2 model with numerical examples.

Non-zero-sum stochastic differential games for asset-liability man-
agement with stochastic inflation and stochastic volatility. This paper
investigates the optimal asset-liability management problems for two managers
subject to relative performance concerns in the presence of stochastic inflation
and stochastic volatility. The objective of the two managers is to maximize the
expected utility of their relative terminal surplus with respect to that of their
competitor. The problem of finding the optimal investment strategies for both
managers is modeled as a non-zero-sum stochastic differential game. Both
managers have access to a financial market consisting of a risk-free asset, a
risky asset, and an inflation-linked index bond. The risky asset’s price process
and uncontrollable random liabilities are not only affected by the inflation risk
but also driven by a general class of stochastic volatility models including the
constant elasticity of variance model, the family of state-of-the-art 4/2 models,
and some path-dependent models as particular cases. By adopting a backward
stochastic differential equation (BSDE) approach to overcome the possibly
non-Markovian setting, closed-form expressions for the equilibrium investment
strategies and corresponding value functions are derived under power and
exponential utility preferences. Moreover, explicit solutions to some special
cases of our model are provided. Finally, we perform numerical studies to
illustrate the impact of model parameters on the equilibrium strategies and
draw some economic interpretations.
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Resumé

Dette speciale bestar af et indledende kapitel og ni forskningsartikler som er skrevet
fra januar 2020 til december 2022. Hvert papir er selvsteendigt og udggr et kapitel, der
undersgger problemer og teknikker omkring dynamiske portefgljeoptimeringsproblem-
er med tidsvarierende investeringsmuligheder under forskellige markedsscenarier.
Indledningen, kapitel 1, giver den videnskabelige baggrund og et overblik over de vig-
tigste bidrag fra artiklerne og deres sammenhaenge. Resuméerne af de efterfolgende
kapitler 2-10 er anfgrt nedenfor:

e Dynamisk optimal middel-varians portefgljevalg med en 3/2 stoka-
stisk volatilitet. Denne artikel betragter et problem med portefgljeudveelgelse
med middel varians, nar aktiekursen har en 3/2 stokastisk volatilitet pa et
komplet marked. Mere konkret antager vi, at aktiekursen og volatiliteten
er perfekt negativt korreleret. Ved at anvende en bagleens stokastisk diffe-
rentialligningstilgang (BSDE) udledes udtryk i lukket form for den statisk
optimale (tids-inkonsistente) strategi og veerdifunktionen. Pa grund af tidsin-
konsistensen af middelvarianskriteriet praesenteres en dynamisk formulering af
problemet. Vi opnar eksplicit den dynamisk optimale (tidskonsistente) strategi,
som er vist at holde rigdomsprocessen strengt under malet (forventet terminal
rigdom) for terminaltidspunktet. Endelig giver vi numeriske underspgelser
for at vise indvirkningen af hovedmodelparametre pa den effektive greense og
illustrere forskellene mellem de to optimale velstandsprocesser.

¢ Dynamisk optimal middel-varians portefgljevalg med stokastisk
volatilitet og stokastisk rente. Denne artikel studerer optimale por-
tefgljeudveelgelsesproblemer i neerveer af stokastisk volatilitet og stokastisk
rente under middelvarianskriteriet. Det finansielle marked bestar af et risikofrit
aktiv (kontanter), en nulkuponobligation (roll-over-obligation) og et risikabelt
aktiv (aktie). Mere konkret antager vi, at renten folger Vasicek-modellen, og
det risikable aktivs afkastsats afhasenger ikke kun af en Cox-Ingersoll-Ross
(CIR) proces, men har ogsa stokastisk kovarians med renten, som favner famili-
en af state-of-the-art 4/2 stokastiske volatilitetsmodeller som et ekstraordingert
tilfeelde. Ved at anvende en baglaens stokastisk differentialligningstilgang (BS-
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DE) og lgse to relaterede BSDE’er, udleder vi i lukket form den statiske
optimale (tids-inkonsistente) strategi og optimale veerdifunktion. Givet tidsin-
konsistensen af middelvarianskriteriet, undersgges en dynamisk formulering
af problemet yderligere, og det eksplicitte udtryk for den dynamiske optimale
(tidskonsistente) strategi udledes. Derudover tilbydes der analytiske lgsninger
til nogle seerlige tilfeelde af vores model. Til sidst illustreres modelparametrenes
indvirkning pa den effektive graense og adfeerden af de statiske og dynamiske
optimale aktivallokeringer med numeriske eksempler.

Middel-varians aktiv-passivstyring under CIR-rente og familien af
4/2 stokastiske volatilitetsmodeller med derivathandel. Denne artikel
undersgger virkningerne af derivathandel pa ydeevnen af aktiv-passivstyring i
tilstedeveerelsen af stokastisk rente og stokastisk volatilitet under middelva-
rianskriteriet. Konkret kan aktiv-passivforvalteren investere ikke kun i en
pengemarkedskonto, en nulkupon (roll-over) obligation og et aktieindeks, men
ogsa i aktiederivater. Det antages, at renten fglger en Cox-Ingersoll-Ross
(CIR) proces, og aktieindeksets gjeblikkelige varians er styret af familien af
4/2 stokastiske volatilitetsmodeller, som omfatter Heston modellen og 3/2
modellen, som sarlige tilfaelde. Ved at lgse et system af tre bagudrettede
stokastiske differentialligninger udledes udtryk i lukket form for de optimale
strategier og optimale veerdifunktioner i to tilfeelde: med og uden aktiederiva-
terne. Desuden betragter vi de seerlige tilfaelde uden tilfeeldige forpligtelser.
Der gives numeriske eksempler for at illustrere teoretiske resultater og udforske
virkningerne af derivathandel pa effektive graenser.

Dynamisk optimal middel-variance-investering med fejlpriser i fa-
milien af 4/2 stokastiske volatilitetsmodeller. Denne artikel betragter
et optimalt investeringsproblem med fejlprisseetning i familien af 4/2 stokasti-
ske volatilitetsmodeller under middelvarianskriteriet. Det finansielle marked
bestar af et risikofrit aktiv, et markedsindeks og et par forkert prissatte aktier.
Ved at anvende den linezere-kvadratiske stokastiske kontrolteori og lgse den
tilsvarende Hamilton—Jacobi-Bellman-ligning, udledes eksplicitte udtryk for
den statisk optimale (pre-commitment) strategi og den tilsvarende optimale
veerdifunktion. Desuden er der givet et ngdvendigt verifikationsteorem baseret
pa en antagelse af modelparametrene med investeringshorisonten. Pa grund af
tidsinkonsistensen under middelvarianskriteriet giver vi en dynamisk formule-
ring af problemet og opnar det lukkede udtryk for den dynamisk optimale
(tidskonsistente) strategi. Denne strategi er vist for at holde rigdomsprocessen
strengt under malet (forventet terminal rigdom) fgr terminaltidspunktet. Re-
sultater pa den szerlige sag uden fejlpriser er inkluderet. Til sidst gives nogle
numeriske eksempler for at illustrere effekterne af modelparametre pa den
effektive greense og forskellen mellem statisk og dynamisk optimalitet.
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e Maksimering af nytte i en stokastisk affin rente og CIR-risikopraemie-
ramme: en BSDE-tilgang. Denne artikel undersgger optimale investerings-
problemer i naerveer af stokastiske renter og stokastisk volatilitet under det
forventede nyttemaksimeringskriterium. Det finansielle marked bestar af
tre aktiver: et risikofrit aktiv, et risikabelt aktiv og nulkuponobligationer
(rullende obligationer). Den korte rente antages at folge en affin diffusions-
proces, som inkluderer Vasicek og Cox-Ingersoll-Ross (CIR) modellerne, som
sarlige tilfaelde. Risikopraemien for det risikable aktiv afhsenger af en kvadra-
trodsdiffusionsproces (CIR), mens afkastraten og volatilitetskoefficienten er
uspecificerede og muligvis givet af ikke-markovske processer. Denne ramme
omfatter familien af state-of-the-art 4/2 stokastiske volatilitetsmodeller og
nogle ikke-markovske modeller, som ekstraordinsere eksempler. Investoren
sigter mod at maksimere den forventede nytte af terminalformuen for to typer
hjeelpefunktioner, elforsyning og logaritmisk nytte. Ved at anvende en baglaens
stokastisk differentialligning (BSDE) tilgang til at overvinde den potentielt
ikke-markovske ramme og eksplicit lgse to BSDE’er, udleder vi, i lukket form,
de optimale investeringsstrategier og optimale vaerdifunktioner. Desuden er
der eksplicitte lgsninger pa nogle seerlige tilfeelde af vores model. Endelig
illustrerer numeriske eksempler vores resultater under ét specifikt tilfaelde,
hybrid Vasicek-4/2-modellen.

e Optimal DC pensionsinvestering med kvadratrodsfaktorprocesser
under stokastiske indkomst- og inflationsrisici. Denne artikel studerer
optimale pensionsinvesteringsproblemer (DC) under den forventede nyttemak-
simeringsramme med stokastiske indkomst- og inflationsrisici. Medlemmet
har adgang til et finansielt marked bestaende af et risikofrit aktiv (pen-
gekonto), en inflationsindekseret obligation og en aktie. Markedsprisen pa
volatilitetsrisiko antages at afheenge af en affin-form, markovsk, kvadratrods-
faktorproces, mens afkastraten og volatiliteten af aktien muligvis er givet af
generelle ikke-markovske, ubegrazensede stokastiske processer. Denne gkono-
miske ramme genskaber Black-Scholes-modellen, konstant varianselasticitet
(CEV)-modellen, Heston-modellen, 3/2-modellen, 4/2-modellen og nogle ikke-
markovske modeller som ekstraordingere tilfeelde. For at tackle de potentielt
ikke-markovske strukturer anvender vi en baglaens stokastisk differentialligning
(BSDE) tilgang. Ved eksplicit at lgse de tilknyttede BSDE’er opnas lukkede
udtryk for de optimale investeringsstrategier og optimale vaerdifunktioner for
effekt-, logaritmiske og eksponentielle nyttefunktioner. Desuden er der ekspli-
citte lgsninger pa nogle sarlige tilfzelde af vores portefgljemodel. Afslutningsvis
gives numeriske eksempler for at illustrere effekterne af modelparametre pa
de optimale investeringsstrategier under 4/2-modellen.

e Optimale investeringsstrategier til aktiv-passivstyring med affine dif-
fusionsfaktorprocesser og HARA-praeferencer. Denne artikel undersgger
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et optimalt aktiv-passivstyringsproblem inden for den forventede nyttemaksi-
meringsramme. Den generelle hyperbolske absolutte risikoaversion (HARA)
bruges til at beskrive risikopraeferencen for aktiv-passiver manager. Det finan-
sielle marked bestar af et risikofrit aktiv og et risikofyldt aktiv. Markedsprisen
for risiko atheenger af en affin diffusionsfaktorproces, som inkluderer, men ikke
er begreenset til, den konstante varianselasticitet (CEV), Stein-Stein, Schibel
og Zhu, Heston, 3/2, 4/2-modeller og nogle ikke-markovske modeller, som
ekstraordinaere eksempler. Den akkumulerede ansvarsproces er karakteriseret
ved en generaliseret drift af Brownsk bevaegelse med muligvis ubegraensede og
ikke-markovske drift- og diffusionskoefficienter. Pa grund af den sofistikerede
struktur af HARA-nytte- og den ikke-markovske ramme for det ufuldsteendige
finansielle marked, anvendes en bagleens stokastisk differentialligning (BSDE).
Ved at lgse et rekursivt koblet BSDE-system udledes udtryk i lukket form
for bade den optimale investeringsstrategi og optimal veerdifunktion. Der
gives eksplicitte lgsninger pa nogle seerlige tilfzelde af vores model. Til sidst
praesenteres numeriske eksempler for at illustrere effekten af modelparametre
pa de optimale investeringsstrategier i flere saerlige tilfzaelde.

Robust optimal aktiv-passivstyring under kvadratrodsfaktorproces-
ser og modeluklarhed: en BSDE-tilgang. Denne artikel studerer robuste,
optimale aktiv-passivstyringsproblemer for en tvetydighedsvillig forvalter i et
muligvis ikke-markovsk miljg med stokastiske investeringsmuligheder. Forval-
teren har adgang til ét risikofrit aktiv og ét risikabelt aktiv pa et finansielt
marked. Markedsprisen for risiko er athaengig af en stokastisk faktorproces, der
opfylder en affin-form, kvadratrods, Markovian model, hvorimod det risikable
aktivs afkastrate og volatilitet potentielt er givet af generelle ikke-markovske,
ubegraensede stokastiske processer. Denne gkonomiske ramme inkluderer, men
er ikke begreenset til, modellen for konstant varianselasticitet (CEV), familien
af 4/2 stokastiske volatilitetsmodeller og nogle sti-afhaengige ikke-Markovske
modeller, som undtagelsestilfzelde. I modsaetning til de fleste artikler, der
bruger Hamilton-Jacobi-Bellman-Issacs (HJBI)-ligningen til at handtere mode-
luklarhed i de Markovske tilfaelde, adresserer vi det ikke-Markovianske tilfaelde
ved at foresla en baglaens stokastisk differentialligning (BSDE) tilgang. Ved
at lgse de tilknyttede BSDE’er eksplicit, udleder vi i lukket form de robuste
optimale kontroller og robuste optimalveerdifunktioner for henholdsvis kraft
og eksponentiel nytte. Derudover tilbydes der analytiske lgsninger til nogle
seerlige tilfeelde af vores model. Endelig er effekterne af modeluklarhed og
markedsparametre pa de robuste optimale investeringsstrategier illustreret
under CEV-modellen og 4/2-modellen med numeriske eksempler.

Ikke-nul-sum stokastiske differentielle spil til aktiv-passivstyring
med stokastisk inflation og stokastisk volatilitet. Denne artikel un-
dersgger de optimale problemer med aktiv-passivstyring for to forvaltere,
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der er underlagt relative praestationsbekymringer i neerveer af stokastisk in-
flation og stokastisk volatilitet. Malet for de to forvaltere er at maksimere
den forventede nytte af deres relative terminaloverskud i forhold til deres
konkurrents. Problemet med at finde de optimale investeringsstrategier for
begge forvaltere er modelleret som et stokastisk differentielle spil, der ikke er
nul sum. Begge forvaltere har adgang til et finansielt marked bestéaende af et
risikofrit aktiv, et risikabelt aktiv og en inflationsindekseret indeksobligation.
Det risikable aktivs prisproces og ukontrollerbare tilfeeldige forpligtelser er
ikke kun pavirket af inflationsrisikoen, men ogsa drevet af en generel klasse af
stokastiske volatilitetsmodeller, herunder modellen med konstant variansela-
sticitet, familien af avancerede 4/2-modeller, og nogle sti-afhaengige modeller
som serlige tilfaelde. Ved at anvende en bagleens stokastisk differentialligning
(BSDE) tilgang til at overvinde den muligvis ikke-markovske indstilling, ud-
ledes udtryk i lukket form for ligeveaegtsinvesteringsstrategier og tilsvarende
veerdifunktioner under magt og eksponentielle nyttepraeferencer. Desuden er
der eksplicitte lgsninger pa nogle sarlige tilfaelde af vores model. Til sidst
udfgrer vi numeriske undersggelser for at illustrere effekten af modelparametre
pa ligevaegtsstrategierne og drage nogle gkonomiske fortolkninger.
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Chapter 1

Introduction

This introductory chapter serves as a prelude to a series of investigations that are
mainly concerned with the problems and techniques within the mathematics of
dynamic portfolio optimization. Section 1.1 briefly reviews the background and
existing studies related to the classical single-agent portfolio optimization problems
under both the expected utility maximization and mean-variance criteria. In Section
1.2, the seminal studies and results in the field of robust portfolio optimization under
model ambiguity are reviewed. Section 1.3 presents the most relevant works on the
multi-agent portfolio optimization problems taking into account relative performance
concerns. In Section 1.4, some essential methodologies that are commonly adopted
to address dynamic portfolio optimization problems are summarised, including the
dynamic programming approach, martingale approach, and backward stochastic
differential equation (BSDE) approach. Finally, the introduction provides an outline
of the thesis and the interconnections among the reminder chapters.

1.1 Portfolio optimization problems

This section introduces a brief background on the classical single-agent portfolio
optimization problems over a finite horizon to either maximize the expected inte-
grated utility of running consumption and terminal wealth or minimize the variance

of terminal wealth given a specific expected return.

The earliest attempt to analyze portfolio selection problems in a quantitative
way appears to be Markowitz (1952), in which the agent was concerned with the
trade-off between the profit (expected return) maximization and risk (variance)
minimization in a single period. Although the pioneering work of Markowitz laid the
foundation of modern portfolio optimization theory, the results of Markowitz’s work,
limited by the single-period setting, lead to myopic investment strategies and fail to
account for the optimal investment behavior with time-varying opportunities within
long-term investment problems. Around two decades later, Samuelson (1969) and



Hakansson (1975) formulated and solved the multi-period investment-consumption
problems under the framework of expected utility maximization, where the agents’
risk preferences were described by constant relative risk aversion (CRRA) and
constant absolute risk aversion (CARA) utilities. Due to the variance operator
within the objective function under the mean-variance criterion precluding the use
of Bellman'’s principle of optimality, Markowitz’s results were not generalized to the
multi-period case until the seminal work of Li and Ng (2000), where an embedding
technique was first proposed to reduce the mean-variance problem to the resolution
of an auxiliary control problem.

To tackle the constantly dynamic financial markets and to react to new informa-
tion immediately, portfolio optimization problems in a continuous-time setting have
also been extensively investigated by quite a few scholars, among which Merton
(1969, 1971) initiated research on continuous-time portfolio optimization under
the framework of expected utility maximization using the dynamic programming
approach and solving the associated Hamilton-Jacobi-Bellman (HJB) equations.
The dynamic programming approach, however, entails the Markovian structures of
state variable processes. Pliska (1986) and Karatzas, Lehoczky, and Shreve (1987)
solved continuous-time consumption/portfolio optimization problems in a more
generally complete but non-Markovian market setting by proposing the martingale
approach. In short, this approach decomposes a dynamic portfolio optimization
problem into a more tractable static optimization problem and a financial repli-
cation problem. From a mathematical point of view, the martingale approach
essentially hinges on the uniqueness of the risk-neutral measure (market complete-
ness) and the martingale representation theorem for determining the attainable
optimal terminal wealth and the associated replication strategy, respectively. In
other words, the martingale approach falls apart in generally incomplete markets
where there exist infinitely many risk-neutral measures and some contingent claims
cannot be hedged against by using the underlying assets solely. To extend the
usage of the martingale approach to incomplete market settings, Karatzas et al.
(1991) proposed the fictitious completion method by introducing additional fictitious
assets into the original incomplete market and making them unfavorable to the
agent. Nevertheless, finding such fictitious assets is not straightforward and might
be computationally intensive. El Karoui, Peng, and Quenez (1997) opted for the
BSDE (Pardoux and Peng (1990)) approach to portfolio optimization problems in
an incomplete and non-Markovian market setting, where the solution to a BSDE
with the concave generator was represented as the objective function of the portfolio
optimization problem and the comparison theorem for BSDEs played a key role
in the determinization of the optimal control and value function. Hu, Imkeller,
and Miiller (2005) adopted an alternative BSDE approach to El Karoui, Peng, and
Quenez (1997) to solve portfolio optimization problems, where the idea of this BSDE
approach for determining the value function and the associated optimal control is



to construct a family of stochastic processes depending on the admissible strategies
in a way that their values at time zero do not depend on any admissible control and
their terminal values coincide with the utility of the agent’s terminal wealth. For
all the admissible strategies, the stochastic processes are (local) super-martingale,
while there exists one particular strategy such that it is a (local) martingale.

In the context of mean-variance theory, following a similar embedding technique
pioneered by Li and Ng (2000) for discrete-time models, Zhou and Li (2000)
transferred the continuous-time mean-variance portfolio optimization problem in a
complete market setting into a tractable stochastic linear-quadratic control problem.
The latter was solved explicitly premised on deterministic coefficients. Besides
the embedding technique, Li, Zhou, and Lim (2002) proposed the Lagrange dual
method to investigate a continuous-time mean-variance problem with no-shorting
constraint upon noticing that the mean-variance problem is a convex optimization
problem with a linear constraint which can be dealt with by introducing a Lagrange
multiplier. To extend the results of Zhou and Li (2000) to a more general model
with random market coefficients, Lim and Zhou (2002) used the Lagrange dual
method and the standard results of existence and uniqueness of linear BSDEs with
uniformly Lipschitz continuity (El Karoui, Peng, and Quenez (1997) and Yong
and Zhou (1998)) to derive the efficient frontier and optimal investment strategy
which are expressed in terms of the solutions to a backward stochastic Riccati
equation (BSRE) and a standard linear BSDE. Owing to the complete market
setting and uniformly bounded market coefficients, Lim and Zhou (2002) showed
that the global solvability of the BSRE can be addressed via an auxiliary linear
BSDE. Lim (2004) adopted a similar approach to Lim and Zhou (2002) to study a
continuous-time mean-variance problem in a more complicated incomplete market.
The proof of the solvability of the BSRE used the results of BSDEs with quadratic
growth (Lepeltier and Martin (1998) and Kobylanski (2000)). However, since the
coefficients of the linear BSDE in Lim (2004) were only square integrable rather
than uniformly bounded, the existence and uniqueness results were not evident and
an intricate variance optimal martingale measure was adopted to finish the proof.
Recently, Shen (2015) generalized the results of Lim and Zhou (2002) to the case
with unbounded market coefficients in a complete market. The global solvability of
the associated BSRE and linear BSDE were proved by imposing an exponential
integrability assumption on the market price of risk, which was a sufficient condition
to define a class of equivalent probability measures and ensure that the solutions to
the associated BSDEs belong to proper spaces. Lv, Wu, and Yu (2016) investigated a
continuous-time mean-variance portfolio selection problem in an incomplete market
with uniformly bounded market coefficients and an uncertain investment horizon.
By virtue of the martingales of bounded mean oscillation (Kazamaki (1994)) and
Girsanov’s measure change techniques, the existence results of the associated BSRE
and linear BSDE were determined. Moreover, the proof of the uniqueness of



the solution to the linear BSDE was completed with the help of the results on
BSDEs with stochastic Lipschitz condition (Briand and Confortola (2008)). Another
development for continuous-time mean-variance portfolio selection problems that
has been receiving much attention in recent years is the time-inconsistent control
(Strotz (1956)), which means that the optimal control derived at the initial time
might not be optimal at a future time point due to the non-separability of the
variance operator under the mean-variance criterion in the sense of Bellman’s
optimality principle. In other words, once the agent arrives at any new position at a
future time, the optimal strategy determined at the new position is inconsistent with
the initial one unless the agent commits himself/herself to the initial strategy over
the whole investment period. As such, the time-inconsistent strategy is also referred
to as the pre-committed strategy in the literature. To tackle the time inconsistency,
Basak and Chabakauri (2010) derived a time-consistent strategy that is determined
by applying a backward recursion starting from the terminal date. Within a
reasonably general Markovian framework, Bjork, Khapko, and Murgoci (2017)
developed a game theoretical approach that essentially studies the subgame-perfect
Nash equilibrium, and they derived the equilibrium strategy and equilibrium value
function by solving an extended HJB equation. Lately, Pedersen and Peskir (2017)
introduced the dynamically optimal approach to investigate the time inconsistency
of mean-variance problems. They overcame the time inconsistency by recomputing
the statically optimal (pre-committed) strategy during the investment period, and
they can, therefore, obtain dynamically optimal (time-consistent) strategies by
solving infinitely many optimization problems.

It is widely accepted that the volatility of stock returns displays a stochastic
fashion rather than a constant or deterministic one. Empirical studies on equity
market data reveal many stylized facts including fat tails, the leverage effect,
volatility clustering, and volatility smile/skew, which cannot be explained by the
Black-Scholes model (Black and Scholes (1973)). Over the last few decades, various
stochastic (local) volatility models have been developed to interpret the phenomena
observed in the market. See, for example, French, Schwert, and Stambaugh (1987),
Wiggins (1987), Hull and White (1987), Stein and Stein (1991), Heston (1993),
Schobel and Zhu (1999), and Grasselli (2017). Besides volatility risk, changing
interest rates also constitute one of the major risk sources, and modeling the
term-structure movements of interest rates is deemed a challenging but crucial task.
The rigorous treatment of the term-structure models stemmed from the seminal
work of Vasicek (1977), where the short rates of interest were characterized by
an Ornstein-Uhlenbeck (OU) model. Cox, Ingersoll, and Ross (1985) (hereafter
called CIR) adopted an affine-form, square-root process to describe the evolution of
the short rates of interest. Contrarily to the Vasicek model, the CIR specification
precludes negative interest rates while preserving tractability. Duffie and Kan
(1996) stepped further by introducing a multi-factor affine-form diffusion equation



to track the evolution of bond prices. Duffee (2002) proposed a broader class of
”essentially affine” models which not only retained the analytical tractability of
completely affine models but also allowed compensation for interest rate risk to
vary independently of interest rate volatility.

The early research of stochastic volatility and stochastic interest rate models
focused on derivative pricing problems. In recent years, there has been emerging
interest in portfolio optimization problems under various stochastic environments.
Under the framework of expected utility maximization, Kraft (2005) provided an
explicit solution for a CRRA utility maximizer under the Heston model (Heston
(1993)) by imposing a specific condition on the model parameters and solving the
associated HJB equation. Chacko and Viceira (2005) investigated an investment-
consumption problem under the 3/2 model (Lewis (2000)), where an explicit solution
and an approximation solution were derived for CRRA utility and generally recursive
utility, respectively. Liu (2007) solved a CRRA utility maximization problem when
the asset returns were (non-affine) quadratic, up to the solution to an ordinary
differential equation (ODE). With the help of a martingale criterion, Kallsen and
Muhle-Karbe (2010) derived explicit solutions for a CRRA utility maximization
problem in a number of affine-form stochastic volatility models. Jung and Kim
(2012) considered an optimal investment problem under the constant elasticity of
variance (CEV) model and hyperbolic absolute risk aversion (HARA) utility. Zeng
and Taksar (2013) studied an optimal investment problem under CRRA utility
and a general stochastic volatility model in a Markovian setting, and closed-form
solutions for the Heston model were derived by solving the associated HJB equation
under a more relaxed assumption than that in Kraft (2005). Cheng and Escobar
(2021a) investigated an optimal investment problem for a CRRA agent under the
family of state-of-the-art 4/2 stochastic volatility models (Grasselli (2017)) in both
complete and incomplete markets and obtained closed-form solutions by solving
the corresponding HJB equations. By using the martingale approach, Bajeux-
Besnainou, Jordan, and Portait (2003) and Deelstra, Grasselli, and Koehl (2000)
considered CRRA utility maximization problems under the Vasicek model and CIR
model, respectively. Grasselli (2003) studied a more complicated HARA utility
maximization problem under the CIR interest rate and derived closed-form solutions
by applying the dynamic programming approach. Assuming that the stock price and
its volatility were perfectly correlated, Li and Wu (2009) investigated CRRA utility
maximization problems in a hybrid CIR-Heston framework. Escobar, Neykova, and
Zagst (2017) studied a HARA utility maximization problem in a Markov-switching
bond-stock market. Chang et al. (2020) considered an optimal asset allocation
problem for a defined contribution plan member with a stochastic affine interest
rate and mean-reverting returns under the HARA preference. Recently, Zhang
(2022f) solved a utility maximization problem with a stochastic interest rate model
and volatility risk using the BSDE approach, where the short rate of interest



followed an affine diffusion process established by Duffie and Kan (1996) and the
market price of risk was described by an affine-form, square-root factor process. In a
similar modeling framework, Zhang (2022c) investigated a defined contribution (DC)
pension investment problem with stochastic volatility and stochastic inflation and
obtained explicit solutions for CRRA and CARA utility. Zhang (2022d) considered
an asset-liability management (ALM) problem for a HARA utility maximizer in
a non-Markovian market setting, where the return rate and volatility of the risky
asset were potentially non-Markovian path-dependent processes, while the market
price of risk was governed by an affine diffusion process. As the literature on
utility maximization problems with various stochastic investment opportunities is
abundant, the above review is not exclusive. For more literature on continuous-time
utility maximization problems, one may refer to Zariphipoulou (2001), Pham (2002),
Benth and Karlsen (2005), Liang, Yuen, and Guo (2011), Shen and Siu (2012),
Zhao and Rong (2012), Kraft, Seifried, and Steffensen (2013), Guan and Liang
(2014), Pan and Xiao (2017a,b), Xing (2017), Pan, Hu, and Zhou (2019), Ma, Zhao,
and Rong (2020), and references therein.

Under Markowitz’s mean-variance paradigm, éerny and Kallsen (2008) studied
an optimal investment and hedging problem under the Heston model by using the
martingale approach. Ferland and Watier (2010) considered a portfolio selection
problem in a complete market under an extended CIR interest rate model. By means
of BSDEs, Shen, Zhang, and Siu (2014) investigated a portfolio selection problem
under the CEV model premised on a sufficient condition on the market price of
risk, where the generator of the associated BSDE satisfied the stochastic Lipschitz
condition established by Bender and Kohlmann (2000). Shen and Zeng (2015)
further studied an optimal investment-reinsurance problem for a mean-variance
insurer in an incomplete market, where the market price of risk is proportional to a
Markovian, affine-form, and square-root factor process. The modeling framework
recovered the CEV model, Heston model, and some non-Markovian path-dependent
models, as particular cases. Zhang and Chen (2016) considered an ALM problem
with multiple risky assets under the CEV model, and the solutions were expressed
in terms of the solutions to two BSDEs. Li, Shen, and Zeng (2018) stepped further
by incorporating derivative trading into an ALM problem under the Heston model.
Sun, Zhang, and Yuen (2020) investigated an ALM problem in a complete market
setting with multiple risky assets and reinsurance options, where the variance
processes of the risky assets followed an affine diffusion equation. Using a similar
technique, Tian, Guo, and Sun (2021) considered an optimal investment-reinsurance
problem, where the return rate of the risky asset was described by an OU process.
Zhang (2023) investigated a derivative-based ALM problem in the presence of both
stochastic interest rates and stochastic volatility, where the interest rate and risky
asset’s volatility were driven by the CIR model and 4/2 stochastic volatility model,
respectively. It is worth mentioning that the optimal strategies derived in the



above-mentioned literature are pre-committed not time-consistent. Other previous
works along this line include Chiu and Wong (2014a), Chang (2015), Pan and Xiao
(2017¢), Sun and Guo (2018), Pan, Zhang, and Zhou (2018), Shen, Wei, and Zhao
(2020), to name but a few. Following the game theoretical approach pioneered
by Bjork, Khapko, and Murgoci (2017), Li, Rong, and Zhao (2015) considered a
time-consistent reinsurance-investment problem under stochastic interest rate and
stochastic inflation. Li, Zeng, and Lai (2012) and Lin and Qian (2016) investigated
time-consistent reinsurance-investment problems under the Heston model and CEV
model, respectively. Zhu and Li (2020) studied a time-consistent reinsurance-
investment problem with stochastic interest rates and stochastic volatility. Recently,
within the framework developed by Pedersen and Peskir (2017), Zhang (2021b,a,
2022a) derived the dynamically optimal strategies explicitly under the 3/2 model, 4/2
model with mispricing phenomenon, and a hybrid model with Vasicek interest rates
and general stochastic volatility, respectively. For more literature about continuous-
time mean-variance portfolio selection under different types of constraints and
scenarios, readers may refer to the review paper by Zhang, Li, and Guo (2018).

1.2 Robust portfolio optimization problems with model
ambiguity

In the preceding literature, the risk-averse agents are assumed to know the proba-
bility distributions of all relevant random quantities and fully trust the formulated
models. As pointed out by Merton (1980) and Cochrane (1997), however, economic
agents are indeed not confident in the formulated models due to the lack of complete
information or the difficulty to estimate model parameters with precision. Moreover,
following the early ideas originated from Knight (1921), the empirical studies of Ells-
berg (1961) and Bossaerts et al. (2010) demonstrated that economic agents display
aversion not only to risk but also to ambiguity (unknown probability distribution).
In this sense, incorporating model ambiguity into traditional portfolio optimization
problems is plausible. Great developments have been made in dealing with model
ambiguity in recent years. Among them, Andersen, Hansen, and Sargent (2000)
proposed the penalty-based robust control approach, behind which the fundamental
idea is that the ambiguity-averse agent takes the formulated reference model as
an approximation to the unknown true model and believes that the true model
belongs to a family of adverse models which do not deviate from the reference model
too much, and a penalty term, penalizing the situation where the agent accepts
an improper alternative model far away from the reference model, is embedded
into the objective function. Within this framework, the economic agent seeks the
robust optimal investment strategy to optimize the penalized objective function
measured in the worst-case scenario. Andersen, Hansen, and Sargent (2003) further
formulated the optimal investment problems under continuous-time Markovian



models with jump and diffusion components, provided the associated HJB equation,
and solved it explicitly. Maenhout (2004) refined the penalty-based robust control
approach by introducing the notion of homothetic robustness and investigated the
impact of model ambiguity on the optimal investment-consumption problems in
the setting of constant investment opportunity. Uppal and Wang (2003) extended
the work of Maenhout (2004) to the case with different levels of ambiguity aversion
about state variables. Maenhout (2006) defined a utility loss function measuring
the influence of model ambiguity with stochastic investment opportunities, where a
mean-reverting process described the expected return rate of the risky asset.

The most common treatment for robust control problems with penalization is
to reformulate the original problems in terms of zero-sum, stochastic differential
games between the risk- and ambiguity-averse agent and the market, where the
economic agent aims at maximizing (minimizing) the value function by opting for
an investment strategy, while the market acts adversely by choosing a real-world
probability measure to minimize (maximize) the value function in the meantime. For
more details on the game-theoretic formulation, readers may refer to Mataramvura
and Oksendal (2008). Owing to the mathematical tractability and the consistency
with economic intuition under the penalty-based robust control approach, there
has been emerging literature on robust portfolio optimization problems under
various market settings. For example, Liu (2010) studied a robust investment-
investment problem under recursive utility. Yi et al. (2013) considered a robust
optimal reinsurance-investment problem under the Heston model. Flor and Larsen
(2014) investigated a robust investment problem with stochastic interest rates
described by the Vasicek model. Munk and Rubtsov (2014) extended the work
of Flor and Larsen (2014) to the case with both stochastic interest rates and
stochastic inflation. Escobar, Ferrando, and Rubtsov (2015) discussed the effect
of derivative trading on the robust portfolio optimization problem with stochastic
volatility and jump risk. Zheng, Zhou, and Sun (2016) and Gu, Viens, and Yi
(2017) investigated robust reinsurance-investment problems under the CEV model
and with mispricing, respectively. Zeng et al. (2018) considered a robust derivative-
based pension investment problem with stochastic income and Heston’s stochastic
volatility. Wang and Li (2018) discussed a robust DC pension investment problem
with affine interest rates and Heston’s stochastic volatility. Yang et al. (2020)
investigated a robust portfolio optimization problem with multi-factor stochastic
volatility. Chang, Li, and Zhao (2022) studied a robust mean-variance DC pension
investment problem under the Heston model. By disentangling a BSDE approach,
Zhang (2022e) investigated robust ALM problems for CRRA and CARA utility
in a potentially non-Markovian market featured by a general stochastic volatility
model including the CEV model, the family of state-of-the-art 4/2 model, and some
path-dependent models, as exceptional cases. The above review is not exhaustive
as the literature on the robust control problems under the penalty-based robust



control framework is plentiful. For more recent work along this line, one may refer
to Cheng and Escobar (2021b), Yuan and Mi (2022b), Chen, Huang, and Li (2022),
Baltas et al. (2022), Wei, Yang, and Zhuang (2023), to name but a few.

1.3 Multi-agent portfolio optimization problems with
relative performance concerns

The majority of the above-mentioned studies do not consider the strategic interaction,
i.e., competition, among economic agents. However, as documented by a large
literature, such as Abel (1990), Gali (1994), DeMarzo, Kaniel, and Kremer (2008),
and Gomez (2009), relative performance concerns play a key role in explaining
various financial and economic phenomena in a competitive market. In recent
years, great advances have been achieved in dealing with optimal investment under
relative performance concerns within the framework with multi-agents. Among
them, two strands of literature, Basak and Makarov (2014) and Espinosa and Touzi
(2015), are noteworthy, for they not only pioneered the studies on dynamic portfolio
selection with relative performance concerns in continuous time and analyzed the
problems under a non-zero-sum stochastic differential game formulation in the
sense of Issacs (1965), among others but also proposed approaches to incorporating
relative performance concerns into optimal investment from different angles. More
specifically, Basak and Makarov (2014) focused primarily on a stochastic differential
game among money managers in a canonical Merton’s setting, i.e., the return
rate and volatility of risky assets were constants, and the utility function for each
manager was an average over his/her own terminal wealth and his/her relative wealth
aggregated via a constant elasticity Cobb-Douglas function. The Nash equilibrium
optimal position was derived by employing a martingale approach owing to the
complete market setting. Alternatively, Espinosa and Touzi (2015) investigated a
complete market situation where the economic agents were heterogeneous in terms of
utility functions as well as liquidity constraints sets, and instead of considering only
his/her absolute wealth, each agent cared about a convex combination of his/her
wealth and the difference between his/her wealth and the average wealth of their
peers via an interaction coefficient. By using the BSDE technique developed by Hu,
Imkeller, and Miiller (2005), they provided general conditions for the existence and
uniqueness of the Nash equilibrium for the cases of unconstrained and constrained
agents with exponential utilities within a Black-Scholes market setting. The results
of both Basak and Makarov (2014) and Espinosa and Touzi (2015) show that the
competitive agents have tendencies to increase the weight of risky assets in their
portfolios as they are more concerned about their peers’ performances and quantify
the impact of interaction coefficients on the investment decisions of agents.

Recently, there is growing interest in continuous-time portfolio optimization
problems with relative performance concerns under various market settings. For



instance, following the framework of Basak and Makarov (2014), Guan and Liang
(2016) investigated a non-zero-sum stochastic differential game between two DC
pension funds with constant investment opportunities and inflation risk. Kraft,
Meyer-Wehmann, and Seifried (2020) went beyond constant investment oppor-
tunities and considered a dynamic asset allocation problem with relative wealth
concerns in incomplete markets with unhedgeable stochastic volatility. In the case
of heterogeneous agents, i.e., agents have different levels of risk aversion, solutions
were derived up to solving a system of ODEs. In a setting with homogeneous agents,
explicit solutions were obtained to the problem. Different from the conclusion
drawn by Basak and Makarov (2014) that relative wealth concerns only gave rise to
additional myopic demand for risky assets, the work of Kraft, Meyer-Wehmann, and
Seifried (2020) showed that relative wealth concerns lead to new hedge terms beyond
the usual Merton-Breeden terms as well. Following the modeling framework of
Espinosa and Touzi (2015), Bensoussan et al. (2014) studied a class of non-zero-sum
stochastic differential reinsurance and investment games between two insurance
companies whose surplus processes were modulated by continuous-time Markov
chains. Kwok, Chiu, and Wong (2016) explored the impact of relative performance
concerns on the longevity risk transfer market in the presence of stochastic interest
and mortality rates. Deng, Zeng, and Zhu (2018) considered a non-zero-sum stochas-
tic differential investment and reinsurance game with default risk and Heston’s
stochastic volatility. Under Markowitz’s mean-variance criterion, Hu and Wang
(2018) derived the optimal time-consistent investment and reinsurance strategies
for two mean-variance insurance managers with relative performance concerns in a
Black-Scholes market. Zhu, Cao, and Zhang (2019) and Zhu, Cao, and Zhu (2021)
extended the results of Hu and Wang (2018) to the cases with the Heston model
and CEV model, respectively. For more previous works along this line, readers may
refer to Meng, Li, and Jin (2015), Pun and Wong (2016), Dong, Rong, and Zhao
(2022), Savku and Weber (2022), among others.

It is worth mentioning that the majority of the preceding literature on portfolio
optimization problems with relative performance concerns was studied under Marko-
vian market settings. Hence, the Nash equilibrium can be essentially constructed
as a solution to a system of HJB equations thanks to the dynamic programming
principle (Mataramvura and @Qksendal (2008)). In the recent work of Zhang (2022b),
non-zero-sum stochastic differential games for ALM in incomplete markets with
inflation and volatility risks for CARA and CRRA utility were considered, where
the two heterogeneous asset-liability managers aimed at maximizing the expected
utility of their relative terminal surplus with respect to that of their competitor in
the sense of Espinosa and Touzi (2015). More importantly, inspired by the BSDE
technique proposed by Hu, Imkeller, and Miiller (2005), the author overcame the
potentially non-Markovian environment induced by the path dependence of the
return rate and volatility of the risky asset. Closed-form solutions to the Nash
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equilibrium and optimal value functions were derived for a general class of stochastic
(local) volatility models including the CEV model, Heston model, 3/2 model, 4/2
model, and some path-dependent stochastic volatility models, as exceptional cases.

1.4 Methodologies

This subsection summarizes the key methodologies adopted to solving dynamic
portfolio optimization problems. We convey the standard ideas of the dynamic
programming approach, martingale approach, and BSDE approach, provide their
basic procedures, and present a concise comparison among the three approaches.
As the optimal investment strategy under the mean-variance criterion is ingeniously
related to that under Merton’s expected utility maximization paradigm via Lagrange
multipliers, in what follows we only consider the context of continuous-time portfolio
optimization within the framework of expected utility maximization.

Let T € RT be a fixed and finite constant describing the decision-making horizon
for an economic agent. Consider a probability space (€2, F,P) carrying a one-
dimensional Brownian motion {W:},c(o 7. The filtration F := {Fi},c (g 7y is the
completion of the filtration generated by W;. The economic agent has access to a
financial market consisting of a risk-free asset (money account) and a risky asset
(stock). The dynamics of the risk-free asset B; are given by

dBt = ’I”Bt dt, BO = 17

where the constant r € R stands for the risk-free short rate of interest. The price
process of the risky asset S; is governed by the following stochastic differential
equation (SDE):

dS; = S; (/Lt dt + oy th)7 So =59 € R,

where p; and o, are two R-valued progressively measurable processes such that
the above SDE of S; is well-defined. Denote by 7 and X[ the proportion of the
agents’ wealth invested in the risky asset and the controlled wealth associated with
m¢, respectively. Suppose that the financial market is frictionless and infinite short-
selling and leverage are allowed. Under a self-financing condition, the dynamics of
the agent’s wealth X with initial endowment z¢ € R read

dXT = X[ [(r+ (pe — r)m) dt + oymdWy], t € [0,T). (14.1)

The task at hand is to choose an admissible strategy 7 € A, where A denotes the
set of admissible strategies, that maximizes the agent’s expected utility with respect
to some utility function U from his/her total wealth X7, i.e.,

sup E[U(X7T)]. (1.4.2)
TeA
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1.4.1 Dynamic programming approach

Within a Markovian market setting when the two stochastic processes u; and oy
can be described in a way of some measurable functions on the state variable S;
and t, i.e.,

e = f(t, St), or = a(t,St). (1.4.3)
Then, the classical approach for solving (1.4.2) is that of dynamic programming.
As the name suggests, this approach hinges on Bellman’s dynamic programming
principle and ties the problem (1.4.2) to a special kind of second-order and nonlinear
partial differential equation (PDE), called the HJB equation, which is indeed the
infinitesimal version of the dynamic programming principle as the result of It6’s
formula.

More precisely, denote by V; the value function to the following problem associated
with (1.4.2):

Vi =sup E [U(XF)| F].
TeA

Thanks to the Markov property of the risky asset price process when (1.4.3) holds
true, the value function V; is can be equivalently written as

V, = sugE [UXT)| F] = sugE [UXT)| Xt, Se] =V (t, Xy, 5), (1.4.4)
TE TE

where V' is some unknown deterministic function, and more importantly, the
dynamic programming principle is viable in this context. In other words, for any
0<t<t <T, we have

V(t, X, S;) = sup E [V (', X7, Si)] .
TEA

By further assuming that V is a smooth function, an application of Itd6’s formula
leads to the local behavior of V' which is governed by the following HJB equation:

ov ov _ 10%V 9 9 ov _

51 (t,z,s)+ D5 (t,z, s)a(t,s)s + 3957 (t,x,s)a”(t,s)s” + 5171rp {—ax (t,z,s)(r + (al(t,s)
1 82‘7 2_9 2 82‘7 _92 o

—r)m)T + iw(t,m, s)x o (t, s)m” + M(t,aj, s)xsa (t,s)m p =0,

with terminal condition V (7T, x,s) = U(z). By solving the above HJB equation
explicitly or showing the existence of a smooth solution by PDE techniques, a
candidate solution to the HJB equation denoted by V (¢, z, s), along with an optimal
feedback control denoted by 7*(¢,x, s), is derived. Finally, it is indispensable to
check the concavity of the candidate solution with respect to z and the admissibility
condition of the optimal control so that the candidate solution f/(t, x, s) coincides
with the value function V/ (¢, x, s), which is referred to as the verification theorem in
the literature; see, for example, Yong and Zhou (1998) or Pham (2009).

To summarize, the steps for finding the optimal controls and value functions via
the dynamic programming approach are as follows:
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1. Make sure the control problem is in the Markovian context. If that is the
case, derive the HJB equation formally.

2. Assume the value function is concave with respect to the wealth and use the
static optimization method to derive the expression of the optimal control
from the HJB equation.

3. Substitute the optimal control into the HJB equation and solve the resultant
PDE governing the value function explicitly by providing a candidate solution.

4. Verify all the technical conditions so that the candidate solution coincides
with the value function.

1.4.2 DMartingale approach

The martingale approach stemmed from the seminal works of Pliska (1986) and
Karatzas, Lehoczky, and Shreve (1987). In the complete market case, it provides
an alternative methodology to the dynamic programming approach. Compared
with the dynamic programming approach, the biggest advantage of the martingale
approach is that it does not require the Markovian structure of the model. The
basic idea is to decompose the dynamic portfolio optimization problem into a static
optimization problem and a financial replication problem, from which the optimal
terminal wealth and the optimal investment strategy are derived, respectively.
Following the setup (1.4.1) and (1.4.2), by imposing the Novikov’s condition on the
following Radon-Nikodym derivative process L;:

L (" (s —r 2 TR
L; :=exp —f/ (b) ds—/ = dW, ¢,
2 0 Og 0 Og

the risk-neutral measure Q is well-defined and equivalent to P on Fr via

dQ
dP

= LT.
Fr
Since the market is complete, the equivalent risk-neutral measure Q is unique.
Moreover, all the attainable terminal wealth X7 can be regarded as the payoff of
some contingent claims which then must have a price equal to the agent’s initial
wealth xg, i.e.,

E? [e7"" XT] = 0. (1.4.5)

Combining (1.4.1) and (1.4.5) indicates that the agent faces a constrained optimiza-
tion problem which can be conveniently expressed in terms of the Lagrangian:

L:=E[U(X])— Me "Ly XT — z0)] (1.4.6)
where A is the Lagrange multiplier. A point-wise maximization within the expecta-

tion in (1.4.6) leads to the optimal attainable terminal wealth X3 = (U’)~*(Ae™"T L),
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where (U’)~! denotes the inverse of the utility function’s first-order derivative and
the Lagrange multiplier X is obtained such that the linear constraint (1.4.5) holds
for X7.. To find the optimal strategy 7* such that the associated wealth process
XT " coincides with X7, P almost surely at the terminal date 7', applying Ito’s
formula to e”™=H X7 under Q measure shows that

de"TOXT" = " TOXT oy AW,

where W;Q = fg % ds + Wy is the Brownian motion under Q due to Girsanov’s
theorem. Under some integrability condition, we know that e”™=%) X7 is an (F, Q)-
martingale, and upon considering the terminal condition that X%T«* = X7, we find

]:t:|7

from which we further observe that the process e*”LtXt’“* =E {eTTLTX}

the optimal wealth process is given by

X =E° [e"’(T_t)X}

]—'t]
is an (F,P)-martingale. Due to the martingale representation theorem, on one hand,
there exists a progressively measurable process 1y such that

de " Ly X = by dW,. (1.4.7)
On the other hand, an application of It6’s formula yields the dynamics of e ™" L; X[ "
as follows:
de "L X = e L XT (ﬁ;ot L T) dW,. (1.4.8)
Ot

Comparing the diffusion coefficients of (1.4.7) and (1.4.8) leads to the following
expression of the optimal investment strategy =;:

mr = ( Ve 1 _r> = (1.4.9)

BirtLtXtﬂ—* Ot O¢

In summary, the martingale approach adopted here for determining the value
function and the optimal control in the complete market case is based on the
following procedure:

1. Compute the optimal attainable terminal wealth X% = (U’)~Y(Ae "7 Lr).

2. Determine the Lagrange multiplier A from the budget equation E@ [e"'TX ﬂ =
Zo-

3. Derive the optimal control 7} from (1.4.9) and the value function V; =
E[UX7)] Fil-

It is worth mentioning that the validity of the martingale approach relies on market
completeness ensuring the uniqueness of the equivalent risk-neutral measure QQ and
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that any contingent claims with maturity 7" which have a price equal to the initial
wealth xo can be replicated. When the market is incomplete, Karatzas et al. (1991)
proposed the fictitious completion method to complete the incomplete market by
introducing additional fictitious assets. Hence, in addition to following the above
procedures for deriving the optimal control and value function in the fictitious
complete market, it is indispensable to determine the market price of risk ultimately
so that the fictitious assets are unfavorable to the agent and the solution to the
fictitious complete market case coincides with that to the original incomplete market

case.

1.4.3 BSDE approach

BSDE is a type of SDEs prescribed by the terminal condition. The theory of linear
BSDE was initiated by Bismut (1976) in the context of stochastic linear quadratic
control. The problem of the existence and uniqueness of the solutions to nonlinear
BSDEs was solved by Pardoux and Peng (1990) under the uniformly Lipschitz
condition on the generator, i.e., for the following general form of nonlinear BSDE
of (Yi, Zy):

1.4.10
o (1.4.10)

where ¢ is a given Fr-measurable R-valued random variable satisfying E|£|? < +o0,

{dYt =— f(t, Y, Zy) dt + Zy dW,

the generator f: Q® [0,7] ® R® R — R is a progressively measurable function,
and there exists a positive constant k € Rt such that

[F(t g1, 20) = F(t w2, 20)] < E(lyr = 2| + |21 = 2a), (1.4.11)

for all ¢t € [0,7] and yi,y2,21,22 € R. To weaken the assumption of uniformly
Lipschitz condition (1.4.11), Bender and Kohlmann (2000), among others, proposed
a type of nonlinear BSDE with stochastic Lipschitz continuity: there exists two
non-negative F-measurable processes c;,; and ca such that

If(t,y1,21) — f(t,y2, 22)| < cielyr — yo| + coe]21 — 22

By strengthening the integrability conditions on the generator and the terminal
value £, Bender and Kohlmann (2000) derived the existence and uniqueness results
of the solutions in a proper space. Wang, Ran, and Hong (2006) further established
the well-posedness of the results of Bender and Kohlmann (2000) in some larger
spaces.

Another important weakening of the uniformly Lipschitz continuity (1.4.11) on
the generator was given in Kobylanski (2000), which pioneered the studies on the
BSDEs whose generator has quadratic growth in the variable z. More precisely, the
author assumed that there exists a positive constant k& € Rt such that

fty,2)| <k +|y|+ |2%]),
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and that there exists a positive constant k£ € R such that

[f(ty1,21) = (£, 92, 22)| <K (Jyr = yal + (1 + [ya] + [y2] + [21] + |22[) |21 — 22])

for allt € [0, T] and y1, y2, 21, 22 € R. By imposing a uniform boundedness condition
on the terminal value &, the existence and uniqueness result of the solution to
quadratic BSDE was demonstrated in Kobylanski (2000). We should point out
that quadratic BSDEs have found wide applicability in the fields of stochastic
control and mathematical finance; see, for example, Hu, Imkeller, and Miiller (2005),
Yu (2013), Lv, Wu, and Yu (2016), to name but a few. Briand and Hu (2006)
proved the existence result of the solution to quadratic BSDEs with unbounded
terminal value, where the uniform boundedness condition on the terminal value in
Kobylanski (2000) was replaced by an exponential integrability condition. However,
no uniqueness result was stated in that work since the comparison theorem for this
kind of BSDE was not presented. By further assuming the generator is convex in
the variable z, i.e., for all t € [0,T] and y € R,

2z f(t,y,z) is convex,

Briand and Hu (2008) filled this gap. In recent years, there has been growing interest
in developing and studying various types of BSDEs; see, for example, Briand and
Carmona (2000), Briand and Confortola (2008), Delbaen, Hu, and Adrien (2011),
Fan, Hu, and Tang (2020), and references therein. For a comprehensive textbook
reading on the theory of BSDEs, see, for instance, Pham (2009) and Zhang (2017).

In the context of dynamic portfolio optimization, compared with the above-
mentioned dynamic programming approach and martingale approach, the BSDE
approach does not entail the Markovian structures of state variables as well as
the complete market setting. There are numerous papers considering optimal
investment using the tools of BSDEs, among which the seminal works of Lim and
Zhou (2002) and Hu, Imkeller, and Miiller (2005) are the milestones viewed from
our perspective.

To put it short, the primary ideas of both Lim and Zhou (2002) and Hu, Imkeller,
and Miiller (2005) are to reformulate the term within the objective function under
either the mean-variance criterion or the expected utility maximization paradigm
as the terminal value of an unknown stochastic process. The determination of such
stochastic process then leads to several BSDEs with various and specific forms, and
usually, the resultant BSDEs would be in the types of backward stochastic Riccati
equations (BSREs), quadratic BSDEs, and linear BSDEs. Thus, the optimality
of portfolio optimization problems boils down to the solvability of the associated
BSDEs. Once the existence and uniqueness results can be established, the optimal
investment strategy along with the value function can be obtained via the martingale
optimality principle. We follow the above setup (1.4.1) and (1.4.2) to illustrate this
idea. Construct a family of stochastic processes denoted by M/, = € A, such that
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o the terminal value MT = U(X7F), for all 7 € A;
o the initial value at time zero M{ is independent of all 7w € A;
o M is an (F,P)-supermartingale for all m € A, and there exists a 7* € A such
that M7 is an (F,P)-martingale.
The above argument immediately shows that 7* is the optimal investment strategy
and MJ" is the value function of problem (1.4.2) since
E[U(XP)] = E[MF] < Mg = M{" =E [MF' | =E [U(XF)].

The determination of M/ normally hinges on the specific form of the utility function
and we can construct M/ in the form

M[ = U(Y1, XT + Yay), (1.4.12)

where Y7 ; and Y5 are the first components of the solutions to the following two
uncontrollable BSDEs of (Y7 4, Z1 ) and (Y24, Za,4), respectively:

dYie == f1(t, Y1, Z1) dt + Zy 0 dW, (1.4.13)
YI,T =1,
and
Y, = — fot, Yau, Zoy) dt + Zz, W,
2, fo(t,Ya,1, Z24) 22 (1.4.14)
Y2, r =0.

The expressions of generators f; and fs can be obtained by using It6’s formula to
M. By solving BSDEs (1.4.13) and (1.4.14) explicitly or at least establishing their
existence and uniqueness results, the value function of problem (1.4.2) turns out to
be M = M§ = U(Y;1 070 + Y2,0) and the expression of the optimal strategy can
be found from the dynamics of M. To summarize, the basic procedure for finding
the optimal controls and value functions via the BSDE approach is as follows:

1. Define an auxiliary process M/ for all m € A by (1.4.12), where the dynamics
of Y1+ and Y2, are given by (1.4.13) and (1.4.14) and the expressions for
generators f; and fo are not given at this step.

2. Apply Itd’s formula to M and reformulate the drift terms of dM{ in a way
that fi and fo are independent of all = € A.

3. Substitute the specific forms of f; and fo determined from the last step into
(1.4.13) and (1.4.14) and solve the resultant BSDEs (1.4.13) and (1.4.14)
explicitly or prove their existence and uniqueness results.

4. Represent the value function in terms of the solutions to BSDEs (1.4.13)
and (1.4.14), i.e., Vo = U(Y1,0x0 + Y2,0), and derive the optimal investment
strategy 7* from the drift coefficients of dM[ .
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We conclude this subsection by providing the following table which exhibits the

principles and applicable scenarios of the above-mentioned three approaches to

solving dynamic portfolio optimization problems:

Market scenarios
Approaches | Principles Complete Incomplete | Markovian | Non-
Markovian
Dynamic pro- | Bellman’s v v v X
gramming ap- | dynamic pro-
proach gramming
principle
Martingale Uniqueness v X (/ with | / v
approach of the risk- fictitious
(Pliska (1986) | neutral comple-
and Karatzas, | measure and tion by
Lehoczky, martingale Karatzas
and  Shreve | representa- et al.
(1987)) tion theorem (1991))
BSDE ap- | Martingale op- | v e v v
proach (Lim | timality prin-
and Zhou | ciple
(2002)  and
Hu, Imkeller,
and  Miiller
(2005))

Table 1.1: Methodologies for solving dynamic portfolio optimization problems under
different market scenarios

1.4.4 Outline of thesis

This thesis contains an introduction and nine self-contained research papers. Chap-
ters 2-5 are concerned with the single-agent portfolio optimization problems under
Markowitz’s mean-variance criteria in the presence of 3/2 stochastic volatility in a
complete market, a hybrid model of stochastic interest rates and stochastic volatility
in an incomplete market, uncontrollable random liabilities and the opportunities of
derivative trading, and the family of 4/2 stochastic volatility models with mispricing
phenomenon, respectively. Chapters 6-8 focus on dynamic portfolio optimization
for a single agent within the framework of Merton’s expected utility maximization
under various market scenarios. In Chapter 6, we consider utility maximization with
stochastic affine interest rates and stochastic volatility. Chapter 7 deals with optimal
DC pension investment problems with stochastic income, stochastic inflation, and
stochastic volatility taken into consideration in the meantime. Chapter 8 contains
a study on optimal ALM problems with affine diffusion factor processes and HARA
utility preferences in a non-Markovian market setting. Chapter 9 and 10 are on
the subject of stochastic differential games between two agents in non-Markovian
market economies. Particularly, in Chapter 9, we consider a robust optimal ALM
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problem with stochastic volatility with model ambiguity. Chapter 10 investigates
an optimal ALM problem for two asset-liability managers subject to relative per-
formance concerns in the presence of stochastic inflation and stochastic volatility,
and the problem is modeled as a non-zero-sum stochastic differential game. The
following hierarchical graph exhibits the interactions among the remaining chapters.

Chapter 6

Figure 1.1: Structure of the remaining chapters

Chapter 9 Chapter 10
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Chapter 2

Dynamic optimal mean-variance portfolio

selection with a 3/2 stochastic volatility

ABSTRACT

This paper considers a mean-variance portfolio selection problem
when the stock price has a 3/2 stochastic volatility in a complete market.
Specifically, we assume that the stock price and the volatility are perfectly
negatively correlated. By applying a backward stochastic differential
equation (BSDE) approach, closed-form expressions for the statically
optimal (time-inconsistent) strategy and the value function are derived.
Due to the time inconsistency of the mean-variance criterion, a dynamic
formulation of the problem is presented. We obtain the dynamically
optimal (time-consistent) strategy explicitly which is shown to keep the
wealth process strictly below the target (expected terminal wealth) before
the terminal time. Finally, we provide numerical studies to show the
impact of main model parameters on the efficient frontier and illustrate
the differences between the two optimal wealth processes.

Keywords: Mean-variance portfolio selection; 3/2 stochastic volatility; Backward
stochastic differential equation; Dynamic optimality; Complete market

2.1 Introduction

In the last several decades, various stochastic volatility models have been developed
in the literature to explain the volatility smile and heavy tails of return distribution
as widely observed in the financial market. See, for example, Heston (1993), Hull
and White (1987), Lewis (2000), and Stein and Stein (1991). Among them, a
non-affine model with a mean reverting structure called the 3/2 stochastic volatility
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model (Lewis (2000)) enjoys empirical support in the bond and the stock market
by previous works, such as Ahn and Cao (1999), Bakshi, Ju, and Ou-Yang (2006),
and Jones (2003). Efforts have been made under the 3/2 stochastic volatility in
derivative pricing problems such as Carr and Sun (2007), Drimus (2012), and Yuen,
Zheng, and Kwok (2015). It seems, however, that little attention has been paid to
portfolio selection problems under Markowitz (1952)’s mean-variance criterion.

The single-period asset allocation theory under the mean-variance criterion is
first introduced by the seminal paper Markowitz (1952). Thereafter there has
been increasing attention on extensions and applications of Markowitz’s work.
Two milestones are the work of Li and Ng (2000) and Zhou and Li (2000) which
generalize Markowitz’s work to a multi-period and a continuous-time setting by
using embedding techniques. In Zhou and Li (2000), they assume that all the
market parameters are deterministic functions or constants. To extend the results
to more realistic models with random parameters, on the assumption that the return
rate, the volatility, and the risk premium are all bounded stochastic processes, the
backward stochastic differential equation (BSDE) approach is introduced by Lim and
Zhou (2002) to solve a mean-variance problem in a complete market. From then on,
many papers work on the mean-variance portfolio selection problem under various
financial models by using the BSDE approach. Chiu and Wong (2011) consider the
problem where asset prices are cointegrated. Shen, Zhang, and Siu (2014) investigate
the same problem under a constant elasticity of variance model by assuming that
the risk premium process satisfies exponential integrability. Zhang and Chen (2016)
extend the results in Shen, Zhang, and Siu (2014) by further incorporating a liability
process. Shen and Zeng (2015) study the optimal investment-reinsurance problem
for a mean-variance insurer in an incomplete market where the risk premium process
is proportional to a Markovian, affine-form and square-root process, and a modified
locally square-integrable optimal strategy is derived by imposing an exponential
integrability of order 2 on the risk premium process. Under similar conditions
considered in Shen and Zeng (2015), a mean-variance problem under the Heston
model with a liability process and a financial derivative is considered in Li, Shen, and
Zeng (2018). Other relevant works on mean-variance portfolio selection problems
by applying not only the BSDE approach but also other approaches (for example,
the dynamic programming approach and the martingale approach (Pliska (1986)))
include, such as Bielecki et al. (2005), Chang (2015), Ferland and Watier (2010),
Han and Wong (2021), Lv, Wu, and Yu (2016), Pan and Xiao (2017c¢), Pan, Zhang,
and Zhou (2018), Peng and Chen (2021), Peng and Chen (2022), Shen (2015), Shen
(2020), Shen, Wei, and Zhao (2020), Tian, Guo, and Sun (2021), and Yu (2013).

The literature mentioned above under Markowitz’s paradigm, however, shares
one characteristic, that is, all deals with pre-committed strategies (Strotz (1956)).
The resulting optimal strategy always depends on the initial wealth level and thus is
called time-inconsistent. Recently, the time-consistent mean-variance portfolio selec-
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tion problem has received considerable attention. To tackle the time inconsistency,
Basak and Chabakauri (2010) derive a time-consistent strategy which is determined
by applying a backward recursion starting from the terminal date. Bjork, Khapko,
and Murgoci (2017) develop a game theoretical approach under Markovian settings
which essentially studies the subgame-perfect Nash equilibrium, and they derive
the equilibrium strategy and the equilibrium value function by solving an extended
Hamilton-Jacobi-Bellman (HJB) equation. Along this approach, previous works
include Li, Zeng, and Lai (2012), Li, Rong, and Zhao (2015), Lin and Qian (2016),
and Zhu and Li (2020), to name but only a few. Alternatively, Pedersen and
Peskir (2017) introduces the dynamically optimal approach to investigate the time
inconsistency of mean-variance problems. They overcome the time inconsistency
by recomputing the statically optimal (pre-committed) strategy during the invest-
ment period, and they can therefore obtain dynamically optimal (time-consistent)
strategies by solving infinitely many optimization problems.

Motivated by these aspects, we consider a dynamic mean-variance portfolio
selection problem within the framework developed in Pedersen and Peskir (2017)
in a complete market with two primitive assets, a risk-free asset and a stock
with 3/2 stochastic volatility. In particular, the market is completed by fixing a
perfectly negative correlation between the stock price and the volatility. To make
the problem analytically tractable, the return rate of the stock is constant so that
the risk premium process is linear in the reciprocal of the volatility process. We
adopt the BSDE approach to solve this problem. The Lagrange multiplier is first
applied to transform the mean-variance problem into an unconstrained optimization
problem. By making an assumption on model parameters, the uniqueness and
existence of the solution to a special type BSDE (Bender and Kohlmann (2000))
are established. We then solve the BSDE explicitly and obtain the optimal strategy
in a closed form for the unconstrained optimization problem. Furthermore, we
derive the analytic expression of the statically optimal strategy of the mean-variance
portfolio selection problem by the Lagrange duality theorem. Finally, by solving the
statically optimal strategy at each time, we obtain the dynamically optimal strategy
which is shown to keep the corresponding wealth process strictly below the target
(expected terminal wealth) before the terminal time. To summarize, this paper has
main contributions in three aspects: (1) We make an assumption on the model
parameters instead of on the risk premium process. This assumption guarantees the
existence and uniqueness of solutions to the BSDEs. (2) We manage to derive the
square-integrable optimal strategy instead of the locally square-integrable optimal
strategy and verify the admissibility. (3) We provide both static and dynamic
optimality.

The rest of this paper is organized as follows. Section 2.2 formulates the financial
market and the portfolio selection problem. In Section 2.3, we derive the explicit
solutions to the BSDEs as well as the closed-from expression of the optimal invest-
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ment strategy of the unconstrained problem. Section 2.4 presents the static and
dynamic optimality of the mean-variance portfolio selection problem. In Section 2.5,
we provide numerical examples to present the efficient frontier under the statically
optimal strategy and illustrate the differences between the two optimal controlled
wealth processes. Section 2.6 concludes the paper.

2.2 Formulation of the problem

Let [0,T] be a finite horizon and (2, F,P) be a complete probability space that
carries a one-dimensional standard Brownian motion W = (W)cjo,7). The right-

continuous, P-complete filtration (F;);c[o,7) is generated by the Brownian motion
w.

We consider a market where two primitive assets, one risk-free asset and one
stock, are available to the investor. The price of the risk-free asset B solves

dBt = TBt dt,

with By, = by € RT at time to € [0,7) fixed and given, where r > 0 stands for the
interest rate. The price of the stock follows

dS; = Sy dt + \/V,S; dW,, (2.2.1)

with Sy, = so € RT at time ¢y3. The return rate of the stock price yu > r is a
constant and V' = (V} )[4, 17 is the stochastic variance of the stock price described
by a 3/2 model: (see, for example, Lewis (2000))

dV; = kVi(0 — V) dt — oV;P/* W, (2.2.2)

with initial value V;, = v € RT at time ¢y, where three parameters r,6 and o are
all assumed to be positive. We hereby put the minus sign in front of ¢ in (2.2.2) to
emphasize the assumption that the dynamics of the stock price S; and the volatility
V; are perfectly negatively correlated.

We shall consider Markov controls u(t, V;, X{*) denoting the wealth invested in
the stock at time ¢ € [tg, 7] and such a deterministic function u(-,-,-) is called a
feedback control law. We assume that there are no transaction costs in the trading
as well as other restrictions. The investor wishes to create a self-financing portfolio
of the risk-free asset B and the stock S dynamically. Thus, the controlled wealth
process (X{*)se[t,,7) of the investor can be described by the system of SDEs below

{dXZ‘ = [rX} + (u = r)ult, Vi, Xp)] dt + ult, Vi, Xi')y/ Ve dW, (2.2.3)

AV = kV,(0 — V;) dt — oV,¥? aw,,

with X3! = xg at time ¢ € [0,7). We let Py 4,2, denote the probability measure
with initial value (Vi,, X{!) = (vo, o) at time to € [0, 7).
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Definition 2.2.1. Given any fized to € [0,7T), if for any (vo, o) € RT x R, it holds
that

T u
1. Bty w20 [fto u?(t, Vi, X1V, dt} < 00,
2. Eto,voyl’o [Supte[to,T] |Xtu|2} < o0,

then the (Markovian) strategy u is called admissible. We denote by U the set of
admissible portfolio strategies.

We are first interested in determining an admissible strategy u € U that solves
the following portfolio problem:

Definition 2.2.2. The mean-variance portfolio problem is an optimization problem
denoted by

in Vary, g,z (X7
min Variouo.z (X7) (2.2.4)
subject to E¢y vo,z0[XT] = &,

where £ is a fixred and given constant playing the financial role of a target. The
corresponding value function is denoted by Vary (to, vo, o).

Remark 2.2.3. Here we impose £ > zoe”(T—*) in line with previous studies such
as Lim and Zhou (2002), Shen and Zeng (2015), and Shen, Wei, and Zhao (2020).
Otherwise, the investor can simply take the risk-free strategy u = 0 over [to, T
which dominates any other admissible strategy.

As a result of the quadratic non-linearity of the variance operator, problem (2.2.4)
falls outside of Bellman’s principle. Denote by u* the optimal strategy in problem
(2.2.4) which refers to the static optimality (refer to Definition 1 in Pedersen and
Peskir (2017)) and is relative to the initial position (to,vo, Zo). The investor might
not be committed to the statically optimal strategy u* chosen at the very initial
position (g, vg, zo) during the following investment period (¢o,T]. Therefore, we
shall also consider a dynamic formulation of problem (2.2.4). Here, we opt for the
framework developed in Pedersen and Peskir (2017). We now review the definition
of dynamic optimality in problem (2.2.4) for the readers’ convenience.

Definition 2.2.4. For a triple (to,vo, o) € [0,T) x RT x R fized and given, we
call a Makrov strategy u®™ dynamically optimal in problem (2.2.4), if for every
(t,v,7) € [to,T) x R* x R and every strategy = € U with 7(t,v,z) # u*(t,v, )
and By o[ XF] = £, there is a Markov strategy w satisfying w(t,v,z) = u®™(t, v, z)
and Ey  »[X¥] = & such that

Var;  »(X7) < Varg , »(X7T).
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The dynamically optimal strategy u®* is essentially derived by solving the stati-
cally optimal strategy u* at each time and implementing it in an infinitesimally
small period of time, which in turn implies that we shall first address problem
(2.2.4) in the sense of static optimality so as to derive the dynamic optimality.

We observe that problem (2.2.4) is, in fact, a convex optimization problem with lin-
ear constraint By, v, 2, [X%] = £. Thus, we can handle the constraint by introducing
a Lagrange multiplier § € R, and define the following Lagrangian:

L(IOa Vo, U, 0) = Eto,vo,xo[(X% - 5)2] + 20Eto7vo,$o [X% - é]

= Etg,00,20 [(X% (e 9))2] _ 02 (2.2.5)

Then the Lagrangian duality theorem (see, for example, Luenberger (1968)) indicates
that we can derive the static optimality «* in problem (2.2.4) by solving the following
equivalent min-max stochastic control problem
in L(xg,vo;u, ). 2.2.6
e Mo vose ) (226)
This shows that we can solve problem (2.2.6) with two steps, of which the first
step is to solve the unconstrained stochastic optimization problem with respect to
u € U given a fixed § € R and the second step is to solve the static optimization
problem with respect to the Lagrange multiplier # € R. Hence, we can first address
the following unconstrained quadratic-loss minimization problem:

szlel{(l J(.’Eo, Vo, U, 7) = Eto,vowo [(X% - 7)2] ; (227)

with v = £ — 0 fixed and given.

2.3 Solution to the unconstrained problem

In this section, we opt for the BSDE approach so as to solve problem (2.2.7) above.
Before formulating the main results in this section, we make the following notations
to facilitate the discussions below. For any R*-valued, F;-adapted stochastic process
1 := (1¢)tejo, 7], @ continuous process A := (A;)iejo, 1) associated with 7 is defined
by Ay = fot n2ds. Let B > 0 be a generic constant; we denote by

e L2(B,m,[0,T];R): the space of Fi-adapted, R-valued stochastic processes f
satisfying

T
VI3 =B [/ eﬁA‘lftIth} < ool
0

° C%” (8,m,10,T);R): the space of Fi-adapted, R-valued stochastic processes f
satisfying

T
I3 =B [ / ﬁfeﬁAtlft\th] < oo
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. £12;C(B, 7,[0,T]; R) the space of Fi-adapted, R-valued stochastic processes f
satisfying

e =B [ sup 1] <o
st

Hence, we have the following Banach space:
M(B,m, 10, T1R2) s= (L37(8,. [0, T R)) 1 (£3°(8,m,[0, T): R) ) < L3 (8,0, T} )
with the norm [[(Y, 2)[1Z = [nY I3 + Y13 + 12113

In addition, we introduce

A =[k0 +2(u — r)o]* — 207 (- r)?,
k02—l 4 VE k042 =)ol - VA

ny = _0_2 2 _0_2 )
2221_6\/ZT)2 (231)
Cy =max { (60 + 16114 _ )2 4 Tmina( , 2
: {( ) ((u T

8(n—r)’ +8(u—r)o

ninz(l — e\/ZT)
ni — noeVAT

It can be easily checked that A > 0 due to ;& > r. The following standing assumption
is imposed on the model parameters throughout the paper.

Assumption 2.3.1. C, < k20?/202.

Remark 2.3.2. Tt follows from Lemma 2.3.8 below that Cj, is strictly increasing in
T. In particular, when T — 0, C;, — (60 + 16/14)(x — 7)2. This indicates the
feasibility of Assumption 2.3.1. Moreover, Assumption 2.3.1 is crucial to guarantee
that three BSDEs (2.3.2), (2.3.5), and (2.3.10) admit unique solutions and the
statically optimal strategy (2.4.4) is admissible.

The following linear BSDE of (P,T') is considered so as to solve problem (2.2.7)

dPt:{[Qr— (“‘_/t

2 2 _
r) }Pt—i— ( r>rt} dt + Ty dW,,

vV (2.3.2)

Pr=1.

Clearly, due to the randomness and unboundedness of the driver of (2.3.2), this
linear BSDE is without the uniform Lipschitz continuity with respect to both P;
and I';. Thus, BSDE (2.3.2) is out of the scope of El Karoui, Peng, and Quenez
(1997). Nevertheless, we observe that BSDE (2.3.2) follows a stochastic Lipschitz
continuity which is first proposed in Bender and Kohlmann (2000). To proceed,
some useful results on the BSDE with stochastic Lipschitz continuity adapted from
Definition 2 and Theorem 3 in Bender and Kohlmann (2000) are presented below.
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Definition 2.3.3. We call a pair (¢, f) standard data for the BSDE of (Y, Z):

_d}/t = f(ta Y;‘/a Zt) dt - Zt th7
YT = Ca te [O7T]7

if the following four conditions hold:

1. There exist two R -valued, F;-adapted stochastic processes (n1,t)tefo,r) and
(n2,t)tejo, 1) such that ¥t € [0,T],V(y1,21), (y2, 22) € R?

|f(t g1, 21) = F(t g2, 22)] < muelyn — vl + m2ielzn — 22.
We refer to this inequality as the stochastic Lipschitz continuity.

2. There ezists a positive constant € > 0 satisfying n? = n14 + 77%,15 > E.

3. The terminal condition ( satisfies E [exp (5 fOT n? dt) |C|2} < 0o in which B
18 a positive constant.

4. LE80 € £2.(8,m, 0, T R).
Lemma 2.3.4. The BSDE of (Y, Z)

—adYy = f(t,Ys, Zy) dt — Z, dWr,
Yr=¢( te [O,T],

admits a unique solution (Y, Z) € M(B,1,[0,T);R?) if (¢, f) is standard data for a
sufficiently large 3, in particular, for B > 3 4+ v/21.

Before adapting the above results to establish the uniqueness and existence of
the solution to BSDE (2.3.2), we recall the following useful result from Theorem
5.1 in Zeng and Taksar (2013).

Lemma 2.3.5. Suppose the process (t):eo,) follows the Coz-Ingersoll-Ross (CIR)
model:
dry = (k0 — kry) dt + o/ AWy,

where k,0 and o are positive constants. Then we have

E

T
exp (5/0 Ty dt)] < o0 if and only if B < k?/20°.

Lemma 2.3.6. Assume Assumption 2.3.1 holds true, then there is a constant
3+V21<pB <5 2 — such that the unique solution (P,T") € M(B,n, [to, T]; R?)

1/2
with 1y = (27" + 3(“ T) ) to BSDE (2.5.2) exists.
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Proof. Let m ¢+ = 2r — (u—7)?/V; and 12+ = 2(n —r)/+/V;. Denote in this case the
non-negative Fy-adapted process 1y by

nE =N+ 15

and accordingly, define the increasing process A; by

t t Ry
to to s
We then have

Etyv0,20 [€XP (BAT)] < CE¢g 00,20 {exp( —r 6/ —dt)]

where the positive constant C' > 0 is independent of 8. By It0’s lemma, we then
have the following dynamics of the reciprocal of the variance process (2.2.2):

1 K+ o /1
d<vt> —H@( P W) dt"’(f thWt,

which is a CIR process. It follows from Lemma 2.3.5 that if
K262
202

Etg,v0,20 [exp( -r) 5/ 7dt>]

Indeed, when Assumption 2.3.1 holds, there exists a constant /3 such that 3+ /21 <
8 < W, and the driver and the terminal condition of BSDE (2.3.2) then
constitute standard data. Finally, by Lemma 2.3.4 above, we see that a unique

solution (P,T) € M(8,7, [to, T|; R?) to BSDE (2.3.2) with 3+ 21 < 8 < 520

1/2
and 7, = (2r + W) exists. O

3(n—r)*8 <

then we have

In what follows, we shall give the explicit expression of the unique solution (P, T")
of BSDE (2.3.2).

Lemma 2.3.7. Assume Assumption 2.5.1 holds, then the unique solution (P,T) of
BSDE (2.3.2) has the following explicit expression:

P, =exp(=2r(T —t)) g(t,V4),

P (2.3.3)
VvV

for t € [to, T, where g(t,v) = exp {a(t): +b(t)}, and a(t) and b(t) are solutions
to the following system of ODEs:

Ft = O'a(t)

da(t) (k0 + 2(p — r)o)a(t) + 102(12(16) +(u—7)*=0, a(T)=0,
g@ ), 2 (2.3.4)
o T(Eto #a(t) =0, b(T) = 0.

29



Proof. We first introduce the likelihood process (L¢)iet,, ) from the dynamics

2(}L—’I)
st = 77Lt dLLt, Lt =1.
/ 0

t

Similar to the reasoning in Lemma 2.3.6, it can be easily verified from Assumption

2.3.1 above that . )
Bty ,v0,20 {exp (/ M dt)} < 00.
to t

That is, the Novikov’s condition is satisfied for (Li)ef,, 7). Thus, (L¢)iepto, 1)
is a uniformly integrable martingale under Py, ., », measure and we can define
an equivalent probability measure ]-Sto,vo,zo on Fr through the Radon-Nikodym
derivative

APty 9,00 = L1 dPyy g 2y -

From the Girsanov’s theorem, Brownian motions under Py, 4,2, and P vz, are
related to each other through

aw? = 2(’5/;) dt + dW,
t

and we can rewrite (2.3.2) under Py 4, »,-measure as follows

_ 2 ~
AP, = { [27" — ("V:‘)} Pt} dt + T, dW}P,

(2.3.5)
Pr=1.

We see that the driver of BSDE (2.3.5) again satisfies the stochastic Lipschitz
N2

continuity with in this case n? = [2r — %| + ¢ for any € > 0 fixed and given and

A=, tto n? ds such that using Holder’s inequality we have for some 3 > 3 + /21

<KEBty,00.20 {eXp ((M —r)°B /tOT % dtﬂ

=KEit,00.00 |:LT exp ((u —7)’p /t OT % dt)}

<K <Eto,vo,zo {exp (— /: 4(“7\/%") AW = /: w dtﬂ >é
4 (Et {exp ((4 +28)(n—r)? /tT Vit dt)D

—K (Eto,uo,zo {exp ((4 +28)(u—r)? /: % dt)} ) : < 00,

where K > 0 is constant independent of 5, the second equality follows from the
2
fact that (exp (— ’ 4(“‘7) dw,, — [ 8e=r) du)) is a Py 4.2, martingale
u t€(to,T]

Et(),vo ,TO [eXP (BAT)

[N

to Vi to Vu
due to Assumption 2.3.1, and the last strict inequality is due to Assumption 2.3.1.
This shows that the terminal condition and the driver of BSDE (2.3.5) constitute
standard data. Then by Lemma 2.3.4 above, the BSDE (2.3.5) admits a unique
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solution (P,T) satisfying T" € E% (B,m, [to, T); R) with some 8 > 3 4+ /21 and

to,v0,TQ

(p=r)? P
51+ €. Moreover, we see that under Py 2, measure

o ([ (252 ) o) = ([ (52 -2 ) ot

This shows that (Pt exp ( ft (M — 2r) du)) o] is a local martingale under
Vu teto,T

N =4/|2r —

measure Pt(),ug,zo' By Burkholder-Davis-Gundy inequality and Hoélder’s inequality,

we then find that
t s _ 2 ~
/ exp (/ (7@ r) — 27’) du) I dWsP ]
to to Vu
_ T ¢ 2 3
8B | ([ (2 [ (U575 <o) ) )|
to to u
_ T ~ T 5
(B [on 2] )] + B [ [ 100
to to

<K (Eto,vo,l‘o {exp (- /t: L\/%r) dWe — /toT w dt)}) 2

s [T 1 2 = T
. (Etoﬂ,wg0 [exp <8(u —7) / A dt)}) + KE¢),v0,0 {/ I dt}
to t to

> [T 1 2= T
=K (Etowo,xo [exp (8(,u —r) / A dt)}) + Etg,v0,0 {/ Ftdt} < 00,
to t to

where the positive constant K > 0 might vary between lines; the equality follows
_ [t Ap—r) u 8(u r) :
from the fact that (exp( Jioo “57 AW — [ =5 )>te[t0,T] is a Py vg,20

martingale due to Assumption 2.3.1, and the last strict inequality is due to As-
sumption 2.3.1 and T € £2 (8,m, [to, T);R). This shows that

Eto»vovzo [ sup
to<t<T

(w—r?*

t

Pty 0.0

o ([ (452 2) )

is, in fact, a uniformly integrable martingale under Pto,vo,l’o measure (refer to
Corollary 5.17 in Le Gall (2016)). Upon noticing the boundary condition that
Pr =1, we have the expectational form for (P;).c,,r] below

_ T (2
P, = exp(—2r(T — t))Eby o0 [exp (/ w du)
+ u

g(t,v) =EL, {exp (/iT % du)} ,

where EiUH is the expectation at time ¢ € [0,T) such that V; = v under Py, 4, 2,-

7.

Denote by

measure. Due to the Markovian structure of the variance process (V;)e,, 77 with
respect to (F¢);epy, 77, We can obviously rewrite (P)sefs, ) as follows

P, =exp(=2r(T —t)) g(t,V;).
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Note that the variance process V; has f)towotxo—dynamics
AV = {[k0+2(ju — r)o]Vi — kV2Y dt — oVi/? dWFE.

Suppose the deterministic function g(-,-) € C12([tg, T] x RT), then applying the
Feynman-Kac theorem yields the following PDE governing function g:
g 1 5 30%  (n—r)?
2 2.3
—_J - _J M =0
]Gv + 27 " Bv? + v I (2.3.6)
g(T,v) =1.

% + [(k0 4+ 2(p — r)o)v — kv

We conjecture that g admits the following exponential expression:
1
att0) =exp (a0 4301

with boundary condition a(7) = b(T') = 0. Its derivatives are given by

dg _ (1 da(t) n db(t)) ’

ot I\% at dt
dg a(t)

S S 2.3.7
v 972 ( )

g (2.1 2

Substituting (2.3.7) into (2.3.6) yields

da(t)
dt

— (k0 + 2(1 — )o)alt) + %UQaz(t) 4 (- r)2] % n %(tt) + (0% + w)a(t) = 0.

The arbitrariness of v € R in turn leads to the system of ODEs (2.3.4) as claimed
above. Applying It6’s lemma to P;, we obtain

P,
Ft = Ua(t)\/—tv
t

by the uniqueness result of BSDE (2.3.2). O

Lemma 2.3.8. Assume Assumption 2.3.1 holds true, then the explicit solutions of
the ODE system (2.3.4) are

(1 _ e\/Z(T—t))

a(t) = "::2_ —Er (2.3.8)
b(t) = /t (k+0%)a(s)ds, (2.3.9)

where ny, ny and A are given in (2.3.1). Moreover, function a(t) is strictly decreasing
mt.
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Proof. By reformulating the Riccati ODE of a(t), we have

da(t) 1
— = —50°(alt) = n1)(a(t) — na),

where ny and ng are given in (2.3.1) above. After some tedious calculations upon
considering a(T') = 0, we obtain (2.3.8). Integrating both sides of ODE of b(t) from
t to T upon considering the boundary condition b(T") = 0 gives (2.3.9). Furthermore,
differentiating (2.3.8) with respect to ¢ yields

da(t)  —4(u—r)>V/AeVAT-)

dt 0'4(n1 — n2e\/Z(T—t))2

O

Denote by Y; := 1/P; the reciprocal process of (P)icp,,r)- Then a direct
application of It0’s lemma to Y; yields the backward stochastic Riccati equation
(BSRE) of (Y, A) below

(1 — 7‘)2} 2(p—r) A7 }
dY, = |—2r + Y, + Ap+ S5 dt + Ay dW,
! {[ i |7 Ty TP (2.3.10)
Yr =1,

where A; = —Y’T';. Since (P,T") given in (2.3.3) is the unique solution of BSDE
(2.3.2), from the relationship of (P,T') and (Y, A), we see that BSRE (2.3.10) admits
a unique solution as well.

Lemma 2.3.9. Assume Assumption 2.3.1 holds true, then the unique solution
(Y,A) of BSRE (2.3.10) is

Yi = exp (2r<T 1)~ alt)y - b(t)) ,
K (2.3.11)

1
—v,
Va7

with a(t) and b(t) given in (2.3.8) and (2.5.9), respectively.

Ay = —oa(t)

Proof. The equations (2.3.11) can be directly derived from the relationship of (P,T’)
and (Y, A) above. O

Lfm(t))
Vi et T

I, = exp </t: “_i}vja(u) AW, — /t: % (n—r ;/um(u))2 du) . (2.3.12)

In the next lemma, we shall study the integrablity of II; which will be useful when

We now define a Doléans-Dade exponential (I1;);e[s,,7] of ( by

we verify the admissibility of optimal strategy (2.3.13) below.

33



Lemma 2.3.10. Assume Assumption 2.3.1 holds true, then the Doléans-Dade
exponential I1; (2.3.12) satisfies

< oQ.

8
Eto,voﬂco sup |Ht|
tE(to,T]

Proof. We know that the following equation of k

ok
P Wk —1

admits two positive solutions

ky=2p\/p(p—1) +p(2p —1), k2 = =2p\/p(p — 1) +p(2p — 1),

for any given constant p > 1, where the first solution satisfies k1 > 1. In particular,
when p = 8, we have k; = 120 4+ 32v/14. Using Assumption 2.3.1, Lemma 2.3.8,
and the reasoning given in the proof of Lemma 2.3.6 above, we see that

Eto vo.20 lexp ((60+16\/ﬁ) /det>] < oo,

Then Theorem 15.4.6 in Cohen and Elliott (2015) yields

8
Eto,vo,00 | sup [II¢|
tE€[to,T]

4/ 120432v14-1

T o 2 12043214
<8 {Eto,vo,zo [exp ((60 + 16\/14)/ % dt)] } < oo.
t

7 to

This completes the proof. O

To end this section, we shall relate the optimal Markovian strategy and the
corresponding value function of problem (2.2.7) to the solution (Y, A) of BSRE
(2.3.10).

Proposition 2.3.11. Assume Assumption 2.5.1 holds true, then for (tg, vo, o) €
[0,T) x RT xR fized and given, the optimal (Markovian) strategqy of problem (2.2.7)

8

—rr-0) BT oat) (2.3.13)

*taa :_(_ )
u*(t,v,x) x —ye ”

fort € [to,T). The corresponding value function is

o, 030 ().2) = xp (20(7 = t0) = alta) - = blt) ) (0~ 76770
(2.3.14)
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The controlled wealth process X{ evolves as

t — J—
X7 = (:L,Oe'r(t—to) _ 7e—r(:r—t)) 1, exp {_/ (u— T),LL r — calu) du} 4ye T,
to Vu
(2.3.15)
where 11 is given in (2.3.12). Moreover, the optimal strategy u* belongs to U.

Proof. Using Tté’s lemma to Gy = X} — ve "(T=Y) we obtain
dGy = [rGy + (1 — r)u(t, Sy, X)) dt+u(t, Sp, Xi)\/ Vi AWy, Go = zg—rye "Lt

Furthermore, applying It6’s lemma to Y;G? yields

_ A 2
dY:G? =Y, {u(t,w,xwvw + (”\/Vr - Yt) Gt} dt
t t

+ |G + 2iGrult, Vi, Xi) Vi W

(2.3.16)

We observe that the stochastic integral on the right-hand side of (2.3.16) is a local
martingale, and thus, we can define stopping times (7,,),>1 as follows

t 2
rn:inf{tztoz/ dt’zn},
to

such that 7, — 00, Py 4.4, almost surely as n — co. We integrate (2.3.16) from ¢
to T' A 1, and take expectations on both sides of (2.3.16)

Ao G2 4 2Yu Gou(t', Vi, X3\ Vi

2
Eto V0,T0 [YT/\TH GT/\-rn]

TAT, 2
=FEty.v0.2 Y qu(t, Vi, Xi )V V Jr( +—)G} dt 7
e |:/to t{ ( ' t) ! Vv Vi Ve ' (2'3'1 )

2
+ Yo (:1?0 - ’Ye_T(T_tO)) )

where yo = exp (2r(T —tp) — a(to)% — b(to)). From the definition of function

g(t,v) in Lemma 2.3.7 above, we see that 0 < Y; < €21 for any t € [to, T], Pty .vo.m0-
a.s. Moreover, in view of Definition 2.2.1, we have Et, v,z [SUDse(r,, 77 |Gi[*] < 00
for u € U. As a result of the Lebesgue’s dominated convergence theorem and the
monotone convergence theorem working on (2.3.17), then we have

T 2
u m—=r At
Y: t, Vi, Xi )V Vi — |G dt
/to t{u( b Xt) t+< Vt+Yz> t} :|

Etg,v0,20 [(X’Y“ - 7)2] =Ety,v0,20

2
+ % (:co - 767’"<T7t°)) .

(2.3.18)
Upon considering explicit expressions of Y; and A; (2.3.11), we obtain the optimal

Markov strategy (2.3.13) and the value function (2.3.14) for problem (2.2.7).
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Substituting u* (2.3.13) into the wealth process (2.2.3), we obtain

. . p—r—oalt) [ _.(r_p x }
dX ! =|rX +(p—r)——= - X dt
t {7' ¢+ (=) IV (’ye t)
—r—oal(t
L Hor—oal®) (ye*“T*t) - X;) AW,

N

A direction application of It6’s lemma to e’"(T_t)Xgk — v then yields the controlled
wealth process X, (2.3.15).

In the following, we show that the optimal strategy u* (2.3.13) is admissible. For
this, we first show that

Eto,vo,wo sup |X£k|4 < 00. (2319)
telto, T

Indeed, from Assumption 2.3.1 and Lemma 2.3.10 above we find that

Ety,v0,20 |: sup |X:|4:|

tefto,T]

4

<KEt),v9,20 |1 + sup

t J— —
exp{,/ (u— )= = oo du} 1,
te(to, T to Vu

t — —
<K + KEtj,v9,20 sup exp {_8/ (=) i Ua(U) du}
te(to,T] to Vi

+KEto7vo,wo|: sup |Ht‘8
tE(to,T]

< 00,
t€[to,T]

T
1
<K + KEug v 20 |:exp (C/ th)] + KBy 0020 { sup |TL,*
to t

where K > 0 is a constant that differs between lines and C' = 8(u — r)(p —
r + oa(tg)) > 0. This shows that the second condition in Definition 2.2.1 that
Ety.v0,20 [supte[tO)T] |Xf|2} < oo is satisfied by Jensen’s inequality. In view of
(2.3.19), we further find that the first condition in Definition 2.2.1 holds as well
since

T
Eto,v0,20 |:/ (U*(tth:Xt*))QVt dt]

to

T X* — —r(T—t)\2 I 2
:/ Ery vp.00 [( i e )*(p— 1 — oa(t)) ] di
to

Vi

T
* o (T— 1
SK/ Etg,v0,20 |:‘Xt — e . t>|4 + V2:| dt
to t

T
* 1
<K{Eto»v07$0[ sup | X |4] +/ Etg,v0,20 |: 2:| dt} < o0,
te(to,T) to Vt

where K > 0 is a constant that differs between lines and last strict inequality comes
from (2.3.19) and the fact that 1/V; is a CIR process (see the proof of Lemma
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vZ
continuous in ¢ (see, for example, Cox, Ingersoll, and Ross (1985)). These results

2.3.6 above) with finite second moment Ey v, z, [ L } at time ¢ € [to, T'] which is

show that the optimal strategy u* (2.3.13) is admissible. O

2.4 Static and dynamic optimality of the problem

In this section, we devote to deriving the static and dynamic optimality of problem
(2.2.4) by exploiting the results above. In regard to the static optimality of problem
(2.2.4), it now suffices to maximize the following optimization problem with respect
to the Lagrange multiplier § € R in view of (2.2.5) and (2.2.6) above

Lok _ _p2
Iglgﬂi("]('IOvUOvu ag 9) 0°. (241)

Reformulating (2.4.1) in terms of a quadratic functional over 6 € R, we find that
the value function of problem (2.2.4) can be obtained from

Ca(ty) L — Ca(ty) L — (T—
Vv (to, vo, o) = max { (e (to)5g —blto) _ 1) 6% + 2¢(f0)5g ~blt0) (moe (T—t0) _ 5) 0
€

e 35D (i) _ 5)2} _
(2.4.2)

Upon considering the exponential expression of function ¢(t,v) given in Lemma
2.3.7 above, the right-hand side of (2.4.2) is then a quadratic function of § € R with
strictly negative leading coefficient. Therefore, to the right-hand side of (2.4.2) the
maximum is uniquely attained at

r(T—to) _
gr = T =& (2.4.3)

ea(to)%-H)(to) _1

Theorem 2.4.1. Assume Assumption 2.3.1 holds true, then for (to,so,xo) €
[0,T) x RT x R given and fized such that xoe™T—1) < &, the statically optimal
(Markovian) strategy of problem (2.2.4) is

y B £e,r(Tft)jLa(to)%er(to) — zgemtto) \ p—p — oa(t)
u*(t,v, ) =— [z — o@(to) 75 +b(t0) _

for t € [to,T), where functions a(t) and b(t) are given in (2.3.8) and (2.5.9),
respectively. The corresponding value function is

. (2.4.4)

1 2
= T(T_tO) _
Vv (to, vo, o) IS (xoe 5) . (2.4.5)

The controlled wealth process X,}‘* is given by
woer(f*t0)+a(fo)%+b(to) - gefT(T*f)+ﬂ(to>%+b(fo)

X; = Il
¢ Qalto) T +b(to) _ '

t —r(T—t)+a(to) 2= +b(to) r(t—to)
uw—r—oalu) e o — xp€
~exp{—/(,u—r) du}—i— ,
to Va ea(to)%%(to) 1

(2.4.6)
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where 11, is given in (2.53.12). Moreover, the statically optimal strategy u* belongs
tolU.

Proof. Substituting (2.4.3) into (2.4.2) gives the value function (2.4.5). Replacing
the constant v in (2.3.13) and (2.3.15) with £ — 0* yields the statically optimal
strategy (2.4.4) and the wealth process (2.4.6), respectively. In view of the proof
in Proposition 2.3.11 above, it is obvious that the statically optimal strategy u*
(2.4.4) is admissible. O

As discussed in Section 2.2, the statically optimal strategy u* (2.4.4) derived
in Theorem 2.4.1 relies on the initial value (to, vg, o). This implies that once the
investor arrives at a new position (t,v,z) at later times, the statically optimal
strategy u* determined at the initial position would be sub-optimal. Now we give
the dynamically optimal strategy u®* of the problem (2.2.4) within the framework
developed in Pedersen and Peskir (2017).

Theorem 2.4.2. Assume Assumption 2.3.1 holds, then for (to,vo,zo) € [0,T) X
R+ x R given and fized such that zoe™ T 1) < &, the dynamically optimal (Marko-
vian) strategy of problem (2.2.4) fort € [to,T) is

2eo(t) s +b(t) _ ge—r(T—t)-&-a(t)%-&-b(t) w—r — oa(t)
caOI+b(t) _ v

u®™ (t,v,x) = — (2.4.7)

The corresponding controlled wealth process X&* is

t a(u) g +b(u)
X r(t— (T — e u —r —oa(u
td = (xoe o - ge v t)) °xp {/ —(,u, - T) a(u) 7= +b(u) 1'LL V. ( ) du
to e Vu — u

eQa(u) %u +2b(u)

1 (4 —r—ca(w)’ |
2 (ea(u)viu%(u) _ 1)2 Va

t a(u) g +b(u)

e u w—r—oa(u) —r(T—t)

- exp —/ AW, » + &e
{ to AWV (W) _ V., “

U

(2.4.8)
satisfying XIe"T=1) < ¢ fort € [ty, T).

Proof. To derive a candidate for the dynamic optimality u?* over t € [to,T), we
identify ty with ¢, o with x and vy with v in the statically optimal strategy given in
(2.4.4). We then immediately find a candidate for the dynamically optimal strategy

2eo(t) s +b(t) _ é-e—r(T—t)-Q—a(t)%-&-b(t) w—r —oa(t)

dx*
t =—
u™ (t, v, x) ca(DLHb(0) _ 1 v

(2.4.9)

In what follows, we show that this candidate (2.4.9) is indeed dynamically optimal
in problem (2.2.4). To see this, we take any other admissible control = € U such
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that By, »[XF] = € and 7(t,v,7) # u®(t,v,7), and we set w = u* under the
measure P, ;. We note from (2.4.4) with (¢o,vo, o) replaced by (¢,v,x) that
u*(t,v,z) = u®(t,v, ), and thus, we have w(t,v,z) = u*(t,v,z) = u®(t,v,v) #
7(t,v,x) for any t € [0,T). Then by continuity of 7 and w, there exists a ball
B. = [t,t+¢] x [v—¢e,v+¢] x [z —&,x + ¢] such that w(t,v,%) # n(¢,,7) for
any (t,7,%) € B. when ¢ > 0 is small enough and satisfies t +¢ < T. We observe
from (2.3.18) that w = u* is, in fact, the unique continuous function such that the
minimum within the expectation on the right-hand side of (2.3.18) (with £ — 6*
and (t,v,z) in place of v and (¢o, vo, o), respectively) is attained up to probability
one. Therefore, we can set exiting time 7. = inf {t AT| (¢,V;, X]) ¢ B:}, and we
see that for ¢ < 7.

VART

where ( is a fixed positive constant. Now, from (2.3.18) with £ — 6* and (¢,v, ) in

2
Y; {n(f, Vi, X)/Vi + (“ Ty At) G;} > (>0, Pryoas.

place of v and (to, vo, zg) respectively, we find that

Ei o [(XT — (£ —6%))7)
S O /t { Ve, XV Vi + ( \F f) GE} di

T 2
A/
[ (st o) ]
Te t’

+C(1‘—(§ 9*) —r(T— t))
>(E pzlme —t] + ¢ (:r (= 9*)€*T(T*t))2

>c (x e (e 9*)6_T(T_t))2
:Etm,w[(X%} - (f - 9*))2}7

+ Et,v,a:

(2.4.10)

where ¢ = exp (2r(T' —t) — a(t)X — b(t)) is a constant at position (¢,v,z), and
the strict inequality makes use of the fact that 7. > ¢ since the pair (V, X™) has
continuous sample paths with probability one under P, ,, , measure. From (2.4.10)
we see that

Varg . (XT) = Et,v,x[(X”jlr“)Q] - ¢
= Et0o[(XT — (€= 69))%] = (6°)?
> Epo[(XF — (€ —6))] = (67)°
= Var,, . (X7).

This shows that for any (¢,v,z) € [0,T) x Rt x R, the candidate u®* (2.4.9) is the
dynamically optimal (Markovian) strategy for problem (2.2.4).
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We substitute u®* (2.4.9) into the controlled wealth process (2.2.3) and denote the
corresponding wealth process by X¢*. Using It6’s lemma to Z; := ¢ — eT(T’t)X;i*
yields

)7, +5(®) w—r—oa(t)
SOE 0 1V,

40 v () p—r—oa(t)

LT+ _ N

We then obtain the closed-form expression of Z; by solving the linear SDE (2.4.11)

: ea(u)ﬁ-"—b(“) w—r—oa(u)
Zt =Zp eXp {/to 7(;“’ - 7') ea(“)V%L+b(u) 1 Vu du

dZt:*(‘u*T) tht
(2.4.11)

Zy dWy.

1 2a(u)%u+2b(u) o 2
1. (47— oa(w)? |

2 (ea(u)v—luw(u) B 1>2 Va

6 galw)hAbw)
e [ i) gy |
to e?Wv W 1 VT,

u (2.4.12)

where zy = & — z¢e"(T=%) > 0. From the definition of Z; and (2.4.8) we conclude
that Xtd*er(T_t) < & for t € [tg, T). Finally, the corresponding wealth process X{*
(2.4.8) follows from (2.4.12). O

2.5 Numerical examples

In this section, numerical examples are provided to analyze the impact of different
parameters on the efficient frontier when the wealth process is controlled by the
statically optimal strategy as well as to illustrate the differences between the
dynamically optimal wealth and the statically optimal wealth derived in Section
4. Unless otherwise stated, we consider the following model parameters adapted
from previous empirical studies (see, for example, Drimus (2012)): r = 0.04, p =
0.2, k =22.84, § =0.4689, 0 = 8.56, xg =1, vg =0.245, t, =0, T =1, £ =4.

Figure 2.1 shows us how the interest rate r affects the efficient frontier. We
find that higher interest rate r results in larger Varg y,z,(X;) with the same
Ety.v0,20[X7]- One of the possible reasons is that although the investor can get
a higher return by investing in the risk-free asset, the risk premium (u — 7)/v/V;
decreases as r increases so that the investor indeed derives less expected return
from the stock, and thus undertakes more risk. In summary, the impact of r on the
stock is more significant than that on the risk-free asset.

Figure 2.2 shows how the return rate of the stock p influences the efficient frontier.
A higher level of the return rate of the stock price p lowers the variance of terminal
wealth Vary, v, ,z,(X5) with the same Eyy 4, 2, [X4], which is quite clear due to the
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Figure 2.1: Impact of r on the efficient frontier

fact that the investor receives more risk premium as p increases and the investor
can therefore undertake less risk by investing less into the stock and more into the
risk-free asset so as to have the same expected terminal wealth.

40- 0z
— 025
03

Wariance of the terminal wealth
Ay

Expectation of the terminal wealth

Figure 2.2: Impact of i on the efficient frontier

The impact of the parameter x on the efficient frontier is presented in Figure
2.3 below. We see that larger x results in larger Vary, u,,z,(X4) with the same
Eiy vo.20[X75]. One possible reason is that as x partly stands for the mean-reversion
speed of the reciprocal of the stochastic volatility 1/V; (recall the proof of Lemma
2.3.7 above), a larger  results in a faster speed of 1/V; towards the long-term level
(k + 02)/Kk6. Meanwhile, we see that the long-term level is, in fact, decreasing in &.
These two aspects in turn make the volatility of the stock V; stay longer around the
relatively higher level k0/(k + o2). Hence, the investor has to undertake more risk.

The effect of the parameter o on the efficient frontier is given in Figure 2.4 which
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Figure 2.3: Impact of k on the efficient frontier
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Figure 2.4: Impact of o on the efficient frontier

shows that Vary, v,.z,(X7) decreases with the same Eyj 4, 4,[X}] as o increases.
Again, from the proof of Lemma 2.3.7 above, we see that o plays a role as the
volatility of the reciprocal of volatility process 1/V;, and a larger o results in milder
movements of the volatility process V;. In addition, we see that the long-run level
of volatility x6/(k + o2) decreases as o increases. Therefore, these two factors help
the investor bear less risk.

To end this section, we show the dynamics of wealth processes controlled by the
statically optimal strategy u* (2.4.4) and the dynamically optimal strategy u®*
(2.4.7), respectively. By setting 500 equidistant time points over [0, 1], we simulate
two paths of optimal wealth processes X; and X@*. Figure 2.5 illustrates the
significant difference between the dynamically optimal wealth process X&* and the
statically optimal wealth process X;. In particular, we see that the result supports
the conclusion of Theorem 2.4.2 above that the dynamically optimal wealth X* is
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strictly smaller than the expected terminal wealth £ =4 when ¢ < 1.

[

Controlled wealth
)

= dynamic optimality
2-
— expected terminal wealth

static optimality

0.00 025 050 075 1.00
Time

Figure 2.5: Statically optimal wealth X; and dynamically optimal wealth X&*

2.6 Conclusions

In this paper, a dynamically optimal mean-variance portfolio selection problem
within the framework developed in Pedersen and Peskir (2017) in a stochastic
environment has been investigated. A 3/2 stochastic volatility model is used to
characterize the stochastic volatility of the stock. Considering the methodology
in Pedersen and Peskir (2017) to tackle the time inconsistency of the optimality
under the mean-variance criterion, we first address the static optimality and solve
it by using a general BSDE approach. Under an assumption on model parameters,
we obtain the static optimality and the corresponding value function explicitly.
By solving the static optimality in an infinitesimally small period of time, the
closed-form expression of the dynamic optimality is derived. Considering some
technical difficulties, however, we have only studied the case without any state
constraint. One branch of research topics in the future is to impose path-wise
constraints on the wealth process; see, for example, Pedersen and Peskir (2018).
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Chapter 3

Dynamic optimal mean-variance portfolio
selection with stochastic volatility and

stochastic interest rate

ABSTRACT

This paper studies optimal portfolio selection problems in the presence
of stochastic volatility and stochastic interest rate under the mean-
variance criterion. The financial market consists of a risk-free asset
(cash), a zero-coupon bond (roll-over bond), and a risky asset (stock).
Specifically, we assume that the interest rate follows the Vasicek model,
and the risky asset’s return rate not only depends on a Cox-Ingersoll-Ross
(CIR) process but also has stochastic covariance with the interest rate,
which embraces the family of state-of-the-art 4/2 stochastic volatility
models as an exceptional case. By adopting a backward stochastic
differential equation (BSDE) approach and solving two related BSDEs,
we derive, in closed form, the static optimal (time-inconsistent) strategy
and optimal value function. Given the time inconsistency of the mean-
variance criterion, a dynamic formulation of the problem is further
investigated and the explicit expression for the dynamic optimal (time-
consistent) strategy is derived. In addition, analytical solutions to some
special cases of our model are provided. Finally, the impact of the model
parameters on the efficient frontier and the behavior of the static and
dynamic optimal asset allocations is illustrated with numerical examples.

Keywords: Mean-variance portfolio selection; Vasicek interest rate; CIR process;
Dynamic optimality; Backward stochastic differential equation
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3.1 Introduction

Mean-variance portfolio selection problem is concerned with the trade-off between
profit (expected return) maximization and risk (variance) minimization. The
pioneering work of Markowitz (1952) laid the foundation for portfolio selection under
the mean-variance criterion in a single-period setting. By applying an embedding
technique and taking advantage of the stochastic linear-quadratic control theory,
Li and Ng (2000) and Zhou and Li (2000) extended Markowitz’s work to a multi-
period and continuous-time setting, respectively. A notable feature of Zhou and Li
(2000) is that the exogenous parameter processes are assumed to be only constants
or deterministic functions. To generalize Zhou and Li (2000)’s results to more
realistic environments, Lim and Zhou (2002) considered a complete market where
the model coefficients are assumed to be uniformly bounded stochastic processes. By
exploiting the backward stochastic differential equation (BSDE) theory (El Karoui,
Peng, and Quenez (1997)), they solved the mean-variance problem by relating
the optimal strategy to the solution to the associated BSDEs. Lim (2004) went
a step forward by extending the results and methods of Lim and Zhou (2002)
to an incomplete market setting under similar model assumptions. The uniform
boundedness hypothesis, however, precludes the applications of local volatility
and stochastic volatility models to the mean-variance portfolio selection problem,
such as the constant elasticity of variance (CEV) model, Heston model (Heston
(1993)), 3/2 model (Lewis (2000)), and the state-of-the-art 4/2 model (Grasselli
(2017)). For this reason, many researchers drew on a more general market by
relaxing the uniform boundedness hypothesis in recent years. For example, Shen,
Zhang, and Siu (2014) investigated a mean-variance portfolio selection problem
under the CEV model, and explicit solutions were obtained by using a BSDE
approach and assuming that the market price of volatility risk satisfies exponential
integrability of infinitely large order. Shen and Zeng (2015) further considered
the optimal investment-reinsurance problem for a mean-variance insurer in an
incomplete market, where the market price of risk is proportional to a Markovian,
affine-form, and square-root factor process. By using similar techniques, Tian, Guo,
and Sun (2021) studied a mean-variance investment-reinsurance problem when
the return rate of the stock follows an Ornstein-Uhlenbeck (OU) process. As the
literature on the mean-variance portfolio selection problems is abundant, the above
review is not exhaustive. Other relevant works include Chiu and Wong (2011), Yu
(2013), Lv, Wu, and Yu (2016), Sun and Guo (2018), Sun, Zhang, and Yuen (2020),
to name but only a few.

Although the mean-variance portfolio selection problems have been extensively
investigated in the last decade, two aspects deserve further exploration. First,
most of the preceding literature assumes that the interest rates are constants or
deterministic functions, which violates the well-documented evidence that the short
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rates are stochastic, mainly referred to Vasicek (1977), Cox, Ingersoll, and Ross
(1985), and Duffie and Kan (1996). It is noteworthy that, in the last few years, some
research results on portfolio optimization problems with stochastic interest rates
have been achieved. For example, Ferland and Watier (2010) considered a portfolio
selection problem under the mean-variance criterion in a complete market with an
extended CIR interest rate and obtained the optimal strategy by using a BSDE
approach. Assuming that the stochastic interest rate follows the Vasicek model,
Shen and Siu (2012) studied an asset allocation problem with regime switching in
an exponential utility maximization framework by using the dynamic programming
approach. Chang (2015) concerned a mean-variance problem with random liabilities
and Vasicek’s stochastic interest rate and solved the problem explicitly for two
special cases by using the dynamic programming approach. Guan and Liang (2014)
investigated a defined contribution pension management problem under power
utility in the presence of stochastic interest rates and stochastic volatility. By using
similar methods to Guan and Liang (2014), Guan and Liang (2015) considered a
similar problem under the mean-variance criterion with an affine-form stochastic
interest rate and a stochastic return rate driven by an OU process. Recent works
on the portfolio selection problems with stochastic interest rates include Yao, Li,
and Lai (2016), Pan and Xiao (2017c), Escobar, Neykova, and Zagst (2017) and
Escobar, Ferrando, and Rubtsov (2018), Chang et al. (2020), and references therein.

Second, the optimal investment strategies derived in most of the aforementioned
literature on the mean-variance portfolio selection problems are time-inconsistent
(Strotz (1956)), in the sense that the optimal strategies determined at the initial
time might not be optimal at a future time point since the nonlinear operator
within the objective function under the mean-variance criterion precludes the use
of Bellman’s principle of optimality. In recent years, there has been a growing
interest in developing time-consistent mean-variance approaches. To deal with the
time inconsistency under the mean-variance criterion, Basak and Chabakauri (2010)
applied a backward recursion approach starting from the terminal date to determine
a time-consistent optimal strategy. Alternatively, Bjork, Khapko, and Murgoci
(2017) proposed the Nash equilibrium approach by imposing a time-consistent
constraint on the optimal strategy and derived the equilibrium optimal strategy
and equilibrium value function by essentially solving an HJB equation under the
Markovian market settings. Along this approach, readers may refer to Li, Zeng,
and Lai (2012), Wei and Wang (2017), and Zhang, Li, and Lai (2020). Different
from the equilibrium approach, the dynamic optimal approach championed by
Pedersen and Peskir (2017) tackled the time inconsistency of the static optimal
(time-inconsistent) strategy by performing an infinite number of the static optimality
over the investment period, and they, therefore, derived a dynamic optimal (time-
consistent) strategy. For other previous works along this line, one can refer to
Pedersen and Peskir (2018), Zhang (2021b,a), and references therein.
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Motivated by the above aspects, in this paper, we study a mean-variance portfolio
selection problem that takes into consideration interest rate and volatility risks
within the framework developed by Pedersen and Peskir (2017). Three primitive
assets, one risk-free asset, one risky asset, and one zero-coupon bond, can be freely
traded in the market. We assume that the stochastic interest rate is described by
the Vasicek model. Inspired by Escobar, Ferrando, and Rubtsov (2018), the risky
asset price exhibits not only stochastic volatility but also stochastic covariance
with the interest rate. As opposed to most of the above-mentioned literature
on the mean-variance portfolio selection problems, the risky asset’s return rate
and volatility are not specifically given. We only assume that the market price
of volatility risk relies on a Cox-Ingersoll-Ross (CIR) process, which embraces
the family of state-of-the-art 4/2 stochastic volatility models (Cheng and Escobar
(2021a)) as a particular case. By applying a BSDE approach and solving the
associated BSDE explicitly, closed-form expressions for the static optimal (time-
inconsistent) strategy and optimal value function (efficient frontier) are derived.
Following the methodology of Pedersen and Peskir (2017), we further consider a
dynamic formulation of the mean-variance problem, and the explicit expression for
the dynamic optimal (time-consistent) strategy is obtained by solving an infinite
number of the static optimality over the investment period. Moreover, analytical
solutions to some special cases of our model are provided. Finally, the economic
impact of some model parameters on the efficient frontier as well as on the static
and dynamic optimal asset allocations is illustrated with numerical examples. To
sum up, the main contributions of this paper are as follows: (1) we consider a
mean-variance portfolio selection problem in an incomplete market with interest
rate and volatility risks, where the stochastic interest rate follows the Vasicek model
while the market price of volatility risk is driven by a CIR process recovering the
Heston model, 3/2 model, and 4/2 model as special cases. (2) Explicit expressions
for the static optimal (time-inconsistent) and dynamic optimal (time-consistent)
strategies are obtained by applying a BSDE approach. (3) The impact of some
model parameters on the efficient frontier and the static and dynamic optimal asset
allocations is shown.

The remainder of this paper is structured as follows. Section 3.2 introduces the
financial market and formulates the mean-variance portfolio selection problems. In
Section 3.3, we explore the solvability of a BSRE and a linear BSDE and obtain
the explicit solutions. Section 3.4 presents both the static and dynamic optimality
of the mean-variance problem, and closed-form solutions to some special cases are
recovered. In Section 3.5, some numerical experiments are implemented to illustrate

our theoretical results. Section 3.6 concludes the paper.
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3.2 Formulation of the problem

Let [0, T] be a fixed and finite horizon of decision making and (€2, F,F, P) be a filtered
complete probability space satisfying the usual conditions on which are defined three

1
}te[O,T] ’ {Wt }tE[O,T] ’
and {Wt2}te[o,T]' where filtration F := {F}, (o 7y is generated by the above three

one-dimensional, mutually independent Brownian motions {Wto
Brownian motions, and P is a real-world probability measure.

3.2.1 Financial market

We consider a financial market with interest rate and volatility risks, where a risk-
free asset (cash), a zero-coupon bond, and a risky asset (stock) can be continuously
traded. Assume that the price of the risk-free asset, denoted by S?, satisfies the
following dynamics:

dsp =r.SP dt

with initial value Sy = s¢ at time to € [0,7) fixed and given, and that the
instantaneous interest rate r; is governed by the Vasicek model:

dry = (a = bry) dt — o, AW}, (3.2.1)

with initial value ry, = ro, where b € R is the mean-reversion speed, a/b € R™
is the long-run level, and o, is the volatility of the interest rate. Suppose that
the market price of interest rate risk is A, € RT. From Vasicek (1977), the price
process Bi(u) of the zero-coupon bond with bond maturity w satisfies the following
stochastic differential equation (SDE):

dBy(u) = ryBy(u) dt + ho(u — t)By(u)o, (A dt +dW)), t <u (3.2.2)

with boundary condition B, (u) = 1, where the deterministic function hg(¢) is given
by
ho(t) = 5 (1),

We notice that the maturity of the zero-coupon bond B;(u), u—t, varies continuously
as time ¢ evolves. However, as it is stated in Boulier, Huang, and Taillard (2001),
there may not exist zero-coupon bonds with any maturity in the market. We,
therefore, introduce a rollover bond with a fixed time-to-maturity K € R* into
the market. Denote by B;(K) the price of the rollover bond at time ¢. Then, the

rollover bond B;(K) is of the form:
dB(K) = rBy(K) dt + ho(K)o, By(K) (A dt + dW)) . (3.2.3)

The risky asset price process S} is related to the risk of interest rate and governed
by the following general stochastic volatility model:

dS} =S} [u(t,r, ap) dt + meop dWY + 0 (t,0n) AW}, S) =55 €RT, (3.2.4)
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where 4 and o # 0 are two possibly unbounded and continuous functions and
related to each other via:

w(t,re, ap) — re = AN ago(t, ap) + Aoy

with A, 7, € R, and a; is an observable stochastic factor process following the CIR
model:

doy = k(0 — o) dt + oo/ (p AW} + /1 - p? de) , =g €RT)(3.2.5)

where xk € RT is the speed of mean reversion, § € R* is the long-run mean, o, is
the volatility of the factor process ay, and p € [—1,1] is the correlation coefficient
between the risky asset price and factor process. In particular, we posit that the
Feller condition is satisfied, i.e. 2k0 > 02, so that the factor process a; driving the
volatility of the risky asset price is strictly positive P almost surely, for ¢ € [to, T

Remark 3.2.1. Notice that the risky asset price process (3.2.4) exhibits not only
stochastic volatility via the function ¢ and factor process a; (3.2.5), but also

stochastic instantaneous correlation ——2-—— ¢ [—1, 1] with the interest rate
n2oi+o?(t,az)

process ¢ (3.2.1), in which the parameter 7, measures the impact of the interest
rate dynamics on the risky asset price, and the specification 7, = 0 corresponds
to the case when the interest rate and risky asset price are uncorrelated. It is also
noteworthy that functions p and o allow for more flexibility in modeling the risky
asset price. In what follows, we shall see that the modeling framework includes
the family of the state-of-the-art 4/2 stochastic volatility models, as an exceptional

case.

Example 3.2.2 (The 4/2 model). If o (t,a:) = c1/ar + \;—(%, w(t, e, ry) =
re + Acraq + ¢2) + A\pmpo. with constants ¢; > 0 and ¢3 > 0, and oy = V, then the
risky asset price process is given by the 4/2 model (Grasselli (2017)):

dS} =S} |(ry + M1 Vi + ¢2) + A\pnproy) dt + (01 Vi + 0—2) AW} + o dWP |,
VVi

AV, =k(0 — V) dt + 0o /V; (detl + def) :

(3.2.6)
where V; is the instantaneous variance driver process, and parameters ¢; and co
characterize the superposition of the two embedded parsimonious models, the
Heston model (Heston (1993)) and 3/2 model (Lewis (2000)). More specifically, the
case (c1,c2) = (1,0) stands for the Heston model, while (¢1,c2) = (0,1) corresponds
to the 3/2 model.

Suppose that the investor has an initial wealth xo € Rt at time #y. Denote by

two Markovian controls 7 g (t, s, 7, XJ) and mg1 (¢, o, 74, X[) the market value of
wealth invested in the rollover bond B;(K) and risky asset S}, respectively, where
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= ({WB(~)}t€[t0 71 {ms1 () Hepro T]) represents the investment strategy and X[
is the associated wealth process. Under a self-financing condition, the wealth of the

investor evolves according to
dXZr = |:TtXZT + 7B (t7 Qi Tty XZT)hO(K)U'I‘/\7 + TSt (t7 Qi Tty Xtﬂ-) <J (tﬁ at) A V&

+ATTITUT‘):| dt + (ﬂ-B(tv Qg, Tty XZT)hO(K)UT + TSl (t7 Qgy Tty er)nro'r) thO

+ g (t, ap, e, XF)o(t, ) AW
(3.2.7)
Throughout the rest of the paper, we denote by P, the probability measure with
initial data (a,, 74, X7 ) = (0,70, 70) at time to € [0,T], and Ey,[] and Vary,(-)
denote the associated expectation and variance, respectively.

Definition 3.2.3 (Admissible strategy)). Given any fized initial time tg € [0,T), a

Markovian investment strategy m is said to be admissible if the following conditions

are met:

1. SDE (3.2.7) associated with 7 has a pathwise unique solution;

2. By, fOTW%(t,at,rt,Xf)+7T?31(t,at,rt,Xf) dt} < 4o00;

3. By, fOT 71'%1 (t, cu, e, XT)o2(t, ) dt} < +00;

4. By, _SuPte[to,T] |XZT|4} < +o0.

The set of admissible strategies is denoted by A.

Remark 3.2.4. Due to the unboundedness of interest rate process r; and factor
process a; in the meantime, the square integrability condition for the associated
wealth process adopted by some preceding literature, such as Tian, Guo, and Sun
(2021), Sun, Zhang, and Yuen (2020), and Zhang (2021b,a), is not sufficient to apply
the dominated convergence theorem on the left-hand side of (3.G.2) to exchange the
order of limit and expectation. We, therefore, opt for the fourth-order integrability
condition for the wealth process X[, i.e. condition 4 in Definition 3.2.3.

3.2.2 Optimization problems

We consider the investor who wants to trade over the time interval [to,T] to
minimize the variance of the terminal wealth, while the expected value is exogenously
determined, i.e., under the mean-variance criterion. Formally, the mean-variance
portfolio selection problem is defined as follows.
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Definition 3.2.5. The mean-variance portfolio problem is a constrained stochastic
optimization problem:

min Vary, (X7)
TEA © (328)
subject to By [XF] = &,

where € is a fized and given constant. We denoted by Vv (to, o, 70, o) and m*
the optimal value function and optimal investment strategy, respectively.

Considering the time inconsistency of the mean-variance criterion as discussed
in the introduction, it is expected to see that the resulting optimal strategy relies
on the initial value of state variables (to, g, 70, o) and might not be guaranteed
to be optimal at a future time point. To address this problem, we opt for the
dynamic optimal approach introduced by Pedersen and Peskir (2017). For the
readers’ convenience, we now present the definition of dynamic optimality, which is
slightly modified from Definition 2 in Pedersen and Peskir (2017), to adapt to the
current context.

Definition 3.2.6 (Dynamic optimality). Given any fixed initial time to € [0,T),
a Markovian investment strategy ©* =: ({Wflg*(')}te[t(,,T] ,{Wgﬁ(')}te[toﬂ) 18 Te-
ferred to as the dynamic optimality for the mean-variance problem (5.2.8) if for
every (t,a,r,z) € [to,T) @ RT @ R®@ R and every admissible strategy u € A with
ult,a,r,z) # 7 (ta,r,x) and By o2 [X%] = €, there is a Markovian strategy w
satisfying w(t, o, r,x) = 7 (t, 0,7, 2) and By o 0 [X¥] = € such that

Vart,@ml(X%U) < Vart,a,r,w(X%)a

where By o,z XF] = EXT| v = a,7 = r, XT = 2] and Var, o, .(XT) =
Et’a,r,z[(X%y] - (Et,am,z[X%])z'

Remark 3.2.7. According to Pedersen and Peskir (2017), the dynamic optimality
7% is essentially derived by solving the static optimal strategy, i.e., 7* at each time
and implementing it in an infinitesimally small period of time. In other words, the
static optimality shall be considered in the first place.

Since the mean-variance problem (3.2.8) involves a convex objective functional,
the associated linear constraint E, [X7] = £ can be eliminated by introducing the
following auxiliary Lagrange dual function:

»C(OZO,"’O, Zo, T, 9) L= Eto[(X’?’ - 5)2] + 29Eto [X%: - g]

3.2.9
= Ey, [(XT — (€-0))%] - 0%, (3:2:9)

where § € R is the Lagrange multiplier. According to the Lagrangian duality
theorem (see, for example, Luenberger (1968)), problem (3.2.8) is equivalent to the
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following min-max problem:

n L .0 3.2.10
rélg]écﬂmelﬂ (0,70, w057, 0), ( )

which implies that it remains to first consider the following benchmark problem:

: . . : T 2
min J(ag, ro, oy m,y) 1= inelﬂEto [(XT —7)7], (3.2.11)

where v =& — 0 € R.

3.3 Solution to the benchmark problem

In this section, we mainly focus on the benchmark problem (3.2.11) using a BSDE
approach. Before introducing the BSDEs associated with the benchmark problem
(3.2.11), we present the following auxiliary results on the Vasicek model (3.2.1)
and CIR model (3.2.5), which are modified from Lemma 4.3 in Benth and Karlsen
(2005), Lemma 4.1 in Wei and Wang (2017), and Theorem 5.1 in Zeng and Taksar
(2013), respectively.

Lemma 3.3.1. For the Vasicek model (3.2.1), when c is a constant such that

c< s the Laplace transform of r? is well-defined, i.e.,

b
QUg(T—to
T
E, |exp c/ r? dt
to

Lemma 3.3.2. For the Vasicek model (3.2.1), |r¢| has exponential moment of all

< +00.

order, i.e.,

sup e?I"l| < 400, Vp > 0.

t€fto,T)

Ey

0

Lemma 3.3.3. For the CIR model (3.2.5), when c is a constant such that ¢ <
k2 /202 the Laplace transform of oy is well-defined, i.e.,

T
expi c / oy dt
to

Having reviewed the above preliminary results, we now impose the following

Et < +OO

0

assumption to facilitate further discussions:

Assumption 3.3.4. 4802T < b and max {24/\(/\ +04|pb(to)]), (276 4 48v/33) (A2 +

ngQ(to))} < k2/202, where function b(t) is given by (3.3.9) below.
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Remark 3.3.5. The monotonicity of function b(¢) shown in Proposition 3.3.9 implies
that |b(t)| decreases to 0 as T approaches 0, which indicates the mathematical
feasibility of the assumption above when the investment horizon is small enough.
From an economic point of view, Assumption 3.3.4 presents an upper bound for
the slope A of the market price of volatility risk. As stated in Korn and Kraft
(2004), when A is too large, undertaking volatility risk is rewarded too much by the
market, and the optimal investment strategy might not be uniquely determined.
Mathematically speaking, if the above technical condition is violated, the uniqueness
result to the following BSRE (3.3.1) and linear BSDE (3.3.2) might not be ensured.

Considering the following BSRE and linear BSDE:

2 2 Fg’t I‘%’t
dP, = q [=2r+ A+ Nou] P+ 20, To, + 20/l + 5 + % ¢ dt
t t

+Tot AW + Ty 4 AW} + Ty dW?,
Pr =1,
P, >0, for all t € [to, T,

(3.3.1)

and

(3.3.2)
YT = —7.

{dYt = (rYy + Z\) dt + Z, dWY,
Here, a solution to (3.3.1) is a triplet of F-adapted processes (P, T, T14,T24);
solution to (3.3.2) is a pair of F-adapted processes (Y;, Z;). It is noteworthy that
these two kinds of BSDEs are with unbounded coefficients due to the unboundedness
of the interest rate process r; and factor process oy, and thus, the results in
Lim (2004) and El Karoui, Peng, and Quenez (1997) cannot be used in our case.
Nevertheless, by observing that the driver of linear BSDE (3.3.2) follows a stochastic
Lipschitz continuity (Bender and Kohlmann (2000)), we derive the unique solution
to BSDE (3.3.2) in the next lemma.

Lemma 3.3.6. Suppose that Assumption 3.3.4 holds true. The unique solution
(Y, Z¢) to linear BSDE (3.3.2) is given by

(3.3.3)

Vi = —yexp {g(t) + h(t)r:},
Zt = —O'Th(t)m,
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where functions g(t) and h(t) are given by

gf a+ op A, a—+ Aoy 03 —b(T—t)
g(t)_(gbz_b)(T_t)+(la2_l)?>>(1_e )

2

Or (1 _ —2b(T—1) (3.3.4)
T (1 ¢ ) ’
T
ht) =3 (e 1)
Proof. See Appendix 3.A. O

By using the Markovian structures of the interest rate process r; and factor
process «;, we next manage to derive one explicit solution to BSRE (3.3.1) and
show its uniqueness.

Lemma 3.3.7. One solution (P;,To+,I'14,T24) to BSRE (3.3.1) is given by
P, = exp {a(t)r: + b(t)a: } (1), (3.3.5)
and
(Po,t,T1,¢,T24) = (—0,a(t) Py, 0apb(t)y/azPr, 00/1 — pb(t)/ar Pr), (3.3.6)

where functions a(t),b(t), and ¢(t) are solutions to the following ordinary differential
equations (ODEs):

da(t) B _
o —bat) +2=0, o(T) =0,
%f) — (K + 2p0.\)b() + (; - p2> aab?(t) = A =0, b(T) =0,
%ff) + |(at 2000, )alt) + R6b(1) — 5% (1)o7 Af} o(t) =0, ¢(T) = 1.
(3.3.7)
Proof. See Appendix 3.B. =

In the next proposition, we derive explicit solutions to ODEs (3.3.7), which
provides the closed-form solution to BSRE (3.3.1).

Proposition 3.3.8. The explicit solutions of a(t),b(t), and ¢(t) to ODEs (3.3.7)
are given as follows:

(1 - e*b<T*t>) : (3.3.8)
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and

2
_r (e<k+zwa)<t—T> _ 1) = Lo +2\poy, # 0
k+ 2 pos ’ 2’ ’

1
N (t—T), p2:§, k+2\po, = 0;
_ eVA(T-1)
ning(l—e ) 2, 1 .
b(t) = m, Pi‘éi,A>0,
72~ DT - O 2l Ao
o2 (p? = )T —tyng — 1’ 2’ ’
V=A k+ 2\po, V-A 9, 1
W tan | arctan NEY - (T —t) ) + no, P F 5 A <0,
(3.3.9)

and
r 1
o(t) = exp {/t (a 4+ 20,:M\)a(s) + kOb(s) — §a2(3)072. — A2 ds} , (3.3.10)

where A, ng,n1, and ny are given by

—(k 4 2X\poy)
A = 2 2 _ 4 2 2 21412 _ (
(o 2A000)" = (407 = 2)0a s o = 3o ) (3.3.11)
S —(k+2X\poa) + VA  — —(k+2\poa) — VA o
2o T 22— )
Proof. See Appendix 3.C. O

The next proposition shows that b(t) is a strictly increasing function over [tg, T.
In other words, the maximum value of |b(¢)| is attained at the initial time tg.

Proposition 3.3.9. Function b(t) is monotonically increasing over [to, T).

Proof. See Appendix 3.D. O

Lemma 3.3.10. Suppose that Assumption 3.3.4 holds true. The solution given in
(3.3.5) and (3.3.6) is the unique solution to BSRE (3.5.1).

Proof. See Appendix 3.E. O
Having derived the uniqueness results of BSRE (3.3.1) and linear BSDE (3.3.2),
we now define the following two stochastic exponential processes Ily ; and II, ¢, for

te [to,T],

o, = exp {— / (v — gvals)) w0 / L —oae)? ds} ,

to to
t t 1
II; ; = exp {— / (A + 0apb(s)) /o AW} — / 5(/\ + o0 pb(s)) %o ds} .
t t
’ ’ (3.3.12)
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In the next lemma, we investigate the integrability of Iy ; and II; ¢, which shall be
used in the proof of Proposition 3.3.12 below.

Lemma 3.3.11. Suppose that Assumption 3.5.4 holds true. The stochastic expo-
nential processes o, and Iy ; defined in (3.3.12) satisfy

Ei, | sup |H0,t|12 + |H1,t|12 < +o00.
t€[to, T

Proof. See Appendix 3.F. O

Based on the preceding results, we are ready to present the first main result of
this paper, which relates the optimal strategy and optimal value function of the
benchmark problem (3.2.11) to the solutions to BSRE (3.3.1) and linear BSDE
(3.3.2).

Proposition 3.3.12. Suppose that Assumption 3.3.4 holds true. For any initial
data (to, 9, 70,%0) € [0,T) @ RT @ R® R fized and given, the optimal investment
strategy, denoted by 7*, of the benchmark problem (3.2.11) is given by

Wsl(taatartht) = - O'(t at) )

(X7 +Y0) (S 4 A0 ) + Zo w07, X7 00
* t X* — _
ﬂ-B( y Oy Tty t) ho(K)O’T )
(3.3.13)
where Yy, Zy, Py, To, and T, are given by (8.3.3), (3.3.5), and (3.3.6), respectively.
The optimal value function is given by

J (a0, 0,203 ™, 7) = Py (w0 + Yao)?, (3.3.14)

and the wealth process X[ associated with the optimal strategy (3.3.13) evolves as

t
X, = (xo — yeg(towh(m)m) exp {/ rs — (A2 = Apora(s)) — (A2 + Aoapb(s)) o ds}

to
x Tlo ¢I1h ¢ + ,yeg(t)+h(t)7"t
(3.3.15)

where g(t), h(t),a(t),b(t), oy, and I1; 4 are given in (3.5.4), (3.3.8), (3.3.9), and
(8.8.12), respectively. Moreover, the optimal strategy given in (3.3.13) is admissible.

Proof. See Appendix 3.G.
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3.4 Static and dynamic optimality of the problem

In this section, we derive the static and dynamic optimality of the mean-variance
problem (3.2.8). The static optimal investment strategy and optimal value function
(efficient frontier) of problem (3.2.8) are obtained by solving (3.2.9) and (3.2.11) in
a backward sequence.

Specifically, based on the relationship between the mean-variance problem (3.2.8)
and benchmark problem (3.2.11) as shown in (3.2.10), we have

Vv (to, ao, To, o)
zrglgﬁ((](ao,ro,xo;ﬂ*,ﬁ —0)—0°
_ 12
— o { fexp {B(to) + 29(t0)} 9(t0) ~ 110 )

+ 2exp {(a(to) + h(to))?"o + b(to)ao + g(to)} ¢(t0) (xo _ geg(to)+h(t0)ro) 0

+ exp {a(to)ro + b(to) oo} ¢(to) (1:0 — geg<t°>+h<t0>m)2 }

It can be easily checked that the leading coefficient of the above quadratic function
of 6 is negative, i.e,

exp {b(to)ao + 2g(t0)} ¢(to) < exp {—/t (a(t2)a7. - )\7‘> dt} <1,

where the strict inequality follows from the negativeness of function b(¢) implied
by Proposition 3.3.9. As such, the maximum of the right-hand side of (3.4.1) is
attained at

exp {(a(to) + h(to))ro + b(to)ao + g(to)} d(to) (Eedto)Thltolro — g)
exp {b(to)oo +29(to) } ¢(to) — 1

Now we are ready to state our second main result.

0 = . (3.42)

Theorem 3.4.1. Suppose that Assumption 3.3.4 holds true. For any initial data
(to, @0, 70,70) € [0,T) @ RT @ RQ R fized and given, the static optimal investment
strategy of the mean-variance problem (3.2.8) is given by

(X7 = (€= 07)e O +HOm) (3 4 00pb(t)) v
o(t, o)
(X7 — (6= 07)e50HOm) (3, — o,a(t)) + (€ — %), h{t)es O+
ho(K)o,

g (¢, e, 1, X)) = —

)

71'1*9(15, Qg Tz,Xt*) = -

T (t, o, e, X7 )nr
ho(K) 7

(3.4.3)

where 0* is given by (3.4.2), and g(t),h(t),a(t), and b(t) are given by (3.3.4),
(3.3.8), and (3.3.9), respectively. The optimal value function (efficient frontier) is
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given by

exp {a(to)ro + b(to)ao} ¢(to) (w0 — Seg(t0)+h(to)ro)2
1 — exp {b(to)ao + 29(t0)} ¢(to)

and the wealth process X{ associated with (3.4.3) evolves according to

Vv (to, o, 70, T0) = , (3.4.4)

t
X! = (xo (e 9*)eg(t°>+h(t°)”’) exp {/ s — (A2 = Apopa(s)) — (A2 4 Aoapb(s)) o ds}
to

x Mo Ty 4 + (€ — (g*)eg(twrh(t)rg7
(3.4.5)

where Iy and I, ; are given by (3.3.12). Moreover, the static optimality (3.4.8) is
admissible.

Proof. Replacing the constant «y in (3.3.13) and (3.3.15) by £ — 6* leads to the static
optimal strategy (3.4.3) and the associated wealth process (3.4.5), respectively.
Plugging 6* given in (3.4.2) back into the right-hand side of (3.4.1) yields the
optimal value function (3.4.4). Moreover, following the proof of Proposition 3.3.12,
it is evident that the static optimal strategy (3.4.3) is admissible, i.e., 7* € A. O

The next corollary provides the explicit results for one special case of our model,
the 4/2 stochastic volatility model.

Corollary 3.4.2 (The 4/2 model). Suppose that Assumption 3.3.4 holds true.
If the risky asset price S} follows the 4/2 model (5.2.6), then the static optimal
investment strategy and optimal value function of the mean-variance problem (3.2.8)

are, respectively, given by

_ (X7 = (€= 0)es OO (O, — gya(t)) + (€~ 8, h(B)es OO

W*B(tv‘/tvrhxt*) = ]IO(K)O'
) r

71'21 (t, Vi, e, Xt*)nr
ho(K) ’
X7 — (6= 0950 0) (3 + 0 ph() VTE
avV + \;‘% ’

71‘21 (t,‘/t,’f’t,Xt*) = — (

and

exp {a(to)To + b(to)vot (to) (1,0 _ €eg(to)+h(to)ro)2
1 — exp {b(to)vo + 2g(t0) } ¢(to)

Vv (to, vo, 0, To) =

Proof. Plugging the specified parameters of the 4/2 model (3.2.6) given in Example
3.2.2 into (3.4.3)-(3.4.4) leads to the above results. O

Remark 3.4.3. If we further specify (c1, c2) = (1,0) and (¢1,¢2) = (0,1) in Corollary
3.4.2, explicit solutions to the embedded Heston model and 3/2 stochastic volatility
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model are derived, respectively. To the best of our knowledge, there is no existing
literature on the portfolio selection problems reporting the above results for the
hybrid Vasicek-4/2 model under the mean-variance criterion.

As discussed in Section 3.2, the static optimal investment strategy given in
Theorem 3.4.1 is time-inconsistent because it depends on the initial value of the
state variables via 8%, and thus, the mean-variance investor might deviate from it
whenever any new position at a future time is arrived at. Now, we proceed to derive
the dynamic optimality of the mean-variance problem (3.2.8) within the framework
championed by Pedersen and Peskir (2017), which is the third main result of this

paper.

Theorem 3.4.4. Suppose that Assumption 3.3.4 holds true. For any initial data
(to, 0,70, 70) € [0, T)@RT @R®R fized and given, the dynamic optimal investment
strategy ™ of the mean-variance problem (3.2.8) is given by

(X" — geaMHhOre) (X 4 o0 pb(t)) /g
(exp {b(t)ar +2g(1)} $(t) — L)o(t, )
X (A — ova(t) — exp {b(t) o + 29(t)} H(t)h(t) o)
(exp {b(t)aw + 2g(t)} &(t) — 1)ho (K)o,
£e9DTRDTe (N 4 h(t)o,) &5 (¢, o, e, X3y
(exp {b(t)as + 29(t)} ¢(t) — 1)ho (K)o ho(K) ’
(3.4.6)

ﬂg*{(t, g, T, X3 =

TE (b, o, e, Xi) =

where X* is the wealth process associated with * and evolves according to

X —et OO 4 oxp { / [A,. (A, — exp {b(w)a + 29(w)} G(u)h(u)o, — oa(u))

exp {b(u)aw + 29(w)} o(u) — 1

L (A + gapb(u)) Aoy,
exp {b(u)ay, +2g(u)} d(u) — 1

+ 1y

du} I, 115, (Io - §eg(t0)+h(t0)ru> ,

(3.4.7)
with Il ; and 113, given by

([ Ot oupbw) e 1

s =exp {/ oxp {b(w)aw + 29(u)} d(u) — 1"

(A + apb(u))’ay du}
}

1 t

2 /to (exp {b(w)a + 2g(u)} p(u) — 1)*
g —exp { [ 2 ale) —exp (e + 2140} o

’ to exp {b(u)ow + 2g(u)} p(u) — 1

_1 /t (Ar — ova(u) — exp {b(u)au + 2g(u)} ¢(u)h(u)o)? du}
2 Jto (exp {b(u) o + 2g(u)} d(u) — 1)? .
Furthermore, if the initial data satisfies xog < Ee9(to)th(to)ro  then it holds that
Xd < ged®W+hMre P, almost surely.

Proof. See Appendix 3.H. O
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Corollary 3.4.5 (The 4/2 model). Suppose that Assumption 3.3.4 holds true. If
the risky asset price S} follows the 4/2 model (3.2.6), then the dynamic optimal

investment strategy T of the mean-variance problem (3.2.8) is given by

(X" — ges®HhOre) (X4 50,pb(1))Vy
(exp {b(t)V: +2g(t)} (t) — 1)(c1V; + c2)’
X (A — ava(t) — exp {b(t)V; + 29(t)} (t)h(t) ;)
(exp {b()V; + 29(t)} ¢(t) — D)ho(K)o
Led RO (X, + h(t)o,) 78 (@t Ve, re, X ),

(e {b(O)V; +29(0)} 4(2) — Dho(K)o, ho(K) ’

adi(t, Vi, e, X)) =

TH (t, Vi, re, X&) =

where the wealth process X satisfies that X < £e9MW+ThOe | for t € [to, T], Py,
almost surely.

Proof. Substituting the specified parameters of the 4/2 model (3.2.6) given in
Example 3.2.2 into (3.4.6) yields the results immediately. O

Remark 3.4.6. Setting either (¢, c2) = (1,0) or (¢1,¢2) = (0,1) in Corollary 3.4.5,
we provide the closed-form expressions for the dynamic optimal strategies under
the Heston model and 3/2 model, respectively.

3.5 Numerical analysis

This section investigates the impact of the model parameters on the efficient
frontier and the static and dynamic optimal investment strategies. The formula
of efficient frontier is given by (3.4.4) and the closed-form expressions for the
static and dynamic optimality are presented in (3.4.3) and (3.4.6), respectively.
We show the case when the market model is characterized by the hybrid Vasicek-
Heston model. Throughout this section, unless otherwise stated, the values of the
parameters modified from Escobar, Neykova, and Zagst (2017) are listed below:
a = 0.0125,b = 0.266, 0, = 0.013, A, = 0.689, 7, = 0.4, \ = 2.234,x = 2.115,0 =
0.051,0, = 0.505, p = —0.514, 29 = 1,79 = 0.05,v9 = 0.03,7T =1,£ = 3, K = 20.

3.5.1 Efficient frontier

In this subsection, we present how the model parameters affect the efficient frontier.
In the following numerical experiments, we vary the value of one parameter with
others fixed and given.

Figure 3.1 contributes to the impact of parameters A, a, and 7, on the efficient
frontier. We observe from Figure 3.1(a) that given the fixed expected value of
terminal wealth, the efficient frontier moves downwards as A, increases from 0.689
to 0.889. Since A, characterizes the market price of interest rate risk, a greater
value of A, implies that the investor can obtain higher returns by investing in the

61



N

. la
— o8 — o012 ) — 04
0780 / 0125 08
0880 025 12 /
/ /
/ £ £ /

& of the terminal wealth

Variance of the terminal wealth
Variance of the terminal wealth

Varianc

2 3 4 2 3 4 2 3 i
Expectation of the terminal wealth Expectation of the terminal wealth Expectation of the terminal wealth

() (b) (©)

Figure 3.1: Impact of parameters A, a, and n, on the efficient frontier

rollover bond. As such, the investor can take fewer risks from the market if he
wants to gain the same expected wealth at the terminal date. Figure 3.1(b) shows
the relationship between the efficient frontier and parameter a. We find that along
with the growth of a, the variance of terminal wealth decreases. As revealed by
(3.2.1), parameter a partially depicts the long-run mean of the short interest rate.
As a increases, the return rate of the risk-free asset becomes higher, while the
risk premiums of investing in both the roll-over bond and the risky asset are not
influenced. In such a case, the investor can bear fewer risks if the same expected
terminal wealth is acquired. From Figure 3.1(c), we find that the scale parameter
7 has no impact on the efficient frontier. This is consistent with our intuition that
although 7, changes the optimal allocations on the roll-over bond and risky asset,
the optimal risk exposures to the interest rate and volatility risks remain unchanged.
Therefore, the investor undertakes the same investment risks, and he has the same
variance of terminal wealth if he acquires the same expected terminal wealth.

Figure 3.2 reveals the relationship between the efficient frontier and parameters
A, 0q, and p. From Figure 3.2(a), we find that the efficient frontier moves down
as \ increases from 2.234 to 3.234. )\ characterizes the slope of the market price
of volatility risk. So, along with the growth of A\, the investor can obtain a higher
volatility risk premium. In such a case, the investor can invest less in the risky asset
to obtain the same expected terminal wealth. In Figure 3.2(b), we vary o, from
0.505 to 0.705, and find that the efficient frontier moves down. In other words, as
04 increases, to derive a fixed expected terminal wealth, the investor will undertake
fewer risks. One explanation is that as the volatility of volatility o, increases, the
fluctuation of the stochastic volatility becomes larger, and thus, the return rate of
the risky asset is more likely to increase, which helps the investor derive the same
expected return by investing less in the risky asset and hence bearing fewer risks. In
Figure 3.2(c), we vary p from —0.314 to —0.714, and find that the efficient frontier
moves down. This can be explained by the fact that as the correlation parameter p
approaches —1, the risky asset price and its instantaneous variance become more
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negatively correlated. Therefore, the offset between the risk caused by fluctuations
in the risky asset price and its volatility becomes more. Consequently, investing the
same amount in the risky asset reduces the investor’s exposure to volatility risk.
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Figure 3.2: Impact of parameters A\, 0., and p on the efficient frontier

3.5.2 Static and dynamic optimal strategies

In this subsection, we investigate the impact of some model parameters and the
fixed expected terminal wealth £ on the behavior of the static and dynamic optimal
investment strategies. For simplicity, we pay attention to the results at time tg = 0
in the following numerical experiments. From the definition of dynamic optimality
above (see Definition 3.2.6), we know that 7* = 7%* at the initial time ¢,.

Figure 3.3 illustrates the relationship between the parameters A, a, and 7, on
the dynamic and static optimal investment strategies. In Figure 3.3(a), we vary
A from 0.689 to 0.889 and find that the market value of wealth invested in the
roll-over bond is positively correlated with A,., while the investment in the risky
asset is negatively correlated with \.. As the previous section explains, as the
market price of interest rate risk A, increases, the investor can obtain a higher risk
premium from investing in the roll-over bond. It is thus better to allocate more
in the roll-over bond to reduce the overall risks when the same expected terminal
wealth is acquired. Figure 3.3(b) shows that the amount of wealth invested in both
the roll-over bond and the risky asset decreases as a increases from 0.125 to 0.25.
Indeed, as a becomes larger, the long-run level of the short rate a/b increases, such
that the return rate of the risk-free asset is amplified. Hence, the investor can
undertake fewer risks by investing more in the risk-free asset. It is shown from
Figure 3.3(c) that as 7, increases from 0 to 1, the amount of wealth invested in the
roll-bond is reduced, while the investment in the risky asset remains unchanged.
As a matter of fact, the overall interest rate and volatility risks are not changed
when 7, varies since it only measures the impact of the interest rate dynamics on
the risky asset price. Namely, when 7, becomes larger, the investor faces the same
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amount of volatility and interest rate risks, but the interest rate risk can be more
easily hedged against by investing in the risky asset.

— rollover bond — rollover bond

optimal strategy

Dynarmic and static optimal strategy

Dynamic and static optimal strategy

Dynamic and static

° 00 o8 0125 ot 017 0200 0225 0250 000 0z 00
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Figure 3.3: Impact of parameters A, a, and n,. on the dynamic and static optimality

Figure 3.4 shows how the dynamic and static optimal investment strategies
change with respect to the parameters \, o, and £. From Figure 3.4(a), we find
that as \ increases, the investor is willing to invest more in the risky asset and less
in the rollover bond. This can be explained by the fact that A characterizes the
slope of the market price of volatility risk, and the investor can derive a higher
risk premium from the risky asset as A becomes larger. In Figure 3.4(b), we vary
04 from 0.505 to 0.905 and find that the amount of wealth invested in the risky
asset becomes larger as o, increases. One of the possible explanations is that as
the volatility of volatility o, increases, it is more likely for the investor to derive a
higher volatility risk premium from the risky asset, i.e., Av/V;. In such a case, the
investor tends to adopt a more aggressive investment strategy. In the meantime,
since the optimal risk exposure to the interest rate risk is not affected by the change
of o, the investor can invest less in the roll-over bond to hedge against the interest
rate risk due to the stochastic correlation between interest rate and risky asset
price. Finally, we see from Figure 3.4(c) that the amount of wealth invested in the
roll-over bond and the risky asset has a positive relationship with the expected
terminal value £. This is consistent with our intuition that to obtain a greater
value of the expected terminal wealth, the investor has to invest more in both the
roll-over bond and the risky asset such that the overall interest rate and volatility
risks can be hedged against.

To end this subsection, we highlight the difference between static and dynamic
optimality, i.e., 7* and 7%. By setting 500 equidistant time points over the
investment horizon [0, 1] and using some Monte Carlo techniques, we simulate two
paths of X; and X*, as well as one path of the stochastic process EedO+h(t)re
which is referred to as the bound in Figure 3.5. As shown in Figure 3.5, the
trajectories of two optimal wealth processes X; and X{* are significantly different

even though the same random numbers are used. In particular, we observe that
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Figure 3.5: Two trajectories of static and dynamic optimality

the dynamic optimal wealth process X{* is strictly below the process EedOth(t)re
which is consistent with the theoretical results derived in Theorem 3.4.4 above.

3.6 Conclusion

In this paper, we consider dynamic mean-variance portfolio selection problems in a
stochastic environment. The risks in the market come from the interest rate and
the risky asset. The interest rate follows the Vasicek model while the risky asset’s
return rate not only relies on a CIR process but also exhibits stochastic covariance
with the interest rate. The modeling framework embraces the family of the state-
of-the-art 4/2 stochastic volatility models, as an exceptional case. Given the time
inconsistency of the mean-variance criterion, the problems are investigated in line
with the dynamic optimal approach. For this, we first address the static optimal
(time-inconsistent) strategy by using a BSDE approach. Under the assumption of
some model parameters, the associated BSDEs are solved explicitly. Analytical
expressions for the static optimality and optimal value function (efficient frontier)
are derived via the explicit solutions to the BSDEs. By recomputing the static
optimality in an infinitesimally small period of time, we derive, in closed form,
the dynamic optimal (time-consistent) strategy. Moreover, results on the Vasicek-

65



Heston, Vasicek-3/2, and Vasicek-4/2 models are provided, as particular cases.
Finally, the economic impact of some model parameters on the efficient frontier
as well as on the static and dynamic optimal asset allocations is illustrated with
numerical examples. As far as we know, there is no existing literature on the
mean-variance portfolio selection problems considering the time-inconsistent and
time-consistent solutions in the presence of stochastic volatility and interest rate.
So, this study is meaningful from both theoretical and practical perspectives.

Built on the present paper, several potential topics in the future may be followed;
for instance, one may extend the current framework with a single risky asset to that
with multiple risky assets. In addition, since it is difficult to estimate the return
rate of the risky asset and interest rate with precision in practice, the investor
might be ambiguous about the financial market. It is thus of interest to explore
the mean-variance portfolio selection problems with stochastic interest rate and
volatility under model ambiguity.
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3.A Proof of Lemma 3.3.6

Proof. We start by introducing the likelihood process L1 4, for t € [to, T] from the
following dynamic:
dLyy = =MLy dWY,

for which Novikov’s condition is satisfied. Thus, Ly, is an (F,P;,)-uniformly
integrable martingale, and the equivalent probability measure, denoted by f’to, is
well-defined on Fr via the Radon-Nikodym derivative:

dPy,
= Lir.
dPy, |7 — M

Let Ey, ] denote the corresponding expectation under measure Py,. From Girsanov’s
theorem, three processes W2, W}, and W2 given by

AW, = A\ dt + dWP, dW, = dW}, dW; = dW?

are three standard (I, P,) Brownian motions. Then, linear BSDE (3.3.2) can be
reformulated as follows:

(3.A.1)

{dYt = Y, dt + Z, dW,,
YT = —7.
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Notice that the driver of BSDE (3.A.1) satisfies the stochastic Lipschitz continuity
(refer to Definition 2 (H2) in Bender and Kohlmann (2000)) with n? := r; + € as
its coefficient for any ¢ € R™ fixed and given. Setting A; := f:o n?ds and using
Holder’s inequality, from Assumption 3.3.4 and Lemma 3.3.1, we have for some
constant 8 > 3 + V21

Ey, [| —|* exp {BAr}]

[ T T 3 T 2
) b d 0 2 o lex 2 -
el vt [l o] -]
=c{ By, |ex (A2 t
o oo Lot mma]}
<c{Et“ exp{26/ |rt\ dt}:|} < 400,

where the constant ¢ might differ between lines, and the second inequality follows
from the basic result that 2 + % > gz for x € RT. This shows that the driver
and terminal condition of BSDE (3.A.1) constitute standard data (Definition 2 in
Bender and Kohlmann (2000)). According to Theorem 3 in Bender and Kohlmann
(2000), BSDE (3.A.1) admits a unique solution (Y%, Z;) such that

Eto, < +OO

T
/ Pz, dt
to

Applying 1t6’s formula to Y; exp {— ftto Tu du} under measure f’to yields

t t
d {Yt exp { / Tu du}] = Z,exp {/ —Ty du} dW?, (3.A.2)
to to

which means Y}exp{f ftto Ty du} is a (F,lsto)—local martingale. Moreover, by
Lemma 3.3.1, Burkholder-Davis-Gundy inequality, and Hélder’s inequality, we find
that Y; exp {— ftt) Ty du} is, in fact, an (]F,Ié’t0 )-uniformly integrable martingale
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under Assumption 3.3.4, since
sup

t s -0
/ exp {/ T du} s ]
t€(to,T] | Jto to
T t 3
<cE, (/ exp {—/ 2ry du} z? dt)
to to
T T T
c <Et0 exp {2/ || dt} / Z2 dt )
to to
- 1
T 2 ~ T
Sc{EtO exp{/ (A%+4n|)dt} } + cEq, / Z2 dt
to to
[ T 3 _ T
<c {Eto exp (/ 4|7 |? dt) } + cEy, / Z2 dt
to to

where the constant ¢ might differ between lines. Therefore, from (3.A.2) and the

E;

0

+ Eto

< +00,

Markovian structure of interest rate process 7y, we have the following expectation
formulation for Y;:

Y, = =By, {exp {— ftT Ts ds} ’ ft} = —7Ey, {GXP {_ ftT s ds}

Tt:| = _Vf(t7 Tt)v

where the deterministic function f(¢,r) = Et,r [exp {f ftT Ts ds}] Observe that

the interest rate process r; has the following 13,50 dynamic:
dry = (a+ o\ — bry) dt — o, thO.

Then, from the Feynman-Kac theorem, we find the following partial differential
equation (PDE) governing function f(¢,r):
of of

ar

— 4+ (a+ oA\ —br)

L2 f
ot T30 T

L =0
5 — Yy
f(T,r)=1.

Conjecture that f(¢,r) admits the following exponential-affine form, i.e.,

f(t,r) = exp{g(t) + h(t)r}

with boundary conditions ¢g(T) = h(T') = 0. Then, we can decompose the above
PDE into the following two ODEs of g(t) and h(t):

dg(t)

g Tt



After some tedious calculations, the closed-form expressions for g(t) and h(t) are
given by (3.3.4), and Y; is given by (3.3.3). Finally, applying It6’s formula to Y;

under measure Py, and comparing with the diffusive part of (3.A.1) lead to the
explicit expression for Z; given in (3.3.3). O

3.B Proof of Lemma 3.3.7

Proof. Applying Itd’s lemma to P; given by (3.3.5) and making use of (3.3.6)-(3.3.7),
we have

dP, =P, |a(t)a — 2ry + ay <2paa)\b(t) + (p2 - ;) o2b2(t) + )\2)
+ KOb(t) + % (o20*(t)ay + o2a®(t)) } dt — Pioa(t) dW,
+ Pioa/aipb(t) dW,} + Piog/agy/1 — p2b(t) dW? — P, <(a + 20, )\, )a(t)
+ kOB(E) — %aQ(t)a? - AE) dt

= { (—2rt + A2+ )\QOzt) — 20, Ara(t) 4+ 2po o Aaib(t) + p?o2b%(t)ay

+ a%t)of} Py dt — Pioya(t) AWy + Pioo/aipb(t) dW}

+ Pooay/ary/1 — p2b(t) dW}
172 12
= [(=2re + A2+ Nay) P+ 20 To + 20/ael'1y + % + % dt
't t

+Tot AW + T 4 dW}! + Ty dWE.

This shows that P; given in (3.3.5) satisfies the first equation of BSRE (3.3.1). The
terminal condition Pr = 1 follows from the boundary conditions a(T) = b(T) =0
and ¢(T) = 1 given by (3.3.7). Finally, considering the canonical exponential
expression of the solution to the first-order homogeneous linear equation, we know
that ¢(t) given in (3.3.7) must have an exponential formulation, which implies from
(3.3.5) that P, > 0 over [to,T]. O

3.C Proof of Proposition 3.3.8

Proof. Since the ODE of a(t) in (3.3.7) is a first-order linear equation, we can
reformulate it as follows:
d
_dalt)
ba(t) — 2
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By integrating both sides from ¢ to T" upon considering the boundary condition
a(T) = 0, we obtain

a(t) = 3 (1 — efb(T*t)) .
We next consider the ODE of b(¢). Reshuffling the terms in (3.3.7) yields

%(tt) - <p2 - ;> 0LV () + (5 +200pA)0(0) + X%, B(T) =0.  (3.C.1)

When p? = 3 and & + 20,pA = 0, it follows from (3.C.1) that b(t) = X*(t — T).
When p? = % and k + 20,pA # 0, we have the following linear equation:

db(t) = (K + 20,p\)b(t) dt + \? dt,
from which we obtain

)\2
bt) = — 2 (k4+2Xpoa)(t—T) _ 1) .
®) k+ 2Apog, (e )

When p? # 3, we denote by A = (k + 2Xpo)? — (4p? — 2)o2A%. It follows from
(3.C.1) that

o2 <p2 - ;) (b(t) — 1) (b(#) — na), A > 0;
) (b(t) —no)? dt, A= 0;

a2 1 k+2Xp0a \? -A
o (7 -3) |0+ ) + | A <0

where ng,n1, and ny are given by (3.3.11). After some tedious calculations, we

derive the explicit expressions for b(t) presented in (3.3.9). Finally, noticing the
boundary condition that ¢(7') = 1 and substituting a(t) and b(¢) back into the
ODE of ¢(t), we have the closed-form solution of ¢(t) given in (3.3.10). O

3.D Proof of Proposition 3.3.9

Proof. Differentiating (3.3.10) with respect to ¢ yields

)\2e(k+2)\pﬂa)(t*T)7 p2 _ %7 k+ 2)\100@ 7& 0;
1
A2, P2 = > k+2\po, = 0;
AN2AVAT-D) 1 1
db(t) _ 192 2 ATz’ PP # 5 A>0;
dt O—rz(2p - 1) (nl — na2e ( t))2 2
03(11)2—%)"3 N 241 Ao
(02(p? = 3)(T —t)ng — 1) 2
—-A o (k+2)\po, vV—-A 9 , 1 )
2202 —1) sec (arctan ( A ) 5 (T-t), p°# 3 A <05
It is obvious that %(tt) > 0 holds for the first three cases. As for the last two cases,
we see that p2 > % must hold when A < 0. O
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3.E Proof of Lemma 3.3.10

Proof. Observing that P; given in (3.3.5) is positive, we can apply It6’s lemma to
log(P;) and find that
r 15, 1§, 113
log(P) = | —2 2 4 )2 272 L Lt Y12
dlog(P) PR A N 20 B e s T g |
r T r
+ﬁth +%th +ﬁth
(3.E.1)

Now, we introduce the likelihood process Lo ¢ from the following dynamic:
dLg; = =2\ Lo dW — 2)\\/a; Ly AW},

which can be easily shown to be an (F, Py, )-uniformly integrable martingale by
the Novikov’s condition and Assumption 3.3.4. Thus, we can define an equivalent
probability measure f’to on Fr via the following Radon-Nikodym derivative:

dPy,
dPto Fr

=Lor.

From Girsanov’s theorem, the following three processes Wto, th, and Wf:
AW? = 2X\, dt + dW?, dW} = 2\/a; dt + dW}, dW?2 = dW?

are standard Brownian motions under measure 15,50. Then, BSDE (3.E.1) of
<log(Pt) Lo Flit't, F;:) can be rewritten as follows:

» P,
113, 1%, 1T% Lo
dlog(Py) = |—2rs + A2 + A2 O
og(P;) T+ AL+ 2 Pt2 2 Pt2 2 Pt2 2
I I
“th —;tth,
log(Pr) =0.

(3.E.2)
Suppose that there exists another solution, denoted by (15,5, fO,t, f1,t, fg,t), to BSRE
(3.3.1). It follows from (3.E.2) that the following difference process

(Alog(P,), ATo ., AT, AT3,) i= (log(P) — log(By), Tyt — T, Dyt — Do Lo Tar)

must solve the following BSDE:

F(z)t f%t F%t f‘%t 1 (T3, f‘%t
Og( t) < P2 Pt2 + P2 Pt2 2 Pt2 Pt2
+ ADg; dW? + ATy, dW} + ATy, dW2,
Alog(Pr) =0.
(3.E.3)
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We now introduce another likelihood process L3 ; from the dynamic:

r T T )
dLsy = — }S’t L, dW? — }yt Ly dW}! + Ti’t L, dW2.
t t t

By using the explicit expressions for P, and (g4, I'1 ¢, I'2¢) given in (3.3.5) and
(3.3.6), Holder’s inequality, Proposition 3.3.9, and Assumption 3.3.4, we find that
Novikov’s condition is satisfied for L3, i.e.,

i | TTZ, T2, T3
Eto lexp {2 /; Pt:; + P;; —+ Pt; dt
0 L

1 (T
=Ey, [LQ,T exp {2 / o2a®(t) + o2b* (t)on dtH
to

T
X {Eto [exp { / AN% + 02aP(t) 4+ (4N + o2 b (1)) ay dt}

T T T %
< {Eto [exp {/ —4N\ dW —/ 4N/ay dW} —/ (8AZ + 8\ %) dtH}
to to to
to

T 3
=c {Eto lexp {/ (402 + 2D (t)) oy dt}] } < 400,

where c is a positive constant. Thus, the equivalent probability measure Py, is

well-defined on Fr via -
dPy,
dPy,

Accordingly, the standard Brownian motions W2, W, W72 under P, are given as

= L3,T-
Fr

follows due to the Girsanov’s theorem:

_ T _ T _ ., T
AW? = dw? + % dt, dW} = dWw, + % dt. AW? = dW? — % dt. (3.E.A4)
t t t

Plugging (3.E.4) into (3.E.3) yields the BSDE of (Alog(P;), ALy, AT'1 4, AT'9 )

1
dAlog(P,) = (AT )2 (AF1¢)2+§(AF2¢)2 dt

1 _ 1

2 2

+ Ao dW + ATy dW} + AT, dW?,
Alog(Pr) =0.

(3.E.5)

It is easy to check that quadratic BSDE (3.E.5) satisfies all regularity conditions in
Kobylanski (2000). Then according to Theorem 2.3 and Theorem 2.6 in Kobylanski
(2000), we know that BSDE (3.E.5) admits unique solution (0, 0,0, 0), which, in
turn, reveals

(P, Lo, T14,Toy) = (Pt,fo,t, f1,t7f2,t)-

Hence, we can conclude that (P, T4, T1,,T'2,1) given in Lemma 3.3.6 is the unique
solution to BSRE (3.3.1). O
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3.F Proof of Lemma 3.3.11

Proof. For any given constant p > 1, it is straightforward to see that the following

equation of k
k

P k-1

admits two positive solutions:

kv =2py/p(p—1)+p2p —1), ka = =2py/p(p — 1) + p(2p — 1),

where the first solution satisfies k1 > 1. In particular, we have k1 = 276 + 48v/33
when p = 12. By Assumption 3.3.4 and Proposition 3.3.9, we have

Et < +o0.

(o]

T
exp {(138 + 244/33) / (A + oapb(t))cy dt}

to

Then, according to Theorem 15.4.6 in Cohen and Elliott (2015), we have

V276448331
276+48V33

r
< % {E,ax |:0Xp {(138 + 24\/33)/ (A + oapb(t)) oy dtH } < 4o0.
to

E,U|: sup \Hu\lz
te(to,T]

By using the same technique, we also have Ey, [sup,¢,, 7 |Io,¢|*?] < oc. O

3.G Proof of Proposition 3.3.12

Proof. For any admissible strategy 7 € A, applying 1t6’s formula to P,(X] + Y;)?
and completing of squares, we have

r 2
-r, { [t e XDl + st X + 2+ (7 +30) (Tt 0 )|
:

r 2
+ {7751(1‘,, ay, T, X7 )o(t, o) + (X7 +Y,) <% + )\\/at)} } dt
t

+ [(XT +Y3)*Tos + 2(XT + Y2) P (mp(t, ag, 1o, X7 )ho(K)or + w1 (E o, me, X7 )00 + Z4)] dWY
+ [(XF + Y0 D+ 2X7 + Y0 P (£ a1, o, X7)o ()| dW
+ (XT +Y,)*Ta dW?.

(3.G.1)
Due to the continuity of Y3, Z;, To 4, T4, Doy, Pr, mp(t, cu, v, X7 ), mor (¢, o, 1, XT ),
X[ and o(t, aq, ¢, XJ), the stochastic integrals on the right-hand side of (3.G.1)
are (IF, Py, )-local martingales. Hence, there exists a localizing sequence, denoted
by {7n},cn such that 7, T +00, Py, almost surely as n — 400, and when stopped
by such a sequence, the aforementioned local martingales are (F, Py, )-martingales.
Then, integrating both sides of (3.G.1) from ¢y to 7,, AT and taking expectations,
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we obtain

E¢, [PT/\Gn (XTro, + YT/\G,L)z}

) 2
" r
::E)t0 / Pt (’ﬂ'sl (t, Ckh’l’t,XZr)O'(t,Olt) + (Xtﬂ— + n)( ;J + )\1/at>> dt‘|
to t
TN,
+Et0 / Pt WB(t,th,Tt,XZT)ho(K)O'T+7Tsl(t,Oét,7"t,Xt7T)77TUr+Zt
to

+ Pto(xo + }/150)2'

2
r
+(X;T+Yt)< ;t +Ar>> dt
t
(3.G.2)

For the term within the expectation on the left-hand side of (3.G.2), we have from
(3.3.3), (3.3.5), and Proposition 3.3.9 that

Prpo, (XFpp, +Yrre,)” < ¢ (‘Dg SUD¢¢(to,T) ealtollrel 4 SUPyepgy, 1 [ X7+ 72€29 supyeps, 1) 92hh‘rt‘) )

(3.G.3)

where c is a positive constant, and ¢, g5, and hj denote the bound of continuous
functions ¢(t), g(t), and h(t) over [to, T], respectively. Then, from Definition 3.2.3
and Lemma 3.3.2, we know the family {PT,\(,W (XTro, + YTAen)z}neN
and thus, sending n to infinity and applying the dominated convergence theorem

is integrable,

and monotone convergence theorem to the left-hand and right-hand side of (3.G.2),
respectively, we have

Eq, [(XT — 7)2] > Py, (w0 + Yto)z- (3.G.4)

In particular, the right-hand side of (3.G.4) is attained when we opt for the
investment strategy given in (3.3.13). In other words, the strategy (3.3.13) is the
optimal strategy for the benchmark problem (3.2.11).

In the remaining part of this proof, we aim to show that the optimal strategy
(3.3.13) is admissible. Denote the wealth process (3.2.7) associated with the strategy
(3.3.13) by X;. Then, we find that

d(X; + Y1) . Lo Ty
X1y, e — A P, + A Aoy 2 + Moy || dt

(3.G.5)

r r
(22N ) a0 — 2R Ao ) dWl
Pt Pt

Solving the linear SDE (3.G.5) and using the explicit expressions for Y;,Tg;,I'1 ¢,
and P;, we obtain (3.3.15). Moreover, by (3.3.15), Lemma 3.3.1-3.3.3, Assumption
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3.3.4, Lemma 3.3.11, and Holder’s inequality, we have

E¢, | sup Xfl“]
t€(to, T
T T
<cq E, |exp 24()\2+)\0a|pb(t0)|)/ apdt o | + Ey, |exp 24/ r2 dt
to tO
+E;, | sup |H0,t|12 +E; | sup \H17t|12 +E; | sup etholrel < +00,
t€(to, T te(to, T te(to, T

(3.G.6)
where c is a positive constant and h;, denotes the bound of h(t) over [to, T]. Finally,
from (3.G.6) and the explicit expressions for the optimal investment strategy given
in (3.3.13), it is easy to verify that

T
E, [/ (T (t, g, e, X)) 2 (02t ) + 1) + (15 (o, re, X7))? dt | < o0,

to
(3.G.7)
Hence, we can conclude from (3.G.5)-(3.G.7) that the optimal strategy (3.3.13) is
admissible. O

3.H Proof of Theorem 3.4.4

Proof. Identifying to, ag, ro, and zo with ¢, ay, ¢, and X5 in (3.4.3), respectively,
we can write a candidate for the dynamic optimality of problem (3.2.8), which is
given by (3.4.6). We claim that the candidate solution (3.4.6) is dynamic optimal
for problem (3.2.8). Indeed, for any initial data (¢, o, r,z) € [tg,T) @ RT @ R @ R,
we can take any other admissible strategy u € A such that E; 4, ,[X%] = € and
u(t,a,r,x) # 7 (t,a,r, x). Additionally, we set w = 7*, in which the initial data
(to, o, 70, o) is replaced by (¢, a, 7, x). In other words, it holds that w(t, o, r,x) =
7 (t,a,r,x) = 7 (t, o, r, ) # u(t,a, r,z) when the initial data is (t,a,r, ). Then,
by the continuity of the feedback controls u and w, there exists a ball B, :=
[t,t+e]®@[a—e,ate|®@[r—e,r+e]®[r—e,v+¢] such that w(t, &, 7, &) # u(t, &, 7, T)
for any (t,&,7 %) € B. when ¢ is small enough such that t +¢ < T. Replacing
(to, 0,70, o) and v in (3.G.2) by (¢, ,r,x) and & — 6*, where 0* is given by

g — exp {(a(t) + h(t))r + b(t)a+ g(t)} ¢(t) (geg(t)Jrh(t)r _ 9:)
exp {b(t)a + 2g(t)} (t) — 1 ;

we observe that w = 7* is the unique continuous function such that the minimum
within the expectations on the right-hand side of (3.G.2) is attained, Py o , . almost
surely, which indicates that by setting 7. = inf {t A T| (¢, a4, 74, X{') € B.}, it holds
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that for t < 7.

2
N N ry; -
Pf <uS‘ (t> Qag, T'{,Xty)o'(t, af) + (Xty + }/E) (Z;it + /\V (Jé{)) + <u3(t7 g, T, X;)}LO(K)U’I'
t

2
- Toi
JFuSl (t, Oé{, 7"[, X;)UTUT +Zf+ (Xg +Y;~) (;:t +)"l‘>> :| 2 Cv Pt,a,r,z - a-5-7
t

where ¢ € RT. In other words, replacing (to, cg, 70, ) and vy in (3.G.2) by (¢, a, 7, x)
and £ — 6*, respectively, we find that

B [(XF = (€~ 0] 2CBuaralre — 14 o707 H0%50) (2 — (6 ~ )44
>ea(t)7‘+b(t)a¢(t) (m - é*)eg(t)+h(t)r>
=Bt ara[(XF — (£ = 6%))7,

where the strict inequality follows from the fact that 7. > ¢ holds Py 4, , almost
surely due to the path-wise continuity of the state variables. This result, in turn,

leads to
Vart,a,r,x(X%) = Et,a,r,x [(X%)z] - 62

= Et,a,r,r[(X% - (’f - é*))2
> Et,a,r,m[(X%) - (f - é*))Q] - (9*)2
= Vart,a,r,w(X’}U)v

I
—
S
*
N
[ V)

by which we can conclude that the candidate solution presented in (3.4.6) is the
dynamic optimality of the mean-variance problem (3.2.8).

Substitute the dynamic optimal strategy (3.4.6) into the wealth process (3.2.7)
and denote by K; = X* + %Yt Then, we have the following linear SDE of Kj;:

Ar O — aval(t) — exp {b(t)ar + 29()} d(t)h(t)oy)

K, = |, + exp {b(t)as + 29(1)} o(t) — 1
(A4 oapb(t)) A
exp {b(t)ou +29(t)} o(t) — 1 el
()\ + Uozpb(t»\/OTt !
exp {b(t)oy +2g(t)} o(t) — 1 e

Ar — ora(t) —exp {b(t)a: + 2g(t)} d(t)h(t)
exp {b(t)ay + 29(t)} o(t) — 1

with Ky, = g — &e9(to)+to)ro - Solying the above SDE explicitly, we obtain (3.4.7).
Particularly, when the initial data satisfies zq < £e9(t0)+n(to)ro  from (3.4.7), we see
that X@* < €edO+hre for ¢ € [tg, T), Py, almost surely.

I Ky WY,

O
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Chapter 4

Mean-variance asset-liability management
under CIR interest rate and the family of
4/2 stochastic volatility models with

derivative trading

ABSTRACT

This paper investigates the effects of derivative trading on the per-
formance of asset-liability management in the presence of stochastic
interest rate and stochastic volatility under the mean-variance criterion.
Specifically, the asset-liability manager can invest not only in a money
market account, a zero-coupon (rollover) bond, and a stock index but
also in stock derivatives. It is assumed that the interest rate follows a
Cox-Ingersoll-Ross (CIR) process, and the instantaneous variance of the
stock index is governed by the family of 4/2 stochastic volatility models,
which embraces the Heston model and 3/2 model, as particular cases.
By solving a system of three backward stochastic differential equations,
closed-form expressions for the optimal strategies and optimal value
functions are derived in two cases: with and without the stock deriva-
tives. Moreover, we consider the special cases without random liabilities.
Numerical examples are provided to illustrate theoretical results and
explore the effects of derivative trading on efficient frontiers.

Keywords: Asset-liability management; CIR interest rate; 4/2 stochastic volatility;
Derivative trading; Backward stochastic differential equation.
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4.1 Introduction

The asset-liability management (ALM) problem is a topic of concern to financial
institutions such as banks, pension funds, and insurance companies. The main
purpose of ALM is to pursue investment return at an adequate level with the
presence of liability. The ALM problem in a single-period setting under Markowitz
(1952)’s mean-variance criterion can be traced back to the pioneering work of Sharpe
and Tint (1990). In recent years, many attempts were made to extend the work
of Sharpe and Tint (1990) to different scenarios. Leippold, Trojani, and Vanini
(2004) investigated the multi-period case and derived explicit expressions for the
optimal investment strategy and the efficient frontier. By utilizing the stochastic
linear-quadratic theory and solving the corresponding Hamilton-Jacobi-Bellman
(HJIB) equation, Chiu and Li (2006) solved a mean-variance ALM problem in a
continuous-time setting with the assumption that both the risky asset price and
random liability followed geometric Brownian motions. Different from Chiu and
Li (2006), Xie, Li, and Wang (2008) considered the case when the random liability
was governed by a Brownian motion with drift. Chen, Yang, and Yin (2008) and
Chen and Yang (2011) extended the work of Chiu and Li (2006) and Leippold,
Trojani, and Vanini (2004) to the cases with Markovian regime-switching markets,
respectively. By applying the backward stochastic differential equation (BSDE)
approach, Chiu and Wong (2012, 2013) studied a mean-variance ALM problem
with cointegrated risky assets. Peng and Chen (2021) considered a mean-variance
ALM problem with partial information and an uncertain time horizon by using
the BSDE approach. For other previous works, one can refer to Chiu and Wong
(2014a), Shen, Wei, and Zhao (2020), A, Shen, and Zeng (2022), and references
therein.

Although ALM problems under the mean-variance criterion have been extensively
studied, two aspects are worthy of being further explored. Firstly, most of the
aforementioned literature was studied in the context of constant or deterministic
volatility, which is, however, not consistent with many stylized facts observed in
the financial market, such as volatility smiles and volatility clustering. Therefore,
as natural extensions of constant volatility models, varieties of local volatility
and stochastic volatility models have been proposed in recent years, such as the
constant elasticity of variance (CEV) model, Stein-Stein model (Stein and Stein
(1991)), Heston model (Heston (1993)), and 3/2 model (Lewis (2000)). This has
led many researchers onto this path. For example, Cerny and Kallsen (2008)
applied a martingale approach to study a mean-variance optimal investment and
hedging problem under the Heston model. Zhang and Chen (2016) considered a
mean-variance ALM problem under a CEV model with multiple risky assets, and
the optimal strategy and efficient frontier were expressed via the solutions to two
BSDEs. Li, Shen, and Zeng (2018) considered a derivative-based mean-variance
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ALM problem under the Heston model, and explicit solutions were derived for two
cases: with and without the derivative asset. By alternatively characterizing the
liability process by a generalized Brownian motion, Pan, Zhang, and Zhou (2018)
studied a mean-variance ALM problem under the Heston model, and they obtained
explicit solutions for the special cases when two fundamental risk factors were
perfectly correlated or anti-correlated. By using the BSDE approach, Sun, Zhang,
and Yuen (2020) further studied a mean-variance ALM problem in a complete
market setting with multiple risky assets, where the variance processes of the risky
assets were described by an affine diffusion equation. More recently, Han and
Wong (2021) incorporated rough volatility into a mean-variance portfolio selection
problem and derived the closed-form solution under the rough Heston model.
Secondly, most of the literature mentioned above assumes that interest rates are
constant or deterministic, which excludes the applications of some specific models for
modeling interest rates in practice, such as the Vasicek model (Vasicek (1977)) and
Cox-Ingersoll-Ross (CIR) model (Cox, Ingersoll, and Ross (1985)). Recently, some
literature has focused on the ALM problem with interest rate risk. For example, Pan
and Xiao (2017¢) studied an optimal mean-variance ALM problem in the presence
of interest rate and inflation risks, and they obtained explicit solutions by using
the dynamic programming approach. Besides Markowitz’s mean-variance criterion,
Pan and Xiao (2017a) considered an optimal ALM problem under the expected
utility maximization framework with stochastic interest rates, and closed-form
expressions for the optimal strategies were derived for the power and exponential
utility functions. Other preceding research outputs on the ALM problem with
stochastic interest rates include Pan and Xiao (2017b), Zhu, Zhang, and Jin (2020),
to name but only a few. It is also worth mentioning that the optimal strategies
derived in the above-mentioned literature are pre-committed but not time-consistent
in the sense that, the optimal strategies determined at the initial time might not be
optimal at a future time point. This is because the nonlinear operator within the
objective function under the mean-variance criterion violates the Bellman optimality
principle. In the last few years, time-consistent mean-variance portfolio selection
problems within the game theoretical framework (Strotz (1956), Bjork, Murgoci,
and Zhou (2014) and Bjork, Khapko, and Murgoci (2017)) and open-loop control
framework (Hu, Jin, and Zhou (2017)) have been extensively studied under different
specific scenarios, such as Li, Zeng, and Lai (2012), Li, Rong, and Zhao (2015), Lin
and Qian (2016), Yan and Wong (2019), Zhu and Li (2020), and references therein.

In 2017, a new stochastic volatility model, known as the 4/2 model, was proposed
by Grasselli (2017). The state-of-the-art model recovers two parsimonious models,
the Heston model and 3/2 model, as particular cases. By combining the advantages
of the Heston model and 3/2 model and canceling their limitations, the 4/2 model
can better predict the dynamics of the implied volatility surface (Grasselli (2017),
Cui, Kirkby, and Nguyen (2018) and Zhu and Wang (2019)). Recently, the potential
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of applications of the 4/2 model to dynamic portfolio optimization problems has
been realized. For example, Cheng and Escobar (2021a) considered a utility maxi-
mization problem under the 4/2 model for power utility, and closed-form solutions
for the optimal strategy were obtained by applying the dynamic programming
approach. Alternatively, Zhang (2021a) investigated a mean-variance portfolio
selection problem with mispricing in the family of 4/2 models, and the optimal
strategy and eflicient frontier were derived explicitly by solving the corresponding
HJB equation.

To the best of our knowledge, there is no existing literature discussing the
pre-committed strategies for the mean-variance ALM problem in the presence of
stochastic volatility as well as stochastic interest rates. This paper aims to fill the
gap. Specifically, we assume that the stochastic interest rate follows the CIR model
(Cox, Ingersoll, and Ross (1985)), and the stock index process exhibits not only the
4/2 stochastic volatility (Grasselli (2017)) but also a stochastic correlation with
the interest rate. The uncontrollable random liability is described by a generalized
geometric Brownian motion with the return rate and volatility dependent on the
stochastic interest rate. In addition to a money market account, a zero-coupon
(rollover) bond, and a stock index, we follow Escobar, Ferrando, and Rubtsov (2018)
to introduce stock derivatives to complete the market. Moreover, to investigate the
effects of derivatives trading on the mean-variance ALM problem, we also consider
the incomplete market case where the stock derivatives are not available to the
asset-liability manager. We employ a BSDE approach to solve the two problems.
By considering the canonical decomposition of continuous semi-martingales, we
introduce two systems of three BSDEs including a backward stochastic Riccati
equation (BSRE) and two linear BSDEs into the complete and incomplete markets,
respectively. Particularly, in the incomplete market case, the drivers of two linear
BSDEs are not only with unbounded coefficients but also dependent on the solution
to the BSRE. This makes the problem more technically challenging. By making
an assumption on the model parameters and using measure change techniques,
we prove the existence and uniqueness results to the two BSDE systems and
derive the corresponding solutions in closed form. Explicit expressions for both
the optimal strategies and efficient frontiers are then obtained. Furthermore, we
provide the results of special cases without random liabilities in both the complete
and incomplete market cases. Finally, some numerical experiments are given to
illustrate the effects of derivatives trading on efficient frontiers. For clarity, we list
the main contributions of the paper below:

1. We incorporate derivatives trading into an ALM problem under the mean-
variance criterion in the presence of stochastic volatility and stochastic interest
rates, where the interest rate is modeled by the CIR process and the stochastic
volatility is described by the 4/2 model (Grasselli (2017)).
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2. Explicit expressions for the optimal pre-committed (efficient) strategy and
optimal value function (efficient frontier) are derived by applying a BSDE
approach, which reduces a matter of conjecturing a candidate solution to a
sophisticated HJB equation and proving a necessary verification theorem along
the dynamic programming approach to solving three BSDEs and extends the
recent results of Cheng and Escobar (2021a) and Zhang (2021a) on portfolio
optimization problems under the 4/2 model to the cases with random liabilities
and stochastic interest rates.

3. We solve the induced linear BSDEs with unbounded coefficients by using
a comparison method combined with Girsanov’s measure transformation
and the linear BSDEs with uniformly Lipschitz continuity (El Karoui, Peng,
and Quenez (1997)) rather than the results of linear BSDEs with stochastic
Lipschitz continuity (Bender and Kohlmann (2000) and Wang, Ran, and Hong
(2006)), in which strong assumptions on the model parameters are needed to
ensure the existence and uniqueness results of the solution. This differentiates
the present paper from Shen, Zhang, and Siu (2014), Zhang and Chen (2016),
and Zhang (2021Db) from a technical point of view.

The remainder of this paper is organized as follows. Section 4.2 introduces the
market model and formulates the problem in the complete market case. Section
4.3 explores the solvability of three BSDEs and derives the optimal strategy and
efficient frontier explicitly for the complete market case. In Section 4.4, we formulate
the problem in the incomplete market case and obtain the closed-form solutions
without derivatives trading by solving three BSDEs. Section 4.5 presents some
numerical experiments to illustrate our results. Section 4.6 concludes the paper.

4.2 Problem formulation

Let T > 0 be a fixed and finite time of decision making and (Q, F,F,P) be a filtered
complete probability space satisfying the usual conditions and carrying three one-
dimensional, mutually independent Brownian motions {Wts } te(0.1] {WtV} te0.1]
and {WtT}tE[O,T]’ where filtration F := {F;},., . is generated by the above Brow-
nian motions, and P is a real-world probability measure. The expectation under P
is denoted by E[].

4.2.1 Financial markets

We consider a financial market consisting of a money market account (cash), a
stock index, zero-coupon bonds, and stock derivatives. The money market account
follows the dynamics:

dAs = riAgdt, Ag = 1,

81



where the short-term interest rate r; is governed by the Cox-Ingersoll-Ross (CIR)
model:

dry = (or — Kpre) dt + oy /1 AWY (4.2.1)

with initial value ry € RT, where k, € RT is the mean-reversion speed, ¢, /K, € R
is the long-run mean, and o, € RT is the volatility of the interest rate. Moreover,
we require the Feller condition 2¢, > o2 to ensure that r; is strictly positive P
almost surely, for ¢ € [0, 7.

Suppose that the market price of interest rate risk is ;\—'\/7‘7 , where )\, € RT.
According to Cox, Ingersoll, and Ross (1985), the price process B} of zero-coupon
bond with bond maturity T evolves according to

dBT = (r; — \b(T — t)r;) B dt — b(T — t)o,/re BT dW7, (4.2.2)
with boundary condition B:,T: =1, where the deterministic function b(¢) is given by

7 2 (et — 1)
20+ (CH R A (S0 —1)

b(t)

with ¢ = v/(k, + A)2 + 202. As discussed in Boulier, Huang, and Taillard (2001),
it is quite unlikely to find all zero-coupon bonds in the market. We, therefore,
introduce a rollover bond with constant maturity X € R™ into the market. Denote
the price of the rollover bond by BtK . Then, the price process BtK is described by
the following SDE (Deelstra, Grasselli, and Koehl (2003)):

dBf = (ry — \b(K)ry) BE dt — b(K)om/re BE daW; . (4.2.3)
The stock index S; is described by the following dynamics:
asS; = (Tt + Xop(c1Vi +c2) + A/ 1 = p2(e1Vi + ¢2) + n)‘rrt) St dt +no.\/r¢Sy AW/

+ 5, <01 Vi, + ;%) (detV + /1= p2 thS) , So=sp € R,
t
(4.2.4)

where parameters n € R, ¢; >0, ¢o > 0, and p € (—1,1), and the variance driver
V; follows a CIR process:

dVi = (o — Ko Vi) dt + 0,/ Vi dWY | Vo = vy € RT, (4.2.5)

where parameters Ky, @y /Ky, 7, € RT have similar economic meaning to that of the
parameters for the interest rate process (4.2.1). Furthermore, we assume that the
Feller condition 2, > o2 is satisfied, so that V; is strictly positive P almost surely,
for t € [0,T].

Remark 4.2.1. Note that the stock index process (4.2.4) exhibits not only the 4/2
stochastic volatility (refer to Grasselli (2017)) but also a stochastic instantaneous
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correlation with interest rate process ¢ (4.2.1). Specifically, the correlation between

the stock index return and interest rate is 190V € (—1,1) and the
\/(01m+%)2+n202rt

parameter n characterizes how large the effect of the interest rate on the stock

index dynamic is. In particular, the specification 7 = 0 means that the stock index
dynamic is not affected by interest rate shocks. Moreover, it is worth mentioning
that the case (c1,c2) = (1,0) corresponds to the Heston model (Heston (1993)),
while the specification (¢1,c2) = (0, 1) is known as the 3/2 model (Lewis (2000)).

Apart from investing in the money market account, rollover bond, and stock
index, we posit that the manager has access to stock derivatives in the financial
market. Following Escobar, Ferrando, and Rubtsov (2018), we assume that the
value of the stock derivative D; relies on the underlying stock index S, stock
index instantaneous variance V;, and interest rate r; via some twice continuously
differentiable function g(-,-,-,-), i.e., Dy = g(S¢, Vi, re,t). Then applying Itd’s
lemma to D; and making use of the fundamental pricing equation that function
g(+, -, -) should satisfy, the dynamic for the derivative price D; is given by

D
aDi _ v (/\SVt dt +/V,; thS) + Cy (A\pre dt + oy /17 AWT)
D, (4.2.6)
+Cs ()\UVt dt+/V, thV) :
where

Cy = Dt_lgsSt\/l — p? <01 + ;2) ,
t
Co = D; (955 + gr),
_ c
03 = Dt 1 (gsStp <Cl —+ ‘;> +Uvgv> .
t

Here, notations gs, g, and g, represent the partial derivatives of D; with S;, V;,
and ¢, respectively, i.e., we write

dg(s,v,1,1) dg(s,v,,1)

9s = y Jv =
9s (St,Vi,rt,t) 9

_ Gg(s,v,r, t)
P9 = or

(S¢,Vi,re,t) (St,Vi,re,t)

4.2.2 Asset and liability processes

Denote by 72, 77, and 72 the proportions of asset invested in the rollover bond,
stock index, and stock derivative, respectively. Let 7 := ( {ﬂ'tB}te[o L {ﬂ'ts}te[o T

{ﬂ-tD}tG[O,T] )

associated with 7. Under a self-financing condition, the asset process X[ is given

] )
denote the investment strategy, and X7 denote the asset process
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by

_ _dBE _ds, _dD, _dA,
dX] =7TtBXt BtIt( +71th S, WtDXtE (1—7TF_W29_7TtD) t4,
= (re + 05N Vi 4+ 07 A ory + 0V N V) XT dt + 05/ V. XT dWE
+ 0/ Vi XT AW, + 070\ /r XT AW,
(4.2.7)

with initial asset value XJ = xo € R*, where 07,607, and 6} represent the risk
exposures to the fundamental risk factors WtS , W/, and W)V, respectively, and are

related to investment strategy 77, 72, and 7P via

929 \/1—p2(C1 -‘ng/W) 0 Cy Wf
07 | = n —b(K) Cy| |7E|. (4.2.8)
Q,Y p(c1 4 ca/Vy) 0 Cs 7TtD

Notice from SDE (4.2.7) that we work with the risk exposures rather than the
investment strategies to make our analysis independent of the stock derivative
specifically chosen in Section 4.3, and we replace X[ by X{ in the following

discussions.

Apart from making investments in the above financial market, the asset manager
is also subject to an exogenous liability commitment. The uncontrollable liability
process L; follows the dynamics:

dL
L—t =7y dt + Bo/re AW, Lo = Iy € RT, (4.2.9)
t

where constant u, € R is the drift coefficient, and 8, € Rt controls the volatility of
the liability process.

Definition 4.2.2 (Admissible strategy). A risk exposure strategy 0 = ({QE}te[O ok

{Gz/}te[o’ﬂ A0t te ) s said to be admissible if the following conditions are
satisfied:

1. 02.0), and 07 are F-adapted processes such that

T T T
/|afm\2dt<oo,/ |a:\/m2dt<oo,/ 107 VVi2 dt < 00, P— a.s.;
0 0 0

2. SDE (4.2.7) associated with 0 has a unique strong solution X! ;

3. The family of random variables Yy ar (an/\T —Giroar LT — ’)/GQVTH/\T)27
n € N, is uniformly integrable, for any sequence of F-stopping times {7}, cy
such that 1, 1 oo, where v € R, and Y:, G, G2+ are respectively given by

(4.3.9), (4.3.17), and (4.5.20).

The set of all admissible risk exposure strategies is denoted by ©.
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4.2.3 Optimization problems

We now introduce the mean-variance ALM problem. Under the mean-variance
criterion, the asset-liability manager aims to find an admissible risk exposure strategy
such that the variance of the terminal surplus is minimized, while the expected
terminal surplus has been exogenously determined. Formally, the mean-variance
ALM problem is defined below.

Definition 4.2.3. The mean-variance ALM problem is the following constrained
stochastic optimization problem:

min JMv(Q) =K [(XTQ - LT - 5)2]
9cO (4.2.10)
subject to E [X§ — Ly] = ¢

with £ € R fized and given. Denote by Jy,y, the optimal value function corresponding
to the optimal strategy 6* = ({QE*LG[O,T} ,{9{*}%[0771] , {ey*}te[m).

To obtain the optimal risk exposure strategy for problem (4.2.10), we introduce an
o _

auxiliary Lagrangian dual functional to eliminate the constraint E [XT LT] =¢
in problem (4.2.10)

L(0,N) : =E[(X% — Ly — €)?] + 2)E [X§ — Ly — ¢

(X9 — Ly — (6= \)?] = A2, (4.2.11)

E
E

where A € R is the Lagrange multiplier. According to the Lagrangian duality
theorem (refer to Luenberger (1968)), problem (4.2.10) is equivalent to the following
min-max problem:

max min L(6, \). (4.2.12)
XER 6€O

This means that we shall first address the following benchmark problem:

min Jpa(0;7) == E [(X;‘; — Ly — 7)2} : (4.2.13)

0c©

where v := £ — X € R is an exogenous constant. We denote the optimal strategy of

problem (4.2.13) by 0%,, = ({egﬁw’t}te[oﬂ , {9;7\/“ reloT] {eg*M,t}te[mT] )

4.3 Solution to the complete market case

In this section, we first use the BSDE approach to solve the above benchmark
problem (4.2.13) and then obtain the optimal risk exposure strategy and optimal
value function of mean-variance ALM problem (4.2.10), when derivative trading is
available to the asset-liability manager.
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4.3.1 Solution to the benchmark problem

To find the BSDEs associated with benchmark problem (4.2.13), we consider
two continuous (F,P)-semi-martingales, Y; and Gy, with the following canonical
decomposition:

dY, = Hy dt + Z7 dW{ + Z dw; + z) dw), (4.3.1)

and
dGy = U, dt + Pl dW; + P2 dW + PY aw | (4.3.2)

where Hy, Z7, Zts, ZtV7 W, Pl Pts, Ptv are some F-adapted processes that will be
determined later. For any admissible strategy 6 € O, applying It6’s formula to
Y, (X7 — G’t)Q, we have

Y; (X - Gy)*

:/Otys (o5 vWxt - p8)  (x2- ) (Zf +)\S\/I75)]2 is

Y,

t v 2
s [ v (ervix - ) s oo e (BT as
0 s

t r 2
+/ Y, [(%arﬂXﬁ—Pz)ﬂXf—Gs) <i+A\/F>] ds
0 s Or

t )\r
+ / 2XT — @)Y, <r5Gs W, A PS VL + A PY T + P:frs) ds
0 Or

t 78 2 A% 2
+/(X59_G8)2 <H5+2T51/5_Y5(}/S +)\s\/‘/8> _)/TS<YS+)\U\/‘/S>
0 s s

77 A 2
-Y, (YS—I—T\/E) ) dS-I-Yb(.’EO—Go)Q

r

t
+ / (X0 = G.)" 27 + 2V, (X! = G.) (00,7 X0 — F)] aw;
0
t
+/ (X0 = G.)" 25 +2vu(x! - G,) (05 VVax! = PS)] aws
0

t
+ [ [(xt = 6" 2¥ s 2vixt - 6 (o VVxE - PV )
0
(4.3.3)
for any ¢ € [0,7]. Inspired by (4.3.3), we introduce the BSRE of (Yt, VARV A ZtV):

A2 A
dy, = KAQVt + AV + e — 2n) Yy + 20V Vi 27 + 20 Vi ZY 4 275/ Z]
oz or
ZS 2 ZV 2 r
(ZE7 (@), (@
Yy Y Yy

2
) } dt + 72 dW? + z) dwYy + Zr dwy,

Yy =1,
Y; >0, for all t € [0, 7],

(4.3.4)
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and the linear BSDE of (Gt, Pr, P78, PtV):

I Ar
dGy = (Tth + As V;fPtS + Ay \/VtPtV + O_\/TtPtT> dt + Pts thS + Ptv thV
s

+ P/ AW,
Gr =Lt + 1.
(4.3.5)
Furthermore, by separating the dependence of BSDE (4.3.5) on the liability value
Ly and applying It6’s lemma, we can decompose BSDE (4.3.5) of (G, Pr', P2, PY)
into the following two linear BSDEs of (G, A, A}, A7) and (Ga ., T7, T}, T7),
respectively:

AT‘ T
dG { <1 + Tﬁ — ﬂr) G+ As\/VtAf + )\U\/V;Ay

T

Ar
+ <0 - ﬁr) \/EA:} dt+ A5 awE + AY awy + A7 awy,  (430)

T

GI,T :17
and \
dG2,t = (rtGZ,t + As V VvtFtS + A'u V ‘/trz/ + O_T\/EF:> dt
+T9dw? +1Y dw)y +T7dw7,
GQ,T =1.

Specifically, (Gy, P}, P, PY), (G1.4, Ay, AY ,AY), and (Goy, T, T}, T7) are related
via the following linear formulation:

(4.3.7)

Gt =LiG1 +Gay,

Pl =Ly (Af + G1.4Br/Te) 917,
Pf =LA} +7T7,

PY =LA} 4T} .

(4.3.8)

Throughout the rest of this paper, we make the following assumption on the market
parameters.

Assumption 4.3.1. \2 > 202,

Remark 4.3.2. From an economic perspective, Assumption 4.3.1 is closely related
to the slope of the market price of interest rate risk A,/o, and implies that taking
interest rate risk should be highly rewarded, so that the asset-liability manager is
willing to invest in the rollover (zero-coupon) bond to hedge against the interest
rate risk. Otherwise, investing in the bond is too risky compared with the money
market account; in the extreme scenario when A\, = 0, the return rates of the
money market account and bond are the same, but the bond dynamic involves
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an additional diffusion term (interest rate shocks). In other words, large enough
A /o, assures that the interest rate risk can be fully hedged, and thus, leading
to the finite variance of terminal surplus. Mathematically speaking, Assumption
4.3.1 guarantees the non-positiveness and boundedness of functions A3(t) and As(t)
given by (4.3.15) and (4.4.16) over [0,T]. This is, in turn, essential to ensure that
BSREs (4.3.4) and (4.4.8) admit unique solutions, and the first-order conditions
work in the proof of Theorem 4.3.14 and 4.4.8.

To derive the optimal risk exposure strategy and optimal value function of
benchmark problem (4.2.13), we investigate the solvability of BSDEs (4.3.4), (4.3.6),
and (4.3.7).

Proposition 4.3.3. One solution (Yt,Zt",Zts,ZtV) to BSRE (4.5.4) is given by
}/t = exp {Al (t) + A2(t)‘/t + A3(t)’/‘t} y (439)

and
Z{ = YiAs(t)or/1e,
Z7 =0, (4.3.10)
7 = Yi&s(t)ou V'V,
where functions A (t), Aa(t), and As(t) solve the following ordinary differential
equations (ODEs):

dAs(t 1
20 (024 02) + (50 + 2000) Ao(t) + Lo2A30), As(T) =0, (43.11)
dAs(t A2 1
;t( ) _ <02 - 2> + (K + 22 Aa(t) + 507 A3(1), As(T) = 0, (4.3.12)
dA; (¢
10 o, s(t) — oy (t), Ai(T) =0 (1.3.13)
Proof. See Appendix 4.A. O

Proposition 4.3.4. Closed-form solutions to (4.3.11), (4.3.12), and (4.3.13) are,
respectively, given by

ni,na (1 — e\/q(T_z))
2 2

A 05
nh, —nj eVBag (M=) e
2 2
2 2
Ag(t) = _Ma00(T =) Aa, =05

na,o2(T —t) — 2’

/—A N =Aa, (T —t
Az tan <arctan <KU +2)\UUU> — Az )> +na,, Aa, <0,

o2 2

(4.3.14)
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with o\
AAQ = (K/'u + 2)\vav)2 - Q(Az + )\5)037 na, = _Mq

o3
+ _(Hv + 2>\UUU) + v AAZ

_(’fv + 2>\UU1}) — v/ AAQ

nAg - 0'12) ) ”22 = 0_12) )
njsnzs 1— eVAa5(T=0)
R AAg > 0;
nX —ny. eV Bas(T-H)
3 3
2 2
Ag(t) = nAgar(T t) Ay = 0;

nazo2(T —t) — 2’

v/ =A =Aa, (T —t
As tan <arctan (HT—’_Z/\T) — A )> +nas, Aay <0,

o7 vV —Ax, 2
(4.3.15)
with o)
Aa, = (ke +20)% = 2X2 + 402, na, = —%
o —(meA2M) Ay 0 (ke +20) — y/Aay
nA3 = J% N ’I’LA3 = 0_% s
and
T
Ai(t) = / wuAa(s) + prAs(s) ds. (4.3.16)
t
Proof. See Appendix 4.B. O

Proposition 4.3.5. Function Ax(t) given in (4.3.14) is non-positive and bounded
over [0,T]. Furthermore, suppose that Assumption 4.5.1 holds, then As(t) given in
(4.5.15) is also non-positive and bounded over [0,T].

Proof. See Appendix 4.C. O

We now provide an auxiliary result before showing that the solution presented
in Proposition 4.3.3 above is the unique solution to BSRE (4.3.4). The following
lemma (Lemma 4.3.6) is adapted from Lemma A1l in Shen and Zeng (2015).

Lemma 4.3.6. For the CIR processes vy and V; given in (4.2.1) and (4.2.5),
if functions mq(t),ma(t), and ms(t) are bounded on [0,T], then the stochastic
exponential processes:

1t ¢
eXp{—2/ mf(s)rsds—&—/ ml(s)\/ﬁdWs’"}
0 0
and

oo {3 [ (m3e) + o) Vs [ malo) Veawd + [ mato) W aws

are (F,P)-martingales.
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Remark 4.3.7. Lemma 4.3.6 essentially states the bonafide martingale properties of
the stochastic exponential processes of fot m1(s)y/Ts AW and (fot ma(s)\/Vs dWY ,
fg ms(s)y/Vs dW?) under P measure. Hence, without Novikov’s condition imposed,
the above stochastic exponential processes are true (IF, P)-martingales.

Corollary 4.3.8. Suppose that Assumption 4.3.1 holds true. The stochastic expo-
nential process

t t t
exp {—% / A3(s)olrs + AS(s)oo Vs ds — / As(8)or/Ts AW, — / Az(8)op V' Vs dWSV}
0 0 0

is an (F, If”)—martingale, where the probability measure P is defined by

d]f” T T T A
— :exp{ —2/ A/ Vi AW/ —2/ Ao/ Vi dWY —2/ e dWT
dP Fr 0 0 o Or

T )\2
—2/ (>\§+/\5)Vt+gndt},
UT

0

and V~V[ and th are two independent Brownian motions under P.

Proof. See Appendix 4.D. O

Lemma 4.3.9. Suppose that Assumption 4.3.1 holds true. The solution (Yt, VARVA
ZtV) given in Proposition 4.3.3 is the unique solution to BSRE (4.53.4).

Proof. See Appendix 4.E. O

In the next two propositions (Proposition 4.3.10 and 4.3.11), we derive closed-
form expressions for the unique solutions to linear BSDEs (4.3.6) and (4.3.7),
respectively.

Proposition 4.3.10. The unique solution (G4, A7, A}, A}) to linear BSDE (4.3.6)
s given by
Gri=exp{fi(t) + f2(t)r:},
AF =0,
AY =0,
A} =or /T fa(t) Gy,

(4.3.17)
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where f1(t) and fo(t) are given by
ning (1 — VAR (Tft)>
f2"" f2

s Af2 > O;
g/
n%af(T—t)

L) =14 npo2(T —t)+2°

V 7Af2 tan (arctan <K3r + A — ﬁr0r> vV 7Afz(T B t))

Ap =0

o7 NNy 2
+ Nf,, Af2 <0,
(4.3.18)
where
>\7’ r T >\r - MrUr
AhZQw+M—@mf+%fG+(f—wa,nm=n+(ﬂﬂgv
+ _(’{r + A - BTUT‘) + Afz — _(KT + A — ﬁTUT) - Afz
g, = —0’% v Mgy = _07%
and
T
ht) = / o fo(s) ds. (4.3.19)
t
Proof. See Appendix 4.F. O

Proposition 4.3.11. The unique solution (G4, Ty, T}, T}) to linear BSDE (4.3.7)
is given by
Ga, =exp{gi(t) + g2(t)re},

v =0, (4.3.20)
r) =o, o
F: :g2(t)ar\/r7tG2,t7
where g1 (t) and g2(t) are given by
_ /B (T—t
92(l) = o ) -9
n;; - ng_ze By (T1)
wMA%:m+&V+%%@:ji%§Jﬁ,;:iﬁégfﬂwm
T
g1(t) :/ ©rga(s)ds. (4.3.22)
t

Moreover, function ga(t) is non-positive and bounded over [0, T).

The proof of Proposition 4.3.11 is similar to that of Proposition 4.3.5 and 4.3.10,
and so we omit it here.

91



Remark 4.3.12. Tt is worth mentioning that the drivers of linear BSDEs (4.3.6)
and (4.3.7) are, in fact, with stochastic Lipschitz conditions (refer to Bender and
Kohlmann (2000) and Wang, Ran, and Hong (2006)). As shown either in Theorem
4 of Bender and Kohlmann (2000) or in Theorem 4.1 of Wang, Ran, and Hong
(2006), however, strict assumptions on coefficients are required, so that a contraction
mapping is constructed to prove the uniqueness and existence of an adapted solution
to the associated BSDEs. Unlike most of the related literature (see, for example,
Shen, Zhang, and Siu (2014), Zhang and Chen (2016), and Zhang (2021b)), we
verify the existence and uniqueness of the solutions to BSDEs (4.3.6) and (4.3.7)
by adopting Girsanov’s measure transformation techniques and the results of linear
BSDEs with uniformly Lipschitz condition (El Karoui, Peng, and Quenez (1997))
in the proof of Proposition 4.3.10 and 4.3.11.

Theorem 4.3.13. Suppose that Assumption 4.3.1 holds true. For any initial data
(r0, 80,v0, To,lo) € RT x RT x RT x Rt x R* fized and given, the optimal risk
exposure strategy and optimal value function of benchmark problem (4.2.13) are,

respectively, given by

0550, = — L,\S (X e (Oaa(tre _ ef1(t)+fz(t)nLt) ,
1 * g1(t)+g2(t Ar
BMt__ Xy —ne A3()+92(t)+§
A
( a0+ R0+ 22 4 25) ef1<t>+f2<t>m) ,
Ohnre = L oo As(t) + 0) ( — e (e (e _ GhO+ 0 )
X

(4.3.23)
and

A1 (0)+Az(0)vo+As(0)ro (330 — el O+ F2(0r0 _ 76.q1(0)+92(0)ro

(4.3.24)
where functions Ay (t), As(t), As(t), f1(t), f2(t), g1(t), and g2(t) are given by (4.5.16),
(4.5.14), (4.3.15), (4.5.19), (4.3.18), (4.3.22), and (4.3.21), respectively. Further-
more, the optimal strategy 05,, given in (4.3.23) is admissible, i.e., 05, € ©.

Iem (O 7y) =e

Proof. See Appendix 4.G. O

4.3.2 Solution to the mean-variance problem

In the next theorem, we obtain closed-form expressions for the optimal risk exposure
strategy and optimal value function of the mean-variance ALM problem (4.2.10).
In addition, we provide the results of the special case without random liabilities.
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Theorem 4.3.14. Suppose that Assumption 4.3.1 holds true. For any initial data
(10, 80, V0, To,lo) € RT x RT x RT x R* x R fized and given, the optimal strategy

and optimal value function of mean-variance ALM problem (4.2.10) are, respectively,

given by
07" = ;*A (X* (€ — A*)egrBFo2tre _ efl(t)+f2(t)TtLt) 7
A
o = 5z | (4s00 ) X; = (6= X900 (4300 + gn(0) + 25 )
A
( 3(t) + fo(t) + = + — ) efl(t)+f2(t)7"tLt:| ,
1
0" == <5 [(0vA2(t) + 1) (X: — (6 = A7)em OFanr)
t
— (0, Aa(t) + \,) P OHOT L,
(4.3.25)
and )
. Yo (20 — l0G1,0 — EGap)
= - ’ 4.3.2
Jary 1-Y,G3, ’ (4.3.26)
with A\* given by
Vo YoGa,0 (o — 10G1,0 — £G2,0) (4.3.27)

1— YOG%O ’

where Yi, G14,Ga v, A1(t), Aa(t), As(t), f1(t), f2(t), g1(t), g2(t) are given by (4.3.9),
(4.3.17), (4.3.20), (4.3.16), (4.3.14), (4.8.15), (4.3.19), (4.3.18), (4.3.22), and
(4.3.21), respectively. In addition, the optimal risk exposure strategy (4.3.25) is
admissible, i.e., 0% € ©. Moreover, from the relationship between m and 0 given

in (4.2.8), we have the optimal investment strategy ©* = (7%, 7P*, 7B*) of mean-
variance ALM problem (4.2.10) as follows:
Sx C10Y* — C307*
T = )

Cip (01 + %) — C3y/1—p2 (01 + %)

D _POE =1 P00 (4.3.28)
‘ pCl -\ 1-—- 203

ﬂ_B* T]Trt *+ 027( 9:*
' b(K)

Proof. See Appendix 4.H. O

Remark 4.3.15. The above results for the mean-variance ALM problem with deriva-
tives trading under the hybrid CIR-4/2 model are not considered in the existing
literature. In this sense, the present paper extends the results on the mean-variance
ALM problems, such as Zhang and Chen (2016), Li, Shen, and Zeng (2018), and Sun,
Zhang, and Yuen (2020), to the case that simultaneously takes into consideration
derivatives trading, stochastic volatility as well as stochastic interest rates.
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Remark 4.3.16. Note that the optimal value function J},,, and optimal exposures §*
to the stock index risk, volatility risk, and interest rate risk are independent of the
specific type of derivative asset as said in Section 4.2, whereas the optimal demand
of stock index, rollover bond, and derivative asset depends on C7, Cs, and C3, which
reflects the deltas of the derivative asset. In particular, for a volatility /variance
derivative asset such as VIX and variance swap, it follows from (4.2.6) that C; =0,
Cy = D, L9y, and Cy = D, Yougy. Moreover, we observe that the optimal value
function and optimal exposures are also irrelevant to the specification of two non-
negative constants ¢; and ¢ in the dynamics of stock index (4.2.4). If we further set
(c1,¢2) = (1,0) and (¢, ¢2) = (0, 1), we obtain the corresponding optimal investment
strategies of mean-variance ALM problem (4.2.10) under the CIR-Heston model
and CIR-3/2 model, respectively. These two findings reveal that the solvability of
problem (4.2.10) essentially hinges upon the specifications of the market prices of
stock index risk A\,+/V;, volatility risk \,+/V;, and interest risk 2—:\/5 .

Corollary 4.3.17. (Without liability). Suppose that Assumption 4.3.1 holds true.
If there is no liability, then for any initial data (ro, So,v0, 7o) € RT x RT x RT x R
fizxed and given, the optimal strategy and optimal value function of mean-variance
problem (4.2.10) are, respectively, given by

1 -
S _ * (¢ \*)pg1(t)+g2(t)re
0; X; As (Xt (E—A)e ) )
o+ — 1 Aa(t Ar X A g1()+g2(O)re [ A t ¢ Ar
t —_Xt* 3()‘*‘;% F=(E=X)e 3()+92()+;§ ,
1 -
0" = = 5= (v Aa(t) + M) (X; - (- A*)egl<t>+92<t>ﬂ) :
t
(4.3.29)
and ,
= Yy(xo—&Gap)
Iy = T YOG%o , (4.3.30)
where
5+ — YoG2p (0 — £Gap) (4.3.31)

1— YOGQO

Proof. Substituting lg = p, = B = 0 into (4.3.25)—(4.3.27) yields (4.3.29)—(4.3.31),
respectively. O

4.4 Solution to the incomplete market case

In this section, we study the alternative scenario where stock derivatives are
not available, and we devote to deriving closed-form expressions for the optimal
investment strategy and optimal value function of the mean-variance ALM problem
in the incomplete market case.
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To facilitate further discussions in this section, we work with the following three
one-dimensional, mutually independent Brownian motions (W2, W}, W2) under P
measure defined by

AW 0 o 1] [awy
awl| = p 1—p2 0Of |[dW7? ],
dW}? 1—p? —p 0| | dWy

which are clearly equivalent to (W2, WY, W) due to Levy’s characterization of
Brownian motions. It then follows from (4.2.1), (4.2.3), (4.2.4), (4.2.5), and (4.2.9)
that the dynamics of the market model and random liability can be reformulated
as follows:

dri =(pr — kpre) dt + o /e AW,
dBE = (ry — \,b(K)r) BE dt — b(K)o,\/r; BE dW?,

dsS; = {Tt + ()\vp +AsV1— p2) (a1 Vi+c2)+ 77>\r7"t} Sy dt + noy\/ri AW}

C:
#5 (e o) aw,

dVy = (py — K Vi) dt + UU\/\Z (detl +4/1—p? thQ) ,
dLy =Ly (prre dt + By /re dWY) .

(4.4.1)
With the additional constraint that the investor cannot trade stock derivatives, it
follows from (4.2.7) and (4.4.1) that the asset process X[ evolves as:

ax7 = [re+ (\op + AVT=2) (Vi + o) + (42 = b(K)wl) Aore| X7 dt
C2

+73XT (cl Vi +
L VVi

) AW} + (= b(K)7 ) o /T X[ WY,
(4.4.2)

with initial asset value zg € RT.

Definition 4.4.1 (Admissible strategy). In the market without derivatives trading,
an investment strategy ™ is said to be admissible if the following conditions are
satisfied:

1. 72 and 7P are F-adapted processes such that
’ S C2 : r S B 2

/ T (clx/Vt + ) ‘ dt < oo, / |(nmy — b(K)7y )/re|” dt < oo, P —a.s,;
0 \% ‘/t 0

2. SDE (4.4.2) associated with © has a unique strong solution X[ ;

3. The family of random variables Y, . (XT 7 — Gy, apLeaar — ’yGéC’TnAT)Q,

n € N is uniformly integrable, for any sequence of F-stopping times {7, }, cy
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such that T, 1 0o, where Y;'°, th, and ‘zct are respectively given by (4.4.13),

(4.4.18), and (4.4.21), and v € R.

The set of all admissible investment strategies is denoted as A.

Definition 4.4.2. In the market without derivatives trading, the mean-variance
ALM problem is the following constrained stochastic optimization problem:

7rmEiE JiGy(n) :=E [(X%: — Ly — 5)2}

subject to E[XT — Lr| =¢

(4.4.3)

with & € R fized and given. Denote by J45%, the optimal value function corresponding

to the optimal investment strateqy w'¢* := ({ﬂ'tic’s*} , {W:C’B*} >
te[0,T] ’ te(0,T]

Similar to the previous sections, we shall first address the following benchmark
problem (4.4.4) before solving the mean-variance ALM problem (4.4.3) in the

incomplete market case:

min Jpar(m;7) = E [(X; — Ly — 7)2] : (4.4.4)

TE

where v := £ — A € R is an exogenous constant, and we denote the corresponding

ick

optimal strategy of problem (4.4.4) by w55,

4.4.1 Solution to the benchmark problem

To apply the BSDE approach to solve the above benchmark problem (4.4.4), we
introduce two continuous (IF,P)-semi-martingales, Y;¢ and G%¢, with the following
decomposition:

dY;¢ = H{¢ dt + Zo . AW + Zy 1 AW} + Z AW, (4.4.5)

and

dG¢ = Wi dt + Py dW) + Py AW, + Py dW?, (4.4.6)

where Hi, Zo 1+, Z1t, Zot, Vi¢, Py t, P ¢, Pyt are some undetermined F-adapted pro-
cesses. For any admissibile strategy m € A, using Ito’s formula to Y, (X{T — Gic)2
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and completing the square yield
YT - Gr)
- / [(X;‘ G2 Z s+ 2XT — GO ((mf - b(K)wf) O /Te X — PO,S)] AW?
0
t
™ ic T ic ic T Cc2 1
+f {(Xs G e+ 2AXT - GEYY, (wfxs (C1WS+ )—Pﬂ aw!
t ) ) ) ) N2
# [ =GP za, - 2X7 - G W2 4 Y5 (w0 - GF)
0

t ) 2
+/ yie [(mf — b(K)wf) 0r X775 — Pos + (XF — Gi°) (io + ﬁ\/r‘s)] ds
0 s Oy
t
; c2 ; Z1,s
+ | Y S XT (aVVe+ —= ) — P s+ (XT - G¥ 2 (A,
/0 {W (61 \/Vs) e )(st ( P

+ /1 — p2) \/VS>] ds + / Yi€(Py )2 ds + / (XT — Gi%)? [H;c + 2r, Y€
0 0
2 2
_ (ZO,S + ?\/E) ~Ysic - (Zl,s + ()\vp+ )\s /1 _ p2> /VS) Y:c:| ds

Yszc Ysu:

t
T ic ic ic A7‘
+/ 2(XT - GY)Y; (TSGS +U—\/rsPo,s+ ()\Up—l—/\sx/l—pQ) VV.Pi
0 T

22
- Ysic

Py — w) ds.
(4.4.7)

In view of the right-hand side of (4.4.7), we propose the BSRE of (Y,*, Zo ¢, Z1 .+, Za,1):

ic A 2)° ic Ar
avie=|( (55 -2)rt ()\vp—l—/\s 11— ) Vi )Y 270 iz +2( Aop
5 (Zo4)? | (Z14)? 0 1
+ AV 1= p2 |/ ViZis + vic + Vic dt + Zo AW, + Zq ¢ AW,
t t
+ Z2,t th27
Y€ =1,
Y/¢ >0, for all ¢ € [0,T],

(4.4.8)
and the linear BSDE of (G, Py, P14, Pat):

, o Z
dGic = (rtG;C + LR P+ ()\vp T /1 - p2> VViPry — Yiﬁjpz,t> dt
r t

+ Pyt dWP + Py dW} + Py dWP,

%9 =L +7.
(4.4.9)

It can be shown that linear BSDE (4.4.9) is related to the following two linear
BSDES Of ( Zf“ AO,t7 Al,ta AZ,t) and ( éc’t, FO,ta Fl,t7 PQ,t)Z
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ic )\7‘ T ic )\r
dGT, :{ (1 + UIB - Mr) TGy + (g - 57«) Vriho + (Avp+
Z
Asy/1 — p2> VViAy, — 22 tAg t} dt + Moy dW? + Ay dWE + Ay dW2,

T :17
(4.4.10)
and

, A Z
G, =[G+ 25T+ (Ao AT 2) VTR =TT

+ T dW2 4+ Ty dW, + To dW2,

T :17
(4.4.11)
via the following linear formulation:
Gy :LtGift + Z;m
Poy =Li (Ao + GiBrv/Te) + L0, (4.4.12)

Py =LA +9T1
Py =LiAoy + 2.

The next lemma presents a closed-form expression for the unique solution to BSRE
(4.4.8).

Lemma 4.4.3. Suppose that Assumption 4.3.1 holds true. The unique solution to
BSRE (4.4.8) is given by

Y fexp{Al +A2( W+A3 Tt}
Zow =Y As(t)or/T1,
Zl ,t :YiCAQ( )va ‘/tv

Zoyy =Y As(t)ou/1 - p2\/Vy,
where functions A (t), As(t), and As(t) solve
dA _
d2() —( wPF ANV 1—p ) (nv—&—Q(/\Up—F/\S\/l—pQ) avp> As(t)
w2 (- 3 ) A0, Aa(r) =0,

(4.4.13)

A 2
dA;t(t) (22 - 2) + (K +2)\,) A3(t) + %Uffl?:,(t), A5(T) =0,
dAdlt(t) = — o As(t) — 0r A3(t), AL(T) =0.

(4.4.14)
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Moreover,

where

where

and

closed-form solutions to ODEs (4.4.14) are given by

(/\var /\s\/q)2 (e(”””(“”“ﬂ)"“’)) -1 _ 1)
Ky + 2 (Aup +As m) oup

and Ky + 2 ()\Up + )\SM) oup # 0;

2
()\Up+ Asv/1— p2) (t-1), p2 = % and Ky + 2 ()\Uer s/ 1 pr) owp = 0;
nt n (1 — e\/r%aLw)

A, A, 2, 1
, p7# = and Ay, > 0;

BN R

2 2

2/ 2 1 2

oy, — )T —t)n5
> gp 12)( ", P AL and Ag, = 0;
2P = DT —tnay -1 " 72

“Ax Ko+ 200p (Aop + Asy/1 — p?
\/7 tan (arctan ( ( )

o3(2p? — 1) —Aj,

1
_Q‘AZ(T—t)> +ni,, P>+ 3 and A g, <0,

(4.4.15)

= (ko +2 (Aot AVT—7) 00p) — (40* = 2) (oo + AV T— ) o2,
- (m +2 ()wp + As \/ﬁ) va)

- o2(2p% — 1) ’
- (fw +2 (Aup+ ASM> U'up) +B4,

- o3 (2p? — 1) ’
- (nu +2 ()wp+ ASM) va) —/Ax,

- o3(2p? - 1) '

niyna, (1-e/2n)
nza — n;3em<T7”

n4,o0(T —t)
nago2(T —t) — 2’

v —A —Aa (T —t
Jtan <arctan (HTJFQAT) - As( )> +na,, Aay <0,

R AA3 > 0;

AAS =0

o V—Au, 2
(4.4.16)
Aa, = (ke +20)° — 202 + 402, na, = ,Lf)‘r’
0-7'
v e A20) FAay o (ke 2X) — /A,
nAg - 03 ) nA3 - 0'% ’
— T — —
Ay (t) = / wuAa(s) + orAs(s)ds. (4.4.17)
t
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Furthermore, functions As(t) and As(t) are non-positive and bounded over [0,T).

Proof. See Appendix 4.1.

O

Based on the unique solution (Y€, Zy ¢, Z1.4, Z2 ) derived in Lemma 4.4.3, we
next obtain the unique solutions to BSDEs (4.4.10) and (4.4.11), respectively.

Lemma 4.4.4. Suppose that Assumption 4.5.1 holds true. The unique solution to

linear BSDE (/4.4.10) is given by

Gic,t =exp {f1(t) + fa(t
Aoy =G0 fa (D)1,

e}

4.4.18
Al,t :O> ( )
A?,t _07
where closed-form expressions for fi(t) and fo(t) are given by
n};n; (1 —eV Af2(T_t))
nt —ngeV2rRT0 » B >0
f2 72€
B nfzaT(T—t) As =0
fa(t) = npo2(T—t)+2° ~2 77 (4.4.19)
—Ay, — /=Aq (T —t
_ \/7 tan [ arctan KEr + Ar — Bros _ f2( )
o? J—Ag, 2
+ng, Af <0,
where
rET T )\r - MPrUr
Ag, = (ke + A — Brov)? + 207 (1 4 MBr m) L g, = ’%72/3”
+ _(HT—’_AT_ﬁTUT)—’_ Afz _(K/r-f-A',-—ﬁrO'T)— Af2
Mg, = _0_2 y Mgy = _0_3
and
— T —
fit) = / @rfa(s) ds (4.4.20)
t
Proof. See Appendix 4.J. O

Lemma 4.4.5. Suppose that Assumption 4.3.1 holds true.

linear BSDE (/4.4.11) is given by

G5, =exp{g1(t) + g2 (t)re}
Loy =G%,0,G2(t)\/Te,

Iy =0,

Iy =0,

)
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where functions gi(t) and ga(t) are given by

nhn; (1 —eV A”(T_t))

92 "92
ga2(t) = : (4.4.22)
ng, = ngyeV/S= (10
with Ag, = (kr + \)? + 202, 0, = %{3;%7% - % V&5 nd
T
gi(t) = / ©rga(s) ds. (4.4.23)
t

Furthermore, function gs(t) is non-positive and bounded over [0,T].

The proof of Lemma 4.4.5 is similar to that of Lemma 4.4.4, so we omit it here.
It is worth noting that the non-positiveness and boundedness of ga(t) over [0, 7]
follow from the fact that ga(t) = g2(t) with g2(¢) given in Proposition 4.3.11 above.

Remark 4.4.6. It should be noted that the results obtained in Lemma 4.4.4 and 4.4.5
do not rely on the unique solution (Y;¢, Zo ¢+, Z1 ¢, Z2+) to BSRE (4.4.8), although
the term Zs,/Y¢ appears in the drivers of linear BSDEs (4.4.10) and (4.4.11).
Due to the boundedness of function As(t) as shown in Lemma 4.4.3, we can change
the original probability measure P to some equivalent probability measures, which
substantially simplifies the forms of the drivers of BSDEs (4.4.10) and (4.4.11),
so that the only state variable process involved in their respective drivers is the
interest rate r;. This, in turn, allows us to obtain the explicit solutions to these
two BSDEs upon utilizing the Markovian structure of r;.

Theorem 4.4.7. Suppose that Assumption 4.3.1 holds true. For any initial data
(10, 50,0, To,lp) € RT x RT x RT x R x R" fized and given, the optimal strategy
and optimal value function of benchmark problem (4.4.4) are, respectively, given by

ic,Sx _ 1 (X* _ Apd1(t)+g2(t)re fl(t)“’fZ(t)TtL )
TBM,t X;(c1Ve + c2) t — e e t

X ([lz(t)avp—l— Aop + As /1 — p2) Vi,

ic, Bx 1 w % Ar 1 (a2 (t)re [ ~ A, (4.4.24)
TBM.t TR XF X (As(t) + o2) e As(t) + ga(t) + =

hW+hor (1 3 Br A N__ic,s
~Le OO (Aa0)+ o0+ 24 2| 4 i,

and

o — lo(:’

JBM(W}'BC}K\/H ’7) — 6A1(0)+A2(0)U0+A3(0)7'0 (

F1(0)+F2(0)ro _ ’7651 (0)+§2(0)7'o)2 ,

(4.4.25)
where functions Ay (t), As(t), As(t), f1(t), f2(t), g1(t), and Ga2(t) are given by (4.4.7),
(4.4.15), (4.4.16), (4.4.20), (4.4.19), (4.4.23), and (4.4.22), respectively. Further-

more, optimal strategy (4.4.24) is admissible, i.e., it € A.

Proof. See Appendix 4.K. O
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4.4.2 Solution to the mean-variance problem

In the next theorem, we obtain the explicit solutions to the optimal investment
strategy and optimal value function of mean-variance ALM problem (4.4.3) in the
incomplete market without derivatives trading.

Theorem 4.4.8. Suppose that Assumption 4.3.1 holds true. For any initial data
(r0, 80,0, Zo,lg) € RT xRT XxRT xRT xRT fized and given, the optimal investment
strategy and optimal value function of mean-variance ALM problem (4.4.3) are,
respectively, given by

i 1 ) _ _ ~ _

ic,S* .

oS X* ik g1 () 432 ()7 FL@+f2(0)re )
! X (Vi +¢e2) ( P )e ‘ '

X (flg(t)avp—i— Avp+ Asy/1— p2> Vi,
Ar

ic,B* 1 - )\r = = _ B
Br | xX* | Aa(t — @t O+ [ A (¢ ¢
Trt b(K)Xt* |: t ( 3( )+O'$ '76 3( )+92( )+ 2

Oy

2 f. T 3 r )\r ic,S*
—Ltefl(t)-i_f?(t)” <A3(t) + f2(t) + é + 2)] + Lﬂt s )
Oy

o b(K)
(4.4.26)
and
) . N2
; Y5 (20 — 10GY — €G%o)
J’LC* — o 2 R (4427)
My 1= Y5 (GEo)?
with N given by
‘ yiecyic — G — £Gic
\ier — 20 %120 (0 — oGy — £G550) (4.4.28)

R

where Yi¢, Gi¢,, Giy, A1 (t), Aa(t), As(t), fi(t), f2(1),g1(t), g2(t) are given by (4.4.13),
(4.4.18), (4.4.21), (4-4.17), (4.4.15), (4-4-16), (4.4.20), (4-4-19), (4.4.23), and
(4.4.22), respectively. Furthermore, optimal investment strategy (4.4.26) is admissi-
ble, i.e., ™ € A.

The proof of Theorem 4.4.8 is similar to that of Theorem 4.3.14, and so we omit
it here.

Remark 4.4.9. Note that, when specifying (c1,c2) = (1,0) and (c1,c2) = (0,1) in
Theorem 4.4.8, we obtain the optimal investment strategies of mean-variance ALM
problem (4.4.3) under the Heston model and 3/2 model, respectively. In addition,
it is not surprising to see that the optimal exposures to interest rate risk in the non-
derivative and derivative markets are the same, namely, nﬁéc’s* —b(K )ch’B* =67
This finding corresponds to the fact that the interest rate risk can be perfectly
hedged by the zero-coupon (rollover) bond regardless of the market completeness.
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Corollary 4.4.10. (Without liability). Suppose that Assumption 4.3.1 holds true.
If there is no liability, then for any initial data (ro, So,v0,To) € RT X RT x RT x RT
fized and given, the optimal investment strategy and optimal value function of

mean-variance ALM problem (4.4.3) are, respectively, given by

. (X;‘ —(€— ;\ic*)e§1(t)+§2(t)n) (AQ(t)va + Xop + s /1= ,02) 17
T X (Vi +c2) ’
rieB* :# X A?)(t) + ﬁ _ 76@1(t)+§2(t)n /_13(??) + gz(t) + ﬁ

! b(K)X; [ o} o}

U ic,S*
T
(4.4.29)
and

. . 2

i Yg© (CUO - 56”200)
JiG, = 2 4.4.30
M 1Y (G)? (4:450)

with \i¢* given by
VG5 (20 — €G%))
T Y5 (G

5\1‘0* _

(4.4.31)

Proof. Substituting lg = p, = 8, = 0 into (4.4.26)—(4.4.28) returns (4.4.29)—(4.4.31),
respectively. O

Remark 4.4.11. The results provided in Theorem 4.4.8 and Corollary 4.4.10 above
for the mean-variance ALM problem under the CIR-4/2 model without derivatives
trading are not reported in the existing literature. In this sense, the present paper
extends some papers on portfolio optimization problems under the 4/2 model, such
as Cheng and Escobar (2021a) and Zhang (2021a), to the case with stochastic
interest rates and random liabilities.

To end this section, we verify that derivatives trading can improve the efficacy of
portfolio optimization under certain conditions.

Proposition 4.4.12. Suppose that Assumption 4.3.1 holds true. For any initial
data (19, 80, V0, To,lo) € RT x RT x RT x RT x RT fized and given, we have

* iCcx
Jav < v,

if the following condition is satisfied:

Ao/l — p2 > Agp. (4.4.32)

Proof. See Appendix 4.L. O
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4.5 Numerical illustration

In this section, we provide some numerical experiments to illustrate the effects of
derivatives trading on the economic behavior of efficient frontiers, when condition
(4.4.32) is not satisfied. Throughout this section, unless otherwise stated, the values
of model parameters are given as follows: A; = 0.22472, A, = —0.1132, A, =
—0.66932, n = —0.5973, p = —0.2292, k, = 1.3, ¢, = 0.0025, o, = 0.0566, K, =
2.8278, ¢, = 0.0563, o, = 0.2941, pu,. = 0.05, B, =02, zo =1, lgp =1, vy =
0.0225, g = 0.03, T'= 1. Most of the model parameters are adapted from Escobar,
Ferrando, and Rubtsov (2018). It is easy to verify that Assumption 4.3.1 is satisfied,
while condition (4.4.32) does not hold in this case. In the following numerical
experiments, we vary the value of one parameter with others fixed and given.

Figure 4.1 shows the effects of parameter A, on the efficient frontiers. We observe
that given the expectation of the terminal surplus, both the efficient frontiers, J3,,
and J};/CI*{,, move downwards concerning As. One possible reason is that larger Ag
indicates that the stock index exhibits a higher return rate, which, in turn, allows
the asset-liability manager to undertake less risk for deriving the same value of
the expected return. We also notice that Jii, — Ji;, decreases concerning As.
This can be explained by the economic implication of parameter A,. When A
becomes larger, |A\,| gets relatively smaller. In this case, the volatility risk induced
by Brownian motion W}V is lower. Given that this risk can be hedged by the stock
derivatives but not by the stock index only, the effectiveness of derivatives trading
is reduced when A, increases.

[ s00{ % s
— oz — o222 — oz
—oszsr2 —os2er2 s0] —os272 /
os272 os2a72 os2s2
vz

surplus Jf,

of the terminal

100

iance of the terminal surplus J,

Vi
Variance

2 3 3 E 2 3 H E 2 3 3
Expectation of the terminal surplus & Expectation of the terminal surplus & Expectation of the terminal surplus &

Figure 4.1: The effects of \s on the efficient frontiers

Figure 4.2 depicts the effects of A\, on the efficient frontiers. From Figure
4.2(a)-(b) we find that when |\, | increases, the efficient frontiers move downwards
substantially when derivatives trading is available whereas the efficient frontiers
move downwards subtly with no investment in the stock derivatives. As a matter
of fact, the larger |\,| becomes, the larger the volatility risk induced by Brownian
motion W, is. In this case, the stock derivative is more useful as a hedging tool.
This is consistent with the result shown in Figure 4.2(c) that as |A,| increases, the

1C%

value of J37}, — Ji;, becomes larger.
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Figure 4.3: The effects of p on the efficient frontiers

Figure 4.3 contributes to the evolution of the efficient frontiers with respect to p.
From Figure 4.3(a) we find that the value of p has no impact on the efficient frontier
Jyry in the complete market case. This corresponds to the results given in Theorem
4.3.14 above. Furthermore, Figure 4.3(c) shows that when p decreases from —0.2292
to —0.9292, the value of JiS%, — J};,1, becomes smaller, that is, derivatives trading
becomes less useful. This is because when |p| approaches 1, the dynamic of the
stock index is less affected by Brownian motion W,;> but more affected by W,”.
Consequently, fewer derivatives trading is needed to hedge the stock index risk. In
the extreme scenario when p = —1, both the dynamics of the stock index and its
instantaneous variance are driven by the same Brownian motion W}, and the stock
derivative becomes a redundant asset in this case. This also explains the results
shown in Figure 4.3(b) that the efficient frontiers Ji5%, move upwards when the
value of |p| decreases.

4.6 Conclusion

In this paper, we investigated a mean-variance ALM problem with derivatives
trading in the presence of the state-of-the-art 4/2 stochastic volatility (Grasselli
(2017)) and CIR stochastic interest rate. The asset-liability manager is allowed to
invest in not only a money market account, a stock index, and zero-coupon bonds,
but also a stock derivative, the price dynamic of which depends on the interest rate,
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the stock index, and the instantaneous variance of the stock index.

By adopting a BSDE approach and solving a system of three BSDEs, we obtained
closed-form expressions for the optimal investment strategies and optimal value
functions for both the complete and incomplete market cases: with and without
derivatives trading. Furthermore, results for the CIR-4/2 model, CIR-Heston model,
and CIR-3/2 model without random liabilities were also provided explicitly, as
exceptional cases. Finally, some numerical experiments were given to illustrate the
effects of derivatives trading on the efficient frontiers, and we found that derivatives
trading can reduce investment risk under the mean-variance criterion. To the best
of our knowledge, there is no existing literature on the mean-variance ALM problem
with the hybrid CIR-4/2 model and derivatives trading taken into consideration
simultaneously.

Built on our current work, several potential topics deserve further investigation.
For example, one may consider the case with model ambiguity. One may also
introduce rough volatility into the market.
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4.A Proof of Proposition 4.3.3

Proof. We conjecture that the first component Y; of the solution to BSRE (4.3.4)
has the following exponential form:

Y, = exp {A1(t) + As(t)Vy + As(t)re} | (4.A.1)

where A;(t), A2(t), and As(t) are undetermined differentiable functions of ¢ with
boundary conditions A1 (T) = A2(T) = A3(T) = 0. Applying Itd’s formula to Y3,
we have

dYy

Ly (dAl(t) dAs(t) dAs(t)

dt

Vi+ (‘pv - ’fvvt) A2(t) + e+ (507" - Hrrt) A3(t)

dt dt

1 1
+§A§(t)ath + 2A§(t)af7“t> dt + Yy <A2 (t)ou v Vi thV + As (t)aT\/ﬁdW[) .
(4.A.2)
By matching the diffusion coefficients of SDEs (4.3.4) and (4.A.2):

77 =0, Z) =Y As()ou/ Vi, Z] = YiAz(t)o.\/r1,
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the driver of BSRE (4.3.4) turns out to be

Vi { [(2 +22) + 20,00 A2(t) + A3(0)02] Vi + [ (25 = 2) + 20 A1) + o243 71}
(4.A.3)
By comparing (4.A.3) and the drift coefficient of SDE (4.A.2), and separating the
dependence on r; and V;, we find that functions A (¢), As(t), and Asz(¢) must solve
the following ODEs:

) (32 432) + (0 + 20000) Asll) + Lo243(0), Ax(T) =0,
dA;t(t) (iz — 2) + (Kr 4 2Ar) As(t) + %ang(t), A3(T) =0,
P — o aal) — (), A(T) =0

This completes the proof. O

4.B Proof of Proposition 4.3.4

Proof. Denote A4, := (Ky +2X,0,)% —2(A2 + A2)02. When A4, > 0, Riccati ODE
(4.3.11) is equivalent to

dAs(1) 1 )
= 500 (Aa(t) = k) (Aa(t) — ). (4.B.1)
where nzz = 7(%”)\152“” = and ny, = 7(Hv+2%g;)im. Moreover, we can

v

rewrite (4.B.1) as follows:

dAs dAs(t
oo (t)+ ErOEat = /Ay, dt. (4.B.2)

t —ny,

Integrating both sides of (4.B.2) with respect to ¢, and using the boundary condition
As(T) =0, we have

nj Na, (1 —eV AAZ’(T*t))
As(t) = —
TLA2 nA2 Aa, (T—t)
When Ay, =0, then Riccati ODE (4.3.11) can be reformed as follows:

dAs(t)

1 2
— 2 =524, 4B.3
(Aa(t) —na,)® 277 (45:5)

Nv+2>\v0v

where n4, = . Integrating both sides of (4.B.3) and using the boundary

condition Ay(T) = O we have
nAQO—,U(T — t)
NA,0 'U(Tit) -2

As(t) =
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When A4, < 0, we can reformulate ODE (4.3.11) as follows:

A 1
d 2(22 —— = Soldt (4.B.4)
(Aa(t) —ma,)” + = 2 2

Using the separation variable method to (4.B.4), we have

v/ —A —AA (T -t
Ap(t) = Y2 pap (arctan (K i 2>\vd”> - Aa )> +na,.

2
lops 2

Similarly, denote A4, = (K, + 2\)2 — 2A2 + 402. When A4, > 0, Riccati ODE
(4.3.12) can be rewritten as follows:

dAs(t) 1 _
where nL = _(Kr+2/\ )+ U 2TV A5 and n,. = —(ert 22 ) G Vek By the boundary

condition A3(T) =0, a dlrect integral calculatlon y1e1ds
njggn;ls (1 - em(T%))
njgs — n;sem(T%)
When A4, = 0, similar to (4.B.3), we derive

As(t) =

nazop (T — 1)

As(t) = na,02(T —t) =2’

where ny, = — %=tz +2”\ . When Ay, < 0, we have

v/ —A AN (T —t
Ay(t) = Y% tan (arctan (HT + 2/\T> - Aa )> +na,.

2
lo 2

Finally, a direct integral calculation gives the solution A;(¢) to ODE (4.3.13) below

Ai(t) = /t ©uAa(s) + rAs(s)ds

This completes the proof. O

4.C Proof of Proposition 4.3.5

Proof. A direct differentiation of Aa(t) given in (4.3.14) with respect to ¢ leads to
()\2 +>\2) 116‘/A142(T7t)

) AAQ > 07
((m +2X000) — /Aa, — (Ko +2X000 + /A4, ) € VBa, (T~ t>)
dAz(t) _ .
. 2(k o)’ Aa, =0

02 (Ko + 2X00) (T — t) + 2)

_ N =Aa, (T —t
A4, sec? [ arctan [ = AL Az ) , Aa, <0.
203 NEE 2
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This clearly shows that dAs(t)/dt > 0 over [0, T]. Thus, by the boundary condition
As(T) = 0, we see that As(t) is non-positive over [0, T, and more precisely, Aa(t)
is within the interval [A2(0),0].

Similarly, for the function As(t) given in (4.3.15), we have
4 (ﬁ - 2) Ay, eV/P4a(T=0

2
(< 220) + /By + (20 /B )eV34T0)
2al) 2k 4 27)2

, Aa, =0;
d o2 (Fr 420 ) (T — 1) +2)2° %

—Aag sec? [ arctan [ & T2 ) —Aa (T - 1) , Aay <0
202 A, 2

Under Assumption 4.3.1, the above equalities reveal that dAs(t)/dt > 0 over [0, T].
Thus, As(t) is non-positive and bounded by [A3(0), 0] over [0, T]. O

Ay, >0

4.D Proof of Corollary 4.3.8

Proof. By Lemma 4.3.6, the following two stochastic exponential processes:

t
exp{2/ )\Sx/VdeSSfQ/ Ao/ Vi dWY — / A2+ 22V, ds} (4.D.1)
0 0

and
EA, £ 2
exp{—Z/ —\/EdW;—2/ —5Ts ds} (4.D.2)
0o Or 0o Or

are (F, P)-martingales. Since (F,P)-martingales (4.D.1) and (4.D.2) are mutually
independent with continuous sample paths under measure P, by Theorem 2.4 in
Cherny (2006), the product of (4.D.1) and (4.D.2)

t i t
exp{—z/ AS\/thWSS—2/ Av\/thWSV—2/ ﬁ@dwg
0 0 0o Or

2/(: [(A2+>\2)V + A:z } ds}

is also an (F,P)-martingale. Hence, the probability measure P defined by

dP ’ s_o " A .
— =expg —2 AsV/ Ve dW7P —2 AV VedW,) —2 — /e dW]
dIED Fr 0 0 0 Or
T )\2
— 2/ [(Aﬁ + AV, + rt} dt}
0 U?"
is equivalent to P measure on Fr. As a result of Girsanov’s theorem, the dynamics

of Brownian motions under P are related to the dynamics of Brownian motions
under P via

. - < Ar
AW =20/ Vi dt +dWE, dWY = 22,/ Vi dt +dWY | dW] = 225\ /r dt + dW] .
Or
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Under measure I@, we observe that V; and ry:
dVi = (oo — (Ko 4 2X00)V3) dt 4 0o/ V; dW)

and
dry = (or — (K + 2X\)1y) dt + a,.\/ﬁthr

retain CIR structures. Therefore, by Proposition 4.3.5 and Lemma 4.3.6 again, the
following stochastic exponential processes:

1/t ‘ =
exp{_2 A(s)atrds — [ Ag(s)oT\/EdWJ} (4.D.3)
0 0

and
t t
e {5 [ Aeovas— [ a@enTaryt
0 0

are (F,P)-martingales. Finally, given that martingales (4.D.3) and (4.D.4) are
mutually independent with continuous sample paths under P, by Theorem 2.4 in
Cherny (2006), we know that

¢ t
exp{ ;/ (A%(s)afrs—l—A%(s)agVS) ds—/ Ag(s)ar\/EdVVST
0
/ As(s)o,\/ V. dWV}

is an (F, P)-martingale. This completes the proof. O

4.E Proof of Lemma 4.3.9

Proof. By applying It6’s formula to log ) with Y; given in (4.3.9) and changing

from measure P to P, (log(Y} Y ‘: , ) is a solution to the following quadratic
BSDE:
| ) 3 45
+1 <ZZ) } dt + Z—detS 24 dwY + Zi AW, (4E1)
2\Y Y Y Y:
10g(YT) =0.

Suppose there exists another solution to BSRE (4.3.4) denoted by (Y;, Z5, ZY, Z7),
which is different from the solution given in Proposition 4.3.3. By the above
transformation, (log(Yt), ZYtV, v ) also solves BSDE (4.E.1). Therefore, the
,AZtS,AZtV,AZ[) defined by

difference process (A log(Y;

(mog(m, AZE,AZX,AZI) = (1og(m —log(V), S6 - S, 5L - S Sh 2t
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solves the following quadratic BSDE:

1 ZS 2 ZS 2 ZV 2 ZV 2
dA log(V;) 2[<( ) -5 >+ <( ) -G )
t t
77)2 Zr 2 B B B
+ <(YEQ) — (};2) ) ] dt + AZZ dWS + AzY aw) + Az dw7,
t

t

Alog(Yr) =0.
From Corollary 4.3.8, we know that the probability measure P defined by

dP
dP

1 [T T -
—exp{ — 5/ (A3(t)o2r + A3(t)o2V;) dt —/ Az(t)o /T AW
0 0

Fr
T
- / As()ou Vi thV}
0

1 (T rzsN\?  rzvN\? [ zZr\? T 75
= -z = =L L) oat— | Lawf
exp{ 7 (n) +<Yt) +<Yt> |5 am

T 7V T r7r
zy - zr -
- —tthVf/ tdW{}
0o Y

is equivalent to P on Fr, where the second equality makes use of the result in
Proposition 4.3.3 that (Z], Z{, Z)) = (Y, As(t)o,/T¢,0, Y, As(t)oyv/V;). Therefore,
from Girsanov’s theorem, the Brownian motions W7, WS, W} under measure P
are given by

R . VA . . 75 . - zVv
AW, = dW] + 7f dt, dW = dw? + 7f dt, dw) =adw) + 7f dt.
t t t

Then, it can be shown that the difference process (Alog(Y;), AZS , AZY | AZT)
solves the following quadratic BSDE under P measure:

dAlog(Vy) = — = [(AZY )2+ (AZ))? + (AZP)?] dt + AZF aW + Az dw)

1
2
+ AZ AW,
Alog(Yr) =0,

(4.E.2)
which satisfies all the regularity conditions in Kobylanski (2000). Hence, it follows
from Theorem 2.3 and 2.6 in Kobylanski (2000) that quadratic BSDE (4.E.2)
admits a unique solution (0,0,0,0). Finally, we can conclude that the solution
(Y;, Z7, Z7, Z)) given in Proposition 4.3.3 is the unique solution to BSRE (4.3.4).
O
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4.F Proof of Proposition 4.3.10

Proof. We conjecture that the first component G ; of the solution to linear BSDE
(4.3.6) admits the following exponential form:

Gie =exp {fi(t) + fo(t)re}, (4.F.1)

where f1(t) and f2(t) are undetermined differentiable functions of ¢ with boundary
conditions f1(T) = f2(T) = 0. Applying It6’ formula to G given in (4.F.1) yields

d d 1
dG1, :Gl,t( fcllit) + fziit)rt + (or — ker) f2(T) + 2037“tf22(t)) dt (4.F.2)
+ G1400/Tef2(t) AW .

Let Ay =0,A) =0, and A} = 0,.\/7¢ f2(t)G1,+. The driver of linear BSDE (4.3.6)
can be reformulated as follows:

G (1 + Acbr _ Hr + (27 - @) 0rf2(t)) Tt (4.F.3)

T

A direct comparison between (4.F.3) and the drift coefficient of SDE (4.F.2) shows
that functions fi(t) and fo(¢) must solve the following two ODEs:

de(t) o >\r5r
. (1 T

~ ) o+ A, = Br,) o0 = 5230, (T =0,

r

%ﬁt) =—¢, f2(1), f1(T)=0.
(4.F.4)
Notice that ODEs (4.F.4) have similar structures to the ones given in Proposition
4.3.3. By repeating the calculations in Appendix 4.B, closed-form expressions of

f1(t) and fa(t) are then given by (4.3.18) and (4.3.18), respectively.

In the following, we verify that the solution given in (4.3.17) is the unique solution
to BSDE (4.3.6) by using a comparison method. By Lemma 4.3.6, we first notice
the following two stochastic exponential processes:

t t 2
Ar 1 Ar
o[ (o) v 3 [ (5 8)

and

t t 1/t

exp{—/ e/ Ve dW5 —/ A/ Ve dWY — 5/ A2+ X))V, ds}

0 0 0

are (IF,P)-martingales. Clearly, the above two martingales are with continuous

sample paths and are mutually independent. It then follows from Theorem 2.4 in
Cherny (2006) that the stochastic exponential in the following Radon-Nikodym
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derivative is an (I, P)-martingale:

dP 1T, Ar 2
dIP]_-T_eXp{_2/O ()\S—F)\U)‘/t-l-(ar—BT) T dt

T T T
—/ (AT—6T> fmdwg’—/ Asﬁde—/ Av\/thWtV}’
0 0 0

Or

and thus, P measure is equivalent to P measure on Fr. By Girsanov’s theorem, we
have the dynamics of Brownian motions W;', W%, WY under P as follows:

AW = dw; +(’\—75T>\th AWE = dW + AV Vi dt, dWY = dWwY + AV Vi dt.

Therefore, the solution presented in (4.3.17) must be a solution to the following
linear BSDE (4.F.5) under P measure as well:

B _ . _
dGyy = (1 + Br _ ur> rGrdt + A dWE + A dWY + AL dWy,
Ir (4.F.5)

GI,T =1.

Suppose that besides (G4, A7, A}y, A}) given in (4.3.17), there exists another
solution to BSDE (4.3.6), which is denoted as (G174, A¥, A}, A}). Then the difference
process defined by

(AGq ., AN AN ANY) = (Grp — Grg, AY — A7 AY — A A7 — A})  (4.F.6)

solves the following BSDE (4.F.7):
>\r r — _ _
dAG,, = (1 4 2B MT) rAGy  dt + AN dWE + AN dWY + AAT AW,
Or
AG, p =0.
(4.F.7)

We now introduce the following BSDE of (AG’M, AN ANY, AA;") with uni-
formly Lipschitz continuity:

{dAG/Lt =ANY dWE + AN dWY + AN aWy, (LFs)

AG 1 =0.
It is clear that linear BSDE (4.F.8) is with standard data (refer to El Karoui, Peng,

and Quenez (1997)). Then by Theorem 2.1 and Proposition 2.2 in El Karoui, Peng,
and Quenez (1997), BSDE (4.F.8) has the unique solution (0,0,0,0). Let

)\ ﬁT ’ s t ArBr s/
AG1 s =exp — pr | rsds o AG ,, AN = exp / 1+ —— — pp ) reds p AN}
’ 0 or
A t A
{ ( 67 7u,,) rsds}AAz’ , AA;:eXp{/ (1+ Br 7,%.) rsds} AN
0 Or

(4.F.9)

AAY =exp
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Applying It6’s formula to AG1; defined in (4.F.9) yields

>\r r - — _
dAG, ¢ = (1 4 2ol _ w) rAGy dt + AN AW + AN dWY + AL dWY,

T

with terminal condition AG; v = 0, which is exactly BSDE (4.F.7). Hence, we can
conclude that BSDE (4.F.7) has the unique solution (0,0, 0,0) from the one-to-one
correspondence between (AG 4, AN AN, AAY) and (AG/M, AAf/, AA,Y/, AA:/)

given in (4.F.9). This result, in turn, means that
(Gl,tv Atsa Aya A;) = (Gl,h ]\fa A)f/a ]\Z)a

that is, the solution given in (4.3.17) is the unique solution to BSDE (4.3.6). This
completes the proof. O

4.G Proof of Theorem 4.3.13

Proof. Applying It6’s formula to Y; ( — Gt) and completing of squares yield

aY(X] = G = [(X] = G\)’ 27 + 2, (X! = Gv) (6 /i XT = PY)| awy
[( — &)’ 28 + 2V (X! - Gy) (95\/@(‘) )] AW
[( — &)’ zY +ovi(xf - (QV\/XZXQ

Y]
+Y, (0Sw7txe ) (X! — @) <+>\ \/‘Zﬂ dt
+Y, (e‘f\/ﬁxe )+ (X7 Gy) (+A \/VT)]

+
4 aw,’

ZT A
e T R oA e |
] (4.G.1)

Due to the path-wise continuity of Gy, Y;,r¢, Vs, Pr, P2, PV, Z7, 722, ZY 07,07, 6Y
and X! for any admissible strategy 6 € O, stochastic integrals on the right-hand side
of (4.G.1) are (F,P)-local martingales. Therefore, there exists a localizing sequence
(Tn)nen such that 7,, T +o0o P almost surely as n — 400, and when stopped by such
a sequence, the aforementioned local martingales are (I, P)-martingales.

By integrating both sides of above equality from 0 to 7, AT and taking expecta-
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tions, we have
0 2
E YTn/\T (XT/\Tn - GT/\T'VL)

—Yo (20 — Go)? + E /OTW Y, {(efx/VtXf - Pf) + (X! = Gy) (Z— + s \/Vt)r dt}

Y:

TATp, ZV 2
+E / Yy [(GY\/fo—PtV)+(Xf—Gt) (TtMU\/Vt)] dt
0 t

/OTAth{(ezgr\/axf—PZ)“Xf‘Gt)(% or fﬂ dt]'

+E

(4.G.2)
Notice from the correspondence between Gy, G1 4, and Go given in (4.3.8) that the
term in the expectation on the left-hand side of (4.G.2) is uniformly integrable for
any admissible strategy 6 € ©, and the terms in the expectations on the right-hand
side of (4.G.2) are all non-negative and increasing with respect to n € N. Hence,
by applying the monotone convergence theorem and the equivalence between the
uniform integrability and £' convergence, sending n to infinity in (4.G.2) leads to

E {(X% — Lr 7'7)2}

T 75 2
—Yo (w0 — Go)® + E / m{(ef\/VtXf—Pf)HXf—Gt) (7’%&\/%)} dt
0 t

T 1% 2
+E / Yt[(efmxf—av)ﬂxt"—@) <Z7t+A\/Vt)} dt}
0 t

/on [(HIUT\/EXffPtT) (X0 — @) (f/’; 42 ﬁ)] dt].
(4.G.3)

Recalling the preceding results given in Proposition 4.3.3, 4.3.10, 4.3.11 and (4.3.8),
we find from (4.G.3) that the optimal strategy and optimal value function of
benchmark problem (4.2.13) are, respectively, given by

+E

1
030, = )\S ( XF — yestO+e®Or _ hO+f0r ] )

1 g +aa(t)r Ar
Osne = — Xy —ne A3(t) + ga(t) + po)

( 3(t) + falt )+ s > ) efl“”fQ“’”Lt) ,

O%is. = — < L oo As(t) + M) ( — e O+ _ o fiO+f2 ) Lt) ’
(4.G4)

and

Jen (Osar37) = eA1(0)+A2(0)vo+A3(0)ro (370 _ loefl (0)+f2(0)ro _ 7691(0)-"-92(0)7“0)2
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In the following, we devote ourselves to verifying that optimal strategy (4.G.4) is
admissible, that is, 0%,, € ©.

Denote by X the asset process associated with the optimal strategy 6%,, given
by (4.G.4). Then combining (4.2.7), (4.3.5), and (4.G.4), we observe that

d(X] — Gy)

:[rt A\/Vt< +A\/Vt> A\/‘7t< +A\/Vt>

_\ﬁ< + \ﬁﬂ( Gt)dt—<f}+As\/17t)(XZ‘—Gt)th
(+>\ V) 0 = Goawy — (4 2w (- coaw,

By solving this linear SDE explicitly and using the preceding results given in
Proposition 4.3.3, 4.3.10, and 4.3.11, the asset process X/ is given by
X7

= (xo - loefl(o)"’h(o)rO — 'yegl(Ong(O)TO) exp{ / sy Ve dWS 7/ )\2V ds}

X exp { / (a0 + AW dWY — L / (Aa()7 4 M)V ds}

t A 1/t A\
X exp —/ (Ag(S)O’T + (;) s dW! — 5/ <A3(S)UT + (;) rsds
0 T 0 T

t 2
X exp { / (1 — Ay - 2) re = (Ag(s)ho + X2+ NIV, ds}
0 g,

T

+zoexp{ / (m - ;53) rods+ [ BT AW+ 0 +fz(t)rt}
0 0

+yexp{gi(t) + g2(t)re}, Xy = wo.
(4.G.5)
Since X given in (4.G.5) is F-adapted and has continuous sample paths P almost
surely, it follows from (4.G.4) above that 0153*]‘\4775, 04> and 07 , are also F-adapted
processes with continuous sample paths P almost surely. Thus, we must have

T T
(/ 1027 ] wdt<oo> :]P’(/ \Gg]*vu\zvtdt<oo> :]P’(/ 10707 dt<oo> =1.
0 0

Now, it remains to show that {YMAT (X2 ar — Giroar Lo ar — ngmAT)Q} .

" ’ ne
is a uniformly integrable family for any stopping time sequences {7,}, o such that
Tn T 00, P almost surely as n — +o00. Denote

M; = Yi(X; — Gi)? = Yi(X[ — LGy — 1Gay)?.
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From (4.G.1) above, we observe

Ar
dM, = — <A3(t)or + 20) VT My AW — 20/ ViM, AW
— (As(t)oy + 2X0) V Vi, dWY .

Solving the above equation explicitly, we have

t A 1t A\
M; =My exp —/ (Ag(S)O’T + 2T> s dWT — 5/ (Ag(S)O’T + 2T> rsds
0 Or 0 Or

¢ t
X exp {— / 2251/ Vs dWSS — / (A2(8)oy + 2X)V/ Vs dWSV
0 0

t
_%/O (402 + (As(s)0w + 200)2) Vs ds} >0,

(4.G.6)
where Mo = Jpnm(05,,). It follows from Lemma 4.3.6 that two stochastic exponen-
tial processes on the right-hand side of (4.G.6) are (F, P)-martingales. Furthermore,
due to the independence of the above two stochastic exponential processes with
continuous sample paths, it follows from Theorem 2.4 in Cherny (2006) that M; is
an (F,P)-martingale.

For any sequence of stopping times {7, }, .y such that 7, 1 oo, it is clear that
7o, AT and T are two bounded stopping times. Thus, by Doob’s optional sampling
theorem (for bounded stopping times), we have

MTn/\T =E [MT|JT"Tn/\T} .

Since {Fr, AT} e 18 @ family of sub o—algebra of Fr and E [|M7|] = Jeamr(05,,) <
00, it follows from Theorem 4.6.1 in Durrett (2019) that the family {M; A7}, oy is
uniformly integrable. This completes the proof. O

4.H Proof of Theorem 4.3.14

Proof. The solution is obtained via the relationship between the mean-variance
problem (4.2.10) and benchmark problem (4.2.13) shown in Section 4.2. Specifically,
we have

* _ * e )2
JMV_I)I\lea'H%(JBM(aBMag A=A

(4.H.1)

— max {6A1<o>+A2<o>vo+As<o>ro (xo Ly @520
AER

2
—(€ - )\)691(0)+92(0)To) _ )\2}_
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Note that
dQJBM(QEM;g — /\) — )\2
d)\?
—2exp {A1(0) + 291 (0) + Az(0)vg + (A3 (0

+ 292(0))7‘0} -2

)
T T
=2 exp { /0 (@UA2 (t) + SDTA?, (t)) dt + 2/0 ®rg2 (t) dt + A2 (0)’00
+ (A3(0) + 292(0))7“0} —-2<0,

where the last strict inequality follows from the non-positiveness of As(t), As(t),
and g¢2(t) as shown in Proposition 4.3.5 and 4.3.11 above. Thus, the maximum of
the right-hand side of (4.H.1) is attained at

YoG2,0 (2o — loG1,0 — £G2y0)

A= ,
1~ VoGl

(4.H.2)

where Y, G14, and Gy, are given by (4.3.9), (4.3.17), and (4.3.20), respectively.
Substituting (4.H.2) into the right-hand side of (4.H.1) yields the optimal value
function of mean-variance ALM problem (4.2.10):

g Yo (20 — loG1,0 — £Gay)”
MV 1 _ 1/'0G370 N

Replacing v in (4.3.23) with & — A* gives the optimal risk exposure strategy as
shown in (4.3.25). Finally, the admissibility of optimal strategy (4.3.25) can be
shown as Theorem 4.3.13. This completes the proof. O

4.1 Proof of Lemma 4.4.3

Proof. We conjecture that the first component Y, of the solution to BSRE (4.4.8)
admits the following exponential form:

Yi© = exp {A1(6) + Ao(t)Vi + A (1)}

where A;(t), Ao(t), and A3(t) are undetermined differentiable functions with bound-
ary conditions A1 (T) = As(T) = A3(T) = 0. A direct application of Itd’s formula
to Y} ¢ returns

dA;(t) N dAy(t)
dt dt

dAs(t _ 1 .-
3 4 (o0 — ko) Aa(t) + L0 2200V

v
g 2

d}/tic :}/tic <

- 1 - _ )
+(or = frre) A3(t) + 20§nA§(t)> dt + o /re A3 (1) Y AW

oo/ VipAa()YC AW} + 0/ Vin/1 — p2 As()Y[C dW?.

(4.1.1)
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Let
Z()t —UT\FAJ( ) 7

Zl .t =0y V ‘/f,DAZ Y;wa

Zay =0/ Vi/1 — p2As(t)Y/<.

By matching the driver of BSRE (4.4.8) and the drift coefficient of SDE (4.1.1), we
find that functions A;(¢), A2(t), and A3(t) solve the following ODEs:

dAQ() = (Ap+AV/T=0 ) (50 +2 (Aop + AVT=12) 0up) A (1)
o (p —) (1), Ay(T) =0,

d“_l;t( ) _ (22 - 2) + (e + 2A0) Ag(t) + 507 A5(1), As(T) =0,

dA;(t)
dt

= — puAa(t) — 0, A3(t), AL(T) =0.

(4.1.2)
Notice that ODEs (4.1.2) have similar structures to the ones given in Proposition
4.3.3 above. By repeating the same calculations as shown in Proposition 4.3.4,
we obtain closed-form expressions for A;(t), As(t), and As3(t) given by (4.4.17),
(4.4.15), and (4.4.16), respectively. Moreover, it follows from direct differentiation
that functions A (t) and A3(t) are strictly increasing over [0, 7] and are bounded
over [0, T]. Therefore, by the similar arguments of Lemma 4.3.9, it can be shown that
(Y€, Zot, Z14, Z2 1) given by (4.4.13) is the unique solution to BSRE (4.4.8). [

4.J Proof of Lemma 4.4.4

Proof. Based on the unique solution to BSRE (4.4.8) given in Lemma 4.4.3, we can
rewrite the linear BSDE (4.4.10) of (G, Ao¢, A1, Aoy) as follows:

rPr ic Ar
dG°, = [(1 +— Al ﬂr) Gy + (U - @«) VTilo

+ (Aep +AVT=22) VVihis = 0o/ 1= P Ao () Vize| dt (4,51
+ Aot dWP + Ay AW} + Aoy dWE,
Giop =L1.

We make a conjecture that ’ft has the following exponential form:

t—exp{fl + fat)re} (4.J.2)
Applying 1td’s formula to Gi¢ given in (4.J.2) gives

dGth — zlct <df;t(t) n dfczlt(t) e+ (0 — kpry) fot) + éoffg(t)rt> d

+ 0V fa (1) G dWY

(4.1.3)
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Let

A07t = GiftUT-\/EfQ(t), Al,t = 0, Ag,t =0.
Then the driver of BSDE (4.J.1) is given by
ic )\7" r
Gy [(1 + a—ﬂr - ,ur) + (Ar — Bror) f2(t)] - (4.J.4)

It follows from (4.J.4) and the drift coefficient of SDE (4.J.3) that fi(t) and fa(t)
must solve the ODEs below

dfét(t) = (1 + % - I’LT> + (K/T + A — Brgr)f2(t) - %O‘Efg(t)a f2(T) =0,
df;t(t) :7(,07«]‘_'2(25), fl(T) =0.

(4.J.5)
Notice that ODEs (4.J.5) are the same as ODEs (4.F.4). Hence, closed-form
solutions to ODEs (4.J.5) can be immediately given in (4.4.19) and (4.4.20). Due
to the boundedness of function Ay(t) as shown in Lemma 4.4.3, by the similar
arguments of Proposition 4.3.10 above, it can be shown that (Glft, Aot Aig,Aoy)
given by (4.4.18) is the unique solution to linear BSDE (4.4.10). O

4.K Proof of Theorem 4.4.7

Proof. The proof is similar to that of Theorem 4.3.13, so we only provide the
modifications here. It follows from (4.4.7) that

av;* (X7 - Gy)
= [(XT = GI)*Zo. + 2X] = G (nmf = WI)7E) 0T XT = Po)] AWy

+ [(ng — G221+ 2(XT - GO (wfxg (01 Vi+ 2 ) - Puﬂ aw!

VVi
+ [(XT = Gi)2 Zay — 2(X] — Gi°)Y/“Pa] dW? + Y[¢(Pyy)? dt
. [ Z A, 2
¥ (0 = UEOTE) 0, XE VT = Pas + (KT = 619 (ot + 220 )|t
t I
+ e {wfxg <c1 V, + CZ) — P+ (XT — G (ert + (x\vp
\/Vt i }/tzc

o m) Wﬂ S

(4K.1)
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By applying localization techniques and taking expectation and integration on both
sides of (4.K.1) from 0 to T, we obtain

E |(X7 = Ly = 7)°] = Y§(@0 — oG5y — 7Go)?

T
ic ™ c ™ ic Z,
=K A }/t |:7T£9Xt <Cl W+\/%> _Pl,t+(Xt _Gt )(thl%t + <)\vp

+/\Sm) \/Vt)rdt +E

T
| v [ (1S — B(K)7P) 0, XT /T — Pou
0

T
/ Y;(Pat)? dt] .
0
(4.K.2)

We observe from (4.4.12), (4.4.18), and (4.4.21) above that P, = 0. Therefore,
it follows from (4.K.2) that the optimal investment strategy and optimal value
function of benchmark problem (4.4.4) are given by

(Xt* _ ,yeél(t)+§2(t)Tt _ efl(t)Jrfz(t)TtLt) (Ag(t)avp + Aop + Asy/T — p2) v,

Zo,

_ A, 2
+(XT G;C)<Yic + U\/rtﬂ dt| + E
t I

ic,Sx

TBM,t = — X (e1Vi + c2) ’
ﬂ_ic,B* — 1 X;‘ A:’)(t) + ﬁ _ ’yegl (t)+g2(t)re As(t) + gz(t) + ﬁ
BMt = h(RK) X} o? 7

. _ . N _
N EACEE G T Bro A N _icSe
e s + L)+ -+ o2 )| T oy T

4.L.  Proof of Proposition 4.4.12

Proof. Considering functions As(t) and Ay (t) determined by Riccati ODEs (4.3.11)
and (4.4.14), we observe that

<_()\Up T A1 =022 =k +2(A0p + A5/ — /72)01110))
; i Bt
(AL.1)

_EO-U

(-(Ag +A2) —(ky + 2)\U0v)>
>

= 0 1_2
holds, when A\,+/1 — p2? > A,p is satisfied. According to the comparison theorem for
Riccati ODEs (refer to Theorem 2.1 in Freiling, Jank, and Abou-Kandil (1996)), we
have Ay(t) < Ay(t) <0, for all t € [0,T]. On the other hand, it is straightforward
to see from Proposition 4.3.4-4.3.11 and Lemma 4.4.3-4.4.5 that

As(t) = As(t) <0, g1(t) = 91(t) <0, Ga(t) = g2(t) <0, fu(t) = 1 (1), fa(t) = f2(t).

These results indicate that Gi% = G141, 0 < G, = Gay < 1,and 0 < Y7, <Y{§ <1

for t € [0,77]. Finally, since function f(x) = ;= is monotonically increasing for
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x € (0,1) with an exogenous constant a € (0,1), we can conclude that
1C*

Iy < Jigv-

This completes the proof.
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Chapter 5

Dynamic optimal mean-variance
investment with mispricing in the family

of 4/2 stochastic volatility models

ABSTRACT

This paper considers an optimal investment problem with mispricing
in the family of 4/2 stochastic volatility models under the mean-variance
criterion. The financial market consists of a risk-free asset, a market
index, and a pair of mispriced stocks. By applying the linear—quadratic
stochastic control theory and solving the corresponding Hamilton—Jacobi-
Bellman equation, explicit expressions for the statically optimal (pre-
commitment) strategy and the corresponding optimal value function are
derived. Moreover, a necessary verification theorem is provided based
on an assumption of the model parameters with the investment horizon.
Due to the time inconsistency under the mean-variance criterion, we
give a dynamic formulation of the problem and obtain the closed-form
expression of the dynamically optimal (time-consistent) strategy. This
strategy is shown to keep the wealth process strictly below the target
(expected terminal wealth) before the terminal time. Results on the
special case without mispricing are included. Finally, some numerical
examples are given to illustrate the effects of model parameters on the
efficient frontier and the difference between static and dynamic optimality.

Keywords: Mean-variance investment; 4/2 stochastic volatility model; Mispricing;
Hamilton—Jacobi—Bellman equation; Dynamic optimality
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5.1 Introduction

The development of continuous-time stochastic volatility models is deemed crucial
in the field of modern finance. The attraction of stochastic volatility models mainly
resides in their capacity to explain many stylized facts observed in the financial
market such as fat tails, the leverage effect, and the volatility smile/skew on implied
volatility surfaces. See, for example, Hull and White (1987), Stein and Stein (1991),
Heston (1993) and Lewis (2000). In 2017, Grasselli (2017) proposed a new model
called the 4/2 stochastic volatility model which embraces the celebrated Heston
model and the 3/2 model (Lewis (2000)) as special cases. The superposition of these
two parsimonious models makes it possible for the new 4/2 model to better predict
the evolution of the implied volatility surface. This leads to emerging interests in
applications of Grasselli’s work to derivative pricing problems, such as Cui, Kirkby,
and Nguyen (2017, 2018) and Zhu, Zhang, and Jin (2020). In view of the success
of the 4/2 model in terms of option pricing, Cheng and Escobar (2021a) recently
investigated a utility maximization problem under the 4/2 model. It seems, however,
that little attention has been paid to portfolio optimization problems with the 4/2
model under Markowitz (1952)’s mean—variance criterion.

The single-period portfolio selection problem under the mean-variance criterion
can be traced back to the seminal work of Markowitz (1952). Li and Ng (2000) and
Zhou and Li (2000) generalized Markowitz’s work to multi-period and continuous
settings, respectively. In particular, Zhou and Li (2000) applied the standard results
on the linear—quadratic stochastic control theory combined with an embedding
technique to solve the problem in a financial market where all the market coefficients
are deterministic. Many researchers then realized the potential of diversification.
For example, Shen, Zhang, and Siu (2014) solved the problem under the constant
elasticity of the variance model by imposing an exponential integrability condition on
the market price of risk. Shen and Zeng (2015) went a step forward by considering
the optimal investment-reinsurance problem for a mean-variance insurer in an
incomplete market where the market price of risk depends on an affine-form and
square-root process, and they derived the modified locally square-integrable optimal
strategy. Sun, Zhang, and Yuen (2020) further extended Shen and Zeng (2015)’s
results to the case with multiple risky assets and random liabilities. For other
previous works, one can refer to Chiu and Wong (2011), Yu (2013), Lv, Wu, and
Yu (2016), Tian, Guo, and Sun (2021), Sun, Zhang, and Yuen (2020) and the
references therein.

In the aforementioned literature, however, the optimal strategies depend on
the initial position of state variables, which is due to the non-separability of the
variance operator under the mean-variance criterion in the sense of Bellman’s
optimality principle. In other words, once the investor arrives at any new position
at a future time, the optimal strategy determined at the new position is inconsistent
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with the initial one unless the investor commits to the initial strategy over the
whole investment period. This optimal strategy is therefore time-inconsistent,
and is referred to as the pre-commitment strategy in the literature. The notion
of time-inconsistency under the mean-variance paradigm stemmed from the work
of Strotz (1956). In recent years, the time inconsistency of the mean-variance
portfolio selection problem has received considerable attention. For example,
Basak and Chabakauri (2010) determined a time-consistent strategy by using
a backward recursion approach starting from the terminal time. Alternatively,
Bjork, Khapko, and Murgoci (2017) proposed the game theoretical approach and
studied the subgame-perfect Nash equilibrium for the mean-variance problem. The
equilibrium value function and the equilibrium strategy can be explicitly derived
under Markovian settings by essentially solving an extended Hamilton—Jacobi—
Bellman (HJB) equation. Rather than searching for the time-consistent equilibrium
strategy, Pedersen and Peskir (2017) pioneered the dynamically optimal approach
to deal with the time inconsistency of the statically optimal (pre-commitment)
strategy. Along with this approach, previous works include Pedersen and Peskir
(2017), Zhang (2021b), and the references therein.

According to the law of one price, identical assets must have an identical price.
There is, however, ample evidence of violations in the law of one price and of the
prevalence of a mispricing phenomenon in the financial market. See, for example,
Lamont and Thaler (2003), Liu and Longstaff (2004), and Liu and Timmermann
(2013). This leads to growing interest in portfolio optimization problems with
mispricing in recent years. Yi et al. (2015) studied a utility maximization prob-
lem with model ambiguity and mispricing in a financial market consisting of a
risk-free asset, a market index, and a pair of mispricing stocks with a constant
return rate and volatility. Ma, Zhao, and Rong (2020) considered a problem for a
defined contribution plan with mispricing under the Heston model. Considering the
methodology developed by Bjork, Khapko, and Murgoci (2017) to deal with the time
inconsistency under the mean-variance paradigm, Wang et al. (2022) investigated a
mean-variance investment—reinsurance problem with mispricing in the context of
constant volatility. Other preceding research outputs on the portfolio optimization
problems with mispricing include Gu, Viens, and Yi (2017), Gu, Viens, and Yao
(2018), Wang et al. (2021), to name but only a few.

Motivated by the above aspects, within the framework introduced by Pedersen
and Peskir (2017) to overcome the time inconsistency under the mean-variance
criterion, in this paper we study a mean-variance portfolio selection problem that
takes into consideration the family of 4/2 stochastic volatility models and mispricing
simultaneously. The financial market consists of a risk-free asset, a market index,
and a pair of mispriced stocks. To solve this problem, we first apply the Lagrange
multiplier method to relate the original problem to an unconstrained optimization
problem. To solve the latter by using the dynamic programming approach, we
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establish the corresponding HJB equation. By solving the HJB equation explicitly,
closed-form expressions of the statically optimal strategy and the corresponding
optimal value function are derived. Based on an assumption on the model parameters
combined with the investment horizon, we prove the necessary verification theorem
from scratch and verify the admissibility of the optimal strategy. By solving the
statically optimal strategy each time, the dynamically optimal strategy is explicitly
derived. This time-consistent strategy keeps the wealth process strictly below the
target (expected terminal wealth) before the terminal time. Moreover, we provide
the results without mispricing and consider the special cases under the Heston
and the 3/2 models. Finally, we present some numerical examples to illustrate the
effects of some model parameters on the efficient frontier and the difference between
static and dynamic optimality. In summary, compared with some related current
research studies, the main contributions of this paper are as follows:

e The market model incorporates the 4/2 model and mispricing simultaneously;

e By making an assumption on the model parameters, a verification theorem
is provided to guarantee that the candidate solution to the HJB equation is
the optimal value function, and the admissibility of the optimal strategy is
verified;

e We derive both the statically optimal (pre-commitment) and the dynamically
optimal (time-consistent) strategies explicitly for the mean-variance problem.

The remainder of this paper is structured as follows. In Section 5.2, we formulate
the market model and the mean-variance portfolio problem. Section 5.3 is devoted
to solving the HJB equation and deriving the closed-form expression of the optimal
investment strategy of the unconstrained problem. In Section 5.4, we present the
statically optimal strategy and the dynamically optimal strategy for the mean-
variance problem, and provide the results on some special cases. In Section 5.5,
some numerical examples are given to illustrate our theoretical results. Section 5.6
concludes the paper.

5.2 Formulation of the problem

Let T > 0 be a fixed terminal time of decision making and (€, F,P) be a complete
probability space carrying five one-dimensional, mutually independent standard
Brownian motions W', W2, Z, Z1, Z2. The probability space is further equipped
with a right-continuous, P-complete filtration (F3)c[o,7] generated by the Brown-

ian motions.

We consider a financial market setting where a risk-free asset, a market index,
and a pair of stocks with mispricing can be continuously traded. The risk-free asset
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price B = (Bi)ie[t,,1) €volves over time as:
dBt = TBt dt,

with the initial value By, = by € RT at time to € [0,T), where the positive constant
r > 0 is the risk-free interest rate. Let the price dynamic of the market index
Sm = (Sm.t)tefto, ] be governed by the 4/2 stochastic volatility model (Grasselli
(2017)):

2
VVi
AV = K(8, — V) dt + ooV, (def F /12 dwf) :

dSm’t = (’I" + )\(Cl‘/t + CQ)) Sm,t dt + <Cl V; + ) Sm,t thl,

(5.2.1)

with Syt = Sm,0 € RT and Vi, = vo € RT at time tg € [0,T), where the constant
A > 0 stands for a controller of the excess return, and the variance process V; follows
a Cox—Ingersoll-Ross (CIR) process with mean-reversion speed x > 0, long-term
mean 6, > 0 and volatility of volatility o, > 0. The Feller condition 2x6, > o2 is
required such that V; is strictly positive. We assume that two parameters c; and cs
are non-negative constants and p € [—1,1].

Remark 5.2.1. It should be noted that the two non-negative constants ¢; > 0
and ca > 0 are critical in the 4/2 model (5.2.1), which makes the 4/2 model a
superposition of the Heston model (Heston (1993)) and the 3/2 model (Lewis
(2000)). Specifically, the case (c1,¢2) = (1,0) is known as the Heston model, while
the case (c1,¢2) = (0,1) corresponds to the 3/2 model.

The two mispriced processes are modeled as a pair of stocks S1 = (S1,t)se[to,1]
and Sy = (52,¢)¢eft,, 7] Which are coupled via the pricing error:
S
M, = In 22t
Sat
where S; ; and Sy ; evolve according to the following system of stochastic differential
equations (SDEs):

dSlyt :(’r‘ + 5}\(61% + CQ))Sl’t dt + ﬁ (Cl ‘/t + \;%) Sl,t thl

+ 0814 dZ; +bS1 4 dZ} — 1, M Sy 4 dt,
(5.2.2)

ds?,t :(7’ =+ ﬂ)\(cl‘/t -+ CQ))SQ’t dt + B <01 V;g -+ \;%) 52115 thl

+ 0894 dZ; + bSs 4 dZ} 4 1o My Ss 4 dt,

with initial values S1,, = s1,0 and Sa 4, = $2,0 at time tg € [0,T), where l1,13, 5,0
and b are constant parameters. The term [ (61\/‘/;5 4 2 ) thl characterizes

VVe
the systematic risk of the market, while o dZ; + bdZ} stands for the idiosyncratic
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risk of stock i, i = 1,2. In particular, o dZ; describes the common risk whereas
bdZ} represents the individual risk generated by the stock i, i = 1,2, respectively.
The term [; M; reveals the effect of mispricing on ith stock’s price via the pricing
error M, defined above. Moreover, it can be shown that the pricing error M; follows
an Ornstein—Uhlenbeck (OU) process as a result of It6’s formula:

dM; = —(Iy + lo)M; dt +bdZ} —bdZ?, (5.2.3)

with My, = mo = In(s1,0/$2,0) € R, where two constant parameters /; and /s can
be explained as liquidity terms which control the mean-reversion rate of the pricing
error. To be specific, the lower liquidity decreases the velocity of reversion of the
pricing error towards the long-term mean of zero. Following some previous studies,
such as Liu and Timmermann (2013), Ma, Zhao, and Rong (2020) and Wang
et al. (2022), we hereby assume that I; + Iy > 0, which ensures the stability of the
financial market.

Let m,, (¢, Vi, My, XT), m1(t, Vi, My, XT), ma(t, Vi, My, XT) be three Markov con-
trols denoting the proportions of wealth invested in the market index .S,,, and the
pair of stocks S7 and Ss at time ¢, respectively. We write 7 := (7, 71, 72) and such
deterministic functions m,,, w1, mo are referred to as feedback control laws in the
literature. Suppose that the market is frictionless and no restrictions on leverage
and short-selling are enforced, the investor decides to construct a self-financing
portfolio of B, S,,,S1 and S over the investment period [tg,T]. So the controlled
wealth process X™ = (Xtﬂ)te[to,T] is described by the following system of SDEs:

AX7 =XT [+ um(t, Ve, Me, XT)A (1 Ve + e2) — (ma(t, Ve, Me, X7y

—ma(t, Vo, My, X7 )l2) M) dt + X7 <C1\/Vt+ > um (t, Vi, My, X77) dw}

C2
VVi
+ ero—(ﬂ-l(t7 ‘/;57Mt7Xt7T) + 7T2(t7 ‘/tthaXZT)) dZt
+ X7b (mi(t, Vi, My, X7) dZ) + ma(t, Ve, My, X[7) dZ7)
AVi =k(0y — Vi) dt + 0o/ Vi (detl V12 dwf) ,

dMy; = — (Iy + la) My dt + bdZ} — bdZ},

(5.2.4)

with X[ = xo, where we write u,, 1= 7, + B(m1 + m2) to simplify our notation. Let
Pto,v0,mo,zo denote the probability measure with the initial value (Vi,, My,, X7 ) =
(vo, mo, o) at time ty € [0,T). Accordingly, E¢) vy.me,z0l-] and Vary, vy me,z (+)
denote the associated expectation and variance under the probability measure
Py v0,mo,z0, TESPECtively.

Definition 5.2.2 (Admissible strategy). Given any fized to € [0,T), a strategy ™
is said to be admissible if for any (vo,mo,zo) € RT X R X R, it holds that:

2
1. Eto’vo,mo’xo |:J;5Z<XZF)2 (Cl\/vt+ \;‘Z/—t) ufn(t,Vt,Mt,XZr) dt| < o0,
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2. Etguvpimoma | Jiy (XF)? (738, Vi, My, XF) + 73 (1, Vi, My, XT)) dt] < o,
3. Eto,vo,mo,wo {Supte[to,T] |XZT‘2} < 0.
The set of all admissible strategies is denoted by A.

The investor wishes to determine an admissible strategy @ € A solving the
following mean-variance portfolio problem.

Definition 5.2.3. The mean-variance portfolio problem is a stochastic optimization
problem denoted by

min Varto,voymo,ro (X%)
TeA (525)
subject to Et07vo,mo7w0 [X’;r“] =¢,

where € is a fixed and given constant serving as a target. We denote the corresponding
optimal value function by Vary (to, vo, mo, Zo).

Remark 5.2.4. Here, we impose & > zge” (Tt which precludes the trivial case
when the investor simply takes the risk-free strategy m = 0 over the investment
period [tg, T']. This condition is consistent with some previous studies, such as Shen,
Zhang, and Siu (2014), Sun and Guo (2018) and Sun, Zhang, and Yuen (2020).

As discussed in the Introduction, the mean—variance problem (5.2.5) is time-
inconsistent due to the presence of the variance operator in the mean-variance
objective. We take the dynamically optimal approach as championed by Pedersen
and Peskir (2017) to address the problem of time inconsistency. For readers’
convenience, we adapted the definition of dynamic optimality (Definition 2 in

Pedersen and Peskir (2017)) into the current context.

Definition 5.2.5 (Dynamic optimality). A control 7% is said to be dynamically
optimal in mean—variance portfolio problem (5.2.5) for (to,vo, mo,xo) given and
fized, if for every given and fized (t,v,m,z) € [to,T) x RT x R x R and every
strategy u € A such that u(t,v,m,z) # 7 (t,v,m,z) with Bty m [ X%] = &, there
exists a control w satisfying w(t,v,m,x) = 7 (t,v,m, x) with By m.[X¥] = £
such that

Var, y m»(X7) < Varg , m(X7).

Upon considering the nature of the dynamically optimal approach, as discussed
in the Introduction, we shall first pay attention to the static optimality (pre-
commitment) for the mean-variance problem (5.2.5).

Due to the convexity of the objective function in the problem (5.2.5), we can deal
with the linear constraint E;y 4 .m0 [X7] = & by introducing a Lagrange multiplier
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6 € R. The associated (dual) Lagrangian is formulated as follows:

L('TOa Vo, Mo; T, 9) :Etoﬂ)mmm% [(X%T’ - 6)2] + 20Et0ﬂ)07m0710 [X% - ﬂ

=Et;,v0,mo,w0 [(X% — (& - 9))2} _ 02 (5.2.6)

According to the Lagrangian duality theorem (Luenberger (1968)), mean-variance
problem (5.2.5) is, in fact, equivalent to the following min—max stochastic optimiza-
tion problem:

in I -1 6). 5.2.7
wpaxmin L (o, vo, mo; ) (527

This suggests that two steps are involved to obtain the static optimality of the mean-
variance problem (5.2.5). First of all, we should solve the internal unconstrained
stochastic optimization problem with regard to m € A with 6 € R fixed and given.
Subsequently, we turn to optimize Lagrange multiplier § € R in the external static
problem. Hence, we are supposed to determine the optimal strategy of the following
quadratic-loss minimization problem in the first place:

{THEIE J(J,‘o, Vo, ™Mo; T, 7) = Eto,vo,mo,xg [(X’f“ - 7)2} ’ (528)

with v = £ — 6 fixed and given.

5.3 Solution to the unconstrained problem

In this section, we devote ourselves to solving the unconstrained quadratic-loss
minimization problem (5.2.8) by using the dynamic programming approach. For this,
we first define the optimal value function as

H(t,z,v,m) = inf Bo,m.q [(XT—7)%], to<t<T, (5.3.1)
me

where E; 4 m.o[-] is short for E[| XT =,V = v, My =m] at time ¢ € [to,T].
For the function H(t,z,v,m) € C%%22([ty, T] x R x RT x R), it must satisfy
the following HJB equation due to dynamic programming principle:

inf DCAH (¢ =
Jmf, (t,z,v,m) =0, (5.3.2)

where we denote D"€AH (t,z,v,m) as the following differential operator:

D"eAH(t, z,v,m) =H¢ + HyzlumA(c1v + c2) — (mili — male)m + 7] + k(0, — v) H,

1 2

+ - Hyp® [(Clﬁ-i— 6*2) us, + 0° (w1 + m2)? + 6% (n} + 73)
2 Vo

+ Hyvumpouz(c1v + c2) + %aiva — (i +l2)mHp

+ Hzmm62(7n — 71'2) + b2Hmm7
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for t € [tg, T), with the boundary condition H(T,z,v,m) = (z —v)2. Then, the
first-order minimization condition yields the optimal control:

* (Hac)\+HxvaU)U
Um = —~—F 7
Hyzx(civ + c2)

* _ Hzm Ha:m[(o'2 + b2)l1 + 0'2l2]

e Hywx H:cxw(20'2 + b2)b2 ’ (533)
T = Ham _ Hzm[(UQ + bQ)lz + 0211]
2 = Hy.x me(202 + b2)b2

Inserting (5.3.3) into the HIB Equation (5.3.2) and simplifying the expression, we
obtain the following second-order partial differential Equation (PDE) for function
H:

Hy + # [2H, Hymm(ly + o) — H2Nv — 2Hy Howpoudvs. — HipPoov — 2H2,,b°]

2, 2
H;m

0 =) = S

[(0? + b°) (1 + 13) + 20°1ls]

+reH, + %aiva — (L +lo)mHm + b2 H,pom =0.
(5.3.4)

In the next proposition, we shall construct an explicit solution denoted by G(t, x, v, m)
to PDE (5.3.4).

Proposition 5.3.1. One solution to second-order PDE (5.3.4) is

Gt 2, v0,m) = 2O+ (Bm? (x 3 ,ye—r(T—t))27 (5.3.5)
and the optimal feedback control is given by

A+ po,B(t)) (z —ve " TD) vy
z(c1v + ¢2)
(02 4+ b2)I; + 0212} m (m _ ,yefr(Tft))
(202 + b2)b2
(02 4+ b2)ly + 0211] m (z —ye " (T=1)
(202 4+ b2)b?

ur (t,v,m,x) = —

)

(5.3.6)

)

7y (¢, v,m, ) = [—27(15) + -

9

75 (t, v, m, x) = [27(7&) - .
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where

at) = /tT K0y B(s) + 2b°~(s) + 2r ds, (5.3.7)
1

N(t-T), p* =
22
k+2Xpo,
ninz(l — e\/Z(Tft))
B(t) = ny — ngeVA(T-1t)

o2(p? — (T —t)n}
T T P A
V-4 ) tan (arctan (k + 2)\va> — V-4

57 k + 2Xpo, = 0;

(6(k+2/\p0u)<t*T) _ 1) , ,02 = %, k + 2A\poy, # 0O;

1
P FE G A0

1

(T—t))—i—no, pQ;E%, A<0

o2(2p2 — 1 V=—A 2
(5.3.8)
with
A = (k+2\po,)? — (4p* — 2)2 )\,
. —(k +2\poy,) + VA
T 221
_ —(k+2)\pa,) — VA (5.3.9)
BT )
_ _(k + 2)\/’0@)
T o)
and
\/_A»Y 2(ly +1a) _A’Y I+ 1
v(t) = 92 tan (arctan (— \/K T (T'—1t) | + 12 (5.3.10)

o2 b2) (12412 o2 1s
with Ay = 41y + 1) — PRI IR < 0,

Proof. We propose a candidate solution to the second-order PDE (5.3.4) in the
following form:

G(t, T, v, m) _ ea(t)+ﬁ(t)v+v(t)m2 [{E _ a,(t)]27
with o(T) = B(T) = v(T') = 0 and a(T) = 7. Then, we have the following
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partial derivatives:
da(t)  dB(t) — dy(t) , () +BE)v+ 2
= — 9% v+y(t)m
Co=1"a Ta e O
da(t)
A — alt)) L
(- alt) 52,

Gy =20 OO (o — (1)), G = 2y()mG, G, = B(1)G,
e :Qea(t)+5(t)v+7(t)m2’ Gmm = 27(1)G + 472(t)m2G, Gyy = BZ(t)G,
Gam =4y (tyme OO (5 (1)),

Gy =2B(1)e@DFBOVHYOm® (1 _ (1),

(5.3.11)

Substituting (5.3.11) into (5.3.4) and reshuffling terms yield

da(t dp(t dvy(t
(Zi ) Lji(t )v + le& )m2 + 4'y(t)m2(ll +1s — A%0) — A%v — 2p0, AvB(t) — p205v[32(t)

(o2 + 6213 +13) + 20°1112
(202 + b2)b2

— 8b2m2y2(t) + k(B — v)B(t) — m? + %Uzvﬂ2(t) + 4b% 42 (t)ym?

Z2(l + L) y(6)m? + 2624(8) + 2r | + 2(a — a(t))e>DHAOVEI(Bm? [ra(t) - d‘;(:)} =o0.
This indicates that we have the following two identities:
da(t)
t) — =0, 5.3.12
ra(t) - (53.12)
and
d(Zit) + diit) v+ d’:iit) m? + dy()m> (1 + o — A%v) — A%v — 2p0, AvB(t) — pzagvﬁQ(t)
2 2 2 (2 + )2 +1B)+20%Uls 5 1 5 o 2 2 2 (5.3.13)
—8b"m 7 (t) + k(0, — v)B(t) — (202 712002 m” + an)vﬁ (t) + 4b°y“ (t)m
—2(1y + L)y (t)ym? + 2b%y(t) + 2r = 0.
Upon considering the boundary condition a(T") = 7, we obtain the following
expression of a(t) by solving (5.3.12):
a(t) = ye (T,

As for (5.3.13), we can separate it with respect to variables v and m? as follows:

%gt) — (2p0y + K)AB(t) + (% - p2) o283 (t) — /\2} v+ [dzl—(tt) —4b*42(t)

(0 + b)) (12 +13) + 20%11] o N da(t)
(202 + b2)b2 T T

+ k0, B(t) + 26%~(t) 4+ 2r = 0.
(5.3.14)

+2(11 + l2)y(t) —
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Thus, we have the following system of ordinary differential equations (ODEs)
from (5.3.14) due to the arbitrariness of v € RT and m € R:

%ﬁ) _ <p2 _ ;) 02B2(t) + (1 + 2Ape,)B(E) + A2, B(T) =0, (5.3.15)

d%it) = 4b272(t) —2(1y + l2)v(t) + o+ b()Q((ilzilbé));; = 11127 (T) =0,
(5.3.16)

doc‘lff) = —kB,B(t) — 2b%y(t) — 2r, (T) = 0. (5.3.17)

We see that both (5.3.15) and (5.3.16) are Riccati ODEs, and once these two
equations are solved, the explicit expression of solution a(t) to (5.3.17) can be
immediately derived.

In the following, we first solve Equation (5.3.15) of 3(t). When p* = 1 and
K+ 2Apo, = 0, we have
B(t) = N2(t = T).

When p? = 1 and £+2\po, # 0, Riccati ODE (5.3.15) is reduced to the following
linear ODE:
dp(t)

— = (5 2200,)B(¢) + A2, (5.3.18)

Integrating both sides of (5.3.18) with respect to time ¢ yields

/\2
) = (k+2Xpoy)(t—=T) _ 1).
BLt) k+2)\pav<e )

When p? # 1, we set A := (k+2Xpo,)? — (4p* —2)02A? as given in (5.3.9) above.
If A > 0, we can rewrite (5.3.15) as follows:
(¢ 1
D =2 (- 5) 30 - m) (300 - ma), (5.3.19)
where n; and ny are given by (5.3.9). Upon considering the boundary condition
B(T) =0, we find
nins (1 — e\/Z(T_t))

ny — ngeVA(T—1)

pt) =

If A =0, then (5.3.19) can be simplified to

b
(B(t) = no)?

where ng is given in (5.3.9) above. Integrating both sides of (5.3.20) with respect

dB(t) = o2 (,ﬂ - ;) dt, (5.3.20)

to time ¢ upon considering the boundary condition 5(T) = 0, we obtain
a3 (p* = (T —t)ng
020 — (T — g — 1

B(t) =
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If A <0, then (5.3.15) can reformulated as follows:

da(t 1
(30 + 53¢2%5) + sty

After calculations upon considering the boundary condition S(T") = 0, we find

vV —=A k+ 2\poy, VvV=A

B(t) = 21 tan (arctan ( e ) - (T - t)) + no.

Then, we pay attention to the ODE (5.3.16) of v(t). Considering
~16(0® +b°) (12 + 1) + 32011l

(202 + b?)
=802 (1 4 12)? — 4b%(I1 — 12)? — 8b*(IF + 13)
N 202 4 b2
we can rearrange the terms in (5.3.16) to have the following formulation:
dr(t)
R—

(7(®) = g (b + 1)) + i

A =4l + 1o)?

<0,

= 4b* dt. (5.3.21)

After some calculations, upon considering the boundary condition v(T') = 0, we

have
VA ( ( 2(h + lz)) -A, Ii+12
~(t) = tan | arctan | — - (T-t |+ .
8b? NE~ 2 12

Finally, a direct integral calculation on both sides of (5.3.17) upon considering
the boundary condition a(T") = 0 yields (5.3.7). O

The following proposition presents strict monotonicity results of 5(¢) and ~(t)
with respect to time ¢, which in turn leads to the non-positiveness of 5(t) and ()
over [to, T.

Proposition 5.3.2. Functions B(t) and ~v(t) given by (5.3.8) and (5.5.10), re-
spectively, are strictly increasing with respect to time t, and thus non-positive over
[t07 T] .

Proof. By differentiating 5(t) given in (5.3.8) with respect to ¢, we obtain

N pr= % k + 2X\po, = 0;

)\ze(lc+2/\prfu)(t—T)7 = %, k4 2Xpoy # 0;
AN2AeVAT—1) 1 !
dpe) _ ) o ey P g A0
7 =) 00207 —1)% (my —ngeVA(T—1)2 2
os(p? — 3)nd p2¢1 A =0
(@3~ HT —no—1)2’ * 720 5T

—A 2 k+2)\p0'»u vV —A 2 1
5020207 — 1) sec (arctan( A ) 3 (T—-1t)), p~# 57 A <O.
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It is obvious that d’BdEf) > 0 holds for the first three cases. As for the fourth and

the fifth cases, note that when A < 0, we must have p? > %

Similarly, a direct differentiation of «(¢) given in (5.3.10) leads to

dy(t) _ —Ay 2(l +12) V=4
2 = e 5C (arctan (— Ve ) - (T—t)) > 0.

Finally, upon considering the boundary condition S(T) = «(T) = 0, we can
conclude that B(t) and ~(t) are non-positive over [tg, T O

To facilitate further discussions, we now present some auxiliary results on the
OU process and the CIR process in the literature. The first lemma (Lemma 5.3.3)
is adapted from Lemma 4.3 in Benth and Karlsen (2005).

Lemma 5.3.3. Consider the OU process My in (5.2.3). If € is a constant such that

e _litl
(T — o)’

T
Eto vo,mo,zo lexp <5/ Mg du)] < 00.
to

The second lemma (lemma 5.3.4) follows from Theorem 5.1 in Zeng and Taksar
(2013).

then we have

Lemma 5.3.4. Consider the CIR process V; in (5.2.1). We have

T
Bty v0,mo,w0 lexp (5/ tht>
to

Inspired by the above results, throughout the rest of paper, we impose the

2
< 0o if and only if € <

5
202

following assumption on the model parameters and the investment horizon [tg, T):

Assumption 5.3.5. The model parameters and the investment horizon [to, T

satisfy:
K2 l1+ 1o
Cy < —= and C —_—
b= 952 MY S R T g)
where

Cj = max {w(x — ay]p|B(t0)), (1128 + 96V138) (A2 + p?0252(to)) }
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and

(ll — l2)20'2

C’Y — Imax {(564 + 48 V 138)m,

(1128 + 96\/@) <452'y2(t0) i ((02 + b2)l1 + 0212)2) |

(202 + b2)2p2

o2 +b?)ly + 0211)?

(1128 + 961/138) <4b272(t0) LU (;2 ij}j)zbg ) ) }
Remark 5.3.6. It follows from Proposition 5.3.2 above that as to — T, we have
Cy — (1128 4 96/138) A2, which indicates the feasibility of the assumption on Cj.
As for the assumption on C.,, it is straightforward to have (I; + l2)/4b*(T — to)
and C,, are decreasing and increasing with respect to T', respectively. This means
when the investment horizon T — % is small enough, the assumption on C, is well
established as well.

We next define four Doléans—Dade exponential processes Il ¢, 11 ¢, 112+ and II5 ¢
as follows:

t 1 1 t 5
Ip,: =exp (/ —( A+ pouB(s))V Vs dW, — 5/ (A + pouf(s)) v;ds),

t _ t _7\2 .2
Il =exp (/ MMSdZS—l/ MM?C[S),
to to

202 4 b2 2 (202 +b2)2"°°
t 2 12 2 t
. _ (O’ +b)l1+0’l2 1_1/ _
a2, =exp </t0 ( 27v(s) + (202 + b2)b2 bM; dZ 2 /., (=2v(s)
5.3.22
(0_2+b2)l1 _"_0_212 2b2M2d ( )
T R e s @5 P

t 2 2 2 t
(62 +b°)la+ 01y 2 1/
s, = 2v(s) — ot | bM dZ7 — = 2
3,t = €Xp </to ( ’Y(S) (202 + b2)b2 bMs d B to( '7(5)

2 2 2 2
7(0 +b%)l2 + o°ly bQMSQdS '
(202 + b2)b?

We shall study the integrability of Ilg ¢, 111 ¢, IIs ; and II3; which will be used in
the proof of Theorem 5.3.8 below.

Lemma 5.3.7. Suppose that Assumption 5.3.5 holds. Then, Ilg ¢, 111 4+, Ila ¢+ and
I3 ; satisfy

24 24 24 24
Etgvo,moszo | SUp  |Moe|™ + sup [Mie|™ 4+ sup |2 + sup [Tz | < oo.
te(to,T] telto,T] telto,T) telto,T]

(5.3.23)

Proof. Let p > 1 be any given constant. Then, the following equation of k

k
P k-1
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admits two positive roots:

ky=p(2p—1) +2py/p(p—1) and ky = p(2p — 1) — 2p/p(2p — 1),

with the first root satisfying k; > 1. In particular, when p = 24, we have k; = 1128+
964/138. From Assumption 5.3.5, we have

< 0Q.

T
Eto,vo,mmz() lGXp <(564 —+ 48\/@)/ ()\ + PUuB(S))QVt dt)
to

According to Theorem 15.4.6 in Cohen and Elliott (2015), we then find that IIj
satisfies

24
Etoyvo,moﬂio sup |H07t|
telto,T]

4/ 1128496v/138—1

T 1128496138
sg—g {Em,po,mo,xo {exp ((564 + 48\/@)/ (A + pouB(s))*Vi dt)} }
to

<0o0.

By applying the same technique to Iy, II5 and II3, it is straightforward to obtain
(5.3.23) due to Assumption 5.3.5. So we omit the details here. O

To end this section, we shall prove a verification theorem from scratch which
guarantees that the candidate solution G(t,x,v,m) derived in (5.3.5) coincides
with the optimal value function H (¢, z,v, m) defined in (5.3.1) to the quadratic-loss
minimization problem (5.2.8). Furthermore, we will also prove the admissibility of
the optimal strategy obtained in (5.3.6) in the sense of Definition 5.2.2.

Theorem 5.3.8 (Verification theorem). Suppose that Assumption 5.3.5 holds.
Then, the optimal strategy given in (5.3.6) for the problem (5.2.8) is admissible,
and the optimal controlled wealth process X; evolves as

= II t o?(ly +12)% + 0% (17 +13)
X =11, II; II 2(ly +1 M?
t 0,¢411,¢142,¢113,¢ €XP { /to (ly +2)y(u) (20% + 12)12 o
— AMA+ poypB(u)) Ve du} (:poe""(t—to) _ ,ye—r(T—t)) 7
(5.3.24)

for t € [to, T, with (to,vo,mo, o) € [0,T) x R* x R x R given and fized such
that zge"(T—t0) < &, where processes Iy 1,11 4,12 4, and I3, are given in (5.5.22).
Moreover, we have

G(t,z,v,m) = H(t,x,v,m)
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for any (t,z,v,m) € [to, T] x R x RT x R. In particular, the optimal value function
of problem (5.2.8) is given by

G(to, To, vo, mg) = et +B(to)vo+ (to)my (mo - We_T(T_tO))Q , (5.3.25)
with a(t), B(t), and y(t) given by (5.3.7), (5.3.8), and (5.5.10), respectively.
Proof. In the following, we will finish the proof with two steps. At step 1, we show
that the optimal strategy 7* = (u,, 7}, 75) given in (5.3.6) is admissible. At step

2, we verify that the candidate solution G given in (5.3.5) is indeed the optimal
value function H defined in (5.3.1).

Step 1. Substituting the optimal strategy (5.3.6) into the controlled wealth
process (5.2.4) leads to

. o2(ly +15)% + b2 (12 + 12 . e (T—
dXt :{ |:2(l1 +l2)'7(t) - (1 (2;l+b2)£21 2):| (Xt — e S t)) Mt2

— MO\ + po,B(t) (X e I “)%Jert*}dt— (A + pouB(1))

'(Xt**’}/e r(T—t)

JVid +[ 5 ()+(02+b2)11+02l2}

(207 + b2)b2

2 2
. _ —r(T—t) U +b )12 + o ll
(X e ) { e+ |°

: (X; - ye*NT*t)) M, dZ? + (2 - 22 (X; <T*t>) M, dZ,,

with X/ = zg. Applying Itd’s lemma to Y; := er(T— t)X — v, we have

o?(ly +12)* + 0*(I1F + 13)
(202 4+ b2)b?

avi~{ [2(11 () - ] Vibd? = XA+ po, B(O)Vi | d

(02 + bz)ll + 0212
(202 + b2)b?

I =1
|zt + g5

(Ot po BV AW + [ 29(1) +

(0’2 + b2)l2 + 0'211
(202 + b2)b2

r(T—t) _

} bY; M, dZ}

with Y;, = xpe ~. By explicitly solving the linear SDE of Y;, we then have
the following closed-form expression:

t
Y, = (xoer(Tfto) _ fy) Ho,tnl,tHQ,tH&t exp { / 2([1 + lg)v(u)
to

A+ )P+ 0P +13)
(202 4+ b2)b?

M2 — X\ + po,B(u) Vs du},

where Iy ¢, ITy 4, II5 , and I3, are defined in (5.3.22) above. This in turn shows the
optimal controlled wealth process X} given by (5.3.24). We now proceed to show
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that the optimal strategy 7* = (u},, 77, 75) given in (5.3.6) is admissible. To this
end, we first show that

Eto,00,mo 0 [ sup IXt*I‘*] < oo. (5.3.26)
te(to, T

Indeed, from the expression of X} given in (5.3.24), we have

* |4
Et07vo7m0,I0 sup ‘Xt |
te(to,T)

t
HO,tHI,tHQ,tHS,t exXp (/ —)\()\ + pavﬂ(u))Vu du)

to

! L+ L) +PB+B)Y o
- exp (/to (2(l1 +l2)y(u) — (202 + b2)b2 ) M du)

SKEto,vo,mo,Io sup
te(to, T

4
+1

1+ sup IIgY +T03% +1013% + 113%

<K Et07v01m07ﬂ70
te[to,T]

T
+ Etoyvo,mo,fo [exp <24>‘()‘ - O’v|p|ﬂ(t0)) / Vi dt)

to

2402 (ly 4 1p)? + 2402 (13 +13) [T,
E — MZ dt
+ Bty ,00,m0,z0 leXP ( (202 + b2)b? /to t

<00,

where the positive constant K might differ between lines, the second inequality
makes use of Jensen’s inequality and the non-positiveness of functions S(t) and
~(t) from Proposition 5.3.2; and the last strictly inequality is due to Assumption
5.3.5 on (% and Lemma 5.3.3. This in turn leads to the establishment of Condition
3 in Definition 5.2.2 by Jensen’s inequality. Then, we show that Condition 1 in
Definition 5.2.2 is satisfied:

T 2
A [ 0 i 0V e X)) (e T+ 22) dt] <o

Indeed, in view of the expression of v}, given in (5.3.6), we obtain

T 2
* * 1\ 2 C2
Etmvoﬂno,wo [/to (Xt )2 (um (tv Vi, M, Xt )) (Cl Vi+ \/Vt) dt]

’ 2
=E¢y v0,mo,z0 [/ A+ po.B(t)*V; (Xt* _ ,ye—r(T—t)) dt]

to

SK {Eto,’uo,mo,wo [ Sup |Xt*‘4

t€(to,T]

T
+/ Eto,vo,mo,zo [‘/;2] dt} < 0,
t

0
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where K is a positive constant, and the last strict inequality follows from (5.3.26)
as well as the fact that the CIR process V; has a finite second moment at time
t € [to, T], which is continuous in time ¢ (see, for example, Cox, Ingersoll, and Ross
(1985)). Recalling that M; given in (5.2.3) is an OU process, we can write the
solution explicitly:

t
Mt — m0€7(11+l2)t + \/ib/ 67(l1+l2)(t76‘) dZ?,

to
where Z} = Z} /\/2 — Z2/\/2 18 Piy vg.mo.zo Brownian motion due to Lévy’s char-

acterization of Brownian motion. Then, upon noticing that ftto e~ (at2)(t=s) 473

is normally distributed with mean zero and variance f:o e 2it2)(t=5) g5 we find
that
¢ 4
1+ Eto vo,Mm0,T0 [(/ e_(l1+12)(t—5) dZ::’)
to

t 2
14+3 </ e 2(litl2)(t—s) ds) ‘|
to

<K (143(t—t9)?),

Eto’ mo,To [Mt4] <K

Vo,

=K

where K > 0 is a positive constant. Therefore, in view of the expressions of 7} and
75 given in (5.3.6), we find that Condition 2 in Definition 5.2.2 holds as well:

T
Eto,vmmoywo [/ (Xt*)Q (ﬂ-f (t7 ‘/t’ Mta Xt*))Q dt‘|
to

T 2 4 12 2
(0% +0°)lh + o%ly 2 v+ —rr—1))?
=Et(,v0,m0,20 [/m (‘2'7<t) + (202 + b2)b? M; (Xt — e ( ))

T
+/ Etoﬂ)g,mo,mo I:Mgl] dt} < o,

t€lto,T) to

<K {Eto,vo,mo,ﬂﬂo l sup |X£k|4

where K is a positive constant. Using the same technique, we also have
’ 2
Bigpmoay | [ (X0 (5 (8 Ve My, X0))? ]| < oc,
to

The above results show that the optimal strategy (5.3.6) 7* € A and completes
the first part of the proof.

Step 2. Applying It6’s lemma to the candidate solution G given in (5.3.5) of the
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HJB Equation (5.3.2) for any admissible strategy 7 € A, we have
dG(t, X[, Vi, My)
=D EAG(t, XT, Vi, My) dt + Go(t, XT, Vi, My) (deg +/1-p2 de)

C2

'UUV‘/t+Gaf(t7Xt7ra‘/t7Mt) [X? (Cl ‘/t+\/‘7t

)um(t7WaMtaXtﬂ) thl
+ X?U(Fl(ta‘/taMhXZT) + 7r2(t7‘/tthaXZT)) dZt + (Wl(ty V;vathtﬂ-) dZtl

+ ma(t, Vi, My, XT) de) XTb| + G (t, X7, Vi, My) (bdZ} — bdZ7) .

(5.3.27)

Due to the pathwise continuity of X™, my, 72, Um, V, Gz, Gy, all the stochastic
integrals on the right-hand side of (5.3.27) are clearly continuous local martingales
under measure Py, o .mo,z,- 1Then, there exists a sequence of stopping times localizing
all the local martingales (see, for example, page 76 in Le Gall (2016)). We therefore
denote the associated localizing sequence by (7,,)n>1 such that 7, — 00 Py, vg.moe.z0
almost surely as n — oo. Similar to the preceding definition of the probability
measure Py, oo.mo,20, We let Py o » denote the probability measure with initial
data (Vi, My, XT) = (v,m, x) given and fixed at time ¢ € [tg,T). Thus, integrating
both sides of (5.3.27) from ¢ to T' A 7,, and taking expectation lead to

Et,v,m,x [G(T A Tn,y X%/\Tn7 VT/\Tn7 MT/\TTL):I

TNATn A (5328)

:Et,v,m,x / D< G(tla va Ve, Mt’) dat'| + G(tv T, U, m)

t
From the expression of candidate function G given in (5.3.5), we find
G(T A Tn, X”jl:/\‘rn ) VT/\Tn ) MT/\T”)
2

= (X;S/\Tn - 'Yeir(TiT/\T")) exp ((T' A 1,) + B(T A Tn)VT/\Tn,

(5.3.29)

+’Y(T A Tn)M%/\Tn)

2
SK (X’?‘/\'rn _ ’ye_T(T_T/\T")> ;

where K is a positive constant independent of V and M?2, and the inequality
makes use of the non-positiveness of functions 5(t) and «(t) over [ty,T] from
Proposition 5.3.2. On the one hand, we notice that (X%Mn - 76_"(T_T/\T"))2
is Pt ym,» integrable for any admissible strategy m € A. On the other hand,
since candidate function G given in (5.3.5) satisfies the HJB Equation (5.3.2),
then we must have D”GAG(t’,XtT,‘,V}r,Mt/) > 0, Py ym,s almost surely for all

t' € [t,T]. Hence, passing to the limit in (5.3.28) and applying Lebesgue’s dominated
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convergence theorem to the left-hand side and the monotone convergence theorem
to the right-hand side of (5.3.28), respectively, we obtain

Et,v,m,ac [(X;r“ - 7)2}
T
—Fyme / DTEAG(, XT, Vi, My)dt' | + G(t,z,v,m) (5.3.30)
t
EG(tv €, v, m)a
which implies that, for any admissible strategy m € A, we have

H(t,z,v,m) = iniEt7U7m7m [(X% - 7)2] > G(t,z,v,m)
TE

with any (t,z,v,m) € [to,T] x R x Rt x R fixed and given. Meanwhile, from
Proposition 5.3.1 above, we know:

G(t7 z,v, m) = Et,v,m,x [(X’;: - 7)2}
with admissible strategy 7* = (u},, 7}, 75) € A given by (5.3.6), which means
H(t,z,v,m) = ing Etvma [(XT = )] € Brome (X5 —7)?] = G(t,z,v,m).
TE

Combining these two results, we can finally conclude that the candidate solution
G coincides with the optimal value function H, i.e.

G(t,x,v,m) = H(ta x,v,m),

for any (t,z,v,m) € [ty,T] x R x RT x R fixed and given. In particular, the optimal
value function of the quadratic-loss minimization problem (5.2.8) is given by (5.3.25).
O

5.4 Static and dynamic optimality of the problem

In this section, we derive the statically optimal strategy and the dynamically optimal
strategy of the mean-variance portfolio problem (5.2.5) by utilizing the preceding
results. As a matter of fact, in view of (5.2.6) and (5.2.7) above, we now only need
to solve the following static optimization problem with respect to the Lagrange
multiplier # € R to obtain the static optimality and the corresponding optimal
value function for the mean-variance problem (5.2.5)

e J (w0, v9, mo; 7, € — 0) — 6. (5.4.1)
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Reformulating (5.4.1) as a quadratic functional over § € R, we find that the optimal
value function of the mean-variance problem (5.2.5) can be obtained from

Varv (to, vo, mo, o)

=1max { [ea(t°)+5(t°)vo+'y(t°)mg_QT(T_tO) — 1] 0% + 900 (t0)+B(to)vo+7(to)md —r(T—to)
6eR
. (xO _ ge—r(T to ) 0 + e“ t0)+ﬂ(t0)vo+'y(t0)m0 (iUo _ é—e—r(T_tO))2} 7

(5.4.2)

if the coeflicient of the quadratic term is strictly negative. Indeed, upon noticing that
7 given in (5.3.6) is the unique optimal strategy for the quadratic loss minimization
problem (5.2.8), we must have

H(tg, zo,v0,mo) = (o) +B(to)vot(to)mg (xo — Wefr(TftO))Q

2
< <:coer(T*t°) — 'y)

= Eto,vo,mo,ro [(Xgr’ - 7)2] )

where: T := (T, T1,72) = (0,0, 0) stands for the risk-free strategy over the period
[to, T']. This implies that the quadratic coefficient of 6 in (5.4.2) is strictly negative
as desired. Therefore, the maximum to the right-hand side of (5.4.2) is uniquely
attained at

l‘oer(T_tO) —¢

0" = e—()ﬂ(to)—ﬁ(to)ﬂo—’Y(to)nlg+2T(T—t0) -1

(5.4.3)

Theorem 5.4.1. Suppose that Assumption 5.3.5 holds. For any initial data
(to, vo, Mo, z0) € [0,T) x Rt x R x R given and fived such that xo < e~"(T—to)¢,
the statically optimal strategy of the mean—variance portfolio problem (5.2.5) is

given by
_ _ _ px\po—r(T—t)
(v m, ) = — A+ po,f(t))v N Bm(ly =) x— (£ —0%)e ’
c1v + ¢y 202 + b2 T
“( (02 + )y + 0%y a2 — (6 —0%)e "(TD
v,m, ) (202 + b2)b2 z ’

t vom, .Z‘ 0 +b2)l2—|-0'211 mx—(§ 9*) —r(T-1)

(202 + b2)p2 z ’

(5.4.4)

for t € [to, T, and the corresponding optimal value function is

1
_ r(T—to) _ ¢\2
Varv (to, vo, mo, xo) = o—alto)—B(to)vo—(to)mZ+2r(T—to) _ 1(:coe o) —£)?,
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where a(t), B(t), and (t) are given in (5.3.7), (5.5.8), and (5.3.10), respectively,
and 0* is given by (5.4.83). The controlled wealth process X, is given by

= 1I ' o2(ly +12)? + b2 (l% + l%)
t o0,t1ly ¢1lo ¢ 113 1 €xp </to (1 + 12)7(w) 207 1 1)1 2
— A+ poyB(u)Vy du) (xoe’“(t to) _ (= 9*)6*7’(T*t)) ,
(5.4.6)

where processes o 4,111 ¢, s, and I3, are given in (5.3.22). Moreover, the stati-
*

cally optimal strategy given by (5.4.4) is admissible, i.e., 7* = (w75, 75) € A.

Proof. Substituting 0* given by (5.4.3) into (5.4.2) leads to the optimal value
function (5.4.5). Replacing ~ in (5.3.6) and (5.3.24) with £ — 6* gives the statically
optimal strategy (5.4.4) and the statically optimal controlled wealth process (5.4.6),

respectively. Following the proof in Theorem 5.3.8 above, it is obvious to see that
the statically optimal strategy 7* € A. O

Remark 5.4.2. If we set either (c¢1,¢3) = (1,0) or (c1,¢2) = (0,1) in (5.4.4), then we
obtain explicit solutions to the mean-variance problem with mispricing under the
Heston model and the 3/2 model, respectively.

Corollary 5.4.3. (No mispricing under the 4/2 model). Suppose that Assumption
5.3.5 holds. For any initial data (to,vo, o) € [0,T) x RT x R given and fized such
that xg < e~ "(T—t)¢ | the statically optimal strategy of the mean-variance portfolio
problem (5.2.5) without mispricing is given by

A+ po,B(t))v e — (€ —0*)e 7(T—1)

*(t,v,x) = — , 5.4.7
Tt 0, ) v+ co x ( )
for t € [to, T]. The corresponding optimal value function is
1 r(T—t 2
VMV(th Vo, 170) = e—alto)—B(to)vo+2r(T—to) _ | (1706 ( o) — g) ) (548)
where B(t) is given in (5.3.8) and a(t) is given by
T
a(t) = / k6, B(s) + 2rds, (5.4.9)
t
and 0% is given by
_ r(T—to) _
g = Toe ¢ (5.4.10)

e*&(to)*,@(to)vo+2’r‘(T7to) -1 '

The controlled wealth process X{ is given by

t
¢ =exp{ [ A+ 9 B0)Vadc T (00 = (€ )70,
to
(5.4.11)
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with Mo, given in (5.3.22). Moreover, the optimal strategy given in (10.4.7) is
admissible, i.e., 7, € A.

Proof. If there is no mispricing in the market, then M; = 0, which reveals that

*

* =uk, due to (5.3.3). Moreover, since m vanishes from the

i =m5 =0and 7
HJB Equation (5.3.2) in this case, then ~(t) disappears as well. This in turn leads

to (5.4.7)—(5.4.11) following from (5.3.7), (5.4.3)—(5.4.6), respectively. O

As discussed in Section 5.2, the statically optimal strategy 7* = (), 77, 73) in
Theorem 5.4.1 relies on the initial position of state variables (to,vo,mg,xo). We
will now proceed to derive the dynamically optimal strategy under the framework
developed by Pedersen and Peskir (2017).

Theorem 5.4.4. Suppose that Assumption 5.3.5 holds. For any initial data
(to,vo, mo, o) € [0,T) x Rt x R x R given and fized such that zo < e~"(T—to)¢,
the dynamically optimal strategqy of the mean-variance portfolio problem (5.2.5) is
given by

w0 0) = - [PEL2 B | L) £ ge T
m 3 3 ) (

v + ¢ 202 + b2 1— ea(t)+ﬁ(t)v+w(t)m2—MT—t)) z’

cn o) | mlee )
(

dx* _
Us (t, v, m, flj) = |:72’7(t) + (20_2 + b2)b2 1_ 6a(t)+6(t)v+w(t)’m272T(T7t)) J]’

_ —r(T—t)
(0,2 +b2)l2 +0'2l1 m (CI:' 56 )
(202 i b2)b2 (1 _ ea(t)+6(t)v+7(t)m2727'(T7t)) z’
(5.4.12)

773* (ta v, m, $) = |:2’y(t) -

fort € [to,T). The controlled wealth process X{* evolves over time as

t
X =To,T1.Ta.,T
t o,tl1,¢l 2.t 3,t€XP</t0 (202+62)b2 s

(2(l1 Cl)y(sy - St )b l%)> M2

= A+ poufi(s))Vs

£(s, Ve, Ms)ds> (woevﬂ(tfto) _ fe’T(T’t)) + gefr(wa’

(5.4.13)
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with Xfl*e’“(T_t) < & fort € [to,T), where processes T'g,T'1,Ta, and T's are given by
t 1 1 t 2 2

Lo = exp (/ ~ O+ pouBEOIVVef (5, Vo M) dW! = 5 [“ (Nt pou()?V. f (s,vs,Msms),
to to

"t (l1 — l2)0’ 1 /‘t (ll — 12) 0’
2 to

Pie= e M f(s, Vi, M) dZs — o | o MY Vi, Ms)ds |,
1.t eXP( 1y 202 1 b2 sf(s ) (202 + b2)2 2, ) S),

2 42 21
TR ( on(s) 4 T Tt ol

bM, f(s, Vs, Ms)dZ*
(202 + b2)b2 > f(s )dZ,

¢ Bl + 0%\
/ < 2v(s) + M bEM2 2 (s, Ve, M) ds |,
t

. (202 1 b2)12

t @2+ )+ 5
T3 = 2 — X | bM, , Vs, My)dZ:
3,t = exp ( /t0 ( v(s) (202 + b2)b2 f(s ) s

2
(02 +6°)ls + 0%l 2,02 42
_Z 2 W IO TO ) 2y Vi, My)ds ),
2(/%(7() g 252(5 v, M,) ds

1
2

(5.4.14)
and the help function f(t,v,m) : [to,T) x RT x R+ R is given by

1
1 —exp(a(t) + B(t)v +y(t)m? — 2r(T — t))’

with a(t), 5(t), and v(t) given in (5.3.7), (5.3.8), and (5.3.10), respectively.

(5.4.15)

ft,v,m) =

Proof. We start with identifying ty with ¢, x¢ with x, vg with v and mg with m in
(5.4.4). This leads to the following candidate:

. A WB(t lhi—1 —ge"(T7Y
o) — _ [T BE) | fm(ls 1) v
c1v + c2 202 4 b2 (1 — ea(t)+B(E) v+ (t)m —QT(T—t)) T
—r(T—t)
(10, m, ) = |2 (r) + (L Tt ol m(e-e)
T (LU, M, T) = Y (202 + b2)b? (1 _ ea(t)+ﬂ(t)v+’y(t)m2—2r(T—t)) T
_ —r(T—t)
2" (t ) = [oa() - (P2 + o il G )
T2 L, U, M, T) = |2 (202 + b2)b2 (1 — eeOHBOPIrOmE=2r(T-0) 3
(5.4.16)

We next show that this candidate 7% = (7, 7¢* 7¢*) (5.4.16) is dynamically
optimal in the mean-variance portfolio problem (5.2.5). To this end, we first
take any other admissible strategy u € A such that u(t,v,m,z) # 7% (t,v,m,x)
with E¢ ym,o[X%] = £ Then, set w = 7* under the measure Py, ,, . Replacing
(to,vo, mo,x0) with (t,v,m,z) in (5.4.4), we see from (5.4.4) that 7*(t,v,m,z) =
7 (t,v,m, z), and thus w(t,v,m,z) = 7*(t,v,m, z) = 7% (t,v,m, x) # u(t,v,m, )
for any ¢t € [0,7). Due to the continuity of functions v and w, there exists a
ball B := [t,t + €] X [v — €, + €] X [m —€e,m + € X [t — ¢,z + €] such that
w(t,v,m, &) # u(t,v,m,) for (t,0,m,%) € B, when € > 0 is small enough such
that ¢t + ¢ < T. Therefore, since w = 7* is the unique continuous function such
that the infimum within the HJIB Equation (5.3.2) is attained for any (¢,v,m, ),
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then we can set the exiting time 7. = inf {t A T| (¢, Vi, My, X}*) ¢ B} such that for
t< Te, it holds that

DUGAH('E, X%L, ‘/f, Mf) > C > 07 Pt,’u,m,z — a.s.

where ( is a fixed positive constant. Replacing v by £ — 6* in the boundary condition
of the HJB Equation (5.3.2) with 6* given by

P xeT(T_t) — 6
0" = e—a(t)—B(t)o—(Om>+2r(T—t) _ 1’

it follows from (5.3.30) with & — 6* in place of v that

Bt [(XF = (€= 07))’]

Te 5 N T
=Etvma U DUSAH(E, XF, Vi, M;) dt} +Etvma [/ DUSAH®, X, Vi, My) dt’

t

Te

+ ea(t)+ﬁ(t)v+’y(i)m2 (III _ (f _ é*)e—r(T—t))2

><Et v.m 1[7—5 — t] + ea(t)+ﬁ<t)v+7(t)m2 (ZE _ (§ . é*)eir(Tft))2
>ea(t)+,3(t)v+'y(t)m2 ($ _ (£ _ é*)e—r(T—t))

oo [(XE = (€= 0]

2

(5.4.17)
where the strict inequality follows from the fact that 7. > ¢, since the triple
(V, M, X*) has continuous sample paths with probability one under Py , ,, , measure.
From (5.4.17), we then have

Vartm,m,w(X%) = Et,wm,a:[(X%)Q] - 52
= Et,v,m,x[(X% - (§ - é*))Q] - (é*)z

> Brwmo[(XE — (€= 67))%] = (6°)?
= Var ym,z(X7).

This shows that the candidate 7% = (7&* 7¢* 73*) proposed in (5.4.16) is the

m?

dynamically optimal strategy for mean—variance portfolio problem (5.2.5).

Substitute 7% into (5.2.4) and denote the corresponding wealth process by X{*.
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Applying Itd’s lemma to Y; := e"(T = X — ¢ yields

2012 2 0_2 2
av; :{ {m(t)(zl 1y - PG téfyli b2§2;“2) ] M2 f(t, Vi, My)

(ll — l2)0’

202 1 12 My f(t, Vi, My)Y; dZy

— A+ poB) £(E, Vi, Mt)Vt}Yt dt +

(0'2 + bz)ll —|— 0'212
(202 4 b2)b?

A+ pou BT (Vi M)Y: W) + [—wt) n b,

(0'2 + b2)lg + 0211
(202 + b2)b?

- f(t, Vi, My) Y, dZ} + {Mt) - } bM, f(t, Vi, My)Y; dZ2,

(5.4.18)

where the help function f is defined in (5.4.15). Solving this linear SDE (5.4.18)
of Y; explicitly, we obtain the closed-form expression of X given in (5.4.13).

Moreover, it is easy to see that the initial value Y;, = zoe"T—t0) — ¢ < 0 leads to
Xer(M=0 < ¢ for t € [to, T). O

Corollary 5.4.5. (No mispricing under the 4/2 model). Suppose that the Assump-
tion 5.8.5 holds. For any initial data (tg, v, o) € [0,T) x RT X R given and fized
such that xo < e "(T=)¢  the dynamically optimal strategy of the mean-variance
portfolio problem (5.2.5) without mispricing is given by

Ot poBE)v  x—geT
c1v + co (1 _ e&(t)+5(t)v—2r(T—t)) l‘7

ﬁfl,f(t,v,ac) = —

fort € [to,T). The controlled wealth process X{* evolves as:

X = (aer @) = 60 exp { - [ (0ot pn )V V(0 o) 0 |

t 0
exp {/t A+ poyBw) f(u, V)V, — %()\ + pooB(u)) Vi PP (u, Vi) du}
+€€—T(T—t)’

with X#e"T=1) < ¢ fort € [tg, T), where the help function f(t,v) : [to, T) xRt — R

is given by
- 1
ft,v) = 1 — ea®+BHv—2r(T—1)

with a(t) and B(t) are given in (5.4.9) and (5.3.8), respectively.

Proof. The results follow from Corollary 5.4.3 and Theorem 5.4.4 directly. 0

Remark 5.4.6. If we specify (c1,¢2) = (1,0) in Corollary 5.4.5, then we have the
dynamically optimal strategy under the Heston model without mispricing; if we
choose (c1,c2) = (0,1) instead, then the results in Corollary 5.4.5 correspond to
the ones under the 3/2 model without mispricing.
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5.5 Numerical examples

This section presents some numerical results to illustrate the theoretical results
derived in the previous section. Throughout this section, unless stated otherwise, we
consider the following market parameter setting adapted from Cheng and Escobar
(2021a) and Ma, Zhao, and Rong (2020): « = 7.3479,6, = 0.0328, 0, = 0.6612,¢; =
0.9051,co = 0.0023, X = 2.9428,p = —0.7689,r = 0.05,0 = 0.3,b = 0.3,[; =
0.1,1p=0.2,8=1.1,20 = 1,£ = 3,09 = 0.02,mo = 0.04, T = 1.

Figures 5.1 and 5.2 below display the effects of » and A on the efficient frontier,
respectively. As a matter of fact, when the interest rate r increases, the investor
can obtain more expected return by investing in the risk-free asset, and thus
undertaking less risk. Meanwhile, from the economic implications of A, the investor
can obtain a higher risk premium of W1 as ) increases. This leads to a lower value
of Vary, vg,me,z0 (X7) when the same E¢ 40 mg.z0[X 7] is asked for.

0.01
30{ =005
—_—d

Variance of the terminal wealth

1 4

2 3
Expectation of the terminal wealth

Figure 5.1: Effects of r on the efficient frontier.

Figure 5.3 contributes to the evolution of the efficient frontier with respect to
l1. When we vary [; from 0.1 to 0.5, the efficient frontier moves downwards. One
possible explanation is that since [y partially characterizes the liquidity term, then
as [ increases, the pricing error M; in (5.2.3) has a faster mean-reversion rate
towards the long-term zero such that the investor can bear less risk coming out of
the pricing error between S; and Ss.

We finally give a simulation experiment to illustrate the difference between the
dynamics of X* and X%*. As shown in Figure 5.4, two optimal wealth processes
have significantly different trajectories while using the same random numbers.
Particularly, we observe that the dynamically optimal wealth process X ®* is strictly
below the expected terminal wealth £ = 3 when ¢t < T' = 1 in this case, which is
consistent with the conclusion derived in Theorem 5.4.4 above.
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Figure 5.2: FEffects of A\ on the efficient frontier.

=01
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Variance of the terminal wealth

2 3 4
Expectation of the terminal wealth

Figure 5.3: Effects of l1 on the efficient frontier.

—— dynamic optimality
— expected terminal wealth

50 — staic optimality

Controlled wealth X,

0.00 0.25 050 075 1.00
Time t

Figure 5.4: Trajectories of static and dynamic optimality.

5.6 Conclusions

In this paper, we consider an optimal investment problem with mispricing in the
family of 4/2 stochastic volatility models (Grasselli (2017)) which embraces the 3/2
and the Heston models as special cases under Markowitz’s mean—variance criterion.

By applying the dynamic programming approach and establishing the correspond-
ing HJB equation, we derive the closed-form expressions of the statically optimal
(pre-commitment) strategy and the optimal value function. A verification theorem
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is further provided from scratch to ensure that the candidate solution to the HJB
equation coincides with the optimal value function and that the optimal strategy
is admissible. By recomputing the statically optimal strategy in an infinitesimally
small period of time, we explicitly obtain the dynamically optimal (time-consistent)
strategy (Pedersen and Peskir (2017)). Moreover, some results on special cases,
such as that without mispricing and that under the 3/2 and Heston models, are
included. Finally, some numerical examples are presented to illustrate our results.
To the best of our knowledge, there is no existing literature on the mean-variance
problem with the new influential 4/2 stochastic volatility model and mispricing

taken into consideration simultaneously.

Based on our current work, several potential topics in the future may be followed;
for example, one may incorporate the stochastic interest rate into the model. One

may also introduce random liabilities into the mean—variance problem.
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Chapter 6

Utility maximization in a stochastic affine
interest rate and CIR risk premium

framework: a BSDE approach

ABSTRACT

This paper investigates optimal investment problems in the presence of
stochastic interest rates and stochastic volatility under the expected utility
maximization criterion. The financial market consists of three assets: a
risk-free asset, a risky asset, and zero-coupon bonds (rolling bonds). The
short interest rate is assumed to follow an affine diffusion process, which
includes the Vasicek and the Cox-Ingersoll-Ross (CIR) models, as special
cases. The risk premium of the risky asset depends on a square-root
diffusion (CIR) process, while the return rate and volatility coefficient
are unspecified and possibly given by non-Markovian processes. This
framework embraces the family of state-of-the-art 4/2 stochastic volatility
models and some non-Markovian models, as exceptional examples. The
investor aims to maximize the expected utility of the terminal wealth for
two types of utility functions, power utility, and logarithmic utility. By
adopting a backward stochastic differential equation (BSDE) approach
to overcome the potentially non-Markovian framework and solving two
BSDEs explicitly, we derive, in closed form, the optimal investment
strategies and optimal value functions. Furthermore, explicit solutions
to some special cases of our model are provided. Finally, numerical
examples illustrate our results under one specific case, the hybrid Vasicek-
4/2 model.

Keywords: Affine diffusion process; CIR risk premium; Power utility; Logarithmic
utility; Backward stochastic differential equation
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6.1 Introduction

Continuous-time portfolio optimization under Merton (1969)’s utility-maximization
criterion is one of the central topics in mathematical finance. In the classical Mer-
ton’s model, all the market coefficients are assumed to be deterministic or constants.
However, this oversimplified assumption is not consistent with many phenomena
observed in the financial market, such as fat tails of return distribution and the
volatility smile on implied volatility surfaces. To better predict the dynamics of
implied volatility surfaces, different types of stochastic (local) volatility models
have been proposed in the last several decades; see, for example, the constant
variance of elasticity model, Heston model (Heston (1993)), 3/2 model (Lewis
(2000)). This leads to growing interest in extending Merton’s seminal work to cases
in a stochastic volatility environment. For instance, under a specific condition
on the model parameters, Kraft (2005) provided an explicit solution to a power
utility maximization problem under the Heston model. Chacko and Viceira (2005)
investigated a consumption and investment problem with an infinite horizon under
the 3/2 model. To extend Kraft’s work (Kraft (2005)), Zeng and Taksar (2013)
further studied an optimal portfolio selection problem for a broad class of stochastic
volatility models, and closed-form solutions for the Heston model were obtained
under more relaxed assumptions. Recently, a state-of-the-art 4/2 stochastic volatil-
ity model was introduced in Grasselli (2017), which recovers two parsimonious
models, the Heston model and 3/2 model, as particular cases. This new influential
model draws the attention of many scholars in the field of derivatives pricing; see,
for example, Cui, Kirkby, and Nguyen (2017), Lin et al. (2017), and Zhu, Cao,
and Zhang (2019). By using the dynamic programming approach and solving
the corresponding Hamilton-Jacobi-Bellman (HJB) equation, Cheng and Escobar
(2021a) derived analytical expressions for the optimal solutions for a power utility
maximization problem under the 4/2 model. For other related work concerning
utility maximization problems with stochastic volatility, one can refer to Liu (2007),
Kallsen and Muhle-Karbe (2010), Pan, Hu, and Zhou (2019), and references therein.

Although stochastic volatility has been considered in the aforementioned litera-
ture, most were studied on the preconditions that interest rates are either constant
or deterministic functions. However, it is generally accepted in the literature that
interest rates are stochastic (see, for example, Duffie and Kan (1996)) and can be
described by some specific Markovian models, such as the Vasicek model (Vasicek
(1977)) and Cox-Ingersoll-Ross (CIR) model (Cox, Ingersoll, and Ross (1985)).
Some research outputs on portfolio optimization problems under Merton’s utility-
maximization criterion with stochastic interest rates have been achieved in recent
years. For example, by assuming that the stock price and volatility are perfectly
correlated, Li and Wu (2009) investigated power utility maximization problems in
a CIR interest rate and Heston’s stochastic volatility framework. Chang and Rong
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(2013) extended the results of Li and Wu (2009) by further considering the optimal
consumption. Assuming that the interest rate is driven by an affine process and the
stock price is characterized by the Heston model, Guan and Liang (2014) studied
DC pension management problems for the power utility. Considering the same
market model as Guan and Liang (2014), Chang and Li (2016) studied optimal
investment-consumption problems for the power and logarithmic utility functions.
Chang et al. (2020) investigated DC pension management problems for a hyperbolic
absolute risk averse (HARA) type utility function when an affine model drives the
interest rate, and a mean-reverting process governs the stock’s return rate. As
the literature on utility maximization problems with stochastic interest rates is
abundant, the above review is not exhaustive. For other relevant works, one can
refer to Korn and Kraft (2002), Deelstra, Grasselli, and Koehl (2003), Shen and
Siu (2012), Escobar, Neykova, and Zagst (2017), to name but only a few.

In the literature concerning utility maximization problems, three approaches
have been extensively applied, the dynamic programming approach, the martingale
approach, and the backward stochastic differential equation (BSDE) approach. The
dynamic programming approach characterizes the optimal value function by the
induced HJB equation. Once the HJB equation can be solved in the viscosity
sense along with a necessary verification theorem, the candidate solution to the
HJB equation then coincides with the optimal value function. This approach,
however, requires a Markovian framework. One may refer to the monographs
Fleming and Soner (2006) and Pham (2009) for a detailed exposition of this
approach. Compared with the dynamic programming approach, the martingale
approach (refer to Pliska (1986) and Karatzas, Lehoczky, and Shreve (1987)) does
not entail the Markovian structures of state variable processes. This approach,
however, falls apart in an incomplete market setting. Mathematically speaking,
the martingale approach essentially hinges on the uniqueness of the risk-neutral
measure (market completeness) and the martingale representation theorem for
determining the attainable optimal terminal wealth and the associated replication
strategy, respectively. To overcome the problem of incompleteness, Karatzas et al.
(1991) proposed the fictitious completion method by introducing additional fictitious
assets into the original incomplete market and making them unfavorable to the
investor. Nevertheless, finding such fictitious assets is not straightforward and
might be computationally intensive. Alternatively, Hu, Imkeller, and Miiller (2005)
introduced a BSDE approach to utility maximization problems in an incomplete and
non-Markovian market setting. In contrast to the martingale approach, the BSDE
approach addresses the primal problem directly rather than the dual problem. The
idea of the BSDE approach is to construct a stochastic process depending on the
investment strategy such that it coincides with the utility of the investor’s wealth at
the terminal date. For every admissible strategy, this stochastic process is a (local)
super-martingale, while there exists one particular strategy such that it is a (local)
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martingale. It is worth noting that, however, most of the literature adopting the
BSDE approach to address utility maximization problems (see, for example, Hu,
Imkeller, and Miiller (2005), Cheridito and Hu (2011), and Huang, Wang, and Wu
(2020)) assumed that the short interest rates, the risky asset’s return rates, and
volatility coefficients are all uniformly bounded processes and only concentrated on
the existence and uniqueness of solutions to the corresponding BSDEs rather than
the explicit solutions.

In this paper, we proceed to study utility maximization problems in a stochastic
interest rate and stochastic volatility environment. We consider a risk-averse
investor with two types of utility functions, power utility and logarithmic utility.
Apart from a risk-free asset (money account) and a risky asset (stock), zero-coupon
bonds are available in the financial market to hedge against interest rate risk.
The stochastic interest rate is assumed to follow an affine diffusion process, which
recovers the Vasicek model and CIR model, as exceptional cases. Unlike most of the
preceding literature on utility maximization problems, the risky asset’s return rate
and volatility coefficient are not specified and might be unbounded, non-Markovian
processes in our model. We only assume that the risk premium of the volatility
risk relies on a CIR process, which embraces the family of 4/2 stochastic volatility
models and some non-Markovian models (refer to Siu (2012)), as particular cases.
Because of the potentially non-Markovian and incomplete market setting, we solve
the problem by adopting a BSDE approach. For more details on the theory and
applications of BSDEs, one may refer to El Karoui, Peng, and Quenez (1997),
Kobylanski (2000), Briand and Hu (2008), Zhang (2017), Shen and Zeng (2015),
Sun, Zhang, and Yuen (2020), and references therein. To find the associated BSDEs,
we consider the canonical decomposition of semi-martingales with continuous sample
paths and use the completion method of squares. Explicit expressions for both
the optimal investment strategies and optimal value functions are derived from
the unique solutions to the BSDEs. Moreover, we provide the analytical results
for several special cases of our model. Finally, we concentrate on the effects of
model parameters on the behavior of the optimal investment strategy by numerical
analysis. In summary, the main contribution of this paper are: (1) We incorporate
stochastic volatility and stochastic interest rates into utility maximization problems
simultaneously, which extends the results of Kraft (2005), Zeng and Taksar (2013),
and Cheng and Escobar (2021a) to a more general non-Markovian framework. (2)
We derive explicit expressions for the optimal strategies and optimal value functions
by presenting closed-form solutions to the corresponding BSDEs instead of only
considering the existence and unique results. (3) We give some numerical studies
with the hybrid Vasicek-4/2 model as the working example to illustrate our results.

The remainder of this paper is structured as follows. In Section 6.2, we introduce
the financial market and formulate two utility maximization problems. In Section
6.3, we consider the power utility case, and closed-form expressions for the optimal
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strategy and optimal value function are obtained by solving a non-linear BSDE.
Section 6.4 contributes to addressing the logarithmic utility case. Section 6.5
provides numerical studies to illustrate our results under a specific case. Section
6.6 concludes the paper.

6.2 Model formulation

This section will formulate the market model and two portfolio optimization prob-

lems.

Let [0,T] be a fixed and finite horizon for decision-making. We fix a complete
probability space (2, F,F,P), where three one-dimensional, mutually independent
standard Brownian motions {Wto}te[o,T] AW }te[O’T] , {Wtz}te[m:r]
{]:t}te[o,T] is the P-augmentation of the filtration generated by the above three

are carried, F =

Brownian motions, and P is a real-world probability measure. The expectation with
respect to PP is denoted by E [-]. To facilitate the discussions throughout the rest of
the paper, we make use of the following notations:

° E%]P,(O,T; R): the space of all R-valued, F-adapted processes with P-a.s.
continuous sample paths;

. E]%i]lP,OC(O, T;R): the space of all R-valued, F-adapted processes { f:}, co,r] With
[P-a.s. continuous sample paths such that P (fOT | fe|? dt < oo) =1;

. S%)]P(O, T;R): the space of all R-valued, F-adapted processes {ft}te[o,T] with
P-a.s. continuous sample paths such that E [supg<;<p | f:|?] < oo

. ‘CI%‘,]P’(Ov T;R): the space of all R-valued, F-adapted processes {ft}te[o,T} with
P-a.s. continuous sample paths such that E [(fOT ik dt)} < 00.

We consider a financial market that comprises a risk-free asset (money account), a
risky asset (stock), and a zero-coupon bond. The price process of the risk-free asset
SY evolves according to

ds? =r, S dt, S0 =1,

where the short interest rate r; is assumed to follow an affine diffusion process (refer
to Duffie and Kan (1996)):

dry = (a = bry) dt — \/mr + 0z dW,, (6.2.1)

with initial value 7o at time zero, where a € RT,b € RT, and 7,7 are two
non-negative constants.
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Remark 6.2.1. When 17 # 0, a direct application of It6’s formula shows that
mrt + 12 follows a Cox-Ingersoll-Ross (CIR) process:

d(mry +m2) = [ma+m2b — b(niry + m2)] dt — nuv/mure + nz dWY, (6.2.2)

with mean-reverting rate b, long-run mean (n1a + 72b)/b, and volatility ;. It
follows from Cox, Ingersoll, and Ross (1985) that nyr + 2 > 0, P almost surely
for ¢ € [0,T] when the Feller condition b+ a > %4 is satisfied. For the special
case when 1y # 0 and 72 = 0, (6.2.1) is reduced to the CIR model (Cox, Ingersoll,
and Ross (1985)), and the Feller condition 2a > 7, is required such that r, > 0, P
almost surely for ¢ € [0,T]. The specification n; = 0 is known as the Vasicek model
(Vasicek (1977)).

Denote by Bi(u) the price of the zero-coupon bond with maturity u at time
t, and assume that the market price of interest rate risk is A, /mi7: + 72, where
Ar € R\ {0}. It follows from (6.2.2) and the exponentially affine term structure of
the CIR model that the bond price B;(u) is given by (see also Proposition 1 and
Lemma 2 in Deelstra, Grasselli, and Koehl (2003))

Bi(u) = hi(u—t)e @@= for ¢ <,

with functions ho(t) and hq(t) given by

2(e™ — 1)
ho(t) =
O( ) m_(b_nl)\r)+e7”t(m+b_771)\r)’

hi(t) =e 2, 2(n1a + n2b) o o A
—=ex Ll
1 ’ n 77% © m-— (bfnl)\r)‘i’emzs(mﬁ’b*nl)\r)
12
_7h t ,
m of )}

where m = \/(b — mAr)? + 2n;. Then, a direct application of It6’s formula to By (u)
leads to the following stochastic differential equation (SDE):

dBy(u) = rBy(u) dt + ho(u—1t) By (w)v/mire + 12 (Ae/mire + 12 dt +dW)) , (6.2.3)

with the terminal condition B, (u) = 1. It is noteworthy that the maturity u — ¢ of
the zero-coupon bond By (u) varies continuously over time. As suggested by Boulier,
Huang, and Taillard (2001), it is quite unlikely to find all of the zero-coupon bonds
in the market. To amend the drawback, we follow Boulier, Huang, and Taillard
(2001) to introduce a rolling bond with constant maturity K into the market.
Denote the price of the rolling bond at time ¢ by B;(K), then B;(K) is supposed
to satisfy the following SDE (refer to Boulier, Huang, and Taillard (2001)):

dBy(K) = ryBy(K) dt+ho(K)By(K)v/mre + 12 (Aev/mire + 12 dt + dWY) . (6.2.4)
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The price process S of the risky asset is assumed to evolve according to
dS} =u Stdt 4 04 St dW},

6.2.5
day =k(0 — o) dt + our/ar (detl " deE) 7 (6.2.5)

with initial value sj € R* and ag € RT at time zero, where p; and o, # 0 are
two F-adapted processes standing for the risky asset’s return rate and volatility
coefficient at time ¢, respectively, and the affine form, square-root factor (CIR)
process «; is related to the price process of the risky asset S} via the following
specification of the market price of volatility risk:
F—2 = avar, AeR\ {0},
t

In (6.2.5), k € R* is the mean-reverting rate, # € RT is the long-run mean, and
0 € RT is the volatility of the CIR process, respectively. Particularly, it is required
that the Feller condition 2x6 > o2 holds such that the CIR process a; > 0, P
almost surely over [0, T]. The correlation coefficient p between the risky asset price
and the stochastic factor lies in [—1,1].

Remark 6.2.2. Tt should be noted that the risky asset’s return rate p; and volatil-
ity coefficient «; given in (6.2.5) are not specified and may be unbounded and
non-Markovian processes, which reflects the generalization of the above modeling
framework. We shall see below that this modeling framework includes, but is not
limited to, the family of 4/2 stochastic volatility models (Grasselli (2017)) and some
non-Markovian models as special examples.

Example 6.2.3. (The 4/2 model). If we set u; = r + AMciop + ¢2) and oy =
c1+/or + \/C—(%, where ¢; > 0 and ¢z > 0, then the risky asset S} corresponds to the
4/2 model:

C2
dStl = Stl (rt + /\(Clat =+ 02)) dt + (Cl\/OTt—’— \/a) th1:| ’

day = k(0 — o) dt + our/ar (det1 /12 dWE) .

(6.2.6)

In this case, «a; is the variance driver of the instantaneous volatility cj./az + \/‘(%

of the risky asset price; k, 0, and o, are the mean-reverting speed, the long-run
average level, and the volatility of the variance driver, respectively.

Remark 6.2.4. The specification (c1, c2) = (1,0) in (6.2.6) corresponds to the Heston
model (Heston (1993)), and the case (¢1,¢2) = (0,1) is known as the 3/2 model
(Lewis (2000)).

Example 6.2.5. (A path-dependent model). If we set p; = ¢ + A/ (o 4) and
ot = () for some functional 6 : C(0,t; R) — RT, where ajgy := (O‘S)se[o,t]
is the restriction of « € C(0,T; R) to C(0,¢; R), i.e. the space of R-valued,
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continuous functions defined on [0,¢]. In this case, the risky asset is governed by a
path-dependent model:

dStl = Stl [(T‘t + )\\/OTté' (a[O,t])) dt+ 6 (Oé[o’t]) thl] ,

6.2.7
day = k(0 — o) dt + our/ar (det1+\/lfp2th2). (6:27)

For more details on model (6.2.7), readers may refer to Siu (2012).

Let 77 and 7 " denote the proportions of wealth invested in the rolling bond
By(K) and the risky asset S} at time t, respectively. The two-dimensional process

T o= {ﬂ-fl}te[o " {ﬂtB}te[07T]) represents the investment strategy. Let X[

be the wealth process associated with w. Suppose that the financial market is
frictionless and infinite short-selling and leverage are allowed. Under a self-financing
condition, the controlled wealth process X[ is described by the following SDE:

ax7 = (Pho(K)\(mr +m2) + o h/ag + 1) X db+ X7 oy dW]

+ X7 7B ho(K)v/mre ¥ dW?, X5 =z € RT.
(6.2.8)

In this paper, we consider two utility maximization problems when the risk prefer-

ences of the investor are characterized by a power utility function Uy (z) = vy~ 127,
where v € (0,1) and # € RT, and a logarithmic utility function Us(x) = log(z), = €
RT, respectively. To this end, we shall present the formal definitions of admissible

strategies for these two problems.

Definition 6.2.6. (Admissible strategy). Consider the power utility function Uy (-).
An investment strategy m is said to be admissible if

1. 7P € L;:%P,OC(O,T; R) and o¢rs’ € E;ﬁfc(o,T; R);

2. for any initial data (o, 70,70) € RT x R x RY fized and given, the SDE
(6.2.8) admits a unique solution X[ € E%)P(O,T;R) satisfying X7 > 0, P-a.s.
for allt €10,T7.

The set of admissible strategies is denoted as Ap.

In this case, the control problem corresponds to finding an admissible strategy
m € A, such that the expected utility derived from the terminal wealth X7 is
maximized, i.e.,
sup E[U; (XT)]. (6.2.9)
TEA,

We denote the corresponding optimal value function by V,(ag, ro, zo).
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Definition 6.2.7. (Admissible strategy). Consider the logarithmic utility function
Us(+). An investment strategy m is said to be admissible if

1. mB\/mri ¥z € ﬁ%,P(O,T; R) and Wflot € C%,P(O,T; R);

2. for any initial data (ag,r9,70) € RT x R x RT fized and given, the SDE
(6.2.8) admits a unique solution X7 € L (0, T;R) such that XT >0, P-a.s.
for allt € [0,T7].

We denote the set of admissible strategies by A;.

In this case, the investor aims to solve the following optimization problem by
opting for an admissible strategy ™ € A;:

sup E [Us (XT)]. (6.2.10)
TEA

The corresponding optimal value function is denoted by Vi(«, 70, Zo)-

6.3 Solution to the power utility case

In this section, we solve the power utility maximization problem (6.2.9) and derive
the corresponding optimal investment strategy by applying a BSDE approach.
To find the BSDE associated with problem (6.2.9), we introduce a continuous
(F, P)-semi-martingale Y; with canonical decomposition:

dY, = Uy dt +To dW) + T dW} + T dW?,

where WU, is an F-adapted process that shall be determined in the sequel, and

Lo, D14, Ty € .C;:fp‘,jc(o, T;R). For any admissible strategy 7 € A, applying It6’s

(X5

formula to e¥t and using the method of completion of squares, we have

()

Xy Xr)
:7( :y> "t (vho(K)y/mire + mamy +Toy) dW) + (fy)eyt (’YUﬂffl +F1,t) aw}
(X7)re s1]?
+ e [Fl,t + Mg+ (v = 1V)oym } + Lo + Aev/mre + 12
X7 2 r? I3
40 = Db e )} dee SER o+ S T 2
YW+ Tie)? e/ e + Fo,t)z] i
2(y - 1) 2(y-1)
(6.3.1)
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Inspired by the above equation, we can choose ¥; such that the last term on the
right-hand side of (6.3.1) turns out to be zero, which, in turn, leads to the following
nonlinear BSDE of (Y, g +,I'1 ¢,'2+) we shall investigate:

T3+ 29\ v/mire + m2l0, + YA2(mire + 12)

2(vy—1)
I+ 29 v/l + 93 %, T3,
2(y—-1)

dYy = |—yr: +

dt 4+ Tot AW 4+ T1 s AW} 4 Top dW?,

Yr =0.
(6.3.2)

Remark 6.3.1. The construction for the stochastic process e¥* (X[ )7/~ is enlightened
by some existing results on portfolio optimization problems with power utility
functions in Markovian settings (see, for example, Kraft (2005), Zeng and Taksar
(2013), Guan and Liang (2014), and Cheng and Escobar (2021a)).

Remark 6.3.2. Tt is worth mentioning that the driver of BSDE (6.3.2) depends on
the market prices of interest rate and volatility risks, i.e., \p\/m7¢ + 172 and X\y/oy
rather than the risky asset’s return rate p; and volatility ;. This means that the
solvability of BSDE (6.3.2) is completely determined by these two risk premium
processes, and it is, therefore, irrelevant exactly how to specify p; and o; per se.
However, due to the randomness and unboundedness of r; and a; within the driver
of BSDE (6.3.2), condition (H1) in Kobylanski (2000) and Assumption (A.2) in
Briand and Hu (2008) are violated so that the standard existence and uniqueness
results of quadratic BSDEs are not applicable directly in this case. Nevertheless,
upon considering the Markovian structures of two risk premium processes, we
manage to derive an explicit solution in the next lemma.

Lemma 6.3.3. One solution (Y;,To+,T'1+,T24) to BSDE (6.3.2) is given by

Vi = fi(t) + fo(O)re + f3(t)ou,
Lot = —Vmre +m2fa(t),
Dy = poav/arfs(t),
Loy = maa@f3(t)7

where functions f1(t), f2(t), and f3(t) are solutions to the following ordinary differ-

(6.3.3)

ential equation (ODE) system:

2
df;it) + <a+ ATHQ’YP_Y 1) folt) + kOf3(t) — %fg(t) - 2(/\,;7_7721) =0,
d 22
féit) - 2(’;71 0 f22(t) - (b )‘va ,z 1> falt) +~v— 2(’;7’17711) =0,
d o2 )2
$s) | 20 (1 - pgvjl> f2(0) - <K+pxaa7”_1) Alt) — 555 =0
(6.3.4)
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with boundary condition f1(T) = fo(T) = f3(T) = 0.

Proof. We conjecture that the first component Y; of one solution to BSDE (6.3.2)
admits an affine form:

Yi = fi(t) + fo(t)re + f3(t)au,

where f1(t), f2(t), and f5(t) are three undetermined functions with boundary con-
ditions f1(T) = fo(T) = f3(T) = 0. Applying Itd’s formula to Y;, we have

dYy =d(f1(t) + fa(t)rs + f3(t)ay)
df1(t) | df2(t) dfs(t)
— < w7 4 o re + jlt Oét+(ab7"t)f2(t)+l€(90ét)fg(t)> dt

—vVmre +n2fa(t) thO + poav/aifs(t) thl +v1- nga@fi’)(t) th2~
(6.3.5)

By comparing the diffusion coefficients of BSDE (6.3.2) and (6.3.5), we observe
that Loy = —v/mre + 1m2f2(t), L1 = poa/aif3(t), and Ty y = /1 — p204+/aq f3(t).

Moreover, the generator of BSDE (6.3.2) turns out to be

mfEE) = 2Am bt + Nam N [PP0afE0) + 2900a fs(t) + N2y
2(v— 1) B 2(v—1)
_(A=p)oafiO] 1S3 () = 20 e f2(t) + Ay
t .
2 20— 1)

(6.3.6)

Then comparing the drift coefficient of (6.3.5) and (6.3.6) and separating the
dependence on r; and «y, we see that fi(t), f2(t), and f3(t) must be governed by
the ODE system (6.3.4). O

The next proposition provides the explicit expressions for functions fi(t), f2(t),

and f5(t).

Proposition 6.3.4. Explicit solutions to ODE system (6.3.4) are given by

= ! a ’y S K S*L2577A%’yn2 S
R0 = [ {020 ) o)+ wbsate) 5 130 2(7_1><}6Z%>
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2 (=) i =0

nyng (1 _ VBTt

L nae AT ifm #0 and A, > 0;

_ m(T —t)ng , o
fa(t) = T =t —3(=1)’ ifm #0 and A, = 0;

V=A(y 1) ( (b(v -1)- Mm) —A, )
———— tan | arctan — T—t
M vV-Ar(y—1) 2 ( )
- bly = 1)7] )\rmf}/, ifm #0 and A, <0,
1

(6.3.8)

and

l1l2 (1 — eV Aa(T*O)
ll — lgem(Tft) ’

o2 (pzﬁ - 1) (T —t)I2
fat) = { 02 (p525 = 1) (T = 1)l 2

_ VTBa VAO‘)tan (arctan <H il pMaﬂl) Y Bap t))
1

if Ay > 0;

, if g =05

—A, 2
o2 (r25% -
+ 1o, if Ay <0,
(6.3.9)
where Ay, ng,n1, and ny are given by
Ay =84 (22 4 2 — 2Ab), mg = — PN ZAmA)
v—1 m
SO =D A 6= DVE (b =D = Amn) — (= DVE
mn ’ n '
(6.3.10)

and Aqy, lo,l1, and ls are given by

2 — e
\202 (m—l—px\oa 7)

Aa — <l€+p)\0'ai> + (1_p2 v > O’ofy7 lO _ y—1
v—-1 v = 2

1) v—-1 o (pQﬁ* ) )
ll:f(n+p)\oa%)+\/fa7 l2:f(/<c+p)\oaﬁ)f\/fa.
AR AR

(6.3.11)

Proof. We first solve the equation of fo(t). When n; = 0, the Riccati equation of
fa(t) is reduced to the following first-order linear equation:

df2(t)
7bf2(t) — = dt.
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Integrating both sides from ¢ to 7" and noticing the boundary condition fo(7) =0
lead to

fa(t) = % (1 - eb(t_T)> .

When n; # 0, we set A, = b% + ﬁ()\,%n% + 2 — 2mAcb). If A, > 0, we can
reformulate the Riccati equation of f5(t) in (6.3.4) as follows:
dfa(t) m

i = o 1) L0 —m) () = ma), (6.3.12)

where ny and no are given in (6.3.10) above. After taking integration on both sides
from t to T, we obtain

nins (1 _ emmw)

ny — ngeVAar(T—1t)

f2t) =

If A, =0, then (6.3.12) can be rewritten as follows

1 _ Uit
o) =gy 12 =

where ng is given in (6.3.10). Thus, implementing an integral calculation yields

dt, (6.3.13)

m(T —t)ng
m(T —t)ng —2(y—1)°

If A, < 0, then the Riccati equation of fa(t) in (6.3.4) can be reformulated by

4 (%) __m
[(f2(t) + bwl)%m)z + <A’"f7(§1>2} 2(y—1)

fa2(t) =

dt.

m

Doing an integral calculation with respect to ¢ upon noticing the boundary condition
f2(T) = 0, we obtain

VA 1) by — 1) — Ay VA,
f2(t) _T tan (arctan ( Ve e Py ) - (T — t))
_ b(’}/ - 1) - Arnlfy-
m

The derivation of f53(t) is similar to that of f3(t) above, so we omit it here. Fi-
nally, upon obtaining the explicit expressions for fo(t) and f5(t), a direct integral
calculation to the first-order linear equation of fi(t) leads to (6.3.7). O

The next proposition shows that f2(¢) and f3(¢) are strictly decreasing functions
over [0,7]. In other words, the maximum values of f5(¢) and f3(t) are attained at
time zero.
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Proposition 6.3.5. Functions fo(t) and f3(t) are monotonically decreasing over
[0, 7).

Proof. Differentiating fo(¢) given in (6.3.8) with respect to time ¢ leads to

=yt if gy = 05
29(y = (A2 = 2(y — 1)A,eVA (70
n? (n1 — nge\/TT(T*L))Z

, if g1 # 0 and A, > 0;

() _
dt 2(y = Ymng
(m(T —t)no —2(y — 1))
(AN —1) i by —1) —Amy)  V-A(T-t)
T sec? (alctan < \/I(V — 1; ) — D)

5, if ;i #0 and A, = 0;

),ifm;é()andAr<().

Given that v € (0, 1), this result shows df;—gt) < 0. Similarly, by doing a differentia-

tion to f3(t) given in (6.3.9), we obtain

2yA eV ATt

5 5 if Ay > 0;
(1= ok (2527 = 1) (1 = loeVBa(T-0)
9 2l2( 2 7 _1>
dhs(t) _ Tl P AT it Ay = 0;

* (ag <pz% 71> (T—t)lon)z’
—Aa ) sec (arctan (H - pAJaWZl) — @) ,if Ay <0,

202 (pQ,Yle 1 —A,

which implies that 238 < 0 by ~ € (0,1). O
Lemma 6.3.6. The solution (Y, T4, T1.4,T2,4) given by (6.3.3) lies in E?KP(O, T;R)x
ﬁ]%‘,IP’((L T; R) X ‘C]%‘,P(Ov T R) X ‘CI%‘,]P’(Ov T; R)

Proof. For the non-trivial case when 7, # 0, from Lemma 6.3.3, Proposition 6.3.5
and Fubini’s theorem, we have

T T
E [ / ro,t|2dt] < £2(0) / Efnre + no) dt

T
= f22(0)/ {(7717“0 +ma)e " + %W (1- e_bt)] dt < 0.
0

This means I'g+ € E%’P(O, T;R). By applying the same procedure to I'y ; and I'y ;,
it can be checked that I'y ; and I's ; also lie in E]%JP(O? T;R). When 1y #£ 0, myr¢ + 12
and a4 are both CIR processes with

b

ni (e” =) . (matmabynt (1 - e )’
b 202

b 2
E [(mre +m2)*] = [(mro +m2)e b + e (1- e‘bt)}

+T’0
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and

0.2 (eflit _ 672/{15) N 90’3 (1 _ e_mt)Q .

E [af] = [aoe ™™ + 6 (1 — e_“t)]2 + g2
= VT th]

2 T T
<c (1+f2§0> [ Blown+ ) @+ 20 [ Bla dt) < o0,

K 2K

Then, we have

T
| e
0

E

M2 f2(t)
fi1(t) n1f2(t)+ "

(mre +m2) + f3(t)oy

UR

where ¢ € RT. As for when 1; = 0, r; follows the Vasicek model and

2
]E[Tf] = [Toefbt + % (1 - eibt)} + Z—Z (1 — 672“) )

Thus, we obtain

T
| e
0

where ¢ € RT. These results reveal that Y; € E%,P(O, T;R). O

E

T T
<c (1 + f§(0)/0 E [r}] dt + f§(0)/0 E[o?] dt> < o0,

Before showing that (Y;,Tg 4,14, '2,;) obtained in Lemma 6.3.3 is the unique
solution to BSDE (6.3.2) in £ 5(0, T R)x LF (0, T; R)x L3 5(0, T; R) x LE (0, T; R),
we present an auxiliary result on the CIR process which is adapted from Theorem
5.1 in Zeng and Taksar (2013) provides an equivalent condition for the exponential
integrability of the integrated CIR process.

Lemma 6.3.7. For the CIR process oy given in (6.2.5), we have

2

T
eXp{B/ atdt}l < 0o if and only if § < %
0

202

E

If n1 # 0, the CIR process mi1¢ + 12 given in (6.2.2) satisfies

2

r b
exp {5/0 (mry +ng)dt}] < oo if and only if f < —5

E .
2n3

In view of the above results, throughout the rest of this section, we impose the
following assumption on the model parameters:

2 2 2 2
Assumption 6.3.8. (127%)2(/\3 + f3(0)) < 21’7% and (127%)2 (A2 +02f3(0)) < 9oz -

Remark 6.3.9. The monotonicity of functions f2(¢) and f3(¢) shown in Proposition
6.3.5 implies that f2(0) and f3(0) decrease to 0 as T' approaches 0, which indicates
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the mathematical feasibility of the assumption above when the investment horizon
is small enough. From an economic point of view, Assumption 6.3.8 gives upper
bounds for the slope A, and A of the market prices of interest and volatility risks.
As stated in Korn and Kraft (2004), when A, or X is too large, undertaking risk is
rewarded too much by the market, and the optimal investment strategy might not
be uniquely determined. Mathematically speaking, if the above technical condition
is violated, the uniqueness result to BSDE (6.3.2) might not be ensured.

The uniqueness of the solution to BSDE (6.3.2) follows from the comparison

arguments below.

Lemma 6.3.10. Under Assumption 6.5.8, the solution (Y;,To4,T14,T24) derived
in Lemma 6.3.3 is the unique solution to nonlinear BSDE (6.3.2) in L3 p(0,T;R) x
L2 50, T;R) x L3 (0, T5R) x LE 5(0,T;R).

Proof. We start by introducing the likelihood process Ly, for ¢t € [0,T] from the
following dynamics:

dLys = ] i 1>\rvnm + 1oLy AW, — po 1 1)\\/atL17t dw.

It is straightforward to see that Novikov’s condition is satisfied by Assumption 6.3.8
and Cauchy-Schwarz inequality, i.e.,

4 72 2 2
E lexp {/0 m ()\T(mrt +72) + A at) dt}] < 0.

Thus, the likelihood process Ly is an (IF, P)-uniformly integrable martingale, and
the equivalent probability measure denoted by P on Fr is well-defined via the

Radon-Nikodym derivative: )
dP

=L;r.
dP 1,7

Fr

Let E[] denote the corresponding expectation under measure P. From Girsanov’s
theorem, three processes Wto, th, and Wf given by

t t
Wto :/ %Arvmrﬁm ds + Wy, th :/ %)‘\/as ds+ W, Wt2 =w?
0oV~ 0o Y~

are three standard (IF,]f”) Brownian motions. And the solution (Y;, T, 1+ T'24)
given by (6.3.3) forms a solution to the following BSDE:

L3, +y\2(mre +m2) + T3, + A %0y T3 .
dy, — | For Y (mre+m2) + 17, +7 S VI R
2(y — 1) 2 ’
+ Dy dWE 4Ty dW2,
Y =0.
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Denote by (?}, fo,t, f‘17t, f‘27t) another solution to BSDE (6.3.2). Then, the following
difference process

(AY;, AT, Ay 4, Al'g ) = (Vi — Vi, Dot — f‘o,t, I fl,ta Iy — f2,t)
must solve the following BSDE under P measure:

2, —T12,)+ (@12, -1? r2, —r .
( 0,t O,t) ( 1,t 1,t) _tag 2.t dt—i—AI‘O’tthO
2(y-1) 2 (6.3.14)

+ Ay dW} + ATy, dW2.

dAY; =

Now, we introduce the second likelihood process Ls; for which the dynamics are

given by

Loy dWP — =2 Loy dW} +Tg Lo dW2,

1,
-1

I
ALy, = ——2t
v—-1

with T'g 4, I'1 4, T2 4 given in (6.3.3) above. Then, by Cauchy-Schwarz inequality and
Assumption 6.3.8, we see that Novikov’s condition holds for likelihood process Lo ¢

IS 2 1 2 2
exp 5 i 1I‘07t + o 1F1,t + F27t dt
Lire /T L o + L e + T2, dt
X
1,T €Xp o v—1 0,t v -1 1, 2,t

=K
2y 0 g 2y 1
exp ﬁ)\,«\/mn—l—ng aw, —/ ﬁ)\\/at dW;
_ o _

/ AZ(mre +m2) + Nay) dt}} }2
X {E [QXP { ((V)\_’Yl)z + v i 102‘7(21f??(t) +(1- p2)0(21f32(t)> o
1)
+/0 < 7_1)(7711%4-772)6%}]}
2.2 T
S\f{EleXp{%/o (mre +772)dtH

exp{ <2(1 — p?)o2 f2(0) + (’3/\_212)2> /OT oy dt} }% < 00.

This shows that probability measure P is well-defined on Fr via the Radon-Nikodym

A~

E

+E

derivative: ~
dP
Cﬂﬁ) Fr
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Accordingly, from Girsanov’s theorem, three processes Wto, th, and Wf defined by

t t t
~ Tos . ~ I, R ~ .
W0 = / 05 g+ WP, W} = / —L gs+ W, W2 = / —Iy s ds + W7,
o v—1 o v—1 0 ’

(6.3.15)
are three standard Brownian motions under measure P. Therefore, substituting
(6.3.15) into (6.3.14) shows that (AY;, AT'gy, Al'1 4, AT'94) solves the following
quadratic BSDE under measure P:

1 1
- ATZ,
2y-1)" " 2y -1

+ ATy dW} + ATy dW2,
AYy =0.

1 ~
dAY, = ( ATY, + 2AI‘§¢> dt + AT dW,

(6.3.16)

It can be checked that this quadratic BSDE (6.3.16) satisfies all regularity conditions
in Kobylanski (2000). Hence, according to Theorem 2.3 and Theorem 2.6 in
Kobylanski (2000), BSDE (6.3.16) admits a unique solution (0,0, 0,0), which, in
turn, indicates

Y =Y, Lot =Tos Dip = f‘1,t, Iy = fz,t-

We can, therefore, conclude that the solution (Y;,To ¢, I'1 4, T2 ¢) given by (6.3.3) is
the unique solution to BSDE (6.3.2) in L5 (0, T3 R) x Lz (0, 5 R) x LF 5(0, T; R) x
5%,37,(0, T;R). O

Remark 6.3.11. Girsanov’s measure change techniques are applied within the proof
of Lemma 6.3.10, of which the validity critically hinges on the specifications of the
market prices of interest rate and volatility risks. By assuming the market prices
of risks to be linear in the square root of two CIR processes n17r; + 12 and «a; and
making use of the exponential integrability condition with respect to CIR processes
(Assumption 6.3.8), the likelihood processes L; ; and Lo ; presented in the proof
of Lemma 6.3.10 are indeed uniformly integrable martingales rather than strictly
(positive) local martingales under measures P and P, respectively. Consequently,
before implementing the optimal strategy presented in Theorem 6.3.12 below, one
must cautiously specify the form of the market prices of risks. Some parametric
settings might lead to local martingales and, therefore, a lack of likely changes of
measure (see, for example, Platen and Heath (2006), Grasselli (2017), and Gnoatto,
Grasselli, and Platen (2022)).

To end this section, we give the following theorem which relates the optimal

investment strategy and optimal value function for the power utility maximization
problem (6.2.9) to the unique solution (Y, T, I'1¢,'2,) to BSDE (6.3.2).
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Theorem 6.3.12. Under Assumption 6.3.8, for any initial data (ag,r9,xo) €
Rt x R x RT fized and given, the optimal strateqy and optimal value function for
problem (6.2.9) are given by

B 1 (Ar fz(t)),

VT T Ty
oSt Vou (paafg,(t) N A ) (6.3.17)
toT 1~ =)
and )
Vp(@o, 70, 0) = exp {f1(0) + f2(0)ro + f3(0)ao} , (6.3.18)

where functions f1(t), fa(t), and f3(t) are explicitly given by (6.3.7), (6.53.8), and
(6.53.9). Moreover, the optimal strategy is admissible, i.e., 7 € A,.

Proof. For any admissible strategy = € A,, it follows from (6.3.1) that

o (G0 )
v
X X))
Z( fy) "t (vho(K)y/mire + mamy +Toy) dW) + (,ty)eyt (VUM? + Fl,t) aw
(X[)ver

112
+2(’y_1){[1—‘1,t+)\\/07t+(’7_ 1>Ut7rf } + [FO,t+)\rvn1Tt+772
(v — 1) ho(K) /e F ngwf]Q} dt.

(6.3.19)

Since X7 € £35(0,T;R), Y, T, 1 € L25(0,T3R), nf 0y, 7f € LEX(0,T;R),
two stochastic integrals on the right-hand side of (6.3.19) are (IF,P)-local mar-
tingales. Thus, there exists a sequence of F-stopping times {7}, .y such that
o T 00, P almost surely as n — oo, and the aforementioned local martingales are

indeed (F,P)-martingales when stopped by {7,} In other words, we have the

neN’
following equation by integrating both sides of (6.3.19) from 0 to T'A 7,, and taking

expectations:
(XTrr) v } /T“n (XT)reYe . 2
E | — 22l o¥TAm | =R e I:(’)/ — 1)0',571'5 + Fl,t + )\\/Oét:|
[ v 0 2(y—-1) !

2
+ [(’7 - 1)h0(K)V7717“t + 7727TtB + FO,t + Arm} > dt]

+7(x0)'7 e¥o.
Y
(6.3.20)
Recall from Definition 6.2.6 that for any admissible 7 € A,, the corresponding

wealth process X[ > 0, P almost surely. Then the term within the expectation on
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the right-hand side of (6.3.20) is non-positive due to v € (0, 1), which means

X vy
E [(TWQYTA%} < @) v, (6.3.21)
¥ Y

Then passing to the limit in (6.3.21) and making use of Fatou’s lemma, we find
T\Y X v
E {(XT) ] < liminf E [( TAT")eYT“ﬂ} < @) v,
Y

n—oo v - ’

v

and thus, upon considering the explicit expression of Yy from (6.3.3), we obtain

(X7)”
gl

sup E
TEA,

} < (””? exp {£1(0) + f2(0)ro + fo(0)axg} - (6.3.22)

Bx

In particular, when we opt for the strategy mP* and 7y e given in (6.3.17) and

denote by X} the corresponding wealth process, (6.3.19) yields

X X)) 1
d(( t) 6Yt> :( t) 6Yt |:< ro_t+ i )\r\/nl’l”t+’f]2) thO
g g l—vy 7 1=y (6.3.23)
1 v 1 -

—7T —_— .

# (T poava) aw|
Under Assumption 6.3.8, we find that process {@e“} 011 is an (F,P)-
telo,

uniformly integrable martingale because the following Novikov’s condition is satisfied

1 /771 1
E [cxp {2 / (71 VFo,t + )\,\/mn + 7)2> ( F1 t+ 7)\\/ > dt}}
o _

-E [exp{;/OT (ﬁ,\ - 1i fz(t)) (mre +1m2) + <1—A+ A/pa’afg(t)>2at dtH

212 2.2 2 2
<le {p{mwm / (Wt+,,2)df} mp{zwwfrfs(m / o de .

(1 (1-
Hence, we have

B |27 - e

S exp { f1(0) + f2(0)ro + f3(0)ao} . (6.3.24)

Moreover, solving linear SDE (6.3.23) of @eyﬁ explicitly gives the following
dynamics of wealth process X;:

f1(0) + f2(0)ro + f3(0)ao — f1(t) — fo(t)re — f3(t)ou }
v

X[ =xgexp {

cep{ [ B e awy - ) [ O

oy [T Poats(s) VLA poafs(e)®
p{/ =y Vs 2/0 M= Sd}”'
(6.3.25)
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Given (6.3.22) and (6.3.24), we know that 7* given in (6.3.17) is the optimal
investment strategy, and the optimal value function is given by (6.3.18). Finally,
it follows from (6.3.17) and (6.3.25) that 7f* and oy * € LE¥(0,T;R), X} €
LZI%P(O, T;R) and X > 0, i.e., the optimal strategy 7* is admissible. O

Remark 6.3.13. Notice from (6.3.17) that the optimal allocation in the risky asset
wfl* comprises three terms, a multiplier \/o; /0y, a myopic (time-independent)
component \/(1 —+), and an inter-temporal (time-dependent) hedging component
00 f3(t)/(1 — ) (refer to Merton (1973)). The myopic component is increasing
in both A and ~; A partially characterizes the market price of volatility risk, and
7 depicts the risk-averse preference of the investor. This is intuition-consistent
because a more aggressive investment strategy will be adopted when the investor
is less risk-averse or realizes a greater volatility risk premium. As for the effect of
the hedging demand, recall from Proposition 6.3.5 that f3(t) approaches zero as
the investment horizon shrinks. In other words, the hedging demand decreases in
absolute value as the investment horizon approaches its terminal. In the extreme
case of one-period investments, it is noticeable that no inter-temporal hedging is
needed. It is also important to point out from (6.3.17) that 75 * is affected by
the ratio \/a;/o; rather than o, only. This can be explained by our choice of the
market price of volatility risk as well as the fact that not only the volatility oy
of the risky asset price but also the volatility risk premium A,/o; influences asset
allocation strategies. It is far more interesting to realize from the wealth equation
(6.2.8) and (6.3.17) that oy * is exactly the optimal risk exposure to the volatility
risk and it is not relevant to the specifications of the return rate p; and volatility oy
of the risky asset. This finding, combined with the expression for the optimal value
function given in (6.3.18), reveals that the optimal investment strategies essentially
hinge on the market price specification of volatility risk rather than the dynamics
of the risky asset price as a whole.

Remark 6.3.14. The optimal allocation of wealth in the rolling bond 77* is a

deterministic and continuous function. Similar to the form of 7 "+ except for the
stochastic multiplier component, m2* includes a constant multiplier 1/ho(K). This
is due to our specific choice of the market price of interest rate risk \./mre + 12
and the volatility of the rolling bond ho(K)\/n17r: + 12.

The next two corollaries provide the results for two special cases of our model,
the 4/2 model and Siu’s non-Markovian model, respectively.

Corollary 6.3.15. (The 4/2 model). Under Assumption 6.3.8, when the risky asset
S} follows the 4/2 model (6.2.6), then for any initial data (o, 70, 7o) € RT x Rx RT
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fized and given, the optimal strategy for problem (6.2.9) is given by

B = 1 ()\r _fz(t)>’

ho(K) \1=v 1-7v
ofa(t A
7_(_291* _ Qg 1% fd( ) + ,
ciay + co 1—7v 1—7~

and the optimal value function is given by

()"
v

Vp(aw, 70, x0) = exp {f1(0) + f2(0)ro + f5(0)ao},

where functions f1(t), f2(t), and f3(t) are given by (6.3.7), (6.53.8), and (6.3.9),
respectively.

Proof. Plugging the specified parameters in Example 6.2.3 back into Theorem 6.3.12
leads to the results in Corollary 6.3.15. O

Remark 6.3.16. The optimal asset allocation in the risky asset wf t* given in Corollary
6.3.15 is in line with the results derived in Cheng and Escobar (2021a), where
constant interest rates are considered. This means that our results generalize the
results of Cheng and Escobar (2021a) to the case with stochastic affine interest rates.
If we further specify (c1,c2) = (1,0) and (c¢1,c2) = (0,1), then Corollary 6.3.15
recovers the optimal strategies under the Heston model and 3/2 model with affine
interest rates, respectively. It can be checked that the resulting Heston solution is
consistent with the results presented in Kraft (2005) and Zeng and Taksar (2013).

Corollary 6.3.17. (Siu’s non-Markovian model). Under Assumption 6.3.8, when
the risky asset S} follows the non-Markovian model (6.2.7), then for any initial
data (g, 70, 20) € RT x R x RT fized and given, the optimal strategy for problem

(6.2.9) is given by
e 1 ( T fz(t)),

T h(K)\1-7 1-7
ﬂ_fl*: \/OTt <p0af3(t)+ A >
6(apyg) \ 1—=v  1=7)7

and the optimal value function is given by

(z0)”
Y

Vp(ao, 10, T0) = exp {f1(0) + f2(0)ro + f3(0)ao},

where functions f1(t), f2(t), and f5(t) are given by (6.3.7), (6.3.8), and (6.3.9),
respectively.

Proof. Substituting the specified parameters in Example 6.2.5 into Theorem 6.3.12
leads to the results in Corollary 6.3.17. O
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6.4 Solution to the logarithmic utility case

In this section, we consider the logarithmic utility maximization problem (6.2.10)
by means of BSDE. Similar to the last section, we introduce a continuous (F,P)-

semi-martingale P; with canonical decomposition:
dP, = Hydt + Zo AW + Zy o AW} + Zo dWE,

where H; is an undetermined F-adapted process, and Zy ;, Z1 ¢, Z2,+ € E]%’%P?C(O, T;R).
Applying It6’s formula to log(X[]) + P: and using the method of completion of
squares for any admissible strategy m € A; yield

d(10g(X7) + P) = (wPho(K)mr 112 + Zog) WP + (200 + 21,0 ) aw}!

1 2 1
+ Zoy dW} — 3 (7 ho(K) = Ar) ™ (mire +12) dit — By (Wflat
1 1
—\ap)® dt + (Ht +ret g+ SN (e + nz)) dt.

(6.4.1)

Intuitively, we can choose H; such that the last term on the right-hand side of
(6.4.1) is zero. This leads to the following linear BSDE of (P, Zo 1, Z1,+, Z2,+) We
shall consider:
1 1
dP, = —§A2at - 5)\$(n1rt +12) — rt} dt + Zo AW + Z1 4 AW} + Zo AW,
Pr=0.
(6.4.2)

Remark 6.4.1. Despite of the unboundedness of r; and «y, it is clear that the driver of
linear BSDE (6.4.2) is uniformly Lipschitz continuous with respect to Py, Zo +, Z1 4,
and Z, ;. In addition, it can be checked E [fOT(%)\Qat + %)\%(mrt +n2) + 1) dt] <
00, linear BSDE (6.4.2) is therefore with standard data (see El Karoui, Peng, and
Quenez (1997)) and the uniqueness and existence result of BSDE (6.4.2) is ensured
by Theorem 2.1 in El Karoui, Peng, and Quenez (1997).

In the following proposition, we explicitly present the unique solution to BSDE
(6.4.2).

Proposition 6.4.2. The unique solution (Py, Zo 1, Z1,1, Za,) to linear BSDE (6.4.2)
is given by
Py =gi1(t) + g2(t)7 + g3(t) e,
Zox = —g2()Vmre + 12,
Ziy = g3(t)poar/a,
(V1= pPoar/ou,

(6.4.3)

Zoy = g3(t
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where functions g1(t), g2(t), gs(t) are solutions to the following ODE system:

dgi (t 1
g;t( ) + aga(t) + kbgs(t) + 5)\3772 =0, (1) =0,
dgo(t 1
Q;t( ) bga(t) + 5)‘3771 +1=0, go(T) =0, (6.4.4)
dgs(t)

1
T rkgs(t) + 5/\2 =0, g3(T) =0.

Moreover, (P, Zo.t, Z1.t, Za) lies in Sgp(0,T;R) x L3 5(0,T;R) x L3 (0, T;R) x
E]QF)P(O, T;R).

Proof. Since linear BSDE (6.4.2) satisfies all the regularity condition in El Karoui,
Peng, and Quenez (1997), it follows from Proposition 2.2 in El Karoui, Peng, and
Quenez (1997) and Proposition 4.1.1 in Zhang (2017) that the unique solution
(Py, Zot, Z1 4, Zot) € SH%’P(O, T;R) x E%P(O, T;R) x E%,P(O, T;R) x E%P(O, T;R), and
moreover, P; can be represented by the following conditional expectation form:

ft] |

Denote by g(t,a,r) = Eqr [ftT A %0 4+ A2 (s +m2) + 7 ds} ;where E;  ,[']
denotes the conditional expectation under P measure given that a; = o and 7y = r

T
1 1
P =E / 5)\2% + 5)\3(7717“5 +12) +rsds
t

at time ¢t € [0,7]. Due to the Markovian structures of interest rate r; and factor
process «; with respect to F;, we then have

P = g(t,at,ﬁ)-

Suppose that function g(-,-,-) € CH22([0,T] x R* x R). Then, applying the
Feynman-Kac formula leads to the following partial differential equation:

dg dg dg 1 0%g
ZJ — )2 0—a)=Z 4+ = zJ
o (@), Tl el gy g mr )G
1, &g 1, Lo (6.4.5)
+§aaa@ + 5)\ a+ 5)\T(771r +n2)+r=0,
9(T,a,r) = 0.
We conjecture that solution of g(¢, a, ) admits an affine form:
g(t,a,r) = g1(t) + g2(t)r + g3(t)a, (6.4.6)

with boundary conditions that g;(T") = g2(T) = g3(T) = 0. Substituting (6.4.6)
into (6.4.5) and separating the dependence on r and « result in the ODE system
(6.4.4). Finally, applying Itd’s lemma to P; and matching the coefficients show us
that

Zoy = —g2(t)Vmre +n2, Z1p = g3(t)poa/ou, Zay = g3(t)\/1 — p?oar/ay,

by the uniqueness of the solution to linear BSDE (6.4.2). O
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Proposition 6.4.3. Ezplicit solutions to ODE system (6.4.4) are given by

~(EmA2a oy N0 (e

a0 = =g (e )+ 5 (¢ )
1 A2 2
+ 5(T —t) (“m;)a +A%0 + /\inz) ;
() = _)\3771 +2 (eb(t—T) -~ 1) (047
g2 - 2% )
A2 o

- _2 t-T) _

g3(t) 5 (e 1) )

Proof. Since equations for go(t) and g3(t) are both first-order linear ODEs, a direct
integral calculation leads to the analytical solution of gs(t) and gs(t) given by
(6.4.7). Inserting the explicit representations of g2(t) and gs(t) into the equation of
¢1(t) and integrating both sides from ¢ to T yield the analytical representation of

g1(1). O

We now proceed to derive the optimal investment strategy and optimal value
function for the logarithmic utility maximization problem (6.2.10) via the unique
solution (P, Zo 4, Z1 1, Z2) to linear BSDE (6.4.2).

Theorem 6.4.4. For any initial data (cg,70,70) € RT x R x RT fized and given,
the optimal strategy and optimal value function for problem (6.2.10) are respectively

given by
A
Bx T
= ,
K
ho(K) (6.4.8)
Slx _ )\\/Oét
t oy 1)
and
Vi(ag, o, z0) = log(xo) + (91(0) + g2(0)ro + g3(0) o), (6.4.9)

where functions g1(t), g2(t), and gs(t) are explicitly given by (6.4.7) above. Moreover,
the optimal investment strategy is admissible, i.e., m* € A;.

Proof. For any admissible strategy 7 € A;, it follows from (6.4.1) that

d(log(XT) + P,) = (xBho(K)/mre T 12 + Zot) dWP + (ﬂflot T Zu) AW}
1 2 1
+ Zay dW? — 3 (tho(K) — )\T) (mre +1m2) dt — 3 (ﬂtslat

—MNap)? dt.
(6.4.10)
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Furthermore, for any admissible strategy m € A;, we have

T L 2
E / (7P ho (KW 7 + Zoy)” + (w8 o0 + Z14) + 23, dt
0
T 9 T
<2h3(K)E / (72)" (mre +m2) dt| + ks / B [mre + 2] dt
0 0
T N T
42K / (Trf) o2 dt +k;2/ E [o] dt < o0,
0 0

where constants k1 = 2sup;e(o 1) 95(t) and ky = (1 + p*)o5 sup,ejo 1) 95 (t). This
means that stochastic integrals on the right-hand side of (6.4.10) are (F,P)-
martingales. Hence, integrating both sides of (6.4.10) from 0 to 7' and taking
expectation yield

7r 1 T B 2
E [log(X7)] =log(zo) + Fo - 5E [ | Rt = 0% G )

_ %E [/OT (Wflat f)\\/OTt)Q dt]

<log(zo) + Po,

and thus, by making use of the explicit expression for P; given in (6.4.3), we have

sup E [log(X7)] < log(zo) + 91(0) + g2(0)ro + g3(0) . (6.4.11)

In particular, when we opt for the strategy m* and 71';91* given by (6.4.8), we find

that

T 2
* 2 1*
E / (Wf ho(K)v/mre +n2 + Zo,t) + (ﬂts or + Zl,t) + Z227t dt
0

(6.4.12)
T T

<hy [ Elmre+ne] de+ho [ Bladdt <o,
0 0

where constants k1 = supyc (o 7(Ar — g2(t))? and ka2 = sup;e(o 7(A + g3(t)poa)? +
(1 — p?)g3(t)o2. This implies that by replacing 75 and 75 in (6.4.10) with 75*
and 7} "+ we arrive at

E [log(X7)] = log(xo) + ¢1(0) + g2(0)ro + g5(0) o, (6.4.13)

where X, denotes the wealth process associated with 72* and 77 b given in (6.4.8).

Therefore, combining (6.4.11) and (6.4.13), we can conclude that (5%, 75" ") is the

optimal strategy, and the optimal value function is given by (6.4.9). Finally, by
solving the following linear SDE of X} explicitly:

ax;

X{

= [N2(mire 4 n2) + Nay + 1] dt + Mo/iure + 12 dWP + Aoy AW
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we obtain the dynamic of wealth process X} as follows:

t 2 2 t

A A

X =x0exp {/ [2’"(7;17“5 +m2) + ?as + rs} ds —I—/ ArA/MiTs + M2 de
0 0

t
+/ )\aﬁadesl} > 0.
0

(6.4.14)
From (6.4.9), (6.4.12), and (6.4.14), we know that 7* € A;. This completes the
proof. 0

Remark 6.4.5. It is straightforward to see that the optimal investment strategy
(6.4.8) for the logarithmic utility function can be obtained by letting v = 0 in
(6.3.17). This is not surprising since the case of Uy(z) = log(z) is a limiting case of
Ui(@) = 1/y= (2" = 1)/yasy = 0.

Corollary 6.4.6. (The 4/2 model). If the risky asset S} follows the 4/2 model
(6.2.6), then for any initial data (ag,r0,20) € RT X R X RT fized and given, the

optimal strategy and optimal value function for problem (6.2.10) are, respectively,

given by
Ar
7rtB* = ,
ho(K)
Sls B )\th
gt
and

Vi(ao, ro, xo) = log(xo) + (g1(0) + g2(0)ro + g3(0)ayg) -

Proof. Plugging the specified parameters in Example 6.2.3 into Theorem 6.4.4 leads
to the results in Corollary 6.4.6. O

Remark 6.4.7. By specifying (c1,¢2) = (1,0) and (¢, ¢2) = (0,1), Corollary 6.4.6
provides the optimal strategies under the Heston model and 3/2 model, respectively.

Corollary 6.4.8. (Siu’s non-Markovian model). If the risky asset price S} follows
the non-Markovian model (6.2.7), then for any initial data (cg, 1o, Tg) € RT x RxRT
fixed and given, the optimal strategy and optimal value function for the problem
(6.2.10) are, respectively, given by

A
Bx T
7T = 5
! ho(K)
she AW
Ty = <7
& (a0,11)

and
Vi(ao, 70, z0) = log(zo) + (91(0) + g2(0)70 + g3(0) o) -

Proof. Plugging the specified parameters in Example 6.2.5 into Theorem 6.4.4 leads
to the results in Corollary 6.4.8. O
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6.5 Numerical studies

This section presents a sensitivity analysis of the optimal investment strategies with
respect to some model parameters. We mainly focus on the hybrid Vasicek-4/2 model
in the following numerical experiments because, as stated above, the 4/2 model not
only recovers two parsimonious models, the Heston model and 3/2 model, as special
cases but also shows practical significance in the context of derivatives pricing in the
past few years. In addition, we shall concentrate on the power utility case since the
logarithmic utility case can be seen as a limiting case of the former. Unless otherwise
stated, we consider the following model parameters, of which the values are modified
from some previous studies (see, for example, Escobar, Neykova, and Zagst (2017)
and Cheng and Escobar (2021a)): a = 0.0125, b = 0.266, 7, = 0.00169, A\, =
0.689, A =2.234, k = 2.115, 6§ = 0.051, 0, = 0.505, p = —0.514, T =1, ag =
0.03, 1o = 0.05, K =0.15, v = 0.5, ¢; = 0.9051, ¢y = 0.0023. And without loss of
generality, we shall only investigate the impact of model parameters on the optimal

investment strategy at time zero.

The relationship between optimal strategies (m’f*,w@gl*) and parameter b is

presented in Figure 6.1(a). It can be seen that under the Vasicek-4/2 model, the
proportion of wealth invested in the rolling bond 7&* at time zero increases with
parameter b, while 77(?1* remains unchanged. As revealed by (6.2.1), the parameter
b characterizes both the mean-reversion rate and long-term mean of the interest rate
process r;. As b becomes larger, interest rate r; moves faster towards a relatively
lower level of long-term mean a/b. Therefore, the expected return rate of the
risk-free asset (money account) decreases, and the investor is willing to put more
wealth into the rolling bond in this case. As for the relationship between the optimal

asset allocation and parameter \,., Figure 6.1(b) shows that 7&* increases in A,

while 7T(‘]g "* is not affected. This is intuition-consistent because A partially depicts
the market price of interest rate risk, and a greater value of A\, allows the investor
to realize a larger interest rate risk premium by undertaking the same amount of

risk.

The relationships between the optimal asset allocation and parameters A, o, and
k are shown in Figures 6.2(a), 6.2(b), and 6.2(c), respectively. Specifically, Figure
6.2(a) shows that 75 "* increases in A, while 7* is not affected when \ varies. This
is in line with the economic implication of parameter A which describes the market
price of volatility risk. As A increases, the return per unit risk by investing in the
risky asset (stock) increases accordingly. As such the investor tends to put more
wealth into the risky asset and reduces the proportion of wealth in the risk-free asset
to derive a greater expected utility at the terminal date. Conversely, as shown in
Figure 6.2(b), the investor is less willing to invest in the risky asset as the volatility
of variance driver o, under the 4/2 model becomes larger. One of the possible
explanations is that by specifying (¢, c2) = (0.9051,0.0023) ~ (1,0) in the above
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Effect of b Effect of i,

Optimal strategy
Optimal strategy

Money account
— Rolling bond — Rolling bond
— stock 1o — stock
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0.0 05 10 15 20
Value of 7,

() (b)

Figure 6.1: Impact of parameters b and A, on the optimal investment strategy

model parameter setting, the 4/2 model resembles the embedded Heston model.
Thus, the state variable a; to some extent represents the instantaneous variance
of the risky asset price in this case. Consequently, as the volatility of volatility o,
increases, the investor faces more volatility risk and is, therefore, reluctant to invest
in the risky asset. Figure 6.2(c) shows that 7r§ "* has a positive relationship with «,
of which the reason is fairly similar to that of parameter o,. Notice that x stands
for the mean-reverting speed of the instantaneous variance of the risky asset price.
As k increases, a; moves faster towards the long-run mean 6. Hence, the risky asset
price is less volatile, and the investor tends to invest more in the risky asset.

Effect of 5. Effect of o, Effect of x.

Optimal strategy
Optimal strategy
Optimal strategy

() (b) (c)

Figure 6.2: Impact of parameters A, 04 and k on the optimal investment strategy

Figures 6.3(a) and 6.3(b) contribute to the evolution of the optimal asset allocation
with respect to p and ~, respectively. Figure 6.3(a) reveals that wg "* moves down as
p varies from 0 to —0.9. The risky asset price S} and the variance driver process o
become more negatively correlated as p approaches —1, which leads to more offset
between the risks caused by fluctuations of the risky asset price and its volatility.
Accordingly, the same amount of volatility risk can be hedged against with less
investment in the risky asset. Lastly, it can be seen from Figure 6.3(b) that as the

: : ™" St B
risk-aversion parameter v becomes more positive, 75 * moves upwards, whereas 7
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moves downwards. Indeed, the investor becomes less risk-averse as 7 increases, and
myopic allocation increases for the asset with a higher risk premium. As revealed in
our parameter setting above, the volatility risk premium is larger than the interest
rate risk premium at time zero, i.e., A\/ag > A./f2. Comparatively speaking, the
investor tends to increase the proportion of risky asset and, meanwhile, decrease
that of rolling bonds in asset allocation.

Effect of p Effect of y

-

—

A

— Roling bond

Money account t

Optimal strategy
Optimal strategy

— Rolling bond
— stock — Stock

N\

075 050 025 0.00 02 04 06
Value of p Value of 7

(a) (b)

Figure 6.3: Impact of parameters p and v on the optimal investment strategy

6.6 Conclusions

This paper investigates utility maximization problems in a stochastic interest rate
and stochastic volatility environment. The dynamics of interest rates are described
by an affine diffusion process, including the Vasicek and CIR models, as special cases.
The risky asset’s return rate and volatility are not specified except that the stochastic
volatility risk premium is assumed to depend on a square-root diffusion (CIR) process.
This general modeling framework recovers some celebrated Markovian models, such
as the Heston, 3/2, 4/2 stochastic volatility models, and some non-Markovian
models, as exceptional cases. The investor’s objective is to maximize the expected
utility of the terminal wealth for power and logarithmic utility. Given the potentially
non-Markovian and incomplete market setting, we adopt a BSDE approach. To
find the BSDEs, we consider the canonical decomposition of semimartingales. By
exploring the uniqueness and existence results of the associated BSDEs and solving
the BSDEs completely, explicit expressions for the optimal strategies and optimal
value functions are derived. Furthermore, we provide analytical solutions to some
special cases of our model. Finally, a sensitivity analysis on the optimal strategies
to some model parameters under the hybrid Vasicek-4/2 model is presented with
numerical experiments. To the best of our knowledge, there is no existing literature
on utility maximization problems that simultaneously considers an affine stochastic
interest rate and a general class of (non-Markovian) stochastic volatility models.
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Built on our current work, several directions in the future may be followed: for
instance, instead of considering the power and logarithmic utility functions, one
may investigate the HARA utility maximization problems with affine stochastic
interest rates and affine diffusion factor processes. One may also extend the current
framework to that with multiple risky assets. We hope to address these problems
in future research.
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Chapter 7

Optimal DC pension investment with
square-root factor processes under

stochastic income and inflation risks

ABSTRACT

This paper studies optimal defined contribution (DC) pension in-
vestment problems under the expected utility maximization framework
with stochastic income and inflation risks. The member has access to
a financial market consisting of a risk-free asset (money account), an
inflation-indexed bond, and a stock. The market price of volatility risk
is assumed to depend on an affine-form, Markovian, square-root factor
process, while the return rate and the volatility of the stock are possibly
given by general non-Markovian, unbounded stochastic processes. This
financial framework recovers the Black-Scholes model, constant elasticity
of variance (CEV) model, Heston model, 3/2 model, 4/2 model, and some
non-Markovian models as exceptional cases. To tackle the potentially
non-Markovian structures, we adopt a backward stochastic differential
equation (BSDE) approach. By solving the associated BSDEs explicitly,
closed-form expressions for the optimal investment strategies and optimal
value functions are obtained for the power, logarithmic, and exponential
utility functions. Moreover, explicit solutions to some special cases of our
portfolio model are provided. Finally, numerical examples are provided
to illustrate the effects of model parameters on the optimal investment
strategies under the 4/2 model.

Keywords: Expected utility maximization; DC pension; Stochastic income; In-
flation risk; Square-root factor process; Backward stochastic differential equation
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7.1 Introduction

Owing to the prevalence of lifespans increasing and fertility declining in recent
decades, the economic role of pension management is more and more prominent.
There are two different ways of pension fund management: defined benefit (DB)
and defined contribution (DC) pension plans. The benefits in a DB pension plan
are predetermined by the sponsor, while the contributions are initially set and
subsequently adjusted to maintain a balance of the pension fund. On the contrary,
in a DC pension plan, the contributions are fixed in advance by the sponsor and
the benefits depend on the investment performance of the pension fund during
the period up to retirement. Compared with DB pension plans, DC pension plans
have the advantage of transferring the financial, longevity, and inflation risks from
the sponsor to the member, and therefore relieve the pressure on social security
programs (Poterba et al. (2007)). Since the benefits of retirees depend on the
investment return of DC pension plans, a topic of concern to pension funds is
searching for the optimal investment strategies of DC pension plans. In recent
years, many attempts were made to study the optimal investment problems for DC
pension plans before retirement under the expected utility maximization framework
(see, for example, Boulier, Huang, and Taillard (2001), Deelstra, Grasselli, and
Koehl (2003), Cairns, Blake, and Dowd (2006), Korn, Siu, and Zhang (2011), and
Giacinto, Federico, and Gozzi (2011)). Since the investment of a pension plan
usually lasts for a long period, it is of interest to take the risk of inflation rate
into account. Battocchio and Menoncin (2004) introduced inflation risk into a DC
pension management problem and derived the optimal investment strategy for an
exponential utility function. By using the martingale method, Zhang and Ewald
(2010) considered an optimal DC pension management problem with inflation risk
for a power utility function. Han and Hung (2012) investigated the case with
downside protection under stochastic inflation. For other related work concerning
DC pension management with inflation risk, one may refer to Yao, Yang, and Chen
(2013), Wu, Zhang, and Chen (2015), Chen et al. (2017), Wang, Li, and Sun (2021),
and references therein.

In the aforementioned literature, however, the stock price dynamics were generally
assumed to follow a geometric Brownian motion, that is, the volatility of the
stock price was described by a constant or a deterministic function. This is not
consistent with many empirical studies supporting the existence of local volatility
and stochastic volatility models (see, for example, Heston (1993), Cox (1996),
and Lewis (2000)). Recently, some research outputs on DC pension management
problems with stochastic (local) volatility were achieved. For example, Xiao, Hong,
and Qin (2007) studied the constant elasticity of variance (CEV) model for a DC
pension plan problem, and they obtained the explicit solutions to the logarithmic
utility function by using the Legendre transform and dual theory. Gao (2009)
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extended the results of Xiao, Hong, and Qin (2007) to the cases for the power and
exponential utility functions. Apart from the CEV model, many attempts were
made to study Heston’s model (Heston (1993)) for portfolio optimization problems
under utility maximization and mean-variance criteria. See, for example, Kraft
(2005), Zeng and Taksar (2013) and Li, Shen, and Zeng (2018). In the field of DC
pension plans, Guan and Liang (2014) considered Heston’s model and an affine
stochastic interest rate simultaneously. Wang and Li (2018) stepped forward by
incorporating probability measure ambiguity into the framework of Guan and Liang
(2014). Zeng et al. (2018) further introduced derivatives trading into DC pension
plans under Heston’s model. Chang, Li, and Zhao (2022) alternatively studied a
robust optimal DC pension management problem under mean-variance criteria.
In 2017, a state-of-the-art stochastic volatility model named the 4/2 model was
proposed in Grasselli (2017) and a strong rationale for introducing this model into
the field of option pricing was reported by the author. This new influential model
recovers the Heston model and 3/2 model (Lewis (2000)) as special cases, and due
to the superposition of these two embedded parsimonious models, the 4/2 model
can accurately capture the evolution of the implied volatility surface. Considering
the recent success of the 4/2 model in the context of derivatives pricing (see, for
example, Cui, Kirkby, and Nguyen (2017), Lin et al. (2017), and Zhu and Wang
(2019)), Cheng and Escobar (2021a) and Zhang (2021a) studied the 4/2 model
on portfolio optimization problems under utility maximization and mean-variance
criteria, respectively. It seems that DC pension management problems under the
4/2 model may have not yet been well-explored.

In this paper, we study a DC pension investment problem with inflation and
volatility risk taken into consideration simultaneously under a more general model.
Specifically, the inflation level and the member’s stochastic income are modeled
by two different geometric Brownian motions. The DC pension plan member has
access to a financial market consisting of a risk-free asset (money account), an
inflation-indexed bond, and a stock. Unlike most of the previous literature on the
optimal DC pension management problems in which the price process of stock is
usually assumed to satisfy some specific Markovian structures, such as the CEV
model and Heston model, it is not a prerequisite to specify the structures of return
rate and volatility of the stock price in our paper as they may be general unbounded,
non-Markovian stochastic processes. On the contrary, we only assume that the
market price of volatility risk depends on an affine-form, square-root, Markovian
model, which includes the Black-Scholes model, CEV model, Heston model, 3/2
model, 4/2 model, and some non-Markovian models as particular cases (see Example
7.2.2-7.2.5). Based on the above settings, we subsequently formulate optimal DC
pension investment problems for the power, logarithmic, and exponential utility
functions. The potentially non-Markovian structures of the state variable processes
in the modeling framework lead to the failure of Bellman’s optimality principle,
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and thus, exclude the application of the dynamic programming approach which is
used in most of the aforementioned literature on DC pension investment problems.
We, therefore, opt for a backward stochastic differential equation (BSDE) approach.
To be specific, by considering the canonical decomposition of semi-martingales
with continuous sample paths and using the method of completion of squares, we
establish the BSDEs associated with the above utility maximization problems. By
discussing the uniqueness and existence results of the induced BSDEs and solving
the BSDEs explicitly, we derive the analytical expressions of the optimal investment
strategies and optimal value functions for power, logarithmic, and exponential
utility. Furthermore, we provide the results for two special cases of our model:
the CEV model and 4/2 model. Finally, we present some numerical examples to
illustrate our results and analyze the effects of model parameters on the behavior of
the optimal strategies under the 4/2 model. To sum up, compared with the existing
literature, the contributions of this paper are as follows:

1. We incorporate stochastic volatility, stochastic income, and stochastic inflation
simultaneously into an optimal DC pension investment problem in a general
non-Markovian modeling framework, which can reduce to some special cases
in the existing literature.

2. We introduce a BSDE approach to DC pension investment problems for the
power, logarithmic, and exponential utility functions by utilizing the canonical
decomposition of semi-martingales. Analytical representations of the optimal
investment strategies, optimal wealth processes, and optimal value functions
are obtained. Moreover, explicit solutions to some special cases are recovered.

3. We use Girsanov’s measure change techniques, the uniqueness theorem for
linear BSDEs with uniformly Lipschitz continuity (El Karoui, Peng, and
Quenez (1997)), and a contradiction method to solve the induced linear
BSDEs with stochastic Lipschitz continuity (Bender and Kohlmann (2000)
and Wang, Ran, and Hong (2006)), which differs from the technical methods
presented in Shen, Zhang, and Siu (2014), Sun and Guo (2018) and Zhang
(2021b).

The remainder of this paper is organized as follows. Section 7.2 formulates the model
and establishes the DC pension investment problems for the power, logarithmic
and exponential utility functions. Section 7.3 discusses the solvability of associated
BSDES; the explicit expressions of the optimal strategies and optimal value functions
are derived, and two special cases are provided. Section 7.4 concentrates on the
effects of model parameters on the optimal strategy with numerical analysis. Section
7.5 concludes the paper.
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7.2 Model formulation

In this section, we introduce the financial market and formulate the optimal DC
pension investment problems under the expected utility maximization framework.

Let T > 0 be a fixed constant describing the retirement time of the DC pension
plan member and (Q, F,F, P) be a filtered complete probability space satisfying the
usual conditions on which are defined three one-dimensional, mutually independent
Brownian motions {Wto}te[o,T] , {th}te[O,T] , and {Wt2}t6[0,T]' The filtration I :=
{Fi}ie(o,7) is assumed to be generated by the three Brownian motions, and P is a
real-world probability measure.

7.2.1 Financial market and income

The financial market consists of a risk-free asset (money account), an inflation-
indexed bond, and a stock. The price process of the money account B; evolves
as

dB; = RB; dt, By =1,

where the constant R € R stands for the nominal risk-free interest rate. The price
process of the stock S; is governed by the following system of stochastic differential
equations (SDEs):

{dSt = (14Sy dt + 0.8y AW}, 72.)

doy = k(0 — o) dt + /o (p1 AW, + po dWY)

with initial value Sy = sg € R and ag € R™ at time zero, where u; and o; > 0 are
two F-progressively measurable processes representing the appreciation rate and
the volatility of the stock at time ¢, respectively; a; is an affine-form, square-root
process with the speed of mean reversion x, long-run level  and volatility \/p? + p3
and is related to the market price of risk (u; — R)/o; by

PR a2 eR\ {0

Ot

In line with Chapter 6.3 in Jeanblanc, Chesney, and Yor (2009), we assume that
the constants x,0 € R satisfy k@ € RT to ensure the process «; is non-negative for
all t € [0,T], P almost surely, while we do not impose any specific conditions on the
parameters p1, p2 € R. Notice that the Feller condition, i.e. 26 > p? + p3, is not
imposed on the parameters &, 0, p1, p2 € R in our case, which makes the modeling
framework more general.

Remark 7.2.1. We shall see below that the modeling framework includes, but is not
limited to, some classical Markovian models in finance, such as the Black-Scholes
model, CEV model (Cox (1996)), Heston model (Heston (1993)), 3/2 model (Lewis
(2000)) and 4/2 model (Grasselli (2017)), as well as some non-Markovian models
(Siu (2012)) as exceptional cases.
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Example 7.2.2. (CEV model). If yy = u # R, oy = O’Stﬂ, where parameters
p€RY, o€ RT and B < —1, then the stock price is governed by the CEV model:

ds, = S, (u dt + o8¢ de) , So =50 >0, (7.2.2)

where  is called the elasticity parameter. By setting a; = 5’;25, Kk = 20u,0 =
(B+ 5% .1 = ~2B0,p2 = 0 and A = 22 e see

2
doy =28 [(5 + ;) % - StQﬁ] dt — 2805, " dw}

=k(0 — oy) dt + /ar (p1 AW} + pa dWP) .
In particular, if we set 8 = 0, then the condition x6 > 0 still holds, and the CEV
model (7.2.2) is reduced to the Black-Scholes model in this case.

Example 7.2.3. (The 4/2 model). If u; = R+ A(ciaq + ¢2), 0y = c1y/0n + \/C(%,
Vi =ay, k € RY, 8 € RT, p1 = ou,p and p2 = o0,4/1 — p?, where constants
c1 > 0,¢0 > 0,0, € RT, and p € (—1,1), then the stock price process corresponds
to the 4/2 model (Grasselli (2017)):

dS; =5 (R+ )\(61‘/75 + Cg)) dt + <Cl Vi + C2> th1:| , So =80 € R+,
VvV
AV, =k(0 — V,) dt + oo \/Vs <det1 /12 dwf) Vo =up = ap € RY.
(7.2.3)
Here x € RT is the mean-reversion rate, # € R* is the long-run mean, o, € R
is the volatility of the variance driver process, and p € (—1,1) is the correlation
coefficient between the stock price and its variance driver. For the 4/2 model (7.2.3),
we posit that the Feller condition holds, i.e. 26 > o2 so that the process V; which
drives the volatility of the stock price is strictly positive for all ¢ € [0,T], P almost
surely.

Remark 7.2.4. The parameters ¢; and ¢ are crucial in the 4/2 model characterizing
the superposition of two embedded parsimonious models, the Heston model (Heston
(1993)) and 3/2 model (Lewis (2000)), and predicting a flattening and steepening
of the implied volatility skew, respectively (see, for example, Grasselli (2017)).
Particularly, by specifying (c1,c2) = (1,0) in (7.2.3), the 4/2 model degenerates to
the Heston model, while the case (c1, c2) = (0,1) corresponds to the 3/2 model.

Example 7.2.5. (A non-Markovian model). If oy = V4, j1y = R+ A\y/a;G(app,y) and
oy = () for some functional & : C([0,¢];R) — R, where o) := (as)sco,q)
is the restriction of a € C([0,T];R) to C([0,t];R), i.e. the space of real-valued,
continuous functions defined on [0,¢]. The stock price process is then given by the
following path-dependent model:

as, =5, [(R+M/Vig (Vio) ) dt +6 (Vo) dWi |, So = so € RY, _—
dVy =k(0 — Vi) dt + \/V; (pr AW} + p2 dW?) , Vo = ag € RT.
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Since the appreciation rate and the volatility of the stock price are path-dependent,
the model (7.2.4) is a specific case of non-Markovian models. For more details on
model (7.2.4), readers may refer to Siu (2012).

As mentioned in the introduction, since the investment of pension funds usually
involves a long period, we shall consider the impact of inflation risk on the DC
pension member’s wealth. To describe the inflation risk, we follow Wang et al.
(2021) to assume that the price index P; is given by the geometric Brownian motion
below:

dP, = P, (ppdt + 0, dW}), Py =po € RY, (7.2.5)

where constants p, € R and 0, € RT stand for the appreciation rate and the
volatility of inflation, respectively. To hedge against the inflation risk, we introduce
an inflation-indexed bond into the market and assume the price process of the
inflation-indexed bond I; follows the following SDE:

dI dP,

L rdt4+ =L = (14 pp) dt + o, dWP, (7.2.6)

Iy P,
where the constant » € R represents the real interest rate. Similar to Wang, Li,
and Sun (2021), we further posit that r + u, > R holds true, because of which the
inflation-indexed bond admits a positive risk premium.

Apart from making investments in the above financial market, in the DC pension
plan, the member continuously contributes a fixed percentage n € [0,1] of her
nominal income to her wealth during the period up to retirement time 7. As Zhang
and Ewald (2010) and Wang, Li, and Sun (2021), we assume that the nominal
income Ly is stochastic and is driven by

dLn ¢
Ly,

=wdt+odW, Lyo=Ino€R", (7.2.7)

where the constants j; € R and o; € R stand for the expected growth rate and
the volatility of the nominal income, respectively.

Let 77 and 7! denote the proportions of nominal wealth invested in the stock
and the inflation-indexed bond at time ¢, respectively. The two-dimensional process
T = ({Wf}te[O,T] , {ﬂ-tj}tG[O,T]> represents the investment strategy. Let X[, be
the nominal wealth process associated with w. Suppose that the financial market is
friction-less and infinite short-selling and leverage are allowed, under a self-financing
condition, the dynamics of the nominal wealth process X7, is described by the
following SDE:

dXFy = [XR 4R+ XF o (e — R) + XF 47 (r+ ptp — R) +nL,] dt

g I 0 T S 1 T (728)
+ XN,tTrt Op th —+ XN,tﬂ-t Ot th s XN,O =ZIN,0 c R.
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Denote by X[ := X}{,’t/Pt and L; := Ly, /P, the real wealth and the real income
at time ¢ after stripping out inflation, respectively. Applying It6’s formula to X[
yields the following dynamics of inflation-adjusted wealth process:

dXT = [rX7 + X77 (e — R) + X[ (w{ — 1) (r +pp — R — 07) + L] dt

7.2.9
+ X7 (] — D)o, dW? + XTrf o dW}, XF = x0 = xNn.0/po € R. (7.2.9)

Similarly, the dynamics of the inflation-adjusted income L; is driven by

dL
T: = (Ml — Wp + 0'; - UlUp) dt+(0’l—0p) thO, Lo=1y= lN,O/pO e RT. (7210)
Throughout the rest of the paper, we denote by Pg the real-word probability measure
conditioned on the initial data (ag, zg,lo) at time zero, and Eg [-] represents the

associated expectation.

7.2.2 Portfolio optimization problems

In this paper, we will subsequently consider three utility maximization problems
when the risk preferences of the member are characterized by a power utility

function Uy (x) =1

a7 with parameter v € (0, 1), a logarithmic utility function
Us(z) = log(x), and an exponential utility function Us(z) = —e~ 9" with parameter
q € R*. To this end, we give below the formal definitions of the admissible strategies

for these three optimization problems, respectively.

Definition 7.2.6. (Admissible strategy for power utility). For the power utility
function Uy(+), an investment strateqy m is called admissible if

1. 7 is F-progressively measurable;

2. for any initial data (ao, zo,lp) € RT x R x RY such that x4+ G190 € RT, the
associated inflation-adjusted wealth process (7.2.9) admits a pathwise unique
solution such that XT + G1¢ > 0 holds for allt € [0,T], where Gy, is given
by (7.3.13) below.

The set of admissible strategies is denoted by II,,.

In this case, the control problem corresponds to determining an admissible
strategy 7 € II, such that the following expected utility of the terminal real wealth
X7 is maximized:

sup Eo [U1(XT)]. (7.2.11)

well,

We denote by Vi(ag, 2o, lp) the corresponding optimal value function.

Definition 7.2.7. (Admissible strategy for logarithmic utility). For the logarithmic
utility function Us(-), an investment strategy m is called admissible if
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1. the family of random variables {1og(anAT + GarpoaT) + Y27T"/\T}neN is umi-
formly integrable, for any sequence of F-stopping times {7,}, oy such that
Tn, T 00, Po almost surely as n — oo, where Ya, and Goy are given by (7.3.20)
and (7.5.23), respectively;

2. for any initial data (o, zo,lp) € RT x R x Rt such that zg + Goo € RT, the
associated inflation-adjusted wealth process (7.2.9) admits a pathwise unique
solution such that XJ + Ga+ > 0 holds for all t € [0,T], where Ga 4 is given
by (7.8.28); in particular, XJ. > 0 holds.

3. 7 is F-progressively measurable.
The set of admissible strategies is denoted by IT;.

For the logarithmic utility function Us(-), the control problem becomes

sup EO [UQ(X%)] s (7212)
mell;

and the corresponding optimal value function is denoted as Va(ayp, o, lo)-

Definition 7.2.8. (Admissible strategy for exponential utility). For the exponential
utility function Us(+), an investment strategy m is called admissible if

1. the family of random variables {767(7()2%7”4/3,“,”)} is uniformly inte-
N

ne
grable, for any sequence of F-stopping times {1}, oy such that 7, 1 co, Po
almost surely as n — oo, where § = ge’’ € RY, and X{T and Y3, are given by
(7.3.27) and (7.8.32), respectively.

2. for any initial data (oo, To,lo) € RTXRxRY, the associated inflation-adjusted
wealth process (7.2.9) admits a pathwise unique solution;

3. m is F-progressively measurable.
The set of admissible strategies is denoted by Il,.

For the exponential utility function Us(+), the control problem is given by

sup Eo [Us(X7T)]. (7.2.13)
welle

In this case, the corresponding optimal value function is denoted by Vz(«g, xo,lo)-

Remark 7.2.9. As discussed in the introduction, the non-Markovian structures of
the stock price process (7.2.1) and inflation-adjusted wealth process (7.2.9) lead to
the failure of Bellman’s optimality principle, so the dynamic programming approach
used in most of the related literature (see, for example, Xiao, Hong, and Qin (2007),
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Gao (2009), Kraft (2005), Zeng and Taksar (2013), Wang and Li (2018), Wang, Li,
and Sun (2021), and Cheng and Escobar (2021a)) cannot be applied in our paper.
We, therefore, opt for a general BSDE approach to solve the above three expected
utility maximization problems in Section 7.3.

7.3 Solution to the optimization problem

In this section, we devote ourselves to solving the utility maximization problems
(7.2.11)-(7.2.13) explicitly by using a BSDE approach.

7.3.1 Optimal investment strategies for the power utility

function

To find the BSDEs associated with problem (7.2.11), we introduce the following two
continuous (F,Py)-semi-martingales Y7 ; and G7, with canonical decomposition:

dY1 4=V dt + Zo dW + Zy 1 AW} + Zop AWE,

and
dGl,t = Hlﬂg dt + A07t thO + A17t thl + Ag,t thQ,

where W1 ¢+, Zo+, Z1.¢, Hit, Mo, A1e, Aoy are undetermined F-progressively measur-

able processes. For any admissible strategy = € II,, applying It6’s formula to
}/1 t(AXgr"!‘le,t)’Y
v

)

and using the method of completion of squares lead to
i v

1 _ oo 1. 7
== (v = DY1,(XT 4+ Gr0) 72 |:(Xt (7%1 - 1) op+Not) + ﬁ(Xt + GLt)( 2t

Y1,

2

r+pp — R—o02\1? 1 ™ - Tr !
M)} dtJri(W*l)Yl,t(Xt +Gi) 2 |:(Xt m o+ Ave) + —

op o

Zl t 2 \1’1 : Y,l . ZO ,

Xﬂ' =Lt A dt X7r v | X1t Y Y (Zox

X (X, +G1’t)<Y1,t + @)] + (X! 4+ Gre) { 5 + 1Y 50— 1) (YM
- R-?\' Y (7 : o

BT oA dt + Vi (XT + G H
! Ip 2(y—1) \ Y1 Ve +V1(X{ + Grg) 1t
rtpu - R-op 1

2
-0 Z
+ nLt — TGl,t — pAOJ — )\\/at/\l,t + 7Y2't A2,t dt + 5(’}/ - 1)Yl,t
1.t

Op

X (X7 4+ Gr)" A3, dt +

X7 G K T - T
{%Zo,t L Ya (X7 4 G (X — Do

™ ¥
+ Ao,t)] aw? + {7@(’5 *,YG“)

Zi+ Y1 (XT + Gl,t)w_l(XZerCTt + Al,t):| thl

n {(Xf +G1t)”

Zax+ Y1,(X7 + Gl,t)771A2,t:| AW,

(7.3.1)
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Inspired by the right-hand side of (7.3.1), we shall consider the following nonlinear
BSDE Of (Yl,ta ZO,t7 Zl,t7 Zg7t)2

_ v (r+p—R—0})’ Y 2 My
o= (g e Y v

v r+u,—R—op v Z3, v Zi 0
Z, — —= | dt + Zo dW,
+’Y -1 op o2+ 2(y—=1) Y1 * 2(y—=1) Y1 ML
+ Z1 4 AWy + Zoy dW?,
Yi,r =1,

Y1 >0, for allt € [0,T),
(7.3.2)
and the linear BSDE of (G4, Ao ¢, A1e, Aot):

r+pp, — R

— 2 Z
dGiy = |rG1y + P Aot + MarAy s — %Am —nL| dt + Aoy dW?
1,t

Op
+ A1 thl + Ao th27

Gi.r =0.
(7.3.3)

Remark 7.3.1. The generators of two BSDEs (7.3.2) and (7.3.3) are unbounded
due to the unboundedness of processes oy and L;. Hence, although there are some
established existence and uniqueness results of BSDEs theory (see, for example,
El Karoui, Peng, and Quenez (1997), Bender and Kohlmann (2000), Wang, Ran,
and Hong (2006), Kobylanski (2000) and Briand and Hu (2008)), none of them
can be applied to (7.3.2) and (7.3.3) immediately. It is also worth mentioning that
the presence of the term Zs /Y7, in the generator of linear BSDE (7.3.3) makes
the problem more technically challenging. Nevertheless, by utilizing the Markovian
structures of processes a; and L;, we prove the uniqueness of solutions to the above
two BSDESs.

In this subsection, we make the following assumption on the model parameters:
Assumption 7.3.2. x+ pl)\ﬁ #0.

Remark 7.3.3. Assumption 7.3.2 assures that the process a; given in (7.2.1) main-
tains an affine-form, square-root structure under another probability measure Py
which is equivalent to Py and defined in the proof of Corollary 7.3.7 below.

Proposition 7.3.4. One solution (Y1, Zo 1, Z1,t, Za,1) to BSDE (7.8.2) is given by

Yie=exp{fi(t) + g1(t)ou}, (7.3.4)
and
(Zo,t, Z1,45 Za) = (0, p191 () VYo, p2gr (E) /oY1) (7.3.5)
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where functions f1(t) and g1(t) solve the following ordinary differential equations

(ODEs):

dgy (t 1 1
nlE) _ ( i — 2P§> gi(t) + (ﬂ + ,yzl)\Pl) 91(t) + +A27

di 2(y-1) 2(y—1)
(7.3.6)
dleit) = —rbgi(t) + 2(77_ 0 r+ pp ;; %) -, (7.3.7)

with boundary conditions f1(T) = g1(T) = 0. Moreover, the closed-form solutions
to ODEs (7.3.6) and (7.3.7) are given by

Mot ey (1 —eVia (Tit))
1 9 .
if Ag, > 0;
n m e Ag (T—1) 91 ;
91 91

(210 —08) (T — )02,
(2503 = 93) (T = thng, —2

—A K+ 517 Ap V—2g
791) tan (arctan ( ool 1) - (T — t)) +ngy, if gy <0,
]

g1(t) =

s ingl =0;

(ﬁﬂf— 3 —Bg 2
(7.3.8)
and
T 22
Y (T + Hp — R— Up)
fi(t :/ kOg1(s) — +rvy| ds 7.3.9
O=[ |9 g5 V| ds. (739)
where
2 — Kk + L/\pl)
= S IR (S S ) A C R (%*1
A917<K+)‘p1,y_1> (’y—lpl p2>,_y_1)\7 Ng, = ﬁp%-p% 5
_ (H+ ﬁ)\pl) + A, - (ﬁ+ %/\m) — VA,
ng+ = 1 2 2 ) n97 = 1 2 2 .
! 5=1P1 ~ P2 ! 5=1P1 ~ P2
(7.3.10)
Proof. See Appendix 7.A. O

The next proposition reveals that function g;(t) is non-negative and bounded
over [0,T].

Proposition 7.3.5. Function g1(t) is strictly decreasing in t, and 0 < g1 (t) < ¢1(0)
fort e [0,T].

Proof. See Appendix 7.B. O

To facilitate further discussions, we now provide an auxiliary result that follows
from Lemma Al in Shen and Zeng (2015).
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Lemma 7.3.6. (Bona-fide martingale property). If m1(t) and ma(t) are bounded
functions on [0,T], then the stochastic exponential processes defined by

1t t t

exp{Q/( %(S)er%(s))asder/ ml(s)./asdl/Vsqu/ mg(s)\/astVf}
0 0 0

is an (F,Pg)-martingale.

Corollary 7.3.7. Under Assumption 7.3.2, the stochastic exponential process

t 1 N t N
exp {/ = ,yplgl(s),/ozs dVVS1 +/ p291(8)\/as dWS2
0 0

_% /Ot (ui)z + p%) gi(s)s ds}

is an (I, f’o)—martingale, where probability measure Py is defined by

(7.3.11)

2

T r+pu,—R—0o T
—exp{ — / 7 i 1 / T \Jag dw}
Fr o ¥Y—1 Op o 7—1

T 2
Y- b
2Jo (v—1)

and th and Wf are two mutually independent Brownian motions under Py measure.

by
dP,

(T+NP_R_U§)2

5 —+ )\Qth
g
p

Proof. See Appendix 7.C. O

In the next theorem, we show that the solution to nonlinear BSDE (7.3.2) given
in (7.3.4) and (7.3.5) must be unique.

Theorem 7.3.8. Under Assumption 7.3.2, the solution (Y1, Zo 1, Z1,4, Za,) given
in (7.8.4) and (7.3.5) is the unique solution to BSDE (7.5.2).

Proof. See Appendix 7.D. O

After solving nonlinear BSDE (7.3.2) explicitly, we can now simplify linear BSDE
(7.3.3) as follows:

r+pp, — R

2
— 0
dG1s = |rG1 + P Not + Aauli s — pago(t)y/ouhoy — Ly | di

Op
+ Ao dWP + Ay AW} + Ay dWE,

Gl,T =0.
(7.3.12)
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Remark 7.3.9. Instead of opting for the uniqueness and existence results of linear
BSDEs with stochastic Lipscthiz continuity which entail strong assumptions on the
coefficients within the generator (see Theorem 4 in Bender and Kohlmann (2000) or
Theorem 4.1 in Wang, Ran, and Hong (2006)), we observe that a linear BSDE with
uniform Lipschitz continuity (7.E.2) constructed by the difference of two possible
solutions to BSDE (7.3.12) always admits a zero solution. This result allows us to
conclude that linear BSDE (7.3.12) admits a unique solution and so does BSDE
(7.3.3).

The next proposition presents the explicit expression of the unique solution to
linear BSDE (7.3.12).

Proposition 7.3.10. The unique solution to linear BSDE (7.3.12) is given by
(G1t5 Moty Aves Ao t) = (b1(t) Le, ba(t) (01 — o) L4, 0,0), (7.3.13)
where function by(t) is given by

bi(t) = 7 (emT=1 1) (7.3.14)
——, ifm#0,
m
and m =y — R — oj0p — %al.
Proof. See Appendix 7.E. O

Theorem 7.3.11. Under Assumption 7.5.2, for any initial data («o,xo,ly) €
Rt x R x RT fized and given at time zero such that xo + b1(0)lg > 0 holds, the
optimal investment strategy and optimal value function of problem (7.2.11) are
respectively given by

5o _M(X7+CGri) | Z1a(X] +Grg)

Tr )
' (L =7)oe Xy (I =7)Yi00 X (7.3.15)
Wl*:(r+ﬂp*R*012))Xf+G1,t+1_ Aot o
‘ (1 =73 Xy opX{’
and ) l
xo + b1(0)lg)”
Vi, o, lg) = (o + b1(0)lo)” exp (f1(0) 4 g1(0)a) (7.3.16)

where X} is the inflation-adjusted wealth process associated with 77* and wl*,
and Y14, Z14,G1t, Moy are explicitly given by (7.3.4), (7.3.5), and (7.3.13); func-
tions f1(t),g1(t), and bi(t) are given by (7.3.9), (7.3.8), and (7.53.14), respectively.
Moreover, the optimal strategy 7 = ({ﬂ-f*}te[o,T] , {ﬂ-tj*}te[o,T]) s admissible, i.e.
m* e Il,.
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Proof. See Appendix 7.F. O

The next two corollaries provide the results for two special cases of our model:
the CEV model (7.2.2) and the 4/2 model (7.2.3).

Corollary 7.3.12. (CEV model). Suppose that p — yR # 0 holds true. For
any initial data (sg,%g,lp) € RT x R x R fized and given at time zero such that
xo + b1(0)lo > 0 holds, if the stock price S; follows the CEV model (7.2.2) in
Ezxample 7.2.2, then the optimal strategy and optimal value function of problem
(7.2.11) are, respectively, given by

e (= R)(X7 +b1()Le)  2Bg1()(X] + bi(t)Le)

t )
(1 —7)o2857X; (1—~)S7P X7
e T = R 0F X; 4 bi(t) Ly Loy —ohi(L
t (]_ — ’y)o’g Xt* o-pXik )

and

+ b1(0)lg)”
W(So,xo,lo)z—(xo 1(0)lo) GXP(

A0 +310)57).

where functions fi(t) and §i(t) are given by

T
f(t) = 28 4+ 1)Bo%1(s) — +7rvy| ds,
R = [+ 0900 - g .
and
Mot M= <17€ Aa, (=0
St L if Ag, > 0;
. A, (T—t)
a7 31
G1(t) = ﬁ2ﬁ202(T7t)n§1 N
L 2320%(T — t)ng, — 1’ if Bgy =0
Ve 28 (p— 321 e v
liAslztan arctan (M 7 1> — B9y (T —1t) | +ng,, if Az, <O,
—145% —A,, 2
where
a2 Wp=R)\* 2 - (k=R)y—2Bu(y—-1)
Agl _4/3 (u+ 1— v ) (1 _ ,Y)Q (lj’ R) y Mgy 2ﬂ02 )
26 (1~ R)3%5 —261) + /g, 28 (1= R)3% - 261) — V/Bq,
Mgt = ﬁ4ﬁ202 » Mgy T ﬁ45202 )

Proof. Substituting the parameters specified in Example 7.2.2 into Theorem 7.3.11
yields the results. O

Remark 7.3.13. The specifications p; — pp, + 012, — o, =0, —0p=0and n=11in
Corollary 7.3.12 recover the results of Proposition 1 in Gao (2009).

199



Corollary 7.3.14. (The 4/2 model). Suppose that k + Aoypz27 # 0 holds true.
For any initial data (vo,zo,lo) € RT x R x R fized and given at time zero such
that xo + b1(0)lo > 0 holds, if the stock price Sy follows the 4/2 model (7.2.3) in
FEzxzample 7.2.3, then the optimal strategy and optimal value function of problem

(7.2.11) are given by

S AV XF + () L) | owpgi V(XY + bl(t)Lt)7
(1= Vi +c2) X{ (1 =1V, + e2) X7
e :1" +pp — R — O'g X} +b1(t) Ly n (op —a1)bi(t) Ly
‘ (1—=7)a2 X! opX{

+1,

and

Vi(vo, o, lo) =

(o +61(0)lo)” exp (fl(o) + gl(O)vo) ’

where functions fi (t) and §1(t) are given by

T 2\2
. . v (r+ppy—R—o0p)
f1(t) :/ k0G1(s) — + 7| ds,
t 2(y—1) o}
and
MM~ <1—eVA§1(T_t)>
L 1 L if Agy > 05
_ g, (T=1)
n_ 4 n.__e
a7 a1
an={ aGE=S-Ya@-omy
s 7'ng1 =0;
o2 (%;ﬂ - 1) (T —t)ng, —2
V=84 ( (H+ %) V=84, ) .
R Al S t - T —t) ) +ny,, if Ay, <O,
g (ﬁfﬂ_l) an | arctan Nerve 5 ( ) ngy, if Agy
where
2 — (k4 20ups%)
A@l = (K—’_)‘UUPL) _0121( 7 p2_1) 7 )‘21 Ng, = S )
v—1 v—1 vy—1 UQ(LpQ—l)
v\ y—1
_(/1+)\va%)+,/Agl —(n—l—)\avpﬁ) —VAg
n.+ = , N.— = .
91 0_121 (WZIPQ*I) 91 0_12) (—ﬂjp271)

Proof. Substituting the specified parameters of the 4/2 model (7.2.3) in Example
7.2.3 into Theorem 7.3.11 yields the results. O

Remark 7.3.15. Note that if we further specify either (¢1,c2) = (1,0) or (c1,¢2) =
(0,1) in the 4/2 model (7.2.3), then Corollary 7.3.14 provides the explicit expressions
for the optimal strategy and optimal value function of problem (7.2.11) under the
Heston model and the 3/2 model, respectively.
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Remark 7.3.16. By imposing p; — pp + 012, — 010y, = 07 — 0p=0 and n = 1, then
L; = ¢ € R over [0,T]. In this case, Corollary 7.3.14 provides the results of the
DC pension management problems under the 4/2 model with inflation risk and
constant income and therefore, generalizes the results presented in Ma, Zhao, and
Rong (2020) (for more details, see Remark 3.1 in Ma, Zhao, and Rong (2020)).

Remark 7.3.17. By setting n = 0 in Corollary 7.3.14, the pension investment problem
is reduced to a pure investment problem under the 4/2 model, and it can be verified
that the optimal allocation in the stock 77* provided in Corollary 7.3.14 is then
identical to the result of Proposition 3.1 in Cheng and Escobar (2021a) in this
special case. If we further consider the Heston model by specifying (c1,c2) = (1,0),
then the optimal strategy m* corresponds to the result in Kraft (2005) (refer to
Eq. (28) in Kraft (2005)).

7.3.2 Optimal investment strategies for the logarithmic utility

function

In this subsection, we consider the logarithmic utility maximization problem (7.2.12)
by applying a BSDE approach. For this, we introduce the following two (I, Pg)-
semi-martingales, Y5, and Ga 4, to find the BSDEs associated with problem (7.2.12):

dYas = Vg, dt + Poy dW + Py dW} + Poy dWE,

and

dGay = Hoydt +Toy dW 4+ T dW} 4 Top dW?,

where Vo, Py ¢, P, Payy, Hoy, 04,1 ¢, T2+ are some F-progressively measurable
processes which will be determined in the sequel. For any admissible strategy
m € II;, applying It6’s formula to log(X] + G2 ) + Ya ¢ yields

d (log(X{ 4+ Ga,t) + Ya,i)

3 1 el 1 (XF + Gat)(r + pp — R—02)7°
- TG [(Xt (r 1) ap+ro,t) o dt

1 T S ki 2

— m [(Xt Ty Ot —|— F1’t> (Xt + Gz,t))\\/at} dt

_ 1 {r—i—u},—R
X7+ Ga

2
-0
PTo: + A/ael'1,e +rGay — Hop — 77Lt:| dt

Op

“R—0o2)2 )2
+[\I/2,t+r+(r+“” Roo) O‘t} dt
203 2
1 T I 0 1 T _S
+ [XZT T Can (Xt (ﬂ't 1) Op +F0,t) + Po,t] AWy + [Xtﬁ F Ca (Xt T Ot +P1,t)

+ Pl,t] AWy + ( T2t + Pz,t) dW?.

1
XT + Gay 7 )
317
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Therefore, inspired by the right-hand side of (7.3.17), we shall consider the linear
BSDE of (Yz,t, P(),t, Pl,t» Pz,t)I

1 1(r+pu, — R—02)?
dl/th— T+*)\201t+*( Fe p) dt"’PQtthO
’ 2 2 o2 ’

(7.3.18)
+ P dW}! + Py dWE,

Y, 7 =0,
and the linear BSDE of (G2, L0, 16, T2¢):

r+p, — R— o2
dG27t == (T’vat + %Fat + A\/atrl,t - 77Lf> dt + FO,t thO
p
+ T dW,) + T dWE,

G27T =0.
(7.3.19)
The following Proposition 7.3.18 and 7.3.19 provide explicit solutions to linear
BSDEs (7.3.18) and (7.3.19), respectively.

Proposition 7.3.18. The unique solution (Ya,, Py, P1y, Pay) to linear BSDE
(7.3.18) is given by

(Yat, Po.ts Prt, Pat) = (fa(t) + ga(t)ou, 0, prga(t)v/ar, page(t)y/ar),  (7.3.20)
where the closed-form expressions of functions g2(t) and fo(t) are given by

)2 (en(th) _ 1)

7.3.21
o : (7.3.21)

ga(1)
and

r —R—o0?
fg(t)=<7‘+;( + pp R P

o2

p

21, A0 K(t—T)
+ 50 | (=)= (1 —e ) . (7.3.22)

Proposition 7.3.19. The unique solution (Ga,To,T14,T24) to linear BSDE
(7.3.19) is given by

(Ggﬂg, F07t, Fl,t, F27t) = (bg (t)Lt, b2 (t) (0’[ — Up)Lt, 0, 0) 5 (7323)
where the closed-form expression of function ba(t) is given by

77(T - t)a me =0;
bz(t) = n (em(T—t) _ 1) (7324)
—, ifm#0,

m

'r+p,prfo'2
andm:,ul *R*O’ldp* ———F20;.

Ip
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The proofs of Proposition 7.3.18 and 7.3.19 are similar to that of Proposition
7.3.10, and so we omit it here.

Based on the explicit solutions to BSDE (7.3.18) and (7.3.19), we can derive the
optimal strategy and the optimal value function of problem (7.2.12).

Theorem 7.3.20. For any initial data (oo, To,lo) € RT x R x RT fized and given
at time zero such that xg + ba(0)lg > 0 holds, the optimal investment strategy and
optimal value function of problem (7.2.12) are respectively given by

77'5* (X: + G27t)/\\/07t

b= Xt*o-t
7.3.25
1 (K0 4Gt~ R o) (7:3.25)
t T v - FO,t + 17
Xiop Op
and
VQ(O((), g, lo) = log (330 + bQ(O)lO) + fg(O) + gg(O)Oéo, (7326)

where X is the inflation-adjusted wealth process associated with 72* and wl*, and
Gat and o are explicitly given by (7.3.23); functions fa(t), g2(t), and ba(t) are
respectively given by (7.5.22), (7.3.21), and (7.3.24). Moreover, the optimal strategy

= ({ﬂf*}te[O’T] , {th*}te[O,T]) is admissible, i.e. ™ € II;.
Proof. See Appendix 7.G. O

The following two corollaries provide the results for the CEV model and 4/2
model, respectively.

Corollary 7.3.21. (CEV model). For any initial data (so,o,lp) € RT x R x Rt
fized and given at time zero such that xg + b2(0)lg > 0 holds, if the risky asset S;
follows the CEV model (7.2.2) in Example 7.2.2, then the optimal strategy and
optimal value function of problem (7.2.12) are respectively given by

5 _ (X7 + by(t)L) (1~ R)
Tyt = . 58
X;o2S,
e 1 ((X: + ba(t)Le)(r + pp — R~ 02)

o=
t *
Xiop

)

. — (o1 — O'p)bg(t)Lt> +1,

and
Va(s0, 20, lo) = log (o + b2(0)lo) + f2(0) + G2 (0)sg >,

where functions fg(t) and go(t) are given by

o (e mR-od) (@t He-R?Y M- RAE+D (1)
f2(t) =|r+ 202 + o — 167 )
(1 — R)2 (1 _ 62[3,4,(1,—7“))
g2(t) =
4Buc?
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Proof. Substituting the specified parameters of the CEV model (7.2.2) in Example
7.2.2 into Theorem 7.3.20 gives the results. O

Remark 7.3.22. By specifying p; — pp, + 0% —010p = 0] —0p =0 and n =1, then
L; = ¢ € R over [0,T], and the optimal strategy 7;* derived in Corollary 7.3.21 is
identical to the results in Xiao, Hong, and Qin (2007).

Corollary 7.3.23. (The 4/2 model). For any initial data (vo, zo,lp) € RT x RxRT
fized and given at time zero such that xo + b2(0)lg > 0 holds, if the risky asset
Si follows the 4/2 model (7.2.3) in Example 7.2.3, then the optimal investment
strategy and optimal value function of problem (7.2.12) are respectively given by

5e _ (X7 4 b2(H) L) AV

= Xz( (c1Vt +62)
1 (X7 +ba(t)Ly)(r + pp — R — 02)
Ix t P P
= — — ba(t)L 1
U X;O-p < o_p (Ul UP) 2( ) t + )

and
Va(vo, 7o, lo) = log(zo + b2(0)lo) + f2(0) + §2(0)vo,

where functions fg(t) and §o(t) are given by
. (r+p—R-02)* X0 A20 (T
fg(t)—<T+ 20_12) +7 (T—t)—7<1—6 ),

A2 (er(-T) 1)
- 2K '

g2(t)

Proof. Plugging the specified parameters of the 4/2 model (7.2.3) in Example 7.2.3
into Theorem 7.3.20 yields the results. O

Remark 7.3.24. If we specify (c1,c2) = (1,0) in Corollary 7.3.23, we obtain the
results under Heston’s model. Instead, setting (c1,c2) = (0,1) in Corollary 7.3.23
provides the results under the 3/2 model.

7.3.3 Optimal investment strategies for the exponential utility

function

In this subsection, we investigate the exponential utility maximization problem
(7.2.13). To facilitate further discussions in this subsection, we denote by X7 :=
e "t XT the discounted inflation-adjusted wealth process which is discounted by the
real interest rate r. Using It0’s formula leads to

AX7 = [X7md (u— B) + X7 (n] = 1) (r + pp = R— 02) + L] at

. N N (7.3.27)
+ X7 (7] = 1) 0p dW? + X[m0y AW}, X7 = X[ = 0,
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where L; := e "L, represents the discounted value of the inflation-adjusted income,
and it has the following dynamics:

dLy =Ly [(m1 — pp + 02 — 000y — 1) dt + (00 — 0,) AWY ], Lo = Lo = lo.
(7.3.28)
Thus, the exponential utility maximization problem (7.2.13) can be reformulated as

sup Eg [—eidi{ﬂ , (7.3.29)
welle

where ¢ = ge"? € R*. To obtain the BSDEs associated with problem (7.3.29), we
introduce an (F,Py)-semi-martingale Y3 ; with the following decomposition:

dYs = Vg dt + Moy AW + My AW} + My dW7,

where W34, My ¢, My, M3 are some F-progressively measurable processes which
shall be determined later. For any admissible strategy « € Il., by applying Itd’s
formula to —e~9(X¢ —Y34) and using the method of completion of squares, we have

d (_e—qo?z‘—ys,t))

2
1 =TT ~ T'+ *R*O‘Z
=— iq%*ﬂxt ~Yi.0) <X{T (x] —1) o — Mo, — “”P> dt

1 . - Avai\’
— *(}‘267(1(‘){* —Ys,0) <XZT7Tfat - M17t - t) dt

5 po
R - ANa r+u,—R—02)? r+p.—R—o?
+ qefq(Xt —Y3.4) 77Lt + 2~t ( Hp — p) + H pMO,t
q 2qo, op
qMQQt ~ —G(XT—Yz.:) (v I 0
-+ )\\/OétMl’t — B) — — \IJ37t dt + qge EAS 3.t (Xtﬂ— (7Tt — 1) Op — MO,t) th

e 1TV (X7 oy = My ) AW} = ge 1T 0000  a W,
(7.3.30)
The right-hand side of (7.3.30) induces the following BSDE of (Y3 ;, Mo ¢, M1 ¢, Mo )
we shall investigate in the sequel:

Na, (r+wpp,—R—02)?* r+up,—R—02
dYs: = 4 P M, Ao M
3.t 2% + Z(jog + o, 0,t + Aoy ¢
M3, 7 0 1 2
- Ly | dt+ Moy dW? + My dW} + M, dW?,
Y31 =0.

(7.3.31)
Throughout the rest of this subsection, we impose the following assumption:

Assumption 7.3.25. x+ Ap; # 0.
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Remark 7.3.26. Similar to the role of Assumption 7.3.2 above, Assumption 7.3.25
is essential to assure that BSDE (7.3.31) admits a unique solution.

Proposition 7.3.27. One solution (Y3, Mo, M1, May) to BSDE (7.3.81) is
given by

Yau = fa(t) + gs(t)as + bs(t) L, (7.3.32)
and

(Mo,t, My, Msy) = <(01 — Up)bg(t)flt,plgg(t)\/OTt, p293(t)\/07t), (7.3.33)

where the closed-form expressions of functions f3(t), gs(t), and bs(t) are respectively

given by
Mgty (1 —eV AgB(T_t))
23 , if pa 0 and A,, > 0;
ngp =gy eV S )
gs(t) =4 —ap3(T—tng, (7.3.34)
— = if 0 and A,, = 0;
AT Oy, -2 17 .
A2 (e(ﬂ-iw\m)(t—T) ~1)
) ; = 07
2+ P
n(t_T)a if m = 0;
bg(t) = 1— m(T—t) (7335)
n(=emT0) o,
m
and
T (r+ pp, — R — 02)?
t) = 0 - 2 L) d 3.
fs(t) /t (H 93(s) %07 s, (7.3.36)
—R—02
where m = p; — R — o0y, — %al and
A — A2 4 222 _ K+ Am
93*(”+p1) Jr/02 y Ngg = ~ 9
ap3
o _("{—’_)‘pl)_ V Ags n o4 = _("{—’_)‘pl)—’_ V Ags
% —p3 o —ps
Proof. See Appendix 7.H. O
Proposition 7.3.28. Function g3(t) is bounded over [0,T].
Proof. See Appendix 7.1. O

Theorem 7.3.29. Under Assumption 7.5.25, the solution (Y3, Mo ¢, My ., Ma)
given in (7.3.32) and (7.3.33) is the unique solution to BSDE (7.3.31).
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The proof of Theorem 7.3.29 is almost identical to that of Theorem 7.3.8 above,
so we omit it here. The following theorem relates the optimal strategy and optimal
value function to the explicit solution to BSDE (7.3.31).

Theorem 7.3.30. Under Assumption 7.5.25, for any initial data (oo, o,l) €
Rt x R x Rt fized and given at time zero, the optimal investment strateqy and
optimal value function of problem (7.2.13) are respectively given by

* 1 T -Tr — A
=%, <e M+ e t)qvo‘t>’

7.3.37)
1 + pp — R — o7 (
SR By (VA Tk WY
Xiop q0p
and
Vs(a, o, lo) = —exp {—qe"™ (zo — f3(0) — g3(0)ag — b3(0)lo) }, (7.3.38)

where X is the inflation-adjusted wealth process associated with 72* and wl*, and
Mo, and My are explicitly given by (7.8.88); functions f3(t), gs(t), and bs(t) are
given by (7.3.536), (7.3.34), and (7.3.35), respectively. Moreover, the optimal strategy
w* = ({nf"}

te0.7] {ﬂ-tl*}te[o,T] is admissible, i.e. ™™ € Il,.

Proof. See Appendix 7.J. O

Remark 7.3.31. It should be noted that different from the power utility maximization
problem (7.2.11) and logarithmic utility maximization problem (7.2.12), Theorem
7.3.30 shows that neither the inflation-adjusted wealth X nor the stochastic income
L; affects the optimal market value of inflation-adjusted wealth invested in the
stock, i.e. X;7*, which can be possibly explained by the constant absolute risk
aversion ¢ under the exponential utility function.

Corollary 7.3.32. (CEV model). For any initial data (so,o,lp) € RT x R x Rt
fized and given at time zero, if the risky asset Sy follows the CEV model (7.2.2)
in Example 7.2.2, then the optimal strategy and optimal value function of problem
(7.2.13) are given by

xSt = p—R or(t=T) (1 + (1 _ eQBR(t—T)) B R) 7
X;qo25H° 2R

1 r+u,—R—0
Ix —r(T—t) P P
= o —o,)bs(t) Ly + +1

! Xiop <( : plbs(B)e e opq ) 7

and

V3(s0,0,1p) = —exp {—qerT (330 — f3(0) — !73(0)552[3 - 53(0)50)} ;
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where functions f3(t) and gs(t) are given by

T —rT _ _0_2 2
fg(t) :/ <ﬁ(26+1)0’2— e (T+Hp R P) ) dS,

2qo02
(1 — R)? (62BR(t7T) . 1)
4BRqo2erT '

gs(t) =

Proof. Substituting the specified parameters of the CEV model (7.2.2) in Example
7.2.2 into Theorem 7.3.30 gives the results. Moreover, it is straightforward to see
that Assumption 7.3.25 always holds for the CEV model due to 28R # 0. O

Remark 7.3.33. If we further impose that » = R in Corollary 7.3.32, the optimal
allocation in the stock 7* recovers the results presented in Sun, Yong, and Gao
(2020) and Proposition 2 in Gao (2009) in which stochastic income and inflation
risks are not considered. In other words, Corollary 7.3.32 generalizes the existing
work of Gao (2009) and Sun, Yong, and Gao (2020).

Corollary 7.3.34. (The 4/2 model). Suppose that k + Ao,p # 0 holds true. For
any initial data (v, To,lo) € RT x R x R fized and given at time zero, if the risky
asset Sy follows the 4/2 model (7.2.3) in Example 7.2.3, then the optimal strategy
and optimal value function of problem (7.2.13) are respectively given by

Sx V;ﬁ A

= | 0upg te”JreT(Tt)),
t Xt* (Cl‘/t"i_CQ) < pQS() q

. 1 (T r+p, — R— o2
i :Xt*O'p <(Ul_0p)53(t)l’t+e v t)Tp +1

and

Va(vo, 0, lo) = — exp {—qerT (l’o — f3(0) — g3(0)vo — 53(0)10)} ;

where functions f3(t) and gs(t) are given by
T 2)\2
2N . _(T+MP_R_O-P)
A= [ (naga<s> ot s,

4T — (1 —eV Aﬁa(T_t))
a3 a3

gs(t) = ’
ns —n._eVB5 T
g3 93
where
—(k+ Aowp) — /By —(5+20vp) + /Bgy
Aoy = (k4 A0up) + (1= p)o?A%, n_ = —F = = =
a3 = (K +Xowp)” + (1= p")o, A", Ty —Go2(1 - p?) » o —§o2(1 — p2)

Proof. Substituting the specified parameters of the 4/2 model (7.2.3) in Example
7.2.3 into Theorem 7.3.30 yields the results. O
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Remark 7.3.35. The specifications (¢, c2) = (1,0) and (c1,¢2) = (0,1) in Corollary
7.3.34 give the results under the Heston model and the 3/2 model, respectively.
Moreover, to the best of our knowledge, the results provided in Corollary 7.3.34
are not reported in the existing literature. In this sense, this paper extends the
results of Cheng and Escobar (2021a) and Zhang (2021a) to the case with stochastic
income and inflation risks under the exponential utility framework.

7.4 Numerical analysis

This section presents some numerical examples to illustrate the effect of some model
parameters on the behavior of the optimal investment strategy. We pay attention to
the sensitivity of the optimal investment strategy to some parameters within the 4,/2
model (7.2.3) in the following numerical illustrations because this model includes
two parsimonious models, the Heston model and the 3/2 model, as particular cases,
and it has shown practical significance in the last few years as discussed in the
introduction. Additionally, we concentrate on the power utility framework because
the numerical experiments of the logarithmic and exponential functions can be
conducted similarly. Unless otherwise stated, the hypothetical values of model
parameters are given as follows: R = 0.05, » = 0.02, u; = 0.02, 0, = 0.3, up =
001, 0p =04, =08, T=1, y=04, 290 =1, lp = 0.5, A = 29428, x =
7.3479, 0 = 0.0328, o, = 0.6612, p = —0.7689, c¢; = 0.9051, co = 0.023 and
vg = 0.04. Most of the parameters are taken from the recent paper of Cheng and
Escobar (2021a). In the following numerical examples, we vary the value of one
parameter with others fixed at each time. The range allowed for the parameters is the
possibility that the conditions in Corollary 7.3.14 are satisfied, i.e., K+ Aoy, p% #0
and g + b1(0)lp > 0.

Figure 7.1 contributes to the evolution of the optimal investment strategy with
respect to parameters k, o, and p. In Figure 7.1(a), we vary x from 1.3479 to 7.3479.
It shows that 75* is positively correlated with , while 7}* remains unchanged.
Indeed, since x depicts the mean-reversion speed of the state variable V; towards its
long-run mean 6 in the 4/2 model (7.2.3), the state variable V; moves faster towards
0 = 0.0328 < 0.04 = vg as k increases in our case. Furthermore, we notice from the
model parameter setting above that by specifying (¢1,c2) = (0.9051,0.023) ~ (1,0),
the 4/2 model (7.2.3) resembles the 3/2 model less than the embedded Heston
model of which V; stands for the instantaneous variance. In other words, when
k becomes larger, the member faces less volatility risk. Therefore, the member is
willing to adopt a more aggressive strategy in the stock as x increases from 1.3479
to 7.3479. In Figure 7.1(b), we find that the 7r59* decreases as o, increases. Namely,
as the volatility of the state variable V; increases, the investor has to undertake
more volatility risk. Indeed, the explanation is similar to that of parameter x above
in the sense that the 4/2 model in our case has a resemblance to the Heston model
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such that state variable V; plays the role as the instantaneous variance of the stock
price. Thus, as the volatility of volatility increases, the member faces more volatility
risk and is less willing to invest in the stock. In Figure 7.1(c), we vary p from
0.9 to —0.9 and find that 75* moves downwards as p decreases, while 7¢* remains
unchanged. This is consistent with intuition because when p varies from 0.9 to
0, the stock price and its volatility become less positively related, while when p
changes from 0 to —0.9, the stock price and its volatility become more negatively
correlated. In such a case, the offset between the risks caused by fluctuations of
the stock price and its volatility becomes more. Accordingly, the member can
hedge against the same amount of volatility risk with less investment in the stock.

Effect of « Effect of o, Effect of p
.
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Figure 7.1: The effects of parameters k,0,, and p on the optimal investment strategy
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Figure 7.2: The effects of parameters n and v on the optimal investment strategy

The relationship between optimal strategy and parameters n and « is presented in
Figure 7.2(a) and 7.2(b), respectively. It can be seen that the optimal allocation
in the stock 7r§ * increases with contribution rate 1 and risk-aversion v whereas
the optimal allocation in the inflation-indexed bond 7}* decreases with these two
parameters. As n or 7 increases, the member becomes less risk-averse. Therefore,
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myopic allocation increases for the asset with a positive market price of risk, and
it decreases if the asset admits a negative market price of risk. In the 4/2 model
(7.2.3), the market price of volatility risk is positive, i.e., A\\/V; > 0 by setting A > 0,
while the market price of inflation risk is negative, i.e., (r + pu, — R — 0'12))/0'1, <0,
given the values of model parameters above, we can therefore see from Figure 7.2

I*

that 7r§* and 7™ move in opposite directions as 1 and v change.

7.5 Conclusion

In this paper, we investigate optimal investment problems for a DC pension member
with volatility and inflation risks taken into account simultaneously. We focus
on an affine-form, Markovian, square-root process for describing the market price
of volatility risk, whereas the return rate and the volatility of stock price are
not specified and possibly unbounded, non-Markovian processes. This modeling
framework embraces the Black-Scholes model, CEV model, Heston model, 3/2
model, 4/2 model, and some non-Markovian models, as exceptional cases. Moreover,
the member faces the risk of a stochastic income stream.

Due to the failure of Bellman’s optimality principle in this context, we introduce
a BSDE approach. To find the BSDEs, we consider the canonical decomposition of
semi-martingales. By exploring the uniqueness and existence results of the induced
BSDESs and solving the BSDEs explicitly, analytical expressions for the optimal
strategies, optimal wealth processes, and optimal value functions are derived for
the power, logarithmic, and exponential utility functions, respectively. Particularly,
explicit solutions to some special cases of our portfolio model are provided: the
CEV, Heston, 3/2, 4/2 models. Finally, we present some numerical examples to
analyze the effects of model parameters on the behavior of the optimal strategies
under the 4/2 model. To the best of our knowledge, there is no existing literature
on the optimal DC pension investment problems that incorporate stochastic income,
stochastic inflation, and a general class of potentially non-Markovian, stochastic
volatility models simultaneously.

Built on the current work, various directions might be followed in future research
on DC pension investment problems. For example, (1) this paper assumes that the
income risk faced by the member can be completely hedged. One may consider a
more general model for describing the stochastic income process. (2) In addition to
inflation, income, and volatility risks, the member might face model misspecification
(Andersen, Hansen, and Sargent (2003)). (3) It may also be of interest to extend
the framework of this paper to the case with multiple risky assets.
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7.A Proof of Proposition 7.3.4

Proof. We conjecture that the first component of one solution to nonlinear BSDE
(7.3.2), Y1+, admits an exponential form:

Y1+ =exp{fi(t) + g1(t)ou},

where f1(t) and g1 (t) are two undetermined differentiable functions with boundary
conditions fi(T') = ¢1(T") = 0. Using It6’s formula to Y7 ; yields

d, d
ff) N g;t(w a0+ (0 — g (1) + 3 (53 + 03) gf(t)at] it

+ p1g1 (t)\/OTtYLt thl + p201 (t) \/OTtYLt dWE.

e =Ne { (7.A.1)

Let Zo; =0, Z1,; = p191(t)\/ar Y11, and Zay = pag1(t)\/a; Y1, then the generator
of BSDE (7.3.2) can be reformulated as follows:

2 2 2 + — R— 2\2
Yie <w\p191(t) 791 (t)p1 A ) oyt — (r + pp k )
v-1 26y-1)  20v-1) 2(y—1) o5

(7.A.2)
It then follows from a direct comparison between (7.A.2) and the drift of (7.A.1)
that functions f1(t) and g1 (¢) are governed by ODEs (7.3.6) and (7.3.7), respectively.

2
Moreover, denote by A, = (/{ + ﬁ/\pl) - (ﬁp% — p%) ﬁ/\? The Riccati

equation governing gi(¢) can be reformulated as follows:

(ﬁ—l)pf - %”%) (910 =) (91(0) =y )+ i Agy >0

1 1 .
(2(7702 Pg) (g1(t) —ng,)?, if Ay, = 0;

dgl(t): T3
dt
1 1 —A .
P% - 7p§ (gl(t) - n91)2 + 7 2 ) if Agl < Oa
2(y — 1) 2 ( 1.2 2)
~y—1 pl p2
(7.A.3)

where ng, , M- and Ny are given by (7.3.10). By applying the separation variable
method to the ODE (7.A.3) and combining the boundary condition that ¢; (7)) = 0,
we have the closed-form expressions of g1 (¢) given in (7.3.8). Plugging ¢ (t) back

into the ODE (7.3.7) yields the closed-form expression of fi(t) given by (7.3.9). O
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7.B Proof of Proposition 7.3.5

Proof. Differentiating g1 (¢) given in (7.3.8) with respect to ¢, we obtain
27)\2Agle Ay (T—1)
2
Ny, (T—t
(y-1) (ﬁﬂ? - p%) (”gl+ —ngeVn ))

gy (1 23, (5400t~ r3) |
T 5, if Ay = 0;

(5250 = 08) (T = 1)y, 2]
—Am)sec (tan (““’Mﬂl) Y _A91> L if Ay, < 0.
p3

5, if Ag, > 0;

2 (51508 - W 2
This result reveals that dg;(t)/dt < 0 holds for v € (0,1). Therefore, we can deduce
that 0 < g1(t) < g1(0) for ¢t € [0,T]. O

7.C Proof of Corollary 7.3.7

Proof. In the first place, it follows from Lemma 7.3.6 that

My, = exp{ / LA dw! — /Ot(yi)?AQ% ds} (7.C.1)

is an (F, Pg)-martingale. In addition, we know that
2

t _p_ 2 t 2 _p_ 2

Mz’t::exp{_/ v TR UPdWL?—E/ g 2(r+up 2R )" 4
o 7—1 Op 2/ (v—1) Op

(7.C.2)

is also an (IF, Py)-martingale since Novikov’s condition holds. Due to the path-wise
continuity of both (7.C.1) and (7.C.2) and the independence between Brownian
motions W and W}, it follows from Theorem 2.4 in Cherny (2006) that the
stochastic exponential process M; := My M, is an (F, PO)-martingale as well,

which in turn means that the probability measure Py defined by dP” |7 = My is
equivalent to Py on Fp. By Girsanov’s theorem, then we have

—R—g? - ~
vtk e 4t 4 qW?P, AW} = %m@ dt + dW}, dW?2 = dW2,

dWy =

y—1 Op
where W2, W} and W72 are mutually independent Brownian motions under P

measure. Moreover, we find that the dynamics of a; under Py measure reserves the
affine-form, square-root structure

6 _ ~
day = (Iierl)\’yf_yl) ( r at> dt+\/07t(p1 th1+p2th2>,

K+p1)\%

under Assumption 7.3.2. Due to the boundedness of function g;(¢) as shown in
Proposition 7.3.5 above, it therefore follows from Lemma 7.3.6 that the stochastic
exponential process given by (7.3.11) is an (I, Py)-martingale. This completes the
proof. O
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7.D Proof of Theorem 7.3.8

Proof. In view of the proof of Corollary 7.3.7, we can reformulate the nonlinear
BSDE of (Y14, Zot, Z1,1, Z2,1) under Py measure as follows:

Y (T+NP_R_‘712))2 od 2 ¥ th
dYy, = Nap—ry | Vi 4 — 20t
o KQ(’Y - 1) o3 M TCEE) ) R Tepus ) R

2
~

+2( )Ylt

} dt + Zoy AWO + Zy1 AW} + Zos dW2,

)/1,’1" :17
Y1, >0, for ¢t € [0,T).

Suppose that there exists another solution ()717,5, ZOJ, ZNLt, Zg,t) to nonlinear BSDE
(7.3.2), which is different from the one obtained in Proposition 7.3.4 above. Then
by defining the following difference process:

Zot ZO,t
’ Yl,t Yl,t ’
Zit Zig Zay B ZQ,t)

(Alog(Y1,t),AZos, AZ1t, Ao t) := <10g(Y1,t) log(Y1 t)

and applying Ito’s formula to Alczg(Yl), we find (Alog(Y1:),AZot, AZ14, AZsy)
solves the following BSDE under Py measure:

z2, Zz 73 73 732 732
dAlog(Viy) =2 |1 (20t~ Zoa) L (20 Ziae) [ Ze 22| g
2 Y- 1 Yl t Y12,t v 1 Yl t )/12,1& Yl,t Y12,t
+ AZot AW 4+ AZy 4 AW} + AZs AW,
Alog(YlyT) :0.
(7.D.1)

By Corollary 7.3.7, we can define another equivalent probability measure Py on Fr
via the following Radon-Nikodym derivative:

JAe
=expy —
Fr o V—
1 4 1 2 2 2
—= — t dt
2/0 ((’7_ 1)2101 +p2> gl( )O‘t
T T T
1 ZO.t 170 / 1 th 71
=exp{ — —— == dW; - — +
p{ /0 y—=1Y1: t o Y—1Yi: 0 Ylt
1 T 1 Z2 1 Z2 Z2
2 Jo (v—1) Yl,t ('Y 1) Ylt

where the second equality follows from the explicit expressions of (Y1 4, Zo.¢, Z1,t, Z2,1)

dPy
dPo

T ~
11 (1) /AT + / pag 1)/ AW

172

obtained in Proposition 7.3.4 above. By Girsanov’s theorem, we have the following
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dynamics of standard Brownian motions W2, W} and W2 under Py measure:

. 1 Zyy - .
dW? = —— 22t W0, dW} =
P TIw, e

1 Zi,

L Zat
vy—=1Y14

dt+dW}, dW? = =225 gt dW2.

Yie
(7.D.2)
Finally, combining (7.D.1) and (7.D.2) shows that (Alog(Y1,.), AZy 1, AZ1 4, AZs )
solves the following quadratic BSDE under Py measure:

A log(Yig) = — = |1 AZ2, 4 —LAZ2, — AZ2,| dt + AZe, AW
’ 2 |v—1 ooy —1 ’ ’ ’
AZy AW} + AZy AWE,
Alog(Yi 1) =0.
(7.D.3)
It is straightforward to verify that quadratic BSDE (7.D.3) satisfies all the regularity
conditions in Kobylanski (2000). Hence, we can conclude that quadratic BSDE
(7.D.3) admits a unique solution by Theorem 2.3 and 2.6 in Kobylanski (2000),
and it is easy to see that (Alog(Y1 ), AZo+, AZy ¢, AZsy) = (0,0,0,0) in our case,
which indicates that the solution (Y1 4, Zo+, Z1,t, Z2+) given in (7.3.4) and (7.3.5)
forms the unique solution to BSDE (7.3.2). O

7.E Proof of Proposition 7.3.10

Proof. By the similar arguments given in the proof of Corollary 7.3.7, we can define
an equivalent probability measure Py to Pg on Fr via the following Radon-Nikodym
derivative:

B T _R_g2 T T
dPo :exp{—/ %—Udeto—/ A ay thl—&—/ p2g1 (8)\/a dW?
dPg Fr 0 Op 0 0
1 (T /((r+p— R—c?
2 Jo o3

By Girsanov’s theorem, we have the following dynamics of standard Brownian
motions W, W} and W72 under Py measure:

_ r 4, — R— o2
aw? =T T T % gy g aw?,
Op

dW} = \ag dt + dW},
dV_VtQ = —pP2g1 (t)\/OTtdt + th2.

Thus, we can reformulate linear BSDE (7.3.12) of (G414, Ao, A1t, Aay) under Py
measure:

{dGl,t = (rGr 4 —nLy) dt 4 Moy dW? + Ay dWE + Ay dWE. (TED)

Gl,T =0.
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To solve BSDE (7.E.1) explicitly, we conjecture that the first component of solution,
G, has an affine form:
Gl,t = ax (t) + b1 (t)Lt,

where a;(t) and by (¢t) are undetermined differentiable functions with boundary
conditions a1 (T) = by (T) = 0. Apply 1t6’s formula to Gy ; under Py measure and
let Aoy = b1(t)(01 — 0p)Ly, A1y =0 and Ay = 0. It can be shown that aq1(¢) =0
and the explicit expression of by (t) is given by (7.3.14).

In the sequel, we will verify the solution given in (7.3.13) is the unique solution to
BSDE (7.3.12). To this end, we denote by (G1.4, Ao.t, A1+, Ao ) any other solution

to BSDE (7.3.12) which is different from the one given in (7.3.13). Then the
following difference process

(AG1, ADo e, ANy ¢, Ao ) = (G1,t - Gl,t; Aoyt — Ao,t, Aryg — A1,t7 Aoy — ]\2,15)

must solve the following linear BSDE under Py measure:

{dAGLt = rAG 1 dt + ANgy AW + ANy AW} + ANy dW2, (TE2)

AGy.r = 0.

The generator of linear BSDE (7.E.2) is clearly uniformly Lipschitz continuous with
respect to AG1 ¢, ANo+, AA; ; and AAy; and satisfies all the regularity conditions
in El Karoui, Peng, and Quenez (1997). Hence, by Theorem 2.1 in El Karoui, Peng,
and Quenez (1997), we can conclude that BSDE (7.E.2) admits a unique solution
which is (0,0,0,0) in our case. This, in turn, indicates that the solution given in
(7.3.13) is the unique solution to BSDE (7.3.12). O

7.F Proof of Theorem 7.3.11

- . (X7 +Gr0)
Proof. For any admissible strategy 7 € II,,, by applying It6’s formula to Y7 ,~—~t—=—
and using some localization techniques, we obtain

(X7 AT + Gl,mAT)q

Eo [Yl,Tn,/\T
Y

1 T NT
:5(’7 —1)Eo /0 Via(XT + Gre) 2 [(XT (7] = 1) 0+ Aoy)

2
1 - Z r+pu, — R—o2
+—(X§ +G1,t)<yo’t +—F—2r ”)] dt] (7.F.1)

1 1,t Op

=2

T NT

n _ " 1
/ Y14(XT + Gr)7 72 [<Xt moy+ Ary) + ——
0

+ —

1
—(v—=1E
2(7 )0

7 2
Lt A«@ﬂ dt
Vi

1

zo+ G10)”
+Y1,O( 0 7170) )

X(XZT + Gl,t)(
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where {7}, cy is the localizing sequence. Recalling from Definition 7.2.6 that for
any admissible strategy 7 € II,, the corresponding inflation-adjusted wealth satisfies
X[ + Gt > 0, Py almost surely, then since the risk aversion parameter «y lies in
(0,1) and Y7 ; is strictly positive for ¢ € [0, T], we have the following inequality from
(7.F.1):

(XT \p +Girnr)?

Y

Sending n to infinity in (7.F.2) and using Fatou’s lemma yield

(XToar + G, mT)”]

(xo + Gl,o)w

Eo [Yl,rnAT } <Yio (7.F.2)

’y n— oo

Xm)
Eo {(T)} < liminf Eq {Yl T AT
v

for any admissible strategy m € II,,. Thus, recalling the explicit expressions of Y7 ;
and G given by (7.3.4) and (7.3.13), we find that

{(Xf)q < (o + b;(o)lo)7

sup Eg
well,

xp (f1(0) + g1(0)a) - (7.F.3)

Particularly, the right hand side of (7.F.3) corresponds to the value function when
the strategy (77*,m/*) given in (7.3.15) is adopted. Denote by X* the inflation-
adjusted wealth process associated with the strategy m*

* ¥ * ~y
d (Yl,t (X JrfyGLt) ) —vi, (X7 + Gip)

and 7/*, we have

¥y T+ —R-
1—7v Op

2
%p thU

1
+ <1 — P (t) + 117>‘> Vai AWy + pagi (t)y/ag AW

As a result of Lemma 7.3.6 and Theorem 2.4 in Cherny (2006), it is clear that

Yi tw is an (F,Pg)-martingale. Therefore, we have

E, {(X*) } _ (Ioer;(O)lo)W

s

exp (f1(0) + g1(0)ayp) . (7.F.4)

We finally show that the strategy (m7*,7{*) given by (7.3.15) is admissible. For this,
we need to show 7* = ({Wt }te[o,T] , {7rt }te[o,T]> is F-progressively measurable
and X+ Gy >0, Po almost surely when xg + b1(0)lg > 0 holds. In fact, plugging
the strategy (wf*,7/*) given in (7.3.15) back into the inflation adjusted wealth
process (7.2.9) and solving the corresponding SDE explicitly lead to

p o 2y2
1 (r+upp—R—0p) s
v—1 o2

t
* 1
X7 =exp { [ = eaer+ .-
0 v—1
xexp{ s [ e e atas - [ e+ nva dwl}
- = R 141 - - 4 141 s s
2 )y o102 o 71
t P 2\2 t _p_ 2
2 /o ('7*1) Op o ¥—1 Op
X (ZL‘O + bl(O)lo) — bl(t)Lt.

(7.F.5)
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Combining (7.3.15) and (7.F.5), we see that 7* is F-progressively measurable, and
X} + G1¢ > 0 always holds Py almost surely whenever the initial data (oo, xo, lo)
satisfies xg + b1(0)lp > 0. Therefore, we can conclude that 7* € II,, and from
(7.F.3), we can say that 7* is the optimal strategy of problem (7.2.11) and the
optimal value function is given by (7.3.16). O

7.G Proof of Theorem 7.3.20

Proof. For any admissible strategy m € II;, using It6’s formula to log (X[ + Ga,) +
Y5 ; and using some localization techniques, we obtain

Eq {log (X;AT” —+ GZ,T/\T") + Yz‘Tm—n]

T ATy 1 B (X7 + G2 ,,)(r+pp—R—(72) 2
=E —— [ (XT] -1 r - — : L dt
0 |:/0 2(XZ'+G2,t)2 [( t (ﬂ't )Up+ O,t) o

IE TAT";lKX” 5o +T )—(X’“+G. )A\ﬁ]zdt
0 o 2(Xf T Gz,t)2 t Tt Ot 1,t t 2,t Qi

+ (log(zo + G2,0) + Y2,0) -

(7.G.1)
Since for any admissible strategy n € II;, the family {log (X%/\Tn + G27T/\7-n) +
YQVTA”,}” N is uniformly integrable for any F-stopping time sequences {7, }, oy
such that 7, T oo, Py almost surely, and the terms in the expectations on the
right-hand side of (7.G.1) are non-positive and decreasing with respect to n € N.
By using the monotone convergence theorem to the right-hand side of (7.G.1) and
the equivalence between uniform integrability and £! convergence to the left-hand
side of (7.G.1), sending n to oo gives

Eo [log (X7)]
_ i -1 w1 (X7 4+ G2,0)(r + pp — R—02)]?
e |:/0 2X] + G2,.)? [<Xt (mi = 1) 0w +To) = o dt
T -1 T _S T 2
+80 | [ g ar (ot Tae) = (7 + Gaoavai]”

+log(zo + G2,0) + Y2,0,

which implies that

sup Eg [log (XT)] <log (zo + G2,0) + Y2,0 = log (z¢ + b2(0)lp) + f2(0) + g2(0)arg.

well,

(7.G.2)
In particular, when we opt for the strategy 77* and 7/* given by (7.3.25) and
denote by X; the corresponding inflation-adjusted wealth process, we have the
following SDE:

r 4 —R—o2
P =TT w0+ (A + prgo(t)) v AW

Op

+ p2ga(t)y/or WY

d(log(X] 4+ Goy) +Ya,y) =

(7.G.3)
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Note that for all ¢ € [0, T], the following expectation value for square-root factor
process oy

¢
Eolay] = ape ™™ + 59/ e %) g
0

is non-negative and uniformly bounded. Therefore, by using Fubini’s theorem, it
can be shown that

T r - _02 ’
/o (( +pp — R—03) + (A + p1ga(t)® + 33 (1)) at) dt] .

Eo =
p

which implies from (7.G.3) that log(X; + G2.) + Ya, is an (I, Pg)-martingale.
Hence, we have

Eo [log(X7)] = log(zo + Go,0) + Ya,0 = log(zo + b2(0)lo) + f2(0) 4+ g2(0)axg < oc.
(7.G.4)
Moreover, for any sequence of F-stopping times {7}, oy such that 7, 1 oo, Pg
almost surely as n — oo, 7, AT and T are two bounded stopping times. Then by
Doob’s optional sampling theorem for bounded stopping times (refer to Corollary
3.23 in Le Gall (2016)), we obtain

log(X; ar + G27ya1) + Yo roar = Elog(X7)| Froa7] -

Since {Fr, AT } ey is a family of sub o-algebra of Fr and Eq [log(X7)] < oo, by The-
orem 4.6.1 in Durrett (2019), we find that {log(X:nAT + GaraT) + YQ’TH/\T}neN
is a uniformly integrable family. This confirms condition (1) in Definition 7.2.7.

We next show that X; + G2 > 0 holds for all ¢ € [0,T], Py almost surely, if the
initial data satisfies zg + b2(0)lp > 0. In fact, applying It6’s formula to X, + G2,
and solving the corresponding SDE explicitly give us

! Na, (r+pp,— R—02)?
X; + GQ,t :(130 + bQ(O)lQ) exp {/ (7’ —+ . + ( Hp 5 I)) ds
0 2 202

t + — R — 2 t
+/ desﬂ/ A, dW S > 0.
0 0

Op

(7.G.5)

Noticing from BSDE (7.3.19) that G2 = 0, we, in particular, have X7 > 0 at
time T from (7.G.5). Thus, condition (2) in Definition 7.2.7 is verified. Moreover,
we see that 7% and m/* given by (7.3.25) are F-progressively measurable since
processes X/, G2+, Ao+ and «; are all clearly F-progressively measurable. Therefore,
we know that conditions (3) in Definition 7.2.7 is satisfied and the strategy 7* =
({7 Yoy {77 Fcpoury ) given by (7.3.25) is admissible, ie. 7 € TT;. Finally,
from (7.G.2) and (7.G.4), we can conclude that 7* is the optimal strategy and the
optimal value function is given by (7.3.26). O
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7.H Proof of Proposition 7.3.27

Proof. We conjecture that the first component of the solution to BSDE (7.3.31),
Y54, has an affine form Y3, = f3(t) + gs(t)ou + bg(t)i/t, where f3(t), g3(t) and
b3(t) are undetermined differentiable functions of ¢ with boundary conditions
f3(T) = g3(T) = b3(T) = 0. Applying It6’s formula to Y3, yields

a¥i = |50 a0 = ) + Lo (o 4 o =y 4 02— 010, = 1) 1))

dt dt
dfs(t) = 0 1 2
t=g | @+ (00 = 0p)bs(t)Le dWy + pry/angs(t) AWy + pay/augs(t) AW .

(7.H.1)

Let Mo, = (07 — 0p)bs(t) Ly, My = p1y/args(t) and My, = pa\/args(t), then the
generator of BSDE (7.3.31) turns out to be:

22 7l r+ p, — R—o? s
(5 + Amanlt) ~ 2r2a20)) o + (”% —oba(t) ) L
q 2 op

(r—&—up—R—afj)g
2Go2

(7.H.2)

Comparing the drift of SDE (7.H.1) and (7.H.2) and separating the dependence on
oy and Ly, we find that functions fs(t), gs(t) and bs(t) must satisfy the following
ODEs:

dgs(t) q A2
g = P90+ (5 Ae)gs(t) + 32, 9a(T) = 0;
dbs (¢ r+p—R—o;
;t( ) o~ (Mz —R—oi0p, — Mppm) bs(t) +m, bs(T') = 0;
Op
dfs(t) (r+pp—R—0})?
B = kg, (t L T) =
at K gg( )+ 260'127 ) fB( ) 0
By solving the above ODEs explicitly, we arrive at (7.3.34)-(7.3.36). O

7.1 Proof of Proposition 7.3.28

Proof. Differentiating gs(t) with respect to ¢ gives
222 A, eVAI(T-1)
q 93

2
[~(5 4 2A01) + V/Bgg + (5 + Ap1 + /Bgy) eV B3 (T70)]
dgs(t) _ ] 52

dt ?e("“‘)l)“’“, if p2 = 0 and k 4+ Apy # 0;
q

, if Agy > 0 and p2 # 05

—2dp3n,
(Gp3(T — t)ngg +2)

> if Ag; =0 and p2 # 0.

The first two cases reveal that function g3(t) is strictly increasing over [0, 7], while
the last case shows that g3(t) is strictly decreasing over [0, 7). This, in turn, implies
that g3(t) is bounded over [0, 7], and more precisely, we have |gs(t)] < |g3(0)]. O
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7.J Proof of Theorem 7.3.30

Proof. For any admissible strategy m € I, using Itd’s formula to — (X7 —Ya.t) and
applying some localization techniques lead to

Eo [7675(X%A7n 7Y3,T/\Tn)]

1 T ATp, e _ _R-— 2\ 2
=— Z¢’Eo |:/ e IXT—Ys.) (er (ﬂf - l) op — Mot — TJF/JP—G‘”> dt
0

(]

Gop

1 TATp e ~ )\ 2 » -
- §Q2E0 [/ e 1T Ya0) (Xfﬂfat — M — @) dt| — e~ (@0 Y3,0)’
0 q

(7.J.1)

where {7, },cy is the localizing sequence. Since for any admissible strategy 7 € Il,,
the term in the expectation on the left-hand side of (7.J.1) is uniformly integrable,
and the terms in the expectations on the right-hand side of (7.J.1) are non-negative
and increasing with respect to n € N. Hence, by applying the monotone convergence
theorem to the right-hand side of (7.J.1) and the equivalence between uniform
integrability and £!-convergence to the left-hand side of (7.J.1) upon recalling that
GXr = qXZ, we have

EO |:_e—qX§5:|
2
1 T en . T+, — R—o?
=— —§*E, / e~ IXIYa) | X7 (r] — 1) 0 — Moy — Tl — 7%
2 0 ’ qop
T _ 2

Clop | [ et ST v (fmaSe, —ar, - VO gp] - emae T wo-Yo0)

9 o t 't s q

< _ e*qerT(IO*Yz,o)

This means that

SélIII) Eo [—equﬂ < —exp {—qerT(xo — f3(0) — g3(0)ap — b3(0)lo) } . (7..2)

When adopting the strategy 73 * and 7{* given in (7.3.37) and denoting by X; and
Xg* the associated (discounted) inflation-adjusted wealth processes respectively, we
have

~ 5 _ _ 2
d (—e_q(xt*—yz,t)) — — e~ A(X{=Y5,) ( _ Ty — R Up, thO — )\\/07156”/1/}1
Op

+ @Pzgs(t)\/OTtthQ)
(7.3.3)
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Solving SDE (7.J.3) explicitly, we have

o U(X = Ya)

2 212
_ e (w0 Ya0) exp {_/t r+pp, — R—o0p awo 1 /i (r4pp — R—0p) ds}
0 0

2
op 2 oz

¢ t 1t )
Xexp{f/ /\\/adeSlJr/ qugg(s)\/adeffi/ (A2+q2p§g§(5)) asds}-
0 0 0

This shows us the path-wise unique strong solution of )N(t* as well as of X;. Moreover,
it follows from Lemma 7.3.6 and Theorem 2.4 in Cherny (2006) that —e~4(X¢ —Ys.0)
is an (F, Pg)-martingale. Thus, we have

Eo {—e‘qxﬂ = —exp {—qe"" (zo — f3(0) — g3(0)axg — b3(0)lo) } - (7.J.4)

Therefore, combining (7.J.2) and (7.J.4), we can conclude that the optimal invest-
ment strategy and optimal value function of problem (7.2.13) are given by (7.3.37)
and (7.3.38), respectively. The proof of the admissibility of the optimal strategy
T = ({wf*}tE[O’T] , {ﬁ{*}te[o’ﬂ) is similar to that of Theorem 7.3.20 above, so

we omit here. O
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Chapter 8

Optimal investment strategies for
asset-liability management with affine
diffusion factor processes and HARA

preferences

ABSTRACT

This paper investigates an optimal asset-liability management prob-
lem within the expected utility maximization framework. The general
hyperbolic absolute risk aversion (HARA) utility is adopted to describe
the risk preference of the asset-liability manager. The financial market
comprises a risk-free asset and a risky asset. The market price of risk
depends on an affine diffusion factor process, which includes, but is not
limited to, the constant elasticity of variance (CEV), Stein-Stein, Schibel
and Zhu, Heston, 3/2, 4/2 models, and some non-Markovian models,
as exceptional examples. The accumulative liability process is featured
by a generalized drifted Brownian motion with possibly unbounded and
non-Markovian drift and diffusion coefficients. Due to the sophisticated
structure of HARA utility and the non-Markovian framework of the
incomplete financial market, a backward stochastic differential equation
(BSDE) approach is adopted. By solving a recursively coupled BSDE
system, closed-form expressions for both the optimal investment strategy
and optimal value function are derived. Moreover, explicit solutions
to some particular cases of our model are provided. Finally, numerical
examples are presented to illustrate the effect of model parameters on

the optimal investment strategies in several particular cases.

Keywords: Asset-liability management; HARA utility; Affine diffusion factor
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process; Drifted Brownian motion; Backward stochastic differential equation.

8.1 Introduction

Asset-liability management (ALM) is of great importance not only for investment
institutions such as banks, pension funds, and life insurance companies but also for
individual investors who can ensure the match between assets and liabilities. The
ALM problem under Markowitz (1952)’s mean-variance criterion was first studied
by Sharpe and Tint (1990) in a single-period setting, and the multi-period case
was then investigated by Leippold, Trojani, and Vanini (2004). By employing the
stochastic linear-quadratic control theory and solving the corresponding Hamilton-
Jacobi-Bellman (HJB) equation, Chiu and Li (2006) extended the work of Leippold,
Trojani, and Vanini (2004) to a continuous-time framework with uncontrollable
liabilities driven by a geometric Brownian motion. Alternatively, Xie, Li, and Wang
(2008) studied a continuous-time mean-variance ALM problem with liabilities driven
by a drifted Brownian motion process. The works of Leippold, Trojani, and Vanini
(2004) and Chiu and Li (2006) were further extended to the case with Markovian
regime-switching market by Chen, Yang, and Yin (2008) and Chen and Yang (2011),
respectively. By applying a backward stochastic differential equation (BSDE)
approach, Chiu and Wong (2014a) investigated the case with cointegrated risky
assets. For other research outcomes of ALM problems under the continuous-time
mean-variance framework, one can refer to Zeng and Li (2011), Yu (2014), Chang
(2015), Pan and Xiao (2017¢), Peng and Chen (2021), and references therein. Besides
the mean-variance criterion, ALM problems under the framework of expected utility
maximization have attracted the attention of quite a few researchers over the last
several years. For example, Chiu and Wong (2014b) studied an ALM problem with
stochastic interest rates for an insurer under power and logarithmic utility, where
the interest rate was modeled by an extended Cox—Ingersoll-Ross (CIR) process
and the liability followed a risk model of compound Poisson process. Liang and Ma
(2015) incorporated mortality and salary risks into an ALM problem under power
and exponential utility and derived the optimal approximation investment strategy
by using the martingale approach and the dynamic programming approach. Pan
and Xiao (2017b) considered an ALM problem with inflation risk and stochastic
interest rates, where the liability was governed by a geometric Brownian motion
and the interest rate followed the Hull-White model. For other relevant works along
this line, one may refer to Pan and Xiao (2017a) and Chen, Huang, and Li (2022),
to name but only a few.

Although ALM problems under the utility maximization and mean-variance
criteria have been extensively studied, two aspects are worthy of being further
explored. Firstly, most of the above-mentioned literature generally assumes that the
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risky asset price follows a geometric Brownian motion. In other words, the volatility
of risky asset price is a constant or a deterministic function, which cannot explain
the empirical observation that the implied volatility in option price data displays
the so-called volatility smile/skew. To articulate this issue, various stochastic (local)
volatility models have been proposed over the last several decades, such as the
constant elasticity of variance (CEV) model (Cox (1996)), Stein-Stein model (Stein
and Stein (1991)), Heston model (Heston (1993)), Schobel and Zhu model (Schobel
and Zhu (1999)), 3/2 model (Lewis (2000)), and 4/2 model (Grasselli (2017)).
Recently, there has been emerging interest in ALM problems under stochastic
volatility models. Using a BSDE approach, Zhang and Chen (2016) considered
a mean-variance ALM problem under the CEV model with multiple risky assets.
Li, Shen, and Zeng (2018) investigated the effect of derivatives trading on a mean-
variance ALM problem under the Heston model, where the liability process was
given by a generalized geometric Brownian motion. In Pan, Zhang, and Zhou
(2018), the liability was modeled by a drifted Brownian motion, and the explicit
solutions were derived under the mean-variance criterion for two special cases where
the two fundamental risk factors in the Heston model were perfectly correlated
or anti-correlated. Sun, Zhang, and Yuen (2020) stepped further by studying
a mean-variance ALM problem in a complete market with multiple risky assets,
where the volatility of risky assets was driven by an affine diffusion equation and
the analytical solutions were obtained by using a BSDE approach. Zhang (2023)
studied a mean-variance ALM problem under the CIR short rate of interest and
state-of-the-art 4/2 stochastic volatility model with derivatives trading. Besides
the mean-variance criterion, by using the dynamic programming approach, Pan,
Hu, and Zhou (2019) considered an ALM problem with exponential utility under
the Heston model.

Secondly, few papers on the ALM problems considers the hyperbolic absolute risk
aversion (HARA) utility function. Indeed, due to the flexibility of capturing risk
aversion preference, the HARA utility function includes power utility, exponential
utility, and logarithmic utility as exceptional cases in the utility theory. It is also
worth mentioning that the HARA utility is closely related to the mean-variance
criterion since the quadratic loss minimization (benchmark) problem embedded in
the mean-variance problem is a special case of HARA utility. Given the complicated
structure of HARA utility, two main approaches, the martingale approach and
the dynamic programming approach along with Legendre transform-dual theory
(Jonsson and Sircar (2002)), are generally applied to solving utility maximization
problems with HARA utility in recent years. For example, Tepla (2001) studied an
optimal portfolio selection problem with minimum performance constraints for a
HARA-utility investor and derived the explicit solution by using the martingale
approach. Grasselli (2003) investigated a HARA utility maximization problem
with stochastic interest rates in a complete market, where the interest rates were
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described by the Cox-Ingersoll-Ross (CIR) model. Alternative to Grasselli (2003),
Chang, Chang, and Lu (2014) studied an ALM problem with stochastic interest
rates, where the liability was driven by a drifted Brownian motion and the interest
rates followed an affine diffusion process. Jung and Kim (2012) considered an
optimal investment problem under the CEV model. Chang and Chang (2017)
focused on an optimal consumption-investment problem with multiple risky assets
and Vasicek interest rates. Escobar, Neykova, and Zagst (2017) studied a HARA
utility maximization problem in a Markov-switching bond-stock market, where
the stochastic volatility and stochastic interest rates were described by a Markov-
modulated Heston model and Markov-modulated Vasicek model, respectively. More
recently, Chang et al. (2020) solved a defined contribution pension problem with an
affine interest rate and mean-reverting returns under HARA utility explicitly. Zhang
and Zhao (2020) investigated an optimal reinsurance-investment problem under
the CEV model and HARA utility by using Legendre transform-dual technique.
For other previous works on HARA utility maximization problems, one can consult
Canakoglu and Ozekici (2012), Zhang, Zhao, and Kou (2021), Liu et al. (2023), and

references therein.

To the best of our knowledge, there is no existing literature addressing the ALM
problem under stochastic volatility models and HARA utility preferences in an
incomplete market setting. The present paper aims to fill the gap. We assume
that the asset-liability manager has access to a financial market consisting of one
risk-free asset and one risky asset, and meanwhile, is subject to an uncontrollable
random liability. The liability process is modeled by a generalized drifted Brownian
motion with unspecified drift and diffusion coefficients and can be understood as
a subtraction of the real liability and stochastic income. In this sense, a negative
liability means that the real liability is smaller than the stochastic income. Unlike
most of the aforementioned literature, it is not a prerequisite to suppose that the
risky asset’s return rate and volatility are specifically Markovian processes. Instead,
we only assume that the market price of risk depends on an affine diffusion factor
process (Duffie and Kan (1996)). The general modeling framework includes not only
some well-known Markovian models, such as the Black-Scholes model, CEV model,
Stein-Stein model, Schébel and Zhu model, Heston model, 3/2 model, and 4/2 model
but also some non-Markovian models, as exceptional examples (see Examples 8.2.2-
8.2.5). The incomplete market setting and the potentially non-Markovian structures
of risky asset price and random liability lead to the failure of an application of
the martingale representation theorem and Bellman’s optimality principle. In this
sense, neither the martingale approach nor the dynamic programming approach
along with Legendre transform-dual technique can be applied in the present paper
directly. We, therefore, adopt a BSDE approach to solve the ALM problem under
the general stochastic volatility model and HARA preference. Under an assumption
on the model parameters (see Assumption 8.3.6), we discuss the solvability of
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a recursively coupled BSDE system consisting of a backward stochastic Riccati
equation (BSRE) and two linear BSDEs and derive, in closed form, their respective
solutions. Explicit expressions for the optimal investment strategy and optimal
value function are then obtained via the solutions to the BSDEs. Moreover, the
results for several special cases of our model are provided (see Corollary 8.4.3-8.4.7
and Remark 8.4.2-8.4.6). Finally, some numerical examples are given to illustrate
the effect of model parameters on the optimal investment strategies under two
extensively studied models, the CEV model and 4/2 model.

The main contributions of this paper are as follows: (i) we pioneer to study an
ALM problem with a general class of stochastic volatility models and the HARA
utility in an incomplete financial market setting, in which the market price of risk
relies on an affine diffusion factor process but the return rate and volatility coefficient
are unspecified, while in Sun, Zhang, and Yuen (2020) the financial market is
complete and an investment-reinsurance problem under the mean-variance criterion
is considered; (ii) the liability process is modeled by a generalized drifted Brownian
motion rather than a geometric Brownian motion, which can be understood as
a subtraction of the real liability and stochastic income and distinguishes this
paper from some existing literature on ALM problems, such as Zhang and Chen
(2016), Li, Shen, and Zeng (2018), Sun, Zhang, and Yuen (2020), and etc; (iii) a
BSDE approach is applied to overcome the possibly incomplete and non-Markovian
financial market, which differentiates this paper from some published works on
HARA utility maximization problems by using either the martingale approach or
the Legendre transform-dual theory, such as Grasselli (2003), Jung and Kim (2012),
Chang et al. (2020), Zhang and Zhao (2020), Zhang, Zhao, and Kou (2021), Liu
et al. (2023), and etc.

The remainder of this paper is organized as follows. Section 8.2 formulates the
market model and ALM problem. Section 8.3 discusses the solvability of BSDEs
associated with the ALM problem and derives closed-form solutions to the BSDEs.
In Section 8.4, explicit expressions for the optimal investment strategy and optimal
value function are presented, and the results for several particular cases of our model
are recovered. Section 8.5 gives some numerical examples to illustrate theoretical
results. Finally, Section 8.6 concludes the paper.

8.2 General formulation

Let (92, F,P) be a complete probability space, T > 0 be a finite constant standing
for the decision-making horizon, and F := {ft}tE[O,T} be the right-continuous,
P-complete filtration generated by a two one-dimensional, mutually independent
standard Brownian motions {Wlﬁt}te[o,T} and {WZt}te[o,T]' Denote by E[-] the
expectation under P. In what follows, we introduce several spaces on (2, F,F,P):
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° E%P (0, T;R): the space of all real-valued, F-adapted processes with P-a.s.
continuous sample paths;

. ﬁﬁ’lﬂfc(O,T; R): the space of all real-valued, F-adapted processes {ft}tE[O,T]
with P-a.s. continuous sample paths such that P (fOT |fe]? dt < oo) =1;

. /.ZIQF’P(O, T;R): the space of all real-valued, F-adapted processes {ft}te[o,:r] with
P-a.s. continuous sample paths such that E [ fOT | fel? dt} < o0

e Sip(0,T;R): the space of all real-valued, F-adapted processes {fi}icio,r With
P-a.s. continuous sample paths such that E {supte[O,T] | ftﬂ < 005

° SﬁfP(O,T; R): the space of all real-valued, F-adapted uniformly bounded
processes with P-a.s. continuous sample paths.

8.2.1 The financial market and liability process

We consider a financial market consisting of a risk-free asset (money account) and
a risky asset (stock). The price process of the money account {Bi},c( ) evolves
according to

dB; =rBydt, By =1,

where r € R is the risk-free interest rate. The risky asset price {St}te[o,T] follows
the dynamics

dS’t = St (,LLS,t dt + US,t dWl,t) , SO = S0 > O7 (821)

where pus; and og; > 0 are two potentially unbounded and non-Markovian F-
adapted stochastic processes, which stand for the risky asset’s return rate and
volatility at time ¢, respectively. We denote the market price of volatility risk by

g, =5t =" (8.2.2)
0S8t

for t € [0,71], and assume that the market price of volatility risk process {6:},c( 7
depends on a stochastic factor process {V}}te[o 7] in the following way:

Gt:A\/nl—anVt, )\GR\{O}:R(),

where the stochastic factor process {V;f}te[o,T] follows an affine diffusion equation
(Duffie and Kan (1996)):

dV; = (a — b‘/t) dt + +/ m + 772‘/15(/)1 dWl,t + p2 dWQ’t), Vo = vy > 0. (823)

To make our framework more general, no further conditions on parameters a, b, p1, p2
€ R and n; > 0,79 > 0 are imposed at the present stage. Instead, we only assume
that the solution to the affine diffusion equation (8.2.3) is well-defined, i.e., 1 + 172 V4
is non-negative P almost surely, for ¢ € [0,T].
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Remark 8.2.1. For the case when 72 > 0, it can be checked that {n; + 772‘/;5}t€[0,T]
follows a square-root diffusion process:

d(m +n2Vi) = (a2 + by — b(n1 + n2Vy)) dt+ne/m + n2Ve (p1 dWit + p2 dWag) .

It follows from Chapter 6.3 of Jeanblanc, Chesney, and Yor (2009) that the process
{m + ng‘/}}te[oj] is non-negative P almost surely, if the parameters satisfy ang +
bny > 0. Moreover, it is worth mentioning that although the diffusion coefficient of
the process {m + 772Vt}te[0,T] does not satisfy the uniform Lipschitz continuity, a

unique strong solution such that E SUDy¢(0,7) (m + 172%)2} < C7 exists, where the
upper bound C7 depends on a,b,n1,12, p1, p2, and T. For the simple case when
72 = 0, the affine diffusion equation (8.2.3) is reduced to an Ornstein-Uhlenbeck
(OU) process:

d‘/t = (a — th) dt =+ \/’Iﬁ(pl dlet + P2 dWQ’t) 5

of which the solution does exist (refer to Chapter 2.6 of Jeanblanc, Chesney, and
Yor (2009)).

It is worth mentioning that the above modeling framework is general and embraces
not only a wide class of stochastic (local) volatility models, such as the CEV model,
Stein and Stein model, Schébel and Zhu model, Heston model, 3/2 model, and 4/2
model (see Examples 8.2.2-8.2.4) but also some non-Markovian models (Example
8.2.5), as particular cases.

Example 8.2.2 (CEV model). If we set pug; = p and og¢ = 05, where pu # r
and o are positive constants and v < —% is the elasticity parameter, then the risky
asset price follows the CEV model:

dS; = S (u dt + (TS;y dWLt), So = sg > 0. (824)

By setting V; = S, 27, a = 4(2y + 1)0%,b = 2yu,m1 = 0,12 = 1,p1 = —270,p2 =

0,A = “=" and applying Itd’s formula to S, *”, we have

v, = [7(27 +1)0? — 2w5[2”} dt — 2y0S;7 dW,
:(a — th) dt +/m + Vs (p1 dWLt + p2 dWQ,t) .

This shows that the CEV model (8.2.4) is a special case of the model given by
(8.2.1)-(8.2.3). In particular, when v = 0, the condition any + br; > 0 still holds,
and the CEV model (8.2.4) is reduced to the Black-Scholes model.

Example 8.2.3 (The 4/2 model). If we set pg; = r + X\/N2(c1Vi + ¢2), 05 =
caVVi + Fem=0,p1=p€ [-1,1], and ps = /1 — p?, where ¢; > 0, c3 > 0,

229



and 72 € R, then the risky asset price is governed by the family of 4/2 models
(Grasselli Grasselli, 2017):

dSt :St (T + )\\/%(Cl‘/; + Cg)) dt + (01 V;, + 02> dWl’t:| 5 SO = Sg > 07
VVi
AV, =(a — bV,) dt + \/12V, (deLt F /1= p2 sz,t) L Vo = wp > 0.
(8.2.5)

In this case, b € R is the mean-reversion speed, a/b € RT is the long-run mean,
and /72 is the volatility of the variance driver process V;. The Feller condition
2a > 1y is required, so that V; is strictly positive P almost surely, for ¢ € [0,T].
Particularly, by further specifying (c1,c2) = (1,0), the 4/2 model (8.2.5) degenerates
to the Heston model (Heston (1993)), while the case (¢1,c2) = (0,1) corresponds to
the 3/2 model (Lewis (2000)).

Example 8.2.4 (The Schébel and Zhu model). If we set pus; = r + A\/niVi,

ost =Vi, 12 =0, pr = p € [-1,1], p2 = /1 —p?, and 1 € R, then the risky
asset price follows the Schébel and Zhu model (Schobel and Zhu (1999)):

dSy =S, [(r + AymVy) dt + V,dWi 4], So =50 >0,

(8.2.6)
AV, =(a — bV,) dt + /i (deLt V1o 2 dWQ,t) , Vo = > 0.

Here, b € RT is the mean-reversion speed, a/b € RT is the long-run mean, and ,/m
is the volatility of the instantaneous volatility process V;. In particular, the case
p=0in (8.2.6) is known as the Stein-Stein model (Stein and Stein (1991)).

Example 8.2.5 (A path-dependent stochastic volatility model). If we set pg; =
r+ A/2VVid (Vioy)s 05 = 0(Vio,y) for some functional 6 : C([0,t];R) — R,
m =0,m € RY, py = p e [-1,1], and py = \/1 = p?, where Vjg s := (V)sefog
is the restriction of V' € C([0,T];R) to C([0,t];R), i.e. the space of real-valued,
continuous functions defined on [0, ¢], then the risky asset price is governed by the
following path-dependent model:

aSy =S, | (1 + AWmVio(Viow)) dt +6(Viog) dWr] , So = 50 > 0,

(8.2.7)
AV, =(a — bV,) dt + /maVi (deLt /1 p2 qu) . Vo = o > 0.

which is clearly a special case of non-Markovian models because the risky asset’s
return rate and volatility are path-dependent. For more details on model (8.2.7),
one may consult Siu (2012).

Denote by 7 := {ﬂt}te[oﬂ the money amount invested in the risky asset and

X[ the asset value process under the strategy m. Suppose that there are no
transaction costs as well as other restrictions in the financial market. Under a
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self-financing condition, the asset process X[ evolves according to the following
stochastic differential equation (SDE):
ds dB
dX;T = Wt?t + (Xtﬂ— - 7Tt) ?t = (TXZT + (,LLS,t — 7’)7Tt) dt + TtO St dWl,t7 (828)
t t
with initial asset value Xy = zg € RT. Apart from investing in the above financial
market, we consider that the asset-liability manager is subject to an uncontrollable
liability commitment and assume that the accumulative liability process L; follows
a generalized drifted Brownian motion, for ¢ € [0, 7]

dL; = KLt dt + OLt dWl)t, Lo=1y€R. (829)

In the liability process (8.2.9), the drift and diffusion coefficients ur,; € E%)P(O, T;R)
and o7, ; € L3 p(0,T;Ryg), and they are related to each other via

Hr,t — Ml
= eta
OLt

where the non-negative constant p; > 0 is the drift coefficient. Notice that the
processes (r,; and o, ; are potentially unbounded and non-Markovian, and the
liability process adopted in this paper is in a general sense that it can be understood
as a subtraction of the real liability and stochastic income of the manager. Therefore,
negative liabilities are allowed, which means that the stochastic income is larger
than the real liability. Similar specifications on the liability process can be found in
some literature, such as Xie, Li, and Wang (2008), Pan, Zhang, and Zhou (2018),
and Pan, Hu, and Zhou (2019).

Definition 8.2.6 (Admissible strategy). An investment strategy m is said to be
admissible if it satisfies the following conditions:

(i) m¢ is a real-valued, F-adapted process such that mogy € E%,P(O, T;R);

(ii) given (xg,lo,v9) € RT x R x RT fized and given, the SDE (8.2.8) associated with
™ has a unique strong solution X[ € L3 5(0,T;R) such that T (XT = GieLly) +
BGay >0 fort e [0,T];

(i4i) the family {1;7” (ﬁ(X%AT” — Gioar, Lrns,) + BGgyT/\Tn)p YTAT"}neN 18
uniformly integrable, for any sequence of F-stopping times {7, }, oy such that 7, T oo,

P almost surely as n — oo, where Yy, G1 ¢, and Go ¢ are given by (8.3.5), (8.5.12),
and (8.3.15), respectively.

The set of all admissible strategies is denoted by A.

8.2.2 The optimization problem

The asset-liability manager aims to obtain an admissible strategy = € A to maximize
the expected utility of the terminal surplus X7 — Ly at time T with the initial
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surplus xg — lp. More specifically, the optimization problem can be formulated as
follows:

sup J(xo,lo,vo; 7) = sup E [U(XT — Lr)], (8.2.10)
TeA TeA
where the utility function U(-) is supposed to be a strictly increasing and concave
function characterizing the manager’s risk-averse preference, and J(-) is referred to
as the value function in the literature. In this paper, we investigate the solution of
ALM problem (8.2.10) in a general utility framework by considering the following
HARA utility function with parameters p, ¢, and 3:
L—p

UHARA(«T) = F <

q
1-p

p
x+ﬂ) ,q>0,p<0, BER (8.2.11)

such that ﬁx + 8 > 0. It can be checked that the above general HARA utility
maximization framework (8.2.10)-(8.2.11) recovers the power, exponential, and
logarithmic utility functions as special cases. In particular,

e if wetake 3 =0and ¢ =1—pin (8.2.11), we obtain the power utility function

case, i.e.,
1
Upower(x) = ];xp;
e if we take 8 = 1 and compute the limit as p — —oo in (8.2.11), we have the

exponential utility function:
1

Uemp(x) = _ge—qw;

e if we compute the limit as p — 0 of the following modified HARA function

= 52 (25 -

and take § =0 and ¢ = 1 — p, we have the logarithmic utility function:
Ulog(x) = log(z).

It is worth mentioning that since the limit procedures in the above exponential
utility and logarithmic utility cases are only formal, the solutions for these two
cases cannot be derived as an immediate result of the HARA utility case (see, for
example, Grasselli (2003)).

Remark 8.2.7. Given the possibly non-Markovian structures of risky asset price
process (8.2.1), asset process (8.2.8), and liability process (8.2.9) as well as the
incomplete market setting, neither the dynamic programming (HJB) approach
along with Legendre transform-dual technique nor the martingale approach can
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be applied in the present paper. Therefore, we solve problem (8.2.10) in Section
8.3 and 8.4 by means of BSDE, which distinguishes this paper from some existing
literature on HARA utility maximization problems, for example, Grasselli (2003),
Jung and Kim (2012), Escobar, Neykova, and Zagst (2017), Chang et al. (2020),
Zhang and Zhao (2020), Zhang, Zhao, and Kou (2021), Liu et al. (2023), and etc.

8.3 Backward stochastic differential equations

In this section, we discuss the solvability of a recursively coupled BSDE system,
including a BSRE and two linear BSDEs, based on which ALM problem (8.2.10)
under HARA utility will be solved completely in the next section.

To find the BSDEs associated with problem (8.2.10), we first introduce the
following three continuous (F, P)-semi-martingales, Y3, G1 ¢, and Go ¢, with canonical
decomposition:

dY, =V, dt + 21, AW ¢ + Zy s AW 4,
dGi =Hypdt + Ay dW g 4 Ao dWo g,
dGoy =Hypdt + 11 1 AWy 4 + T dWa y,

where W, Hy;, and Hs, are some F-adapted processes to be determined, and
14,224, M1 ¢, Ao g, T'1 ¢, and 'y 4 lie in E%’)lﬂfc(O,T; R). We expect that the process

P
z;pp (ﬁ(X,Zr —G1.Ly) + 5G27t) Y; is a (local) supermartingale for any admissible
strategy m € A, and a (local) martingale for the optimal strategy by determining
the processes Wy, H; 4, and Hy; in what follows. An application of 1t6’s formula

shows that

1— . p
d (—p (L(Xt — GuiLi) + 5G2,t) Y;)
qp 1-p

1- o
:J |:Y <7(er — Gl,tLt) + 6G2,t> (
qp 1

tp
+,8F1,t) +

a4 (WtUs,z — LA — Gl,tUL,t>
1—p

q

-Pp
P

ﬁ(xtﬂ —Gl,tLt)+ﬂG2,t) Zl,t:| AW,

1-— T Pt ™
. [Ytp <7q (X{ — GraLe) + 5G2,t> ( 4 LiAgy — ﬂFQ,t> - (7(] (X¢
qp -p 1-p 1—p

v (p_ 1)2 q T P2
— G, L) + ﬁGQ,z) ZQ,t:| dWs ¢ — % Y; <1 _p(Xt —G1.Lt) + ,802,15) {BFM

T (XT — GrLe) + BG2e (7 2
+ _4 (Wth,t — LA — Gl,tUL,t) + =2 ! (j + Ht) ] dt
1-p p—1 Y

(p—1)° q PPy :
- Y ( (X{ = GreLe) + 5G2,t> ( LiAoy — 5F2,t> dt
2q 1-p 1-p
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@ \1-p "' i 2t 2p—1) \ Vi ¢ pY: t

1-— - p—1 Z

* e %(Xt = GreLe) + G2y Y, 1 Li( 1G4+ 0:M e — 2t Aoy

q 1-p 1—p Y,

Z
_H1,t> +p <H2,t —rGay — 01 + %th) — ﬁ (G + UL,tAl,t):| dt.
f _
(8.3.1)

We expect that the above drift coefficients are non-positive for arbitrary m € A and
zero for the optimal strategy. Therefore, the processes ¥y, H; ;, and Hs; can be
determined by formally letting the last two terms on the right-hand side of (8.3.1)
be zero. As a result, we obtain the following BSRE of (Y;, Z1 4, Z2,;) and two linear
BSDEs of (Gl,ta Al,t, Ag’t) and (Gg’t, Fl,tv FQ,t):

2
dY; = (2@{1)9? - rp) Y; + ﬁ Z;t’t + pf 0 Z14| db+ 2y dWa g
+ Z2,t dWay,
Yy =1,
Y: >0, for all ¢ € [0,T],
(8.3.2)
dGy; = (TGLt + 0N — Zot A2,t> dt + Ay dWy ¢ + Aoy dWo s,
Y (8.3.3)
Gir =1,
and
dGy = |:TG2 ¢+ 01 — @FQ 1 (Ghrs + oriAry)| dt
¢ et O = e gy Gt onadh,
+ Ty dWyy + Doy dWay (8.3.4)
Gor =1.

Throughout the paper, by a solution to BSRE (8.3.2), we mean a triplet of stochastic
processes (Y;, Z1.t, Z2,1) € Sgp(0, T; RY) x L5 (0, T5R) x LE (0, T;R) and verifies
(8.3.2). In the same vein, solutions to linear BSDEs (8.3.3) and (8.3.4) are two triplets
of stochastic processes (G141, A1s, Ao i) € SEH(0,T;R) x L3 p(0, T;R) x LE (0, T; R)
and (G, T14,Tay) € SE5(0,T;R) x L3 p(0, T;R) x LE 5(0, T; R), respectively.
Remark 8.3.1. Notice that BSDEs (8.3.2)-(8.3.4) constitute a coupled BSDE system,
and this coupling is recursive. More specifically, the generator of linear BSDE
(8.3.3) involves the solution of (Y3, Z1 ¢, Z2+) to BSRE (8.3.2), while the generator
of linear BSDE (8.3.4) includes both the solutions of (Y3, Z14, Z2 ) to BSRE (8.3.2)
and of (G1,,A14,A2,) to BSDE (8.3.3). This observation implies that BSDEs
(8.3.2)-(8.3.4) shall be solved recursively forwards.
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Next, we derive respective solutions to BSDEs (8.3.2)-(8.3.4), and prove that
these solutions are unique.

Proposition 8.3.2. One candidate solution triplet (Yi, Z1 1, Z24) to BSRE (8.3.2)
is given by

Yy = exp{f1(t) + f2()Vi}, (8.3.5)

and

(8.3.6)

{Zl,t =fo(t)v/m + n2Vip1 Yz,
Zar =f2(t)\/m + n2VipaYs,

where f1(t) and fao(t) are solutions to the following system of ordinary differential
equations (ODEs):

) | 1 (/ﬁ - pi pf) mf3(t) - (Apmlp - a) fa(t) = ;zmp +rp=0;

dt 2 1 p—1 (p—-1)
df2(t) 1(5 1 20\ [ Apin2p B Anap _
2045 (s gt w0 - (P22 ) ) - 5o o
(8.3.7)
with boundary conditions f1(T) = fo(T) = 0.
Proof. See Appendix 8.A. O

In the following proposition, the solutions of functions fi(t) and fa(t) to ODE
system (8.3.7) are derived in closed form.

Proposition 8.3.3. Closed-form solutions to ODE system (8.3.7) are given by

0, 72 = 0;

ninsg (1 — e\/Z(T’t))
ny — ngeVA(T—t)
e (5003 = p3) (T = t)nd

Fat) = (ﬁﬁ% - P%) (T —t)no — 2

vV—-A b+ Amap1 -5
nyg + ——5—— tan | arctan | ———="—
72 <pp_11 - p%) -A

, 2 0 and A > 0;

0 and A = 0;
y 112 7& an ) (838)

vV—A
—2(T—t)>7 12 # 0 and A < 0;

o= [ (s (st s (2 o)

I =)
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where A, ng,ny, and ny are given by

2 _ Apim2p
A (v ) (g ) Vol b (o )
vl potieed (et = o3) m (8.3.10)
—(b+%)+\/§ —<b+—A]’jl_”fp)—\/Z
ny = , Ng = .
(0t = 03) m (70t = 3) m
Proof. See Appendix 8.B. O

Remark 8.3.4. From Proposition 8.3.3, it is straightforward to verify that fa(¢) is a
monotonically increasing function for the case when 72 # 0 and A > 0, while f5(¢)
is monotonically decreasing for the case when 73 # 0 and A < 0. These results
imply that |f2(¢)| is bounded by |f2(0)| for ¢ € [0, T].

To give the space where the candidate solution triplet (Y, Z1 4, Z2 ;) presented in
Proposition 8.3.2 lies in, let us recall the following result on the Laplace transform
of an integrated square-root diffusion process; see, for example, Pitman and Yor
(1982) or Zeng and Taksar (2013).

Lemma 8.3.5. Consider process {at}te[o,T] with the following square-root diffusion
dynamics:
doy = k(0o — o) dt + oo/ar AW,

where Wy is a one-dimensional Brownian motion under P measure. When ¢, <

k2 /202, the Laplace transform is well-defined, i.e.,

T
exp {ca/ atdt}l < 0.
0

Inspired by the uniform boundedness of function f(¢), Lemma 8.3.5 and the

E

form of square-root diffusion process {n; + ngvt}te[o 7], We impose the following
technical condition on the model parameters throughout out the rest of the paper.

Assumption 8.3.6. When 1, # 0, the model parameters satisfy

1 \2
[(1 - pl) P+ 203

Remark 8.3.7. It is worth mentioning that the feasibility of Assumption 8.3.6 is

4p? 2p 1 b2
2 2

0D G (e . R I
f(0)+ ((p1)2+p1+2>_2n3

guaranteed by the monotonicity of function f5(¢). In particular, when the investment
horizon T is small enough, f3(0) decreases and converges to zero. This assumption
essentially assures the uniqueness results of BSRE (8.3.2) and linear BSDEs (8.3.3)-
(8.3.4) as well as the admissibility of the optimal investment strategy 7} given in
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(8.4.1). From an economic point of view, the above assumption gives an upper
bound for the slope A of the market price of risk process 8; = Av/n1 + 1n2V;. Due to
the unboundedness of 6,, taking risk might be rewarded too much by the market,
if there is no any restriction on the slope . As stated in Korn and Kraft (2004)
and Kraft (2005), in such a case, neither the finiteness of terminal utility nor the
uniqueness of optimal solution can be ensured.

Remark 8.3.8. For the simple case when 772 = 0, we observe that the market price of
risk reduces to the constant \/71. Consequently, the validity of Girsanov’s measure
change holds without any technical conditions on the model parameters in the proof
of Proposition 8.3.9, Theorem 8.3.10, and Proposition 8.3.12 and 8.3.13 below.

Proposition 8.3.9. Suppose Assumption 8.3.6 holds. The solution (Y, Z1.4, Za,)
given in Proposition 8.3.2 lies in Sg%(0, T; RY) x S]%P(O, T;R) x S]%,P(O, T;R). More
precisely, 0 < Y; < €T for allt € [0,T], P almost surely.

Proof. See Appendix 8.C. O

Having verified that the candidate solution (Y, Z14, Z2) is indeed a solution
triplet to BSRE (8.3.2), we next prove the uniqueness of the solution using the
results of Kobylanski (2000).

Theorem 8.3.10. Suppose Assumption 8.3.6 holds. BSRE (8.3.2) admits a unique
solution (Y, Z14, Za1), which is given by (8.3.5) and (8.3.6).

Proof. See Appendix 8.D. O

Remark 8.3.11. In the proof of Theorem 8.3.10, the generator of quadratic BSDE
(8.D.2) is concave in the control components Z; ;/Y; and Z3,/Y; of the solution,
so the uniqueness theorem for quadratic BSDEs in Briand and Hu (2008) can be
used if the random variable fOT 67 dt has exponential moments of all order (see
Assumption (A.2) in Briand and Hu (2008)), i.e., for sufficiently large constant

c € R, it holds that
T
E lexp {c/ 0? dt}] < oo.
0

This assumption, however, violates the explosion criteria of integrated square-root
diffusion processes, namely, Lemma 8.3.5 above. Therefore, a comparison method
is applied in the above proof to eliminate the singular term ﬁ&? — rp within

the generator of quadratic BSDE (8.D.2).
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Having solved BSRE (8.3.2) completely, we can simplify linear BSDE (8.3.3) of
(G1,4,A14, Ao y) as follows:

dGh = (TGLt + 0N — @fQ(t)etAz,t) dt + Ay dWy ¢+ Ao dWo g,
A (8.3.11)

Gl,T =1.

Proposition 8.3.12. Suppose Assumption 8.3.6 holds. The unique solution to
linear BSDE (8.3.11) is given by

Gry=e Tt (8.3.12)

and
(A14,A24) =(0,0), forallt € [0,T]. (8.3.13)
Proof. See Appendix 8.E. O

Relying on the preceding results on the solutions to BSRE (8.3.2) and linear
BSDE (8.3.3), linear BSDE (8.3.4) of (G2,I'14,'2,;) can be reformulated as

qme—T’(T—t)) dt
-p)

dGa = (TGQ,t + 0.1 — %f2(t)etr2,t + 50

3.14
+ 0 dWyi g+ T dWoy, (8:3.14)

G27T =1.

Proceeding as in the proof of Proposition 8.3.12, we can obtain the unique solution
to BSDE (8.3.14) in Proposition 8.3.13 below.

Proposition 8.3.13. Suppose Assumption 8.3.6 holds. The unique solution to
linear BSDE (8.3.14) is given by

Gy = (D <1 - ﬁ(T - t)) : (8.3.15)
and
(T'1.4,Ts,) = (0,0). (8.3.16)

Remark 8.3.14. It is of importance to identify that the control components As ;
and I'y ; of linear BSDEs (8.3.3)-(8.3.4) are zeros, because of which the second drift
term on the right-hand side of (8.3.1) can be removed.

8.4 Solution to the optimization problem

In this section, we derive the main result of this paper, the optimal investment
strategy and optimal value function for ALM problem (8.2.10) under HARA utility,
which are represented in terms of the solutions to BSDEs (8.3.2)-(8.3.4) with explicit
expressions given in Proposition 8.3.2, Proposition 8.3.12 and 8.3.13, respectively.
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Theorem 8.4.1. Suppose Assumption 8.3.6 holds, then for any initial value of data
(xo,lo) satisfying ﬁ(xo —G1,0l0) +B8Ga > 0, the optimal investment strategy and
optimal value function of ALM problem (8.2.10) under HARA utility are respectively
given by

. (ﬁ(Xf —Gr4Le) + §G2,t) (Z;f + 915) +or+G1y

ﬂ't:

, 8.4.1
= (8.4.1)

and

1— p

J(Jfo, lo, Vo3 7T*) = pYO ( q (JZ‘Q — GI,OZO) + /BG270> y (842)
qp l—p

where Yy, Z14, G141, and Goy are explicitly given by (8.3.5), (8.3.6), (8.3.12), and

(8.3.15). Moreover, the optimal investment strategy is admissible, i.e., 7* € A.

Proof. See Appendix 8.F. O

Remark 8.4.2. If we set uy =lop = ppy = or, = 0 for all t € [0,T] in Theorem 8.4.1,
we obtain the closed-form solution to the case without random liability. Instead,
the specifications ¢ = 1 — p and § = 0 lead to the results for the ALM problem
under power utility.

The next three corollaries provide the results for the CEV model, 4/2 model,
and Schobel and Zhu model in Example 8.2.2-8.2.4, respectively.

Corollary 8.4.3 (CEV model). Suppose Assumption 8.3.6 holds, then for any
initial value of data (x0,ly) satisfying ﬁ(mo — Gi0lo) + BGao > 0, if the risky
asset price process follows the CEV model (8.2.4) in Example 8.2.2, the optimal
investment strategy of ALM problem (8.2.10) under HARA utility is given by

(T = GuaL) + 86, (B55 - 290 fa(t)) ST + 014G

i =
t O'S; )

and the optimal value function is given by

T(zo,lo, s0:7) = 2 (9 (2g — G olo) + BC Cex {f(o)+f(0)s—%}
050,503 o 1—p 0 1,00 2,0 PqJ1 2 0 s

where G14 and Ga, are explicitly given by (8.3.12) and (8.8.15), and functions
f1(t) and fa(t) are given by

Py (1 - e‘/Z(T_t)>

ﬁl _ ﬁQe\/Z(T—t)

fa2(t) =
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and

Fit) = (rp+ (27 + 1)o* ) (T — ) — 2 ;L(p ~iog ( fil —\/ﬁg(T_tJ

with A, 71, 7y given by

A= = = (u=r)%s].
= _2(p—rp) +(p - HVA
1 — 4720_2 )
_ 2y(p—rp) —(p— HVA
- 47202 '

Proof. Substituting the specified parameters in Example 8.2.2 into Theorem 8.4.1
yields the above results. O

Remark 8.4.4. When py = lp = prt = ort = 0 in Corollary 8.4.3, the optimal
investment strategy and optimal value function under the CEV model and HARA
utility without liability are provided, which are the same as Theorem 4.1 in Zhang
and Zhao (2020) (function I(t) therein reduces to zero if no reinsurance is considered)
and Theorem 3.2 in Jung and Kim (2012). If we further set ¢ =1 —p and 8 =0,
then Corollary 8.4.3 provides the results under power utility without liability, which
are consistent with Proposition 4.1 in Gao (2009).

Corollary 8.4.5 (4/2 model). Suppose Assumption 8.3.6 holds, then for any initial
value of data (xo,lp) satisfying &(mo — Gi0lo) + BG2o > 0, if the risky asset
price process follows the 4/2 stochastic volatility model (8.2.5) in Example 8.2.5,
the optimal investment strategy of ALM problem (8.2.10) under HARA wutility is
given by

(505 = G + 26 (B(p + N) ViV + 014G

p
T, = s

and the optimal value function is given by

J— p —_ —
J(io, lo,vo; 7'(*) = % (1 zp(l’o — Gl,OlO) + 5G270) exp {fl(O) + fQ(O)Uo} ,

where G1 ¢ and Goy are explicitly given by (8.3.12) and (8.5.15), and functions
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fi(t) and fo(t) are given by
nino (1 — 6\/Z(T7t>)
n — ﬁQSVZ(T—t)
o (ﬁp2 - 1) (T -tng
fz(t) = B ) A= 0;
- (ﬁ,ﬂ - 1) (T — t)7ig — 2

JV_A < <b+/\nzpp”1> V-A
)tan arctan —

, A >0

(T—t)> + 70, A <0

2 (p%lf -1 VA 2
and
_ a(fe — 1) 1 — N2 _

T — 1 A ;

(rp + ania)( t) + V7S 0g<ﬁ1 —ﬁze‘/Z(T_t)> , A >0

(rp + ang)(T — t) — 2a log 2 , A=0;

A0 (ﬁpr“‘ - 1) M2 2—n2 (ﬁpr“‘ - 1) (T —t)no
() =

a b4 Anap-L-
(rp + ano)(T — t) — ﬁ [log (cos <arctan (%)))
p—1P" — 72 -

‘ b+ Ap2pEr V=A(T - ¢t) 7
— log (CO& (arctan ( \/j > — 5 ))] , A <O,

with A, ng, i, Ny given by

(o)

p—1

_1, ﬁ():—?
p (5207 1) m2

— (b+22m2) 4 VA —(b+2e22) - VA

(ﬁpQ - 1) 72 (ﬁpz - 1) 72

Proof. Plugging the specified parameters in Example 8.2.3 into Theorem 8.4.1 leads

ny = , M =

to the above results immediately. O

Remark 8.4.6. Notice that the case (c1,c2) = (1,0) in Corollary 8.4.5 leads to the
optimal investment strategy and optimal value function under the Heston model.
If we further get rid of random liability by specifying pu; = lp = .+ = o+ =0, the
degenerated results are the same as Lemma 4.2 and Eq. (67) in Zhang, Zhao, and
Kou (2021) (function I(t) therein degenerates to zero when reinsurance is ignored).
Instead, the specification (c1,¢2) = (0,1) corresponds to the 3/2 model. If we
specify ¢ = 1 —p and 8 = 0, explicit expressions for the optimal investment strategy
and optimal value function of ALM problem under power utility are obtained. In
this sense, our solutions generalize the results of Kraft (2005), Zeng and Taksar
(2013), and Cheng and Escobar (2021a) from the optimal investment problem under
power utility to the ALM problem under the more general HARA utility.
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Corollary 8.4.7 (Schobel and Zhu model). Suppose Assumption 8.3.6 holds, then
for any initial value of data (xg,ly) satisfying ﬁ(ffo — Gi,0lo) + BG2,0 > 0, if the
risky asset price process follows the Schobel and Zhu model (8.2.6) in Example 8.2.4,
the optimal investment strategy of ALM problem (8.2.10) under HARA wutility is
given by

. ( L (X; — GieLy) + §G2,t) A/ML+or,:Gr

1-p
7Tt == ]

Vi

and the optimal value function is given by
; 1— p )\2
J(wo, lo; ™) = S ( 1 (zo — G10lo) + 5G2,0) exp { (Tp - 771p> T} ;
gp \l1—-p p—1
where G14 and Gg are explicitly given by (8.3.12) and (8.5.15).

Proof. Substituting the specifications in Example 8.2.4 into Theorem 8.4.1 gives
the above results. O

Remark 8.4.8. It is interesting to see from Corollary 8.4.7 that although the optimal
investment strategy =} hinges upon the instantaneous volatility V; within the
Schobel and Zhu model (8.2.6), the optimal value function J(xo,lo;7*) is not
affected by V;. This finding can be explained by our specification of the market
price of risk process 0; = A\/n1 + n2V;. Indeed, when the Schobel and Zhu model
(8.2.6) is considered, 72 turns out to be zero so that a constant market price of
risk A,/71 is obtained over ¢ € [0,7]. In other words, taking risks is rewarded the
same by the market. However, as discussed in Kraft (2005), we should be aware
that a constant market price of risk is a rather exceptional case. In the paper of
Schobel and Zhu (1999), the market price of risk is assumed to be proportional
to the volatility process, i.e., 6; = A\\/m1V;, but this specification cannot lead to
explicit expressions for both the optimal investment strategy and optimal value
function under the HARA utility framework. Our specification, however, retains
the mathematical tractability of ALM problem (8.2.10) as well as the form of
the risk-neutralized process under the risk-adjusted martingale measure; one may
consult Egs. (1)-(2) in Schébel and Zhu (1999).

8.5 Numerical examples

This section provides numerical examples to examine the effect of some model
parameters on the behavior of optimal investment strategies. We mainly focus on
two extensively studied models in the literature, the CEV model (8.2.4) and 4/2
stochastic volatility model (8.2.5). For simplicity but without loss of generality, the
diffusion coefficient of liability process (8.2.9) is chosen to be a non-zero constant,
ie., ot = 0, € Rg. Unless otherwise stated, the hypothetical values of model
parameters are as follows: p = —%, q=2,6=1,7r=0.05pu; =0.02,0; =0.15, 29 =
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1,lp = 0.2,T = 5; in the CEV model 4 = 0.12,0 = 0.2, = —0.7, and sg = 0.5;
in the 4/2 model ¢; = 0.9051, ¢ = 0.023, 72 = 0.4356, \ = 2.9428,b = 7.3479,a =
0.24,p = 0.3, and vg = 0.04. In the following numerical illustrations, we vary the
value of one parameter with others fixed each time.

8.5.1 Effect of parameters in the CEV model on the optimal
investment strategy

In this subsection, we focus on the results for the CEV model (8.2.4) given in
Corollary 8.4.3. Because 7} depends on the stochastic processes S, L, and X}, we
use the Monte Carlo simulation technique to analyze the effect of some parameters
in the CEV model on the optimal investment strategy m;. More precisely, one
sample path of 7} is given in the following Figure 8.1-8.2.

Figure 8.1 shows the relationship between the parameters u, o,y and the optimal
investment strategy ;. We can observe that the optimal amount of money invested
in the risk asset is positively correlated with the parameter y. The reason is that
in the CEV model (8.2.4), u represents the return rate of the risky asset price.
When other parameters remain unchanged, a greater value of p implies a higher
premium return of the risky asset. Consequently, the asset-liability manager is
more willing to invest in the risky asset. From Figure 8.1, we also find that the
optimal investment strategy decreases with respect to the parameter . This can
be explained by the fact that o characterizes the risky asset’s local volatility. The
greater the volatility parameter o is, the higher the risk of the risky asset becomes.
Therefore, the asset-liability manager will decrease the amount of money invested
in the risky asset to avoid volatility risk. We can draw from the right panel of
Figure 8.1 that the optimal amount of money invested in the risky asset has positive
relationships with the elasticity parameter . From the economic implication of -,
the negativeness of v means that the leverage effect is present, which, in turn, leads
to a more significant volatility risk since the instantaneous volatility increases as
the risky asset’s price decreases. Hence, when v becomes less negative from —0.7
to —0.5, the volatility risk becomes less significant and the asset-liability manager
would increase the investment in the risky asset.

Effect of p on Effect of 0 on Effect of y on ¢
5] — o0z

— o015 ,2
30 o e
H £ 10
£ s g
£ 20 L
10 E

1] 1 2 3 a s o 1 2 H i 5 o 1 H 3 a 5
t t t

ptimal investm
Optimal investment strategy

Figure 8.1: Effect of pu, 0, and v on the optimal strategy 7; under the CEV model

Figure 8.2 depicts the effect of the parameters r, oy, 1y on the optimal investment
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strategy ;. From the left panel of Figure 8.2, we see that the optimal amount of
money invested in the risky asset decreases as the risk-free interest rate r increases
from 0.02 to 0.07. This is because the greater value of » means that the expected
return of the money account becomes higher. Therefore, the asset-liability manager
is willing to put more money into the risk-free money account to reduce the overall
risks. We also vary o; from 0.1 to 0.2, and find that the optimal amount of money
invested in the risky asset increases as the value of parameter o; becomes larger.
This is consistent with our intuition. Indeed, by Eq. (8.2.9), a greater value of
o; implies higher volatility of the uncontrollable liability. To hedge against the
increased volatility risk of liability, the asset-liability manager tends to adopt a
more aggressive investment strategy. In contrast, from the right panel of Figure 8.2,
we notice that u; exerts a negative effect on the optimal investment strategy. One
of the possible reasons is that when p; increases, the random liability’s drift rate
becomes larger while the volatility remains unchanged. Hence, the asset-liability
manager opts for a more conservative investment strategy instead of putting more
money into the risky asset, which might lead to mis-hedging against the volatility
risk.

Effect of r on 1 Effect of o) on Effect of 1 on iy

Figure 8.2: Effect of r,o1, and yu; on the optimal strategy ©; under the CEV model

8.5.2 Effect of parameters in the 4/2 model on the optimal
investment strategy

In this subsection, we are interested in the effect of some parameters in the 4/2
stochastic volatility model (8.2.5) on the optimal investment strategy =} given in
Corollary 8.4.5. By using some Monte Carlo simulation techniques, one sample
path of 7} with respect to time is presented in Figure 8.3-8.4 below.

Figure 8.3 illustrates the effect of the parameters A and b on the optimal invest-
ment strategy 7. It is shown that as A increases, the optimal amount of money
invested in the risky asset increases. This can be explained by the fact that A
partially reflects the market price of volatility risk, and the asset-liability manager
can derive a higher volatility risk premium from the risky asset when A becomes
larger. As such, the manager tends to invest more in the risky asset. We vary b from
5.3479 to 9.3479 in the right panel of Figure 8.3. As b increases, the instantaneous
variance driver of the 4/2 model reverts faster towards the long-run mean a/b. In
this case, the variance driver would stay in a smaller level for a longer period of
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time, which reduces the volatility risk and makes the asset-liability manager more

willing to invest in the risky asset.

Effect of A on iy’ Effect of b on m;’
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Figure 8.3: Effect of A and b on the optimal strategy i under the 4/2 model
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Figure 8.4: Effect of p and n2 on the optimal strategy m; under the 4/2 model

Figure 8.4 shows how the optimal investment strategy m; changes with respect to
the parameters p and ny. We vary p from —0.8 to 0.8 in the left panel of Figure 8.4,
and find that the optimal investment strategy increases as p becomes larger. One
explanation is that as p increases, the risky asset price is less negatively correlated
and more positively correlated with the instantaneous variance driver. In this case,
the offset between the uncertainties of two fundamental risk factors, i.e., W; ; and
Wa, is reduced, which amplifies the asset-liability manager’s exposure to the overall
risks. Therefore, the asset-liability manager needs to invest more in the risky asset
to hedge against the overall risks. It can be seen from the right panel of Figure 8.4
that the optimal amount of money invested in the risky asset increases with respect
to 12 which varies from 0.4356 to 0.6356. This can be possibly explained by the 4/2
model dynamic (8.2.5), from which we see that 79 influences not only the volatility
of the variance driver process but also the market price of volatility risk. On one
hand, as 7y increases, the fluctuation of the variance driver process becomes more
volatile. On the other hand, a greater value of 79 allows the asset-liability manager
to acquire a higher risk premium by bearing the same amount of volatility risk. In
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other words, the overall effect of 75 on the optimal investment strategy takes on
these two opposite sides. The increment of the optimal amount of money invested
in the risky asset shows that compared with the variance driver process itself, the
risk premium is more sensitive to the change of 1. Therefore, the asset-liability
manager tends to invest more money in the risky asset when 7y increases.

8.6 Conclusion

In this paper, we investigate an optimal ALM problem under the HARA utility
framework in the presence of stochastic volatility. The asset-liability manager has
access to a financial market consisting of a risk-free asset and a risky asset, in which
the market price of risk is described by an affine diffusion factor process and the
uncontrollable liability is featured by a generalized drifted Brownian motion. The
general modeling framework includes not only a wide class of Markovian models,
such as the CEV model, Stein-Stein model, Schobel and Zhu model, Heston model,
3/2 model, and 4/2 model but also some non-Markovian models, as exceptional cases.
The asset-liability manager aims to determine the optimal investment strategy to
maximize the utility of terminal surplus. Given the potentially non-Markovian
and incomplete market setting, we apply a BSDE approach to solve the problem.
By solving a system of three related BSDEs, explicit expressions for the optimal
investment strategy and optimal value function are derived. Furthermore, closed-
form solutions to some particular cases of our model are obtained. Finally, we
provide some numerical experiments for two extensively studied models, the CEV
model and 4/2 model, to illustrate the effects of model parameters on the optimal
investment strategies. As far as we know, there is no literature discussing ALM
problems under the HARA utility preferences and stochastic volatility models in
such a non-Markovian and incomplete market setting. In this sense, this paper
extends the existing results and models on ALM problems.

In future research, some extensions of the present paper are worthy of being
further explored. For instance, since this paper only considers the case with a single
risky asset, one may extend the current framework to that with multiple risky assets,
where an appropriate adoption of a multi-dimensional market price of risk would be
critical. Once the relevant market price of risk is delicately chosen, the associated
BSDEs are expected to have resemblant structures to the ones considered in the
present paper. It is noteworthy that the complicated case with multiple risky assets
may lead to an ODE system with high dimensions, thus, resulting in no analytical
solutions to the problem in general. One may also introduce model ambiguity into
ALM problems in a non-Markovian market setting. In such a case, the generally
applied Hamilton-Jacobi-Bellman-Issacs (HJBI) approach in the literature cannot
be used, and therefore, a novel BSDE approach may be disentangled.
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8.A Proof of Proposition 8.3.2

Proof. We conjecture that the first component Y; of solution to BSRE (8.3.2) has
an exponential-affine form:

Y: = exp{f1(t) + f2(t)V;},

where f1(t) and f3(t) are two undetermined differentiable functions with boundary
condition f1(T) = fo(T) = 0. An application of Itd’s formula to Y; yields

avi = (L3 V4 (= WD a0+ 5m + m¥h) (62 + D) ) Vi

+ fo(t)v/m + n2ViprYe dWy ¢ + fa(t)v/m + m2VipaYe dWs 4.

(8.A.1)

Comparing (8.A.1) and the first equation of BSRE (8.3.2) and separating the
dependence on V;, we find that fi(¢) and f3(¢) must solve ODE system (8.3.7).
This verifies that (8.3.5) and (8.3.6) form one solution to BSDE (8.3.2). O

8.B Proof of Proposition 8.3.3

Proof. We first solve the ODE of f5(t) because fi(t) can be immediately obtained
given that we know fa(t). When 7y = 0, the Riccati equation of f5(t) reduces to
the following first-order linear equation:

dfs(t)
dt

—bf2(t) =0, fo(T) =0,

2
from which we obtain f2(¢) = 0. For the case when 79 # 0, set A = (b + %) +
(p% - pip%) LTI TN 0, we can reformulate the Riccati ODE of fa2(t) as

—1 p—1
follows:
dffiit) - % (pilpf - 05) (f2(t) = n1)(f2(t) — n2), (8.B.1)

where n; and ng are given by (8.3.10). By taking integration on both sides from ¢
to T, we obtain

nins (1 — e‘/Z(Tft)>

ny — noeVA(T-1)

f2(t) =
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If A =0, we can simplify (8.B.1) as follows:

df2( ) _n2 1 2 2
(Falt) — 1o)? 2(w4“‘”>ﬁ

with ng given in (8.3.10). Then implementing an integral calculation leads to
e (5002 = p3) (T = t)nd

fa(t) = :
N (rilp% - p%) (T —t)no — 2

If A < 0, the terms within the Riccati equation of f5(t) can be rewritten as follows:

dfa (1) L s s
(f2(t)—n0)2+ﬁ D) <p_1/’1 pg> dt.

1.2 ,2)2
2 p71p1792)

After doing some tedious calculations and noticing the boundary condition that
f2(T) =0, we obtain

V=A ( (b + Anzplpfl) V=A )
f2(t) = ———— tan | arctan - (T —1t) | + no.
o (55502 - 13) vV=A 2 0

Finally, it follows from direct differentiation that fi(t) is given by (8.3.9). This
completes the proof. O

8.C Proof of Proposition 8.3.9

Proof. Consider the reciprocal process of Y; and denote by P; = Y% Applying It6’s
formula to P, we obtain the following linear BSDE of (P}, Q1,¢, Q2.¢):

p p 2 Ziy Zay
dﬂ:K”‘m—wW>B+Q—ﬁ“@<—nt>Q“ }

+ Qi dWis + Q2 dWoy,
P =1,

(8.C.1)
where Q¢ = — , it is straightforward
to check that N0V1kov S condltlon holds for the following Radon—leodym derivative

dP _ 1 (7 P p—2 Ziy T P
@fTieXp{_i/o (p—lat_Q(p—l)Yt dt_/o p—1"

_p=2 Zu R 7 / Zo
2p—1) Y, > dWi + 2/, Y2 dt + Y, dWas ¢

_exp{;/oT {(pﬂ 2&:21)%f2<t)) +f\)§f§(t)] é)fdtf/OT (pfl

9 T
- P &f2(t))9t dWl,t + %fQ(t)at dWQyt} = Ml,T,
0
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so that P measure is well-defined on Fr, where the second equality follows from
the expressions of (Y, Z1+, Z2,+) given in Proposition 8.3.2. By Girsanov’s theorem,
the two processes given by

t
s D p—2 Zis
W - 95_ . d
1.t Wl,t+/0 (p—l 5 —1) Y;) s

" Zo s
o Y
are standard (FF, P)-Brownian motions. Therefore, linear terms within the generator
of BSDE (8.C.1) can be removed, and we have

and

Wz,t =Wy — ds

p ~ ~
AP, = <7“p - 2@)_1)973) Podt 4+ Q1+ dWi t 4+ Q2+ dWa g, (8.0.2)

Pr =1.
Define

t
. p 2
B = Ptexp{/o ( Tp+2(p_1)95) ds}
A~ t p 9
= Qi —rp 4 for i = 1,2.
Qi Qmexp{/o ( Tp+2(p1)95> ds}, ori=1,2

It follows from (8.C.2) that
dp, :Qu dWl,t + Qz,t sz,t,

Pr=exp { /OT (_TH e 93) dt}. (8.C.3)

BSDE (8.C.3) is clearly a standard linear BSDE with uniformly Lipschitz continuity
(El Karoui, Peng, and Quenez (1997)) since the generator is zero. Moreover, by
Cauchy-Schwarz inequality along with Assumption 8.3.6, we see that the boundary

value Pr is square-integrable under measure P, i.e.,
elew{ [ (2o g50t) ]
-E [MlTexp{/T ( 2rp + —L6; ) H

and

P -2 ; 2Py o 2 T/ p
Sc{ |:exp{ |:(p*1 )7]02( )) +§f2(t):| 0, dt72/(; <p71
1/2
2(;0 721 &fQ t)>9t dWy ¢ +2 *fz(t)et dWQ,t}:|}
_ 5 5 1/2
X{ |:cxp{ [<pp1 2(1; 2 &f2(t)> +%f22( 2j)1:|6fdt}:|} < o0,

where ¢ is a positive constant. Therefore, it follows from Proposition 2.2 in El
Karoui, Peng, and Quenez (1997) that

eefon{ [ (o ) of |
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and thus,

Y, = 1 < ¢rp(T—1)
E[exp{ftT< o i 02) ds) | F

for any ¢ € [0, T], P-almost surely. As a result, we find that

E| sup Z2,| <K,E| sup (m +n2Vi)| < K;C2 < o0,
telo,T] te[0,T] |
where K; = £3(0)e?™PITp2 for i = 1,2. This completes the proof. O

8.D Proof of Theorem 8.3.10

Proof. Applying Ité’s formula to log(Y;) shows that (log(Y3), Z1,¢/Y:, Z2.1/Y}) solves
the following quadratic BSDE:

p 2 1 AR S| Aot 2 Zi
log(V:) = | [ =——— 07 — A ) dt
dlog(t) (2@_1)@ ”’)*ﬂp—n(n) 2(%)% Y

Z
+ﬁqu+ “dwzt,
log(Yr) =0.
(8.D.1)

By Assumption 8.3.6 and Lemma 8.3.5, it is clear that Novikov’s condition holds
for the following Radon-Nikodym derivative:

dP /T P
il =exp{ —
dP |z, o p—1

Thus, P measure is well-defined and equivalent to P on Fr. From Girsanov’s

1 [T P2 9 .
0y AWy — 2 . - 1)29t dt p :== Mo 7.

theorem, BSDE (8.D.1) can be rewritten under P measure:

p 1 Zi Y 1 (Zoy\®
dlog(¥s) = (2@—1)93‘”)*2@—1) (Y) ‘2(1@) o
th Zz,t = (8.D.2)
Y:
log(Yr) =0.

where Wy, = Wy, —}—fo L2060, ds and Wa, = Wa, are two standard (T, P)-Brownian
motions. Suppose that (Yt, Z14, Z24) is another solution triplet to BSRE (8.3.2),
which might be different from (Y3, Z1 4, Z2,+) given in Proposition 8.3.2. Define the
difference between (log(Y}), Z1.:/Y:, Z2,./Y:) and (log(}_@),ZLt/Y}, Zg’t/ﬁ) by

i _ _
(Alog(Y:), AZy 4, AZsy) = <log(Yt) log(V;), == — ===, =% — _’) .
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Then it follows from (8.D.2) that (Alog(Y;),AZ1, AZs,) solves the following
BSDE under P measure:

1 zi, 73, Z3, 73,
20—\ Y2 Y2 ) 2\ Y2 V2

+AZy; szt,

dA 1Og(YVt) = dt + AZl it dW1 it

(8.D.3)
Define another probability measure P by

dP 1 /T 1 7%, Tz, -
— =expl —= —_— dt—/ —— —=dW,
dP| £, { 2Jo (-1 Y7 o P—1Y; '
1 T Z2 /T Z2,t B
2 Jo Y2 o Y e

Indeed, by Assumption 8.3.6, Lemma 8.3.5, and Cauchy-Schwarz inequality, we see

that the following Novikov’s condition holds

1 let Z3,
dt
l { l—wQY”W
T 2 2
1 Zi,  Z3,
—E | M. St Nt R R
l”‘”‘p{ 0 l( VR N

<{E exp{—z/OTpfletdWLt—z/oT (pi)gafdt}”m
L o B o))

Therefore, P measure is well-defined and equivalent to P on Fr, and we can
reformulate BSDE (8.D.3) as follows:

1 1 ~ ~
dA 10g<}/t) = — |:2(p_1)AZit — 2AZ22,t:| dt + Alet dWl,t + AZ27t dWQ)t,

Alog(Yr) =0,

(8.D.4)
where W, = Wy, + fo pr= Zl s ds and Wy, = Wa; — fo 222 ds are two standard
(F, P)-Brownian motions. Notlce that BSDE (8.D.4) of (A log(Y}), AZy 4, ANZyy) is
a standard quadratic BSDE satisfying all the regularity conditions in Kobylanski
(2000). As a result of Theorem 2.3 and 2.6 in Kobylanski (2000), quadratic BSDE
(8.D.4) admits a unique solution triplet (Alog(Y;), AZ1 4, AZy4) = (0,0,0). This

implies

}/t = }7;57 Z’L,t = Zi,ta for i = 172
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In other words, the solution triplet (Y;, Z1 4, Z2) given in Proposition 8.3.2 is the
unique solution to BSRE (8.3.2). O

8.E Proof of Proposition 8.3.12

Proof. By Assumption 8.3.6, the following Radon-Nikodym derivative

1 T 2 £2 t T T
:exp{—2/0 <1+ ,02.§22( )>9t2dt— ; 9tdW17t+/ %fg(t)ot dWQ,t}

dP

dP

Fr 0

is well-defined such that the equivalent probability measure P is well-defined on Fr.
Consequently, the following two processes defined by

¢
Wl,t:/ Osds + Wi,
0

and

t
Wo, = —/ &; 2(s)0s ds + Wa
0

are two standard (I, P)-Brownian motions according to Girsanov’s theorem. Hence,
linear BSDE (8.3.11) can be reformulated under P as follows:

{dGlyt :TGl,t dt + Al,t dWLt + A2,t dW2,t; (8E1)

Gl,T :]-a
which is clearly a linear BSDE with standard data (refer to El Karoui, Peng, and
Quenez (1997)). Hence, by Theorem 2.1 and Proposition 2.2 in El Karoui, Peng,

and Quenez (1997), (8.3.12) and (8.3.13) form the unique solution to linear BSDE
(8.3.11). This completes the proof. O

8.F Proof of Theorem 8.4.1

Proof. Tt follows from (8.3.1)-(8.3.4) and results obtained in Proposition 8.3.2, 8.3.12
and 8.3.13 that

1- . P
d(—p< 4 (x; —Gl,tLt)wGQ,t) Yt>

1-p

q Pt 1-p( ¢
:[Y} (7(Xt7r — G1Ly) + ﬂGQ,t> (WtUS,t - UL,tGl,t> + — (7()(;r
1-p gp \1-p

p 1— - P
—G1,tL:) + ,BGz,t) Z1,t] dWi s + qu (ﬁ(Xt — G1,:Ls) + 5G2,t) Zot dWa ¢

(r-1)7° 4 n P g
- Y, (X7 — G1,tLt) 4+ BGay m0s,t — G1,60Lt
2q 1—p 1—p

1%p()(;r — G1,Lt) 4+ BGay <Z1’t o ) ]2 »
t .

+ 1 =t

Y
(8.F.1)
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Due to the pathwise continuity of Y;, X7, m05¢, Lt, 01+, G1,4, Gat, 0, At Ao g, T g,
and I's 4, two stochastic integrals on the right-hand side of (8.F.1) are (F,P)-local
martingales, and thus, there exists a sequence of F-stopping times {7}, .y such
that 7, T oo, P almost surely as n — oo, and the aforementioned local martingales
are indeed (IF,P)-martingales when stopped by {7,,}, c. Integrating both sides of
(8.F.1) from 0 to T' A 7, and taking expectations, we obtain

1- p 4 ™ p
- F H(XTAT" = Gioan, Lrar,) + BGaonr, | Yoo,

TNATh, -1 2 p—2
L (XT = GiyLy) + BGay (7 2
X L g (WtUS,t - Gl,tUL,t> + = p( - ) 2 (l’t +9t)] dt
—-p p—1 Y
1_ p
+ pYo ( ¢ (xo — G1,0l0) + 5G2,o> .
qp 1-p

(8.F.2)

Observe from Definition 8.2.6 that for any m € A, the term in the expectation on
the left-hand side of (8.F.2) is uniformly integrable and the term in the expectation
on the right-hand side of (8.F.2) is non-negative and increasing with respect to n.
Then applying the equivalence between uniform integrability and £' convergence
to the left-hand side of (8.F.2) and the monotone convergence theorem to the
right-hand side of (8.F.2), we have

B[ (1 - L) +B>p]

gp \1-»p
T 2 p—2
-1
=—FK ‘/O (p 2q) Y;(lzp(XZT_GLtLt)—'_ﬁGu)
L (XT — G1.+Ly) + BG 7 2
X 1 moss — Girorne | + 1_p( ! tele) 2 ﬁJr@t dt
1-p p—1 Y

1— p
+ pYO ( 1 (xo — G10lo) + 5G2,0> ;
qp 1-p

which reads the optimal investment strategy 7} given by

. (ﬁ(Xt* —Gi4Le) + §G2,t> (Z;t’t + 9t> +o0r+G1y
T = ,
¢ 0st

where X is the asset process associated with 7}, and the optimal value function is
given by (8.4.2).

We next verify the admissibility of optimal strategy 7; given in (8.4.1). To this
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end, we insert 7} into (8.F.1) and obtain

d (% (ﬁ(xg — G1,eLy) +ﬁGz,t)th) :( 1 Zie

Lty
P
%( - (XZ—GLtLt)—FﬁGzt) Y; l-p ¥ l—p

Z
et) AW + 225 AW,
a4 Y:
1-p
t)p1 + A
:%m AWy + p—;fg(t)ét AWas.
(8.F.3)
Under Assumption 8.3.6, the following Novikov’s condition holds

1T pr +Ap)2 P22\ Lo
exp{2/0 ((%(22?;)5) +p2§22())9t dtH < o0

p
for the process 1q;pp (ﬁ()(,;k —G1 L) + ﬁGZt) Y%, so that it is an (F, P)-uniformly

integrable martingale. Therefore, for any sequence of stopping times {7, }, .y such

E

that 7, 1 oo P almost surely as n — oo, by Doob’s optional sampling theorem (see,
for example, Theorem 3.22 in Le Gall (2016)), we have

1 - D q * :
? E(XT/\TVL - GLT/\Tn LT/\Tn) + ﬁGQvT/\T" YT/\T"

[i-p( «q . b
- [qp (1—p<XT‘LT>+ﬁ>

fTATn:|

Note that {Frar, },ey is a family of sub-o-algebra of Fr, i.e., Fra,, C Fr for
n € N. Then it follows from Theorem 4.6.1 in Durrett (2019) that the family

1- p q * P
- 7(XT/\7-H - Gl,T/\'rn LT/\Tn) + BC:Z,T/\T,1 YT/\Tn
g \1-p neN

is uniformly integrable. This confirms (iii) in Definition 8.2.6. Moreover, by
combining the asset equation (8.2.8) with m; replaced by 7} and linear BSDEs
(8.3.3)-(8.3.4), we have

4 (15 (X; = GroLo) +5Ga) _(r L1 <1 Jrfz(t)m) 93) dt
p (8.F.4)

T (XE = GiuLy) + BGay 1- A
1 t
+ 1+ f2(t)p1 0, dW1.,.
1—p A
Solving linear SDE (8.F.4) explicitly, we find that
T (X7 = Guul) + G

e [ e (5 (0 252) - st (1 252 ot e

t
/ 1 <1+ f2(8)p1> GSdVVl 5} ( q (l’o—Gl Olo)-’-ﬁGg 0) >0, P—a.s.
o 1L—p A ’ 1—p ’ ’
(8.F.5)
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whenever the initial value of (zg, ) satisfies ﬁ(m‘o — G10lp) + BG2,0 > 0. This
result confirms condition (ii) in Definition 8.2.6. Finally, from (8.4.1), we know that
w7 is F-adapted and m}og, € E%]P,(O, T;R), namely, condition (i) in Definition 8.2.6
is verified. This ends the proof. O
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Chapter 9

Robust optimal asset-liability management
under square-root factor processes and

model ambiguity: a BSDE approach

ABSTRACT

This paper studies robust optimal asset-liability management problems
for an ambiguity-averse manager in a possibly non-Markovian environ-
ment with stochastic investment opportunities. The manager has access
to one risk-free asset and one risky asset in a financial market. The market
price of risk relies on a stochastic factor process satisfying an affine-form,
square-root, Markovian model, whereas the risky asset’s return rate and
volatility are potentially given by general non-Markovian, unbounded
stochastic processes. This financial framework includes, but is not limited
to, the constant elasticity of variance (CEV) model, the family of 4/2
stochastic volatility models, and some path-dependent non-Markovian
models, as exceptional cases. As opposed to most of the papers using
the Hamilton-Jacobi-Bellman-Issacs (HIJBI) equation to deal with model
ambiguity in the Markovian cases, we address the non-Markovian case by
proposing a backward stochastic differential equation (BSDE) approach.
By solving the associated BSDEs explicitly, we derive, in closed form,
the robust optimal controls and robust optimal value functions for power
and exponential utility, respectively. In addition, analytical solutions to
some particular cases of our model are provided. Finally, the effects of
model ambiguity and market parameters on the robust optimal invest-
ment strategies are illustrated under the CEV model and 4/2 model with
numerical examples.

Keywords: Ambiguity aversion; Asset-liability management; Non-Markovian
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model; Square-root factor process; Backward stochastic differential equation

9.1 Introduction

Asset-liability management (ALM) is one of the important concerns not only for
financial institutions, such as pension funds, banks, and insurance companies but
also for individual investors who coordinate the existing and future assets and
liabilities to earn an adequate return. Based on Markowitz (1952)’s mean-variance
criterion, Sharpe and Tint (1990) first investigated the ALM problem in a single-
period setting, and Leippold, Trojani, and Vanini (2004) extended the results to
a multi-period setting. By applying the linear-quadratic control theory, Chiu and
Li (2006) and Xie, Li, and Wang (2008) considered the continuous-time mean-
variance ALM problems with uncontrollable liabilities described by a geometric
Brownian motion and a drifted Brownian motion, respectively. Chen, Yang, and
Yin (2008) and Chen and Yang (2011) further extended the results of Chiu and
Li (2006) and Leippold, Trojani, and Vanini (2004) to the case with Markovian
regime-switching markets. Chiu and Wong (2014a) studied an ALM problem with
asset correlation driven by a multivariate Wishart process. Under the framework of
expected utility maximization, Liang and Ma (2015) considered the ALM problems
under power and exponential utility with mortality and salary risks, and the optimal
approximation investment strategies were derived. Pan and Xiao (2017a,b) studied
an ALM problem with inflation risks and liquidity constraints, respectively. For
other relevant works on ALM problems, readers may refer to Zeng and Li (2011),
Chang (2015), Pan and Xiao (2017¢c), Peng and Chen (2021), and references therein.

The motivation for this paper is three-fold. First, most of the above-mentioned
literature on the ALM problems assumes that the volatility of risky asset’s price is
a constant or deterministic function, which violates the well-documented evidence
to support the existence of stochastic (local) volatility, mainly referred to French,
Schwert, and Stambaugh (1987), Heston (1993), Cox (1996), Lewis (2000), and
Grasselli Grasselli (2017). In the last decade, some papers have emerged that inves-
tigated the optimal ALM problems with various stochastic investment opportunities.
For example, Zhang and Chen (2016) studied a mean-variance ALM problem under
the constant elasticity of variance (CEV) model with multiple risky assets. Li, Shen,
and Zeng (2018) considered the derivative-based optimal investment strategy for
a mean-variance ALM problem under the Heston model. Zhang (2023) stepped
further by incorporating the Cox-Ingersoll-Ross (CIR) interest rate and the family
of 4/2 model (Grasselli (2017)) into an ALM problem with derivative trading. Sun,
Zhang, and Yuen (2020) studied a mean-variance ALM problem with a reinsurance
option in a complete market under an affine diffusion equation. Besides the mean-
variance criterion, Pan, Hu, and Zhou (2019) considered an ALM problem for the
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exponential utility function under the Heston model. Zhang (2022d) investigated
an ALM problem in an incomplete market setting with an affine diffusion factor
process for the hyperbolic absolute risk aversion utility function.

Second, most of the literature mentioned above on ALM problems assumes that
the asset-liability manager knows exactly the true probability measure. In many
situations, however, economic agents are skeptical about the true model, because,
for instance, as shown by Merton (1980) and Cochrane (1997), the drift parameters
are difficult to estimate with precision. In addition, experimental evidence from
Ellsberg (1961) and Bossaerts et al. (2010) demonstrate that economic agents display
not only risk aversion but also ambiguity aversion. In this sense, it is plausible to
incorporate model ambiguity into portfolio choice problems. In the pioneering work
of Andersen, Hansen, and Sargent (2003), a robust control approach was proposed to
address model ambiguity in continuous-time stochastic control problems, where the
agent regards a particular probability measure as a reference measure and considers
a set of alternative probability measures which are close to the reference measure
in terms of relative entropy. Maenhout (2004) refined the robust control approach
by proposing the homothetic robustness, and Uppal and Wang (2003) extended the
analysis of Maenhout (2004) by allowing different levels of ambiguity aversion about
the state variables. Maenhout (2006) considered a robust portfolio selection problem
with a mean-reverting expected stock return. Flor and Larsen (2014) studied a
robust investment problem in a setting with stochastic interest rates. Munk and
Rubtsov (2014) extended the work of Flor and Larsen (2014) by incorporating an
unobservable inflation rate. Escobar, Ferrando, and Rubtsov (2015) considered a
robust investment problem with derivatives trading under the Heston model. Zeng
et al. (2018) analyzed a robust derivative-based pension investment problem with
stochastic income and volatility. Recently, Cheng and Escobar (2021b) investigated
robust investment under the state-of-the-art 4/2 model. In the field of ALM,
Yuan and Mi (2022b) considered a robust investment problem for maximizing the
minimal expected utility of terminal wealth and minimizing the maximal cumulative
deviation, respectively. Chen, Huang, and Li (2022) studied a robust ALM problem
in a regime-switching market. As the literature on robust investment problems
is abundant, the above review is not exhaustive. Other works considering robust
investment problems under various scenarios include Yi et al. (2013), Zheng, Zhou,
and Sun (2016), Wang and Li (2018), Wang, Li, and Sun (2021), Chang, Li, and
Zhao (2022), Baltas et al. (2022), Wei, Yang, and Zhuang (2023), to name but only
a few.

Third, although robust investment problems have been extensively studied over
the last decade, one common feature shared by most of the existing works is that
the exogenous parameter processes are assumed to be only constants or Markovian
diffusion processes. In the Markovian case, such problems can be studied by using
the dynamic programming principle and solving the corresponding Hamilton-Jacobi-
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Bellman-Issacs (HJBI) equations (see, for example, Mataramvura and @ksendal
(2008)). These methods, however, cannot be applied directly to the non-Markovian
setting because the dynamic programming principle no longer works. To handle the
non-Markovian case, @Pksendal and Sulem (2011) studied an optimal investment
problem under model ambiguity by proposing a backward stochastic differential
equation (BSDE) approach, where the performance functional (value function) is
written as the solution of an associated controlled BSDE and the comparison theorem
for BSDEs plays a key role. But this approach is strongly linked to the exponential
utility function. @Qksendal and Sulem (2014) extended the analysis of Qksendal
and Sulem (2011) for general utility functions by developing a forward-backward
stochastic differential equation (FBSDE) approach. Following the methodology of
@ksendal and Sulem (2014), Peng, Chen, and Hu (2014) considered an optimal
investment-consumption and reinsurance problem under model ambiguity.

In this paper, we investigate a robust optimal ALM problem under model
ambiguity in the presence of stochastic volatility. The risk- and ambiguity-averse
manager has access to a financial market consisting of one risk-free asset (money
account) and one risky asset (stock) and is subject to an uncontrollable random
liability. Unlike most of the preceding literature on robust decision problems, it
is not a prerequisite to assume that the risky asset’s return rate and volatility are
specifically Markovian processes as they may depend on past values. Inspired by
Shen and Zeng (2015) and Zhang (2022c), we only suppose that the market price
of risk relies on an affine-form, square-root, Markovian process, which includes,
but is not limited to, the Black-Scholes model, CEV model, Heston model, 3/2
model, 4/2 model, and some non-Markovian models, as exceptional cases (see
Example 9.2.1-9.2.4). In the spirit of Maenhout (2004) and Uppal and Wang (2003),
the manager is assumed to have different levels of ambiguity aversion about the
risky’s asset price and volatility and aims to maximize the terminal surplus under
the worst-case scenario for power and exponential utility, respectively. Given the
potentially non-Markovian setting, the HJBI equation approach does not work, and
a BSDE approach is disentangled. Different from Qksendal and Sulem (2011, 2014),
where the value function is written as the value at time zero of the solution to a
controlled FBSDE and the comparison theorem for solutions to BSDEs is applied,
we propose to construct a stochastic process hinging upon any admissible control,
and such that its value at time zero does not depend on any admissible control
and its terminal value equals the utility of the terminal surplus penalized by model
ambiguity. The proposed stochastic process is shown to be either sub-martingale or
super-martingale for any admissible control, and even martingale for a particular
control under the reference measure, which then leads to the associated uncontrolled
BSDEs. By solving the BSDEs explicitly, we derive the analytical expressions for
the robust optimal controls and robust optimal value functions for the above two
utility maximization problems. Furthermore, several special cases of our model
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are discussed and the corresponding results are provided in closed form. Finally,
the economic effects of model ambiguity and model parameters on the behavior of
robust optimal investment strategies are analyzed by giving numerical examples.
To sum up, we think that this paper has three main contributions:

1. In the literature on the ALM problems, model ambiguity and stochastic
volatility are simultaneously taken into consideration in a potentially non-
Markovian modeling framework for the very first time, whereas in Yuan and
Mi (2022b) and Chen, Huang, and Li (2022), only Markovian cases were
investigated and stochastic volatility was not taken into account; Zhang and
Chen (2016), Li, Shen, and Zeng (2018), Pan, Hu, and Zhou (2019), Sun,
Zhang, and Yuen (2020), and Zhang (2023, 2022d) considered the presence of
stochastic volatility but not model uncertainty.

2. At the mathematical level, compared with the literature on the robust in-
vestment problems considering the Markovian models and using the HJBI
equation approach, such as Yi et al. (2013), Flor and Larsen (2014), Escobar,
Ferrando, and Rubtsov (2015), Zheng, Zhou, and Sun (2016), Wang and Li
(2018), Wang, Li, and Sun (2021), Cheng and Escobar (2021b), Chang, Li, and
Zhao (2022), Baltas et al. (2022), and Wei, Yang, and Zhuang (2023), a novel
BSDE approach, which has distinct differences with the FBSDE approach
proposed in @ksendal and Sulem (2011, 2014), is disentangled to deal with
the non-Markovian setting.

3. A general class of stochastic volatility models is considered for modeling the
risky asset’s price and volatility, embracing the CEV model, Heston model,
3/2 model, 4/2 model, and some path-dependent models, as particular cases.
Furthermore, closed-form expressions for the robust optimal controls and
robust optimal value functions are derived for the power and exponential
utility functions, and explicit solutions to some special cases of our model are
recovered, such as Gao (2009), Zheng, Zhou, and Sun (2016), Sun, Yong, and
Gao (2020), Cheng and Escobar (2021a,b), and Zhang (2022c).

The remainder of this paper is organized as follows. In Section 9.2, we formulate
the model and establish the robust optimal ALM problems for the power and
exponential utility functions. Section 9.3 and 9.4 derive the robust optimal solutions
to the power and exponential utility cases, respectively. Section 9.5 discusses the
effects of model ambiguity and model parameters on the robust optimal investment
strategies with numerical analysis. Section 9.6 concludes our work. All proofs are
given in the Appendix.
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9.2 General formulation

In this paper, we consider the optimal ALM problems for an asset-liability manager
with ambiguity aversion under the expected utility maximization framework. We
assume that assets can be traded continuously, infinite short-selling and leverage
are allowed, and no transaction costs or taxes are involved. Let T > 0 be a
fixed constant describing the decision-making horizon and (Q, F,F,P) be a filtered
complete probability space satisfying the usual conditions on which are defined
two one-dimensional, mutually independent Brownian motions {7 ¢} teo,7] and
{Wz)t}tE[O,T]' The filtration F := {F¢},o 7y is assumed to be generated by the two
Brownian motions, P stands for a real-world probability measure, and E¥ [-] denotes
the expectation associated with measure P. In what follows, we introduce several
spaces on (Q, F,F,P):

. E%Z%?C(O,T;R): the space of all real-valued, F-adapted processes { ft}te[o,T]
with P-a.s. continuous sample paths such that P (fOT | fe]? dt < oo) =1;

° £%-7P(0, T;R): the space of all real-valued, F-adapted processes {ft}te[o 7] With
P-a.s. continuous sample paths such that EF {fOT | fe|? dt} < o0

° 8;%(0, T;R): the space of all real-valued, F-adapted processes {ft}te[o,T] with

P-a.s. continuous sample paths such that EF [SUPte[o,T} |ft|2p} <oo,p=1,2;

° Sﬁfp(O,T; R): the space of all real-valued, F-adapted uniformly bounded
processes with P-a.s. continuous sample paths.

9.2.1 Financial market and random liability

Assume that the financial market consists of one risk-free asset (money account)
and one risky asset (stock). The price process {Bi},c(o 1) of the risk-free asset
evolves according to

dBy =rBydt, By =1,

where the constant r € R\ {0} = Ry is the risk-free interest rate. The price process
{St}iepo,r of the risky asset is described by the following stochastic differential
equation (SDE):

dSt = p Sy dt + 045t dWl,h So = Sg € R+, (921)

where 11, and oy € L21°°(0, T; R*) are two potentially unbounded and non-Markovian
F-adapted stochastic processes describing the risky asset’s return rate and volatility
at time ¢, respectively. Assume that the market price of risk is related to an affine
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form, square-root factor process {at}te[O,T] as follows:

Ht =7 Aaz, A€ Ry, (9.2.2)

Ot

where the dynamics of a; are given by
doy = k(0 — o) dt + /oy (pr AW + p2 dWa ), ap € RT (9.2.3)

with the speed of mean reversion , long-run level 6, and volatility \/p? + p3. In
line with Chapter 6.3 in Jeanblanc, Chesney, and Yor (2009), we assume that the
constants &, 6 € R satisfy k0 € Rt to ensure the process oy > 0 for all ¢ € [0,T], P
almost surely, while no specific conditions are imposed on the constants p;, p2 € R.
Notice that we do not impose the Feller condition for strict positivity of a4, i.e.,
2k60 > p? + p3 in our case.

The above financial modeling framework (9.2.1)-(9.2.3) was studied in Shen (2015)
and Zhang (2022c¢) in the context of solving a mean-variance investment-reinsurance
problem and a defined contribution pension investment problem with stochastic
income and stochastic inflation, respectively. It is also worth mentioning that this
modeling framework is generally embracing not only a wide class of stochastic
(local) volatility models, such as the CEV model, Heston model, 3/2 model, and
4/2 model (see Examples 9.2.1 and 9.2.2) but also some non-Markovian models
(Example 9.2.4), as exceptional cases.

Example 9.2.1 (CEV model). If uy = p and oy = chf, where p € RT, o0 € RT,
and 8 < —% such that p # 7, then the risky asset price S; is given by the CEV
model:

dS, = S, (u dt + o8P dWLt) , So = so € RY, (9.2.4)

where [ is called the elasticity parameter. By setting ax = S, 26 , k& = 28u,
0=+ %)%2, p1 = —2B0, po =0 and A = £ we have

lea

2

1
doy = 2Bu Kﬁ + 2) % - S;Zﬁ] dt — 2805, " dW,
= Ii(e — Ozt) dt + \/OTt(Pl AW ¢ + p2 dW2,t) .

For the particular case when 8 = 0, the condition k6 > 0 is still met and the CEV
model degenerates to the Black-Scholes model.

Example 9.2.2 (The family of 4/2 models). If pu = r + AMciow + ¢2), or =

c1/oq + %, Vi =ai, k € RT, 0 ¢ RT, py = oup and py = 0,/1 — p?, where
c1 > 0,c0 > 0,0, € RT, and p € [—1,1], then the risky asset price process S; is
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governed by the family of 4/2 stochastic volatility models (Grasselli (2017)):

C
dS; = S; (’I“ + )\(Cl‘/t + CQ)) dt + (01 Vi + \/%> dWl,t:| , So =580 € R+,
AV, = 50 = Vi) dt + 5,\/Vi (pdWi + V1= 2 dWay) , Vo =g = ap € RY,
(9.2.5)

where V; is the variance driver process with mean-reversion rate x, long-run mean
0, volatility o,, and correlation coefficient between the risky asset price and its
variance driver p. For the 4/2 model (9.2.5), we impose the Feller condition, i.e.,
2k > o2 to keep the process V; strictly positive for ¢ € [0,7], P almost surely.

Remark 9.2.3. The 4/2 model (9.2.5) is featured by two embedded parsimonious
models, the Heston model (Heston (1993)) and 3/2 model (Lewis (2000)) via the
constants ¢; and ¢y. Particularly, the case (¢1,c2) = (1,0) corresponds to the
Heston model, while the specification (c1,¢2) = (0,1) is known as the 3/2 model.

Example 9.2.4 (A path-dependent stochastic volatility model). If u; = r +
Aaid(ajgy) and o, = (o) for some functional & : C([0,t];R) — RT, where
@0,4] := (Qis)sefo,g is the restriction of a € C([0, T]; R) to C([0,];R), i.e., the space
of real-valued, continuous functions defined on [0, t¢]. In this case, the risky asset
price process S; is given by the following path-dependent stochastic volatility model:

{dSt = St [(7‘ + )\@6’(0&[0ﬂ)) dt + 6’(0&[0715]) dWl’t] y SO = S € R+,

9.2.6
doy = k(0 — o) dt + /o (pr AW + p2 dWay), ap € RT. ( )

Due to the path-dependence of the return rate and volatility of the risky asset price,
the model (9.2.6) is a special case of the non-Markovian stochastic volatility models.
For more details on (9.2.6), readers may consult Siu (2012).

Consider an asset-liability manager who is subject to an uncontrollable liability
commitment with an initial value l. Similar to Zhang and Chen (2016) and Sun,
Zhang, and Yuen (2020), we assume that the liability process L; is driven by the
following SDE:

dLy = Ly [ dt + o1 (Aay dt + \Jag dWh )], Lo = lo € RT, (9.2.7)

where p; € R is the drift coefficient and the constant o; € R is a volatility scale
factor measuring how the risk source of the risky asset affects the random liability.
In the following subsection, we will formulate the robust optimal ALM problems
from the point of view of the manager.

9.2.2 Ambiguity and optimization problem

In the traditional framework of ALM problems, the asset-liability manager is
assumed to be ambiguity-neutral and completely convinced by the above dynamics
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of the available risky asset price, factor process, and random liability under the
real-world probability measure P. However, the fact is that the manager may
not know exactly the true model in many cases, for example, due to parameter
uncertainty, and thus, any particular probability measure used to describe the
model may lead to potential model misspecification. For this reason, it is desirable
to take model uncertainty into account for an ambiguity-averse manager when
he/she makes investment decisions. To incorporate model ambiguity, we assume
that the ambiguity-averse manager’s knowledge of ambiguity is characterized by
the measure P, which is referred to as the reference measure. The ambiguity-
averse manager is skeptical about the reference measure P and only regards it as
an approximation to the truly real-world measure. Therefore, he/she considers
some adverse alternative measures to seek robust optimal investment strategies.
In line with Andersen, Hansen, and Sargent (2003), the alternative measures
are assumed to be equivalent to, i.e., mutually absolutely continuous with the
reference measure P, and we denote by Q such a class of alternative measures Q, i.e.,
Q :={Q| Q ~ P}. More specifically, for each Q € Q, there is a two-dimensional F-
adapted process ¢ = (¢1, P2) := <{¢1vt}t€[0,T] 7{¢27t}t€[0,T])’ which can be referred
as the probability distortion process, such that the following Radon-Nikodym
derivative process apf :

d@ é t t 1 t ) )
F| et =ewd [onawis [oniawa.— g [ (@4 63) ds
0 0 0

dP
(9.2.8)

Fi

is a uniformly integrable (IF,P)-martingale. For this, we shall only consider the
distortion process ¢ satisfying the following Novikov’s condition:

T
exp {; JRCETS dt}

and denote by ® the space of all distortion process ¢ such that (9.2.9) holds.
According to Girsanov’s theorem, the dynamics of the standard Brownian motions

EP < 400, (9.2.9)

Wgt and Wgt under the alternative measure Q € Q are given by
AWP, = AWy, — g e dt, dW5, = dWay — ¢ dt.

Suppose that the asset-liability manager has an initial wealth zy € RT. Denote by
7 the proportion of wealth invested in the risky asset at time ¢, then the process
7 = {m },c(o 7] represents the investment strategy. Let X7 := {XT}, (g ) be the
wealth process associated with strategy 7. Under a self-financing condition, the
dynamics of X[ are then given by

s TrdBt TrdSt
dX. :(1 - 71't))(t ?t + m X/ ?t
=[r+ (ue — r)m] X[ dt + ogm X7 dW1 4

=[r+ (e — 7+ 0rP1,0)m ) X[ dt + oym X dWSt, X[ = xo.

(9.2.10)
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In this paper, we will subsequently consider two utility maximization problems
when the risk preferences of the ambiguity-averse manager are characterized by
a power utility function U(z) = z7/y with the relative risk aversion v € R~ and
an exponential utility function Us(z) = —e 9% /¢ with the absolute risk aversion
g € R*. To this end, we give below the formal definitions of the admissible strategies
for these two utility maximization problems, respectively.

Definition 9.2.5 (Admissible strategy for power utility). A control (7, ) is said
to be admissible if the following conditions are satisfied:

1. 7 is F-adapted and ¢ € ®;

2. for any initial data (o, a0,lo) € RT @ RT @ RY such that o + G olo € RT,
the associated asset process (9.2.10) admits a pathwise unique solution such
that X[ + G14Ly > 0, P almost surely, for all t € [0,T], where Gy, is given
by (9.3.14) below;

3. either the family of random variables

5 Xr G- L, v Ta AT 22 29
{@anT <Y1,rnAT( ront + Gy AT Lry aT) +/ 1 n D2t it
’ neN

vy 291t 2o

is uniformly integrable under P measure for any sequence of F-stopping times
{Tn}nen such that 7, T 400 as n — +oo, where (;5: (qi;l, (;32) € ® is given in
(9.3.17) with X} and 7} replaced by X[ and my, respectively, and {1+, a4,
and Y14 are given by (9.2.12) and (9.3.6) below, or the family of random
variables

Xfr G - LT vy Tn AT 2 2
0% AT Vi gy g Ooran® + Grmunr Lrnr) +/ Do | i g
Y 0 2901 2oy neN

is uniformly integrable under P measure for any sequence of F-stopping times
{Tn}nen such that 7, T +00 as n — +00, where 7ty =} is given in (9.8.17)
and 1,217,5 and zﬁg,t are given in (9.2.12) with X[ replaced by X[ .

The set of all admissible controls is denoted by 11, ® ®.

Remark 9.2.6. The technical condition 3 in Definition 9.2.5 implies that both the
controls (, QAS) and (7, ¢) are immediately admissible whenever there exists at least
one control (7, ¢) € I, ® ®. For the sake of tractability, we suppose that the set of
admissible controls is not empty throughout the rest of the paper.

For the power utility case, the ambiguity-averse manager aims to seek a robust
investment strategy m to maximize the expected utility from the terminal surplus
X7 — Ly under the worst-case alternative measure. Inspired by Maenhout (2004),
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the robust optimal ALM problem for the ambiguity-averse manager is formulated

XTI _ L) T 2 2
sup inf J,(m, ) := sup inf EQ l(T'YT) +/ ( 0Lt + 02t ) dt] ,
0

rell, $€© rell, $€0 201 2oy

as

(9.2.11)

where J,(7, ¢) denotes the value function associated with admissible control (m, ¢),
the minimization over ¢ € ® reflects the asset-liability manager’s aversion to
ambiguity, and ;¢ and o, are two RT-valued, F-adapted stochastic processes
capturing the level of ambiguity aversion with respect to model misspecification.
The larger the levels of ambiguity v + and 5+ are, the more skeptical the manager
is about the reference measure P, and the smaller the penalty for a given deviation
from the reference measure is. For the extreme case where 1 ; = 92, = +00, the
integral term within (9.2.11) vanishes and the manager considers all alternative
measures equally. For the other extreme case where 91+ = 92, = 0, i.e., the
manager is completely confident that the reference measure P is the true measure,
any alternative measure deviating from the reference measure P will be severely
penalized. In this case, ¢1; = ¢2+ = 0 must be required such that the integral term

within (9.2.11) disappears, and thus, the robust ALM problem (9.2.11) reduces to the

(X%*LT)”}
5 .

traditional ALM problem without model ambiguity, i.e., SUPrer, EF [
For analytical tractability, we assume 1; ; and 1 ; are state-dependent. Similar

to the existing works, such as Maenhout (2004), Escobar, Ferrando, and Rubtsov

(2015), and Wang and Li (2018), we set

_ B Z.
V(X[ +Gre)

Vi =1,2, (9.2.12)

where Gy and Y, are given by (9.3.5) and (9.3.6), respectively, and positive
constants 8; € R*, i = 1,2, are called the ambiguity-aversion parameters. In
particular, 81 can be interpreted as the level of ambiguity about the risky asset
dynamics, while 35 represents the ambiguity aversion about the stochastic factor
process.

Definition 9.2.7 (Admissible strategy for exponential utility). A control (m, ) is
said to be admissible if the following conditions are met:

1. w is F-adapted and ¢ € ®;

2. for any initial data (xo, g,lp) € RT @ RT @ R, the associated asset process
(9.2.10) admits a pathwise unique solution;

3. either the family of random variables
3 e~ 4 X7 A1 Y2, rp AT +G2, 7 AT) T AT V%,t é%,t
ProaT | — + + dt
" q 0 2010 212,
neN
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is uniformly integrable under P measure for any sequence of F-stopping times
{Tn}nen such that 7, T 400 as n — +o0, where b = (b1, 02) € ® is given by
(9.4.17) with X} and ©} replaced by X[ and my, respectively, and m1 ¢, M2,¢, Y2 ¢,
and Gay are given by (9.2.14), (9.4.4), and (9.4.7) below, or the family of

4 Q*Q(an/\TYQ,T,,,/\T+G2,TWAT) T AT it ¢%7t
Cronr | — + — + —
" q 0 2 2024
neN

is uniformly integrable under P measure for any sequence of F-stopping times

{Tn}nen such that 7, T 400 as n — +00, where 7ty = 7} is given in (9.4.17)
and 11 ¢ and 72 are given in (9.2.14) with X[ replaced by X[ .

Denote by I1, @ ® the set of all admissible controls.

Remark 9.2.8. Similar to the above power utility case, in the rest of the paper, we
suppose that the set of admissible controls is not empty, i.e., there exists at least a
control (7, ¢) € I, ® ®. As a result, both controls (7, ¢) and (7, $) are admissible
as well based on condition 3 in Definition 9.2.7.

The robust optimal ALM problem under the exponential utility case is formally

—q(X;f—LT) T 2 2
e +/ Lt o5 dt| |
q o \2m,  2m2

(9.2.13)

written as follows:

sup inf J.(m, ¢) := sup inf E@
71'61}[)6(156@ 6( (b) wEl%(ﬁE‘I’

where J.(m, ¢) denotes the value function associated with admissible control (7, ¢),
and the two Rt-valued, F-adapted stochastic processes 1, ; and 72+ characterize
the level of ambiguity aversion with respect to model ambiguity. Again, for the sake
of tractability, we assume that 7;;, ¢ = 1,2 are state-dependent. More specifically,
we make the following assumption on 7;:, ¢ =1,2:

Bi 19

Mt = X vart Gy LT b2 (9.2.14)

where Yo, and Ga. are given by (9.4.4) and (9.4.7), respectively, and positive
constants 3; € R™, i = 1,2, denote the ambiguity-aversion parameters. For an

ambiguity-neutral manager, the robust optimization problem (9.2.13) degenerates
e~ ¢(XT—LT) :|

to finding an admissible investment strategy such that sup, ey, EF [— z

is attained.

Remark 9.2.9. Given the possibly non-Markovian structures of the market model,
the dynamic programming approach along with the HJBI equation (refer to
Mataramvura and Oksendal (2008)) is not applicable in our case. We, there-
fore, solve the above two utility maximization problems (9.2.11) and (9.2.13) in
Section 9.3 and 9.4 by proposing a novel BSDE approach. This distinguishes our
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paper from the published works considering robust investment problems in the
Markovian settings and using the HJBI approach; see, for example, Yi et al. (2013),
Flor and Larsen (2014), Munk and Rubtsov (2014), Escobar, Ferrando, and Rubtsov
(2015), Zheng, Zhou, and Sun (2016), Zeng et al. (2018), Wang and Li (2018), Wang,
Li, and Sun (2021), Cheng and Escobar (2021b), Chen, Huang, and Li (2022),
Chang, Li, and Zhao (2022), Baltas et al. (2022), Wei, Yang, and Zhuang (2023),
and etc.

9.3 Optimal investment strategies for the power utility case

This section is dedicated to deriving the robust optimal investment strategies for
the power utility maximization problem (9.2.11) by using a BSDE approach. To
this end, we introduce two continuous (I, P)-semi-martingales Y7, and G, with
the following canonical decomposition:

dYi, =P dt+ 21, dWi + Zo dWa

and
dGry = Hypdt + A dWiy + Aoy dWo g,

where P; ; and H; ; are two undetermined F-adapted processes, and Z; ¢, Zat, A1 ¢,

(X7+G1)Y
¥

and Ay, lie in E]%’JZPOC(O,T; R). Applying Itd’s formula to ¢f <Y1,t +

2 2
Ot ;;171—1— 2(2;22 ds) under P measure and using the method of completion of squares,
we have

XT 4+ G1,0)” t @7 3
app (v, FEECLOT | " Pl | P2 g
ol 0 2¥1,s 212 s
(X7 +Grp)” R
Y

0 2v¢1s

:Saf [(Yl,t¢1,t + Z14) + Yy (X] + Gl,t)771(XZr7TtUt + A1)+ <

2 2
¢2,5 d)l,s
22,5
2
o2,
292 s

+

t
+ Y1 (X + Gl‘t)’Y71A2,t + (/

X7+ Gi)”
d3> ¢1,r} dWy ¢ + <Pf [(Yl,t¢2,t + Zz,t)%

+

] XT+G v
ds) ¢2,ti| dWa ¢ + Q:‘Zt [9‘251,1, + (%Zl,t + Y1 (X + Glﬁt)vfl (X{meoy
1,t

?
22,1

2 2
+A1,t))1b1,t] dt + Z2,t+Y1,t(XZr+Gl,t)’Y_1A2,t) 1/12,t] dt

o (OG0

—1— ¢ - ™
n %m(x: + G {Xf, mor+ A+

X7+ G — Z 2
L+ Gt (’Y B1 1,1+A@)] a

y—1-p v Yig

(= 1-Ba)ef

o]
+ WXT 4+ G ) TN, dt — B"‘%(X;' +G1e) " 2oy dt

2
P z? z2 1 _ 8 Z
+W?(X:+G1,t)’y 1t FrYi — ,312 it ,322 2t Yl,t<7 B1 Z1¢
v 2v2 Y1 292 Yip 2(v—1-51) v Y
2 4
+>\\/Oét> ] dt + P Y1, (X] + G1,e)7 7" (Hl,t —7G1,t — AWarAis + Yz’t A2,t> dt.
1t

(9.3.1)
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We expect that by introducing the two continuous semi-martingales Y7 ; and Gy 4,

ks 2 2
the stochastic process ¢? (Yl,t X +VG”)W + fg 2(?;1‘3 + 2%‘2‘5 ds) is a local (F,P)-

martingale under an admissible control (7*,¢*) € II, ® ®, a local (I, P)-super-
martingale for (7, ¢) € II, ®®, and a local (F, P)-sub-martingale for (7, ¢) € I, @ @,
respectively. For this, we can determine the process P;; and H;; by formally
letting the last two terms on the right-hand side of (9.3.1) be zeros. Inspired by
this result, we propose the following backward stochastic Riccati equation (BSRE)
of Y1, Z14, Z24):

(. 04 2 v — b1

1 (v—= 51)2 Zf t B2 Z22 t
0 LV R e R R Y Zoid
2 (ﬂl T8 ) i Ty, | BT A dWiet ZaedWars (9.3.2)

Yir =1,
Y1+ >0, for all ¢t € [0,T),

and the linear BSDE of (G4, A1, A2¢):

Z
dGi = (TGLt + MW oarhi s — ﬁAQ,t) dt + A, AW g + Ao dWa g,
Vi (9.3.3)

GI,T =—Lp.

Moreover, by separating the dependence of BSDE (9.3.3) on the liability value Ly
and applying It6’s formula, we can decompose the BSDE of (G1 4, A1, A2 ) into
the following linear BSDE of (G4, A14, A2 y):

_ _ _ Ty s — _ _
dG1,; = ((T — )G+ (A —o)vaA — %Am> dt + A1 dWi e + Ao dWa g,
1,

(9.3.4)

and the solutions (G4, A1, Ao ) and (G14, A1, Az,t) are related via the following
linear formulation:

(Gr4, A1ty Aoy) = (GriLe, (Mg + Grioiy/ag) Ly, Mgy Ly) (9.3.5)

Throughout this section, by a solution to BSRE (9.3.2), we mean a triplet of
stochastic processes (Y11, Z1,t, Zat) € Sg5(0, T;RT) @ L3 (0, T;R) © L3 5(0, T; R)
and satisfies (9.3.2). Similarly, the solution to linear BSDE (9.3.4) is a triplet of
stochastic process (G1,¢, A1, Aar) € S§%(0,T5R) @ L3 5(0,T;R) @ L3 (0, T R).

Remark 9.3.1. Note that the generator of BSRE (9.3.2) depends on the market
price of risk rather than the return rate and volatility of the risky asset price,
which implies that the solvability of BSRE (9.3.2) is completely determined by the
square-root factor process «; (9.2.3), and it is, therefore, unnecessary to specify
the return rate u; and volatility o; as Markovian processes. However, due to the
unboundedness of «;, the established theory of BSDEs (see, for example, El Karoui,
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Peng, and Quenez (1997), Bender and Kohlmann (2000), Kobylanski (2000), Briand
and Hu (2008)) cannot be applied to (9.3.2) directly. Similar to Shen and Zeng
(2015) and Zhang (2022c), we first propose one explicit solution to (9.3.2) by trial
and verify its uniqueness by using Girsanov’s measure change technique and the
standard results of quadratic BSDE with bounded terminal condition (Kobylanski
(2000)).

In this section, we impose the following assumption on the model parameters. This
guarantees that the factor process a; preserves affinity and square-root structure
under an equivalent probability measure P which is well-defined in the proof of
Theorem 9.3.7.

Assumption 9.3.2. k + p A28 £ 0.

Y=1=p
Proposition 9.3.3. One solution (Y14, 214, Z2+) to BSRE (9.3.2) is given by
Yie =exp{fi(t) + g1(t)ou}, (9.3.6)
and
(Z1,4,Z2 ) = (pr91(t) VY1 e, p2gi(t)v/ouY1e) (9.3.7)

where functions f1(t) and g1(t) solve the following ordinary differential equations
(ODEs):

- B _ 2
dgi(t) _ ( Y—5 o2 B2 p§> g2 () + <m+ M) g1 (t) + e

dt 29(vy—1-p1)"" 2y y—1-51 2(y—1-51)’
(9.3.8)
and
dleit) = —klgi(t) — rvy (9.3.9)

with boundary conditions fi1(T) = g1(T) = 0. Moreover, the closed-form solutions
to ODEs (9.3.8) and (9.53.9) are given by

n+n — (1 feVAgl(T_t))
91 91

By (T—t)
n+—n, _eVin =
91 91

gi(t) = (9.3.10)

and

fit) = (rv + n&ng;) (T— 1)+ Kb (ngf - ngf) log ( Mgt = M- ) |

Ag, n+—n _eVAa(T-1)
97 91
(9.3.11)
where Agl,ng+, and ng, are given by
1
— B1)Ap1 ? A? =5 2 2
P B o ’
" ( Y-1-h oy Nl oy iy NI e
_ _ 9.3.12
~ (s + G2e) 4 A, (r+ e R O3
n 4+ = n - = .
=B =5 T -5 5
“ w(vy—l—lﬁl)p% - ¥ 205 " v(ww—l—lﬁl)p% - ¥ e
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Proof. See Appendix 9.A. O
29727, e [Agy (T—1)
2
(=100 (50t - 22243) (m g =, eV F 70
due to v € R™. In other words, function g (¢) is strictly increasing over [0, T, and
thus, we have ¢1(t) € [91(0),0] and fi(¢) < ry(T —1¢).

Remark 9.3.4. 41t _

a >0

Proposition 9.3.5. The solution (Y14, 21,4, Z2.1) proposed in Proposition 9.5.3
lies in Sg%(0, T;RY) ® E]%JP(O,T; R) ® E%’P(O,T; R). More precisely, Y; < e™V(T=1),
fort € [0,T], P almost surely.

Proof. See Appendix 9.B. O

Before verifying that the proposed solution (Y1, Z1,, Z2+) given in Proposi-
tion 9.3.3 is the unique solution to BSRE (9.3.2) in the space Sg%(0,T;R*) @
[Z]%’]P,(O7 T;R) (X)E]%,]P(()7 T;R), we present the following auxiliary result on the stochas-
tic exponential process of the square-root factor process «; (refer to Lemma Al in
Shen and Zeng (2015)).

Lemma 9.3.6 (Bona-fide martingale property). If mq(t) and ma(t) are two bounded
functions over [0,T)], the following stochastic exponential process

t t 1 t
exp {/ mi(s)y/as dWh s —|—/ ma(s)y/as dWa s — 5/ (m3(s) +m3(s)) as ds}
0 0 0
is an (F,P)-martingale.
Theorem 9.3.7. Suppose Assumption 9.3.2 holds true. The solution (Y14, Z14, Z2,t)
given in (9.3.6) and (9.5.7) is the unique solution to BSRE (9.5.2).

Proof. See Appendix 9.C. O

After deriving the closed-form expression for the unique solution (Y1 ¢, Z1.¢, Z2+)
to BSRE (9.3.3), the linear BSDE (9.3.4) of (G1,4, A1+, As;) can be reformulated
as follows:

dG1s = ((r — m)Gre + (A — o)) Varhi g — pagi(t)/aghay) dt + Ay dWy
+ Az,t dWa g,
Gir=-1.
(9.3.13)

Proposition 9.3.8. The unique solution to linear BSDE (9.3.13) is given by
G = —elrmr=T), (9.3.14)
and

(Al,tu Ag’t) = (0, O) . (9315)
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Proof. See Appendix 9.D. O

Remark 9.3.9. It is crucial to identify that the second control component As ; of the
solution to linear BSDE (9.3.3) is zero from Proposition 9.3.8 and the relationship
between A, ; and Ay given in (9.3.5) above, which, in turn, allows us to remove
the fourth and fifth drift terms on the right-hand side of (9.3.1).

After solving the associated BSDEs explicitly and deriving their unique results,
now we are ready to state our first main result.

Theorem 9.3.10. For any initial data (zo,0,lp) € RT @ RT @ RT such that
o+ 617010 € RT, suppose that Assumption 9.3.2 and the following conditions hold

Ii2

max {ko, k1, ke} < ——
x {ho 2}*p?+p§

(9.3.16)

with kg, k1, and ko given by

Bipigi(t) + A1) | Bip3gi(t)
ko = sup (120 + 32V14 ( + ,
° te[o,pT]( ) Y2y —1—p1)? 72

8(y — B1)p1g1(t) + 8yA)?
ki = sup (24 V2 ( ,

' te[o,pT]( ) (Br+1-7)
2 Y=B1 2
_ gi(t) + A
ks — sup 32(y — B1)Ap1ga(t) + 3207y + (12872 B 167) ( 5 P1 1(?) , )
t€[0,T] Br+1—7 Br+1—7)

Then, for the following control (7*, ¢*)

1 Xt*+é1tLt S AR’ ~
* — d —= + A/ — ooy G4 L
ﬂ-t X?Ut |: /81 +1_’Y < ~ YLt + Qt T14/ O 14t |
o= <51Z1,t . Br(Ximioy +Ul\/04tG1,tLt)> _ b1 214
L v Yig X+ Gl Yy —=1—=p51) Y1
AB1
+
Y—=1=5 '
o __ DPaZay
O == v Yig'

(9.3.17)

where X} is the asset process associated with 7}, and the closed-form expressions
for Y14, Z14, and Gy 4 are given by (9.3.6), (9.5.7), and (9.3.14), respectively, we
have

(i) the distortion process ¢* € @, i.e., the Radon-Nikodym derivative process <pf* 18
a uniformly integrable (F,P)-martingale, and X; + G1 4L > 0, P almost surely, for
all t € [0,T];

(ii) o Yy G e Sh (0, T RY);

- * 2 * 2
(iii) @f ( J ((2#121) + (;‘;;1 ds) € S§7P(O,T; R™), where Vi =
i=1,2.

Bi_
VoG Ly 1O
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In the affirmative, the control (7*,¢*) € II, ® ® is the optimal control of the robust
ALM problem (9.2.11), and the optimal value function is given by

20 + G1,0l0)”

Jp(m", ¢") = Y1,0( (9.3.18)

Proof. See Appendix 9.E. O

Remark 9.3.11. The feasibility of the technical condition (9.3.16) is guaranteed
by the monotonicity of function ¢;(¢), and in essence, this sufficient condition is
imposed to show that (7%, ¢*) is a saddle point of the value function J,(m, ¢) for
the robust control problem (9.2.11). More specifically, it helps prove that (i)-(iii) in
Theorem 9.3.10 hold for the control (7*, ¢*) and then verifies the admissibility of
(m*, ¢*) by confirming conditions 1-3 in Definition 9.2.5 above.

Remark 9.3.12. Note that although robust investment problems using BSDE ap-
proaches have been considered in the literature (see, for example, @Pksendal and
Sulem (2011, 2014)), our BSDE approach is different from that in @ksendal and
Sulem (2011, 2014), where the value function is written as the solution to an
associated controlled BSDE and the comparison theorem for the solutions to BSDEs
is applied to show that the optimal control is a saddle point of the value function.
Recalling (9.3.1) and the proof of Theorem 9.3.10 above, we propose to construct
a stochastic process depending on any admissible control (7, ¢) instead, and such
that its terminal value equals the sum of the utility of the terminal surplus and the
penalty term within the expectation of (9.2.11), which then leads to two uncontrolled
BSDEs (9.3.2)-(9.3.3).

Remark 9.3.13. To our knowledge, the results provided in Theorem 9.3.10 are not
reported in the existing literature. If we further set lo = y; = 0; = 0 in Theorem
9.3.10, then we derive the explicit solutions to the robust portfolio selection problem
under power utility and square-root factor processes. If we specify 5; = 2 = 0, the
analytical solutions to the optimal ALM problem without model uncertainty under
power utility and square-root factor processes are provided. In other words, the
benefits of Theorem 9.3.10 are two-fold.

The next three corollaries provide the explicit results for three particular cases
of our model, the CEV model (9.2.4), the family of 4/2 models (9.2.5), and non-
Markovian stochastic volatility model (9.2.6), respectively.

Corollary 9.3.14 (CEV model). If the risky asset price Sy follows the CEV model
(9.2.4) with any initial data (z9, s0,lo) € Rt @ RT @ RT such that zo+ G1lo € RY,
and suppose that u — (v — 1) # 0 and the following conditions hold

max{ko, k‘l’kZ} <=
o
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with 12107 1251, and 1232 given by

(VL = 2B0g:1(t))* BT

ko = sup (120 + 32v'14)

t€[0,T) Yy —=1-51)? '
- (8yE=E — 16(y — B1)Bod (1))’
k1= 2 2 c
e R ==y
- 32)%y — 64(y — B1) (1 — 1) (1) 2o (5 = 280255, (1)
h _zes[qu)T] Bi+1—7v + (12877~ 167) (B1+1—7)2 ’

then, the optimal control and optimal value function of the robust ALM problem
(9.2.11) are, respectively, given by

o (=) (X +GraLle) 2y = B1)Bodi (8)(Xi + GreLe) + (B +1 = y)y01GrLa

L X702 (B + 1) X708 (B +1 )y
. B (u —r 2ﬂa§1<t)>
¢1,t - B - )
(’Y -1- /Bl)st o v
¢;,t :07
and

— Gh.0lo)” ~ —2
Jp(ﬂ*,cﬁ*):Mexp{fl(0)+§l(0)so ﬁ}»

where Gy + is given by (9.3.14), and functions fi(t) and §,(t) are given by

2 2 2 - _
n

R 2 2 _
h (t) N <T’Y + (25 + B)U ngf) (T t)"” \/rgl 4+ —n__e€ Af?l (T—t)
] 91

and

Ay (T—
n_4ymn__ (1—6 g1( t)>
91 91

n_4 —n__e
91+ 91

1) = Ag, (T=1)

with Agl,ngir, and Mg given by

A§1 :4B2 |:(,Ll,— (V_Bl)(u_r)> - ('Y 7_51 )2 (,LL—'[')2:| )

Yy=1=-5 —1-p
28 (32525 (w =) — 1) + VB, 26 (32525 (w—7) — 1) — /B,
ns’zf’ = Y—0B1 4252 ’ néf = Y—5B1 48202 .
Y(y=1-p1) v(y=1-p1)

Proof. Substituting the parameters specified in Example 9.2.1 into (9.3.16)-(9.3.18)
leads to the results immediately. O

Corollary 9.3.15 (The family of 4/2 models). If the risky asset price process Sy
and the variance driver process V; are governed by the family of 4/2 models (9.2.5)
with any initial data (zo,v0,lp) € RT @ RT @ RY such that xo + G1,lo € RY, and
suppose that Kk + o, pA szlﬁl # 0 and the following conditions hold

5

2
max{l_fml_cl,l?:g} < %
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with ko, k1, and ko given by

(Browpga (t) + MyB1)? | Baoo(1—p)gi(t)

ko = sup (120 + 32v/14)

t€[0,T] Y2y —1-p51)2 72 '
z 8(y = B1)awpgi (t) + 8yA)?
k1= sup (242 ( ,
' te[OPT]( ) (Bi+1-17)2
_ _ = 2 y=B1 opin (1) + A 2
Fa— sup 32(y = B1)ATupgi (1) + 320y | (12847 — 164) (=L owpgu(t) + A)

te0,7] Br+1—7 Br+1—7)2 7

then, the optimal control and optimal value function of the robust ALM problem
(9.2.11) are, respectively, given by

. Vi X5+ G Ly (’V—ﬁl _ ) = ]

- : wpgi(t) + N ) — 01GreLe |,
i X (Vi + ¢2) { Bi+1—7 vy 70pgi(t) + ittt
. b1 _ AB1 ]

= — g (t) + ———— | VV,
Pie {7(7 —-1-51) por(1) y=1=-5h '

o= — %av 1= g ()T,

and _
(zo — G1,0l0)”

Y
where G4 is given by (9.5.14), and functions f1(t) and gi(t) are given by

Jp(n",¢") = exp { f1(0) + g1 (0)vo } ,

- KO (n - —n_4 Nt — 10—
fl(t):(r’y—&—/fengl_)(T—t)_i_ ( a7 91)10g( 9 91 )
- o
91

and

with Agl,nff, and T given by

g
('yﬂl)/\avp)Q No? ( Y=B1 2>
Ag, = (r+ - —(v=B)1=p") ),
" ( e P A GRS TRy
—B1) Aoy —B1)Aoy
. *(“*%)* Ay, i —(n+%)—\mgl
o n =

91 2 v=B1 2 _ a=Ba(1_ 2 91 2 v=B1 2 _ y=B2(1 _ 2Y)
To (“/(vflfﬁl)p v (1 ’O)> v (W(W*lfﬁﬂp v 1 p))

Proof. Plugging the specified parameters of the 4/2 model (9.2.5) into (9.3.16)-
(9.3.18) yields the above results. O

Remark 9.3.16. Setting either (¢1,c2) = (1,0) or (c1,¢2) = (0,1) in the 4/2 model
(9.2.5), Corollary 9.3.15 provides the explicit expressions for the optimal controls and
optimal value functions of the robust ALM problem (9.2.11) under the Heston model
and 3/2 model, respectively, and neither of them is considered in the published
works.
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Remark 9.3.17. Tt is worth mentioning that Cheng and Escobar (2021b) recently
solves the robust portfolio selection problem under the 4/2 model in a complete
market. In this sense, Corollary 9.3.15 extends the results of Cheng and Escobar
(2021Db) to the case with random liabilities in an incomplete market setting. Moreover,
if we ignore model ambiguity by imposing 81 = 82 = 0 in Corollary 9.3.15, it can
be verified that our result generalizes that of Cheng and Escobar (2021a) to the
case with random liabilities.

Corollary 9.3.18 (Non-Markovian path-dependent model). If the risky asset price
process Sy and its volatility driver process ay; are governed by the path-dependent
stochastic volatility model (9.2.6) with initial data (x, g, lp) € RT@RT @RT such
that xg + G1,olo € R, and suppose that Assumption 9.3.2 and condition (9.5.16)
hold true, then the optimal control and optimal value function of the robust ALM
problem (9.2.11) are, respectively, given by

. 1 X:+G1tLt <’Y—61Z1t ) ~
= _ > — + Mot | —o/arGy L |,
¢ X;6(ap.q) [ Bitl—n Y Vi Vaz VoGt Ly
« B1 AR AB1
= —= 4 VO,
I B) Vi T 1-A V™
N :_&Zz,t
2, Y Yoo

and

. G1,0l0)”
Jp(ﬂ- 7¢ ): Yl,O (mo + FYLO O) ’

where the closed-form expressions for Y14+, Z1 4, Zo+ and Gl,t are given by (9.3.6),
(9.8.7), and (9.3.14), respectively.

Proof. Replacing o; in Theorem 9.3.10 by 7(ajp,) leads to the above results
immediately. O

9.4 Optimal investment strategies for the exponential utility
case

In this section, we investigate the robust optimization problem under exponential

utility (9.2.13) by using a BSDE approach. Similar to the previous section, to find

the BSDEs associated with problem (9.2.13), we introduce the following continuous
(F,P)-semi-martingales Y5 ; and Gz ; with canonical decomposition as follows:

dYe i = Py dt + My dWh s + Mo dWa ,

and
dGay = Hopdt + 11,0 dWh + T2 e dWoa g,
where P ; and Hs ; are two undetermined [F-adapted processes, and M, Ma ¢, I'1 4,

and I'y; belong to CIQF’lPOC(O,T;R). An application of Ito’s formula to cpf( -
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q 21M1,s 21n2,s

—a(X[ Y2 t+G2 t) t 2 2
dt,af’ e +/ ¢1,s n ¢2,s ds
q o \ 2m,s 212

—q(XT S ‘i’ s
:W? e IXE Y2 e+ G2 ) ((O'tTrtYQ,t + M) X[ + Fl‘t) + ¢1,t (/ L 2 ds
0 \ 271,s 2772 s

e_Q(XZrY2,f,+Gz,t) +f0t ( ¢§,s + ¢§,s> d5> leads to

e~ 1(X{ Y2 t+G2 1)

——>:| dWy ¢ + Lpf |:efq<xzry2~t+czvt) (Mz,f,XZr +F2,f,) + ( <
q

2771 s

(15% . e—q(XZryz,t+G2,t)
. ) ds —

+
21n2,s q

¢
)‘f”z f} AW3 ¢ R w— [¢1 I ((Utﬂ'tY2 ¢
n1,¢

2 2
+M1,t)XZr+F1,t>771,t:| dt + [¢'2t+e (X[ Y2,t+GC21) (M2, X[ +Tay) 2t] dt

)]

_ g +2f82 Lpfefq(XZrYz,tJer‘tJM J(XT Y dt — (q+ 32) —q(X] Y t+G2 f)M2 VX7 T, dt

22t

q+8 —g(XT =
T . LP?E XYzt +G2,0) [(Utﬂ'tyz,t + My )X + T — e /3 (

2
Avar + #)
$,—a(X[Ys 1 +G20) | ( Va0 ) _atPep r gt
+pre |: 2.t + 2@+ B1) 3 1.t

+ e T Y2t G20 x T [rm + Py — (

o)

We expect ¢ ( M fo (;fls + ;:7225 ) ds) is alocal (F, P)-martingale
for an admissible control (m*,9*) € Il ® @, a local (F,P)-super-martingale for
(m,¢) € I, ® ®, and a local (F, P)-sub-martingale for (7, ¢) € II, ® ®, respectively.
Inspired by this, the stochastic processes P ; and Hy; can be determined by simply
letting the last two terms on the right-hand side of (9.4.1) be zeros. In other words,

we find the following BSRE of (Y3, My ¢, May):

(9.4.1)

M
dYs = [—Tyz,t + < l’t) Ml,t:| dt + My dWh s + Mz dWo
ot

(9.4.2)
Yo r =1,

and quadratic BSDE of (Ga,I'1 4, ['24):

ﬂ2 > 1 ( M t>2
dGar = r —|— In,— — : dt
> ( ) b 2 2(q+ Bu) Yo
+ T, dWi + Ty dWay,
Gar =— L.

(9.4.3)

Here, a solution to BSRE (9.4.2) is a triplet of F-adapted processes (Ya,¢, M1+, M2 t)
such that (Ya 1, My, My ) € Sg%(0, T; RT)@ L3 (0, T R)® L3 p(0, T; R); a solution
to quadratic BSDE (9.4.3) is a triplet of ]F-adapted processes (Ga,,I'1,,T24) €
C%,P(O, T;R)® C]%JP(O, T:R)® ,CI%P((L T;R).
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Similar to Section 9.3, we make the following assumptions on the model pa-
rameters to ensure that «; is an affine-form, square-root factor process under the
well-defined probability measure P in Theorem 9.4.4.

Assumption 9.4.1. x+ Ap; # 0.
Proposition 9.4.2. The unique solution to BSRE (9.4.2) is given by

Yoo =€ "0, (9.4.4)

and
(Mi,t, M2,) = (0,0). (9.4.5)
Proof. See Appendix 9.F. O

After solving BSRE (9.4.2) explicitly, we can simplify quadratic BSDE (9.4.3) to
the following form:

q+ B2 2 1 2
dGa2 = [ Aol s — A dt + T, dW Lot dWa s,
2.t ( Va1 + 5 2.t 20q + B) Ott) + 11 1,6 + 12 2.t
GQ,T =— L.
(9.4.6)
Proposition 9.4.3. One solution (G2,,I'1,,T24) to quadratic BSDE (9.4.6) is
given by
Gayi = fa(t) + g2(t)aw + ha(t)Le (9.4.7)
and
(16, T20) = ((prg2(t) 4 o1ha (t) Li)V/ar, p2ga(t)y/ou) (9.4.8)
where functions fa(t), g2(t), and ha(t) solve the following ODEs:
dg2(t) g+ B2 2 o B 2 _
dfa(t
fz—g) = —k0ga(t), fo(T) =0, (9.4.10)
and
dha(t
;t( ) = —pha(t), ha(T) = —1. (9.4.11)
Furthermore, the closed-form expressions for ga(t), f2(t), and ha(t) are given by
)\2
— L (t—T), if ps =0 and K+ Aps = 0;
2(q+/31)( ) if p2 and K+ Ap1
_ )\2 (6<K+AP1>(t7T) o 1) Zf p2 = 0 and Kk + )\Pl 7& 0:
92(t) = 2(q + B1)(k + Ap1) ’ ’
n+n — (1 — eVAg?(T_t))
9292 ) Zf P2 76 07
n 4 —n _eVirT=h
95 95

(9.4.12)
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2
wOA (t—T)° if p2 =0 and &+ Ap1 = 0;

4(q + B1)
—2\2k0 1 — e(sTAe1)(t=T)
t—T ; = d A ;
p =TT (k) 0wt £

K0 (ngf — ng+) Nyt =N =
m@ngz_ (T —1t)+ 2 22 log 2 2 , if p2 #0,

Ag, n4+—n_ev Bgp (T—1)
93 95
(9.4.13)
and
ho(t) = —e1 =8, (9.4.14)
where Agz,ng;r, and g are given by
A = Api)2 4 B2 252, :—(”+>‘P1)+\/Ag2’ 7:_(“+/\P1)—\/A92'
Ry N | (a+ B2)0% "o (a+ B2)r%
(9.4.15)
Proof. See Appendix 9.G. O

In the next theorem, we show that the candidate solution (G4, "1+, I'2,+) pre-
sented in Proposition 9.4.3 lies in L3 (0, T;R) ® L3 5(0,T;R) ® L5 5(0, T;R) and
is the unique solution to quadratic BSDE (9.4.6).

Theorem 9.4.4. Suppose Assumption 9.4.1 holds true. The solution (Ga4,T'1 4,2 )
given by (9.4.7) and (9.4.8) is the unique solution to BSDE (9.4.6) and belongs to
‘C]%‘,IP’(O? T; R) ® ‘C]%‘,P(Ov T; R) ® E%‘,P(Ov T; R)

Proof. See Appendix 9.H. O

Having derived the closed-form solutions to BSDEs (9.4.2) and (9.4.3), we are
ready to state our second main result below.

Theorem 9.4.5. For any initial data (z9,ao,lp) € RT @ RT @ R, suppose that
Assumption 9.4.1 and the following conditions hold

2
K

max {bo, b1,b2} < —— 9.4.16
{bo. b1, b2} Pi+ p3 ( )
with by, by, and by given by

2412
bo = sup (120 + 32v/14) (L + ﬁ%pggi(t)) ,

te[0,T] (g + B1)?
b = sup 64(2+V2) (L + p%g%(t)) 7
te[0,T] (q+ Br)? ’

128¢°A*  16g)\°

by = sup
tejo,r) (@ +P1)2 g+

+ (112¢° — 16¢82)p3 g5 (t).
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Then, for the following control (7*, ¢*)

A v, —
7'['* — q+,61 (Xt Fl’t
K Xt*UtYQ,t ’
b1

q+ B

1 * * 9.4.17
¢17t = _61 (Utﬂ-t }/Q,tXt + Fl,t) = — ( )

¢§,t = _62F2,t7

Wa,

where X is the asset process associated with 7}, and the closed-form expressions
for Yo, T'1 4, and T'oy are given by (9.4.4) and (9.4.8), respectively, we have
(i) the distortion process ¢* € @, i.e., the Radon-Nikodym derivative process @f 18
a uniformly integrable (F,P)-martingale;
(“) — * o a(X{ Y:,t-%—Gz,t) c Sﬁp(o, T; R),

o ot (ot (617 (45.)° x
(iii) ¢ ( 0 mE T dS) € Sip(0, T5R), where nf, = W’ for
1=1,2.
In the affirmative, the control (m*,¢*) € I, ® ® is the optimal control of the robust
ALM problem (9.2.13), and the optimal value function is given by

e~ (x0Y2,0+Gz2,0)
Je(m*,9") = —f7 (9.4.18)

where the explicit expression for Gay is given by (9.4.7).

Proof. See Appendix 9.1. O

Remark 9.4.6. To our knowledge, the results shown in Theorem 9.4.5 are not
reported in the existing literature. If we further consider the special case without
model ambiguity by setting f; = S = 0, we obtain the explicit expressions for the
optimal investment strategy and optimal value function of the ALM problem under
exponential utility and square-root factor process. If we plug lo = p; = 0, = 0 into
Theorem 9.4.5, the analytical solutions to the robust optimal portfolio selection
problems under exponential utility are derived.

In the next three corollaries, we present the explicit expressions for the robust
optimal controls and robust optimal value functions under the CEV model, 4/2
model, and non-Markovian path-dependent model given in Example 9.2.1-9.2.4,
respectively.

Corollary 9.4.7 (CEV model). If the risky asset price Sy follows the CEV model
(9.2.4) with any initial data (zg,s0,l0) € RT @ RT @ RY, and suppose that the
following conditions hold

2
max{bo,bl} < %
g

281



with by and by given by

- _ 2 02
bo :(120+32\/14)%,
s (n—r)¢®
by =64(2 + V/2) TR EL

then, the optimal control and optimal value function of the robust ALM problem
(9.2.13) are, respectively, given by

(71-:7 (bita (b;,t) = <

tasn T 2B0G2(t) — o1ha(t) Ly B op—r 0
X7 Vo087 gt Bes? )

and
o 1(#0Y2.0+72(0)+32(0) S5 P +h2(0)10 )

Je(ﬂ'*,ﬁi)*):— q )

where Yz ¢ and ha(t) are given by (9.4.4) and (9.4.14), respectively, and functions
fa(t) and g2(t) are as follows:

i (m=r)?(B435) (1—ertD
B0 == ( 267 “‘T>

and

Go () — w 267 (t—T)
%) = 15,5 Bryo? (1 —¢ ) '

Proof. Substituting the specified parameters of the CEV model (9.2.4) in Example
9.2.1 into Theorem 9.4.5 yields the above results. In addition, it is easy to see that
Assumption 9.4.1 always holds for the CEV model since 267 # 0. O

Remark 9.4.8. If we ignore random liabilities by imposing Iy = u; = o; = 0, then
the optimal value function and optimal control for the robust portfolio selection
problem under the CEV model and exponential utility are provided, which are the
identical to that presented in Theorem 3.4 in Zheng, Zhou, and Sun (2016) when
no reinsurance is involved. If we further ignore model ambiguity by setting 5, = 0,
the optimal investment strategy recovers the results provided in Proposition 2 in
Gao (2009) and Sun, Yong, and Gao (2020).

Corollary 9.4.9 (The family of 4/2 model). If the risky asset price process Sy
and the variance driver process Vi follow the family of 4/2 models (9.2.5) with any
initial data (xo,v0,l0) € RT @ RT @ RY, and suppose that k + o,p\ # 0 and the

following conditions hold
2

- - = K

max {bo7b17b2} < =

v
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with bg, by, and by given by

7 ﬂ%)\z 2 2 2\ _2 )
bo = sup (1204 32v14 (7 + B0, (1 — t) ],
0 tE[O,pT]( ) (q+ B1)? Paou(1 = p1)aa(t)
7 A2 2 2\ -2 ) 2
bi = sup 64(2+ V2 <7+0U17 t ,
1 tG[O,I’)T] ( ) (q—|—61)2 ( 4 )92( ) q
- 128¢°X%  16gA\? 2 2 2,2
bs = su - + (112¢° — 16 oy(1— t),
2 te[O?T] (q T 51)2 q T ﬂl ( q q/BQ) ( P )92( )

then, the optimal control and optimal value function of the robust ALM problem
(9.2.13) are, respectively, given by

Vi ¢—a'vp§2(t)—alh2(t)L A
(GRS _< (e t)7— B Vi -Bro T POV |

(c1Ve +c2) X[ Yoy q+ b1

and B
. e~ 1(x0Y2,0+f2(0)+72(0)vo+h2(0)lo)
Je(ﬂ- 7¢ ) = - ’
q
where Yz ; and ho(t) are given by (9.4.4) and (9.4.14), respectively, and functions

f2(t) and ga2(t) are given as follows:

2 _ (k+Aoyp)(t—T)

- b (1 - -l—t—T),ifp::I:l;
- 2(q + B1)(k + Aowp) K+ Aouwp
fa(t) = n&(ngf — n§+) N+ — -

kOn__ (T —t) + 2 Z_lo 2 2 , 1 +1,

9o ( ) A§2 g nos — n_ie\/@<T7t) fp #
9o 9o
and
)\2

_ (k+Aoup) (t=T) _ ) e .
e 1 if p==+£1;
ST Ao e
g2(t) = n_4n_— (1 —eVAa (Tft))
9o g

2 i +1
s —n /AR f p #
92 92
with Agz,ng;, and Mg given by
- Aoup) + /Ay —(k + Xowp) — /Ay
A — Aoy p)? q+ B2 2(1_p2)22, _ et 2, g2
72 = (A ) TN Mt = T B2 (= ) "9 T (at Ba)od(1 - )

Proof. Substituting the specified parameters of the 4/2 model (9.2.5) in Example
9.2.2 into Theorem 9.4.5 leads to the results immediately. O

Remark 9.4.10. By specifying (c1,¢2) = (1,0) and (¢q,¢2) = (0,1) in Corollary 9.4.9,
we obtain the corresponding results for the embedded Heston model and 3/2 model,
respectively. Moreover, it is straightforward to verify that the optimal investment
strategy is in line with that in Corollary 3.22 in Zhang (2022c) when we impose
b1 = B2 =1y = = o; = 0. In other words, Corollary 9.4.9 extends the recent
results of Zhang (2022c) to the case with random liabilities and model ambiguity.
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Corollary 9.4.11 (Non-Markovian path-dependent model). If the risky asset price
process Sy and its volatility driver process oy follow the path-dependent stochastic
volatility model (9.2.6) with any initial data (zo,0,ly) € RT @ RT @ RT, and
suppose that condition (9.4.16) holds true, then optimal control and optimal value
function of the robust ALM problem (9.2.13) are, respectively, given by

A
*ox o w P T A D B
— - A/ar, —fBoT
(7Tt:¢1,t,¢2,t) (Xt*&(a[o,t])yé,t ) ar,—P2l2¢ |,

and
e~ 1(@0Y2,0+G2,0)

Je(W*,dfk) = _fj

where the closed-form expressions for Ya 1, Go 4, I'1 4, and Ty are given by (9.4.4),
(9.4.7), and (9.4.8), respectively.

Proof. Replacing o in Theorem 9.4.5 by the specification G(apo,) of the path-
dependent model (9.2.6) in Example 9.2.4 yields the above results immediately. [

9.5 Numerical analysis

In this section, we devote ourselves to showing the effects of model parameters on the
behavior of the robust optimal investment strategy by giving numerical examples. In
the following numerical illustrations, we are mainly concerned about the exponential
utility case under the CEV model (9.2.4) and 4/2 stochastic volatility model (9.2.5)
since these two models are extensively studied in the literature in recent years and
the power utility case can be conducted in a similar manner. Throughout this
section, unless otherwise specified, the fundamental values of the model parameters
are given as follows: r = 0.02, ; = 0.01,0; = 0.2,290 = 1,lp = 0.5,7 = 0.1,5; =
1.5,82 = 1,q = 2; in the 4/2 model, k = 7.3479,0 = 0.0328,0, = 0.6612,p =
—0.7689, A = 2.9428, ¢; = 0.9051, co = 0.023,v9 = 0.04, mainly referred to Cheng
and Escobar (2021a); in the CEV model, = 0.05,0 = 0.25,8 = —0.7, 59 = 0.5.
For simplicity but without loss of generality, we focus on the analysis at time t = 0
and vary the value of one parameter with others fixed at each time. The range
allowed for the parameters is the possibility that the conditions in Corollary 9.4.7
and 9.4.9 are respectively met.

9.5.1 Effects of parameters in the 4/2 model on the robust
investment strategy

In this subsection, we are interested in the effects of some model parameters in the
4/2 stochastic volatility model (9.2.5) on the robust optimal investment strategy
m* given in Corollary 9.4.9.

Figure 9.1 displays the effects of the ambiguity aversion parameters 81 and S5
and the risk aversion coefficient ¢ on the robust optimal investment strategy m*.
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Figure 9.1: Effects of the ambiguity parameters 31 and B2 and the risk aversion coefficient
q on the robust optimal investment strategy ©* under the 4/2 model (9.2.5)

From Figure 9.1(a), we find that 7* decreases with respect to $; and ¢. Along
with the growth of 31, the asset-liability manager is more ambiguity averse about
the risky asset dynamics. Hence, the manager is willing to reduce the investment
proportion in the risky asset. With the increase of ¢, the manager becomes more
risk averse and tends to accept a lower risk for the investment. So, less wealth
will be invested in the risky asset. For a similar reason, as the ambiguity aversion
parameter 8o becomes larger, the manager is more ambiguity averse about the risky
asset variance driver process. Therefore, the investment proportion in the risky
asset is reduced, which is consistent with the results shown in Figure 9.1(b).

Effects of 4 and o) on Effects of o, and x on 1§
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(a) (b) (c)
Figure 9.2: Effects of parameters i, o1, A, p, &, and o, on the robust optimal investment
strategy ™ under the 4/2 model (9.2.5)

Figure 9.2 contributes to the evolution of the robust optimal investment strategy
7* with respect to the random liability parameters iy, 07, the slope of the market
price of volatility risk A, the correlation between the risky asset price and instanta-
neous variance driver p, and the mean-reversion rate and volatility of the variance
driver process k and o,. From Figure 9.2(a), we observe that 7* increases slightly
with respect to p;. When p; is growing, the appreciation rate of the random liability
becomes larger. In this case, the manager is willing to increase the investment
proportion in the risky asset to obtain a higher terminal surplus. Figure 9.2(a) also
indicates that the investment proportion in the risky asset increases along with the
volatility scale factor o;. In fact, as o; increases, the volatility of the random liability
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caused by the risky asset becomes larger. As a result, the manager tends to invest
more wealth into the risky asset as a hedging instrument to reduce the volatility
risk of the random liability to an acceptable level. In addition, when p decreases
from 0.9 to —0.9, the investment proportion in the risky asset increases as revealed
by Figure 9.2(b). This is due to the fact that decreasing p leads the hedge demand
—oupga(t) (g2(t) > 0) to increase. Figure 9.2(b) also shows that the investment
proportion in the risky asset increases with respect to A. Since A depicts the slope
of the market price of volatility risk, a larger value of A\ implies that the manager
could obtain higher returns by investing in the risky asset. Finally, Figure 9.2(c)
illustrates that 7* decreases along with x but increases along with o,. Indeed, since
K stands for the mean-reversion rate of the variance driver process, the variance
driver process moves faster towards the constant long-run level 6 as x increases.
Along with the growth of k, the volatility risk of the risky asset becomes smaller,
and hence the investment proportion in the risky asset is reduced. Conversely, as
the volatility coefficient o, increases, the instantaneous variance of the risky asset
price fluctuates more dramatically and the manager faces a higher volatility risk.
As a result, a larger investment proportion in the risky asset is necessary to hedge
against the volatility risk.

9.5.2 Effects of parameters in the CEV model on the robust
investment strategy

This subsection focuses on the effects of some model parameters in the CEV model
(9.2.4) on the robust optimal investment strategy 7* given in Corollary 9.4.7. More
specifically, Figure 9.3 describes how the robust optimal investment strategy 7*
evolves with respect to f1,q, 0, u,r, and 3.

Similar to the results shown in Figure 9.1(a) under the 4/2 model, we can observe
from Figure 9.3(a) that under the CEV model, the robust optimal investment
strategy 7* has negative relationships with both the ambiguity aversion parameter
51 and risk aversion coefficient ¢. In other words, the manager tends to put less
wealth into the risky asset when he/she becomes either more ambiguity-averse or
more risk-averse. Figure 9.3(b) shows that the robust optimal investment strategy
m* is positively correlated with the parameter p under the CEV model. Along with
the growth of u, the manager can earn a higher risk premium from the risky asset
as p stands for the expected return rate of the risky asset. In this case, the manager
is willing to increase the proportion of wealth invested in the risky asset to derive a
higher terminal surplus. From Figure 9.3(b), we also find that 7* decreases with
respect to o, which can be interpreted by the fact that o characterizes the risky
asset’s local volatility, and when o becomes larger, the risky asset displays greater
local volatility. Therefore, the manager has the motivation to decrease the amount
of wealth invested in the risky asset to avoid amplified volatility risk. Finally, from
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Figure 9.3(c), we observe that the robust optimal investment strategy 7* increases
when the elasticity parameter 3 increases from —1 to —0.7. This can be explained
by the economic implication of g; the negativeness of 8 indicates the existence of
the leverage effect, and when 3 becomes less negative, the volatility risk turns out
to be less significant, and thus, the manager would increase the investment in the
risky asset. Figure 9.3(c) also reveals that the optimal proportion of wealth invested
into the risky asset 7* has a negative relationship with the risk-free interest rate r.
Varying r from 0.01 to 0.05, the expected rate return of the risk-free asset becomes
higher. Hence, the manager would invest more in the risk-free asset and less in the
risky asset to reduce the overall risk.

Effects of 81 and q on Effects of 0 and 4 on g Effects of r and B on 1§
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Figure 9.3: Effects of parameters p1,q,0, u,r and 3 on the robust optimal investment
strategy 7 under the CEV model (9.2.4)

9.6 Conclusion

In this paper, we investigate robust ALM problems for a manager with both risk
and ambiguity aversion in the presence of stochastic volatility. The manager is
subject to random liabilities and has access to a financial market consisting of
one risk-free asset and one risky asset, where the market price of risk follows an
affine-form, square-root, Markovian model, while the return rate and volatility are
possibly non-Markovian, unbounded stochastic processes. The modeling framework
embraces the CEV model, the family of state-of-the-art 4/2 stochastic volatility
models, and some non-Markovian path-dependent models, as particular cases. The
manager is allowed to have different levels of ambiguity about the risky asset
price and volatility and aims to seek a robust optimal investment strategy against
the worst-case measure among the class of alternative measures equivalent to the
reference measure. In the non-Markovian case, the dynamic programming principle
along with the HJBI equation approach no longer works, and thus, a novel BSDE
approach is proposed. To find the associated BSDEs, we propose to construct a
stochastic process depending on any admissible control, and such that its value
at time zero does not rely on any admissible control and its terminal value equals
the utility of the terminal surplus penalized by model ambiguity. By solving the
BSDEs explicitly, we derive, in closed form, the robust optimal controls and robust
optimal value functions for the power and exponential utility functions, respectively.
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Moreover, analytical solutions to some special cases of our model are obtained.
Finally, the economic impacts of model ambiguity and model parameters on the
robust optimal investment strategies are analyzed with numerical examples, from
which we find that (1) the levels of ambiguity aversion about the risky asset’s price
and volatility both reduce the robust optimal investment proportion in the risky
asset; (2) the robust optimal investment strategy is more sensitive to the level of
ambiguity about the risky asset dynamics than to that about its volatility. As far
as we know, this paper is the first to address the ALM problems in the presence
of model ambiguity as well as stochastic volatility, and more importantly, there
is no existing literature using the above BSDE approach to study robust decision
problems in the non-Markovian setting. So, this study is meaningful from both
theoretical and practical perspectives.

Built on the current study, some promising directions for future research might be
followed. For instance, (1) this paper investigates the robust ALM problems within
the expected utility maximization framework. One may consider other non-utility
criteria, such as the mean-variance criterion. (2) In addition to model ambiguity,
the manager may also face partial information. (3) It may also be of interest
to apply the proposed BSDE approach to address robust pension investment or
investment-consumption problems in non-Markovian cases.

Acknowledgement(s)

The authors are very grateful to Prof. Jesper Lund Pedersen, the editor, and
two anonymous reviewers for their constructive comments and suggestions, which
greatly improve the quality of this paper.

9.A Proof of Proposition 9.3.3

Proof. Conjecture that the first component Y; ; of the solution to BSRE (9.3.2) has
the following exponential-affine form:

Yie =exp{fi(t) +g1(t)oz},

where f1(t) and g;(t) are two differentiable functions which shall be determined
later with terminal conditions f1(T") = g1(T) = 0. An application of Itd’s formula
to Y1, then leads to

dYi =Y1

dfi(t) | dgi(t) 1,2 oy 2
o 5 Qa0 —a)gi(t) + 5 (o1 +p3) gi (Don | dt 0.A1)

+ p191(t)v/ Y1, AWt + p2g1(t)v/arYi,e dWa ;.

Match the diffusive coefficients in (9.A.1) with BSRE (9.3.2) by letting Z;, =
p191(t)/arY1 and Zs ¢ = pagi(t)\/onY1,:. We can rewrite the generator of BSRE
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(9.3.2) as follows:

A2 (v = B)Xp1gr(t) | pigi(t) (v—B1)? B2p593 (t)
Y, — .
1,t|:<2(’y_1_51)+ P —n + 2y ﬁ1+’y—1—B1 + 2 ap — ry

(9.A.2)

Comparing (9.A.2) with the drift coefficient of (9.A.1) leads to the ODEs (9.3.8)
and (9.3.9) governing ¢ (¢t) and f;(¢), respectively.

2
—B1)Ap1 2 —
Denote by Ay = (K+ (’I,jf)@f ) - y—i\—m ((Wllflﬁl)p% —(v= 52)p§) > 0.
We can reformulate the Riccati ODE (9.3.8) as follows:

dgclhft) _ ( Y—5 02— Y- 52p ) (gl(t) _ngf) (gl(t) —ng;),

2y(y—1-p1) 2y
where n aF and n g are given in (9.3.12). By using the separation method and some
simple calculations, the closed-form expression of ¢;(¢) is given in (9.3.10). Finally,
noticing the boundary condition that f1(7T) = 0 and substituting g;(¢) back into
ODE (9.3.9), we have the close-form expression of fi(¢) given in (9.3.11). O
9.B Proof of Proposition 9.3.5

Proof. The uniform boundedness of the process Y; ; follows immediately from the
negativeness of function ¢ (t) and the positiveness of the square-root factor process
oy, for t € [0,T]. More precisely, we have P almost surely,

Yiie=exp{fi(t) + ¢g1(t)az} < exp {/t kOg1(s)ds +ry(T — t)} <exp{ry(T —1t)} < +oo.

As a result, we find from (9.3.7) that

T T T t
EF {/ Zit dt} < Ci/ EF [an] dt = Ci/ (ome*'(”t + /i@/ e (t=s) ds) dt < 400,
0 0 0 0

where C; = p?g3(0)e?™IT for i = 1,2. This completes the proof. O

9.C Proof of Theorem 9.3.7

Proof. First of all, it follows from Lemma 9.3.6 that the probability measure P
defined by

T t 2
Y- 51 /< v =5 ) 2
—expy - [ TPV - 5 | (2P ) Ko
Fr p{ /0 y-1- b o \7—1-5 '

is equivalent to the reference measure P. By Girsanov’s theorem, the following
processes W1 + and Wg +

P
dP

t
Wl,t:/ 1= — T A\asds+ Wi and Wa, = Wa,
o Y—1=-5
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are two standard Brownian motions under P. In addition, the P-dynamics of the
factor process a; is given by

v =5 k0 ~ =
doy = | K+ )\ —ay | dt ++/« dWi 1+ p2 dWa ),
t < pP1 1 ﬁl) <“<6 n pl)\ = B}g t) t (pl 1,t P2 2,t>

which preserves the affine-form, square-root structure under Assumption 9.3.2.
Moreover, the BSRE (9.3.2) can be rewritten under P measure as follows:

2 (’Y*ﬂl)Q)Z:%t /82222t:|
Vi = |(=r7+ g Nar ) Yie + 5 oy Doy
1t {( ry + 2(7_1_51) ) 1t <ﬂ + -5 ) Vi T2y Vs

+ Z1 AWt + Zoy dWas,
Yir =1,
Y1, >0, for allt € [0,T).
(9.C.1)

Denote by (?Lt, Z1,t, ZQJ) another solution to BSRE (9.3.2), which is different from
the proposed one given in Proposition 9.3.3. Define the following difference process:

(Alog(Y1,t), AZ1,4, AZsy) = (log(Yu) log(Yy ), =28 — == 220 ~7> )

Apply Ité’s formula to Alog(Yi ), we have the BSDE of (Alog(Y14), AZy 1, AZsy):

By + =B 72, 77 72, 72
dAlog(Vi) =+ | [ 2= L 2Lt Py 222 a
2 v Yie Y v Yie oYY,

+AZy dWh g + Aoy dWoa s,
Alog(Y1,r) =0.
(9.C.2)

Furthermore, since o is still an affine-form, square-root factor process under P
measure, we can define the following equivalent probability measure P on Fp
as a result of Lemma 9.3.6 and the explicit expression of the proposed solution
(Y14, Z1,4, Za,t) given in Proposition 9.3.3:

~

2
(y—=81)
1 /T B1 + 8 2
_5/ |:("’1’31_1) p1+ (i _1> pgl g%(t)oq,dt}
0 Y Y
(v—=81)

2
T [ B1+ == Z - T Z -
=exp 7/ oA g | 2Rt vy, 7/ (@ 71> 2 W,
0 vy Yi,¢ 0 vy Yi,¢
(v=81? 2
71/7" B+ T . z3, . <& B 1)2 z3, it
2 Jo ¥ Y32, Y Y2,
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T B + (v—81) ~ ~
—exp {—/ (1““ - 1) prg1(t)V/ar dWr —/ (% - 1) p2g1 (t)V/ar dWa,,
0 0




So, by Girsanov’s theorem, the following processes Wl,t and Wg’ti

2
. t /6 + (v=581) 5 . t 5
Wi = / [ TR @ds—i—Wl,t andWQ,t:/ (@_1>@ds+wz’t
0 Y YI,S 0 vy Yl,s

(9.C.3)
are two standard Brownian motions under P measure. Therefore, it follows from
(9.C.2) and (9.C.3) that (Alog(Y1,),AZy1 .+, AZsy) solves the following quadratic
BSDE under P measure:

dAlog(Yi,) = — % o dt

(y=51)>
4+ G=B)?
(m - 1) AZ},+ (& - 1) AZ,
Y

+AZ1, dW1,t + AZy, dW2,t7
Alog(Y1,r) =0.

This quadratic BSDE clearly satisfies all the regularity conditions in Kobylanski
(2000). Thus, by Theorem 2.3 and 2.6 in Kobylanski (2000), we can conclude that the
above quadratic BSDE admits a unique solution which is (Alog (Y7 ;), AZ1 4, AZy ) =
(0,0,0). In other words, the proposed solution (Y1 4, Z1 ¢, Zo2,4) given in (9.3.6) and
(9.3.7) must be the unique solution to BSRE (9.3.2) in the space Sg%(0,T;R") ®
L5 5(0,T;R) ® L 5(0,T;R). This completes the proof. O

9.D Proof of Proposition 9.3.8

Proof. By Lemma 9.3.6, the following Radon-Nikodym derivative

dP

T T 1 /T
- :exp{—/ (A — o) Var dWy ¢ +/ p291(t)\/or dWa y — 7/ ((A—ol)z—i-pggf(t)) ay dt}
dP Fr 0 0 2 0

is well-defined, and thus, the probability measure P is also well-defined and equivalent
to P. By Girsanov’s theorem, the following two processes

t

t
Wi, = / (A—o)Vasds+ Wy and Wy, = —/ p291(8)v/asds +Way
)

0 C

are two standard Brownian motions under P. So, linear BSDE (9.3.13) can be
reformulated under P measure as follows:

dGre =(r — u)Gredt + A1y AW e + Aoy dWay,
(9.D.1)

C_T'LT =-—1,

which is linear BSDE with standard data (refer to El Karoui, Peng, and Quenez
(1997)) and has deterministic coefficients in the generator. Then by Theorem 2.1
and Proposition 2.2 in El Karoui, Peng, and Quenez (1997), we notice that (9.3.14)
and (9.3.15) form the unique solution to (9.D.1) and to (9.3.13) as well. This
completes the proof. O
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9.E Proof of Theorem 9.3.10

Proof. In the first place, we show that ¢* = ({gzb*{)t}te[o ok {¢§7t}t€[o T]> given in
(9.3.17) lies in 9, i.e.,
P 1 T * 2 * 2
E" |exp 3 ((¢1,t) + (¢3.4) ) dt ¢ | < +oo.
0

Indeed, recalling from Remark 9.3.4 that ¢ (¢) is bounded by [¢1(0),0] and using the
Laplace transform of an integrated square-root diffusion process (see, for example,
Theorem 5.1 in Zeng and Taksar (2013)) and condition (9.3.16), we have

EF |:exp {% /OT ((#1.0)° + (63.)°) dtH < EF [exp {% /OT o dtH < 400,

where the constant kg is given in (9.3.16). Substituting 7} into X;* and applying
1t6’ formula to X} + G’l,tLt under the reference measure P, we find that

Var dWi .
(9.E.1)

d (X7 +Giale) _[ W_/fj‘lAPl!Jl(t)JrVOé} p =P p1ga(t) + A
- , o AT A

5
X+ GrLy Br+1—7 Br+1—v

Solving the linear SDE (9.E.1) explicitly, we have

B ¢ W*51/\ s) + 22 Y=B1 s) 4+ A 2
X?+G1,tLt:exp{/ _— ( L Ap191(s) C(Fpgi(s) + ) )as s
0

Bitl—~n 2(B1+1—7)2
t 1=B1 s)+ A ~

[ S i o Gt >0
0

b1+1—
(9.E.2)

for the initial data (zo, g, lp) such that zg + G lo € RT. Then, it follows from
(9.E.2) and Proposition 9.3.5 that

X; +GriLe) |
Yl,t( £+ Gily)
0l
- o /t 7;51 p1g1(s) + ArdW g2 /t ('Y;Bl p191(s) + )\)2 ]
cex - -~ Jas s — asds
=eep fyo Br+1—7y b 7 0 (Br+1—7)2
Ki,¢
t8(y — B1)Aprgi(s) + 8\ ) (L pigi(s) + A)?
X € + (327" — 4 u asds ¢,
Xp{/o ( Biri—r S (S
Kot

(9.E.3)

where c is a positive constant. We observe that K ; is the stochastic exponential
process of continuous (I, P)-local martingale fot 8(’Y_Bl)l’:fi($)+87’\,/as dW s, and
thus, it follows from Theorem 15.4.6 in Cohen and Elliott (2015), Theorem 5.1 in
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Zeng and Taksar (2013) and condition (9.3.16) that

P 2 P 2+ \/5 B (8(7 — B1)p1g1 (t) + 8'Y>\)2 2+v2
A e e e e e 1

V24++v2-1
ki [T T 24v2
§2{EP [cxp{?/o atdt}:|} < +o0,
where the constant k; is give in (9.3.16). Similarly, by using Theorem 5.1 in Zeng
and Taksar (2013) and condition (9.3.16), we have

T
EP |: sup K;,t] < EF {exp{%/ Qi dt}:| < +o0, (9.E.5)
0

te0,T)

where the constant ks is given by (9.3.16). Then, it follows from Holder’s inequality
and (9.E.3)-(9.E.5) that

(X7 + GreLe) s

Yie
v

< +o0. (9.E.6)

E” sup
t€[0,T]

Hence, as a result of Theorem 15.4.6 in Cohen and Elliott (2015), Theorem 5.1 in
Zeng and Taksar (2013), condition (9.3.16), the explicit expressions for ¢7 , and
¢34 given in (9.3.17) and Holder’s inequality, we obtain

]

Y1

(X) + G1, L)

.
90? Y1t
vy

EF [ sup
te[0,T]
1
* 2 X5 4+ G1.:Le)Y
<JEP| sup [P B | sup ’t( ¢+ +GieLe)
t€(0,T] te(0,T] Y

V120432141 _ 1
8 k T IV X4+ Gr L) |8 2
S\/j {IEP [exp {—0 / g dt}i| } 240+64vi1d EF | sup yuw < +oo,
7 2 Jo te[0,T] vy

(9.E.7)
More importantly, we find that
. bo(E )2 x 32
]EF sup ’apf (¢1:) —+ (¢2f) ds
t€[0,T] 0 2"’1,5 217[}2,5
1 1
b <41 2 N 4]1Y 2
<SET | sup |of | E t
te[0,T)
1 1 1
P »* 4 2 P * = 8 4 P T 8 4
<ci E sup |of | E sup |Y1,+(X; + G1,:L+)| {]E |: / at dt :|}
te[0,T) te[0,T] 0
1

1 1 1
. 1 _ 4 T 1
<c {IEP [ sup |<pf |8:| } {]ED1> |: sup \Ylyt(X: + GlytLt)\8:| } {EP |:exp {/ g dt}]} < +oo,
te[0,T] te[0,T] 0

(9.E.8)

]
/T (¢7,0)° N (¢5,0)° 4
o 297, 293,

where c is a positive constant which differs between lines, the first inequality follows
from Holder’s inequality and the positiveness of ¥7 ;, and 3 ;, due to X} +G14Ly >0
as shown in (9.E.2), the second inequality makes use of the explicit expressions
of ¢1, and ¢35, given in (9.3.17), the third inequality follows from the simple
algebraic result that z® < ae®, x € Rt for some constant a € RT, and the last
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strict inequality is due to (9.E.6) and (9.E.7), Theorem 5.1 in Zeng and Taksar
(2013), and condition (9.3.16).

Based on (9.E.7) and (9.E.8), for any sequence of stopping times {7}, oy such
that 7, T 400 as n — 400, we know that

. X* 4G L T4
sup E¥ l (pfn/\TYLTn/\T( o AT L AT Lz AT) < oo,
T AT v
and
T AT * \2 % \2 2
P ¢" " (¢1,s) (¢2,s)
sup B 1 |# _/ + ds < 400.
AU ( 0 Wi,

(X2 ar+GirparLrpat)” }
v neN

From the above results, we know that {(pf: AT Y17 AT

" )2 * \2
and {(pf AT ( OT”/\T (i})’f) + (;'Z’,f) ds)} are two uniformly integrable families
n 1,s 2,s neN

under the reference measure P since both functions ¢;(z) = z* and ty(z) = 22
are test functions of uniform integrability (see, for example, Proposition 11.7 in
Zitkovic (2010)). Thus, we can conclude from the above results that the control
(7%, ¢%) € II, ® .

We next show that the control (7%, ¢*) € II, ® ® is the optimal control of the
robust ALM problem (9.2.11). In fact, plugging (7}, #7 4, ¢5 ;) into (9.3.1) leads to

. X+ G [ (01.) | (95.5)°
dip? (Y (Xi : +/ 2 o ds
v b Y 0 21/}1‘,5 2¢§,s

(XF +G1,p)”

(¢1,5)
2975

+ Vi (X + G1,t)771/\2,t

t
- [(m@,t L2 V(KT 4 G (X mion 4 Are) + ( /
0

* 2
el i) | a0 [ (Vassi+ 20
2,s

L1 (0307
- (/0 297 + 25, dS) ¢2,t] dWa .

(X: +Grpe)”

+

(9.E.9)

Due to the path-wise continuity of the stochastic integrals on the right-hand side
of (9.E.9), we see that they are (IF,P)-local martingales. Therefore, there exists a
localizing sequence {7}, oy such that 7, 1 +00 as n — +oo and when stopped by
such a sequence, the aforementioned local martingales are true (F,P)-martingales.
Then, integrating both sides of (9.E.9) from 0 to 7, A T and taking expectations,
we have

* (X7 + G1,7ya7)” ™mAT (97 )7 (65,)° zo + G1,0l0)”
E" 993-) ar | Yi, AT n/ T T h +/ 1’* + 2’* ds iY1,07( 0 1.olo) .
" Y 0 21!’1,5 2"/’215 Y
(9.E.10)

As we have shown that the term in the expectation on the left-hand side of (9.E.10)
is uniformly integrable, by using the equivalence between L£! convergence and
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uniformly integrability and sending n — +o00, we have from (9.E.10)

* T * 2 * 2
* ok :IEQ* (XT_LT)AY (¢1,t) (¢2,t) d}
Jy(r ) {7W L[ Ly G0 g

* Xy —L )'y T (¢T t)2 (‘f’% t)2 (l’o + él olo)’Y
=E" | o7 (( ot +/ ) 22 ) | = vy g T L0t
{‘”T 5 o 205, 203, N

(9.E.11)

where Q* stands for the probability measure corresponding to the Radon-Nikodym
derivative gp?f. In addition, on one hand, for the admissible strategy (m, qg) eI, ®?,
by using some similar localization techniques, it follows from the first part of
condition 3 in Definition 9.2.5 and (9.3.1) that

N —-1- X' +G — Z
Jp(ﬂ7¢):(’y27ﬁl)]]‘:ﬂ)[/o Y11(X +G1,e)” 2[X 7710'1+A1f+71t(,y Pr Zre

1—-751 vy Y
+ AM)F a] + Y“JM < T, 6",
which implies that
inf sup Jp(m, ¢) < sup Jp(mw, $) < J, (T, 0"). (9.E.12)
PE® et mell,

On the other hand, for the admissible strategy (7, ¢) € 1I,, ® ®, from the second
part of condition 3 in Definition 9.2.5 and (9.3.1), we also find that

Jp(, @)
T pf X7 +Gi) # o —_
:EP[/O ﬁ |:¢1,t + <%Zl,t + Y1, (Xt + G1,t>ﬂ{ ' (X{ ftroy +A1,t)>1/’1,t] dt}

T ] 7t y ~ . 2
+EP[/ o [¢2,t+ (7(Xt + G Zz,t+Y1,t(XZT+G1,t)’y_1A2,t> wz,t] dt]

0 2o v
vy @0t Crol)T oy ey

This result indicates that
Jp(r*,9") < inf Jp(7,¢) < sup lnf Ip(m, @). (9.E.13)

pED nEll, P€

Since we always have inf(sup) > sup(inf), we must have equality everywhere
n (9.E.12)-(9.E.13). This proves that sup,cp infeeo Jp(m,¢) = Jp(n*,¢*) =
Y; OM and (7%, ¢*) € I, ® @ is the optimal control of the robust ALM

s

problem (9.2.11). O

9.F Proof of Proposition 9.4.2

Proof. From Lemma 9.3.6 we know that the probability measure P defined by

dP r 1T,
@ S = exp —/0 )\\/OTtdWLt— 5/0 A Oétdt
T
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is equivalent to the reference measure P. Then, the following processes Wl,t and

Wa s

t
Wi = / ey ds + Wi and Wa, = Wa,
0

are two standard Brownian motions under P due to Girsanov’s theorem. Applying
It6’s formula to log(Y2) under P measure, we have the following quadratic BSDE

My, M
of (IOg(YZt)’ Yzl,f’ %)

1 /M, | Mot 2
_7’+ — 2 —_ P
2\ Yo, 2\ Yo,

dlog(Yay) =

log(Y2,1) =0.
(9.F.1)

Clearly, quadratic BSDE (9.F.1) satisfies all the regularity conditions in Kobylanski
(2000). By Theorem 2.3 and 2.6 in Kobylanski (2000), we can conclude that
quadratic BSDE (9.F.1) admits a unique solution. Hence, BSRE (9.4.2) admits a
unique solution as well. Moreover, it is straightforward to verify that (9.4.4) and
(9.4.5) form the unique solution to BSRE (9.4.2). This completes the proof. [

9.G Proof of Proposition 9.4.3

Proof. We conjecture that the first component Gz, of the solution to quadratic
BSDE (9.4.6) has the following affine form:

G2,t = f2(t) + gz(t)at + hz(t)L,g7

where fa(t), g2(t), and ha(t) are three undetermined differentiable functions with
terminal conditions fo(7T) = go(T) = 0 and ho(T) = —1. Using Itd’s formula to
Ga,t, we derive

dg2(t)

dGay = | P28 | oty + (— _ m(t)) an + ((m +Acian)hs(t) + dhz(t)) Lt} dt

Y2\
dt dt dt

+ (p1g2(t) + o1ha(t)Li) /o dWh i + paga(t)y/ou dWa,s.
(9.G.1)

Let Ty ¢ = (p192(t) + o1h2(t)Ly) /or and T'a 4 = paga(t)/a; and substitute them
into quadratic BSDE (9.4.6). Then, the generator of (9.4.6) can be rewritten as
follows:

1
(Aplgz(t) 4 aF P2 2 )v) ar + Aarha(t)ay Ly (9.G.2)

5 P29 (t) - 2q+B)

Comparing (9.G.2) and the drift coefficient of (9.G.1) and separating the dependence
on oy, Ly, and oy Ly, we obtain the ODEs (9.4.9)-(9.4.11).
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Moreover, when ps; # 0, we denote by Ay, = (k+ )\pl)2 + %pg)\z > 0 and
rewrite the Riccati ODE (9.4.9) as follows:

0 08 () ) (0,

where n af and n oo are given by (9.4.15). After some tedious calculations, we derive
the closed-form expression of g5 (¢) given in (9.4.12). When ps = 0 and k + Ap; # 0,
the Riccati ODE (9.4.9) degenerates to the following linear ODE:

dgz(t) 1 )\2

g (k=4 Ap1)ga(t) — g+ B

and we immediately find that

A2 (k+Ap1)(E—T)
t) = — mrAeL -1).
%0 =54 Ao )

For the case when ps = 0 and k + Ap; = 0, we have from (9.4.9) that g2(t) =

72(#2/31)@ — T'). Substituting (9.4.12) into the ODE (9.4.10) gives the closed-form

expressions of fo(t) in (9.4.13). Finally, by a simple calculation, the explicit solution
ha(t) to ODE (9.4.11) is given by (9.4.14). O

9.H Proof of Theorem 9.4.4

Proof. In the first part of the proof, we show that the proposed solution (Ga ¢, T'1 ¢, T'2.¢)
lies in the space L3 5(0,T;R) @ L3 (0, T;R) @ LF p(0,T;R). For this, from the
P-dynamics of the random liabilities (9.2.7) we observe that

T T ¢ t
EF [/ L} dt] :lé/ ettRE {exp {(4)«71 — 2012)/ asds + 401/ Vo dWLS}} dt
0 0 0 0

T . 1
Slé/ ettt {EP {exp {(8)\01 + 28012)/ s ds}} } dt,
0 0

where the inequality follows from the Holder’s inequality and the fact that the
stochastic exponential process exp {&n fot Vas dWy s — 3207 fot Qs ds} is an (F,P)-

(9.H.1)

martingale by Lemma 9.3.6. To calculate the term EF [exp {(8)\al + 2807) fg Qg dsH ,

let EF [-|F,] be the conditional expectation under P given F,, for u < t. By using
the Markovian structure of the process a;, we have

¢
E” {exp {(8)\0; + 28012) / Qs ds}

where F': RT ® [0,¢] — R* is an unknown function. By the Feynman-Kac theorem,
we know that the function F' is governed by the following partial differential equation
(PDE):

Fu] = F(ow,u), foru <t, (9.H.2)

2

1 O°F
z,u) + 3 (pf + pg) = (z,u) + 8oy + 2807 )z F(z,u) = 0,

oF oF
7(1.5“)—’_'%(6_;8) o912

ou 87(
F(x,t)=1.

297



Furthermore, it can be shown that F(x,u) = exp {M (u; t)x + N (u;t)}, for u € [0,¢],
where M (u;t) and N(u;t) satisfy the following ODEs:

. 2 2
de(;L’ t —_P~ -gpz M (u; t) + kM (u;t) — (8)«71 + 28012) , M(t;t) =0,
and AN
% = —kOM (u;t), N(t;t) =0.
U

As in Proposition 9.4.3, we can show the closed-form expressions for M (u;t) and
N (u;t) as follows:

nimy (1 — eVAu(t—u)
ni; —nyeViult—uw 7 i B >0
2 2\(f _ 2
M(u;t) = gpl +2p2)(t WM i Ay =0
(pT +p3)(t —u)np +2
et (e () - w)
—————— tan | arctan — (t—w) |, if Ay <0,
—(p} +p3) NSNS 2 )
(9.H.3)
and .
N(u;t):/ KOM (s;t) ds (9.H.4)
u
where Ajy, nj\r/[, nys, and npr are given by
— \/A _ —K —V A]\{
A = K2=2(p34p3) (8A\o1+2807), nar = R ,ni = ot M,n = —aF.
M (Prpa) (BAout2801), mav = Tt Mt = —r ) ™M T Ty )

Then, combining (9.H.1)-(9.H.4) and using the law of total expectation, we derive
T T
M(0;t N(0;¢
/ L} dt glg/ exp{4ult—|— (g’ )a0+ (g’ )}dt<+oo.
0 0

Additionally, note that for all ¢ € [0,7], the second moment of the square-root

]E]P’

factor process «y is explicitly given by

(4 p3) (e — ™)

EF [aﬂ = (ocoef'it +46 (1 — 67“))2 + ag -

0o} +p3) (1 — )"

* 2K

Therefore, from the explicit expressions for Ga 4,1, and I's; given in (9.4.7) and

(9.4.8) we derive
T
/ L dt
0

where c is a positive constant. This finishes the first part of the proof.

T T
EF / G3,+I7,+713, dt] <cll +/ E* [o}] dt + EF < 400,
0 0

298



Next, we show that the proposed solution given by (9.4.7)-(9.4.8) is the unique
solution to quadratic BSDE (9.4.6). To this end, note from Proposition 9.4.2 that
the probability measure P is equivalent to P on Fr and the P—dynamics of the
square-root factor process «y is given by

KO
K+ Ap1

dai = (k + Ap1) ( - Oét) dt + /o (m AW, + pa d/WQ,t) ,

which preserves the affine-form, square-root structure under Assumption 9.4.1.
Reformulate BSDE (9.4.6) of (G2, I'1 4, I'2;) under P as follows:

q+ B2 2 1 2 > % 5
dGa .t = 5, — Nag ) dt+T1:dWi 4T dWay,
2, ( 5 2t 200+ 51) t 1,t 1,t 2., 2, (9.1L5)
Gor =— L7,

and suppose that there exists another solution (C/}\'g,t, f1,t, fg’t) to (9.H.5), which is
different from the proposed solution given in Proposition 9.4.3. Then, the difference
process (AGa 4, ATy 4, Al'g ) := (Gay — az’t, I fl’t,I‘g’t — fgyt) must solve the
following BSDE:

dAth:q+52Oﬁiffi)dﬁ+AFMdWQf+AFde@“
2 (9.H.6)

AGa.r =0.

Furthermore, we notice from the explicit expression for I'; ; given in (9.4.8) and
Lemma 9.3.6 that the following probability measure P is well-defined and equivalent
to P on Fr:

dP

T T 2 2 2
A _expd = [ (a4 B2)"paga(t)
i e P{ /0 (g + B2)p292(t)y/or AW /0 5 ot dt}

Fr

T 2 T
=exp {— / (q+ B2)T2,e dWa s — % / ngt dt} ,
0 0

and Wg,t = fg(q + B2)T9 s ds + /W\27t and /Wu = ﬁ/\u are two standard Brownian
motions under P. Hence, BSDE (9.H.6) can be rewritten under P:

{dAGu -1 ;52 AT, dt + ATy, dWy,, + ATz, dWa,,

AG2r =0,
which is a quadratic BSDE satisfying all the regularity conditions in Kobylanski
(2000), and we can conclude that (AGg, ATy, AT's;) = (0,0,0) is the unique

solution by Theorem 2.3 and 2.6 in Kobylanski (2000). This proves that the proposed
solution given in Proposition 9.4.3 is the unique solution to BSDE (9.4.6). O
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9.1 Proof of Theorem 9.4.5

Proof. First of all, by Theorem 5.1 in Zeng and Taksar (2013), it follows from the
explicit expressions for ¢* and I's ; given in (9.4.17) and (9.4.8) that

1 /T . > 1 /T 272
o for {3 [ 17 4 @17 ar} ] = {exp{i/o ((qé EAE +5§pgg§<t)> " dtH
< E? |:exp{1%O /T at dt}] < 400,
0

where the constant by is given in (9.4.16). This shows that ¢* € ®. Plugging 7}
into X} and using It6’s formula to X/ Y5 + G2+ under the reference measure P,
we derive

q+ B1) 2 q+ b1

t
+/ p2g2(8)\/as AWa s + z0Y2,0 + G20,
0

. t AQ t A
X Yo +Goy :/ (2( + g+ P p%g%(s)) asds + / Vas dWy
0 0

from which it follows that

e~ 84(X{ Y2 t+Ga¢)

t —8gA /t 5 /t A2 5 o
—ce Jazdw, . — | 8 JasdWs, . — 32 A .d
‘ XP{/{; q+ B “ v 0 aP292(2) v/ = e Jo \ (g+ B1)2 P292(s) | s s

K3t

t( 32¢°N° 4g)\* 2 2 2
% - + (284 — 4 ads b,
exp{/o (((I+ﬁ1)2 q+ 5 (284 4B2)P393(5) | s ds

Kyt

where c is a positive constant. We notice that K ; is the stochastic exponential pro-

cess of continuous (F, P)-local martingale fot ;fqﬁi‘ o dWLS—fg 8qp2g2(s)/as AWo 5.

Then, applying the Holder’s inequality, Theorem 5.1 in Zeng and Taksar (2013)
and Theorem 15.4.6 in Cohen and Elliott (2015), we derive

EIP’ l sup 6_8Q(X:Y2,t+G2‘t)‘|

te[0,T]
3 3
<c{E¥| sup K2, EF | sup K72,
telo, 7] tejo, 7]
V2+v2-1

Al Lol (sl

<+ 00,
where the constant ¢ might differ between lines, and b; and by are given in (9.4.16).

Thus, using the explicit expressions for ¢7 , and ¢35, given in (9.4.17) and applying
Theorem 15.4.6 in Cohen and Elliott (2015) and Theorem 5.1 in Zeng and Taksar
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(2013) again, we find that

v e~ UX[ Y2 1 4+G2 t) 4
E” | sup Lpfe—
t€[0,T] q
1 1
1 . : . :
<= {]E sup_[pf ISH {EP sup e‘sq‘XtY"’”Gz*”H
q te[0,T] te[0,T)

1V 1204-32v14—1

be (T Y aotedviT 3
exp - oy dt E? | sup e 81X { Y21 +Ga )
2 0 t€[0,T)

Then, it follows from condition (9.4.16), the Holder’s inequality, and the trivial
algebraic result that z® < ae®, x € RT for some constant a € Rt that

t * 2 * 2 2
»* (¢1,s) (4252,3) )
© / —— + ——ds
! < 0 2771,5 2772,5

1

1 1 1
* 4 * 4 T 1
<c RE sup |80<tb ‘8 RE sup 84X Y2,14Ga1) {E]P’ {exp{/ o dt}]}
t€[0,T] te[0,T) 0

<+ oo,

Sl\/§ EP
VT

<+ o0.

EF sup
te[0,T]

where ¢ is a positive constant. The above results prove (i)-(iii) in the statement
of Theorem 9.4.5, and thus, we know that the following two families of random
variables

o e I X T AT Y2, ry AT G2, rp AT) a Lo AT (g7 )7 (¢5..)° J
<)0Tn/\T an SDTW,/\T 2In* + In* S
q neN 0 771,5 772,5 neN

are uniformly integrable under the reference measure P, where {7,}, .y is an
arbitrary sequence of F-stopping times such that 7,, T +00 as n — 4+o00. Hence, we
can conclude that the control (7*,¢*) € I, ® ®. The proof for the optimality of
the admissible control (7*, ¢*) given in (9.4.17) is similar to Theorem 9.3.10, so we
omit it here. O
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Chapter 10

Non-zero-sum stochastic differential games
for asset-liability management with
stochastic inflation and stochastic

volatility

ABSTRACT

This paper investigates the optimal asset-liability management prob-
lems for two managers subject to relative performance concerns in the
presence of stochastic inflation and stochastic volatility. The objective of
the two managers is to maximize the expected utility of their relative
terminal surplus with respect to that of their competitor. The problem of
finding the optimal investment strategies for both managers is modeled
as a non-zero-sum stochastic differential game. Both managers have
access to a financial market consisting of a risk-free asset, a risky asset,
and an inflation-linked index bond. The risky asset’s price process and
uncontrollable random liabilities are not only affected by the inflation risk
but also driven by a general class of stochastic volatility models including
the constant elasticity of variance model, the family of state-of-the-art
4/2 models, and some path-dependent models as particular cases. By
adopting a backward stochastic differential equation (BSDE) approach to
overcome the possibly non-Markovian setting, closed-form expressions for
the equilibrium investment strategies and corresponding value functions
are derived under power and exponential utility preferences. Moreover,
explicit solutions to some special cases of our model are provided. Finally,
we perform numerical studies to illustrate the impact of model parameters
on the equilibrium strategies and draw some economic interpretations.
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Keywords: Asset-liability management; Non-zero-sum game; Stochastic volatility;
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10.1 Introduction

Asset-liability management (ALM) is an important concern not only to financial
security systems such as banks, insurance complies, and pension funds but also
to individual investors who aim to ensure the match between assets and liabilities
and achieve management goals by continuously adjusting the investment amount in
accordance with financial markets and regulatory requirements. In recent years,
a great deal of research on the optimal ALM problems has been carried out
under various scenarios and objectives including searching for the pre-commitment
and time-consistent strategies under the mean-variance criterion, maximizing the
expected utility of terminal surplus, and minimizing the cumulative deviation.
Leippold, Trojani, and Vanini (2004) considered a multi-period ALM problem
under the mean-variance criterion and derived the explicit expressions for the
pre-commitment strategy and efficient frontier. Chiu and Li (2006) and Xie, Li,
and Wang (2008) investigated the pre-commitment strategies for the continuous-
time mean-variance ALM problems where the liability processes were driven by a
geometric Brownian motion and a drifted Brownian motion, respectively. Zhang and
Chen (2016) studied a mean-variance ALM problem under the constant elasticity
of variance (CEV) model. Li, Shen, and Zeng (2018) incorporated derivatives
trading into a mean-variance ALM problem where the price process of the risky
asset along with its volatility was described by the Heston model (Heston (1993)).
Zhang (2023) stepped further by investigating a derivative-based mean-variance
ALM problem where the short rate of interest and stochastic volatility were driven
by a Cox-Ingersoll-Ross (CIR) model and the state-of-the-art 4/2 model (Grasselli
(2017)), respectively. Sun, Zhang, and Yuen (2020) considered a mean-variance
ALM problem with an affine diffusion factor process and a reinsurance option.
Apart from the pre-commitment strategies, Wei et al. (2013) and Wei and Wang
(2017) derived the explicit solutions to the time-consistent strategies (Bjork, Khapko,
and Murgoci (2017)) of mean-variance ALM problems under a Markov regime-
switching market and random coefficient setting, respectively. Zhang et al. (2017)
considered the time-consistent strategy of a mean-variance ALM problem with
state-dependent risk aversion and multiple risky assets. Within the framework of
expected utility maximization, Pan and Xiao (2017a) investigated an ALM problem
with liquidity constraints and stochastic interest rate. Pan, Hu, and Zhou (2019)
studied an ALM problem under the Heston model and exponential utility function.
Recently, some literature focuses on the impact of model ambiguity (Andersen,
Hansen, and Sargent (2003) and Maenhout (2004)) on the optimal investment
strategies of ALM problems. For example, Chen, Huang, and Li (2022) and Yuan

304



and Mi (2022a) considered robust ALM problems in a regime-switching model and
jump-diffusion market with delay, respectively, and derived the explicit solutions by
solving the corresponding Hamilton-Jacobi-Bellman-Issac (HJBI) equations. By
adopting a BSDE approach, Zhang (2022¢) investigated robust ALM problems in
a non-Markovian setting described by an affine-form, square-root factor process
for both the power and exponential utility functions. As the literature on ALM
problems is abundant, the above review is not exhaustive. For more related works,
one may refer to Zeng, Li, and Wu (2013), Yuan and Mi (2022b), Peng and Chen
(2021), and references therein.

Although ALM problems have been extensively studied over the last decade, one
common feature shared by the above-mentioned literature is that none of them
takes into account the strategic interaction among agents. However, as emphasized
in economic studies, such as Garcia and Strobl (2010) and Basak and Makarov
(2014), relative performance concerns play a key role in a competitive economy. To
model such interaction, Espinosa and Touzi (2015) formulated a continuous-time
optimal investment problem with relative performance concerns in the framework
of non-zero-sum stochastic differential games and investigated the Nash equilibrium
strategy for multiple agents. Their study proved the existence and uniqueness
of the Nash equilibrium for the cases of unconstrained and constrained agents
with exponential utilities in a Black-Scholes financial market. Recently, non-zero-
sum stochastic differential games with applications to finance and insurance have
received increasing attention. Bensoussan et al. (2014) considered a non-zero-sum
stochastic differential investment and reinsurance game between two insurance
companies whose surplus processes were driven by continuous-time Markov chains.
Meng, Li, and Jin (2015) studied an optimal reinsurance problem for two insurers
where the surplus processes were subject to quadratic risk processes. Guan and
Liang (2016) investigated a non-zero-sum stochastic investment game with inflation
risk for two DC pension funds. Kwok, Chiu, and Wong (2016) investigated the
impact of relative performance concerns on the longevity risk transfer market in
the presence of stochastic interest and mortality rates. Deng, Zeng, and Zhu (2018)
studied a non-zero-sum stochastic differential investment and reinsurance game
with default risk and Heston’s stochastic volatility. Hu and Wang (2018) considered
the optimal time-consistent investment and reinsurance strategies for two mean-
variance insurance managers with relative performance concerns in a Black-Scholes
market. Zhu, Cao, and Zhang (2019) and Zhu, Cao, and Zhu (2021) extended the
results of Hu and Wang (2018) to the cases with the Heston model and CEV model,
respectively. Other investigations regarding non-zero-sum stochastic differential
games with applications to finance and insurance can be found in Pun and Wong
(2016), Dong, Rong, and Zhao (2022), Savku and Weber (2022), and references
therein.

Another aspect worthy of being further explored is to take inflation risk into
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account in that ALM plans may involve quite a long period and inflation risk has
become one of the most anxious factors among the side effects of expansionary
monetary policy. To hedge against inflation risk, there has been a high demand
for inflation-linked securities in the financial market, such as Treasury Inflation-
Protected Securities (TIPS) in the US and gilt-edged securities in the UK. In
recent years, continuous-time portfolio optimization problems under inflation risk
have attracted the attention of quite a few scholars. Campbell and Viceira (2000)
and Brennan and Xia (2002) considered dynamic asset allocation problems with
stochastic inflation and stochastic interest rates and probed the importance of
inflation-linked index bonds for long-term and conservative investment. Battocchio
and Menoncin (2004) and Zhang and Ewald (2010) investigated DC pension man-
agement problems under inflation risk and derived explicit solutions for exponential
and power utility cases, respectively. Korn, Siu, and Zhang (2011) studied a DC
pension management problem in a regime-switching environment under inflation
risk. Kwak and Lim (2014) considered an optimal investment-consumption prob-
lem with life insurance under inflation risk and obtained the explicit solutions for
the power utility case using the martingale method. Wang, Li, and Sun (2021)
investigated a robust DC pension management problem with inflation risk and
mean-reverting risk premium under model ambiguity. Zhang (2022c) studied a DC
pension investment problem with stochastic income under inflation and volatility
risks. Particularly, in the field of ALM, Pan and Xiao (2017b,c) considered ALM
problems with stochastic interest rates and inflation risks under the mean-variance
criterion and expected utility maximization framework, respectively, and derived
the closed-form solutions by using the dynamic programming principle and solving
the associated Hamilton-Jacobi-Bellman (HJB) equations.

Inspired by the above works, in this paper, we investigate the optimal ALM
problems for two competitive managers with relative performance concerns under
the risks of stochastic inflation and stochastic volatility and formulate the problems
within a non-zero-sum stochastic differential game framework. In our problem
setting, the managers are subject to two different stochastic liability processes
and are allowed to invest in a risk-free asset, a risky asset, and an inflation-linked
index bond. It is assumed that the risky asset’s price process and uncontrollable
liability processes are not only driven by the dynamics of stochastic inflation but
also governed by a general class of stochastic volatility models, where the risk
premium and volatility of the risky asset are general non-Markovian, unbounded
stochastic processes, whereas the market price of risk satisfies an affine-form, square-
root factor process including the CEV model, the family of state-of-the-art 4/2
models, and some path-dependent models as exceptional cases. Both managers
aim at maximizing the expected utility of their relative terminal surplus after
stripping out inflation concerning that of their competitor and searching the Nash
equilibrium investment strategies. As opposed to most of the aforementioned
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literature investigating the portfolio selection problems with relative performance
concerns via the dynamic programming approach developed by Mataramvura and
(Dksendal (2008), we extend and apply the BSDE techniques introduced by Hu,
Imkeller, and Miiller (2005) to overcome the potentially non-Markovian setting. To
be more precise, we propose to construct a stochastic process that hinges upon
any admissible strategy for manager ¢ whenever his/her competitor j’s strategy is
fixed and given and is such that its value at time zero does not depend on both
managers’ investment strategies and its terminal value equals the utility of manager
i’s relative terminal surplus with respect to that of manager j, where i # j € {1,2}.
The proposed stochastic process is shown to be a (local) super-martingale for any
admissible response strategy taken by manager i, and even a (local) martingale for
the optimal response strategy to manager j’s strategy. The determination of such a
stochastic process leads to the associated BSDEs. By solving the BSDEs explicitly,
we derive the closed-form expressions for the Nash equilibrium strategies and value
functions under the exponential and power utility preferences. Moreover, several
particular cases of our modelling framework are discussed and the corresponding
analytical results are provided. Finally, the sensitivities of the equilibrium strategies
regarding model parameters and relative performance concerns are investigated
with numerical experiments. To summarize, the contributions of this paper are as
follows:

1. we pioneer to incorporate relative performance concerns, stochastic volatility,
and stochastic inflation simultaneously into the optimal ALM problems in
the framework of expected utility maximization;

2. comparing with the preceding literature on the optimal investment problems
with relative performance concerns using the dynamic programming approach
and solving a coupled HIB equation, such as Bensoussan et al. (2014), Guan
and Liang (2016), Deng, Zeng, and Zhu (2018), Dong, Rong, and Zhao
(2022), Savku and Weber (2022), etc, we apply a BSDE approach to solve
non-zero-sum stochastic differential game problems explicitly in a possibly non-
Markovian framework for both the exponential and power utility functions,
which extends the techniques developed by Hu, Imkeller, and Miiller (2005)
for addressing single-agent optimization problems and differentiates from
Espinosa and Touzi (2015) where the exogenous parameter processes were
assumed to be uniformly bounded and only the existence and uniqueness
of solutions to the BSDEs under the exponential utility preference were
considered without presenting the closed-form solutions;

3. we derive the closed-form expressions for the Nash equilibrium strategies and
the corresponding value functions represented in terms of the explicit solutions
to the associated BSDEs, from which we find the herd effect on managers’
decisions, that is, each manager mimics the competitor’s strategy, and when
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relative performance concerns are taken into account, each manager will
adopt a riskier investment strategy than that without competition involved.
Furthermore, analytical solutions to some special cases of our model are
provided.

The remainder of this paper is organized as follows. Section 10.2 introduces the
model setup of two competitive asset-liability managers. Section 10.3 establishes the
optimal ALM problems with relative performance concerns within the framework
of non-zero-sum stochastic differential games. Section 10.4 and 10.5 derive the
closed-form expressions for the Nash equilibrium strategies and the corresponding
value functions under the exponential and power utility functions, respectively.
Section 10.6 provides detailed numerical experiments to discuss the impacts of
model parameters and relative performance concerns on the equilibrium strategies.
Section 10.7 concludes the paper.

10.2 Financial market and random liabilities

In this paper, let [0, T] be a fixed time horizon and (Q, F,F,P) be a filtered complete
probability space satisfying the usual conditions, where three one-dimensional,
mutually independent Brownian motions, {W; ¢} te[0,T] ,i =1,2,3 are defined, the
filtration F := {ft}tE[O,T] is assumed to be generated by the three Brownian motions,
and [P denotes the real-world probability measure. In what follows, we introduce
several spaces on (Q, F,F,P):

° ﬁ]%,[? (0, T;R): the space of all real-valued, F-adapted processes with P-a.s.
continuous sample paths;

. E%Z?C(O,T;R): the space of all real-valued, F-adapted processes {ft}te[o,T]
with P-a.s. continuous sample paths such that P (fOT | fe]? dt < oo) =1

. E%’P(O, T;R): the space of all real-valued, F-adapted processes {ft}te[o,T] with
P-a.s. continuous sample paths such that E [fOT | f2]? dt} < 003

® Sfp(0,T5R): the space of all real-valued, F-adapted uniformly bounded
processes with P-a.s. continuous sample paths.

10.2.1 The financial market

We consider a financial market that consists of three tradable assets: a risk-free
asset (money account), a risky asset (stock), and an inflation-linked index bond.
The price process of the risk-free asset B; is given by

dB, = RB, dt, By = 1,
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where the constant R € R denotes the nominal interest rate. As mentioned in the
introduction, the risk of inflation cannot be ignored in a long-term investment cycle,
which leads to the devaluation of the wealth of asset-liability managers. To describe
the inflation risk, following some literature (see, for example, Zhang and Ewald
(2010), Korn, Siu, and Zhang (2011), and Kwak and Lim (2014)), we assume that
the price index P; satisfies the following geometric Brownian motion:

dP,

?t = ppdt + 0, dWo,, Py =po € RY, (10.2.1)
t

where the constants p, € R and o, € RT stand for the expected rate and volatility

of the price level, respectively, and the price dynamics of the inflation-linked index

bond I; are given by the following diffusion process:

dI dP
Tt =rdt+ 7t = Rdt + o, (\pdt +dWo,), (10.2.2)
t t

where the constant € R is the real interest rate and the constant A\, = % eR
is the market price of inflation risk. As supported by some empirical analysis (see,
for example, Lee (2010)), the inflation rate usually has a direct or indirect impact
on the price of risky assets, we, therefore, assume that the price dynamics of the

risky assets S; are given by

% = Rdt +os(\pdt +dWo ) + (pe dt + or dWi ), So =80 € RT,  (10.2.3)
t

where the constant o, € R characterizes how large the impact of the inflation risk
on the risky asset’s dynamics is, and p; and oy > 0 two potentially unbounded
and non-Markovian F-adapted stochastic processes describing the risky asset’s risk
premium and volatility generated by the fundamental risk source Wi ; at time ¢. In
addition, we assume that the market price of volatility risk is linear in the square
root of an observable affine form, square-root factor process oy, i.e.,

Bt \var, xer\ {0}, (10.2.4)
Ot
and
doy = k(0 — a) dt + /o (p1 AW 4 + pa dWay), g € RT (10.2.5)

where the constants «, 0, and \/p? + p3 represent the mean reversion rate, long-run
level, and volatility of the factor process, respectively. In the spirit of Chapter 6.3
in Jeanblanc, Chesney, and Yor (2009), we suppose that the constants k,6 € R
satisfy k6 > 0, which guarantees that the process oy > 0 for all t € [0, 7], P almost
surely, whereas no specific conditions are introduced to the constants p1, ps € R.
Moreover, it is worth mentioning that the Feller condition, i.e., 2k > p? + p3 is
not imposed in the current context to ensure that «; is strictly positive.

It should be noted that the above price dynamics of the risky asset excluding
the impact of the inflation rate, i.e., o5 = 0 in (10.2.3) were considered in some
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existing literature for different research interests in recent years; for example, Shen
and Zeng (2015), Li et al. (2022), and Zhang (2022c,e). The reason we opt for
the above modeling framework for the risky asset’s price S; is that we can take
a unified approach to address a class of stochastic (local) volatility models used
in practice, such as the CEV model, Heston model, 3/2 model, and 4/2 model as
well as some path-dependent models. For the reader’s convenience, these specific
models are listed below as examples.

Example 10.2.1 (CEV model). If uy = p— R, 0; = oS, and o, = 0 where
p€RT, o € RT, and B < —1, then the risky asset price S, is given by the CEV
model:

ds, = S, (u dt + oS! dWLt) , So =0 € RY, (10.2.6)

where (8 is called the elasticity parameter. By setting o = St_Q’B, Kk = 28,
0= (8+ %)%2, p1= =280, po =0 and A = £ we have

o

1 2
day = 28 Kﬂ + 2) 7 Stﬂ dt — 2605, "% dW,
n
= k(0 — o) dt + /ar (pr AWy 1 + p2 dWay) .

For the particular case when § = 0, the condition k6 > 0 is still satisfied and the
CEV model is reduced to the Black-Scholes model.

Example 10.2.2 (The family of 4/2 models). If pu; = A(c1aet-c2), or = c1/a+ \;’;T’
Kk €RT, 0 € RY, p1 = 0ap and py = 04+/1 — p2, where ¢; > 0,¢0 > 0,0, € RT,
and p € [—1,1], then the price dynamics of the risky asset S; are governed by the

family of 4/2 stochastic volatility models:

ds,
?t = (R+ )\(Clat + CQ) —+ /\pJS) dt + Og dWO’t + (cl\/ait
t
C2
+ dW14, So = so € RJr’ (10.2.7)
\/Oét) ’

day = (0 — ag) dt + our/ar (;;qu +/1-p2 dWQ,t) , ap € R,

where o is the variance driver process with mean-reversion rate x, long-run mean
0, volatility o, and correlation coefficient between the risky asset price and its
variance driver p. For the 4/2 model (10.2.7), we impose the Feller condition, i.e.,
2k6 > o2 to keep «y strictly positive for t € [0, T], P almost surely.

Remark 10.2.3. The 4/2 model (10.2.7) embraces two embedded parsimonious
models, the Heston model (Heston (1993)) and 3/2 model (Lewis (2000)) via the
constants ¢; and cy. Particularly, the case (c¢1,c2) = (1,0) corresponds to the
Heston model, while the specification (c1,c2) = (0,1) is known as the 3/2 model.
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Example 10.2.4 (A path-dependent model). If y; = A\\/az6(ajoy) and o; =

o (ajo,y) for some functional & : C([0,t];R) — RT, where ajg 4 := (v)seqo,g is the
restriction of a € C([0,T]; R) to C([0, t]; R), i.e., the space of real-valued, continuous
functions defined on [0,¢]. In this case, the price dynamics of the risky asset S; are
featured by the following path-dependent stochastic volatility model:

ds
?t = (R—l—)\fo( Qo) + A 05) dt + o, dWo 1 + 5 (agoy) dWis, So = so € RT,

doy = k(0 — o) dt + /oy (pr AWy 4 + p2 dWay), ag € RT.
(10.2.8)

In view of the path-dependence of the return rate and volatility of the risky asset
price, the model (10.2.8) is a special case of the non-Markovian stochastic volatility
models. For more details on (10.2.8), readers may refer to Siu (2012).

Suppose that there are two asset-liability managers with an initial nominal wealth
1=1,2, the
proportions of nominal wealth invested in the risky asset and inflation-linked index
bond at time t. Then, 7; := {71'1 £ ”}

Tio € RT,i=1,2, at time zero, respectively. Denote by 7, and 7,

te[0.7] denotes the investment strategy for

manager i. Let X T be the nominal wealth process associated with m;, for i = 1,2.
Under a self-financing condition, the nominal wealth process of manager i is given
by

dXT
X7

[R—|—7r e+ (7 tos)\ + tap)\ )] dt + (m tos—i—w tap)dWOt
+7T§t(7t AW, XJ' = ;0.

Denote by X[ := X[ /P, the real wealth after stripping out inflation for manager
1, 1 = 1,2, whose dynamics can be expressed as follows by using It6’s formula:

AX]
ngi =[r+mm + O = ) (405 + (n], = 1)oy)] dt + (77,0 (10.2.9)

+(7T'L'I,t — 1)O'p) dWQt —|—7T;S:t0't dWl,t, Xg‘ =0 = i‘@o/})o eRT.

10.2.2 The asset-liability management

Apart from continuous investment in the above financial market, we consider that
the asset-liability manager i is subject to a nominal liability commitment with an
initial value n; o € RT, for ¢ = 1,2. The nominal liability process N; ; follows

dNj ¢
Ni

= M dt + 61' dWQt + O'i\/OTt(A\/OTtdt + dWl,t),

where the constant p; € R is the drift coefficient, and 3;,0; € RT are the volatility
coefficients measuring how large the impacts of inflation and volatility risks on
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the dynamics of random liability are, for ¢ = 1,2. In this paper, we consider the
case that the random liability V;, is uncontrollable, i.e., the manager ¢ cannot
decide the value of liability by changing his/her investment strategy. Denote by
L;; = N, /P, the inflation-adjusted liability. An application of It6’s formula leads
to the following dynamics of L;; for manager i:

dL;
T;t = (i — pp + 05 — 0pBs) dt + (B; — o) dWo e + o/ (Ao dt + dW1 ),
’ (10.2.10)

with the initial level of real liability 1; o = n;0/po € RT, for i =1, 2.

10.3 Formulation of a non-zero-sum game

In this paper, the two asset-liability managers aim to choose an admissible strategy
(m1,m) € I} ® Iy to maximize their expected utility of terminal inflation-adjusted
surplus at time 7', where the set of admissible strategies [Ty ® [T will be defined later.
In addition, each manager also cares about the difference between his/her terminal
surplus and the other’s and tries to fare better relative to his/her competitor. We
formulate the optimization problem as a non-zero-sum stochastic differential game
between the two competitive asset-liability managers. In line with some existing
literature, such as Bensoussan et al. (2014), Deng, Zeng, and Zhu (2018), and Savku
and Weber (2022), we focus on games with perfect observation, i.e., the managers’
strategies are instantaneously revealed to their opponent.

Given the initial values of state variables as above, we define a non-zero-sum
stochastic differential game with the following objective functions for j # i € {1, 2}:
Ji(m’ﬂj)(xi,o,%,o, L0105 80, 0)
=E [U; (1~ w)(XF — Liz) +wi (XF — Lor) = (X — L;r)))] - (103.1)
=E [U; (X7 — Lir —wi(X7' — Lj7))],

where U;(+) is a strictly increasing and strictly concave smooth utility function for
each manager i, and the parameter w; € [0,1], ¢ = 1,2, describes the degree to
which manager ¢ values the relevant performance with his/her competitor. A greater
value of w; implies that manager i cares more about his/her relative surplus. In
particular, for the case when w; = 0, manager ¢ only considers his/her own terminal
inflation-adjusted surplus. Conversely, the specification w; = 1 corresponds to the
case when manager 7 is only interested in the relative surplus.

Definition 10.3.1 (Nash equilibrium strategy). The classical non-zero-sum stochas-
tic differential game problem is to find a Nash equilibrium strategy (n7,75) € II; @11y
such that

(r1,73)

Ty,
T (210, 22,0, 11,0, 12,0, 50, 00) > J} (1,0, 72,0, 11,0, 12,0, 50, @0),  (10.3.2)
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and

Jg(ﬂz’ﬂl)(xz,o,xl,o,12,0,51,0,307@0) > JQ(WZJI)(JUQ,O,JCLOJQ,O,ll,o,So,Oéo) (10.3.3)
If the above two inequalities (10.53.2) and (10.5.3) hold, then the value functions of
managers 1 and 2 are given by

(WIJ‘-;)(

Ji(x1,0, 2,0, 11,0, 12,0, S0, ) :=J; 21,0, 22,0, 11,0, 12,0, 50, 000)

* 10.3.4
= sup Jl(m’ﬂz)(ﬂh,owz,o,h,o,12,0780,040), ( )
w1 €1l
and
J2(22,0, 21,0, 12,0, 11,0, S0, ¥0) Izjg(ﬂz’ﬂl)(llfz,o,1’1,0712,0751,0, 50, 0)
(10.3.5)

T2,y )
sup Jy 7 (22,0, 21,0,12,0, 11,0, S0, Q0),
ma€llz

and the Nash equilibrium pair (75, 73) is called the competitively optimal investment
strategy.

To proceed, we consider two utility maximization problems when the risk prefer-
ences of the two asset-liability managers are characterized by the exponential and
power utility functions, respectively, i.e,

1
U(x) = ——e 9% 2 €R, ¢ eRT, i=1,2, (10.3.6)
qi
and
i
Ui(z) = W reRY, 4, €R™, i=1,2 (10.3.7)

Definition 10.3.2. For the exponential utility preference (10.3.6), the set of
admissible strategies 111 @ Iy is the set of F-adapted processes (w1, ma) such that

1. SDE (10.2.9) has a unique strong solution X € L’%P(O,T;R), fori=1,2;

2. the family {f%e_‘“(YNMT(X:Z,AT—winiAT)+Gi=TvtAT)} s uniformly inte-
i neN

grable, for any sequence of F-stopping times such that 7, — oo, P almost

surely as n — oo, where i # j € {1,2}, and processes Y; ¢ and G are given

by (10.4.4) and (10.4.7), respectively.

Similarly, the definition of the admissible strategies for the power utility case
(10.3.7) is formally given as follows.

Definition 10.3.3. For the power utility perference (10.53.7), the set of admissible
strategies I1; @ Iy is the set of F-adapted processes (w1, m2) such that
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1. the process X[ — wiXer + C:'m is positive, P almost surely, for t € [0,T],
where Gy 4 is given by (10.5.9) and i # j € {1,2};

2. SDE (10.2.9) has a unique strong solution X{* € E%,P(O,T; R), fori=1,2;

3. the family {W(X::AT

for any sequence of F-stopping times such that 1, — oo, P almost surely as
n — oo, where i # j € {1,2} and process Yi s is given by (10.5.4).

— wiX:j/\T + éinnAT)%} is uniformly integrable,

In a Markovian market setting, the Nash equilibrium strategy can be constructed
as a solution to a system of coupled HJB partial differential equations; see, for
example, Bensoussan et al. (2014), Guan and Liang (2016), Deng, Zeng, and
Zhu (2018), and Savku and Weber (2022). However, due to the potentially non-
Markovian structures of the market model induced by the two stochastic processes
ue and oy in (10.2.3), the standard dynamic programming principle falls apart in the
current context, and so does the associated HJB equation. We, therefore, manage
to find the Nash equilibrium (7§, 75) for the problem (10.3.2)-(10.3.3) by opting for
a BSDE approach in the Section 10.4 and 10.5.

10.4 Non-zero-sum game for the exponential utility case

In this section, we address the non-zero-sum stochastic differential game (10.3.2)-
(10.3.3) for the exponential utility case (10.3.6) by means of BSDE and provide
explicit expressions for the competitively optimal investment strategy (77, 73) as
well as the associated value functions (10.3.4) and (10.3.5).

We first introduce the following continuous semi-martingales Y;; and G, ., for
i = 1,2, with the canonical decomposition:

dY; s =W dt + Z; 1 dWo s + M; ¢ AWy 4 + Py, dWo g,

and
dGiy = Qipdt + Hy  dWo p + Ay AWy + 1 e dWo

where WU, and Q;; are some F-adapted processes that shall be determined in
what follows, and Z; ,, M, Py, Hi g, Aiy, Tiy € L5°(0,T3R), for i = 1,2. Then,

. T
L= (Yi,e (X[ —wiX,7)+Gi )

o shows us the
k3

applying [t6’s formula to the process —
following dynamics:

d 7ie*qi(Yi,t(eri*wriX:j)JrGi,t)
qi
—ai (v (X7 —w, x Y+, . . .
=e ql( e (X %) Mt) |:(Xt1 - wiXtJ)Zi,t + Yi ¢ (Xt 'L(Trito's + (WiI,t —1)oy)
@ (Y,iyt(eri—wiX:r

R - Iya, . .
—w; X, 7 (Witas + (m{t — 1)%)) + Hi,t:| dWot +e ) ”) [(Xt P w X, )M e
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e o)

+ Yi,t(X:i Wit - wiX:j Wﬁf)”t + Ai,t:| dW1 ¢ + eiqi( (X:‘ - wiX:j)Pi’t

o) |

+T5) dWa s — %e“”( (X7 —wiX; 7)) Zit + Y (X,’fi (77,05

E 1 Z; 2
+(7ril,t —1op) —w; X, 7 (ﬂitas + (‘n'jlvyt — 1)0,,)) + H; — q— ()\p —op+ Yv'z >] dt
(3 1,

i —ai (Y xi—wX +G; - 5 - i
_ i 4 ( a3 t g t) {(th —wi X, )M; ¢ +Yi,t(Xt17ri,, 7wiXtJ7rit)Jt + At

1 M; 2 i —ap (Y (X7 —w; X, )+ Gy . i
@ (A\/a+ Y/)t>i| dt_%e Q( SR ”t)(th' _w'iXtJ)ZP'izytdt

7 i,t

—q; (Yi,t(X P ow; X, JESENCE t) —4 (Yi,t(X owi X, J)+GL t)

— gie (X7 —w; X[ P )Py Ty dt + e (X7
. Z; M;
—w; X]9) [\1/7, +rYie— Zis (Ap —op+ *t> — M. <)\«/E,, 4=t )] dt
Yi,,t Yi,t
2 2
Zit — M
T (Y'i fX T X[+ Gy, t) (Ap —ort Yi,t) (A at Vi )
+e ’ Qi,t + +
2q; 2q;
Zit) ( Mi.t) @l L,
—Hi (- LA R L) — L e, f €{1,2}.
,t(p o’erY“ Jt i 5 ori#j € {1,2}
(10.4.1)

We expect given any m; € 11;, the stochastic process —ée_q"(y"'t(xri_w’x:])+G"")
is a (local) super-martingale for any admissible strategy and is a (local) martingale
for the optimal response strategy. In other words, we expect that the drift in (10.4.1)
is non-positive for any 7; € II; and zero for the optimal response strategy denoted
by 7; € II; whenever m; € II; is fixed and given, where i # j € {1,2}. Therefore,
the two stochastic processes ¥, ; and ;; can be determined by letting the last two
drift terms on the right-hand side of (10.4.1) be zeros. As a result, we have the

following BSRE of (Y; +, Z; ¢, M; 1, Pi1):
)Mi t} dt

Z;
dYi, = {rm—,ﬁ <Apop+ ’t> Zis+ (
Yis
+ Zi 1 dWo e + M o AWy 4 + Py dWo 4,
}/;J,T :17

(10.4.2)

and quadratic BSDE of (G, ¢, Hit, A, L t):

Z;
dGi,t: (Ap70p+y_7t) zt+(

7y

()\ o, + Zi’t)Q
Qi 2 PUP T Y,
Ao+ Lr2,

) g 2q;

N2
s )

50 dt+ Hi dWoe + Nit AWh e +Ti e dWa g,

Gir =—Lir +wiLjr.
(10.4.3)

where ¢ # j € {1,2}. Tt is worth mentioning that the terminal conditions in (10.4.2)
and (10.4.3) follow from the term in the expectation (10.3.1). Here, by a solution to
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BSDE (10.4.2), we mean a quadruplet of stochastic processes (Y; 1, Z; 1, M; 1, Pit) €
Spp(0,T;R) © LE5(0,T;R) @ L3 (0, T;R) @ L3 p(0,T;R). Similarly, a solution
to BSDE (10.4.3) is a quadruplet of stochastic processes (G; ¢, H; ¢, Nit,Tit) €
E%’P(O, T:R)® EIQF’P(O, T;R)® ,CIQF’P(O, T;R)® L’%’P(O, T;R).

Remark 10.4.1. Note that BSDEs (10.4.2)-(10.4.3) form a coupled BSDE system.
The generator of quadratic BSDE (10.4.3) involves the solution to BSRE (10.4.2).
This finding shows that the two BSDEs shall be addressed recursively forwards
in the sequel. Lim (2004) shows the existence and uniqueness result for a BSRE
similar to (10.4.2) for the case with uniformly bounded random parameters in the
dynamics of asset prices. However, since the generator involves a; which is not
uniformly bounded, the results of Lim (2004) cannot be applied to our case. In
the following proposition, we derive a closed-form solution to BSRE (10.4.2) and
prove the uniqueness of the solution using the results of Kobylanski (2000) and

Girsanov’s measure change techniques.

For the reader’s convenience, we present the following auxiliary result (refer to
Lemma 4.3 in Zeng and Taksar (2013) or Lemma Al in Shen and Zeng (2015))
assisting the proof in the main body of this paper.

Lemma 10.4.2 (Bona-fide martingale property). If a1 (t) and az(t) are two bounded
functions over [0,T], the following stochastic exponential process

t

exp{/otal(s)\/oTdeLer/O as(s)y/as dWa g — ;/Ot (af(s)+a§(s))asds}

is an (F,P)-martingale.

Proposition 10.4.3. The unique solution (Y; ¢, Z; 1, M; 1, P;+) to BSRE (10.4.2),
fori=1,2, is given by

Yig =0, (10.4.4)

and
(Zi,tvMi,hPi,t) == (0,0,0) (1045)
Proof. See Appendix 10.A. O

Remark 10.4.4. Tt is interesting to identify that the control components of BSRE
(10.4.2) are zeros, from which we find that the third and fourth drift terms on
the right-hand side of (10.4.1) vanish. Moreover, quadratic BSDE (10.4.3) can be
substantially simplified so that the generator of BSDE (10.4.3) does not involve the
solution to BSRE (10.4.2).
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Having solved BSRE (10.4.2) explicitly, we can rewrite BSDE (10.4.3) of (G ¢, Hi 1,
A+, T 4) as follows, for ¢ # j € {1,2},

i Ap—0p)?  Na
dG; = (()‘p —0p)Hip + AV, + Erf’t - 2q; - QQit a
+ Hiy dWo e + Mgy AW + Ty g dWa 040

Gir=—Lir+wiLjr.
In the following proposition, we derive one explicit solution to BSDE (10.4.6)

by using the Markovian structures of factor process «; and liability processes
L, i=1,2.

Proposition 10.4.5. One closed-form solution (G; ¢, Hi 1, Nit,Ti+) to quadratic
BSDE (10.4.6) is given by

Giﬂg = fl(t) + gi(t)at + hi(t)Li,t — wimi(t)Ljyt (1047)
and
H;y =(Bi — op)hi(t)Liy —wi(Bj — op)mi(t)Lj e,
Ai,t = (Pléh(t) —+ Jihi(t)Liﬁt — in'jmi(t)Ljyt) \/a, (1048)
Lit =p2gi(t)v/ou,

where functions f;(t), gi(t), hi(t), and m;(t) solve the following ordinary differential
equations (ODEs):

d i t i )\2
gCT() =%p§g?(t) (5 Ao0)gi(t) = 5 - 6i(T) = 0;
dh;
dt(t) = (Ap(Bi — 0p) + pip — i) hi(t), hi(T) = —1;
dmy;(t) (10.4.9)
dtt = Mo(Bj = o) + pp = g) mi(t), mi(T) = =15
dfi(t) . (A, —0,)? ‘ _
7 - Iiagl(t) + prqu’ fl(T) - 07
fori#j € {1,2}.
Proof. See Appendix 10.B. 0

Proposition 10.4.5 transforms the problem of finding a solution to quadratic
BSDE (10.4.6) into the determination of solutions to ODEs (10.4.9). In the
following proposition, we derive, in closed form, the solutions to ODEs (10.4.9)
for i # j € {1,2}. Before that, we impose the following assumption on the model
parameters through out the rest of this section:

Assumption 10.4.6. x+ Ap; # 0.
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Remark 10.4.7. It is worth mentioning that Assumption 10.4.6 does not simplify
the calculations for deriving the solutions to ODEs (10.4.9) but ensures that the
factor process a; preserves the affine-form, square-root structure under another

equivalent probability measure as shown in the proof of Proposition 10.4.10 below.

Proposition 10.4.8. Under Assumption 10.4.6, closed-form solutions to ODEs
(10.4.9) are given by

)\2
A (e e=T) 1) i o — 0
QQ1(H+)\p1) (6 ) pr? )
9i(t) =9 in _ (1 _e\/Angft)) (10.4.10)
9; 9; Zf s # 0
Mg+ — Ny-€ Aqi (T—1)
hi(t) = —ePp(Bimop)tip—p)(t=T) (10.4.11)
mi(t) = —ePp(Bi=op)tpp—pg) (t=T) (10.4.12)
and
—A%k0 (1 — elrtrr)(E=T) 2 2
—A"kb + (Ap — op) (t=T), if po = 0;
2qi (K + Ap1)? 2¢i(k + Ap1) 2q; » P2 =5

filt) = w0 (naf _ ng?) log ( "o T er )

Ay (T—t
Ag, N+ —n e gi )

i

i

N (w _ Reng;) (t="T), if p2 #0,
(10.4.13)

where Ay, ,n + and n,- are gien by

g

—(k+ Ap1) + VA, ) (k4 Ap1) — /Ay,
¢ip3 o ¢p3

Agi = (’{+>‘p1)2+p%/\27 Nyt = )
(10.4.14)

fori#je{1,2}.

Proof. See Appendix 10.C. O

Remark 10.4.9. From Proposition 10.4.8, it is easy to verify that g;(¢) is a positive
and bounded function on [0,7], for ¢ = 1,2, which, combined with Assumption
10.4.6, implies that the hypothesis in Lemma 10.4.2 is satisfied under another
equivalent probability measure given in the proof of Proposition 10.4.10.

Combining Proposition 10.4.5 and 10.4.8, we have found one solution to BSDE
(10.4.6) in a closed-form, which is given by (10.4.7)-(10.4.8). In the following
proposition, we prove that it is the unique solution to BSDE (10.4.6).
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Proposition 10.4.10. Under Assumption 10.4.6, the solution (G, Hi, Nit,Tit)
given by (10.4.7)-(10.4.8) is the unique solution to quadratic BSDE (10.4.6) in
E%P(O, T;R)® E%P(O, T;R)® E]%)P(O, T;R)® [:]ZF)P(O, T;R), forie {1,2}.

Proof. See Appendix 10.D. O

We are now in the position to provide the explicit expressions of the competitively
optimal investment strategy (77, 75) and the value functions of manager i, i = 1, 2,
for the non-zero-sum stochastic differential game problem (10.3.2)-(10.3.3), which
are expressed in terms of the unique solution to BSRE (10.4.2) and BSDE (10.4.6).

Theorem 10.4.11 (Nash equilibrium to the ALM game). Under Assumption
10.4.6, the Nash equilibrium pair (75, 75) for the ALM game with the exponential
utility preference (10.5.6) is as follows:

A A
T = 1 (qi at_Am—’_ L OétAj"t>,

p— w
2,t T - 4
UtXt * (1 — wiwj) }/Z»t Yrjyt
Ap—o Ap—0p
1 Lt — H;, =~ —Hj, O
I __ qi q; Sx 1
Tit = o Y, +w; Y. - ;Fi,t + 1,
op Xy ' (1 —wiwy) it dit p

and the value functions are given by

1
Ji(xi0, 50,00, 10,50, 00) = 0 exp {—¢;(Yio(xio —wizjo) + Gio)} (10.4.16)
fori # j € {1,2}, where the explicit expressions for Y; ., Giy, Niy, and H;y are
given by (10.4.4), (10.4.7), and (10.4.8), respectively. Moreover, (w7, n3) € I ®Ils.

Proof. See Appendix 10.E. O

Remark 10.4.12. From the proof of Theorem 10.4.11, we find the herd effect
on managers’ decisions, that is, managers will mimic their competitor’s strategy.
Specifically, it can be found from (10.E.4)-(10.E.5) that the optimal response
strategy given the competitor’s strategy can be decomposed into two parts. The
first part is the case where w; = 0, i.e., the manager i is only concerned about the
partial objective of maximizing the expectation of terminal surplus, which is similar
to Merton-type solution consisting of a multiplier, a myopic (time-independent)
component, and an inter-temporal hedging component. The second part shows
the effect of competition on their investment strategies. More precisely, when the
competitor j increases his/her risk exposure, i.e., XZ” (ﬁftas + (frjlt —1)o,) and
erjfrf,tot to the two fundamental risk factors Wy, and Wiy ,, (10.E.4)-(10.E.5)
reveal that the manager ¢ will adopt a riskier investment strategy, for ¢ # j € {1,2}.
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Remark 10.4.13. When w; = wy = 0, the equilibrium investment strategy 71152“ and

ﬂ{’; given in (10.4.15), for ¢ = 1,2, is reduced to the classical optimal investment
strategy for ALM with inflation and volatility risks under exponential utility without

relative performance concerns.

Corollary 10.4.14 (Nash equilibrium to the investment game). Under Assumption
10.4.6, the Nash equilibrium pair (w5, n3) for the pure investment game with the
exponential utility preference (10.3.6) is given by

A A
1 o= pgi(t) o — p1gs(t)
Wf;fk = 7 = : +w; = Vou,
O'tth(l —wiwj) Y;7t }/jt
1 Ap — Ay —
71-11}‘ = — ( p — Op T w; D Up) _ EWEZ +1,
opX; (1 —waw;) \ @Yt 95Yjt Tp

and the value functions are given by

1
Ji(zi0, 250,50, 0) = “u exp{—qi(Yio(zio —wizjo) + fi(0) + g:(0)ao)},

7

fori#j5€{1,2}.

Proof. Substituting the specification p; = 8; = 0; =l;0 = 0,7 = 1,2, into (10.4.15)
and (10.4.16) yields the above results. O

Corollary 10.4.15 (Nash equilibrium to the ALM game under the 4/2 model). If
the risky asset price process Sy and the variance driver process ay follow the family
of 4/2 stochastic volatility model (10.2.7) and suppose that k + oapA # 0, the Nash
equilibrium pair (75, m3) for the ALM game with the exponential utility preference
(10.3.6) is given by

A X A A
5% _ 1 a\/at_Ai,t L ;j\/@t—AJ,t
it o - 7 - )
(c1y/az + \/Cth)Xt (1 — w;w,) Yit Yt
Ap— Ap—
I 1 7pq.% — H;, 7’3,1.% —Hj; 0s
Tit =7 ; + w;— - —m: +1,
op X, ' (1 — wiw;) Yii Yt Op

and the value functions are given by

1
Ji(xi0,250,0i 0,0, 50, 00) = 0 exp {—q¢;(Yio(zio — wizjo) + Gipo)}
1

where the explicit expressions for G, and ]\Lt are as follows:

Git = filt) + gi(t)aw + hi(t)Liy — wimi(t)Lj4,

and

Ay = (0apgi(t) + oihi(t) Liy — wioymi(t)Lj ) vou,
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where functions g;(t) and f;(t) are given by

/\2
N (ks FAeap)(t=T) _ ) e .
e 1), if p==1;

2qi(k + Aoap) ( e

9i(t) = Mg (1 —eVARa(T- t))

9i

s if p# £L
g — ng-eV ST

and

2 rtAoo -7
—\2k0 (1 — elrtroan(t )) N —2\2k0 L Qe op)?
2qi(k + Aoap)? 2q;(k + Aoap) 2q;

_ n@(n,fn +) n_4y —mn__
fi(t) = 9i 9 log g;f' 9;
’nqj,

VA, 4 —n__eVB5(TY
; a;

)(tiT% if p=%£1;

2
+ (M - men,_> (t—T), if p # +1,
2q; 9;

with Ag,,n+, Ng- given by

9;

—(k+ Xoap) + /A —(k + Aoap) — /Ay,
= (k + Aoa 2+o‘i)\217 Q,n, = , n__ = L,
( 7 (=P gy G021~ 2) 402 (1 )

fori#j€{1,2}.

Proof. Plugging the specified parameters of the 4/2 model (10.2.7) in Example
10.2.2 into Theorem 10.4.11 yields the above results immediately. O

Remark 10.4.16. By specifying (¢1,¢2) = (1,0) and (¢1,¢2) = (0,1) in Corollary
10.4.15, we derive the Nash equilibrium strategies and the value functions for the
ALM games under the Heston model and 3/2 model with inflation risk, respectively.
To the best of our knowledge, these results are not provided in the existing literature.

10.5 Non-zero-sum game for the power utility case

This section solves the non-zero-sum stochastic differential game (10.3.2)-(10.3.3)
for the power utility case (10.3.7) by using a BSDE approach.

Similar to the previous section, we introduce the following two (F,[P)-semi-
martingales Y’M and éi,t to find the BSDEs associated with the problem:

dﬁgt = \i}i,t dt + Zi,t dWo ¢ + Mi,t AWy ¢ + pi,t AWy ¢,

and
déz‘t:Qitdt—i‘ﬁitdWOt+AitdW1t+fitdW2t7

where \Ill + and Q” are ]F adapted processes that will be determined later, and
Zisy M, Piy, Hi Ny Ty € E?F %P,OC(O T;R), for ¢« = 1,2. Then, an application of
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(X’” w; X;7 +G )" combined with the method of completion

of squares ylelds

Y; - T )
d ( Lt L —w XY JrGi,t)’Y")
Vi

Xw’:—wv,XWj-&-éy i -~ s i ~ o s
:[( ‘ : ,Yt. fat) Zit + Vit (X' —wi X, T+ Giyt)% ! (Xt * (”is:tas + (Wf,t - Doyp)
k2

o . X7 —w; X, 4+ Gy )i -
—w;i X, (7505 + (7], — Dop) + Hi,tﬂ dWo .+ + [( R W’f +Gie) M,
7

+ Vi o (X —wi X, 4 Ga)i ((X,’,’iwf,t —w X7l Yo + Af)] AW,

Yi ¢

i [(Xfi —wi X7 + Gy

p” P+ Y (X[ — wiXer + éi,t)wrlfi,t] dWa 4 + Ji—

X (X i _w’LX i +Gz f)““iz |:(‘X7r7 5 _w'iX:jWit)Ut+Ai,t+

L t

erlwa]+G1f< it
vi —1 Y/z,t

2 i — 1o T ™5 ~ L g p_

v )| BT T - w5 G [xt (S0t (L, — Do) —w X[
s . - X —wiX) 4 i (Zi :
X (ﬂ'j’tas + (TI'jyt —1)op) + Hip + — po— +Ap —0p dt
- Vi,e
vi — 14 £ TP A =202 w0 T A N c
5 Yit( X" —wiXy? + Gi) 77 pdt + (X —wi Xy 7 +Gae) 5 + 7Y
i

!y ( +>\\ﬁ> !y (Zt + A )2} dt
— Yt ———Yii| = -0
2(vi — 1) 7 YL t 2(vi — 1) Yi ¢ r ’

+ Y (X[ —wi X, 4 Gi) ! (Qi,t —rGit — AWaihiy — (Ap —op)Hi e + f/z,t Fi,t) dt.

it

(10.5.1)
Given any admissible strategy m; of manager j, we expect that the stochastic
process Y“ (X7 —w; X7 + Giy)" is a (local) super-martingale for any admissible

strategy m, and even a (local) martmgale for the optimal response strategy, which
indicates that we should opt for \I/, + and Q” such that the last two drift terms on
the right-hand side of (10.5.1) turn out to be zeros. This finding, combined with the

boundary condition at time T, leads to the following BSRE of (f/i,t, Z-yt, Mm, ]5“):

dYie :[<—T7i+ﬁ()\p—0p)2 ﬁk 041) 1,t+ (>\ —0p) i
Vi N Yi Zz‘2,t + Mi2,t Z N P
+ ﬁ)\\/a it + 3 —1) Vi } dt + Z;, dWo t + M;,e dW1 ¢ + Pi e dWa ¢,
Yir =1,
Yi: >0, for all t € [0,T),
(10.5.2)
and linear BSDE of (éi,t, ffi,t, Ai,fmfi,t):
déi’t = (Téiyt + )\\/O[tlii_’t + (>‘p — Jp)-gi,t — f > dt + E[i,t dWO,t
o (10.5.3)

+ A AW + Ty dWay,
Gir=—Lir+wLjr.

For i = 1,2, a solution to BSRE (10.5.2) is a quadruplet of stochastic processes
(Yit, Zig, M1, Pit) € Sﬁfp(O,T;R) ® E%MO,T; R)® E%VP(O,T; R)® £]%7P(07T; R);
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similarly, a solution to BSDE (10.5.3) is a quadruplet of stochastic processes
(Gig Hig, Aiy,Tiy) € [']%‘,IP’(O’ T;R) ® 'C%‘,]P(OvT;R) ® E]%‘,IP’(O’T§ R) ® £I2F,P(07T§R)~
It is worth mentioning that the above BSRE (10.5.2) is essentially the same as Eq.
(15) in Zhang (2022¢). Therefore, following the proof of Proposition 3.2 in Zhang
(2022c), we can immediately provide one explicit solution to BSRE (10.5.2) in the
next proposition.

Proposition 10.5.1. One closed-form solution (Y; ¢, Z; ¢, J\;[Z-,t, 15”) to BSRE (10.5.2),
fori=1,2, is given by

Yii = exp {ﬁ(t) + gi(t)at} , (10.5.4)

and

(Zia Wi, Pra) = (0, 13:(0) V@Y, podi( ) V@Y ) (10.5.5)
where §;(t) and fi(t) are as follows:

P . (1 —eV Agi(T_t))
9, 9,

gi(t) = " - e N (10.5.6)
and ,
)= [ (r = g O = 0+ n8i(s)) s
Y (s i) log Ml "M (10.5.7)
Ag, nge =g oV/Ba (T—1)
+ (T%‘ Ty z% 0 (A —0p)% + m0n§;> (T —1t),

with Agi,”gj> and g given by

2

Vi 1 2 2 Vi 2

A; = A — — —A
gi (’iJF P1%_1> <%_1l)1 Pz) 1

_ (/ﬁ; + Ap1 ’Y«:Yi1> + Agi - (FL + Ap1 ,Y;Yil) — v/ Afh‘
e T ot '
vi—1

N-+ =
9; 1 2 2
‘ ,yiflpl P2

Remark 10.5.2. From (10.5.6), it is easy to show that g;(t) is strictly increasing in
t, and thus, is a negative and bounded function over [0,7]. It follows from (10.5.7)

that fi(t) < (7“% — s (O — a,,)Q) (T —t), for i = 1,2.

Proposition 10.5.3. The solution (Y; 1, Zi +, M; 1, P;.¢) given in (10.5.4)-(10.5.5)
belongs to S§%(0,T;R) ® E%P(O, T;R)® E%,P(Q T;R)® Q%-,P(O, T;R), fori=1,2.
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Proof. Tt follows from the positivity of ay, (10.5.4), and Remark 10.5.2 that for
1=1,2,

Vi = e {70+ a0y < e { (i =) (=)} <o

and thus, we find from (10.5.5) that

T
E / Z?,+ M2, + PP, dt
0
T
<(p? + p2)2(0)e2 Tz o) ‘T/ Efo
0
T
=(0% + pB) g2 (0)” T Co o) IT / (aoe w4 el / ) d8> dt < .
0

O

Through out the rest of this section, we impose the following assumptions on the
model parameters, which are in line with Assumption 3.1 in Zhang (2022c).

Assumption 10.5.4. « + pl)\,y;’il #£0, fori=1,2.

Then, following almost the same arguments as in Theorem 3.6 in Zhang (2022c),
it can be verified that the solution presented in Proposition 10.5.1 is the unique
solution to BSRE (10.5.2). Therefore, we do not repeat the proof here.

Theorem 10.5.5. Suppose that Assumption 10.5.4 holds. Then, the solution
(Y’i,t,Zi,t,Mi,t,Isu) given in (10.5.4)-(10.5.5) is the unique solution to BSRE
(10.5.2), fori=1,2.

Having derived the unique solution to BSRE (10.5.2) in a closed form, we can
rewrite linear BSDE (10.5.3) as follows:

dGiy = (Téi,t +Aaihi s+ Ny —0p)Hyp — Pzgi(t)\/atfi,t) dt + H; ; dWy ¢
+ Ai,t AWy ¢ + fi,t AWy ¢,
Gir=—Lir +wlLjr,

(10.5.8)
where ¢ # j € {1,2}. In the next proposition, we derive one explicit solution
to BSDE (10.5.8) by trial and then show its uniqueness by using the Girsanov’s
measure change techniques combined with the standard results of linear BSDEs

with uniformly Lipschitz continuity (refer to El Karoui, Peng, and Quenez (1997)).

Proposition 10.5.6. The unique solution (éi,t,ﬁm,&vt,fu) to linear BSDE
(10.5.8) is given by

Gi,t = dl(t)Llyt - wiéj (t)Lj’t, (1059)
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and

Hiy =ai(t)(Bi — 0p) Ly — widj(1)(8; — ) Lje,
]\i,t :(dz(t)Usz,t — widj (t)O'ij’t)\/OTh (10510)

I, =0.
where i # j € {1,2}, and a;(t) is as follows:

ai(t) = —erHip =it X (Bimop))(t=T) G — 9 9, (10.5.11)

Proof. See Appendix 10.F. O

Remark 10.5.7. It is crucial to find that the last control component of BSDE

(10.5.3) I'; 4, = 1,2, is zero, which allows us to remove the third drift term from
the right-hand side of (10.5.1).

Based on the unique solutions to BSDEs (10.5.2) and (10.5.3), we are now ready
to state the second main result in this paper.

Theorem 10.5.8 (Nash equilibrium to the ALM game). Suppose that Assumption
10.5.4 holds and the initial data at time zero satisfies x; 0 + a;(0)l; 0 — wi(xj0 +
a;(0)l0) >0, for i # j € {1,2}. Then, the Nash equilibrium pair (7}, m5) for the
ALM game with the power utility preference (10.3.7) is as follows:

I e
Xy ' mwi Xy T 4Gt —wi Xyt +GGe

M'.t A X Mt A
=, (#,t + )\\/Dét) —Aip +w; <t? (ﬁ + )\\/at> - Aj,t)

Sx _

Tit = 7 ’
0: X, " (1 — wiwy)
X X[ 4G X w x™ 4G
. Wi Xy it g ) t- Wiy J,t g
= (Ap —0p) — Hip +w; FE—— (Ap —0p) — Hjs

Ix _ v J Os _Sx 1

it = * T T +1,
op X, ' (1 —wiwy) p
(10.5.12)

and the value functions are given by
Yio _ i |
Ji(i,0, 25,0, 11,0, 15,05 50, @0) = == (w0 + @i (0)li,0 — wi(zj,0 + a;(0)l;0))"" ,
' (10.5.13)
for i # j € {1,2}, where the explicit expressions for ifi,tyMi,t’ﬁi,t,]\i,ta and a;(t)
are given by (10.5.4), (10.5.5), (10.5.10), and (10.5.11), respectively. Moreover,
(rr,m5) € I} @ Is.

Proof. See Appendix 10.G. O

Remark 10.5.9. The herd effect on managers’ decisions can be found from the
optimal response strategy given in (10.G.4)-(10.G.5), which shows that when the
competitor j puts more wealth into the risky asset or the inflation-linked index
bond, i.e., when ij 75, or X[ 7], increases, the manager i tends to adopt a riskier
investment strategy as well, for i # j € {1,2}. This finding is also reflected in the
symmetric form of the Nash equilibrium strategy (10.5.12).
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Remark 10.5.10. We should point out that different from the results for the expo-
nential utility case (10.4.15), where the risk exposure under the Nash equilibrium
strategy, i.e., (ﬂft*as + (x]5 — l)ap)Xt’Tf and wf*tht’rfj = 1,2 to the two fun-
damental risk factors Wy, and Wi, are independent of the wealth level of the
two managers, the counterparts under power utility (10.5.12) depend on both the
managers’ wealth level Xtﬂi* and X:;, for i # j € {1,2}. This result can be featured
by the constant absolute risk aversion coefficients ¢;, ¢ = 1, 2, under the exponential
utility function, whereas the power utility function is characterized by relative risk
aversion. Moreover, we require a technical condition on the initial data in Theorem
10.5.8 ensuring the admissibility of the Nash equilibrium (10.5.12). It is also worth
mentioning that the admissibility condition (1) in Definition 10.3.3 serves as a
constraint on the scope of the investment strategies, under which not only the
regularity condition of power utility but also the martingale principle holds for any
admissibility strategy.

Remark 10.5.11. For the special case when there do not exist any relative perfor-
mance concerns, i.e, w; = wg = 0, the equilibrium investment strategies w;g;‘ and
w{’ ¥ given in (10.5.12), for i = 1,2, degenerate to the standard optimal investment
strategies for ALM with inflation and volatility risks, which, to our knowledge, are

not reported in the existing literature.

Corollary 10.5.12 (Nash equilibrium to the investment game). Suppose that
Assumption 10.5.4 holds and the initial data at time zero satisfies x;0 — w;xj0 > 0,
fori#j € {1,2}. Then, the Nash equilibrium pair (n],7%) for the pure investment
game with the power utility preference (10.3.7) is as follows:

X[ —wi X0 (M X[ —w X (M
v + A | + w; — v + Aoy

S* __ 1—vi

O'tXZri (1 - wiwj)
w;‘_ 7X7r; XW;— X—,rz‘
el oyl o, )
Tit = o -y 1
op X, ' (1 — wiw;) Op

9

and the value functions are given by

Vi

Yio
= (wi0 — wizj0)™,

Ji(4,0, 2,0, 50, 00) =
1

fori#je{1,2}.

Proof. Plugging the specification p; = 8; = 0, = l;0 = 0, ¢ = 1,2 into Theorem
10.5.8 leads to the above results immediately. O

To end this section, we provide the equilibrium solution under the family of
state-of-the-art 4/2 stochastic volatility models.
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Corollary 10.5.13 (Nash equilibrium to the ALM game under the 4/2 model). If
the risky asset price process Sy and the variance driver process oy follow the family
of 4/2 stochastic volatility model (10.2.7) and suppose that k 4 oopA=L5 # 0 and

Vi
the initial data at time zero satisfies x; 0 + @;(0)l;,0 — wi(z;0 + a;(0)l;0) > 0, for
i # j € {1,2}. Then, the Nash equilibrium pair (75,75) for the ALM game with
the power utility preference (10.5.7) is given by

*

* * *
T, k) . ™ T ~
X, t—w; X, ) +G& M; < X, ) —w X, 4G M ; <
t it i,t i,t _ A . t Jt J,t J,t _ .
Sx 1= Yit AV Adje £ wi 1= Yt tAvar Ajoe
Tit = - - )
(cl,/oct + ﬁ) X, " (1 —wiwj)
¥ ﬂ;f _ Tr;-‘ F
X, —w; X, ) +G, - X, ) —wix, 4G ~
t it i,t . . t Jt J,t .
, 17—W(>\p—Up)—Hm,t‘*'wt(lf—n,j()\p—ﬂp)—H.;,t oo s
* s Sk
Tt = F . miy + 1,
opX, ' (1 — wiwj) P

and the value functions are as follows:

Y . - ;
Ji(xi0,750,0i0, 1,0, 50, 00) = 7'0 (wi0+ ai(0)l;0 — wi(zj0 + a;(0)0)",

3

where the explicit expressions for Yi,t and Miﬂg are given by
Vi = exp {fz(t) + gi(t)ay }

and
M; ;= 0apgi(t) /@Y, (10.5.14)

where functions f;(t) and §;(t) are given by

5 K0 (n__f —n-_+> N+ — Ny
filt) =———"m=""log
A, Ng+ —Ng-€ Ag; (T—1)
+ r'yi—L(/\ —0p)? 4 KOn_— | (T —1t),
20vi—1)"F 7 9
and
Mg+~ (1 — eV (Tft))
vi t — (3 [3 ,
g ( ) n.+ — nvie\/ Aéi(T_t)
9; 9;
with Agi,ngj, and ng- given by
i 2 i i
Ay, = AT ap—-r - ——p® -1 o2\
. <K+ ap%'—1> (“Yi—lp )%‘—1% ’
— (I{ + )\Jap%”jl) + /A, - (m + )\oap%”jl) — /Ay,
N+ = 2 y Neg= = 3 )
. 77_11)2—1 o ﬂ{?_lp?—l

fori#je{1,2}.
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Proof. Substituting the specified parameters in the 4/2 model (10.2.7) in Example
10.2.2 into Theorem 10.5.8 leads to the above results. O

Remark 10.5.14. Specifications (¢1,c2) = (1,0) and (e1,¢2) = (0,1) in Corollary
10.5.13 provide the Nash equilibrium strategies and value functions under the Heston
model and 3/2 model, respectively. Moreover, it can be checked that Corollary
10.5.13 generalizes the results of Kraft (2005) and Cheng and Escobar (2021a) from
pure investment problems for a single investor to ALM games for two competitive

managers with relative performance concerns and inflation risk.

10.6 Sensitivity analysis

In this section, we implement numerical experiments to illustrate the sensitivities of
the equilibrium strategies with respect to model parameters and relative performance
concerns. We are concerned about the 4/2 stochastic volatility model (10.2.7) for the
exponential utility case (10.3.6) in that the 4/2 model embracing the parsimonious
Heston model and 3/2 model has revealed practical significance in recent years and
numerical illustration for the power utility case can be conducted similarly. Through
out this section, unless otherwise stated, the base parameters we adopt are as follows:
Kk = 7.3479,0 = 0.0328,0, = 0.6612,p = —0.7689, A = 2.9428,¢; = 0.9051, ¢y =
0.023,R = 0.05,r = 0.02,p, = 0.01,0, = 04,0, = 0.2,T = 1,v9 = 0.04; for
manager 1, p1 = 0.02,58; =0.3,01 =0.5,¢1 =2,w; =0.2,219 =1,l1 9 = 0.1; for
manager 2, uo = 0.03,82 =0.2,00 =0.3,¢2 = 1.2, wy = 04,220 = 2,l20 = 0.4. For
simplicity but without loss of generality, we focus on the analysis at time ¢ = 0 and
vary the value of one parameter with others fixed at each time.

Figure 10.1 contributes to the evolution of the equilibrium strategy (73, 73)
with respect to A and w;. From Figure 10.1(a) and (b), we observe that as A
increases, 77* increases, whereas 7{* decreases. Since A represents the slope of the
market price of risk induced by Wi ., when X is growing, manager 1 can derive
higher returns and is willing to invest more in the risky asset. Figure 10.1(a) also
demonstrates that a larger w; prompts manager 1 to invest more in the risky
asset as a response to the competition. In this case, manager 1 can maximize the
probability of generating a greater terminal surplus against his/her competitor at
the terminal date T'. In addition, the dynamics of risky asset price (10.2.7) show
that the inflation risk can be partially hedged against by trading the risky asset,
and thus, the inflation-linked index bond is less needed to hedge against the same
amount of inflation risk when manager 1 invests more in the risky asset, which
explains why 77* and 7{* move in the opposite direction as shown in Figure 10.1(a)
and (b). Figure 10.1(c) and (d) verify the existence of the herd effect (recall Remark
10.4.12), that is, manager 2 tends to take an investment strategy similar to his/her
competitor. Figure 10.2 describes the sensitivity of the equilibrium investment
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(a) (b) (c) (d)
Figure 10.1: Effects of A and w1 on 7] and w5

strategy (w7, m3) with respect to x. From Figure 10.2(a) and (b), we find that the
equilibrium investment strategy for the risky asset decreases as k increases, while
the strategy for the inflation-linked index bond increases as k increases. Recall from
(10.2.7) that x denotes the mean-reversion rate of the variance driver process under
the 4/2 model. Along with the growth of &, the variance driver process V; reverts
faster to its long-term mean 6, and thus, both the risky asset and random liability
have a more stable appreciation rate. In this case, manager 1 can invest less in
the risky asset facing the reduced volatility risk. Conversely, since the amount of
overall inflation risk is not affected by the changes in x, manager 1 has to invest
more in the inflation-linked index bond to hedge against the inflation risk. Again,
the herd effect can be found by comparing Figure 10.2(c) and (d) with 10.2(a) and
(b); manager 2 mimics manager 1’s investment strategy in the competition.

(a) (b) (c) (d)
Figure 10.2: Effect of k on 7] and 75

Figure 10.3 shows how the equilibrium strategy (7], 75) changes with respect to
p. It is shown that both managers 1 and 2 tend to put less wealth into the risky
asset and more wealth into the inflation-linked index bond as p increases. One of the
possible reasons is that since p is the correlation coefficient between the dynamics
of the risky asset price and its variance driver, when p increases from —0.9 to 0.9,
the risky asset price and the variance process become less negatively correlated
and more positively correlated. As such, the offset between the risk caused by
fluctuations in the risky asset price and its variance driver becomes less. Therefore,
investing the same amount of wealth into the risky asset amplifies the two managers’
exposure to volatility risk, and thus, they tend to decrease the investments in the
risky asset and increase the investments in the inflation-linked index bond.

Figure 10.4 displays the effect of r on the equilibrium investment strategy (7%, 75).
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Effects of p and wy on i *

Effects of r and w on

(a) (b) ©)
Figure 10.4: Effect of r on 71 and 735

From Figure 10.4(a) and (c), we find that 7* and 75* move down as r becomes
larger, while Figure 10.4(b) and (d) show that 7{* and 74* move upwards as r
becomes larger. These findings are in line with the economic implication of r. First
of all, since r stands for the real short rate of interest, a greater value of r allows
the two asset-liability managers to derive a higher expected return rate without
investing in the risky asset and the inflation-linked index bond, which can be verified
by setting wft and 7ri{t to zeros in (10.2.9). Second, r has a positive relationship
with the market price of inflation risk A\, = (r + pp, — R)/0p, L.€., A, increases as r
increases, whereas the market price of volatility risk A /oy is not affected by the
changes in r. Consequently, the two managers can acquire higher inflation risk
premium bearing the same amount of inflation risk, and they are willing to put
more wealth into the inflation-linked index bond.

Figure 10.5 provides graphical illustrations of the effect of o1 on the equilibrium
investment strategy (77, 73). We observe from Figure 10.5(a) and (b) that manager
1 increases (decreases) the proportion of wealth into the risky asset (inflation-linked
index bond) as oy increases. This can be explained by the economic implication
of o1 that characterizes the impact of the risk caused by the fluctuations in the
risky asset price on the instantaneous volatility of the uncontrollable liability Lq ¢.
A larger o amplifies manager 1’s exposure to the risk. So, manager 1 has to put
more wealth into the risky asset to hedge against the risk and to maximize the
expectation of terminal surplus. Moreover, since investing in the risky asset can
partially hedge against the inflation risk, manager 1 can decrease his/her investment
in the inflation-linked index bond to hedge against the overall inflation risk that is
not influenced by the changes in o;. It is shown from Figure 10.5(c) and (d) that
the equilibrium investment strategy of manager 2 does not change when o varies
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from 0 to 1. On one hand, when facing a riskier approach taken by manager 1 to
the risky asset, manager 2 tends to increase his/her investment in the risky asset as
well, which can be verified by looking into the second term within the parenthesis
in (10.E.4). On the other hand, when a larger oy is perfectly revealed to manager
2, manager 2 realizes that his/her liability Lo ; undertakes a relatively smaller risk
caused by the fluctuation in the risky asset price than manager 1’s liability L; ; does.
In this case, manager 2 has the incentive to decrease the investment in the risky
asset. The overall effect of o; on the equilibrium strategy m5* takes on these two
opposite sides. Finally, since the overall inflation risk remains the same for manager
2, manager 2 will not change his/her trading position in the inflation-linked index
bond, which is consistent with Figure 10.5(d).

(a) (b) (c) (d)
Figure 10.5: Effect of 01 on 7] and w5

10.7 Conclusion

In this paper, we investigate a class of non-zero-sum stochastic differential games for
ALM between two competitive asset-liability managers in a financial market under
the inflation and volatility risks. The two managers are subject to two different
uncontrollable random liabilities and allowed to allocate their wealth to a financial
market consisting of an inflation-linked index bond, a risk-free asset, and a risky
asset whose price process is governed by a general class of stochastic volatility
models, including the CEV model, the family of state-of-the-art 4/2 models, and
some non-Markovian models as exceptional cases. The goal of each manager is to
maximize the expected utility of his/her relative terminal surplus after stripping out
inflation with respect to that of the competitor. By applying a BSDE approach to
overcome the potentially non-Markovian market setting and solving the associated
BSDEs explicitly, we derive the closed-form expressions for the Nash equilibrium
strategies and the corresponding value functions for the games under the exponential
and power utility preferences, respectively. Moreover, analytical solutions to some
particular cases of our model are presented. Finally, numerical examples are provided
to explore the economic impacts of model parameters and relative performance
concerns on the equilibrium strategies. Results indicate that each manager mimics
the competitor’s strategy in the presence of relative performance concerns and
tends to increase the amount invested in the risky asset. In other words, relative
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performance concerns lead managers to deviate from rational decisions without
competition and become more risk-seeking.

Concerning future related works, there are several remaining interesting problems
to discuss. For example, one may introduce jumps and more general stochastic
volatility and stochastic inflation models to the optimal ALM problems with relative
performance concerns. It may also be of interest to involve fixed or proportional
transaction costs, although the derivation of closed-form solutions may not be easy.
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10.A Proof of Proposition 10.4.3

Proof. From Lemma 10.4.2, we know that the following stochastic exponential

t 1 t
exp{—/ MWoagdWy ¢ — 5/ Aag ds}
0 0

is an (F,P)-martingale. In addition, since Novikov’s condition obviously holds for

process

the following stochastic exponential process

t 1 t
exp {/ (Ap —0p)dWp s — 5/ (A\p — 0p)? ds} .
0 0

Due to the pathwise continuity of the above two processes and the independence
between Wi, and Wa,, it follows from Theorem 2.4 in Cherny (2006) that the
product of these two stochastic exponential processes is also an (F,P)-martingale.
As a result, the probability measure denoted by P is well-defined and equivalent to
P on Fr via the following Radon-Nikodym derivative:

dP T T 1 /T ) )
— = exp —/ (Ap — 0p) dWo e — / Aoy dWy e — 7/ Ap—o0p) "+ XN awdtp,
dP | 0 2Jo

0

and the following three processes kat, for k=0,1,2,

t

t
Wo = / (Ap —op)ds+ Woy, Wiy = / ANasds + Wiy, Woyr =Way
0 0

are three standard Brownian motions under measure P by Girsanov’s theorem.
Therefore, reformulating BSRE (10.4.2) under measure P and applying It6’s formula
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to log(Y; ¢) lead to the following quadratic BSDE of (log(Yi,t), Zie Mis P“):

Yit? Yir ' Yi

1 (Z;i+ 2 1 (M, ? 1 (P ? Zit i

dlog(Y;,) = | — - J — J - . dt = dW,
og(Yit) T+ 5 (Yi,t> + 5 (Yi,t 2\ Vi, + Yit o
M., - P, - (10.A.1)
= dW; ~ dW-
+ Vi 1,6+ Y 2,t5

log(Yi,r) =0.

Notice that quadratic BSDE (10.A.1) satisfies all the regularity conditions in
Kobylanski (2000). Hence, we can conclude that it admits a unique solution by
Theorem 2.3 and 2.6 in Kobylanski (2000), and so does BSRE (10.4.2). Furthermore,
it can be easily checked that (10.4.4)-(10.4.5) form the unique solution to BSRE
(10.4.2). This completes the proof. O

10.B Proof of Proposition 10.4.5

Proof. We conjecture that the first component G; ; of the solution to BSDE (10.4.6)
admits an affine form as follows:
Gi = fi(t) + gi(D)as + hi(8) Liy — wimi(t) L.z,

where ¢ # j € {1,2} and f;(t), g:(¢), hi(t), and m;(t) are four differentiable functions
to be determined in what follows with boundary conditions f;(T") = ¢;(T") = 0 and
hi(T) = m;(T) = —1. Then, applying Itd’s formula to G, ; reads

di t d k3 t dhz t
dGi = { fdg) + KBg;(t) + ( gdzE ) — fcg,-(lﬁ)) oy —‘,—Li,t( dt( ) + (i — pp +U§ — Biop

+)\Uz‘0<t)hi(t)> —wiLj: (dzit(t) + (15 — pp + 03 — Bioy + Aajar)m; (t))} dt
+ (Lit(Bi = op)hi(t) — wilj 1 (B — op)mi(t)) dWo,e
+ (p19i(t) + oihi(t) Lie — wioymi(t)Lye) /oo AWt + p2gi(t)y/oe dWa e
(10.B.1)
Match the diffusion coefficients of (10.B.1) with the control components of BSDE
(10.4.6), i.e.,

H;+ =(8; — op)hi(t)Liy —wi(Bj — op)m;(t)Lj ¢,
Nt =(p19i(t) + oshi(t) Ly — wioymi(t) L) /ou,
Lit =p2gi(t)y/ax,

and substitute the above expressions into the generator of BSDE (10.4.6). Then,
we have the reformulated generator as follows:

. 2
()\Plgi(t) + %P%gf(t) - 2)\(]) o+ Ly (Ap — 0p)(Bi — 0p) + Aoiaw) hi(t)
Ly (O — o) (B — () Qe w)?
wiLjy (Ap — 0p) (B — 0p) + Agjae) my(t) 2 .

(10.B.2)
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Comparing the drift coefficient of (10.B.1) with (10.B.2) and separating the de-
pendence on oy, L;;, and L;,;, we obtain the ODE system governing functions
fi(t), gi(t), hi(t), and m;(¢t) given in (10.4.9), for i € {1,2}. O

10.C Proof of Proposition 10.4.8

Proof. When py = 0, Riccati equation of g;(¢) is reduced to the following first-order

linear equation:

dgi<t) o )\2
i (k4 Ap1)gi(t) — %

Using some standard methods of solving first-order linear ODE upon noticing the
boundary condition that g;(T) = 0, we have the first solution given in (10.4.10).
For the case when py # 0, denote by Ay, = (k+ Ap1)? 4+ p3A? > 0 and ng+ and n -
given in (10.4.14). Then, we can rewrite Riccati ODE (10.4.9) of g;(t) as follows:

dg;it) = %pg (gi(t) - ngj) (gi(t) - an) :

By applying the separation variable method to the above ODE, we have

dg;(t) _ dg;(t) _ mdt. (10.C.1)

gi(t)—ngj 9i(t) —n,

Integrating (10.C.1) on both sides with respect to ¢, combined with the boundary
condition ¢;(T) = 0, we have the second solution given in (10.4.10). Substituting
(10.4.10) into the ODE (10.4.9) of f;(t) leads to the explicit expressions of f;(t)
given in (10.4.13). As for the first-order homogeneous linear equations of h;(¢) and
m;(t), we have

dfzi((tg) = (Ap(Bi = ap) + 1p — i) dt,
and )

m; t

mi(t) (Ap(Bj = op) + pp = 35) dt.

By integrating the above two equations with respect to ¢ from 0 to T" and taking
into account the boundary conditions, we have the closed-form solutions given in
(10.4.11)-(10.4.12), respectively. O

10.D Proof of Proposition 10.4.10

Proof. The proof is similar to that of Theorem 4.4 in Zhang (2022e). For the
reader’s convenience, we provide the modifications of the proof here.

To show the proposed solution (G; ., Hi i, Ait, I'i¢) given in Proposition 10.4.5
belongs to the space 51%‘,1?(07 T;R)® E%P(O, T;R)® [%AP(O, T;R)® E%’P((L T;R), for
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1= 1,2, we first recall from the dynamics of inflation-adjusted liability processes
(10.2.10) that

t 2 2
L+ =ljoexp {/ (ui — Mp + 0'12) —opBi + ()\ai — o;) Qg — (B’;'))) ds
0

t t
+/ (ﬁz - ap) dWO,s + / 0i\/ Qs dWl,s} .
0 0

Combined with Hoélder’ inequality, it can be shown that

T
1) / L}, dt
,

T t t t
gc/ {]E {exp { / 8(8; — op) dWp s + / 8oiy/as AW 5 — 32/ ((BZ - ap)2
0 0 0 0

o) )] }% fiexn {30+ 2507) [ va)] }é u
e [ {e]ew {02500 [ ds}]}é
(10.D.1)

where ¢ € R* and the equality follows the fact that the stochastic exponential
process exp { fot 8(Bi—op) dWo7s+f0t 80\ /as AW s—32 fg ((B; — 0p)* + 02a,) ds

is an (F,P)-martingale by Lemma 10.4.2 and Theorem 2.4 in Cherny (2006). Hence,
to ensure the right-hand side of (10.D.1) is finite, we need to calculate the term

E {exp {(8/\02- + 2802) fot Qs dsH . To this end, denote by E[-| F,] the conditional

expectation under P given F,,, Vu < ¢t. Then, the Markovian structure of a; leads
to the following result:

¢
E[exp {(8)\01- + 280?)/ [ ds}‘ fu} = Fi(ay,u), for u <t, (10.D.2)

where F; : RT®[0,¢] — R is an undetermined differentiable function, for i € {1, 2}.
Then, we have the following PDE governing F; from the Feynman-Kac theorem:

OF; OF; 1/ . o\ OF;
Bu (z,u) + k(0 — ) . (z,u) + 5 (pf + pé) T3 (z,u) + (8BAo; + 280'1-2)93Fi(9:, u) =0,
Fi(m, t) =1.

Conjecture that F;(x,u) = exp {Fl(u, t)x + F(u; t)} The above PDE of F;(z,u)
can be decomposed into the following two ODEs of functions Fj(u;t) and Fj(u;t):

WFwst) R+ i i
(wt) _ _pite F2(u;t) + wFi(ust) — 8oy +2802), Fy(t;t) =0, (10.D.3)

du 2

and

du = *Haﬁi(u;t)a Fl(tv t) = 07

335



for i = 1,2. Notice that (10.D.3) is a Riccati equation. Denote by

_ A - ok — A
Ap = K2 72(p§ +p§)(8/\ai +280i2)7 nNgp = —3 £ 5 nf = HJ; QFi, n; = " 5 QFi.
i i i —(pT +p3) i —(p? +p3)

It can be shown that the closed-form expressions for F(u;t) and Fj(u;t) are given
by

ntn (1 —eV Aiz‘(tfu))
s if Ap > 0;
) F; )
n; —nz eV 7 (=)
. 2 2
Fi(u;t) = ipl "‘Pz)(t —u)ny, AL —0;
(pi +P2)(t*U)”Fi +2 ‘
2, tan | arcta t —25, (t—wu)],ifAs <0
V"B tan | arctan - —u) |, if Ag ,
—(pi +p3) VA 2 i

and .
Fi(u;t):/ KOF;(s;t) ds,

for i = 1,2. Hence, from the above results, we find that
T T - 7
El/ Litdt §c/ exp{ ( )a0+ ( )}dt<oo, fori=1,2.
0 0

2 2
Moreover, note that the following second-order moment of

(p1 +p3) (e —e) N 0(p? +p3) (1— e
K 2K '

E [af] = (ozoe_mt +0 (1 — e_“t))2—|—ao

is continuous in ¢ over [0,7]. Therefore, combining the above results with the
closed-form expressions for G, 4, H; 4, Ay and I'; ¢ given in (10.4.7) and (10.4.8), we
have

T T T
]E[/O Gf,t+Hi2m+Afyt+F?1,’dt] gc[1+/0 E [of] dt—HE[/ L;{t+L;tdt” < o0,
0

for i # j € {1,2}, which means that (G, Hit, Ait,Tie) € E%P(QT; R) ®
L350, T;R) ® L (0, T;R) ® LE 5(0,T;R) as desired.

In the second part of this proof, we show that the proposed solution given in
Proposition 10.4.5 is the unique solution to BSDE (10.4.6). In fact, the linear

terms within the generator of BSDE (10.4.6) can be eliminated by using Girsanov’s
measure change techniques. More precisely, define a new probability measure

dp T T 1 /T s
— = exp —/ (Ap —op) dWo s — / Aoy dWh e — 7/ Ap—op)" + X dt p.
dP |, . . 2/,

Using Lemma 10.4.2 and Theorem 2.4 in Cherny (2006) again, the stochastic
exponential process associated with the above Radon-Nikodym derivative is a
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true (F,P)-martingale and thus, the newly-defined measure P is well-defined and
equivalent to P on Fp. It follows from Girsanov’s theorem that

t t
Woi = / (Ap—op)ds+ Wy, Wi = / Aagds + Wy, Wy =Wy
0 0

are standard Brownian motions under P. Then, quadratic BSDE (10.4.6) can be
rewritten as follows:

dG;, = ﬁpft _ (Ap —0p)? _ Aoy
’ 2 " 2q; 2q;

Gir =—Lir +wiLjr,

) dt + Hyy dWo s + Niy dWy 4 + Ty dWay,

(10.D.4)
for i # j € {1,2}, and the factor process «; turns to be under P:

dO[t = (K, + )\[)1) < — O[t> dt + \/OTt (pl dWl’t + P2 dWQ’t> s

K+ Ap1

which is still a square-root process due to Assumption 10.4.6. Let (Gi)t, }AIZ-,t, A, Tiy)
be any solution to BSDE (10.4.6), for ¢ = 1,2. Define

AGi =Gy — Gi,ta AH;; = H;y — ffi,n ANy =Ny — Ai,ta Al =T — fi,t.

Then, the difference process (AG; 1, AH; ¢, AA; ¢, AT'; 1) is a solution to the following
BSDE under P:

dAG;, :% (rit . fgt) dt + AH; dWo i + AN;y dWi s + ATy dWay,

AG; =0,

(10.D.5)
for i = 1,2. By using the closed-form expression for I'; ; given in (10.4.8), uniform
boundedness of function g;(t) on [0, 7] and Lemma 10.4.2, the stochastic exponential
process associated with the following Radon-Nikodym derivative:

dP T . T q2p2g2(t
=exp {/ qip29i(t)v/ar dWa,r — / ng()Oét dt}
Fr 0 0

dP

2

T P r quFzz,t
=exXp 4§ — tii,t dWQvt — T dt
0 0

is an (TF, I@’)—martingale, i.e., measure [P is well-defined and equivalent to P on F.
It follows from Girsanov’s theorem that

t
Woe = Woe, Wip=Wiys, Woy= / gl sds + Way
0

are standard Brownian motions under measure P, for i = 1,2. We then have the
following quadratic BSDE of (AG; ¢, AH; ¢, AA; ¢, AT ;) from (10.D.5) satisfying
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all the regularity conditions in Kobylanski (2000):

dAG:; = — LAT2, dt + AH, , dWo, + AAiy dWiy + ATy, dWa
’ 2 v ’ ’ ’ ’ ’ " (10.D.6)

AC;’i,T :Oa

for i = 1,2. By Theorem 2.3 and 2.6 in Kobylanski (2000), we know that there is
a unique solution to BSDE (10.D.6), and it is easy to check that (0,0,0,0) is the
unique solution, which indicates that (G, ¢, H; ¢, Ait, Tit) = (G‘i,t, ﬁi,t, /A\Z-,t, fn) for
i = 1,2. In other words, the proposed solution given in (10.4.7)-(10.4.8) must be
the unique solution to quadratic BSDE (10.4.6).

O

10.E Proof of Theorem 10.4.11

Proof. Given the competitor’s strategy 7; := {ﬁﬁt, ﬁjlt} € II; and the associated
inflation-adjusted wealth process X, it follows from (10.4.1), Remark 10.4.4 and

Proposition 10.4.3 that for manager i # j € {1, 2},

d (_16% (m<XZ”win")+Gi,t)>

qi

et (Yi.t(X:i —wiX:j )+G1:,z)

— [yt (X;” (805 + (xl, — Vo) — wi X7 (75,05 + (71, — 1)0,,)) + Ht} dWo.4

Kot

+ [Yi,t(X;rmft —wi X[ S oy + Ai,t] AWy g + Ty dWag — % [Yu < X7 (75,0,

K1t

Fia . 1 2
+ (7Tz‘1t —1Dop) —w X’ (W}S,tgs + (le‘,t - 1)”1))) +H;p — a(/\p - Up)} dt

s
3

2
i ; #j 1
— % |:}/i,t(XZTZ7T;S:t — wiXt J’]Tit)o't + Ai’t - q.)\\/at:| dt.

(10.E.1)

Define the following stopping time ~,,:

t i v, T )
Yo = inf {t 20: / ¢t (5O X C) () A ds > ”} '
0

We see that v, — oo, P almost surely as n — oo, and the stochastic integrals in
(10.E.1) are true (F,P)-martingales when stopped by {y,},cy. In other words,
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integrating (10.E.1) both sides from 0 to vy, A T and taking expectations, we have

) A
E |:1€_qi (Yi,'yn/\T(X:fLAT_wiXW,iAT)"FGi,'yn/\T)
qi

. 7
A AT q'e_q'i (Yi,t(XZrL —w; X, 7 )+Gi,t)

=—E / : B [Yi,t (XZ” (Wftas + (7Ti1,t —1)op) — wiX:j (ﬁftas
0

) 7
A AT —4q; (Yi,t(XZr’*wiXt])+Gi,t>

qi¢
_E /
0 2

2
) i 1 1 v 0w 0—wims )
X {Yi,t(xflms,t *wiXt]Wit)erAi,t ——A Ott:| dt] — e u(io(@iomwizj0)+Gi0),
qi

qi

X 1 2
+(L, - 1>op>) 0 m} dt

(3

(10.E.2)
Note that the terms in the expectations on the right-hand side of (10.E.2) are
non-negative and increasing with respect to n and the term in the expectation on
the left-hand side of (10.E.2) is uniformly integrable for any admissible strategy by
Definition 10.3.2. Applying the monotone convergence theorem and the equivalence
between uniform integrability and £' convergence to the right-hand side and left-
hand side of (10.E.2), respectively, we obtain

B _lefth'(X;i*Li,T*wi(X;j*Lj,T))
qi
T _e*th'(Yi,t(xfi*wixjj)JrGi,t) .
e[ @ : {Y (X:f(wf;tas (7~ Doy) — wiX[ (350
0

L 7
=qi (Vi e( Xy ' —w;i X, 7 )+Gie

_E /T‘he
o 2

_ .y 1 2 1 oy (o s _
X {Yi,t(X:lms,t —w;i X, Jﬁ'ﬁt)o't +FAig——A at} dt] — e u(io(@i0mwiz;0)+Gi0)
qi

. 1 2
+(7F31',t - 1)Up)> + Hi — ;()\p - Jp):| dt

7

qi

< _ leﬂh(Yi,o(11‘,0*wz‘rj,o)+Gi,0)
— ql )
(10.E.3)

and the upper bound is attained when the terms in the expectations on the right-
hand side of (10.E.3) are zeros, from which we find that given the competitor’s
strategy 7;, the optimal response strategy ; is given by

A
1 Vet — Ay Py
E S B A X TigS 10.E.4
Tt X/ ( oYy T WN)’ ( :
and

Ap— . .
g |1 SeCh — Hiy w, W540s + (7], — 1), Os .5
Tt = |vm |\ oy, T Wi - o L

X opYig Op Op

(10.E.5)

339



for i # j € {1,2}. Then, solving (10.E.4) and (10.E.5) explicitly leads to the
strategy 7,4 = 1,2, given in (10.4.15). Moreover, substituting the optimal response
strategy #; into (10.E.1) whenever 7; € II; is given, we have

N .
d <_Le*qi("i,t(x:1 —w; X7 >+Gi,t>>

i

— = == (Ap —0p) dWo,t — Az AWt — qip29:i(t)v/or AW2 ¢
LA (Y (X —w X TGy )
a4

Solving the above linear SDE explicitly yields
_ le*Qi(Yi,t(Xfi*winj)+Gi,t)
qi
1 t t
= = ) ) exp{ - [ —odm. ~ [ avaam,
i 0 0

t 1 t
- / Gip2gi(s)V/evs dWa,s — 5 / (A — ) + (N + g7 397 (5))as ds}.
0 0

In view of this result, combined with Lemma 10.4.2 and Theorem 2.4 in Cherny

(2006), we know that —%e‘ql'(Y“(Xtﬁi_“’iXer)"‘G“) is an (F,P)-martingale. There-

fore, for i # j € {1,2} we have

N N
(7i.7) Voo (X5 —Lir—wi(Xg? ~L; r)
J; N (@40, 5,0, L0, Lo, S0, 0) =E | ——e Z( T v )

e } (10.E.6)

1 2 (Yi,o(@s,0—wizj,0)+Gi0)

= — —e_
qi
Combining (10.E.3) and (10.E.6), we find that given any competitor’s strategy 7;,
fori # j € {1,2},

(Wi7ﬁ') (ﬁifﬁ')
sup J; (4,0, 25,0, L0, L0, S0, 00) < T (240,245,050 L0, S0, 00)-

mell,
(10.E.7)
In particular, when 7; = 77, we have #; = 7. Then, it follows from (10.E.7) that
the pair (77, 73) given in (10.4.15) is the Nash equilibrium of the non-zero-sum
stochastic differential game (10.3.2)-(10.3.3), and the values functions are given by
(10.4.16).

To end this proof, it remains to show that the Nash equilibrium strategy is admis-
sible. Clearly, the Nash equilibrium strategy given in (10.4.15) is F-adapted. In addi-
tion, since we have known that the stochastic process fie*qi(yi«f(xfi*wixfj)+Gi~f)
is an (I, P)-martingale, and for any sequence of F-stopping times {7, },y such that
T, — 00, P almost surely as n — oo, 7, AT and T are two bounded stopping times,

it follows from Doob’s optimal sampling theorem for bounded stopping times (refer
to Corollary 3.23 in Le Gall (2016)) that

7%e*q'i(Yi,Tn/\T<Xf:;/\T7w’ini‘/\T)+Gi,7'n/\T) _E {7%;%(X§”LLT*W<X;" *Lj»T)) ' ]:Tn/\T}
Note that {Fr, a7}, ey is family of sub-algebra of Fr, by Theorem 4.6.1 in Durrett
—a. (v, iy XTI )
(2019), we know that {—;e @ <Y”“AT(XT"AT w’XTnATHG””AT)} is uniformly
neN

i
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*

* T
—q; (Yi,rnAT(X:;AT*wiXTi,\T)nLGi,WAT) }
&

integrable. Particularly, { —i is also a

neN
uniformly integrable family, for ¢ # j € {1,2}. This verifies admissibility condition

(2) in Definition 10.3.2. Finally, plugging (10.4.15) into the dynamics of the
inflation-adjusted wealth process (10.2.9) for manager 7 and applying It6’s formula
to e" T X" for i = 1,2, we have

* A A A
(o)A (o (1)
W; Wy qi q;
A, — A, — A, —
+1” L <” “”HMeri(” UI’HM)H dt
— Wiwj di q;
1 A, — A, —
+ ( A H;y +w; < r—% _ Hj,t)) dWo ¢
1 — wiw; i qj
1 A/ A/
+ ( b Aiﬂg + w; < b Aj7t)> dWl,t-
I—wiw; \ ¢ qj ( )
10.E.8

Integrating both sides of (10.E.8) with respect ¢ leads to the following explicit
expression for the inflation-adjusted wealth process governed by the Nash equilibrium
strategy for manager i = 1, 2:

P ¢ )\ s >\ S /\ S
e [ [ (S (S,
0

— W;wj qi q;

Ay — Ay — Ay —
42 Hp < p —Hp Hiy+wi ( p — Op H]g>)] ds
1 —ww; qi qj

t
1 Ap — Ap —
L ert=T) p— Hp _ H; o +w; [ 22 I _ . s || AWy,
0o 1—ww; qi ' qj ” ’

t /s A/
+ er(th)/ : 1 ( \/Oéi - Ai,s + w; ( Aj,s>> dWl,s,
0 .

Qg
— W;wWy q; dj

which verifies admissibility condition (1) in Definition 10.3.2. Hence, we can conclude
that the Nash equilibrium strategy (77, 73) given by (10.4.15) is admissible. O
10.F Proof of Proposition 10.5.6

Proof. Inspired by the affinity of the terminal condition of BSDE (10.5.8), we

conjecture that the first component of the solution to BSDE (10.5.8) admits an
affine form as well, i.e, for ¢ # j € {1, 2},

éi,t = (le(t)th — U)igi(t)Lj’t, (].OF].)

where a;(t) and bi(t) are two differentiable functions that will be determined later
with boundary condition that a;(T") = b;(T) = —1. Applying Itd’s formula to G; ¢
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shows that

db; (t)
dt

~ da;(t _
dGi: = [(adit() + @i (t) (i — pp + 02 — Biop + AUiOét))Lz‘,t - <

+bi(t) (15 — pp + 0y
—ngp + )\U.jOét)>w1Lj7ti| dt + (a«q‘, (t)(ﬁ7 — Up)Lq‘,,f, — ’LU7E,(t)(ﬁ7 — Up)Lj’t) dWo, ¢

-+ (&i(t)UiLi,t - wigi(t)Uij’t> Vo dWl’t.
(10.F.2)

Let

Hip =ai(t)(Bi — op)Li,t — wibi(t)(8; — op) Lj s,
Aiy = (ai(t)aiLi,t - wiEi(t)oij,t) N
T, =0.
Then, the generator of linear BSDE (10.5.8) turns out to be
Lieai(t) (r + Agsae + (Ap — 0)(Bi — 0p)) — wiLj 1bi(t) (r + Aojoe + (Ap — 03)(B; — o)), (10.F.3)
where ¢ # j € {1,2}. A direct comparison between (10.F.3) and the drift coefficient
of (10.F.2) leads to the following linear homogeneous ODEs:

d&(;ft) =(r+4 pp — pi + Mp(Bi — 0p)) ai(t), ai(T) = —1,
dbziit) = (r 4 pp — 15 + Mp(Bj — ) bi(t), by(T) = -1,

from which we know that a;(t) = b;(t), i # j € {1,2} and the analytical expression
for @;(t) is then given by (10.5.11), for i =1, 2.

So far, we have found one solution to linear BSDE (10.5.8) which is given
in (10.5.9) and (10.5.10). Following almost the same arguments in the proof of
Proposition 10.4.10, it is easy to show that the solution (éi,t, ffiyt, Ai,n f‘”) given in
(10.5.9) and (10.5.10) lies in the space L p(0, T;R) ® L5 p(0, T; R) ® L3 p(0, T; R) ®
E%’P(O, T;R). So, we do not repeat them here.

To complete the proof, we now in the position to show that the solution (10.5.9)-
(10.5.10) forms the unique solution to linear BSDE (10.5.8). By Lemma 10.4.2 and
Theorem 2.4 in Cherny (2006), the following Radon-Nikodym derivative

dP T T T
d]P” =exp —/ (Ap —op)dWo  — / Aoy dWh 4 + / p2Gi(t)/or AW ¢
Fr 0 0 0

1 / O = 0)? + (02 4 P23 dt}
0

2
is well-defined and hence the probability measure P is well-defined on Fr, where
i = 1,2. Due to the equivalence between P and P and Girsanov’s theorem, the
processes Wo,t, Wu, Wth defined by

t

t t
Wo,t = / ()\p—ap) ds+Woe, Wi :/ Masds+Wie, Wayp = —/ ngi(s)\/as ds+Wo ¢
0 0 0
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are standard Brownian motions under P. Then, linear BSDE (10.5.8) can be

simplified as follows:

dél :Téi dt-i—ffl dW, +Az AW —l—f‘l dW. R
{ G i +dWo ¢ AW tdWa 4 (10.F.4)

Git=—Li7v+wLjr.

Denoted by (éi,h Hi’h]\i’t?f‘i,t) any solution to BSDE (10.5.8). Then, it follows
from (10.F.4) that the difference process between (Gi,t,ﬁm,]\i_’t,f‘i’t) and the
solution given in (10.5.9)-(10.5.10) defined by

Aéi,t = éz‘,t - Gi,t; Aﬁi,t = ﬁi,t - Hi,t7 A]\i,t = Ai,t - Ai,tv Afi,t =T —Tis
must solve the following linear BSDE of (AG’M, AFIM, A]\i,u Af‘iyt) under measure
P

dAGiﬂg ZTAGZ'J, dt + AHi,t dV_VO’t + AAiﬂg dWl,t + AFM dWQ,t>
AG; 1 =0,

for ¢ = 1,2. This is a linear BSDE with standard data (refer to El Karoui, Peng,
and Quenez (1997)). Then, it follows from Theorem 2.1 in El Karoui, Peng, and
Quenez (1997) that the above BSDE admits a unique solution, and particularly,
we notice that (0,0,0,0) forms the unique solution, which indicates the solution
presented in (10.5.9)-(10.5.10) is the unique solution to BSDE (10.5.8). O

10.G Proof of Theorem 10.5.8

Proof. The proof is similar to that of Theorem 10.4.11 for the exponential utility pref-
erences. Given any competitor’s investment strategy denoted by 7; := {frﬁw frjlt}

and the associated inflation-adjusted wealth process Xf 7, we know from (10.5.1),
Remark 10.5.7, and the two unique solutions to BSDEs (10.5.2) and (10.5.3) that
for manager i, ¢ # j € {1, 2},

Y; ; 7 ~ )
d( )t (thrl _wiX:J +Gm)7”>

Vi

X —wi X, 4 G) o e TP g
:|:( : : fytv i) Zip +Yi (X —wiX, ) +Gi)" ! (Xt ‘ (Wito's + (”z‘l,t — Dop)
k2

. ~ X"ifwiXﬁjJréi Ti
- 'LUiX:J (fritgs + (ﬁ';,t - Dop) + Hn)} dWo ¢ + [( £ nyi .t) M; ¢

+ Vi (X[ — w'iX:j + Gt ((er’mst - wriX:jﬁ'JS,t)Ut + Ai.t>:| dWy ¢

i — 1
B Vi

[l s G

By + Vi (X[ — wiX:j + éi,t)’yiilfi,t} dWa ¢ +
Vi

o P o . Py . X7 —w X+ Gy M; .
X (X[ —wi X, 4 Gyy)i R [(Xt irl —wi X, RS o+ Ri + ﬁl tl o (377“
i i,t

vi —1

2 . N o . s
+ Aﬁ,)} dt + Vit (XTH —w; X, 0 4+ Gy )2 [Xt i pos + (mf = Dop) — wi X,

i X+ G (2 2
Wity ¥ G (_—'t+,\pfap>] dt.
vi — 1 Yi ¢

_ X[
X (7}_;‘5‘,1,0'5 + (frJI‘,t —1)op) + Hit + £

(10.G.1)
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Using some localization techniques, integrating both sides of (10.G.1) from 0 to
7 AT, and taking expectations, where {7}, .\ is a sequence of F-stopping times
such that 7,, — oo, P almost surely as n — oo and the above three stochastic
integrals in (10.G.1) are true (F,P)-martingales when stopped by 7,, we then
obtain

Yi 7n AT : 7 ~ Vi
E |:,Y7A (X:,Z/\T - wiX-:i/\T + Gin"nAT) ]

i — 1 AT - > ~ o - LI -
:L2 {]E[/ Y (X[ —w; X, 7+ Gie)" 2[(th7r,‘§t—wiXtJTrit)Ut-l-Ai,t
0

X X 4 Gay (M 2 FAT _ . oA
— t1 — ( T atﬂ dt} +E[/ Vi (X —wiX,? + Giy)iT?
Yi — 0

i,t

+

XZ” — wiX:j + Gi,t
vi — 1

x [X:,” (7800 + (n], = Dop) — w0 X[ (35,00 + (RL, = Dop) + o +

Zit 2 Yi.0 ~ ~ oy
X ( v + Ap — o,,)} dt] } + po (x50 + @i (0)ls,0 — wi(xj,0 + a;(0)l,0))7% .

’ (10.G.2)
Since the terms in the expectations on the right-hand side of (10.G.2) are non-
negative and increasing with respect to n and the term in the expectation on the
left-hand side of (10.G.2) is uniformly integrable due to Definition 10.3.3, sending n
to the limit and applying the monotone-convergence theorem and the equivalence
between the uniform integrability and £!-convergence to the expectations on the
right-hand side and left-hand side of (10.G.2) respectively yield:

o Iy v
E [— (XT" — Lir —wi (X — LJ\T)) }

1,71 T _ ) P - L . il ~
= {E[/O Vi e( X7 —wi X, 7 + Gy )i [(Xt”ﬂ-ft —w; X775 Yo+ Ai

XT —w X LG /N 2 T . P ‘
e T Wiy T G (—‘ + )n/iat>] dt} +]E[/ Vit (X7 —w; X, 9 4 Gyp) Vi 2
vi — 1 Yit 0 '

+

T o N ~ Xwi—UJ‘,Xﬁj-’réj
x[Xﬁ(wf,taﬁ(wf,t—1)ap>—wixt1<ﬁf,tas+(w§,t—1>o—p>+Hi,t+ 1
-

Z; 2 Y; )
. < e, T UP)} dt} } + 22 (@i,0 + @i (0,0 — wi(wj,0 + @ (0)L,0))
Yi,t Yi
po (zi,0 + @i (0)li,0 — wi(xj0 + a;(0);,0))7 .

i

<

(10.G.3)
Therefore, the optimal response investment strategy 7; for manager ¢ is given by

Xﬁi—wiXﬁj-i'éi,t, M; A
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(10.G.5)

344



for i # j € {1,2}. Solving (10.G.4) and (10.G.5) then yields the strategy =,
i =1,2 given in (10.5.12). In addition, plugging the optimal response strategy 7;
given in (10.G.4)-(10.G.5) into (10.G.1) whenever the competitor’s strategy 7; is
given, we find that

d ( ’Y; (Xt — wiXt T4 Gi,t)%>
Y 7y 7 ~ ;
v;t (Xi" —wil X7 4+ Gig)

i gi(t) + A -
= I j ” ()\p — (Tp) dW(),t + w\/at dWLt + pggi(t)\/ozt dWQ,t.
Solving this linear SDE explicitly and using Theorem 2.4 in Cherny (2006) and
Lemma 10.4.2 above, we know that

Y;

ot (Xfi _ wiX:rj + Gix)i

Vi

oy t p1gi(s) + A L.
=exp {/ i (Ap —0p) dWo, s +/ M\/as AWy s +/ p23i(s)v/as dWa s
o L= 0 T— 0

1ot g7 2 (p13i(s) +7iA)? 2.2 Yo ~
-3 /0 (AP (Mp —op)” + T oy + 0335 (5) | asds po (zi,0 +a;i(0)li0

—w; (5,0 +a;(0)l5,0))"

is an (F,P)-martingale, for ¢ # j € {1,2}. Then, the martingale property of

32: (Xtﬂl - wiXer + éi,t)% leads to

Ji( v J)( "

2

S e Yi
T30, %50, li,0,lj0, 5, 0) =E [ (X; — Lig —wi( Xy — Lj,T)) ]

i

i,0

(-Ti,O + CNLZ(O)ZZ’O - ’LUi((Ej’o + dj(o)lj,O))% .
(10.G.6)
From (10.G.3) and (10.G.6), we see that given any competitor’s strategy 7;, for

i#j€{l,2},

(74,75) (,75)
sup J; 7 (24,0, 25,0, 10, L0, 80, 00) < J; 7 (%40, 25,05 1,0, L0 S0, 00)s

m; €11,

(3

where the equalities are attained when the two managers opt for the optimal
response strategies at the same time. In other words, the pair (7], 73) given in
(10.5.12) is the Nash equilibrium by the definition of the non-zero-sum stochastic
differential game (10.3.2)-(10.3.3). Note from (10.5.12) that the Nash equilibrium
strategy (77, 7;) is F-adapted. Moreover, when the initial data satisfies z; ¢ +
a;(0)l; 0 — wi(xj0 + a;(0)lj0) > 0, for i # j € {1,2}, it follows from the above
results that the process XZT: — wiXZT; + G > 0, P almost surely, for all ¢ € [0,7T7,
which means that the admissibility condition (1) in Definition 10.3.3 is verified.
The admissibility conditions (2) and (3) for the Nash equilibrium strategy (77, 75)
can be checked by following almost the same arguments in the proof of Theorem
10.4.11 above, so we omit it here. O
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