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Preface

Abstract

In this thesis, we shed light from various angles on ways of decomposing tensors. Our inves-

tigation consists of four parts.

In the first part, we study entanglement structures, which are a natural generalization of
tensor networks: While tensor network states can be seen as locally transformed versions of
a tensor “built” from two-party tensors laid out according to the geometry of a graph, entan-
glement structures are constructed from tensors put on the hyperedges of a hypergraph. We
find constructions and obstructions for the conversion between entanglement structures in the
sense of restriction and degeneration, and calculate the tensor rank of specific entanglement

structures.

We then go on to study tensor networks in more depth. More precisely, we study the quantum
maz-flow, which quantifies the amount of entanglement between two regions of a tensor
network. We relate the quantum max-flow in the so-called bridge graph to the theory of
prehomogeneous tensor spaces and the representation theory of quivers, a connection that

enables us to calculate the quantum max-flow in this graph in a large number of cases.

After that, we define and study partial degeneration, an intermediate version of restriction and
degeneration, which are well-known preorders for tensors. By constructing various examples
and showing obstructions, we demonstrate that partial degeneration is inequivalent to both
restriction and degeneration. We also relate this concept to the notion of aided rank, a
generalization of tensor rank. Here, we again highlight differences between the concepts of

degeneration and partial degeneration.

Finally, we analyze stabilizer rank decompositions, which are relevant in the theory of sim-
ulating quantum circuits. In particular, we present a technique to lower bound stabilizer
rank and approximate stabilizer rank. This technique yields, together with other interesting
consequences, a strong lower bound on the stabilizer rank of tensor powers of the so-called
T-state — a quantity gauging the efficiency of the simulation of quantum circuits built from

Clifford+T gates using the Gottesman-Knill theorem.



Resumé

I denne afhandling kaster vi lys over mader at dekomponere tensorer. Vores undersggelse

bestar af fire dele.

I den forste del studerer vi sammenfiltringsstrukturer, som er en naturlig generalisering af ten-
sornetveerk: Mens tensornetveaerkstilstande kan ses som lokalt transformerede versioner af en
tensor ”opbygget” af bipartite tensorer lagt pa kanterne af en graf, er sammenfiltringsstruk-
turer den naturlige generalisering, hvor en tensor er konstrueret af mindre tensorer sat pa
hyperkanterne af en hypergraf. Vi finder konstruktioner og obstruktioner for omdannelse,
i betydningen restriktion og degeneration, af sammenfiltringsstrukturer. Vi beregner ogsa

tensorrangen af visse sammenfiltringsstrukturer.

Vi fortsaetter derefter med at dykke dybere ned i teorien om tensornetveerk. Mere praecist
studerer vi det kvantemekaniske max-flow, som kvantificerer graden af sammenfiltring mellem
to omrader i et tensornetveerk. Vi relaterer det kvantemekaniske max-flow i en specifik graf
til teorien om prazhomogene tensorrum og repraesentationsteorien for koggere, som ggr os i

stand til at beregne stgrrelsen i mange tilfaelde.

Derefter studerer vi partiel degeneration, som er en mellemversion af restriktion og degen-
eration. Ved at konstruere forskellige eksempler og vise obstruktioner viser vi, at partiel
degeneration hverken er asekvivalent med restriktion eller degeneration. Vi relaterer ogsa
dette begreb til begrebet understattet rang, en generalisering af tensor rank. Her fremhzaever

vi igen forskelle mellem szdvanlige begreber degeneration og partiel degeneration.

Til sidst analyserer vi stabilisatorrangdekompositioner, som er relevante for teorien om simu-
lering af kvantekredslgb. Specielt praesenterer vi en teknik til at begraense bade stabilisator-
rang og approximativ stabilisatorrang nedenfra. Teknikken giver, som en blandt flere inter-
essante konsekvenser, en god nedre graense for stabilisatorrangen af den sakaldte T-tilstand
— en stgrrelse, der kvantificerer hvor effektiv man kan simulere en kvantekredslgb bygget af

Clifford+T-porte ved hjezelp af Gottesman-Knill-seetningen.
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Contributions and structure
This thesis consists of four main parts following the general introduction in Chapter 1.

e Chapter 2 is based on ongoing work with Matthias Christandl.

e Chapter 3 is a partly modified version of the preprint [GLS22] which is joint work with

Fulvio Gesmundo and Vladimir Lysikov:

Gesmundo, Fulvio and Lysikov, Vladimir and Steffan, Vincent. Quantum max-flow in

the bridge graph, 2022. doi:10.48550/arXiv.2212.09794

e Chapter 4 is a partly modified version of the preprint [CGLS22] which is joint work

with Matthias Christandl, Fulvio Gesmundo and Vladimir Lysikov.

Christandl, Matthias and Gesmundo, Fulvio and Lysikov, Vladimir and Steffan, Vin-

cent. Partial degeneration of tensors, 2022. doi:10.48550/arXiv.2212.14095

e Chapter 5 is a partly modified version of [LS22] which is joint work with Benjamin

Lovitz.

Lovitz, Benjamin and Steffan, Vincent. New techniques for bounding stabilizer rank,

Quantum, 6:692, 2022. doi:10.22331/q-2022-04-20-692

Parts of this chapter also appear in Benjamin Lovitz’s Ph.D. thesis [Lov22]. Previous

to publication, the manuscript [L.S22] has been uploaded to a preprint server:

Lovitz, Benjamin and Steffan, Vincent. New techniques for bounding stabilizer rank,

2021. doi:10.48550/arXiv.2110.07781.

During my Ph.D., T also worked on the article [BCG*20] which is not included in this thesis.
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Chapter 1

Introduction

The main objects of study in this thesis are tensors. By that, we always mean elements
TelU;®---® Uy of the tensor product of finite-dimensional complex vector spaces Uy, ...,Uy
of dimension uy,...,u;. Throughout this thesis, we will refer to k as the number of parties
and call T a k-party tensor. By fixing a basis eq,..., ey, for each of the spaces U;, a tensor
T is essentially a multidimensional array (T3, i, )i;..i
u; = dim(U;):

. Where the index ¢; runs from 1 to

ujp...Ug
T= > T i€, ® Q¢

i1.dp=1

Tensors are used in various fields of applied and theoretical mathematics and are the main
protagonists in many areas. One reason for their versatility is the sheer complexity of tensors:
The number of parameters necessary to describe a general tensor scales exponentially in the
number of parties. A key task for many applications is therefore, to find succinct descriptions
of the relevant tensors. Often, such descriptions are achieved by ways of decomposing tensors.
Typical examples that are frequently used and that we will study in this thesis are tensor

rank decompositions, tensor network representations, and stabilizer rank decompositions.

One way to think about tensor rank decompositions and tensor network representations is
by introducing certain preorders on the set of k-party tensors, for example, restriction and
degeneration. The notions of restriction and degeneration can be thought of as ways to
“compare” tensors: The fact that T restricts or degenerates to S reflects that T is more
complex than S. For a tensor, having a tensor rank decomposition of a certain length resp. a
particular tensor network representation can be equivalently stated as the tensor being a
restriction of a special tensor (which depends on the setup). In that way, we can think of
tensors as resources using restriction and degeneration. We will review all of the mentioned

concepts in Section 1.1, Section 1.3 and Section 1.4.



Another way of decomposing tensors comes from the simulation of quantum circuits. It turns
out that quantum circuits with a computational basis state as input and that are composed of
gates from the so-called Clifford gate set followed by measurements in the computational basis
can be simulated efficiently on a classical device [Got98]. States that can be prepared from a
computational basis state by applying Clifford gates only are called stabilizer states. In this
context, a natural way of decomposing tensors arises: The stabilizer rank of a tensor is the
minimal number of stabilizer states whose linear span contains it. By so-called magic state
injection, one can see that the stabilizer rank of a certain tensor quantifies the complexity of
a certain simulation protocol [BSS16, BG16, BBC*19, QPG21]. We will review the theory of

stabilizer rank decompositions in Section 1.5.

Each of the mentioned ways of decomposing tensors has its use cases in both application and

theory. Let us outline a few areas in which the study of tensors is central.

e In quantum many body physics and quantum information theory, tensors T € U1 ®---QUj,
specify the state of a system of k particles where the i’th particle has u; degrees of free-
dom. Many interesting problems in these areas can be translated to problems about the
corresponding tensors [NC00, DVCO00]. In this context, tensor network decompositions
are an important tool. Tensors that admit efficient tensor network representations are
believed to capture the physical corner of the Hilbert space, that is, the set of “physi-
cally reasonable” quantum states. More specifically, they are believed to parametrize
the set of quantum states obeying an area law [Has07, ECP10]. Because of that, they
have been useful both for theoretical insights and in applications, for example, to per-
form efficient calculations for complex quantum systems [FNW92, Whi92, PGVWCO07,
Vid07, Vid08, SCPG10, Schll, Orul4, LVV15, ALVV17, HP18]. We also mention that
tensor network techniques lie at the heart of many state-of-the-art quantum circuit sim-
ulators [FSC*18, Oril9, ZSW20, PCZ22, PZ22]. Tensor network decompositions are
moreover frequently used in areas like holography [Swil2, MNS*15, PYHP15, HNQ™' 16,
EvelT7], quantum chemistry [CS11, KDTR15, SPM*15, CKN*16, ZC21] and numerical
computations for complex quantum systems [HP18, CGFW21]. More specifically, the
theory of restrictions and degenerations can lead to insights into quantum entanglement.
A breakthrough result in quantum information theory was the fact that three-party
quantum systems can be entangled in two genuinely different ways. This observation
was merely a translation of the fact that restriction and degeneration are inequiva-
lent notions as soon as the number of tensor factors is at least three [DVC00]. To
mention another example, the theory of prehomogeneous tensor spaces, more precisely,
of so-called matriz pencils has been applied to improve the understanding of entan-
glement in special three-party systems [CdTP06, CMS10]. Finally, in the theory of
quantum circuit simulation the minimal lengths, of stabilizer rank decompositions of
tensor powers of the so-called T-state are an important indicator of the efficiency of
certain simulation protocols. Simulation schemes using the Gottesman-Knill theorem
to simulate quantum circuits built from the Clifford+7T gate set scale polynomially in
this quantity [BSS16, BG16, BBC*19, QPG21].



e In algebraic complexity theory, tensors are used to study the complexity of multilin-
ear maps, most prominently, the complexity of matrix multiplication [BCS97, Bl413].
Here, the minimal size of a tensor rank decomposition of T' is a natural measure of
complexity for the multilinear map associated with 7: Roughly speaking, the minimal
length of a tensor rank decomposition of 7" tells us how many multiplications need to
be performed to calculate the corresponding multilinear map. Finding explicit (border)
rank decompositions is equivalent to finding explicit (approximate) algorithms to cal-
culate this multilinear map. For example, the study of tensor rank and tensor border
rank decompositions of certain special tensors led to a sequence of breakthrough re-
sults on the complexity of matrix multiplication [Str69, Pan78, BCLR79, Bin80, Sch81,
CW381, Rom82, Str87, CW87, Wil12, LG14, AW21]. For a comprehensive introduction
to this area, we refer to [BCS97, Bl413], for a discussion from the viewpoint of algebraic

geometry and representation theory, see for example [Lanl2].

e Various other areas of applied mathematics, like machine learning, and theoretical areas,
like combinatorics, have employed the rich theory of tensors that has been developed in
the last decades. In the realm of machine learning, tensor network decompositions like,
for example, so-called tensor train decompositions, are used, see [Osell, SS16, CWZ21,
LLZ*21] for examples. Tensor rank decomposition is often referred to as canonical
polyadic decomposition (“CANDECOMP”), parallel factor analysis (“PARAFAC”) or
CP-decomposition [KB09]. The highly developed theory of tensor (border) rank decom-
positions and closely related notions like, for example, slice rank have been successfully
applied to make progress on combinatorial problems like the sunflower problem and cap
sets [Taol6, EG17, CFTZ22].

In this thesis, we will study and generalize the mentioned ways of decomposing tensors from

various different angles. Let us briefly summarize the main contributions of this thesis.

e In Chapter 2, we will study entanglement structures which are a natural generalization
of tensor networks. We mention that similar concepts have been used recently in the
context of tensor network representations, for example, to construct tensor network
representations of the resonating valence bond (RVB) state [SPCPG12, CLVW20]. We
will study to what extent entanglement structures can be transformed into one another
in the sense of restriction and degeneration, respectively. We also study tensor rank
decompositions of entanglement structures. Concretely, we derive novel constructions
and obstructions for the conversion between entanglement structures and highlight by
that how subtle the question about the conversion between entanglement structures is.
To do so, we analyze the geometry of the underlying hypergraphs and relate our problem
to asymptotic tensor restrictions and the asymptotic spectrum of tensors introduced
in [Str86, Str88]. We also answer an open question in [CF18] by calculating the tensor
rank of every possible entanglement structure built from two copies of the so-called

W -tensor.



e In Chapter 3, we will study the so-called quantum maz-flow, which is a quantity asso-
ciated with tensor networks. Roughly speaking, the quantum max-flow specifies how
entangled two regions of a tensor network can be. Work prior to [GLS22] showed cer-
tain upper bounds on the quantum max-flow, but calculating the quantum max-flow
seemed intangible [CFS*16, GLW18]. We will see how one can calculate the quantum
max-flow exactly for the smallest graph for which the quantum max-flow is nontrivial.
We are able to calculate it in a wide range of cases by relating it to the theory of
prehomogeneous tensor spaces and the representation theory of the so-called Kronecker
quiver. Chapter 3 is an adjusted version of [GLS22] which is joint work with Fulvio

Gesmundo and Vladimir Lysikov.

e In Chapter 4, we will introduce and study a novel, intermediate version of restriction and
degeneration and shed some light on this new way of seeing tensors as a resource. We
will see a plethora of examples as well as no-go and classification results highlighting
the properties of this new notion and demonstrating that it is, in fact, inequivalent
to both restriction and degeneration. We will also relate it to a notion called aided
rank. Chapter 4 is an adjusted version of [CGLS22] which is joint work with Matthias
Christandl, Fulvio Gesmundo and Vladimir Lysikov.

e In Chapter 5, we will present techniques from number theory that enable us to prove
lower bounds on the stabilizer rank of a large number of tensors, in particular, tensor
powers of the so-called T-state providing strong lower bounds on the simulation com-
plexity of quantum circuits built from the Clifford+T gate set. Moreover, we develop a
deeper understanding of the notion of stabilizer rank by constructing tensors with max-
imal possible stabilizer rank and tensors with multiplicative stabilizer rank. Chapter 5

is an adjusted version of [LS22] which is joint work with Benjamin Lovitz.

We will now introduce the most important concepts for this thesis to set the stage for the

mentioned results.

1.1 Tensors: Resources of entanglement and complexity

Let Uy,...,U; be finite-dimensional, complex vector spaces of dimensions uy,...,u;. For
each of the spaces U;, we fix a basis e;...e,, with a corresponding dual basis ef,... ey .

Consider a tensor
ujp...Ug
T= Z Til___ikeil@)“'@eik€U1®"'®Uk.

i1.ig=1
For k = 1, this is just a u;-dimensional vector, and for k = 2, it can be identified with a u; xug
matrix. We visualize k-party tensors for k = 1,2,3 in Figure 1.1. Note that we are being
slightly sloppy by using the same symbols for basis vectors in all of the spaces U; in order to

reduce the number of indices needed. We will stick to this practice throughout this thesis.

Often, it is useful to think of a tensor in a resource-theoretic way.



(a) A one-party tensor. (b) A two-party tensor. (c) A three-party tensor.

Figure 1.1: Visualization of tensors in U; ® --- ® Uy, for k = 1,2,3. For k = 1, this is just a
vector (Figure 1.1(a)), and for k = 2 a matrix (Figure 1.1(b)). For k = 3, we can imagine a
cube in which the coefficients of the tensor are arranged (Figure 1.1(c)).

Definition 1.1.1. For tensors T e U1 ®---®@ Uy and S e V1 ®---Q® Vi, we say that T restricts
to S and write T > S if there are linear maps A; : U; - V; such that S = (A1 ® - ® Ap)T.

It is clear that restriction of tensors defines a preorder on the set of all k-party tensors. For
k =1, all tensors (except the zero tensor) are equivalent under this preorder. For k = 2,
tensors T" and S can be interpreted as matrices. It is a standard fact that T > S holds if and
only if the matrix rank of T' is greater than or equal to the matrix rank of S. Since matrix

rank is lower semicontinuous, the set
{SE%@‘/&ITZS}CV&@VQ

is a closed set for any choice of T' € U; ® Us. It has been known at least since [Syl52] that this
does not generalize to k£ > 3. The way to deal with this is to define an approximate version

of restriction called degeneration.

Definition 1.1.2. We say that T degenerates to S and write T > S if S = lim. o7 is a
limit of restrictions T, of T. Here, the limit is taken in the Zariski topology.

It is a classical result that S is a degeneration of T if and only if there are linear maps

A;(e) : U; = V; depending polynomially on e such that
(A1(€) ® - ® Ap(€))T = ¢S + €18) +... + €18,

for some natural numbers d, e called approzimation degree and error degree, respectively, and
some tensors Si,...,S. [Hil93]. For a degeneration T & S, both the approximation degree
and the error degree are not unique and depend on the specific maps A;(¢). Sometimes, we
write T 2 S if there are specific degeneration maps A;(¢) realizing the degeneration in these

degrees.
Example 1.1.3. Consider a three-party tensor
ui,uz,us

T = Z Til,iz,igeil ®ej, @€, eU; @ Uy ® Us.

i1,12,13=1



We can naturally associate with T a bilinear map
uz
T: Uf x U; - U37 (e;7e;) = Z Ejkek7
k=1

or, equivalently, ug bilinear forms. One bilinear map of particular interest is the multiplication
of matrices. The tensor corresponding to the bilinear map multiplying an m x n matriz with

an n x p matriz is given by

m,n,p
(m,n,p)= > (e;i®ej)®(ej@er)®(er®e;) e (C"®C")® (C"®CP)® (CPeC™).
i,j,k=1

Another tensor that is important in this context is the r-th unit tensor

(ry=Yei®e; ®e; e (C)®.

i=1

In this basis, the bilinear map corresponding to the unit tensor is the entry-wise multiplication

Z1 1 ZT1Y1
(ry:C"xC">C",| : |,] : |~ :

Ly Yr LrYr

In this context, (r) > T means that one can calculate the ug bilinear forms associated with
T using r independent products of complex numbers. If (r) & T, then the bilinear forms

corresponding to T can be approrimated arbitrarily well using r products of complexr numbers.

Clearly, we can generalize the unit tensor from Example 1.1.3 to any number of parties k by
writing
T

(ry=(r)x = Zei ®---®e¢; € (CM)EF,

i=1
Most of the time, it will be clear what k is, and we will just write (r). The following definition

is motivated by Example 1.1.3.

Definition 1.1.4. For a tensor T € U; ® --- ® Uy, we define its rank as
R(T) =min{r: (r)>T}.
Moreover, we define the border rank of T as
R(T) =min{r: (r)>T}.
From Definition 1.1.4, the following characterization of rank and border rank is immediate.

We mention that often, instead of Definition 1.1.4, this equivalent characterization is used to

define rank and border rank.



Proposition 1.1.5. Let T € Uy ® --- ® U. It holds that R(T) < r if and only if there are

vectors U1, - . -, Ui € U fori=1,... k such that
T
T= ZUil ® - ® Ujk-
i=1

Moreover, T has border rank R(T) < r if and only if there are vectors u;1(€) ... u;(€) € Us[€]
depending polynomially on € fori=1,... k such that

T = Yun(e) @ @ui(e) + O(e®t)
i=1

for some natural number d.

We will sometimes refer to tensors of rank 1 as simple tensors. For k =2, T can be interpreted
as a matrix, and Proposition 1.1.5 tells us that its rank and border rank coincide with its

matrix rank.

Remark 1.1.6. Let T e U; ®---® Uy be a tensor of rank at most r, that is, we can write

T= Zr:uﬂ ® -+ ® Uk
i=1
Consequently, we see that all tensors of rank at most r can be specified by - (ug + -+ +uy)
complex parameters in the fized bases. Since the tensor product is multilinear with respect to
scalar multiplication, we can actually reduce this number further, and every tensor of rank
at most r can be specified by at most r- (uy + -+ ug) —r(k —1) complex parameters. To

specify any tensor in Uy ®---®@ Uy we, of course, need u; ...uy parameters. Hence, there must

uj...ug
r(ug+-tug)-r(k-1)

quantity v+ (uy +---+ug) —7r(k - 1) is an upper bound on the dimension of the r-th secant

exist tensors of rank at least | |. In the language of algebraic geometry, the

variety of the Segre variety which is the set of all tensors with border rank at most r [Lan12,
Section 4.3.6]. In that way, one can see that there must be tensors of border rank at least
[ e |1 in Uy ®--- @ Uy [Lan12, Section 5.1.2]. Letting, for example, k = 3 and

r-(ug+--+ug)-r(k-1)
u; = Up = ug = u, we see that there are tensors in Uy ® Uy ® Us with border rank scaling

quadratically in u.

As mentioned before, rank and border rank do not coincide in general for k£ > 3. The following

example demonstrates that and has been known at least since [Syl52].

Example 1.1.7. Let Uy =2 Uy = Us = C? with fized bases e1,ey. Define the W -state as

W=e1®e1®e3+e1®e38e1+ea®e; ®e1 €U ® Us ® Us.



It turns out that R(W') =3 (see Example 1.53.3). On the other hand, applying the linear maps

€1 — e t+ €€y
AZ(G) :

€y = —€71
fori=1,2,3, one can see that (2) > W and consequently R(W) = 2.

Our way of thinking will often be inspired by an interpretation of tensors in quantum many-

body physics and quantum information theory.

Example 1.1.8. Tensors specify the joint state of a k—particle quantum system. For that,

fix for all i =1...k a basis e1...e,, of the space U; which induces a Euclidean product on

Ui ®---QUy. Then, a k-particle quantum state is a unit vector ¢ € Uy @ --- ® Uy. In this
context, the dimension u; of the space U; is often referred to as the number of degrees of
freedom of the i’th particle. Motivated by this, we will often depict tensors graphically. We

maght for example depict a tensor T € Uy @ Us ® Us by

T = @EU1®U2®U3.

In this context, a tensor uy®---Quy, of tensor rank 1 is often called a product state. A quantum
state that is not a product state is called entangled. We will use the term entanglement in this
sense frequently. Consider, for ezample, the matriz multiplication tensor (1,1,p) e CRCPRCP.
It is clear that this tensor is not a product state, so it is entangled. Interpreted as a bipartite
tensor (1,1,p) €e C® (CP ® CP) though, it is a product state. In that sense, we can think of the
second and the third party of this tensor being entangled, whereas there is no entanglement

between the first party and the rest. We depict this situation as
(1,1,p) =« |p eCoCP ®CP.

More generally, the tensor rank is known in the physics literature as Schmidt rank and is

commonly used as a barometer for entanglement in many-party quantum systems [EBOI,
HEBO0/4, CDS08].

There are various ways of combining tensors. Clearly, given T € U1 ®---QUj and S € V1 ®---QV],
we can combine it to a (k+1)-party tensor T'® S using the usual tensor product. When k =,

one often considers this tensor again as a k-party tensor in the following way.

Definition 1.1.9. Let T eU; ®---® Uy and S €V, ® ---® V. be specified via

uj...ug LV
T= Z Ti1---ik~ei1 ® "'®eik75 = Z Sjl--~jkejl & ®6y, .
T G1ege=1



- €

(a) A visualization of the Kronecker ) A visualization of the tensor product of
product of two three-party tensors. two three-party tensors.

Figure 1.2: Tllustrations of the Kronecker product in Figure 1.2(a) and the tensor product
in Figure 1.2(b): Taking the Kronecker product of two three-party tensors yields a three-
party tensor T'® .S while taking the tensor product yields a six-party tensor.

Their Kronecker product T®S € (U1 ® V1) ®---® (U ® Vi) is given by

up...Ug,Vy...Vg
TwS= > Ty Sj.j(ei, ®ej,) @@ (e;, ®ej,).

i1 g1 k=1
We will write T®™ for the n-fold Kronecker product T®---=T.

The Kronecker product combines two tensors of the same order k to a tensor which again is
of order k. Visually, one can, for example, think of the Kronecker product of two three-party

tensors as depicted in Figure 1.2(a).

Clearly, one can imagine situations that are intermediate to tensor product and Kronecker
product, that is, where only some of the local spaces are grouped together. These situations
will be studied in Chapter 2.

Example 1.1.10. The following trick was first observed in the context of quantum informa-
tion theory [BBC* 93] and is known as (quantum) teleportation. Recall from Example 1.1.8
that the matriz multiplication tensor (1,1,p) € C® CP ® CP is essentially a two-party tensor,
that is, a matrixz. In the context of quantum information theory, this is known as an entan-
gled pair or EPR-pair on p levels between the second and third party [EPR35]. For a tensor
T eU, ®Us ®Us, define

T :=T®m(l,1,p)= @Ip eU; ® (U ® CP) ® (Us ® CP).

Here, the graphical notation reflects that the three parties share a quantum state (specified by
the tensor T') and, in addition, the second and the third party share an EPR-pair on p levels.

We will frequently call this shared EPR-pair an aiding matrix. The overall tensor is given by

up,uz,us,p
TP = Z Tihiz,igeh ®(ei2®ej)®(ei3®ej)€U1®(U2®(Cp)®(U3®Cp).

1,12,13,5=1

Assume now p =u3 and consider

HU3 : U3®(Cu3 —>C7ei®ej =g 62]



Figure 1.3: Visually, the direct sum of two tensors 1" and S is a block diagonal tensor with
blocks T' and S on the diagonal. This figure is borrowed from [CGLS22, Figure 1].

We observe that applying 11, to the third tensor factor of T®'3 and the identity to the first

two tensor factors yields a restriction
T >Tel; 0 (Uy®Us)®C

where T is the tensor T considered as a two-party tensor T € U; ® (Us ® Us). Hence, we have

teleported the third party to the second party using the tensor (1,1,us).

Another way of combining tensors is the direct sum. Visually, taking the direct sum of two
tensors corresponds to putting the two tensors on the diagonal of a bigger tensor, see Fig-

ure 1.3.

Definition 1.1.11. Let tensors Te Uy ® - Q@ U, and S € V1 ®---® Vj, be given via

uj...ug Vi...Vi
T= Z Til,..ikeh@"'@eik, S = Z 5j1...jkej1®"'®ejk~
i1...05=1 J1.--Jk=1
To define their direct sum, pick a basis e1,...,en+v; of Ui®V; fori=1,... k and define the
tensorTeSe(UyeV1)®--® (Up® Vi) via

Ty, i if i1 <up, ... 0k < Uy,
(T®8)iy, ik =3Siuy,ip—up O 11> U1, ey ik > U,
0 else.

Sometimes, it is insightful to group together parties of a tensor.

Definition 1.1.12. Let T € Uy ® ---® Uy, be a tensor and write [k] ={1,...,k}. Let S c [k]
and denote 8¢ = [k]\S. Writing Us = ®;es Ui and Use = Qjese U; we can view T € Us ® Usge

as a bipartite tensor. We call the linear map associated with T via the identification
Us ® Use * Hom(Ug, Usge)

a flattening map with respect to S. If S has exactly one element, we denote the associated
linear map by T; : U} = Uy @ 0U;® - &U,.
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Sometimes it is important for technical reasons to make sure that a tensor uses all degrees of

freedom. For that, the following definition is handy.

Definition 1.1.13. A tensor T e Uy ® ---® Uy, is called concise if all the maps T1, ..., Ty are

imjective.

Intuitively, a tensor T is concise if it uses all degrees of freedom in each of the spaces
Uy,...,Uy.

Remark 1.1.14. We will often restrict ourselves to three-party tensors T € Uy ® Uy ® Us.
Note that we can, up to a change of basis on the space Uy, identify T with the subspace
T, (U}) c Uy ® Us. By fizing bases of the spaces Uy and Us, we can interpret Uy ® Us, and
with that also Ty (U7), as a space of matrices:

uz,us

Tig,i3€ip ® €j3 < (-fi,j)
12,i3=1

uz,us
4,g=1"

For example, for the W -tensor from Example 1.1.7, we have
0 1 10
Wl(ei)=€1®62+62®61<—>(1 O), Wl(e§)=e1®el<—>(0 )

In that way, we can interpret

W (U7) = {(Z2 %1) L, @ € (C}.
1

1.2 Representation theory for tensors

The resource-theoretic interpretation of tensors that we have seen in Section 1.1 is often
studied using tools from representation theory. We emphasize that the following discussion
simplifies drastically since we work over complex numbers. Many concepts and results we will
see are more subtle for fields with positive characteristics. We assume familiarity with some
basic notation and terminology from commutative algebra and algebraic geometry. For an
introduction, we refer to [Shal3]. For an in-depth introduction to the representation theory

of linear algebraic groups, we refer to [Bor91]. Let us recall the notion of a group action.

Definition 1.2.1. Let G be a (linear algebraic) group and V' be a vector space. We say that G
acts on V' if there is a homomorphism p: G — GL(V'). The map p is called a representation

of the group G. In this context, V is sometimes called a G-module.

We will almost exclusively deal with the setup where G is a product of general linear groups.
Since it will be clear in most cases what the map p is, we will most of the time drop p and

use the shorthand notation g.v = p(g)v.

11



Note that we can combine two actions of a single group: If a group G acts on spaces V; and
Vo via p; : G - GL(V;) then this induces an action of G on V; ® V5 via ¢.T = p1(g) ® p2(9)T
for all T' e V; ® V5. Similarly, this induces an action of G on V; @ V5, and in the same way,
one can, for two groups G and H acting on spaces V and W, construct a representation of
G x H on V@ W. With this, we can see how representation theory connects to the notions

presented in Section 1.1.

Example 1.2.2. For Vi,...,V} finite-dimensional, complex vector spaces, szl GL(V;) acts
naturally on V1 @ --- ® Vi, by extending

(915, 9k) 01 ® - ® ) = (g1v1) ® - ® (g k)
linearly.

The following concepts will be used throughout.

Definition 1.2.3. Let G act on V as above and let ve V. We call Gv ={g.v:ge G} the
orbit of v (under G) and Stabg(v) = {g € G : g.v = v} the stabilizer of v (under G). The
group Stabg(v) is sometimes called the isotropy group of v in G.

The following result is well-known, for a detailed discussion, we refer to, for example, [Bor91,
Chapter I, Section 1.2].

Theorem 1.2.4. Let G be a group acting on a space V. For every v € V, the orbit G.v is
Zariski-open in G.v. In particular, we have dim(G.v) = dim(G.v) for every v e V. Here,
we refer to the dimension of an (irreducible, quasi-projective) variety in the sense of [Shal3,
Chapter 1, Section 6]

Example 1.2.5. Consider the action introduced in Example 1.2.2. Let T,S e V1 ® ---® V},
be tensors such that T > S, that is, S = (A1 ® --- ® Ap)T for some linear maps A;. Since
the general linear group is Zariski-dense in the space of endomorphisms of V;, it follows that
G.ScG.T. Hence, by Theorem 1.2.4 we see that dim(G.S) < dim(G.T). In other words, we

can find obstructions for tensor restriction by calculating orbit dimensions.
If the tensor S is concise, we can make Example 1.2.5 more precise.

Lemma 1.2.6. Let T,S € Vi ®---® V), be tensors and assume that S is concise. Then T > S
holds if and only if T and S lie in the same orbit under the action of G = XY, GL(V;).

Proof. 1t is clear that S € G.T implies T' > S. Assume now that 7' > .S and let Aq,..., A; be
linear maps such that (41 ®---® A;)T = S. Clearly, such a tensor S cannot be concise if any
of the maps A; is not invertible. Hence, S € G.T', which finishes the proof. O

The following result will be useful for calculating the dimension of an orbit. For a proof, see,
for example, [Kra85, Chapter II, Section 2.2].
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Proposition 1.2.7. For a linear algebraic group G acting on a vector space V', it holds that
dim(Stabg(v)) = dim(G) - dim(G.v)
forallveV.

The following two definitions will be used frequently.

Definition 1.2.8. Let G act on'V as before. We call a linear subspace W c V' a G-submodule
if gveW for allveW and all g€ G. The module V is called irreducible under the action
of G if it has no submodule except {0} and V itself.

Definition 1.2.9. Let G be a group, and U and V be G-modules. Then, a linear map
f:U =V is called a G-module homomorphism if for all w € U and g € G it holds that
flgu) =g.f(u), that is if f commutes with the action of G. The space of G-homomorphisms
is denoted Homg (U, V). If f is an isomorphism, then the G-modules U and V are called

isomorphic.

The following result about irreducible representations is known as Schur’s lemma [FH91,

Lemma 1.7].

Theorem 1.2.10. Let G be a group, and U and V' be irreducible G-modules. Then, if U
and V are not isomorphic (as G-modules), Homg (U, V) = {0}. If, on the other hand, U and
V' are isomorphic as G-modules then Homg (U, V) is I-dimensional. In particular, if U =V
then Homg(U,U) = {\-idy : A e C}.

For a finite-dimensional vector space V', consider its k-th tensor power V&%, The symmetric
group &, acts on V& by permuting tensor factors: For each o € &, we obtain a linear map
by linearly extending

T @ ® U = Vg(1) ®* ® Ug(k) (1.1)

to the whole space. As we have seen before, we also have an action of the group GL(V') on
V® by extending
g(n®--®vp)=(9v1® - ®g.vi) (1.2)

linearly. Note that clearly for any o € &) and any g € GL(V'), the actions in Equation (1.1)
and Equation (1.2) commute. Using this observation, we can construct two submodules of
Ve for the action of GL(V). A more in-depth discussion of the following definitions and

facts can be found in [Lan12, Section 2.6].

Definition 1.2.11. Let V be a finite-dimensional, complex vector space and k € N. We

define the symmetric subspace as

SF(V)={T eV® :6T =T for all 0 € G} c U®*
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and the antisymmetric subspace as
/\k(V) ={T eV® 6T =sgn(o)T for all o € &1} c V&,

Clearly, the two spaces in Definition 1.2.11 are submodules of V®* under the action of GL(V').

It turns out that they are irreducible.

The projection in V®* onto the subspace S¥(V) in V®* is given by the map

1
VI ® QUi+ V1 ...V = H Z Vo(1) @+ ® Vg (k)-
* oeGk
It is well-known that, for ey, ..., e, a basis of V, the set {e;, ...e;, 141 <--- <y} is a basis of
Sk (V). Consequently, the symmetric subspace has dimension (V+:71)-

The situation is similar for the antisymmetric subspace: Here, the projection onto /\k(V) is
given by
1
VI® - ®Ugp P> UL Avrr AV 1= o Z sgN(0)Vg(1) @+ ® Vg ()
ey
Moreover, the set {e;, A---Ae;, i1 <---<i}} is a basis of AF(V). Consequently, this space

has dimension (Z) In particular, this space is trivial for k > v + 1.

For k = 2, the submodules defined in Definition 1.2.11 are in fact all submodules that one
can find in V®2, in other words, V®2 = 52(V) @ A*(V)). While for k > 3 this is not true any
longer, the following still holds. The following result is classical and well-known, for a proof

see, for example, [Kra85, Appendix IL.5, Theorem 4].

Theorem 1.2.12. Every finite-dimensional representation of GL(V') decomposes as a direct
sum of irreducible representations of GL(V'). The same holds for SL(V') and products of the
form XF_, GL(V;).

Remark 1.2.13. In the language of linear algebraic groups, Theorem 1.2.12 says that any

general linear group is “reductive”.

Remark 1.2.14. Let, for example, G = GL(V') act on a space W and let W = @; W; be a
decomposition of W into irreducible submodules. Then, using Theorem 1.2.10, we observe
that any irreducible G-module U appears exactly dim(Homg (U, W))-many times in the de-

composition.

1.3 Lower bounding rank and border rank

We have seen in Example 1.1.3 that upper bounds on the minimal length of tensor (border)
rank decompositions correspond to more efficient (approximate) algorithms to compute bi-

linear maps. More generally, they promise more succinct descriptions of tensors. Lower
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bounds, on the other hand, are important as they provide barriers to efficiency. A large
amount of research has been done to find methods to lower bound the minimal size of tensor
rank and tensor border rank decompositions. In this section, we explain examples of such
methods that will be important throughout. The most basic technique of lower bounding
rank and border rank is simple and comes from the flattening maps that we have already

seen in Definition 1.1.12.

Lemma 1.3.1. For T eU; ® ---® Uy and any S c [k], the rank of the associated flattening
map lower bounds R(T).

It is clear that for three-party tensors T' € U; ®U3®U3, the best lower bound on the border rank
of T coming from Lemma 1.3.1 is max{uy, us,us}. Comparing this with Remark 1.1.6, where
we saw that there are tensors with border rank which grows quadratically in the dimensions
of the tensor factors, this is not very satisfying. A more involved method to lower bound
tensor rank is the so-called substitution method. The technique of substituting variables to
find lower bounds on computational complexity was originally introduced in [Pan66] and
further developed in [Win70]. This method has been reformulated and applied in various

places. We will use a formulation similar to the one presented in [AFT11].

Theorem 1.3.2. Let T e U; ® Uy ® Us. Fizing a basis ey ...ey, of Uy we can write

T= Zlei(@Mi
i=1

for matrices M; e Uy ®Us. Assume that My # 0. For any complex numbers Mg, ..., Ay, , define

A~ u
T()\Q,.. ")\Ul) = Zej ® (Mj —)\le).
j=2

Then, there exist Ag, ..., Ay, € C such that
R(T(Xg,..., My,)) <R(T) - 1.
If the matriz My has rank 1, then, for all Aa,..., Ay, it holds that
R(T(M2s-..,Ay,)) 2 R(T) - 1.
Consequently, of My has rank 1, we always find o, ..., Ay, such that

R(T(M2s--.,Ay,)) = R(T) - 1.

Proof. The proof is identical to the proof of Theorem 4.3.8 ([CGLS22, Theorem 4.11]), which

we will present later. O
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Again, it is clear that the substitution method can only provide lower bounds that are linear

in the dimensions of the tensor factors.

Example 1.3.3. An example for which the substitution method works well is the W -tensor
from Example 1.1.7. Recall that there, the space W (UY) is spanned by

0 1 1 0
M, = , Mo = .
1 0 0 0
Since My has rank 1, we can find A such that

Al

R(ey ® (1 0)) - R(W)-1. (1.3)

But clearly, for any choice of X\, the quantity in Equation (1.3) is greater or equal to 2.
Consequently, R(W) > 3, and since W is given as a sum of three rank-1 tensors, equality
holds.

To lower bound border rank, one often uses generalizations of Lemma 1.3.1. This has been

done, for example, in [CJZ18, Section 4].
Proposition 1.3.4. Let F: U1 ®---®@ U > X ®Y be a linear map and let
ro = max{rank(F(u; ® ---®@ug)) :uy € Uy,...,uy € Uy}

be the mazximal rank of the image of a rank-1 tensor. Then,

rank(F(T))
To .

R(T) >

Such a map F is called a generalized flattening.

It has been shown in [EGOW17, Section 4] that lower bounds on tensor border rank from
generalized flattenings can be at most linear in the local dimensions. We will now review
the so-called Koszul flattenings introduced in [LO11] based on ideas from [Str83] which are
special cases of generalized flattenings. Roughly speaking, they are modified versions of the
standard flattenings from Lemma 1.3.1 with a little twist involving the antisymmetric space
we have seen in Definition 1.2.11. We refer to [Lan12, Chapters 3 & 7] for a more in-depth
discussion of these concepts in relation to algebraic geometry and representation theory and

only discuss how to obtain specific lower bounds on border rank using Koszul flattenings.

Definition 1.3.5. Let T e U; ® U ® U3z and let k be a natural number. The map

TpF (N ) e Us ~ (A" ) @ Us
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which is the composition of the induced linear map T : Uy — Uy ® Us with the projection
AU @ Uy - N¥Y UL, s called a (k-th) Koszul flattening of T.

For example, let dim(U;) = 3 and k = 2. Here, we interpret T'(U;) as a space of ug x us
matrices spanned by
My =T(e}), My=T(e3), Ms=T(e3).

Then, choosing bases appropriately, the linear map Tﬁf is represented by the matrix

My, -M; 0
T =M 0 M| (1.4)
0 -Ms —M,

In general, if T'=e; ® M7 +---+ ey, ® M,,,, we always can think of Tﬁf as a (“,‘cl) x (ku+11) block

matrix where the blocks are of the form +M; for some i =1,...,u;.

The following proposition, which is the specialization of Proposition 1.3.4 to Koszul flatten-

ings, is the key to using Koszul flattenings for lower bounding border rank.

Proposition 1.3.6. For a simple tensor T = u; ® us ® ug, the map Tﬁf has rank (2:)
Consequently, R(T) > r implies that the rank of Tﬁf 18 at most r(Qkk), in other words,
rank (T2
R(T) > [(m“

(%)

For a proof of this result, we refer to [Lanl7, Section 2.4.2]. Here, the reader can also find an
in-depth discussion on the best choice of £ and why a similar construction using the symmetric

instead of the antisymmetric subspace does not yield better lower bounds on tensor rank.

Let us see an example of how to show lower bounds on border rank using Koszul flattenings.

Consider the Bini tensor
Tgini=€11 ® (e11 ®e11 +e12Qea1) +e12 @ (€11 ®ejg +e12 ®exa) +e21 ® (€21 @eq1 +e22 Qeay)

The Bini tensor was introduced in [BCLR79] and corresponds to the bilinear map calculating
three entries of the product of two 2 x 2 matrices. Note that the rank of each of the three
flattening maps of the Bini tensor is at most 4. Using Koszul flattenings, one can show the

border rank of the Bini tensor is at least 5. Indeed, plugging the three matrices

1 0 0 O 00 00 0 010

01 00 0 0 00 0 0 0 1
M1: 7M2: ,Mg—

0 0 0O 1 0 0 O 0 0 0O

0 0 0 O 01 00 00 0 0
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spanning T (U7) into the block matrix in Equation (1.4) yields a matrix of rank 9. Con-
sequently, this implies
9
R(Tgini) > k] =5
by Proposition 1.3.6.

Remark 1.3.7. All methods we have seen can only provide lower bounds linear in the di-
mensions of the tensor factors for three-party tensors. In fact, there are no methods known
which go beyond linear lower bounds. The largest known border rank tensor can be found
in [LM19].

1.4 Tensor network representations

We have seen that in the context of algebraic complexity theory, tensor rank decompositions
are a natural way to break up a tensor into smaller building blocks. Another way of con-
structing tensors in a systematic way is the tensor network ansatz. Loosely speaking, we
“build” a tensor T € Uy ® --- ® U, from k “smaller” tensors according to the geometry of a

graph.
Definition 1.4.1. Let T' = (V, E) be a directed graph and consider weight functions

m:F->Nn:V->N

A tensor network state associated with the graph I' and the weight functions m and n is a

tensor

Te@® cr)

veV

that arises by choosing for each v eV a tensor

Tve( ® cm<e>)®( ® (Cm<€>)*)®<(:“(”>.

e=(v,z) e=(z,v)
and contracting the tensors T, over the edges of T'.

Here, contracting tensors T e U®V and S € V* ® W is essentially the operation — resulting

from linearly extending
- (U®V) X (V* ®W) - U®VV,(€1'®6]') — (e,ﬁ@el) :5jkei®el.

We will sometimes write TN S(I',m,n) for the set of tensor network states associated with

', m and n.

Remark 1.4.2. The edge weights m(e) for e € E are often called the virtual dimensions
or bond dimensions. In the context of many-body physics, the bond dimension m(e) is

a parameter with which we can control the entanglement between the particles at the two
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(a) A tensor T;. (b) A matrix product state with periodic
boundary conditions.

Figure 1.4: A building block for a tensor network state and a matrix product state with
periodic boundary conditions: In Figure 1.4(a), we show how one visually depicts a tensor
T; e (C™i1)* @ C™ @ C™i. Contracting k of these fundamental building blocks along the
edges of a cyclic graph yields a matrix product state on k parties as depicted in Figure 1.4(b).

vertices that the edge connects. The weights n(v) are frequently called physical dimensions
and are the number of degrees of freedom that the particle at vertex v has. Also, note that
in physics literature, the contraction is often done by defining an inner product. In this way,

one can avoid dealing with directed graphs and dual spaces at the incoming edges.

Prominent examples of tensor network states are the so-called matriz product states with
periodic boundary conditions. For that, consider a graph T'y with vertex set {1,...,k} and
edges (i,7) whenever j = i @ 1 where @ denotes addition modulo k. Fix some physical
dimensions n; = n(i) and bond dimensions m; = m(%,7 ® 1). Then, a matrix product state

arises by picking tensors
T, e (C™ ) ' @C™@C™ fori=1,...,k

and building a k-party tensor from it according to the recipe in Definition 1.4.1. For a
visualization, see Figure 1.4. The name matriz product state comes from the following well-

known and simple technical result.

Lemma 1.4.3. A tensor T e V1 ® ---® Vi is a matrix product state for the graph 'y if and

only if for each j =1,... k there are matrices
Mj,i € C™y-1>my fO’f' 1=1,... y Vi
such that
Vi...Vg
T= Z tr(Ml,h ...Mmk)eil ® Qe .
iy.ig=1

In Section 1.1, we have seen that tensor rank decompositions are just special cases of the
restriction preorder on tensors. In fact, tensor network states also fit into the framework of
restriction of tensors. While we could characterize tensor rank-r tensors as restrictions of
the unit tensor (r), we need to construct an alternative for tensor network states. We can

construct this tensor from the respective graph.
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Figure 1.5: Construction of the graph tensor for the graph I's: For each edge, we take a unit
tensor between the two vertices that the edge connects. Grouping together the spaces at the
same vertex yields a three-party tensor. A simple calculation shows that the graph tensor
Trm = (my,my,m3) = (1,1, ms) ®(1,my, 1) ® (my, 1, 1) is the matrix multiplication tensor.

Definition 1.4.4. Let T' = (V, E) be a graph together with a weight function m: E - N and
assume |V| = k. We construct the graph tensor associated with T' and m as follows. For each

edge e = {vy,v2} € E, define the k-party tensor

T.=(m(e)p® & e ¢ C"DeCc™Pg @ C

veVN{v1,va} veV\{vy1,v2}

where each party of the tensor is associated with a vertexr of I'. Grouping together the parties

at the same vertex for all v eV, we can interpret

(.TF,mI TEEH1®"'®H]€
eeE

as a k-party tensor where for each i =1,...,k, we let H; = Rec.pee Ccm(e),

For the graph I's, this construction yields a familiar tensor. In fact, it is not hard to see
that the resulting graph tensor is just the matrix multiplication tensor (mj, ms, ms). We

visualize the construction of the graph tensor for this particular example in Figure 1.5.

Using the graph tensor, we can now give an equivalent characterization of tensor network

states in terms of restriction. We omit the proof which is straightforward.

Proposition 1.4.5. Let T'= (V, E) be a directed graph together with associated weight func-
tionsm: E > Nandn:V - N. Assume, V = {1,...,k} and fiz spaces V; of dimension
dim(V;) =n(i). A tensor T e V1 ® ---® Vj;, is a tensor network state for I', m and n if and
only if the associated graph tensor restricts to T, that is, Tt m >T.

Remark 1.4.6. It has been first observed in [LQY11] that the set TN'S(T, m,n) is in general
not closed if the graph contains cycles. Taking the Zariski or, equivalently, the Euclidean

closure, one obtains
TNS(F,I’I’LII) = {TE U ®---®U; :(IF,m ET}

It turns out that the study of TN'S(I',m,n) can lead to more efficient algorithms by ex-
tending the ansatz class one optimizes over from the set of tensor network states to its clo-
sure [CGFW21].
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1.5 Stabilizer states and the simulation of quantum cir-

cuits

In this section (as well as in Chapter 5), we will switch notation and use Greek letters like ¢
and ¢ instead of T" and S for tensors. In that way, we match the standard notation in this
area. We also mention that in the context of this section, it will be important to consider
tensors that are normalized with respect to the Euclidean inner product induced by a choice of
bases. Hence, Greek letters may be used as an indicator that we are dealing with a normalized
tensor. Moreover, we will refer in this section (as well as in Chapter 5) to normalized tensors
as quantum states. We saw that such normalized tensors 1 € U; ® --- ® Uy can describe the
joint state of a quantum system made up of k particles. In that way, tensor decompositions
can give insight into the physical processes going on in quantum circuits. One important way
of decomposing tensors that is especially relevant for the simulation of quantum circuits is
via so-called stabilizer rank decompositions. In this section, all physical systems will be built
up from a number of qubits, that is, we will consider only quantum states ¢ € (C2)®* where
all of the tensor factors are two-dimensional. For each of the copies of C2, we fix a basis
ep,e1. We refer to this basis as the computational basis. The following way of expressing

computational basis vectors in (C2)®* will be handy.

Definition 1.5.1. For a vector x € F§, write e, :=¢,, ® - ® e,, € (C?)®F.

Recall the Pauli matrices

S R VO S

For any k, we define the k-qubit Pauli group Pj as the group generated by all unitaries of
the form A; ® ---® Ay, for A; € {X,Y,Z}. Denoting by U, the set of unitary operators on
(C?)®* we define Cj, to be the normalizer of Py in Uy, that is,

Cr ={U €Uy, : UPU" e Py, for all PP}

Recall that a quantum circuit is a diagram specifying a unitary by applying unitaries on

subsystems (so-called gates) in a fixed order to an input state ¢ € (C2)®*. A circuit applying

a unitary U to a quantum state v is depicted in the following way:

‘|

Frequently used gates are the one-qubit gates

1

:;5(1 —11) and:((l) ?)
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as well as the two-qubit C NOT-gate

Al
YT
o = o o

S O O =
o O = O

It turns out that these gates are in the Clifford group and that all Clifford unitaries — up
to a global phase — can be constructed from quantum circuits built from H, S, and CNOT
gates. Hence, we will call these three gates the Clifford gates. States that can be produced

by applying these gates to a computational basis state are called stabilizer states.

Definition 1.5.2. A quantum state ¢ € (C?)®* is a stabilizer state if it is of the form
Cleg®---®eg) for some C € Cy.

We have the following characterization of stabilizer states [DDMO03, VAN10].

Proposition 1.5.3. A quantum state 1 is a stabilizer state if and only there is an affine sub-
space A c F5, a linear form 1 : F5 -y, a quadratic form q:F5 - Fy and some (normalizing)
constant c € C such that

Y=c-y i@ (1)1 e,

zeA

We observe that — up to a normalizing prefactor — all coefficients of a stabilizer state in the
computational basis are in {0,+1,+i}. Note also that all computational basis vectors e, for
x € F% are stabilizer states, in other words, the set of stabilizer states spans (C?)®*. In
particular, every quantum state i can be written as a linear combination of stabilizer states.

This motivates the following definition.

Definition 1.5.4. For 1 € (C%)®* we define the stabilizer rank of 1 as the minimal v such
that

Y= Z Ci0j
i=1
for some ¢; € C and stabilizer states o;. We denote the stabilizer rank of ¥ by x(v).

It turns out that adding one particular additional gate to the set {H,S,CNOT} makes this
gate set universal, that is, any unitary can be approximated arbitrarily well with a circuit

built from this extended gate set. The gate is the so-called T-gate
e

1 0
:\}5(0 7511')'

We only mention briefly that using a trick called magic state injection, one can relate the

simulation cost of a circuit built from Clifford gates and k T-gates to the stabilizer rank of
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T where T = %(eo +e'Ter), and refer for details to Appendix 5.A. We mention briefly

that for the simulation of quantum circuits, it is often enough to consider an approximate
version of stabilizer rank.

Definition 1.5.5. Fiz § >0 and a quantum state ¢ € (C2)®*. The -approximate stabilizer
rank of v is given by

xs (1) = min{x(¢) : ¢ € (C*)®* quantum state with ||¢ — || < §}.

23



24



Chapter 2

Transforming entanglement

structures

In this chapter, we will study the conversion between entanglement structures. Intuitively,
an entanglement structure results from “putting” tensors on a hypergraph and grouping to-
gether parties at the same vertex. Entanglement structures have been investigated before:
In [CLVW20], the authors find more efficient tensor network representations from degenera-
tions of the single tensors from which the entanglement structures are built. In [MGSC18],
the authors investigate under which conditions acting in a translationally invariant manner
on entanglement structures yields an equivalent entanglement structure. In this chapter, we
investigate entanglement structures from a slightly different angle. We are particularly inter-
ested in the extent to which one entanglement structure can be transformed into another via
restriction or degeneration, even if the single plaquette tensors from which the entanglement

structures are built cannot be transformed in this way.

We will develop a formal language enabling us to discuss and highlight the subtleties of this
question. On the one hand, we will do so by constructing specific, non-trivial examples. On
the other hand, we will develop powerful tools to find obstructions to the conversion between
entanglement structures yielding a deeper understanding of the multipartite entanglement

properties of entanglement structures.

Closely related to this setup is the question of how to calculate the tensor rank of an en-
tanglement structure. We make a first step in this direction and answer an open question
in [CF18] by calculating the rank of two copies of the W-tensor put on every possible two-
plaquette hypergraph. We also show a more general result about the stabilizers of so-called
tree hypergraphs, leading us to the conjecture that the rank of entanglement structures on

such graphs does not differ from the rank of disconnected entanglement structures.
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2.1 Overview

The starting point of this chapter is the characterization of tensor network states in Propo-
sition 1.4.5. There, we have seen that tensor network states associated with a graph I' and
a weight function m can be seen as restrictions of the graph tensor Jr m. The graph tensor
was essentially constructed by putting two-party tensors on the edges of the graph. In this
chapter, we study a natural generalization of this ansatz where — instead of a graph I' — we
pick a hypergraph H. Now, instead of putting two-party tensors on the edges, we can asso-
ciate with every k-vertex hyperedge a k-party tensor. We will call a tensor constructed from
a hypergraph H by “putting” tensors from a suitable family of tensors T = (¢1,...,t,) on the
hyperedges an entanglement structure which we will denote by Ty. For this overview sec-
tion, we will stick to this rough intuition and refer for a more precise mathematical definition
to Section 2.2.

In this chapter, we will study three questions about entanglement structures.

(1) Do there exist a hypergraph H and suitable families of tensors T = (¢1,...,t,) and
S =(s1,...,8,) such that for all ¢ = 1,...,n, it holds that ¢; # s;, but for the resulting
entanglement structures, it holds that Ty > Sg?

(2) Under which conditions on the hypergraph resp. the families of tensors are such examples

impossible?

(3) What is the tensor rank of an entanglement structure R(Ty) for a hypergraph H and a
suitable family of tensors 717

In points (1) and (2), we ask under which conditions Ty > Sy resp. Ty > Sy can hold.
Examples for similar phenomena have been constructed before: Already since [Str69] we
know examples where both ¢ # s and t¥? > s¥2 hold, see also [CJZ18, Example 3] for a
discussion. Motivated by the most frequently used tensor network approaches like matrix
product states that we saw in Section 1.4 and generalizations like projected entangled pair
states (PEPS), we are more interested in the setup where the hypergraph describes a “1D-”

or “2D-structure”, see Figure 2.1 for an illustration.

ooonn Z8F
o000 9Tetey
COoD0 00000 So°0te

(a) A strip of plaquettes. (b) A regular lattice. (c) A kagome lattice with tri-
angle plaquettes.

Figure 2.1: Three different types of hypergraphs. The strip graph (Figure 2.1(a)) reflects a
1D-structure, whereas the regular rectangular lattice (Figure 2.1(b)) and the kagome lattice
(Figure 2.1(c)) reflect 2D-structures.
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2.1.1 Constructions and Obstructions

In Section 2.3, we will demonstrate several examples of the conversion between entanglement
structures. More precisely, we will find examples for a hypergraph H and tensors ¢ and s
with ¢ # s such that the entanglement structure Ty obtained from putting a copy of ¢ on
each of the hyperedges of H restricts to the entanglement structure Sy constructed in the
same way from copies of s. To do so, we will use the teleportation technique introduced
in Example 1.1.10 and results about the border subrank of matrix multiplication tensors
from [CLVW20]. The hypergraphs in these examples will be the so-called ring graph and the
so-called strip graph, respectively. Visualizations of these graphs can be found in Figure 2.3

and Figure 2.4.

After we have found concrete examples, we will derive obstructions to the conversion between
entanglement structures in Section 2.4. The first kind of obstruction comes from the geometry
of the hypergraph: We will see that certain modifications of the graph preserve restriction.
Using this, we will, for a wide range of hypergraphs H, find that a restriction Ty > Sy for
any families of tensors T = (t1,...,t,) and S = (s1,...,8,) already implies t; > s; for all

t=1,...,n.

In Section 2.4.2, we then go on and relate the conversion between entanglement structures to
the notion of asymptotic restriction. Recall, that for tensors t and s, we say that ¢ restricts
asymptotically to s and write ¢ 2 s if t¥**°(") > ¢®" for all n e N. When all hyperedges of the
hypergraph H have the same number of vertices and the geometry of H allows us to “fold”
the hyperedges on top of each other, we will see that for families of tensors T = (¢, ...,t) and
S =(s,...,s) which just contain copies of symmetric tensors ¢ and s, respectively, Ty > Sy

implies t 2 s.

We generalize this idea in Section 2.4.3 and demonstrate how one can use the so-called
asymptotic spectral points which were introduced in [Str86, Str88], and the so-called quantum
functionals introduced in [CVZ18] to find further obstructions for the conversion between

entanglement structures.

2.1.2 Tensor rank of entanglement structures

In Section 2.5, we study tensor ranks of entanglement structures. Note that it is easy to see
that if an entanglement structure T is built from a family of tensors T = (¢1,...,t,), then
the rank of Ty is at most R(¢; ®---®t,,). It has been noticed that for the Kronecker product,
which, in principle, can be considered an entanglement structure, there are examples where
the tensor rank of Ty is strictly less than R(¢; ® --- ® t,,). In particular, it has been shown
in [YCGD10] that for the W-tensor from Example 1.1.7, the tensor rank of W & W equals
7, whereas in [CF18], it has been shown that R(W ® W) = 8. In [CF18], it has been posed
as an open question what the tensor rank of other entanglement structures built from two
copies of the W-tensor is. We will refine the method from [CF18] to calculate these tensor

ranks for all possible entanglement structures.

27



2.2 Structured hypergraphs

In order to formally argue about entanglement structures, we will develop a precise, mathe-
matical terminology tailored to describe entanglement structures in this section. The central

notion is that of a structured hypergraph.

Definition 2.2.1. A structured hypergraph H = (W, E,V,m) consists of the following data:

() A set of vertices W.

(Q) A set of (hyper)edges E. Each hyperedge e € E is an ordered tuple of elements in W.

We require that each w e W can be a coordinate of at most one edge e € E.
(®) A set of structure vertices V.
(&) A structure map m:W - V.

We will frequently abuse notation and write w € e for some w € W and e € E such that w is
a coordinate of e. More generally, we will often write e for the set of coordinates of e. If not
otherwise specified, we will assume that the structure map cannot map two vertices that lie

on the same edge to the same structure vertex to avoid pathological examples.

Example 2.2.2. To see an example of a structured hypergraph, consider the diamond graph
H=(W,E,V,m) given by the following data:

() W ={wyi,ws,ws,wh,ws, wy }

(V) E={e1 = (w1,wa,w3), ez = (wy, w3, wy)}
(&) V ={v1,02,v3,04}

(<) m:wE') o fori=1,...,4

We visualize the diamond graph in Figure 2.2(b). A similarly structured hypergraph is the
butterfly graph. It only differs from the diamond graph in the way that we and w} cor-
respond to different structure vertices. A wisualization of the butterfly graph can be found

in Figure 2.2(a).

Let H be a structured hypergraph, and for e € E define I(e) to be the length of the tuple e.
Let T = (t(e) : e € FE) be a tuple of tensors where t(€) € ® e Uy is a l(e)-party tensor for
each edge e € F. In this case, we say the family of tensors T fits the shape of H. Define the
tensor Ty = Q.cp t(e) associated to H and T. We say that the i’th party lies at vertex w;
where w; is the i’th coordinate of e. We define the associated entanglement structure Ty by
grouping together all parties lying at vertices that get mapped to the same structure vertex

under m. Let us illustrate this for the diamond graph.
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) The butterfly graph ) The diamond graph. ) The folded diamond graph.

Figure 2.2: Some examples of structured hypergraphs. In Figure 2.2(a), we illustrate the
butterfly graph. In Figure 2.2(b), we show the diamond graph. In Figure 2.2(c), we illustrate
the folded diamond graph resulting from the structure-modifying map in Example 2.2.4.

Example 2.2.3. (Continuing Example 2.2.2) Every tuple T = (t1,t2) of three-party tensors
t1 €Uy, ® Uy, ® Uy, and ty € Uwé ® Uwé ® Uy, fits the shape of the diamond graph H. The

corresponding graph tensor is then
t1®ty € Uy, ® Uy @ Uyyy ® Uy @ Uy, @ Uy
The associated entanglement structure will be a four-party tensor
T € Uy, ® (U, ® Uny) ® (Unyy ® Uyy,) ® Uy,

because wo and wh resp. ws and wh get mapped to the same structure vertex ve resp. v under

the structure map m.

Take a structured hypergraph H = (W, E,V,m). We call a surjective map w:V - U a
structure-modifying map for H. The map p induces a new structured hypergraph which we
will denote by u.H = (W, E,U, om) whose set of structure vertices is U and whose structure

map is pom.

Example 2.2.4. (Continuing Example 2.2.3) We can fold the two hyperedges of the diamond

graph on top of each other. This can be done via

,LL:V - {u17u27u3}7

U1 = Ug, U2 = Uz, U3 = U3, Vg UL.

This does precisely what visually corresponds to folding the two hyperedges on top of each

other. A wvisualization can be found in Figure 2.2(c).

Motivated by Example 2.2.4, we say that a structured hypergraph H = (W, E,V,m) is foldable
ifi(e) =k for all e € E and if there is a structure-modifying map p:V — {1,...,k} such that
(e om)|e is bijective for all e € E. Tt is clear that such a map folds the edges of H on top of

each other, and we will refer to such a structure-modifying map as a folding. We emphasize
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that for a structured hypergraph, there can be inequivalent structure-modifying maps that

are foldings.

For a structured hypergraph H = (W, E,V,m), we call a sequence

(wl,l,w1,27€1, .- ~7en—1awn,17wn,2)
a path if for all i = 1,...,n, the vertices w; ; and w; 2 have the same structure vertex, that is,
m(w;1) =m(w;2), and for all i =1,...,n -1 we have w; 2, w;411 € €;.

For an edge e € E, we say that e is contained in a cycle if there are w,w € e such that there
is a path from w to w in H ~ {e} = (W, Ex {e},V,m). We call a hypergraph connected if for

any pair of vertices, there is a path containing both.

For w € e for some edge e, we define the affiz a(w) of w as the set of vertices that can be
contained in a path containing w but not containing e. It is clear from the definition that e is
contained in a cycle in H if and only if there are w and @ both in e such that @ is contained
in the affix a(w) of w. That is, if e is not contained in a cycle and H is connected, W is a

disjoint union of affixes W = | J,c. a(w) of the vertices in e.

We finish this section by mentioning that the Kronecker product and the tensor product we
have seen in Section 1.1 are special cases of entanglement structures: The Kronecker product
is the folded version of the diamond graph that we saw in Example 2.2.4. The tensor product
of two tensors can be constructed as an entanglement structure by giving each vertex its own

structure vertex.

2.3 Constructions

In this section, we will give several explicit constructions to highlight how subtle the question
of conversion between entanglement structures is. Our examples are natural generalizations
of matrix product states, namely, the ring graph (see Figure 2.3) and the strip graph (see Fig-
ure 2.4).

2.3.1 Entanglement structures on a ring

Our first examples are obtained by placing copies of the same tensor on the plaquettes of the

ring graph.

Definition 2.3.1. The ring graph on n plaquettes Hy, is the structured hypergraph constructed
from the following data.

() The set of vertices is given by Wy, = {w; j:i=1,...,n,j=1...,4}.

(V) The set of hyperedges is Ey, ={e1,...,e,} where e; = (w;1,...,Wi4).
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(&) The set 'V, of structure vertices is some set of cardinality 2n.

(&) The structure map my, : W, = V,, is a surjective map such that my(i,1) =my, (i ® 1,4)
and mp(4,2) = mp(i ® 1,3) for all i = 1,...,n where & is addition modulo n. This

defines m uniquely up to permutations of elements of V.

We visualize the Ting graph Hy in Figure 2.5.

Figure 2.3: An example of a ring graph on 4 plaquettes.

We record a first and simple construction that has already been introduced in [MGSC18].

Example 2.3.2. In this example, we construct the single tensors as graph tensors as in Def-
ingtion 1.4.4. Let 'y = ({1,2,3,4},{(3,4)}) and T2 = ({1,2,3,4},{(1,2)}). Consider edge
weight functions my and mgy, respectively, such that m;({3,4}) = ma({1,2}) = f for some
f eN. Define

t =Tty m, = f[ s 5= Ty me :: [f.

It is clear that t ¥ s, but for the ring graph H,, it is obvious that the entanglement structures

Ty, and Sy, are equivalent under restriction where T = (t,...,t) and S =(s,...,s).

The following example is more interesting. In particular, the resulting entanglement struc-

tures will not be equivalent.

Example 2.3.3. Again, we construct tensors as graph tensors. For that, define two graphs
= ({1,2,3,4},{(1,2),(2,3),(3,4)}) and T's = ({1,2,3,4},{(3,4),(4,1)}). For the edge
weights, let g>2, h>2, u>g and f = gh—1 be natural numbers and define

ml((172)):m1((3»4)):f’ ml((2’3)):uv mQ((374)):h’ m2((4’1)):g'

Define tensors t and s via

g

t=Tr,m, = f[ If75:TF2,m2: h -

u
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and consider flattening maps of these tensors. Interpreting the tensors t and s as bipartite

tensors by grouping the second, third, and fourth party together, we see thatt } s since gh > f.

ForT=(t:ecE) and S=(s:ecFE), it is clear that t and s fit the shape of H,. We can
use a teleportation argument as in Fxample 1.1.10 to see that, in fact, Ty > Sy: Noting that
f? > g®h, we see that

=
[
v
S
®
v
I
95)
T

Using similar ideas, we can also construct examples for degeneration by using a fact about

the border subrank of the matrix multiplication tensor from [CLVW20].

Example 2.3.4. Let d € N and define three graphs T'; with associated edge weight functions
m; fori=1,2,3, all with vertex set V = {1,2,3,4}.

o Iy = (V,{(1,2),(2,3),(3,4),(4,1)}), my = d.

o Iy =(V,{(2,3),(3,4),(4,1)}), m2((3,4)) = d* and my((2,3)) =m2((4,1)) = d.

o Ts = (V,{(1,2),(2,3),(3,4)}), m3((1,2)) = m3((3,4)) = [d?] and m3((2,3)) = d*.
With that, consider the three graph tensors

d d

t =Ty m = d]%[d, =Ty ms = dz[%, 5= Tryms = [d%][%

d d d2

It has been shown that t > ([%]) for all d e N [CLVWZ20, Section 5.2]. Hence, we know that

& &

(t7""t)Hn B (({?])’7({ 2 ]))Hn

where H,, is again the ring graph on n plaquettes. On the other hand, a flattening argument
shows that s ¥ ([d—;]) and for d sufficiently large, § ¥ ([dg—z]) Similar to Example 2.3.2, we get

& @

(8. s8)m, 2 (b ) m, B (([?]),...,([ 5 WM,

By applying the same teleportation trick as in Example 2.3.3, we also obtain

d? d?

S 15 M,

(.§,...,.§)H" > (t,...,t)H" > (([
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Figure 2.4: A strip graph. Fach edge contains 12 vertices.

2.3.2 Entanglement structure on a strip

It is clear that all constructions in Section 2.3.1 crucially rely on the “periodic boundary
conditions” of the graph. In this section, we will see an example of the conversion between

entanglement structures on a strip graph which does not rely on periodic boundary conditions.
Definition 2.3.5. The strip graph H,, = (W,, E,,V,,,m,) is defined by the following data.
() The set of vertices is Wy, ={w; ;:i=1,...,n,j=1,...,12}.

(Q) The set of hyperedges is E, ={e1,...,e,}, where e; = (w;1,...,w;12) fori=1,...,n.
(&) The set of structure vertices is a set of cardinality |V,| =12 +8(n-1).

(&) The structure map is a surjective map m,, : W -V such that for alli=1,...,n-1, it
holds that

My (Wi,11) = M (Wir1,2), -, M (Wi 8) = M(Wir1,5)-

We visualize the strip graph in Figure 2.4.

As in Section 2.3.1, we will construct graph tensors to put on the single hyperedges of the

graph.
Example 2.3.6. Let p be a natural number and define V = {1,...,12}. Define a graph
Iy = (V,Ey) where

E, ={(1,2),(1,8),(2,3),(2,10),(4,7),(5,6),(7,9),(11,12)}.

Define a second graph Ty = (V, E3) with Es = {(7,8)}. Define constant weight functions
m; = p and my = p. With this, define the graph tensors

—

t:TFI;ml = ’S:Trmmz =

(
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and let T = (t,...,t) and S = (s,...,8). Since t is a simple tensor when considered as a

bipartite tensor
te (H1®H2®H3®H8®H10)®(H4®H5®H6®H7®H9®H11®H12),

and s is not, it is clear that t } s. On the other hand, we can apply a similar teleportation
trick as in Example 2.3.3 to see that for any n, it holds that Ty, > SH,, .

2.4 Obstructions

Our results in Section 2.3 demonstrate that conversion between entanglement structures is
a subtle topic. We want to find criteria under which the conversion between entanglement
structures is impossible. Since we have seen that only looking at the single tensors that
are to be put on the hyperedges of the graph does, in general, not suffice, we will start
in Section 2.4.1 by showing for a large number of special hypergraphs that the conversion
between entanglement structures is equivalent to the conversion between each of the single
tensors. We then go on in Section 2.4.2 and relate the conversion between entanglement
structures to the well-studied notion of asymptotic restriction as well as, in Section 2.4.3, to

the so-called quantum functionals.

2.4.1 Obstructions from the geometry of the graph

To find obstructions from the geometry of the hypergraph, we first observe the following,

easy fact without proof.

Lemma 2.4.1. Let H = (W, E,V,m) be a hypergraph and :V — U be a structure-modifying
map. Moreover, let T = (t(e):e€ E) and S = (s(e) : e € E) be two families of tensors fitting
the shape of H. Then, Ty > Sy implies T, g > Su.m. The same holds when we replace all

restrictions with degenerations.

Intuitively this means that operations like folding the hypergraph and grouping together

parties preserve both restriction and degeneration.

Example 2.4.2 (Bipartitioning). Let U have two elements and take a structure-modifying
map p:V - U. Then, Lemma 2.4.1 implies that if Ty restricts resp. degenerates to another
entanglement structure Sy (or, more generally, to any tensor S), then Ty must also restrict
resp. degenerate to Sg seen as bipartite tensors by grouping the parties into two groups (note
that every bipartition can be realized by such a map ). In particular, the flattening rank over
any bipartition of Ty must be greater than that of Sg. This rank can be deduced easily from
the structure of the graph, and the single tensors t(e) resp. s(e) and gives a first obstruction

which is easy to compute. Note that this is nothing but Lemma 1.3.1 applied to Ty and Sg.
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Next, we observe that we can drop hyperedges under certain conditions. Here, it will be
useful to deviate for a moment from our convention that vertices contained in the same edge

cannot map to the same structure vertex.

Lemma 2.4.3. Let H = (W, E,V,m) be a hypergraph and consider two families of tensors
T=(tle):ecF) and S =(s(e):ec E) fitting the shape of H. Assume further that for some

edge eg € E, all coordinates of eg map to the same structure vertex v. Then, Ty > Sy implies

(T~ A{t(eo) P mngeoy 2 (S~ {s(e0) P rnfen}-

Proof. We can use the local map at v to achieve

(T~ A{t(eo) ) feoy 2T 2 Su > (S~ {s(e0)}) B {eo}-

We are now ready to state the following implication of Lemma 2.4.1 and Lemma 2.4.3.

Corollary 2.4.4. Let H = (W, E,V,m) be a hypergraph and let eg € E be an edge that is not
contained in a cycle. Assume furthermore that all vertices in eq map to different structure
vertices under m. Let T = (t(e) : e € E) and S = (s(e) : e € E) be two families of tensors
fitting the shape of H. Then, Ty > Sy implies t(eq) > s(eg).

Proof. Define a structure-modifying map p:W ~ {w € eg} by mapping a vertex v to the
unique vertex w such that v € a(w) is in the affix of w. By Lemma 2.4.1, T), g > S, z. By
assumption, it holds that for all edges e # e, all its coordinates map to the same structure
vertex in p.H. With that, we can remove all edges except ey from the graph preserving the

restriction using Lemma 2.4.3, which implies t(eg) > s(ep). O

We finish this discussion by giving an example for graphs where Lemma 2.4.3 is applicable.

Definition 2.4.5. We say that a structured hypergraph H = (W, E,V,m) with E = {e1,...,e,}

is a tree if no edge is contained in a cycle.
We visualize the concept of a tree in Figure 2.5.

Corollary 2.4.6. Let H = (W,V,E,m) be a tree and consider T = (t(e) : e € E) and
S =(s(e) : e € E) fitting the shape of H. Then, Ty > Sy holds if and only if t(e) > s(e) for

all e € E. The same statement holds when we replace all restrictions with degenerations.

Proof. By definition, it is clear that a tree contains no cycles. In particular, no edge is
contained in a cycle. Hence, applying Corollary 2.4.4 finishes the proof. O
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(a) A tree. (b) A hypergraph that is not a tree.

Figure 2.5: A tree in Figure 2.5(a) and a graph that is not a tree in Figure 2.5(b).

2.4.2 Folding and the asymptotic restriction of tensors

We now go on to derive further obstructions to the conversion between entanglement struc-

tures by relating it to the concept of asymptotic restriction of tensors.

Definition 2.4.7. For k-party tensors t and s, we say that t restricts asymptotically to s

and write t 2 s if we have t*"+°(") > s®™ for gll n e N,

Let H be foldable and define families of tensors 7' = (t(e) : e € E) and S = (s(e) : e € F)
where all t(e) are the same, and similar for the s(e). Denote by u a structure-modifying map
folding H onto one hyperedge. We notice that if ¢ and s are symmetric under permuting
the indices of the tensors, that is, in the notation of Section 1.3, t € S¥(U) and s € S*(V)

for some spaces U and V, then Ty > Sy implies t®Z = Tyw>2Sum= SBIEL

Again, we refer
to Figure 2.2(c) for a visualization. In particular, we get ¢ 2 s. The same argument holds

even when we only assume T 2 Sy. Hence, we have proved the following.

Proposition 2.4.8. Let H = (W, E,V,m) be a foldable hypergraph where every edge consists
of k vertices, and let t,s be symmetric tensors such that t 1 s. Then, Ty £ Sy where T and

S are families consisting of |E| copies of t resp. s.

For example, it has been shown in [CVZ18] that the W-tensor does not asymptotically re-
strict to the unit tensor (2), that is, W ¥ (2). Hence, for any foldable hypergraph where
every edge consists of three vertices, we know that the entanglement structure arising from
putting W-tensors on each of the edges cannot restrict to the same entanglement structure
with unit tensors instead of W-tensors. We note that the other direction holds as well.
In Proposition 4.3.9, we will see a proof for the well-known fact that for no n € N, it holds
that (2)®" > W¥". Hence, by the discussion before Proposition 2.4.8, there is no foldable
hypergraph such that the entanglement structure arising from putting copies of (2) on it
restricts to the same structure built from W-tensors. In summary, we see that entangle-
ment structures built from unit tensors and W-tensors, respectively, on foldable graphs are

incomparable under restriction.
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2.4.3 Quantum functionals

In this section, we will demonstrate how one can use quantum functionals, which are impor-
tant tools in the study of asymptotic entanglement conversion introduced in [CVZ18] to find
obstructions for the conversion between entanglement structures. For fixed k, call X' (k) the
set of all functions

[ : {k-party tensors} — Ry
that satisfy all of the following four conditions:
1. f is monotone under restriction, that is, ¢ > s implies f(¢) > f(s).
2. f is normalized on the unit tensor, that is, f({r)) =r.

3. f is multiplicative under the Kronecker product, that is, f(t®s) = f(¢)f(s) for all ¢

and s.
4. f is additive under the direct sum, that is, f(t @ s) = f(t) + f(s) for all ¢ and s.

Then, X (k) is usually referred to as the asymptotic spectrum of tensors, and a function
f € X(k) is called a point in the asymptotic spectrum. The points in the asymptotic spectrum

of tensors play an important role in the study of asymptotic restriction.

Theorem 2.4.9 ([Str86, Str88]). Lett e U1 ®---®@ Uy and s € V1 ®---® V, be k-party tensors.
Then, t 2 s if and only if f(t) > f(s) for all f € X(k).

All bipartite flattening ranks are examples of asymptotic spectral points. In [CVZ18], many

more spectral points called quantum functionals were constructed.
Definition 2.4.10. Lett € U ®---®Uy, and consider a probability distribution @ = (01, ...,0;).
We define the quantum functional associated with @ to be Fy = 2F¢ where

k .
Ep,....0,(t) =sup > 0; H(t™).
>t/ =1

Here, t©) is the matriz obtained by tracing out all but the i'th system from tt* (where we,
for a moment, interpret t as a column vector) and H () = tr(t(®) log(t(i))) denotes the von

Neumann entropy.
In fact, the quantum functionals give non-trivial examples of asymptotic spectral points.

Theorem 2.4.11 ([CVZ18]). For any probability distribution 6 = (61,...,0k), the quantum

functional Fy is a point in the asymptotic spectrum of k-party tensors.

Note that the maps Fy can also be used to rule out asymptotic restrictions in the case where
the 6; are any non-negative, real numbers that do not necessarily sum to 1. We will later

also use quantum functionals for non-normalized 6.
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Example 2.4.12. We already used that the W -tensor does not asymptotically restrict to (2).
This was shown in [CVZ18] by showing that F(131/3,1/3)({2)) > F(1/3,1/3,1/3)(W).

In fact, we can apply the quantum functionals more directly to obtain obstructions for the

conversion between entanglement structures.

Theorem 2.4.13. Let H = (W, E,V,m) be a structured hypergraph and T = (t.:e€ E) and
S = (sc:e€E) be families of tensors fitting the shape of H. Moreover, let 6 = (61, ...,0w))

be a probability distribution. Then, Ty 2 Sy implies

H F(9m(v)w€€) (te) 2 H F(Qm@)CUEe)(sE)'
eeE

eclE

Proof. This is an immediate consequence of the fact that the quantum functionals are mul-

tiplicative under taking the Kronecker product. O

In particular, Theorem 2.4.13 can be used to reprove that entanglement structures built from
W-tensors and unit tensors (2), respectively, are incomparable, see Example 2.4.12. Note
that, unlike the results in Section 2.4.2, Theorem 2.4.11 does not require all hyperedges to
comprise the same number of vertices. In particular, it does not require the hypergraph to
be foldable.

2.5 Tensor rank of entanglement structures

In this section, we ask for the minimal size of rank decompositions of entanglement structures.
In Section 2.5.1, we calculate the rank of a specific entanglement structure arising from
putting two copies of the W-tensor on any possible two-edge hypergraph. In Section 2.5.2,
we calculate the stabilizer group of entanglement structures where the underlying hypergraph

is a tree.

2.5.1 Tensor rank of two copies of the W-tensor

Let H = (W,V,E,;m) be a hypergraph and let T = (¢1,...,tx) a family of tensors fitting the
shape of H. It is interesting to ask about the rank of the entanglement structure R(T).

The following observation is immediate.

Lemma 2.5.1. For H = (W, V, E,m) any hypergraph and T = (t1,...,tx) a family of tensors
fitting the shape of H, it holds that

R(Tg)<R(t1® - ®t) < R(t1) ... R(tx)- (2.1)

We ask under which conditions the inequalities in Equation (2.1) can be strict. Again, it is

already known that both inequalities can be strict.
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) The tensor W. ) The tensor Wy.

Figure 2.6: Illustrations of the tensors W5 in Figure 2.6(a) and Wy in Figure 2.6(b).

Example 2.5.2. Consider the W-tensor. Recall from Example 1.3.8 that R(W) = 3 and
consequently, R(W)? = 9. It has been shown in [CJZ18] that R(W ® W) < 8 and in [CF18]
that equality holds. Moreover, it has been shown in [YCGD10] that ROW & W) = 7. Since we
have seen that the Kronecker product of tensors can be realized as an entanglement structure,

this provides an example where all inequalities in Equation (2.1) are strict.

In this section, we consider two setups that are intermediate to W ® W and WrW. Consider
hypergraphs I'y and 'y where I'y is the butterfly graph and I's the diamond graph as we
defined them in Example 2.2.2. We will write W5 = (W, W)r, and Wy = (W, W)r,. In other
words, let Uy, ...,Us be two-dimensional and consider two copies of W € Uy ® Uy ® Uz and
WeU,®Us ®Ug. The tensor W5 is now W ® W considered as an element of

U1®U2®(U3®U4)®U5®U6

and T, is the same tensor considered as an element of Uy ® (U ® Us) ® (U3 ® Uy) ® Ug. We
illustrate these tensors in Figure 2.6. We will now calculate the rank of both Wy and Ws.

Proposition 2.5.3. It holds that R(W4) = R(W5) = 8.

Proof. Since 8 = R(W @ W) > R(W5) > R(W,), it suffices to show that R(Wy) = 8. Assume

that there is a decomposition

7
Wy= ) u1;® uzs,;j ® usa,j ® Us,; (2.2)
j=1

where ugs j € Uy ® Us and uga ; € Us® Us. Note that (e3 ®e3)q 5Wy # 0 where (e3 ®e3)s 5 acts
as the linear functional e5 on U and Us and as an identity on the remaining spaces. Hence,

we can without loss of generality assume that (e} ® e5)ugs 7 = 1. With that,
U7 =aer ®e; +beg ®ex +cea®e +ex @ e

for some coefficients a, b, c € C.
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Note that the W-tensor has symmetries: Defining the linear transformation
A, :C* > C? e = eq,e0 > 2+ pey

we have that (A, ® Ag® A, )W =W for all o, f and ~ such that o+ 5+~ =0. Applying the
map id; ® (A_p)2 ® (Ap)3®ids ® (A_.)5 ® (Ac)s to the decomposition in Equation (2.2), we

see that there is a decomposition

7
Wi =), 01, ® V25,5 ® V34, ® Ve, (2.3)
i=1

such that ves 7 = a’e; ® e1 + €2 ® ey for some a’ € C.

Note that W,y has additional symmetries. Define for any g € C the linear transformation

Bq:(C2®C2) - (CQ®C2),e1 ®e; e ®ey,
€1 ®eg —> e ®eg,
ey ®e; > ey ey,

€y @€y >e3Q€y+(ge; Ves.

One easily checks that
(ld ® 325’,1 ® 334’,q ® ld)W4 = Wy. (24)

Applying Equation (2.4) with ¢ = —a’ to the rank-7 decomposition in Equation (2.3) trans-
forms it into a decomposition
7
Wy= 3 wi; ®was,j ® wsa; ® We,; (2.5)
j=1
with was 7 = e2 ® ea. With that, the remainder of the proof is identical to the proof that the
rank of W® W is 8 in [CF18]:

Applying the projectors (e})2 and (e})s to the rank-7 decomposition of Wy yields rank-6

decompositions of

6
(GI)QW4 =MeW-= Z wi,; ® (ef ® id)w257j ®wsy,j ® we; € Uy ® (Ug ® U4) ® Us ® Us,
j=1

6
(e{)5W4 =We®N = Z wij ® (ld ® ei)wgg,’j ® wsyq,; ® We; € U eUs;® (U3 ® U4) ® Us.
j=1
where M = N =e; ® e + e ® e is a rank-2 matrix. It is easy to verify using the substitution
method from Theorem 1.3.2 that W@ N, considered as an element of Uy ® (U2®Us ) (Us®@Uy),
has rank 6. Defining
N = {wy,; ®wsq j for j=1,...,6},
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it follows that the set A is linearly independent. Consider moreover the set
M= {(ef ® id)w257j ® wWe,; forj=1,... ,6}

It is clear that all elements of M are simple tensors and span W (U;). Hence, M must

contain at least three linearly independent vectors.

View the tensor M@ W € (U; ® U3 ® Uy) ® (Us ® Ug) as a bipartite tensor. On the one hand,

we can write
M®W:(M®€1)®(el ®€2+€2®61)+(M®62)®61 ®er.

Consequently, viewed as a bipartite tensor, M ® W has rank at most 2. On the other hand,
the preceding discussion implies that
6
MW = Z n; ®m;
j=1
where nj = w1 ; ® w34 ; are the elements of N and m; = (e ® id)was ; ® we ; are the elements
of M. Since the m; are linearly independent, and at least three of the n; are linearly

independent, this tensor must have rank at least 3 — a contradiction. O

2.5.2 Stabilizers of entanglement structures

We will now turn our attention to the stabilizer group of entanglement structures. Writing
G = GL(Uy) x -+ x GL(Uy), recall the definition

Stabg(t) = {(Al,. . ,Ak) eG: (Al ®--® Ak)t = t}
for the group of stabilizers in G of a tensor t € Uy ® --- ® Uy, from Definition 1.2.3.

Let H be a hypergraph and T' = (¢1,...,%;) be a family of tensors fitting the shape of H. It is
clear that if A; is a stabilizer of ¢; for all ¢ =1,...,k, then ®f:1 A; grouped according to the
structure vertices is a stabilizer of Ty . In the proof of Proposition 2.5.3, we have seen that
entanglement structures can have stabilizers that do not arise in this way. In this section, we

will see that for tree hypergraphs, all stabilizers arise in this way.

Let t e Uy @ Uy @ U3 and s € Uy ® Us ® Ug. To simplify the notation, we will write tXs for
the entanglement structure that arises by putting ¢t and s on a butterfly graph, that is, t® s
considered as an element of U; ® Uy ® (Us ® Uy) ® Us ® Ug. We record the following result.

Proposition 2.5.4. Let t,t e U; @ Uy ® U3 and s,5 € Uy ® Us ® Ug be concise and consider a
linear map M : U3 ® Uy - U3 ® Uy such that (id®id® M ®id ® id)tXs = tN35. Then, there are
M € GL(Us) and Ms € GL(Uy) such that M = My ® M.
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Proof. Pick bases eq,...,e,, and eq,...,e,, of Us and Uy. Note that we can think of £ and s

3

as bipartite tensors

3 Uy
pj®eje(U1®U2)®U3, S = Zek®0kEU4®(U5®U6)~
1 k=1

t=

u
Jj=

By conciseness we know that the sets {p;,j = 1,...,us} and {oy,k =1,...,u4} are linearly
independent. Define the linear functionals p} for j = 1,...,w such that pj(p;) = 0;; and

similarly, o; with o} (0;) = 0.

Let now M : U3 ® Uy - Us ® Uy be a map with Massts = {5 where we write My, for
ide®id® M ®id ®id. Clearly, M3, commutes with p; ® id ® o}, for any j, k in the sense that
(p; ®id®oj)Msy = M(p; ®id ® o). Hence,
M(e; ® fr) = M(p; ®id ® o )ts =
(p; ®ide® O’Z)M34tNS =

(p; ®id ® oy )t5 = pit ® 0}5.

In other words, defining M; and M via M;(e;) = pj*f and Ms(er) = 08, respectively, we see
that M = My ® M. O

Applying Proposition 2.5.4 yields insights into the stabilizers of tensors of the form #Xs.

Corollary 2.5.5. Say, (A1 ® A3 ® M ® A5 ® Ag)tXNs = tiXs for some concise tensors t and s.
Then, M is of the form M; ® Ms.

Proof. Note that the maps Ay, As, A5, and Ag must be invertible by conciseness of the tensors.
The claim now follows immediately from Proposition 2.5.4 by choosing # = (A7 ® A3 ®id)t
and § = (id® A5' ® Ag')s. O

Our proof did not use that the tensors ¢ and s were three-party tensors. The same holds for
any number of parties, that is, se U1 ® ---®@ U, and t € V1 ® --- ® V,, for any m and n which
“touch” in only one party. From this, one easily gets the following stronger result.

Corollary 2.5.6. Tensors on a tree hypergraph only have the product of stabilizers of the

single tensors as stabilizers.
This leads us to the following conjecture, compare also the discussion in Example 1.2.5.

Conjecture 2.5.7. Let H = (V,W,E,m) be a tree and T = (t1,...,tx) a family of tensors
fitting the shape of H. Then,

R(Tyg)=R(t1 ®---®t1).
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Chapter 3

Quantum max-flow in the bridge

graph

The quantum max-flow introduced in [CFW10] quantifies the maximal possible entanglement
between two regions of a tensor network for a fixed graph and fixed bond dimensions. Under-
standing the quantum max-flow provides valuable insights into the entanglement properties

of the physical states one can obtain from such tensor networks.

Some progress in understanding this quantity was achieved in the past: In [CFS*16], the
authors relate the quantum max-flow to the classical max-flow of a graph and introduce
the notion of quantum min-cut which is the information-theoretic analog of the classical
min-cut in graph theory [EFS56, FF56]. They show that the quantum max-flow is always
bounded from above by the quantum min-cut and demonstrate for a few examples with fixed,
small bond dimensions that the inequality can be sharp. In [GLW18], families of examples
presenting big separations between quantum max-flow and quantum min-cut were given, but
computing the quantum max-flow exactly seemed out of reach. Moreover, it was shown

in [Has17] that asymptotically, quantum min-cut and quantum max-flow are the same.

In this chapter, we study this problem for a specific graph, which we call the bridge graph.
We relate the problem of computing the quantum max-flow in the bridge graph to the theory
of prehomogeneous tensor spaces and the representation theory of quivers which allows us to
exactly compute the quantum max-flow in the bridge graph for essentially all choices of bond

dimensions.

This chapter is a partly modified version of [GLS22].
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3.1 Overview

In this chapter, we focus on tensor network representations. Understanding properties of
tensor network states from the point of view of geometry and information theory provides
valuable insights into the physical states that they define. However, usually, quantities asso-
ciated with tensor network states are difficult to compute. One such quantity is the quantum
max-flow which was introduced in [CEFW10] in the context of the positivity of certain tensor
operators. The quantum max-flow is an information-theoretic version of the classical max-flow
of a graph, and the exact definition will be given in Section 3.2.1. Informally, given the data
of a tensor network I' = (V, E') with bond dimensions m, and two disjoint subsets S, T ¢V of
the set of vertices of I', the associated quantum max-flow, denoted QMaxFlow(I',m,S,T),
is the maximum possible rank across the bipartition (S,7) of a tensor arising as a tensor

network state associated with I" and m.

In [CFS*16], the authors relate the quantum max-flow to the notion of quantum min-
cut, denoted QMinCut(T', m,S,T), that is, the information-theoretic analog of the classi-
cal min-cut in graph theory [EFS56, FF56], see Section 3.2.1. They prove the inequality
QMaxFlow(I',m,S,7) < QMinCut(T',m, S, T) for all instances of I', m, § and 7 and con-
struct examples where this inequality is strict. They highlight connections between the quan-
tum max-flow and entropy of entanglement as well as the quantum satisfiability problem and
suggest further connections to spin systems in condensed matter and quantum gravity. Fur-
ther progress was achieved in [GLW18] where the authors construct families of examples
where the gap between the quantum min-cut and the quantum max-flow can be arbitrar-
ily large. In [Has17], Hastings showed that asymptotically, quantum min-cut and quantum

max-flow are the same.

As of today, the exact value of the quantum max-flow was computed only in a limited number
of cases with small fixed bond dimensions, and computing the quantum max-flow exactly for
a given graph seemed out of reach. In this chapter, we study this problem for a specific
graph, the bridge graph in Figure 3.1.

The study of the quantum max-flow in the bridge graph has two interesting connections to

other areas that we briefly outline.

Figure 3.1: The bridge graph.
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In the representation theory of quivers, the value of the quantum max-flow reveals the exis-
tence (or the nonexistence) of certain covariants for the so-called Kronecker quiver. Quiver
representation theory is the main tool used in the study of the invariant theory of families
of matrices [DM21], which has, among others, applications in the study of matrix product
states [MS19, DMS22]. In fact, the invariant theory of the Kronecker quiver is the main tool
used in the proof of Theorem 3.3.13, where we rely on the existence of certain invariants
introduced in [Sch91] and studied in [DZ01, SV01, DM17].

The second connection we briefly mention is the one to algebraic statistics and the study
of maximum likelihood estimation, a widely used method to determine the free parame-
ters of a probability distribution that best explains given data. In this context, the max-
imum likelihood threshold is the smallest sample size allowing one to completely recon-
struct the model from the given sample, see, for example, [DKH21]. The existence of a
maximum likelihood threshold has strong connections with classical invariant theory, as
explained in [AKRS21, DM21]. In particular, [DM21, DMW22] study invariant theoretic
properties of matrix and tensor spaces in the context of maximum likelihood estimation.
Moreover, [AKRS21] studies the maximum likelihood threshold in relation to the cut-and-
paste rank introduced in [BDO06]. In the case of matrices, the cut-and-paste rank is exactly
the quantum max-flow on the bridge graph. In particular, the results of this chapter can be

read in terms of cut-and-paste rank.

3.1.1 The quantum max-flow and the bridge graph: summary of the

results

Associate to the bridge graph of Figure 3.1 bond dimensions a,b,w,a’,b’ on the edges and

consider the two disjoint subsets S and T of the vertices as depicted in Figure 3.2.

b
o o

®o . —®

S T

Figure 3.2: The bridge graph with bond dimensions a,b,w,b’,a’, set of sources S and set of
targets 7.

Fix vector spaces A, B, A, B',W of dimension a,b,a’,b’, w respectively. A flow map on the
bridge graph is defined as follows. Let T € A B®W and T' ¢ A’ ® B’ ® W* be tensors.
Pictorially one can think of them as placed on the top and bottom central vertex of the

bridge graph, with the “legs” corresponding to the three edges incident to each vertex. Let
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Fro1 e A B A'® B’ be the tensor obtained by contracting the factor W of T with the factor
W* of T'. Note that this is up to change of bases on the spaces A, B, A’, B’ exactly a tensor
network state in the sense of Definition 1.4.1. We explain this in more detail in Lemma 3.2.3.
The tensor Fr g+ can be regarded as a linear map Frp : (A® B')* - (B ® A’), namely a
bipartite tensor between the vertices in S and the vertices in 7. The quantum flow associated
with T and T is the rank of this linear map. The quantum max-flow is the maximum possible

value of rank(Fp /) as T and T” vary in the respective space. We write

a b
QMaxFlow |v | =max {rank(FﬂTr) :

vood

TeABW
T'eA @B @W* |

Note that quantum max-flow in the bridge graph is symmetric, in the sense that

a b b a

QMaxFlow _|r = QMaxFlow _|w

vood a v

Moreover, if a < b and b’ < @, then the quantum max-flow in the bridge graph is ab’ which
coincides with the quantum min-cut that will be introduced in Section 3.2.1. Hence, we will

restrict our analysis to the case a <b and o’ <V'.

The constant \,, = ¥HYw—2 v2u;2—4

will play a crucial role in the behavior of the quantum max-flow.
In order to summarize our results, we consider a partition of the set {(a,b) e N?:b>a} into

five regions:

b
a_|
Y, = {(ab):wa<b} Y,
X wa=b
X, = {(a,b):Aya<b<wa} w
W, Awa=b
W, = {(a,b):(w-1)a<b<\,a}
\E (w-1)a=b
Vo = {(a,b): Ay_1a<b<(w-1)a} U,
Aw-1a=0b
U, = {(@b):a<h<i, a}
a="b

Note that X,, = V41 and U, UV, UW,, = Up,y1. Moreover, Wy = Uz = {(a,a) : a € N}
and Us, Vs = @. Using this notation, we now record the main results of this chapter.
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Theorem 3.1.1. The quantum maz-flow in the bridge graph

[

o b
QMaXFIOW( |w )

is given by the value specified in Table 3.1. In particular,

o b o b
QMaxFlow( | ) = QMinCut( |0 )
e e

holds except possibly in the cases marked with Y, ®,<>. More precisely, the following holds.

(%) Let (a,b),(a’,b') e U, uV,UuW,. If (a,b) = q(a’,b") for some q€Q, then

e b o b
QMaxFlow( | ) = QMinCut( | ) =ab' =ad'b.

vood vood

(#) Let (a,b),(a’,b") e Wy,. If depth(a,b) > depth(a’,d"), then

4 b 4 b
QMaxFlow( | ) = QMinCut ( | ) =ab’,
v v

where depth denotes the castling depth defined in Definition 3.3.5.

(&) Let (a,b),(a',b') € X,y Write

CL:Z]()w)Oé‘FZ;fl)ﬁ, b:z;fl)aJrz}(fo)B
a' = z;fu)a' + z}(:jr)lﬂ', b = zl(;i)lo/ + zz(;i)Q,B',

as described in Lemma 3.2.13. Then,

a b ab' Zf p, > 2
QMaxFlow ( | ) =1 ab'-pa’ ifp=p,
v ood a'b Zf p/ <p.

In particular, we have a full characterization of the quantum max-flow in the bridge graph

for symmetric bond dimension, that is, in the case (a,b) = (a’,b’).
Corollary 3.1.2. Let w,a,b>1.

e If(a,b)e U,uV,UW,,, then

o b
QMaXFlOW( |0 ) = ab.

b a
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(a’,0")

3

a el
g

g

Table 3.1: The quantum max-flow in the bridge graph with bond dimension a,b,a’,b’,w. The
orange cases are solved in Theorem 3.3.6. The cyan-colored cases are solved in Theorem 3.3.7.
The purple cases are solved in Theorem 3.3.8, the precise formulation of <> can be found
in Theorem 3.1.1. The green cases are solved in Corollary 3.3.9.

The case marked with & is partly solved in Theorem 3.3.10. The cases marked with v are
partly solved in Theorem 3.3.13. A precise formulation of the results is in Theorem 3.1.1.

e If (a,b) € Xy, let «, B,p be such that

a=zz()w)a+z1()ffl)ﬁ b= ngl)a+z;f2)6

as in Lemma 3.2.13. Then,

e b
QMaxFlow( |w ):ab—aﬁ.
b a

e If (a,b) €Yy, then

@ b
QMaxFlow( |w ) = wa®.
b a

Theorem 3.1.1 is almost complete. The cases that remain open lie in the regions marked with

v in Table 3.1. We conjecture that the result can be extended in full generality.

Conjecture 3.1.3. Let (a,b),(a’,b") e U, UV, UW,,. Then,

-

[

R R
QMaxFlow( |w ) = QMinCut( |w ) =min {ab’,a’b} .

In Section 3.3.4, we prove a reduction argument allowing one to deduce Conjecture 3.1.3 for

any w € N from the case w = 3.
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3.1.2 Quantum max-flow and castling transform

A key ingredient in the proof of the results described in Section 3.1.1 is that the quantum
max-flow is easy to control under the so-called castling transform. The castling transform
was introduced in [SK77] in the study of prehomogeneous tensor spaces. In general, it defines
a correspondence between orbits in tensor spaces under particular group actions. We refer
to Section 3.2.2 for the precise definition. In the framework of the castling transform, we will

prove the following result:

Theorem 3.1.4. Let a,b,a’,b’,w be natural numbers such that a < bw and a’ <b'w. Then,

a b b bw - a

ab' - QMaxFlow [ |o | =b(b'w-a’) - QMaxFlow

v Vw-a b

Moreover, if we have b < aw and b’ < a’w, then we also have

a b wa —b a
a-b' - QMaxFlow |w = (wa - b)a’ — QMaxFlow w
v H_I Td wd -

Let us briefly outline how Theorem 3.1.4 helps to calculate the quantum max-flow in the
bridge graph. For a detailed discussion, we refer to Section 3.3. On a high level, we use The-
orem 3.1.4 to reduce calculating the quantum max-flow in the bridge graph to one of the

following two easy cases:

(i) For b > aw, that is, (a,b) € Y, it holds that

a b
QMaxFlow |o | = min{ab’, aa'w}.
v
(ii) For a <b and b’ < d, it holds that
o b
QMaxFlow |w | =ab
e

For pairs of natural numbers, we say that (a,b) and (a, 5) are castling equivalent if (a,b) can
be transformed into (@, b) by a number of operations (a,b) - (wa—-b,a) or (a,b) — (b, wb—a).
We show in Lemma 3.3.4 that every pair (a,b) € X,, is castling equivalent to a pair in Y.
Consequently, we can apply Theorem 3.1.4 multiple times and use (i) to calculate the quantum
max-flow. This procedure is applied in the proofs of Theorem 3.3.7 and Theorem 3.3.8. We
also show in Lemma 3.3.4 that a pair (a,b) € U, UV, U W, is always castling equivalent

to a pair (a, l~)) where @ > b. This — in many cases — reduces calculating the quantum max-
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flow in the bridge graph to the easier case (ii). This procedure is applied in the proofs
of Theorem 3.3.7, Corollary 3.3.9, and Theorem 3.3.10.

3.2 Preliminaries

In this section, we provide the exact definition of the quantum max-flow for a general graph,
and we prove an alternative description in the case of the bridge graph. Moreover, we intro-
duce the castling framework and describe the connections to the theory of prehomogeneous

tensor spaces that will be useful in the proofs of the main results.

3.2.1 The quantum min-cut/max-flow problem

Let T' = (V,E) be a graph and consider an assignment of bond dimensions m : £ - N
defining the data for a graph tensor as in Definition 1.4.4. Let S,7 € V be two disjoint
subsets. For v € SUT, set n(v) = [1,,, m(e) and for v ¢ SUT, set n(v) = 1 yielding
an assignment n of physical dimensions. Now, every element T ¢ TNS(T,m,n) can be
regarded as a bipartite tensor T € (®v€5 C“(”)) ® (®UE7— (C“(”)), or equivalently a linear map
Fr: Ques cr»” S ®uper C*) . The quantum maz-flow of (I',m) relative to the subsets

S, T is the maximum possible rank of this bipartite tensor, namely

QMaxFlow(T',m; S, T) = max{rank(Fr) : T € TNS(I',m,n)}.

A cut of T relative to the sets S, 7 is a partition V = AuB of V with Sc A and 7 € B. The

quantum capacity of a cut is

qeap(A,B) =[] m({vivz}).

{v1,v2}eE
U1 G.A,’L)QQB

The quantum min-cut of (I, m) relative to the sets S, T is

QMinCut(I',m; S, T) = min{qcap(A, B):ScATcB ANB= @}. (3.1)

Remark 3.2.1. The quantum min-cut can alternatively be defined as the minimal possible
rank of a flattening map as defined in Definition 1.1.12: Every choice of A and B induces a
flattening for the graph tensor Tr m. The quantum capacity of this cut is just the rank of the

induced flattening map.

We state two immediate but crucial properties of the quantum min-cut and the quantum max-

flow. They were first stated in [CFS*16] and are immediate consequences of the definition.
Proposition 3.2.2. For every network I' with bond dimensions m, the following holds:

e QMaxFlow (T, m;S,7T) < QMinCut(I',m;S,T).
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o The set of T € TNS(T,m,n) such that rank(Fr) = QMaxFlow([',m;S,T) is a dense
and Zariski-open subset of TN'S(T', m,n).

In general, computing the quantum max-flow is not trivial. In fact, in most cases, even
proving a separation between quantum max-flow and quantum min-cut is challenging. We
want to compute QMinCut(I', m; S, 7T ) and QMaxFlow(I',m;S,7T) in the case of the bridge
graph

b
o o

o e

S T

for integers a, b, w,b’,a’. For the four vertices of degree 1, the local tensors T, in the definition

of the tensor network state have no effect. This yields the following immediate result

Lemma 3.2.3. Let m = (a,b,w,b’,a’) be bond dimensions on the bridge graph. Let n be the
physical dimensions induced by the choice of S and T as before. Write A=C* and similarly
for B,W,B’, A’. Then, regarded as a subset of A B® A’ ® B/,

TNST,m,n)={T ~-T'c Ao BoA' @B : TcAeoBeoW,T'cA'®@ B e W*}

where = : W @ W* — C is the tensor contraction as described in Section 1.4. Writing
Frpr =T -T":(A®B')* > A’ ® B for the tensor network state interpreted as a linear map,

we have
4 b
QMaxFlow |v | = max{rank(Fr ) :

vood

TeA®BaW,
T'e A@B oW* |

The quantum max-flow in the bridge graph can be characterized only using linear algebra: Fix
a basis ey, ..., e, of W with dual basis e, ..., e;,. For T'e A@ B®W, the slices T'(ej) e A® B

can be regarded as matrices of size a x b. Similarly for 7" ¢ A’ ® B’ ® W*, the elements

T'(e;) € A’ ® B’ can be regarded as matrices of size b’ x a’. Then, the linear map
FT,T’ : (A ® B/)* - A, ® B

is represented by the matrix T'(e])®7T"(e1) +-+T (el )RT (ey). As T and T are arbitrary,

we obtain the following characterization.
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(a) The graph I'y with bond dimensions m;. (b) The graph I'; with bond dimensions ms = r.

Figure 3.3: The two graphs I';y and I'; with associated bond dimensions. The quantum
max-flow in the bridge graph specifies the maximal possible 7 such that Jr, m, > T, m, for
me =7.

Lemma 3.2.4. The quantum max-flow in the bridge graph satisfies

-~ b w M ...M, matrices of size a x b
QMaxFlow |w = max rank(Z M; & N;): ! v ' f ‘ T
- i 1...Ny matrices of size b’ x a’

We can also characterize the quantum max-flow in the bridge graph using the language
presented in Section 1.4. For that, consider the two graphs I'y and I'; with bond dimensions

m; and ms, respectively, as depicted in Figure 3.3. Then the following is immediate.

Lemma 3.2.5. The quantum maz-flow in the bridge graph satisfies

a b
QMaxFlow _|w_ =max{r:Ir, my; 2 Tr,m, for my=r}
ood

where the bond dimensions my are specified as in Figure 3.3(a).

3.2.2 Pehomogeneous tensor spaces and the castling transform

Motivated by Proposition 3.2.2, we will now review some facts from the theory of prehomo-
geneous tensor spaces. We will only present a small part of this theory and restrict ourselves
to the results that we will use in this thesis. For a general introduction to the representation
theory of linear algebraic groups, we refer to [Bor91]. Prehomogeneous tensor spaces have
been studied extensively in, for example, [SK77, Kim02, Man13, Ven19, DMW22]. We start

by defining the main concept of this section.

Definition 3.2.6. Let G be a linear algebraic group acting on a vector space V. The space V
is prehomogeneous for the action of G if the action has a dense orbit, that is, if there exists
veV such that Gv=V.

Recall that Theorem 1.2.4 ensures that if an orbit is dense in the Zariski topology, then it
is also dense in the FEuclidean topology. In particular, if V' is prehomogeneous for the action
of G and the orbit of v € V dense, then G.v is Zariski-open in V and consequently dense in
the Euclidean topology. Moreover, it is unique, and it coincides with the orbit of any generic

element.
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Note that if a group G acts on a vector space V, then this induces an action on the dual
space V* via g.f(=) = f(g7*.-) for all g e G and f € V*. This is often called the contragre-
dient action or dual action. For general linear groups over the complex numbers (or more
generally, for so-called reductive groups), prehomogeneity carries over to the contragredient
action [Kim02, Propositions 2.21 & 7.40].

Theorem 3.2.7. Let G = Xi—ll GL(V;) be a product of general linear groups and W any
finite-dimensional vector space. Consider the natural action of G on a space V' = ®f:1 VieW.
Then V is prehomogeneous for the action of G if and only if V* is prehomogeneous for the

contragredient action of G.

In this section, we are interested in tensor spaces C* ® C* ® C* which are prehomogeneous
for the action of GL(C®) x GL(C?) on the first two factors. A fundamental ingredient in the
theory of prehomogeneous spaces is the notion of castling transform, introduced in [SK77] and
extensively used in the geometric study of prehomogeneous tensor spaces, see, e.g., [Manl3,
Ven19, DMW22|. To present the proof of the castling transform, it is handy to introduce the

Grassmanian of m-planes.

Let Gr(m,V) c A™V be the Grassmannian of m-planes in V', that is, the set of v A+-- A vy,
such that v;...v,, are linearly independent. Up to scalar prefactors, we can identify the
element vy A---Av,, with the m-dimensional space E it spans. Note that if a group G acts on
V', then it also acts on Gr(m, V') by mapping F = span(v; ...v,,) to g.F = span(g.vy ... g.vm ).
Similarly, the action of G on V induces an action on Gr(m,V*) by using the contragredient
action. We note that Grassmanians, in general, are not vector spaces. However, one can,
in a natural way, give them the structure of an algebraic variety, see, for example [Lanl7,

Section 2.3.3]. The following simple observation lies at the core of the castling transform.

Lemma 3.2.8. Let V' be a vector space of dimension v and m < v. There is a natural
bijective map Gr(m,V) - G(v—m,V*) mapping E — E*. Moreover, if G acts on V, then
this map commutes with the group action, that is, g.E* = (9.E)*.

With that, we are ready to state the result called castling transform which will be an impor-

tant tool throughout this thesis.

Theorem 3.2.9. Let G be a linear algebraic group acting on a vector space V' of dimension
v and let m € N. Then the space V @ C™ is prehomogeneous for the action of G x GL(C™) if
and only if V* ® CV™™ is prehomogeneous for the action of G x GL(CV™™).

Proof. Fix a basis e1...e,, of C™ and let  c V @ C™ be the subset of elements of the form
T=e,®Mi;+--+e,®M,, such that the M; are linearly independent. Consider the surjective,
Zariski-continuous map ¢ : Q - Gr(m, V), T ~ span(M ... M,,) commuting with the action
of G. If the orbit of an element v € V is dense, then the orbit of ¢(v) must be dense as well.
On the other hand, it is clear that GL(C™) acts transitively on ¢~ *(E) for all E in Gr(k, E).
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Hence, prehomogeneity of the action of G on Gr(m,V’) implies prehomogeneity of V' under
G x GL(C™).

Using Lemma 3.2.8 and applying the same line of arguments to G(v —m,V*) yields the

claim. 0

Corollary 3.2.10. Let b<aw. The space C*® C® ® C¥ is prehomogeneous for the action of
GL(C%) ® GL(C®) if and only if the space C** @ C* @ C* is prehomogeneous for the action
of GL(C¥%") ® GL(C%).

Proof. This is a direct consequence of Theorem 3.2.7 and Theorem 3.2.9. O

In fact, one can use Corollary 3.2.10 to derive a condition that only depends on the involved
dimensions. For that, define \,, = X2 == V2w2’4 for every w > 2. The central result of this section

is the following.

Proposition 3.2.11. Let w > 2 and let a,b be integers such that Aya <b. Then, C*®C*@CY
has a dense (GL(C?%) x GL(C®))-orbit.

In preparation to prove Proposition 3.2.11, we need to introduce some technical results. First,
note that we have A\g = 1, A\, € (w—1,w) for w >3 and \;! = ¥=/—=1 V2“’2_4. In particular, A, and
;! are the two roots of the equation A\ —w\ + 1 = 0. For every w > 2, define recursively the

w

generalized Fibonacci sequence

zéw) =0, z%w) =1, z}(ffl) =w- zz(,w) - zl(ffl)

By resolving the recursion, one obtains

AP — AP
2122) =p, zl()“’) =2 Y forw#2.
w2 -4

We record an immediate fact, which will be useful multiple times throughout:

Lemma 3.2.12. For every w > 2 and p >0, we have

(w) (w)
z z w)2 w w
oo T ) -

P p+1

Proof. The proof is by induction on p. If p =0, then

(w) (w)
z z 1 w
det| Pl P2 )= et =1.
( Zz()w) Z(u;) 0 1

p+1

o4



If p> 1, we have

(w) (w)

Zpei Fpr2 | _ (w)? _ (w) | _(w) _

det( Zz()w) ZZ()w) )_Zp+1 T2 Ap T T
P p+1

(w . Z}()w) _ Z(w))Z(w) _ (,w . Z;’lfl) _ ZI()w))Z;)w) _

p—-1/%p+1
w w) w) w (w w w2
w.ZI()).257*1_21(’*1.Z;+1)_w.zp+1)'zﬂ(9)+Z](9) =
2
zz(,“’) - 21(,1_01) z;)fl) =1. O

We also prove the following technical result, which appears in [Kac80] without proof.

Lemma 3.2.13. Let w > 2 and let a,b € N with A\ya < b < wa. Then there exist unique

a,$>0, 8+0, and p > 1 such that

a=z{"a+ g

p+1
b= zz(ffl)a + zl(,lfz)ﬁ
Proof. In the case w = 2, we have z},“}) =p, and the result is straightforward.

Consider the case w > 2. Define recursively the sequence
co=b, c1=a, cs=wcs 1 —C5 2.

We show by induction that cs > Ay cs41, which in particular implies that ¢ is strictly decreas-
ing because A, > 1. The hypothesis guarantees this is true for s = 0. If s > 1, the induction

hypothesis guarantees c,_1 > Ay cs so that
AwCs—1 > )\?ucs = (wWAy — 1)cs = WApCs — Cs
and therefore cg > Ay (wes — €s-1) = AwCsy1, as desired.

Since ¢, is strictly decreasing, there exists s* > 0 such that cg+11 < 0. Define 8 = ¢4+ and
QU= Cg_1] — WCg+ = —Cg+41. In particular, § >0 and « > 0. An immediate induction argument
shows

Corp = azéw) + ﬁzéfl).
Clearly, this is true if £=0,1. If £ > 2, we have
Cs*—f = WCs*—p-1 = Cs*—p-2 =

=w(azf?) + 82") - (023 + 5=()) =

s ((wztfi”l) - Zlgiu2)) +h (wzé“’) - zéf”l)) = O‘Ztgw) + 622}1)'
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Setting p = s* — 1, we obtain
b=co=Co_(ps1) = ozz;ifl) + ﬂz;fz)

o — (W) (w)
a=cp=cep=az)’ + ﬁzpﬂ.

This shows the existence of «, 8 and p as desired.

To show uniqueness, suppose

(w) (w)
a=a'z » +p'2 Zpi1

b=a'z <}1;>1 + B2,

for some p’, o’ >0 and B’ > 0. We first show that p = p’ must hold. Assume by contradiction
p # p' and without loss of generality consider the case p’ > p, equivalent to the condition

p' > p+1. With a similar induction argument as before, we observe that for s <p’ +1

7 _(w) / (w)
Cs OéZp —(s- 1)+B p'+1-(s-1)"

By assumption, this is true for s =0,1. For s > 2, we observe that

Cs = WCs-1 — Cs-2
_ r_(w) r_(w) (W) r_(w)
=w (Ol Zp -(s-2) + ﬂ p f+1— (5—2)) (a Zp’—(s—B) + ’6 p +1— (5—3))
I (w) 7 _(w)
=z (s-1) 82,0 (s-1)
In particular, setting s = s* + 1 = p, we obtain
02 cgeqr =0 ](gw)s* +4 Z(,ujr)l o

(w) (w)
= a’zp 1t 5’

(W) 5. Therefore, cg+,q1 < 0 implies that zé}”}p =0, that is

By assumption, 8’ > 0 and Q2
p=p’. This contradicts the condition p’ > p + 1. Therefore, we deduce p = p

Since p = p’, we have that («,8) and (&', 5’) satisty
a pw qul B pw plfl B

By Lemma 3.2.12, we deduce («, 8) = (o', 8").

Lemma 3.2.12 and Lemma 3.2.13 allow us to show that the tensor space C* ® C’ ® C¥ is

prehomogeneous for the action of GL(C?) x GL(C®) whenever A,a < b.
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Proof of Proposition 3.2.11. First, assume that b > wa. Considering the space C*® (C*®CY)
as a space of b x aw matrices, it is clear that any full rank matrix has a dense orbit under the
action of GL(C?). In particular, the space is GL(C?%) x GL(C®)-prehomogeneous.

Now, take any b > A\,a and write

p1f, b=zl 208

- ()
a=z,’a+z b2

p+1
as in Lemma 3.2.13.

By appying Corollary 3.2.10 recursively p times, we see that C* ® C’® C* is prehomogeneous
for GL(C*) x GL(C?) if and only if C* ® C* ® C* is prehomogeneous for GL(C® ) x GL(C?")

where

a' = zéw)a + z%w)ﬂ =f

b = z§w)a + zéw)ﬂ =a+wps.

Observing that b > wa' finishes the proof. O

Remark 3.2.14. The proof of Proposition 3.2.11 gives a recursive way of constructing ele-
ments with dense orbit in C* ® C* ® C¥ by choosing a full rank matriz in C"@CY®C¥ and
applying Lemma 3.2.8. We note that we do not know about a closed formula for an element

with dense orbit in C* ® C® ® C* for general Aya < b when w > 3.

3.2.3 Representation theory of quivers and invariants

The quantum max-flow in the bridge graph is related to the representation theory of the
Kronecker quiver. We refer to [DW17] for a comprehensive exposition of the representation
theory of quivers. We will outline a series of results from [Sch91, DZ01, DW00] which will

be crucial for certain cases of the quantum max-flow in the bridge graph.

Definition 3.2.15. A quiver is a finite directed graph Q = (Qo,Q1,t,s), where Qq is the
set of vertices and Q1 is the set of arrows. Here, the t and s are maps specifying the source

resp. target of an arrow e, that is, s(e) =i and t(e) = j for an arrow e = (i,7).

Example 3.2.16. The Kronecker quiver Ky, is the quiver that has two vertices « and 3 and
w arrows from « to 8. In other words, s(e) =« and t(e) = B for all arrows e. See Figure 3.4

for a visualization.

Figure 3.4: The Kronecker quiver /C,,.
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Quivers are often used to study several linear maps simultaneously. This is done by intro-

ducing representations of quivers.

Definition 3.2.17. A representation of a quiver Q is a pair V = (V;)iegys (Ve)eeq,). For
each i € Qo, Vi is a finite-dimensional vector space and if e = (i,7) is an arrow in Q1 from
vertex i to vertex j, then Ve : V; = Vj is a linear map. We associate to a quiver representation

V its dimension vector v =dimV = (dim V;),eq, -

For a quiver @ with fixed dimension vector v, its space of representations is

R(Q,V) = @ Hom(vs(e)a‘/t(e))
eeQq

where dim(V;) = v;.

Example 3.2.18. For a,b > 1, the space of representations of K., with dimension vector
(a,b) can be identified with the space of w-tuples of linear maps C* — C°, in other words,
R(Kw,(a,b)) 2 A9 B®W with dimA = a, dim B =b and dimW = w. For a fized basis of
e1,...,ey of W*, the linear map on the arrow j is T(e;) € A® B.

Let @ be a quiver and v a dimension vector of Q. The group GL(v) = X;eq, GL(C"?) acts
on the space of representations of ) with dimension vector v: Let V' = ((V;)ieQq, (Ve)ee@, )

be such a representation. Then g = (g;)ieq, acts on it by simultanecous basis change, that is,

(Va g) ind ((Vi)iéQm (gs(e)vegt_(le))ete)'

In particular, X;cq, GL(C"") acts on the coordinate ring of R(Q,v), that is, the set of
polynomials on R(Q,v): If f € C[R(Q,v)] is a polynomial, then g € X;cq, GL(C"?) acts via
9-f(=) = f(g7' ).

Definition 3.2.19. Let Q be a quiver with dimension vector v. The ring of invariants 1(Q,v)
for the quiver Q with respect to v is the set of f € C[R(Q,v)] invariant under the action
of any g € Xieq, GL(CY?). Its ring of semi-invariants SI(Q,v) is the ring of polynomial

functions invariant under the natural action of any g € X;eq, SL(CY).

Most of the time we will be interested in semi-invariants. It is clear that the action of
Xieqo SL(CY?) does not change the degree of a monomial. Consequently, SI(Q,v) is a graded
ring

SI(Q,v) = D SIQ, V)]

6eN

where SI(Q, v)m is the component of degree §. The ring of semi-invariants for the Kronecker

quiver is directly related to the quantum max-flow problem.
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Example 3.2.20. For the Kronecker quiver IC,,, one can construct a semi-invariant in the
following way. Recall that R(Ky,(a,b)) 2 A® B® W. Pick spaces B’ and A’ and matrices
Zy...Zy € B"® A’ such that for the dimension of the space, it holds that ab’ = a’b. Then,

Trdet(T(e])®Z1+---+T(e),) ® Zy)

is a semi-invariant for the action of GL(A) x GL(B). This invariant is either the zero

polynomial or a semi-invariant of homogeneous degree 6 = ab’ = a'b, that is, an element of

SI(Q,v)l.

The following result is a special case of [SV01, Theorem 2.3] to Kronecker quivers and shows

that the semi-invariants in Example 3.2.20 are essentially all.

Proposition 3.2.21. Let w > 3 and let (a,b) be a dimension vector for the Kronecker quiver
Kw. Then, SI(K., (a,b))) is spanned by the polynomials on A® B® W of the form

Trdet(T(e])RZy +-+T(e)) R Zy)

where Te A BOW, and Z1,...,Z, are matrices of size by x a1 such that § = aby; = bay. In
particular, if SI(Ky, (a,0))1% % 0, then § is a multiple of lem(a,b).

We will next recall a result from [DWO00, Theorem 3], see also [DW17, Theorem 10.7.8].

Proposition 3.2.22. Let w > 3 and let (a,b) be a dimension vector for the Kronecker quiver
Kuw. Let SI(Ky, (a,b))) be the component of the ring of semi-invariants SI(K., (a,b)) of
degree 8. Then, SI(K., (a,b))%] % 0 for some & implies SI(K.,, (a,b))lem@0] £ 0,

Proof sketch: The proof follows from [DW00, Theorem 3], see also [DW17, Theorem 10.7.8].

Write § = ab; = a1b for uniquely determined aq,b;. In particular, there exists §; such that

b

a1 = 01a9 and by = §;ba where ay = m and by = FEICOR

To match the notation from [DWO00] and [DW17], recall that as a representation of GL(v),

the ring of semi-invariants decomposes into weight spaces

SI(Q,v) = D SHQ.V)o

0eZ0

where

SI(Q,v)e = {f e R(Q,v) : g.f = [] det(g;)7 f for all g e GL(v)},
1€Qo

see [DW17, Section 10] for an in-depth discussion. Using Proposition 3.2.21, we see that
SI(K.u, (a,b))®] = SI(K,, (a,b))s for o = (by,a1). In [DW00, Theorem 3], the authors show
that the set

¥(Q,v) ={o:S1(Q,v), #0}
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is saturated, that is, if no € X(Q,v) for any n € N, then also o € X(Q,v). Consequently,
if SI(Ky, (a,b))s # 0, then also SI(K,, (a,b))s, # 0 must hold. Passing to the degrees, this
guarantees SI(K,, (a,b))[?2] £ 0, where 6, = aby = agb = lem(a, b). O

3.3 The quantum max-flow in the bridge graph

In this section, we will compute the quantum max-flow for the bridge graph for a wide range
of parameters. In Section 3.3.1, we characterize the behavior of the quantum max-flow under
the castling transform. This yields the main result of this section, Theorem 3.3.1, which will

allow us to deduce the results which we summarized in the Table 3.1 and Theorem 3.1.1.

3.3.1 The castling transform and the quantum max-flow
The quantum max-flow behaves well under the castling transform in the following sense.

Theorem 3.3.1. Let a,b,a’,b’,w be natural numbers such that a < bw and o' < b'w. Then,

_a_ L b bw—a
ab’ - QMaxFlow [~ [w | =b(b'w - a’) - QMaxFlow | ) .

[ VYw-d U
Moreover, if we have b < aw and b’ < a’w, then we also have

a b

wa —b a
ab’ - QMaXFlow( |0 ) = (wa - b)a’ — QMaxFlow ( |w ) .

! ’ _—
b a a  wad -V

In the following, assume a < bw and a’ < b'w. Given (E,E’) € Gr(a, B®W)xGr(a’, B'"@W*),

consider the linear map Fj, p, defined by

Fpp:E®B* ~[E' ®B']"
e®f > (e'®p - Be) ~ B(e)),

and extended by linearity.

Proposition 3.3.2. Let a <bw and o' <b'w and let Te AR BW and T' ¢ A’ @ B'®@ W*
be such that the induced maps

T:A* - B@W and T:A™ - B '@ W*
are injective. Write Ep =im(T: A* > B@W), Ep =im(T: A™ - B'®@ W*). Then,

rank(Fr ) = Tank(FflzT,ET,)
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and
dimker(Frp p/) = dim ker(FéT,ET, )-

Proof. Fixing bases, it is straightforward to verify that both linear maps can be represented

by the same ab’ x ba’-matrix

(a,b"),(b,a")

w

’
Z Til’i27k,1—?jlvj21k
k=1

(i1,52),(i2,51)=(1,1),(1,1)

labeled by double indices. This clearly implies the claim. O

The following result shows that the construction of the map F é g 18, in some sense, equi-

variant under castling.

Theorem 3.3.3. For a <bw and o' < b'w let (E,E') € Gr(a,B® W) x Gr(a’, B’ @ W*), so0
that (B, E*) e Gr(b'w—a',B™* @ W) x Gr(bw — a, B* @ W*). Then,

t

ker(F}iﬂ’E,) = ker(F},;’Eu )7

regarded as a subspace of (B® W)® B* 2 Be (W*® B')*.

Proof. Notice Fiy, p.: E*®B' — [E"®B]*, so FEL,E,Lt :E"®B — [E*®B’]*. In particular,
the domain E ® B™* of Fy, , and the domain E™ ® B of FPBL’E,Lt can both be regarded as
subspaces of (B@W)® Bz (B'@ W*)* ® B.

Let 0 € ker(FéyE,) c (BeW)® B'*. First, we show that 6 € E"* ® B regarded as a subspace of
(B'@W*)*® B. Indeed, since 6 € ker(Fj, 5,), the element Ff, 5, (6) € [E'® B*]* is identically
0 as a map Ff, 5, (0) : E'® B* - C. Since Fj, 5,(0) is defined by the contraction of 6 against
the elements of E' ® B*, we deduce 0 € (E' ® B*)* = E'* ® B. In particular Féi’E,it is well
defined on 6.

Now observe F}IEL’E,lt(H) =0. Indeed, FEL’E,J(H) € [E*®B']* is the map E*® B’ - C defined
by contraction of 6 against the elements of F*® B’. By assumption § ¢ E® B = (E*® B')*,

hence this contraction is identically 0.
This shows the inclusion ker(Fp ) ¢ ker(Fiu’E,f). Reversing the roles of (E,E’) with
(E*, E™), one has the other inclusion, hence equality. O

Theorem 3.3.3 allows us to prove the main result of this section, namely Theorem 3.3.1.

Proof of Theorem 3.3.1. Let a < bw. It is clear that we can choose tensors T e A@ B W
and T’ € A’ ® B’ @ W* with the property that they maximize the quantum flow and that the

flattening maps
T:A* > B@W and T A™ - B' e W*
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are injective. This can be seen from the fact that these are open conditions in the Zariski

topology. By Proposition 3.3.2 and Theorem 3.3.3, we obtain

e b
ab’ - QMaxFlow |w | = dim(ker(Fr1))

vooad
= dim(ker(F]%;T’ET,))
= dim(ker((Fg; p:)"))
b bw —a
= dim(ker(Fs,5)) > b(b'w - a’) - QMaxFlow E

Vw-a b

where the tensors S € B* ® C*~% @ W* and S’ ¢ CY"*~% @ B"* ® W are chosen so that the
image of their flattening maps are Er. and E7,, respectively. The same argument, in the

opposite direction, yields equality.

Now, assume b < wa and b’ < wa’. Set x = wa—-b,y =a,z’ =wa’—b" and y' = a’ so that x < wy

and z’ < wy’. Then, we obtain

(wa - b)a’ - QMaxFlow |w =2y’ — QMaxFlow _|u_ =
a  wa -V y oo
y(y'w - ") - QMaxFlow |w =ab’ - QMaxFlow _|w_ ) O
yw-a' Yy v

3.3.2 Calculating the quantum max-flow

Theorem 3.3.1 enables us to calculate the quantum max-flow in a wide range of cases. In this
section, we compute the max-flow in a series of results: Theorem 3.3.6, Theorem 3.3.7, The-
orem 3.3.8, and Corollary 3.3.9. These are obtained via arithmetic arguments: starting from
pairs (a,b), (a’,b"), one reduces via castling to “easier pairs” and obtains the result using The-
orem 3.3.1. More precisely, we will use the following observations about the behavior of tuples

(a,b) under castling operations which we visualize in Figure 3.5.

Lemma 3.3.4. Recall the regions Uy, Vi, W, Xy and Y, from Section 8.1 and consider

a tuple (a,b) e N2, As long as a,w > b, define recursively
(a07 bO) = (aa b)a (an+la bn+1) = (wan - bna an)- (32)

(a) Let (a,b) € Y,,. Then, (b,bw —a) € Xy, that is, with one castling step, we move to the

region X, .
(b) Let (a,b) € Xy, and write

a= zz(,w)a + 21(71:1)5» b= z;ifl)a + zlgqu)ﬂ.
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as in Lemma 3.2.13. Then, for allm =1,...,p -1, we have (an,b,) € Xy, as well as
(ap,bp) € Yy, That is, with p castling steps, we reach Y., and stay until then in X,,.

(c) Let (a,b) € W, and consider the recursive sequence in Equation (3.2). Then, for some
n €N, we have (an,b,) € Uy, UV,,. Moreover, we have (b,bw —a) € W, in other words,

castling “in the other direction” lets us stay in W,.

(d) Let (a,b) e U, uV,,. Then, (bywb-a)eW,, and (a,wa-b) € Uy, UV,,. In particular,
for w >4 and (a,b) € V,,, it holds (a,wa—0b) € Uy, and similarly, for (a,b) € Uy, it holds
(a,wa—b) € Vy,.

For any fixed w, we say that two pairs (a,b) and (a’,b") are castling equivalent if there is a

sequence as in Equation (3.2) with (ag,bo) = (a,b) and (ay,,b,) = (a’,b").

Proof. Note that in all cases, a # 0. Start with (a) and let (a,b) € Y,,. Then, bw - a < bw as
well as (w — Ay)b > (w? —why)a > a which shows (bw - a,b) € X,,. For (b), we observe that
if (a,b) € X,, can be written as

= (W) (w)
a=z, a+zp+1ﬁ,b zp+1oz+zp+26

(w) (w)

as in Lemma 3.2.13, then wa-b = 2, 1a+zp )B and a = 2" a+z 5 SIHCGZ( w)

+ 0 as long as
i # 0, the claim follows by applylng this observation p times. For ( ), assume (a,b) € W,,. We
have a = (A,w-A2)a = A, (wa-A,a) < Ay (wa-b) and wa-b < wa-(w-1)a = a, in other words,
(wa-b,a) e U, UV, uW,,. Moreover, we see that, by assumption, the second coordinate
strictly decreases in the castling step, that is, a < b. This guarantees that the sequence cannot
stay in W, forever and, in particular, that there is an n such that (a,,b,) € U, uV,,. Finally,
for (a,b) € U, UV, we clearly have (w—1)b=wb-b< wb-a. From (a) and (b), we know
that (b,wb-a) ¢ X,,UY,, and therefore, (b,wb—a) € W,,. Moreover, if w > 4 and (a,b) € V,,
we have a =wa—(w-1)a <wa-b as well as wa—b < wa—Ay_1a = (W—Ayp_1)a < Ay_1a Where
the last inequality follows from the fact A,-1 > w —2. The case (a,b) € Uy, is similar. This
finishes (d). O

Definition 3.3.5. Let (a,b) € U, uV,, U W,, and consider the sequence (ay,by,) in Equa-
tion (3.2). Call the minimal ng such that (an,,bn,) € Uy UV, the castling depth of (a,b),
denoted depth(a,b).

The existence of such a minimal ng is guaranteed by Lemma 3.3.4. In particular, for all
(a,b) e U, UV, we have depth(a,b) =0.

We will now calculate the quantum max-flow in the bridge graph. We start with the easiest

case when (a,b) € Yy, that is, b > aw. This corresponds to the orange cells in Table 3.1.
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wa=b

W, —e>~ Aya=0

A%
“ (w-1)a=b
Uy
v\ xo O\ W\ v\ U Aw1a=b
a=b

Figure 3.5: The regions U,,V,,W,,X, and Y,, with their counterparts “on the other
side” of the line a = b. In purple, we visualize the cases (a) and (b) in Lemma 3.3.4: Any pair
in Y,, castles directly to the X,, region. For any pair in the X,, region, we eventually land
in the Y,, region by castling. Cases (c) and (d) are visualized in green. Here, we see that
any pair in W, castles eventually to a pair in U, uV,, and then “flips side” to U/, uV/ .

Theorem 3.3.6. Let a,b,a’,b’,w be natural numbers such that aw <b. We have

a b a b , . ;1

I — ab if (a',0") ¢Yy,

QMaxFlow |ur = QMinCut |u, _ ’ f ( ,7 ,)¢ w
v a s aq w zf(a,b)er.

In other words, if T and T' are tensors realizing the quantum maz-flow, the resulting linear

map Frp has a no kernel if b’ < a’w and a kernel of dimension a- (V' —a'w) if b’ > a'w.

Proof. Let T be a tensor such that the map T : (A® W)* - B is injective. If (a’,b") ¢ Yo,
let 7" be a tensor such that the map T’ : B’ — W* ® A’ is injective. If (a’,b’) € Yy, let T’
be a tensor such that the map 77 : B’ - W* ® A’ is surjective. In both cases, we obtain the

desired result. O

Next we consider the case (a,b) € W, uX,, and (a’,b') € U, UV, corresponding to the
cyan cells in Table 3.1.

Theorem 3.3.7. Let (a,b) e W,uX,, and (a’,b') e U, UV, that is, (w—1)a <b< wa and

a' <V <(w-1)a’. Then, we have

o b o b
QMaxFlow |v | = QMinCut v |=ab.

[ -
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Proof. Since ab’ < aa’(w - 1) < ba’, it is clear the quantum min-cut, in this case, is ab’.

Moreover since b < aw and b’ < a’w, we can apply Theorem 3.3.1 yielding

a b wa —b a

ab' - QMaxFlow| | | = (wa-b)a’ - QMaxFlow |w : (3.3)

/ ’ —_—
boa a  wd -V

We notice that wa-b < wa-(w-1)a = a and wa'-b" > wa’ - (w-1)a’ = a’ (see also Figure 3.5).
This guarantees that the quantum max-flow with bond dimensions (wa-b, a) and (wa'-b",a")
equals (wa —b)a’. In particular, the right-hand side of Equation (3.3) is 0, showing that the
left-hand side is 0, as well. This concludes the proof. O

Let us turn our attention to the case (a,b) € X,,. This is the most delicate case and the only
one where we can prove the existence of sets of bond dimensions for which the quantum max-
flow is strictly smaller than the quantum min-cut. From Theorem 3.3.7, we already know the
quantum max-flow for (a’,b") € U, U'V,,. From Theorem 3.3.6, we know the quantum max-
flow when (a’,0') € Y,,. The following result provides an answer when (a’,b') € W, U X,,.

These are the purple cases of Table 3.1.

Theorem 3.3.8. Let (a,b) € Xy, that is, Aya <b < wa, and write

a= zz(f”)a +2"B b= z(ffa +2)3

p+1 P p+2
as in Lemma 3.2.13.
1. If (a',b') e W, then
e b e b
QMaxFlow _|L = QMinCut _|L =ab'.
v d v d

2. If (a',b") € Xy, write

a' = Z;fu)o/ + zl(,:”i)lﬂl, b = z;filo/ + z;ﬁéﬁ'.
Then,
o b ab’ if p' > p,
QMaXFloW |1u = ab’ — 50/ ifp _ pl’
e a'b if p' < p.
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Proof. Consider the sequence (ay, b, ) in Equation (3.2) consisting of castling equivalent pairs
and define a similar sequence (a;,,b,,). We know that a, = 8 and b, = a+wp. If (a',0) e W,

we certainly have b/ < wa]'a and consequently

a b ap by

ab' - QMaxFlow |~ [w | = apb), - QMaxFlow| _[» [=0

b/ a/ bl a/
by Theorem 3.3.6. This shows the first claim.

Now, let (a’,b") € X,, and assume first that p’ > p. By Lemma 3.3.4, we see that in this case,
way, > by, holds. The same argument as for (a',b’) € W, finishes this case. We note that the

case p’ < p follows by symmetry.

Finally, assume (a’,b") € X,, and p = p’. In this case, applying Theorem 3.3.1 p times yields

ab’ — QMaxFlow |v | =B(a" +wp’) - QMaxFlow |w = Ba’
where the last equality is Theorem 3.3.6. This finishes the proof. O

We conclude this section with an immediate consequence of the previous results, which allows
us to compute the quantum max-flow when (a,b) € V,, and (a’,b") € U,,. These are the green
cases of Table 3.1.

Corollary 3.3.9. Let (a,b) € V,, and (a’,0') € U,. Then,

a b a b

QMaxFlow _|w_ = QMinCut _|w =ab'.

vooa vooa

Proof. Since V,, = X,,_1 and U,, = U,,_1UV,,_1UW,,_1, the result follows from Theorem 3.3.7
and Theorem 3.3.8 applied to the case w - 1. O

3.3.3 Partial solution of the remaining cases

In this section, we see a series of partial results that cover a great number of cases in which
(a,b) and (a’,b") are both in W, in 'V, or in U,,.

Our first observation is that for pairs with different castling depths as defined in Defini-

tion 3.3.5, the quantum max-flow and the quantum min-cut in the bridge graph coincide.
Theorem 3.3.10. Let (a,b), (a’,b") e W, be such that depth(a,b) > depth(a’,b’"). Then,

o b o b
QMaxFlow |v | = QMinCut v |=ab.

[ -

66



Proof. Let p = depth(a’,b"). We apply iteratively Theorem 3.3.1 to obtain

a b S b
ab’ - QMaxFlow | | |=apb, - QMaxFlow | [»
v od b;, a;)

By assumption, (ap,b,) € Wy, and (ay,,b;,) € U, U'V,,. By Theorem 3.3.7, we deduce that
the right-hand side of the equation above is 0. So is the left-hand side, which provides the

assertion. O

We can also calculate the quantum max-flow for some instances of (a,b) and (a’,b") where

both have the same castling depth by generalizing Corollary 3.3.9.

Lemma 3.3.11. Fiz a,b,w,d’,b" such that (a,b),(a’,b’) € Uy, and let w € {2,...,w —1}.

Assume that aw < b and a'w > b’'. Then,

a b a b
QMaxFlow v | =QMinCut |w | =ab. (3.4)
Vo Vo

Proof. Tt follows from Theorem 3.3.6 that Equation (3.4) holds even when we replace the
bridge width w by w. This implies the claim. O

For example, recall the recursively defined sequence (ay,b,) in Equation (3.2) and define
(a’,b") = (a,wa - b). It is clear that depth(a,,b,) = depth(a,, b)) for all n € N. It turns out

n»’n

that we can calculate the quantum max-flow for these pairs.

Corollary 3.3.12. Let w be even, (a,b) € U, UV, and consider (an,b,) and (a,,b}) as
before. Then,

an b, _an by
QMaxFlow |» | =QMinCut |v | = min(anb;,,ap,by,).

= 7 = 7
by an by an

Proof. Using Theorem 3.3.1 it is clear that it suffices to show the claim for n = 0. There,

Ga < b, that is, aw - b < Fa, the claim is ex-

actly Lemma 3.3.11. The case ga > b follows by symmetry. O

both pairs are in U, U V,,. Assuming

We conclude this section with a result that determines the quantum max-flow for proportional

pairs of bond dimensions in the region U, u V,, U W,,.

Theorem 3.3.13. Let w > 3 and let (a,b), (a’,b') e U, uV,,uW,, and suppose there erists
q € Q with (a,b) = q(a’,b"). Then,

o b o b
QMaxFlow |v | = QMinCut |v | =ab.

[ [
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Proof. The hypothesis guarantees dim(A ® B’) = dim(B ® A”). In particular, the statement
is equivalent to the fact that for some T e A@ B W and T' € A’ ® B’ ® W*, the flow map

Fr 7 has nonzero determinant.

If (a,b) € U, UV, UW,, a generic tensor T ¢ A® B® W is semistable for the action
of GL(A) ® GL(B) in the sense of geometric invariant theory, see, for example, [AKRS21,
Theorem 4.1 & Corollary 4.10], [DKH21, DMW22, Proposition 1.3], or [DM21, Theorem 1.2].

In particular, semistability of generic elements guarantees that the ring of invariants
(C[A ® B ® W]SL(A)XSL(B)

is nontrivial. By the discussion of Section 3.2.3, this ring of invariants coincides with
SI(K., (a,b)). By Proposition 3.2.21 together with Proposition 3.2.22, this ring has non-

trivial elements in degree ab’ and they arise as determinants
det(T(e1) R Zy + -+ T(ew) R Zy)

for certain, generic enough, matrices Z; of size b’ x a’. Regarding the w-tuple (Z1,...,Zy,)
as a tensor in A’ ® B’ ® W*, we see that T'(e;) ® Z; + -+ T(ey) ® Z,, can be identified with
the flow map Fr 7v. Since this determinant is nonzero for generic enough 7" and 71, ..., Z,,,
we conclude that Frr 7 has full rank. This yields the desired result. O

3.3.4 Conjectural behavior of the quantum max-flow in the bridge

graph

We expect the quantum max-flow to be always equal to the quantum min-cut with the only
exception discussed in case <) of Theorem 3.1.1, which was analyzed in Theorem 3.3.8. This
has been proved for a large number of cases, as shown in Table 3.1. When both (a,b) and
(a’,b") belong to Uy, V,, or W,, and the results of Section 3.3.3 do not apply, calculating

the quantum max-flow remains an open problem. We propose the following conjecture.
Conjecture 3.3.14. For all (a,b),(a’,b") e U, UV, UW,, such that ab’ < a’b we have that

a b a b
QMaxFlow |» | =QMinCut |w | =ab.

vooa vooa
In this section, we prove a reduction result showing that Conjecture 3.3.14 is equivalent to
its specialization to the case w = 3.
Conjecture 3.3.15. Let w=3 and (a,b), (a’,b") e Usu V3 u W3 such that ab’ < a’b. Then,
[ a b

QMinCut| |3 |=QMaxFlow| |3 |=ab.

vood -
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It is clear that Conjecture 3.3.14 implies Conjecture 3.3.15.

Using Lemma 3.3.4, one can reduce the computation of the max-flow for pairs in V,, and

W, to pairs in U,,. This is recorded in the following result.

Lemma 3.3.16. Let w > 4. If, for all (a,b),(a’,b") € Uy,

o b o b
QMinCut |v | = QMaxFlow |w | =min{a’b,ab’}, (3.5)
aE v Td

then Equation (3.5) also holds for all (a,b),(a’,b') € Uy, UV, UW,,.

Proof. The case (a,b) € U, UV, and (a’,b") € W,, follows fom Theorem 3.3.7, the case
(a,b) € Uy and (a’,b') € V,, from Corollary 3.3.9. Let (a,b), (a’,b") € V,,. Then, using (d)
from Lemma 3.3.4, we see that by castling once we reduce to the case (a,b),(a’,b') € Uy,.
So assume (a,b),(a’,b") € W,,. If they have different castling depth, the case is solved
by Theorem 3.3.10. Else, we can castle both pairs simultaneously to U,, u'V,, and the claim

follows by the preceding discussion. O

We can now easily complete the proof of the equivalence between Conjecture 3.3.15 and Con-
jecture 3.3.14.

Proposition 3.3.17. If
& b e b
QMinCut |3 | = QMaxFlow E
Vo d ara

holds for all (a,b),(a’,b") e Usu V3 U W3, then

- b @ b
QMinCut |[v | = QMaxFlow |w
vV d v

holds for all (a,b),(a’,b") e Uy, UV, UW,,.

Proof. We use induction on w. The case w = 3 coincides with the hypothesis of the claim.
Suppose w > 4. Let (a,b),(a’,b") e U, uV, UuW,. By Lemma 3.3.16, it suffices to consider
the case (a,b), (a’,b") € U,,. Now, Uy, = U,_1UV,,_1UW,,_;. Therefore the statement holds
by the induction hypothesis. This concludes the proof. O
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3.A Pedestrian-style proofs for the bridge 2 case

When w = 2, the regions Us, Vo are empty and the region Wy reduces to cases where a = b.
Therefore, the only interesting behavior, in this case, is for (a,b), (a’,b") € Xo. This is covered
by Theorem 3.3.8 whose proof relies on the castling transform and on Theorem 3.3.1. In this
appendix, we propose two alternative proofs for this specific case, which do not rely on
castling transform. A deep understanding of this initial case might provide insights on how

to obtain a proof for the w = 3 case of Conjecture 3.3.15 and in turn of Conjecture 3.3.14.

The first proof that we present in Appendix 3.A.1 relies on the fact that when w = 2, we
know explicit examples of tensors T e C* ® C® ® C? having a dense GL(C?) x GL(C?)-orbit.
This relies on the Kronecker classification of matrix pencils [Gan59, Chapter XIII], and more

precisely on the results of [Pok86].

The second proof presented in Appendix 3.A.2 is a variation of the first one, where the explicit

calculation of the rank of certain maps relies on the representation theory of GL(C?).

3.A.1 A proof using explicit tensors with dense orbit

The main tool for this section is the following result by Pokrzywa [Pok86]. Recall that 21(72) =p
for all p e N.

Lemma 3.A.1. Let (a,b) € Xo, in other words, a <b < 2a. Write

a=pa+(p+1)8
b=(p+1a+(p+2)p

as in Lemma 3.2.13. Let T ¢ C* ® C’® ® C? be regarded as a 2-dimensional subspace of
C* ® C =~ Matyyp via

T((C*)*) = {(ida ® Rp(£1,&2) @ (idg ® Rpa1(61,62)) : &1, &2 € C}

where

& &

NGRS R I cCreCr!

&1 &
and id,, is an ax« identity matriz. Then the (GL, x GLy)-orbit of T is dense in C*e@CleC2.

The proof of Lemma 3.A.1 can be obtained by computing directly the stabilizer of the tensor
T in GL(C%) x GL(C®) and using Proposition 1.2.7. The direct sum structure allows one to
reduce to the case o = 0, 8 = 1, for which the calculation is straightforward, see e.g. [CGL*21,
Theorem 4.1].

70



Lemma 3.A.1, together with semicontinuity of matrix rank, guarantees that the quantum
max-flow in the bridge graph equals the rank of the flow map for tensors T, T’ having dense

orbit. The rest of this section performs the calculation of this rank.

Fix (a,b), (a’,b") € X3 and write

a=pa+(p+1)5, b=(p+1)a+(p+2)p
a'=pa+(p+1)F, b =(p +1)a"+(p'+2)8,

as in Lemma 3.2.13. Let T e C* ® C® ® C2 and T’ € C¥ ® C¥ ® C? be the tensors described

in Lemma 3.A.1.

Fix a basis ey,...,e; of C* for any k. For j = 1,2, let M, = T(ej)eC'® C?, and similarly,
M =T'(ej) e C¥ ® C*. By Lemma 3.2.4, we have

FT,T’ =M; Mll + Mo MQI
A direct calculation shows

M, =id, ® R,(1,0) @ ids ® Rp41(1,0),
My =id, ® R, (0,1) @ ids ® Rp41(0,1),
M{ =id,® R;(1,0) @ids ® Ryy1(1,0),
M} =id,® R,(0,1) @ids ® Ryv1(0,1)".

After reordering the Kronecker factors, we obtain that Fr 7/ can be represented in diagonal

block form with

aa’ blocks R,(1,0)® R,(1,0)"+ R,(0,1) ® R,(0,1)",
af’ blocks  R,(1,0)® Rye1(1,0) + R,(0,1) ® Ry11(0,1)%,
Ba’ blocks  Rpi1(1,0) ® Ry(1,0) + Ryi1(0,1) =@ R,(0,1)°,
BB’ blocks Rp:1(1,0) ® Rys1(1,0)" + Rpi1(0,1) ® Ryyq (0,1)7

Consequently, the rank of Fr 7+ coincides with the sum of the ranks of these blocks.

Define
K,y =R.(1,0)m R, (1,0)" + R,(0,1) ® R,(0,1)" e (C* ® C¥*) ® (C"* ® C¥).

The four block types appearing in Frp are Kp p, Kp a1, Kpe1,pr and Ky prei.
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Consider K, , as a linear map K, ,:C* ® C¥*' - C**! ® C¥. On the basis vector, it acts as
follows:
e; ® €; ] =1
Ky y(e;®ej) =1e; ®ej+e1®e-1, 2<j<y

€i+1 ®€j1 j:y+1.

Denote by U, the subspace of C* ® CY*! spanned by the basis vectors e; ®e; with i+j =c+1,
and by V. the analogous subspace of C**! ® CY. The map K, maps U, to V;. The matrix
of K, restricted to U, has a simple structure with 1’s on two diagonals. Depending on the

relation between x, y and ¢ we have the following 4 cases.

rank K, .|y, = dim(U.) = dim(V,.) = ¢, ife<e, c<y,
rank K, ,|v, = dim(U,) = z, dim(V,) =y + 1, ifz<c<y,
rank K, |y, = dim(Ve) =y, dim(U.) =y +1, ify<e<u,

rank K, |y, =dim(U,.) =dim(V.) =z +y+1-¢, ifec>z, c>y.
If x <y, then rank(K, ,|v.) = dim(U.) for all ¢ and, therefore,

rank K, , = Zdim(Uc) =x(y+1).

Similarly, if « >y, then rank K, , = y(x + 1).

With these considerations, we can now compute rank(Fp 7). Clearly, if p < ¢, then p+1<gq.

Consequently, all appearing maps K , have rank z(y + 1) and we obtain

rank Frr v = aa’ rank K,y + a8’ rank K, 41 + Bo’ rank Kpp1q 4 + B8 rank Kpi1 a1

=adp(p'+1)+af'p(p’ +2) + B’ (p+ 1)(p' + 1) + BB (p+1)(p" +2) = ab’.

This shows that if p < p’, then the quantum max-flow equals the quantum min-cut, and both
are ab’. Similarly, if p > p/, the quantum max-flow and quantum min-cut coincide and are

equal to a’b.

If p = ¢, we calculate the rank of Frr 1 as

rank Frr 7 = aa’ rank K, v + a8’ rank K, 41 + Ba’ rank Kpi1 0 + 368 rank Kpi1 a1

=ad'p(p' +1) +af'p(p’ +2) + B (p+2)p" + BB (p+ 1) (p" +2).

This quantity differs from

ab’ = aa'p(p’ +1) +af'p(p’ +2) + B’ (p+1)(p" + 1) + 8" (p+ 1) (p" + 2)
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by (p-p' +1)Ba’ = Ba’. Hence, we have reproduced the result in Theorem 3.3.8

/ : /

e ab if p<yp’,

QMaxFlow _|2_ =1ab - /BQ/’ if p= p”
bood X

a'b ifp>p.

3.A.2 Bridge 2 via representation theory

One can also use representation theory of GL(C?) to perform the rank calculation in Ap-
pendix 3.A.1. Most of the presented theory follows [Lanl7, Section 8.1]. We mention that
this idea in principle lets us calculate quantum max-flows for higher bridge dimensions in

particular cases.

For a vector space V', recall the symmetric and antisymmetric subspaces from Section 1.2.
Let V be a finite-dimensional vector space with v =dimV and fix a basis eq,...,e, of V and
a corresponding dual basis z1,...,2, of V*. The space S¥(V*) can be identified with the
space of homogeneous polynomials of degree d on V. The basis elements z1,...,2, can be
thought as coordinates on V. In a similar way, S*(V') can be thought of as the space of order

k differential operators (with constant coefficients) via the natural contraction map

SUV*) ® SF(V) - SR (V)
ok f

T @i O b,
11 23

for any d > k.

The group GL(V') acts on V®¢ and its elements can be represented as matrices in the fixed
basis. Let T be the abelian subgroup of invertible diagonal matrices (called a torus) and B
be the subgroup of invertible upper triangular matrices (called the Borel subgroup). A tensor

v e V® is a weight vector with weight (p1,...,py) if for all elements in T, one has

ty
v=t .

by

Moreover, v is a highest weight vector if B preserves the line through v. In this case, the
weight (py1...py) is called a highest weight.

Two irreducible representations of GL(V') are isomorphic if and only if they have the same
highest weight, that is, contain a highest weight vector for the same highest weight. The
irreducible representations appearing in the tensor algebra V® = @, Ve are labeled by
Young diagrams or, equivalently, by tuples of natural numbers 7 = (p1,...,pr) with p; < pis1
where k < v. Write S (V) for the irreducible representation corresponding to w. Moreover,

S»(V) is an irreducible representation appearing in V®? if and only if py +--- + pj, = d. Let
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m" =(q1...qp,) be the conjugate Young diagram to 7, that is the Young diagram whose i-th

column has p; boxes. Then,
(e1 A Neg)® @ (e A Aey, ) eV
is a highest weight vector of highest weight 7 in V®.

We have seen in Theorem 1.2.12 that every finite-dimensional representation of GL(V') splits
into a direct sum of irreducible representations. The Pieri formula controls which irreducible
representations appear in S;(V) ® S4(V). For a proof of the Pieri formula, see, for exam-
ple, [RG10, Corollary 9.2.4].

Theorem 3.A.2. The representation S;(V) ® SU(V) decomposes into irreducible represen-
tations of GL(V) as
S-(V)® SU(V) =DS,u(V)
nw

where the direct sum ranges over Young diagrams p obtained by adding d boxes to m with no

two boxes added to the same column. In particular, this decomposition is multiplicity free.

For example, let W be a 2-dimensional space and consider the action of GL(W™*) on the
space S¥(W*) ® S™(W*) with k > m. By Pieri’s formula, this decomposes as

S%Wﬂ@ywwv=@&mmwxwm

because the Young diagram (k+7,m—r) is obtained by adding m boxes to the Young diagram

(k), with r boxes in the first row and m —r boxes in the second row.

Define hy, ,,, = (zoy1 —2190)™ "kt Tdentify elements of S¥(W*)® S™(W*) as polyno-
mials in the variables xg,21,y0,%1 which are bi-homogeneous of bi-degree (k,m) in the two
sets of variables {zo,21},{yo,y1}. In particular, hj , is an element of SEW*) ® S™(W™*).
One can verify that this is, in fact, a highest weight vector for highest weight (k +r,m — 7).

Similarly, for & < m, the Pieri formula gives
SEFW*) @ S™(W*) = D Stmsr p—ry (W*).
r=0

Define hyl,. = (zoy1 — x1y0)" 2§ yg, which turns out to be a highest weight vector in

S(m+r,k—7‘) (W*) in Sk(W*) ® Sm(W*)

In the study of the bridge graph, with w = 2, we may interpret the spaces A, B,A’, B’ as
representations for the group GL(W™). Suppose preliminarily dim(A) =p+1, dim(B) = p+2,
dim(A") =p" +1 and dim(B’) = p' + 2, and consider

A= SP(W), Bz SP*Y(W*), A’ = P (W*), B' = S"*{(W).
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By Schur’s lemma, there is an (up to scaling) unique GL(W*)-equivariant projection
SP(W*) @ W* - SPH (W),

see Theorem 1.2.10 and Remark 1.2.14. This corresponds to a tensor T ¢ A ® B® W that
can be interpreted as the multiplication map T(¢ ® g) = {g.

By Pieri’s formula, W* ® SP (W*) contains a copy of S? *'(W*). By Schur’s Lemma, there
is a unique, up to scaling, GL(W*)-equivariant embedding SPIH(W*) - W ®Sp’(W*). Let
T' ¢ A’® B’® W* be the tensor corresponding to this embedding, regarded as an element of
SPY(W*) ® SP*1(W) ® W*. This map is called polarization in [Lan12, Section 2.6.4] and is
explicitly given by T'(f) =z ® Tiof +21® %f.

The flow map Fr 7 in the bridge graph with this choice of T" and 7" is

FT7T' . Sp(W*) ® Sp'+1(W>(-) N Sp+1(w>(—) ®Sp’(W>(-)
9 (3.6)
f®g=Yio1f xi 879
Yi
where, again, the tensor product of two symmetric powers is interpreted as a space of bi-

homogeneous polynomials.

Using Pieri’s formula and Schur’s Lemma, we compute the rank of this map for every choice

of p and p'.

Lemma 3.A.3. The flow map Fr g from Equation (3.6) is GL(W™*)-equivariant. Moreover,
the map is injective if p < p" and surjective if p > p'. In particular, Fr o is an isomorphism

if and only if p=1p'.

Proof. Since the maps defined by T' and T" are GL(W*)-equivariant, the flow map Fp ps is

as well. Suppose p < p’. By Pieri’s formula, the domain is
, P
FW)© 51 W*) = DSgrareipn (W),

Since the decomposition is multiplicity free, by Schur’s Lemma, it suffices to check that the
highest weight vectors of the domain are not mapped to 0. The highest weight vectors of the
domain are A .1 € Syrirsrpry (W*) € SP(W*) ® SPHL (W),

r

p+1,p- Lhis guarantees that

It is easy to verify that FT,T'(hZ:p: +1) is a nonzero multiple of h

Fr 7/ is injective.

If p > p/, the same calculation can be performed to show that the transpose map F%’T, is

injective. Hence Fr 7/ is surjective.
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We conclude that if p = p, Fr s is an isomorphism. On the other hand, if p # p’, domain

and codomain do not have the same dimension, hence the map is not an isomorphism. [

To calculate the quantum max-flow for general bond dimensions a,b,a’ and b’, we use the

same method as in Appendix 3.A.1. Write

a=pa+p+1)B, b=(p+1)a+(p+2)B
a'=p'a+(p'+1)p, V= +1)a" +(p' +2)p,

and assume without loss p < p’. We can define tensors in A® B® W resp. A’ ® B'® W*
as block tensors where the block elements are the distinguished tensors T and T” defined
before. Now, using Lemma 3.A.3, one can repeat the same calculation as in Appendix 3.A.1

to calculate the quantum max-flow.
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Chapter 4

Partial degeneration of tensors

In this chapter, we shed light on a variation of the notions of restriction and degeneration.
Recall that tensor restriction was defined as a transformation of the tensors by local linear
maps on its tensor factors. Degeneration, on the other hand, was defined as a transformation
where the local linear maps may vary along a curve, and the resulting tensor is expressed as
a limit along this curve. We also saw that for two tensor factors, these notions are equivalent,
whereas for three tensor factors, they are not (see Example 1.1.7 and Example 1.3.3). It is
therefore natural to define partial degeneration, a special version of degeneration where one

of the local linear maps is constant, whereas the others vary along a curve.

We will use this chapter to study this novel notion in detail. Motivated by algebraic complex-
ity, quantum entanglement, and tensor networks, we present constructions based on matrix
multiplication tensors and find examples by making a connection to the theory of preho-
mogeneous tensor spaces. We also highlight the subtleties of this new notion by showing

obstruction and classification results for the unit tensor.

Moreover, we study the notion of aided rank, a natural generalization of tensor rank. It turns
out that the existence of partial degenerations gives strong upper bounds on the aided rank
of the tensor, which in turn allows one to turn degenerations into restrictions. In particular,
we present several examples based on the W-tensor and the Coppersmith-Winograd-tensors,
where lower bounds on aided rank provide obstructions to the existence of certain partial

degenerations.

This chapter is a partly modified version of [CGLS22].
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4.1 Overview

This chapter consists of two parts. In the first part (Section 4.2), we introduce the notion
of partial degeneration and show that restriction, partial degeneration, and degeneration are
mutually inequivalent notions. To show a separation between the notions of restriction and
partial degeneration, we present a number of constructions based on tensors motivated by
algebraic complexity theory and tensor networks. We also draw a connection to the theory
of prehomogeneous tensor spaces which allows us to derive further examples manifesting this
separation. To show a separation between partial degenerations and degenerations, we prove
a no-go result for the unit tensor which moreover allows us to classify certain families of

partial degenerations.

In the second part (Section 4.3), we introduce the notion of aided restriction, which is per-
formed on a version of the tensor augmented via an aiding matriz. This raises the question
of how large the rank of such an aiding matrix should be in order to allow certain restric-
tions. We study upper and lower bounds, highlighting the role of degeneration and partial

degeneration.

4.1.1 Partial degeneration

In Section 4.2, we introduce and study the notion of partial degeneration: For three-party
tensors T e U1 @ U ® U and S € V1 ® V5 ® V3, we say that T partially degenerates to S,
and write T » S, if T degenerates to S where the degeneration map A;(€) = A; can be
chosen constant in e. Analogous notions can be defined by assuming that As(e) or As(e)
are constant. For simplicity, we will always assume that this map is the first one. Hence, we
have T » S if and only if there are linear maps Ay, As(€) and Az(e€), with As(e) and As(e)
depending polynomially in € such that lim._ %(Al ® As(e) ® A3(e))T = S for some d. As in
the case of degeneration, we sometimes write 1" »5 S to keep track of the approximation and
error degrees. We point out that allowing only one of the three maps to depend on € provides
a notion of degeneration which is equivalent to restriction, see Remark 4.2.2. A priori, it
is unclear whether the notion of partial degeneration is indeed non-trivial, or whether one
might always reduce a degeneration to a partial degeneration or a partial degeneration to
a restriction. We will show this is not the case. We point out that an example of partial
degeneration has been known since [Str87], and it was used to achieve a breakthrough result
in the study of the complexity of matrix multiplication: the tensor
q-1

Strq:Zei®eq®ei+ei®ei®eqe(Cq’1®(Cq®Cq (4.1)
i=1

has tensor rank equal to 2¢ — 2, but it is a partial degeneration of (g).

In this chapter, we study partial degenerations in depth. In Section 4.2, we construct various

families of examples of honest partial degenerations. We also study the question under which
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circumstances partial degenerations cannot exist and provide a no-go result for the unit

tensor.

In Section 4.2.3, we construct a family of partial degenerations of the matrix multiplication
tensor. Let (m,n,p) be the matrix multiplication tensor associated with the bilinear map
multiplying an m x n matrix with an n x p matrix. To construct a family of partial degenera-
tions of the matrix multiplication tensor (2,2,2), the challenge is to show that these are not
actually restrictions of (2,2,2). To see this, we resort to the notion of tensor compressibility
in the sense of [LM18].

In Section 4.2.4, we study the notion of partial degeneration in the setting of prehomogeneous
tensor spaces where we can find many more examples of honest partial degenerations. Recall
the notion of prehomogeneity from Section 3.2.2 and consider the action of GL(Usz) x GL(Us)
on U;®@U;®Us. If this action is prehomogeneous , with the tensor T" having a dense orbit, then
every tensor in Uy ® Uy ® Us is a partial degeneration of T'. As we have seen in Section 3.2.2,
the prehomogeneity of the action is determined by simple arithmetic relations among the
dimensions of the tensor factors. In Section 4.2.4, we provide examples of tensors that cannot
be a restriction of a tensor with dense orbit for every instance where the space U; ® Us ® Us
is prehomogeneous under the action of GL(Us) x GL(Us). We emphasize that while it is well
understood under which conditions U; ® Us ® Us is prehomogeneous, there are, in general,
no closed formulas for elements having a dense orbit. If dim(U;) = 2, that is, in the case of
matrixz pencils, explicit elements with closed orbit are known, see, e.g., [Gan59, Chapter XIII]
and [Pok86]. In Section 4.2.4, we use these examples to provide explicit partial degenerations

for matrix pencils.

In Section 4.2.5, we study situations in which partial degenerations cannot occur. More
precisely, we show that every partial degeneration of the unit tensor (r) to a concise tensor
T e U; ® Uy ® Uz with dim(U;) = r can be reduced to a restriction. We use this result to
show that for dim(U;) = r - 1, tensors as in Equation (4.1) are essentially all honest partial

degenerations that can occur.

Note that the constructed examples, together with the no-go result for the unit tensor, shows

that restriction, partial degeneration, and degeneration are, in fact, three different notions.

4.1.2 Aided restriction and aided rank

The starting point of the second part of this chapter is the fact that any degeneration can be
turned into a restriction using interpolation. It is known that if T >4 S, then T®(d+1) > S.
In Section 4.3, we study the case where the supporting tensor is a matrix instead of a unit
tensor. More precisely, for a tensor T € Uy ® Uy ® Us, define

T =Tr(l,1,p)eU; ® (U2 ®CP) ® (U3 ® CP).

79



In Lemma 4.3.2, we show that if 7' > S then there exists a p such that 7™ > S. We call
(1,1, p) the aiding matriz and p the rank of the aiding matrix. It is interesting to ask how

large the rank of the aiding matrix has to be.

In Section 4.3.1, we provide upper bounds on this rank in the case of partial degenerations.
In particular, we show that for partial degenerations of approximation degree d and error
degree e, the rank of the aiding matrix can be chosen to be min{d+1,e+1}, in other words, if
T »¢ S then 71 > S and T"¢*! > S. Even more strikingly, we show that if T € U; ® U, ® Us,
where the space U; ® Uy ® Us is prehomogeneous under the action of GL(Us) x GL(Us), and
if the orbit of T is dense, then 72 > S for any other tensor S € U; ® Us ® Us.

It turns out that these findings are in strong contrast to the case of degenerations that are
not partial degenerations. To see this, we develop in Section 4.3.2 a method to lower bound
the minimal possible rank of an aiding matrix. This relies on a variant of the substitution
method from [AFT11], see Theorem 1.3.2. For that, we define in Section 4.3.2 the notion of
aided rank as

R™(T) =min{r: (r)* >T}.

When p = 1, this reduces to the notion of tensor rank [Lanl7, Proposition 5.1.2.1]. We show
that one can generalize the substitution method to give lower bounds on aided rank and
on the minimal possible rank of an aiding matrix for several examples of degeneration. For
example, for the degeneration

(2F) o WK (4.2)

we show that R'Qk_l(Wk) > 2% + 1. In other words, the minimal rank p of an aiding
matrix turning the degeneration in Equation (4.2) into a restriction is 2¥. Note that for
this example, the no-go result for partial degenerations (Proposition 4.2.10) gives that the

degeneration cannot be realized as a partial degeneration.

4.2 Partial degeneration

In this section, we introduce and study the notion of partial degeneration, a natural inter-
mediate notion of restriction and degeneration. In Section 4.2.1, we will define partial de-
generation. After that, we review in Section 4.2.2 a known example of partial degeneration.
In Section 4.2.3, we will recall a property of tensors called compressibility and demonstrate
with an example how this can be used to rule out restriction. We will see more examples
in Section 4.2.4 using the theory of matrix pencils. Finally, in Section 4.2.5, we will study

situations where no honest partial degeneration exists.
4.2.1 Definition and motivation

The main concept of this section is the following special version of degeneration, intermediate

between restriction and fully general degeneration.
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Definition 4.2.1. Let T e Uy ® Uy, ® Uz and S € V1 ® Vo ® V3 be tensors. We say that T
degenerates partially to S and write T » S if there is a linear map A1:Uy - Vi and linear

maps As(€), As(€) with entries in the polynomial ring C[e] such that
(A ® Az(€) ® A3(e))T = €S + €18y + - + e85,

We sometimes write T 5 S to keep track of d and e. We call a partial degeneration T » S

an honest partial degeneration if T does not restrict to S.

It is clear that every restriction is a partial degeneration and every partial degeneration is a

degeneration. This raises the following two questions:
(1) Can every partial degeneration T » S be realized as a restriction T' > S?
(2) Can every degeneration T' > S be realized as a partial degeneration 7' » S7

We point out that only allowing one of the three linear maps to depend on € provides the

same notion as restriction.

Remark 4.2.2. Let T e U1 @ Uy, @ Uz, S € V1 ® Vo ® V3 be tensors and suppose there are
linear maps Ay, As, As(e) with A; : U; — Vi, and As(e) depending polynomially in € such
that S = limeo = ((A1 ® Ay ® A3(e))T). Then S is a restriction of T. To see this, write
As(e) = €dA3)d+"'+€d+eA3)e with As j : Us — V. It is immediate that S = (A1 ® Ao ® A3 4)T.

This expresses S as a restriction of T.

In Section 4.2.2, Section 4.2.3 and Section 4.2.4, we will see families of examples demonstrating
that the answer to the question in (1) is no. In Section 4.2.5, we will see that the answer to

question (2) is also no.

4.2.2 Strassen’s tensor
In [Str87], a first example of a partial degeneration was found: Let U; = C47! and Uy = Uz = CY
and consider the tensor
qg-1
Strg=Y e;®e; ®eq+e;®@e,®¢; €U @ Uy @ Us.

i=1

Using the substitution method, it is not hard to see that this tensor has rank 2¢ —2. On the

other hand, it is a partial degeneration of the unit tensor (¢) via

q-1 q-1
€Strg = Y. e; ® (eq +€e;) ® (eq + €e;) — (Z el-) ®e, ®e, + O(%).

i=1 i=1

In Section 4.2.5, we will show that these are essentially all partial degenerations of (r) that
can be found in Uy ® Uy ® Uz with dim Uy =r — 1.
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Figure 4.1: Visualization of an (a1, as, as)-compressible tensor: This large u; x us x ug-cube
is the tensor T € Uy ® Uy ® Usz. The entries of T' — specified in some fixed basis — can be
written in the cells of this cube. The smaller, red a; x as x ag-cube depicts a block of size
a1 % ag x ag where each entry of T equals zero. By choosing the linear maps as projectors
onto the last u; —aj resp. us — as resp. us — ag coordinates, we see that each such tensor is
(a1, as,a3)-compressible.

4.2.3 Compressibility of tensors and matrix multiplication

In this section, we will find a family of examples of partial degeneration of the 2 x 2-matrix
multiplication tensor. Note that one challenge of finding an honest partial degeneration is to
show that this partial degeneration is actually not a restriction. To achieve that, we recall

the notion of compressibility introduced in [LM18].

Definition 4.2.3. A tensor T € Uy ® Uy ® Us is (a1, as,as)-compressible if there are linear
maps A; : U; > U; of rank a; such that (A1 ® As ® A3)T =0.

Equivalently, T is (a1, as,as)-compressible if there are bases of the spaces U;,Us and Us
such that in these bases, T;, ;,.i, = 0 for all ¢; > dim(U;) — a;. We visualize the concept of
an (aq,as,as)-compressible tensor in Figure 4.1. The following technical result will become

handy later.

Lemma 4.2.4. LetT € U1@Us®Usz and S € Vi®@Vo®V3. LetT > S and let S be concise. More-

over, assume that S is (a1, as,as)-compressible. Then, T is also (a1, as,ag)-compressible.

Proof. By assumption, there are maps A; with rank a; such that (A; ® A3 ® A3)T = 0.
As S is concise, the restriction maps M; must be surjective where S = (M; ® Mo ® M3)T.
Therefore, the maps Ay My, Ao My and A3 Mj also have rank a1, as and ag, respectively. Since
(A1 My ® As My ® AsM3)T = (A1 ® A3 ® A3)S =0 the claim follows. O

Lemma 4.2.4 can be used to exclude restrictions 7' > S if T is less compressible than S. An

example of a tensor that is not “very compressible” is the matrix multiplication tensor.

Lemma 4.2.5. The 2 x 2 matriz multiplication tensor (2,2,2) is not (2, 3,3)-compressible.
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Proof. Note that any 4 x 4 matrix M = (M(u’v),(z,y))i,v%y:l (labeled by double indices)

induces a linear endomorphism of the space of 2 x 2 matrices via

M:x— M.x= (M--T)ijzp (M.x)w» = Z M(i,j),(k,l)mk,l-
k,0=1,2

Recall that (2,2,2) corresponds to calculating the four bilinear forms z; ; = 11, + 2y2; for

i,j = 1,2, that is, the entries of (2 -y)T where the entries of  and y are indeterminates.

Let S = (A1 ®A2® A3)(2,2,2) be a restriction of the two-by-two matrix multiplication tensor.
Interpreting A;, A and As as 4 x 4 matrices, an easy calculation shows that the four bilinear

forms corresponding to the tensor S are the four entries of the transpose of

Az ((Ar.z) - (A2.y)) - (4.3)

Now, let the rank of A; and A5 be at least 3 and the rank of A3 be at least 2. It is clear that
the space of all Aj.x for x € Mays is at least three-dimensional (the same holds for As). It is
well-known that every subspace of Msyo of dimension at least 3 must contain an invertible
matrix. Choosing xg € Mays such that A;.xg is invertible, we see that the space of matrices
of the form (Aj.xg)-(Az.y) for y € Ma,o contains three linearly independent matrices. Hence,
since we assumed that Az has rank at least 2, we see that Equation (4.3) cannot be identical

zero. This finishes the proof. O

The following technical result is a simple generalization of Proposition 1.4.5 and will help us

to construct partial degenerations of the matrix multiplication tensor.

Lemma 4.2.6. Let V1, Vs, V3 be vector spaces with dimensions vy,va,vs and consider a tensor
SeVi®Vo®Vs. Then, we have (m,n,p) > S if and only if there are a natural number d and

matrices

ay(€),...,ay, (€) e CLe]™ ™, B1(€),..., By, (€) € CLe]™P, v1(€),. .., 7, (€) eC[e]*™ (4.4)
such that €1S; ;. = tr(ai(€)B;(e)ve(€)) + O(e?*1).

Moreover, if the matrices oy (€),...,ay, (€) can be chosen constant in € we have T » S. If all

matrices in Equation (4.4) can be chosen constant in €, we have (m,n,p) > S.
With this, we are now ready to find honest partial degenerations of (2,2,2).

Proposition 4.2.7. Every concise tensor S € C> ® C* ® C* that is (3,3,3)-compressible is

an honest partial degeneration of (2,2,2).
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Proof. Fixing bases, we can write our tensor S as
3,4,4
S = Z Si,j,kei ®e; ®eg
i,5,k=1

such that S; ;r = 0 whenever both j and %k are greater or equal than 2. From Lemma 4.2.6,

it suffices to find 2 x 2 matrices

ai,...,az3 € C™" Bi(e),...,B4(c) € Cl[e]™?P, v1(e),...,74(€) € C[e]™

such that
GSi,j,k = tr(aiﬂj'yk) + 0(62). (45)

Choosing matrices

1 0 €(S1~11—1)+1 5211 e+1 O
ap = B = " v M=
0 -1 S3.1,1 1 0 1

00 eS121 €522.1 €S112 €521
Qg = Ba = Y2 =
1 0 653_’271 0 65371’2 0
0 1 eS1,31 €52,3.1 €S113 €5213
az = B3 = V3 =
0 0 6S3_’371 0 653)113 0
0 652’4,1 0 652,1,4
Ba= Va4 = ;
653,4,1 —651,4,1 653,1,4 —€ 51,1,4

one easily verifies that Equation (4.5) is fullfilled.

Since S is concise and is (3, 3, 3)-compressible we conclude with Lemma 4.2.4 and Lemma 4.2.5

that S is an honest partial degeneration of (2,2,2). O

Remark 4.2.8. Lemma 4.2.5 implies that no concise tensor which is (2,3, 3)-compressible is
a restriction of (2,2,2). One might ask if Proposition 4.2.7 still holds if we relax the condition
on S to being (2,3,3)-compressible. This turns out to be not true: In fact, it has been shown
that the set of all degenerations of (2,2,2) in C3 ® C* ® C* has dimension 31 [BLG21]. A
simple calculation — the code for which can be found in Appendix 4.A — shows that the orbit

closure of a generic element of C3 ® C* ® C* which is (2,3,3)-compressible has dimension at
least 37.
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4.2.4 Prehomogeneous spaces

In this section, we will see more examples of partial degenerations by making a connection to
the theory of prehomogeneous tensor spaces which we reviewed in Section 3.2.2. Recall that
we saw in Proposition 3.2.11 that one can read off the dimensions uy,us,us of the involved
spaces if U; ® Uz ® Us is prehomogeneous under the action of GL(Us) x GL(Us): Defining
Ay = (Wg +\/m)/2 we saw that the space is prehomogeneous whenever us > A, u2. Hence,
for any choices of uy,us, us satisfying this condition there is an element 7" € U; ® Us ® U3 such
that for all S € U; ® U ® Us it holds T » S. To show that there exists S which is not a

restriction of T, we will use Lemma 1.2.6.

Theorem 4.2.9. Let U;,Usz,Us have dimensions uj,uz,us such that Ay, u2 < uz < ujus.
Then, there exist tensors T,S e Uy ® Uy ® Us such that T » S, but T} S.

Proof. We know from Proposition 3.2.11 that the space U; ® U ® U3 is prehomogeneous under
GL(Us) x GL(U3). Let T be a tensor in the dense GL(Usy) x GL(Ujs)-orbit, so that T » S for
every SelU; Uy ®Us.

Let p = ujus —us. Note that u; -1 < Ay, <ug, s0 Ay, ug < u3 < ujug implies that 0 < p < us.
Define the tensor S € Uy ® Uy ® Us as

u;—1 Us uz—p

S = Z €;® €5 ®@€(i-1)ug+j | T C€uy ® Z €5 ®€(u;-1)us+j
i=1 j=1 j=1

It is not hard to see that the tensor S is concise.

We will now show that T' and S lie in different GL(U;) x GL(Uz2) x GL(Us)-orbits and
use Lemma 1.2.6. For that, we will compute the dimensions of these orbits. We denote
G-= GL(Ul) X GL(UQ) X GL(U3)

For T we have U1 @ Uy ® U3 o G- T 5 [GL(Uy) x GL(U3)] - T = Uy ® Us ® U3, which implies
G-T=U;®U;®U;z and dln’l(GT) =ujugus.

For S, the dimension of the orbit G-S can be found as dim(G-S) = dim(G) —dim(Stabg(5))
(see Proposition 1.2.7). The stabilizer Stabg(S) is isomorphic to P(1,u;) x P(uz — p,uz)
where P(a,b) c GL is the parabolic group preserving a subspace of dimension a. Indeed, let
S; € U ® Uz be the slices of S corresponding to the standard basis, that is, S = Y1 e; ® S;.
Note that rank(S;) = uy for i < u; and rank(S,,) = uz —p. Moreover, a nonzero linear
combination Y.y «;S; has rank us - p if and only if o; = 0 for ¢ < uy — 1. It follows that
(A® B®(C)S =5, then A preserves the one-dimensional subspace span(ey, ). Therefore, we
have ay, u, (B®C)Sy, =Sy, and it follows that B preserves the (u; —p)-dimensional subspace
span(es, ..., eu,—p+1), which is the image of S, considered as a linear map Uy — Us. Now,
given A and B which preserve the required subspaces, the map C such that (A® B®(C)S =S
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always exists and is unique. To prove this, note that S considered as a linear map U5 — U;®U,

is an isomorphism between U3 and the subspace
(span(eq,...,eu,—1) ® Uz @ span(ey, ) ® span(es, ..., euy—ps1)) € U ® Us.

With this, we see that there is a unique choice for the map C which is the contragredient

map to A ® B restricted to this subspace.

From the description of Stabg(.S) it follows that
dim(Stabg(S)) = (u? —uy +1) + (u2 - p(ug - p))

and

dim(G - S) =u3 + (uy - 1) + p(uz - p) = uz(uuz —p) + (ur - 1) +p(uz - p) =

upugus — p(us —ug) +up — 1 —p? < ujugus — U3 + Ug + Uy — 2 < U UUs.

The last inequality holds because us cannot be equal to 1 under the assumptions of the

theorem, and thus, ug > (u; — 1)ug > u; — 2 + us.

It follows that the orbits of 7' and S are distinct and thus, 7' # S by Lemma 1.2.6. O

We have seen that one, in principle, can recursively construct elements with dense orbit,
see Remark 3.2.14. This, in principle, enables us to construct explicit examples of partial
degenerations in Theorem 4.2.9. A closed formula for elements of U; ® Uy ® Us that have
dense orbit, on the other hand, is not known. To see more concrete examples of partial de-
generations, we now focus on tensors 7' e C2@ C™®C". Clearly, this space is prehomogeneous
for GL(C™) x GL(C™) whenever m # n. Fixing as basis e, es of C?, we can write our tensor
as T =e, ®T) +e;® Ty where 17,15 € C™ @ C™ can be thought of as m x n matrices. In that
way, our tensor is uniquely specified by a tuple of matrices [T1,T>], which one often calls the
matriz pencil associated with T. We have seen an explicit formula of the dense orbit in this
setup in Lemma 3.A.1. By exchanging columns and rows, we see that the tensor associated

with the matrix pencil [I, I5], where

100 ... 00 0 0 100 0
010 ..00 0 0 010 0
L=lo o 00 0|, L=|o 00 0 (4.6)
00 0 10 0 0 0000 1
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has a dense orbit. Letting now, for example, n = m + 1, we know from the proof of Theo-
rem 4.2.9 that the pencil

1 00 0 0 0 1
0 0 0 0 0 0
S1=]0 0 0], S2=1]0 00
000 10 0 00

is an honest partial degeneration of the dense orbit element in Equation (4.6).

4.2.5 A no-go result for the unit tensor

In this section, we will see that under certain circumstances, partial degenerations do not exist
even when degenerations do. We first show that there are no proper partial degenerations
of the unit tensor if the constant map has full rank. Note that the rank condition on the
constant map cannot be dropped: Already in Section 4.2.2, we saw an example of an honest
partial degeneration where the constant map has rank r — 1. We will use our no-go result to

prove a classification result for this setup.

Proposition 4.2.10. Let S € V1 ® Vo ® V3 be any tensor. If (r) » S via degeneration maps
Ay, As(€) and As(e) where the constant map A is of full rank r then (r) > S.

Proof. Tt is clear that we can assume dim(V;) =7 and that A; is invertible.

Assume

S = lil’%(id ® As(€e) ® Az(e))(r)

is a degeneration where the first map is the identity. That is, we have
S=e19Mi+...e, 9 M, (4.7)

where M; = lim.o A2(€)e; ® As(e)e;. Hence, it is clear that for all 4, M; must be a rank 1
matrix as the limit of rank 1 matrices. However, a tensor of the form in Equation (4.7) where

the M; are rank 1 is a restriction of (r).

Now, let S = lim._o(A; ® A2(e) ® A3(€))(r) be any partial degeneration of (r). From before,
we know that S = (A7' ® id ® id)S = limo(id ® As(€) ® As(€))(r) is a restriction of (d).
Hence, the same holds for S = (4; ® id ®id)S. This finishes the proof. O

Remark 4.2.11. We note that the result in Proposition 4.2.10 does not apply to degenera-
tions. Proposition 4.2.10 in particular says that if V1 has dimension r and S € V1 @ Vo ® Vs is
concise we cannot have an honest partial degeneration (r) » S (else the constant map would
be invertible by conciseness of S). However, for example, the unit tensor (2) does not restrict

but degenerates to W =e; ®e1®es+e1 ®ea®e1 +e2®e1 ®eq which is concise in the same space
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as (2) (see Example 1.1.7 and Example 1.8.3). Hence, W is an honest degeneration of (2)
but not a partial degeneration. We note that the same holds for the degenerations (2F) > W=k
for all k.

It is clear that one cannot drop the condition that A; has full rank: in Section 4.2.2, we saw
that Strassen’s tensor Str, is an example of a partial degeneration of (r) where A; has rank
r —1. In fact, we can use Proposition 4.2.10 to prove the following characterization of all

partial degenerations of (r) where the constant map has rank r - 1.

Proposition 4.2.12. Let T € Uy ® Uy ® Us with dimU; =r —1 be a concise tensor such that
(ry »T and (r) # T. Then, for some q such that 3< g <r, the tensor T decomposes as

T=5,+X,4

where Strg > Sy and (r - q) > X,_q.

Proof. Suppose (r) » T via a partial degeneration
1
HI% 7(141 ® AQ(E) ® Ag(ﬁ))(’l“) =TelU; ®Us;®Us.
e—0 €

Since T is concise, the map A; has rank equal to dim U; = r—1. Note that A; can be factored
as Ay = AM,DP where A: C"! - U, is invertible, My:C" — C ! is defined as

e; — €; for1<i<r—-1,
Mg
e e+ teg

with 1 < g <r, D:C" - C" is diagonal, and P:C" — C" is a permutation matrix. Indeed,
suppose 7 € G, is a permutation such that Ajer(1),... A1ex(,_1) are linearly independent and
Ajeqry = AArer + -+ Ag1Are,1 with nonzero Aj,...,A\;-1. Defining A:e; = \jArer,
D =diag(\{%, ..., )\;}1, 1,...,1), and P the permutation matrix corresponding to 71, we get

the required factorization.

Note that (DP @ id ® id)(r) = (id ® DP™' ® P')(r). Now, we can rearrange the partial
degeneration (A1 ® Asx(e) ® Az(e))(r) as

(A1 ® Az(e) ® A3(€)){(r) = (A®id®id)(id ® As(e)DP ™' ® A3(e)P~') (M, ®id ® id)(r).

This means that if (r) » T, then up to a change of basis T is a partial degeneration of

qg-1 r—1
(My®ideid)(r) =) e;® (e;®e;+e, @)+ > ¢;®¢; D¢
i=1 i=q

with an identity map on the first factor.
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Define H, = Z?:ll e;®(e;®e;+e,®e,) € CT71@CI®CY. We have (M, ®id®id)(r) = H,+(r-q).
Using Proposition 4.2.10, we see that T' = S, + X,._; where S; is a partial degeneration of H,

and X,_, is a restriction of (r — ¢). It remains to analyze partial degenerations of H,.

So, consider a partial degeneration
.1,
Sq = hné —d(ld ® B(e) ® C(€))H,.
e—0 €

Define b;(€) = B(e)e; and ¢;(€) = C(e)e;. Suppose by(€) = by € + by ur1€"™ +... After a

basis change, we may assume b, , = e,. Define

€; = €4, 1< q,
E(e):
eq > € "bg(e€).

We have lim._,g E(¢) = id, so by changing B(e€) to E(¢) ' B(e) we obtain a partial degeneration

for the same tensor S, with by(¢) = e’’e,. Using the same argument, we can assume without

loss of generality that c,(€) = —€”e,4. In this situation, we have
. 1, o 1 ptv—d
Sy = lli% E—d(ld ® B(e) ® C(e))H), = Z; e;® (e—dbi(e) ®ci(e)—€ e;®eq].
In case p+v > d, we clearly have
. 1
S,=lim > e (:dbi(e) ®ci(6)).

In this case, S; is a partial degeneration of (¢ — 1) and by Proposition 4.2.10, we can choose
the b;(€) and ¢;(€) constant in € and obtain (g — 1) > S, which yields T < (r — 1) < (r).

If p+ v <d, we must have
bi(€) = €”eq + b;i(€)
ci(€) = €7eq + ¢(€)
with o + 7 = p+ v so that
=, or S
qulﬁe—d;ei®(e bi(e) ®eq+€e,®¢i(€)).
For each i =1,...,¢ -1, the limit
; .1 - -
e'Sy = ll—{% = (e7bi(€) ®eq +€"eq ® i(e))

must exist and is of the form b; ® e; + €4 ® ¢; for some b; € Uy and ¢; € Us. Consequently,

Sy =21 ei® (bi®eqy+e,®c;) is a restriction of Str,,.
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Finally, consider the case A + u = d. Here it holds that
. o 1 Ap—d
Sq:g%z;ei® e—dbi(e)@)ci(e)—e eg®eq| =
1 a1 q-1
= lirré — Y e ® (bi(e) ®ci(e)) - (Z ei) ®e;®eq
v en o1 1

i=1

In this case, S, is a partial degeneration of (¢), and applying Proposition 4.2.10, we see that
(q) > Sy and (r)>T.

We obtain that the only case where (r) # T is when T' = S, + X,_4 with S, < Str, and
X,—q < (r—q) for some ¢ such that 1 < g <r. We can exclude cases ¢ =1 and ¢ = 2 because

in these cases Str, < (g). O

4.3 Aided restriction and aided rank

A related notion to partial degeneration is the notion of aided rank which we will introduce
in Section 4.3.1. In Section 4.3.2, we will present a generalization of the method to lower
bound rank in [AFT11] and use it in Section 4.3.3 to calculate the aided rank for tensor

powers of the W-tensor.

4.3.1 Aided restriction and interpolation

In this section, we will introduce the notion of aided rank and show its relation to partial

degeneration. For any tensor T € U; ® Uy ® Uj recall the notation

T =Tw&(l,1,p) = @Ip

from Example 1.1.10.
Recall the following interpolation result, which is based on ideas introduced in [BCLR79].

Theorem 4.3.1. Let T e Uy @ Us ® Uz and S € V1 ® Vo ® V3 such that T »5 S. Then,
Twr(e+1)>2S and TR (2d+1)> S .

We start by observing that one can use a unit matrix instead of a unit tensor to interpolate
degenerations. We use notation from matrix multiplication in order to write this matrix as

(1,1, p) where p is the rank of the unit matrix.

Lemma 4.3.2. Consider tensors T e Uy @ Us ® Us and S € V1 ® Vo ® V3 and assume T > S.
Then,
TIU3V3 Z S.
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o G- B B G

Figure 4.2: A visualization of the proof of Lemma 4.3.2: For the matrix multiplication tensor
it holds that (1,1,uszvs) = (1,1,u3)®(1,1,v3). Using the supporting matrix (1,1, us), we can
teleport the third party to the second party and view T as a two-party tensor. After that,
T > S and T > S are equivalent. Again, using (1,1, vs), we can recover the three-party version
of S.

Proof. The proof uses the teleportation trick Example 1.1.10, and we visualize the steps of
this proof in Figure 4.2. Using the teleportation trick we observe that 7% > T where the
tensor T € U, ® (U ® Us) ® C is T considered as a two-party tensor. We can also interpret
S as bipartite tensor S € V; ® (V2 ® V3) ® C and, by assumption, know T > S. In fact, since
degeneration and restriction are equivalent for tensors on two factors, we have T > S. Now,
applying the teleportation trick again, it is not hard to see that S*3 > S. Here, we teleport
the third party of S which, when we consider S, at the second party back to the third party.
After all,
Te(usvs) _ (ws)ava s avs s Geva s g

which finishes the proof. O

The main question we ask is for a degeneration 7' > S, how big must p be such that 7™ > S.
We will find that the minimal rank of an aiding matrix necessary to turn a degeneration into
a restriction can be chosen drastically smaller if the degeneration is a partial degeneration.
On the other hand, we will calculate p precisely for the degeneration (2¥) > W®* where we
know from Proposition 4.2.10 that no partial degeneration exists. As it will turn out, here,
the minimal p differs from the naive bound in Lemma 4.3.2 only by a factor of % To simplify

further discussions, let us introduce the following notation.

Definition 4.3.3. Let SeV; @ Vo ® V3 and fir p> 1. We define the aided rank of S as
R"(S) =min{r:(r)" > S}.
Clearly, we have R*"'(S) = R(S). Lemma 4.3.2 shows that R(S) = r implies that there is some

g such that R*"’(S) = r. To find better bounds on the minimal p, we now show a variation
of Theorem 4.3.1.

Proposition 4.3.4. Let T eU; @ U ® U3 and S €V, ® Vo ® V3 and assume T »5S. Then,

T > S and T > S.
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Proof. Say, the partial degeneration is given by

(A1 ® As() ® () T = S + 3 ™7, (4.8)

i=1

Note that we can discard powers of € higher than d and write
d d
AQ(G) = Z ElAQJ', A3(€) = Z EZAgﬂ'.
i=0 i=0

We then observe

d
S=A1® (Z Ag’i ® Ag’di)T

i=0
and therefore

d d
A ® (Z A2,i ®e:) ® (Z A3,d—z’ ®e;‘)Tnd+1 s

=0 =0

which shows 7" > .

In order to see T"¢*1 > S, note that for ¢ > 0, we can rewrite Equation (4.8) as
(4, © (As(e)/eV) ® A3(€))T =S +€S +++++ €S, = q(e).

Using Langrangian interpolation, we can pick ag,...,a, # 0 such that

4(c) = iq(aj) ] %

m+j A5 — Qm

By writing j1;:= [1,,+; 7=, we therefore get S = q(0) = g(ao)po + -+ + q(ce ) pte. Note that

the ¢(a;) are all restrictions of T where the first restriction map can be chosen to be Aj.
With that,

S = q(0) (A1 8 (3 1 dy(ag) mel) ® (3 As(ay) @e;))T-e+1

j=0 Oéj =0

which finishes the proof. O

In particular, we can exclude partial degeneration with a certain degeneration degree if we
can lower bound the aided rank of a tensor. Note that in the case of prehomogeneous spaces,

we can find an even better bound.

Proposition 4.3.5. Assume that Uy ® Uy ® Us is prehomogeneous under the action of
GL(U3) x GL(Us) and let T be an element with dense orbit. Then, for all S € Uy ® Uy ® Us
it holds that

72> 8.
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Proof. Consider the affine degree-1 curve L parametrized by L(e) =T +¢(S -T). It is clear
that both T and S lie on L. Clearly, the linear span of any two distinct points on L contains
all points on L. The orbit of T"is open in U; ® Us ® Us. Therefore, the intersection of L and the
complement of the orbit of T' is a closed subset of L, that is, a finite collection of points. In
particular, there exists a second point 7" in the orbit of 7' on L. Writing T= (ide Ms® M3)T,
and S = AT + uT', we observe

[ide (Nid®e} + uMy®es) ® (id®e] + Mz®e3)]|T* = S

which proves the claim. O

Note that Proposition 4.3.5 supports the intuition that in the case of partial degenerations,
the minimal aiding rank ¢ turning it into a restriction is small. In Section 4.2.4 we saw that
whenever T € U; ® Uz ® Us has a dense orbit under the action of GL(Uz) x GL(Us) it holds
for all Se Uy ® Uy ® U3 that T » S.

4.3.2 A substitution method for aided rank

In this section, we will give a method to calculate aided ranks precisely. Our method builds
on a known method from [AFT11] which we recalled in Theorem 1.3.2. We will use it to
calculate aided ranks of powers of the W-tensor. We start by mentioning the following easy

technical fact without proof.

Lemma 4.3.6. Let V be a vector space and U be a finite-dimensional subspace of dimension
u of V. If U is contained in the span of vectors ui,...,uy, then all u; must be elements of

U.

The second lemma gives a useful characterization of restrictions of (n)" in terms of flattenings

and is a simple generalization of [Lan12, Theorem 3.1.1.1].

Lemma 4.3.7. Let S € V3 ® Vo ® V3 be any tensor and fix some natural number p. Then we
have
R*"(S) =min{r: S (V]") € Vo ® V3 spanned by r matrices of rank < p}.

Proof. If (r)* > S we can write S =a; ® Ny +---+a, ® N, for matrices N; of rank at most p,

in other words, S(V7*) is spanned by r matrices Ny, ..., N, of rank at most p.

On the other hand, assume S(V;*) = span(Ny,...,N,) for matrices N; of rank at most p.

Fixing a basis of V4, the tensor S is given by S = .7, e;® M; where M; = S(e}). Since S(V;*)

is spanned by the Nj for j =1,...,r, we can find coefficients A;; such that M; = ¥7_; Ai; N

foralli=1,...,vy. Hence,

Noticing that this is a restriction of (r) P finishes the proof. O
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We can use Lemma 4.3.7 to generalize the substitution method we saw in Theorem 1.3.2.

Theorem 4.3.8. Let S € V3 ® Vo ® V3 and say, dim(Vy) = vi. Fizing a basis e1,... ey, of

Vi, we write

Vi
S = Z e; ® M;
i=1
for matrices M; € Vo ® V3 and assume My # 0. Moreover, for complex numbers Az, ..., Ay,

define
A Vl
S()\Q, .. .,)\vl) = Z €; ® (Mj - Ale).
j=2
Then, the following hold.

(i) There exist Mg, ..., Ay, € C such that

RP(8(Nay... . \vy)) < R(S) - 1.

(i1) Assume that My has rank at most p. Then, for all Aa,..., Ay,

RP(8(Nay... . \vy)) > R(S) - 1.

Hence, if My has rank at most p, we always find Ao, ..., Ay, such that

R(S(Aay..., A\y,)) = R*(S) - 1.

Proof. Let r = R*(T), that is, S(V7*) is contained in the span of r matrices of rank at most

p. Denote these matrices by Xi,..., X, and write
T
Mi = Z/QLZ’JX] for ¢ = 1,. .., V7.
j=1

Hi,i

Without loss of generality, assume that p;; # 0 and set A; = e

S(Azs-- s Xa) (V) cspan(Xy, ..., X,), and therefore

We easily see that
R™(S(N2y- -, Av)) < RP(S) - 1.
That shows the first claim.

On the other hand, if M; has rank at most p and Y7,...,Y; span 5’(A2, ..y Ay, ), then clearly
M;,Yy,. .., Yy will span S(V}*), which shows the second claim. O

In the next section, we will see how one can use Theorem 4.3.8 to calculate aided ranks.
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4.3.3 Aided rank of Kronecker powers of the W-tensor

Let V1, V5 and V3 be two-dimensional with fixed bases eq,es. In this section, we will use the

method developed in Section 4.3.2 to calculate the aided rank of powers of the W-tensor
W=e,8e;®c3+e;®e3®¢e; +tea®e; ®e; €V Vo V3.

The main result of this section is the following.

Proposition 4.3.9. For the k'th Kronecker power of the W tensor W= ¢ V®F @ V2% @ V2F

it holds that

=28 ifp>2F

R-p(Wﬁk) fp
> 28 if p <2k,

Proof. Tt is also clear that for any r < 2%, (r)* # W=k, On the other hand, W (V}") is the

span of e; ® ey +ep ®e; and e; ® ey, in other words, R*?(W) = 2. Consequently, we know that

(2F) 2" > W= for all k, in other words, R'2k(Wk) <2k,

We will now use Theorem 4.3.8 to show that (2¥) *2"~1 % 1% which will finish the proof.
One can verify that — thinking of the elements of V¥ ® \/'3‘8”c as 2F x 2F matrices — all matrices
in W=k ((V2*)*) are of the form

* :EO
(4.9)
Zo 0

That is, all matrices in W=F((V#¥)*) have the same entry z, in all antidiagonal entries

and zeros in all entries below the antidiagonal. Now, assume for some p that (2%)* > W=k,

By Lemma 4.3.7, there are matrices N; of rank at most p such that
Wz’k ((Vl®k)*)g<N1a"'7N2k>' (410)

As W=k is concise, W=F (V1®k)*) has dimension 2¥. Therefore, by Lemma 4.3.6, the N;
are elements of W% ((V,%)*). We observe that a matrix of the form Equation (4.9) with
zo # 0 has full rank 2F. That is, if the matrices N; have rank p < 2% and are elements
of W=k ((VF’“)*), their span only contains matrices with zeros on the antidiagonal. That

is, Equation (4.10) cannot be satisfied if all N; have rank at most p < 2¥, that is,
(28" 3 WBF if p < 28
In other words, R*(W®=k) > 2 for p < 2%, O

In particular, we see that the minimal rank of an aiding matrix turning the degeneration

(2%) > W®* into a restriction differs from the bound in Lemma 4.3.2 only by a factor of 1.
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4.A Code for Remark 4.2.8

The following Macaulay2 [GS] code gives a lower bound of 37 on the dimension of the orbit
of a generic tensor in C*® C*® C* which is (2, 3, 3)-compressible. This code is an adjustment
of code that can be found at https://fulges.github.io/code/BDG-DimensionTNS.html.

QQlv_(1,1)..v_(1,3)]
QQlv_(2,1)..v_(2,4)]
QQlv_(3,1)..v_(3,4)]
QQlw_(1,1)..w_(1,3)]
QQlw_(2,1)..w_(2,4)]
_3 = QQLw_(3,1)..w_(3,4)]

ALL = V_1%xV_2x%*%V_3x%*W_1%*W_2%*xW_3
M_1 = sub(random(QQ~4,QQ°4),ALL)
M_2 = mutableMatrix(ALL,4,4)

M_3 = mutableMatrix(ALL,4,4)

for i from 0 to 3 do(
M_2_(0,i)=random(QQ) ;
M_2_(i,0)=random(QQ) ;
M_3_(0,i)=random(QQ) ;
M_3_(i,0)=random(QQ) ;

N~

matrix M_2
matrix M_3

=
w
1]

T=0
for i from 1 to a do(
for j from 1 to b do(
for k from 1 to c do(
T=T+ M.i_(j-1,k-D)*w_(1,i)*w_(2,j)*w_(3,k);
g
)3

)--T is now (2,3,3)-compressible with random entries

-- a random point in Hom(W1,V1) + Hom(W2,V2) + Hom(W3,V3)
-- the rank of the differential of the parametrization map at randHom
-- will provide a lower bound on dim of the orbit closure of our tensor

randHom =flatten flatten apply(3,j->
toList apply(l..di_(j+1),i ->w_(j+1,i)=>sub(random(1,V_(j+1)),ALL)))

-- compute the image of the differential
-- LL will be a list of elements of multidegree (1,1,1),
-- which are to be interpreted as elements of V1 \otimes V2 \otimes V3
-- generating the image of the differential of the parametrization map
LL = flatten for i from 1 to 3 list (
ww = sub(vars(W_i),ALL);
vv = sub(vars(V_i),ALL);
flatten entries (sub( (vv ** diff (ww,Tused)),randHom)));
minGen = mingens (ideal LL);
orbitdim = numcols(minGen) --37
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4.B Partial degenerations of the unit tensor

We have seen in Proposition 4.2.10 that the unit tensor (r) does not admit partial degenera-
tions where the constant map A; is full rank. However, we also saw that in the case that A
has rank r — 1 there are honest partial degenerations which we classify in Proposition 4.2.12.
In this appendix, we see that also in the realm of matrix pencils, examples exist. For that,
we consider for simplicity only matrix pencils in C? ® C™ ® C™*!. Recall that the matrix
pencil T given in Equation (4.6) has a dense orbit under the action of GL,, x GLj,11. It is
well known (see, for example, [Lan12, Theorem 3.11.1.1]) that this pencil has rank m+1. On
the other hand, it is known that the maximal rank of a tensor in C? @ C™ @ C™*! is [32%].
Hence, we can find tensors S in C? ® C™ ® C™*! with (m+1) > T » S, R(S) > m+1 and

consequently (m +1) » S but (m+1)#S.

To see an explicit example, let us construct for every m a matrix pencil of rank greater or
equal to m+1 to which (m) degenerates partially. For this, we recall the following well-known

result about the rank of matrix pencils [Gri78, J479).

Proposition 4.B.1. Consider p; x ¢1 matrices T{,Ty and ps x go matrices Ty, Ty'. Let
T’ be the tensor corresponding to the matriz pencil [T{,Ty] and similar for T" and write

T e C2@CP1+P2 @ C11*%2 for the tensor corresponding to the matrixz pencil

() ()

R(T) = R(T") + R(T").

Then, it holds that

We will now construct a partial degeneration of (m) and will show using Proposition 4.B.1

that it has rank at least m + 1. Applying the linear map

A1:U—>(C2,ek'—>e1+ke2

we see that (m) restricts to the tensor corresponding to the matrix pencil [id,,, diag(1,...,m)].
Since the matrix
1 1
2 1
M = -
m-1 1
m
has m different eigenvalues 1,...,m, we deduce that also the tensor associated with the

matrix pencil [id,,, M] is a restriction of (m).
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For any 1 < k <m define S, to be the tensor corresponding to the matrix pencil

(idi, 0) 0
. ( 0 ) ,(‘Q 5)2). (4.11)

idm—k

where

1 1 k+1 1

One verifies that applying the degeneration maps

As(e) =diag(1,...,1,¢,...,€), Asz(e)=diag(e,...€,1,...,1)

—_——— —— —_—— ——
k m—k k+1 m—k-1
the tensor corresponding to the matrix pencil [idy, diag(1,...,m)] results in €Sk ., + O(€?).

In particular, (m) » Sk .

From Proposition 4.B.1, we know that
R(Sk.m) = R(Stm) + R(SE 1n) (4.12)

where S}

t
corresponds to [(idg-1,0), J1]) and Sim to [(O idm_k) ,Ja2], respectively. Using
flattenings, one can now verify that the two pencils in Equation (4.12) have ranks k and

m —k + 1, respectively, which shows R(Sk,.,) = m + 1. Hence, it is not a restriction of (m).

4.C The aided rank of the Coppersmith-Winograd-tensor

In this appendix, we demonstrate with further examples how to calculate aided rank us-
ing Theorem 4.3.8. In particular, we are going to calculate the aided ranks of the Coppersmith-
Winograd-tensors (CW-tensors). The study of these tensors was a crucial tool in the break-
through result [CW87] bounding the exponent of matrix multiplication w from above by
2.376.

Definition 4.C.1. Let Vi = Vo = V3 = C9*2 and fix a basis eq, . .. eq+1. The q’th CW-tensor

s the tensor

q
TCW,q = Zeo ®e; ®e;+eg1 ®eg et
=1
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M=

e;®ey®e; +ey eyl ®ept

<.
I
—_

ep®ep®eg+eg®ey®eq € V10 Vo® Vs,

M=

ks
Il
=

We want to calculate R* (Tcw,q) for any p and q.

Proposition 4.C.2. For p > 2, the p-aided rank of the q’th Coppersmith- Winograd-tensor is
given by

R (Tew,q)=q+1+ [ﬂ] .
p

Proof. Writing

Tgs1 L1 ... Tq X0

1  To
M(l’o,...,qurl) =

Lq o

i) 0

we have Tow (Vi) = {M (zo,...x4+1) : To,...2q+1 € C}. Note that Tow,, is concise. Hence,
we have R (Tcw,q) > g+ 2 for any p € N. Moreover, it is clear that R* (Tcow,q) < ¢ + 2
whenever p > g + 2 which gives R (Tow,q) =g +2 for all p> g +2.

For p < ¢+ 1, we will use Theorem 4.3.8.

Say, p > 2. Interpreting Vo ® V3 as space of (¢ +2) x (¢ +2) matrices, we have

q+1
TCW,q = Zei ®M(1‘i = l,l‘j =0 for ¢ #j),
=0

The matrix M(0,...,0,1) has rank 1, hence we can find )\61)7 RPN )\gl) using Theorem 4.3.8
such that

q
Tia= e ® (M(xi = La; =0 fori+5)-AYM(0,...,0, 1))
=0

=M (z;=1,2;=0 for i+j)

satisfies
R™(TS, ) = R (Tow,g) - 1.

Note that the matrices M) (g, ...z,) have the form

* r1r ... Tg o

Tr1 Xo
M(l)(xo,...,xq) =

Tq i)

To 0

99



Still, M) (0,...,0,1) has only non-zero entries in the first column or in the first row. That
is, it has rank less than or equal to p, hence we can apply Theorem 4.3.8 again and obtain
)\(()2), R )\((12) such that

)

q-1
TE = Y cn ® (M (s = 1,25 =0 for i # j) - AP MD(0,...,0,1))

=M ) (x;=1,z;=0 for i+j)

satisfies

| ) 2 | )
R(TR), ) = R (TS, ) - 1.

Again, we see that the elements of TéQV)V ,(Vi") have the form

* r1 ... * o
1 o
M(2)(x0, e, Xge1) =
* )
To 0

Repeating this procedure g + 2 times leads to

TN = e @ (M@ (1,0) - MDD (0,1)).

=M (a+1)
with
* ok * 1
* 1
Mla+l) -
* 1
1 0

By Theorem 4.3.8 we reduced the aided rank by exactly 1 in each step yielding

RP(TE) = R(TER, ) ~1= = R (Tewg) = (4+1).
As M(4*D has rank ¢ + 2 it follows R'p(Tg‘;}q)) = [%2] . and with that
2
R (Tewq)=q+1+ [ﬁ] .
b

We can also find the following upper bound on the aided rank of Tg%/v, -
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Proposition 4.C.3. It holds that

an? = q+22
R® (Tg%’q)3q2+4q+3+[(p2)}.

In particular, there there are choices of m, p and q such that both (m)® ¥ Tcw, and
(m)*™)®2 > (Tow.g)™ hold.

Proof. Let us write

Tgr1-M(y) z1-M(y) ... xg-M(y) xo0-M(y)
z1-M(y) w0 M(y)

N(20y -y Tga1, Y05 - - -5 Yge1) = : .
zq- M(y) xo- M(y)

xo - M(y) 0

where the matrices M (y) are as in the proof of Proposition 4.C.2 given by

Yg+1 Y1 oo Yq Yo
Y1 Yo
M(y) =M (yo,---,Ygs1) =
Yq Yo
Yo 0
With this, we have
q+1
(TCW,q)Q = Z (e;®e;)® N(z; =1,y; =1).
i,5=0

and consequently,
(Tew.)™ (V#*)") = {N(2.y) 12,y € CT*2}.

The rank of the matrix N(z,y) depends on these vectors x and y.
(i) If = = y = eg, the matrix N(z,y) has rank (g +2)2.

(i) If x =ep and y = eq41 or if x = eg41 and y = e, the matrix N(z,y) has rank ¢ +2.

(ili) fz =ep and y € {eq,..., e orif x € {eq,...,eq} and y = ey the matrix N(z,y) has rank
2(q+2).

(iv) If  =egy1 and y € {e1,... e} orif z € {e1,...,e4} and y = €441 the matrix N(z,y) has
rank 2.

(v) If 2 =y = eg41, the matrix N(z,y) has rank 1.

(vi) If z € {e1,...,e4} and y € {e1,...,e,} the matrix N(z,y) has rank 4.
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Hence, to generate (Tcwﬂ)m (A*), we need to generate one matrix of rank 1, 2¢q matrices
of rank 2, ¢® matrices of rank 4, two matrices of rank ¢ + 2, 2¢ matrices of rank 2(q +2) and

one matrix of rank (g +2)2. Assuming p? > 2(q +2), we will need at most

22
q2+4q+3+[(q+2)]
p

matrices of rank p? to generate (Tow,q)™ ((V#?)"). In other words,

5 2
R (T&%,) <¢* +4q+3+ [(q +22) } (4.13)
' p

To find m,p and ¢ such that (m)* ¥ Tow,q but (m2)'p2 > (Tcwg)m, we choose p and ¢ such
that []%ﬂ < [%] and m=q+1+ [%]. By construction, we have (m)* # Tow,,. We have
found an example whenever

2 2
¢ +4q+3+ (g+2)° s(q+1+[q+2]) .
p? p+1

To see an explicit example, pick ¢ = 11 and p = 6. We have

11+2
R'6(TCW711):11+1+[ 6* ]:15

11+2
R'7(TCW,11):11+1+[ 7+ FM’

that is, (14)*" > Tow.11 but (14)* % Tow 1. From Equation (4.13), we get

2

13
R.62(T§‘2/V,11) < 112 +4-11+3+ [62

] =173 < 142 = 196.
That gives
|} 2 n | | X
((14)%0)™" = (196)*30 > (173)"% > T&F ;.

4.D Catalysis with an EPR pair

The observations in this chapter are closely related to the question of so-called catalytic
restrictions and catalytic degenerations. In [CCD*10], the authors find examples of tensors
TeU;® - @U;and Se Vi ®---® V), with T # S such that there exists some other tensor
HeW;®---®@ Wy, with Tk H > S® H. This phenomenon is called catalytic restriction, the
tensor H is called catalyst. Note that the set of k-party tensors together with restriction
is a preordered semiring. It has been shown later that the example in [CCD*10] can be

generalized to preordered semirings fulfilling certain properties [Fri20, Theorem 7.15].
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We raise the question if an honest catalytic entanglement conversion is possible where the
catalyst H is only an aiding matrix. In other words, we ask if we can find T € U; ® Uy ® Us
and S € V) ® Vo ® V3 such that T} S, but for some p, 7" > S*P. We are also interested in a

similar question replacing restriction with degeneration.

In this appendix, we present some partial progress on that question. In particular, we will
construct non-trivial examples that are reminiscent of catalysis with an aiding matrix by
refining the rank resp. border rank decompositions of the matrix multiplication tensor and
the Bini tensor. Recall the following celebrated result by Strassen [Str69).

Theorem 4.D.1. The rank of the matrix multiplication tensor (2,2,2) is 7.

Proof. Recall that
(2,2,2)((C? ® C*)*) = span(Ny, Na, N3, Ny)

where the IV; can be interpreted as matrices

10 0 0 00 0O 0 010 00 00
01 00 0 0 0O 0 0 01 00 00
le 7N2: 7N3: 7N4:
0 0 0O 1.0 0 0 0 0 0 O 0010
0 0 0O 01 00 0 0 0O 00 01
Defining the 7 rank-1 matrices
1 0 0 1 0 0 0 O 0 0 1 1
1 -1
M, = 0o 0 0 O M, = 0 0 M = 0 0 O 07
0o 0 0 O 0 0 0 O 0O 0 0 O
1 0 0 1 0 1 0 -1 0 0 0 O
0o 0 0 O -1 0 1 O 0 0 0 -1
0o 0 0 O 0 0 0 O 0O 0 0 1
M4: ,ME): 7M6: )
0o 0 0 O -1 0 1 O 0 0 0 O
1 1 0 0 0 0 0 O 0 0 0 O
0 0 0 0
0 0 0 O
My =
1 0 0 O
-1 0 0 0
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one verifies easily that

M1 +M2 —M4 +M6 = N1
M +M; = N.
* ! ° (4.14)
M3 +M6 = N3
My -Msj +Ms5 +M7; = Ny.

Hence, (2,2,2)((C? ® C?)*) is spanned by seven rank-1 matrices which shows that the rank
of matrix multiplication is at most 7. The lower bound is involved and was first shown

in [Lan04]. For a more modern proof using a technique called border apolarity, we refer
to [CHL19]. O

We will also need the following result about the Bini tensor [BLRS0).

Theorem 4.D.2. The border rank of the Bini tensor is 5, in other words, R(Tgini) = 5.

Proof. For the Bini tensor, Tin;((C?)*) is spanned by the three matrices

1 0 0 O 0 0 0 O 0 0 1 0

01 0 0 0 0 0 O 0 0 0 1
Ny = , Ny = N3 =

0 0 0 O 1 0 0 O 0 0 0 O

0 0 0 O 01 0 0 0 0 0 O

Consider the following border rank decomposition: For € > 0, define the matrices

0 0 0O -1 0 0 0 01 00
0 1 0 0 0 0 O 01 00
L]Z ‘ 7L2— )LS_ ’
0 0 0 O 0 0 0 0 0 0 O
0 0 0 O 0 0 0 O 0 ¢ 00
-1 1 € 0 01 €€ O
0 0 0 O
L= L 00 0 O
0 0 0 O 00 0 O
0 000 0 ¢ ¢ 0
They are rank 1 and we have
elh —€lo =eNy + O(€?)
L2 —L4 +L5 = €N2 + 0(62)
Ll —L3 +L5 = €N3 + 0(62)

which shows that R(Tgin;) < 5. From the discussion after Proposition 1.3.6, we know that

the border rank of the Bini must be at least 5 and we conclude. O
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We will now refine these two constructions and derive restrictions and degenerations that are

reminiscent of catalysis.

Proposition 4.D.3. For the matriz multiplication tensor it holds that (6)™ > (2,2,2)*? and
(6)* > (2,2,2)"3. For the Bini tensor, we have (4)* > T%

Bini*

Proof. We start by showing (6)* > (2,2,2)"2. The space (2,2,2)**((C? ® C?)*) is spanned

by matrices
Ny Ny N3 Ny
vy = yV2 = yV3 = yV4 = .
Ny Noy N3 Ny

Consider the following matrices which are constructed blockwise from the matrices of Strassen’s

B M2+M1 B M3 B M4
H2 = M2 s M3 = M3 s Mg = M4—M1 )

_ M5+M1 B M6 B M7
M5 = M y e = M y 7 = My + M, .

Clearly, these matrices all have rank at most 3. Moreover, it is easy to see from Equa-
tion (4.14) that

algorithm:

H2 —H4 +le =1
Ha 7 =12

3 e =U3

~H3 s tr = V4.

Applying a similar trick, we can also show (6)* > (2,2,2)" = (2,2,6). Here, we need to
consider the space (2,2,2)*((C? ® C?)*) which is spanned by

Nl N2 N3 N4
v = Ny Vo = No V3 = N3 Vg = Ny
N1 NQ N3 N4
Again, we define the block matrices which this time are of rank < 4
M2 + M1 Md M4
H2 = M, » U3 = Ms s 4 = My - M,y
M2 M3 - Ml M4
M5 + My M6 M7
M5 = M;s e = Mg M7 = Mz + M,
My Mg + M, M-

105




From Equation (4.14), we see

M2 —Ha +le =
Ha Tty =V2

3 e =V3

—H3 THs Tt =y

which shows that (2)* > (2,2,2)".

Finally, we want to show that (4)* > 7%

Bini*

With that, we see that for

L+ Ls Lo+ Ls
)\1= L1+L5 s )\22 L2+L5 ,
Ll L2
L3 L4
As = Ls ; Ay = Ly
L3 - L5 L4 - L5
we have
€] —€Xa =evy + O(€?)
A2 A\ =evg+O(€?)
A1 -3 =evg + O(€?)
which in particular implies (4)* > T8 .. ]

We will now show two results indicating that it is unlikely to actually find explicit, provable
examples of catalysis with an aiding matrix as catalyst. Indeed, finding an example requires
us to find tensors T' and S such that T # S resp. T # S. For T being a unit tensor, this is
equivalent to showing rank resp. border rank lower bounds. Only few methods to show lower
bounds are known and the next two results show that well-known methods to show rank and

border rank lower bounds actually “lift” to the catalytic setting.

Proposition 4.D.4. Let T € U; ® U ® Us be a tensor such that R(T) > r holds by the
substitution method. Then, R*(T™") > r holds. In particular, for all p > 1 it holds that
(r— 1) % ¢,

\

Proof. Comparing Theorem 1.3.2 with Theorem 4.3.8 we see that we can step by step obtain
the same lower bound on p-aided rank using the aided rank substitution method in Theo-
rem 4.3.8 that was obtained for the rank of 7. O

Also, the Koszul flattenings that we introduced in Section 1.3 lift to the aided setup.
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Proposition 4.D.5. Let T € U; ® Us ® Us and consider a Koszul flattening T{}f It holds
that
rank((T'p)ﬁff) =p- rank(Tﬁf).

pr
uy

(%)

| lifts to R(T™) > |

In particular, the the border rank lower bound R(T) > [(url) 1>p] (Jﬂl) ].
k k

Proof. Write T' = e; ® My + --- + ey, ® M,, are think of M;,...,M,, as matrices. As we

have seen in Section 1.3 the linear map 7; ﬁf can be represented by a matrix which has block

structure with the blocks being the M;. Since T*P(U7") is spanned by the matrices
M M,,
Ml Mu1

we see that by permuting rows and columns we can transform (7 )’[}]f into a block-diagonal

matrix, the p diagonal blocks being the matrix representing T(}f This finishes the proof. [

In particular, this implies that for the Bini tensor, we will not find an example (4)* > T%, .
The techniques to prove that matrix multiplication has border rank 7 go far beyond Koszul

flattenings, see [Lan04, CHL19]. We do not know if they lift to the catalytic setup.
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Chapter 5

New techniques for bounding

stabilizer rank

In this final chapter, we introduce and discuss yet another way of decomposing tensors mo-
tivated by the task of simulating quantum circuits built from Clifford+7 gates using the
Gottesman-Knill theorem. In this specific setup, the relevant way of decomposing tensors is
via so-called stabilizer rank decompositions. We call the minimal length of a stabilizer rank
decomposition of a tensor its stabilizer rank. It turns out that the efficiency of this simulation

technique scales polynomially in the stabilizer rank of tensor powers of the so-called T-state.

Upper and lower bounds on the stabilizer rank can provide more efficient algorithms and
barriers for such, respectively. Yet, before [LS22], only few methods to lower bound stabilizer
rank have been known [BSS16, PSV22]. In this chapter, we will see how one can apply
techniques from number theory to investigate stabilizer rank. In particular, we will construct
tensors with maximal possible stabilizer rank and see alternate proofs of the best-known
asymptotic lower bounds on stabilizer rank and approximate stabilizer rank of tensor powers
of the T-state. Using basic facts from algebra will also construct non-trivial examples of

tensors with multiplicative stabilizer rank under the tensor product.

Warning: In this chapter, we will denote tensors using greek letters like ¢ and ¢. In
the context of this chapter, we will denote by T the so-called T-state, which is given by
T = %(eo +eier). Note that we used the letter T for any choice of tensors in Chapter 3
and Chapter 4. Different than in Chapter 2, Chapter 3 and Chapter 4, it will be important
to consider normalized tensors where the norm comes naturally from the Euclidean inner
product induced by a choice of computational bases. We will use the term quantum state to

refer to a normalized tensor.

This chapter is a partly modified version of [L.S22]. Parts of this chapter also appear in
Benjamin Lovitz’s Ph.D. thesis [Lov22].
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5.1 Overview

It is of great practical importance to determine the classical simulation cost of quantum
computations. Indeed, lower bounds on the simulation cost indicate quantum speedups,
while upper bounds can help us to understand the limitations of quantum computation.
Among many proposals for constructing a universal quantum computer like, for example,
measurement-based and adiabatic quantum computation [RB01, RBB03, AL18], one of the
earliest and still one of the most promising is the quantum circuit approach. Here, the
quantum circuits are constructed from a universal gate set like, for example, the so-called
Clifford+T gate set consisting of the gates H,S and CNOT as well as the T-gate which we
have introduced in Section 1.5 [DP89, BBC*95, BMP*99]. While it has been shown that
circuits built from Clifford gates only can be simulated efficiently using the Gottesman-Knill
theorem, this does not hold once we allow for T-gates in addition. The stabilizer rank is a
useful barometer for the computational cost of classically simulating such quantum circuits
under the stabilizer formalism [BSS16]. A stabilizer state is a quantum state in the orbit of
a computational basis state under the action of the Clifford group. For a quantum state 1,
we define its stabilizer rank, denoted x(v), to be the smallest integer r for which 1 can be
written as a linear combination of r stabilizer states. The stabilizer rank is motivated by
the fact that the classical simulation cost of a quantum circuit that applies Clifford gates
to a computational basis state and measures in computational basis under current state-of-
the-art simulation protocols scales polynomially in the number of Clifford gates and x(v)
(see Appendix 5.A, and [BSS16, BG16, BBC*19, QPG21]). For a real number § > 0, the
d-approximate stabilizer rank, xs(1), is defined as the minimum stabilizer rank over all quan-
tum states that are J-close to 1, and similarly quantifies the classical simulation cost of
approximating the application of Clifford gates and computational basis measurements to

under the stabilizer formalism.

Despite the practical importance of the stabilizer rank, few techniques are known for bounding
this quantity [BSS16, PSV22]. In this chapter, we analyze stabilizer rank from a number-
theoretic perspective which, in particular, will provide us with lower bounds on the stabilizer

rank of copies of the T-state.

5.1.1 Lower bounds on stabilizer rank and approximate stabilizer

rank

We start in Section 5.2 by refining a number-theoretic theorem of Moulton to prove lower

bounds on stabilizer rank and approximate stabilizer rank [Mou01].

Definition 5.1.1. Let [n] = {1,...,n} when n is a positive integer. For integers q¢ > 2 and

r > 1, and tuples of non-zero complex numbers

a=(a,...,aq) €C?

6=(61,...,BT)E(CT,
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we say that B is a subset-sum representation of « if, for all i € [q], there exists a subset
R; € [r] for which ¥jcg, Bj = a;. We refer to the integer r as the length of the subset-sum

representation 5 € C.

It is interesting to ask for a fixed tuple « for the minimal possible length of a subset-sum
representation. To find examples of tuples that require subset sum representations with large

length, the following property will be useful.

Definition 5.1.2. For an integer 2 < p < q, we say that a € C? has an exponentially increasing

subsequence of length p if there exists iy,. .., i, € [q] for which

> 2|ozij| for all je€[p].

|aij+1

Moulton showed that any subset-sum representation of a g-tuple containing the subsequence
(1,2,4,...,2P71) has length at least p/logsp [Mou01]. We will refine this result in Theo-
rem 5.2.1 and prove that the same bound holds for any g-tuple that contains an exponentially

increasing subsequence of length p.

Since stabilizer states have coordinates in {0, +1,+4} in the computational basis (see Propo-
sition 1.5.3), any decomposition of a state 1 into a superposition of r stabilizer states can be
converted into a subset-sum representation of length 4r of the coordinates of ¢. Using that,
we will show in Theorem 5.2.4 that if the coordinates of ¢ contain an exponentially increasing
subsequence of length p, then x(v) > p/(4log, p). In particular, since T is Clifford-equivalent

to the H-state H o« ¢y + ﬁeh and the coordinates of H®" contain an exponentially in-
creasing subsequence of length n+1, we obtain x (7®™") > ﬁ?iu)' More generally, we prove
2

in Theorem 5.2.4 that x(¢®") = Q(n/logyn) for any non-stabilizer qubit state 1.

We further use Theorem 5.2.1, along with standard concentration inequalities for the binomial
distribution, to prove in Theorem 5.2.8 that for any non-stabilizer qubit state 1, there exists
a constant ¢ > 0 for which it holds that xs(¢®") > \/n/(2log, n) for all n > 2.

We note that similar results have been obtained in [PSV22]: Here, the authors prove that
x(T®") > n/100, and that there exists § > 0 for which xs(7®") = Q(y/n/logyn) [PSV22].
Asymptotically, our bounds match theirs up to a log factor, and we suggest that our proof
technique is much simpler. While both of our bounds follow quite quickly from our refine-
ment of Moulton’s theorem mentioned above, the two bounds in [PSV22] use two different
approaches from the analysis of boolean functions and complexity theory: For their lower
bound on x(7®"), they analyze directional derivatives of quadratic polynomials, and for
their lower bound on xs(7®"), they use Razborov-Smolensky low-degree polynomial approx-
imations and correlation bounds against the majority function [Raz87, Smo87, Smo93]. It is

interesting that the vastly different approaches of ours and [PSV22] yield such similar results.

As a further application of our refinement of Moulton’s theorem, we explicitly construct a se-

quence of n-qubit product states 1®" for which it holds that x (®") > % and x5(¢®") = O(1)
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for any § > 0, simply by writing down a product state with exponentially increasing coordi-
nate amplitudes. Using different techniques, we construct in Proposition 5.2.13 a sequence
of n-qubit product states 1)®" for which x()®") = 2™ (the largest possible) and xs(1®") =1
(the smallest possible). It is interesting to compare this situation to tensor rank and tensor
border rank: For example, we have seen that there must exist tensors in (C?)®3 with border
rank scaling quadratically in d, see Remark 1.1.6. On the other hand, all methods we have
seen (and, in fact, all known methods, see Remark 1.3.7) to lower bound tensor rank and

tensor border rank can only prove linear lower bounds.

5.1.2 States with multiplicative stabilizer rank under the tensor

product

It is a standard fact that the stabilizer rank is sub-multiplicative under the tensor product,
i.e., x(1¥®v) < x(¢¥)? for any quantum state 1 [Qas21, Section 2.1.3]. In [Qas21, Section 4.4],
it was remarked that there are no known examples of quantum states ¢ of stabilizer rank
greater than one for which equality holds. In Section 5.3, we explicitly construct two-qubit
states ¢ for which x(¢) =2 and x (¥ ® ©) = 4. This is the smallest possible example of such
a state, since for any single-qubit state ¢ it holds that x(¢ ® ¢) < 3.

5.2 Lower bounds on stabilizer rank and approximate

stabilizer rank

In this section, we will present a method to lower bound stabilizer rank using a result from
number theory. In Section 5.2.1, we will refine a result of Moulton about the minimal length
of a subset-sum representation of a tuple containing a long exponentially increasing sequence.
We then use our refinement in Section 5.2.2 to prove lower bounds on the stabilizer rank of
quantum states whose coordinates contain a long exponentially increasing subsequence. As an
application, we will see that x(¢®") = Q(n/log, n) for any non-stabilizer qubit state 1 which,
in particular, gives a strong lower bound on the stabilizer rank of n copies of the T state. We
finally combine this technique in Section 5.2.3 with a standard concentration inequality to see
that for any non-stabilizer qubit state v, there exists § > 0 for which x4 (4/®") > /n/(2log, 1)
for all n € N. Moreover, our techniques will allow us to construct in Section 5.2.4 states in

(C?)®" with stabilizer rank exponential in n.

5.2.1 A refinement of Moulton’s theorem

The following refinement of [Mou01, Theorem 1] will be used throughout this chapter.

Theorem 5.2.1. Let 2 < p < q be integers, and let o € C? be a g-tuple of non-zero complex
numbers. If a contains an exponentially increasing subsequence of length p, then any subset-

sum representation of a has length at least p/logy(p).
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Proof. It suffices to consider the case p = ¢ and 2|oy| < |a41] for all ¢ € [¢—1]. Let g e C”
be a subset-sum representation of a. Then for each i € [g], there exists ¢; € {0,1}" such that

a; = Btc; Suppose that, for some uy, ..., uq,v1,...,v, € {0,1}, we have

q q
Z Ui C; = Z V;C;.
i=1 i=1

Applying 8% to both sides gives

q a
Z U; O = Z’U,’O&Z‘.
=1 7

e

It follows that u; = v; for all i € [¢]. Indeed, it suffices to prove that |a;1| > |y + -+ + o] for
all i € [¢— 1], which in turn can be easily verified by an inductive argument. By assumption,

|ca| > |a1], and by induction,

|Oél +"'+Oéi| < |0£1 +"'+Oéi_1|+|Oéi| < 2|Oéi| < |0£i+1|.

The remainder of the proof is identical to that of [Mou01]. There are at most 29 — 1 choices

of ui,...,uy € {0,1}, excluding the case u; = --- = u, = 1. For each of these choices, the
sum Y7, u;c; can take one of ¢" —1 possible values in {0,1,...,¢—1}*" (note that the vector
(g-1,g-1,...,¢g- 1) is excluded since the u; are not all equal to 1). Since each choice of
U1, ..., uq yields a different vector, we must have ¢" —1> 29 -1, i.e. 7> ¢/logy(q). O

5.2.2 Lower bounds on stabilizer rank

In this section, we use Theorem 5.2.1 to prove lower bounds on stabilizer rank. For that, we

record the following technical results.

Lemma 5.2.2. Let ¢ € (C?)®" be any quantum state and C a Clifford unitary. Then, we
have x(1) = X(C) and x5(¥) = x5 (C) for all 5> 0.

Proof. If ¢ € span(oy,...,0,) is contained in the span of stabilizer states o1, ...,0,, then Ct
is contained in the span of the stabilizer states Co1,...,Co,, that is, x() > x(C%). Applying
the same argument with C~! proves the other direction. Observing that the Clifford unitary

C preserves the norm finishes the proof. O

To apply Theorem 5.2.1, the following technical result will be helpful.

Lemma 5.2.3. Let 1) € C2 not be a stabilizer state. Then, there is a Clifford unitary C such
that
C)

1
————(ep + aey)
2
V1+]|o

with |a) > 1.
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Proof. Clearly,
1

V1+18

for some 5. We note that for || > 1, the result follows with C' being the identity. For
|8] < 1, the result holds with C' = X. It remains to consider the case |3| = 1. Note that for
B €{0,+1,+i}, the tensor ¢ would be a stabilizer state. Else, one easily verifies that the claim
of the lemma holds for either C = H or C'= HX. O

P o (eo + fe1)

Theorem 5.2.4. Let p > 2 be an integer, and let 1) € (C*)®" be a quantum state. If the

coordinates of ¢ contain an exponentially increasing subsequence of length p, then we have
x(¥) 2 p/(4logy p).

Proof. Let r = x(¢), let z1,...,z, € Fy be such that [¢g,| < 2[tp,,,,| for all i e [p-1], and
let & = (Yg,,...,1s,) € CP. Without loss of generality, there exist complex numbers ¢; and
(unnormalized) stabilizer states o; for i € [r] such that for all i € [r], every coordinate of o;

is an element of {0,+1,+i}, and ¥ = ¥I_; ¢;0;. Let
S=(01,...,0,)€{0,&1, i} (O
be a matrix whose columns are the o; and
c=(c1,...,¢.) €C",

so that Sc = 1. In particular, there exists a p x r submatrix T of S for which Tc = a. Let
T1,T5,T3,Ty € {0,1}P*" be such that

T=T1 —T2 +i(T3—T4).
Then
(Ty, Ty, T3,Ty)(c, —c,ic, —ic)' = Tec = a,
so (¢,—c¢,ic,—ic) is a subset-sum representation of « of length 4r. It follows from Theo-
rem 5.2.1 that 4r > p/(log, p). This completes the proof. O
Theorem 5.2.4 also implies the following lower bound on x(7°®"), and more generally, on
x(1®™) for any non-stabilizer qubit state .

Corollary 5.2.5. For any state 1) € (C*)®" that is not a stabilizer state, x(®") = Q(n/logyn).

In particular,

n+1

") > ———.
X(T™) 4logy(n+1)
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Proof. Since 1) is not a stabilizer state, we can assume by Lemma 5.2.2 and Lemma 5.2.3 that

= ﬁ(eo + ey ) with |a] > 1. Consequently, there exists k € N for which |a|k >2. (When
1 =T, we can take k =1.) Now observe that the complex numbers l,ak,a%, .. .,a[”/ka all

appear as coordinates of 1®". By Theorem 5.2.4, it follows that

n/k]+1

(@) 2 4logy(|n/k]+1)

This completes the proof. O

5.2.3 Lower bounds on approximate stabilizer rank

In this section, we want to apply Theorem 5.2.1 to obtain lower bounds on approximate
stabilizer rank of states of the form ®" for non-stabilizer states ¢ € C2. To do so, we will
apply the De Moivre-Laplace Theorem. For a proof and a more in-depth discussion of the De
Moivre-Laplace Theorem, we refer to [Fel91, Section VII, Theorem 1] and [PSV22, Claim 4.6].

Theorem 5.2.6. Let pe[0,1] and C > 0. Then, there exists ¢ >0 such that

nY n-k ko €
1- > — 5.1
()rra-mte 2 (51)
for all k € [pn - C[\/n],pn + C[\/n]] and for all n € N. The quantity ¢ might depend on p
and C, but it is independent of n.

Remark 5.2.7. Say, we conduct n independent experiments where in each experiment, we
get outcome “17 with probability p, and outcome “0”7 with probability 1 — p. The binomial
distribution B(n,p) describes the probability of seeing k instances of “17 for k =0,...,n.
This probability is exactly the quantity in Equation (5.1). In this context, Theorem 5.2.6

essentially says that the binomial distribution B(n,p) is heavily concentrated on an interval

[pn = O(V/n),pn+O(/n)].

We can apply Theorem 5.2.6 and recover an exponentially increasing subsequence of length
/1 in the coordinates of any quantum state sufficiently close to ¥/®™ where 1 is not a stabilizer

state.

Theorem 5.2.8. For any non-stabilizer qubit state 1 € (C*)®", there exists a constant 6 >0

such that, for every integer n > 2,

n n
xs(¥") 2 Vn .
2logyn

1
1+a?

Proof. We know from Lemma 5.2.3 that we can assume 1) = (eg+aver) for some |af > 1.

= 1 - o
Let = g and vy = 7

so that 1 = Beg + vey.
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Let [ € N be the smallest integer for which |a|l > 2, and let A\ = ILZ If ¢ = T, then we can

al
take a = \/%_1 and [ =1. Let

Z={gen]:W'n-l[val<q<phfn+[Vnl}

be the set of integers in the interval [|y|*n - I[\/n], |y/*n + {[/n]]. Note that |[Z] > 2I\/n.
By Theorem 5.2.6, there exists a constant ¢ > 0 (which may depend on |a|, but does not

depend on n) for which
(")igm07P > e/
q

for all geZ. Let

(1—A)2~
c= C,
1+

so that

(+ j) (M=ot 2 crvm (5.2)

for all ¢ € Z. Note that ¢ only depends on |a.

For ¢ € (C?)®" a quantum state, define S c Z to be the set of ¢ € T such that for all z € F}
of Hamming weight |z| = ¢, it holds that

1-)
1+

02" — a2 ( ) 181"y (5.3)

With that,

oo ol > 5 (1) (52 1ot 219

4
s \q 1+A (54)

-
Vi
Define § = V¢l and assume [[1)®" - ¢| < 6. With that, Equation (5.4) implies S| < I\/n. Since

|Z| > 21\/n, we obtain |Z \ S| > l\/n. By definition we can find for each g € Z\ S some z, € F}
with |z4| = ¢ such that

1-A

®n _ -~
| Tq ¢m4|s(1+/\

Jisr b (55)

Let now ¢,¢' € Z\ S with ¢ < ¢" and pick x4,z as in Equation (5.5). Then,

®
|¢g;q, B |¢.’L‘q/ - x:f + ¢xq,
|¢xq| |¢xq - ;‘?qn + %q
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lwr, |z, — V2"
|1/}xq|+|¢mq_ qu
(1=
T (1+ )18y

= Mal”™,

where the second line is the triangle inequality, the third line follows from Equation (5.5)
and the fact that |¢$| = |B” | 'y‘l‘| for all x € Fy, and the fourth from the definition of 3, v

Pz, .
and A, respectively. In particular, if ¢' — ¢ > [, then ||¢—q|| > 2. Since |Z~ S| > I[\/n], there
Tq
exists a subset Q € Z \ S of size |Q| > \/n for which ¢’ — ¢ > for all ¢,¢’ € Q with ¢ <¢'. In
particular, we see that ¢ must have an exponentially increasing subsequence of length \/n in

its coordinates. By Theorem 5.2.4,

NG

X(9) 2 5= Tog, (n)

This completes the proof. O

5.2.4 Product states with exponential stabilizer rank and constant

approximate stabilizer rank
Recall that, up to global phase, there are only finitely many stabilizer states in (C?)®".
In other words, there is a finite set S of stabilizer states such that for all stabilizer states
o € (C?)®" there is some & € S with o o< &. This, in particular, implies the following simple

observation.

Lemma 5.2.9. For all r < 2" the set of quantum states ¢ € (C2)®" with x(¥) <r is a finite
union of proper linear subspaces of (C*)®™. In particular, a generic quantum state in (C?)®"

has stabilizer rank 2™.

Let ¢ € (C?)®" be a state with stabilizer rank 1, e.g., ¢ = e§". By Lemma 5.2.9, any §-ball
around v will contain states with stabilizer rank 2", that is, for any § > 0, there exist examples
of states with maximal possible stabilizer rank and minimal possible §-approximate stabilizer
rank. In this section, we will explicitly construct examples of quantum states with maximal
possible stabilizer rank. In Lemma 5.2.10, we use Theorem 5.2.4 to provide a simple proof
that a particular sequence of product states has stabilizer rank at least % and d-approximate
stabilizer rank O(1). In Proposition 5.2.13, we use independent, field-theoretic techniques
to construct a different sequence of product states of stabilizer rank 2" and J-approximate
stabilizer rank 1. The following lemma will allow us to upper-bound the §-approximate

stabilizer rank of product states with exponentially increasing coordinates.
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Lemma 5.2.10. Let § > 0 be a positive real number. For a complex number 6 € C and natural

number n e N, let

e1) € (C2)®n.

If |0] > 1, then xs(¥%) = O(1). Furthermore, there exists a positive real number \s > 0 such
that for any 0 € C with |0] > s, it holds that x5(¢2) =1 for all n € N.

Proof. For each i € {0,1,...,2" -1}, let

|9|2’L+2 1
6" -1

ZI o =

: (5.6)

and observe that for any positive integer k, the tensor qbfl’ . € (C?)®" obtained by setting all

but the k largest coordinates of ¥f to zero satisfies

0 2 1 21 1 2"-1 |2
= || ——= 0'e; — 0'e;
H¢ H H Ve2n-1 Zc:) Y Ve - o i=22n:—k '
2
Con_k—1 1 1
= + - (CQn_l — C2"—k—1)
Can_1 Vean1  \fCan_1 —Con_p1
2
Con_[.— Con _j._
_Cenohel T 7
Con_q Con_q
) 2
-2k -2t -2k
_ler -1 - 16|
- _on+1 _on+1 - ]‘ ) (57)
1-16] 1-16]
where we have re-indexed the computational basis of (C?)®" as ey, ...,egn_; for clarity in

this proof. Since || > 1, the quantity Equation (5.7) can be set to less than §% by appropriate
choice of k= O(1). Since X(QSZ,IC) < k, this shows that xs(¢%) = O(1). Tt is clear that we can
set k=1 if || is large enough. This completes the proof. O

Note that, using Theorem 5.2.4 and Lemma 5.2.10, we can easily find a sequence of product

states of stabilizer rank at least i—:; and d-approximate stabilizer rank O(1).

Corollary 5.2.11. For any n e N, let

ty, = ®(eo +22 7 e)) e (C2)" (5.8)

42 n

be a quantum state. Then x (1) 2 cmd for any constant § >0, x5(1n) = O(1).
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Proof. For each n, the coordinates of ¥, form an exponentially increasing sequence of length
2™, Tt follows from Theorem 5.2.4 that x(v,) > i—;. The bound xs(%,) = O(1) follows

from Lemma 5.2.10. O

We can also apply field-theoretic techniques to construct a sequence of product states of
stabilizer rank 2" and J-approximate stabilizer rank 1. For that, recall the following basic

notions from field theory.

Definition 5.2.12. Let 0 € C be a complex number and K c C be a subfield. We call 6
algebraic (over K) if it is the root of a polynomial with coefficients in K. The minimal
possible degree of such a polynomial is called the degree of 0. If there is no such polynomial,

we call 6 transcendental over K.

It is clear that if § € C has degree n over K, then the set {1,...,6" '} is linearly independent
over K, that is, spang(1,...,0" ') has dimension n as a K-vector space. We will be mostly
interested in the case K=Q and K = Q(3).

Proposition 5.2.13. Let § > 0 be a positive real number. If 6 € C is a complex number of
degree at least 2™ over Q(i), then the state

|9|2 -1 S 2i-1 2\®n
W@(eoJr@ er) € (C%)

has stabilizer rank x(¢0) = 2". If it furthermore holds that |0 > 1, then xs(?) = O(1).
Finally, there exists a positive real number \s such that for every 6 € C of degree at least 2"
over Q(i) for which |0] > \s, it holds that x(¢f) = 2" and xs(%) = 1.

Proof. Note that the coordinates of ¢/ are (up to the normalization factor) 1,6, .. L 62

By the degree assumption on 6, the coordinates of ¢Z are linearly independent over Q(4). Let
0

no

1/)2 = 374 ¢c;o; be a stabilizer decomposition of 1!, where o; is a stabilizer state and ¢; € C

for each i € [r]. Since the coordinates of each o; are contained in Q(%), it follows that
spang(;{ci, ..., } 2 {1,0,.. L6771, (5.9)

so r > 2". This proves that X(ij)Z) = 2™, The remaining statements follow from Lemma 5.2.10.
O

For example, to obtain a product state with stabilizer rank 2" and approximate stabilizer rank
O(1), one can choose any transcendental number 6 € C, e.g., the circumference-to-diameter
ratio 7. Note also that there are 6 € C with |6] = 1 such that Proposition 5.2.13 applies. It is
worth mentioning that in this case, the coordinates of ¢ contain no exponentially increasing

sequence, that is, Theorem 5.2.4 does not yield an immediate lower bound on x(z/?).
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5.3 States with multiplicative stabilizer rank under the

tensor product

It is a standard fact that the stabilizer rank is sub-multiplicative under the tensor product,
in other words, x(v ®1) < x(¢)? for any quantum state 1) [Qas21, Section 2.1.3]. In [Qas21,
Section 4.4], it was remarked that there are no known examples of quantum states ¢ — that
are not stabilizer states — for which equality holds. In this section, we explicitly construct
two-qubit states ¢ for which x(¢) = 2 and x (¢ ® ¥) = 4. The following observation tells us

that our example is, in that sense, minimal.

Lemma 5.3.1. For every quantum state 1) € C?, we have x(¢®?) < 3. In particular, the

stabilizer rank of v is multiplicative if and only if 1 € C? is a stabilizer state, that is, x(¢) = 1.

Proof. For a state 1 o< eg + aey, it holds that 1)®? o< ey + a(egy +e10) +a?eq;. This is already

a stabilizer rank decomposition of length 3. O

For two-qubit quantum states, on the other hand, we can find examples where the stabilizer

rank is multiplicative. For that, the following simple lemma will be helpful.

Lemma 5.3.2. Consider the subsets
So ={0000}, S;={ze€ F% |zl =1}, S, ={0101,0110,1001,1010}

of F5 and let S = Sy u S; USy. Then, S does not contain an affine subspace of cardinality

larger than 4, and Sy u S1 does not contain an affine subspace of cardinality larger than 2.

Proof. Note that the cardinality of an affine subspace in Fj is a power of 2. Assume A c S is
an affine subspace of cardinality 8. Then, it must contain at least three elements of S; and,
consequently, an element of Hamming weight 3 — a contradiction. Similarly, if B c Sy u .Sy is
an affine subspace with four elements, it must contain an element with Hamming weight at

least 2 — also a contradiction. O

Equipped with Lemma 5.3.2, we are ready to construct quantum states with multiplicative

stabilizer rank.

Theorem 5.3.3. Consider the quantum state
1

Yo = —————(epo + (ep; +e10)) € (C*)®? (5.10)
1+2al

where a € C* is a non-zero complex number. Then x (1) = 2, and for all but finitely many
a, it holds that x(¥®%) = 4. In particular, x(¥2?) = 4 if a is transcendental over Q.
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Proof. By definition, it is clear that 1, has stabilizer rank x(¢,) = 2.

Now, assume that

'(/}22 o< (eoo + 04(601 + 610))®2 =e€go t+ a( Z ex) + a2(601 + 610)®2
z:|z|=1

has stabilizer rank at most 3. From the standard form of stabilizer states (Proposition 1.5.3),
we know that there are affine subspaces A{', A5, AS as well as Zy-valued functions fo, ga; ha
and coefficients Bq,Vq, Ao € C such that

(ego + a(eo1 +€10))®? = Ba( Z ifa(””)ew)+’ya( Z ig“(m)eI)Jr)\a( Z iha(“:)ew). (5.11)

o a o
TeAS xeA$ xeAg

In particular, for any such o € C*, we can find a;; € {0, £1, i} such that

Ba 1
Alva =] a |- (5.12)
Ao o?

where A is the matrix with entries a;;. We will now show that for any choice of the a;;, there
are only finitely many « such that there exist Bq,Va, Ao satisfying Equation (5.12). Since
the ay; are taken from a finite set, this will imply that for only finitely many o, the quantum

state 1)®? has stabilizer rank 3.

First, assume that we chose the a;; in a way such that A is singular. Consequently, we can find
a non-zero vector € Q(i)? such that u*A = 0. Applying that to both sides of Equation (5.12)
yields

Lo + pro+ poa® = 0.

Therefore there are at most two possible choices for « for any such choice of the a;;. Since

the p; are in Q(4), any such choice of o must be algebraic over Q(¢).

Now, assume that A is non-singular. In that case, Equation (5.12) can be read as

Ba 1
o |=A7 a
Ao a?

In particular, 84, 7, and A, are linearly independent polynomials in Q(¢)[«]. Recall the sets
S0, 51,52 from Lemma 5.3.2. The set S = .Sy U S; U .Sy is exactly the set of x € 1[4“2L such that

ng has a non-zero coefficient for e,. If there exists x € A; \ S, then

ifa(z)ﬂa + %Yo + *)\a =0 (513)
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is a non-trivial polynomial equation that « has to satisfy. Here, x is a placeholder for
some elements in {0,+1,+i}. Hence, in that case, there are only finitely many « such that
x(¥&?) = 3 can hold. Also note that the polynomial in Equation (5.13) is in Q(i)[a]. Hence,
all « satisfying Equation (5.13) must be algebraic over Q(%).

By symmetry, it remains to consider the case where A; c S for all j = 1,2,3. Assume that

there exists x € A1 NSy and y € So N A;y. In that case, Equation (5.11) implies that

i@ Bt * Yo + *Ag = &2

*'Ya+*)\a:0127

where we again write * as a placeholder for elements of {0, +1, +i}. In particular, subtracting
the two equations yields a non-zero polynomial in Q(7)[«], of which « is a zero. Again, this
can only hold for finitely many « which are algebraic over Q(7). By symmetry, the same
holds for A5 and As.

Finally, consider the case where for all j = 1,2,3 it holds that either A; = S, or A;n S, = @.
If two of the A;’s are equal to Sa, the third space would need to contain at least five elements
contradicting Lemma 5.3.2. Hence, we can assume without loss of generality that A; = S5 and
Asn Sy = A3n Sy = @. But then, As and A3 must have cardinality at most 2 by Lemma 5.3.2
since they are affine spaces contained in Sy uS;. This is a contradiction to As U A3 o Syu.Sy

since |Sp U S| = 5.

Summarizing, we have seen that y(¢®?) = 3 can only hold for finitely many . Moreover,
we have seen that in all such cases, o must be algebraic over Q(7). Noticing that since the
imaginary unit ¢ is algebraic over Q any a € C is algebraic over Q if and only if it is algebraic
over Q(7) finishes the proof. O

5.A Motivation behind stabilizer rank

In this appendix, we will motivate the definition of stabilizer rank in more depth and explain
how it relates to the simulation cost of quantum circuits. In particular, we will review in
detail how the stabilizer rank of a quantum state quantifies the classical simulation cost
of applying Clifford gates and computational basis measurements to that state and review
how the stabilizer rank of n copies of the so-called T-state quantifies the simulation cost of
Clifford+7T circuits utilizing n T-gates. We use the standard graphical notation for quantum
circuits which we already saw in Section 1.5: Fixing some natural numbers m < k, we depict
with
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— (5.14)
'(/} ] U

a circuit applying a k-qubit unitary U to an input state 1 € (C2)®* and measuring an output
register consisting of m qubits in computational basis. Without loss of generality, we will
always take the first m qubits as output register. In the following, the number of qubits in a
circuit as in Equation (5.14) will always be k, and the number of measured qubits m unless

specified differently.

Let us start by recalling some basic notions of the simulation of quantum circuits. Simulating
a quantum circuit as in Equation (5.14) with a k-qubit input state ¢ weakly means to draw
m classical bits according to the output distribution of the circuit. Simulating the circuit
strongly, on the other hand, means to be able to compute the probability of a bitstring
Z1...T., being the output of the circuit. By Born’s rule, this probability is given by

P(z1...2p) =" U (4.0, ® 1SF ™) U
where I, . is the orthogonal projection onto span{e,, ® ---®e,, }.

Another standard notion of simulation is the so-called e-strong simulation. For a bitstring
Z1 ... %m, the task is to approximate the output probability P(x1, ..., %) up to relative error
€. More precisely, fix a relative error €. Given a bitstring x; ...z,,, we then want to get an
output £ such that

(1-e)P(z1...0m) << (1+e)P(x1...2m)

where P is the output distribution of the circuit.

Recall the (affine) Clifford gates H,S, and CNOT from Section 1.5. We will later also need
the controlled Z gate defined via

1 0 0 O
01 0 O

CZ=(1, HYCNOT(1, ® H) =
(e MCNOT(Lo M) =| =
0 0 0 -1

The Clifford unitaries U € Cj, are exactly those unitaries composed from H,S,CNOT, and
global phase gates only. As done in Section 1.5, one can equivalently define the group Cj as
the normalizer of the k-qubit Pauli group Py (also defined in Section 1.5 ): Conjugating a
Pauli unitary with a Clifford unitary yields another Pauli unitary [Got97].
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As a consequence of this fact, we can work very efficiently on certain quantum states using
the stabilizer formalism, which was introduced in [Got97]. We will now briefly recall some
basics about the stabilizer formalism and refer the reader to [NCO00] for an in-depth discussion
and detailed proofs. To start, note that eg’k is, up to global phase, the unique quantum state
invariant under applying (or stabilized by) Z; for all i € [k], where Z; is the tensor product
of a Pauli Z on the i’th qubit with identities on all other qubits. In fact, one can show
that if Pi,..., P are independent Pauli unitaries (that is, none of them is a product of
the others), and the group generated by them does not contain —]l?k, then there exists up
to global phase a unique state o stabilized by Pi,..., Py (see [NC00, Chapter 10.5.1] for
details). It turns out that if a state o can be uniquely specified as above, the same holds
for the state resulting from applying a Clifford unitary U to o: In fact, one can show that
the Pauli unitaries UP,UT,...,UP,U" are independent again, do not generate —]l?k and it
is easy to see that they stabilize Uo (see [NC00, Chapter 10.5.2] for details). Conversely, for
every state of the form Ueg’k, there are k independent Paulis stabilizing it, see [Gro06] for
a proof. Summarizing, we see that the states of the form o = U eg’k for a Clifford unitary U
are precisely the ones uniquely specified up to global phase by k independent Pauli operators
stabilizing it. This explains why we defined a stabilizer state as a state of the form Uef’f”C

where U is a Clifford unitary in Section 1.5.

The celebrated Gottesman-Knill theorem states that a circuit as in Equation (5.14) where
U is a Clifford unitary can be simulated efficiently if the input state is a stabilizer state
o€ (C?)®F,

Theorem 5.A.1 (Gottesman, Knill [Got98]). Let o be a k-qubit stabilizer state specified
by k independent Paulis that stabilize it. A quantum circuit U composed only from Clifford
gates acting on o followed by measuring an output register consisting of m <k qubits in the
computational basis can be efficiently simulated both strongly and weakly. More precisely,
the complexity of simulating the quantum computation scales quadratically in the number of

qubits and linearly in the number of Clifford gates and measurements applied.

A proof of Theorem 5.A.1 can be found in [NCO00, Section 10.5.4]. We mention that one
essentially has to update the Pauli stabilizers gate-by-gate, which yields k independent Paulis
stabilizing Uo. One can read in detail in [NCO00, Section 10.5.3] how one can then efficiently
obtain the outcome probabilities from this. It is also worth mentioning that the theorem holds
more generally if we measure any observable from the Pauli group, not only for measuring in

the computational basis.

Note that if a quantum state o € (C?)®* is stabilized by a Pauli unitary P, all states of the
form o for 6 € R are also stabilized by P. While a global phase does not influence the
outcome probabilities of computational basis measurements, it changes the amplitudes of the
state. This means that Theorem 5.A.1, as stated above, does not let us calculate amplitudes
but only outcome probabilities. In [BBC*19], the authors describe a way of keeping track of
the global phase: They define a classical data format for stabilizer states which they call the
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CH-form. We now briefly describe their approach and refer to [BBC*19] for more details.
Another in-depth discussion can be found in [Qas21, Section 2.1.4] from where we also borrow

our notation. Essentially, one can show that every stabilizer state o is of the form
o=0(w,Uh,s)=wUH(h)(es, ® - ®es,)

where w € C, s,h € F§ and U is a Clifford unitary composed from gates CNOT,CZ and S
only. The unitary H(h) is a tensor product of H gates acting on the qubits ¢ such that h; = 1
and 15 elsewhere. As in the proof of Theorem 5.A.1, one can now simulate a circuit built from
Clifford gates only by updating w,U, h and s gate-by-gate. The authors show in [BBC*19]
that this update can be done with computational cost at most quadratic in k: Updating
the CH form after applying a global phase has constant computational cost, a CNOT, CZ,
or S has linear cost in k, and a Hadamard gate has quadratic cost in k. Moreover, they
show that given a stabilizer state o € (C?)®* in C'H-form, one can calculate the amplitude
(er, ®---®e; )o with computational cost quadratic in the number of qubits. Here, we again

used the notation e, for the dual of e,. Consequently, one can calculate the overlap
o(w,U,h,s) o(w' U b ") =w-w (e, ® - ®e; YH(W)Uo(w' UK,

of two stabilizer states given in C'H-form with computational cost at most cubic in the number
of qubits by first updating the CH-form of H(h)UTo(w’,U’, ', s") and then calculating the
overlap with (es, ® --- ® e, ). Finally, for a stabilizer state o(w,U, h,s) given in C'H-form,

an integer m < k, and an orthogonal projector 11, . onto span{e,, ® ---®e,, } for some

cHTm

bitstring x1 ...z, one can calculate the C'H-form of the stabilizer state
(May,. o, ® L™ ) 0 (w, U, I, )
with computational cost quadratic in k.

With that, we can now understand the importance of the stabilizer rank as a measure of the
computational cost of strong simulation of quantum circuits with general input states. Say,
we want to strongly simulate a quantum circuit as in Equation (5.14) where v is a k-qubit

quantum state and U is a Clifford unitary. Say furthermore that we can decompose
T
w = Z C;0; (515)
i=1

where the o; are stabilizer states each specified in C'H-form and the ¢; are complex numbers.

Given a bitstring x4, ..., z,,, we want to calculate

P(z1,...,x) =" U (U, @ D)UY = Y GocjofUN (M, 0, @ 187™) Uo;.

i,7=1

We can do so by first updating the C H-form of Uo; and (Il,, ., ® 1$*"™)Us; followed by

calculating 2 overlaps between stabilizer states. Since for each of the summands, the compu-

HTm
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tational cost is linear in the number of gates of which U is composed and cubic in the number
of qubits, the whole cost is cubic in the number of qubits, linear in the number of Clifford

gates and quadratic in the number of terms r appearing in the stabilizer decomposition.

As already done in Section 1.5, we call the minimal r such that there exists a decomposition
as in equation Equation (5.15) the stabilizer rank of 1 and denote it x(¢). It follows that
lower bounds on x(%) imply lower bounds on the complexity of simulating a circuit of the
form Equation (5.14) using the approach we have just described. On the other hand, finding
upper bounds on x (%) by providing a decomposition as in Equation (5.15) can give us better

simulation algorithms for circuits of the form Equation (5.14).

For a discussion of a weak simulation protocol and an e-strong simulation protocol making
use of stabilizer rank decompositions, see [BBC*19, Section 4]. We mention that there,
the authors deduce that the computational cost of weak simulation scales linearly in the
approximate stabilizer rank of ¢ and polynomially in the number of qubits and the number
of gates applied and that the cost of e-strong simulation scales linearly in the exact stabilizer

rank of ¢ and polynomially in the number of qubits and the number of gates applied.

As an application of the connection between the stabilizer rank of a state 1 and the classical
simulation cost of applying Clifford circuits and computational basis measurements to 1, we
will now see how low-rank stabilizer decompositions of n copies of the so-called T-state can
also be used to simulate circuits built from a universal gate set. This strategy has been used,
for instance, in [BG16]. For simplicity, we will only consider the case where all qubits in the
circuit in Equation (5.14) are measured in computational basis, that is, the size m of the

output register is equal to the number of qubits k.

Recall that a gate set G is called universal if every unitary U on k qubits can be approximated
arbitrarily well by unitaries Ug composed solely of gates in G. It is well-known that the set
of Clifford gates is not universal, but, together with the so-called T-gate

they form a universal gate set [BMP*99).

Under the assumption that our quantum device can only prepare a computational basis state
eg’k, apply Clifford+T operations and measure the qubits in computational basis, the T-gates
appear, by the preceding discussion, to be responsible for the potential superiority of the
quantum device. It is therefore an interesting question how efficiently we can simulate a
quantum computation on k qubits which, in addition to Clifford gates, uses n single-qubit

T-gates.

126



A standard way of approaching this question is via the study of magic state injection [BKO05].

For this, we note that for the magic state T' = % (eo +e'd el), applying a T-gate to any qubit

state ¢ is the same as applying the circuit

(5.16)

where the double wire denotes a classical control: The S gate on the first system is applied
if and only if the outcome of the computational basis measurement on the second system is

1. Therefore, any k-qubit quantum circuit

®k
€

N (5.17)
{ N

where V' is composed of Clifford gates and n T-gates, can be implemented with a circuit

composed from Clifford gates and classical controls acting on the state egk ® T®™ by replac-
ing each T-gate with the gadget in Equation (5.16). By postselecting outcomes 0 for each

measurement on a T-state in this circuit, we see that
Veg”c =n/? (]l®’C ® (e(’;)@”) U (e("?]C ® T®”)

where U is composed of Clifford gates only (more precisely, the Clifford gates from V' plus
an additional CNOT gate for each injected T-state).

With that, it follows that the probability of outcome z1,...,x; in the circuit in Equa-
tion (5.17) is given by |pa:1...xk|2, where

*

Pxy,...xp = (exl [ ®6;k) Veg’k
= 2n/2 (e;1 QR ® e;k ® (66)®n) U ((eo)®k ®T®n) ) (518)

Note that if there are stabilizer states o1,...,0, and complex numbers cq,..., ¢, € C such
that ¢ = Y7 _; ¢;0;, then the quantity in Equation (5.18) decomposes by linearity as
2 v k
Pzy..xy, = 2"/ Z Ci (6;1 ®-® e;k ® (66)®n) U ((eO)® ® Ui) : (5.19)
i=1

All summands in Equation (5.19) can be calculated efficiently using the C'H-form as discussed
before: They are amplitudes of the outcome of a quantum circuit composed of Clifford gates

acting on a stabilizer state.
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Summarizing, we saw that every stabilizer decomposition of T®" yields a way to strongly
simulate Clifford+T circuits consisting of n T-gates. The complexity of this simulation scales
linearly in the number of terms appearing in the stabilizer decomposition and polynomially
in all other parameters. With this, it follows that finding decompositions of T®" into few
stabilizer states can reduce the complexity of simulating such circuits. Lower bounds on
x(T®™), on the other hand, translate directly into lower bounds on the cost of simulating

quantum circuits using these methods, namely, stabilizer decompositions and C'H-forms.
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