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Abstract

This thesis covers five topics related to mortality modelling and forecasting with
two overarching themes: (coherent) multi-population models and scenario-based
projections. In the first part of the thesis, we study desirable model properties from
the practitioner’s point of view. We present a framework in which multiplicative
frailty can be used with stochastic mortality models, and we apply the methodology
in a case study of the SAINT mortality model used by the Danish Labour Mar-
ket Supplementary Pension Fund (ATP). Next, we show that cointegration-based
mortality models have more to offer than assuring non-diverging forecasts, and we
highlight the limitations of cointegration when applied to models only identifiable
under certain identification constraints. Following this, we propose a novel approach
to analyzing the global properties of the life expectancy sex gap implied by coherent
models, using which we challenge the status of coherence as a universally desirable
property. In the second part of the thesis, we formulate a generic causal mortality
model in the framework of potential outcomes, which facilitates a discussion of
interventions and their direct and indirect effects on forecasts. We show by example
the assumptions and data needed to operationalize an empirical analysis. Finally,
we introduce the basic ideas for how causal models can be estimated and used to
answer interventional queries when data consists of density estimates on marginal
distributions observed across multiple populations.






Resumé

Denne afhandling behandler fem emner relateret til dgdelighedsmodellering
og fremskrivning med to overordnede temaer: (koheerente) multipopulations
dgdelighedsmodeller og scenariebaserede fremskrivninger. I den forste del af af-
handlingen studerer vi attraktive modelegenskaber set ud fra et praktisk synspunkt.
Vi praesenterer en ramme hvori multiplikativ skrgbelighed (frailty) kan anvendes
sammen med stokastiske dgdelighedsmodeller, og vi bruger metodikken i et casestu-
die af SAINT modellen som anvendes af Arbejdsmarkedets Tilleegspension (ATP).
Dernaest viser vi, at kointegrationsbaserede dgdelighedsmodeller har mere at byde
pa end blot at garantere ikke-divergerende fremskrivninger, og vi belyser begraens-
ningerne ved en kointegrationsanalyse, nar denne anvendes pa modeller, som kun er
identificerbare under visse identifikationsbetingelser. Derefter foreslar vi en ny tilgang
til, hvorledes man kan analysere de globale egenskaber af kgnsforskellen i levetid i
koharente modeller, gennem hvilken vi udfordrer status af kohaerens som en universel
attraktiv modelegenskab. I den anden del af afhandlingen formulerer vi en kausal
dgdelighedsmodel ved brug af ‘potential outcomes’ tilgangen, hvilket faciliterer en
diskussion af interventioner og deres direkte og indirekte effekter pa fremskrivningen.
Vi viser gennem et eksempel, hvilke antagelser og data der kraeves for at kunne
operationalisere en empirisk analyse. Til slut introducerer vi en tilgang til, hvorledes
kausale modeller kan estimeres og anvendes til at besvare interventionsspgrgsmal,
nar data bestar af teethedsestimater af marginale fordelinger observeret pa tveers af
populationer.
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Chapter 1

Introduction

The steady decline of mortality rates observed over the past decades has far-reaching
implications for many national economies, putting severe pressure on the sustainabil-
ity of pension systems and public finances as the share of the population aged 65 and
above continues to rise. With many of the consequences of an ageing population still
ahead of us, the societal importance of producing accurate and credible mortality
forecasts is greater than ever.

This thesis covers five topics related to mortality modelling and forecasting. The
main chapters can be divided into two categories. Chapters 2—4 focus primarily on
the development and application of multi-population forecasting methods. Chapters
5 and 6 consider causal models and address the opportunities and obstacles of an
explanatory approach to mortality forecasting using epidemiological information. The
present chapter introduces some important aspects of stochastic mortality modelling
and causal inference. The purpose is not to give a complete and exhaustive account
on the history of either mortality modelling or causality, but rather to provide the
necessary background and context in which this thesis should be read. Building on
this introduction, Section 1.4 provides an overview of the main contributions of the
thesis and their interconnections.

1.1 The Modern Rise of Life Expectancy

Life expectancy at birth has averaged between 10 and 40 years for most of human
history. From the age of hunter-gatherers, through the rise and fall of the Roman
empire and until quite recently, wars, food insecurity and infectious disease outbreaks
prevented most people from surviving into old ages. However, the epoch of high,
volatile death rates suddenly began to end two-hundred years ago. With general
living conditions improving in the wake of the industrial revolution, and with the
emergence of medical countermeasures for infectious diseases, life expectancy has
soared throughout the Western world since the mid- to late-1800s. As a testament to
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this fact, Figure 1.1 shows the dramatic increase in life expectancy at birth observed
for the Nordic countries’ over the past two centuries. One can also observe the
reduction in volatility that followed the mass production and widespread availability
of antibiotics — penicillin in particular — after the Second World War.

As in Jarner et al. (2008), we take

a closer look at the age-specific death

rates in Figure 1.2 that tell the story % é g

behind the large secular increases. Al- §70 % ¢ g

though reductions in mortality across %60 g

the entire span of ages have affected life % 50 ole
expectancy, the rapid gains made be- 5 w ?
tween 1800 and 1950 were due mainly 30

to reductions in infant and child mor- ppm PP P = g
tality. Throughout the 1800s, attrition Year

was very high at the young ages. The Figure 1.1: Evolution in period life ex-
probability of a newborn in the Nordics pectancy at birth (i.e, the average number
surviving to age 20 was just barely over of years one expects to live if one experiences
50% in 1800. With such a high proba- the age-specific death rates prevalent in a par-
bility of death, only a select subgroup of ticular year) for the Nordic countries.

very robust individuals made it into adulthood. Indeed, life expectancy conditionally
on surviving to age 20 was 57.2 years, a staggering difference of 25.4 years compared
to life expectancy at birth. By 1950, the probability of surviving to age 20 had
increased to over 95%, almost exhausting the prospects for further gains from the
young age groups. Improvements in life expectancy have since been driven mostly
by reductions in adult and old-age mortality. Similar analyses confirm this evolution
for other developed countries, see e.g. Riley (2001).

The story can be told also by breaking down deaths into causes by category.
Historically, the share of deaths due to infectious diseases and malnutrition have
dominated the rankings, while today the majority of deaths are caused by non-
communicable diseases with deaths due to cancers and cardiovascular diseases being
the leading ones.?

It bears mentioning that the events that have led to the remarkable increases in
life expectancy historically are not repeatable — today, the probability of surviving
childhood is around 99.5% in most developed countries and infectious diseases are
almost eliminated through vaccination and antibiotics. Consequently, scholars have
argued that the prospects for further improvements in mortality have diminished,

LFor the empirical illustrations, we use data from the Human Mortality Database (2022). This
dataset covers Denmark (from 1835), Finland (from 1878), Iceland (from 1838), Norway (from
1846) and Sweden (from 1751).

2See, for example, https://www.who.int/data/gho/data/themes/mortality-and-global-
health-estimates/ghe-leading-causes-of-death.
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Figure 1.2: Mortality for the Nordic countries. The left panel contains a heat map of the
death rates binned by percentiles. The right panel shows contributions to life expectancy
at birth decomposed by age groups and periods following the method of Arriaga (1984).

and that a maximum expected lifespan may soon be reached. However, proposed
limits have been broken time and time again, and best practice life expectancy? is
still increasing linearly by roughly two and a half years* per decade (Oeppen and
Vaupel, 2002; Vaupel et al., 2021). In this light, even though one can imagine many
possible futures, both pessimistic and optimistic, it is not entirely unreasonable that
improvements in life expectancy will continue to occur at the historical pace.

1.1.1 Societal Response to Increased Longevity

Alongside the continued reductions in old-age mortality over the past decades,
financial liabilities associated with a longer lifespan have increased. It is important
to recognize that even a slight bias in the mortality expectations can have serious
consequences when scaled to, for example, the number of people expected to receive
pension benefits:

“If individuals live three years longer than expected — in line with underestimations
in the past — the already large costs of ageing could increase by another 50 percent
[of GDP in advanced economies].” — IMF (2012)

Mitigating the impact of demographic changes is therefore an increasing source of
concern and has called for both political and regulatory action.

The pension systems in most developed countries rest on a universal, public pension
pillar designed to deal explicitly with poverty alleviation by providing everyone with
a minimum level of income. Often, the public pension plans are not pre-funded, and
the pension benefits for current retirees are paid by current workers through taxation.

3The best practice life expectancy is usually defined as the empirical record average length of
life in a national population in a particular year.

4With the Nordics experiencing a life expectancy gain of 12.8 years in the period 1950-2020, cf.
Figure 1.2, improvements have been lower than the best-practice increase of 17.5 years (= 7-2.5
years). This slowdown is due to periods of stagnation in mostly Danish mortality caused by unhealthy
lifestyles, in particular the consumption of alcohol and tobacco (Juel, 2008; Lindahl-Jacobsen et al.,
2016; Kallestrup-Lamb et al., 2020).
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While there are many advantages to systems funded on such a pay-as-you-go basis,
they are particularly vulnerable to demographic changes. As life expectancy increases,
so does public expenditure on pension, threatening to undermine fiscal sustainability.

To improve the long-term sustainability of its pension system, Denmark was the
first country to introduce an automatic adjustment mechanism for its state pension
age in 2006, creating a one-to-one link between life expectancy and the statuatory
retirement age. Since then, six other OECD countries have followed suit with similar
links, while about two-thirds of the OECD countries currently employ some kind of
automatic adjustment for mandatory components of their pension systems (OECD,
2021). Apart from protecting the financial sustainability of a pension system, an
adjustment mechanism also enforces a sense of intergenerational fairness in that the
financial costs of living longer are shared between generations.

In the private pension industry, schemes are funded with “real” money in individual
or collective accounts. Still, life insurance companies and pension funds face major
challenges in relation to increasing lifespans. This risk is often categorized between
micro and macro longevity risk (Héri et al., 2008). The former is the risk that a
particular individual lives longer than expected, an unsystematic risk that can be
diversified away by the company having a sufficiently large portfolio. In contrast, the
latter is the risk that all insured on average live longer than expected, a systematic
risk that cannot be diversified away by pooling.

Historically, macro longevity risk has been managed by determining insurance
premiums on a conservative first-order technical basis; a set of assumptions concerning,
for example, mortality, designed to be prudent so that portfolios generate a systematic
surplus over time. For this purpose, insurance companies in Denmark used a common
first-order basis, i.e., the L66, U74 and G82 risk tables. But while these tables were
deemed prudent at the time they were made, the mortality assumptions were quickly
overtaken by reality as higher-than-expected improvements continued to materialize.

It soon became clear that a new way of managing longevity risk and setting “safe-side
assumptions was needed.

In Denmark, and in many other countries, the solution has been projection-
based mortality tables.? Since 2011, Danish life insurance companies and pension
funds have been required to take future, expected improvements in mortality into
account when calculating their reserves. At the same time, the Danish Financial
Supervisory Authority introduced a longevity benchmark to be used as the industry
standard by all Danish life insurance companies. Companies are allowed to deviate
from the benchmark only if their model provides a similar degree of prudence

5Also, many European insurers have moved away from guaranteed products and towards
products with only conditional, or no guarantees, e.g., unit-link contracts, a shift that has been
expedited by the low interest rate environment. For the insurance company, this enables a transfer
of both financial and longevity risk to the policyholder.
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(Finanstilsynet, 2010). Industry standard models, published and maintained by the
Actuarial Profession, are also used in, for example, the UK, the Netherlands and
Belgium (Continuous Mortality Investigation, 2016; Antonio et al., 2017).

Within the European Union, insurance regulation was updated and harmonised
with the Solvency II regulatory regime, which came into force January 2016. For
many insurance companies, Solvency I has become a catalyst of change, incentivizing
portfolio-specific stochastic modelling for quantitative risk assessment. The regime
dictates market-based valuation of liabilities alongside solvency capital requirements
(SCR’s) for various risks. The SCR for longevity risk is defined as the capital required
to cover all losses due to variation in mortality rates that may occur over a one-year
period with at least 99.5% probability. Performing this computation requires a
probabilistic model of mortality. Alternatively, the SCR may be calculated using
the “Standard Formula”, which is meant to reflect a conservative estimate of the
above, by evaluating the effects on the liabilities of a permanent, uniform reduction
of the mortality rates by 20%. While straightforward to apply, the sheer magnitude
of this stress leads to an excessively high solvency requirement for many companies —
especially those that update their mortality assumptions annually — pushing them to
develop their own internal stochastic models to assess their risks more accurately
(Borger, 2010; Jarner and Mgller, 2015).

Consequently, stochastic mortality models have come to play a prominent role in
both actuarial applications and in policy-making processes for planning appropriate
responses to the consequences of population ageing.

1.2 Stochastic Mortality Modelling

Models of human mortality have a long history, dating back to Moivre (1725). The
first reasonably accurate model is due to Gompertz (1825), who made the simple
observation that mortality tends to increase exponentially as a person ages. Later,
Makeham (1867) proposed to add an age-independent component to the equation, the
rationale being that not all deaths are due to senescence. The modification resulted
in the famous Gompertz-Makeham law of mortality, which has proven surprisingly
effective as a model for the age-specific death rates of adults. Although the classical
parametric laws can be extended to a dynamic setting, they do not inherently allow
for death rates to evolve through time, and have mostly been used as a parsimonious
way of summarizing mortality profiles within shorter periods (Booth and Tickle,
2008; Pitacco et al., 2009).

The model of Lee and Carter (1992) marks the beginning of the modern era of
mortality modelling. Projection methods prior to the 1990s were primarily focused
on point forecasts, and to a large extent based on subjective judgements. In fact,
the common method of projection was to simply ask a group of experts, for example
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doctors and epidemiologists, to essentially guess the future level of mortality, and then
average out over these expectations (Olshansky et al., 2009).° The Lee-Carter model
signified a move away from expert opinion towards objective, statistical methods,
enabling also a quantification of forecast uncertainty.

The overall ambition in stochastic mortality modelling is to specify an accurate,
predictive model for the population-level death rate (or transformations thereof). In
a continuous-time setting, the death rate is defined for age € Ry and time ¢t € R as

plt,z):= lim Pz <Y, <z+A|Yi_, >z)/A, (1.2.1)
A—0+
where Y;_, is a non-negative random variable describing the lifetime of an individual
from the cohort born at time ¢ — x. The lifetime, Y, can depend also on, e.g., sex or
socio-economic group, but for ease of notation we suppress this dependence.

A mortality model qualifies as being stochastic if it can produce a probability
distribution for the forecast mortality levels as opposed to a deterministic forecast
only. Even though a wide range of behavioural risk factors influence the probability
of death, traditional models do not consider population heterogeneity apart from
that described by chronological age, calendar time and sex. The rationale is to focus
on capturing the secular downward trend in mortality, without having to disentangle
the complex relationship between behavioural risks, diseases, genetics and death.
Thus, most stochastic mortality models take the form

,u(t,x) = Ge(t,iﬁ,{&?s,m}sgt), (122)

where GGy is the model parameterized in terms of 8, and the €’s are random variables
that capture the stochastic nature of y. For most applications, the data used to
estimate 0 are aggregate summaries from vital statistics bureaus on total death counts
{D(t,z)}+eT sex and total exposure-to-risk-of-death(-estimates) {E(t, ) }ieT wex,
that is, the number of person-years lived at age x during period ¢, for a given set of
ages X and periods T.

1.2.1 The Lexis Diagram and the Poisson Assumption

A common tool used for representing mortality data is the Lexis diagram (Lexis,
1875; Keiding, 1990). The Lexis diagram is a period-age coordinate system with
(calendar) time as abscissa and age as ordinate, see Figure 1.3 for an illustration.
Lifetimes of individuals are displayed as line segments of unity slope and deaths as
points in the diagram. The two time scales are typically divided into disjoint regions
by a partitioning of the coordinate plane into square segments. Let us consider a

SFor some time, this method was used to generate projections by Statistics Denmark. Following
an expert prediction of life expectancy in some target year, a linear interpolation between current
life expectancy and target life expectancy was made. To obtain age-specific death rates, a baseline
mortality table was scaled to match the life expectancy estimate.
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tessellation of the Lexis plane into squares of the form €;; := [t;—1,t;) X [xj_1, ;).
The usual unit is one-by-one cells, but other partitions may be used. For modelling
purposes, it is common to adopt an assumption of cellwise constant mortality over

these period-age cells, that is,
p(t,x) = pij, (t,x) € Qyj. (1.2.3)

If individual life times are observable,
the total exposure E;; in €;; can be cal- Age
culated exactly by adding up the length

of all life lines intersecting €2;; (and di-  x+1
viding by /2 to convert to person-years). Lt x)
If we denote by D;; the number of deaths
that occurred in €2

ij, the observed or cen-
tral death rate is defined as the number
of occurrences divided by the exposures

my; = D;;/E;;. This quantity may also

be derived as the maximimum likelihood

t-x-1 t-x t-x+1 R
estimate of 1;; under the assumption of * x Time
cellwise constancy. Suppose we have I Figure 1.3: Illustration of the Lexis diagram

i.i.d. observations on Yigl), the time in- and cellwise constancy.

dividual { lived in €;;, and let 51‘(;‘) be the indicator of whether individual [ died in
2;; or not. The log-likelihood for 11;; can be written as

L

s Ly

log Lij = log [ [y e7#9"s" = Dyjlog pij — pri; Eij. (1.2.4)
=1

Solving the score equation ﬁ log £;; = 0 for p;; yields the occurrence-exposure
ij
rate as desired.

One may notice that inference regarding i can be drawn from a Poisson likelihood;
L;; is proportional to the likelihood obtained by treating D;;|E;; as Poisson random
variable with rate parameter p;;£;;. This shows that the aggregate quantities
available in standard life table data are sufficient statistics for the model. Inference
for a given specification of (1.2.2) is therefore often based on the assumption of
Poisson distributed deaths, see for example Brouhns et al. (2002) and Currie (2016).

A Short Digression on Period and Cohort Quantities

Life table related quantities such as survival functions and life expectancies are
derived from the time- and age-specific mortality rates. However, the interpretation
of these quantities is a common cause for confusion, rooted in the distinction
between the period and the cohort perspective. Quantities defined in period terms
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represent only the mortality experience in a given period. Portrayed on a Lexis
diagram, this means that only p’s along the vertical axis enter the computation,
and, importantly, that future (expected) mortality improvements are not taken
into account. For instance, the survival function exp(— foz u(t,y) dy) describes the
probability of surviving to age x, based on the assumption that one is subject to the
mortality rates experienced in period ¢ throughout their entire life. In contrast, the
cohort analogue exp(— [ u(t — x + y,y) dy) uses s along a diagonal of the Lexis
diagram, and describes the proportion of the cohort born at time ¢ — = that is still
alive at time ¢.

The rationale for using period quantities is that they can be computed given the
past experience only, whereas quantities defined in cohort terms either require a very
long follow-up or a model for the future, expected rates of death. Since the choice of
perspective is often implicit from context, life expectancies in particular are often
misinterpreted by the uninitiated.

1.2.2 Forecasting the Secular Trend in Mortality

Extrapolative methods are at the heart of modern mortality forecasting procedures.
The basic idea is to exploit that death rates have been steadily declining in a
somewhat predictable pattern for a long time. Broadly speaking, if the future is
anything like the past, extending these trends ought to give a reasonable estimate of
the improvements to come.

The landmark model of Lee and Carter (1992) captures the temporal signal in
mortality data with a single time-varying component. Under the Poisson specification,
the model takes the form

D(t,x)|E(t,z) ~ Pois(u(t, z)E(t,z)), u(t,z) = exp (az + Bzkt), (1.2.5)

where the o’s and §’s are age-specific parameters governing respectively the level
of mortality and the rate of improvement in response to the time-varying x’s. The
model’s fit to historical data is often very accurate because the dependence on age is
non-parametric.

While the Lee-Carter specification (1.2.5) itself stands as an important contribu-
tion, the pivotal methodological development was the introduction of a secondary
model for forecasting. After the parameters in (1.2.5) have been estimated, an
appropriate time series model is fitted to the time-varying x’s. Typically, a random
walk with drift is chosen

Kt = Kt—1 + § + oWy, Wi~ N(O, 1), (126)

although other, more complex, time dynamics could also be used. The (adjusted)
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sample mean and variance are used as estimators

1 T KT — K 1 T 2
i~ N A =T TE 2 2 (AK—A) : 1.2.7
§=g 7D Am="r—y s G (1.2.7)
t=2 t=2
given “observations” {Iit}te{17'..7T} with Ak; = k¢ — ki—1. The time series model
is then used to produce a forecast of the x’s over a desired forecast horizon, and a
surface of projected mortality rates is obtained by inserting the forecasted x’s along
with the estimated a’s and f’s into (1.2.5). This idea readily extends to any number
of time-varying factors, and, importantly, enables us to assess the probabilistic

uncertainty around the point forecasts.

There are several sources of uncertainty one can take into account. Usually, the
focus is on the systematic variability, which is the variability that is independent of
sample size. For mortality models under the Poisson error structure, we have by the
law of total variance that

Var[m(t, z)] = Var[E[m(t, 2)|E(t, z)]] + E[Var[m(t, 2)| E(t, z)]]
= Var([u(t, z)] + E[u(t, )]/ E(t, z), (1.2.8)

where the first term on the right-hand-side explains the systematic variability, while
the second term explains the unsystematic variability, which tends to zero as the

sample size increases.

The systematic variability includes uncertainty from model selection, sampling er-
rors in the parameters and structural uncertainty from the innovation noise from the
time series model (Cairns, 2000). Ignoring all sources of uncertainty apart from that
of the innovation noise, the uncertainty for the h-step-ahead value of the time-varying
parameters translates directly to the uncertainty for p. To include uncertainty from
all of the estimated parameters, bootstrapping techniques can be used (Brouhns
et al., 2002, 2005; Koissi et al., 2006). Uncertainty from modelling choices can be
assessed through sensitivity analyses or by Bayesian methods.

1.2.3 The Role of Statistics in Mortality Modelling

Advocates of the extrapolative approach to mortality forecasting will emphasize that
the models are data-driven and widely based on objective, statistical methods. There
are, however, still many subjective choices to be balanced, some of which may turn
out to be decisive for the projections. In particular, comparisons between different
methods have shown that due to changing patterns of improvements, the choice of
data period used to calibrate the model is often more important than the choice
of model itself. From this perspective, there is certainly scope for debate about
whether the problem of predicting future mortality rates should be treated as any
other problem of statistical learning.
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Mortality models are special in that they need to capture both past and future
trends. When predictive performance is the leading priority, selecting the “best”
model is often based on measures of forecasting accuracy. But does it actually make
sense to perform model selection through purely statistical means?

From a time series perspective, the estimation window is generally rather short as
mortality data observed prior to the 1950s is seldom used.” To assess the quality
of fit, a hold-out method is typically employed, which leaves around 70 data points
for estimation and validation, at best. Accuracy is measured in terms of mean
squared error (or some variant thereof), with predictions from the model contrasted
against the latest available data for a fixed period between 5 to upwards of 20 years.
However, in our view, it is debatable whether (narrowly) besting other models in
terms of forecast accuracy on such short- to medium horizons is a strong indicator
of a model’s ability to predict future trends.

Suppose for instance that the hold-out sample consists of data from the period
2010-2020, during which there have been multiple severe flu seasons and the outbreak
of coronavirus disease. The mortality excess caused by these events should arguably
not be defining for our view on the long-term trend, but based on this sample, we
would lean towards models with fairly modest rates of improvement.

For long-term forecasting, accuracy is to a large degree determined by assumptions
about future improvements at the high ages — assumptions that cannot be verified
against empirical data. As such, it seems more natural to draw up a list of desiderata
against which models can be assessed. A comprehensive list would of course elicit
some degree of subjectivity, depending on which features and stylized facts a domain
expert deems important. A relatively objective list of basic criteria can be found
in Cairns et al. (2008). In addition to this list, one could add some features for
the forecasts, for example that improvement rates should vary over time or that
mortality for certain populations, e.g. females and males, should evolve in parallel.
Expressing these features mathematically in a way that they arise endogenously in
the model is challenging, a problem we return to in Chapters 2—4.

Also, one might question whether the role of a mortality model is simply to
generate forecasts or if it should also provide insights into the dynamics of mortality,
cf. Chapter 3. As we stress in Chapter 2, there are many desirable qualities aside
from accuracy that a versatile mortality model should possess. One of those is

7As demonstrated in Section 1.1, mortality data can exhibit a number of structural breaks. While
it seems reasonable that trends in the (near) future closely resemble trends from the recent past,
future trends may be quite different from trends from more distant pasts. For example, a forecast
based on improvement patterns observed prior to the 1950s leads to a serious underestimation of
actual improvements in old-age mortality. Literature on finding an “optimal” data window agrees
with this view, concluding that the window should be chosen as wide as possible, so long as it
does not contain periods with radically different improvement patterns, see e.g. Booth et al. (2002).
Because mortality models are typically not designed to deal with structural breaks, data observed
prior to the 1950s is seldom used.



1.3. EXPLANATORY MODELS AND SCENARIO-BASED PROJECTIONS 11

explainability. From a forecasting perspective, it is important that the model is
“anchored in reality” with parameters that can be ascribed some degree of real world
meaning — at least if we want to justify extending their trends into the future. From
a practical point of view, being able to explain and justify the projected trends is
important when political or commercial decisions are based on the model’s output.

Nevertheless, mortality models of the form (1.2.2) are not equipped to provide
any insights as to what causes the drift in the time-varying parameters. If we want
to obtain an improved understanding of the underlying factors that drive the secular
trend, epidemiological information has to be included in the model.

1.3 Explanatory Models and Scenario-Based Projections

It is intuitively obvious to even the most casual observer that mortality is the result
of various biological processes that are, among other things, influenced by our choice
of lifestyle. Asking laypeople, they would probably even expect that mortality
projections are made conditionally on the prevalence of various risk factors such
as smoking and obesity. In practice, such explanatory models (for forecasting) are
still underdeveloped, although they represent a natural next step for obtaining more
solidly founded projections.

A model that “explains” mortality requires a functional link between observable
risk factors and cause-specific mortality. This comes with several challenges such as
unreliability in cause-of-death reporting, a lack of methods to forecast risk behaviour
and difficulties with discerning the cause-effect relations between risk factors and
disease outcomes. However, with the advent of better data and initiatives such as
the Global Burden of Disease Study that make epidemiological information easily
accessible, building explanatory models is becoming a realistic objective.

Integrating cause-effect relationships into mortality models is not necessarily
done for the purpose of improved best-estimate predictions, but rather to improve
our understanding of how mortality develops in the future and the mechanisms
responsible. This is achieved by studying the scenarios that arise from eliminating
certain causes of death or varying the risk factors we condition on. However, if such
interventions are to reflect real-world implementations, the model must be enhanced
with a causal interpretation.

1.3.1 The Difference between Probabilistic and Causal Models

A causal model is essentially a probabilistic model equipped with the capability of
describing a system when subject to external manipulation. For a given parametri-
zation 6, a probabilistic model 6 — Py specifies a single distribution over a system
i)

of random variables, whereas a causal model 6 — {IP’SO(2 : 1 € I} specifies an entire

family of distributions, one for each intervention. Here, I denotes the set of possible
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interventions, including the observational setting. We use the do-operator of Pearl,
e.g. Pearl (2009), to emphasize that do() is something that we actively do to the
system and not something we passively observe.

The distinction between seeing (i.e., conditioning by observation) and doing (i.e.,
conditioning by intervention) is cardinal. For example, seeing that someone currently
lives in a hospice expressly indicates that death is approaching that person. However,
actively relocating someone (healthy) to live in a hospice does not increase that
person’s risk of death. In this case, the observed association between hospice and
death can be explained through a common cause, namely a terminal illness, but
this relation does not translate into a causal link between being at a hospice and
imminent death.

While this example appears somewhat contrived, the conclusion carries over to
more elaborate applications, where the distinction may be less intuitively clear.
Suppose we wish to quantify the (causal) effect of smoking, X, on lung cancer, Y.
Both variables are affected by place of residence, Z, as people living in poor regions
tend to smoke more and are also more exposed to radon, another risk factor for lung
cancer. We say that the causal effect from X to Y is confounded by Z, as Z affects
both exposure and outcome.

For the sake of exposition, we assume that X,Y, Z are discrete random variables,
and are the only ones relevant for determining the effect from X on Y. We can write

p(x,y, 2) = plylz, 2)p(x|2)p(2), (1.3.1)

where, e.g., p(x|z) is used as short-hand for P(X = z|Z = z). While the same
formulation is possible using the definition of conditional probability, the above
relations are formed by recursively considering each variable conditionally on its
direct causes, and should be interpreted as autonomous generative mechanisms. That
is, we can think of the system as being generated by a program that first draws a z
from Pz, then an x from from Px|z_. and finally a y from Py |x—, z—. (and precisely
in this order). The causal interpretation allows us to reason about interventions,
since we can replace one or several mechanisms without affecting the remaining ones.
Thus, intervening in one part of the system will bring about the “right” consequences
“downstream”.

In particular, conditioning on do(X = z*) corresponds to an atomic intervention
that replaces the distribution of X given its cause(s) with a one-point measure. The
distinction between conditioning on {X = z*} and conditioning on do(X = z*) can
now be seen by contrasting the two formulas

oo = RO RERE) L
p(z,y, z|z*) = p(y|$’2fg|z)p(z) - (1.3.3)
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To infer p(y| do(z*)), the causal effect of smoking on lung cancer, we could perform
the experiment do(X = z*) in a randomized controlled trial. Randomly assigning
people to different values of X breaks its dependence on Z, and renders the effect of
interest identifiable. In general, however, randomized controlled trials are expensive
and not always feasible. Here, for instance, assigning people to start smoking
would not be possible for ethical reasons. A central aspect of causal inference is
therefore to state assumptions under which causal quantities become identifiable
from observational quantities. In models without unobserved confounding, we can
use adjustment formulas, see e.g. Spirtes et al. (2000), Pearl (2009), and Herndn and
Robins (2020), but more advanced techniques are needed when the confounders are
hidden.

Different frameworks exist for specifying causal models. These include causal
graphical models (Spirtes et al., 2000), structural causal models (Pearl, 2009; Peters
et al., 2017) and the potential outcomes framework (Imbens and Rubin, 2015; Hernan
and Robins, 2020). Depending on context, one framework might be preferable over
another in terms of the ease with which assumptions and relationships can be
conveyed. In epidemiological and biomedical applications for instance, the potential
outcomes frameworks is the most prevalent one. This is the framework we adopt
in Chapter 5, while we work in the framework of structural causal models for the
purposes of Chapter 6. The frameworks will be introduced when they are needed.

1.4 Overview and Contributions

This thesis has been written as an industrial PhD project in collaboration with
the Danish Labour Market Supplementary Pension Fund (ATP), and is therefore
thematically motivated by real problems faced by ATP in the context of rising
life expectancies. Together with the Danish State Pension, ATP makes up the
compulsory part of the Danish pension system. Because ATP provides essentially
the entire Danish population with a whole life (nominally guaranteed) annuity,
mortality assumptions are a critical component for how ATP is operated. In 2007,
ATP developed the SAINT mortality model as part of a new market value annuity
product, see Jarner and Kryger (2011). To some extent, Chapters 2—4 build on
specific problems encountered during subsequent model revisions. Some of the
solutions have been implemented in production at ATP, while others have provided
valuable insights into the dynamics of mortality.

In Chapter 2 we survey the major changes made to the SAINT model since
Jarner and Kryger (2011) in response to user feedback and regulatory requirements.
This is followed by Chapters 3—4 that take a deep dive into some issues related to
multi-population forecasting, with a focus on joint modelling of females and males.
Generally, women live longer than men, and while this difference varies over time it
is believed to persist. However, separate models for the two sexes lead to diverging



14 CHAPTER 1. INTRODUCTION

forecasts. Chapter 3 considers the use of cointegration techniques for constructing
non-diverging mortality projections, while Chapter 4 has life expectancy differentials
in multi-population mortality models as its focal point.

An overarching theme in Chapters 2—4 is the strive for a strong intuition and
understanding of various model components and how they affect the forecasts
produced by the model. Still, it may be difficult for a layperson to appreciate
the uncertainty inherent in such estimates, or for a board member to engage in a
discussion about varying abstract (model) assumptions.

With the purpose of developing scenario-based mortality projections that can be
communicated in a more straightforward, verbal manner, Chapters 5-6 consider an
explanatory approach to forecasting. Specifically, Chapter 5 discusses the assumptions
and data needed for a scenario-based analysis to be operationalized, while Chapter 6
addresses the issue that, in practice, samples from a joint distribution of risk factors
covering the entire population of interest is rarely available. Chapter 6 differs from
the remaining chapters in that it is written for a general audience with an interest in
causal models.

1.4.1 Stochastic Frailty Models and the SAINT Projection
Methodology

In Chapter 2 we go through the major evolutionary steps of the SAINT model since
Jarner and Kryger (2011) in response to changing demands arising from practical use
and user feedback, and present the SAINT model in its current form used by ATP.

The SAINT model features a frailty component as proposed by Vaupel et al.
(1979), that is, a non-negative stochastic quantity Z that acts multiplicatively on the
underlying baseline mortality rate, pg. Thus, at the level of individuals, mortality
reads u(t,z|Z) = Zuo(t, ).

Multiplicative frailty is a mathematically tractable way of introducing population
heterogeneity and thereby effects of selection. The purpose is twofold: to improve the
fit of old-age mortality and to endogenously create changing rates of improvement.
The basic idea is that complex (observed) population dynamics may be the result
of much simpler (unobserved) individual-level dynamics. For example, frail people
have a tendency to die sooner than less frail people and this selection mechanism is
one possible explanation for the well-documented old-age mortality plateau (Perks,
1932; Beard, 1959; Vaupel et al., 1979; Kannisto et al., 1994; Thatcher et al., 1998;
Thatcher, 1999). In the same way, and perhaps more importantly in a forecasting
aspect, lack of historic improvements in mortality among the oldest-old could be
attributed to selection (Jarner and Kryger, 2011). This interpretation suggests
that improvements among the oldest-old will start to materialize once the frailty
composition at these ages begin to change.
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The primary theoretical development of the SAINT model since the original
version is the generalization of the frailty framework to allow for stochastic rather
than deterministic long-term trends. We define a stochastic frailty model as a model
for the population-level death rate of the form

D(t,z)|E(t,z) ~ Pois(u(t,z)E(t,x)), u(t,z) = E[Z|t, z]po(t, T),

where E[Z|t,z] is the mean frailty among survivors of the cohort born at time
t — x. Since mean frailty is given endogenously within the model as a function
of pp, it is either deterministic or stochastic depending on the nature of pg. If
to is deterministic, the model can be estimated and forecasted using standard
maximum likelihood and extrapolation techniques. If, on the other hand, pg is
stochastic then explicit expressions for E[Z|¢, ] are no longer available. To overcome
this issue, we devise a novel method for estimation and forecasting based on a
Poisson pseudo-likelihood. The key idea is to replace E[Z|t, z] with a term that
does not depend on the parameters of the baseline mortality model. This leads to a
generally applicable procedure by which essentially any (stochastic) mortality model
for pp can be combined with frailty. The framework is also extended to allow for
frailty-independent mortality components.

Furthermore, we advocate the view that there are a range of other model properties
aside from forecasting accuracy that are important from a practitioner’s point of
view, namely stability, flexibility, explainability and credibility. Based on these
properties we motivate additional changes to the SAINT model. We propose to base
the long-term mortality trend on a model of the Gompertzian type,

to(t, z;6) = exp (9751 + 022 + 03 (x — 75)]l{m275}) )

that, combined with Gamma distributed frailty and a Makeham component, provides
an excellent, parsimonious fit of the entire adult age span. Changes made to the
time dynamics for the trend are rooted in the findings of Chapter 3.

1.4.2 Cointegration-Based Mortality Models

In Chapter 3 we look at the pitfalls and merits of cointegration-based mortality
models. Cointegration-based mortality models were first suggested by Carter and
Lee (1992) in a follow-up paper on possible extensions for their original method. By
modelling the time-varying mortality indices for multiple populations jointly as a
cointegrated process, the indices exhibit a stationary relation that prevents them
from diverging, which, in turn, prevents the mortality projections from diverging.
The property of non-divergence is also known as coherence; a given forecast of
two-population mortality is said to be coherent if the mortality ratios converge to a
set of positive, finite age-specific constants (Li and Lee, 2005; Hyndman et al., 2013).

Today, cointegration is widely used as a tool for achieving coherence in multi-
population models. This includes the SAINT model that forecasts female and male
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time-varying parameters using an error correction model to achieve a common long-
run stochastic trend. However, with Chapter 3 we demonstrate that cointegration
has more to offer than assuring coherence — it is also a powerful inferential tool for
establishing the nature of the long-run dynamics.

We study a p-dimensional vector autoregressive process {X;} with k lags written
in error correction form:
k—1
AX, =X, — Xy =X, 1 + ZFiAXt_i +®D; +¢4, g ~N(0,),
i=1
where II is the p x p matrix of autoregression coefficients. We suppose for cointegration
that rank(IT) = 7 < p such that Il = aB' for matrices a, 8 € RP*" of rank r. In
the context of mortality modelling, we think of X; as a stacked vector of time-
varying mortality indices. Under some further technical conditions, the Granger
representation theorem can be used to decompose X; into a stochastic and a stationary

part, namely
t

Xi=Xo+7(t)+CY e+,
s=1
where C = I — a(BTa)~tAT, while 7(¢) is a deterministic trend that depends on
the initial values, C'3"'_, e, captures the stochastic trends and {Y;} is a stationary
process. As demonstrated in Chapters 2-3, using the Granger representation is
key for understanding the model’s short- and long run dynamics, an otherwise
surprisingly difficult task even in the two-dimensional case.

Cointegration theory offers a statistical framework for identifying and testing
stationary relations. The typical procedure for determining the rank of II is sequential
likelihood-ratio testing (Johansen, 1995). However, in a mortality modelling context,
the structure is often imposed rather than tested. Some papers do test for cointe-
gration rank, but only as part of a model selection step. Formulating and testing
hypotheses on parameters is not part of the analysis. Considering deterministic
trends of the form ®D; = £, + £1t, we look at the model classes and hypothesis tests
relevant for mortality modelling.

Taking the Lee-Carter model as an example, we point out the limitations of a
cointegration analysis when applied to factors that are not fully identifiable. Because
the time-varying index in the Lee-Carter model (1.2.5) is only identified up to a linear
transformation, we are able to demonstrate that virtually all hypotheses of interest
are non-testable without allowing arbitrary identification constraints to influence the
analysis. In contrast, when cointegration is applied to identifiable factors a complete
analysis is possible, and we show by example the insights that can be obtained in
this case.

Cointegrated models yield forecasts of mortality indices that are “marginally”
similar to those obtained from applying separate random walk models but produce a
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more plausible dependency structure. However, even though the resulting forecasts
are well-behaved and empirically justified, they may not be coherent in the strict
mathematical sense. This indicates that the definition of coherence is too restrictive
— a theme we pursue further in Chapter 4.

1.4.3 Life Expectancy Differentials in Coherent Mortality Models

In Chapter 4 we study the behaviour of the life expectancy differential

RBt%&Aw%ﬂp(—[ﬁpﬂuzﬁb)—%mp(—[?uﬂtzﬁk)}dy

Here, the subscripts on u identify the mortality experience in two distinct populations,
while w € R, is some age of truncation.

In the context of two-sex mortality in the Western world, the life expectancy gap
widened in favour of women throughout most of the 20th century, but has recently
started to close. This development is often attributed to different timings of shifts
in unhealthy behaviours. In particular, women adopting health-damaging habits,
such as smoking and drinking, is often suggested as an explanation for the reversal
of the trend that began during the 1980s. Interestingly, the same sex gap pattern
emerged in the SAINT model. That is, in a model with no behavioural effects,
and where temporal parameters develop almost linearly over time. This lead us to
investigate whether a more fundamental, mathematical reason was the driver behind
the dynamics of the gap.

We consider the life expectancy differential implied by two-sex coherent mortality
models. Since the introduction of coherence by Li and Lee (2005), a multitude of
coherent, multi-population models have been proposed. However, the theoretical
properties of the resulting forecasts are rarely studied. On the other hand, theoretical
results exist regarding the decomposition and interpretation of observed changes in
life expectancy and sex differentials, in particular, those of Glei and Horiuchi (2007)
and Cui et al. (2019). In Chapter 4 we review both branches of literature, and use
the decomposition results to provide theoretical insights on coherent forecasts.

Technically, we prove that a sufficient condition for the sex gap to be unimodal in
strongly coherent mortality models subject to uniform rates of improvement is that

ah%<MﬁJ#“wQ><Q

oz pp(t, I (@

for all t and =z, where Ig’l(t, z) denotes the age, x, at which
z=14(t,z) := [y pg(y,t)dy and the g € {f,m} subscript describes whether a quan-

tity relates to females or males. The condition holds for mortality schedules of the
same shape, for example when they are log-linear. When the condition holds, we
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are in a situation with fixed mortality ratios but where the life expectancy gap both
widens and narrows in two distinct epochs. It follows that the life expectancy sex
gap should not be used to draw conclusions about mortality “catch up”-effects.

We demonstrate that for Western European levels of male excess mortality (relative
to female mortality), the sex gap in the model typically peaks when female life
expectancy is between 30 to 50 years. Although only formally proven for a subclass
of coherent models, this insight carries over to other more “realistic” models as well,
and it explains why coherent two-sex models forecast closing sex gaps for almost all
Western European countries and all jump-off years since the 1950s — despite the fact
that the actual sex gap was widening until the 1980s. This inadequacy, combined
with the findings from Chapter 3, brings us to question the status of coherence as a
universally desirable property.

1.4.4 Towards Scenario-Based Projections and Causal Mortality
Models

In Chapter 5 we discuss how mortality forecasts are affected by interventions and
we show by example the assumptions and data needed for such an analysis to be
operationalized. From a communications standpoint, a target audience may be easier
to engage when scenarios are formulated in a verbal manner (i.e., as interventions)
compared to when scenarios are presented as projections under varying rates of
improvement or as quantiles of an excess lifetime distribution.

Generally, we are interested in interventions that target modifiable risk behaviour
and interventions that reduce or eliminate certain causes of death. Such queries are
inherently causal. To produce scenarios that conform with real-world implementa-
tions, we need a model that establishes a functional relationship between risk factors
and cause-specific mortality. On its own, discovering these cause-effect relationships
and estimating the corresponding dose-response curves is a comprehensive and chal-
lenging task. Therefore, realistically, a causal mortality model must be based on
existing epidemiological evidence from the literature.

Still, even if we have access to the true causal risk-outcome relationships, there is
an additional challenge unique to models that forecast population-level quantities.
From a modelling perspective, the joint dynamics of risk prevalence and mortality
can be divided into two sub-models describing:

1. The dynamics of the risk factors given survival;

2. The dynamics of survival given the risk factors (as a conditional hazards model).

The usual approach with explanatory mortality models is, however, to treat risk
prevalence as an exogenous process, determined independently of mortality. That is,
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we first project risk prevalence, and then plug these estimates into the conditional
hazards model to obtain a forecast of mortality. This approach is viable for most
predictive tasks, but because the dependence between risk prevalence and death only
goes one way, feedback effects due to selection are not produced if the system is
perturbed (i.e., under interventions).

To facilitate a discussion of interventions and their direct and indirect effects, we
formulate a causal mortality model in the framework of potential outcomes. We
use techniques from causal mediation theory to decompose the total effect of an
intervention into a part directly attributable to the action and a part due to selection.

K7 ag the death rate in a world where causes

Defining the potential death rate p
K are operating and risk prevalence is 7, we decompose the total causal effect of
cause-elimination on a risk difference scale as

MK,TK‘ . ILLK*,W* _ IuK,‘/r o NJK*,W +MK*,7T o IuK*,ﬂ'*’

Total effect Direct effect Indirect effect

where K* C K is a reduced set of causes and 7* is the risk prevalence in a world
where causes K* are operating. The direct effect corresponds to removal of causes
K\ K* while leaving all other death rates unaffected. The indirect effect is the effect
that arises due to changes in the post-intervention risk composition over time. If
risk prevalence is exogenous to the mortality model, the indirect effect is zero by
construction.

We highlight the significance of the indirect effect in both a numerical example
and in an application to U.S. mortality and risk data. An interesting direction for
future research would be to scale up this application, and explore the effects when a
large number of risk factors are included in the model. Increasing the number of
risk factors will, of course, also increase the data demands. In particular, a joint
distribution of all risk factors will probably not be available. This is an issue we
study in Chapter 6.

1.4.5 Aggregated Structural Causal Models

In Chapter 6 we consider a system of variables X = (X, : v € V). Rather than
having access to a single dataset with i.i.d. samples from the joint distribution P,
we assume that we only have density estimates of marginal distributions observed
across multiple populations, for example for different countries or over time. Our
aim is to formulate a causal model at the level of the observed data, which can be
used to answer interventional queries concerning population-level behaviour.

Reasoning about the population of individuals as a whole instead of concentrating
on individuals as single entities is natural in a policy intervention context. For
instance, we are typically not interested in the reduction of individual i’s risk of
dying from ischaemic heart disease upon smoking cessation, but rather the reduction
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in population-level mortality (i.e., the distributional change) caused by lowering
smoking prevalence for the population as a whole. When interventions are formulated
as population-based strategies and the inferential target is a distribution, we do not
need to recover the full underlying causal structure but only certain aspects of it.

At the level of individuals, we suppose that X is generated according to a structural
causal model (SCM) with a hierarchical structure in the errors:

Xy = F, (Xpa(u)vgvanv) , veW

The set pa(v) C V' \ {v} contains the indices of the parents (i.e., direct causes) of X,.
The variables e = (¢, : v € V) and n = (, : v € V) are noise variables that have
a joint distribution with mutually independent marginals describing, respectively,
variation at the level of individuals and variation at the level of populations. The
SCM induces interventional distributions by replacing the structural assignment for
one or several variables. However, we do not have data at the level of the SCM that
can be used to estimate the F,,—map.

Introduce for a subset I C V the marginal distribution P;(A) = P(X; € A|n) of
X7 conditionally on 7. By marginalizing out the individual level variables in the
SCM we derive a new structural model for the system, this time at the level of
distributions (at which we observe data) with structural equations of the form:

Pr = GI (Ppa(1)5n1)7 Iel

Identifying the aggregated structure may prove sufficient to answer causal questions
of interest. That is, if we know the G;—map we can compute the distribution of
X7 under interventions that alter the distribution of its parents. We show that
the structural representation of the system in the aggregated SCM is equivalent to
the representation in the SCM, in the sense that both models produce the same
interventional distribution regardless of the order in which we aggregate and intervene.

Since GG remains invariant across populations, we can hope that our data samples
are sufficiently heterogeneous to reveal it. We outline a regression—based estimation
approach in a setting of discrete variables, and discuss how to approach the prob-
lem when we have parametric assumptions. Further, we present an algorithm for
determining a directed acyclic graph that represents the distributions necessary for
formulating the aggregated model as a structural one. We apply the methods in a
numerical study of risk factor interventions.



Chapter 2

The SAINT Model: A Decade Later

This chapter contains the manuscript Jarner and Jallbjorn (2022).

ABSTRACT

While many of the prevalent stochastic mortality models provide ad-
equate short- to medium-term forecasts, only few provide biologically
plausible descriptions of mortality on longer horizons and are sufficiently
stable to be of practical use in smaller populations. Among the very first
to address the issue of modelling adult mortality in small populations was
the SAINT model, which has been used for pricing, reserving and longevity
risk management by the Danish Labour Market Supplementary Pension
Fund (ATP) for more than a decade. The lessons learned have broadened
our understanding of desirable model properties from the practitioner’s
point of view and have led to a revision of model components to address
accuracy, stability, flexibility, explainability and credibility concerns. This
paper serves as an update to the original version published 10 years ago
and presents the SAINT model with its modifications and the rationale
behind them. The main improvement is the generalization of frailty mod-
els from deterministic structures to a flexible class of stochastic models.
We show by example how the SAINT framework is used for modelling
mortality at ATP and make comparisons to the Lee-Carter model.

Keywords: SAINT model, Frailty, EM algorithm, Lee-Carter model, Mortality
modelling, Multi-population modelling.
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2.1 Introduction

Since the beginning of the 21st century, life annuity providers have faced an upsurge
of pensioners to provide for and the need for reliable, long-term mortality projections
is perhaps greater than ever. Indeed, the world-wide increases in life expectancy
show no signs of slowing down, and populations where mortality rates are already
low still experience rates of improvements of the same, or even higher, magnitude
than historically. The situation accentuates the importance of powerful predictive
models to handle the consequences of an ever older population.

From a practical point of view, there are two partly conflicting aims: (1) producing
accurate forecasts and (2) producing forecasts stable under (annual) updates. Accu-
rate forecasting has been the long-standing objective in actuarial and demographic
literature and is, broadly speaking, the goal of the academic, while stability is a
more recent requirement pertaining to the needs of the practitioner. When applied
in practice, the prevailing market value accounting regime dictates that a mortality
model should be updated annually to reflect the latest trends in the data. However,
many mortality modelling paradigms are very sensitive to the data period used for
calibration, and forecasts can therefore vary substantially from year to year. For an
annuity provider, large fluctuations or systematic underperformance of a mortality
model can lead to significant shifts in liabilities and capital requirements, resulting
in huge costs for either the company or the risk collective. Moreover, throughout
Europe, mortality models have become an integral part of policy-making as statutory
retirement ages are directly linked to gains in life expectancy. For these decisions,
stable short-, medium- and long-term forecasts are not just a requirement, but a
necessity.

Stability requirements are particularly difficult to meet when forecasting concerns
small populations, including, in fact, many countries. Because improvement patterns
in these populations exhibit a great deal of variability, simple extrapolations of past
trends tend to have poor predictive power over long horizons and projections are
prone to dramatic changes following data updates. This holds true for many of the
popular projection methodologies such as the model of Lee and Carter (1992). In
view of these accuracy and stability concerns, Jarner and Kryger (2011) developed
the SAINT model that has been used by the Danish, nationwide pension fund ATP,
since 2008.

The SAINT model was designed with the purpose of producing stable, biologically
plausible long-term projections for adult mortality. More precisely, projections with
smooth, increasing age-profiles and gradually changing rates of improvement over
time. With the main application of pricing and reserving for long-term pension
liabilities in mind, capturing long-term trends reliably were deemed more important
than, for example, short-term fit. However, more than a decade’s worth of experience
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with the SAINT model in use has broadened our understanding of model requirements
from the practitioner’s point of view. Even though the overarching structure of the
SAINT model has not changed, its components have been revised over the years
to address not only accuracy and stability concerns but also the model’s flexibility,
explainability and credibility. In this paper, we describe how the SAINT model has
evolved since Jarner and Kryger (2011) in response to changing demands arising
from practical use and user feedback.

In the years following the introduction of the first version of the SAINT model,
quantification of longevity risk became a regulatory requirement. As the deterministic
trend component used in Jarner and Kryger (2011) was not able to adequately assess
this risk, a version of the SAINT model with a stochastic trend was developed.
Eventually, this work led to a generally applicable class of stochastic frailty models,
which we present in this paper. This methodology constitutes the main theoretical
contribution of the paper.

The rest of the paper is organized as follows. Section 2.2 contains a survey of the
evolution of the SAINT model over the last decade. In Section 2.3 we discuss how
changing rates of improvements can be modelled using frailty. Section 2.4 formalizes
the notion of a stochastic frailty model and develops estimation and forecasting
procedures. This is followed by Section 2.5 presenting a comprehensive application
of the SAINT model to international and Danish data. The findings are discussed in
light of comparable results from the Lee-Carter model. Finally, Section 2.6 offers
some concluding remarks.

2.2 The Evolution of the SAINT Model

ATP is a funded supplement to the Danish state pension, guaranteeing most of
the population a whole-life annuity. In 2008, ATP introduced a new market value
(whole-life) annuity. The main characteristic of this annuity is that contributions are
converted to pension entitlements on a tariff based on prevailing market rates and an
annually updated, best estimate, cohort-specific mortality forecast. Once acquired,
pension entitlements are guaranteed for life. The structure gives a high degree of
certainty for the members, but it leaves ATP with a substantial longevity risk.

The SAINT model was developed as part of the market value annuity, with the
specific aim of producing accurate and stable forecasts in order to manage the
longevity risk of ATP. Clearly, accuracy is desirable to avoid long-run deficits due
to life expectancy increasing faster than expected (or, in the case of life expectancy
increasing slower than expected, pension entitlements being too small). However,
stability of forecasts is of equal importance. Each update of the model causes a
change in the size of technical provisions, which in turn affects the risk capital
allocated to cover longevity risk. Effectively, a stable mortality model is “cheaper”
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than a volatile model, because the former frees up risk capital to be used more
efficiently elsewhere, for example, to cover a higher market exposure.

Over the course of the last decade, the SAINT model has undergone a number of
changes due to changing demands and feedback from its users. Below, we give a brief
presentation of the original SAINT model, followed by a survey of the subsequent
major changes and their rationale.

2.2.1 The Original SAINT Model

The original SAINT model, as described in Jarner and Kryger (2011), has two core
model components:

e A reference population consisting of a large, pooled, international data set;

e A frailty model for modelling increasing rates of improvements over time.

The rationale for using a reference population, in addition to the target population,
is that it is easier to extract a long-term trend from a large dataset, than a small
dataset, since idiosyncratic features are typically more pronounced in the latter. The
mortality of the target population is subsequently linked to the long-term trend.
A similar idea, although differently implemented, was introduced by Li and Lee
(2005) in their multi-population extension of the Lee-Carter model. Since Jarner
and Kryger (2011), the concept of a reference population has appeared in a number
of models and applications, for example Cairns et al. (2011b), Dowd et al. (2011),
Borger et al. (2014), Villegas and Haberman (2014), Wan and Bertschi (2015), Hunt
and Blake (2017), Villegas et al. (2017), Menzietti et al. (2019), Li and Liu (2019),
and Li et al. (2019).

In the notation of the present paper, the SAINT model is of the form:

Ptarget (&) = pret(t, ) exp(yjrm), (2.2.1)
tet(t, ) = E[Z[t, 2]po(t, ©) + ps(t), (2.2.2)

where fisarget (£, ) and pree(t, ) are the force of mortality at age = and time ¢ of
the target and reference population, respectively. The target mortality is linked
to the reference mortality by a set of age-dependent regressors, r,, with time-
dependent coefficients, y;, termed spread parameters. Further, the reference mortality
is modelled by the sum of a multiplicative frailty model with baseline mortality
1o, and age-independent background mortality, p,. The term E[Z|t, 2] denotes the
(conditional) mean frailty of the given cohort, and we will discuss this in detail later.
All mortality rates are gender-specific, although this is not shown explicitly in the
notation.
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Formally, the SAINT model in use today is still of form (2.2.1)—(2.2.2), but with a
different interpretation of the frailty term, and different specifications of time-series
dynamics, regressors, and baseline and background mortality. From a methodological
point of view, the new frailty model represents by far the greatest of these changes.

2.2.2 From Deterministic to Stochastic Frailty

The SAINT model uses frailty to forecast increasing rates of improvement in age-
specific mortality, thereby reducing the risk of underestimating future life expectancy
gains. Loosely speaking, changes in baseline mortality affect selection and thereby
mean frailty, E[Z|¢,«], which in turn modifies the way baseline mortality affect
population-level mortality.

In the original SAINT model, pg and pp were assumed to be of a form equivalent
to

po(t, z) = exp(fy + Oot + Oz + Outx + 0522), () = exp(fs + 07t).  (2.2.3)

This allowed an explicit calculation of E[Z]t, z] and thereby of piyef, assuming gamma-
distributed frailties, see (14)—(18) in Jarner and Kryger (2011) for details. The
resulting model for p,s had 8 parameters (0; — 67 and a frailty parameter) for each
sex, which were estimated by maximizing a standard Poisson likelihood. When
forecasting, the parametric form was used to extrapolate pf to form a deterministic
trend around which figarget Would vary. We refer to this as a deterministic frailty
model.

Despite its parsimonious structure, the estimated pot-surface provided a remark-
able fit to the international dataset. However, it soon became clear that the model was
not able to fit other datasets equally well. More importantly, assessment of longevity
risk was becoming a regulatory requirement, and for this purpose, a deterministic
trend model was insufficient.

The current version of the SAINT model features a stochastic frailty model, in
which po and py are stochastic processes. This implies that the frailty term, E[Z|¢t, z],
also becomes stochastic, and explicit expressions are no longer available. In order to
disentangle the dependence between po and E[Z]t, 2], a pseudo-likelihood approach,
reinterpreting the frailty term in terms of observable quantities, had to be devised.
This, in turn, led to a generally applicable “fragilization” method by which essentially
any frailty distribution can be combined with any baseline and background mortality
to form a model, cf. Section 2.4.

2.2.3 Cointegrating Gender Dynamics

In the original SAINT model, male and female mortality were modelled separately,
which resulted in a sex differential of just over 10 years in forecasted cohort life
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Figure 2.1: Age 60 actual (dots) and forecasted (lines) period life expectancy using the
SAINT model with and without restrictions on the A-matrix from Equation (2.5.5).

expectancies at birth. When the first version of the stochastic frailty model was
implemented, it was therefore decided to model the new stochastic processes via
cointegration to ensure better aligned forecasts. At the time, the baseline and
background mortality were modelled as

po(t, ) = exp(ay + Bex + 22%/10%),  up(t) = exp(¢y), (2.2.4)

with the processes {ay, 8:} governing py being modelled as in Equation (2.5.5), but
with an unrestricted A-matrix. Cointegration reduced the life expectancy difference
at birth to about 5 years, and subsequent model development brought it further
down to 3.6 years.

In Equation (2.5.5), the B-matrix controls the cointegrating relations, while the
A-matrix controls the adjustments to these over time. It later became apparent that
an unrestricted A-matrix could lead to complex transitory effects when reestablishing
equilibrium relations, as seen on the dashed lines in Figure 2.1. The resulting
projections were hard to justify and communicate, and eventually structural zeros
were introduced in A to generate more linear projections. Allowing only pairwise
dependence between parameters also offered a greater degree of explainability as the
forecasting distribution simplified.

The cointegrating relations and the restrictions placed on the A-matrix were
imposed, rather than formally tested. Even though formal testing could be done
using the comprehensive statistical framework developed by Johansen (1995), it
was deemed problematic that the underlying time dynamics could change annually
following data updates as this would destabilize projections and potentially damage
the model’s credibility. Cointegration is therefore used merely as a modelling tool to
achieve reasonable projections, rather than to gain insights into the joint behaviour
of the time-varying mortality indices, see also Jarner and Jallbjorn (2020) for further
discussion on this point.
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2.2.4 Improving the Fit

The specification of 1 in (2.2.4) was the result of an extensive model search among
“simple” models. At the time, it provided a reasonable fit, but eventually failed to
adequately capture old-age mortality. Generalizations of linear mortality models
typically involve adding a quadratic term to the age effect or introducing cohort
components, see for example Cairns et al. (2009). The natural candidate to replace
(2.2.4) was therefore the log-quadratic model po(t, ) = exp(a; + Bex + kew?). But
despite a clearly superior fit, its parameter estimates turned out exceedingly difficult
to forecast.

After further research into the shape of the mortality age profile, the lack of fit
was found to be caused by an inflexibility of (2.2.4) at the younger ages, a typical
problem when fitting parsimonious models over a large age span. By replacing the
fixed quadratic term in (2.2.4) with an excess slope parameter, the low mortality
rates of the young were prevented from influencing the trend of the old. The baseline
model therefore became

/lo(t, I’) = exp (&t + Etx + Et($ - 75)]]-{.1,275}) . (225)

The model’s parameters are linearized for forecasting purposes through reparametriza-
tion, achieved by setting oy = ay + 7508:, B¢ = B¢ + K¢, and k; = —kK; whereby

po(t, ) = exp (ay + Be(x — 75) + ke(z — T5)Lzersy) - (2.2.6)

Figure 2.2 shows the clear improvement in the model’s fit. The fit is particularly
impressive at the higher ages and also matches the logistic type behaviour seen in
the data for the oldest-old as the frailty component comes into play.

Revisiting the Reference Population and Data Window

In the original paper, Jarner and Kryger (2011) used an aggregate of international
data over the years 1933-2005, including, notably, data from the US. Following the
first version of the stochastic frailty model, the left cut point of the data window
was updated to 1950, while the right cut point was updated annually to match the
most recent available data.

Over the years, it became apparent that the slowdown of the improvement rates
in the US had begun to manifest itself in the long-term trend. At the time, the US
constituted more than 40% of the reference population. In response, an extensive
review of the demographic transitions in the Western world was conducted country for
country. This work led to a new paradigm for putting together a more homogeneous
and balanced data pool, necessitating an exclusion of the US. In the new dataset, two
mortality regimes emerged, and, accordingly, the left cut point of the data window
was updated to 1970. We note that other countries have also shown recent stagnating
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Figure 2.2: Observed (dots) female death rates for select ages with SAINT fits (solid lines)
superimposed. The left panel shows the previous version of SAINT with po as in (2.2.4),
estimated on a dataset with the US included and the window of calibration starting in 1950.
The right panel shows the current version of SAINT with uo as in (2.2.5), estimated on a
dataset with the US excluded and the window of calibration starting in 1970.

rates of improvement, for example the UK, but overall there has been a continued
improvement throughout the period, see Figure 2.3.

2.3 Modelling Changing Rates of Improvements

The mortality experience of several countries has shown increasing rates of improve-
ments for older age groups while rates for younger groups have been decelerating,
see for example Kannisto et al. (1994), Lee and Miller (2001), Booth et al. (2002),
Bongaarts (2005), Li et al. (2013), and Vékas (2019). For long-term projections, in
particular, it is important to model these changes to reduce the risk of underestimat-
ing future life expectancy gains.

2.3.1 Motivating Example

Although a plethora of models for modelling and forecasting mortality have been
proposed in recent years, see e.g. Booth and Tickle (2008) and Janssen (2018) for an
overview, the model of Lee and Carter (1992) is still by far the most widely used.
Lee and Carter (1992) model the (observed) death rate, m, at time ¢ for age z in a
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log-bilinear fashion
logm(t,z) = ag + boki + €t 4, (2.3.1)

where a and b are age-specific parameters and k is a time-varying index in which all
temporal trends leading to improvements in mortality are encapsulated. The k-index
is typically modelled as a random walk with drift, extrapolating the index linearly
from the first to the last data point, resulting in constant rates of improvement in
forecasted age-specific mortality.

Figure 2.3 illustrates the problem with assuming constant rates of improvements
in forecasts. The figure shows actual and Lee-Carter forecasted period remaining
life expectancies at age 60 for Western Europe and Denmark. Except for Western
European females, the forecasts vary substantially with the estimation period due to
changing rates of improvement. Moreover, the forecasts generally underestimate the
future gains in life expectancy because rates of improvement for older age groups

tend to increase over time.
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Figure 2.3: Age 60 actual (dots) and forecasted (lines) period life expectancy using a
Lee-Carter model based on a rolling estimation window.

This phenomenon is not specific to the Lee-Carter model, but pertains to all
models with constant rates of improvements. Fitting these models to shorter, more
recent periods of data alleviates the downward bias to some extent, but it does
not address the fundamental issue of changing rates. Coherent, multi-population
mortality models, for example the model of Li and Lee (2005), can in principle
produce changing rates of improvement while the individual populations “lock on”
to common rates of improvement. However, the common rates are typically constant

over time. Thus, coherence in itself does not guarantee the type of ongoing change
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in improvement rates that we advocate. For a more detailed discussion of coherent
models and their pros and cons, see Jarner and Jallbjorn (2020) and the references
therein.

2.3.2 Frailty Theory

Frailty theory rests on the assumption that cohorts are heterogeneous and that some
people are more susceptible to death (frail) than others. The difference in frailty
causes selection effects in the population and leads to old cohorts being dominated
by low mortality individuals.

Frailty theory is well-established in biostatistics and survival analysis, and several
monographs are devoted to the topic, for example Duchateau and Janssen (2008),
Wienke (2010), and Hougaard (2012). In demographic and actuarial science frailty
models are also known as heterogeneity models. They have been used in mortality
modelling to fit the logistic form of old-age mortality, see e.g. Wang and Brown
(1998), Thatcher (1999), Butt and Haberman (2004), Olivieri (2006), Cairns et al.
(2006), Spreeuw et al. (2013), and Li and Liu (2019), and to allow for overdispersion
in mortality data, cf. Li et al. (2009). The SAINT model, however, employs frailty
theory with the dual purpose of fitting old-age mortality and generating changing
rates of improvement.

Below, we present a flexible class of continuous time models spanning multiple birth
cohorts, with additive frailty and non-frailty components. With additive models, we
can distinguish between “selective” mortality influenced by frailty and “background”
mortality not affected by frailty, for example accidents. Following Vaupel et al. (1979),
individual frailty is a non-negative stochastic quantity Z that acts multiplicatively
on an underlying baseline mortality rate. We assume that frailty is assigned at birth
(according to some distribution) and remains constant throughout an individual’s
life span. In this context, we can interpret frailty as individual (congenital) genetic
differences. Conditionally on frailty being Z, mortality at age x at time ¢ takes the
form

pt, x| 2) = Zpo(t, x) + p(t, @), (2:3.2)

where (o is the baseline rate describing age-period effects influenced by individual
frailty and pu; is background mortality common to all individuals regardless of their
respective frailties.

Equation (2.3.2) describes the mortality rate of an individual, but this quantity
is not observable in population-level data. In fact, we only observe an aggregate of
the death rates. We can derive an explicit expression for this aggregate, namely the
population-level rate, by writing up the survival function

S(t, .’L‘) — e~ Jout—ztuu)du _ g [e_ I3 n(t—z+u,u|2) du} (2_3.3)
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and differentiating —log S(¢, x) to get
w(t,x) = E[Z|t, x)po(t, ) + up(t, x). (2.3.4)

Here, E[Z|t, z] is the mean frailty among the survivors of the cohort born at time ¢t —zx.
As a matter of convention, we assume without loss of generality that mean frailty is
one at birth. It is useful to introduce the Laplace transform L(s) = E[exp(—sZ)] of
the common frailty distribution in which case
—L'(Moy(t,x))
L(Mo(t,z))

where Mo (t,x) = [§ po(t — 2 + u,u) du is the cumulated baseline rate.

E[Z|t, 2] = (2.3.5)

So far, the expressions above relating mean frailty to the baseline rate are standard
in survival analysis. For later use, we establish an additional relationship between
mean frailty and the cumulated cohort rate adjusted for background mortality,

namely
M(t,x) = /x (u(t — z +u,u) — up(t — 2 + u,u)) du, (2.3.6)
via its survival function '
exp(=M(t,z)) = S(t, z)elo rolt-stuwde — £oAf (¢ z))., (2.3.7)
Introducing the function v(-) = —log L(+), we have M(t,z) = v(My(t,z)) and
Mo(t,x) = v 1(M(t, x)) which gives us
E[Z|t,z] = V' (Mo(t,x)) = V' ("1 (M(t, x))), (2.3.8)

upon insertion into (2.3.5).

The relation between mean frailty and mortality described by Equation (2.3.8)
will be central to our estimation approach. Whereas M, is given solely in terms
of the baseline rate, M can be estimated using empirical death rates. Substituting
M by such an estimate disentangles the frailty distribution from the baseline rate
which greatly simplifies the estimation procedure whenever parametric structures
have been imposed on py and pp,. We return to the specifics in Section 2.4.

To apply frailty theory in practice, we must identify suitable choices of frailty
distributions. A brief account of appropriate distributions is given in Appendix 2.A.
Essentially, useful distributions are the ones with an explicit Laplace transform. The
most commonly used distribution is the Gamma distribution which has a tractable
Laplace transform, see Example 2.4.1, along with other desirable properties.

2.3.3 Frailty leads to Changing Rates of Improvements

To clarify how the inclusion of frailty leads to changing rates of improvements, we
define the rate of improvement in selective mortality as

0 0
ps(tvx) - 7& logE[Z|t,:17] - a log /Lo(t,!f), (239)
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where po(t,z) = —% log po(t, x) is the rate of improvement in baseline mortality.

Suppose that we model the period effect so that baseline mortality is decreasing
over time, that is, po(t,2) — 0 as t — oo for fixed age . Then, the cumulated
baseline will also be decreasing over time, that is Mo(t,2) — 0 as ¢ — oo, while the
mean frailty in successive cohorts will be increasing over time due to less and less
selection of frail individuals, so E[Z|t,z] — 1 as t — co. From (2.3.9), we see that
improvements in cohort mortality are smaller than, but gradually increasing to, the
rate of improvement at the individual level.

High selection Transition Low selection
(t,100) x
ps~0 pPs— Po Ps~ Po
E[Z]t,100] ~ O E[Z]t,1700] —> 1 E[Z|t,100]~1 Time

Figure 2.4: Illustration of population level mortality at age 100 over time. When selection
is high, observed mortality rates do not improve much even though rates are assumed to be
decreasing at the individual level. This is due to improvements in baseline mortality being
(partially) offset by increases in mean frailty. As mean frailty eventually approaches one,
observed improvements and improvements in the underlying mortality are approximately
equal.

This line of thinking offers an explanation to the small improvement rates observed
in old-age mortality, and it suggests that we might expect to see higher rates of
improvements in the future. At old ages where death rates — and thereby selection —
are high, the change in mean frailty over time can substantially offset improvements
in baseline mortality. This makes improvements in observed mortality close to zero,
cf. Equation (2.3.9), a behaviour illustrated in Figure 2.4. As improvements in
baseline mortality continue to occur at the individual level, the selection mechanism
gradually weakens and improvements in observed mortality get closer to the under-
lying improvement rates. The pattern of gradually changing improvement rates of
old-age mortality resembles what is seen in the data. We will return to this point in
Section 2.5.

The Difference between Frailty and the Traditional Cohort Perspective

While conditional mean frailty E[Z]t, ] may be regarded as a cohort component in
the sense that it focuses on the evolution of a cohort through time, the notion is
qualitatively different from the traditional cohort perspective in mortality modelling.
As an illustrative example, consider the cohort extended Lee-Carter model of Renshaw
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and Haberman (2006), that is
log u(t,x) = ay + bpki + cr—y. (2.3.10)

The cohort component exp(c;—,) assumes the role of a dummy variable and offsets
mortality by the same factor throughout the life span of individuals born at time ¢ — .
Although the multiple E[Z]t, x]po(t, ) does in principle contain the structure (2.3.10)
with po(t, z) = exp(a, + bikt) being the Lee-Carter model, E[Z|t, z] is not constant
over time except in degenerate cases. Indeed, E[Z|¢, x| progressively decreases for a
given cohort as selection intensifies and should therefore not be regarded as a cohort
component in the traditional sense.

2.3.4 Alternative Ways of addressing Changing Improvement
Rates

With a growing body of empirical evidence against the assumption of constant
age-specific rates of improvements, several other approaches have been developed to
address the issue. One suggestion involves finding an “optimal” calibration period for
which model assumptions are not violated. This usually involves fitting (Lee-Carter)
models to shorter and more recent periods of data, see for example Lee and Miller
(2001), Tuljapurkar et al. (2000), Booth et al. (2002), and Li and Li (2017). For
projections over longer horizons the problem persists; future increases in especially
old-age mortality beyond what has been seen historically cannot be captured by
making an informed decision about the period of calibration.

Within the Lee-Carter framework, another solution is to extend the original model
by replacing the time-invariant age-response with a time-varying version, so instead
of Equation (2.3.1) we would have

log m(t, CC) =az; + Bt,xkt + Et,x- (2311)

A freely varying B, , introduces far too many parameters, and some restrictions have
to be imposed. Li et al. (2013) suggest that B, , describe the “rotating” pattern of
mortality improvements, namely that improvement rates are declining for the young
but increasing for the old. Consequently, Equation (2.3.11) is sometimes referred
to as the rotated Lee-Carter model. Li et al. (2013) achieve rotation by letting the
b.’s from the original model converge (smoothly) to some assumed long-term target
B... The approach has since been adopted and adapted by a number of authors, for
example Vékds (2019) and Gao and Shi (2021).

Another idea is to model and project improvement rates directly as opposed to
projecting death rates, see for example Haberman and Renshaw (2012). Various
forms of projections built from age-specific improvement rates applied to reference
mortality tables are also becoming popular among actuarial practitioners, see for
example Jarner and Mgller (2015) for a detailed account of the longevity benchmark



34 CHAPTER 2. JARNER & JALLBJORN (2022)

employed by the Danish financial supervisory authority or the model used by the
Continuous Mortality Investigation (2016).

The alternative approaches mentioned above each have their own merits as ways
of addressing changing rates of improvements. Frailty, however, has the unique
advantage that it can be introduced into any existing mortality model to forecast
improvement rates higher than those observed historically, while preserving both the
original model structure and the underlying driver of the system.

2.4 Stochastic Frailty Models

In the following, we detail how frailty can be used with any stochastic mortality
model and we show how to estimate and forecast these models. The extension from
deterministic to stochastic frailty is a fundamental point in practical applications
where the ability to describe uncertainty of forecasts is essential for managing
longevity risk.

2.4.1 Data and Terminology

Data are assumed to be on the form of death counts, D(t,z), and corresponding
exposures, F(t,x), over time-age cells of the form [t,¢ + 1) X [x,z + 1) for a range of
calendar years ¢t € {tmin,---,tmax} = 7 C N and ages € {Tmin,. - Tmax} = X C
Np. From the death counts and risk exposures, we define the observed (empirical)
death rate as the ratio

m(t,z) = D(t,z)/E(t, ). (2.4.1)

The empirical death rate is a nonparametric estimate of the underlying cohort rate,
u(t, ), which for modelling purposes is also assumed constant over [t,t+1) X [z, z+1).

2.4.2 Modelling Framework

For ease of presentation, we will consider stochastic models for baseline and back-
ground mortality of the form

po(t, ) = F(01,12), (2.4.2)
po(t, @) = GG o), (2.4.3)

where F' and G are functional forms taking parameters in the age-period dimension
as input. All quantities may be multidimensional, and further generalizations to
include cohort effects and general dependence structures are possible if so desired.
We assume that parameters are to be estimated from data, but they can also be
fixed or empty.
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We define a (generalized) stochastic frailty model as a model of the form

D(t,z) ~ Poisson(u(t, z)E(t, x)), (2.4.4)
pu(t,x) = E[Z|t, x]po(t, @) + my(t, ), (2.4.5)

with po and pp given by (2.4.2)—(2.4.3) while E[Z]t, 2] denotes conditional mean
frailty as in Section 2.3.2. Note that E[Z]|¢,z] is now a stochastic quantity since
it depends on pg. The frailty distribution at birth is the same for all cohorts,
and it is assumed to belong to a family indexed by ¢ with Laplace transform L,
available in explicit form. The parameters of the model are thus (¢, 0,7, (, &) where
all components can be vectors.

Based on (2.3.8) we can write

p(t, x) = vy, (Mo(t, ) F (0, n:) + G(Grs €a) (2.4.6)
with vy (1) = —log L4 (+) and My(t,z) = Zi;é F(0utt—z,my). Inserting the above

into (2.4.4), all parameters can be estimated jointly from the resulting likelihood.
This likelihood is, however, rather intractable with frailty and remaining parameters
occurring in a complex mix. Consequently, estimation has to be handled on a
case-by-case basis depending on the choice of frailty distribution and mortality model.
Below we propose an alternative, generally applicable pseudo-likelihood approach
which greatly simplifies the estimation task.

2.4.3 Pseudo-Likelihood Function

We seek to replace the problematic term E[Z]t, z] with an estimate that does not de-
pend on baseline parameters. From (2.3.8), we have that E[Z]t, 2] = u{p(ulzl (M(t, 2))),
where M is the cumulated frailty-dependent part of mortality. At first sight this does

not seem to help much since M is even more complicated than M,. However, in

contrast to M we can obtain an estimate of M which does not involve the baseline

parameters. With a slight abuse of notation, suppressing the dependency on the

background parameters, we estimate M by

x—1
M(t,z) =Dt -z +u,u), (2.4.7)
u=0
where
m(tminax) - G(Ctm;mgm) for Tpmin <@ < Tpax and ¢t < tmin,
ﬁl(t,l‘) = m(t,x) - G(Ct7§:r:) for Lmin S X S Tmax and tmin S t S tma)u

0 otherwise.
(2.4.8)

is an extension of the empirical death rates (with background mortality subtracted).
The extension is required because the summation in (2.4.7) falls partly outside the
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data window; we need to know the death rates from birth to the present or maximum
age for all cohorts entering the estimation. The gray area of Figure 2.5 illustrates
the “missing” death rates. The extension implies that selection prior to i, has
happened according to initial rates (rather than actual rates) and that all cohorts
have mean frailty one at age Zm, (rather than at birth).

Age .
Data window Forecast

T

Xenin | ve e L

tmin — Xmax tmin tmax Time

Figure 2.5: Data is available for years between tmin and tmax and for ages between Tmin
and Tmax. The grey area below and to the left of the data window illustrates the part
of the trajectories needed for calculation of M that falls outside the data window. The
cross hatched area to the right illustrates the years and ages for which we wish to forecast
mortality.

We propose to base estimation of (2.4.4)—(2.4.5) on a likelihood function in which
the term E[Z][t,z] is replaced by vy, (qul(/\/l(tmc))). The resulting approximate
likelihood function is referred to as a pseudo-likelihood function, cf. Besag (1975),

and corresponds to estimating the modified model

D(t,z) ~ Poisson(u(t, z)E(t, x)), (2.4.9)

plt, ) = vy (v (Mt 2)F (0, m0) + G(Ge. o). (2.4.10)

Importantly, the cohort rate u is separable in frailty and baseline parameters. The
model is therefore considerably easier to handle than (2.4.4)-(2.4.5) in the sense that
joint estimation can be based on marginal estimation procedures for the baseline
and background intensities, o and . Equation (2.4.10) might still look daunting,
but it simplifies in specific cases.

Example 2.4.1. When Z follows a Gamma distribution with mean one and variance
o? the Laplace transform and conditional mean frailty are given by

L(s)=(1+ 023)_1/02 ) (2.4.11)
E[Z|t, 2] = (14 0®Mo(t,2)) " = exp (=0°M(t, z)) , (2.4.12)

whereby Equation (2.4.10) reads

p(t,x) = exp (—UQM(t,x)) F(0:,n:) + G(¢ty ). (2.4.13)



2.4. STOCHASTIC FRAILTY MODELS 37

2.4.4 Maximum Likelihood Estimation

Maximum likelihood estimates of the model (2.4.9)—(2.4.10) can be obtained by
optimizing the profile (pseudo) log-likelihood function,

() =log L(¥, 0(¥), n(v), {(1), £(v)), (2.4.14)

where L is the likelihood resulting from (2.4.9)(2.4.10) and 0(¢), (1), (1) and
¢ (1) denote the maximum likelihood estimates for fixed value of 1. Since the frailty
family is typically of low dimension, the profile log-likelihood function can usually
be optimized reliably by general purpose optimization routines. This is particularly

simple when pp(t,z) =0 for allt € T and z € X.

In the general setting with non-zero background mortality, the model describes
a situation of competing risks. The interpretation is that individuals of age = at
time t are susceptible to death from two different, mutually exclusive sources with
intensities pg and pp. This structure is natural to consider in many contexts, but
the likelihood function is complicated and direct estimation of the parameters may
prove difficult even for fixed 1.

Assuming that we have separate routines available for estimating the baseline
and background mortality models, we can exploit the additive structure of (2.4.9)—
(2.4.10) using the EM algorithm of Dempster et al. (1977). It can be shown that the
likelihood is increased in each step of the EM algorithm and thus converges to a local
maximum, although it may do so rather slowly. It is, however, a great advantage
that we can use the same top-level procedure to estimate virtually any combination
of mortality models, especially when estimation routines for the underlying models
are readily available. It is also straightforward to extend the EM algorithm to more
than two competing risks.

Alternatively, if computational efficiency is essential, we can carry out estimation
by Newton-Raphson sweeps over frailty and mortality model parameters, but this
requires a substantial amount of tailor-made code. We find that optimizing the
log-likelihood using the EM algorithm is both flexible, easy to implement and in
our experience sufficiently fast and robust to be of practical use. The algorithm is
detailed in Appendix 2.B.

2.4.5 Forecasting

Suppose that we have estimates (1&, 9, 7, é , é ) available. Following the usual approach
in stochastic mortality modelling, death rates are to be projected using a time-series
model for the time-varying parameters {6y, (s }+e7. Typically a (multi-dimensional)
random walk with drift is used, see for example Lee and Carter (1992) or Cairns
et al. (2006), but models with more complex structure can also be applied. Let
an overbar denote projected parameters and assume that these are available for
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t € {tmax + 1, .-, tmax + 1} given a forecasting horizon h € N. The forecast region
is illustrated as the cross-hatched box in Figure 2.5.

Baseline and background mortality rates are readily projected by inserting 6; and
i), into (2.4.2) and {; and ¢, into (2.4.3). Forecasting mean frailty is slightly more
involved. We notice that while it was convenient to specify mean frailty in terms
of M for estimation purposes, it is practical to express it in terms of Mg when
forecasting, because M/ can be computed directly from F' throughout the forecast
region. Mortality is thus projected via

ult, @) = V5 (Mo(t, @) F(6:, 1) + G(Gs ), (2.4.15)
where Mvo(t, x) in the forecast region is given by the recursion

Mvo(tmax,x -1+ F(étmx,ﬁz,l) for Tmin < x and tyax +1 =14,
Mvo(t,x) = Mo(t — 1,2z — 1)+ F(O,. ,fe1) for Tmin < T and tyay + 1 < t,
0 for zmin = .
(2.4.16)

We underline that G does not enter Mo in the forecast, whereas in the data window
M, is defined by the transformation My (t, z) = ngl(/\/l(t, x)) to ensure consistency
with the estimated model.

Example 2.4.2. Continuing Example 2.4.1 where frailty is Gamma distributed
with mean one and estimated variance 6%, we get using (2.4.12) in conjunction with

(2.4.15) that mortality should be forecasted via

pltz) = (146 Mo(t,) ) P i) + GG o). (2.4.17)

with .7\/\1/0 given by (2.4.16) in the forecast region. In the data window, Mo(t,x) can
be expressed as Mo(t,z) = [exp(62M(t,x)) — 1]/6% using (2.4.12).

2.5 An Application to International Mortality

We consider the implementation of the stochastic frailty model currently used at ATP
and make comparisons to the usual Lee-Carter methodology. The application is based
on mortality data retrieved from the Human Mortality Database (2021). To allow
the reader to reproduce the results, we use Danish data to model the spread, rather
than proprietary ATP data. Sections 2.5.1-2.5.3 cover reference population mortality,
while Section 2.5.4 discusses spread modelling for target population mortality.

2.5.1 An International Reference Trend

The reference mortality trend, denoted p,ef, belongs to the class of stochastic frailty
models (2.4.2)—(2.4.3), and is gender-specific although this is not shown explicitly
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in the notation. The model assumes Gamma distributed frailty with mean one and
variance o2 and takes the functional form

prer(t,2) = exp (=02 M(t,)) po(t,) + (), (25.1)
po(t, ) = exp (ay + Bi(z — 75) + Ky(x — T5)Lizcrsy) (2.5.2)
po(t) = exp () - (2.5.3)

In (2.5.1), the variance of the frailty distribution expresses the amount of hetero-
geneity in the population, but since any estimate depends on the choice of g, the
quantity can only be interpreted in a model-specific context. On the other hand,
its influence on the mortality curve is clear. If death rates increase with age, the
function x +— exp(—a2Mv (t,x)) decreases from one towards zero and describes how
o is “dragged” down by the frailty component. If o2 is close to zero, then mean
frailty is close to one for all ages. As the variance grows, the decline in mean frailty
steepens. This drags down the old-age part of the mortality curve and eventually so
much that the rates fall into a decline.

A Lee—Carter Baseline?

Instead of the Gompertzian model applied in (2.5.2), one could use a Lee-Carter
model for 1, see Jarner (2014) for such an application. However, we find that the
parametric structure in (2.5.2) is favourable in terms of stability and preserving the
overall structure of the data and, in particular, smooth and increasing age-profiles,
which is not guaranteed in long-term Lee-Carter forecasts.

Moreover, the parameters of the Lee-Carter model are not identifiable without
additional constraints which precludes the use of more flexible time dynamics such
as error-correction models, a limitation the parametric (identifiable) structure does
not have, see for example Hunt and Blake (2018) and Jarner and Jallbjgrn (2020)
for a detailed discussion.

Lastly, unlike the parametric form (2.5.2) that readily expands in the age dimension,
that is the model extends to ages not part of the estimation, the Lee-Carter model
applies only to the age span used in the calibration. This is a pronounced problem
at the highest ages where data are often sparse. To obtain reliable and stable rates
in both model and forecasts, one typically employs a Kannisto extension (Kannisto
et al., 1994), or a similar procedure, for example the methods discussed in Pitacco
et al. (2009), for the oldest-old. Irrespective of the extrapolation procedure, the
coupling of two separate models adds an additional layer of complexity and defeats
part of the purpose for introducing frailty, namely to capture the logistic type old-age
mortality behaviour seen in the data.
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Selecting a suitable Reference Population

To establish an international reference population, we have to decide on a suitable
list of countries to use. While all countries appear to follow the same long-term
trend, mortality improvements occur at different times for individual countries and
variation in improvement rates differ as well. Ideally, the reference trend should
consist of countries that reflect the prevalent mortality regime, but their historical
development ought to be comparable as well. That is, the countries chosen ought to
have undergone the same stages of demographic transition at roughly the same time.

It proves quite difficult to find a set of rules for selecting countries satisfying these
broad criteria. Kjeergaard et al. (2016) propose an out-of-sample selection criterion
as a way of constructing an “optimal” set of countries. Others have established hard
inclusion criteria based on various socio-demographic-indicators, for example the
Dutch actuarial society who base their official projections on a peer group of all
European countries with a per capita GDP above the European average (Antonio
et al., 2017).

We remain agnostic with regard to specific rules. Having populations entering or
leaving the data pool following (annual) data updates is almost certainly bound to
cause problems in terms of model stability. Our advice is to choose a wide range
of countries with the intention of sticking with them in the long term. With an
outset in the countries available from the Human Mortality Database and excluding
countries only if they clearly violate the criteria above, we are left with primarily the
western part of Europe. In particular, the SAINT model is currently based on pooled
data from the following 18 countries: Australia, Austria, Belgium, Canada, Denmark,
Finland, France, Germany (West), Iceland, Ttaly, Luxembourg, Netherlands, Norway,
Scotland, Spain, Sweden, Switzerland and UK (England and Wales).

2.5.2 Time Dynamics

The SAINT model (2.5.2)—(2.5.3) has four time-varying parameters that need to
be forecasted (for each sex). The Makeham component ¢ and the excess slope &
are nuisance parameters included in the model to add sufficient flexibility to fit the
historical data and to enhance interpretability of the level a and the slope 5. Even
though {(;}+c7 and {k:}+eT appear non-stationary, see Figure 2.6, modelling their
trending behaviour has little effect on mortality projections. Striking a compromise
between model complexity and performance, we forecast these parameters using a
random walk without drift, so for any horizon h € Ny we have

ntmax+h|ﬁ;tlnax ~ N (Iitm_dx, hO’i) and Ct[nax+h‘ctrnax ~ N (Ct[nax7 hO’g) y (254)

where 0,00 € Ry.



2.5. AN APPLICATION TO INTERNATIONAL MORTALITY 41

Projecting {ay, B¢} is a more delicate task. In particular, some thought should go
into the joint behaviour of the gender-specific forecasts. It is a well established fact
that women live longer than men and while this gender gap varies over time it is
believed to persist. Since forecasting even closely related populations independently
will lead to diverging forecasts, cf. Tuljapurkar et al. (2000), we must deal with the
problem through joint modelling in order not to have undesirable scenarios such as
projecting men to live longer than women.

An Error-Correction Model

To ensure that female and male parameters “stay together”, not just in a median
forecast but also for every stochastic realization, we need parameters to cointegrate,
that is a given linear combination of them should be stationary. This is achieved by
forecasting from the error-correction model

AY; = AB"Y; 1 4+ C + wy, (2.5.5)

where w; id Ny (0,9Q), AY; =Y, — Y4, and
f

Qg ail 0 1 0 C1
m ~1
vi= | % |, a=]"™ 01 pB= Ol c=|2], @56
ﬂt 0 as9 0 1 C3
Btm 0 42 0 -1 Cq4

with superscript f and m denoting female and male parameter values, respectively.
Equation (2.5.6) contains two critical assumptions:

1. Structural zero’s have been placed in the A-matrix making parameter pairs
weakly exogenous, so that the relation between the a’s will not affect the
relation between the 8’s and vice versa.

2. The B-matrix imposes two cointegrating relations, one between each parameter
pair, with coefficients of unity so that the model corrects any disequilibrium
that may arise in the difference between the parameters.

The error-correction behaviour of (2.5.5) can be made more precise by decomposing
the drift term. For a px ¢ matrix X of full rank, we say that another matrix X, of full
rank and dimension p x (p — ¢) such that X " X | = 0 is its orthogonal complement.
With M = A(BTA)"!BT it can be shown that I — M = B, (A]B,) *A], cf.
Chapter 3 of Johansen (1995). Using this identity we can rewrite (2.5.5) so that

AY, = A(BTY%A —Cp) + Ca + wy, (2.5.7)

T 1pT T . . .
where Cp = —(B'A)"'B'C = (C’DQ,C’DB) is the parameter difference in sta-
tionarity with Cp, = a;i:;’il and Cp, = azz:z;, while CA = (I — M)C =
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(Can,Ca.,Ca,,Ca,) ' is the common drift with Cp, = 2219=41 and Cy,

az21—ail

%' From Equation (2.5.7), it is clear Y; is updated in response to the
disequilibrium error B'Y,_; — Cp with a force depending on the magnitude of the

a’s.

An explicit representation of the (median) forecast for a horizon h € Ny can be
discerned via the Granger representation theorem, see e.g. Jarner and Jallbjgrn
(2020). We have

0

EY st [Vinmae] = n
(Y

1— h
Vipao + Cah— A(BTA)"" ( ) )(BTYthD),

(2.5.8)

where A\y = 1 4 a1 — a21 and A\g = 1 + asx — aq2 are eigenvalues of I + ABT.
Equation (2.5.8) highlights the asymptotic random walk behaviour, with the initial
disequilibrium error decaying exponentially to zero provided that A,, Ag < 1.

Writing out the error-correction behaviour helps us identify means of ensuring
stable and robust forecasts. With this aim in mind, adjusting C'p and Ca to equal
desired long-term values might be preferable compared to unconstrained estimation.
Equation (2.5.8) details how the target equilibrium may severely affect projections.
It shows that the error-correction model can bring about a number of undesirable
features in the median forecast, like short- to medium-term increases in mortality for
one of the genders during the restoration of the equilibrium. It is difficult to justify
such behaviours in best estimate projections. To avoid them, we assume that B Y} is
distributed according to its statlonary distribution by equating Cp to the difference
between jump-off values, namely CDQ = 0 T 9’” ' where 0 is either o or 3. This
makes the median forecast of the error- correctlon model coincide with the median
forecast of a random walk model, since the ultimate term in (2.5.8) vanishes. The
error-correction interpretation still applies, however, when considering a stochastic
realization of the process. Moreover, looking at the evolution of mortality through
the years, for example Figure 2.3, it is clear that female mortality has developed more
steadily than mortality for the males. We therefore use the empirical average of the

7mm+1 Do AH

tmax

female parameters to model the common slope, that is G'Ag
where 6 is either o or f.

2.5.3 Model Fit and Forecast

Since international mortality develops more steadily than country-specific mortality,
we are able to use a relatively wide window of data for model calibration. The
endpoints should be chosen such that we do not introduce structural breaks if data
for some countries are missing. Balancing these concerns, we apply the model to
international mortality data, ages 20-100 and calendar years 1970-2017 with 2017
being the last year where data exist for all the countries considered at the time of
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Figure 2.6: Estimated parameters for baseline (2.5.2) and background (2.5.3) mortality
in the SAINT model.

writing. The model is estimated separately for females and males, and follows the
EM algorithm described in Appendix 2.B.

The estimated parameters of the SAINT model (2.5.2)—(2.5.3) are shown in
Figure 2.6. To justify the use of the error-correction model (2.5.5), the series {c; her
and {f; }te7 must be integrated of order 1 for both genders, i.e. the stochastic part
of these processes must be non-stationary. We conclude from unit root tests (test
results not shown) that this is indeed the case. Further, we take the observed stable
difference between parameters as (weak) evidence that they engage in an equilibrium
correcting relationship.

In mortality forecasting applications, the choice of jump-off point is a key consid-
eration to match the start of the projection with recently observed data (Lee and
Miller, 2001). Because the SAINT model fits the empirical death rates very well,
cf. Figure 2.2, no jump-off correction is needed and we use the model values in the
jump-off year to determine the jump-off rates. Moreover, the Poisson assumption
(2.4.4) ensures that the model approximates the total number of deaths in the data,
see also the discussion in Brouhns et al. (2002).

Comparing SAINT and Lee—Carter Forecasts

To put forecasting into perspective, the SAINT projections are compared to projec-
tions generated by a Lee-Carter model. The Lee-Carter model is, in the spirit of
this paper, estimated under the Poisson assumption as in Brouhns et al. (2002) and
we use a random walk with drift for forecasting as is customary. Extrapolating the
time-varying index linearly implies that age-specific death rates decay exponentially
at a constant rate. We shall see that this assumption causes forecasts based on the
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Figure 2.7: The panels show actual (dots) and forecasted (lines) remaining life expectancies
for age 60 females and males with pointwise 95% confidence bands based on expanding
estimation windows. Even though a rolling fixed-length data window is a more common
back test approach in the literature, an expanding data window corresponds to how a
mortality model is typically updated in practice.

Table 2.1: Empirical mean (and standard deviation in parentheses) of projected period
life expectancies for a 60-year-old based on 10,000 simulations for select years.

Model Female Male
2020 2040 2060 2020 2040 2060

Calibration period: 1970-1989

Lee-Carter 27.01 (0.54) 29.50 (0.62) 31.74 (0.65) 21.63 (0.38) 23.73 (0.46) 25.71 (0.51)
SAINT 27.06 (0.81) 29.38 (1.15) 31.40 (1.47) 23.46 (0.76) 26.35 (1.14) 28.88 (1.51)
Calibration period: 1970-1999

Lee-Carter 26.73 (0.41) 29.04 (0.49) 31.04 (0.52)  22.18 (0.31) 24.39 (0.40) 26.36 (0.43)
SAINT 26.86 (0.53) 29.22 (0.78) 31.26 (1.07) 23.12 (0.53) 26.04 (0.90) 28.65 (1.49)
Calibration period: 1970-2017

Lee-Carter 26.72 (0.22) 29.02 (0.52) 31.01 (0.61)  23.28 (0.16) 25.83 (0.40) 28.04 (0.47)
SAINT 26.75 (0.25) 29.31 (0.71)  31.51 (1.00) 23.39 (0.25) 26.44 (0.71) 29.09 (1.04)

Lee-Carter methodology to have a tendency of underestimating the actual gains
in old-age mortality. The purpose of the comparison is not to show superiority of
SAINT over other models, but to illustrate the beneficial effects of cointegration and
frailty.

Forecasts are compared by considering period life expectancies. While cohort life
expectancies taking future improvements of mortality into account are generally of
more interest, the period life expectancy summarizes the level of mortality at a given
time and is better suited for illustrative purposes as it can be compared with the
actual experience. Recently, Arnold et al. (2019) added perspective on the stability
of period versus cohort tables, arguing that the former might be preferable for
practitioners looking to minimize capital adjustments following life tables updates.

Historical and forecasted life expectancies of a 60-year-old are shown in Figure 2.7.
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The figure shows that both models produce highly similar median forecasts for female
life expectancy and that predictions are quite robust to the choice of the data window
used to calibrate the model. This similarity can be attributed to the stable rates of
improvements observed since the 1970s. For the males, however, the improvement
rates considered during the period of estimation are considerably lower than the
actual rates in the periods that follow. The Lee-Carter model fails to capture this
development, and the median forecasts are a good way from agreeing with the actual
experience. Since improvement rates are increasing over time, predictions from the

Lee-Carter model grow increasingly optimistic as we include more recent data.

The SAINT model lends its strength in the stable female improvement rates by the
coupling of the genders described in Section 2.5.2. This leads to the forecasts being
decidedly more robust to the choice of estimation period, and the resulting almost
linear median life expectancy projections resemble the actual experience better than
the scattered Lee-Carter forecasts. In fact, it is quite remarkable how well even the
first SAINT forecast based on 1970-1989 predicts present day male life expectancy.

To contrast the forecasting uncertainty of the two methods, Table 2.1 reports sum-
mary statistics for the projected life time distributions based on 10,000 simulations.
Both the table and the figure reveal that there is a major difference in the forecasting
uncertainty between the two methods, even when point estimates are similar. It is
evident that the uncertainty is greatest in the SAINT model, while it is, at least
with hindsight, worryingly low for the Lee-Carter model. Specifically for the males
using the two earliest calibrations, we get no warning that the projections might be
well off target; the models do not capture the final years of observed data, let alone
the 1970-2017 model’s median projection, within their 95%-confidence bands.

Figure 2.8 compares the average improvement rates over a long horizon for select
high ages. For the females, improvement rates are similar in both models over the
short term; the height of the light-red bars align with the dashed lines. On longer
horizons, however, the SAINT model gives rise to increasing rates of improvements
endogenously within the model as the frailty composition changes over time. The
Lee-Carter model and many of its descendants cannot predict rates of improvements
higher than those observed historically and are therefore likely to be understating
future increases in old-age mortality, even for large and stable datasets. In fact, the
likeness between forecasts seen in Figure 2.7 is deceptive; the cohort life expectancy
for a newborn female in 2017 is 94.81 years in the SAINT model, but nearly 2 years
less in the Lee-Carter prediction at 92.96 years. For the males, the overall level of
the improvement rates is higher in the SAINT forecast as a result of the genders
being tied together compared to the Lee-Carter predictions where this is not so.
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Figure 2.8: The panels show predicted average rates of improvement for select ages using
the SAINT model estimated on the full data period 1970-2017. Female rates are shown in
the left panel and male rates in the right. The corresponding improvement rates for the
Lee-Carter model are superimposed as the dashed lines.

2.5.4 Spread Modelling

Given an underlying model for reference population mortality, we model mortality
in the target population as deviations from the trend. As the name suggests, the
trend should capture the main features of the mortality evolution and the spread
should therefore be a model flexible enough to adequately fit observed mortality in
the target population but introduce as little complexity as possible.

Since Plat (2009), common practice is to take a regression approach using a linear

structure
Dtarget (t, 33) ~ POiSSOD([Ltarget (t, x)Etarget (t, Jj)), (259)
fitarget (£, ) = piree(t, ) exp (y, 72 , (2.5.10)
with parameters y; = (y1.4,-..,Yp.t) € RP describing the evolution of the spread
over time and age-dependent regressors 1, = (r14,. .. 77‘1,@)—'— € RP. Any standard

GLM-routine can be used to fit the model by specifying a Poisson family with a
log-link.

The original version of SAINT used a parsimonious model for the spread describing
just its level, slope and curvature. While this model performed respectably, it
became clear from a practical point of view that the fit of target population mortality
was simply unconvincing when plotted on log-scale against empirical data, a plot
frequently reported to the FSA and the Board of Representatives. To improve the
fit, the three regressor model was replaced with a five regressor model

ri» = min(1l, max(0, z; — z)/20), € {1,...,5}, (2.5.11)

where (z1, 2, x3,24,25) = (40,60, 80, 100, 120), so that regressors are one until a
given breakpoint after which they decrease linearly to zero over the course of 20 years.
Even though a model with evenly spaced knots has obvious practical advantages,
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there are now methods available to explore the optimal choice of the number and
location of the knots in spline models, see Kaishev et al. (2016). The chief reason
for choosing the regressors above is that ro,r3, and r4 are equivalent to the three
regressor model specified by the Danish FSA for their longevity benchmark, cf. Jarner
and Mpgller (2015), giving credence to the credibility of (2.5.11) in the eyes of the
regulator.

Spread Forecast

Since it is the trend that governs long-term mortality behaviour, the time dynamics
used for forecasting should ensure that the spread remains bounded in probability.
We use a (stable) vector autoregressive model,

Yt = Aye—1 + vy, (2.5.12)

with A being a p X p matrix and v; mean-zero Gaussian errors. We note that even if
data appears stationary, e.g. Figure 2.9, maximum likelihood estimation of the VAR-
model (2.5.12) does not necessarily yield stationarity and more sophisticated models,
e.g. including additional lags, may have to be used. Alternatively, stationarity can
be imposed by putting a curb on the eigenvalues of A such that they lie within the
unit circle.

In practice, restricting A to be a diagonal matrix with diagonal elements 0 <
Ay < 1, works well in terms of stability and is easy to communicate to non-specialists
as deviation half-life. For instance, the Danish mortality curve moves more or less in
unison with the international trend and there are no signs of an impending catch-up.
Simply imposing A = 0.991, with I being the identity matrix of size p, corresponds
to a deviation half-life of about 69 years and results in the forecast depicted in
Figure 2.9.

The figure epitomizes the advantage of the SAINT projection methodology. In a
typical country-specific projection, exemplified by the Lee-Carter forecast, the recent
stagnation in Danish life expectancy makes the data window a critical component of
the analysis. The Lee-Carter model extrapolates past trends and even if based on very
recent data periods, it is likely to understate future improvements in especially old-
age mortality. Using the SAINT methodology the long-term trend is determined by a
large pooled set of countries which serves as a stable reference for small populations
that exhibit substantial variability. Rather than basing long-term projections on
irregular national rates of improvements, we can frame the development as short- to
medium term deviations from the trend. Having a point of reference also makes it
possible — even for non-specialists — to visually gauge if the projection is reasonable.

Although only the Danish data are modelled here, the SAINT framework is easily
adapted to other populations of interest. All that is required is a separate VAR model
for the spread between the (new) target population and the trend. The assumed



48 CHAPTER 2. JARNER & JALLBJORN (2022)

Data x  International data Forecast — SAINT international --- Lee-Carter 1970-2017
e Danish data ===+ SAINT national
Female Male

Life expectancy
R »

IN]
o

1980 2000 2020 2040 2060 1980 2000 2020 2040 2060
Calendar year

Figure 2.9: Actual and forecasted remaining period life expectancy for a 60-year-old.

stationarity of the spread will ensure that deviations from the trend are bounded.
Multi-population analyses will therefore not exaggerate short-term differences or
lead to diverging projections. All in all the SAINT methodology opens for a unified,
flexible and robust forecasting approach, which is applicable to a wide range of

populations despite their possibly unsteady development.

2.6 Concluding Remarks

A large and growing body of literature focuses on theoretical properties of mortality
models and achieving accurate mortality forecasts. However, there are a number of
desirable model properties besides theoretical ones that determine the success and
applicability of a mortality model in practice. In this paper, we reviewed the lessons
learned from more than a decade of experience with the SAINT model in use at
ATP and the model modifications that have followed.

The main improvement over the original SAINT model was the generalization of
frailty models from deterministic structures to a flexible class of stochastic mortality
models, offering a general way of combining essentially any mortality model with
frailty. This sets the work apart from the typical use of frailty which rely on
matching parametric forms with closed-form expressions. We demonstrated how
frailty extended mortality models dramatically improve the historical fit of even
simple age-period structures and provide more realistic projections of improvement
patterns on longer horizons. Obviously, frailty on its own is not enough to explain
the complex dynamics of mortality, but helps capture essential features observed in
the data otherwise addressed by ad hoc methods.

Although the original SAINT model was explicitly designed with stability in
mind, we underestimated the effect that annual data updates could have on best
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estimate projections. This lack of robustness was primarily rooted in the model’s
time dynamics whose parameters were estimated freely. In the trend, the long-run
equilibrium relation between male and female mortality was overly sensitive to
small changes in observed patterns, while the autoregressive model used to forecast
the spread between reference and target population mortality did not guarantee
stationarity. The issues were resolved by imposing sensible structural restrictions on
the time dynamics of the model.

Even with well-behaved time dynamics, model stability is still challenged by
outliers. In light of the COVID-19 crisis, it may not come as a surprise that a reference
population — even when built from a large and geographically dispersed group of
countries — will not guarantee stability under annual data updates. Nevertheless, we
were taken by surprise by how deeply events like severe flu seasons impact reference
mortality levels. Because of our globally connected world, infectious disease outbreaks
cannot be diversified away by simply adding more countries to the data pool. We
expect these types of fluctuations to be temporary rather than part of a lasting trend
and measures to dampen their effect are indispensable in practical applications. This
is an important issue for future research.

While accuracy, stability and flexibility requirements all pertain to model perfor-
mance, there are certain properties in practical applications that do not. Governance
rules entail an obligation on the part of the modeller to report, explain and justify
outputs, some of which might not even have any direct practical implication, for
example, in a pension fund context, how fitted death rates among the very young
compare to actual rates. A poor fit in this age group will not affect the calculation of
technical provisions in any way but may seriously detract from the model’s credibility
in the eyes of non-specialists. As modellers, we should be aware of this, partly
external, desire for model explainability.
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2.A Positive Stable Frailty

Hougaard (1986) introduced a family of generalized stable laws which includes the
two most often used frailty distributions for mortality modelling, namely the Gamma
and inverse Gaussian distributions, see e.g. Vaupel et al. (1979), Hougaard (1984),
Butt and Haberman (2004), Jarner and Kryger (2011), and Sprecuw et al. (2013).
The family is obtained by exponential tilting of stable densities with index a € [0, 1).
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The stable laws themselves only have moments of order strictly less than «, while
moments of all orders exist for the exponentially tilted densities. From the original
three-parameter family we obtain a two-parameter family by imposing the condition
that mean frailty is one.

When Z follows a generalized stable law with index a € [0,1), mean one and
variance o2 the Laplace transform and mean frailty are given by

025\
l—«o 1_(1+1—a>
2 )

L(s) = exp (2.A.1)

g

a—

o

a2 M(t, x)> . (2.A2)

2

E[Z|t,z] = <1 +-Z Mo(t,x))a_l - (1 +

l1—«

11—«

The stated formulas are obtained from Hougaard (1986) using the parametrization
0=(1-a)/o?and § = [(1 —a)/c?]'0.

The generalized stable law specializes to the inverse Gaussian distribution for
a = 1/2 and to the Gamma distribution for the limiting case a = 0 defined by
continuity. While both Gamma and inverse Gaussian densities exist in closed form,
generally (tilted) stable densities exist only as a series representation, cf. Hougaard
(1984). Since the closed form expressions for the Laplace transform and mean frailty
(2.A.1)-(2.A.2) are all we need for estimation and forecasting purposes, this is not
problematic.

Arguably, the Gamma distribution is the most widely used frailty distribution. It is
well-known that Gamma frailty in combination with Gompertz or Makeham baseline
intensities lead to a cohort rate of the logistic type, and has been found to describe
old-age mortality very well, see e.g. Thatcher (1999); Cairns et al. (2006). Gamma
distributed frailty is also mathematically tractable and allows explicit calculations of
many quantities of interest, e.g. frailty among survivors at a given age is Gamma
distributed with known scale and shape parameters, cf. Vaupel et al. (1979).

It is generally found that Gamma frailty and the associated logistic form provides
a better description of old-age mortality than inverse Gaussian frailty, see e.g. Butt
and Haberman (2004) and Spreeuw et al. (2013). Furthermore Abbring and Berg
(2007) show that for a large class of initial frailty distributions the frailty distribution
among survivors converges to a Gamma distribution as the cumulated rate tends to
infinity. Thus overall the Gamma distribution is a good default choice.

2.B Estimation of a Competing Risks Model
We consider the competing risk model of (2.4.9)-(2.4.10), i.e.

D(t,x) ~ Poisson ([p1s (¥, 0r, 1z, €, &) + 16 (G, E2)] E(, 7)), (2.B.1)
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where we have made u,’s dependence on the vector of background parameters explicit.
Selective and background mortality are given by

s (0, 06,712, G, €) = Vi (v, {M(t, 2, C, 1) F (01,2, (2B.2)

16 (Ces &) = GGy €a), (2.B.3)

for a fixed value of ¥. Imagine that deaths were recorded according to the (hidden)
sources

Dg(t,x) ~ Poisson (E(t, ) s (¥, 04, M2, ¢, £)) (2.B.4)

Dy (t,x) ~ Poisson (E(t, ) pp (e, €x)) (2.B.5)

with D and D, mutually exclusive so that D(t,z) = Dg(t,z) + Dp(t,z). Even
though D and D; do not necessarily exist and hence are not “missing” in the usual
sense of the word, we can still use the EM-algorithm based on the missing data
interpretation of the model. Note that ¢ and & are estimated from (2.B.5), while 6
and 7 are estimated from (2.B.4) with ¢ and £ kept fixed at their current value.

Omitting time and age indices for ease of notation the expectation step is then
to compute the complete data log-likelihood given death counts D and current
parameter estimates from iteration ¢ — 1,

Q(ea m, C7 5) = E[E(ea 7, C> é-) | Da 91'—17 77i_17 Ci_17 gi_l]a (2B6)

where a death is distributed according to a Bernoulli trial with a success parameter
depending on the weight of the cause-specific death rate, i.e.

i1 i1 el el P ps (01 i L e )
DD, 0", ("¢ BIH<D7HS(92'17771'1’<¢1,§¢1)+m)(@1’5¢1) ’
(2.B.7)

Mb(ci—17£i—1) )
N L E) (¢, 6 )
(2.B.8)

Db‘Daei_lvni_17Ci_l7€i_l ~ Bin D7 i
/uLS(ezfl7

under the assumption that the likelihood factorizes so that

00,1,¢,€) = £s(0,m | Ds, ("1 ETH) + 6(¢, € | Dy). (2.B.9)

The maximization step consists of maximizing (2.B.6) to obtain the i’th parameter
estimate, i.e. estimating the two marginal mortality models with death counts

Dy =E[D, | D,0" 'y~ 1, ¢ ¢, (2.B.10)
Dy=E[Dy| D, 71, ¢7H e (2.B.11)
The E-step and M-step are iterated until converge.

In summary, the model (2.4.9)-(2.4.10) is estimated by optimizing the profile
log-likelihood function (2.4.14), which for fixed frailty parameter ¢ is computed by
the following algorithm.
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. Initialize 6°,7°,¢0, €0 and set i = 1.

. For all t and z in the data window compute M (¢, 2, (*=1, £~1) and set

oft,x) = V(v {M(t, 2, ¢ €7}, (2B.12)

. Compute #* and 7° as the maximum likelihood estimates of the model

Dy (t,x) ~ Poisson (c(t, z)E(t, z)F(0¢,m2)) (2.B.13)

with death counts

c(t, ) F(0; ", mi ")

Dy(t,x) = D(t, ) P F
c(t, ) F(OI Y i~ Y + G(¢it, &7 h)

: (2.B.14)

. Compute ¢* and £ as the maximum likelihood estimates of the model

Dy (t,x) ~ Poisson (E(t, )G((t, &) (2.B.15)

with death counts

GEhey
(L) P ) + GG e

Dy(t,x) = D(t,x) (2.B.16)

. Increase ¢ by one.

. Repeat steps 2—5 until convergence.



Chapter 3

Pitfalls and Merits of Cointegration-Based
Mortality Models

This chapter contains the manuscript Jarner and Jallbjorn (2020).

ABSTRACT

In recent years, joint modelling of the mortality of related populations
has received a surge of attention. Several of these models employ cointe-
gration techniques to link underlying factors with the aim of producing
coherent projections, i.e. projections with non-diverging mortality rates.
Often, however, the factors being analysed are not fully identifiable and
arbitrary identification constraints are (inadvertently) allowed to influence
the analysis thereby compromising its validity. Taking the widely used
Lee-Carter model as an example, we point out the limitations and pitfalls
of cointegration analysis when applied to semi-identifiable factors. On the
other hand, when properly applied cointegration theory offers a rigorous
framework for identifying and testing long-run relations between popula-
tions. Although widely used as a model building block, cointegration as
an inferential tool is often overlooked in mortality analysis. Our aim with
this paper is to raise awareness of the inferential strength of cointegration
and to identify the time series models and hypotheses most suitable for
mortality analysis. The concluding application to UK mortality shows
by example the insights that can be obtained from a full cointegration
analysis.

JEL classification: C32, J11.
Keywords: Mortality modelling, Lee-Carter model, CBD-model, cointegration,
coherence, identification invariance.
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3.1 Introduction

Mortality models have many applications in areas such as demography, epidemiology,
economics and actuarial sciences. In some applications we are interested in a single
life expectancy projection, e.g. a unisex projection for a given country, but in
many cases we are more interested in simultaneous projections for groups of related
(sub)populations. Examples of the latter include joint modelling of males and females
in a population, coherent forecasts for countries in a given region, projecting the
life expectancy of smokers and non-smokers, modelling of insured lives relative to
a national population, and assessing the effectiveness of a mortality hedge with
the presence of basis risk; see e.g. Chen and Millossovich (2018), Kleinow (2015),
Bergeron-Boucher et al. (2017), Janssen et al. (2013), Jarner and Kryger (2011),
Cairns et al. (2011b), Dowd et al. (2011), and Cairns et al. (2011a).

Models applied independently to separate populations often lead to diverging
forecasts. This is the case even for closely related populations. Tuljapurkar et al.
(2000) found that applying the model of Lee and Carter (1992) separately to the G7
countries over a 50-year forecast horizon resulted in a life expectancy gap between
the countries as large as eight years; despite the countries sharing long-term trends in
mortality and convergence of social and economic factors. The projected divergence
is due to small differences in the timing and magnitude of historical improvements
being magnified by the separate analyses.

Joint mortality models are based on an assumption of non-divergence, or coherence,
of mortality rates of the group of populations under consideration. Coherence is
typically achieved by imposing a specific structure of the joint time series model used
for forecasting factors driving mortality improvements in each population. Formally,
the factors are assumed to cointegrate, i.e. to exhibit stationary relations preventing
them from diverging. Cointegration theory offers a rigorous statistical framework for
identifying and testing such stationary relations. However, this framework is rarely
exploited in full since the structure is often imposed rather than tested, see e.g. Li
and Lee (2005), Li and Hardy (2011), Dowd et al. (2011), and Cairns et al. (2011b).

The purpose of the present paper is twofold. First, we wish to advocate that
cointegration analysis has more to offer than assuring coherence. Indeed, we will
demonstrate the insights and “surprising” models that can arise from a full analysis.
Second, we wish to highlight some of the pitfalls and limitations of cointegration
analysis when applied to factors that are not fully identifiable, e.g. the mortality index
of the popular Lee-Carter model. The overall message is that cointegration-based
mortality models have much to offer as an inferential tool, but also that extreme
care must be exercised when dealing with semi-identifiable factors often encountered.
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3.1.1 Cointegration

Cointegration is rooted in econometrics. It was introduced by Engle and Granger
(1987) as a methodology for testing for stationary relations between non-stationary
time series. The basic idea is that if two variables share a (stochastic) trend, it
might be possible to find a linear combination of the variables that cancels the
trend resulting in a stationary process. The linear combination is referred to as a
cointegrating relation. The Engle-Granger methodology is limited to only a single
cointegrating relation, while the more general and comprehensive setup developed
by Johansen (1995) allows for an arbitrary number of variables and cointegrating
relations, at least in principle. In effect, each (linearly independent) cointegrating
relation reduces the dimension of the “driving forces” of the system by one.

While the aim of an econometric analysis is to infer and interpret the (economic)
system, the typical focus of a mortality analysis is to produce a plausible forecast with
proper quantification of the uncertainty. With the aim of improving gender-specific
mortality forecasts, Carter and Lee (1992) suggested cointegration as a possible
tool. In recent years, there has been a proliferation of papers using cointegration
techniques to obtain coherent forecasts, see e.g. Darkiewicz and Hoedemakers (2004),
Lazar and Denuit (2009), Njenga and Sherris (2011), Gaille and Sherris (2011),
Yang and Wang (2013), Hyndman et al. (2013), Zhou et al. (2014), Hunt and Blake
(2015¢), Salhi and Loisel (2017), and Li and Lu (2017). Many of the authors arrive
at complex, high-dimensional models which are difficult to interpret, but potentially
good at forecasting.

We find that, although cointegration can certainly be used as a tool to impose
coherence, the real strength of cointegration lies in inference and interpretation.
We believe that this aspect is largely absent in the actuarial literature and that
important subject knowledge can be gained from a more statistical approach to
mortality modelling, a point also made by Arnold and Sherris (2016). A number of
the cited papers do in fact test for cointegration rank as part of their model selection,
but formulating and testing hypotheses on parameters is not part of the analysis.
The primary aim of this paper is to demonstrate the value of cointegration-based
inference in a mortality context.

Cointegration theory is a technically sophisticated field and some preliminary work
is needed to establish the type of cointegration models and hypotheses suitable for
mortality modelling. Once established, we present a cointegration analysis of male
and female UK mortality. We consider both a two-dimensional analysis based on the
Lee-Carter model and a four-dimensional analysis based on the logistic two-factor
model of Cairns et al. (2006). In principle, any number of factors can be analysed,
but to aid interpretation and the formulation of hypotheses it is useful to consider
only a moderate number of factors.
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3.1.2 Identifiability

Many mortality models, including the Lee-Carter model and its many variants, are
overparametrized and parameters are therefore only identifiable after adding one or
more constraints. In the Lee-Carter model, for example, two constraints are needed
to ensure identification of the time-varying index and the age-specific parameters.
By definition, the fitted mortality rates are unaffected by the identification scheme,
but the forecasted mortality rates are not necessarily unaffected. Forecasts are based
on time series models for the time-varying parameters and these models might not
be invariant to the identification scheme.

Several recent papers have addressed the issue of identifiability and forecasting
in mortality models, see in particular Nielsen and Nielsen (2014), Kuang et al.
(2008), Hunt and Blake (2015a,b), Hunt and Blake (2018), and Beutner et al. (2017).
In summary, this body of work shows that for forecasts to be unaffected by the
identification scheme the time series model should be flexible enough to “preserve”
reparametrizations, i.e. forecasting and reparameterizing should be interchangeable
operations. As Hunt and Blake (2018) point out, this seemingly innocent requirement
can in fact be at odds with model structures imposed to achieve coherence. We will

return to this point later in the paper.

Identifiability issues affect the interpretation of parameters and — unless properly
addressed — might lead to conclusions resting entirely on arbitrary constraints.
Non-trivial issues arise even in the standard setting of an age-period model of the
Lee-Carter type, and the complexity of the issues increase rapidly with the number
of time-varying indices, see Hunt and Blake (2015b). Further issues arise in joint
models with cointegrating parameters, which is the focus of this paper. In this case,
the semi-identifiability of the parameters severely limits the choice of meaningful
time series models and hypotheses.

To guarantee identification invariant inference, Nielsen and Nielsen (2014) advocate
an approach based on maximal invariants of reduced dimensionality in terms of
which all estimation and forecasting must be formulated. Although theoretically
elegant, researchers might be reluctant to adopt this idea, since the interpretation
of the original parametrization is lost. Also, we fear that the approach adds to the
impression held by many that identifiability concerns are an esoteric topic which
overcomplicate simple problems. In contrast to Nielsen and Nielsen (2014), we do
not develop any formal theory in this paper, but rather illustrate by examples some
of the pitfalls and problems of semi-identifiability. Hopefully, our exposition will
be both accessible and illuminating to a wide audience. We also prefer to retain
the original parametrization of the models to make the examples as relevant and
familiar as possible. In these respects, our work is similar in spirit to the analysis of
the gravity model presented in Hunt and Blake (2018).
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3.1.3 Outline

The rest of the paper is organized as follows. In Section 3.2 we introduce the
mortality models we will use as examples throughout and we discuss identification
issues in the familiar setup of the Lee-Carter model. Section 3.3 covers background
information on cointegration theory, while Section 3.4 specializes the discussion
of cointegration to mortality models and illustrates the problems with applying
cointegration to semi-identifiable parameters. Section 3.5 contains a comprehensive
analysis of UK mortality data applying cointegration techniques to both the semi-
identifiable Lee-Carter model and the fully identified model of Cairns et al. (2006).
Finally, Section 3.6 offers some concluding remarks.

3.2 Mortality Modelling

The object of study for mortality models is the age-specific death rates (ASDR’s)
in a given population. We assume that data consist of death counts, D; ., and
corresponding exposures, F; ,, over time-age cells of the form [¢,¢ 4 1) X [z, 2+ 1) for
a range of calendar years t and (integer) ages x. We also assume that the underlying
force of mortality, p¢ ., is constant over each of these cells. It then follows that
E[D; ] = w2 E[E: ], where E denotes the expectation operator.! The observed
death rate is defined as the ratio m; ; = Dy /FE; .. This is commonly used as an
(empirical) estimate of the underlying force of mortality. When considering more
than one population we add an identifying superscript, e.g., N’é,m denotes the force of
mortality at time ¢ and age = in population .

Most mortality models capture the time evolution of mortality rates (the period
effect) by one, or more, time-varying indices (factors), k;. Below we introduce the
one-factor model of Lee and Carter (1992) and the two-factor model of Cairns et al.
(2006).

3.2.1 The Lee—Carter Model

The single population model proposed by Lee and Carter (1992) is used in a great
number of mortality studies due to its simplicity and ease of interpretation; the
ASDR’s are modelled by a log-linear relation where an age-dependent a,, describes the
general shape of the force of mortality and a single time-varying index, k;, describes
the speed of mortality improvements, governed by an age response b,. The model is
given by

logmy y =1og .o + €t 0 = g + byky + €1 4, (3.2.1)

IMore precisely, E denotes the conditional expectation given [it,x, since iz o is itself a stochastic
quantity. Thus, E averages over the random times of death given the force of mortality. Note that
the exposure is also a stochastic quantity since it depends on the life spans. For modelling purposes,
we (implicitly) condition on the exposures by treating them as fixed.
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2

where ¢, are homoscedastic error terms with mean 0 and variance oZ.

We note that the model is invariant under the parameter transformations
{ag , by, Kt} — {az —bsc, by/d, d(ki+ )}, (3.2.2)

where ¢ € R and d € R\ {0}, in the sense that these transformations all yield the
same model for logm; .. In other words, the parameters are not fully identifiable
since k; is only determined up to a linear transformation, b, up to a multiplicative
constant, and a, up to a shift proportional to b,. To ensure identification, the
parameters are typically subject to the constraints

k=0, Y b.=1 (3.2.3)
t T

In Lee and Carter (1992) the parameters are estimated by ordinary least squares
(OLS), i.e. by minimization of the quantity », ,(logm¢ . — az — b.k:)?. Under the
constraints (3.2.3), G, equals the time average of logmy ,, and lA)z and I%t can be
obtained from the first component of a singular value decomposition of the matrix
{logmy s — Gy }i.. The parameter estimates thus obtained equal the maximum
likelihood estimates under the additional assumption that the errors are normally
distributed.?

The assumption of homoscedastic errors is questionable as we would expect
observed death rates to fluctuate more when death counts are low. In addition,
the use of OLS has the practical problem of how to handle cells with zero death
counts frequent in small data sets. In the application to UK data we use instead the
Poisson variant of the Lee-Carter model proposed by Brouhns et al. (2002). The two
Lee-Carter variants have the same parametric structure and the points made later
regarding identification issues in relation to forecasting and cointegration analysis
therefore apply to both of them.

Forecasting
The time-varying index is typically modelled as a random walk with drift,

kt = kt,1 + 0 + &, (324)

where 6 is the drift and the ;s are i.i.d. N'(0,02). The drift and variance are
estimated by the sample mean and sample variance, respectively, of the differences
ky — ko

Let T denote the last year of data. Forecasting is based on the conditional
distribution of kry, given kp = l%T; we have for h > 1

kronlby = by ~ N (kr+ 10, h6?) (3.2.5)

2Lee and Carter (1992) contains a second stage adjustment of the parameters to reproduce the
actual number of deaths each year. We do not consider this adjustment here.
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from which forecasts and confidence intervals can be derived. In particular, a (median)
forecast of future mortality rates is given by

AT 4h,e = €Xp (&m + by []%T + héD = [I7 ¢z €Xp (hél;w> . (3.2.6)

Coherence

The concept of coherent forecasts was introduced by Li and Lee (2005) and formalized
by Hyndman et al. (2013). Mortality forecasts for two populations are said to be
coherent if the relative mortality rates converge for each age z,

fi

N2
/ut,ac

— R, t — oo, (3.2.7)

for positive, age-specific constants R,. When producing forecasts for populations
with historically similar mortality evolutions, the concept of coherence formalizes
the intuitively desirable property that the forecasts should reflect these similarities.

On the other hand, coherence is a rather strict requirement which will generally
not be satisfied by forecasts obtained by applying e.g. the Lee-Carter model to
separate populations. Indeed, it follows from (3.2.6) that in a Lee-Carter setting a
necessary and sufficient condition for coherence is that §! = 62 and [A);, = IA)g for all z.
In practice, of course, this will never happen. With the aim of obtaining coherent
forecasts for a group of populations, Li and Lee (2005) proposed the augmented
common factor model

log miL = log ,uiL + 5%; =a’ + B, K; + bLki + 521 (3.2.8)

This model produces coherent forecasts when the population specific indices, k{, are
modelled as stationary processes, e.g. AR(1)-processes. The common factor, K;, can
be non-stationary, e.g. a random walk with drift as in the original Lee-Carter model.

The notion of coherence has undoubtedly been very influential in setting the
standard for joint forecasts. Indeed, many joint mortality models have been devised
with the specific aim of achieving coherence, as mentioned in the introduction. The
model of Li and Lee (2005) can be seen as an early and very direct way to ensure
coherence by equating the driving factors, while the more recent approaches typically
combine a specific structure with cointegrating relations, e.g. Dowd et al. (2011).
Generally, cointegrating relations do not guarantee coherence, although in the Lee-
Carter setting the two concepts are closely linked. We will return to this point in
Section 3.4.3.

It can be argued that coherence is too strict a requirement and that models enforc-
ing coherence risk violating the historic pattern of covariation between populations,
see Hunt and Blake (2018). Arguably, it is better to identify cointegrating relations
which restrict the joint forecasts in plausible ways, than to insist on coherence. This
point will be illustrated in the application section.
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3.2.2 The Cairns-Blake-Dowd model

Originally made to accommodate the British pension market, the model of Cairns
et al. (2006) focuses primarily on the post-age 60 mortality curve and the pricing of

immediate life annuities. The model fits the mortality curve by a logistic curve3

logit (¢s..) 2 log (%,x > =k + keo(z — ), (3.2.9)
' 1—Gta ’ '

where T = % Zi x; is the arithmetic mean of the N ages considered and ¢, =

1 — exp(—ps,z) is the probability for an individual aged = at time ¢ to die before

t + 1. Note that the logit transform is well-defined since ¢ lies between 0 and 1. We

also note that q; , ~ p¢ 5 for small pu 5.

Under the CBD model the logit-transformed curve of death probabilities is linear
in age with time-varying parameters. The first index is the level of the line, and a
decreasing trend in k;; thus represents an overall improvement in mortality over
time. The second index is the slope of the line, and an increasing trend in k; o thus
implies a steepening of the mortality curve. The model is fully identified, since there
are no invariant parameter transformations.

As is customary, we treat the model as a generalized linear model (GLM) within
the binomial family with its canonical logit-link function. In principle, parameters
can also be estimated by maximum likelihood assuming Poisson distributed death
counts, see Currie (2016) for a comparison of the two approaches. The points made
in this paper apply regardless of how parameters are estimated.

Forecasting

Forecasting is performed assuming a bivariate random walk with drift for the two
time-varying indices

ki1 _ ke_11 n 01 ten e ~MN(0,). (3.2.10)
ko kt—1,2 02

This projection method entails a dependency structure between the two time-varying
indices by allowing for covariation, but omits the possibility of the indices being
directly affected by the previous value of one another. As for the Lee-Carter model,
the argument for the use of a random walk with drift is that it is often adequate to
describe the data. Of course, if deemed necessary, more complicated ARIMA models
can be used.

In the application section we shall model female and male mortality by two CBD
models with cointegrating parameters. This will give rise to a sort of “logit coherence”
rather than the usual (log) coherence.

3The use of a logistic model as a suitable choice for examining age patterns of human adult
mortality is well established, see e.g. Thatcher (1999).
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3.2.3 Identification Invariance

Identification issues arise in many fields of statistics, and mortality modelling is
no exception. The problem arises from the fact that many (mortality) models are
overparametrized such that there exist different sets of parameters yielding the same
fit. From a statistical point of view all these sets are equally good, but to perform
the analysis in practice the researcher has to choose one specific set. Therefore,
constraints are imposed identifying one of the equivalent parameter sets over the
others. The question now arises whether the (arbitrary) choice of constraints influence
the forecast, and more generally the statistical inference.

To illustrate the problem, consider the familiar case of the Lee-Carter model as
introduced above. Let (a,, BI, l%t) denote parameter estimates under the constraints
(3.2.3), and consider the equivalent parameters (d, by, kt) = (g — by, by /d, d[ky +¢])
for given ¢ € R and d € R\ {0}. We forecast the time-varying index by the random
walk with drift of (3.2.4). Using the mean difference as estimator for the drift we
have § = dé, and thereby 0b, = él;m for all z. Since also fir; = fir 4, it follows from
(3.2.6) that for h > 1

v = ira exp (100, ) = iz exp (hh, ) = iz (3.2.11)

This shows that the forecast obtained by the standard Lee-Carter method is in fact
invariant to the chosen identification scheme.

However, consider now the case where the time-varying index is modelled as the
random walk with drift of (3.2.4), but with a fixed drift term 6 = 6. We then have

AT he = [0 XD (haoéz) = fir.s exp (haoém /d) , (3.2.12)

which only equals fir4p,, when 63b, = 0. Hence, the forecasts will only be the same
if 0o =0 (or b, = 0 for all x). Mathematically, the problem is that forecasting and
reparametrization are no longer interchangeable operations or, in other words, the
restricted forecasting model has different meaning for different parametrizations. One
might argue that this is a contrived example as one would never consider this model,
but very similar problems arise in cointegrated models where the identification of
meaningful hypotheses is much less obvious.

Despite the ease with which specific problems related to lack of identification can
be identified, it is surprisingly hard to formulate and justify a general principle that
models and inferential procedures must adhere to.* Indeed, suggested principles often
sound a bit vague: Hunt and Blake (2018) use the term “well-defined” for models

4Part of the problem seems to be that some researchers consider the constraints as an intrinsic
part of the model, and not merely as (arbitrary) mathematical constraints needed for identification.
From this perspective, different constraints imply different models and therefore “naturally” lead
to different forecasts (even though the models are statistically identical in terms of describing the
observed data).
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giving the same projected mortality rates for any set of identifiability constraints,
and Nielsen and Nielsen (2014) talk about “avoiding arbitrariness resulting from
the identification process”. We propose to use the term “identification invariance”
when reparametrization and inference (including forecasting) are interchangeable, cf.
Figure 3.1. We consider identification invariance a fundamental property of a sound

statistical analysis.

Schematically, identification invariance is similar to the classical notion of “para-
metrization invariance”, see e.g. Lindsey (1996). However, where parametrization
invariance requires inferential invariance to all one-to-one reparametrizations, identi-
fication invariance requires only invariance to parameter transformations induced by
different identification constraints. In practice, this amounts to inferential invariance
to a specific set of linear parameter transformations. Note that, since time-varying
parameters are typically modelled by linear time series models, the inference is
generally not invariant to non-linear parameter transformations, i.e. the inference is

generally not fully parametrization invariant.

Mortality Reparametrization | Mortality
model ' model
Inference Inference
A 4 A 4
Conclusion/ .| Conclusion/
forecast Reparametrization forecast

Figure 3.1: Illustration of identification invariance whereby the same inferential conclusion
is reached for both the original and the reparameterized model. Here, inference refers to all
aspects of the statistical analysis, e.g., parameter estimation, model selection, hypothesis
testing, forecasting, prediction intervals etc.

3.3 Cointegration Theory

In the following we give a brief introduction to cointegrated vector autoregressive
(VAR) models, including interpretation and testing of hypotheses; unless explicitly
stated otherwise, the exposition relies on Johansen (1995). In the subsequent sections
this framework will be applied to mortality modelling.

A p-dimensional VAR(k)-model is a model of the form

ye=Ihyi 1+ ... + gy, x + PDy + &4, (3.3.1)
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where e; ~ N,(0,X) are i.i.d. errors and D; contains all deterministic terms such
as constant, trend and dummy variables. The evolution of each variable in the
VAR-model is based on its own lagged values as well as the lagged values of the
other variables in the system. This formulation highlights the short-term dynamics,
while possible long-run relations between the variables are hard to discern. In order
to study long-run relations we introduce the notion of cointegration. First a few
preliminary definitions.

A linear process is defined by y; = Z?io C,e;_;, where e; are i.i.d. with mean
zero and finite variance and C(z) = Y ;o C;2" is convergent for |z| < § for some
0 > 1. An I(0) process is a linear process with the additional requirement that
Z?io C; # 0, or such a process with a deterministic trend added.?

The difference operator, A, is defined by Ay; = y+ — y+—1. A stochastic process
v+ is called integrated of order 1, or I(1), if A(y¢ — E[y:]) is an I(0) process. Loosely
speaking, the stochastic component of an I(1) process behaves like a random walk.

Definition 3.3.1. Let y; be integrated of order 1. We say that y; is cointegrated
with cointegrating vector B3 # 0 if By, — E [ﬂ/yt] admits a stationary distribution.
The cointegrating rank is the number of linearly independent cointegrating vectors,
and the cointegration space is the space spanned by the cointegrating vectors.

3.3.1 The Vector Error Correction Model

We are interested in conditions for the VAR-model to be integrated of order 1. For
this purpose we subtract y;—; from both sides of (3.3.1) and rearrange terms to
obtain the equivalent vector error correction model (VECM), where the increment is
expressed in terms of differences, lagged differences and the level of the process itself

k—1
Aypznm_r+§:nAyF,+@Dt+sh (3.3.2a)
=1
II=TL +...+10;) — 1, (3.3.2b)
PZ:—(H1+1++H1€), ’L:].,,k—]. (332C)

The behaviour of y; is most easily studied in terms of its characteristic polynomial
given by A(z) = (1 —2)I—-1IIz — (1 — 2) Z;:ll Tz with determinant |A(z)|. If A
has a unit root then IT = —A(1) is singular and the process is non-stationary. In
this case, r = rank(II) < p and there exist two p x r matrices a and 3 such that

I=ag. (3.3.3)

This is essentially the requirement for 1(1). However, to avoid explosive and seasonal
roots and to ensure invertibility we also need the following technical condition.

5Sometimes a deterministic trend is allowed in the definition of a linear process. Here, however,
we follow the terminology of Johansen (1995) whereby a linear process has mean zero.
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Condition 3.3.2. If |A(z)| =0, then either |z| > 1 or z = 1. Further, the matriz
o\ T8, has full rank, where T =1 —S¥"'T; and ay and B, are p x (p — )

matrices spanning the orthogonal complement of span(a) and span(B), respectively.

None of the matrices o, v, B or 8, are uniquely defined, but the conditions
and conclusions do not depend on which versions we use. Let I'(z) = I — Zi.:ll T,z
whereby I'(1) =T and I'(L)yo = yo — Z;:ll I';y_;, where L is the lag operator. We
can now formulate the celebrated Granger Representation Theorem in a version due
to Hansen (2005).

Theorem 3.3.3. If |A(1)| = 0 and Condition 3.3.2 is satisfied, then y; can be
represented as the sum of a random walk and a stationary process
t o]
yi=C> (ei+®D;)+ Y Cj (e + ®D;_;) + CT(L)yo, (3.3.4)
i=1 i=0

where C = B, (&/,TB,) ", and C} is defined recursively by

k—1
C;=I+INC,+Y T;AC, ,;, i=12,...,
j=1
with C§ =1—C and C*; = ... =C*, | = —C. In particular, if r > 0 then y; is a

cointegrated (1) process with cointegrating vectors (3.

Intuitively, the process evolves as a random walk in span(3 ) while at the same
time it tries to establish the equilibrium relation for 3"y, with a force that depends
on the adjustment coefficients o and the equilibrium error 3'y; — E [ﬁ’yt]

The factorization (3.3.3) defines the cointegration space, but the individual coin-
tegrating relations are not unique without further normalization. Johansen (1995)
suggests letting the first part of 3 be an r-dimensional identity matrix making for a
just-identified normalization and we adopt this approach throughout without further
notification.

3.3.2 Deterministic Terms and Trends

The deterministic term is an important part of the specification of the model
affecting both the trend of y; and the test statistics for cointegration rank. Under
the conditions of Theorem 3.3.3, the process y; has, in general, a trend of the form
C®Y ! D+, Ci®D, ;. Note that we refer to the deterministic part of y;
as a trend, regardless of its order.

In general, the deterministic terms accumulate to a trend one order higher. More
precisely, however, it is only the terms C®D; that accumulate to a higher order. To
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Table 3.1: Trending behaviour of the VECM for five nested models for the deterministic
term of form (3.3.5). Starting with no restrictions, the models are defined by successively
setting v, p1, Yo and p, to zero.

Model Deterministic term  Trend in y; E[Ayy] E [,B/yt]

Ho(r) 6o+ 641t Quadratic ~ Linear Linear
Hi(r) 6o+ apt Linear Constant  Linear
Hy(r) 69 Linear Constant  Constant
Hi(r) ap, Constant Zero Constant
Hy(r) O Zero Zero Zero

illustrate the implication of this in more detail, we consider deterministic terms of
the form

®D, = 6, + 01, (3.3.5)

for p-dimensional vectors 8y and 8;. Following Johansen (1995), we decompose each
0;as 0, = o v, + ap,. Since Ca = 0, it follows from the Granger representation
(3.3.4) that only a7, + a1v;% enters into the i’th term of the random walk
component. In particular, there is a quadratic trend in the level of process with
coefficient $Ca ;.

The decomposition of 8; gives rise to five nested models defined by restricting the
number of non-zero terms. The models and the trending behaviour they entail are
summarised in Table 3.1.

3.3.3 Cointegration Rank and Parameter Estimation

In some situations, the cointegration rank can be justified on the basis of prior
knowledge. Often, however, the cointegration rank needs to be inferred from the
data. Let H(r) denote the hypothesis that II = a3 for two p x 7 matrices o and 3.
Without further restrictions, this is equivalent to the hypothesis that rank(IT) < r.
This creates a set of nested hypotheses

HO)c---CcH(r)c---C H(p).

The cointegration rank can be determined by testing these hypotheses sequentially,
starting from H(0) and stopping when the first acceptance is encountered. The
cointegration rank is r, say, if H(0),...,H(r — 1) are rejected, while H(r) is ac-
cepted. Johansen (1995) derives the likelihood-ratio test, known as the trace test, for
performing these tests. The distribution of the test statistic is non-standard and it
depends on the specification of the deterministic term. Critical values are tabulated
in Section 15.3 of Johansen (1995) for the five models considered in Section 3.3.2.
The testing procedure is complicated by the fact that we might need to infer the
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model for the deterministic term and the cointegration rank simultaneously. We will
return to this point in the application section.

Given the (maximal) cointegration rank and specification of the deterministic
term, the maximum likelihood estimates of the parameters are obtained by reduced
rank regression. For completeness, the estimates and the trace test statistic can be
found in Appendix 3.A.

3.4 Cointegration in Mortality Models

In this section we first discuss the trend models most relevant in a mortality context.
Next, we show how the identification issues of the Lee-Carter model severely limit
the set of testable (cointegration) hypotheses. Finally, we comment on alternative
approaches to cointegration within the Lee-Carter framework.

3.4.1 Linear Trend Models

We restrict our attention to the case of analysing the period effect within a given
parametric mortality model. Assume that k¢, consisting of the combined time-varying
indices of (separate) age-period models, can be shown to form an I(1) process. This
is a reasonable assumption, since we expect the period effect to cause at least one of
the time-varying indices (for each population) to accumulate annual improvements
over time and hence to behave like a random walk with drift. In general, the
drift term itself could be time-varying giving rise to trends of all shapes and orders.
Indeed, Arnold and Sherris (2016) find quadratic trends when analysing cause-specific
mortality. However, for the purpose of this exposition we focus on linear trends only,
which are, arguably, also the only type of trends suitable for robust forecasting.

To characterize the relevant models in more detail, let us consider deterministic
terms of the form ®D; = 0¢+6,¢, where 8; = o v;,+ap, for i = 0,1, cf. Section 3.3.2.
The absence of a quadratic trend implies that «v; = 0. Hence, in the current context
the largest model of interest is H(r) of Table 3.1. Under this model, k; has the

representation

t 00
ki=7o+7it+CY e+ Y Cier;+ CI(L)ko; (3.4.1)
i=1 i=0

expressions for the intercept, 79, and slope, 71, can be found in Hansen (2005). It
can be shown that the cointegrating relations are trend stationary, i.e. they can be
decomposed as a linear trend and a stationary process, u¢, as B'k; = 3’1o — pyt +u;.
Thus parameters drift further and further apart over time even though they engage
in an equilibrium correcting relationship.

The second model of interest for mortality modelling is H;(r) of Table 3.1. This
model has p; = v; = 0, i.e. the previous model with the further restriction that
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the cointegrating relations do not trend. The level of the process still possesses a
linear trend. Demographically, the lack of a trend in the cointegrating relations is
appealing, but it cannot be assumed in advance. In the application section we will
use the statistical setup of Johansen (1995) to test for p; = 0.

Technically, it is also possible to test for further model restrictions, i.e. model Hy (r)
for absence of a linear trend altogether and model Ha(r) for zero mean. However,
neither of these latter models are relevant for modelling mortality data with period
effects.

As described in Section 3.2, applications of the Lee-Carter model and the CBD-model
often employ a simple random walk with drift to describe the time-varying indices.
In the spirit of preserving as much of the marginal structure as possible, the natural
candidate for joint modelling is therefore the VECM with zero lagged differences
and no quadratic trend

Aky = o (B'ki—1 + pit) + 00 + & = o (B'ki1 + py + pit) + orvy + & (3.4.2)

For this model, the linear trend of (3.4.1) is given by 71 = COy — (,8'04)71 P
Further, if p; =0 then 71 = COp and E [ﬂ’k] =— (ﬂ'a)_l 38y, and we have

Akt = a,@'kt_l + 00 + e = (ﬂ/kt—l —E [ﬂ/k]) + 71+ €. (343)

Models (3.4.2)—(3.4.3) will be our workhorse models in the application section.

3.4.2 Identification Invariance of Cointegrated Lee—Carter
Models

The Lee-Carter model is the predominant single population mortality model. At first
thought, it therefore seems natural to use the Lee-Carter model as the underlying
model for a joint analysis of related populations. However, it turns out that the
identifiability issues of the Lee-Carter model severely limit its usefulness for this
purpose.

The lack of identifiability of the Lee-Carter model and the consequences for
interpretation and forecasting have also been studied by other authors, see in
particular Nielsen and Nielsen (2014) and Hunt and Blake (2018). In contrast
to these contributions, we here focus on how the identifiability issues restrict the
set of testable hypotheses, i.e. the hypotheses that can form part of a statistical
analysis. More precisely, we are interested in characterizing the identification invariant
cointegration models for the time-varying mortality index of two Lee-Carter models,
i.e. the cointegration models for which forecasting and reparametrization of the
underlying Lee-Carter models are interchangeable, cf. Section 3.2.3.

Let k; = (k}, k?)" denote the vector of mortality indices of two Lee-Carter models
with given identification schemes. Assume that we choose to model this as a VECM
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with a linear trend of class H(r),

-1
Ak, = Z LAk + o (B'ki_1 + pit) + 00 + &, € ~N2(0,%). (3.4.4)
i=1
Now, consider a reparametrization of the underlying Lee-Carter models or, equiva-
lently, different identification schemes. According to (3.2.2) the vector of reparame-
terized mortality indices takes the form k; = D(k; + ¢), where D = diag(d,, d) with
dy, da € R\ {0}, and ¢ = (¢, ¢2)" with ¢1, co € R. Applying the same transformation
to (3.4.4) yields

-1
A];:t = ZDI‘iDilA’;t_i + D« (ﬁl (Dilkt_l - C) + plt) + D00 + D€t (345)
i=1
-1 o .
= Z I‘iAkt_i + o (,Blkt_l + ,Dlt) + 00 + ét, (346)
i=1
where T'; = DI'D™!, @ = Da, 3 = D!, 8, = DO, — Daf'c, and & ~
N2(0,DXD). Since D and D! have full rank, rank (a3') = rank (d,é/), and it
follows that (3.4.6) belongs to H((r) for the same value of r as in (3.4.4). Thus, in
the context of cointegrated Lee-Carter models, H{(r) is identification invariant, cf.
Figure 3.1.

Similar calculations show that the first four model classes of Table 3.1 are all
identification invariant, while the fifth, Ha(r), is not (unless » = 0). In other words,
constant and linear trends are preserved by linear transformations of the two indices
being modelled—as long as we allow all other parameters to vary freely.

While it is generally valid to impose different models for the deterministic terms,
e.g. Hi(r) or Hy(r), for freely varying parameters, it is generally not valid to test
or impose further parameter constraints. Indeed, since D is a diagonal matrix with
an arbitrary, non-zero diagonal and since & = Da and B = D13, constraints on
either & or B will typically not be satisfied by the transformed model. In particular,
the hypothesis of prime interest, 3 = (1,—1)’, is not testable, i.e. the corresponding
model is not identification invariant. Nor can we test hypotheses on the (relative)
magnitude of the adjustment coefficients. In fact, apart from the cointegration rank,
the only testable hypothesis of some demographic interest is p; = p for given p. The
p1 parameter is identifiable and can be interpreted as a 'divergence’ measure between
(related) populations.

In summary, obeying identification invariance we can infer the cointegration rank
and distinguish between the two types of linear trend models most relevant for
mortality modelling (and also between other less relevant models). However, within a
given model class we can in general not restrict parameters further without violating
identification invariance, i.e. essentially all hypotheses of interest are non-testable.
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Table 3.2: Overview of models for deterministic terms (drift) and hypotheses for pa-
rameter constraints. A check mark indicates that the model/hypothesis is identification
invariant/testable in the context of a VECM for the mortality indices of two Lee-Carter
models, and a minus sign that it is not.

Model Drift Invariant Hypothesis Testable
Ho(r) 6o+ 61t v a= Ay =
Hi(r) 6g+apt v B =Hep -
H, (T’) 6q v 6,=06 -
Hi(r) oapo v po=p +
Hy(r) 0 = pL=p v

The situation is summarized in Table 3.2. For someone interested purely in joint
forecasting of two populations this might not pose a problem. However, if the aim is
to analyse the nature of the joint behaviour in more detail, cointegrated Lee-Carter
models are of limited use.

3.4.3 Alternative Approaches of the Lee—Carter Type

Arguably, the simplest way to avoid the problems due to lack of identifiability of the
Lee-Carter model is to use another model. Indeed, if we base our (joint) analysis
on a fully identifiable mortality model, e.g. the CBD model, all (joint) hypotheses
are well-defined and testable. However, due to the familiarity and widespread use of
the Lee-Carter model some researchers might be reluctant to follow this route. For
that reason, we consider below two alternative approaches to obtain identification
invariant inference within the Lee-Carter framework.

The first approach is to impose further restrictions on the parameters of the
underlying Lee-Carter models, thereby implicitly restricting the set of identification
invariant transformations of the mortality indices. As an example of this approach,
Zhou et al. (2014) assume equality of the age response parameters of two Lee-Carter
models, i.e. b, = bl = b2 for all =,

log mi,w = log u;w + eiw =a’ + bkl + Ef;@ fori=1,2. (3.4.7)

This is similar in spirit to the augmented common factor model of Li and Lee
(2005), cf. (3.2.8). Let k; = (k},k?) denote the vector of mortality indices for
given identification scheme. Due to the constraint on the b-parameters, different
identification schemes lead to mortality indices of the form k; = d(k; + ¢), with
d € R\ {0}, and ¢ = (c1, ¢2)’ with ¢1, ¢ € R. The point to note is that, in contrast
to the situation in Section 3.4.2, the mortality indices are always scaled by the same
constant.

If k, is modelled by the VECM of (3.4.4) then k;, satisfies (3.4.6) with & = da, B =
d=13 and 6, = d6, — daB'c. We notice that the transformed adjustment coefficients
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and long-run relations are proportional to their previous values, hence hypotheses
on the relative magnitude of these parameters are testable, while hypotheses on the
“Intercepts” @y and pg are still not testable. In particular, 3 = (1, —1)’, imposed—but
not tested—by Zhou et al. (2014) in their analysis, is in fact a testable hypothesis.

In some sense the model of Zhou et al. (2014) “solves” the identification issue of
separate Lee-Carter models by imposing just enough additional structure to allow
the formulation of well-defined joint hypotheses of interest. However, it comes at
the price of a very restrictive parameter structure. It is unlikely that identical age
response parameters for two separate populations is a reasonable assumption, and in
general the model must be expected to fit data rather poorly. Also, it is a somewhat

indirect way to address the identification issue.%

In the generic mortality modelling setup considered so far one or more time-varying
factors are first extracted from data and then forecasted by a time series model. It is
tacitly assumed that the number of factors is low; the Lee-Carter model, for instance,
uses a single factor to capture the mortality evolution over time.

An alternative approach is to consider the vector of log mortality rates as a
multivariate time series (of high dimension) and model this series directly, i.e.
to model directly the N-dimensional series y; = (logmyz,,...,logm; ). By
construction, there are no factors and hence no identification issues related to factor
identification, but due to the high dimension the time series models are more complex
and harder to interpret.

Lazar and Denuit (2009) use the cointegration methodology of Section 3.2 to model
y¢. In this framework, the Lee-Carter model is a special case with cointegration rank
N —1 corresponding to one common stochastic trend. Lazar and Denuit (2009) focus
on single-population modelling, but the approach extends readily to multi-population
modelling by stacking the y-vectors. The VAR/VECM approach to modelling y; is
also explored in the recent papers by Salhi and Loisel (2017) and Li and Lu (2017).

As mentioned in Section 3.2.1, coherence has received much attention as a desirable
property of mortality forecasts. In the Lee-Carter setting of Section 3.4.2 coherence
corresponds to stationarity of bLk} — b2k? for all . Note that, cointegrated mortality
indices, i.e. stationarity of 3'k; for some 3, does not in itself guarantee coherence.
Indeed, for (strict) coherence we must have b, o 3 for all x, where b, = (b, —b2)".
In practice, this will never be (strictly) satisfied, unless enforced by design as in
Zhou et al. (2014). In contrast, when modelling y; directly non-diverging rates for
different populations (coherence) or for different ages within the same population

6In Zhou et al. (2014), the stated reason for assuming identical b-parameters is to obtain
non-divergent mortality rates. It is unclear whether the authors realize that this assumption also
ensures identification invariance. Indeed, Hunt and Blake (2018) in their otherwise careful paper
seem to overlook this subtlety in their critique of the model by failing to acknowledge the restricted
set of invariant transformations (the A-matrix of Equation (19) of Section 5 of Hunt and Blake
(2018) ought to have identical, rather than freely varying, diagonal terms).
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can more easily be obtained while preserving model flexibility, see e.g. the model of
Li and Lu (2017).

The VAR/VECM approach to modelling y; directly certainly has its merits as a
flexible method for forecasting capable of capturing the dependency structure across
ages. The approach also provides a useful framework for determining the number
of common stochastic trends, i.e. the dimension of the driving dynamics. However,
due to the high dimension the resulting models are often very complex and hard
to interpret. For the purpose of gaining demographic insights by formulating and
testing hypotheses we find that more parsimonious models with a limited set of
interpretable factors are better suited.

3.5 Applications to UK Mortality Data

In this section we present two applications of cointegration-based mortality models.
The applications focus on the inferential procedure, in particular hypothesis testing
and interpretation of the models, rather than on the resulting forecasts. We use UK
mortality data for males and females retrieved from the Human Mortality Database
(2019).7

The first application is based on the Lee-Carter model and illustrates the care with
which results must be interpreted due to semi-identifiability. The second application
is based on the fully identified CBD-model for which a more detailed analysis is
possible. In both cases, the analysis starts with a visual inspection of the mortality
indices being modelled and tests for non-stationarity.

3.5.1 Lee—Carter Application

The period remaining life expectancy is a useful summary measure for the mortality
conditions of a population at a given point in time. Figure 3.2 shows the period
remaining life expectancy at birth and at age 60 for UK males and females, calculated
using the observed death rates m¢ , = Dy 5/ E: . The most striking feature is the
remarkable increase in life expectancy over the period; an increase also seen in most
other developed countries. Another prominent feature is the degree of similarity
between the life expectancy evolution of the two genders. This prompts the scientific
question of whether the joint behaviour is the result of two random walk-type
processes with similar drift and correlated innovations, or whether the two processes
do in fact engage in a cointegrating relation? As a first attempt at answering
this question, we consider a cointegration analysis of the mortality indices of two
Lee-Carter models.

7Specifically, we use data for United Kingdom with HMD country code GBR_NP.
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Figure 3.2: Empirical period remaining life expectancy for UK males and females at birth
(left panel) and at age 60 (right panel) for the period 1930-2016.

From Figure 3.2 we can identify a number of different periods in the life expectancy
evolution. After the steep and erratic initial part, the life expectancy evolution
changes character during the early 1950s and improvements are hereafter smoother.
Around 1970 improvements in male life expectancy pick up speed and the gender gap
begins to narrow. Finally, in the last part of the series, around 2010, improvements
slow down and life expectancy flattens for both sexes.

The choice of data period for the analysis is a compromise between including
as much information as possible versus using only data adequately described by
the models. Balancing these concerns we choose to use the period 1960-2016; a
period so long that it enables us to capture potential equilibrium relations. As
previously advertised we use the Poisson regression version of the Lee-Carter model
with the identification constraints of (3.2.3). The Lee-Carter model is estimated
separately for males and females over the period 19602016 and ages 0-100. Figure 3.3
shows the estimated mortality indices (k-index) and the age response parameters
(b-parameters). The mortality indices evolve quite similarly over time, while the age
response parameters are rather different between ages 20-80.

Cointegration Rank and Deterministic Structure

From unit root tests we conclude that l%fz and fctg are indeed I(1)-processes (test
results not shown).® The next objective of the analysis is to determine whether or
not the two indices engage in an equilibrium correcting relationship, i.e. do ]%to’ and
IActQ cointegrate?

8Specifically, we use the Augmented Dickey-Fuller test in conjunction with the Phillips-Perron,
see e.g. Said and Dickey (1984) and Phillips and Perron (1988).
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Figure 3.3: Parameters for Lee-Carter models fitted to UK male and female mortality
over the period 1960-2016 and ages 0—100. LeftApanel shows the mortality index, k¢, and
right panel shows the age response parameters, b,.

To answer this question we employ the VECM of (3.4.2) and test for cointegration
rank and deterministic structure in this model. For given deterministic structure,
the test for cointegration rank is based on Johansen’s trace statistic, cf. (3.A.15).
The results are shown in Table 3.3. Recall that the null hypothesis of at most r
cointegrated relations, rank(II) < r, is tested against an unrestricted II. Since the
test for cointegration rank is very dependent on the assumed deterministic structure,
the two must be determined jointly.

We first note that the two models H;(0) and H{(0) are identical, since rank(IT) =
0 implies that « is zero. Table 3.3 presents two tests for this model against,
respectively, Hy(2) and Hj(2). Both of these are rejected at the 5%-significance level.
Consequently, we conclude that the system cointegrates and we move on to test the
two cointegration models Hq(1) and H{(1). Both of these models are accepted and
we therefore take the simpler of these, Hy(1), as describing our data

Aki=af' ki1 +00+e =a(Bki—1 —E[Bk]) +711+e, (3.5.1)

where E [ﬂ/kz] = — (,Bloz)_1 B0y and 71 = 3, (al,@L)_l a’| 6, are, respectively,
the stationary mean of the cointegrating relation and the trend in the level of the
process, cf. (3.4.3).

In an ordinary cointegration analysis model (3.5.1) would serve as a starting
point for formulating and testing hypotheses of interest on the parameters. However,
as described in Section 3.4.2, in the present context there are no further testable
hypotheses and all there is left is to interpret the model.



74 CHAPTER 3. JARNER & JALLBJORN (2020)

Table 3.3: The trace test for cointegration rank for deterministic terms of class H1 and
Hg. The table shows the likelihood ratio test statistic for test of H(r) in H(2) for r =0, 1.
Critical values are the 95%-quantiles of the limiting distribution given in Section 15.3 of
Johansen (1995).

Model Cointegrating Deterministic Trace Critical
relations term statistic  value
Hi(0) 0 N 33.95 15.34
Hi(1) 1 N 1.18 3.84
H;(0) 0 0y 34.05 25.47
Hy(1) 1 0y + apit 1.28 12.39

Interpretation of the Cointegration Model

We obtain the following model, where we have used the just-identified normalization
of Section 3.3.1 by which the first element of 3 is 1,

AkS —0.084 kS ~1.560
= 1 —-1.235
(Ak§?> ( 0.018> ( ) (kf_l T 1s26) T
—0.084 —1.817
:<(mw)““1_mmw+<44n>+&’
where s; = ﬁ'kt = k?z - 1.235kt52 and the drift term 6 is decomposed as in

(3.5.1). Parameter estimates are obtained by reduced rank regression as described in
Appendix 3.A.

Note that the adjustment coefficients have opposite signs for males and females
such that the two indices are either pushed together or pushed apart in response to
disequilibrium errors. However, since the female coefficient is much smaller than the
male coefficient, the adjustments are primarily taken by the male index, while the
female index evolves essentially like a random walk.

It is tempting to interpret the fact that the 3-coefficients are of the same magnitude
but opposite signs as suggesting that male and female mortality “follow each other
closely”, i.e. as approximate coherence. However, this is not a valid conclusion since
the (relative) magnitude of the B-coefficient has no significance by itself, but is
merely a result of the chosen identification schemes, cf. Section 3.4.2. The proper
conclusion is that forecasted mortalities will be approximately coherent for ages with
BEE a2 1.2135, and for these ages only. From the right panel of Figure 3.3 we see that
this relation is satisfied for only a small group of ages around age 25 and age 40.

Regarding the cointegrating relation, it follows from (3.5.1) that
si=1+8a)(s—1—E[Bk]) +E[B'k] + u, (3.5.2)

where u; = 3'c;. Thus the cointegrating relation follows an autoregression with
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AR-coefficient of 1+ 3 a.” We know from Section 3.4.2 that alternative identification
schemes in the underlying Lee-Carter models lead to a new set of adjustment and
long-run coefficients of the form & = Da and B = D~!3. Observing that B'd =G a,
it follows that the AR-coefficient is in fact invariant to the identification scheme(s).
We can therefore conclude that the cointegrating relation is always mean-reverting
with an estimated AR-coefficient of 1 4 ,@’d = 0.89, implying a strong degree of
mean reversion. Due to non-identifiability no further inference can be drawn about
the nature of the joint behaviour under the cointegrated Lee-Carter model.

3.5.2 Cairns-Blake-Dowd Application

In contrast to the Lee-Carter model, the CBD model uses two, fully identified
factors to describe the mortality evolution of the population under study. In the
following we use the CBD model of Section 3.2.2 as the basis for a four-dimensional
cointegration analyses of UK male and female mortality. The higher dimension opens
for a richer, yet still interpretable, set of relations while factor identifiability enables
the formulation of testable hypotheses.

The CBD model is intended for modelling of pensioners’ mortality only and,
consequently, we apply it to ages 60-100, rather than the full age span. Figure 3.4
shows the two mortality factors of the CBD model estimated separately for UK
males and females over the period 1960-2016. The first factor represents the level of
mortality and the second factor represents the slope of the mortality curve. Both
factors show a clear trend over time. Not surprisingly, the level is generally declining
reflecting an overall decrease in mortality over the past decades for both genders.
We note that the profile of the level factor bears some resemblance to that of the
mortality index of the Lee-Carter model displayed in Figure 3.3. However, in contrast
to the mortality index of the Lee-Carter model the level factor of the CBD model
represents the absolute level of mortality and it is therefore markedly higher for
males than for females. The slope parameter, shown in the right panel of Figure 3.4,
is generally upward trending indicating greater mortality improvements at younger
ages than at older ages. While we observe a somewhat stable difference between
male and female levels of mortality, there appears to be no obvious relation between
the slope parameters for the two genders.

Cointegration Rank and Deterministic Structure

Proceeding as in Section 3.5.1, we first verify that the components of k, =
(l%gl, 12:?71, /2552, /2;32)’ are I(1)-processes (test results not shown).

The next step of the analysis is to determine a suitable VECM for the composite
index in which we can subsequently formulate and test specific hypotheses. We

9Note that, since |A(z)| = |1 — z||1 — 2(1 + B’@)| the first part of Condition 3.3.2 reduces to
|1+ B’ al <1, i.e. stationarity of (3.5.2).
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Figure 3.4: CBD model fitted to UK male and female mortality. Left panel shows the
mortality level, k¢ 1, and right panel shows the mortality slope, k¢ 2.

employ again the VECM of (3.4.2) and test jointly for cointegration rank and
deterministic structure in this model. Table 3.4 shows the results of Johansen’s trace
test for rank(II) < r against an unrestricted IT for the two deterministic structures
of relevance, H; and H{. Figure 3.5 shows the relation between the various models;
note that Hy(0) = H(0) corresponds to a (multivariate) random walk with drift
customarily used for forecasting in the CBD model, cf. Section 3.2.2.

Hl(O) C Hl(l) C H1(2) C H1(3) C H1(4)
I N N N
Hg(0) < Hi(1) < Hg(2) < Hi3) < Hg(4)

Figure 3.5: Relation between the |(1)-models considered in Table 3.4.

It can be seen from Table 3.4 that the random walk hypothesis (rank(IT) = 0)
is rejected in both H;(4) and Hj(4), and we conclude a cointegration rank of at
least one. The smallest model of rank 1, H;(1), is also rejected, while H;(2) and
H (1) are both accepted. These two models represent the two smallest acceptable
models, cf. Figure 3.5. Neither of the models are contained in the other, but H{ (1) is
arguably the “simpler” model introducing only a single additional trend term while
H,(2) introduces an additional cointegrating relation. Consequently, we adopt H(1)
as our starting model, i.e. the VECM

Ak = o (,B,kt—l + plt) + 0 + &4, (353)

where v and B are four-dimensional vectors.
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Table 3.4: The trace test for cointegration rank for deterministic terms of class Hy and Hy.
The table shows the likelihood ratio test statistic for test of H(r) in H(4) for r =0,1,2,3.
The critical value is the 95%-quantile of the limiting distribution given in Section 15.3 of
Johansen (1995).

Model Cointegrating Deterministic Trace Critical
relations term statistic  value
Hi(0) 0 0y 80.29 47.21
Hi(1) 1 0y 38.87 29.38
Hqi(2) 2 0y 12.95 15.34
Hq:(3) 3 6 0.51 3.84
H;(0) 0 0y 80.31 62.61
Hy(1) 1 0y + apit 38.89 42.20
Hi(2) 2 0o+ ap;t 12.96 25.47
H;3) 3 Oy + ap;t 0.52 12.39

Hypothesis Testing and Interpretation

Having established that the system has a cointegration rank of one, we can now
investigate hypotheses on the nature of the equilibrium correcting relation. We are
primarily interested in investigating whether the mortality levels of the two genders
enter the cointegrating relation with coeflicients of the same magnitude and opposite
signs, i.e. whether the distance between the level parameters is the quantity entering
the stable relation. In addition, we are also interested in investigating the degree
of dependence between the level and slope parameters which can be formulated as
restrictions on the adjustment coefficients. Other hypotheses of interest could be
formulated, but we restrict ourselves to these two.

We first formulate the hypothesis of main interest, namely that the first two
components of 3 are of the same magnitude and opposite signs. The last two
components of 3 are left unrestricted. At the same time we would like to test
for the absence of a linear drift in the cointegrating relation (p; = 0), since this
term muddles the interpretation of the stationary relation. Hence, we consider the
composite hypothesis'®

o - (B,p1) = (1,—1,01,2,0), (3.5.4)

where ¢1, 2 € R are unrestricted parameters. The test statistic for this hypothesis is
x2(2)-distributed with a value of 0.005 and a critical value of 5.99 at a 5%-significance

10For an in-depth description of this type of test, we refer to Johansen and Juselius (1992).
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level. Hence, we accept hypothesis (3.5.4) and obtain the model

AkZ, —0.105 1\ [k, 0.1103
AKY, —0.042 - 5 0.0368
HE oL te.  (355)
AKS, 0.002 21.66 | | kS, —0.0015
AkY, 0.002/ \—12.44 kLo —0.0024

The second question of interest is whether the joint behaviour of the level and
slope parameters can be simplified. In particular, whether the adjustment coefficients
for the slope parameters, kto; and k? 5, as well as the female level parameter, k? 1
are in fact zero, i.e. whether the slope parameters and the female level parameter are
weakly exogenous for the long-run coefficients 3. This would imply that while the
slope parameters and the female level parameter influence the long-run relation, the
long-run relation has no influence on them. To test the hypothesis of weak exogeneity
while retaining the established model, we formulate a simultaneous linear restriction
on both the adjustment coefficients o and the long-run coefficients 3!

% : (alwglvpl) = (¢17070,0»1»—1,<ﬂ1,902»0)7 (356)

where 11, p1,p2 € R are unrestricted parameters. The test statistic for this hy-
pothesis is x2(5)-distributed with a value of 9.54 and a critical value of 11.07 at a
5%-significance level. We conclude that both slope parameters are weakly exogenous
and are therefore not impacted by the long-run relation. We obtain the following
final model

AkZ, —0.089 1\ (kT4 0.1061
NG I -1 o 00138 |
ARG || o 178 | [ k&, 0.0004 | "
AkF, 0 -212) \k? ., 0.0002
—0.089 —0.0181
0 —0.0138
= 1 —1.39 , 3.5.7
o |G )5 00004 | (8:5.7)
0 0.0002

where s, = B'k; = k:,??l - kEl + 11.78k:,??2 - 2.12k§2 and the drift term is decomposed
in the stationary mean of the cointegrating relation and the trend in the level of
the process, cf. (3.4.3). The cointegrating relation follows an AR-regression of form
(3.5.2) with an AR-coefficient of 1+ 8'& = 0.91.

The model can be interpreted as a “mixture” model where the original system
is partitioned into a conditional and a marginal system. The marginal system,

1ikelihood ratio tests for composite hypotheses on cointegrating relations are covered in
Johansen (1991).
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consisting of the slope parameters and the female level parameter, evolves as a
trivariate random walk with drift. Conditioned on these parameters, the male
level parameter evolves as the sum of a random walk with drift (and innovations
conditioned on the “marginal” innovations) and an error correction term. The error
correction term seeks to maintain the long-run relation between the level and slope
parameters, but it does so by affecting only the male level parameter.

Implications for Forecasting

Mortality modelling is often performed with the aim of forecasting and cointegration
models are often enforced to ensure coherence. In this paper we wish to promote the
broader use of cointegration as an inferential tool to obtain insights about mortality
factor dynamics. Also, we wish to demonstrate that although cointegration does not
necessarily imply coherence (in the strict sense of Section 3.2.1) it might still lead to
strongly coupled, joint forecasts. Forecasts which might indeed be more plausible
being inferred from data, rather than imposed. In this section we illustrate these
points for the model (3.5.7) obtained above.

For forecasting purposes, it is useful to rewrite the model on VAR-form as
ki =TIk 1+600g+e;, €~ N4 (0, 2) , (358)

where TI; = I+ a3, cf. (3.3.1). From this we can readily generate stochastic
forecasts, and we also immediately have the forecasting distribution from which the
mean forecast and confidence intervals can be derived,

h—1 h—1
krinlkr ~ N (H{LkT + ) 160, > HﬁE(Hi)’) , (3.5.9)

i=0 i=0
where h > 1 is the horizon and k1 = l%T is the last value of the estimated indices.

Equation (3.5.9) is a general result valid for all VAR(1)-models with constant drift.
This is useful for numerical computations, but the mean and variance structures are
not easily discerned. Using the cointegrating relations it is possible to obtain more
revealing expressions for the model at hand.

First, let B = (,8/01)_1 B and C =8, («/,8,) " &/, and notice that T = C+B,
cf. Chapter 3 of Johansen (1995). Next, observe that II; has eigenvalues 1 and

A = 1+ B« with corresponding eigenspaces span(3 ) and span(a), respectively.
Hence, for v € R* and i > 0,

‘v =TI} (C+ B)v = IT} (Cv 4+ Bv) = Cv + \'Bu, (3.5.10)

since Cv € span(83, ) and Bv € span(a). In words, IT; acts on v by leaving intact
its 3 -component, while shrinking its a-component by a factor of A (< 1).
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Using (3.5.10) and the formula for the h first terms of a geometric series 22:01 \o=
(1 —A")/(1 — \), we find the following expression for the mean of the forecasting

distribution
h—1 )
I kr + Y I8, = Ckr + A"Bkr + COoh + (1 - \)"'(1 - \")B6,
=0

=710+ Tih+ Na(B'a)™ [Bkr —E(B'K)], (3.5.11)

where 79 = Ckr + a(8'a)'E(B'k), 71 = COy and E(B'k) = —(8'a)"13'65. We
see that asymptotically the mean of the process behaves like a random walk with a
drift term that preserves the cointegrating relation. The last term of (3.5.11) shows
how the initial disequilibrium error decays exponentially to zero. This term is not
present in the Granger representation of Theorem 3.3.3, since there we assume that
B'kr is distributed according to its stationary distribution, while in (3.5.11) we
condition on the entire vector kp."2

For the variance of the forecasting distribution, it can be shown that

h—1
.1 i N /
lim ;:0 Il S(IT)) = C=C, (3.5.12)

see pp. 68—69 of Johansen (1995). Thus, asymptotically the variance of the process
accumulates linearly, with the variance from the random walk component on span(3 )
dominating the total variability.

To give a more intuitive understanding of the role of cointegration, we conclude with
a numerical example where we compare the (joint) forecast from the cointegration
model (3.5.7) with separate, gender-specific forecasts based on the bivariate random
walk model of Section 3.2.2. We compare the forecasted cohort remaining life
expectancy as it depends on the projected mortality surface over a long horizon and
it is therefore well suited to capture differences in dependency structures over time.

The two models describe and project the estimated CBD-parameters of Figure 3.4
differently. However, the models have similar deterministic structures and we
therefore expect similar mean forecasts. This is confirmed by Figure 3.6 which shows
the forecasting distributions of the cohort remaining life expectancy for a 60-year-old
Briton based on 100,000 simulations. The female distributions align perfectly since
the cointegration model (3.5.7) in fact results in a random walk forecast as well.
The male distribution is shifted slightly towards its female counterpart in the case
of the cointegrated model. This is the result of the male projection reacting to the
perceived “disequilibrium”.

12When k¢ has the form (3.5.8) Theorem 3.3.3 reads (in terms of expected value) E [k7,4] =
Ckr+CY"  0g+a(B'a) ' %, (I+aB) B8 = Ckr+Cooh—a (B'a) ' (Ba) ' B0 =
T0 + T1h, i.e. (3.5.11) without the exponentially decaying error-correction term.
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Figure 3.6: Forecasting distributions of the cohort remaining life expectancy for the
random walk and the cointegration model based on 100,000 simulations. Left panel shows
the gender-specific life expectancy, e§y(2017), and the right panel shows the life expectancy
difference (spread) between females and males.

As the theoretical analysis showed, the cointegration model generally behaves
asymptotically like (coupled) random walks. Therefore, the marginal model for each
sex is (at least asymptotically) close to the corresponding random walk model, both
in terms of deterministic and stochastic behaviour. The dependency structure of the
two models is, however, very different. By construction, the random walk model
yields independent forecasts for men and women, while the cointegration model yields
highly dependent forecasts. This implies a much more narrow distribution for the
difference in life expectancy between men and women under the cointegration model
than under the random walk model, as illustrated in the right panel of Figure 3.6.

In summary, the cointegration model yields forecasts that are similar to those
obtained from the simpler random walk model for each sex, but with a more
plausible dependency structure. The cross-gender dependency is achieved by a single
cointegrating relation derived from data. The resulting forecasts are well-behaved
and empirically justified, but they are not coherent (in the strict mathematical
sense). This indicates that the current definition of coherence might be too strict
and too specific a requirement, and that other types of “coherence” might be equally
good—or even better—when judging the quality of joint forecasts.

3.6 Concluding Remarks

In this paper we have discussed the interlinked concepts of identifiability, coherence
and cointegration in the context of multi-population mortality modelling. We have
made the point that cointegration has an important role to play as an inferential tool
to obtain insights into the joint dynamics of mortality factors. This role goes beyond
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the typical usage of cointegration as merely a tool to obtain coherent forecasts —
defined as forecasts for which the relative age-specific mortality rates converge over

time.13

Since its introduction in Li and Lee (2005), the concept of coherence has served as
the gold standard for joint forecasts of related populations, and many models have
been designed with the explicit goal of achieving coherence. At first sight, coherence
seems like a reasonable property, but on further inspection it appears somewhat
arbitrary and specifically tailored to models of the Lee-Carter type with log-linear
modelling of mortality rates. Joint forecasts based on other model types, e.g. logistic,
can produce equally plausible dependency structures and thus be equally “coherent”,
even if they lack relative convergence. In our view, insisting on coherence is not a
suitable starting point, nor a reasonable restriction, for a joint analysis and might in
fact produce forecasts that are at odds with historic data.

In this paper we have focused on two types of linear trend models suitable for
analysing the period effect of age-period mortality models, and we have shown how
to interpret these models by use of the Granger decomposition. Cointegration is
a technical field, and the analysis and interpretation of models and hypotheses
are not straightforward. In many mortality models, e.g. Lee-Carter type models,
the factor(s) are only semi-identifiable in which case additional difficulties (and
pitfalls) arise. From a statistical point of view, it is in general meaningless to test,
or impose restrictions, on the long-run coefficients in the context of semi-identifiable
models. In contrast, fully identified models give access to the full inferential power of
cointegration and in our opinion this is a strong argument in favour of these models
if the aim is to gain subject matter insights.
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3.A Maximum Likelihood Estimation of the VECM

Consider the VAR(k) model in VECM form with IT = a3 for p x r matrices o and
B’
k-1
Ayt = Z I‘iAyt—i —+ aﬁ’yt_l —+ @Dt + E¢, (3A1)
i=1
where g; ~ N,(0,X) and independent. Based on data for ¢t = 1,...,7, maximum
likelihood estimates of the freely varying parameters (o, 3,T',..T'x_1, ®,X) can be

IBWhether the goal of (statistical) models is to gain insights or to forecast is the object of a
long-standing, and still highly relevant, debate, see e.g. Breiman (2001) and Shmueli (2010).
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obtained by reduced rank regression. Following Juselius (2006), we introduce the
shorthand notation

Zoy = Ay, (3.A.2)
Zit =Yy, (3.A.3)
Zy = [AY, 1.y AY_gp1, D (3.A.4)

and write (3.A.1) on the form
Zot = af'Zyy + WZy + &4, (3.A.5)
where ¥ = [I'y, ..., Tx_1, ®]. Define the product moment matrices
T
M, =T""Y 2,2}, i,j=0,12 (3.A.6)
t=1
and the sample-covariance matrices
S, =M, — MM M;, ij=01. (3.A.7)
The maximum likelihood estimator of 3 is found by solving the eigenvalue problem
IAS11 — 810855 So1| =0, (3.A.8)

for eigenvalues 1 > A; > --- > A, > 0 with associated eigenvectors o1, ..., ¥, that
satisfy

AiS 1105 = 810800801, i =1,.., D, (3.A.9)
V'S,V =1, (3.A.10)

where V = (01, ...,0p). The cointegrating relations B are given by the first r
eigenvectors

B = (01,...,0,). (3.A.11)

a(B) = SnB(B'SuB) ", (3.A.12)
S(a, B) = Soo — a(B'S118), (3.A.13)
\il(a, ,3) = M02M2_21 - a,@/MlgMQ_QI, (3A14)

with 8= 3 and o = d(f)’)
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Trace Statistic for Test of Cointegration Rank

Recall that H(r) denotes the hypothesis that rank(II) < r, or equivalently that II
has at most r non-zero eigenvalues. The likelihood ratio test statistic for H(r) in
H(p), known as the trace statistic, is given by

p
LRirace(r) = =T > log(1— X)), (3.A.15)
1=r+1

where ); are the eigenvalues found by solving (3.A.8). The asymptotic distribution of
the trace statistic depends on the deterministic terms. Critical values are tabulated
in Section 15.3 of Johansen (1995) for the linear models in Section 3.3.2. Intuitively,
if rank(IT) = r then LRy qce(r) will be small, since 5\r+17 cee 5\17 will all be close to
zero. Conversely, the test statistic will be large if rank(IT) > r, since at least 5\T+1
will deviate from zero.



Chapter 4

Sex Differential Dynamics in Coherent
Mortality Models

This chapter contains the manuscript Jallbjorn and Jarner (2022).

ABSTRACT

The main purpose of coherent mortality models is to produce plausible,
joint forecasts for related populations avoiding, e.g., crossing or diverging
mortality trajectories; however, the coherence assumption is very restrictive
and it enforces trends that may be at odds with data. In this paper we
focus on coherent, two-sex mortality models and we prove, under suitable
conditions, that the coherence assumption implies sex gap unimodality,
i.e., we prove that the difference in life expectancy between women and
men will first increase and then decrease. Moreover, we demonstrate that,
in the model, the sex gap typically peaks when female life expectancy
is between 30 to 50 years. This explains why coherent mortality models
predict narrowing sex gaps for essentially all Western European countries
and all jump-off years since the 1950s, despite the fact that the actual sex
gap was widening until the 1980s. In light of these findings, we discuss
the current role of coherence as the gold standard for multi-population
mortality models.

JEL classification: C32, J11.
Keywords: Life expectancy, Sex differential, Sex gap, Coherence, Mortality mod-
elling, Projection, Forecasting.
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4.1 Introduction

The aim of coherent multi-population mortality models is to forecast the mortality
of related populations preserving the structural differences observed in the past,
e.g., preserving differences between countries, regional differences within a country,
or higher mortality for men than for women. The idea is to prevent divergence or
implausible crossings of mortality trajectories that can arise from forecasting each
population individually. The concept of coherence was introduced by Li and Lee
(2005), as an extension to the popular Lee-Carter model (Lee and Carter, 1992),
and later formalized by Hyndman et al. (2013). Since then a number of coherent
models have been proposed, both within the Lee-Carter framework (Li and Hardy,
2011; Li, 2013; Zhou et al., 2014; Kleinow, 2015), with added cohort effects (Jarner
and Kryger, 2011; Cairns et al., 2011b; Borger and Aleksic, 2014), and based on
the functional data approach (Hyndman et al., 2013; Shang and Hyndman, 2017).
Today, coherence still serves as the gold standard for multi-population mortality
models.

Technically, coherence means that the ratio of age-specific mortality rates of
the populations being forecasted converges (to finite, age-specific constants). This
requirement ties the forecasts together and it ensures that differences in aggregate
characteristics, e.g., survival probabilities and life expectancies, remain bounded as
desired. The flip-side, however, is that converging mortality sex ratios may not be
supported by data and enforcing it can lead to unrealistic continuations of historic
trends despite the intention, see Hunt and Blake (2018) and Jarner and Jallbjgrn
(2020). In this paper we investigate and exemplify the implications of coherence in
two-sex mortality models, in particular, the implications for the dynamics of the life
expectancy difference between the sexes.

The sex differential in life expectancy is a key statistic for summarizing and
communicating discrepancies in sex-specific mortality curves. The differential has
varied considerably over time, although its general shape has been fairly consistent
from country to country. In the Western world, the gap has the shape of a (unimodal)
hill; the differential widened substantially in favor of women throughout most of the
20th century, but the trend reversed around the 1980s and the gap has continued to
narrow since then (Trovato and Lalu, 1996; Glei and Horiuchi, 2007).

Studies have sought to explain the observed trends in the sex gap through changes
in behavioral, socioeconomic, and health factors, for example, smoking and drinking
habits (Retherford, 1972; Méakeld, 1998; Preston and Wang, 2006), labor market
participation (Pampel and Zimmer, 1989; Trovato, 2005), risk behavior (Waldron,
1983), and cause-of-death contributions (Pampel, 2003; Trovato and Lalu, 2007;
Booth, 2016). The rationale being that changes in external risk factors explain
changes in mortality sex ratios, which in turn explain trends in the life expectancy
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differential. This common-sense reasoning assumes that changing mortality sex ratios
is the main driver of the sex gap, both when it increases and when it decreases.
However, demographic analyses have challenged this assumption. In particular, Glei
and Horiuchi (2007) and Cui et al. (2019) show that while the widening sex gap was
indeed caused by changing mortality sex ratios, the narrowing of the sex gap was
primarily caused by general mortality improvements for both sexes in combination
with heterogeneity in the death distributions. In simpler terms, the expanding
sex gap in the Western world was caused primarily by female mortality improving
faster than male mortality (i.e., changing mortality sex ratios), while the subsequent
narrowing of the gap was caused primarily by improvements in mortality for both
sexes, with women retaining their relative advantage (i.e., improvements under stable
mortality sex ratios).

In this paper, we demonstrate that coherent two-sex models generally imply
unimodal sex gap dynamics. At first sight, this might seem as an attractive feature
given that the sex gap in the Western world has also been unimodal, as described
above. It turns out, however, that in practice the forecasts are almost always on
the declining part of the sex gap trajectory. This in turn implies that coherent
models are ill-suited to forecast the mortality in periods with increasing sex gaps.
Coincidentally, the concept of coherence was introduced after a prolonged period of
narrowing sex gaps and the continuation of this trend was seen as an argument in
favor of coherent models, see Hyndman et al. (2013). That coherent models produce
sensible forecasts only in periods with narrowing sex gaps does however question
the status of coherence as a universally desirable feature in multi-population models.
We will return to this point towards the end of the paper.

The rest of the paper is organized as follows. First, we illustrate the evolution
of the sex gap in Western Europe since the 1950s and we survey the existing sex
gap decomposition methods, formalizing the ratio and level effects responsible for
the widening and the narrowing of the gap respectively. Second, we present our
main mathematical result showing sex gap unimodality in (strongly) coherent models
under certain conditions; we discuss the intuition behind the conditions and show by
example when multi-modality can occur. Third, we analyze a dynamic Gompertz
model as a simple example of a coherent model satisfying the conditions; we compute
the typical sex gap trajectories that can arise under this model and we use this to
explain why the forecasted sex gap will almost always be narrowing. Fourth, we apply
the coherent models of Li and Lee (2005) and Hyndman et al. (2013) to Western
European countries at selected jump-off years during the period with expanding
sex gaps; with reference to the mathematical results, we discuss why the majority
of these forecasts predict narrowing gaps. Finally, we end with some concluding

remarks.
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4.1.1 Data and Notation

Data is obtained from the Human Mortality Database (2022) and consists of death
counts, D(z,t), and central exposure-to-risk estimates, F(x,t), on Lexis A-sets, that
is, age-period cells of the form [z, z 4+ 1) x [t,¢ + 1) for integer ages z € {0,...,110}
and calendar years ¢ € {1950,...,2020} for countries in Western Europe. The
empirical death rate is estimated as

m(x,t) = D(x,t)/E(x,t). (4.1.1)

Death rates for Western Europe are obtained by pooling death and exposure counts
across individual countries. Throughout, (period) life expectancies are calculated by
numerical integration whenever a continuous mortality curve is available, and under
the assumption of piecewise constant mortality, whenever the mortality curve is only
available at integer ages. That is,

) = gy [ Sway= [T tnzay - Sl g,
VTS ), YT, YT T

(4.1.2)
where S(z,t) = exp(— [y u(y,t)dy) is the (period) survival function, u(,t) the
force of mortality at age x and time ¢, and w € (0, 00) the age at truncation. Note
that w is not necessarily the maximum attainable age, and we do not assume that
u(x) = oo for £ > w. We return to the role of the truncation age later in the paper.
The last equality in Equation (4.1.2) assumes piecewise constant mortality, a full
derivation is given in Appendix 4.C.

4.2 Changes in Mortality, Life expectancy and
Sex Differentials

In this section, we briefly survey the existing methods for decomposing changes in
life expectancy and the sex differential. This provides the basis for the subsequent
treatment of sex differentials in coherent mortality models.

4.2.1 Decomposing Changes in Life Expectancy

There are two main approaches for decomposing changes in life expectancy into
constituent parts. The first approach, pioneered by Pollard (1982) and Arriaga
(1984), focuses on the effect of changing mortality from one age-specific schedule to
another, and is typically used to assess how different age groups contribute in driving
life expectancy progress between two distinct points in time. The second approach,
popularized by Keyfitz (1977a), examines the effect of a local change to the mortality
curve by quantifying how various age-specific improvements in mortality,

lz,t)

o=

0
~ o log p(z, t), (4.2.1)
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translate into changes in life expectancy. In (4.2.1) and throughout, a dot over a
function is used to denote its derivative with respect to time as in Vaupel and Romo
(2003).

Analyzing the effects of local change have been instrumental for understanding the
linkage between the age pattern of mortality and the trends in e(0, t) observed in data.
Indeed, studies have shown that the dispersion of the life table death distribution is
a main determinant of the pace at which life expectancy improves (Keyfitz, 1977a;
Vaupel, 1986; Goldman and Lord, 1986).

The average number of life-years lost due to death (lifespan disparity) is given by

ef(t) = /Ow w(x,t) dz, (4.2.2)

where w(z,t) = p(x,t)S(x,t)e(z, t) is the (life table) probability of dying at age x
times the remaining life expectancy at that age. Lifespan disparity, ef, is a dispersion
measure, i.e., it quantifies the effect of age of death being distributed across ages.
At one extreme, if e is zero then everyone dies at the same age. Conversely, if ef
is large then the population experiences a high number of premature deaths and
large gains in €(0,¢) can be made by reducing mortality. Improvements among the
young are particularly important as more life years are lost upon death at these ages.
This relation was formalized by Keyfitz (1977a) who showed that if the same rate of
mortality improvement, p(t), applies to all ages, then the change in life expectancy
can be expressed as ¢(0,t) = p(t)ef(t). The absolute change in ¢(0,) can thus be
interpreted as a product of the proportion of deaths averted (p) and the average
number of life-years gained (ef) by those who now survive.

Vaupel and Romo (2003) generalized Keyfitz’s formula to the case of age-dependent
improvement rates, and suggested that a change in life expectancy at birth be
decomposed into two components

6(0,1) = /O " ol () dz = p()et () + Cov(p, €), (4.2.3)

where the first term captures the main effect of improvement, while the second term
arises due to heterogeneity in p(x,t) at different ages. In (4.2.3), p denotes the
average rate of improvement and Cov(p, e) is the covariance between improvement
rates and life expectancy, see Vaupel and Romo (2003) for details. Equation (4.2.3) is
often taken as the basis for deriving the dynamics of life expectancy sex differentials.

4.2.2 The Rise and Fall of Sex Differentials in Western Europe

The difference in life expectancy at birth between females and males in a given
population (the sex gap) is defined as

w w
0(t) = es(0,t) — em(0,t) = / e Jo rswDdy qg / e~ Jo mmWDdy qp  (4.2.4)
0 0
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where the subscripts f and m denote female and male quantities, respectively. In
applications we might be interested also in (remaining) life expectancy and sex
differential at other ages than 0; all formulas apply, mutatis mutandis, for a general
age, but for ease of notation we develop the theory for age 0 only.

Figure 4.1 shows the evolution of the sex gap over time since 1950 in Western
Europe. The overall pattern is the same across all countries with the gap being
shaped as a countryside hill. That is, the gap initially widened, but has since fallen
into a decline with differentials currently around 3-6 years. The timing of the turning
point varies by country, occurring first in the United Kingdom circa 1970 and lastly
in Spain towards the end of the 1990s.

Sex differential in life expectancy at birth
Western Europe, 1950-2020
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Figure 4.1: Life expectancy sex gap across Western Europe (black dots) with a fitted
LOESS curve superimposed (blue line).

The rise and fall of sex differentials observed in the data has recently been studied
using demographic decompositions. The principal method of Glei and Horiuchi
(2007) separates change in 6 into effects due to changing mortality ratios and effects
due to changing mortality levels, namely

A - wwm(xvt)+wf(xat)é(z7t) z ww T —welz é(iﬂ,t) x
i) = | D EE S ot [ o) = g 0]
(4.2.5)

where c(z,t) = pm (z,t)/ps(x, t) is the mortality sex ratio, ((x,t) = \/pm(x, t) s (x, t)
the geometric average of the two mortality rates, and, wy; and wy, are as in
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Equation (4.2.2) for females and males, respectively. Note that é¢(x,t)/c(z,t) =
% logc(z,t) = pf(xa t) — pm(2, 1), and C(:E, t)/C(z,t) = % log ((z,t) = _[pf(xa t) +
pm(z,t)]/2. Tt follows that the ratio effect is positive when py > p,,,, while the sign
of the level effect depends on the relative size of mortality dispersion for the two
sexes (as measured by wy and w,,); thus, the two effects can work either in the same
direction, or against each other.

Using (4.2.5) , Glei and Horiuchi (2007) show that the initial widening of § seen
in Figure 4.1 is caused primarily by women experiencing comparatively larger rates
of mortality improvements than men (p; > p,,,), while the subsequent narrowing
is largely attributable to differential dispersion between the sexes (w,, > wy) in
combination with general improvements. These results are echoed by Cui et al.
(2019), who use (4.2.3) to separate 6 into three components of change through which
they obtain conditions for the sex gap to be widening, narrowing, or at a turning
point.

Pollard’s Paradox

Glei and Horiuchi (2007) and Cui et al. (2019) both stress that differential dispersion
plays a pivotal role in determining changes in 6. In fact, differential dispersion
may give rise to somewhat counter-intuitive changes. Pollard (1982), for example,
demonstrated that two populations may experience the same absolute change in
mortality, but, at the same time, a widening life expectancy differential. The
argument is as follows. For ¢ € {f, m}, consider an absolute decrease in mortality at
all ages, that is, f1;(z) = p;(x) — € for some £ > 0. Let S;(x) = S;(x)es® denote the
new probability of surviving to age x. Assuming p¢(z) < pim(z) for all z, the new
life expectancy differential is then larger than before,

"= /0“’ [57(@) = Sm(@)] dz < /Ow [Sy(x) = S (@)] e dz = 0(e,e),  (4.2.6)

where 6(ey,e,,) denotes the life expectancy differential when female mortality is
decreased by € and male mortality by e,,. If we subsequently increase female
mortality slightly, we obtain a situation with 0 < ey < ¢ and 6 < f(ey,¢), ie., a
narrowing mortality differential with a widening life expectancy differential. This
phenomenon is sometimes referred to as Pollard’s paradox.

In a similar fashion we can argue that a narrowing life expectancy differential does
not guarantee narrowing mortality ratios. For instance, taking outset in Keyfitz’s
formula, when the rate of improvement is the same at all ages, we have

6(t) = pr(Deh (1) — pm(B)eh (1), (4.2.7)

Suppose e, (t) > e}(t), and let k = efn(t)/e}(t) > 1. If pp(t) < pr(t) < kpm(2),
then 4(t) < 0, even though p,,(t) < ps(t). This situation could occur if female life
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expectancy is close to w in which case e}(t) is small, but male life expectancy is

not in which case e () is comparatively larger. In this scenario female mortality
can improve at a faster pace than male mortality, but because males benefit from
the improvements across a larger span of ages, they gain life expectancy faster than
females. Generally, constant mortality ratios can occur together with both increasing
and decreasing life expectancy differentials. Therefore, on its own, a narrowing life
)

expectancy differential cannot be interpreted as male mortality rates “catching-up’
to female mortality rates.

4.3 Sex Differentials in Coherent Mortality Models

In this section, we present our main mathematical result about sex gap unimodality
under coherence. Since coherence implies that the modeled mortality schedules
evolve in parallel, it is clear that the forecasted life expectancies approach the same
maximal age, or age of truncation, when time approaches infinity. Likewise, it is
clear that if we backcast, i.e., “run the model backwards”, both mortality schedules
will degenerate and the life expectancies converge to zero. Hence, in both limits the
sex gap converges to zero. The question is, what happens in between these limits? It
might appear obvious that the sex gap will first increase and then decrease, i.e., be
unimodal. However, in full generality, this is not true; assuming only coherence, the
sex gap can in general exhibit an arbitrary number of modalities. The condition we
provide indicates that the mortality schedules have to have the same “shape”, in a
sense to be made precise later, to guarantee unimodality of the sex gap. Although the
mathematical result may not cover most coherent mortality models used in practice,
the implications of the result in terms of the location of the peak seems to be valid
in much greater generality than proven. The result thereby provides an insight as to
why coherent mortality models almost always forecast closing sex gaps.

4.3.1 Coherent Mortality Modeling

In demographic applications it is often required to make forecasts of related pop-
ulations, e.g., Western, low-mortality countries, or males and females in a given
population. Separate forecasting of even very similar populations runs the risk
of exaggerating short-term differences leading to diverging projections, but such
outcomes seem implausible if the populations have evolved in parallel in the past.
For instance, in the case of females and males, we expect the mortality of both
groups to keep improving, but we also expect shorter life spans of men relative to
women to persist despite converging social and lifestyle factors (Kalben, 2000; Li and
Lee, 2005; Zarulli et al., 2018; Jarner and Jallbjgrn, 2020). The intuitively appealing
property that forecasts of related populations should “stay together” is formalized
by the concept of coherence and its use is often motivated by a desire for preserving
historic relationships.
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Box 4.1. ON THE DEFINITION OF COHERENCE

The literature is marked by some confusion regarding the precise, mathematical
definition of coherence. Scholars seem to agree on the property as one ensuring
non-diverging forecasts, but one can find contradictory definitions depending on
the context in which the concept is used. In particular, it is often unclear whether
coherence is a property concerning deterministic or stochastic forecasts, especially
when authors define coherence as a property related to the mean forecast but
apply the concept in a stochastic setting. In the original paper by Li and Lee
(2005), coherence was directed at deterministic forecasts, namely “to avoid long-run
divergence in mean mortality forecasts” (p. 577) by “imposing shared rates of change
by age” (p. 575). The definition given by Hyndman et al. (2013) is often quoted as
the one formalizing coherence and labels “mortality forecasts as coherent when the
forecast age-specific ratios of death rates for any two subpopulations converge to a
set of appropriate constants” (p. 262). This definition, however, seems inappropriate
for stochastic models. The proper, mathematical definition of coherence in the spirit
of Hyndman et al. (2013) would be to label forecasts as coherent if the age-specific
mortality ratio converges to a stationary distribution 7, that is,

w1 (z,t)/pa(z,t) 4, 7., for each age .

In this paper, however, we use the usual deterministic definition given in (4.3.1).

The notion of coherence was introduced by Li and Lee (2005) and later formalized
by Hyndman et al. (2013). Given a model for the mortality of two populations,
wi(z,t), we let fi;(x,t) denote the forecast for population i € {1,2}. The distinction
is, that p; is typically a stochastic process, while [i; is a deterministic forecast, e.g.,
obtained as the median projection of u;. The mortality forecasts are said to be
coherent if their ratio converges to positive, finite, age-specific constants ¢(z), that is

1 (x,t
M — ¢(z), for each age x. (4.3.1)
MZ(xvt) t—o0
Forecasts for a group of populations are coherent, if the forecasts are pairwise
coherent.

The model proposed by Li and Lee (2005), namely the augmented common-factor
model or colloquially the Li-Lee model, models the observed death rate in population

1 as
1Og m; (JJ, t) = IOg Hi (.I‘, t) + E$,t7i = 0Oz + BwKt + ﬁwﬁifitﬂ‘ + Ew,tﬂ‘a (432)

where K; and k. ; are stochastic processes modeling common and population-specific
secular trends, respectively, and €, +; is the observation error, i.e., the difference
between the underlying mortality rates, p;(z,t), and the observed death rates,
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m;(z,t). Median forecasts are obtained by inserting the estimates for the age-specific

loadings, &, ;, B, and Bm-, and turning off the error terms, i.e., by
IOg [_IJZ(IL’, t) = é‘r,i —+ Bxkt —+ Bx,ikt,ia (433)

where K, and Kt denote median forecasts of the corresponding processes. The
model is coherent (i.e., it produces coherent forecasts) when the k; ;’s are modeled as
stationary, zero-mean processes, e.g., AR(1)-processes. This assumption ensures that
each K, ; converges to zero, implying that asymptotically all population mortalities
are subject to the same age-specific rates of improvements, which is the content of
(4.3.1). The Li-Lee model is an archetypical coherent mortality model, and we recall
it here to remind the reader of the type of models that we are considering. We return
to this model in Section 4.5.

For the rest of the paper we focus on coherent, two-sex mortality models. Of
course, mathematically, it makes no difference whether the mortalities are interpreted
as sex-specific or not, but with the applications in mind and for ease of presentation,
from now on we phrase everything in terms of female and male mortality.

4.3.2 Example: Sex Gap Unimodality for Truncated
Exponential Distributions

To gain some intuition for the problem and method of proof, we start with a
simple example in which the calculations can be made explicit. Assume female
and male mortality are given by uyr(z,t) = p/t and p,(x,t) = cu/t, respectively,
for 0 <2z <w < ocoand t € (0,00), where 4 > 0 and ¢ > 1 are given constants.
Hence, the period life times are distributed as truncated exponential variates with
life expectancy

« 1

e(p) = / e Mdr=—(1—e "), (4.3.4)
0 K

expressed as a functional of the level of mortality. Defining 0(¢) as in (4.2.4), we

then have
t t
— _ _ o —wp/t) Y _ —wep/t
0(t) = e(p/t) — e(cp/t) . (1 e ) ” (1 e ) . (4.3.5)

For t tending to zero, both sexes die instantaneously after birth, while for ¢ tending
to infinity, both sexes become immortal on [0,w]. Thus, 6 is zero in both limits,
while strictly positive for 0 < ¢t < co. Consequently, since 6 is smooth, it must have
at least one stationary point, i.e., there must exist a ¢ such that G(t) = 0. If we can
prove that this is the only stationary point, it follows that 8 is unimodal.

Now, note that if 6 were to have more than one stationary point they cannot
all be local maxima, some of them have to be local minima or points of inflection.
From this observation, it follows that if we can prove that all stationary points are
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(local) maxima, there can be only one stationary point and we are done. This in
turn follows, if we can prove that 0(¢) < 0 whenever 6(¢) = 0. By direct calculations
we find

) 5 ; H “ —x —xc
0(t) = é(p/t) — é(cp/t) = t—2/0 x [e #t_ ce “/t} dz, (4.3.6)
and
5 .. .. Wof e o
0(t) = é(p/t) — élep/t) = —5- (ce nt e #/t) : (4.3.7)
Let t be a stationary point for 6, and define the functions p(x) = e **/* and

q(z) = ce= "/t for x € [0,w]. We want to prove p(w) > ¢(w), since that implies
6(t) < 0 by (4.3.7). By assumption, 6(t) = 0 and it therefore follows from (4.3.6)
that ["z[p(z) — q(x)]dz = 0. Since p(0) =1 < ¢ = ¢(0) and since p and ¢ can
cross at most once (consider the straight lines x — logp(z) and = — logg(z)) we
must have that p(w) > ¢(w). Because otherwise the integrand would be strictly
negative Lebesgue almost surely on [0,w], contradicting that the integral is zero.

This concludes the proof.

In this specific example we could of course also have investigated the monotonicity
properties of & more directly to arrive at the same conclusion. However, the approach
of examining stationary points better extends to the general situation in which
explicit expressions for 6 are not available.

Note that the existence of a maximum for # hinges on 6 being zero as time tends
to infinity. In the example, both sexes experience rectangularization of the survival
curve such that their life expectancies converge to the same, finite upper limit.
However, if we remove the truncation the situation changes. Without truncation,
the sex gap is 0(t) = t/u —t/(cpu) = t(c — 1)/(cp) with 6(t) = (¢ — 1)/(cp) > 0. In
this case the sex gap is monotonically increasing to infinity as ¢ tends to infinity.
Assuming that an upper limit on life expectancy exists is probably uncontroversial,
but it is worth noting that it is this assumption that forces a diminishing sex gap in
the limit.

4.3.3 Main Result

We are now ready to state our main mathematical result concerning sex gap uni-
modality in coherent models. Since our main purpose is to provide insights into the
role of coherence; we will only prove the result under the assumption of uniform
rates of improvement. More general versions of the result exist, but the conditions
become less intuitive, harder to interpret, and tedious to verify.

A twice continuously differentiable function f is called (strongly) unimodal on
A C R, if there exists an a € A such that f is (strictly) increasing for ¢ < a, and
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(strictly) decreasing for ¢ > a. Let p: [0,w] x R — (0,00) be a twice continuously
differentiable function satisfying

t_l}r_noo u(x,t) = oo, and tlg(r)lo u(x,t) = 0. (4.3.8)

We think of u as the backcasted/forecasted mortality surface in a given mortality
model, but for ease of notation we leave out the bar over 1 that we used in Section 4.3.1.
We assume that the relevant time limits are plus/minus infinity, but other limits
could also have been used, e.g., zero and infinity as in the example in Section 4.3.2.

Let py(z,t) = px, t) and pm(z,t) = p(z, t)c(x) denote female and male mortality,
respectively. Thus, pim,(x,t)/ps(x,t) = c(z) and the mortality forecasts are therefore
strongly coherent, in the sense that the limit in (4.3.1) is replaced with an equality.
In particular, females and males have the same rates of improvement at all ages
and times. As previously, let 6(t) = e;(0,t) — €,,(0,t) denote the sex gap. Finally,
for g € {f,m}, let I(z,t) = fox tg(u,t) du, and let Ig_l(z,t) denote the age, z, for
which Iy (z,t) = 2.

Theorem 4.3.1. Assume f%bgu(x,t) = p(t) > 0 for all x, i.e., the rates of
improvement is the same for all ages and strictly positive at all times. If c(x) > 1

0 o (L1 (0, 1), 1)
oz <uf<ff1<x7t>,t)> =" )

for allt € R, and all x where the argument is defined, then 0 is strictly unimodal on
R.

for all x, and

The proof of Theorem 4.3.1 relies on a decision-theoretic argument and is given
in Appendix 4.A. As in the example in the previous section, the proof consists
in showing that stationary points are local maxima. In brief, the stationarity
assumption, é5(0,t) = é,,(0,t), is used to construct two probability measures and
the monotonicity assumption (4.3.9) is used to show that these two measures are
stochastically ordered from which é;(0,t) < é,,(0,t), and thereby local maximality,
can be deduced.

As demonstrated by the counterexample in Section 4.3.4, coherence on its own is
not enough to ensure sex gap unimodality. Specifically, exceedingly large jumps in
mortality levels can cause sex gap multimodality and, intuitively, the role of (4.3.9)
is to prevent such jumps. Increases in mortality levels are revealed by the cumulative
death rate I(z), which can be interpreted as the expected number of deaths that
would have occurred at age = had the event been repeatable. Thus I~!(z) is the age
at which we would have experienced z deaths. Equation (4.3.9) looks at the rate of
change in log-mortality differences, but with the age input transformed by I-1(-).
Because female mortality is lower than male mortality, I ;l(x) will be higher than
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I.Y(z). Loosely speaking, condition (4.3.9) states that “high age” female mortality
must increase faster than “low age” male mortality. This is typically, but not always,
satisfied. As age and thereby mortality increases, I ~1(x) flattens. If there is a sharp
transition in the age-specific mortality curve, this flattening occurs at a comparatively
much lower z-value for females than for males and means that (4.3.9) is comparing
iy evaluated at a high age to u,, evaluated at a much lower age. Figure 4.2 shows
I7Y(z) and pu(I~1(x)) in the two-level mortality example from Figure 4.3 and for
two Gompertz mortality curves. Condition (4.3.9) is violated in the former case as
w(I~1(x)) does not “jump” at the same time for both sexes, turning the left-hand
side of (4.3.9) positive once the male rate “jumps”. Although counterexamples as
these can be constructed, in practice, (modelled) female and male mortality schedules
are sufficiently aligned that (4.3.9) is satisfied.

Two-level mortality curve Gompertz mortality curve
4
3 =
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P s
T T > T T >
0 w 0 @
3 3
2 g
T T
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T 17 T LR
0 @ 0 @
Age Age

Sex Female — Male

Figure 4.2: Illustration of I~'(z) and (I~ (x)) for the two-level mortality curve depicted
in Figure 4.3 (left panels) and a Gompertz mortality curve (right panels).

Theorem 4.3.1 formalizes Pollard’s paradox; under the stated conditions we have
a situation with fixed mortality ratios and a sex gap that is both widening and
narrowing, in two distinct epochs. In the terminology of Section 4.2, both the initial
widening and the subsequent narrowing of the sex gap are caused by the level effect,
since the ratio effect is absent by construction. Moreover, it is possible to characterize
the point where the sex gap peaks in terms of the life expectancy of one of the sexes,
e.g., females. This will be illustrated in Section 4.4.

4.3.4 Counterexample

The sex gap is not unimodal for arbitrary mortality profiles. As a counterexample,
consider a two-level piecewise constant mortality curve made continuous through



98 CHAPTER 4. JALLBJORN & JARNER (2022)

quadratic interpolation

" , T € [(on),
w(x) = S ud[3(x — x0)?/e% — 2(x — 20)3/e3] , x € [wo, w0 + €], (4.3.10)
/J(S ) l‘e(ﬂfo—'—é‘,(.&)},

for fixed constants p,d,e > 0. That is, suppose the mortality schedule between ages
0 and z is constant at level u, but is “bumped” to a new level pd over the age range
To to xg + € for some large § and small €. The left panel in Figure 4.3 shows an
example mortality curve of this form, while the right panel shows the resulting life
expectancy differential when mortality is subject to the same fractional improvement
in the age-specific death rate at all ages; corresponding to p(z,t) = pu(z)exp(—pt)
for some p > 0. For reference, the unimodal curve shown as the dashed line is the
life expectancy differential had w = xg.

Mortality rates Sex gap
Hm(X)
Mortality ratio: S
I3
(]
- 0= () _ I3
=1 He(x) =z
&
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w2
0 XoXo+€ [ i -
Age Time

Figure 4.3: Mortality rates and the resulting life expectancy differential over time when the
same, positive mortality improvement rate is applied to both sexes. In the right panel, the
superimposed dashed line is the sex gap had the life expectancy calculation been truncated
at xo. The curves are calculated using p(z) = p when z € [0,20) and p(z) = pd when
x € (2o + &,w] with = e, 29 = 60, § = 50, ¢ = 5, and w = 120. Continuity between xo
and zo + € is achieved by quadratic interpolation as in (4.3.10). The means of interpolation
is not important for the calculation; using any C*-interpolating curve or applying a bump
function to make p(z) smooth and continuous yields virtually the same result.

The gap takes on a multimodal ( “roller-coaster”) shape. The additional humps are
created by the jump in mortality after age zo, which creates a false life expectancy
barrier (if d is sufficiently large). This barrier is broken by the females first, whereby
the life expectancy differential starts to rise again, creating another modality. Thus,
even with monotonically increasing hazards and pi,, (z,t)/ps(z,t) > 1, unimodality
is not guaranteed. The example could be extended to create any number of modes by
introducing more barriers. It is clear, however, that counterexamples are necessarily
somewhat contrived and that they do not arise in “normal” situations.
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4.4 The Dynamic Gompertz Model

Parametric models can be used for mortality projections by letting calendar year enter
the model through its parameters. That is, for each calendar year the parameters
of the model are estimated and then viewed as stochastic processes, forecasted by
standard time series methods. By linking the stochastic processes driving the models
of different populations, coherence and other dependency structures can be achieved,
see e.g. Jarner and Kryger (2011), Cairns et al. (2011b), and Jarner and Jallbjorn
(2020). In this section we will analyze a particularly simple, coherent mortality model
of this type. The model is too simple to be of practical use, but it is useful as an
illustration of the sex gap trajectories implied by coherence.

4.4.1 The Model

The Gompertz mortality law prescribes that mortality increases exponentially,
() =e*P? o<z <w. (4.4.1)

This mortality profile is a remarkably good fit to adult mortality from age 20, say,
onwards. For younger ages, and in fact also for very old-ages, the profile is not
appropriate. A simple two-sex model for adult mortality can be constructed by
fitting a Gompertz law to period, sex-specific mortality data resulting in estimated
coefficients (ay,g, Bt,4) for g € {f,m} and t ranging over the years in the estimation
window.

If the parameters are modeled as random walks with the same drift for both sexes,
the median forecast for population g becomes

fig (. T+ h) = exp {ag g + Br g + hlEa + E2)} (44.2)

where T denotes the projection jump-off year, h € Ny is the forecasting horizon, and
&y and £s are the (shared) drift terms of the a- and S-processes, respectively. By
design, the forecasts in (4.4.2) are (strongly) coherent since the mortality sex ratios
do not depend on h,

fim (2, T + h)

/:Lf(«x T+ h) = €Xp {(aT,m - aT,f) + (ﬁT{m - BT,f)-’L‘} = C(.T) (443)

More complicated time-series models could also be used, but the current structure
suffices for our purposes. Note that although h is assumed non-negative, we can
evaluate (4.4.2) for all values of h. Specifically, we can think of a forecast as the
right tail of an implied surface obtained by letting i range over all integers, negative
and positive.
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4.4.2 Sex Gap Unimodality Under Uniform Rates of

Improvement

Assuming uniform rates of improvement, the continuous-time analog of the dynamic
Gompertz model is given by

p(z,t) = e tPert 0 <z <w, (4.4.4)

with level parameter «, slope parameter 8 > 0, and rate of improvement p > 0.
As in Section 4.3.3, let ps(z,t) = p(z,t) and pp,(z,t) = p(z, t)e(x), where c(z) =
exp(Aq + Agx), with Ag > —f, such that p,, is also of form (4.4.4) with positive
slope. Thus, mortality for both sexes follow a Gompertz mortality schedule with, in
general, differing levels and slopes.

The cumulative death rate is
I(z,t) = / p(u,t) du = e* =Pt — 1)/, (4.4.5)
0
while its inverse for fixed time ¢ is I=1(x,t) = log(1 + x3/(e*~*)) /3, whereby
p(I7(z,t),t) = e* P! + Bu. (4.4.6)
It follows that

Ol @), 0 e A+ B0 )]
1 g <Mf(1f1<x7t)7t)> o [eafpt + ﬂl‘] [6a+Aa7pt 4 (ﬂ ¥ Ag)x} (447)

In practice, we typically find excess male mortality relative to female mortality
with Ay, > 0 and Ag < 0, that is, the level is higher for males than for females, but
the curve is less steep. In this situation, the right-hand side of (4.4.7) is negative,
since the numerator is negative while the denominator is positive. It then follows
from Theorem 4.3.1 that the sex gap is strictly unimodal.

We note that Theorem 4.3.1 only provides sufficient conditions for unimodality.
For instance, having ¢(x) < 1 at high ages does not imply that unimodality of the
gap will not occur. In fact, using empiric estimates we typically have this situation,
but still the sex gap is unimodal.

4.4.3 Sex Gap Trajectories

We define the sex gap trajectory as the pairs of female life expectancy and sex gap
that can occur together on a given two-sex mortality surface,

T = {(ef(0,1),0(t)) : t € R}, (4.4.8)

where as usual §(t) = ef(0,t) — €,,(0,t) denotes the life expectancy differential (sex
gap). In the continuous-time version of the dynamic Gompertz model, we have

pp(z,t) = e PePr  p, (x,t) = e@PlePTeRat B, (4.4.9)
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Since p > 0, we see that as ¢ goes from minus infinity to plus infinity the common
factor, exp(a — pt), takes all values in (0, 00), regardless of the value of o and p. It
follows that for the dynamic Gompertz model the sex gap trajectory is a function of
the female slope parameter and excess mortality only, i.e., T = T (8, Aq, Ag).

Based on mortality data from Western Europe 1950-2020, estimates of § are in
a narrow range around 0.10, while excess mortality shows greater variability from
country to country and over time. Figure 4.4 shows two sets of trajectories for typical
values of 3; the left plot corresponds to the average male excess mortality profile in
the data, and the right plot corresponds to very high male excess mortality, as seen
in, e.g., Finland.

Implied sex gap
Dynamic Gompertz model with uniform rates of improvement
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20
8
<
$15
@
£
°©
)
10
[
I
©
o)
Q.
X
5
Q2
': /

/ /
ol /
0 25 50 75 100 0 25 50 75 100

Female life expectancy

beta 0.08 — 0.1 0.12

Figure 4.4: The sex gap trajectory implied by a dynamic Gompertz model for different
values of the female slope parameter, 5, for average and high excess male mortality. Left
plot has A, = 1.25 and Ag = —0.012, right plot has A, = 2.2 and Ag = —0.021.

We notice that although the size of the sex gap is different in the two plots, the
overall shape of the trajectory is almost the same in all cases. In particular, we
notice that the sex gap peaks when female life expectancy is in the range 30 to 50
years. This means that if a dynamic Gompertz model is fitted to data and forecasts
are produced from a jump-off year where female life expectancy is larger than 50
years then the model will forecast a closing sex gap; at least if the slope parameters
are relatively constant (i.e., if £g ~ 0).

Note that the speed with which the sex gap trajectory is traversed in the forecast
depends on how fast female life expectancy evolves. We only know that as female life
expectancy increases beyond 50 years, the sex gap closes. Since female life expectancy
will not increase linearly, the shape of the sex gap in the forecast will typically not
resemble the shape of the sex gap trajectories in Figure 4.4.

That the coherent, dynamic Gompertz model typically produces narrowing sex
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gaps also for age-dependent rates of improvement, is illustrated in Figure 4.5. The
forecasts are produced by (4.4.2) for dynamic Gompertz models fitted to different
countries in different periods. The Gompertz models are calibrated using data
in the age range {20,...,100} to avoid the poor fit at younger ages to influence
parameter estimates; for the same reason we look at the life expectancy differential
at age 20, instead of at birth. Parameters of the Gompertz models are estimated
by maximum likelihood assuming independent, Poisson-distributed death counts,
D(xz,t)|E(x,t) ~ Pois(E(z,t) exp(at + B:x)). The model’s parameters are calibrated
to the latest 30 years of data available before projection jump-off. If data does not
exist for all 30 years, only available data is used. We estimate and project the models
for all countries in Western Europe and for periods with jump-off in 1960, 1980,
2000, and 2020, respectively.
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Figure 4.5: Forecast of the life expectancy sex gap in Western Europe using a dynamic
Gompertz model with parameters forecasted as a random walk with drift, cf. Equation (4.4.2),
and varying jump-off years.

As seen, almost all forecasts in Figure 4.5 produce narrowing gaps. In some periods
the forecasts provide a good description of the future, e.g., the recent forecasts for
Finland, France, Portugal and Spain, but in most cases the forecasted sex gap does
not provide a sensible continuation of the historic trend. The problem is, that the
behavior of data leading up to the jump-off year matters very little; it is the assumed
coherence in the forecasts that produces the (implied) unimodal sex gap trajectory
and it is the fact that female life expectancy is larger than 50 years at all jump-offs
that places us on the declining part of that trajectory.
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We note in closing, that the dynamic Gompertz model does not always forecast
closing sex gaps. Periods with little or no mortality improvements for males (Denmark,
1980), or male mortality being very close to female mortality can lead to an increasing
sex gap at jump-off. In the latter case, the peak of the implied sex gap trajectory
can occur at a much higher age than indicated in Figure 4.4, cf. Box 4.2 “The outlier
Ireland” for an example of this rarely happening situation.

4.5 The Forecast of Closing Sex Gaps by Coherent
Mortality Models

In the previous section we demonstrated that the dynamic Gompertz model typically
forecasts closing sex gaps, both under uniform rates of improvement, as predicted by
Theorem 4.3.1, but also under age-dependent rates of improvement. In this section
we show that more “realistic”, coherent mortality models behave qualitatively similar
to the dynamic Gompertz model. On this basis, we conclude that closing sex gap
is indeed a general feature of coherent models. The analysis is in two parts. First,
we relax the parametric structure of the Gompertz curve but keep the uniform rate
of improvement. Second, we show closing sex gaps for coherent, semi-parametric
models with age-dependent rates of improvement.

4.5.1 Location of the Sex Gap Zenith under Uniform Rates of
Improvement

Based on the dynamic Gompertz model, we concluded in Section 4.4.3 that for
Western European data the implied sex gap peaks at an earlier age than the observed
female life expectancy, leading to closing sex gap forecasts. One might object to this
analysis that the Gompertz model allows for only a very limited set of mortality
profiles, and that the conclusion implicitly rests on this fact. Below we extend the
analysis to general, smooth mortality profiles, retaining the assumption of uniform
rates of improvement.

Consider a (strongly) coherent mortality surface with female and male mortality of
the form py(x,t) = py(z, T)exp(—p(t—T)) and pm, (z,t) = ps(z, t)c(z), respectively,
where T is a fixed year, py(x,T) is the female mortality at age x in year T, c¢(z) is
the male excess mortality at age z, and p > 0 is the (uniform) rate of improvement.

Recall from Equation (4.4.8) that the sex gap trajectory is defined as the set of
female life expectancies and sex gaps that can occur together when ¢ varies. By
the same argument as in Section 4.4.3, this set does not depend on the rate of
improvement. In other words, assuming a uniform rate of improvement, the sex gap
trajectory depends only on the female mortality profile in any given year and the
excess mortality profile. In particular, for any female mortality profile, pf(-,T'), and
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any c-profile, we can define the (implied) sex gap zenith,

(@max; Omax) = (€£(0, tmax), O(tmax)), Where tyay = argmax6(t), (4.5.1)

as the female life expectancy when the sex gap is at its maximum and the corre-
sponding (maximal) value of the sex gap. The notation (@max,fmax) is chosen to
reflect the abscissa and ordinate at the maximum point, cf. Figure 4.4.

We compute and compare (@max,max) for (1) a Gompertz model and (ii) a
graduated mortality curve, where the mortality curves obtained by graduation closely
represent the true underlying death rates. In short, the graduation procedure smooths
the empirical death rates by a cubic smoothing spline, while the Kannisto model
of old-age mortality is used at ages 80 and above. Further details are provided in
Appendix 4.B.

The sex gap zenith is presented in Table 4.1 for the two models for the countries
in Western Europe. For given year, mortality data for that year only is used to
estimate female and male mortality profiles from which the c-profile is derived. Next,
assuming a uniform rate of improvement, the implied sex gap trajectory (4.4.8) can
be computed. Finally, the female life expectancy and the size of the sex gap at the
zenith (4.5.1) of the trajectory are found. The computation is performed on data
from three calendar years that captures the different epochs of the period. In the
first year, 1950, all countries are on the widening part of the observed #-curve. The
second year, 1985, is the middle of the period where the observed 6-curve peaks,
while the third year, 2020, is on the narrowing part of the curve, cf. Figure 4.1. If a
country does not have data at one or both of the endpoints, the nearest data point
is used instead.

Table 4.1: Female life expectancy (amax) when the implied sex gap trajectory is at its
maximum (Omax). For each country and model, the year refers to the data used to compute
the implied sex gap trajectory, see main text for details. Life expectancies are truncated at
the age of 110.

Gompertz mortality curve Graduated mortality curve

Gmax Bmax Gmax Omax
Country Data avail. 1950 1985 2020 1950 1985 2020 1950 1985 2020 1950 1985 2020
1. Austria 1947-2019 332 345 321 6.9 135 11.5 475 438 414 53 10.6 7.8
2. Belgium 1841-2020 32.8 35.0 31.8 76 115 9.8 43.0 45.0 52.0 6.2 8.3 6.2
3. Denmark 1835-2020 28.0 36.7 32.0 3.5 8.4 6.7 275 338 298 4.5 8.0 8.5
4. Finland 1878-2020 35.6 363 338 122 156 144 492 492 457 89 122 11.0
5. France 1816-2018 354 36.8 34.7 77 154 134 543  56.0 58.6 59 109 8.6
6. Iceland 1838-2018 341 339 299 8.9 13.0 8.8 37.6 445 431 9.2 9.4 6.2
7. Ireland 1950-2017  87.9 358 30.7 20 81 8.1 73.7 36.0 379 1.7 84 89
8. Italy 1872-2018 317 343 313 5.6 12.1 9.8 48.1 441 39.0 4.0 9.1 7.4
9. Luxembourg 19602019  32.1 358 31.8 9.8 10.0 9.5 324 383 313 9.1 103 101
10. Netherlands 1850-2019 280 36.2 30.9 3.7 94 5.2 309 66.2 37.7 4.6 7.0 47
11. Norway 1846-2020  29.7 34.8 30.1 54 122 7.4 343 393 403 6.2 10.0 7.6
12. Portugal 1940-2020 380 34.8 34.3 72 129 155 55.9 43.6  62.0 50 11.2 9.2
13. Spain 1908-2018  37.8 345 33.3 6.4 138 133 54.5 476 64.8 49 104 77
14. Sweden 1751-2020 28.8 343 303 4.0 101 7.1 29.6 515 378 5.5 7.3 8.4
15. Switzerland 1876-2020 321 348 303 6.7 11.7 9.2 41.2 429 383 5.7 9.6 7.9
16. United Kingdom  1922-2018 381 393 314 5.2 6.9 8.0 61.5 352 422 4.5 6.6 6.7

17. West Germany 1956-2017 315 347 320 8.7 114 104 39.2 544 551 7.2 8.1 6.0
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Box 4.2. THE OUTLIER IRELAND

The only outlier in Table 4.1 is Ireland, 1950. In this year, the observed life
expectancy for females is 66.7 years, but according to Table 4.1, this is well below
é{; . Ireland is rather unique in a demographic context. Men outlived women at the
beginning of the 20th century, and by the 1930s, Ireland was the only country in
the West with higher survival rates for men than for women at any age (Coleman,
1992). This pattern has taken a while to reverse, and even though female mortality
is lower than male mortality in 1950 (at most ages), the curves lie almost directly
on top of each other as seen in the figure below. Interestingly, this fact makes the
sex gap widen for a prolonged period, that is, the slope of 0 is rather moderate
before reaching the turning point. Once the turning is passed, however, the gap
will close quite rapidly; the slope on the narrowing part is much steeper compared
to the slope on the widening part of the curve as seen in the figure below. This
feature needs to be understood in the context of life span disparity, ef, and the
maximum attainable age, w. Because the mortality profiles are similar not only in
slope but also in level, e} stays higher than e],, for longer. Female life expectancy
at the turning point, amax, is, therefore, closer to w than had the mortality levels

been further apart, causing the subsequent “catch-up” to happen much faster.
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Figure: Mortality and implied sex gap for Ireland, 1950. In the left panel, the Gompertz

fit is superimposed as solid lines.

The Gompertz model predicts a female life expectancy of around 30—40 years
when the sex gap is at its zenith, varying slightly from country to country and period
to period. For comparison, observed female life expectancy in 1950 is between 61.0
(Portugal) and 73.6 (Iceland) and increasing over the period. Thus, all countries
are on the declining part of the implied #-curve, and continued improvements in
mortality will further narrow the gap. The only exception is Ireland, see Box 4.2.

Because the Gompertz curve constitutes a highly stylized mortality profile, the
life expectancy predictions from this model are fairly consistent across the different
countries and periods. The graduated mortality curve is more flexible, resulting
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in more diverse predictions, in particular, regarding the female life expectancy at
the sex gap zenith. The overall result is, however, qualitatively the same; with the
exception of Ireland, the implied sex gap peaks when female life expectancy is below
that observed at the estimation year (not shown). The takeaway message is that for
essentially all countries and jump-off years, both models project narrowing sex gaps.

4.5.2 Coherence Implies Closing Sex Gaps

Until now we have demonstrated sex gap unimodality and closing sex gap forecasts
under conditions imposed for mathematical tractability. In particular, strong co-
herence and uniform rates of improvement. Of course, coherent mortality models
used in practice are neither strongly coherent, nor do they have uniform rates of
improvement. Nevertheless, the conclusion extends to “realistic”, coherent models
also, and for the same reason. Calibrated to Western European mortality data, the
sex gap implied by the models peaks when female life expectancy is (much) lower
than levels observed after the Second World War.

Table 4.2 presents the slope of the sex gap following projection jump-off based on
the dynamic Gompertz model (4.4.2), the Li-Lee model (4.3.2), and the product ratio
model of Hyndman et al. (2013) for different jump-off years. For the Li-Lee model
(4.3.2), we use AR(1)-processes to describe the sex-specific time-varying indices. The
product ratio model is fitted and forecasted using the Demography package (available
on CRAN) in R.

Table 4.2: Direction of the sex gap five years after projection jump-off for different coherent
models and jump-off years. The table shows whether the gap is narrowing (\,) or widening
(). The models are calibrated to data in the period 1950 (or the earliest year where
data is available) to the listed jump-off year. No direction is shown if the model cannot be
calibrated (i.e., lack of data).

Gompertz model Li-Lee model The Product-Ratio model
Country 1960 1965 1970 1975 1980 1960 1965 1970 1975 1980 1960 1965 1970 1975 1980
1. Austria NN N NN NN N NN NN N NN
2. Belgium NN N NN NN N YN NN N YN
3. Denmark NN N N S A T ' NN N SN
4. Finland NN N NN NN N NN NN N NN
5. France NN N NN NN N YN NN N YN
6. Iceland NN N Y AR VI VI AN VIR VIR VI
7. Ireland NN N NN NN N NN NN N N Y
8. Italy NN N YN NN N YN NN N SN
9. Luxembourg - Va Va Va N - a N a a - N a N\ e
10. Netherlands N N N N N N N N N N N\ N\ N\ N N
11. Norway NN N NN NN N YN A T '
12. Portugal NN N Y NN N SN A T Y Y
13. Spain NN N NN NN N NN NN N N Y
14. Sweden NN N NN NN N YN A T T
15. Switzerland NN N Y NN N N S NN N NN
16. United Kingdom N N N N N N N N N N N N N\ N\
17. West Germany NN N NN NN N NN - N O/ NN

Except for the United Kingdom, the actual sex gap was widening at all jump-off
years, cf. Figure 4.1. Nevertheless, essentially all forecasts predict a narrowing sex
gap. Further, for those (few) forecasts where the gap is projected to widen, the
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historical trend is not reproduced. Rather, the apex of # is predicted to be in the
near future with a gap that remains approximately constant on a short horizon (not
shown); the forecast trajectories resemble that of Denmark, 1980 seen in Figure 4.5
(green, dashed line).

In semi-parametric mortality models, e.g., the Lee-Carter model (Lee and Carter,
1992) or the Li-Lee model (Li and Lee, 2005), the fit to data is typically good
due to a large number of parameters. Even parsimonious model structures such
as the dynamic Gompertz model can capture many observed mortality patterns
when parameters are allowed to vary freely. Consequently, in the estimation window,
most mortality models allow flexible, if not freely varying, rates of improvement,
p(x,t). In the forecasting region, however, the improvement rates are often, directly
or indirectly, constrained by (i) assuming temporal constancy, e.g., in models of the
Lee-Carter type, and (ii) by imposing coherence:

Time invariance ((E) Coherence
_— —_—

p(z,1) pf(l‘) ~ ().

Both assumptions might be at odds with (recent) trends in data, resulting in death
rate (median) trajectories that may not conform with those observed in the past.
Relaxing the assumption of time-invariant improvement rates can be achieved by
various techniques, for example, by imposing convergence to a long-term target (Li,
2013), or applying frailty theory (Jarner and Jallbjgrn, 2022). This, however, is not
the focus of the present paper.

Although, formally only a condition in the limit, the coherence assumption built
into many multi-population mortality models all but eliminates the ratio effect,
identified by Glei and Horiuchi (2007) and Cui et al. (2019) as the main driver
of the widening sex gap in Western Europe until the 1980’s, cf. Section 4.2.2. In
periods where the sex gap is narrowing, the ratio effect is less important and the
coherence assumption agrees more with observed data. Narrowing sex gap projections
are produced as intended but are not guaranteed to replicate the latest trends, cf.
Figure 4.5. In summary, the implied sex gap trajectory of coherent models, being
driven mainly by the level effect, is too inflexible to adequately describe and forecast
the sex gap evolution since 1950.

4.5.3 Does Coherence Deserve Its Special Status?

The fact that the sex gap narrows in coherent projections at essentially all levels of
mortality observed in the West over the last 70 years challenges the desirability of
coherence as a modeling goal and adds to the recent criticism of coherence raised
by Hunt and Blake (2018) and Jarner and Jallbjorn (2020). At the time of its
development, coherence coincidentally appeared as a desirable property that (to
some extent) continued the narrowing of the sex gap that had been observed for some
time, unlike most independent methods that projected widening or diverging gaps, see
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for example Figure 5 in Hyndman et al. (2013). One can understand that Hyndman
et al. (2013) and others concluded that coherent forecasts were an improvement over
independent forecasts, but this verdict seems somewhat anchored in the sex gap
decline of the time. Imagine standing in a year between 1950-1980, observing sharp
transitions from widening to narrowing gaps such as those in Figure 4.5. It then
seems far less obvious that coherence is a property one should impose on a model
and certainly questions whether coherence deserves the special status it has been

given.

From the adversarial perspective, it is—at least in theory—possible for coherent
models to accommodate temporary ratio effects of varying (but bounded) size and
thereby produce trends in the sex gap that are in keeping with those recently
observed. In most applications, however, the ratio effect diminishes quickly, leading
to a misalignment between historic and projected trends as demonstrated in Table 4.2.
Arguably, a diminishing ratio effect is intentional, because otherwise, the rationale
for imposing coherence would be undermined. Even though coherence may be a
sensible restriction to impose when extrapolating the present mortality regime (for
some populations), it does not seem to be so historically and may not be so in
the future either. In our view, this suggests a revision of coherence as the guiding
principle for multi-population mortality modelling.

Moreover, as is also pointed out by Jarner and Jallbjorn (2020), coherence seems
too tailored to the log-linear common factor models for which the property was
introduced. Even though single population models can be coupled via cointegration
techniques to achieve coherence, the choice of scale, i.e., ratios of mortality rates,
remains somewhat arbitrary and effectively restricts the coherence label to models
of the Lee-Carter type. Therefore, we see a need for a broader definition that covers
a larger class of models and permits less restrictive dependency structures.

As a minimum, the coherence requirement should be relaxed to allow for observed
patterns of covariation to continue in forecasts. A possible approach to tackle this
issue could be to redefine coherence into a property that concerns modeling on the
parameter scale rather than modelling on the (log) data scale. In particular, it seems
more natural to identify cointegrating relations between (time-varying) parameters,
i.e., identifying linear combinations of the parameters that are stationary, rather
than requiring mean-reversion of mortality log differences. For further discussion on
this point, see Jarner and Jallbjgrn (2020).

4.6 Conclusion

The notion of coherence has been one of the most influential ideas in multi-population
mortality modeling. When projecting groups of related populations, e.g., males
and females, or countries of similar affluence, which have evolved in parallel in
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the past, it is natural to expect these populations to “stay together” in the future
also. Coherence solves the problem of diverging, or crossing, forecasts that can
arise when projecting, even very similar, populations separately. It does so by
requiring converging mortality ratios, or, equivalently, asymptotically equal rates
of improvement at each age. At first sight, this seems an innocent and reasonable
requirement, but in practice coherent models enforce a rigid structure on the forecasts
that can be at odds with trends in data.

In this paper we discussed the implications of coherence in two-sex mortality
models with focus on the dynamics of the sex differential in life expectancy (sex gap).
We provided both theoretical and empirical evidence to support the conclusion that
coherent models forecast closing sex gaps for Western European countries for almost
all jump-off years since 1950. Despite the fact that the actual sex gap was widening
until the 1980s. Coincidentally, coherence was introduced after almost 20 years of
narrowing sex gaps, and a continued sex gap closing was seen as a desirable feature
of coherent models. However, the inadequacy of coherent models in the first half of
the period from 1950 till today, lead us to question coherence as a general modelling
principle.

Technically, we prove in the paper that strongly coherent models with a uniform
rate of improvement produce a unimodal sex gap trajectory. Further, we demon-
strate that for Western European levels of male excess mortality (relative to female
mortality) the implied sex gap trajectory typically peaks when female life expectancy
is in the range 30 to 50 years. Although formally proven only for a specific subclass
of coherent models, this insight applies in much greater generality and it explains
why forecasts from coherent two-sex models are almost always on the declining part
of the trajectory.

We also discussed the effects responsible for the observed widening and narrowing
sex gap in Western Europe from 1950 till today. In particular, with appeal to Glei
and Horiuchi (2007) we identified changing sex ratios (the ratio effect) as the main
driver of the widening sex gap, and differential disperson combined with general
improvements (the level effect) as the main driver of the subsequent narrowing of
the sex gap. In light of the similarity between the observed and implied sex gap
trajectories in Figure 4.1 and Figure 4.4, respectively, it is a priori surprising that
coherent models cannot be used to describe the observed sex gap dynamics over the
entire period. However, the implied sex gap trajectory peaks too early, in terms of
female life expectancy, and therefore cannot be aligned with the widening part of the
observed sex gap trajectory. Moreover, even on the narrowing part of the observed
sex gap trajectory, coherent forecasts often have a kink at jump-off, see Figure 4.5.
In conclusion, the implied sex gap trajectory of coherent models being driven purely,
or mainly, by the level effect is not sufficiently flexible to describe the observed sex
gap dynamics.
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To prove unimodality of the sex gap, we relied on the assumption that life
expectancies are bounded from above, implying that we eventually approach a life
expectancy plateau and that the sex gap therefore vanishes in the limit. Even
though life expectancy does not appear to be approaching a maximum at present
(Oeppen and Vaupel, 2002) and even though women have been shown to “always”
live longer than men (Kalben, 2000; Zarulli et al., 2018), it does seem reasonable
that a biological or genetic barrier to an infinite lifespan exists; however, if an upper
limit does not exist a vanishing sex gap is not guaranteed. It is also conceivable that
the present level of old-age mortality acts like a de facto barrier, but that continued
improvements can “break through” the barrier and move it to even higher ages.

Although we have presented the results and the analysis as pertaining to coherent
models and their properties, the unimodality result can also be given a real-world
interpretation. In Western Europe, males have historically had lower rates of improve-
ment than females, but currently the two sexes enjoy similar rates of improvement.
Combined with the unimodality result, this indicates that the observed sex gap will
continue to close in the future but it also points to factors that need to change for the
gap to start widening again. That is, (i) if mortality undergoes a (perhaps temporary)
regime change in which female rates of improvement substantially outweigh male
improvements, for instance, if certain diseases that primarily target females are
reduced or eradicated, or if sex-specific risk behaviour changes in favour of women;
(ii) if the current lifetime barrier is broken through, the sex gap dynamics could
“start over” and result in a multimodal curve similar to that exemplified in Figure 4.3.
It is also conceivable that a widening gap in favor of men could be brought about.
This can happen, e.g., if the sex-specific mortality curves continue to steepen in such
a way that high-age male mortality falls below high-age female mortality.

The paper focused on coherence in two-sex models. However, our main result
applies also to other coherent, multi-population models whenever an ordering of
the population-specific mortality rates exists. A noteworthy instance is mortality
rates between different socio-economic groups, a case that has attracted much recent
attention, see e.g. Bennett et al. (2018) and Cairns et al. (2019). Historically, the life
expectancy gap between the most and least affluent has widened for some time, and
the trend is expected to continue over the coming years by domain experts. However,
under the assumption of coherence, the gap may inadvertently be projected to close
right after projection jump-off. Other applications with mortality orderings expected
to persist over time include modelling of rich countries relative to poor countries,
insured lives relative to non-insured lives, and smokers relative to non-smokers. In
all these cases, coherent models are likely to produce immediately narrowing gaps
irrespective of the historic development leading up to jump-off.

Finally, since the main result hinges on excess mortality of one population relative
to another, it cannot be applied to situations where such an ordering does not exist.
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For example, when modeling a group of neighboring countries of similar affluence, we
cannot conclude that this will generally lead to closing gaps for all pairs of countries.
Arguably, even if we could, narrowing gaps would perhaps be less of a worry in this
context, at least in the long run.
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4.A Proofs and Lemmas

4.A.1 Stochastic Dominance

The following lemma gives a general result that is used to assess the sign of the
second derivative of the sex gap at a stationary point. The lemma has ties to the
concept of stochastic dominance, see e.g. Lindvall (2002). We say that a real-valued
random variable Y stochastically dominates another real-valued random variable X
if P(Y < 2) < P(X < 2) for all z. Informally, this means that the distribution of
X is to the left of the distribution of Y. Various inequalities based on this partial
ordering can be derived. The result we need is stated below.

Lemma 4.A.1. Let fi and fy be strictly positive functions with compact support
[0, K1] and [0, K3], respectively, with 0 < K7 < Ko < 00, satisfying
K1

K>
fi(z)dz = fo(z) dz. (4.A.1)
0 0

Assuming that f1 and fo have continuous first derivatives such that

0 0
py log f1(z) < 32 log fa(x) for 0 <z < K, (4.A.2)

then for any strictly increasing, differentiable function h : [0, Ka] — R,
Ky K>
/ h(z) fi(z)dz < / h(x) fa(z) dz. (4.A.3)
0 0

Proof. Let m denote the common value in (4.A.1), and let v and 5 denote measures
concentrated on [0, K;] and [0, K2], respectively, so that g;(x) = fi(z)/m and
g2(x) = fa(x)/m are the Radon-Nikodym derivatives of vy and vy with respect to
Lebesgue measure. Further, let G1(z) = [ g1(u) du and Ga(x) = [; g2(u) du be
the corresponding cdf’s.
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It suffices to show that Ga(z) < Gi(z), Vz € [0, K], with strict inequality at
some x, because then

K1 K2 K1 xr Kg xr
hdvy — hdvy = / / B (u) dudGy(z) — / / h'(u) dudGa(z)
o Jo o Jo

0 0

K1 K2

:/ h'(z) (17G1(x))dx7/ B (z) (1 — Ga(z))dz
0 0
K>

=/, h'(z) (Ga(z) — Gi(z))dz < 0, (4.A.4)

and (4.A.3) follows immediately. In the above, the first equality follows by writing
) =h(0) + [ b(w)du, (1A5)
0

and the second by reversing the order of integration. The latter computation is valid
by Tonelli’s theorem since h’ is non-negative.

We know that G1(0) = G2(0) =0 and Ga(z) < Gi(z) =1 for x € [K;, K3]. For
0 < z <w < K; we have from (4.A.2) that

gilw) _ [0 v o g2(w)
log e —/Z %logfl(a:) dxﬁ/z %logfz(m) dz = log ()’ (4.A.6)

and thereby g1(w)/g1(2) < g2(w)/g2(2), or, equivalently, g2(2)/g1(2) < ga(w) /g1 (w).
Hence, r(x) = g2(x)/¢g1 () is monotonically increasing on (0, K7). Define the sets

A={z]z € (0,K;1),r(z) <1}, (4.A.7)
B={x]|z€(0,K;),r(x) =1}, (4.A.8)
C={z|ze€(0,Ky),r(x)>1}, (4.A.9)

that collectively cover (0, K1). Since

K, Ko K1 K,
/0 g1(zx)de = /0 ga2(z)da > /0 ga2(z)da = /0 r(z)g1(z)dz, (4.A.10)

A cannot be empty. Due to the monotonicity of r, C' cannot be empty without B
being empty. If both B and C are empty or if only C is empty, we have that

Ga(z) = /Of r(u)g1(u) du < /OI g1(uw)du = G1(x), (4.A.11)

for all z € (0, K;). If C is non-empty, suppose for contradiction that there exists
an x € C for which Ga(z) > G1(z). Then, due to the monotonicity of r, we would
have G2(K1) > G1(K1), but this contradicts (4.A.10). Thus, we conclude that
Ga(x) < Gi(x) for all x € (0, K7). O
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4.A.2 Proof of Theorem 4.3.1

For ease of reference, we recall the central definitions and assumptions used in
Theorem 4.3.1. Let p : [0,w] x R — (0,00) be a twice continuously differentiable
function satisfying

t_l}llnoo p(z,t) = oo, and tliglo w(z,t) =0. (4.A.12)

Let py(z,t) = p(z,t) and p,(z,t) = p(z, t)c(x) denote female and male mortality,
respectively. Let 0(t) = e;(0,t) — e, (0,t) denote the sex gap. Note that 6 is twice
continuously differentiable. The proof of Theorem 4.3.1 relies on Lemma 4.A.1 and
the following two lemmas.

Lemma 4.A.2. Assume c(x) > 1 for all x. The sex gap, 0, attains its global
mazimum on R. In particular, 8 has at least one stationary point.

Proof. We first note that 6(¢t) > 0 for all ¢t € R with limits
lim O(t) = lim 0(t) =0 (4.A.13)

t——o0 t—o0

This follows from (4.A.12) and the assumption ps(x,t) < pm(z,t) for all z and ¢.
Choose an arbitrary real number ¢ty € R. Because the limit of 6 in either end of the
real line is zero, there exist numbers —oo < #; <ty < t,, < 0o such that 0(t) < (o)
for t < t;, and 6(t) < 0(tp) for t > t,. Since 6 is continuous it attains a maximal
value at, say, t,, on the compact interval [t;,t,], cf. Rudin (1976, Theorem 4.16).
This is also the global maximum by construction since ty € [¢;,t,]. Hence, since 6 is
continuously differentiable, it follows that (t,,) = 0. O

Lemma 4.A.3. Assume c(z) > 1 for all x. If stationary points of 6 are local
mazxima, that is, if
VteR:0(t)=0=6(t) <0, (4.A.14)

then 0 is strongly unimodal on R.

Proof. Assume (4.A.14) holds. We start by showing that 6 can have at most one
stationary point, or equivalently, that 6 can have at most one root. Assume for
contradiction that 6 has at least two roots a,b € R with a < b. By (4.A.14), §(a) < 0
and therefore there exists ¢ > 0 such that 6 is strictly negative on (a,a +¢€]. Let
c=inf{t > a:60(t) > 0} be the first time § passes zero after a. The set defining ¢
is disjoint with (a,a + €] and it is non-empty because it contains b, by assumption.
In particular, ¢ # a. By continuity, §(c) = 0, because if f(c) > 0 there would exist
a+¢e <t<cwith 9(t) = 0 contradicting the definition of ¢, see e.g. Rudin (1976,
Theorem 5.12). For the same reason, 8(t) < 0 for all ¢t € (a,¢). Now, since 6 is twice

differentiable at ¢, the limit

lim w = lim (1) (4.A.15)

t—c— —cC tse—t—cC
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exists and equals 6(c). But since (t) < 0 in an interval to the left of ¢, we find

6(c) > 0 contradicting (4.A.14). We conclude that 6 can have at most one stationary
point.

By Lemma 4.A.2 we know that 6 attains its unique maximum at some ¢,, € R,

and as just shown this is the only stationary point. Consequently, 6(¢) > 0 for all
t < ty, and 0(t) < 0 for all ¢ > t,,, and we conclude the 6 is strongly unimodal. [J

Theorem 4.3.1. Assume f%bgp(x,t) = p(t) > 0 for all x, i.e., the rates of
improvement is the same for all ages and strictly positive at all times. If ¢(x) > 1

0 //fm(In_ml(xvt)’t)
p log (W) <0, (4.3.9)

for allt € R, and all x where the argument is defined, then 0 is strictly unimodal on
R.

for all x, and

Proof. By Lemma 4.A.3 it suffices to prove condition (4.A.14). The first and second
derivatives of 8 are given by

0(t) =p(t)/ |15, )0 — 1 (@, ) 0] da, (4.A.16)
0

B0 = 0) [ [11m 00 — 1)1 s
0

+ p2(t) /0‘“ [([J%(z,t) — If(z’t))eflf(w,t) — (12, (2,t) — Im(l.’t))efIm(z,t) de.
(4.A.17)

Fix a t € R for which §(t) = 0. We then get from (4.A.16) that (t) reduces to
0(t) = p*(1) / [Ij%(a:,t)e*ff@’t) fffn(z,t)effmw} da. (4.A.18)
0

Thus, to establish (4.A.14) it suffices to establish that the integral in (4.A.18) is
negative.

The proof relies on an invocation of Lemma 4.A.1. To bring 6(t) and 6(t) on a
form more suitable for this purpose, we introduce, with slight abuse of notation, the
variable transform z = I(x,t) and write

. If(w:t) I (w;t)
0(t) = p(t) l/o fr(z,t)dz — /0 fm(z,t) dz] , (4.A.19)

.. Ip(w,t) I (w,t)
o(t) = p*(t) l /0 2fp(z,t)dz — /0 2fm(z,t) dz] : (4.A.20)
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where fy(z,t) = ze™* /g (I;*(2,1),1), for g € {f,m}, is the (transformed) integrand
of the integrals in (4.A.16). We note that I is invertible by the inverse function
theorem, see e.g. Rudin (1976, Theorem 9.24).

Now, since assumption (4.A.2) of Lemma 4.A.1 is equivalent to assumption (4.3.9)
of Theorem 4.3.1, that is,

9 o fr(2,) :2 o M
azl . <fm(2’,t)> 82:1 & (Nf(ff1(27t),t)> <0, (4.A.21)

and since fi, (z,t) > py(z,t) for all  implies that I,,(w,t) > It(w,t), we can invoke
Lemma 4.A.1 to get that

I¢(w,t) Iy (w,t)
/ z2ff(z,t)dz < / z2fm(z, 1) dz. (4.A.22)
0 0
It immediately follows that the integral in (4.A.20), and thereby the integral in
(4.A.18), is negative, and we are done. O

4.B Graduation of pu(x)

Suppose we have data on deaths, D(x), and exposures, E(z), for integer ages
x € {0,...,110}. By smoothing the empirical death rates, m(x) = D(x)/E(x), we
wish to obtain an improved representation of the true underlying mortality curve,
w(z). An example of the graduation procedure described below applied to data is
shown in Appendix 4.6.

4.B.1 General Smoothing

Within the observed age range (0-110) we fit a cubic smoothing spline to the observed

death rates, i.e., we model m by an additive noise model m(x) = f(z) 4 ¢(x) where

e(x) is assumed iid with mean zero and the cubic smoothing spline estimate f of f

minimizes )

> [m@) — f@)] 4 / 7(w)? du (4B.1)
TEX

where the smoothing parameter A is fitted through cross-validation and

x = {0, 1,10, 20,30, 40, 50, 60, 70, 80, 110}

is the set of knots used. From f, we can obtain smoothed estimates fspline () = f(x)
for general (non-integer) z.

4.B.2 Old-Age Smoothing

For the highest ages, we smooth the mortality curve by fitting a logistic function to
the observed death rates for ages 80 and above. That is, we fit the Kannisto model

logit p(x; a,b) = a + b(z — 80), (4.B.2)
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Empiric and graduated mortality curves
Western Europe, 1985
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Figure 4.6: Empiric (dots) and graduated (line) death rates. The graduated mortality
curve is computed through (4.B.4).

with parameters a,b € R, cf. Thatcher et al. (1998). The parameters are found by
maximizing a Poisson log-likelihood

99

log L(a,b) = > [D(x)log u(x;a,b) — E(z)u(x; a,b)], (4B.3)
=80

for data in the age-range 80-99. Substituting the maximum likelihood estimates a

and b into (4.B.2) yields smoothed death rates jiogit () = pu(x; @, b).

4.B.3 Mortality for the Combined Curve

We calculate smooth death rates for the entire age range by the weighted average

(@) = fispiine () (1 — w(@)) + fnogit (z)w(z), (4.B.4)

with weights w(z) = min(1, max((z — 80)/20,0)) for « € [0,110].

4.C Life Expectancy under Piecewise Constancy

Suppose that mortality is piecewise constant over squares of the form [z, x+1) X [t, t+1)
for integer ages x € {0,...,110} = X and calendar years ¢ € T, that is, suppose

plx + Az, t + At) = p(z,t), Az, At€[0,1),
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for all x € X,t € T. The assumption of piecewise constancy is convenient for
many calculations of life table related quantities. In particular, for any integer age
of truncation, w € {0,...,111}, the (truncated) life expectancy can be evaluated

analytically as:

e(z,t) :/ o= JU nlzt)dz dy

w=1l it
= Z / e f—py /"‘(Zat) dz dy
i=x 7/t

w—1 i1

-S([

1=

e S n(zt)dz dy) e~ Sy n(z,t)dz

w—1

i+1 ; )
=> (/ 0= dy) e~ T ey a

1=z

wol e (i) (y—i)

1+1 )
-y [ _ ] o— 2k i)
pu(ist) i

w—1 —p(i, .
_S e s,
—  p(it)

We use w = 110 throughout the paper.






Chapter 5

Forecasting, Interventions and Selection:
The Benefits of a Causal Mortality Model

This chapter contains the manuscript Jallbjorn et al. (2022).

ABSTRACT

Integrating epidemiological information into mortality models offers the
promise of improved forecasting performance and opens the possibility for
assessing the gain of preventive measures that reduce disease risk. While
probabilistic models can be used to forecast mortality, predicting how a
system behaves under external manipulation is a causal query that requires
a causal model. Using the framework of potential outcomes, we discuss
how mortality forecasts are affected by interventions and we address the
assumptions and data needed to operationalize such an analysis. We
bring attention to a challenge unique to population-level mortality mod-
els. Common forecasting methods treat risk prevalence as an exogenous
process, determined outside the mortality model. While ignoring (part
of) the inter-dependency between risk and death makes the joint system
easier to forecast, it comes at the cost of the model’s ability to relay
selection-induced effects. Using techniques from causal mediation theory,
we pinpoint the selection effect usually missing in studies on cause-of-death
elimination and when analyzing actions that modify risk prevalence. In
particular, we decompose the total effect of an intervention into a part
directly attributable to the action and a part due to selection effects. We
illustrate the effects using U.S. data.

Keywords: Mortality modelling, risk factors, cause elimination, interventions,

causality.
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5.1 Introduction

Soaring life expectancies throughout the industrialized world have prompted a rapid
increase in research on mortality modelling and forecasting. Predominantly, models
focus on achieving accurate out-of-sample forecasts of future all-cause mortality
relying on age, calendar time, and birth-cohort as sole predictors, e.g. Lee and Carter
(1992), Cairns et al. (2006), and Renshaw and Haberman (2006). These models
serve their purpose well and have proven extremely difficult to beat when it comes
to predicting future death rates. None of them, however, include information about
the causal mechanisms responsible for past trends, but instead assume secular linear
trends at an aggregate level.

To foster a deeper understanding of mortality and its drivers, recent studies
have focused on enriching traditional models by taking into account risk behaviour
that exerts a strong influence on health. The aim is to disentangle the effects of
general health improvements from risk behaviour and its changes over successive
generations. Booth and Tickle (2008) characterize models exploiting relations between
risk prevalence and death as explanatory models but warn that such relationships
are still imperfectly understood. Nonetheless, various advances to make more precise
and better substantiated forecasts by integrating health and lifestyle related trends
have been made in recent years, see in particular Wang and Preston (2009), King
and Soneji (2011), Janssen et al. (2013), Preston et al. (2014), and Foreman et al.
(2018).

Thus far, however, little work exists on how explanatory models open the possibility
for assessing the impact of health interventions in demographic forecasts. Studying
how human longevity can be improved by curing or reducing the prevalence of
existing diseases or by modifying risk behaviour is of great interest with many
potential applications across a range of disciplines including demography, actuarial
risk management, and health economics. In practice, such analyses are difficult to
carry out because of their inherent causal nature, necessitating explicit assumptions
about the data generating process and parameters that can be adjusted to represent

interventions.

Moreover, current frameworks are generally incapable of analyzing the impact of
interventions in a realistic and consistent manner. Explanatory models has hitherto
regarded risk prevalence as an exogenous process, creating a one-sided dependence
structure where risk prevalence affects mortality but not vice versa. This approach
is incongruent with reality where the presence of individual risk factor differences
play a key role in determining who die at a given point in time, which then in turn
affects how much risk is left in the population at later times. Zeger and Liang (1991)
use the term feedback to refer to such inter-dependencies, where the response at
time ¢ influences the risk factor distribution at future times s > ¢t. Because the
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model’s ability to relay selection-induced effects rely on the feedback mechanism
through which the (risk) composition of the surviving population is changed in
accordance with the (risk) composition among those who die, appropriate joint
forecasting methods are required if interventions are to conform with real-world
implementations.

The purpose of this paper is to discuss how mortality forecasts are affected by
interventions and to show by example the assumptions and data needed for such an
analysis to be operationalized. To facilitate this discussion we use the framework
of potential outcomes, see e.g. Imbens and Rubin (2015) and Herndn and Robins
(2020). In particular, we seek to pinpoint the selection-induced feedback effect usually
missing in studies on alternative mortality scenarios. Based on techniques from
causal mediation theory, we propose a method that decomposes the total effect of
cause-of-death elimination into a part directly attributable to death rate deletion
and a part due to selection effects. The overall message is that if we want to make
accurate statements about the effect of an intervention, that is if we are to quantify
both the direct and the indirect effects of an intervention, risk prevalence must
be endogenous to the mortality model. We consider this work a first step towards
demographic forecasting of mortality under interventions.

5.2 When do we need a Causal Mortality Model?

The most pertinent use of a model describing the link between risk behaviour and
cause-specific mortality is to obtain more precise and better substantiated mortality
projections. In many countries, life expectancy has historically evolved in a complex
fashion with periods of near stagnation followed by rapid increases. This history is
hard to reconcile with current mortality models in which the assumption of secular
linear trends is often at odds with reality (Janssen and Kunst, 2007; Jarner and
Jallbjorn, 2022). In contrast, separating lifestyle-related risks and diseases from
mortality allows for a detailed understanding of the historic evolution which in turn
could lead to more solidly founded forward-looking projections.

In general modelling and forecasting (cause-specific) mortality is a problem of
prediction, for which a probabilistic model suffices. That is, if we wish to predict
mortality given the prevalence of concurrent health risks, it suffices to consider a
probabilistic model of the conditional hazard. In theory, it is also possible to use
such a model to study the impact of interventions by perturbing the distribution of
variables that have been conditioned on as is done in conventional stress-tests. But
this analysis will only give a realistic picture of the consequences of an intervention if
the conditional distribution of mortality does not change when the predictors change.
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For example, suppose that we are interested in studying Social

factors
the effect of the number of cigarettes smoked daily, S, on

Overweight Smoking

the risk of death, D. There is an abundance of evidence

Risk of
death

in the literature to support the conclusion that the more
one smokes, the higher one’s risk of death becomes. We can Fi .

igure 5.1: An exam-
represent this cause-effect relationship concisely as ‘Smoking

ple of confounding.

— Risk of death’. Suppose we focus on the regression task of

learning s — E[D|S = s]. It is then tempting to interpret E[D|S = s] — E[D|S = 0]
as the expected increase in survival for a smoker, who quits smoking. But such
an interpretation is invalid in the presence of confounding factors. A confounding
factor is any variable that influences both risk exposure and response. Here we
could imagine the relationship depicted in Figure 5.1. A lack of commitment to
not smoke tends to co-occur with a higher susceptibility to being obese through
various underlying social factors. Since associations between the risk factor ‘Smoking’
and the outcome may arise not only through the number of cigarettes smoked daily
but also through the underlying factors that determine general risk behaviour, the
parameters associated with E[D|S = s] may have no causal meaning.

In comparison, the distinctive feature of a causal model is its ability to represent
and update its prediction endogenously in response to changing conditions. This
ability stems from the property that the conditional distribution of a variable given
its causes is stable under interventions that only affect other variables. That is, the
generative mechanism for a variable not targeted by an intervention is left intact.
Several comprehensive books have been devoted to the topic of causal inference
and discovery, see e.g. Spirtes et al. (2000), Pearl (2009), Imbens and Rubin (2015),
Peters et al. (2017), and Herndn and Robins (2020), and we will thus not give an
in-depth account of the concepts and methods here. In the present paper we focus
on defining and decomposing the effects of interventions in demographic forecasts of
mortality with a particular emphasis on the role of selection.

5.2.1 When is a mortality model causal?

To give precise answers to causal questions, we need to invoke restrictive assumptions
about the data generating process. A formal account of the ones needed can be found
in, e.g., Robins (1998), Robins et al. (1999), and Herndn and Robins (2020). These
may hold by virtue of study design, for instance in a randomized controlled trial,
but generally we can only identify causal effects from observational data when there
is no unmeasured confounding. Because no regard is paid to confounding factors
in a standard regression analysis, these estimates cannot be endowed with a causal
interpretation. This issue is also well recognized in the mortality forecasting literature,
for instance by King and Soneji (2011) who carefully remark: “Indeed, none of our
results should be seen as claims about the causal effects of obesity, smoking, or any
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other factor.”.

Estimating causal effects is an ambitious task requiring specialized methods, sub-
ject matter expertise, and detailed individual-level health data. To operationalize a
causal mortality model, dose-response relationships must be based on epidemiological
evidence from the literature, supported by trial and cohort data. Recent advances
in the field of epidemiology, spearheaded by the Global Burden of Disease (GBD)
initiative, may assist in bridging this gap between mortality and its determinants.
In particular, Murray et al. (2020) gives a standardized and comprehensive account
of how 87 risk factors interact and affect different causes of death, covering in total
560 risk-outcome pairs based on a systematic review of partial studies. Using data
from the GBD, it is possible to construct a causally interpretable mortality model
with the aim of forecasting country specific mortality under varying scenarios. We
take up this task in the second part of the paper.

The modelling choices we make are close in spirit to the seminal work of Foreman et
al. (2018), who also build an explanatory model based on the GBD estimates with the
aim of substantiating mortality forecasts and exploring alternative health scenarios.
While Foreman et al. (2018) does evaluate better /worse scenarios, these are made
using a more conventional stress testing procedure, where the improvement rates of
the risk factors are varied. They stress that such scenarios are to be understood as
“[...] a signal on the scope for policy change”, rather than actual alternative scenarios.
We wish to expand on their method of analysis and explain which additional model
components are needed to evaluate actual interventions.

5.2.2 Feedback between mortality and risk prevalence

Building and calibrating a causal mortality model comes with the general challenges
intrinsic to causal modelling and discovery, some of which are described in the
previous section. In this paper we bring attention to an additional challenge which
is unique to predicting mortality under interventions in population-level models,
namely the second-order effects that arise due to selection over time and how these
can be quantified.

In general, perturbing any one part of a system has a ripple effect as the initial
disturbance propagates to the remaining system over time. This is also true when
concerned with the dynamics of mortality which is subject to a selection-induced
feedback mechanism: if the risk composition among the survivors change, the compo-
sition among those who die also change and vice versa. We aim to explicate the effect
relayed through the feedback mechanism under two types of interventions, namely
i) on actions that target the death rates directly (i.e., cause-of-death elimination),
and ii) on actions that modify behavioural risk factor prevalence thus targeting the
death rates indirectly.
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Cause-of-death elimination

The impact of eradicating certain causes of death is a topic widely debated in the
literature, dating back to Bernoulli’s discussion of a hypothetical world without
small-pox, presented before the French Academy of Sciences in 1760 (Karn, 1931).
The pivotal assumption made by Bernoulli, namely that individuals “saved” from the
eliminated cause are as susceptible to dying from the non-eliminated causes as the
general population, still permeates most cause-deleted lifetable calculations today.
Indeed, the prevailing methodology is to directly manipulate the cause-specific death
rates of interest, while leaving remaining rates unaffected. This is commonly referred
to as cause elimination under an assumption of independent competing risks, an
approach that typically overstates the actual effect because it fails to account for
subsequent selection, cf. Keyfitz (1977b).

Some papers recognize the issue of dependence among competing causes in their
estimates of cause-deleted life tables, e.g. Manton and Poss (1979), Mackenbach
et al. (1999), Kaishev et al. (2007), Dimitrova et al. (2013), Alai et al. (2015), and
Li and Lu (2019), but they do not explain the pathways through which dependence
originates. We give one way of explaining the dependence by linking individual risk
behaviour to cause-specific mortality. It is this link that allows us to explicate the

consequences of selection following cause elimination.

As a motivating example, suppose that we are able to prevent all deaths due to
lung cancer by some unusually successful targeted laser therapy'. In this hypothetical
world there will, at least initially, be fewer deaths compared to the world where
the cause still operates. But since everyone eventually dies, deaths are ultimately
redistributed among remaining causes. What is left is then to quantify how soon
those “saved” die from something else, and what they die from instead. Because
individuals who die from lung cancer are predominantly smokers, improvements in
the treatment of lung cancer will indirectly affect (and most likely increase) the
mortality rates for other tobacco-attributable causes such as heart diseases, following
the progressive build-up of smokers in the population. The initial decrease in the
aggregate death rate due to lung cancer being eradicated is thus partly offset by a
subsequent “harvesting” of the “saved” smokers. We will return to this point later
in the paper.

IThe intervention ‘prevent all deaths due to cause k’ is ambiguous and it is crucial to define the
precise manner in which such elimination is achieved. Here, we focus on interventions that affect
the treatment of lung cancer, rather than interventions that affect the underlying risk factors. If, in
this example, the elimination of lung cancer was achieved by convincing the entire population to
never have smoked, the impact of the intervention would be far greater, because not only the lung
cancer rate but all tobacco-attributable death rates would be lowered.
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5.3 The Feedback Mechanism

To define interventions and their consequences on mortality, we will conceptualize
how risk mechanisms at the level of individuals transfer to the level of populations
in the framework of potential outcomes. We establish the basic relations in this
section and use them to obtain a visual representation of the feedback mechanism
through which mortality and risk prevalence influence each other. We then give an
instructive example that demonstrates the role of the mechanism in a scenario of
cause-of-death elimination.

For ease of exposition, we consider the dynamics of a single ageing (birth) cohort
followed until some maximum attainable age w € (0, 00). Since age and calendar time
advance synchronously in this case, we omit dependence on time in the following.
Consider ¢ = 1,...,n independent lives endowed with an age-varying vector of
categorical? covariates Z (i)(x) and denote by an overbar the history of the covariate
process, i.e. Z(x) = (Z(u) : 0 <u < z). Let z(z) = (2(z) : 0 < u < ) be a possible
(fixed) covariate trajectory and define X* as the individual’s potential life time had
covariate exposure been z with z’s dependence on x suppressed. For each possible
trajectory of z the distribution of X~ is completely characterized by the hazard rate
p(z) == lim P(z<X?<w+ds|X®>z)/de. (5.3.1)

dz—0+
The superscript identifies that p® is the hazard function for X*. We can relate the
potential outcome to the observed outcome by making the assumption of consistency,

namely that the two coincide for the observed covariate trajectory, i.e. X = XZ?
when Z®) () = z(x) for all 0 <z < X (),

All-cause mortality is decomposed by considering k € {1, ..., K} mutually exclu-
sive and exhaustive causes of death. This is a situation of competing risks, where
different causes compete to end the life of an individual and occurrence of one event
precludes occurrence of the remaining. The cause-specific hazard pf, characterizes
the instantaneous rate of death from cause k in the presence of competing causes
and is constructed such that 22{21 pi(x) = p*(x) for all z.

5.3.1 The relative risk model

To facilitate estimation and inference, some structure must be imposed on the hazard.
In epidemiological and biostatistical applications where the inferential goal is to
establish causal explanations for the etiology of disease and death, mortality is often
studied in the relative risk framework. Motivated by the framework used in the
GBD, we adopt a simplified paradigm?® in which the death rate is related to z in a

2Covariates are, especially for large cohort studies, often reported as categorical variables even
when the underlying exposure is continuous.

3We note that (5.3.2) is a partly conditional model in the sense that it does not condition on
the entire covariate history of the individual but only on the concurrent exposure. Nonetheless,
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multiplicative fashion adhering to the form

15(x) = o () exp (B () (5.3.2)

where gy is the baseline hazard describing mortality for an individual with no excess
risk, and By are coefficients governing the effect of risk exposure. Equation (5.3.2)
can be classified as a marginal structural model in the sense that it provides a
structural (and thereby causal) description of the marginal distribution of XZ?. This
interpretation will be important when arguing about the effects of interventions.

5.3.2 Mortality from the individual’s point of view

To visualize the inter-dependence between an individual’s exposure to risk and
probability of death, notice that the life time X (9 gives rise to the multivariate
counting processes N (z) = (N{?(2),..., N\ (z)) where N\ (z) = I(X®) < 2,6 =
k) is an indicator function registering whether or not an individual has died at age
x from cause k, with J designating cause. If we let D,(f)(a:) denote the increment
of N ,ii) (z) over an infinitesimally small interval [z, z + dz), that is the number of
deaths observed in the interval, then, informally,

P(D,(:) (z) = 1] individual ¢ alive just before age ) = ,u,(:)(x)Y(i)(x)dx (5.3.3)

where Y () = I(X ) > z) denotes the at-risk indicator. Thus, the expected (local)
change in the death process is a function of the individual’s covariates and their
survivorship status. We note that Y (9 depends on the set of causes operating, but
we suppress this in the notation for now.

Let 0 =29 < 21 < -+- < xj_1 < &y = w be a partition of [0,w]. We can then
depict the functional relationships of the joint model from the individual’s point of
view graphically as in the left panel of Figure 5.2. The graph is to be read as follows.
At a given age x;, we first observe if the individual is alive. In the affirmative, Z (@) (x;)
is defined with its current value depending on its previous state. The number of
events between z; and ;4 is

D (z;) = / I(a; <z < zj41) AN (2) = I(XD € [2),2511),6 = k),  (5.3.4)

for j € {0,...,J—1}, and is observed immediately after Y (¥ (z;) and Z®(z;). Once
an individual experiences an event at some age x;, all future variables y () (xj) and
DU (z;/) are deterministically zero while covariates Z()(z ;) are undefined for j' > j.
From a modelling perspective, the graph shows that the forecasting procedure can
be modularized by determining first the covariate dynamics (without regard to the
specific time of death) and subsequently the death rate given the covariates. Thus,
forecasting risk exposure prior to mortality is an admissible strategy at the level of
individuals.

(5.3.2) can also accommodate prior behaviours by making them explicit levels of the categorical
covariates.
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Figure 5.2: Directed acyclic graphs describing the functional relationship between death
and risk prevalence: (left panel) individual-level model, (right panel) population-level
model obtained by marginalizing over surviving individuals. The arrow D(z;) — Y (zj4+1)
represents the feedback mechanism.

5.3.3 Moving to the population level

In demographic and actuarial studies of mortality the focus is on the aggregate
age-specific death rate. To relate the individual level model to the population
level we marginalize (5.3.2) over surviving individuals. The corresponding counting
process is N(x) = (Ny(z),..., Nk (x)) with increment D(x) = (D1(x),..., Dk (z))
where Ni(z) =Y N(l (x ) and Dy(z) = > 1, D,(Ci)(x). Importantly, the intensity
process for Ni(z) is

wal> = ow( Zm@w 2)YO@.  (535)

Since covariates are categorical, we can assume a grouping of the individuals
based on their covariate configuration. We denote the G € N different subgroups
of individuals by g € {1,...,G} = G and their covariate configuration by z,. This
grouping depends on age, because it is performed on the basis of age-varying
covariates. The proportion of surviving individuals in group g at age x is m,(z) =
Yy(2)/ Y eq Yq(x) where Yy(z) = Y0, YO (2)I(2)(z) = z,) is the number of
individuals alive in group g. Now, with Ry, = exp(3 z,) being the combined
relative risk of group ¢ for cause k we can write (5.3.5) as a weighted average

e ZM@T (2)) YO (@) = por(2) 3 7y (@) Reg = (@), (53.6)

geg

where 7(x) € {p € [0,1]¢ | 25:1 pg = 1} is the potential risk factor composition
identified by the superscript 7.

The right panel of Figure 5.2 illustrates the aggregate equivalent model obtained
from collapsing the individual level variables. Importantly, Y (9 and Z(* are collapsed
into a single node Y (x) = (Y1(z), ..., Yg(z)) representing the number of individuals
alive in the G groups at age x. The arrow D(x;) — Y (z,+1) encodes feedback; the
risk composition among those who die at age z; affects the risk composition among
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those left alive at age z;41. As a consequence, the forecast of risk prevalence Y
cannot be modularized without cost in the same way that the forecast of individual
level risk factors Z() can. If risk prevalence is exogenous in the sense that Y(zjp1) 1L
D(x;) | Y(x;) then there is no edge D(x;) — Y (x;41) whereby the model explicitly
ignores the feedback effect. Consequently, the risk composition becomes invariant to
any intervention that would cause a change in death rates. Thus, feedback must be
recognized if perturbations are to reflect real-world implementations of interventions.

An example: Changes in population composition due to cause elimination

It is instructive to see how eradication of a cause-of-death impacts the remaining
causes in the simplest possible setting. Consider therefore a closed population
consisting of two homogeneous subgroups, differing only by their exposure to a
binary risk factor Z € {0,1}. Suppose that there are two causes operating in this
world, governed by the individual-level model

; ok (), if 2=0,
(o) = | (53.7)
/U‘Ok(x)Rlﬁ if z = 1,

with Ry > 1, por(x) > 0 for all x > 0 and both k € {1,2}. At the population
level, the cause-specific hazard is a weighted average of the healthy (z = 0) and the
unhealthy (z = 1) subpopulations

pi(x) = m(@)pi= (@) + (1= m(2))ui =" (@), (5.3.8)
where 7(z) is the proportion of unhealthy individuals at age x, namely

) = 7(0)5*=(x) _[1—x(0) §*=0(x) -1
) = (1 —7(0))S==0(z) + 7(0)S==1(z) | =(0) S==1(x) +1f , (5.3.9)

with survival function S*(z) = exp{— [ (15 (u) + p3(u)) du} and 7(0) € [0, 1] being
some initial state.

Now, consider the “reference” world with both causes operating, K = {1, 2}, and
a hypothetical world in which cause 1 has been eradicated, K* = {2}. Because of
competing risks, we need to be mindful that the cause k hazard is evaluated in
the presence of other causes. We make this explicit in the notation now with 7K
identifying the risk proportion and S¥-* the survival function in a world where a
specific (sub)set of causes K C {1,2} are operating. By the assumptions above, we
have that

K,z2=0 T T K* 20 .
(5.3.10)

which, combined with (5.3.9), implies that 7% (z) < 7% (z) for all z > 0. Thus,
eradicating cause 1 weakens the selection mechanism resulting in a progressive
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Figure 5.3: Example effect of cause elimination for a cohort aged 20. The initial
proportion of unhealthy individuals is w(0) = 1/3. Baseline mortality curves are given by
po1(x) = exp(—11.69 + 0.074z) and po2(x) = exp(—10.58 + 0.088x) and relative risks by
R1 =5 and Rz = 2.5. The parameters are calibrated to reflect current death rates due
to cancer and residual causes. The upper right panel visualizes the build-up of unhealthy
individuals following cause-1 elimination, while the lower right panel pictures the subsequent
harvesting. The left panel shows the remaining life expectancies prior and post elimination.
In this example, the feedback effect reduces the life expectancy gained by about a quarter
of a year.

build-up of unhealthy individuals, which makes the cause 2 death rate rise at the
population level

K* K

15 (@) — pE (1) = poa(z)(Re — 1) (W’C*(x) - W’C(z)) >0, >0, (5.3.11)

Equation (5.3.11) describes an indirect effect of cause removal brought about by a
change to the risk composition through the feedback mechanism. We will formalize
the distinction between direct and indirect effects of cause removal later. For now,
notice that if the model ignored the feedback effect in the sense that 7% was given in
advance, and not on the basis of (5.3.9), then the indirect effect would be zero since
7%(z) = 7% () for all . The effects of cause removal are exemplified in Figure 5.3.

5.4 A Causal Mortality Model

For the remainder of the paper, we switch focus to a model spanning multiple birth
cohorts and therefore consider a population defined in the rectangular age-period

region
Rdata = {(J?,t) I Tmin S X S Tmax) tmin S t S tmax} . (541)

To give a proper justification for the declining mortality rates observed over the
past centuries, one needs to model the influence of both individual and contextual
factors on the risk of death. Contextual factors are the general living conditions to
which all individuals are exposed, while individual factors may be divided into two
types — observable and unobservable. We do not consider unobserved heterogeneity
in the following, although this could be modelled using standard frailty theory as
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in Vaupel et al. (1979). Our focus is instead on individual differences relating to
(observable) health and lifestyle related behaviour. Following the notation outlined in
the previous section, we assume that the cause-specific death rate under a potential
covariate trajectory z(z) follows the relative risk regression model

(2,4 O (1)) = pow (3 C(1)) exp (67 (2)2(x)) (5.4.2)

Here, the pair (z,t) € Rdata identifies the cohort in question. Individual risk
exposure is captured as a multiplicative effect on the baseline rate. The relative risk
coefficients (B, vary with age but not over time. Age-related changes are consistent
with current epidemiological research which indicates that the relative effect of (most)
risk exposures dissipate over the course of a life span. Time invariance is, however,
only justifiable over short- to medium horizons as it renders the model unable to
capture temporal changes in the effect of exposure.

The process C(t) describes the evolution of contextual variables such as improve-
ments in food security, water supply, and sanitation, innovations in public health and
medicine, the development of a health care system, GDP, and so on. It plays a dual
role as a time-varying confounder process that must be controlled for to ensure that
the Bx’s have a causal interpretation, and acts as an effect modifier by stratifying the
baseline death rate. Because the evolution of these environmental factors exhibits
high co-linearity with the calendar year in which they are measured, we typically
equate C(t) = t whereby calendar time acts as a surrogate confounder. This means
that death rates may change over time due to various unobserved factors, which is
then captured by distributional changes as a function of time.

The equivalent of (5.4.2) at the population level obtained through aggregation
under the assumption of categorical covariates reads

pur(x, t;C(t)) = por(z; C(t ng (@, t)Rig(z), (5.4.3)
S

where Ry, (x) = exp(B)] (r)z,) collects the risks of individuals in group g associated
with each covariate and thus describes the combined relative risk of a given group.
Both the individual and population level models fit within the relative risk framework.
Whereas (5.4.2) relies on a specific covariate configuration, the aggregate model
collapses the entire heterogeneous population into a single risk weighted individual
with relative risk

Ri(z,t) = > my(x,t) Rig (). (5.4.4)

9eg

5.5 Forecasting, Interventions and Selection

We turn to the impact of interventions on demographic mortality forecasts. Demo-
graphic forecasting is centered around the projection of population level quantities
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Figure 5.4: Rolled graphs of models with and without interventions. The blue arrow
encodes feedback. Panel (A) shows the unintervened setting describing the relationship
between 7, M, and C. Panels (B) and (C) are graphs of models where the death process
and the risk process are indexed by possible actions. In panel (B) the action is on the set
of causes operating and in panel (C) the action is an intervention on the risk distribution.

such as the aggregate death rate. Predominantly, the stochastic processes considered
are indexed by discrete time and standard time series methods are used for prediction.
Even though we also view our data as time series in the following, all the points
made can be extended to the continuous time case.

Our focus will be on time points in the forecast region 7 C Z. We have three
processes we need to consider jointly. The multivariate process containing the
cause-specific death rates M = {M(t)}se, where M(t) = (u1(t), ..., pux(t)) " with
components iy (t) = (g (Tmin, t), - - - » ik (Tmax, t)) |, the multivariate risk prevalence
process T = {m(t)}te, where 7(t) = (7(Zmin, 1), - - -, T(Tmax,t)) |, and the confounder
process C = {C(t)}ter- To understand how interventions affect this system, we
must describe how the processes influence each other, and, in particular, whether
or not one process has predictive power over another. The concept of Granger
causality (Granger, 1969) known from econometrics formalizes the notion of influence
between processes, and is particularly useful for studying dynamic relationships in
multivariate time series. We give a precise definition and explain how the concept is
used to obtain graphical representations in Appendix 5.A.

We can represent the system by the graph shown in Figure 5.4 Panel (A). In the
graph each process is represented as a single node with time being implicit. Two nodes
are joined by a directed edge whenever a process at time t is predictive for another
process at a future time s > t. For instance, in a model with feedback the cycle
™ — M — 7 represents a mutual dependence between M and w. The level of risk
faced by the population at time ¢ affects the death rate experienced between ¢t and t+1,
which in turn affects risk prevalence at time ¢t + 1. Conversely, the absence of an edge
implies that a process is not predictive for another. Thus, in a model without feedback
there is no arrow pointing from M to 7 because 7(t + h) 1L M(t) | (7(t),C(t)) for
any h € N;. This relation is asymmetric in the sense that the risk composition
always predicts the death rate M(t + 1) U 7(t) | (M(t),C(t)).
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5.5.1 Cause-of-death elimination

Inspired by Eichler and Didelez (2007, 2010), we consider a set of actions A* =
(Aq,...,Ak) that act on components of M(t) through all points in time ¢ € 7. For
our purposes, each Ay takes values in {0, 1} describing two different regimes. Having
A, = 0 corresponds to no action on the k’th component, while Ax = 1 is an atomic
intervention that forces py(t) to be zero for all ¢ € 7. More general interventions
could also be considered but will not be pursued in the present paper.

We assume that intervening on the k’th component of M does not affect the
remaining components or the remaining processes in the system other than through
past variables that may develop differently depending on the intervention.* We
can then represent an intervention on M by augmenting the graph in Figure 5.4
Panel (A) with an additional source node A* pointing into M as shown in Panel (B).
Because A* is a decision variable it is represented graphically by a box and indicates
possible eradication of certain causes of death. The variable MK is a potential
outcome indexed by the set of causes operating following the action A* = a. Risk
prevalence 7K is likewise indexed by this set as it may develop differently depending
on which components in M that are affected.

It follows that without feedback there is no causal effect of intervening in M on
7(t) for any ¢ € 7. Thus the figure with the blue feedback edge removed represents
a model where the action of cause removal only has a direct effect on the risk of
death, because there is no indirect effect through variables between time points ¢ and
t+ h, h € N;. In other words, while the action does prevent specific types of death,
thereby increasing the absolute number of deaths at later points in time because
of competing risks, it changes neither the relative risk composition nor the death
rates of non-eliminated causes. When the model includes feedback the risk process
acts as an intermediate variable that mediates an additional effect through the loop
M — 7w — M. In this case, cause-elimination weakens the selection mechanism and
leads to larger (relative) concentration of high-risk individuals at future time points.

A decomposition of the death rate

The causal contrast of interest is the difference between the death rate in the reference
world where all causes are operating compared to the rate in a world where only a
subset of causes are operating. The all-cause death rate is

P, 5 C) =Y porl(a; (1) Y ml (2, ) Rig (). (5.5.1)

keK geG

4Formally, we can write this assumption as (C(t), w(t), M_j(t)) 1L Ax|(C(t—1), 7(t—1), M(t—
1)) for all ¢ € 7 where M _j(t) denotes M(¢) without the k’th component. It is important to note
that Ay is not a stochastic variable thus altering slightly the meaning of the Ll —symbol. Here, 1L
expresses that the distribution of (C(t), w(t), M_g(t)) is the same regardless of the value of Ay, cf.
Dawid (2002).
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Here, X is a single-world quantity where the K-index refers to both the set of causes
entering the sum and the world in which 7 is evaluated. Examining the impact of
an intervention A* = a¢* that leaves only a subset of causes K* C £ = {1,..., K}
operating comes down to evaluating the difference

TE(z,t) = p*(x,t) — 1 (2,1), (5.5.2)

which constitutes the total causal effect. We have left the conditioning on C' implicit
for readability. Comparing the total effect in the model without feedback to the
total effect in the model with feedback does tell us something about how much of the
effect is mediated via the risk process, but it does not give us a clean decomposition.
Instead, we consider the standard definitions of natural direct and indirect effects
from the mediation literature adapted to the present setup, cf. Robins and Greenland
(1992) and Pearl (2001).

We seek to measure the direct effect of the action A* = a* associated with
the arrow A* — MX" separately from the indirect effect associated with the loop
7 — MK = 75 To this end, we introduce a cross-world model. Cross-world
models specify a joint distribution of processes corresponding to different values of
the action A* = a*. We introduce the cross-world quantity ,u’c*’”’C indexed by both
K* and K to denote the death rate in a world where causes K\ K£* are eliminated,
but where the risk process develops as if all causes were still operating. To achieve
this, we need “to run” MX simultaneously to drive the risk process 7. Note that
MICJT’C — uF and MK:*,W’C* _ M/c*

The total effect (5.5.2) may now be decomposed into a part directly attributable
to cause removal, i.e. the expected change in p induced by replacing the set of causes
KC with K* while keeping the “mediator” fixed at its reference value 7, and an
indirect effect relayed through the mediating variable. We write

TE(z,t) = MK’”K (x,t) — MK*’”K (z,t) —&—u’c*’”)c (x,t) — MK*’”K (z,1), (5.5.3)

2 DE(x,t) 2f 1B (x,t)

where the natural direct (DE) and indirect (IE) effects are given by

DE(z,t) = Z ok (z; C (¢ Zw (@, t)Rig(z), (5.5.4)
kel\K* geg
=Y won(@ o)y [ (z,t) — Wf*(x,t)} Rig(). (5.5.5)
ke g€g

We note that (5.5.4) marks the change in p caused by simply subtracting the death
rates of causes K \ £* from the all-cause rate without adjusting risk prevalence.
This action coincides with the notion of cause removal in the setting of independent
competing risks in which elimination does not alter the composition of the surviving
population.
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5.5.2 Alternative risk prevalence distributions

Another type of intervention deals with the effect on mortality brought about
by changing risk prevalence from the reference distribution 7 to some alternative
distribution 7. We consider a set of interventions A™ = {A(t) };er for a subset of
time points 7' C 7. Each A(t) can be represented as a point in the G — 1 dimensional
probability simplex {p € [0,1]¢ | Z?:l pg = 1}, augmented by an additional state ()
that represents no action. We assume that an intervention on 7(¢) is i) not predictive
for earlier or remaining contemporaneous variables; and that ii) future variables are
unaffected by the intervention other than through past variables.> An intervention
on 7 is then represented graphically as in Figure 5.4 Panel (C) with 7 and M indexed
by the action A™ = a.

Measuring again the total causal effect on the risk difference scale, we have

i (0, 5C(0) = i (0, 5C(1)) = pon(w: C()) Y [mh (@, ) = w4 ()| Ry ()
geg
(5.5.6)

for cause k. The total effect can be decomposed in a similar manner to what we did
when the intervention was on M. We introduce the cross-world quantity 7*®  where
the action on 7 is a, but the death rates behave as if it were a*. The cross-world
process m®? is thus the risk process when the action is a but with the death process
developing as if no intervention has been made. Omitting the dependency on C' for
readability, we can then write the total effect of the action A™ = a on cause k as

0

s ¢ P P a0 T
pr (@, t) = pg (@, t) = pp (w,t) —pg (@ t)+pp (xt) —pp  (@,t). (5.5.7)

natural direct effect natural indirect effect

Because all effects are effectively mediated via 7 itself, the decomposition is com-
plicated to interpret. The direct effect is the effect as if there were no feedback. It
describes the change in the death rate following one or more perturbations of the risk
prevalence distribution in a world where mortality does not influence risk prevalence.
In other words, the risk prevalence prediction is completely unaffected by the fact
that the risk composition among those dying in the m%-regime is different from that

in the m%-regime.

The indirect effect describes a self-exciting change to the death process due to it
developing differently within the 7%-regime. It is helpful to have a concrete example
in mind. Suppose that we intervene on a “marginal” risk factor distribution. For
example, consider a situation where the proportion of obese has been substantially
increased. Because of competing risks, influencing the risk of any one event will also
influence the risk of the remaining (on a population level). Therefore, we expect

5Formally, these conditions read (M(t),7(t—1), C(t)) 1L A(t) and {Q(t+h)}nen 1L A(t) | Q(2),
where Q(t) = (M(t), 7(t),C(¢))T.
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smokers to die out faster on average compared to the reference scenario, because
their risk of death from obesity related causes has increased. Conversely, we expect
the death rates of tobacco-attributable causes to drop — even the death rates of
causes that are solely attributable to smoking behaviour such as chronic obstructive
pulmonary diseases. This is a selection-induced false protectivity phenomena; a
seemingly reverse association where an increase in obesity appears protective for
tobacco-attributable causes. The feedback mechanism is responsible for capturing
such change.

The strength of a model that preserves the feedback mechanism lies in its internal
consistency. The system is always able to determine risk prevalence endogenously
within the model based on a potential risk composition at projection jump-off, for
example given a single initial shock, but is also capable of describing a gradual
shift in prevalence towards some target distribution. Using a model for which risk
prevalence is exogenous, complex and detailed scenarios are difficult to produce in a
consistent manner, as we are only able to quantify mortality given all underlying risk
factors and their mutual temporal development throughout the entire forecasting
region. The problem of obtaining consistent scenarios of competing death rates is
then simply recast into a problem of producing a consistent and realistic development
of the risk factors.

5.6 An Application to US Data: Illustrating the Direct and
Indirect Effects of Cause-of-Death Elimination

We consider an application of the methodology outlined in the previous sections to
U.S. risk and mortality data. To keep the exposition concise we restrict the analysis
to the SNAP risk factors: smoking, poor nutrition, excess alcohol consumption,
and insufficient physical activity. These four modifiable lifestyle related risks are
associated with most causes of death.

5.6.1 Data sources

We use the relative risk estimates of Murray et al. (2020), part of the Global Burden
of Disease initiative, to describe the link between risk exposure and mortality. The
estimates are reported as time homogeneous quantities by sex and 5-year age groups.
To get single age estimates we perform linear interpolation with the age bucket
centroids as fixed points, see Appendix 5.C.

For smoking the risk-outcome relationship is listed by either current number of
cigarettes smoked daily or by pack-years. Pack-years collapses smoking intensity and
duration into a single variable, so that we do not have to condition on the entire
smoking history of an individual. One pack-year is the equivalent of having smoked
one pack of cigarettes (20) a day for a year. For a given sex, age, and risk-outcome
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pair the exposure category is listed in jumps of 10. We use natural cubic spline
interpolation between categories to obtain a continuous dose-response curve, see
Appendix 5.C.

As an indicator for nutritional status we use the Body Mass Index® (BMI), which
is the dominant metric for categorizing individuals in terms of weight excess or
deficiency. The relative risk is reported per five-unit change in BMI with 20 to
25 kg/m? being the baseline category. Risks for alcohol consumption are reported
directly in terms of grams consumed per day while the relative risk for physical
activity is measured in metabolic equivalents (METS) with one MET being the rate
of energy expenditure at rest.

Cause of death data is extracted from CDC WONDER (2020) and contains U.S.
specific mortality and population data through the years 1999-2018. The data is
based on death certificates on which a single underlying cause of death is registered.
Matching the data with risks from the GBD study of Murray et al. (2020), we
consider in total 35 causes of death known to be influenced by the risk factors. These
causes make up about two-thirds of the total age-specific deaths in the population
above the age of 35. To obtain an exhaustive list of causes such that the sum of
the cause-specific rates equals the all-cause rate, remaining causes are collected and
aggregated into a ‘residual’ category and assigned a relative risk of one for all risk
factors.

Risk prevalence data is collected from the IPUMS National Health Interview
Survey (NHIS) database (IPUMS, 2019). The NHIS is a large cross-sectional survey
conducted annually by the U.S. government and contains comprehensive health and
behaviour data at the level of individuals. The IPUMS NHIS data relies on sampling
weights to produce representative estimates. Each unit of study can thus be inflated
such that the sum of the weighted units constitutes the entire U.S. population.
The present analysis is based on adult individuals covering ages 20-84 and years
1999-2018. Observations with missing data are placed into the baseline category.
Pack-years of smoking exposure is constructed by assuming that the amount someone
currently smokes has not changed since they began smoking. Exposure among former
smokers is estimated using years since cessation and average cigarette consumption
of the respective cohort. Figure 5.5 shows the evolution of risk prevalence over time.

5.6.2 Baseline model

For modelling purposes we assume that the (true) hazard rate uy is constant over
the squares [x,x + 1) x [t,t + 1) for integer ages x and calendar years ¢. We consider

6Body Mass Index := Welght in kilograms = o B[] helow 18.5 is considered underweight and a
(height in meters)

BMI in the range 25-29.99 is considered overweight. A BMI of 30 or above is classified as obese,
subdivided into three categories: 30-34.99 is Class I, 35-39.99 is Class II, and 40 or greater is Class
II1.
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Figure 5.5: U.S. risk proportions of BMI, smoking, alcohol consumption, and physical
activity based on IPUMS data for both sexes and ages 20-84. The data shown in the figure
is aggregated for the purpose of visual presentation. More granular data is used in the
application.

data on the form of cause-specific death counts, Dy (x,t), with corresponding central
exposure to risk estimates, E(z,t), and group-wise risk factor prevalence proportions,
7rg(:v, t), over age-time cells in the age-period grid, Rgata. From these quantities we
can define the empirical cause-specific death rate
D k (.’E, t)
mr(x,t) = ————= 5.6.1

k( ) ) E(x, t) ) ( )
an estimate of the underlying hazard pi. Furthermore, we assume to have collected
data on fi(x), making Ry (x,t) a known quantity. Consequently, only the baseline
in (5.4.3), parametrized in terms of some vector 6, needs to be estimated. This is
typically done via maximum likelihood, and it is customary to assume that

Di(z,t) | B(z,t), Ri(z,t), C(t) ™S Pois (E(x, t) Ry (x, ok (z; C(2),0)) . (5.6.2)

Contrary to all-cause mortality that is generally well-behaved as a function of age,
cause-specific mortality may exhibit several structural changes over the age span.
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U.S. female mortality rates, 2018.
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Figure 5.6: Empirical (dotted), fitted (solid black), and baseline (solid grey) death rates
for the top 10 leading causes of death in the dataset. The gap between the black and grey
lines expresses the excess risk faced by the population due to deviations from baseline levels
of exposure in the risk factors considered.

Sudden rapid increases, periods of constancy, and even declines are not unusual. We
could in principle use different functional forms to model pg, depending on cause,
however stating just a single parametric form that generalizes well to most settings
might be preferable in terms of interpretability. A simple yet widely used parametric
form is the log-linear model

ok (z,t;,C(t),0) = exp (Bokz + O1kzt) = pok(x,t;0), (5.6.3)

which has been applied in settings similar to ours, for instance by King and Soneji
(2011) and Foreman et al. (2018). The model is easy to estimate (see Appendix 5.B),
flexible enough to capture the different shapes associated with cause-specific mortality,
and reflects that age is generally the most important driver of mortality regardless of
risk exposure. We use (5.6.3) as the baseline model in what follows. Figure 5.6 shows
the empirical female cause-specific death rates for the last year in the estimation
period with fits of the aggregate and baseline rates superimposed.

5.6.3 Joint forecasting

Generally speaking, straightforward extrapolative approaches for forecasting risk
prevalence are not recommended as they lead to an unabated continuation of historical
trends and likely poor out-of-sample performance. Many researches resort to models
that are specifically tailored to project the risk prevalence distributions in question,
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but existing methods are confined to working on the marginals and do not capture
selection-induced feedback effects either. Developing a scalable joint forecasting
procedure is an important topic of research, but it is beyond the scope of this paper.
For the demonstration we have in mind we make do with a somewhat elementary
state-transition model.

We aim at extrapolating the cohorts available in our sample until they reach age
Tmax- We assume that there is no migration in or out of the composite population.
Define the (one-step) survival probabilities

K
pg(x,t) = exp ( > ok (. t) Reg @;)) : (5.6.4)
k=1

for group g and denote by m; ;(x,t) the probability of the cohort aged z at time
t changing its “risk-group membership” from ¢ to j. We employ a cohort state-

transition model
Y(z+1,t+1) = M(z,t)Y(x,t), (5.6.5)

with Y(x,t) € N¢ being the number of individuals in the G groups
and M(x,t) € [0,1]9%% a matrix of transition probabilities with elements
M, j(x,t) = pi(z,t)m; j(x,t). Note that migration rates are only applied to the
surviving population. The estimated transition matrices are stated in Appendix 5.D.

Example death rate forecast

Figure 5.7 shows the empirical and forecasted female rates for ischaemic heart disease,
the leading cause of death in the dataset, and diabetes for select ages. To gauge the
effect of including additional covariates in the forecast, the superimposed dashed lines
are reference projections using the baseline model (5.6.3) fitted without additional

covariates.

Mortality projections are usually based on empirical regularities such as smooth
age profiles and small incremental mortality improvements, but the present projection
depends heavily on the cohort specific exposures causing it to exhibit a rather erratic
behaviour.” Figures 5.6 and 5.7 suggest that this is particularly so for diabetes as a
large proportion of mortality is attributable to obesity and cohorts evidently differ
substantially in their exposure.

On the other hand, the inclusion of covariates caters for the fact that (baseline)
mortality levels ought to be consistently declining over time. While all-cause mortality

"For practical applications some smoothing is warranted. The type of smoothness violations
seen here prompted the Bayesian modelling approach developed by Girosi and King (2008), applied
by e.g. King and Soneji (2011) and Foreman et al. (2018), that down-weighs risk factor information if
contradicted by observed empirical patterns. These papers also use smoothed prevalence estimates,
whereas we simply apply the raw data.
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Figure 5.7: Historical (dotted) and estimated and projected (lines) female rates for
diabetes mellitus and ischaemic heart disease. The dashed lines are reference projections
using the baseline model fitted without additional covariates.

adheres to this pattern, historical cause-specific rates may have actually increased
over time — even recently as Figure 5.7 shows — for some causes and ages. This is an
ever-present issue widely acknowledged in cause-specific forecasting. The problem is
that increasing rates generally do not express that health care and treatment options
have worsened, but that mortality improvements have been substantially offset by
changes to the risk prevalence distribution. A purely extrapolative model is not able
to explain this development and will simply continue the observed trend unabated
as seen in the reference forecast for the youngest age groups in Figure 5.7. In the
long run this may result in the aggregate all-cause forecast being dominated by the
causes that have increased historically.

The causal model with covariate information is, in contrast, equipped to analyze
the historic evolution of death rates at a granular level and may disentangle the
effects of lifestyle related habits changing from generation to generation from general
health care improvements. Indeed, the model successfully separates risk prevalence
and mortality in this case by yielding negative slopes for the baseline for all age
groups considered in Figure 5.7. This shows that baseline mortality has improved,
despite the immediate trend in the raw rates suggesting otherwise, and hints at why
cause-specific modelling without additional information or assumptions ought to be
avoided.
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Figure 5.8: Change to the cumulative incidence of select disease chapters following the
elimination of deaths due to neoplasms affected by smoking and/or obesity for the female
cohort aged 60 in 2018. The bars explain how the 9 percent of the cohort who previously
died from cancer are redistributed into other categories. The percentages listed on top of
the bars differentiate the part of the change due to direct and indirect effects respectively.

5.6.4 Cause-of-death elimination: What happens if cancer were
eradicated?

We now seek to answer the central question posed in the beginning of the paper. If
certain causes of death are eradicated, how soon will the individuals “saved” die
from something else and what will they die from instead? We illustrate this query
using the U.S. dataset by considering an elimination of deaths due to cancers. To
answer the questions precisely, we look at the cumulative incidence

Fk(u+x|x)—S(I@/OUS(v+x)pk(v+w)dv, (5.6.6)

i.e., the probability of dying from cause k before or at age v + = conditionally on
being alive at age x.

Figure 5.8 shows as an example how cumulative incidence for the cohort aged 60
in 2018 (tmax) is affected by the intervention. The figure explains the probability
of dying before or at age 84 (Zmax). The cumulative incidences add up to the total
probability of death which is 38.7 percent prior to elimination. Cancers make up
roughly a quarter of all deaths with the cumulative incidence being 9 percent. An
elimination therefore initially causes the total death count to decrease to 29.7 percent
of the original cohort, while adjusting for the subsequent redistribution of deaths
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brings it up to 31.6 percent. The figure decomposes the redistribution into a part
attributable to competing risks and a part due to feedback, using the framework
developed and calibrated over the previous subsections.

The decomposition allows us to compare the model with feedback to its non-
feedback alternative, namely the same model but with the feedback mechanism
disengaged. Without feedback, individuals saved from cancer die according to the
rates observed in the population prior to the intervention. Because of competing
risks this leads to a rise in the cumulative incidence for every non-eliminated cause
(grey bars). This change occurs despite the fact that the corresponding death rates
are unaltered. Because the risk prevalence distribution among individuals who
previously died from cancer is not the same as that of the general population, there is
an additional effect (blue bars). In the model with feedback, higher-than-average-risk
individuals are carried forward in the system, causing an increase in the death rates
among remaining causes attributed to the SNAP risks. The number of deaths due
to diseases of the respiratory system is particularly amplified.

Overall, a simple deletion of cancer death rates that disregards feedback will
understate the total probability of death by 7.3 percent among those that are saved
and by more than 30 percent at the cause-specific level. These percentages are
naturally bounded by the number of risk factors included in the model. As additional
risk factors are introduced, and as the departure from population homogeneity
becomes more pronounced, selection-induced effects will carry even more weight.

Comparison to other non-feedback alternatives?

One might also take interest in comparing the method we have applied here to other
non-feedback alternatives. Such a comparison is, however, beside the point that we
are trying to make. We do not claim that our model is superior in predicting the
reference scenario compared to other models. In fact, other models with carefully
“sculptured” risk prevalence projections likely have better out-of-sample performance
compared to the method we have used.

Our focus has been on finding and discussing the magnitude of second-order effects.
We have shown that non-feedback models are unable to quantify these, making a
comparison between the effect of an intervention based on our proposed method
and an alternative somewhat fruitless. Often — especially when it comes to policy
making — it is tacitly assumed that second-order effects are small and can be more
or less deliberately ignored. However, to reveal the extent of such an assumption, we
need a method that allows us to realistically and consistently analyze the impact of
interventions. We have detailed how to do so in this paper.
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5.7 Concluding Remarks

In this paper we discussed how mortality forecasts were affected by interventions in
structural models that link individual risk behaviour to cause-specific mortality. We
saw that when these risk mechanisms were specified at the level of populations, the
model’s ability to relay selection effects hinged on a feedback mechanism controlling
how risk prevalence changed in response to differential mortality. We made the point
that perturbations of the system only conformed with real-world implementations of
interventions when risk prevalence was endogenous to the model.

We considered how death rates changed following the eradication of certain causes
of death. The prevalent approach directly manipulates the death rates of interest,
with little or no regard for subsequent effects on non-eliminated rates. However,
since individuals “saved” cannot be expected to follow the same pattern of mortality
as that observed in the population prior to the intervention, these methods are
too generous in their estimate of mortality reduction — but by how much? To
disentangle and quantify the magnitude of indirect effects we applied techniques
from causal mediation theory. This method gave us a straightforwardly interpretable
decomposition of the total effect of cause-elimination with a part directly attributable
to death rate deletion and a part due to disrupting the selection mechanism. The
latter effect is, however, only quantifiable when risk prevalence is endogenous to the
mortality model.

From a methodological perspective, our analysis of indirect effects is limited to
those induced by changes in behavioural risks. Other health indicators, such as exist-
ing or developing medical conditions that have an impact on the length of life, may
also be important contributing factors. To give one example, consider the COVID-19
vaccine which is highly effective at preventing serious disease, hospitalization, and
death. Those who would have died from COVID without the vaccine may instead
have a milder disease course although they could potentially still suffer from ‘long
COVID’. Such a delayed effect on their risk of death could be modelled using Barker
frailty (Palloni and Beltran-Sanchez, 2017). Those who would have survived even
without the vaccine potentially never even contract the disease, thus producing a
feedback that raises the vitality of the population. Further, by avoiding overcrowded
hospitals due to COVID-related admissions, there could also be an effect on the
general access to health care. This example shows that assessing all higher-order
effects of an intervention can be extremely challenging and requires a comprehensive
modelling framework.

From a practical perspective, mortality models with integrated epidemiological
information are still in their infancy. A major challenge when building mortality
models that include covariates is the substantial data demand. Data is typically not
available at a sufficient granular level to warrant a model at the level of individuals,
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and it is in fact rarely the case that a single authoritative source contains a complete
set of the covariate distributions of interest, not even at an aggregate level. Instead,
researchers often have to collect (aggregate) prevalence data of marginal distributions
from multiple sources. In time, however, as the availability and quality of detailed
risk data continues to improve, causal models will inevitably gain a footing and
contribute to more precise and better substantiated long-term projections of mortality.
Moreover, the ability to formulate scenarios of interest in a straightforward and
verbal manner is key to engaging non-specialist and making results accessible to a
wider audience.
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5.A Granger Causality

In the following we give a brief overview of Granger causality and its use for describing
conditional (in)dependence relations. For an in-depth account of causal reasoning in
(graphical) time series models, we refer the interested reader to Eichler and Didelez
(2007, 2010) for the discrete time case and Didelez (2000) for the continuous time
analogue.

Granger causality was introduced by Granger (1969) and is a popular tool not
only within its origin of econometrics, but also for causal time series analysis.
Consider a multivariate time series Q = {Q(t) }tez with Q(t) = (Q1(#),...,Qa(t))".
Let V = {1,...,d} be the index set and define for any U C V the subprocess
Qu(t) = (Qu(t) : u € U). Further, denote by an overbar Qp (t) = {Qu(s)}s<: the
history of the series. Let A and B be two disjoint subsets of V. We say that Q4 is
Granger non-causal for Qg up to horizon h € N (w.r.t. Q) if

Qp(t+1) L Qa(t) | Qualt), Yie{l,...,h},tcZ. (5.A.1)

Here the 1l-symbol denotes independence. The formulation (5.A.1) of Granger
causality tacitly assumes that all relevant variables for predicting @) are available in
Q. This differs from the original formulation in which the information available is
that of the “entire universe”.

If (5.A.1) holds for h = 1, we say that Q4 is Granger non-causal for Qp and we
write Qa4 - Qp. Thus, a process Q4 is Granger non-causal for another process
Q@ p if the past of @4 up to time t does not give a better prediction of Q5 at time
t + 1 given all information available up to time ¢ but without that of Q4. If Q4 is

Granger non-causal for Qp at all horizons we write Q 4 ) Qp.
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5.A.1 Graphical representation

We can use the concept of Granger (non-)causality to obtain a graphical representation
of the conditional independence relations of the time series. A graph G = (V, E)
consists of a finite set of nodes V and a finite set of edges E. We only consider
graphs containing directed edges, that is E C V x V is a subset of ordered pairs
of nodes. We allow for multiple edges between two nodes if they are of different
orientation in which case there is a loop.

Instead of a full time graph in which time is made explicit, we are primarily
interested in a “rolled” version, also sometimes called a summary graph. To construct
such a graph based on the time series (), we partition the index set V' into mutually
disjoint subsets A1, ..., A4, ¢ < d, and associate with the corresponding sub-processes
the nodes V = {1,...,¢q}. We join two nodes a,b € V by a directed edge if Q4,
is Granger causal for (4, at some horizon. Conversely, the absence of an edge

implies that Q4, ) Q a,. Although not explicitly shown in the graphs, we assume
that all nodes have self-loops. Figure 5.9 gives an example of a rolled graph and a
corresponding unrolled version.

Rolled Unrolled

@ ***-“
Q .><‘ .>~<
@ @—@—=@—-

Figure 5.9: An example of a rolling graph with three nodes A, B, and C and a corresponding
unrolled version. Since, e.g., A — B in the rolled version, the unrolled version could contain
edges from A; to B; for any s > t.

5.B Estimation of Baseline Parameters

Suppose we have data on cause-specific death counts, Dy, exposure-to-risk estimates,
E, and relative risk coefficients, Ry, each of dimension d, X d; with d; = Zmax—Tmin+1
being the length of the age span and dy = t1ax — tmin + 1 being the length of the
time span. The model (5.6.2) with baseline hazard function (5.6.3) is

Dy(x,t) | E(x,1t), Ri(x,t) "< Pois (E(x, t) Ry (2, 1) exp(foks + O1kat)) . (5.B.1)

Since the predictor is linear we have the entire machinery of generalized linear models
at our disposal. Using a Poisson error structure, canonical logarithmic link function,
and stacking data into column vectors, that is, dp = vec(Dy), e = vec(E) and
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ri = vec(Ry), we have that
log E[dy | €, 7] =1+ log(e o rx) (5.B.2)

where the latter term on the right-hand side is treated as an offset while n = M6 is
the linear predictor with 6 being the vector containing the parameters and

M = [14, : (b, - . ,tmaxﬂ ® la, (5.B.3)

being the model matrix. In the above, 14 a d-dimensional vector of ones, l; a
d-dimensional identity matrix, o the Hadamard product, and ® the Kronecker
product.

5.C Interpolation of Relative Risks: Examples

The relative risk estimates of Murray et al. (2020) are reported as risk-outcome pairs
by sex, age category, and exposure category. All quantities are time homogeneous.

For every risk-outcome pair the age category is listed in the groups 20—
24, 25-29, ..., 90-94, 95-120. To obtain relative risk estimates for every
(integer) age, we perform linear interpolation with the age bucket centroids
X ={20,22,27,...,92,107.5,120} as fixed points. Thus, for fixed risk-outcome
pair and sex and an age x € [xg, z1) where xy and z; are two consecutive numbers
in X, the relative risk at age x given by

RR(z0) + (x — o) RR(z1) = RR(mO),

1 — To

where RR(+) supplies the relative risk estimate available in the data. An example is
given in the left panel of Figure 5.10.

For the risks “Number of cigarettes smoked daily” and “Pack years” the exposure
categories are listed in jumps of 10, specifically by 0, 10, 20, 30, 40, 50, or 60
cigarettes per day and 0, 10, ..., 90, or 100 pack years. To obtain a dose-response
curve for any (integer) number of cigarettes smoked per day or number of pack years,
we extend the exposure categories using natural cubic spline interpolation for fixed
sex, age, and cause-of-death. A similar approach is used in the appendix of Murray
et al. (2020). An example is given in the right panel of Figure 5.10.

5.D Transition Matrices

Figure 5.5 shows a drift in the prevalence distributions for smoking, obesity and
physical activity, whereas alcohol consumption remains roughly constant over the
period. We opt for a migration model that captures the main effect, namely the
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Figure 5.10: Left panel: Female relative risk for diabetes mellitus by age (dots) using
linear interpolation with age-bucket centroids as fix points (solid line). Right panel: Age
60 female relative risk for tracheal, bronchus, and lung cancer by pack-years (dots) using
natural cubic spline interpolation (solid line).

net migration flow, using just the data at hand. We construct the number of net
migration events (NM) by balancing the equation of population change

Y(z+1,t+1)=Y(z,t) — D(x,t) + NM(z,t),

and by imposing that transitions occur only between neighbouring categories of
BMI and physical activity (in one year), while transitions for smoking are described
in terms of the probability of cessation. In the above, Y (x,t) is the number of
individuals alive at age = and time ¢ while D(x,t) is the number of deaths. We
estimate transitions for each risk factor independently of one another and for both
sexes and all ages and calendar years combined. The resulting transition matrices

are shown below.
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Table 5.1: One-year smoking summary transition matrix.

Smoking transition matrix

(pct.) Non-smoker  1-10  11-20 20+
Non-smoker 100 0 0 0
1-10 2.35 97.65 0 0
11-20 4.36 0 95.64 0
204 9.21 0 0 90.79

Table 5.2: One-year BMI summary transition matrix.

BMI transition matrix

(pct.) Underweight  Normal weight  Overweight  Obese class I ~ Obese class 1I-111
Underweight 94.55 5.55 0 0 0
Normal weight 0 97.60 2.40 0 0
Overweight 0 0 98.25 1.75 0
Obese class I 0 0 0 98.23 1.77
Obese class II-11I 0 0 0 0 100

Table 5.3: One-year physical activity summary transition matrix in terms of MET-minute-
categories given by the cut points 0,600, 1200, 1800, 2400, 3000, 3600, and 4200.

Physical activity transition matrix

(pet.) Cat.1 Cat.2 Cat.3 Cat.4 Cat.5 Cat.6 Cat.7 Cat.8
Cat. 1 95.37 4.63 0 0 0 0 0 0
Cat. 2 0 100 0 0 0 0 0 0
Cat. 3 0 21.83 78.17 0 0 0 0 0
Cat. 4 0 0 43.43 56.57 0 0 0 0
Cat. 5 0 0 0 19.73 80.27 0 0 0
Cat. 6 0 0 0 0 14.52 85.48 0 0
Cat. 7 0 0 0 0 0 3.69 95.73 0.58
Cat. 8 0 0 0 0 0 0 0 100




Chapter 6

Aggregated Structural Causal Models

This chapter contains the manuscript Jallbjorn and Hansen (2022).

ABSTRACT

Most approaches to causal inference assume a single dataset of i.i.d.
observations covering all variables. However, in practice, samples from the
joint distribution of two or more variables may not be available. In this
paper, we consider the situation where data consists of density estimates
on marginal distributions of variables observed across multiple populations,
and discuss how heterogeneity amongst these can be leveraged in concert
with causal knowledge to construct a joint causal model. For this purpose,
we introduce the basic ideas of how structural causal models at the level
of individuals can be transferred into structural causal models at the level
of populations, specifically in terms of the marginal distributions of the
variables. The resulting population-level models will be called aggregated
structural causal models, which we argue are causally consistent with
their individual level analogues. We present an algorithm for determining
a directed acyclic graph that represents the distributions necessary for
formulating the aggregated model as a structural one.

Keywords: Causality, Aggregation, Causal Consistency, Policy Interventions, Eco-
logical Inference.
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6.1 Introduction

Causal modelling is used within a wide range of disciplines to predict the behaviour
of a system when subject to external manipulation (Spirtes et al., 2000; Pearl,
2009; Peters et al., 2017). An increasingly important application concerns the
quantification of population-based interventional strategies, for example predicting
the efficacy of behaviour change in context of public health decision-making (WHO,
2009). However, obtaining representative data samples to enable identification of
causal relationships is seldom feasible when dealing with populations on, say, a
national scale. In these cases, interventions are studied under a presumed causal
structure, justified by systematic reviews and meta-analyses, and the effects are
calibrated to publicly available registry data. Since these data sources generally do
not carry granular information on the joint distribution of all the required variables,
we are tasked with inferring interventional effects from aggregate, population-level
data.

As a motivating example, suppose that we want to assess the burden of mortality
from heart diseases attributable to the combined effects of various risk factors. One
can find a wealth of evidence in the literature on both direct and distal causes as
well as potential confounders, see Figure 6.1. The figure illustrates the relationship
between the distributions of the background variables that act as confounders, the
modifiable lifestyle risks that comprise our interventional target and the physiological
response variables through which effects of the behavioural risks are mediated. If we
want to quantify the effect of lowering the number of smokers, say, on the prevalence
of ischaemic heart disease, we need estimates of the conditional distributions corre-
sponding to the edges in Figure 6.1. It is, however, often difficult or impractical to

Background variables Lifestyle risks Physiological response Outcome
Sex — Alcohol N
2
/' \ s —~ Blood
/ - pressure
Age Physical 41— N
activity N B
- —
><' —~ Ischaemic
- — 1 heart disease
S L~
Education Smoking 3 / /‘
7 <~
P |, Cholesterol
N\ |
Income 1 B Overweight -

Figure 6.1: The causal links between some but not all variables associated with ischaemic
heart diseases, adapted from WHO (2009).
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obtain a single dataset covering the full joint distribution, but multiple datasets for
the marginal distributions may be available from registries and surveys — and such
data are often available for several spatially or temporally separated populations.
Moreover, data are often aggregated and thus only available in the form of tables
of relative frequencies or in the form of histograms — the latter being an empirical
estimate of a density. Models of relative frequencies, also known as compositional
data, or densities arise in many contexts, see for example Petersen et al. (2022) and
the references therein. The goal of this paper is to leverage such aggregated data
for causal inference — and specifically clarify under which assumptions such causal
inference is valid. We make two contributions.

Our first contribution is a simple, but valuable and practical, regression procedure
for estimating causal effects from data on the marginal distributions alone, provided
that we are willing to assume the causal structure and have access to datasets
containing measurements from different populations. Considering the problem of
estimating the effect of intervening on smoking prevalence in Figure 6.1, then since
we “know” the causal structure, we show how our procedure is able to come up
with a more qualified coupling of these distributions than the independence coupling
typically used in epidemiological applications (Ezzati et al., 2003).

Our second contribution is a novel aggregated causal model. Based on the ideas
exploited by the regression procedure, we ask if it is possible to cluster the variables
in a causal model in such a way that aggregate data on each cluster, but across
populations, is sufficient for estimating the entire causal model. To this end we relate
the individual level causal model to the population level aggregated causal model.
This way of looking at model abstraction is fundamentally different compared to what
is typically done. We propose that the aggregation should happen at the abstract
level of probability distributions and not at the level of variables. An immediate
advantage is that we achieve causal consistency between the micro- and macro level
in the sense that both models agree on the interventional distributions they entail.
In contrast, this is hardly ever possible when aggregation happens at the level of
variables (Rubenstein et al., 2017; Beckers and Halpern, 2019).

Considering Figure 6.1 again, the nodes represent at the individual level variables.
If we have access to the joint distribution for certain pairs of variables, for example,
the ones contained in the blue boxes, we can collapse these into single cluster nodes.
From aggregated data separately on background variables, lifestyle risks, physiological
responses and prevalence of ischaemic heart diseases we are able to obtain a causal
model at the population level that can predict how interventions of these cluster
nodes (changing the distribution of risk factors in the population, say) affect the
prevalence of ischaemic heart diseases.
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6.1.1 Related work

Ecological Inference The problem of reconstructing a joint probability distri-
bution given several marginal distributions observed across different populations is
a version of the ecological inference problem (Greenland and Robins, 1994; Mor-
genstern, 1995; Wakefield, 2008). The solution we suggest in the discrete case in
Section 6.3 is strongly linked to the seminal method of Goodman (1953, 1959).
Modern solutions to the ecological inference problem are mostly rooted in Bayesian
methods (King, 1997; Wakefield, 2004; Flaxman et al., 2015). Recently, the problem
has also been phrased as an optimal transport problem in which the transportation
plan is the unknown one seeks to recover (Muzellec et al., 2017; Frogner and Poggio,
2019).

Merging Data using Causal Information Causal models have previously been
suggested as a way to merge information from different datasets (Scholkopf et al.,
2012; Peters et al., 2016; Mooij et al., 2020). Tsamardinos et al. (2012) coined the
term integrative causal analysis for when a joint causal model is constructed on the
basis of multiple heterogeneous datasets covering only aspects of the full distribution.
Related work considers learning equivalence classes of graphs compatible with data
(Triantafillou et al., 2010; Tillman and Spirtes, 2011; Hyttinen et al., 2013), merging
marginal SCM’s (Janzing, 2018; Gresele et al., 2022), and obtaining a joint model
using the principle of maximum entropy (Mejia et al., 2022). In contrast to this
body of work, we do not require observations on overlapping subsets of variables.
Also, we are not trying to learn the causal structure in this work, but instead assume
that it is known through, e.g., various partial studies.

Causal Abstraction and Consistency A question that often arises when causal
consequences have to be understood in terms of aggregated features of micro-level
data, is whether or not two causal models describing the same system at different
levels of granularity yield conclusions that are consistent with each other (Chalupka
et al., 2015, 2016). Recent approaches have developed a formalism in terms of
variable transformations to answer whether such causal coarsenings or abstractions
are sensible (Rubenstein et al., 2017; Beckers and Halpern, 2019). However, in
practice, only few transformations yield causally consistent representations. This
fact has led to the development of the related notion of approximate abstraction,
where the abstracted model only approximates the underlying system up to some
error (Beckers et al., 2019). The concept of causal consistency, and the resulting
abstraction error, has also been formulated and studied using a category-theoretic
approach (Rischel and Weichwald, 2021; Otsuka and Saigo, 2022). We return to the
topic later in the paper.
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6.1.2 Outline

After presenting the relevant notions of causal modelling (§ 6.2), we consider how
causal knowledge may be leveraged to estimate a joint distribution from marginal
density data (§ 6.3). We then discuss how causal models at the level of individuals
can be transferred into causal models at the level of populations in terms of marginal
distributions of the variables, and explicate the causal consequences (§ 6.4). Finally,
we end on some concluding remarks (§ 6.5).

6.2 Causal Graphical Models

Throughout, let (2, F, P) be a common background probability space. We consider
a collection of random variables X = (X, : v € V) indexed by a finite set V
and a probability measure P over X. Each X, takes values in a measurable space
(Xy, A,) and P is defined on the Cartesian product of these spaces (X, A) :=
(Xpev Xy, @uev Ay ). Even though the points made in this paper can be generalized
to any marginally continuous® P, we assume for the sake of exposition that the state
spaces A&, are all discrete with the counting measure on X serving as the dominating
measure. In particular, each X, then has distribution P, with probability mass
function p(z,) = P(X, = x,). We will use the shorthand notation (Xj, A;) =
(Xper Xy, QuerAy) for any non-empty subset 7 C V. Similarly, we will write X; =
(X, : v € I) with possible values x; € X7.

Causal Graphical Model (CGM) We assume that P is Markovian and faithful
with respect to a directed acyclic graph (DAG) D = (V, E) with vertex set V equal
to the indices of X and edge set E. That is, given disjoint sets A, B,C C V then
Alp B|C <« X4 1l Xg | X¢c, where Lp denotes d-separation in D, see for
example Pearl (2009). Consequently, P factorizes so that its probability mass function
p has the form

px) = P(X =z) = [[ p (zol2pacw)) » (6.2.1)

veV
where pa(v) := {j € V : j — v} are the graphical parents of v and x,, = p(2y |Tpa(w))
is the probability mass function of the conditional distribution X, | Xpa(w) = Tpa(e)-

The triple (X, D, P) defines a causal graphical model, where P = (P?),ev is the
collection of conditional distributions P = (P, (:|Xpa(w) = ©))zex,nny = Polpa(v)-
Importantly, the graphical relations are equipped with a causal interpretation in the
sense that each PV represents a stochastic assignment of X,, according to the values
of its parents. This assignment process remains invariant under perturbations that
do not affect X,,.

Marginal continuity of P means that P is absolutely continuous with respect to a product
measure v = ®,cy Vy for o-finite measures vy, on (Xy, Ay),v € V. When a dominating measure for
P has been determined, the density of P is defined by the Radon-Nikodym derivative dP/ dv.
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Interventions The causal interpretation induces interventional distributions which
we, for the applications we have in mind, define in general form, see, for example,
Peters et al. (2017, Definition 6.32). At the level of individuals, using Pearl’s do-
operator, e.g. Pearl (2009), an intervention is an action do(Xy = xj) that fixes X
to a target value z. It is unreasonable to only consider interventions at the level of
populations where all individuals get assigned the same fixed value of the variable(s)
we intervene upon. More realistically, we get to assign values to individuals from a
distribution with positive variance. A general intervention on X} leads to a product
decomposition similar to (6.2.1) except that the term p(wx|zpa)) is replaced by
q(zk|x§5(k)), that is,

pdo(Xk::q(AI-”c};a(k))) (33) — Q(l'k|xfié(k)) H p($v|xpa(v))a (622)
veV\{k}

with 37 ¢ v, 9(¥k|Taky) = 1 and the (possibly) modified parents not introducing
any cycles in the graph. Further, we denote by ' the set of all possible interventions
in the CGM, and we let <x be the partial ordering in which i <y j for i,j € I™d if
and only if ¢ intervenes on a subset of the nodes that j intervenes on and assigns
them the same distributions as j.

Graph terminology We briefly introduce some additional graphical terminology
needed later. We write ch(v) := {j € V : v — j} to denote the children of v € V. For
I CV, we define the expressions Pa(I) = U;erpa(i) \ I and Ch(I) = U;erch(I) \ I.
We use the notation an(I) to denote all the ancestors of I not containing I itself,
and An(I) = an(I) U I to denote the ancestors containing I. When not clear from
context, we will add a subscript to identify the graph to which the expressions
refer, for example, pap(v) refers to the parents of v in D. A bijective mapping
m:V = {1,...,|V]|} is said to be a topological ordering if () < 7(S) whenever
is a descendant of «, for nodes a, 8 € V. Due to acyclicity, every DAG has at least
one topological ordering, and we tacitly assume throughout that V' (and any subset
I C V) is ordered in this way.

6.3 Aggregated Regression

In order to compute the effect of an intervention we need the causal graph as well as
the conditional distributions in (6.2.1). If we know the causal graph we can estimate
the conditional distribution of X, given its parents from a dataset containing i.i.d.
observations from the joint distribution Pr,jupa(y)- In practice, we may not have
such data. In the example illustrated by Figure 6.1 we have data on lifestyle risks
from one dataset, while data on physiological responses are from another dataset. In
this section, we consider the situation where we have access to multiple datasets at
an aggregated level but separately for a node and its parents, e.g., annual data on
the prevalence of high cholesterol and separately annual data on the distribution of
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lifestyle risks. In general, we suppose that we have access to empirical estimates from
multiple populations of the two marginal? distributions P, and PLa(vy- Since there
exist many joint distributions on X, x &},,(,) that match such marginals, further
assumptions must be imposed to obtain a unique solution. The solution we present
is based on assuming that the variations between populations can be described by
independent noise variables.

6.3.1 A Coupling via Independent Noise

We suppose that we observe the marginals across multiple (heterogeneous) popula-
tions, and we explicate how population-level noise enters the system by a functional
characterization of the data generating process in terms of each parent-child relation
in D. We do so with a structural causal model M = (v.,,S), consisting of a
distribution v, , over ¢ = (g, : v € V) and n = (1, : v € V) and |V| structural
assignments S:

X, :=F, (Xpa(v),emnv) , veV. (6.3.1)
To emphasize the hierarchical interpretation, we should think of the &’s as variations at
the individual level and the n’s as variations across populations. Each F,, represents
a stable mechanism that does not change across populations (unless specifically
altered by an intervention). We will assume independence of all ¢’s and 7’s, that is,
Ve is a product measure.

Fixing 7, the structural assignments define a distribution P” of X indexed by 7.
Here and throughout, the 7 superscript is fixed and specific in each population but
varies between populations. The main idea is to exploit the variation in the observed
marginal distributions P} and ]P’ga(v) across populations to estimate (sufficient aspects

of) the F,—map to make it possible to reconstruct E(P?U}Upa(v)).

Inferring the complete F,—map from population-level data in a discrete setting
would require restrictive assumptions on the data generating process. However, fixing
n and Xy, in (6.3.1), observe that F, determines the conditional distribution in
(6.2.1) by

F, (xpa(v)v Ve, M) (A) = e, (Fv (:cpa(v)7 o ny)_l(A))
— an (X'U e A | Xpa(,u) = xpa(v)) , (6.3.2)

for A € A,. Thus, in the discrete setting, the problem of inferring a joint distribution
amounts to estimating a number of conditional probabilities.

An application of the law of total probability in combination with (6.3.1) implies

pn(xv) = Z pTIv (Iv|xpa(v)) pTI (Ipa(v)) ) (633)
Tpa(v) EXpa(v)

2We refer to any distribution that can be obtained by marginalizing the full joint distribution
of X as a marginal distribution.
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where p" is used as short-hand for the probability mass function for fixed n. Since
we have access to empirical versions of P} and Pga(v), the linear structure of (6.3.3)

v

invites for a regression-based approach to determine the conditional IP’Z‘ pa(v)’ Since
p" (.Z‘pa(v)) only depends on (1) jcan(v), P (acv|acpa(v)) and p" (a:pa(v)) are indepen-
dent by independence of the n’s, whence a regression of observations of P} on
observations of Pga(v) yields an estimate of the expected conditional distribution

/ D (ol pate) 7, (A1), (6.3.4)

In the special case where 7, is degenerate, and where the conditional distribution
thus does not depend on 7, the regression will identify the conditional distribution
common across populations. In such a case the conditional distribution is said to be
invariant;

d
(X5 X (o) = a:pa(,,)) = (X?f X gy = zpaw)) : (6.3.5)

for any two populations ¢ and ¢ and all Zpa(y) € Xpa(y). This might be a reasonable
assumption in some scenarios. Indeed, (6.3.5) is the assumption that underlies the
principle of invariant causal prediction formulated by Peters et al. (2016). In such a
setting, one considers samples (X7,Y") where X" is a vector of predictor variables
for some target Y. Equation (6.3.5) is then only assumed to hold for the target
variable given its causal predictors.

In an observational setting, we would not generally expect (6.3.5) to hold for all
parent-child relations. Allowing for some variation means that we only identify the
expectation of the conditional distributions across populations, but this expectation
might still be a decent quantity to use with (6.3.3); in certain applications we may
be convinced that the conditional for a given population deviates only little from
the average. For example, in the context of Figure 6.1, it might be reasonable to
assume that most of the variation in the lifestyle risks observed across populations is
due to variation in demographic and socio-economic structures. That is, variation
in Pzifestyle
variation in 7pifestyle- In any case, the dispersion around the mean is picked up the

is due mainly to variation in Pgackground and only to a small extent to

regression residuals, which could be used to provide some variability bands.

As for the regression, the coefficients should represent probabilities and thus fall in
the unit interval to enhance model interpretability. This can be achieved by solving
the constrained non-negative least squares problem?

~ i 3 Zp— 5
b= argr.nmﬁto Al _B yll2 (6.3.6)
Subject to €8 =1x,, .,

3The least squares problem (6.3.6) can be solved by recasting it as a quadratic program under
the same positivity and equality constraints but with objective %5TQB —d"B where Q =272
and d = ZTy.
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where y = vec([p"(z)]ycr,zcx,) contains the empirical estimates of p”(x,) for each
population and value in the domain, while Z = I x,| ® [p" ()] er.2ex,,,,, i the
design matrix. Here, the vec-operator stacks the columns of a matrix into a vector, ®
denotes the Kroenecker product, I is an identity matrix of size d, 14 a d-dimensional

vector of ones, while C = I‘T/-m ® Iy

| specifies the sum constraint.
pa(v)

Alternatively, the regression coefficients can be parametrized in such a way that
they automatically satisfy the desired constraints. The multinomial-logit parametri-
zation achieved through the softmax-function

()
ZjGJi exp(ﬂj)’

produces non-negative regression coefficients summing to unity where appropriate.

Bi = (6.3.7)

Under (6.3.7), the least-squares objective || Z (3)—y||3 is non-linear as the regression
coeflicients become a function of the free parameters 3.

Ties to Ecological Regressions

The ecologic regression model proposed by Goodman (1953, 1959) is equivalent to the
contents of (6.3.6) without constraints on the coefficients. Goodman, however, does
not justify why the regression estimates ought to represent a conditional probability
distribution apart from asserting that the model should only be used “in very special
circumstances”. Framing the problem in terms of knowledge about the causal graph
as done here gives one way of rationalizing whether or not the regression produces a
valid approximation. We emphasize that the assumption of independent 7’s is key
to justify the regression procedure.

An alternate solution to the ecological inference problem is the method of bounds
proposed by Duncan and Davis (1953). Although not a unique solution, observing
a set of marginals deterministically restricts the set of joint distribution that are
consistent with them, implying that the conditional probabilities we seek to estimate
may be bounded more narrowly than the unit interval. This suggests that the box
constraint of (6.3.6) could be modified to convey the deterministic bounds for the
conditional probabilities. Determining cell bounds for k-way contingency tables is
described in the statistical data privacy literature, see Dobra and Fienberg (2001)
and Dobra and Fienberg (2009).

6.3.2 Numerical Case-Study: Risk Factor Interventions

In this section, we present some numerical results for the example from the intro-
duction, that is, we consider the system described by the DAG in Figure 6.1. For
the risk factors, we use U.S. data from IPUMS (2022), NCD-RisC (2017), and CDC
(2022), which, after preprocessing, consists of dichotomous marginal distributions, see
Appendix 6.E. The data covers the period 1999-2018, that is, 20 different populations.
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We use (6.3.6) to determine the missing conditional distributions. Using the logistic
parametrization (6.3.7) yields virtually the same results for this data and is therefore
not shown.

Interventions on lifestyle risk

Observed prevalence shown on vertical dashed lines
BMI Smoking

80%

on

60%

40%

20%

Potential Impact Fracti

0%

0% 25% 50% 75% 100% 0% 25% 50% 75% 100%
Marginal risk distribution

Sex Female — Male  Joint distribution — Independence coupling - Regression-Based

Figure 6.2: PIFs for U.S. females and males aged 50-54 in 2018. Using the estimates of
Murray et al. (2020), the relative risks for BMI are the same for both sexes, causing the
two PIF curves to coincide when (6.3.8) is evaluated under an assumption of independent
marginals.

The burden of disease from certain lifestyle related risks is defined as an interven-
tional query through the potential impact fraction (PIF) (Ezzati et al., 2003):

E,[RR] — E;[RR]
E,[RR] ’

p— (6.3.8)
where RR is the relative risk at a given level of exposure, while p and p describe
the distributions under which the expectation is evaluated. Using the relative risk
estimates of Murray et al. (2020), we compute (6.3.8) in Figure 6.2 for interventions
on the smoking and BMI marginals. This is slightly ambiguous as an intervention
replaces the entire conditional distribution Ppifestyle|Background- We discuss how to
intervene on multiple nodes simultaneously in Section 6.4.5. For now, the interven-
tions are implemented as a proportional change to the original values. The reference
distribution p is defined as the theoretical minimum exposure distribution as is
customary, that is, Psmoke = INon-smoker i the smoking scenario and Ppyr = ONormal
in the BMI scenario, with § denoting the Dirac measure.

We generally expect the lifestyle risks to exhibit positive correlation as they are
all affected by the same background variables. Moreover, part of their effect on the
outcome is mediated through ‘blood pressure’ and ‘cholesterol’. Thus, we expect the
independence coupling to understate the risk burden, which is also what Figure 6.2
generally shows; the estimated PIF on the dotted line is able to take the joint
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effect of the risks into account, although, at least in this case where the number of
variables and categories are low, the difference between evaluating (6.3.8) under the
independence assumption and the proposed method is not drastic.

6.3.3 A Mixture-Model Example

Even though we generally focus on discrete distributions, it is illuminating to think
about how the idea from the discrete setup translates to a setting with parametric
assumptions, in which case the objective is to identify the causal parameters of the
model.

As an instructive example, consider the structural equations
X1 ~ Bern(p(m)) with p(m) = P(X1 =1|m),
Xo = B91X1 + 09e2 + T2mo,
X3 = (31 X1 + B32X2 + 0383 + 1373,

where €9, €3, 72,73 are i.i.d. A(0,1) variables (independent of X;). Suppose that
samples from the joint distribution Pf; 5 3) are not available, but that we instead
have density data on the marginals (P1, Py, P3) across multiple populations.

Written out, we have samples from

Py = p(m)d1 + (1 — p(n))do,
P3 = p(n)N (Ba1 + T2m2,03) + (1 — p(m) )N (1212, 03),
PY = p(m)N (Bs1 + Bs2(B21 + T2m2) + 7313, 83205 + 03)

+ (1 = p(m))N (B3s2mamz + T313, B3205 + 03),

where § denotes the Dirac measure. In particular, we imagine data of the form
Xqp for individuals ¢ = 1,...,n1; and populations h = 1,..., H. To simplify, let us
assume that the populations are from the same location but at different time points
t1,...,tg. We note that the data will generally not be on the same individuals, so
we do not have time series data at the level of individuals. The empirical distribution
of X7 can be represented as

which form a time series of probability estimates. For Xs;, we have a similar data
structure, and for each time point, t;, we have samples from the mixture

p(tn)N (Ba1 + mama(tn), 03) + (1 — p(tn))N (T2m2(tn). 03) -

From the empirical distribution of Xa1p, ..., Xopn,,n we can fit the parameters So,
Tam2(ty) and o2 that enter into the mixture distribution. We can use the empirical
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distribution of X11p, ..., Xin,,r to determine the mixing coefficients p(ty,), so these
do not have to be estimated. The time series of T272(ty) can be used to estimate 7o,
but just from the parameters estimated at time point ¢;, we have enough information
to deduce the Fy-map and thus the coupling of P; and P>. This is, of course, due
to the strong assumptions of Gaussian distributions, homogeneous variance, and
additive effects. For P35, however, there is not enough information in a single time
point to estimate all parameters. There are three unknown parameters in the mean
values, and, fitting a marginal mixture distribution, only two equations to determine
them from. Here, we really need the time series structure to identify all parameters.

6.4 Aggregating the Causal Model

We will now discuss how to transfer a causal model at the level of individuals into a
causal model at the level of populations in terms of the marginal distributions of
X. The resulting aggregate model may be used to formulate interventional queries
concerning the distribution of individual-level behaviour. In particular, we will argue
that conclusions drawn from the aggregate model will be consistent with the ones
drawn from the individual level model.

The techniques outlined in the previous section describe how and when conditional
distributions may be estimated from marginal density data. We do not necessarily
need to find these conditionals for every v € V. It may suffice to determine
conditionals of certain bundles of variables, namely clusters of parents. We can then
specify the causal relation among the clusters, but leave their internal structure
unspecified.

Let a bar over a family of sets Z denote its union, that is, Z := Urezl. To
specify an “aggregated” graph D* that still represents P, we introduce the following
properties:

P1 (Coverage) T = (I)rex is a family of non-empty subsets I, C V s.t. T =V.

P2 (Parent preservation) AU Pap(B) C pap.(l) where A C I and B=1\ A for
every I € 7.

P3 (Running intersection) For any node J on a path between I and I’ in D* then
INI' CJ, where I,I',J €T.

P4 (Reduction) Z is reduced, that is, #I, I’ € Z such that I C I'.

Definition 6.4.1 (Parental Decomposition). A parental decomposition (PD) of a
DAG D = (V,E) is a DAG D* = (Z,€) satisfying P1-P4.

The motivation behind this construction is to specify how we can meaningfully
collapse nodes into “cluster-nodes”. In particular, observe that:
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Lemma 6.4.2. If D is a DAG, then D is a PD of itself.

By meaningful collapse, we mean that if a given DAG D* satisfy the above
properties, then the joint distribution factorizes according to D* into conditional
distributions of clusters of parents given other clusters, like in the individual-level
model (6.2.1). However, because we do not require Z to be composed of disjoint
subsets of V', see for example the middle panel of Figure 6.4, the computations are a
bit more cumbersome. The factorization reads:

Proposition 6.4.3. If P factorizes according to D = (V, E), then for a PD D* =
(Z,€) of D it holds that

p(2) = Mrez PG o g _ ez PO o @ ¥pap @)
[Loev p(@oltpay )€1 Tley p(@olzeps)IC@I=1 7

(6.4.1)

forallz € X, where C, ={I € T:v € I,v ¢ pap.(I)} and C?* = {Njcc,pap-(I)}U
{Nrec,{a €I :m(a) <7(v)}}.

In Definition 6.4.1, we require Z to be reduced to avoid superfluous nodes; otherwise
some distributions could be specified as marginalizations of others. For example, it
would in a sense be redundant to include P; if Pf; oy is already included.

6.4.1 The Aggregated Structural Causal Model

The PD of an arbitrary DAG is obviously not unique. For example, there is always
a trivial decomposition consisting of a single node containing the entire vertex
set Z = {V} and no edges. More meaningful representations of the conditional
independences encoded in D depend on the type of analysis we have in mind.

If we are only interested in interventions on specific variables, the PD can be
chosen to reflect this. For example, suppose that we want to quantify the causal
influence of a treatment X on a target Y in the presence of a confounder Z that
influences both X and Y, and another confounder C' that influences Z and Y. In this
case, the interventional distribution can be calculated using backdoor adjustment,

plo(X=a(l2) () = Zp(ym 2)q(z]2)p(2), (6.4.2)

without reference to C. That is, if we want to intervene on X it suffices to condition
on Z.

Typically the focus is on the more general — and more ambitious — goal of
obtaining a model that allows us to quantify all interventions at once via a structural
representation. For this purpose, let us introduce the additional property
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P5 (Connectivity) For every I € Z then J Lp J' for all J,J' € pap.(I) with
J#J.

Definition 6.4.4. A PD" of a DAGD = (V, E) is a DAG D* = (Z,€) satisfying P1-
P5.

We can define a structural causal model for the probability measures (P} : I € 7)
on such a graph, making P7 a function of its graphical parents and exogenous (noise)
variables 7y.

Definition 6.4.5 (Aggregated Structural Causal Model). Let MM = (v, S™nd)
be an SCM for X with associated DAG D and let D* be a PD" of D. An aggre-
gated structural causal model (ASCM) M8 = (v,, SA88) consists of the product
distribution v, and |Z| structural assignments S™&8:

lel: P}?(x[) = G] (IP)"? (I),’I]I\m> (l‘[), xrr € X[, (643)

pPapx*
where

Gi (]P)Zav*(l)’ nl\PaD*(I)) (Q?[) = Z pnl\pap*(” (xl\pap* (I)lxpap* (1))

Tpapx (D\I

H p"(xy). (6.4.4)

Je€pap« (I)

Intuitively, G arises by fixing n in (6.3.1), the structural equations for X, and
computing the distribution of X; as transformations of e. A general formulation of
the ASCM is possible using compositions of Markov kernels, cf. Appendix 6.A. We
return to how the PD* can be chosen in Section 6.4.4.

By construction, the ASCM replicates the observational distribution over X
implied by the SCM. The joint distribution can be computed by noticing that

1\pap+ (1) |
Gr (@ epmpe oy do Mgy ) (@1) = P55 (2ol ) . (6.45)

and using (6.4.1). Since D* is a PDT, the denominator in (6.4.1) is only relevant when
D* consists of multiple components that contain overlapping subsets of variables.

6.4.2 Interventions

An intervention do(i) in the ASCM maps M”28 to MAe8ido() by replacing the

structural assignments for P]. We denote the entailed interventional distribution
Pmido(i)

To illustrate the basic principles for interventions in the ASCM, consider as an
example the SCM

X{] = F1(517771)7 Xg = FQ(X{]752u772)7 X?? = F3(X177X§7537773)7
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for which a corresponding ASCM reads

P?1,2} =Gy (12y), Pi=Gs (P?1,2}’773) :

At the level of individuals, interventions are defined by fixing, for example, X; = z1,
which results in the modified SCM

X? =1, Xg = FQ(.’E1752,772), X:? = F3($1,X;’,€3,7’]3),
while an intervention on Xs results in
X1 = Fi(e1,m), XJ:=uwz9, XJ:=F3(X], 22,3,13).

In the ASCM, intervening on either X; or X5 is done using a distribution ]P’?(f 21>
which corresponds to modifying (a number of) conditional distributions:

Intervention on Xy : PY, 5y 1= P ® G112 (P, m2), P :=Gs (P?lz}’ 773) ,

Intervention on Xy : P?lﬂ} =Gl (M) ® Pge , P =G (P?l,z}’ 773) .

Not all interventions in the ASCM are meaningful. There may exist — arguably
hypothetical — interventions in the aggregated model for which there is no individual-
level analogue. For example, in the bottom DAG in the middle panel of Figure 6.4,
we could mathematically impose Py oy 1= IP’f{l‘l’,Q} and Py 3y = IP({l‘l”3} that do not
agree on their respective P;—marginals. We want to avoid this situation and restrict
attention to the set of interventions induced by the individual-level model, namely
those that fulfil the deterministic constraints of the system.

Assumption 6.4.6. The distributions (P} : I € T) implied by an ASCM MAggido(@)
i € 1488 through (6.4.3) satisfy for all v € V that for any pair I,I' € T both
containing v € V, that is {v} C I and {v} C I', then

P?(AU X XI\{U}) = IP?,(AU X Xp\{v}), A, € Ay,
with P} and P}, defined on X, x Xp\ vy and Xy x Xy (v}, respectively.
Thus, the set of admissible interventions in the aggregate model 1428 consists of

interventions for which nodes with overlapping subsets of variables agree on their
implied marginals.

6.4.3 Causal Consistency

Rubenstein et al. (2017) and Beckers and Halpern (2019) developed the notion
of causal consistency, which describes whether two models at different levels of
abstraction can sensibly be thought of as models of the same system. If the models
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P@;Ind do(® ]Pydo(i);lnd dots) ]P)do(j);lnd

Aggregation
Aggregation
Aggregation

d i d j
PPiAge o) pdo(w(i));Agg % Ppdo(w(4));Agg

Figure 6.3: Schematic of causal consistency whereby the same conclusions are reached for
both the original and the aggregated model. In Rubenstein et al. (2017) the ‘aggregation’
arrows correspond to the function 7, whereas they represent the transformation from SCM
to ASCM in this paper. The distribution P refers to the observational distribution, while
i,j € '™ are interventions such that i <x j.

are consistent, we expect them to produce the same interventional distributions
regardless of the order in which we do the aggregation and the interventions.

Formally, Rubenstein et al. (2017) defines causal consistency between two struc-
tural causal models with variables X and X’ as commutativity of the implied
probability distributions on a (specific) set of partially ordered perfect, deterministic
interventions* I™d:

T (Pdo(i);lnd) — ]P;do(w(i));Agg’ Vi e HInd’ (646)

where 7 : X — X’ is a variable mapping and w : I™? — T482 3 surjective, order-
preserving map between interventions. When (6.4.6) holds then the diagram in
Figure 6.3 commutes (Rubenstein et al., 2017, Thm. 6), and the operations of
intervening and aggregating are interchangeable. That is, performing an intervention
§ € IA88 in the aggregate model is equivalent to computing the push-forward measure
of the distribution resulting from any intervention i € w=1({j}) in the individual-
level model using 7. Order-preservingness of w ensures that consistency also applies
to compositions of interventions, that is, the right square in Figure 6.3 commutes.

The above notion of consistency is, however, quite restrictive and does not extend
well to realistic settings. As 7 maps variables into aggregate summaries, most models,
especially non-linear ones, incur an irreversible loss of information when transferred
to the aggregate level so that actions cannot be back-transformed to the individual
level without substantial ambiguity. This has led to the development of the related
notion of approximate abstraction or consistency (Beckers et al., 2019; Rischel and
Weichwald, 2021). As the name suggests, the requirement on the transformations is

4With perfect, deterministic interventions the target distribution of X7 is a one-point measure
Ozy-
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relaxed so that the aggregate model captures the underlying system only up to some

error.

With the ASCM, we look at model abstraction in a fundamentally different way
in the sense that the aggregation happens at the level of distributions rather than
at the level of variables. This means that the only detail that is “abstracted away”
is the specific labelling of individuals. So long as we are not concerned with which
particular unit is assigned what particular value x; € A7, but only that individuals
are assigned according to the correct target distribution, this loss of information is

irrelevant.

While the transformation from SCM to ASCM cannot be defined in terms of a
variable mapping 7, and so does not fit into Equation (6.4.6), consistency between
the two models can still be defined as the diagram in Figure 6.3 commuting. Because
488 is restricted to interventions induced by the SCM, we have the following lemma.

Lemma 6.4.7. Under Assumption 6.4.6, there exists a surjective, order-preserving
map w : I — T sych that PIeG)iind — pdo(w(@))iAge v ¢ ind,

Thus, all interventions in the ASCM have at least one corresponding intervention
in the SCM, and consistency follows as a corollary.

Corollary 6.4.8. Under Assumption 6.4.6, the ASCM is causally consistent with
the SCM in the sense that the diagram in Figure 6.3 commutes.

6.4.4 Constructing a Generic PD™

In the following, we describe the most important steps to Algorithm 1 which details
one way of constructing a PDT of an arbitrary DAG D. We label the resulting
graph the aggregated DAG, or ADAG for short, and denote it by D*. The ADAG
is constructed in two steps. In the first step we find PD™’s of each sink node
s € {v € V : ch(v) = 0}, namely directed rooted trees, where s is the root and all
edges point towards it (i.e., an anti-arborescence). Next, DV is formed by the join of
the resulting trees, including a pruning step to remove superfluous nodes. Additional
details are given in Appendix 6.B.

Algorithm 1 can be viewed as a greedy algorithm. For some graphs, there
exists decompositions that offer an improvement over the ADAG in terms width,
maxyer |I|. Relaxing the requirement on how to choose the parents of a given I € 7
does, however, introduce a tricky path dependence whereby the optimal choice at
a given step depends on subsequent options. DAGs of similar structure will then
have different optimal aggregated versions depending on the number of nodes at
each level in the graph, see Appendix 6.D for examples.
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Algorithm 1: DAG to ADAG
Input : ADAG D= (V,E).
Output: The ADAG Dt = (Z,€) of D w.r.t. 7.

S < sink nodes of V;
for s€ S do
Ts < TIBAL of s;
Ts < separateLineage(7;);
end
return JoinAndReduce, ((75)ses)

[ 2= B N N

For the first step, we use a recursive pairing strategy to build PD*’s, revolving
around the following sets.

Definition 6.4.9 (Ancestral Lineage). Let s € {v € V : ch(v) = 0} be a terminal
vertex in D. For each such s, the ancestral lineage is defined recursively by the sets

Ik,s = {Pa(lk—l,s \A) UA: A= An(Pa(Ik—l,s)) N Ik—l,s}> (647)

fork=1,..., L, with Iys = {s}, and Ls being the depth of the lineage so that
ILS+n,s = @ fOT any n € N+.

Starting from the bottom of the causal hierarchy, (6.4.7) traverses through the
graph generating for each I-node another node consisting of the union of parents.
Importantly, variables that reappear in a parent set at a higher level are always
retained, see for example the left panel of Figure 6.4.

Definition 6.4.10 (TIBAL). Let Z, = (Ixs)keqo,...,L.} be the ancestral linage defined
by a sink node s of D. The tree implied by the ancestral lineage (TIBAL) is Ty =
(Zs, Es) with vertices T = (Ixs)reqo,....0.y and edges Es = ((Ix,s, Ik—1,5))ke{1,....L.}-

The ancestral lineage covers the sets we are after in the sense that a TIBAL of a
sink s is a PDV of Dy ).

Proposition 6.4.11. If D = (V, E) has exactly one terminal vertex and T = (Z,€&)
is the tree implied by the ancestral lineage, then T is a PDT of D.

Because the ancestral lineage does not take unconditional separation statements
in the original graph into consideration we need an additional step to ensure that
these are properly displayed in 7. For instance, if the input graph describes a
three variable V-structure 1 — 3 < 2, we want 7 to show that P3 is a function
of the marginals (P1,P2) only since Pg; 9y = Py ® Po. This leads to the function
separatelLineage described in Appendix 6.B that improves the PD* in terms of
Width, maXrez |I|
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Figure 6.4: Examples of how DAGs (top graphs) transfer to ADAGs (bottom graphs). Left
panel: The ancestral lineage retains variables appearing in multiple clusters. Middle panel:
A DAG for which the corresponding ADAG is determined up to a topological ordering; the
4-node can be a “child” of either {1,2} or {1, 3}. If there was an additional arrow 2 — 3 in
the DAG, we prefer the arguably simpler graph structure {1,2} — 4 over the construction
{1,2} — {1,3} — 4. Right panel: A DAG in which the unconditional separation statements
require special treatment.

(DS

Lemma 6.4.12. If D has exactly one terminal vertex and T is the tree implied
by the ancestral lineage, then separateLineage(T) =: T = (Z,€) is a PDT of D
satisfying VI € T : I' C I such that I' Lp (I\1'), making T the PD" of smallest
possible width under the restriction that the sink of D is also a sink in T and that
P2 reads: AUPap(B) = pap-(I) where A C Anp(Pap(I)) NI and B=1\ A for

every I € T.

Next, the ADAG is formed by joining each such tree of sinks in D. For this
purpose we define the operation JoinAndReduce, that merges together any number
of input trees while removing all vertices that are contained in other vertices. The
subscript 7 refers to the order in which reduction is performed as for given I € 7
there may be multiple sets I’ € 7 that satisfy I C I’. However, the pruning operation
is not inherently “safe” and there are a few non-trivial pitfalls to avoid in order to
not create cycles or produce a graph that violates P3 or P5, see Appendix 6.B.

Proposition 6.4.13. Algorithm 1 produces a PDT of an input DAG D.

If only the marginal distribution of each variable is needed to define the aggregated
model, this is what the ADAG shows.

Proposition 6.4.14. If D = (V, E) is a DAG whose underlying undirected graph is
a forest, then the ADAG DT is equal to D in the sense that DT = (V, E).

This property suggest a natural use case for the aggregated model; when the
conditional independence structure is a tree, we do not require measurements on the
simultaneous distribution for any pair of variables to fit the ASCM. Obtaining the
data needed to fit the population-level model may therefore be considerably easier
than collecting the data required to fit the individual-level SCM.
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Separation statements in the ADAG are tricky since two I-nodes can have shared
variables among their ancestors and descendants even if the nodes appear in different
connected components, see for example the middle panel in Figure 6.4.

Proposition 6.4.15. If D™ = (Z, &) is the ADAG determined from D and A, B,C C
T are three mutually reduced families of sets, then

Alps B|C= (A\(CUD)) Lp (B\(CUD))|(CUD),

where D = 1S (AnD+ (A), Anp+ (B), AnD+(C’))\anD+({J €C:JeAnp ({4, B}
with 1S(A, B,C) = (ANB)U(ANC) U (BN ).

6.4.5 Case-Study: Risk Factor Interventions (Continued)

We continue with the example from Sec-

tion 6.3.2, and follow up on the idea that Principal Components
relations among nodes in a cluster do Female | Male
not necessarily have to be explicitly mod- 2 .
elled. In particular, we want to demon- “ . ey
. . g Of-"=---- B St | M et i LA
strate how one can make sensible inter- & Wty et e

ventions on the lifestyle cluster-node of

Figure 6.1. Marginal risk proportions

Female ‘ Male

The idea we pursue here is to apply .

60% //

40%

a principal components transformation

on

to the data, and intervene in the di-

Proport
~,

rection of the first component that de-
scribes the direction of maximum vari- 2%

ance (dashed line, top panel, Figure 6.5). -50 -25 00 25 1512-58 25 00 25 50
S
Because the data is compositional, we
. Risk factor Drinker — Overweight
need to apply an appropriate trans- — Non-active — Smoker

formation to it before applying PCA. Figure 6.5: PCA for the ilr-transformed risk

That is, we have to transform the data factor data (top panel). The bottom panel

from the standard simplex to the real shows the induced prevalence distributions

space. The usual transformations for pen intervening in the direction of the first

this purpose are either the centred-log- principal component (dashed line, top panel).
ratio transformation (Aitchison, 1986)

or the isometric-log-ratio transformation

(Egozcue, 2003). We use the latter, see Appendix 6.F. For dimensionality reduction,
only the first two principal components are kept. Once the intervention has been
applied in the principal component space, the results are transformed back to the
original space.

Figure 6.5 shows the results for the risk factor data. Based on the induced marginal
distributions shown in the bottom panel, it is clear that the first principal component
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picks up the secular trend in the data. People are becoming increasingly overweight
over time, while other harmful lifestyle behaviours are reduced. Thus, an intervention
in the direction of the first principal component can be phrased as the question:
“what if the current development in lifestyle behaviour continues?”.

6.5 Conclusion

We have shown how a structural causal model may be specified at the level of
probability distributions rather than at the level of variables, and that conclusions
drawn from the aggregated model are consistent with the ones from its individual
level analogue. We have shown that the aggregated model can be estimated from
marginal density data observed across multiple populations given knowledge about
the causal graph. The proposed regression-based approach was formulated in a
discrete variable setting, motivated by applications to data from statistics bureaus
that provide discretized marginal distributions, that is, contingency tables of low
dimension.

Even with low dimensional data, the number of explanatory variables used to
estimate a given conditional probability may be substantial compared to the number
of available data points (i.e., populations) and may lead to inefficient prediction. One
might therefore want to study a regularized version of the problem, while remaining
aware of whether the regression coefficients have an appropriate interpretation (as
conditionals). For example, for dimension reduction, we could apply PCA to the
explanatory variables and use only a subset of the principal components as regressors.

A direction for future work would be to explicate solutions for when the variables
studied are continuous. With parametric assumptions this amounts to identifying
individual-level parameters from aggregated data by leveraging the heterogeneity
induced through the population-level noise variables. We gave an example of how to
approach the problem in a linear structural causal model, namely by writing out the
marginal distributions for which we have data. Still, it is not obvious how one can
best exploit all of the available information. Ideally, we want a top-down strategy
for estimating the parameters, taking as a starting point the variables at the highest
level of the causal hierarchy, and iteratively work our way down through the system.
The problem is then how we can estimate the parameters entering the structural
equation for P,, while also taking into account data on (or estimated parameters
for) its causal parents.

On the practical side, it remains an interpretational challenge how one would
translate an actual policy change into a P4°-intervention. Indeed, in the case study
of risk factor interventions, we did not specify how the (joint) interventions arise,
but simply examined the consequences of bringing Ppifestyle risks tO Pﬂ‘i’fcstylc risks®
For the purposes of policy-planning, associating a monetary cost with the possible
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interventions is another interesting direction for further research. This would open
for cost-effectiveness analyses in which one could compare the cost of a gain in a
pre-specified health outcome for different interventions. For example, this would
enable us to answer a questions like: “given that our interventional target is the set
of modifiable lifestyle risks, what is then the intervention that produces the most life
years gained at the cheapest cost?”.
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6.A The ASCM in the General Case

Suppose that X is generated according to an SCM with structural equations
X, = Fv(Xpa(v),EU,’l]U), veV, (6.A.1)

where the joint distribution v. , = &,y (v, ® vy,) over the noise variables ¢ =
(ev)vev and = (Ny)vev is a product distribution. We assume that v., and v, are
dominated by either the counting measure if the respective state space is discrete or
the Lebesgue measure otherwise for every v € V. Thus, v, , is marginally continuous
and all distributions have densities by the Radon-Nikodym theorem.

6.A.1 Markov Kernels

To formulate the SCM at the level of probability distributions, the notion of a Markov
kernel proves useful. The following exposition is based on Rgnn-Nielsen and Hansen
(2014). Let (X, A), (¥,B), and (Z,C) be measurable spaces. A Markov kernel from
X to Y is a family of probability measures (P*),cx on (), B) such that for every
fixed B € B the map = — P*(B) is A-measurable. If ¥ = &X; x A, and P is a
Markov kernel from X5 to ), we can extend P to be a Markov kernel P from X to
Y as P¥2 = P(*1:22)  We do not distinguish between P and its extension. Further,
we let P ® Q denote the composition of Markov kernels P from X to ) and @ from
Y to Z, which is again a Markov kernel from X to ) x Z, determined as

(P®Q)*(BxC) = /BQy(C) dP*(y), BxCeBaC. (6.A.2)

The composition is associative by Tonelli’s theorem. A probability measure v on X
can be viewed as a Markov kernel from a singleton set to X', and we can therefore
write the integration of (P*),cx w.r.t. v as

(v® P)(A x B) = /AP”‘(B)du(x), AxBeA®B (6.A.3)

yielding a unique joint probability measure on the product space (X x Y, A ® B).
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6.A.2 The Aggregated Structural Causal Model

Conditionally on 7, denote the distribution of X for any ordered subset I C V as
ur(Ar) =P(X; € Ar|n), Are€Ar (6.A.4)

By fixing 7 in (6.A.1), the joint distribution p on X’ can be written as a recursive kernel
factorization p = ®@,ecv Fy (-, Ve, , my) where each F, plays the role of a Markov kernel
from Xpav) to Xy, representing the conditional distribution X, | Xpaw) = Tpa(e)-
Here, Fy,(Tpa(v), Ve, M) is used as shorthand for the push-forward measure of v.,
obtained using the map & — Fy,(Zpa(v), €, 7). Further, since there exists a topological
ordering of V' such that o < 8 for all @ € An(I) and g € V' \ An(I), we can factorize
1 as

H= (®v€An(1)Fv('7 Vevanv)) ® (®UEV\AU(1)F’U('7 Vewnv)) = MAn(I) ® Q (6A5)

Thus, any pr-marginal can be obtained by computing it as transformations of ve,,,
by marginalizing f1an () in (6.A.5) over An([1) \ I.

The ASCM defines pr as a function of its graphical parents in a PDt D+ and
exogenous noise variables 7y through assignments of the form

nr(Ar) = Gr(ppa, . (1),n1) (A1),  Ar € Ar. (6.A.6)

In the above, G specifies a composition of Markov kernels

Citlptpary, (110 (A1) = ((©epas 017) @ (@ eramrayFolovenm) ) ) ().
(6.A.7)

where C' = Xvelum C,, is a product set with C), being A, € A, if v € I and equal
D

to X, otherwise. In this way, distributions appearing among the parents are generally

marginalized out unless they also appear in I. It is possible for I to have more than

one parent, but this happens if and only if oo = ® Jepap s (DT> cf. P5. If the

first argument in (6.A.6) is empty, we can write u; = Gr(nr) = ®uerFy(-, Ve, , M)

for short. Note that when I € 7 is a singleton set {v} C V', we have

,va(Av) = (/J'pa(v) ® Fv('v Vav7nv))(Xpa(v) X Av) = /Fv(xa V£v777v)(Av) dlufpa.(v) ($)7
(6.A.8)

for A, € A,.
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6.B Establishing the ADAG

The procedure for defining the aggregated DAG (i.e., the ADAG) is given in Algo-
rithm 1. Below, we expand on the steps in the algorithm.

The primary step of Algorithm 1 involves a construction of PD™’s of each sink
node of the input DAG D. The tree implied by an ancestral lineage of a sink node
se€S :={veV:chp(v) =0}is Ty = (Zs, &) with vertices Zy = (Ix,s)keqo,...,1,} and
edges & = ((Ix,s, [r—1,s))kef,...,1.,} Where the ancestral lineages (Ix s)x,s are given by
Definition 6.4.9. The resulting trees form PD™’s of sinks in D, cf. Proposition 6.4.11,
and can be improved in terms of tree width by taking unconditional separation
statements in D into account — without violating P1-P5. The following result is
useful for finding the relevant separation statements.

Lemma 6.B.1. Let D = (V,E) be a DAG. If A,B CV then Anp(A) N Anp(B) =
)<= A_Llp B.

The lemma suggests that a bottom-up search for separation statements is advan-
tageous. Given an ancestral lineage Z = (Ix)reo,...,L}, We need to check whether
each I € 7 should be split into multiple nodes.

Algorithm 2: separateSet

Input : DAGD = (V,€),Set I C V.
Output: A family of sets A satisfying the properties in Lemma 6.B.2.

1 Construct the undirected graph

U= (I, {{a, 8} : Anp(a) N Anp(B) # 0,0, 5 € I});
2 A < connected components of U;
3 return A;

Lemma 6.B.2. Consider a DAG D = (V,E) and a set of nodes I C V. The
separateSet-algorithm constructs a family of sets (A; : j € J) such that Uje 7 A; =
I, and A; Lp A} for all j,j" € J with j # j' and such that Vj € J there does not
exist an A C Aj: A Lp (4;\ A).

If an I-set is to be divided, new separate branches of the lineage can be formed
without ambiguities since the variables would have no common ancestors in the
original graph.

Corollary 6.B.3. Let T = (Z,£) be a PD" of a DAG D with a single terminal
vertex under the restriction that A = Anp(Pap(I)) NI for every I € T in P2.
Suppose there is an Iy € T such that par(Iy) = Iqq1 for all k € {0,...,L}. If there
is an A C Iy such that B = Iy \ A satisfies Anp(A) N Anp(B) = 0, it holds that
T is still a PD" in the modified graph where the nodes (Ix)kego,...,Ly are replaced
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by nodes ((Ix,1)keqo,....1.}s (Ik,2)ke{o,.... Lo} )s defined by Ixin1 := I N Anp(A) and
Iiyn2 := I N Anp(B) for k € {0,...,L} and the edges (Iyy1, 1) are replaced by
edges (Ix+1,1, k1) and (Ix41.2, Ik 2) for k € {0,..., L—1}, while the edge (Iy,1_1) is
replaced by edges (In1,1-1) and (Lo,2,1_1), whenever the sets involved are non-empty.

This leads to the function separateLineage described in Algorithm 3 that pro-
duces an improved PDT of a sink in D in terms of width, cf. Lemma 6.4.12.

Algorithm 3: separateLineage
Input : TIBAL 7 = (Z,€) of a sink s and the DAG D from which it is
constructed.
Output: A directed tree (Z,&) being a PDT of Dy, ) satisfying
VI €T:3I' CIsuchthat I’ Lp (I\1I').

1 L + depth of T;
2 if L > 1 then

3 for ke {1,...,L} do
4 for [ € {H € T : disty(H,{s}) =k} do
5 (Aj)jeq1,...,.7y < separateSet(D, I);
6 if J > 2 then
7 for je{2,...,J} do
8 T < modify T as in Corollary 6.B.3 with I playing the
role of Iy and A; the role of A;
9 end
10 end
11 end
12 end
13 end

14 return 7T ;

6.B.1 Joining the Trees

Once PD™’s of sinks S in D have been established, the first step of the algo-
rithm is complete. The ADAG is then defined as the join of the resulting trees
Dt := JoinAndReduce, ((7;)ses) The full proposed algorithm is described in Algo-
rithm 4 for a given topological ordering 7 of D.

As a first step, we set D* = lsesT,s denoting the disjoint union of trees that
treats nodes and edges as distinct regardless of their labels. Next, we modify the
vertex set to make it reduced. Consider two sets I, I’ € Z for which I C I’. Because
I C I’ implies that Anp(I) C Anp(I’) we should generally (i) add edges from I’ to
nodes among chp~(7), and (ii) remove nodes and edges among Anp~«(I). There are,
however, a few pitfalls to avoid.
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Figure 6.6: DAG structure leading to issues when pruning superfluous nodes. The nodes
in the graphs represent clusters of nodes. If there is an « such that (i) « € A and a« € B
but « ¢ ch(I) in the PD" and/or o ¢ I’ then P3 is violated, while (ii) « € B and oo € H
would cause a violation of P5, upon replacing the arrow I — ch(I) with I’ — ch(I).

Firstly, for given I € Z there may be multiple sets I' € Z that satisfy I C I’. To
decide which I’ should become the new parent of chp«(I), we rely on the following
adaptation of the topological ordering.

Definition 6.B.4 (Lineage ordering). Given a DAG D = (V,E) and a reduced
collection of sets T satisfying UrezI =V, we say that I € T is greater than T' € T
in the lineage ordering p, with respect to a topological ordering m of D if (i) I C I,
or if (it) for every a € I\ I' and some B € I' \ I then w(8) < ().

The reduction operation follows the lineage ordering in the sense that if multiple
I’ satisfy I C I’, we always attach the children of I to the I’ lowest in the ordering.
In the case that I and I’ are equal and when there does not exist an I” 2 I, then
the above steps work as the graph union that simply merges vertices and edges with
shared labels.

Secondly, we might encounter nodes I C I’ for which pruning according to the
above rules eventually causes a cycle in D* or results in a violation of P3 or P5. See
Figure 6.6 for the generic DAG structure leading to the above or Figures 6.7-6.9 for
concrete examples. There are more than one solution to this problem, and how such
conflicts should be resolved is not obvious. We give one way of merging the graphs
in Algorithm 4. See also the proof of Proposition 6.4.13 for additional details.
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Algorithm 4: JoinAndReduce,

Input : PD'’s (7.)secs of sinks S of D satisfying the postcondition of Algorithm 3 and a
topological ordering 7 of the DAG D from which they are constructed.
Output: A PDT of D.

1 D" UesTs = (Z,6);
2 pr < lineage ordering of Z w.r.t. m;
3 Arrange Z in descending order according to pr;
4 i<+ 1;
5 while i < |Z| do
6 I < i’th element of Z;
7 I’ + element in Z of lowest order in p, such that I C I’ if it exists; I’ < () otherwise;
8 P it 1
9 if I’ = () then i < i+ 1 end;
10 else
11 if Anps(1') Ndeps= (1) C I' N chps (1) and
(Anp-(dep= (1) \ Anp+ (1)) NAnp-(I') = 0 then
12 for J € chp«(I) do add edge (I’,J) to £ end;
13 Remove I from Z and all edges involving I from &;
14 end
15 else
16 if Anp«(I') Ndepx(I) € I' Nchp«(I) then
17 I" + I U (Anpx(I") Ndepx(1));
18 I + element in Z of lowest order in pr such that I* C T if it exists; T < 0
otherwise;
19 if [ = 0 then D* + addNodes(D*, I*, D) else I* + I end;
20 for J € chpx (I) do add edge (I*, J) to £ end;
21 for J € depx(I) do J <= J U (N{A:4 on path from I* to J in D*} A) in T end;
22 Remove I from Z and all edges involving I from &;
23 end
24 else
25 | I" 1
26 end
27 if (Anp+(dep+ (D) \ Anp= (D)) NAnp=(I') # 0 then
28 I «— I
29 for J € dep=(I") do
30 A <« parent of J in D* for which there exists a path from I'* to J;
31 for B € {H € pap«(J):
A path from I* to J through H,Anps(H) N Anp«(I*) # 0} do
a2 C + pap(J\ (AUB))\ (pap- (D) \ B);
33 if C # 0 then
34 Set A+ AUC in T,
35 I« 1" uc;
36 end
37 Delete the edge (B, J) in &;
38 end
39 end
40 I + element in T of lowest order in p, such that I** C T if it exists; I < 0
otherwise;
41 if [ = () then D* « addNodes(D*, [**, D) else I** « I end;
42 for J € chp+(I™) do add edge (I™*,J) to £ end;
43 for J € dep«(I™) do set J := J U (N{A:4 on path from I** to J in D*} A) in Z
end;
44 Remove I* from Z and all edges involving I* from &;
45 end
46 pr < lineage ordering of Z w.r.t. m;
a7 Arrange Z in descending order according to pr;
48 i< 1;
49 end
50 end
51 end
52 Function addNodes(D™*, I*, D):
53 T <+ TIBAL of I* (treating I™ as a sink node in D);
54 T < separateLineage(7);
55 D"« D" UT;

56 return D
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DAG PD™ of sinks ADAG

Figure 6.7: In the middle graph there are redundancies since {1} C {1,3} and {2} C {2, 3}.
Removing the nodes {1} and {2}, and replacing the edge ({1}, {2, 3}) by ({1,3},{2,3}) and

the edge ({2}, {1,3}) by ({2,3},{1,3}) introduces a cycle (and either replacement causes a
violation of P3).

DAG PD™ of sinks ADAG

Figure 6.8: In the middle graph there is a redundancy since {2} C {2, 3}. Joining the two
{1} nodes, removing the {2} node and replacing the edge ({2},{3,4}) by ({2,3},{3,4})
causes a violation of P5.

DAG PD of sinks ADAG

i

Figure 6.9: DAG for which there are multiple “problem sets” requiring special treatment
in Algorithm 4.
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6.C Proofs
Lemma 6.4.2. If D is a DAG, then D is a PD of itself.

Proof. Immediate from the definition. O

Proposition 6.4.3. If P factorizes according to D = (V, E), then for a PD D* =
(Z,€) of D it holds that

p(2) = Mrez PG o gy _ ez PO o @ ¥pap @)
HUEVp(x“|xpav(v))‘c(v)l_l Hvevp(x1)|xCEa)|c(v)‘_1

. (6.4.1)

forallz € X, where C, ={I € T :v € I,v ¢ pap.(I)} and C?* = {Nrec, pap-(I)}U
{Nrec,{ael:n(a) <m(v)}}.

Proof. For I € T let By := {v € I : v ¢ pap.(I)} and Ay = I\ B;. For all
v € pap«(I)\ (A UPap(By)) it holds that v ¢ dep(By) any I € Z. Otherwise, there
exists a 8 € By such that 8 € anp(v), which, due to P1-P2, implies the existence of
a node among the ancestors of I in D* also containing 3, but then 8 € pap.(I) due
to P3, contradicting that 5 € By.

The above implies that for each I € 7 we can write p(a:1|a:m) = p(xB,|Tpa, (Br))
whenever By is non-empty. Due to P1 and P2, (By : I € 7) covers only and all nodes
of V, although some nodes v € V may appear in multiple Bj-sets. We therefore
have that

Hp ($[|!L‘m) = H p (xBI|'rpaD(BI))

1€z Br:IeZ

H H p(xv|$paD(BI)U{ﬂEBI:Tr(B)<7r(v)})
Br:I€eZveBy

Bj:I€T,vEB
1 2 (zolpap ) 20
veV

=TI » (@olzpan )"

veV

= p(@) []  (@olepan )™
veV

= p(x) H p (xv‘xcsa)‘cvl_l ’

veV

where the final equality follows from the fact that CP?* always contains all of v’s
parents but none of its descendants. O
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Lemma 6.4.7. Under Assumption 6.4.6, there exists a surjective, order-preserving
map w : 1™ — TAE sych that PIo()ilnd — pdo(w(@));Aee v ¢ ind,

Proof. Choose an intervention j € 1488, This intervention affects the distribution of
a subset of variables I C Z = V. Due to Assumption 6.4.6 all overlapping marginal
distributions implied by the ASCM MAe&d°l) are equal. Thus, the intervention
do(j) induces the interventional distribution

]P)Agg,do(j)(x) — ﬁ(‘rlkrﬁép(l)) H p ($v|xpa,D(1))) ) €T € X?
veV\I

through (6.4.1) using the conditionals defined by (6.4.5). The same interventional
distribution can be produced by the stochastic intervention do(X; := p(-|zpa(r)))
in the SCM. Let this intervention have index i € ™4, The mapping w can then
be defined as an index-mapping such that i € w=1({j}) and such that the partial
ordering <x on I is preserved. O

Corollary 6.4.8. Under Assumption 6.4.6, the ASCM is causally consistent with
the SCM in the sense that the diagram in Figure 6.3 commutes.

Proof. The argument is analogous to the proof of Theorem 6 in Rubenstein et
al. (2017). Let i,j € I'™ be interventions such that i <y j. Commutativity
of the left square of the diagram follows from Lemma 6.4.7. Moreover, we have
that Prd.do(t) — pAge.do(w(i)) gpd pird.de(i) = pAsg.do(w(i)) Existence of the arrow

[PAgg.do(w(i) M PAggdo(w(d)) follows from w being order-preserving. O

Proposition 6.4.11. If D = (V, E) has ezactly one terminal vertex and T = (Z,€)
is the tree implied by the ancestral lineage, then T is a PDT of D.

Proof. Since D only has one terminal vertex, the ancestral lineage is given by the
sets

I, = {PaD(Ik,1 \A) UA: A= AHD(Pa'D(kal)) N Ik,1}7 (6C1)

for k € {1,...,L} with Iy = {s} being the sink node. Thus, T is the path graph
I() o IL.

P1, P2 and P5 follow directly from the construction of 7 from (6.C.1).

For P3, let J be a node on the unique path from Ij4, to Iy, n > 1,in T. It is
enough to establish that if & € Iy N Ii4,, then a € J. Let Ay := Anp(Pap(I)) N I
for £ > 1. If n = 1 there is nothing to show. If n = 2, suppose for contradiction that
a ¢ Agy1 C Ipq1. Then, since o € Iy o, there exists 8 € T4 such that a € papy(5).
Thus, either 5 € Ay, or there exists a v € I, \ Ax such that 8 € pap(y). Since o € I,
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by assumption, both cases yield a contradiction. For n > 2, successive application of
this rule shows that a € J for any J on the path from Iy, to Ij.

If |V| < 2 then P4 is immediate, so suppose |V| > 2. We will start by arguing
that the set A in (6.C.1) never makes up an entire set in the lineage, that is, we
cannot have I, = An(Pa(I;)) NI for any k € {1,...,L}. Let k be given. If
I, = An(Pa(Iy)) N I, or equivalently I, C An(Pa(ly)), then for every node « € I,
there is a directed path & — -+ — 8 in D where  is another node in I. Suppose
|[Ix| = n € N1 and let {1,...,n} be the labels of I;;. Note that n cannot be one,
otherwise An(Pa(l)) would be empty, so suppose n > 2. The first node, 1, cannot
have a path leading back to itself, otherwise there would be a cycle. Without loss
of generality, let there be a directed path 1 — --- — 2. Likewise, 2 cannot have a
path leading back to 1 or to itself. If n = 2 this yields a contradiction, if not let
there be a directed path 2 — --- — 3. Continuing this process up until the n’th
variable, we see that there must be a path n — --- — ¢ for some i € {1,...,n},
introducing a cycle. Thus, we cannot have I, = An(Pa(Iy)) N I for any k meaning
that Ay := An(Pa(ly)) N I} is always a proper (possibly empty) subset of Ij.

Consequently, at least one element from Ij_; is always removed by the parent
condition when constructing I (and at least one element, namely a parent, is added).
Further, due to P3, once a variable is removed, it will not reappear. Therefore, we
have for any k € {1,...,L} that

(i) at least one element in Iy, is not in Iy4, for any n € {1,...,L — k}, namely a
child among the nodes in Ij1;

(ii) at least one element in I is not in I_,, for any n € {1,...,k}, namely a parent
among the nodes in Ij,_;.

It follows from (i) that we cannot have I,_,, C I} for any n € {1,...,k} and from
(ii) that we cannot have Ii, C Ij for any n € {1,...,L — k}. P4 therefore holds,
and we conclude that the tree implied by the ancestral lineage is a PDT of D. [

Lemma 6.4.12. If D has exactly one terminal vertex and T is the tree implied
by the ancestral lineage, then separateLineage(T) =: T = (Z,&) is a PD" of D
satisfying VI € T : I' C I such that I' Lp (I\1'), making T the PD" of smallest
possible width under the restriction that the sink of D is also a sink in T and that
P2 reads: AUPap(B) = pap-(I) where A C Anp(Pap(I)) NI and B=1\ A for

every I € T.

Proof. We start by showing that 7 := separateLineage(7) = (Z,&) is a PD*
of D with the additional property that there does not exists an I’ C I such that
I' 1p (I\I'). We refer to the latter condition as (x). The proof is by induction on
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the depth of the ancestral lineage. Note that since D only has one terminal vertex,
the ancestral lineage is given by the sets

I, = {PaD(Ik_l \A) UA: A= AnD(PaD(Ik_l)) N Ik—l}a (602)
for k € {1,..., L} with Iy = {s} being the sink node and L being the depth.

For the base case (L = 0), the algorithm returns D itself; a graph containing only
a single node and no edges. In this case, the algorithm’s postcondition is trivially
satisfied.

For the induction case (L > 1), suppose that after n iterations of the outer for-loop,
then T is a PD% of Dy, ) satisfying (x) for all I € {H € T : dist7(H, I) < n}.

In the second loop a set I € {H € T : disty(H, Iy) = n+ 1} is used as the basis
for all computations. Due to the loop-invariant, it is not affected by any of the
previous w — 1 iterations, and will not affect subsequent iterations of the second
loop. That is, all computations in the second loop could, in principle, be performed
in parallel. In the w’th iteration, I is split into disjoint sets (A;);es through the
function separateSet. These sets have the properties described by Lemma 6.B.2.
For each j € J the set splitting procedure opens for a branching of the lineage
as described by Corollary 6.B.3. If | 7| = 1, no branching is performed; I is left
unaltered for every k € {n+1,...,L}. If |J| > 2, new separate branches are created
in the sense of Corollary 6.B.3. By the induction hypothesis, Lemma 6.B.2 and
successive application of Corollary 6.B.3, the loop-invariant holds at the end of the
n + 1’th iteration of the outer loop. Upon termination at loop-exit (n + 1= L), the

invariant implies the postcondition.

Since 7 has the property (%), the decomposition following the sets specified by
(6.C.2) cannot be improved further in terms of width under P5. What is left is then
to argue that these sets cannot be chosen differently under the restricted version of
P2 in the lemma, P2" say, which states that for every I-node the parent set in the
tree should be a clustering of the nodes A U Pap(B) where A C Anp(Pap(l)) NI
and B = I\ A. We note that the ancestral lineage selects A = Anp(Pap(I)) N1,
that is, it always retains every node that reappears upstream.

The statement is trivial if |[V| < 2 or if pap(s) = V'\ {s}, because to satisfy P2" we
always have Iy = {s} and I; = pap(s), so suppose that |V| > 2 and pap(s) C V\{s}.
Let Ay := Anp(Pap(Iy—1)) N Ix—1 where I is defined as in (6.C.2). If Ay =0 for
all levels k£ > 1, then (6.C.2) reduces to I, = Pap(I;—1) and we are done. If Ay, is
not empty at every k, consider the first time, k > 2, where A, is non-empty and
where we wish to retain only some or no variables A} C Ay, redefining Ij; to be

Ii = Ay UPap (B U (Ag \ A7),

where By, := I_1 \ Ag. For any excluded o € Ay \ Aj there exists a § € I} such
that a € anp(f3), because otherwise o would not be in the set defining Aj. Due to
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P2, this implies the existence of an I}, n > 1, containing a. Since a € Ay implies
that o € I,_1, P3 states that o has to be included in I}}. Thus, no elements among
A may be excluded from [Ij, concluding the proof. O

Proposition 6.4.13. Algorithm 1 produces a PD" of an input DAG D.

Proof. By Lemma 6.4.12, the graphs plugged into JoinAndReduce, satisfy the
precondition. To satisfy the postcondition, we will show that when the while loop
in JoinAndReduce, finishes, D* will be a PD* of D. If |Z| = 1 this is trivial, so
suppose |Z| > 2. We propose the following loop invariant; at the end of any iteration
of the while loop then:

(a) D* is a DAG;
(b) D* satisfies P1, P2, P3 and P5;

(¢) The i first elements in Z are mutually reduced.

Before the loop iterates the first time ¢ = 1 and the invariant trivially holds. Suppose
the invariant holds at the beginning of some iteration ¢ > 1. If I’ = (), nothing
happens save an increase of ¢ by one. Since Z was sorted in descending order according
to p,, there does not exist an I; € Z such that I; C I. Since I’ = () there does not
exist an I, € Z such that I, O I. Therefore, the invariant holds. Suppose I’ # ().
We have 2 cases.

Case I: Anp-(I') N dep-(I) C I' N chp- (1) and (AnD* (dep-(1) \ Anp- (I)) N

Anp-(I") = 0. Since I C I, we get from the invariant that the ancestors of I’

contain all the ancestors of I. Removing I and replacing the edge (I, J) with (I’ J)
for every J € chp~(I) thus always preserves P1, P2 and P4. Since P3 holds at the
beginning of the iteration, P3 is intact following the replacement of the edge(s) if
and only if for every A € dep-(I) and B € Anp«(I') then AN B C J for every node
J on the path from B to A in the modified graph; or equivalently, if and only if
Anp«(I")Ndep«(I) C I' N chp« (I). Further, since P5 holds at the beginning of the
iteration, P5 is intact following the replacement of the edge(s) if and only if for every
A € Anp-(dep+(I)) \ Anp-(I) and B € Anp-(I') then A Lp B; or equivalently, if
and only if Anp«(dep(I))\ Anp~(I) N Anp-(I') = (), cf. Lemma 6.B.1. Thus, in
case I, we have ruled out the possibility that the edge replacement causes a violation
of P3 and P5. We conclude that (a) and (b) hold. Since only I is deleted from Z, i

is left unchanged and takes the same value as at the beginning of the iteration, and

we get from the invariant that (¢) also holds.

Case II: Anp-(I') N dep- (1) ¢ I' N chp- (1) or (Anp* (dep-(1)) \AnD*(I)) N
Anps(I") # (. In the first case, pruning as above would yield a violation of P3. We



182 CHAPTER 6. JALLBJORN & HANSEN (2022)

introduce the node (if it does not already exist, lines 17-19) I* O Anp-« (I')Ndep- (1)
that becomes the new parent of the children of I (instead of I’, line 20), and update
all descendants of I so that P3 holds (line 21). The second case deals with sets that
would cause a violation of P5. Note that such a violation may occur whether or not
pruning would cause a violation of P3. To rectify the situation, we look for nodes
J among the descendants of I (or I* in the modified graph if P3 would have been
violated) for which there exists distinct paths into J with a non-empty intersection
(lines 29-39). If we come across such a set B, say, we remove the edge (B,J) to
maintain P5 (line 37). If B contains parents of J that are not among J’s remaining
parents, this would cause a violation of P2. We therefore add missing parents to
the parent of J for which there is a path from I (or I*) to J and also to I (or I*,
lines 30-36). This potentially causes a violation of P3, so all descendants of I (or I*)
have to be updated so that P3 holds (line 44). After these operations (a) and (b)
hold. Because we have modified sets of Z, we have to update the lineage ordering,
rearrange Z, and start over with ¢ = 1 (lines 46-48). Thus, the invariant also holds
at the end of the iteration in case II.

Observe that if there are no “problem sets”, that is, if we are always in case I when
I C I, then, after each iteration of the while loop, |Z| — i decreases by one. Thus,
if the loop continues to iterate, eventually i = |Z|, whereupon the loop terminates.
If there is an I and an I’ such that we enter case II, i resets and |Z| may increase.
However, because all sets modified by operations in case II always grow in size,
then eventually, if the loop continues to iterate, we will not find ourselves in case II
again. Upon termination of the while loop, we have from the invariant that the final
contents of D* is a DAG satisfying P1-P5, and we are done. O

Proposition 6.4.14. If D = (V, E) is a DAG whose underlying undirected graph is
a forest, then the ADAG D™ is equal to D in the sense that DT = (V, E).

Proof. Let the skeleton ske(G) of a graph G be the undirected graph where two nodes
are connected in ske(G) if and only if they are adjacent in G, that is, ske(G) is the
underlying undirected graph of G. If ske(D) is a forest, the ADAG is a disjoint union
of the ADAG’s of the connected components of D. It suffices to consider the case
where ske(D) is a tree

Let S = {v € V : chp(v) = 0} be the set of sink nodes and fix an s € S. We start
by showing that the ADAG of Dy, (), namely D+ = separateLineage(7;) where
Ts is the TIBAL of s, is equal to Day(s) itself. Notice that since ske(D) is a tree
then ske(Day(s)) is also a tree. It follows that the ancestral lineage simplifies to the
union of parents, that is, Iy = {s} and

I :PaD(kal), ke {1,...,LS}.
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Otherwise there is an Iy, k > 2, with |[Ij,| > 2 and A, := Anp(Pap(I}))NIj # 0 (since
Ay, € Iy, cf. the proof of Proposition 6.4.11), such that an o € A, and a § € Iy \ Ag
share at least one common descendant, contradicting that ske(Day(s)) is a tree.
Moreover, for every Ij, with |I;| > 1 then oo Lp 8 for every pair o, 8 € I, # 3,
because otherwise, if a ~ 3, there would be a cycle in ske(Day(s)) as a and (3 always
share at least one common descendant. It follows from Lemma 6.4.12 that DT> is
equal to Dan(s)-

If |S| = 1 we are done since Algorithm 4 would return its input. Suppose |S| > 1.
Since the width of D*s for any s € S is one, there are no “cluster nodes”, and
Algorithm 4 works as the graph union, merging vertices and edges with shared labels.
Thus,

D = UsesDan(s) = UsesDt* = D,

concluding the proof. O

Proposition 6.4.15. If D" = (Z,€&) is the ADAG determined from D and A, B,C C
T are three mutually reduced families of sets, then

Alps B|C= (A\(CUD)) Lp (B\(CUD))|(CUD),

where D = 1S (AnD+ (A), Anp+(B), Anp+ (C))\anp+({J €C:JeAnp+({4,B}H)})
with 18(A, B,C) = (ANB)U(ANC) U (BN C).

Proof. Let D™ denote the moral graph of a DAG D, that is, the undirected graph
with the same vertex set as D and nodes « and S that are adjacent in D™ if and only
if « - B or B — «oraand 8 have a common child (Lauritzen, 1996). Similarly
for an ADAG Dt = (Z,£), or any subgraph of it, we define the ADAG-moral graph
(D*)m+ as the undirected graph with vertex set UrczI and nodes o and g that are
adjacent in (DT)™" if and only if either

1. a,p €1 for any I € T or,

2. ael,Bel st.a#and thereis anedge I — I', or an edge I’ — I, or I
and I’ have a common child I”.

We start by showing that separation in DT implies separation in the ADAG-moral
graph. Notice that the ADAG-moral graph can be constructed in two steps. The
first step is the usual moralization operation; all parents are married and directions
deleted. Next, the graph is “unclustered” so that two nodes are adjacent o ~ (3 if
they appear in the same cluster node, that is o, 8 € I, or if they appear in different
but adjacent cluster nodes, that is, a € I,3 € I’ with I ~ I’. Thus, if Z is only
composed of disjoint subsets of V', we clearly have

AJ_D+B|C:ZJ_ )m+§|€,

(DAn({A.B.C})
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and there is no need to condition on additional variables. However, when some
members of Z have a non-empty intersection, the “unclustering” step in the construc-
tion above may result in a walk w from a € A\ (BUC) to B € B\ (AUC) that

. L + + ST 3}
circumvents C' in (DAH({AB,C}))’” . We need to rule out the possibility of these
walks, so generally we want to show that

Alp: B|C= (A\(CUD)) L o (B\ (CuD))|(CuD),

(DAn({A,B,C})

where

D= ((AnD+ (A) N Anp- (B)) U (AnD+ (©) N Anp- (A)) U (AnD+ (©) N Anp- (B)))
\anp+({J € C:J € Anp+ ({4, B})}).

Starting with the case C = (), consider a pair « € A\ Anp+(B) and 8 €
B\ Anp+(A) such that there exists a walk w = {a = wy,...,w, =: B} in
(DXH({A,B}))W. Then there must exist an adjacent pair w;, w;41 such that w; €
Anp+(A) \ Anp+(B) and wjy1 € Anp+(B). Since A is separated from B by the

empty set in DT, we have by definition of the ADAG-moral graph that adjacency

between w; and wj41 occurs if and only if w; € Jywjq € J' for J € Anp+(A),J" €
Anp+ (B) and either w; € J" or wj;1 € J. Hence, any walk between « and 3 must
pass through Anp+(A) N Anp+(B), and we conclude that Anp+(A4) N Anp+(B)

+

separates A \ Anp+ (B) from B\ Anp+ (A) in (DXH({A )™

When C' is non-empty, we can use an analogous argument to show that con-
ditioning further on (Anp+(C) N Anp+(A4)) U (Anp+(C) N Anp+ (B)) would block
off any walk from from o € A\ (BUC) to 8 € B\ (AUC) that circumvents C
. + mt P . .
in (D An({A, B,C})) . However, conditioning on every common variable among the

ancestors is unnecessary; we can exclude some variables from this set. Suppose
J € C is an ancestor of A (or B) and let J' be an ancestor of J in ’DXH({A,B’C}).
Then there does not exist a path from J’ to A (or B) that circumvents J, because
otherwise there would be a node on the path from J to A (or B) with incoming
arrows from two nodes, both sharing J’ as an ancestor, contradicting P5. Thus, we
do not need to include .J’ in the conditioning set D.

Next, we wish to show that separation in the ADAG-moral graph implies sepa-
ration in the moral graph of D in the sense that (D,, z,506up))™ = (V. E) is a

sub-graph of (D;l:n({AB’C}))m+ = (V*t,ET) so that VC V*t and E C Et. Notice
first that

(A\ (CuD)u(B\(CuD)U(CuD)=AUuBUCUD.

Consider the moral graph (D, z gucup))" With vertex set V' = Anp (AUBUCUD).
By definition, adjacency between two nodes a, 5 € V in this graph occurs if and
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only if either (i) « — 3, or (ii) @ + S, or (ili) @« — v and S — v for some v € V in
DAn(ZUEU?UD) :
It follows from the definition of the ADAG that

Anp(AUBUCUD) C Anp+ ({A, B,C}),

and thus V C V. We want to argue that if either (i)(iii) is true then o and § are
also adjacent in (DXDHA’B’C}))’"# If a = B in Dy, 7upueup) We must have that
either o, 8 € I for some I € Zpnqa,B,c}) or @ € I and € I’ where (I,1) is an
edge in Ean(ga,B,c})- The same is true with the roles are reversed, i.e. when « < 3.
If @ and 8 have a common child « then either o and 8 appear in the same node I or
a € I and B € I’ appear in two different nodes while v may appear in either I, I’
or in a third node I"”. If v € I then there must be an arrow I’ — I, if v € I’ then
there must be an arrow I’ — I, and if v € I" then there must be arrows I — I” and
I’ — I". By definition, « is adjacent to § in (DA”H({A’BC}))”‘+ in all of the above
cases and thus £ C ET.

The statement in the proposition now follows as a corollary since

Alp. B|C= (A\(CUD)) L o (B\ (CuUD))|(CuD)

(DAn({A,B,C})

— (A\(CUD)) L y» (B\(CuD)) | (CuD)

DAn(ZuEU?uD))
= (A\(CUD)) Lp (B\(CUD))|(CUD),

with the ultimate implication due to separation in the moral graph of the smallest
ancestral set containing all the variables involved being equivalent to d-separation.

O

Lemma 6.B.1. Let D = (V,E) be a DAG. If A,B CV then Anp(A) N Anp(B) =
)< Alp B.

Proof. 1t suffices to show that a 1p § for singletons a and 3, because A 1p B if
and only if a 1p f for every pair of « € A and § € B. This follows since Lp is
a compositional graphoid, satisfying decomposition and composition in particular,
that is for disjoint subsets A, B, C of V' then

Alp (BUC)<:)AJ_DBandAJ_DC.

The forward direction is immediate from the definition of d-separation. For the
backward direction we proceed by contraposition. Suppose that An(«) N An(S) # 0.
Then either (i) {a} € An(a) N An(f) in which case there is a directed path from «
to 3, (ii) {8} C An (a) N An(B) in which case there is a directed path from 3 to a,
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or (iii) o and S share a common ancestor v € V from which there is a directed path
to both a and 8. Thus, « is not d-separated from § by the empty set and the proof
is complete. O

Lemma 6.B.2. Consider a DAG D = (V,E) and a set of nodes I C V. The
separateSet-algorithm constructs a family of sets (A; : j € J) such that Uje g A; =
I, and A; Lp Aji for all §,j' € J with j # j' and such that Vj € J there does not
existan AC A;: A Lp (A;\ A).

Proof. 1t follows from Lemma 6.B.1 that the undirected graph

U= (I,{{e, 8} : Anp(a) N Anp(B) # 0,0, 8 € I}),

is equivalent to the undirected graph

(I,{{Ogﬂ}:&lp 670[756.[}).

A connected component of U is a subgraph in which any vertex is reachable from
any other vertex by traversing edges. Denote by A = (4;,j € J) the connected
components of . The component sets are non-empty, pairwise disjoint and collec-
tively cover I. The first two properties of the statement follow directly from these
facts. For the third property, suppose that there is an A; for which there is proper
subset A C A; such that A Lp (A4;\ A). But then 5 € (4, \ A) is not reachable
from o € A in U contradicting that oo € A;. O

Corollary 6.B.3. Let T = (Z,€) be a PD" of a DAG D with a single terminal
vertex under the restriction that A = Anp(Pap(I)) NI for every I € T in P2.
Suppose there is an Iy € T such that par(I) = I41 for all k € {0,...,L}. If there
is an A C Iy such that B = Iy \ A satisfies Anp(A) N Anp(B) = 0, it holds that
T is still a PDT in the modified graph where the nodes (Ix)kefo,...,Ly are replaced
by nodes ((Ix1)keqo,....0.}s (Ik,2)kefo,.... L2} ), defined by Iy := I N Anp(A) and
Iy := I N Anp(B) for k € {0,...,L} and the edges (Ix41,1)) are replaced by
edges (Ix+1,1, Ie1) and (Ixt12, Ik2) for k € {0,...,L—1}, while the edge (Lo, I_1) is
replaced by edges (Ip,1,1-1) and (Ip2,1_1), whenever the sets involved are non-empty.

Proof. Since any node in T has at most one child, the statement concerning the
edge Iy — I_; is well-defined. To see this, suppose I € 7 has at least two children
I')I" € Z. If I' and I"” share a common descendant then P5 is violated. If I’ and I”
do not have any descendants in common then D must have more than one sink node.

We want to argue that the modified graph is a PDT. Clearly, P1-P3 and P5
are satisfied by the construction of the two paths, but P4 requires an argument.
Let p = (Ir,...,lo,1-1,...,1_,) be the unique path in 7 from I to the sink
node I_,, := {s}. Since T is a PD*, we have that Iy Lp I for all k € {0,...,L}
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and I € 7 that are not in p. Thus, it suffices to consider whether the family
of sets ((Ix,1)ke{0,....01}> (Ik,2)kefo,....L0}» (U—k)ke{1,...,n}) is reduced. Since T is a
PDJr7 (I—k)ke{l,...,n}a (Ikyl)ke{o,..-,fq} and (Ik72)k6{0,_“7L2} are reduced. Further,
since A and B have no common ancestors, the intersection of any two sets Iy ;
and Iy 2, k, k' € {0,...,L} is always empty and we cannot have Iy ;1 C I o or
I 1 O Ijr 2 (unless both sets are empty). For given w € {1,2}, if Iy, C I_; for any
ke{l,...,L,} and | € {1,...,n}, then, due to P3, I}, C Iy_1, contradicting
that the two are mutually reduced. If Iy ., € I, then Iy, C I_; by P3, but, due to
the restricted version of P2 in the corollary, there will always be a 8 € Iy ,, such that
B € Pap(I_1), so this cannot be. Finally I_; C Iy ,, any {0,..., L} is not possible
due to the construction of the I-sets following the restricted version of P2 in the
corollary. We conclude that P5 holds for the modified vertex set and we are done.

O

6.D Alternative Decompositions

Figures 6.10-6.11 give examples different decompositions satisfying P2. In the
graphs, each node represents a cluster of nodes with the number detailing how many
connected components each node contains. The colored boxes represent the parents
appearing in the corresponding parental decomposition. Figure 6.10 gives an example
of how two DAGs of similar structure lead to different optimal aggregated structures
(in terms of width) depending on the number of nodes within the clusters. Figure 6.11
gives an example of how the choice of a parents at a given level can depend on future
options.

Width =4 Width=5 Width=4 Width =3

Figure 6.10: The graphs have the same overall structure. However, different sets of
parents are preferred in terms of width depending on the number of nodes in each cluster.




188 CHAPTER 6. JALLBJORN & HANSEN (2022)

Figure 6.11: The three viable parent sets in this graph structure. Choosing whether to
place the yellow box horizontally or diagonally depends on how one can subsequently place
the dark blue box.

6.E Description of Data

In this section, we describe the data and preprocessing steps used in the applications
in Section 6.3.2 and Section 6.4.5.

Data on the distributions of education level, income, alcohol consumption, activity
level, smoking behaviour and overweight is from ITPUMS (2022). The Integrated
Public Use Microdata Series (IPUMS) database provides survey data at the individual
level based on the annual National Health Interview Survey. Specifically we have
used the following variables, mapped into dichotomous versions:

e Income: The variable ‘POORYN’ which indicates whether family income was
above or below poverty level is used as is.

e Education: The variable ‘EDUCREC2’ reports the respondent’s highest at-
tained level of education. We follow the standardized education recoding and
classify a respondent’s level of education as low if the highest attained level is
8th Grade or lower.

e Alcohol: The variable ‘ALCDAYSYR’, describing the frequency with which
respondents consumed alcohol, reported as number of days in the past year, is
combined with ‘ALCAMT”, describing average number of drinks on days drank,
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to determine daily average alcohol consumption. We classify respondents as
light drinkers if average consumption is less than 12 grams of alcohol per day.

e Physical activity: We use a combination of the variables ‘MOD10DMIN’ and
‘VIG10DMIN’, that describe the duration of moderate and vigorous activity
of 104+ minutes in minutes. We convert the time spent exercising into MET-
minutes by multiplying moderate activity minutes by 5 and vigorous activity
minutes by 9. We categorize respondents as being in the low physical activity
category if the number of daily MET-minutes falls below 600.

e Smoking: We use variable ‘SMOKESTATUS?2’ to determine the current smoking
status of respondents.

e Overweight: We use the variable ‘BMI’ reporting the Body Mass Index, a
measure of body fat based on height and weight, to determine whether or not
an individual is overweight. Following the standard WHO classification, an
individual is categorized as being overweight if the BMI exceeds 25.

Missing observations are distributed proportionally among categories.

Data on the prevalence of adults who have high blood cholesterol is from CDC
(2022). The data is based on the Behavioral Risk Factor Surveillance System which is
an annual health-related telephone survey among U.S. residents. The respondents are
categorized as having high blood cholesterol if, after having their cholesterol checked,
they have ever been told by a health professional that it was high. After 1999, the
dataset covers unisex values for the years 1999, 2001, 2003, 2005, 2007, 2009, 2011,
2013, 2015, 2017 and 2019. To obtain prevalence estimates for all calendar years
in the period 1999-2018, a quadratic regression was fitted and used as a smoothed
estimate.

Data on the prevalence of adults who have raised blood pressure is from NCD-RisC
(2017). Raised blood pressure is defined as having a systolic blood pressure at or
above 140 mm Hg, or a diastolic blood pressure at or above 90 mm Hg. The dataset
covers all years in the period 1999-2015. To obtain data for 2016-2018, a quadratic
regression was fitted and used to predict missing values.

Data on relative-risks are obtained from Murray et al. (2020). The relative-risks
are reported in five-year age groups at various levels of exposure. We match the
risk distributions with the relative-risks estimates as follows. Light consumers of
alcohol are assigned the baseline relative risk of unity, while non-light consumers are
assigned the relative risk corresponding to a consumption of 36 g/day. Individuals at
low levels of activity are assigned a relative risk corresponding to 0 MET-minutes of
activity, while individuals at non-low levels are assigned a relative risk corresponding
to 1200 MET-minutes of activity. Non-smokers are assigned the baseline relative
risk of unity, while smokers are assigned the relative risk corresponding to smoking
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20 cigarettes a day. Non-overweight individuals are assigned the baseline relative
risk of unity, while overweight individuals are assigned a relative risk corresponding
to a Class I Obese (i.e., a BMI of 30-35). Individuals with non-high cholesterol are
assigned the baseline relative risk of unity, while individuals with high cholesterol
are assigned the relative risk associated with a heightened level of LDL cholesterol
of 1 mmol/L. Individuals with non-high blood pressure are assigned the baseline
relative risk of unity, while individuals with high blood pressure are assigned the
relative risk associated with a level heightened by 10 mm Hg.

6.F PCA for ilr-transformed Data

Consider a matrix X containing n observations of data from the d-dimensional
simplex, that is, each row of X corresponds to an observation from

d
S? = {x(ml,...,xd)T:x>-O,inl},
i=1

We want to transform each observation from S onto R? (or R?~!) so that standard
multivariate tools are at our disposal. In particular, we want to apply principal
component analysis. The usual transformations for this purpose are the centered-
log-ratio (clr) transformation (Aitchison, 1986) and the isometric-log-ratio (ilr)
transformation (Egozcue, 2003). The clr-transform centers the data around the
geometric mean. It is defined as

T

X1 Tq
log ﬁ7 ooy log ﬁ 9
\/ [Ticy @ \V [Tici 2

sending each composition = € S? to a vector y € R? satisfying Zle y; = 0. Thus,

y =clr(z) :=

the data are collinear; such a vector constitutes a d — 1 dimensional subspace of R?.
The ilr-transformation is based on a choice of orthonormal basis V' = (v1,...,v4-1)
of this subspace so that the transformed data ilr(z) := V' T clr(z) are non-collinear.
Egozcue (2003) suggests using

T

i elements

which we also adopt here.

Let 1; denote a d-dimensional vector of ones and I; a d-dimensional identity
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matrix. In matrix notation, we then have

Original data : X e R™*4,
clr-transformed data : Y = log(X)CT € R"*%,
ilr-transformed data: Z =YV e R (@-1)

where C' = I; — 2141, . The (full) principal components decomposition of Z is then
Z* =(Z — 1,L(Z) "W,

where L(Z) contains the empirical means of the columns of Z, and W is the
weights-matrix obtained from an eigendecomposition WAW " of (ZT — L(Z2)1,))(Z —
1,L(Z)T), where A is a diagonal matrix of eigenvalues and the columns of TV are the
corresponding eigenvectors (i.e., the PC-loadings). Robust (covariance) estimation is
also an option when working in ilr-space, see Filzmoser et al. (2009).

For dimensionality reduction, only the p < d first principal components are used.
We can then back-transform the (truncated) transformed data from ilr-space to
clr-space, and finally back onto the simplex:

X =¢[exp{(Z;W,] +1,L(2))V"}],

where the p-subscript is used to denote extraction of the p first columns of a matrix,
exp is applied element-wise and €¢[M] = M @ ((M1,) ® 1) for a n x d matrix M
with @ denoting Hadamard-division and ® the Kroenecker product.
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