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Abstract

Local laws describe the phenomenon that eigenvalues of random matrices converge
to deterministic densities on scales just slightly above the typical eigenvalue spacing
as the dimension of the matrices tends to infinity. This thesis explores both the nature
of such limiting densities as well as the local laws that describe the convergence to
these limiting densities for specific ensembles of both Hermitian and non-Hermitian
random matrices.

The class of random matrices we are studying in the Hermitian realm are non-
commutative quadratic polynomials of multiple independent Wigner matrices. We
prove that, with the exception of some specific reducible cases, the limiting spectral
density of the polynomials always has a square root growth at its edges and prove
an optimal local law around these edges. Combining these two results, we establish
that, as the dimension N of the matrices grows to infinity, the operator norm of
such polynomials converges to a deterministic limit with a rate of convergence of
N~—2/3+e(1) Here, the exponent in the rate of convergence is optimal. For the specific
reducible cases, we also provide a classification of all possible edge behaviours.

For non-Hermitian matrices X and Y with centered, independent and identically
distributed (i.i.d.) entries, it has been shown that the eigenvalues of the rational
function Y !X converge to a uniform density after being projected onto the Riemann
sphere. We provide a simple proof of a local law for this ensemble by reducing the
problem to the local circular law, a well-established result that the eigenvalues of a
single centered i.i.d. matrix converge to the uniform distribution on the complex unit
disc on all scales larger than the typical eigenvalue spacing.






Resumé

Lokale love beskriver det fanomen, at egenvardier af tilfaldige matricer konvergerer
til deterministiske tatheder pa skalaer, der en smule stgrre end den typiske afstand
mellem egenverdier, nar matricernes dimension gar mod uendelig. Denne afhandling
undersgger bade arten af sadanne begrensende tetheder og de lokale love, der
beskriver konvergensen til disse begrensende tatheder for specifikke ensembler af
bade hermitiske og ikke-hermitiske tilfeeldige matricer.

Den klasse af tilfeeldige matricer, vi studerer i det hermitiske omrade, er ikke-
kommutative kvadratiske polynomier af flere uafthengige Wigner-matricer. Med
undtagelse af nogle specifikke reducerbare tilfelde beviser vi, at den begrensende
spektrale tethed af polynomierne altid har en kvadratrodsvakst ved sin rand, og
vi beviser en optimal lokal lov omkring randen. Ved at kombinere disse to resul-
tater fastslar vi, at nar dimensionen /N af matricerne gar mod uendelig, konvergerer
operatornormen for sadanne polynomier til en deterministisk graense med en kon-
vergensrate pa N~2/3t°() Her er eksponenten i konvergenshastigheden optimal.
For de specifikke reducerbare tilfaelde giver vi ogsa en klassifikation af al mulig
randadfeerd.

For ikke-Hermitiske matricer X og Y med centrerede, uath®ngige og identisk
fordelte (i.i.d.) indgange er det blevet vist, at egenvardierne af den rationelle funktion
Y ~'X konvergerer til en ensartet tethed efter projektion pad Riemannsfaren. Vi
giver et simpelt bevis pa en lokal lov for dette ensemble ved at reducere problemet
til den lokale cirkulare lov, et veletableret resultat, at egenvardierne for en enkelt
centreret i.i.d. matrix konvergerer til den ensartede fordeling pa den komplekse
enhedsskive pa alle skalaer, der er stgrre end den typiske egenvardiafstand.






Contributions and structure

The thesis is split into two parts. The first part, consisting of Chapters 1-3, is dedi-
cated to the study of Hermitian random matrices and mostly focuses on multivariate
quadratic polynomials of independent random matrices. Our main results for this
part are given in Section 2.2. The second part discusses non-Hermitian random
matrix theory and its main result is given in Theorem 5.2.1.

* Chapter 1 provides an introduction to local laws and Hermitian random matrix
theory. The resolvent method and the Dyson equation are introduced and we
explain in detail how eigenvalue rigidity and eigenvector delocalization can be
derived from local laws for the resolvent.

* Chapter 2 consists of a reproduction of the preprint arXiv:2308.16778: [35].
In it, we analyse the edge behaviour of multivariate quadratic polynomials
of independent Wigner matrices. We establish the asymptotic behaviour of
the limiting spectral density for all such polynomials and prove that, with
the exception of some specific reducible cases, their density always shows
a square root growth. Combined with an optimal local law, which we also
prove around all edges with a square root growth, we then derive a norm
convergence rate with an optimal exponent. Note that there is some overlap
between the explanations given in Chapter 1 and those given in Chapter 2
due to the self-containedness of Chapter 2. The preprint is a joint work with
Torben Kriiger and Yuriy Nemish.

* In Chapter 3 we give some examples of polynomials to highlight some notable
features of the limiting spectral measure analysed in Chapter 2. The author
gratefully acknowledges the help of Paula Belzig in the creation of the plots
displayed in this chapter.

» Capter 4 contains a short introduction to non-Hermitian random matrices. In
particular, we introduce Girko’s trick and explain how it is used to prove the
circular law.

* In Chapter 5 we introduce the spherical ensemble, an example of a rational
function of non-Hermitian random matrices. We prove a local law for the
spherical ensemble and include a short discussion on how this trick can be
extended to more general rational functions.
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Chapter 1

Introduction

Random matrices were first introduced by Wishart in 1928, who studied the distribu-
tion of random covariance matrices [69]. The natural question about their spectral
statistics, that is, the nature of their eigenvalue and eigenvector distributions, was
only brought up about thirty years later in a seminal work by Wigner [68].

The crucial observation by Wigner was that as the dimension N of many random
matrices grows to infinity, their eigenvalue distribution tends to a deterministic
limiting distribution. This statement can be formalized in the following way. Let
H be a random matrix. Throughout this introduction, we always assume that H is
Hermitian, i.e. its entries h;; satisfy h;; = hj;. Let \;, i € {1,..., N}, denote the
eigenvalues of H € CV*¥ with algebraic multiplicity. Then all eigenvalues of H
are real and we define the empirical eigenvalue distribution py of H by

1 N
PN = N;‘SA“ (1.0.1)

where ¢, denotes the normalized point mass at x € R. Clearly, py is a probability
measure for all N € N and since H is a random matrix, py is itself a random
variable. If there is a deterministic probability measure p such that limy_,., py = p
weakly in probability, then we call p the limiting spectral measure and we say that
H obeys a global law.

A famous example of a random matrix ensemble that obeys such a global law is the
Wigner ensemble. We define Wigner matrices W € CV*¥ as follows.

Definition 1.0.1 (Wigner matrix). Let &y be a real random variable and let &, be a
random variable independent of &, that is either real or complex. Let them both be
centered, have unit variance and finite moments, i.e.

E[¢] =0, E[l&* =1 and E[|&P)<C, (1.0.2)

fori = 0,1 and some constant C,, for all p € N. Here, E[-] denotes the expectation
value of a random variable. A Hermitian matrix W € CN*N with entries w; j is
called a Wigner matrix if (w;;, w;;) are independent copies of (&1,&1) fori > j and

11



12 Chapter 1. Introduction

wy; are independent copies of &y. In other words, Wigner matrices are Hermitian
random matrices with centered and up to the Hermitian symmetry independent
entries with uniform variance.

Remark. The condition that all moments of &y and &, are finite is not necessary for
the statements discussed here. We still demand it for simplicity, since we are not
trying to optimize the moment conditions.

Remark. The \/ N normalization ensures that most eigenvalues \; will be of order
1, since we have

N 1 N
Z E[A\2] | = El E[Tr W?| = Z_ [|wij)?] (1.0.3)

It has been shown that the limiting spectral measure of W is given by the semi-circle

distribution p., an absolutely continuous probability measure with density given by

{l\/4 —E? if|B| <2

pse(E) =17 . (1.0.4)

0 if |E| > 2.

This is known as the semi-circle law and it was first proved by Wigner himself [68].

However, since the eigenvalues of Wigner matrices are all functions of the same

random variables, that is, the entries of the matrix, we expect them to be strongly

correlated and one can ask the question if the convergence of the empirical density

to the limiting spectral measure also occurs on a local scale. More precisely, while a
global law implies that

ate
lim — |{)\ € Spec(W) : X € [a,a+<]}| = é/ psc(E)dAE (1.0.5)

N—oo €

in probability foralle > 0 and a € R, we ask if

1 aten
lim — |{)\ € Spec(W) : X € [a,a+en]}| = lim —/ pse(B)AE = pg.(a).
N—oo EN N—oo EN a
(1.0.6)

also holds in probability for sequences (¢y)yen With ey — 0. We call such results
local laws. It is clear that for a local law to hold for all « € R, we must require
exy > N1 as for ey ~ N1, we would start to see the individual eigenvalues and
we can no longer expect them to average out their density. However, it turns out
to be sufficient to choose ey = N7 for fixed v > 0 arbitrarily small. This is
formalized in the following theorem.

Theorem 1.0.2 (Local law for the empirical eigenvalue density). Let W be a Wigner
matrix as introduced in Definition 1.0.1. For all v € (0,1) and all D € N there is a
Cy.p > 0 such that

P (Nl—”f

—147

a+N
|Spec(W) N [a,a+N""]| —/ psc(E)dE

> N—¥> <C,pN~P

(1.0.7)
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holds uniformly for all a € R.

Notations

We denote the average trace of a matrix R € C"*" by (R) = % Tr R and its operator
norm by |R||. The Hermitian adjoint of R is denoted by R*. For vectors v,w € C"
we use (v, w) to denote their standard scalar product. The matrix R is called positive
(semi-)definite if it satisfies (v, Rv) > 0, ((v,Rv) > 0) forall v € C" \ {0}. Itis
called negative (semi-)definite if —R is positive (semi-)definite. The identity matrix
is denoted by I,, € C™*™. If this does not create any ambiguity, we often compactly

write (1,, = ¢ for multiples of the identity matrix.

The letter z always denotes a complex number. Throughout Chapters 1-3 we always
use &/ = Rez and = Im 2. In Chapters 4 and 5 we deviate from this notation
and instead 7 denotes a positive number independent of z. The imaginary unit is
denoted by i to distinguish it from summation indices often denoted by 7. We still
usually avoid using them together in the same expression, instead opting for other
summation indices if the imaginary unit is explicitly displayed.

We say that a sequence of event A = Ay, N € N, holds with high probability if for
all D € N there is a constant C' = C'(D) such that we have

P(A)>1-CN~P. (1.0.8)

The notation [n] := {1,2,...,n} is used for the natural numbers up to n. If X
and Y are positive quantities, we use the notation X < Y if there is some constant
¢ > 0 such that X < cY'. If the constant ¢ depends on any parameters «, we write
X <. Y. In particular, the constant will never depend on the dimension of our
random matrices, V. If both X < Y and Y < X hold true, we write X ~ Y.
If X <Y, we sometimes also write X = O(Y) and if limy_,,, Y ' X = 0, the
notation X = o(Y") is used.

Note that some more notations that are commonly used only in the preprint that
makes up Chapter 2 are given in the dedicated notations section of the preprint in
Section 2.1.

1.1 The resolvent method

A method that has proven extraordinarily successful at proving local laws is the
resolvent method and we introduce it in this section. It allows for much stronger local
law statements than Theorem 1.0.2 and we will show how Theorem 1.0.2 follows as
a corollary of Theorem 1.1.2 below. See e.g. [9, 31, 63] and references therein for
an overview of the resolvent method and its historical development.
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1.1.1 The Stieltjes transform

Let i be a probability measure with real support. For z € C \ supp(u), we define its

Stieltjes transform m,, by
d
m(2) ::/R”( z) (1.1.1)

x—2z

Furthermore, let H denote the upper half-plane, i.e.
H:={z€C:Imz > 0}. (1.1.2)

Since p has real support, m,, is well defined on all of H. The following lemma
summarizes some basic properties of the Stieltjes transform.

Lemma 1.1.1. Let ;1 be a real probability measure and let m,, be its Stieltjes
transform, which was introduced in (1.1.1). Then the following holds true.

1. The function m,, is analytic on all of H.

2. The probability measure i is uniquely defined by its Stieltjes transform on H,
i.e. if i is another probability measure such that m,, = m,, on all of H, then
we have = .

3. Let (un) nen be a sequence of real probability measures such that

A}l_t}ﬂ My (2) = my,(2) (1.1.3)

forall z € H. Then, pxn converges weakly to ju.

4. For any interval I with neither endpoint on an atom of 1 we have

1
p(l) =lim — [ Imm,(E +in)dE. (1.1.4)

=0T J;

Proof. Statements 1. and 2. are clear. For Statement 3. and Statement 4. see e.g. [0,
Chapter 2.4]. [

The resolvent G of a matrix H at spectral parameter z € C \ Spec(H) is defined by
G:=(H-2)"tecVN (1.1.5)

where we have used the notation z = Iyz. Since H — z is non-invertible if and
only if z € Spec(H), the resolvent is well defined and for Hermitian H, we have
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Spec(H) C R and its resolvent is defined on all of H. The Stieltjes transform of the
empirical measure py, introduced in (1.0.1), of H is given by

N

1 1 1
My (2) = Nz Ty ~ Tr(G) = (G), (1.1.6)
1

i=

where we have introduced the shorthand notation (-) for the averaged trace of a
matrix. Therefore, we can establish a global law for a random matrix H, if we are
able to prove that the averaged trace of its resolvent (G) converges pointwise to the
Stieltjes transform m = m,, of some deterministic measure p and this also proves
that p is the limiting spectral measure.

1.1.2 The Dyson equation and the local law for the resolvent

To prove convergence of (G), we first look for a promising candidate for the limiting
object. To do so, we first consider a Wigner matrix W with complex Gaussian
entries and note that W and its resolvent G satisfy

WG =1y + 2G. (1.1.7)

Using the cumulant expansion formula, [29, Proposition 3.2], combined with the fact
that all cumulants of order greater than two vanish for Gaussian random variables,
we find that the expectation value of WG satisfies

E[WG] = EE[WVG]] = ~EE[WGW]], (1.1.8)

where W denotes an independent copy of W and E its expectation. VrF(H) =
4F(H + €R)|.—o denotes the directional derivative for any differentiable matrix
valued function F : CN*N — CN*N In the second step we have used VR G =
—GRG, which holds since G is a resolvent. This motivates the definition of D as
an error term by

D = S[G|G + WG with S[R] := E[WRW], (1.1.9)

where S is called the self-energy operator. Indeed, using [29, Proposition 3.2] twice,

e (GG _ [(mG)]

2 < — A 1.1.10
ST N Ny ( )

strongly indicating that D is a small object in some sense for n > N~! (See [29,

Equation (4.4) and below] for the detailed calculation). In the last step in (1.1.10)

we have used the Ward identity

E[(D)]|

Im G

Imz’

GG = (1.1.11)

that holds true for the resolvent of all Hermitian matrices. With the definition of the
error term (1.1.9), the resolvent G satisfies the equation

Iy + (z+ S[G])G = D. (1.1.12)
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If the error term in (1.1.12) vanishes, the equation takes the form
In+(z+SM]))M =0 (1.1.13)

and it is known as the Dyson equation. The resolvent G has positive imaginary part
for all z = E + in € H since it is a normal matrix and its eigenvalues

1 1
— N — E+i 1.1.14
N O Errgpce B (1.1.19)

have positive imaginary part for all j € [N]. As we are interested in solutions to
(1.1.13) that are in some sense close to G, we also condition on Im M > 0. Under
this condition it has been shown in [46] that there is a unique solution to (1.1.13).

Remark. The set-up presented here holds in a much more general setting. For a
random matrix H with non-vanishing expectation value the Dyson equation (1.1.13)
becomes

In+ (2 —EH]|+SM|))M =0 with SR]=E[H-EH])R(H-E[H])].
(1.1.15)
The existence of a unique solution the constraint Im M > 0 is guaranteed for all
z € H by [46]. For a rigorous result on the smallness of the error term (1.1.9) in

appropriate norms for a wide range of random matrix ensembles we refer to [29,
Theorem 4.1].

Recall that the Stieltjes transform of the empirical measure py is given by (G).
Therefore, assuming that G is close to M our candidate for the Stieltjes transform
of the limiting spectral measure is given by

Mee = lim (M), (1.1.16)

N—oo

In case the non-diagonal entries of W have vanishing second moment, i.e. E[¢?] = 0,
the self-energy operator takes the simple form

SR] = (R)Iy. (1.1.17)

Then it is easy to see that M is of the form M = mg Iy and my. satisfies the
quadratic equation
m2 + zmg. +1 = 0. (1.1.18)

For z € H, the unique solution to (1.1.18) with positive imaginary part is given by
1
Mo = mee(z) = 5 (\/z2 . z) , (1.1.19)

where /- denotes the square root function that maps the positive real axis to itself
and with Im \/w > 0 for all w € C. Using Lemma 1.1.1, we find that my. is indeed
the Stieltjes transform of py. introduced in (1.0.4).
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Remark. For E[¢}] # 0, the self-energy (1.1.17) has an additional O(N~') term
but this does not affect the limiting Stieltjes transform mg. = limy_,o(M).

Indeed, it turns out that M is a good approximation for G for large N as can be seen
from the following Theorem 1.1.2, below. This kind of result is also referred to as
a local law and in fact, we will see that it is a generalization to Theorem 1.0.2. To
distinguish the result from Theorem 1.0.2, we denote it by the name local law for
the resolvent here. For the result in this precise form see [29] (bulk regime and
regime away from the spectrum) as well as [3] (edge regime).

Theorem 1.1.2 (Local law for the resolvent). For a large, fixed C > 0 define the set
D,:={s€H:Imz> N7 |z| < N} (1.1.20)

Let W be a Wigner matrix as in Definition 1.0.1. For all ,v,D > 0 and z =
E +in € D, the isotropic local law

Imm 1
P G — myl N¢ =+ — ) ) Sehp NP
(165 (@ = maTdydl > iy (e + 1)) e
(1.1.21)

holds for all deterministic x,y € CN. Moreover, the averaged local law

NE
P (\(B(G — mgIy))| > HBHNn) <cop NP (1.1.22)

holds for all deterministic B € CN*N. [If additionally |E| > 2, an improved
averaged local law of the form

N¢ N¢
P (IB(G — mat) > 1B (s ey )) Senn V7
(1.1.23)

holds. Here, kg := min{|E + 2|, |E — 2|} denotes the distance of E to the edge of
the limiting density.

1.2 Eigenvalue rigidity and eigenvector delocalization

Theorem 1.1.2 implies immediately that W obeys a global law in the sense of (1.0.5).
It does however not only do that. For one, the quantitative bounds allow us to estab-
lish eigenvalue rigidity, meaning that all eigenvalues are very close to their position
predicted by the limiting density. This result is presented in Corollary 1.2.1. Addi-
tionally, Theorem 1.1.2 does not only track the Stieltjes transform of the empirical
density, i.e. the averaged trace of the resolvent, but also of the entries of the resolvent
itself in an arbitrary deterministic basis and thereby also contains information about
the eigenvectors of W. This can be used to prove eigenvector delocalization in the
form stated in Corollary 1.2.2.
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Corollary 1.2.1 (Eigenvalue rigidity). Let W be a Wigner matrix as introduced in
Definition 1.0.1 and denote the classical index of the eigenvalue close to energy

E € supp(psc) \ Osupp(psc) = (—2,2) by
k(E) := [N/ pSC(E')dE’W , (1.2.1)

with [-]| being the ceiling function. All eigenvalues of W are close to their classical
position in the following sense. For all e, D > 0 and E € (—2,2) we have

Ne&  N¢
P Moy — F| > mi <p. NP 122
(SUPE| k(E) | > mlH{NﬂE, IYe }) So, : ( )
where kg := min{|E + 2|, |E' — 2|} denotes the distance of E to the edge of the
limiting density.

Corollary 1.2.2 (Eigenvector delocalization). Let W be a Wigner matrix as intro-
duced in Definition 1.0.1 and let v be a normalized eigenvector of W with eigenvalue
A Forall e, D > 0 we have

sup P (\<X7 v)l = Nﬁ%) Spe N77. (1.2.3)

x€CNXN |Ix||=1

We prove both Corollary 1.2.1 and Corollary 1.2.2 assuming Theorem 1.1.2. Addi-
tionally, we conclude the eigenvalue density form of the local law, Theorem 1.0.2,
to prove that it is indeed a direct consequence of Theorem 1.1.2. Our proof of
Corollary 1.2.1 follows the strategy of [31, Chapter 11], see also [27, Theorem 7.6].
Before we can start the proof, we need some preparatory notions and lemmata. We
start by giving the definition of stochastic domination, a notion of a high probability
bound tailored to our needs. It was first introduced in [26] and we use it in the form
of [27].

Definition 1.2.3 (Stochastic domination). Let X = (X)) ycyand Y = (YY) yen
be families of non-negative random variables. We say X is stochastically dominated
by Y if for all (small) ¢ > 0 and (large) D > 0

P(X™ > NYW™) <, N7P. (1.2.4)

We denote this relation by X < Y. If the constant in the definition depends on any
other parameters o, we write X <, Y.

Next, we give the following lemma that asserts that with very high probability W has
no eigenvalues away from the support of ps.. More precisely, we have the following
statement.
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Lemma 1.2.4 (Exclusion of eigenvalues away from supp(ps.). Let W be a Wigner
matrix as introduced in Definition 1.0.1. For all € > 0 there is no eigenvalue further
away from the support of the limiting spectral measure supp(ps.) = [—2, 2| than
N~2/3% with high probability, i.e. we have

P (3% € Spec(W) : [A| > 24 N75+) £.p N2, (1.2.5)

Remark. The scale N~2/3 is indeed the optimal scale, since close to an edge, where
the density grows like a square root, the typical eigenvalue spacing is N /% and we
expect to see the fluctuation of the individual eigenvalues on that scale.

Proof. We only prove the absence of eigenvalues A to the right of the spectrum with
A > 2 4+ N~2/3+¢_the absence of eigenvalues with A < —2 — N~2/3+¢ follows by
symmetry. Now, fix ¢ > 0 and assume thereisa A\ € Spec(W) with A > 24N ~%/3+¢,
Then, Im G has eigenvalue 1! at spectral parameter z = \ + in. Since Im G is

positive definite this implies

(ImG) > Nin (1.2.6)

On the other hand we have with high probability from (1.1.23) that

5

N3 N3

Ui
T G) < Tmmee + [(G) — mae| < —L- +

(1.2.7)

with & = A — 2 > N~%3_ Note that we replaced ¢ from (1.1.23) by £, which is
possible since the statement holds with high probability for ¢ > 0 arbitrary. We
now choose 7 = N~2/3, then (1.2.6) is bounded from below by N~/ and (1.2.7)
is bounded from above by CN~'/3-¢/6 for some C' > 0. These two bounds are

mutually exclusive and therefore there are with high probability no eigenvalues A
with A\ > N-2/3+¢, O

We denote the cumulative distribution functions of the empirical density by ny and
the cumulative distribution function of the semi-circle density by ny, i.e.

ny(E) := % {A € Spec(W) : A< E}|, ng(F) = /_ psc(z)dz.  (1.2.8)

[e.e]

and we prove the following convergence result for ny.

Lemma 1.2.5 (Convergence of the cumulative distribution function). For all D, >
0 we have

P (sup Iny(E) — ne(E)| > N‘HE) <.p NP (1.2.9)

EeR
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Proof. By Lemma 1.2.4 we have ny(E) = ng(FE) for all E with |E| > 3 with
high probability. Therefore it is sufficient to prove Lemma (1.2.5) for |E| < 3. Let
m? = (G) — mg and p® = py — Py, i.6. p? is a signed measure and m* its
Stieltjes transform if we extend the definition to also include signed measures. By

the averaged local law (1.1.22), we have
A 1 —1+y
|m=| <, N_77 for N <|n <1 (1.2.10)

Fixavy > 0andlet 0 < n < 1y =: N~'*7. From the spectral decomposition of G,
it follows that n Im(G(E + in)) increases monotonously in > 0 for all £ € R.
Therefore we have

[ Imm®(E +in)| < nIm(G(E + in)) +nlmm(E + in)

N , , (1.2.11)
<no|m=(E + ino)| + 2no|m(E + ino)| <+ no,

where we have also used the monotonicity of 7 +— nImm(E + in) in the second
step and (1.2.10) as well as |m/| < 1 in the last estimate. Dividing (1.2.11) by 1 and
combining it with (1.2.10), we obtain

| Imm®| <, — (1.2.12)

forall v > 0and 0 < n < 1. Itis easy to check that A <, N7B for all v > 0
implies A < B and therefore (1.2.12) implies

1
Imm?| < — 1.2.13
| Imm*=| < Nn ( )

for all n € (0,1]. To prove Lemma 1.2.5, we translate the bounds on m*, Equa-
tion (1.2.10) and (1.2.13), to a bound on p*. This is done in the following lemma.

Lemma 1.2.6. Let E € R, n > N~'*7 and let fr, € C*(R) be a monotonously
decreasing function such that fp,(x) = 1forx < E, fg,(z) =0forx > E+nas
well as | f ()] S " and | Ff(@)] S 0 Then

/ fE,nM)pA(dA)‘ =<1, (1.2.14)
R

Proof. Let x be a real and smooth function such that x(z) = 1 for |z| < 1 and
x(x) = 0 for || > 1. For any twice differentiable, compactly supported, real
function f € CZ(R) we have the Helffer-Sjostrand formula

/ iy s (@)x(w) + () =9 @ W)
- A—x—1iy '

o) =+

™

(1.2.15)
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Let Ey < Eand fp,, € C2(R) such that fu,)(x) = f,(x) forz > Ey, fi,(z) =0
for z < EO — 1 as well as |fEn( r)] $ntand |fp,(x)| S 07 Integrating fg,
against p° and using (1.2.15) we obtain

/R Fon(Mp (@A ‘ ‘Re / Fon(n '

S| [ oot tmm o+ nydady

" / Fon(@)| X ()] Imm® (z + iy)|ddy
R2

+ 10l P @I )l Rem e+ i)l dady.
(1.2.16)

We separately bound all terms in (1.2.16) and we split the y integral in the first term
in the regimes |y| < n and |y| > 1. We only prove the bounds for the y > 0 regime.
The bounds for i < 0 follow by symmetry since m*(E + in) = m*(E — in). For
y < n we find

1
)X(y)Imm (x + iy) dxdy‘ —<—/| :17<—<77,

(1 2.17)
where we have used |y Im m® (z + iy)| < & from (1.2.13) in the first estimate. The

R J0<y<n

second step follows from |f;’§n(az)| < n % as well as i (supp(fz,))) < 7, where
denotes the Lebesgue measure. For y > 1) we have by partial integration in x that

/ /y>,7 (y) Im m™ (2 + iy)dady

(1.2.18)
// nyn ()0, Imm” (z + iy)dady.
y2n

By analyticity of m® away from the real axis we have 9, Imm*(z + iy) =

—9, Rem”(z + iy). After a partial integration in y we arrive at
/R y Ut (@)X (y) Inm® (z + iy)dxdy
— [ | Fea@x@) Rem vy 01219)
~ [ Feulahnn) Rem® (o +in)d.

Using |(yx(®))'] < L. |fp,(x)] < 7" and pe(supp(f,)) < n. as well as (1.2.10)
we obtain

// T )1 ()11 RemA (e + i)y <, | log(m)| <, 1 (1220
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for the first term on the right-hand side of (1.2.19). The second term (1.2.19) is
bounded by

[ 1@l Rem? (@ +in)lds <, 4 < @220
R
by an analogous argument. Similarly, we find
~ , 1
| Feala) X @) T o+ ildody < <1 (12.22)
R

and

L ey @ Rem? (@ + in)ldady < [ 1o (@lde S, (1223)

for the second and third term on the right-hand side of (1.2.16). Combining (1.2.20),
(1.2.21), (1.2.22) and (1.2.23) we find

/ fE,nM)pA(dA)’ =y 1) (1.2.24)
R
and Lemma 1.2.6 follows since
[ Fear @ = [ oty (1.2.25)
R
if we choose F, < minsupp p*. [
We have
E+n
nn(E) — nue(E) — / Fin (V)2 (dN) — / Fon ()P, (1.2.26)
R E
The last term on the right hand side of (1.2.26) satisfies
E+n E+n
[ AN < [ e < O (1.227)
E E

for some C' > 0. Here, we have used the positivity of py in the first estimate and the
boundedness of the density of pg. in the second. We combine (1.2.14) with (1.2.27)
to achieve a high probability upper bound to (1.2.26) in the form of

ny(E) — ng(E) < N7, (1.2.28)
The corresponding lower bound
ny(E) — ng(E) > —N~1*e (1.2.29)
is obtained by an analogous argument using
E
ny(E) — ne(E / frna( d\) + / (1 = fr_n,(M)p=(dN). (1.2.30)
E—n

]
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Proof of Corollary 1.2.1. We only treat the case E' € (—2,0]. The case £/ > 0 then
follows by symmetry. Recall the definition of k(£ in (1.2.1). We have

E
A pse(2)dz = (nee(E) — ny M) + (nv (M) — nse(Arm))). (1.2.31)
k(E)

We first show that the above integral is small and conclude that A,z is close to E
with high probability from there. We begin by considering the first summand, we
have

1 k(E
ny(Ane)) = < [{A € Spec(W) : A < Ny} = k(E)
N N
1 E 1 (1.2.32)
[V [ o] = 5 i,
and therefore

1 1
[n5e(E) = v ()| = 55 INnse(B) = [Nnae( E)] | < . (1.2.33)
The second summand on the right hand side of (1.2.31) is bounded by N ~'*¢ for all
€ > 0 with high probability by Lemma 1.2.5. Combined with (1.2.33) we have

E
/ psc(x)dz
Ak(E)

< N°%

(1.2.34)
From (1.0.4) it follows that
pecl®) ~ V2 7 (1.2.35)
for x € [—2,1) and therefore
E , s
/ pec(@)dz| ~ ‘(E +2)% — e +2)2|, (1.2.36)
Ak(E)
where we have used the notation (), := max{xz,0} for z € R. First consider
E +2 > N~2/3%¢ for a fixed ¢ > 0. Then we have with high probability
3
(E+2)2

~(E+2)% —|(E+2)% — (O +2)

3
S Owmy +2)2 S (B+2)2 + (B +2)

+ wlw

Njw

3
— () + 23| ~ (B +2)7,
(1.2.37)
where we have used that with high probability

€ 3
(E+2)2 > N3 > N3[(E42)7 — (e +2)2)- (1.2.38)
Equation (1.2.37) implies in particular that (Ay(g) + 2); = Akg) + 2 and therefore
E+2~Xp +2 andthus  pe(E) ~ pse( M) (1.2.39)
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Combining (1.2.34) and (1.2.39) it follows from the mean value theorem that
1

E— )\ <N 1p (E)' < ————.

Now, let 0 < E + 2 < N~2/3+¢_ Then we have by (1.2.36) that

E
/ psc(x)dz
Ak(E)

again with high probability. This gives the upper bound

(1.2.40)

2
3

Moy +2 < Mimy +2)+ S(E+2) + < N7t (1.241)

My — E < N5+, (1.2.42)

The lower bound ,
My —E > Mgy —2 > —N757° (1.2.43)
follows directly from Lemma 1.2.4

]

Proof of Corollary 1.2.2. Let v; € CV, i € [N], be the eigenvectors of W with
eigenvalue ); and let x € CV be a normalized deterministic vector. By (1.1.21) we
have with high probability at z = \; + in that

1> Im(x, G(\; + in)x) z_; T (;Z —lee V)2 > w (1.2.44)
forall j € [N],n > N~'*¢ and & > 0. Therefore we have with high probability

(%, Vi) S v/ < N7 (1.2.45)

and (1.2.3) follows. [

Proof of Theorem 1.0.2. 1t is straightforward to prove Theorem 1.0.2 as a conse-
quence of eigenvalue rigidity, but it also follows directly from Lemma 1.2.5. Note
that we have

|Spec(W) N fa,a+ N~ = ny(a+ N'7) — ny(a) (1.2.46)
and
a+N—1t7
/ pse(E)YAE = ng.(a+ N~ — ng.(a), (1.2.47)

where the cumulative distribution functions n and ng. were introduced in (1.2.8).
Taking the difference between the two above equations we find

a+N—1+Y

|Spec(W) N [a,a+ N~ —/ pse(E)dE

< 2sup [ny(E) — Nuo(E)].
FeR

(1.2.48)
The right-hand side of the above impression is bounded by N ~'*¢ with high proba-
bility for all € > 0. Theorem 1.0.2 follows by choosing € = . [
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1.3 Multivariate polynomials of random matrices

A natural continuation to the study of single Wigner matrices is the study of polyno-
mials which have Wigner matrices as their variables. For polynomials ¢ in a single
Wigner matrix, this a straight-forward matter, since for a Wigner matrix W with
eigenvalues \;, i € [IN], the eigenvalues of (W) are given by ¢(\;), ¢ € [N], while
the eigenvectors are completely invariant under the polynomial. Hence, analogous
results to Theorem 1.1.2, Corollary 1.2.1 and Corollary 1.2.2 can be directly derived
from their respective counterpart in the Wigner case, as can the limiting spectral
density.

Once we consider polynomials in multiple independent Wigner matrices, however,
there is no such shortcut, and studying their spectral statistics becomes a non-trivial
endeavour. The strong correlation between the entries of any polynomial of at least
degree two makes it impossible to directly apply the resolvent method we have
introduced in this chapter. This problem is resolved by introducing linearizations
of the polynomial instead. The method of linearizations was first developed in the
context of automata theory in [47] and [58] and it was first used in the context of
random matrix theory in [43] and [42]. We briefly outline the main idea of the method
here. The linearization L € CFV>**N 'k > 2 of a polynomial ¢(W1,...W,) €
CN>*¥ in [ independent Wigner matrices is a larger dimensional block matrix that
has the individual matrices W1, ..., W, as block entries but only in a linear fashion.
We define a generalized resolvent G of L by

G := (L — 2J)7! € CHVxkN (1.3.1)

where J € CFV*FN i some projection. The generalized resolvent of L is connected
to the resolvent g := (q(W1,... W;) — 2)" 1t of ¢(W1,... W) by

g = Gy, € CVN, (1.3.2)

where the (1,1) entry is understood blockwise. Consider the following example of a
polynomial and its linearization. Let

q(W1,W3) = W, W, + WoW,, (1.3.3)

i.e. (W1, W) denotes the anti-commutator of two independent Wigner matrices.
Also, define the pair L and J, by

0 W, W, Iy 00
L:=(W, 0 —Iy|ecC¥N3N J.=1000]|cCN3N (134
W, Iy 0 000

Using the Schur complement formula to obtain the (1,1) block of G = (L —2J)"! €
C3Nx3N e find

G11 = (W1W2 + W2W1 — Z)_l = (q(Wl,Wg) — Z)_l - CNXN. (135)
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Due to the much simpler correlation structure of the entries of L, we expect to be
able to use the Dyson equation

Iy + (2J —E[L] + SM])M =0 with S[R] = E[(L — E[L])R(L — E[L])].
(1.3.6)
to obtain a good deterministic approximation M € C3¥>*3N for G and to prove a
local law in the form of Theorem 1.1.2 for G — M. If we are able to obtain a local
law for G — M, then a local law for g — M ; = G;; — My, follows immediately
as G, and My, are submatrices of G and M respectively.

In the preprint that is reproduced in the next chapter, we investigate precisely this
problem, not only for the anti-commutator but for all self-adjoint quadratic poly-
nomials. We analyse the limiting spectrum close to the edge and characterize its
behaviour. We show that, with very few specific exceptions, the polynomials only
have regular edges, i.e. edges with a square root growth of their density. This result
is presented in Proposition 2.2.7 and Proposition 2.2.8. We also prove an optimal
local law around any regular edge. This result is given in Theorem 2.2.9. These two
results are then combined to prove a norm convergence rate with optimal exponent
in Theorem 2.2.2.

Remark. In the preprint we do not give a proof of the eigenvalue rigidity statement,
Corollary 2.2.12, for reasons of conciseness. However, in addition to the local law
Theorem 1.1.2, the proof of eigenvalue rigidity for Wigner matrices, Corollary 1.2.1,
used only the square root growth of the limiting density close to its edges. There-
fore, the proof of Corollary 2.2.12 is completely analogous to the proof given for
Corollary 1.2.1 in Section 1.2.
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arXiv:2308.16778:

Norm Convergence Rate for Multivariate Quadratic Polynomials of Wigner
Matrices

Jacob Fronk', Torben Kriiger', Yuriy Nemish

Abstract

We study Hermitian non-commutative quadratic polynomials of multiple
independent Wigner matrices. We prove that, with the exception of some
specific reducible cases, the limiting spectral density of the polynomials always
has a square root growth at its edges and prove an optimal local law around
these edges. Combining these two results, we establish that, as the dimension
N of the matrices grows to infinity, the operator norm of such polynomials ¢
converges to a deterministic limit with a rate of convergence of N—2/3+0(1),
Here, the exponent in the rate of convergence is optimal. For the specific
reducible cases, we also provide a classification of all possible edge behaviours.

Keywords: polynomials of random matrices, local laws, Dyson equation, extreme
eigenvalues

AMS Subject Classification: 60B20, 15B52

2.1 Introduction

The empirical spectral distribution of a random matrix is typically well approximated
by a deterministic measure as its dimension grows to infinity. A clear contender for
the most famous example of such a convergence is the celebrated semi-circle law.
It states that the spectral measure of a Wigner matrix, a Hermitian N x N-matrix
X with centered i.i.d. entries z;; above the diagonal and E|z;;|* = N1, converges
to the semi-circle distribution, supported on the interval [—2, 2] [68]. In particular,
the largest and smallest eigenvalues of X converge to the respective edges of the
support, implying the convergence || X|| — 2 of the operator norm, provided the
fourth moments of the entries of v/ NX are finite [11, 10].

For non-commutative Hermitian polynomials Q = ¢(Xj, ..., X;) in several inde-
pendent Wigner matrices X; an analogous statement holds. In this setup the limit

! Partially supported by VILLUM FONDEN research grant no. 29369
E-mail addresses: jf@math.ku.dk (J. Fronk), torben.krueger @fau.de (T. Kriiger), ynemish@ucsd.edu
(Yu. Nemish)
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of the eigenvalue distribution equals the distribution associated to the polynomial
q = q(s1,...,5), where the matrices are replaced by free semicircular random
variables within a non-commutative probability space, 1.e. s; can be interpreted
as operators acting on an infinite dimensional Hilbert space. This result was first
established for Gaussian random matrices in [67] and extended to Wigner matrices
in [25]. Similarly, the convergence of the norms ||Q|| — ||q|| was first shown by
Haagerup-Thorbjgrnsen [43] in the Gaussian case and the Wigner case was proven
by Anderson in [4]. Such results have also been shown when some X; are replaced
by non-random matrices [15, 53]. For non-Hermitian polynomials convergence of
the spectral measure to the limiting Brown measure, predicted by free probability
theory, is known only for very specific cases, e.g. for products of random matrices
[41, 55] and for quadratic polynomials [24].

Determining the limiting spectral measure p of Hermitian polynomials Q, or equiva-
lently the distribution of ¢, becomes a nontrivial task beyond particular computable
cases. Several works have been devoted to the analysis of the regularity properties
of p. It has been shown that p has a single interval support [42] and does not contain
any atoms [52, 59]. The cumulative distribution function of p is Holder-continuous
[12], and if ¢ is a monomial or a homogeneous quadratic polynomial then p is even
absolutely continuous [22, 28].

In the present paper we consider the case when ¢ is a general polynomial of de-
gree two, i.e. we study self-adjoint polynomials in / independent Wigner matrices
Xy, ..., X; of the form

! !
¢(Xp, .. X)) = ) XA X+ Y biX +c (2.1.1)
ij=1 i=1
where 0 # A = (A;;) € C™! is a Hermitian matrix, b = (b;) € R' and ¢ € R.
For these polynomials we classify the edge behaviour of p and show (see Propo-
sition 2.2.7 below) that at both edges the limiting spectral measure is absolutely
continuous and apart from specific reducible cases its density exhibits a square
root growth. The reducible cases are, up to a shift and change in sign, of the form
Y*Y, where Y is an affine combination of the underlying Wigner matrices. Such
polynomials still have a square root edge at the rightmost point of the spectrum, but
have a density blow-up at the leftmost point if it is equal to zero. All these cases are
classified in Proposition 2.2.8 below.

The square root growth of the limiting spectral distribution is a well-known phe-
nomenon, that is already present in the semicircle law for Wigner matrices X. In
this setup the rate of convergence for the norm of X is || X|| = 2 + O(N—2/3+0(1)
with very high probability [27] and several tail estimates have been established
[7, 8, 30]. In fact, for Wigner matrices the distribution of the largest eigenvalue
is known to be universal and given by the Tracy-Widom law [32, 60, 62]. This
distribution was first identified by Tracy and Widom for the Gaussian ensembles
[65, 66] and necessary and sufficient conditions for its universality in the context of
Wigner matrices identified in [51].
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Edge universality has been extended to many other Hermitian random matrix models,
including invariant ensembles [19], covariance matrices [34, 57], deformed Wigner
matrices [50], deterministic matrices with Gaussian perturbations [49] and models
with correlations [3, 56]. Such universality results often rely on control of the
eigenvalue location on mesoscopic scales between O(1) and O(N 1), i.e. on a local
law.

Local laws arose in the context of Wigner matrices [27, 64] and have subsequently
been extended to the more complex models listed above. For non-commuting polyno-
mials of several random matrices local laws are known only in specific cases, starting
with Anderson’s work on the anti-commutator X; X5 + X5 X of Wigner matrices
[5] that controls the deviation of bulk eigenvalues from their expected position on the
scale O(N~1/2). For general polynomials, that satisfy certain checkable conditions,
an optimal local law in the bulk regime was proved in [28]. Related results are [13]
and [14], where it was shown that for two random matrices satisfying a local law
and whose eigenvectors are in generic direction to each other also their sum satisfies
a local law at the edge and in the bulk. This result covers e.g. X? + X3 if one of
these matrices is a Gaussian unitary ensemble. For non-Hermitian polynomials the
results [54] and [40] cover products of independent matrices with i.i.d. entries. and
[24] quadratic polynomials.

Currently the best estimate on the convergence rate of the norm for general poly-
nomials of GUE matrices is —N~° < [|Q|| — ||q]| < CN~Y4, for some ¢ < %
and C' > 0 established in [23]. Our work improves this bound for polynomials
Q = ¢(X4,...,X) of the form (2.1.1) to the optimal rate of N—2/3+°(1) with square
root growth at the edges of the spectral density and extends the result to Wigner ma-
trices. The main novelty here is a detailed analysis of the Dyson equation, describing
a generalized resolvent of the linearization matrix associated with the polynomial
in the limit N — oo and, consequently, the resolvent of Q itself. The idea of
linearising polynomials of random matrices in this way stems from [42, 43] and has
been used in many works since, in particular in [4, 6, 16, 44, 45]. In particular, we
perform a comprehensive stability analysis of the Dyson equation that allows us (1)
to prove a square root growth of the limiting spectral density p and (ii) to establish
an optimal bound on the difference between the solution to the Dyson equation and
the generalized resolvent by using a modification of the bound on the random error
matrix in the Dyson equation from [29]. The main insight is that the matrix Dyson
equation for the linearization, which has a linear self-energy term, can be reduced to
a scalar equation for a function m = m(z) of the form

) (2.1.2)
m

where the self-energy term (1) is now a non-linear function of m. This representa-
tion allows us to identify the values of the spectral edges in terms of the coefficients
of ¢ and study the quadratic singularity at these edge points.
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Notations

In this section, we introduce some definitions commonly used throughout the paper.
The standard scalar product of vectors v,w € C" will be denoted by (v, w) and
the standard euclidean norm by ||v|| = /(v, v). A vector v is called normalized if
o] = 1.

Matrices R € C**" for (fixed) k,n € N are usually denoted by non-boldfaced roman
letters and matrices R € C*V*"V are usually denoted by boldfaced roman letters. In
particular, we denote the identity matrix on C*** by I, and the identity matrix on
CENXEN by T, . For any k,n € N we embed Ck*™ in C**" @ CV*N by identifying
R € CF" with R ® Iy € Ck*n @ CN*N o CHNxnN and write compactly

R=R®Iy e CHVxnN, (2.1.3)

Matrices R € CF*™, which are embedded into C*V*"N get still denoted by non-
boldfaced letters.

For R, T € C™" we denote the normalized trace by (R) = %Tr R and define a

scalar product by (R,T) := (R*T"). We use the standard operator norm and the
Hilbert-Schmidt norm, which are given by

IRl = sup [[Rzl| and [|R[lns = v/ (R*R). (2.1.4)

ll=]|<1

For vectors of matrices V' = (V;);eqp € (C"*")" we denote by ||V|| the maximum of
the operator norms of the entries, i.e.

[VI| = max Vil @15
€[]

For random matrices R € CKV**N the isotropic and averaged p-norms are defined
by

|IR|[, := sup (E[(x,Ry)[P)» and HRH;" := sup (E[(BR)|")?. (2.1.6)

[ llylI<1 IBl|<1

For a block matrix R € C*¥*"V with blocks R;; € CN*V i € [k] and j € [n], we
define the blockwise (averaged) trace R € C**" by

R;; = (Ry). (2.1.7)

A matrix R is said to be positive definite if (v, Rv) > 0 forallv € C"*"\ {0} and we
write R > 0. It is called positive semi-definite if (v, Rv) > 0 for all v € C"*" \ {0}
and we write R > 0. R is called negative (semi-)definite, denoted by & < 0 (R < 0),
if —R is positive (semi)-definite. For S € C"*" Hermitian we write S > R if
S—R>0and S > RifS—R > 0.

For linear operators acting on matrix spaces, we denote by || - ||, the norm induced
by the Hilbert-Schmidt norm, | - ||s. The identity map between matrix spaces is
denoted by 1,i.e. 1[R] = R for all R € Ck*,
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The upper half-plane will be denoted by H, i.e.

H={ze€C:Imz >0} (2.1.8)
and [n] := {1,2,...,n} is used for the natural numbers up to n. If X and Y are

positive quantities, we use the notation X < Y if there is some constant ¢ > 0 such
that X < ¢Y'. The constant will in general depend on the coefficients of ¢. If it also
depends on some other parameters «, we write X <, Y. In particular, the constant
will never depend on the dimension of our random matrices, N. If both X < Y and
Y < X hold true, we write X ~ Y.

Acknowledgements
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stages of the project.

2.2 Main results

Assumption. Let (y be a real-valued and (; be a complex-valued random variable
and let (o and (; be independent. For i = 0, 1, they are to satisfy

E[¢G]=0, E[¢G)=1 and E[]F)<C, (2.2.1)
for all p € N and some constants C,, > 0, depending on p. Let W € CV*N be a
Hermitian random matrix characterized by its entry distribution:
1. The diagonal entries {w;; : i € [N]|} and off-diagonal entries {(w;;, w;;)
i,7 € [N], i < j} are independent;
2. {wy; : i € [N]} consists of independent copies of \/LNCO,

3. {(wij,wj;) : 1,5 € [N], i < j} consists of independent copies Of\/l—N(Cl, G).

For a fixed | € N we define X = (X;)ieqp € (CV*N), a vector of random matrices,
where each X, i € [l], is an independent copy of W.

To present our results we first need to distinguish between shifted reducible and
non-reducible quadratic polynomials.

Definition 2.2.1 (Shifted reducible and non-reducible second degree polynomial).
We call any non-commutative quadratic polynomial of the matrices X = (X;);cqy
which is of the form

(X)) =a@X =)W X =& =4 (2.2.2)

for some o, 3,6 €R, a # 0, £ > 0 and v € C' with ||v|| = 1 a shifted reducible
quadratic polynomial. Any polynomial not of this form is called a non-reducible
quadratic polynomial.
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Remark. Shifted reducible quadratic polynomials are exactly the polynomials of
the form (2.1.1) with coefficients A = avv*, b = —aé(v + v) and ¢ = al€|? — B for
some o, 3,& € Rwith a # 0, £ > 0 and normalised v € C'. Note that our definition
of a shifted reducible polynomial also allows for polynomials of the form (2.2.2)
with § € C since (v*X — &)(v*X — &)* = (e¥v*X — €¥€) (e¥v* X — e¥&)* for all
¢ € R and we used this invariance to restrict to £ € R>o w.lo.g..

Shifted reducible polynomials are those where the edge characteristics reduce to
understanding the singular value statistics of some (not necessarily Hermitian) first
order polynomial in X, whereas non-reducible polynomials are those where such
a simplification is not possible. The main focus of this work are non-reducible
polynomials, but we also characterize the limiting spectral measure of the shifted
reducible polynomials.

For non-reducible polynomials, we prove the convergence of the norm of ¢(X) to a
deterministic 7, in the following sense:

Theorem 2.2.2 (Convergence of the matrix norm). Let q be a non-reducible quadratic
polynomial of the form (2.1.1). There is a deterministic T, > 0, only depending on
the coefficients A, b, ¢ of q, such that for all e, D > 0 the operator norm of q(X)
satisfies the estimate

P (Ilg(0)ll = 7] = N75+) < CLoN P,

Remark. The deterministic value 7, in Theorem 2.2.2 is the value of the norm as
predicted by the limiting spectral measure

pi= lim ~ > b (2.2.3)

pESpec(q(X))

where §,, denotes the Dirac measure at point p and the sum runs over all eigenvalues
of ¢(X) accounting also for multiplicity. That is, we have T, = max{|7.|, |T_|},
where supp(p) = [7_, 7] (see Definition 2.2.5 below). The points T and T_ can be
obtained by solving an explicit polynomial equation, for details see Lemma 2.3.5
below.

To obtain the main theorem we need several intermediate results. They establish that
the eigenvalue density of any non-reducible polynomial ¢(X) approximately shows
a square root behaviour around its edge. For reducible polynomials, we classify the
different edge behaviours.

The central object of our interest is the Stieltjes transform of the limiting spectral
measure p, which we denote by m. The function m is uniquely defined by the
following proposition.
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Proposition 2.2.3 (Existence and uniqueness of the Stieltjes transform). Let A €
CXll A= A" A#0,b¢c R andc € R. There is a unique function m : H — H
such that

1. m is complex analytic on all of H;
2. lim, o zm(z) = —1;

3. For all z € H the equation

1

—m~ =z +vy(m), (2.2.4)

with

y(m) == — Tr A(L+Am) = +-mbt <([l +omA) (I + mﬁ)> b—c, (2.2.5)

is satisfied for m = m(z). Here, the notation A = T(A+ A") was used.

The proof of Proposition 2.2.3 is deferred to Appendix 2.6.3.

Definition 2.2.4 (Self-consistent density of states). By Conditions | and 2 the
function m in Proposition 2.2.3 is the Stieltjes transform of a unique probability
measure p on the real line, i.e.

m(z) :/R% (2.2.6)

forall z € H. We call p the self-consistent density of states corresponding to q(X).

Remark. By the global law, [28, Proposition 2.17], the self-consistent density of
states is indeed the limiting spectral measure.

Note that since A is Hermitian, the matrix A = T(A+ A") denotes the entrywise real
part of A. This should not be confused with the algebraic definition of the real part
of a matrix, Re R = (R + R*). Let I C R be an interval and £ € I. Due to the
Stieltjes inversion formula, the limiting spectral measure and its Stieltjes transform
are related by the equation

1
p(E) = lim — Imm(FE + in), (2.2.7)
N0 T

whenever that limit exists for all £ € [ (see e.g. [36, Equation (1.4)]). It was shown
in [59, Theorem 1.1 (3)] that supp(p) is a single compact interval on the real line. In
particular, this means that p has no internal edges. We use the following definition.

Definition 2.2.5 (Edges of the limiting spectral measure). Let 7, denote the position
of the right edge of p and let T_ denote the position of the left edge of p, i.e., we have

supp(p) = [, 74] (2.2.8)
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We also introduce the notion of a regular edge.
Definition 2.2.6. Let 7y € {7_, 7. }. The limiting spectral measure p is said to have

a regular edge at 1y if p(dE) = p(E)dE has a Lebesgue density (also denoted by p)
in a neighborhood of Ty and

. p(E)
lim ———ft— (2.2.9)
E%:p%(p) V|10 — E|

exists and does not equal 0.

In other words, regular edges are those that show a square root decay of the density p.
Our next two results concern the edge characterization of reducible and non-reducible
polynomials.

Proposition 2.2.7 (Edges of non-reducible polynomials). Let q¢ be a non-reducible

quadratic polynomial and p its associated limiting spectral measure defined in
(2.2.3). Then the measure p has regular edges both at T_ and at .

Next, we consider shifted reducible polynomials of the form
¢ (X) = ("X =&)X =" (2.2.10)
for some ¢ € R>( and normalized v € C.

Remark. Compared to the general case defined in (2.2.2) we restrict here to o = 1
and [ = 0. As these constants only constitute a scaling and a shift respectively, the
following result, Proposition 2.2.8, generalizes in a straightforward manner to all
a # 0and B € R. For a < 0 the roles of the left and the right edge are reversed.

We introduce the quantities 0 = || Rev||, ¢ = (Rev,Imwv) and for o € (0,1) we
define s > 0 with

-1
(0% +a(1 —0%) +2ayp) (0% + ayp))
%= + (02 + a2 (1= 0% + 20 p)(0* +ap)) " ifp#0, (22.11)
- if =0,

where for 1 # 0 we also set the constant a € R to

1— 202 1— 202\
0y — a i\/( 0) 1. (2.2.12)
2u 2u

The edges of the shifted reducible polynomial are then characterized as follows.




Chapter 2. Norm Convergence Rate for Multivariate Quadratic Polynomials of
36 Wigner Matrices

Proposition 2.2.8 (Edges of shifted reducible polynomials). Let q, be a shifted
reducible polynomial as in (2.2.10) for some ¢ € Rsq and normalized v € Cl.
Then the limiting spectral measure p has a regular edge at T, = maxsupp(p).
Furthermore there is a k > 0 such that the behaviour of p on (7_,7_ + k) with
7_ = minsupp(p) is given by

(

(BE—7)72 if¢=0
(E—7.)"2 ifveRandf <2
p(E) ~ (E—T_)_% ifveR and & =2
(E—7_)"2 ifveC\e“Rforall o € (—m, 7] and s < 2
(E—7.)"3 ifveC\e“Rforall o € (—m, 7] and s¢ = 2.

(2.2.13)
In all other cases the left edge is also regular, i.e. p(E) ~ (E — 7_)'/2.

Remark. The reason behind this result is that the edge behaviour near the left edge
follows from the distribution of small singular values of v*X — . It follows that p
has singularities precisely if £ is in the asymptotic spectrum of v* X, with stronger
singularities being observed if € is in the bulk of the spectrum and weaker ones if £
is on the edge of the spectrum.

Secondly we prove that mIy, where Iy is the identity matrix on CV*¥ well approx-
imates the resolvent g = (¢(X) — 2Iy)~! € CV*¥ of ¢(X) around any regular edge
and away from the spectrum. More precisely we prove uniform convergence of the

quadratic form of g on the set
Dt :={E+ineH: |E—7| < ko, N7 < <1} (2.2.14)
for some kg ~ 1 and for all v > 0, as well as on the set

GS”YO ={E+ineH: C <dist(E,supp(p)) < C, NP7 <n <no}
(2.2.15)
for all C,~y > 0 and some 7y depending on C'.

Theorem 2.2.9 (Local law for regular edges of polynomials). Let q be a polynomial
of the form (2.1.1) and let p have a regular edge at 79 € {7_,7.}. There is a
ko > 0, depending only on the coefficients of q, such that for all €,v, D > 0 and
z = E +in € DI° the isotropic local law

Imm 1

PO&Jg—mWH>W¢WWW(7ﬁ;+K@)>&mDN” (22.16)

holds for all deterministic x,y € CV. Moreover, the averaged local law

€

P (| B - m)| > IBI ) So 8P @21

Nn
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holds for all deterministic B € CN*N. If additionally E ¢ supp(p), an improved
averaged local law of the form
1 N¢E N¢
P(|=Tr(B(g— B <..pN7P
(\N {(B(s -~ m) > B (N!z—ro\ + )) Senn

(Nn)2y/ |z — 7o
(2.2.18)

holds.

Away from the spectrum, we will also prove the following form of an averaged local
law

Proposition 2.2.10 (Local law away from the spectrum). Let q be a polynomial of
the form (2.1.1). For all C' > 0 there is an 1y > 0, depending only on the coefficients
of q, such that an averaged local law of the form

1 1 1
P < NTr(B(g — m))‘ > ||B||N® (— + —)) <cqpc NP (22.19)
holds true for all deterministic B € CN>*N, v, e, D > 0 and z € GS’”O.

N (Nn)?

The local laws, Theorem 2.2.9 and Proposition 2.2.10, are proved in Section 2.5.
They give us very precise control over the spectral properties of ¢(X) close to any
regular edge as can be seen from the following corollaries,

Corollary 2.2.11 (Edge eigenvector delocalization). Let the assumptions of Theo-
rem 2.2.9 be satisfied and v be a normalized eigenvector of q(X) with eigenvalue
A. Then there is a ko > 0, only depending on the coefficients of q, such that if
|A — 70| < Ko then we have for all €, D > 0 that

sup P (\(x, vil= N *%“) Spe NP (2.2.20)

xECN XN ||x]|=1

Corollary 2.2.12 (Eigenvalue rigidity). Denote the classical index of the eigenvalue
close to energy E € supp(p) by

K(E) = [N /_ : p(E’)dE’-‘ | (2.2.21)

with [-] being the ceiling function. Let p have a regular edge at 1. All eigenvalues
around Ty are close to their classical position in the following sense. There is a
ko > 0, only depending on the coefficients of q, such that

N¢ N¢
P Me(py) — Bl > mind ——— — b ) $p. NP, 2222
(e 212 min {72 f) %o (2222
holds for all ¢, D > 0 and E € supp(p) with |E — 79| < K.

Proof of Theorem 2.2.2. As the norm of any Hermitian matrix /7 with non-decreasing
eigenvalues \;, i € [n], is given by || H|| = max{|A|, [\,|}, Theorem 2.2.2 follows
as a special case of Corollary 2.2.12 in conjunction with Proposition 2.2.7, which
states that all edges of non-reducible polynomials are regular. ]
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2.3 Properties of the spectral density

We first state two propositions which describe the behaviour of the Stieltjes transform
in the upper half-plane close to the edges of the spectrum. The first proposition con-
cerns non-reducible polynomials, whereas the second one covers shifted reducible
polynomials. Subsequently, we conclude Propositions 2.2.7 and 2.2.8 from Proposi-
tions 2.3.1 and 2.3.2 and state Corollary 2.3.3. It summarizes important properties
of the Stieltjes transform close to any regular edge and is used to prove the local law,
Theorem 2.2.9. Afterwards, we prove Propositions 2.3.1 and 2.3.2 in the remainder
of the section.

Proposition 2.3.1 (Stieltjes transform for non-reducible polynomials). Let ¢ be a
non-reducible quadratic polynomial. Then we have the following behaviour of m
close to the edges.

1. There are m, < 0, ¢y > 0andu > 0 such that for all z € Hwith |z—7,| < u
the Stieltjes transform of the limiting spectral density m = m(z) satisfies

m—my =ci\z—1 +O(z — 74]). (2.3.1)

2. Thereare m_ > 0, c_ > 0 andu > 0 such that for all z € Hwith |z—7,| < u
the Stieltjes transform of the limiting spectral density m = m(z) satisfies

m—m_ =—c_\/T_ —z+ O(]7_ — z]). (2.3.2)

Here, /- denotes the square root function that maps the positive real axis to itself
and with a branch cut along the negative real axis.

Proposition 2.3.2 (Stieltjes transform for shifted reducible polynomials). Let q be
a shifted reducible polynomial of the form (2.2.10). Then we have the following
behaviour of m close to the edges.

1. Therearem, < 0, ¢, > 0andw > 0 such that forall z € Hwith |z—1,| < u
the function m = m(z) satisfies

m—my =ci/z— 11 +O(|]z — 71]). (2.3.3)

2. There are c_ > 0 and u > 0 such that for all z € H with |z — 7_| < u the
function m = m(z) satisfies

O(1) if¢=0

O(1) ifveR ¢<?2

O(1) ifveR ¢=2

O(1) ifveC\e“Rforall p € (—7,7], s < 2

O(1) ifv e C\e¥R! forall p € (=, |, s =2,
(2.3.4)

W= = R= = N

+ 4+ + + +
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where s was defined in (2.2.11). If none of the above conditions is satisfied,
there is additionally an m_ > 0 such that for all z € Hwith |z — 7_| < u we
have

m—m_=—c_\T- —z+O(71- — z|). (2.3.5)
The function ¢ — (P is chosen such that the positive real axis is mapped to
itself and with a branch cut along the negative real axis for all p € R\ Z.

Corollary 2.3.3. Let q(X) have a regular edge at o and mo = m(7y). There is a
u > 0 such that the function m = m(z) satisfies

|2 — 70| ~ [m — mol? (2.3.6)
and
VIE =7l +n if E € supp(p)
Imm ~ n if E ¢ supp(p) 2.3.7)
VIE=T0l+n
forall z=FE +in € Hwith |z — 1y| < w.
Proof of Proposition 2.2.7 and Proposition 2.2.8. By (2.2.7) we have
p(E) = lim 7~ 'm(E + in) (2.3.8)
n™\0

on any interval / C R on which the limit exists for all £ € [. For the cases in
Proposition 2.3.1 and Proposition 2.3.2 where m — m shows a square root behaviour
around an edge 7y, we take the limit on (79 — u, 79 + u) to prove that the edge is
regular. For the cases in Proposition 2.3.2 where m diverges at 7_, we take the limit
on (7_ —u,7— +u) \ {7_} to obtain the respective asymptotic behaviour. O

Let y1; € R denote the eigenvalues of A, j1; € R the eigenvalues of A and let w; € R!
be an orthonormal set of eigenvectors of A corresponding to the ;. By (2.2.5) the
function + is defined in terms of these quantities as

! I -
i [ (wi, b)[*(1 + mfi;)
=— —_— —c. 2.3.9
v(m) ; T+ mm + ; (Lt 2mi )2 m—c ( )

From now on we consider  to be defined on its maximal domain, C \ .%(~), where

L) ={-pt €R: p; 0y U{—(20;)" ' €R: [i; # 0and (w;,b) # 0}
(2.3.10)
denotes the poles of . We also require the function h, which we define as follows.

Definition 2.3.4. Let h : C\ .7 (h) be given by

l
1 1 e [(wi, b)[?

h =— — =— = SRVl :
(m) m? (m) m? (14 my;)? ZZI (14 2mp;)?
Here, ./ (h) := #(v) U{0} denotes the set of poles of h and ~'(m) is the derivative

of v with respect to m.

l
(2.3.11)
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Proposition 2.2.3 asserts that m is a Stieltjes transform of the measure p, which has
real and compact support. Thus m is analytic and has positive imaginary part on H.
We take the derivative of (2.2.4) with respect to z on H to find

, 1

As m is a Stieltjes transform of p, its analyticity extends to C \ supp(p) and the
above equation holds on H \ supp(p), where H = H U R. Next, we define

. {min((0,00) N (k) if (0, Oé) ns(h) #0 (2.3.13)
00 otherwise,

. {max((—OO,O) NF(h) if (00,0)NF (k) # (2.3.14)
— o0 otherwise.

In other words, (m?,0) and (0, m” ) are the maximal intervals to the left and the
right of the origin, where h is continuous. The following lemmata describe the
existence and characterization of roots of & both for the shifted reducible and the
non-reducible case on (m? , 0) and (0, m*).

Lemma 2.3.5. Let q be a non-reducible quadratic polynomial. Then we have the
following.

1. The function h has a unique root m_ in (0, m* ) and h has a unique root m_.
in (m’_,0). Both of them are of first order. More precisely, they satisfy

1 (my) > 0. (2.3.15)

2. The positions of the edges Ty, defined in Definition 2.2.5, are given in terms of
mq by
Ty = —m;l —v(my). (2.3.16)

Lemma 2.3.6. Let h be the function introduced in Definition 2.3.4 for a reducible
polynomial q = gq, of the form (2.2.10) with normalized v € C' and & > 0. Then the
following holds true.

1. The function h has a unique root m in (m’_,0), which is of first order and
satisfies
h'(m,) > 0. (2.3.17)

2. The function h is continuous on (0, 00). It has no root in (0, 00) if and only if
one of the following hold true:

a) £=0;
b) orv € R! and £ < 2;
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c) orv e C\ e¥R! forall p € (—7, 7] and s€ < 2.

If none of the above conditions are satisfied, h does have a unique root
m_ € (0, 00), which is of first order and satisfies

h'(m_) < 0. (2.3.18)

If h does not have any roots in (0, 00), the following asymptotic behaviour is
observed for m — oo:

(m=3 if&¢=0
m=3 ifveRand€ <2
h(m) ~ < m™> ifv e Rland & =2
m=3 ifve C\ ¥R forall p € (—m, 7] and s < 2
m~* ifv e C\ ¥R forall p € (—m, 7| and s = 2.
(2.3.19)

Here s was defined in (2.2.11).

3. The positions of the edges T4, defined in Definition 2.2.5, are given by

T =—m;' —y(my) (2.3.20)

o {—mil —y(m_) ifm_ > 0with h(m_) = 0 exists; (2321)

0 otherwise.

The proof of the lemmata is deferred until after the proof of Propositions 2.3.1 and
2.3.2.

Proof of Propositions 2.3.1 and 2.3.2. In both the non-reducible and the shifted re-
ducible cases the function % has a unique root m. in (m?_,0). For all m € (m,0)
the derivative of the inverse z = z(m) of m = m(z) with respect to m is given by
d h(m) (2.3.22)
—2z = h(m). 3.
dm
Then, by Lemma 2.3.5 and Lemma 2.3.6, there is an » ~ 1 and a ¢, > 0, only
depending on the coefficients of ¢, such that for all m € (m,,m, + r) we have
d
P h(m) = 2¢%(m —my ) (1 + O(m — my)) (2.3.23)
m
and thus
z—1y = (m—my)*(1+O(m—my)). (2.3.24)

Taking the square root of the above equation, we obtain

m—my =ci/z— 1 + O(|z — 74) (2.3.25)
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forall z € (14,74 + u) for some u > 0. As m is holomorphic on H U (75, co) and
has positive imaginary part on H, the relation (2.3.25) also holds for all z € H with
|z — 74| < wu for some u > 0.

In all cases, where & has a root m_ in (0, m* ), we find by the same argument that

m—m_ = —c_\7_ — 2+ O(|7— — 2|) (2.3.26)

for all z € H with |z — 7| < u for some u,c_ > 0.

Finally, in the cases where h does not have a root in (0, co), it is continuous on the
whole interval and we have that for all m € (0, co) the derivative of z with respect
to m is given by

e h(m). (2.3.27)

Then, by Lemma 2.3.6, there is an R ~ 1 and a ¢y > 0, only depending on the
coefficients of g, such that for all m € (R, co) we have

d Com—(p—l)
i h(m) = comP(1+O(m™")) andthus 2z = —T(l +O0(m™)),
(2.3.28)
with p € {3,4,5}. Inverting the relation, we obtain
m=c_(—z)" 71 +O(1) (2.3.29)

forall z € (—u,0) and some u, c_ > 0. Again, as m is holomorphic on HU (—o0, 0)
and has positive imaginary part on H, the relation (2.3.29) also holds for all z € H
with |z] < u for some u > 0.

O]

Proof of Lemma 2.3.5 and Lemma 2.3.6. We prove both lemmata simultaneously
and remark where it becomes necessary to distinguish the different polynomials
q. We first investigate the existence and order of roots of h. Let h, denote the
rational function (2.3.11) with the dependence on ¢ being made explicit. We have
hy(—m) = h_,(m). Therefore any root of i, on (0, co) corresponds to a root of h_,
on (—o0, 0). For simplicity, the proofs are thus only formulated for m € (—o0,0).
To obtain the corresponding result for m € (0, o) for the function h,, we consider
the function h_, on (—o0, 0) instead.

We now prove for all polynomials ¢ as in (2.1.1) that h'(m) > 0 for all m € (m7,0)
with h(m) > 0 and thus & can only have first-order roots on the interval.

Note that on (7, 0) the inequality h > 0 is equivalent to

! 2
S Yl e < @330)
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and that on (7, 0) the inequality »’ > 0 is equivalent to
I ~
(mps) o 3(mii;)
S Y i 2331
> e 3 D o e @331)

For m € (m?,0) we have also that my; > —1 for all ¢ € [I] and mpi; > —1 for
all 7 € [ such that (w;,b) # 0 by the definition of m? in (2.3.14). Furthermore
Lemma 2.6.1 ensures that max;epp{mu;} > max;cp{mji;}. Thus the desired
implication, A > 0 implies 2’ > 0, follows directly from the following lemma by
identifying (2.3.32) and (2.3.33) right below with (2.3.30) and (2.3.31) respectively.

Lemma 2.3.7. Let n.k € N withn > k. Let y;, i € [n] and let y;, j € [k] be
collections of real numbers, both of them sorted in non-increasing order, y; > o >
> ypand iy > Yo > ... > Y. Suppose they satisfy

1.y >y

2.y, > —land g, > —3.

Furthermore let c; > 0, j € [k]. Then the inequality

n

k
<1 2.3.32
eV RN ey @332

i=1
implies

Z <1l-v (2.3.33)

(yz+1 — 2yj+1

=1

for some v > 0, depending only on y,.

The proof of the lemma is deferred to the end of the section.

To characterize the existence of roots of & we introduce the following notions. If
A is a rank one matrix with real entries, then A = A and A is a rank one matrix as
well. We will denote its non-zero eigenvalue by  and the corresponding normalized
eigenvector by w. If, on the other hand, A is a rank one matrix with A € Cix! \ RIxL
then A is a rank two matrix by Lemma 2.6.1 in the appendix. We denote its non-zero
eigenvalues by 4 and the corresponding normalized eigenvectors by w. .

Lemma 2.3.8. Let m’_ be defined as in (2.3.14). The function h has no root in

(m?,0) if and only if A is a negative semi-definite rank one matrix, b € Image(zzl\)
and either

1. Ae R
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2. or A € C\ R™ gnd

(b w)? | (b wo)P?

< (4| A|)? 2.3.34
5 < @Al 2334)
withry := —|| Al .
If h has no root in (m’;, 0), then we have m’, = —oc and the asymptotic behaviour
of h for m — —oo is given by
ﬁ A e R™and ||b]| < 4||A||
h(m) oy A€ RYand |[pl] = 4] 4] (2.3.35)
m) 3.
ﬁ A € cixl \ R and ‘<b‘;:li4"3>‘2 + \<b‘7r“i*|3)|2 < (4||A||)2
L AeCH\ R and \<b‘;§i+‘3>\2 I \<b‘ﬁgl2 = (4]|A])2.

The proof of the lemma is also deferred to the end of the section.

Note that / can have at most one root on (m, 0). To see this, recall that h(m) > 0
implies h'(m) > 0. Therefore, if m is a root of i on (m7,0), we know that A is
strictly monotonously increasing on (m., 0). Thus, any root of h on (m,0) is also
the largest one on the interval; therefore it must be the unique root.

Now let ¢ be a non-reducible polynomial. If rank A > 2, then h has a root in
(—00,0) by Lemma 2.3.8. If rank A = 1, we can express A as A = aww* for
some o € R\ {0} and normalized w € C'. The vector b cannot be of the form
b= a1 Rew + as Imw for any ay, as € R as ¢ would be reducible otherwise. Thus
b ¢ Image A and again h has a root in (—o0,0) by Lemma 2.3.8, completing the
proof of Statement 1 of Lemma 2.3.5.

Next, consider a shifted reducible polynomial ¢ = ¢, for ¢, as in (2.2.10). If we
write ¢ in terms of (2.1.1) we have A = vv* > (. Applying Lemma 2.3.5 we obtain
that h has a root in (—o0, 0) and thereby prove Statement 1 of Lemma 2.3.6.

Finally, consider ¢ = —g, for ¢, as in (2.2.10). Then the coefficients A and b

associated with ¢ are given by A = —ov* and b = 2¢ Rev. The matrix A is a

negative semi-definite rank one matrix. For 4 = (Rev,Imwv) # 0 the non-zero
1

eigenvalues of A = —5 (v +vv*) = —(Rev)*Rev — (Imv)* Im v are given by

fe = 02 + pas, (2.3.36)

where o = || Rev|| and a4 was defined in (2.2.12). The corresponding normalized
eigenvectors are

1
02+ ax(l —o02) 4+ 2axp

Wy = (Rev + axImw). (2.3.37)
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For 1 = 0 the eigenvector-eigenvalue pairs are given by

Imwv Rew
<w+7/1“r) = (1 — g2’ 1-— UQ) ) (U},,ILL,) = ( o2 JU2> : (2338)

Now recall that h,(m) = h_,(—m) = h,,(—m) and Statement 2 of Lemma 2.3.6
now follows from applying Lemma 2.3.8 to h,,.

It remains to prove the relations between m. and 7. stated in (2.3.16), (2.3.20) as
well as (2.3.21). Let ¢ be either a non-reducible polynomial or a reducible polynomial
of the form (2.2.10). For m € (m?_,0) define

1
m) = ——= —y(m). 2.3.39
z(m) = y(m) ( )
The function z is real analytic on (m7,0) with derivative 2'(m) = h(m). By

Lemma 2.3.5, Part 1 and Lemma 2.3.6, Part 1, the function A/ has a unique root m
in (m?*,0) and h(m) > 0 for all m € (m.,0). Therefore,the function z is invertible
on (m,0) and its inverse function m : (24, 00) — (m,0), with z, := z(m), is
also real analytic and monotonically increasing. Since z'(m.) = h(m,) = 0, the
analyticity of m cannot be extended onto any neighbourhood of z .

By (2.3.39), the function m satisfies (2.2.4) and has the asymptotic behaviour
m = —z~ '+ O(2?%) for 2 — oco. At the same time, m, the function uniquely
defined by Proposition 2.2.3, is a Stieltjes transform of a probability measure with
support [7_, 74]. As such, it can be analytically extended to C \ [7_, 7| but not
to a neighbourhood of 7, and the extension is real-valued on R \ [7_, 7, ]. As an
extension it also satisfies (2.2.4) on C \ [7_, 7, ] and has the asymptotic behaviour
m = —z~' + O(z?). In particular, the restriction of the extension to R\ [r_, 7],
called mg, is a real analytic function that also satisfies (2.2.4), has the asymptotic be-
haviour mgr = —2714+O(2?%) and cannot be analytically extended to a neighbourhood
of 7. As satisfying (2.2.4) and having the asymptotic behaviour m = —z~! + O(z?)
uniquely define an analytic function on a neighbourhood of oo, we have m = mg on
(C, 00) for some C' > 0. If we assume that 7, > z., then m would be an analytical
continuation of mg to some neighbourhood of 7, , which is a contradiction and vice
versa. Therefore we must have 2z, = 7. In particular, we have
1

e =2z(my) = T y(my). (2.3.40)

By an analogous argument to the left of the spectrum we find

1
= )=——— _ 2.3.41
o= z(mo) ==~ = a(m.) (2341
if m_ exists. Now, let ¢ = ¢, be a shifted reducible polynomial of the form (2.2.10)
such that i has no root on (0, 00). Then the function z(m) defined on (0, c0) by
(2.3.39) is a monotonously increasing analytic function on the entirety of its domain.
It is therefore invertible and its inverse function, m, is analytic on (—o0, z4,) With
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Zoo 1= lim,_, z(7) but cannot be analytically extended to a neighbourhood of z..
Along the lines of the above argument, mg would be an analytical continuation of m
in a neighbourhood of 2., if 7~ > 2., and m would be an analytical continuation of
mg 1n a neighbourhood of 7_ if z,, > 7_. Thus we have 7_ = 2., and in particular

7_ = lim L v(z). (2.3.42)

T—r00 €T

For reducible ¢, as in (2.2.10), we have A = vv*, b = —£(v + ) and ¢ = &2, Taking
the limit (2.3.42) with these parameters we obtain 7 = 0. ]

Proof of Lemma 2.3.7. Lety € (—1,00) and § € (—3,00). We define

Y . 1

h = — d h = —. 2.3.43
1(y) 11 ™ 2(Y) %1 ( )

Using this notation, (2.3.32) can be expressed as
9(y, ¥, c Z ha(y:)* + Z Gh(y;) < (23.44)

and (2.3.33) as
n k

fly.9.0) =Y m()*+3> SuhsG) <1-v (2.3.45)

i=1 j=1
To prove the lemma it is then sufficient to show that g < 1 implies f < 1 — v.

First assume g = 0. Since all summands of g are non-negative, it follows that y; = 0
foralli € [n] and ¢; = O for all j € [k] and so f vanishes as well. Thus we assume
g # 0 from now on and we will prove that g < 1 implies f < g.

We will prove the cases J1 < 1,2 < 73 < 1 and §; > 1 separately and start
with §; < 3. Then g; < 5 for all j. Note that 7;h3(3;) < Gihe(71)h3(7;)
and h3(y;) < hi(y1)h3(y;) hold for all i and j since § — yho(y) and h; are

monotonously increasing and the y; and y; are sorted in non-increasing order. Thus

n k
[y ¥.¢) < hi(yr) Z hi(ys) + 391h2(41) Z cih5(Y5)

i=1 j=1

n k
3 Y 3 ~
<hi(y) > hi(y:) + ZZ hs(T; <maX{1 - Z}Q(y,y,f:)-

(2.3.46)

The second inequality holds since 371h2(71) < 2 due to ; < 1 and the third one
because all summands in both sums are non-negative. The relation f < 1 — v for
g < 1 then follows in this regime.
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For % < 71 < 1, we estimate every summand in f but the y; term by the correspond-
ing term in g and we find

f(y,y,¢) < g(y,y,c) — hi(y1)* + hi(y1)>. (2.3.47)

This upper bound is valid since y; < y; < 1 for all j. Thus for g < 1 we find

2
_ - ” 1 2
- 3 12 2.3.48
f(y,¥,¢) <g(y,y,c) (y1+1) 1+ 27 ( :

where in the last step we used y; > 7; > %

Now let ij; > 1. Let k be the largest integer such that g, > 1. Then

n k
foly,y.c) = Zh?(yz) + Z 3¢59;ha(Y))
i=2 j=ho+1

) (2.3.49)

<Y i)+ Y, ) = 90y, ¥, ©)
=2

Jj=ko+1

is concluded by again estimating each term individually (either of the sums might be
empty). Note that gy > 0. Therefore we only need to prove that

ko
g1(y.¥,¢) = (9= go)(y.¥.¢) = hi(y1) + > _ Ehi(H) < 1 (2.3.50)
j=1
implies
ko
fl(Y7S’\7 C) = (f - f0)<YJ ?7 C) = h?(yl) + Z 30?@%(@) S gl(ya?a C) -V
j=1
(2.3.51)

for some v > 0, only depending on y;, to conclude the proof of the lemma.

For § € [1,00) the inequality h3(y) < 3yh3(y) is satisfied and consequently
kO ko
D B3 <> 30Uk (1)) (23.52)
J=1 J=1

holds. Therefore for any fixed (y, ¥y, c) and r € R, the difference (g1 — f1)(y, ¥, rc)
decreases monotonically in r. Hence we only need to prove (g1 — f1)(y,y,r*c) > v
for

r*:=sup{r > 0| ¢ (y,y,rc) < 1}. (2.3.53)

On the other hand ¢, (y, ¥, rc) increases monotonically in r and therefore

a(y,y,r"c)=1.
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It is thus sufficient to prove that g; = 1 implies f; < 1 — v. Hence we assume

g1 = 1. Then
ko

> @) =1- M) (2.3.54)

j=1
and

k‘o kO
N(y.9.€) = W) + D 3GTmYE,) < M) + max (35ha(3)} Y SH3(3)

j=1 J=1
< 3 (y1) + 3yrhe (1) (1 — B3 (1)) < hi(yr) + 3yrho(y1) (1 — hi(y1))
R R 1 N ) P p——

(1 + y1)3 yl yl Y1 (1 +yl)3.

(2.3.55)

The inequalities holds because yhs(y) increases monotonically in y and y; > 41 >
for all j. Combining this with (2.3.46) and (2.3.48) concludes the proof of the
lemma. ]

Proof of Lemma 2.3.8. Note that h(m) > 0 for m close to 0, since the m 2 term is
dominating h from (2.3.11) in this regime. First, we consider the situation, where h
has a pole in (—o00, 0). In other words, we have m? > —oo, where m’_ was defined
in (2.3.14). All poles of h on (—o0, 0) are either of order two or of order three so
the pole at m? will be as well. If the pole is of order two, then the behaviour around
m* is given by limy, s h(m) = —oo and if it is of order three h behaves like
limy,\ s h(m) = —oo and lim,, ~,« h(m) = occ. Since h is continuous outside of
its poles, the existence of a pole thus implies the existence of a root in (7, 0). Now
let h have no poles in (—o0,0), i.e. m* = —oo. Then h is analytic on (—oo, 0) and
h has a root in (—o0, 0) if and only if h(m) is negative for some m € (—o0,0).

We separate multiple cases.

-~

Case 1 (rank(A) > 2). Either h has a pole in (—o0,0) or b'(1 + 2mA)~3b > 0 for
allm € (—o0,0), thus
_,  rank(A) -1

2

h(m) < # _Tr A%(1 4+ mA) LOmP <0 (23.56)

m

for sufficiently large —m and h has a root either way.

Case 2 (rank(A) = 1 and A > 0). The matrices A and A have a positive eigenvalue,
therefore h will have a pole in (—o0,0) and thus also a root.

Case 3 (rank(A) = 1, A < 0 and b ¢ Image A). In this case, h has no pole on
(—00,0) and there is a vector wy in the kernel of A such that (wo,b) # 0. From
(2.3.11) we have that h is estimated

1
h(m) < —5 = | (wo, b)]? < 0, (2.3.57)

where the last inequality holds for —m sufficiently large and so h has a root as well.
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Case 4 (rank(A) = 1, A < 0, b € Image A and A € R™). Since A is real-
symmetric, we have A = Aand Ais also a rank one matrix and h has no poles in

(—00,0). Either b = 0 or b is an eigenvector of A with eigenvalue yn = —||A|| since
A=A rank A =1and A <0. In both cases h becomes
1 (um)? 2 1
h =—(l-——7— ) -7/ 2.3.58
= (1~ ) W g @359
To find the asymptotics for m — —oo consider 0 < ¢ < 1, with { = (um)~%. We
find
h(m)

a2 (41 S
=l (1 (<+1)2) 8 (L¢+1)?

¢ <||A||2 S 2) (-0 “1;”2 y ”;k 2 (—%N)

k=0

b 2 b 2 b 2
(2.3.59)

Therefore h has a root if ||b|| > 4||A|l. If ||b|| < 4||A|| then the leading order
coefficient of the expansion is positive. Since h(m) > 0 implies h'(m) > 0 this
implies h(m) > 0 for all m € (—o0,0). Therefore there is no root and the first two
cases in (2.3.35) follow.

Case 5 (rank(A) = 1, A < 0, b € Image A and A € C*!'\ RI¥)), Since A is not
real-symmetric, we have rank A = 2 by Lemma 2.6.1 and h has no poles in (—o0, 0).
Since b € Image A, the function h can be expressed as

hm) = (1 - ((“—m)z)—w, I L Rewe

1+ pm) 1+ 2p4m) (14 2p-m)?

(2.3.60)
To find the asymptotics for m — —oo consider 0 < ¢ < 1, with ¢ = (—||A||m)~".
We find

) NI R (X s
o) <A1 (1= e )~ i1 87 (Eclp

(ot - 12 100)EY

8rd 8r3
(b, w)]* (b wo)? 2\ 4 5
— —|A .
(2.3.61)
By an analogous consideration to the above case, h has a root if and only if
b, wy)|? b, w_)|?
it 3*” N . S (4] Al)? (2.3.62)
T e
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and the remaining two cases in (2.3.35) follow.

2.4 Linearization

Throughout the remainder of the paper, we suppress the index of the identity matrix
if it is in dimension [ + 1 orin (I + 1)N, ie. [ := [;;; € CHDXUH) and T :=
Ijy1)n € CHDNXUHDN T all other cases, we still write out the dimension in the
index.

To prove that g converges towards m in the sense laid out in Theorem 2.2.9, we use
the linearization method, which we briefly introduce here. For more details on the
construction of linearizations in the context of random matrices, see e.g. [28, 42, 43].
First, assume that A is invertible. We define the linearization L of ¢ as

l

L=Ky+)» K;®X;eClrvrin (2.4.1)
j=1
where
¢c 0 b; et
Ko = - c C(l+1)><(l+1) and K. — < J ]) c C(l+1)><(l+1) (2.4.2)
0 (o —A 1) 77 e 0

for j € [I] and e; being the j*" standard euclidean base vector. Here we made use of
our convention to identify any matrix R € C**", k,n € N with R ® Iy € CFVxnN
introduced in Section 2.1. Let J € C(+1)*(+1) be the orthogonal projection onto the
first entry. For § € [0,1] and z = E + in € H we define

Gs = (L —2J —ind(I— J))~t € CHDNxHDN (2.4.3)

Gy is a generalized resolvent and using the Schur complement formula we obtain
85 g X" As
Gs = 24.4
: (Aana A5+ AJXgaXtAa) | 249
where
As =A(I +iénA)~t e C™,
1 NxN (2.4.5)
gs = (X'A(L +i6nA) ' X + "X +c—z) e CV*V.

Note that [; + i6nA is invertible for all » > 0 and § € [0, 1] as A is Hermitian. In
particular we find

(Go)u =gc CNXN. (2.4.6)

This justifies why L is called the linearization of ¢. The § # 0 case adds an additional
regularization, which we use to prove the local law, Proposition 2.4.3, for § = 0. G
satisfies the equation

I+ (2 +ind(I— J) — Ko+ S[Gs])Gs = D, (2.4.7)
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where
S[R| = E[(L — E[L))R(L — E[L])] (2.4.8)

is called the self-energy operator and D is the error term. It is defined by

We split the self-energy term into I and S, 16 § = T+ S,. The first part, T,
depends only on the averaged trace of its argument, i.e. for all R € CUTDNx(+DN
we have

I'R] =TR]. (2.4.10)
The blockwise trace, R, was introduced in (2.1.7) and I" : CUFDx(+1) _ cU+Dx(+1)
is given by

w o\ |  (w]b]]+ b (v+ w) + Tr T wb + w'
I {(w T)] a ( wb+v wl; ' (2.4.11)

where w € C, v,w € Cland T € C*!. In (2.4.10) we have made use of our
convention to identify I'[R| with ['|R| ® Iy

The second term S, : CUHDNXUHDN _y cU+HDNXU+DN jg ojven by

W T Wb+ (V) I, @ w® ’

2.4.12)

where w € CVN, V = (V))cg € (CV*N)L, W = (Wy)ieg € (CV*V)! and

T € C'V*IV_ For any R = (Ryj)icpuyjefn € CHV*"™, n,k € N, we define R(®

by (R);; = R/, — diag(R;;) € CY*N. For R = (Ryj)ijeq) € CINXIN the
block-trace Try, is defined by

2 Kw Vtﬂ — e (||b||2w‘°’+bt(V(")+W<o>)+TrbT<"> w©@b! + W)
o _N 1

l
Tr, R = Z R, € CN*N, (2.4.13)
=1

Equation (2.4.7) without the error term and S, is called the Dyson equation (DE)
and its solution is denoted by Ms = M;(z) € CUFDxU+1) e

I+ (2J +ind(I — J) — Ko+ T[M;s])Ms = 0 € CHD>HD, (2.4.14)

In the next subsection, we will lay out in what sense Gy is close to M;. [28,
Lemma 2.6] asserts the existence of a unique analytic solution to (2.4.14) for 6 = 0
and [46, Theorem 2.1] guarantees a unique solution for § € (0, 1]. For ms € C,
vs, ws € Cland M; € C*! we partition Mj as

ms vk
Ms = — . 24.1
5 (w5 M(;) (2.4.15)
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Since M solves (2.4.14) it is invertible and by the Schur complement formula its
inverse is given by
1 2.t (AT ) ! 1t (T 7!
Iy m= +m” v (M5 — wsmy v(;) ws —m~ Vg (M(; — WMy vé)
sl =

— -1 - —1
—m~! (Mg — w(;mglvg> ws (Mg — w(;mglvg>
(2.4.16)
At the same time by (2.4.14) the inverse of M; can be expressed as
_ —2 — mgbtb — bt(v5 + ws) — Tr M, —msb" — w
M= (777" 6T Ws ) o 5 . (2417
0 ( —mgb —v — A7V — (ms +ind) 1, ( )

Comparing the two expressions for A/ !, we obtain a set of equations for my, vs, ws
and ]\/4\5. Solving them, we find explicit expressions for vs, ws and ]\/4\5 in terms of
ms. In other words, Ms = Mjs[ms| can be expressed purely in terms of its (1,1) entry
with M;[z| given by

_ T —xb'Vs(x)As
Mslel = <—:cA5VZs(x)b —As(L + 2 As) " + xAg%(x)bbt%(w)Ag) (24.18)

with
Vs(z) := ([ + 22 45)7". (2.4.19)

Note that we use square brackets to denote M; as a function of its (1,1) entry. This is
done to avoid confusion with Mj(z), which denotes Mj as a function of the spectral
parameter z. The two functions are related by Ms[ms(z)] = Ms(z). The entry m
satisfies the equation

—myt = 2+ v5(ms), (2.4.20)

where
vs(x) = — Tr As (I, + Asz) ™ + b (Vs(a) — Vs(z) AsVs(z))b—c.  (2.4.21)

and 25 = %(A(; + A%). For § = 0, Equation (2.4.20) corresponds precisely to (2.2.4).
From here on we no longer assume that A is invertible and instead, we use the
Equations (2.4.4), (2.4.9) and (2.4.18) as the definition for G5, D and Ms = M;[m]
respectively. Note that this is also well defined for (2.4.9) as K and L, defined in
(2.4.2) and (2.4.1) respectively, depend on A~!, but L — K|, does not. The function
mg 1s uniquely defined by the following lemma.

Lemma 2.4.1. Let p have a regular edge at 71 and let 6 € (0, 1]. The function mg
is uniquely defined by the following criteria around the edge and away from the
spectrum.

1. There is au > 0 only depending on the coefficients of q such that for all z € H
with |z — 7| < w there is a unique function ms = mg(z) that solves (2.4.20)
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and satisfies

as well as  |ms —my|* ~ |z — 74|,

I VE+n if E € supp(p)
mmg ~ . .
N if E ¢ supp(p)
(2.4.22)
with k = |E — 74| and my. = lim, o m(74 + in).

2. For all C > 0 there is an 1y such that for all z = E +in € Hwith C~! <
dist(E, supp(p)) < C and n < ng there is a unique function ms = mgs(z) that
solves (2.4.20) and satisfies

Imms ~cn aswellas |ms(z) —m(E)| ~n, (2.4.23)
with m(E) = lim,~ o m(E + in).

In each case Ms = Ms[my| is also the unique solution to (2.4.14) with Tm Ms > 0
if the coefficient matrix A is invertible.

The lemma is proven in Appendix 2.6.3.

2.4.1 Local law for the linearization

Definition 2.4.2 (Shifted square of a Wigner matrix). A polynomial q as in (2.1.1)
with A € R rank A = 1 and b = 0 is called a shifted square of a Wigner matrix.

Remark. If a polynomial q satisfies the above definition, then there is some v € R
with v # 0 and

¢(X) = £(v'X)? +c. (2.4.24)
Here, W := HTlHUtX is a Wigner matrix, normalised such that E|w;;|* = % and we
have

¢(X) = £||v|*W? +c. (2.4.25)

This justifies the terminology in the above definition.

In case ¢ is not a shifted square of a Wigner matrix, we will prove that M, and G
are close to each other around any regular edge. As m and g are sub-matrices of M
and Gy respectively, this also implies closeness of g and m. This result, a local law
for the linearization, is presented below in Propositions 2.4.3 and 2.4.4. For ¢ being
a shifted square of a Wigner matrix, we will prove the local law, Theorem 2.2.9 and
Proposition 2.2.10, directly without the use of a linearization. The reason why we
prove this case separately is that the stability operator .Z, defined below in (2.4.33),
does have an additional unstable direction.
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Proposition 2.4.3 (Edge local law for the linearization). Let q be a polynomial of the
form (2.1.1) that is not a shifted square of a Wigner matrix and let the corresponding
p have a regular edge at 1. There is a kg > 0, depending only on the parameters
of q, such that for all,~,D > 0, § € {0,1} and z = E +in € D7, the isotropic
local law

P (1. (G~ 1)1 > Iy Iv° (S

Imm 1
VN Nn

holds for all deterministic x,y € CHHUN_ Moreover, the averaged local law

)) <.op NP (2426)

p (|<B<G5 ~ M) n) <p NP (2.427)

holds for all deterministic B € CUHON*U+UN " For B ¢ supp(p), an improved
averaged local law of the form

€ 1 1 7
P <\(B(G5 - Ms))| > BN <N(f~€ ) (Nn>2¢“—+"7>) o ?2[4 28)

with k = |E

Proposition 2.4.4 (Local law for the linearization away from the spectrum). Lef g
be a polynomial of the form (2.1.1) that is not a shifted square of a Wigner matrix.
For all C' > 0 there is an 1y > 0, depending only on the coefficients of q, such that
an averaged local law of the form

p (r<B<G5 — My)| > | BJIN® (% *

)) Scqpc NP (2429
holds true for all deterministic B € CUTDNXUHIN ¢ o D) > 0 and z € GS™.

To obtain Theorem 2.2.9, we only require the 6 = 0 case, but to prove it we will
require the & = 1 case, thus we state both cases together in the proposition. The
proof of Proposition 2.4.3 has two major ingredients. For one we show that the error
term D in (2.4.7) is indeed small, this is done in Proposition 2.4.5, which we import
from [29, Theorem 4.1] and adjust to our setting. Additionally, we need to prove
that (2.4.14) is stable under small perturbations. This is done in Proposition 2.4.6.

Proposition 2.4.5. Letc > 0, p € Nand § € [0,1]. Then there is a ¢ > 0 such that

£ ||G5G*H c _1 cp
D[, Spe N \/%(1 + 1Gs1lpo) (1+N 4||G5|yp0) (2.4.30)

G*G c 1 cp
D1 e NIES e (14 (14 6 Gal) T 43D

and

P!
where we defined py = c*-.
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Proof. First, consider the case of A being invertible. Then G5 = (L — 2J — ind(I —
J))~! and our proof follows the proof of [29, Theorem 4.1] line by line with the
exception that the Ward identities, (51a) and (51b), do not apply for 6 = 0. Thus, we
cannot replace the G;Gj terms by ! Im G and we are instead left with the upper
bounds (2.4.30) and (2.4.31).

Now consider A being non-invertible. Then A + ¢ is invertible for all € € (0, u)
for some u ~ 1. We denote the G; associated with A + ¢ by G§ and we have
lim._,o G5 = Gs. We thus only need to prove that the constants in (2.4.30) and
(2.4.31) are uniform in € to obtain the proposition in this case. This is non-trivial as
[29, Theorem 4.1] states as a condition that E[L] is bounded and this is clearly not
the case in the ¢ — 0 limit. The assumption is only used, however, to ensure that
G; Gy satisfies the lower bound ||G}Gs||,, 2 1. In our case, this follows instead
from || G3Gsllpy > 118585 lpe Zpo 11€878llpo- Since g is the resolvent of ¢(X) we have
lg*gll, > E[ll¢(X)|I7] Z 1 uniformly in z for bounded z. Here, the last inequality
holds true since ¢(X) satisfies the inequality

l l
g < > TAG I+ D [Bil Xl + e (24.32)
=1

ij=1
and E[||X;||]] £ 1 forall i € [I] since the X; are Wigner matrices. Therefore the
proposition also holds for non-invertible A. [

The following result concerns the stability of the Dyson equation. The stability
operator .& : CUHDNXHDN _y CU+DNXU+DN j ojven by

Z[R] =R — MsS[R|Ms; (2.4.33)
and we will prove
Proposition 2.4.6 (Control of .¥). Let q be a polynomial of the form (2.1.1) that
is not a shifted square of a Wigner matrix and let the corresponding p have a
regular edge at Ty. There exists a u ~ 1 such that for all z = FE + in € H with
|z — 70| < wand§ € [0, 1] there exists an eigenvalue (3 with corresponding left and

right eigenvectors L, B € CUHDXUHD) of 2 such that

1

1 e~ ()5 (=P L N S 1 1B~ e,
(L, B)| ~1, [[LI+ Bl ~1, KL, M;S[B|B)| ~ 1,
with 1 being the identity operator, & being the spectral projection onto B, i.e.
P =(Lely,Baly) (Lo ly,)(BeIy) (2.4.35)

and k = |E — 19).

Furthermore, for any C > 0 and E = Re z with C~1 < dist(E,supp(p)) < C,
there is an 1y > 0 such that we have

12 lsp ~c 1 (2.4.36)
uniformly for all n < ny.
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The proof will be given in Section 2.4.2.

Remark. B and L being right and left eigenvectors of £ with eigenvalue [3 is
understood in the sense of

Z|B] =8B and £*[L]=pL. (2.4.37)

Here, we used the notation R = R® Iy € CHOUNXUDN junoduced in (2.1.3). The
adjoint is defined with respect to the scalar product (R, T) = (R*T).

Corollary 2.3.3, as well as Propositions 2.4.5 and 2.4.6 are the main ingredients to
Proposition 2.4.3 and are in fact sufficient for 6 = 1. For § = 0 however, extra care
is needed as the Ward identity for resolvents G,

Im G
GGnD%F, (2.4.38)

does not translate to generalized resolvents. Instead, we will estimate GoG{ by
G;G7, which allows us to obtain the local law for 6 = 0 from the § = 1 case.
The proof of Proposition 2.4.3 will be given in Section 2.5 and follows the general
strategy from [3], modified to accommodate for the lack of a Ward identity.

2.4.2 Proof of Proposition 2.4.6

Proof of Proposition 2.4.6. We split the stability operator into . = .Z©) + 21
with
ZOR] = ZR] and ZY[R]:=.Z[R-R]. (2.4.39)

By (2.4.11) and (2.4.12), we have ['[R — R] = S,[R] = 0. Thus we have
ZOUR]=LR]®Iy and ZYR]=R-R - MS,[RIM; (2.4.40)
with £ : ClHDxHD _y C+DX(H+1) defined as
L[R] := R — M;I'[R] M5. (2.4.41)
The image of .Z¥ is given by
(R e ClHINXUDN . R — R} = U4 (2.4.42)
and its kernel is given by U+, the orthogonal complement of /. At the same time
the image of .Z(!) is contained in &/ and U/ is contained in the kernel of .Z(),

That is, . decomposes into .2 acting on &/ and .Z() acting on its orthogonal
complement.

The behaviour of £ is summarized in the following lemma.
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Lemma 2.4.7. Let q be a polynomial of the form (2.1.1) that is not a shifted square of
a Wigner matrix and let the corresponding p have a regular edge at ). There exists
an u ~ 1 such that for all z = E +in € Hwith |z — 19| < wand § € [0, 1] there
exists an eigenvalue 3 with corresponding normalized left and right eigenvectors L
and B of L such that

1L ep ~ (k4072 [ =P)L o ST, |B] ~ (5 +m)2,

(L,B)| ~1, |(L,M;I[B]B)| ~ 1, (2.4.43)

with P being the spectral projection onto B, i.e. P = ((L,B))"'(L,-)B and
R = ’E — 7—4,_‘.

Furthermore, for any C > 0 and E = Re z with C~! < dist(E, supp(p)) < C
there is an 1y > 0 such that we have

1L |sp ~c 1 (2.4.44)
uniformly for all n < nj.

The proof of Lemma 2.4.7 is deferred to the end of the section. For S, we find

1
||SO[R“|hs S _HRHhS (2445)

~

for all R € CU+DNxU+DN Thyg S, is bounded by

1
1Sollsn < - (2.4.46)
By Corollary 2.3.3, Lemma 2.4.1 and (2.4.18) we have ||M;|| < 1 for all z such
that |z — 79| < w and some u > 0. Combined with (2.4.46) it follows that there is a
C > 0 such that

Hg(l)HSp <1+CN~' and Spec (g(l)hﬁ) C Ben-1(1), (2.4.47)

where B.(x) denotes the ¢ neighborhood of x. Thus for sufficiently large N the
smallest eigenvalue of .Z equals that of £ and the corresponding left and right
eigenvectors of .Z are given by L ® Iy and B ® Iy. The norm of the inverse of .Z’
is bounded by

1L Hlsp < max{1+CN " ||L7 s} (2.4.48)

and
(L - 2) L |sp <max{1+CN (1 —-P)L s}, (2.4.49)
completing the proof of Proposition 2.4.6 ]

Proof of Lemma 2.4.7. First, we prove that £ has exactly one vanishing eigenvalue
at 79, and from there on we conclude the proof with the help of a perturbative
argument. We define

Cs|R] = JRJ, (2.4.50)



Chapter 2. Norm Convergence Rate for Multivariate Quadratic Polynomials of
58 Wigner Matrices

i.e. C; is the projection onto the (1,1) entry and in particular C;[M,] = m.J. We
also set C+ R := R — C;R and C+D*(+) .= Tmage C+. For any R € C(+Dx(+1)
we denote 7 := Ry; and R := C7[R],i.e. R =rJ + R. Let T, be the matrix

T, = (é Zgl) e clDx(+1) (2.4.51)

as well as
C x CUrDx(+1) o H  _y cU+)x(+1) 5452
"\ (r,R, 2) —rJ + R+ T.(2+T[rJ + R|T.) . (242)

Then F(m, M, z) = 0 for M = My[m)] defined in (2.4.18). For § = 0, the stability
operator L is the derivative of F' in the sense that

L[R] = DrF(m, M, 2), (2.4.53)

where DRF = L F(m + er, M + R, 2)|e=o is the directional derivative of F in
the direction R. We first consider the case when A is invertible. The case of non-
invertible A will be treated afterwards. We define B := Cy;~1 L on z € R\ supp(p),
where m/(z) is defined as the unique analytical continuation to C \ supp(p). Since

F(m, M, z) = 0 we have
B[R] - DR[CM—IF]

= D, C;[Cor-1F] + D3Cy[Cor-1 F] + Dy yC5[Cor—1 F] + DCy [Car—1 F,
(2.4.54)

where we used the linearity of the derivatives as well as the linearity of B in the
second equality and we omitted the arguments of F'. The above equation de-
composes B into a two-by-two block operator with diagonal blocks Bll[TL]] =

D,;Cs[Crr-1 F], Bao|R) := D#Cy[Cay—1F] and off-diagonal blocks B[R] :=
DRCJ[CM—lF], 821[72]] = DTJC‘%[CM—IF].

A tedious but straightforward calculation shows that By, is invertible on the image
of C+ and its inverse is given by

0 rt 0 ht
-1 2y _ 12
(Ba2) Km R)} = (hm H) (2.4.55)
with

hig = — A"Vo(mA(re — m_lﬁwo) + (1 4+ mA)(r2 — m_lﬁtvo))
h21 = — A%(mAt(le — milﬁt’ljo) + (1 + mAt)(rgl — mflﬁwo))
A ~ A
R

1+mA 14+mA

— AVo(mA* (r19 — m_lﬁtvo) + (1 4+ mA") (rog — m_lfiwo))m_lvt

- wm_l((ré1 — m_lwéﬁ)mAt + (rly, — m_lv(t)ﬁ)(l +mAN)VHA,

(2.4.56)

H=
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where Vy = Vp(m) was introduced in (2.4.19) and vy and wy where defined in
(2.4.15). Their explicit form in terms of m = my is given in (2.4.18). From F' = 0,
we also have C7Cy—1 F = 0 and both M= ]\70 and z are uniquely defined by m
(see (2.4.18) and (2.2.4)). Therefore the total derivative of C jC v—1 F with respect to
m 1s well defined and vanishes as well, i.e.

d

%)
0= %CfCMle = C3D;Cp—1F + C3 D57,Cpr— F + z’(m)ac‘#CMle

= Boi[J] + 322[]T/P]
(2.4.57)

where M’ := % and 2’ denote the derivative of C[M[m]] and 2 with respect to m.
In the last step we also used %C}C wm—1F = 0, which follows from (2.4.14). Since
Bss is invertible on its image, (2.4.57) is equivalent to

(Ba) ' Bay[J] = — M. (2.4.58)

Therefore the Schur complement of B, is given by

0
(B = Bia(By) ™' Bn)lJ] = 5—-CylCu1 Fl+ Dz CylCru F]. - (24.59)
In other words, the Schur complement of B, is the total derivative of C;[Cp-1 F]]

with respect to m for fixed z. Calculating it, we find
]' /
(Bi1 — Bi2(Baz) 'Ban)[J] = (ﬁ — (m)) J = h(m)J, (2.4.60)

where h was introduced in Definition 2.3.4. By Lemma 2.3.5, Lemma 2.3.6 and
Lemma 2.6.3 we have h(m) # 0 for all z € R\ supp(p). Therefore, the Schur
complement of By, is invertible on the image of C; for all z € R\ supp(p). Since
both Bs; and its Schur complement are invertible on their respective images for all
z € R\ supp(p), the operator B for all z € R\ supp(p) is also invertible with its
inverse given by the Schur complement formula

B[R]
= (1 — (Bo2) "' Bar) (Bi1 — 15’12(322)_1521)71[” — Buo(Ba) "' [R]| + (Bx) (R

=h(m)~* (r — <J, 812(822)’1@]» M+ (522)71@]7
2.4.61)

where M’ = J + M’ is the derivative of M with respect to m and the inverse of
the Schur complement is acting on span(.J). Therefore, £ is also invertible with
inverse L7 = B~1Cy;-1 for 2 € R\ supp(p). Now let A be non-invertible. Then,
A + ¢ is invertible for all € € (0, u| for some v > 0. We use an ¢ subscript to
denote quantities with A being replaced by A° := A + ¢, e.g. L%, (B7!)* etc.



Chapter 2. Norm Convergence Rate for Multivariate Quadratic Polynomials of
60 Wigner Matrices

We have £5(B~!Cy;-1)° = 1 for all € € (0,u] and both the limits lim.\ o £¢ and
limes o(B7'Cyr-1)° exist. Indeed, £¢ is the derivative of F°, which is smooth at
e = 0, proving the existence of lim.\ o £°. Furthermore we explicitly calculate
the expression for (B~1Cy;-1)¢ in terms of A® and m® by using (2.4.17), (2.4.55),
(2.4.56) and (2.4.61). In the resulting expression, (A°)~!, appearing in (2.4.17),
cancels and therefore the limit lim.\ o(B~!Cy-1)¢ exists. We leave the details
to the reader. Therefore, L is also invertible for z € R\ supp(p) and we have

E_l = limE\O(B_ch_l )6.

For any C' > 0 the norm of the operator £~! is bounded on the compact subset
C~1 < dist(z,supp(p)) < C of R\ supp(p), i.e. ||L7Y|sp ~c 1. By continuity,
there is some 79 > 0, depending on C, such that || -Z~||s, ~¢ 1 still holds for
z = F +in € Hwith C7! < dist(E,supp(p)) < C and < 7 and we have
therefore shown (2.4.44).

Let Q) be the projection onto the orthogonal complement of M'. By (2.4.55),
(2.4.56) and (2.4.61) we have

L. <
19027 % |55

H el
(2.4.62)

1 -~
< dist (—1, Spec(mA)) + dist (—5, Spec(mA))

uniformly in z € R \ supp(p). At z = 75 we have h(m) = 0 and thus

2
ﬂ(a%%£?)+ﬁ($>b:1 (2.4.63)

In the above equation, we have equality if and only if rank A = 1 and b = 0.

Therefore, we have Spec(mA) C [—3,00) and —% € Spec(A) if and only if

H 1—|—mA

rank A = 1and b = 0. By Lemma 2.6.1, we have min Spec(mA) = min Spec(mA)

if and only if mA € R'*!. Therefore we have —1 € Spec(mA) if and only if

rank A =1, A € R”! and b = 0. That is, —% € Spec(mA) at , if and only if A is
a shifted square of a Wigner matrix. If A is not a shifted square of a Wigner matrix,
then (2.4.62) is uniformly bounded in some neighbourhood of 7. Thus £ can at
most have one vanishing eigenvalue at 7. Indeed let

H(m, z) := F(m, M[m], z) = M[m] + T.(z + T[M[m]]T,) ",
where M |m] is given by the right hand side of (2.4.18). The spectral parameter z is
also uniquely defined by m (see (2.2.4)), i.e. H(m z(m)) = 0 with

z(m) = L ~y(m).

m
Taking the derivative with respect to m we find

d
= —H =0,H+ —0,H. 2.4.64
0 T (m, z(m)) = 0 H + maz (2.4.64)
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By Corollary 2.3.3 the derivative ;—jl vanishes at the edge. Therefore at z = 7 the
above equation simplifies to
OmH = 0. (2.4.65)

Calculating this we obtain
0=M — MTU[M'|M = L[M], (2.4.66)

with M = M’[m] the derivative M with respect to m and we used H = 0. Therefore
B = M’'[m)] is the critical right eigenvector at 7. Next, we obtain the critical left
eigenvector L. The adjoint of the stability operator L is

L*[R] = R—T[M*RM"]. (2.4.67)
At any regular edge, we have Im M = 0, i.e. M = M*. Therefore
0 = I[£[B)] = T[B] - T[Cx[T[B])) = £[T(B] (2.4.68)
at 2 = 7. Thus the critical left eigenvector is given by
L =TIB]. (2.4.69)

Note that L. # 0 since L;; = Byj; = 1 forall 1 < ¢ <[+ 1 by the expression for I
in (2.4.11). As L and B belong to the same non-degenerate eigenvalue they cannot
be orthogonal and since £ does not depend on N they satisfy

(L, B)| ~ 1 (2.4.70)

at 7p. Equation (2.4.70) is also satisfied in a u neighbourhood of 7y, with u ~ 1,
since L and B vary continuously in z.

To obtain |(L, MT'[B]B)| we calculate the second total derivative
0= wl—](m, z(m))

=02 H(m, z(m)) + W@H(m, z(m)) (2.4.71)
dz

+ == <j_;8§]—_l(m7 z(m)) + 20,0, H (m, Z(m>>> :

dm

d?z

At the edge, 4= once again vanishes, whereas Pz — ¢ # 0 does not by Corol-

dm dm
lary 2.3.3 and Lemma 2.4.1. Thus calculating the derivatives, we arrive at

0=—coMJM + M" — MT[M"|M — 2MT[M'|MT[M'| M
= —coMJM + L[M") — 2MT[M']M’,

(2.4.72)

where we used A = 0 multiple times and (2.4.66) in the last step. Next, we solve
for the last term, use M’ = B and take an inner product with L:
(L, MT'[B|B) = 5 ({(L, LIM"]) — co{L, M JM))
(2.4.73)

N =N =

((£°[L], M") = co{MLM, J)) = =By #0.
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In the last equality, M LM = MT'[B]M = B was used. By continuity the relation
|(L, MT'[B]B)| ~ 1 also holds in a u neighbourhood of 7y with u ~ 1. At 7, the
operator L is independent of ¢ and therefore its vanishing eigenvectors L and B
are as well. Consequently, (2.4.70) and (2.4.73) also hold for all ¢ € [0, 1] and as
both expressions are also continuous in z for all d, they also hold in some order one
neighborhood of 7.

Next we study how L varies in z around 7, for arbitrary ¢ € [0, 1] and we make the
dependence explicit by writing £ = L£*, Ms = M}, etc. and define £* := L* — L.
As the eigenvalues of £* depend continuously on z, there is a u > 0 such that £?
has an isolated small eigenvalue 5* for all |z — 75| < u. By perturbation theory (3, is
given by

B = (L™, B™)) (L, &%(B™)) + O(|67]5,)- (2.4.74)
To estimate the right hand side, we first evaluate £#[B™] and find
E*|B™| = L7 B™| — L™|B™] = Cpz| L™ — Cyyro [ L™
(B7) = £(B7] ~ £[B7] = CulL7] = Coelt”]

= MPLO(M — MZ) + (M — MZ)LPM;.

We take the scalar product with L™ and use the cyclic invariance of the trace to
obtain
(L7, E5[BTN)] = (L™ (M5* + M) L™ (M;* — Mg))|
= 2[(LMP L™ (M = M;))| + O(|m§ — mP[*)
= 2L MP L™ (M?)) (m) — m5)| + OIm§ — mP[* +nd)
= 2/(L™, MPT[B™|B™)|[m}* — mj| + O(|m§ — m|* + 0)
~ mg® —mj| ~ k4.
(2.4.76)

Here, the third equality follows from the fact that M;[m;] = My(ms) + O(nd) and
M, is analytic in ms at my” = m™. In the fourth line we used (2.4.69), M’ = B
and in the fifth line that |(L™, M°T'[B™]|B™)| is non-vanishing. In the last relation,
we used Corollary 2.3.3 and Lemma 2.4.1. Taking the absolute value (2.4.74), the
asymptotic behaviour of | 37| follows from (2.4.76) and (2.4.70), i.e.

87| ~ VE+ 1+ O(|&2,) ~ VE+1. (2.4.77)

In the last step, we used that
|67 lsp = O(Im§ —m3|). (2.4.78)

]

2.5 Proof of the local law

In this section, we prove Theorem 2.2.9 and Proposition 2.2.10. For shifted squares
of Wigner matrices (see Definition 2.4.2), we provide a direct proof below in
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Lemma 2.5.1. The Stieltjes transform m and the resolvent g are submatrices of M,
and Gy, introduced in (2.4.18) and (2.4.4), respectively. For polynomials that are not
shifted squares of Wigner matrices, the local laws are therefore a direct consequence
of Proposition 2.4.3 and Proposition 2.4.4, the local laws for the linearization around
regular edges and away from the spectrum, and we will spend most of the section
proving them. The main steps of our proof for the edge local law, Proposition 2.4.3,
follow the general strategy of [3, Proposition 3.3]. Here, we briefly describe the main
ideas of the proof. Throughout this section we will use the notation Ay := Gy — M;.
First, we establish a global law away from the spectrum, stated below in Propo-
sition 2.5.7. Then, we use the global law as a starting point for a bootstrapping
process. The bootstrapping proposition, Proposition 2.5.8, establishes a local law
iteratively on scales ever closer to the optimal scale, n ~ N~1*¢. Lemmata 2.5.4,
2.5.5 and 2.5.6 are auxiliary results used in the bootstrapping process. Lemma 2.5.5
establishes a bound for A; in terms of the error D and Oj, the projection of Ay
onto its unstable direction, as well as an approximate quadratic equation for Os.
Lemma 2.5.6 transforms the quadratic bound on Oy into a linear bound. The most
crucial difference between our proof and that of [3, Proposition 3.3] is addressed in
Lemma 2.5.4. It provides a naive upper bound for G;G and allows us to estimate
G{Gy in terms of G]G;. Unlike Gy, the matrix G; is a resolvent and thus satisfies
GiG; = 7' Im G;. As D is in turn bounded by G;G; this step is necessary to
obtain the correct upper bound for Gy — M. The proof of the local law away from
the spectrum, Proposition 2.4.4, makes use of a similar but more simple strategy
since .Z does not have an unstable direction away from supp p.

Lemma 2.5.1. Let q be a shifted square of a Wigner matrix as introduced in Defini-
tion 2.4.2 and let p have a regular edge at .

1. There is a ko > 0, depending only on the coefficients of q, such that for
all e,~,D > 0 and z € D the isotropic local law (2.2.16) holds for all
deterministic x,y € CV and the averaged local law (2.2.17) holds for all
deterministic B € CN*N. If additionally E ¢ supp(p), we also have the
improved local law (2.2.18).

2. Forall C' > ( there is an 1y > 0, depending only on the coefficients of q, such
that the averaged local law (2.2.19) holds true for all deterministic B € CN*V,
v,e, D >0and z € Gg’no.

Proof. By assumption, ¢ is a shifted square of a Wigner matrix. Thus it is of the
form

4(X) = quc(W) 1= aW? + ¢, (2.5.1)
with a,¢c € R, a # 0 and W being a Wigner matrix. By g,. we denote the
resolvent of (2.5.1) and by m, . the solution of (2.2.4) for (2.5.1) with explicitly
stated dependence on a, c. We have

1 1 —
8uc(?2) = g ——— = agl,o (Z C) (2.5.2)

:aW2+c—z a
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and

Mac(2) = iml,o (Z ; C) ) (2.5.3)

Therefore ¢, . has a regular edge at aty + c if and only if g; ¢ has a regular edge at
7o and Theorem 2.2.9 for general a, c follows from a = 1, ¢ = 0. Thus let w.l.o.g.
a = 1, ¢ = 0 and we drop the subscripts again from m and g.

For ( € Hlet gw = W;—c be the resolvent of W at spectral parameter (. We have

g(z) = i (ew(V2) +8-w(V2)), (2.5.4)

where again the square root function is chosen such that the positive real axis is
mapped to itself and with a branch cut along the negative real axis. Let ps.(x) :=

=/ (4 — x?), with (y); = max{y,0} be the semi-circle density and m. its
Stieltjes transform. By explicitly solving (2.2.4) for ¢ = W? and my, we find
1 1
m(z) = —= (—vVz +Vz —4) = —=mu(V2). (2.5.5)

vz vz

for all z € H. The semi-circle density ps. has regular edges at -2, therefore p has
exactly one regular edge at o = 4. Its left edge is a hard edge and has a singularity
at zero. Combining (2.5.4) and (2.5.5) we find

B(2)-m(2) = = (8w (vVE) = me(V3) + (B-w(VE) = malv3) . 256

Note that —W is also a Wigner matrix. Therefore, Statement 1 of Lemma 2.5.1
around 79 = 4a + c follows from [3, Theorem 2.6] and Statement 2 of Lemma 2.5.1
Proposition 2.2.10 from [29, Theorem 2.1]. ]

From now on we assume that q is not a shifted square of a Wigner matrix. To prove
Proposition 2.4.3 and Proposition 2.4.4, we will require several intermediate results,
which we state below. Throughout the remainder of the section, we assume w.l.0.g.
that there is some v > 0 such that

X < N©. (2.5.7)

The assumption can be removed by a standard argument using Chebyshev’s inequality
and our moment assumption (2.2.1).

We also introduce stochastic domination, a commonly used notation used to state high
probability bounds in a way well adapted to our needs. It has first been introduced in
a slightly different form in [26], for the form stated here see e.g. [27].

Definition 2.5.2 (Stochastic domination). Let X = (X)) ycyand Y = (YY) yen
be families of non-negative random variables. We say X is stochastically dominated
by Y if for all (small) € > 0 and (large) D > 0

P(X™ > NYW™) <, N7P. (2.5.8)
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We denote this relation by X < Y. If the constant in the definition depends on any
other parameters o, we write X <, Y.

Furthermore, we introduce the norm || - ||, := || - ||%*¥ for deterministic x,y € C*¥
and k, K € N. Our definition follows that of [3] and it goes back to [29] and we
refer to those two works for details. First, we define the set

In:={x,y} U{e,, L, : a € [kN]}, (2.5.9)

where e, is the a'® standard base vector. Replacing a scalar index by a dot denotes
the vector that runs over the entire range of the index, e.g. R,. := (Rab)be[[k N 1 the
a™ row vector of a matrix R.. For j € N we define the set I; recursively by

I = LU{Msu: ue L;}U{k.((Msu)a,b), ca((Msu)a, -b): ue I;,a,be [EN]},
(2.5.10)
where r(ab, cd) denotes the cumulant of the (a,b) entry and the (c,d) entry of
22:1 K; ® X; and k. and x4 denote the decomposition of x into its direct and its
cross contribution according to the Hermitian symmetry. In (2.5.10) we also use the
shorthand notation x(xb, cd) := ) xqk(ab, cd). Then || - ||, is defined as

| R N
Rll= Y N IR, + Vmax T Ryl = ma (W
0<j<K uelic|[ul aver; [uf[|v]
(2.5.11)

The notion of stochastic domination is closely related to bounds in p-norms as can
be seen from the following lemma.

Lemma 2.5.3 ([29, Lemma 5.4]). Let R € C*N*EN I ¢ N, be a random matrix
and ® be a stochastic control parameter. Then the following holds true

1. If® > N-%and |R| < N for some C > 0 and |(x,Ry)| < @||x||||yll for
all x,y, then |R||, <.p N°® foralle >0, p € N.
2. If IRl Sep N°® foralle > 0, p € N then |R||E>*Y < @ for any fixed
K €Nandx,y € CV.
Lemma 2.5.4 (A priori bound). Gy satisfies the a priori bound

i} 1
GGy < F(l + 1X14) (2.5.12)

uniformly in z € Hwithn < 1.

Proof. We recall that G is given by

[ g gX'A
Go= (AXg _A+ AXgXtA) ' 25.13)
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We estimate G blockwise to obtain
1
7

The last inequality holds because g is a resolvent. [

GoGj < [|Goll* < llgl* (@ + I1X]%) < (1 + X[ (2.5.14)

The lemma is used in the last step of the following estimate on G{Gy,

GiGo < 2(GXGy + (G — G1)*(Go — G1))
=2(G{G1 + *Gi(Lis1 — J)GiGo(Lip1 — J)G1) S (1 + | X[ GG
(2.5.15)

In the first inequality, we applied Lemma 2.6.2 from the appendix with R = G4 and
T = Gg — Gy. In the second step, we used

Go — G1 = Go(GIl — G61>G1 = _inG’()([lJrl — J)Gl (2516)
Taking the p-norm on both sides of (2.5.15) and applying Holder’s inequality we
obtain
* * * || Im (?'1”2
1G3Golly Sp (1 + XN 2p) 1GIGll2p Sp 1GIGllz = Tp (2.5.17)

for all p € N. Here we use ||Y||,, := (E[|Y|P])'/P for scalar random variables Y. In
the second to last step, we used || X||, <, 1, which follows from Lemma 2.5.3 since
[X]| < 1and ||X| < N¢ by assumption (2.5.7).
We define the sets

D :={z€eH: |E— 1| < Kol,
c { | 1 o . 0} (2.5.18)
G¥ :={zeH: C <dist(E,supp(p)) < C,n < no}

and the random variable

(L®In,As)
(L&In,BR1Iy)

Qs := (2.5.19)

With ©5 we can write the projection of A onto the critical direction (see (2.4.35))
as Z[A;] = O5B. Furthermore, let x(A) denote the indicator function on event A.
We import following lemmata from [3, Proposition 3.3] and [3, Lemma 3.9].

Lemma 2.5.5 ([3, Proposition 3.3]). Let § € {0,1} and || - ||. = || - [|55*Y. There is
a ko ~ 1 and deterministic matrices R; with ||R;|| < 1 fori = 1,2 such that

Asx([1Asll. < N7) = (058 — 27 [(1 — 2)[M;D]] + E)x([| &gl < N5,
(2.5.20)
with an error function £ of size

€]l = 0 (N (s + [D]2)) 2521)
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and Oy satisfying the approximate quadratic equation

(6105 + £03) x(|A]l. < N%) = O (N |DJ2 + |(Ry, D) + |(R2, D))
(2.522)
with & ~ Jk + 1, & ~ 1 uniformly in x,y € CUIN gnd » € D*o,

Proof. The proof of [3, Proposition 3.3] uses [3, Proposition 3.1] as an input. After
replacing [3, Proposition 3.1] by our analogous Proposition 2.4.6 the proof follows
theirs line by line. O]

Lemma 2.5.6 ([3, Lemma 3.9]). Let d = d(n) be a monotonically decreasing
function inn > N~—' and assume 0 < d < N~¢ for some € > 0. Suppose there are
Ko,y > 0 such that

6,05 + £,03| < dforall z € D

v

(2.5.23)

10s] < min{ \/c_l} for some z, € D.

d
v
Then also |©;| < min{d/\/rk 1, Vd} for all 2’ € Do with Re 2’ = Re 2y and

Im 2z’ < Im 2.

Proposition 2.5.7 (Global Law). For all C' > 0 and some ko > 0 with ko ~ 1 there
is an 1y > 0 such that for all § € [0,1], 2 € D" UG and ¢, D > 0 the isotropic
global law,

N¢ 3
p (|<x, N m) < pre NP 2524

holds for all deterministic x,y € CHHIN_ Additionally, we have a global averaged
law,

NE
P <|<BA5>| > ”B”W) Seome N7, (2.5.25)
for all deterministic B € CUTDNx(+DN,

Proof. First, consider 6 = 1 and A being invertible. Then for any z € H the matrix
G is a resolvent of the Hermitian random matrix L — £'J with spectral parameter
in. In this regime the global law is covered by [29, Theorem 2.1].

Now consider A to be non-invertible. Then there is a u > 0 s.t. A + ¢ is invertible
for all 0 < € < u and a global law for A + ¢ also follows from [29, Theorem 2.1].
For C' > 0 fix a z € D" U G®™ with k), 1 sufficiently small for Proposition 2.4.6
to be applicable. . is continuous in £ € [0, u] for sufficiently small © ~ 1 and
Proposition 2.4.6 holds true uniformly for sufficiently small e. As M; and G,
are also continuous in ¢ € [0, u] for some u ~ 1, the proposition follows from a
stochastic continuity argument.

For 6 € [0,1) and arbitrary A the global law follows from another stochastic
continuity argument as My, G5 and .Z are also continuous in . Il
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Before starting our bootstrapping argument, we introduce the following notions for
isotropic and averaged stochastic dominance for random matrices R and determinis-
tic control parameters A,

IR| < AinD < ||R||X*Y < A uniform in x,y and z € D

B 2.5.26
|R|3V<AinD<:>%<Aunif0rminB7é0andz€D. ( )

Proposition 2.5.8 (Bootstrapping). Assume the following:

1. The isotropic and averaged local laws,

Imm N#
A Nl ’/— —_—

N&
- E € suppp, (2.5.27)
Nn

4

N# N N« B¢
) su )
Nn+r) N2 n+k PPp

hold on z = E +in € DY for some ~y, ko, K and § € {0,1}.

|A(5|av <

2. The isotropic and averaged local laws,

1 N# 1 N
|As| <¢ N# (\/_N + N—ﬂ) .| Aslay <c (N + W) (2.5.28)

holdon z = E +in € G%”O for some o, C,no, K and 6 € {0, 1}.

Then, for all v > 0 with v > % there is a s > 0 independent of o such that the
local laws (2.5.27) also hold on D% with v, = max{vy, Yo — s} and the local laws
(2.5.28) also hold on G%"Q with v; = max{~y, v — Vs }-

Proof. We first prove the local law (2.5.27) for z € DZ? and then comment on the
modifications necessary to prove (2.5.28) for z € GS}"O. We begin by proving that
n — n||/Gs||, is monotonically non-decreasing in 7. For 6 = 1, the proof is given
in the proof of [29, Proposition 5.5]. For § = 0, the proof modifies as follows. Let
e > 0. For fixed E, we define f(n) := n||Go(E£ + in)||,. It satisfies

fm g L €)= F(0)

e—0 £

E+i — E+i
i G (5 iy + ) + UG E iy~ 1C(E )l

Go(E+i(n+¢e)) — Go(E +1in)
| :

- o
>[Go(E +in)ll, — limn

p
=1Go(E +in)|l, — n|Go(E + in) JGo(E + in)||,
(2.5.29)
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To obtain a bound for the last term, we estimate

1l{x, GoJGoy)| < 2({x, GoJGix) + (¥, GiJ Gay)
1 (2.5.30)

for x,y € CUTDUN_ In the last step, we used the Ward identity for generalized
resolvents,

I
GGy — G0 (2.5.31)
n
Thus we find
1 NG
GGl < sup (& (56 mG0) + Gy ) ) < Gl
x||,|ly||=1
(2.5.32)
where we used
|(x, ImRx)| < [(x, Rx)| (2.5.33)
in the last step. Therefore
liminf L1 =10 S (2.5.34)
e—0 £

and the claim follows.

For 0 = 0,1, assume the local law (2.5.27) on DZ°. Then ||Gsl|, ~, 1 on DZ? and
by monotonicity of 7||G;||, we find

1Gsllp <p N7 (2.5.35)

on DZY. We choose s < i. Then Proposition 2.4.5 yields

1GsGjllg
N

For § = 0 estimate the quadratic term by making use of (2.5.17) and then use the
Ward identity on GG for both § = 0, 1 to obtain

I Gylls, _ N&
”DHp 51),6 Neter rgp )
nN VN (2.5.37)

Im G ||, Nes
D av < . Na—‘rc% H 1 q < )
” Hp ~oD, 77]\] ~op nN

D Spe NTT° and D[}’ $pe N7

GJGE Hq
N . (2.5.36)

on D7 for sufficiently small € > 0 and some modified ¢’ > 0. Note that we are

allowed to exchange the ¢ norm in the bound for ) = 1 by a 2¢ norm as the norm

is increasing in q. After using Lemma 2.5.3 to turn the p-norm bound in the first

equation of (2.5.37) into a bound on the *-norm bound, we get from Lemma 2.5.5
N&+cs

6105 + 02X (| Agll. < N77) < N (25.38)
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on D’;;f. The left hand side is also Lipschitz continuous with Lipschitz constant
< n~2 < N2. Thus the inequality

6105 + &0} (| As|l. < N7%) < N (2.5.39)

holds with very high probability on all of D7° for sufficiently large K and sufficiently
small ;. By our assumption the local law, (2.5.27), holds on DZ?. In conjunction
with another stochastic continuity argument, we also get the bound

N—%
\@5|gmin{ \/K_M,N* } (2.5.40)

on all of D70 with very high probability. Therefore Lemma 2.5.6 can be applied with
d = N7'9K and we obtain

e

19s]x (|| Ag]ls < N"%) < N™%. (2.5.41)

Next, we turn this into a bound on A;. To do so we again use the *-norm bound ob-
tained from applying Lemma 2.5.3 to (2.5.37) to find || D||, < N~ % for sufficiently
small v and sufficiently large K. Using both bounds on (2.5.20) we get

lAsllx(Asle < N7#) S (165] + NF[DIL) x(As]l. < N7%) < NF.
(2.5.42)
We have thus found a “forbidden” area for ||As||.. With the aid of a standard

stochastic continuity argument, we remove the indicator function from the bounds
(2.5.41) and (2.5.42) to get to the rough bounds

|As]l. < N"% and |64 < N, (2.5.43)

Since x and y were arbitrary we the first bound becomes |A;s| < N~%. Now,
assume that max{|Ay|, |A1|} < A and max{|O¢|, |©;|} < 6 for some deterministic
0 < A < N-3/K_Then we know from Lemma 2.5.5 and Proposition 2.4.5 as well
as (2.5.17) that

I A I A
max{|A;|} < O+ N, /% and max{|£60,+£,07(} < Nﬁ%

(2.5.44)
are also deterministic bounds. Here, we also used Imm ~ (Im M;) by Corol-
lary 2.3.3, Lemma 2.4.1 as well as (2.4.18). The first bound in (2.5.44) self-
improving and applying it iteratively yields

max{|A;|} < 0 + N NE | [mmto (2.5.45)
i ‘ Nn Nn o

and therefore the second bound in (2.5.44) improves to

> Imm + 0 4 1
——|— K

max{|£,0; + §07[} < N¥ (2.5.46)
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Now we separately treat Re z € supp(p) and Re z ¢ supp(p) and we start with the
former. Then by Corollary 2.3.3 we know that Imm ~ /k + 7. For fixed 6 we
apply Lemma 2.5.6 with

2 /K+n+0 a1
d=Nw¥Y— '~ 4 N% (2.5.47)
Nn (Nn)?
to obtain J
max{[©;|} < min {\/H:H] \/&} : (2.5.48)

This is also a self-improving bound and iterating it gives

2 1 ) I Nl
mlax{]@i]} =< N?—Nn, hence m?X{lAi’} < N¥& { E_:? + N_; .
(2.5.49)

For Re z ¢ supp(p) we have Im m ~ \/:Tn’ again by Corollary 2.3.3. Analogously

to the Re z € supp(p) we obtain

, 1 s 1
max{|@;)} < Nk —— 4+ Nk — (2.5.50)
i[O} N(n+ w) (Nn)2y/k+n

Finally we use (2.5.20), (2.4.31) and the bounds on max;{|©;|} to arrive at the
averaged bounds

B Nin if Rez € suppp;
max{|A;|a} < N¥ 1 NE . (2.5.51)
i N N2n2(n+n)?12 if Rez §§ supppi.

This concludes the proof of (2.5.27) on DZ°.
Now, assume (2.5.28) on G%”O. From (2.4.33) we have
ZL[As] = —M;D + MsS[As]As. (2.5.52)
We apply .Z ! to the equation and take its *-norm for some deterministic x, y to
find
1As]l. < (27 MDD + |27 [M5S[As] Ag] |

<L laoss (IMD] + ([ M5S[As) Asl.) (2.5.53)

So N¥|D. + N A
Here, ||-£7!||+_« denotes the operator norm of .#~! with respect to the *-norm.

In the last estimate, we have used ||-£.oe < 27 sp Sc 1 by [29, Equa-
tion (70c)] and Proposition 2.4.6 as well as

IMsR. < N¥¥|R|. and [ M:;SRIR[. S N*¥[R]

by [29, Equation (70a) and (70b)]. Equation (2.5.42) also holds on G,(;}”O by the same
argument as in the case z € D? and for sufficiently large K and sufficiently small
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~, we have in particular |D||, < N~x for § € {0, 1}. We use this bound on with
(2.5.53) to estimate

1A x (1Al < N7¥) <o N7, (2.5.54)
By a stochastic continuity argument, we establish the rough bound
|As]l. <¢ N™%  and therefore  |Ajs| <o N™% (2.5.55)

since x and y were arbitrary. Now, assume max;{|A;|} <¢ A for some deterministic
A < N—3/K_ Then we have another deterministic bound in the form of

Imm+A
max Al < _— (2.5.56)
(1A} = NF| 20

Iterating this self-improving bound and using Im m ~¢ 7 from Lemma 2.6.3 we

find
NI L (2.5.57)
maX e — D
“ Ny VN

Finally from (2.5.57), (2.5.52) and (2.4.31) we obtain the averaged bound

A N# ! 2.5.58
miax{\ ilav} <o ()2 + N (2.5.58)
Therefore we have shown that (2.5.28) holds on G%”O. ]

Proof of Propositions 2.4.3 and 2.4.4. For all K > 0 Equation (2.5.27) holds on
D}° for some k, and (2.5.28) on (310’7’0 for all C' > 0 and some 7y depending on
C due to the global law, Proposition 2.5.7. The local laws, Proposition 2.4.3 and
Proposition 2.4.4, follow immediately from applying Proposition 2.5.8 finitely many
times in the respective domains. [

This concludes the proof of Theorem 2.2.9 and Proposition 2.2.10 and we are left
with proving their Corollaries, 2.2.11 and 2.2.12.

Proof of Corollary 2.2.11. Let \;, ¢ € [N], denote the eigenvalues of ¢(X) with
eigenvectors v;. let x € CV be a deterministic and normalized vector and let v
be an eigenvector of ¢(X) with eigenvalue A such that |\ — 75| < kg for kg from
Theorem 2.2.9. Evaluating g at spectral parameter A + in have with very high
probability that

o o 1%, vi)|?
1> Im(x, g(\ +in)x Znn v A o S|(x, vi)| ZT (2.5.59)

=1

forall y > N~!%¢ and all € > 0. As the deterministic vector x was arbitrary, the
eigenvalue delocalization, (2.2.20), follows. O]
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Proof of Corollary 2.2.12. Let q have regular edge at 75. W.l.o.g. we can assume
that 7p = 7, is a right edge. Otherwise, consider the right edge of —¢q. From (2.2.18)
and Proposition 2.2.10 it follows that

€ 1 ! -
P (|<B(g_m)>| > ||B||N (N(K;—l—?]) + (NU)Q\/m)) SJst,C ?27560)

for all deterministic B € C"*" and z € D£°UGS™ with E ¢ supp(p). In particular,
this holds true for C' > kg L Following [31, Chapter 11.1], this implies for all € > 0
that with very high probability there are no eigenvalues A such that A ¢ supp(p) and
N72B3+e < N —7, < C,ie.

P <3>\ € Spec(g(X)) : N3+ <A -7, < c) <.pc NP (2561

Additionally, it follows from the trivial bound (2.4.32) that there is a X' > 0 such
that
P(llg(X)|| > K) <p N7, (2.5.62)

Combining (2.5.61) for some C' > 0 such that C' 4+ 77 > K and (2.5.62), we have
P (3X € Spec(g(X) A= 7 > NH) €. N2 (2.5.63)

By a standard argument, (2.5.63) in conjunction with the averaged local law, (2.2.17),
implies eigenvalue rigidity around the edge as in Theorem 2.2.12 (see e.g. [31,
Chapter 11.2-11.4]). ]

2.6 Appendix

2.6.1 The entrywise real part of a Hermitian matrix.

Let n € Nand H € C™" be a Hermitian matrix and H = s(H + H') be its
entrywise real part. The following lemma summarizes how the two matrices are
related.

Lemma 2.6.1. Let h; and /ﬁl be the eigenvalues of H and H respectively, both
arranged in non-increasing order. The following holds true

1. hl Z /ﬁl and hn S /};n
2. |[H[ = [|H]|.
3. If H >0, then o > 0 and conversely H < 0 implies q <0.

4. Let additionally rank H = 1. Then we have rank = 1 if and only if
H € R™!. Otherwise we have rank H = 2.
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Proof. Let H = +(H-—H t) be the entrywise imaginary part of H,i.e. H = H+iH.
First, we will prove h; > h1 Note that forall a € R the norms of H fa and [ 1+aare
given by ||H +a| = max{hi +a, —h, —a} and || H + a| = max{h; +a, —h, — a}.
Thus for sufficiently large a € R (depending on /) we have || H + a|| = hy + aand
||H +al = 1 + a. For such an al let v; € R™ be a normalized eigenvector of H+a
corresponding to the eigenvalue h1 + a (it can be chosen purely real since Hisa
real symmetric matrix). Then

hi+a=|H+al 2 [|(H +a)u| = \/H(fﬂra)vl!P + || Hoa|?

A R (2.6.1)
> |[[(H 4 a)vi|| = hy + a.

Here the second equality holds since Hu isa purely imaginary vector. The claim
hy > h1 follows. Choosing a sufficiently small, we find h,, < h by a similar
argument. Since || H|| = max{h;, —h,} and || H|| = max{h;, —h,}, the inequality
|H| > ||H|| follows. Next, let # > 0. Then h,, > 0 and thus h,, > h,, > 0. The
inequality H > 0 follows. Similarly, H < 0 implies H <0,

Now let rank H = 1. Then rank H = 1 if H € R™" is clear. Let on the other
hand H € C"*" \ R™". Then H = avv” for some a € R\ {0} and normalized

v € C"\ e¥R" forall ¢ € R. Then H = S (vv* 4+ ©0*) and since v and v are only
linearly dependent if v € e'¥R™ the claim rank H = 2 follows. [

2.6.2 Matrix inequality

Here we provide a proof for the matrix inequality used in (2.5.15).

Lemma 2.6.2. Let R,'T' € C™*™ be arbitrary matrices. Then the following inequality
holds:

(R+T)*(R+T) < 2(R*R+T*T). (2.6.2)

Proof. We first note that
(R+T)(R+T)=R'R+T'T+RTH+T"R (2.6.3)

and it is thus sufficient to bound the last two terms. Let v € C" be arbitrary. Since
R*T 4+ T*R is Hermitian, (v, (R*T + T*R)v) € R and we estimate

(v, (R*T + T*R)v) = 2Re({(Rv, Tv)) < 2||Rvl|||Tv||

264
< |Ro|? +ITo]? = (0, 'R+ T°T)), 0P

where we used the Cauchy-Schwarz inequality in the second step. As v was arbitrary,
RT + R*T < R*R + T*T follows and we conclude the lemma. O]
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2.6.3 Some properties of the solution of the Dyson Equation

Proof of Proposition 2.2.3. There can at most be one analytic function in the upper
half-plane that satisfies (2.2.4) and lim,_,, zm(z) = —1 since (2.2.4) is stable at
infinity. Thus we are left with proving existence. First, consider the case of A
being invertible. Let {s,...,s;} be a family of free semi-circular variables in a C"*
probability space (., 7) (see [28, Appendix B]) and let s := (s;);c. Define

l
Le=K®1+) K;®s; (2.6.5)

j=1

Following the proof of [28, Lemma 2.6], the matrix-valued function M, : H —
C(l+1)><(l+1)’ given by

My(2) = (Id® 7)(Lge — 2J ® 1)1, (2.6.6)

is a solution to (2.4.14) for 6 = 0. Thus its (1,1) entry satisfies (2.4.20) for 6 = 0
and therefore (2.2.4). Using the Schur complement formula, we find

(Mo(2))11 = 7(q(s) —z® 1)~ (2.6.7)

The polynomial ¢(s), defined in (2.1.1) is self-adjoint, thus (Mj);; is analytic on H,
has positive imaginary part and lim,_,, z(My(2));; = —1. Therefore m := (My)11
is the unique function that satisfies all conditions of Proposition 2.2.3.

Now, let A be non-invertible. Then there is a u ~ 1 such that A° := A + ¢ is
invertible for all 0 < € < u. Let ¢° and +° be the objects given by replacing A with
A + ¢ in the definitions of ¢ in (2.1.1) and ~ in (2.2.5), respectively. By the above
argument, the function

m(z) = 7(¢°(s) —z®1)"! (2.6.8)

is a solution to the equation

1
o= z 45 (m°). (2.6.9)
For any fixed z € H, both m® and ~* are continuous in ¢ at ¢ = (. Thus m := mP
solves (2.2.4) and m is analytic on H, has positive imaginary part and satisfies
lim, . zm(z) = —1. Therefore it is the unique function that satisfies all conditions
of Proposition 2.2.3. []

The function m is a Stieltjes transform of a real-valued probability measure p with
compact support. As such it can be analytically extended to C \ supp(p). The
following lemma summarizes the properties of the extension, also called m, on and
above the real axis outside of the spectrum

Lemma 2.6.3. For the analytical extension of m to C\supp(p) we have the following.



Chapter 2. Norm Convergence Rate for Multivariate Quadratic Polynomials of
76 Wigner Matrices

1. The function m is real-valued on R \ supp(p) and m’(E) > 0 for all E €
R\ supp(p).

2. For all C > 0 there is an g > 0 such that for all z = E + in with O~ <
dist(E, supp(p)) < C and 0 < n < ng we have Imm ~¢ 1.

Proof. The fact that m(E) € R for all R \ supp(p) follows immediately for from
(2.2.6) and taking the derivative of (2.2.6) we find

m'(E) :/R% > 0. (2.6.10)

Using m(FE) € R we have for z € H
Imm(z) = Im(m(z) — m(E)) = nm/(E) + O(n?). (2.6.11)

By (2.6.10) and continuity of the derivative, we have that m’(E) is bounded from
above and bounded away from 0 on all compact subsets of R\ supp(p). Therefore we
have m/(E) ~¢ 1 forall C > 0 and E such that C~! < dist(F, supp(p)) < C. O

Proof of Lemma 2.4.1. The function m is a Stieltjes transform and as such analyti-
cally extendable to C \ supp(p). Since, by assumption, p has a regular edge at 7 it
can also be continuously extended to 7. For x € (R \ supp(p)) U {7} we denote
this extension by m(x). By continuity it satisfies

1
—— = . 2.6.12
) =& (@) (26.1)
Consider (2.4.20) at z € H as a perturbation to (2.6.12). More precisely, consider
the following equation in the unknown function m(2),
1 1

m(z)  ms(z

) = v5(ms(2)) — v (m(x)) + (z — x), (2.6.13)

where we have used v, = . Define by ;5(y) := 04y« (y)|:=isy, the partial derivative
with respect to 107 and by v5(y) := 09,5(y) the derivative with respect to its variable.
Expanding (2.6.13) in ms(z) — m(x) and idn we find
L bm())) Gs(z) ()~ (s + 2ol (m(a)) (s (z) ()
m(z)? m(z)3 2
= Ho(m(2))dn + (2 — ) + O(|ms(2) — m(z)]” + |ms(z) — m(z)ln +1°).
(2.6.14)

We identify - — ~)(m) = h(m) and —-25 — 47 (m) = /(m) with h defined in
(2.3.11). Now let x = 74 and note that m(7y) = m4. By Lemma 2.3.5 as well as
Lemma 2.3.6 we have

h(my) =0, |W(my)|~1 and =£h(my)>0. (2.6.15)
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Furthermore one finds 4o(y) > 0 forall y € R\ (). Thus (2.6.14) constitutes an
approximate quadratic equation in ms(z) — my and there are u, u; ~ 1 such that
for all z € H with 0 < |z — 74| < u, there are exactly two solutions ms(z) with
|ms(z) — m<| < uy. One of them has positive imaginary part and one of them has
negative imaginary part. Combining (2.6.14) and (2.6.15), we find that the unique
solution with positive imaginary part satisfies both parts of (2.4.22) and we denote it
by ms.

Now let C' > 0,2 = E = Rez and C~' < dist(E, supp(p)) < C. Then we have
h(m(E)) = (m'(E))™" ~c 1 (2.6.16)

by Lemma 2.6.3 and the fact that C~' < dist(E,supp(p)) < C constitutes a
compact subset of R\ supp(p)). Therefore (2.6.14) is an approximate linear equation
in ms(z) — m(F). Hence there are u, u; ~ 1 such thatforall0 < |z — E|=n<u
there is a unique solution ms(z) with |ms(z) — m(F)| < u; to (2.6.14). We denote
this solution by ms and combining (2.6.15) with (2.6.16) we find that it satisfies both
parts of (2.4.23).

From now on, let A be invertible and
M;s(2) = (id ® 7)(Lge — (2J + (I = J)) @ 1), (2.6.17)

where L. was defined in (2.6.5). For all > 0, the imaginary part of zJ + on(l — J)
is positive. Therefore, by Lemma [43, Lemma 5.4], the function Mj is the unique
solution to (2.4.14) with Im Ms(z) > 0. In particular, this implies that its (1,1) entry
satisfies (2.4.20). By the Schur complement formula, it is given by

(Ms(2)11 = 7(gs(s) — 2@ 1)1, (2.6.18)

where g5 denotes the polynomial ¢, defined in (2.1.1), with A replaced by As. For
E ¢ supp(p) consider

(Ms)in —m =7((gs(s) =2 ®1)~" = (q(s) —2®1)7")

2.6.19
— r((as(s) — 2 ® 1) (qols) — as())(o(s) — 2@ 1)), O
The middle factor satisfies
!
lgo(s) = as(s)ll = || D (A= As)sis;|| < né. (2.6.20)
i,j=1

Since E ¢ supp(p), the term ¢o(s) — F is invertible and by continuity in 7 we have
I{qo(s) =2 ® 1) Sp 1 2.621)

uniformly in 7 for 0 < n < 1. In particular, for n sufficiently small (depending on
E), we have

1(go(s) — 2 ® 1) (qo(s) — gs(s))|| < = (2.6.22)

N | —
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Therefore the first factor in (2.6.19) factorizes further into

(as(s) —2@1) 7 = (1@ 1+ (q0(5) =2 @1) " (q0(s) = 45(s))) " (qo(s) —z@1) "

(2.6.23)
and
I(1® 1+ (g0(s) — 2@ 1) (qo(s) —as(s)) '] < 2. (2.6.24)
Combining (2.6.19) with (2.6.20), (2.6.21), (2.6.23) and (2.6.24), we find
|(Ms)11 —m| Sg on. (2.6.25)

As shown in the first part of the proof, there are u,u; > 0 such that (2.6.13) has
a unique solution m;s with positive imaginary part and |ms(z) — m+| < u, for all
z € H such that |z — 74| < u. For such u,u; we choose a uy with 0 < uy < u
such that |m, — m+| < % for all z € H with |z — 72| < uy (such a uy exists by
Corollary 2.3.3). Fix E ¢ supp(p) with |E — 72| < us. We choose = Im 2
sufficiently small such that |z — 7| < ug and |[(Ms)1; —m| < % (which is possible
by (2.6.25)). Thus there is a z € H with |z — 74| < u such that

[(Ms)11(2) — ma| < |(Ms)11(2) — m(2)| + |m(z) — ma| < uy. (2.6.26)

Since this condition is unique among solutions to (2.4.20) with positive imaginary
part, we must have (Ms)11(2) = mgs(z) for some z € H with |z — 71| < u. By
continuity of both m;s and (Mj);; we must have (Ms)11(z) = ms(z) forall z € H
with |z — 71| < u.

For C' > 0 and FE with C~! < dist(E,supp(p)) < C we find similarly from
Lemma 2.6.3 and (2.6.25) that for all u; > 0 there is an > 0 such that

[(Ms)11(2) — m(E)| < |(Ms)11(2) — m(2)| + [m(2) = m(E)| < up. (2.6.27)

Thus (Ms)11(z) must be the unique solution to (2.4.20) that satisfies (2.4.23), which
concludes the proof of the lemma. [



Chapter 3

Examples

In this chapter, we present a number of examples of quadratic polynomials to
illustrate some interesting features in their limiting density. Recall that a self-adjoint
quadratic polynomial ¢ in [ Wigner matrices X = (X;);c[y is of the form

l l
(X1, X)) = ) X AKX+ biX+c. (3.0.1)
=1

ij=1
The Stieltjes transform m of its limiting density is uniquely defined by Proposi-
tion 2.2.3. In particular, m satisfies the self-consistent equation

—m !t =z —Tr A(I; + Am) ™' + mb' <(Il +2mA) (I + mg)) b—c. (3.0.2)

One notable feature of the equation is that for homogeneous polynomials, that is
polynomials for which all first and zeroth order coefficients are vanishing, m only
depends on the eigenvalues of A, not however on its eigenvectors. This can be seen
very well when comparing the polynomials

Q1(X1, XQ) = X1X2+X2X1+TX1 and QQ<X17 XQ) = i(X1X2—X2X1)+TX1.

(3.0.3)
with » € R. The respective matrices of the second-order coefficients are given by
01 0 i
A= (1 O) and A, = (—i 0) . (3.0.4)

They both have eigenvalues +1 and therefore have the same limiting density for
r = 0. For r # 0, they are visibly different, however. We display the eigenvalue
density of p; for » = 0 and » = 1 in Figure 3.1 and of ps, also forr = 0 and r = 1,
in Figure 3.2.

Remark. All plots in this chapter show the limiting density, obtained by solving
(3.0.2) for m(z) and then taking the limit p(E) = lim,~ X Imm(E + in). The
limiting density is shown as a red line. The histograms additionally displayed in the
plots have been obtained by a single sampling of the respective polynomials of GOE
Wigner matrices of dimension N = 10%,
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p(E)

0.301
0.25¢
0.201
0.15¢
0.10-

0.05[

0.00

p(E)

-4 -2 0 2 4
b)r=1

Figure 3.1: Eigenvalue distribution for ¢; (X, X3) = X1 Xs + XoX; + Xy

Next, we consider reducible polynomials. Recall that reducible polynomials are, up
to a shift and scaling, of the form

4= (Y =&)Y —¢) (3.05)

where £ > 0 is a positive real number and Y = v*X € CV*¥ for some normalized
v € C!, see also Definition 2.2.1. In Proposition 2.2.8, we have proved that reducible
polynomials have hard edges if ¢ < &, for & = 257! and s was defined in (2.2.11).
For £ < &, the density p has an inverse square root singularity at its hard edge and
for £ > &, the density has two regular edges. At { = &, a different behaviour can be
seen depending on if Y is Hermitian or non-Hermitian. If Y is Hermitian, then we
have p(E) ~ EY*for £\, 0 and if Y is non-Hermitian, then we have p(E) ~ E'/3
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p(E)

0.30F

0.25}

0.201

0.15}

p(E)

0.25

-2 0 2 4
(byr=1

Figure 3.2: Eigenvalue distribution for ¢2(X;, X5) = i(X; Xy — X5 X4) + rX;

for ¥ ™\ 0. This difference can be seen for the polynomials

33(X) =

T (306
Xl,X2 (\/7X1+1\/7X2— )(\/§X1+1\/§X2_§> . ( )

The matrix Y for the polynomial g3 is clearly Hermitian, whereas in the case of
¢4, Y is a (non-Hermitian) elliptic matrix (see e.g. [39]). For g3, the critical value
is given by . = 2 and for ¢4, we have £, = %. In Figure 3.3 and Figure 3.4, we
display the eigenvalue density of ¢3 and ¢, respectively for different values of . It is
clearly visible, that the eigenvalue density of ¢, has a stronger singularity at 0 for
& = & than g3, while for £ # &, both eigenvalue densities show the same asymptotic
behaviour.
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(b) € =¢&

p(E)
0.08F

0 5 10 15 20 25
©&>¢&
Figure 3.3: Eigenvalue distribution for ¢3(X) = (X — ¢)?
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p(E)
0.10+

0 5 10 15 20
© & > &

Figure 3.4: Eigenvalue distribution for

(X1, Xy) = (\/7X1 + 1\/7X2 ) (\@Xl + i\/ng - f)*
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Chapter 4

Introduction to Non-Hermitian
Random Matrix Theory

So far we have only discussed ensembles of Hermitian random matrices. An im-
portant feature of them is that their eigenvalues are confined to the real line. If we
drop the Hermitian symmetry constraint, this is no longer the case and in general, we
expect to see eigenvalues on the whole of the complex plane. As a consequence, the
resolvent method as described in Section 1.1 is no longer directly applicable as the
method relied on being able to control the distance between the spectral parameter
and the spectrum, which is always bounded from below by the imaginary part of the
spectral parameter. This makes understanding the spectral statistics of non-Hermitian
random matrices a much harder endeavour compared to their Hermitian counterpart.
Despite this, a lot of progress has been made over the last few years. Here, we
introduce a method that allows us to extract information about the spectrum of a
non-Hermitian matrix by instead studying a larger dimensional Hermitian block
matrix. The method is originally due to Girko and it has been used by Tao and Vu to
prove a global law for matrices with centered i.i.d. entries. We refer to such matrices
as Girko matrices and more precisely, we define them as follows.

Definition 4.0.1 (Girko matrix). Let X € CN*¥ be a random matrix whose entries
are i.i.d. copies of \/Lﬁﬁ, where ( is a random variable satisfying

E[¢(] =0, and E[|()?]=1. (4.0.1)
Furthermore, ( satisfies the exponential decay property
1
PCI>A) < 5™ 4.0.2)

for all A > 0 and some 9 > 0. Then X is called a Girko matrix.

Remark. Some of the statements covered here also hold under weaker assumptions
than (4.0.2). However, for the purpose of this introduction, we will not worry about
the best possible moment assumptions.
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If the entries of a Girko matrix follow a complex Gaussian distribution, the joint
probability density function of the eigenvalues can be explicitly calculated and it is
given by

1 N
QON(Zl,...,ZN) = E < H |Z7j_Zj|2) eXp<—Z|Zk|2>7 (403)

1<i<j<N k=1

where 7 is a normalizing constant. This was first done by Ginibre [37] and Girko
matrices with (real or complex) Gaussian entries are therefore also called (real or
complex) Ginibre matrices. Ginibre also showed that the limiting density o, for
complex Ginibre matrices is given by the uniform distribution on the unit disc, i.e.

1 {1 if 2] < 1

4.04
T |0 if|z] > 1. ( )

oe(z) =

For more general distributions there is no explicit formula for the joint probability
density function for finite N. Nonetheless, we still expect the eigenvalues to converge
to the same limiting distribution that only depends on the model data in the form
of entry variance and expectation value but not on the specific distribution of the
entries. This result was first proven under optimal conditions on the global scale by
Tao and Vu in [61] and on an optimal local scale in a series of papers by Bourgade,
Yau and Yin [20, 21, 70]. For an overview of the circular law, we refer to [18]. The
following form of the local circular law is given in [70].

Theorem 4.0.2 (The local circular law). Let X € CN*N be a Girko matrix with
eigenvalues 1;, j € [N]. Furthermore, let zp € C, a € (0,3), f € C3(C) and

SNz (2) = N2 f(N®(2 — 29)). Then we have the local law

1Az,

= N1—2a

LS ->—/f (2)oe(2)22
szl N,zo ,uj c N,zo c

uniformly in zy and f.

4.1 Proof strategy of Theorem 4.0.2

The main idea to prove Theorem 4.0.2 is to replace the matrix X — z with a related
Hermitian matrix. This method is known as Girko’s Hermitization trick and was
first introduced in [38]. There are two standard procedures to Hermitizise X — z.
One consists of studying

H” ;= (X — 2)(X* — z) ¢ C"N 4.1.1)

and the other of studying

H* = (X*O_ . Z) g CaNxaN, (4.12)
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Here, X* denotes the adjoint matrix of X. Bourgade, Yau and Yin used (4.1.1) in
their original proof of the local circular law. We, however, will utilize (4.1.2). To
our knowledge this Hermitization method was first used in [33] and our explanations
follow the overview given in [1]. We will only discuss the bulk case, i.e. throughout
this section we assume that

€D ={z€C:|z| <1—-7} (4.1.3)

for some fixed 7, > 0. The constants in our bounds will in general depend on ..
Furthermore, we will assume that the entries of X are absolutely continuous and
their density satisfies the following assumption.

Assumption 4.1.1. Let X € CV*V be a Girko matrix whose entries are i.i.d. copies
of \/iﬁC . We assume that ¢ has a density, i.e. there is a probability density function
p: C — [0,00) such that

P(¢ € B) = /B p(2)d*z (4.1.4)

for all Borel sets B C C. Also, we assume there are o, 3 > 0 such that p € L**%(C)
and
[pllive S NP, (4.1.5)

The central observation by Girko was that the first term on the left-hand side of
(4.0.2) can be expressed in terms of the log-determinant of X — zI for z € C.
Namely, we have

N
1 1 )
~ ; fuo() = 5— /C Afnz(2)log|det(X — 2Iy)[d’z.  (4.1.6)

The above equation holds true since

N
1 1
5 log | det(X — 2Iy)| = %;log(mi—zb (4.1.7)

and (27) ' log | - | is the Green’s function of the Laplace operator in two dimensions.
The log determinant of X — z and the one of its Hermitization, H?, which was
defined in (4.1.2), are connected by

1
log | det(X — z)| = 5 log | det(H?)]. (4.1.8)

From here on for the rest of this thesis, we no longer use 7 for the imaginary part of
2. Instead, > 0 denotes a positive real number independent of 2. Let G € C2V*2N
denote the resolvent of H? at spectral parameter in for n > 0, i.e.

G = G*(in) := (H* —in) . (4.1.9)
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For all T' > 0, the log-determinant of H? and its resolvent are connected by
T
log | det(H?)| = log | det(H* —iT")| — QN/ Im(G*(in))dn. (4.1.10)
0

This equality can be seen by evaluating the integral on the right hand side. Combining
(4.1.6), (4.1.8) and (4.1.10), we have

N
1 1 ) |
N ;fN’ZO(“ )= N /C A [z (2) log | det(H* —iT)|d*z

1
27T

(4.1.11)
T
AfN 20(2) / Im(G*(in))dnd?z.
0
Now, since G is the resolvent of a Hermitian matrix with independent entries, it is

known that it satisfies the following averaged local law uniformly in z € D_ and
N¢>n> N forall c,e > 0:

+ ifNTTE<p<]
G*(in)) — m*(in)| < < N - = 4.1.12
(G (in)) — m*(in)| {Nlnz 1 <0< N (4.1.12)

Here, m*(in) is the unique solution with positive imaginary part to the scalar Dyson
equation
L -
— — =in+m(in) - ————.
m?(in) i) 4 m?*(in)

(4.1.13)

For a proof of this local law see e.g. [1, Theorem 5.2] or [2, Theorem 5.2]. The
solution m? is connected to the limiting spectral measure (4.0.4) by

1 o0
oe(z) = 2 . A, (Imm?(in) — h(n))dn (4.1.14)

for any function h that is independent of z (see e.g. Equation (4.8) combined with
Equation (3.5) in [1]). For T" > 0 we choose

1
h(n) = X[T,00) (77)5, (4.1.15)

where X7, denotes the indicator function on the interval [T, 00). Since Im m*(in) =
n~'+O(n2) for n — oo, this choice of & ensures that Tm m?(in) — h(n) = O(n~?)
for n — oco. Therefore, we can use Green’s identity to obtain

2, - _ L A z h mm?(in) — 2z
[ etz = =5 [ Ao [ (mmein) o) dnc
(4.1.16)
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Combining (4.1.11) and (4.1.16) we find
| N
2 i) = [ Iva(Gloe)a
j=1

1 / .
=—— | Afn.(2)log|det(H” —iT)|d*z
47N Jo 0 4.1.17)
T
0

— 5 [ Afwale) [ (m(GH i) = Tmmin)) s

1 o . 1 2
+ %/CAJCN,zo(Z)/T (Imm (in) — 5) dnd®z.

It is straightforward to see that the first and third term on the right-hand side of
(4.1.17) are stochastically dominated by N~(=2%)||Af||, for the choice T = N¢
for some large but fixed C' > 0. We omit the details. The second term can be
bounded with the aid of the following lemma.

Lemma 4.1.2 ([1, Lemma 5.8]). Define I(z) by

T
I(z) = / IIm(G*(in)) — Imm?*(in)| dn. (4.1.18)
0
For every 0 > 0 and p € N, we have the moment bound

sup E[I(2)?] <sp N7PO79), (4.1.19)

z€D<

The lemma leads to the desired bound in (4.0.2) for the second term in (4.1.17) since

p

E| [ Afva(a) [ (m(@in) ~ Tmon i)

: (4.1.20)
S/ H ’AfN,zo(Zj)‘E[[(z)p]Edej <ps HAJC”;?Np(l—zS—Qa)'
Cp j=1

Here, we have used Holder’s inequality in the first estimate and Lemma 4.1.2 in
the second estimate. Using Chebyshev’s inequality, we transform the high moment
bound into the stochastic domination bound

T
/CAfNJO(z)/ (Im(G*(in)) — Imm*(in)) dnd®z| < ||Af||. N~ (4.1.21)
0

To prove Lemma 4.1.2, we first split /(z) into several terms. We denote the eigenval-
ues of H* by \;, i € [2N] and sort them in a non-increasing order, i.e. A; > A;41.
Due to the block structure of H?, its eigenvalues come in symmetric pairs around the
origin, i.e. A\; = —Aan11-; forall i € [N]. Furthermore, the positive eigenvalues
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of H? correspond exactly to the singular values of X — z and in particular we have
Ay = [[(X =27~

As a consequence of the eigenvalue symmetry we have

T n 2
/ Im(G*(in))dy = % Y log (1 + %) (4.1.22)
=1 ?

0

for all z > 0. Splitting the 7 integral in I(z) intoy < N~ and n > N~1*¢ and
using (4.1.22) we find for any k£ € N that
1 N—2+25 1 N—2+25
](z)gﬁ Z log(l—l— ¥ )_'_ﬁ Z log(l-I— ¥ )

)\iE[O,ka] Ai>N—F

N-—1+e T
+ / Imm?®(in)dn + / Im(G*(in)) — Imm~*(in)| dn.
0 N-—1+e
(4.1.23)

The exponent k& will be fixed later. The moment bound (4.1.19) is proved separately
for each term in (4.1.23). For the bounds of the second, third and fourth term in
(4.1.23) we refer to the proof of Lemma 5.8 in [1], but we present the estimate of the
first term, as it shows how the smallest singular value estimate of X — z, presented
in Proposition 4.1.3 below, enters the proof of the circular law. We estimate the p'"
moment of the first term by

DS N Al BV )
1 1og(1+_) SE{log”<1+ )X)\NgN‘ }
N ¥ 32,

)\iE[OJV*k}

S E [[log Aw[Px(Ay < N*’“)} .

(4.1.24)
The expectation value of the last term is given by
E [[log Av[Px(Ax < N7F)] = p/m Py < e D tde. (4.1.25)
klog N
This expression is estimated with the help ofgthe following proposition.
Proposition 4.1.3 ([ 1, Proposition 5.7]). Under Assumption 4.1.1 we have
P(IX =27 < 1) Sa uffen (4.1.26)

uniformly inu > 0 and z € C.

Using Proposition 4.1.3 for u = e ' N to estimate (4.1.25) and consequently (4.1.24),

we find
p

1 N—2+28

AE0NH] (4.1.27)

oo
2 2at
SN TES e tratPldt <
Y Y
klog N

NP

a,B,p
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where the last step holds for sufficiently large £ depending on p.

Remark. In the general case, without Assumption 4.1.1, Proposition 4.1.3 is no
longer valid. Instead, the following theorem by Tao and Vu is used.

Theorem 4.1.4 ([61, Theorem 2.1]). Let A, C be positive constants, and let w be
a complex-valued random variable with non-zero finite variance (in particular, the
second moment is finite). Then there are positive constants B and Cy such that the
following holds: if W € CN*N is the random matrix of order N whose entries are
i.i.d. copies of w, and M € CN*N is a deterministic matrix of order N with spectral
norm at most N , then,

P([(M+W)™ | >N") <CyN~. (4.1.28)

It requires a different technique to estimate I(z) though, since Theorem 4.1.4 is not
sufficient to estimate (4.1.25).






Chapter 5

The Spherical Ensemble

5.1 Introduction

In the last chapter, we have been studying the eigenvalue distribution of Girko
matrices X. This is equivalent to asking about the distribution of solutions to the
eigenvalue equation det(X — zIy) = 0 for z € C. A natural continuation of that
question is to replace the identity matrix with another Girko matrix Y, independent
of X, and ask for the distribution of solutions to the equation

det(X — 2Y) = 0. (5.1.1)

Equations of this kind are known as generalized eigenvalue equations. If Y is
invertible, which is the case with high probability if Y is a Girko matrix (see
Theorem 4.1.4), then z € C being a solution to (5.1.1) is equivalent to z being an
eigenvalue Y ~'X. This is a simple example of a multivariate rational function of
non-Hermitian random matrices and we explore its eigenvalue density throughout
this chapter.

We denote the eigenvalues of Y 'X by p;, @ € [N] and its empirical eigenvalue
distribution by oy, i.e.
| N

oN = Nizlém. (5.1.2)
First, we aim to find a candidate for the limiting spectral measure of Y ~!X. To do
so, consider X%, Y to be complex Ginibre matrices and denote the eigenvalues of
(YE)~1X% by u and its empirical eigenvalue distribution by 0. Krishnapur made
the observation in [48] that we have

E[o5] = o, (5.1.3)

for all N € N. Here, o denotes the absolutely continuous distribution with density

1 1

g (5.1.4)

os(z) :==
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and we briefly present Krishnapur’s argument. Note that o, corresponds exactly to
the uniform distribution under projection onto the Riemann sphere. Rotations on the
sphere are given by the Mobius transformations of the type

2o — 3
z2f —a

R (5.1.5)

with , 8 € C such that |a|* + [5]* = 1 and we show that the distribution of
eigenvalues of (Y¢)~1X¢ is invariant under (5.1.5). To do so define X, Y¢ by

X% :=aX% - BYS and Y©:=j3X%-aYC. (5.1.6)

Then, (X%, Y©) has the same distribution as (X¢, Y©) since X, Y are Ginibre
matrices. Therefore, the solutions to det (XG — zYG) = 0 have the same distribu-
tion as the solutions to det (XG — ZYG) = 0. At the same time we have

det <)~(G - Z?G> = det((za — )X — (28 — @) YY)

oz (5.1.7)
= (20— a)Ndet(Zg—ﬂXG — YG).

-

Therefore, the zeros of det ()N(G — z\N(G) are precisely given by the set

G _
{“GO‘—?} (5.1.8)
My ﬁ —a 1€[N]
and it has the same distribution as {y{*};cin). Since the rotation was chosen ar-
bitrarily, (5.1.3) follows. Beyond the expectation value of the empirical measure,
Krishnapur also calculated the exact joint probability density function ¢y of the
eigenvalues in the Ginibre case. He showed that

¢N<zl,...,zN>=§< I1 Hso<zi>—so<zj>u%3), (5.19)

1<i<j<N

where Z denotes a normalization constant, ( the projection onto the Riemann sphere
and || - ||gs denotes the euclidean distance on the sphere as a subset of R3.

As in the other ensembles studied before, we expect that the equality in expectation,
(5.1.3) also holds in a sense of weak convergence in probability for N — oo and
that this limit does not depend on the precise entry distribution. Indeed both of
these claims were proved by Bordenave, who established a global law under optimal
assumptions in [17]. As the empirical eigenvalue distribution of Y~'X tends to the
uniform distribution after projection on the sphere, the ensemble is known as the
spherical ensemble.
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5.2 The local law for the spherical ensemble

It turns out that the convergence of oy to o, does not only hold on a global scale but
also on all local scales above the typical eigenvalue spacing. This local spherical
law is stated and proven under Assumption 4.1.1 in this section.

Theorem 5.2.1 (The local spherical law). Let C' > 0 be a large but fixed number,
a € (0, %) and let X, Y € CV*N be two independent Girko matrices satisfying
assumption 4.1.1 and let uj, j € N denote the eigenvalues of Y *X. For z € C,
20/ < N, f € C3(C), we define fiz, by fiza(2) = N F(N(= — z0)). Then we
have the local law

[Af L,

= N1720¢

(5.2.1)

1 if (1) — / Iz (2)0s(2)d?2
N = N,zo ,uj c N,zo s

uniformly in zy and f.

Proof. As in (4.1.6), we express the eigenvalues of Y !X in terms of an integral
over its log-determinant by

N
1 1 _
N ;fN,ZO (i) = N /c Afn . (2)log ‘det(Y X — z) ‘ d?z. (5.2.2)

From the multiplicativity of the determinant we have

log [det(Y'X — z)|

~1 (5.2.3)
=log(| det(Y) || det(X — 2Y)|) = log(| det(X — 2Y)|) — log([Y]).

The crucial observation is that the second term does not depend on z. Integrating
it against A fy ., for f € CZ in (5.2.2) yields therefore no contribution. Next, we
define H? € C2V*2N | the Hermitization of X — 2Y, by

. 0 X-zY
H = (X SN ) . (5.2.4)

Then
1 o1
log(|det(X — 2Y)|) = 3 log(|X — 2Y?) = 3 log | det HZ|. (5.2.5)

We define the resolvent of H? at spectral parameter in, 7 > 0 by GZ(in) := (HZ —
in)~t. Analogous to (4.1.10), we have

T
log | det HZ| = log | det(HZ —iT")| — 2N/ (Im GZ(in))dn (5.2.6)
0

forall T" > 0.
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By assumption, X and Y are independent Girko matrices. Therefore
Z :=v(2) V(X = 2Y), with v(z):=(1+|z?) (5.2.7)

is also a Girko matrix. Consequently, up to an overall scaling factor of \/v(z),
the Hermitization of the spherical ensemble H? has the same distribution as the
Hermitization for the circular ensemble, (4.1.2), evaluated at z = 0. From [1,
Theorem 5.2], we therefore have the local law
1
GZ:(in)) —mi(in)| < — 5.2.8
[(GZ(in)) — mZ(in)] No (5.2.8)
uniformly for z € Cand N~ < 5 < N?“fore > 0 and C' > 0 from the statement
of the theorem. Here, m? is given by

m3(in) = 1o (VA T ). (5.2.9)

2v(z)

It is connected to o, by

1 oo 1 1
= —— A, Imm?Z (i ==
os(2) > ImmZ(in)dn AT

5.2.10
2m Jo ( )

This can be seen by evaluating the integral on the right-hand side, using the explicit
form of m? given in (5.2.9). We combine (5.2.10), (5.2.2), (5.2.3), (5.2.5) and (5.2.6)
to obtain the following expression for the left-hand side of (5.2.1)

1 & 2
N;f]\ﬂzo(:uj)_/CfN,zO(Z)CT(Z)d z

1 / :
=—— [ Afn.(2)log|det(HZ —iT)| d*z
4N Jo T (5.2.11)

1 T
L Amaa/amqm»Am@wwwz
C 0

2m

1 0 1 )
+— | Afn(2) Imm(in) — — | dnd=z.

21 Je T n

As in the case of (4.1.17), we have freely added the 1! term in the last integral
to ensure convergence of the integral at infinity. We estimate all terms in (5.2.11)
separately along the lines of [1] and start with the first term. We have

N
, A
log [det(H? —iT)| = 2N10gT+Zlog(1+T—J2). (5.2.12)
j=1
Since the first term on the right-hand side does not depend on z, its integral against
Afn ., (2) vanishes and we have

TH((HD)?)

= 2, (5.2.13)

/AMMAMMMW—FM%S/NMMM
C C
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where we have used log(z + 1) < z. For our choice T' = N?¢ we estimate the trace
term by

To((H:)?) 1 o
sup ———2% = Sup — i — 20 (Fi — Zhis
[2|<Ne T zj<ne T2 JZ=1( J (T i)

Ek
< sup Z|xu|2+|z| |y,,|2<‘s|uchT2 < N

i,j=1

(5.2.14)

For the upper bound of the second term in (5.2.11), recall that v(z)~'/2H? has the
same distribution as H? from (4.1.2) at z = 0. The resolvent of H? satisfies

1

(meii)
Vo) \Vou(z) © 0 Volz)

and therefore it has the same distribution as v(z)~/2G°(iv(z)~'/2n), where G~ is
the resolvent of H?. Similarly, we have m?(in) = v(z)~*/2m°(iv(2)~/?n), where
m* was defined as the unique solution with positive imaginary part to (4.1.13). Then
we have for all p € N that

G (in) = (5.2.15)

|(/ @3 i)~ Imm:<in>|dn)p}

1 ’ 0 17 0 in)
=E ImG —Imm
(i e (255)) - ()

dn> ] (5.2.16)
\/UTTZ) 0/- 0/: ’
£ ( 7 @i — (m)!dn) ] < E[1(0)"

where (z) was defined in (4.1.18). The last inequality holds since the integrand is
positive and v(z) > 1. Therefore, Lemma 4.1.2 can be applied to obtain the estimate

T p
e[ ([ 1tn Gz — tmmsinian) | s, 00 5210
0

By an argument analogous to (4.1.20) and (4.1.21), this moment bound is converted
into the stochastic domination bound

T
/AfNVZO(z)/ (Im GZ(in)) — ImmZ(in)dnd?z| < |Af|IN~12. (5.2.18)
C 0

Lastly, the term integrand in the last term in (5.2.11) satisfies

mmi(in) - 1| =0 (")) =062 5219)
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for > T. The last estimate follows from v(2) = 1 + |2|?> < N?¢ = T. Therefore

we have
> 1
[afsa) [ (Im m (i) — —) Az — N AL
C T n
(5.2.20)

Using (5.2.14), (5.2.18) and (5.2.20) to estimate (5.2.11), we conclude the proof of
Theorem 5.2.1.

 IAS]
~ T

O

Remark. The idea behind the proof of Theorem 5.2.1 can be easily generalized to
other rational functions of random matrices. For any rational function of the type

R=Q 'PeCV¥V (5.2.21)

with Q,P € CN*¥_ a proof of a local law for R reduces to a proof of a local law
for the Hermitization

z 0 P —2Q NxN
Hy = (P* _ 0 ) eC (5.2.22)

as well as a smallest singular value estimate for P — zQ in the form of Theorem 4.1.4
for all z € C. Two examples of rational functions for which both of these results are
readily available are

R;:= (eY+V1 —2Z) HeX+V1 —e2Z) and Ry:= (eY+V1—e2Iy) X,

(5.2.23)
where X, Y, Z are independent Girko matrices and ¢ € (0, 1] for Ry and € € [0, 1]
for Ry. The ensemble R, describes a generalization of the spherical ensemble, where
we allow for correlation between the respective entries of Q and P;. For ¢ = 1, we
recover the spherical ensemble and for ¢ — 0, the ensemble approaches the identity
matrix. The ensemble Ry describes an interpolation between the spherical and the
Girko ensemble. For € = 1, we again recover the spherical ensemble and for ¢ = (,
we recover the Girko ensemble.
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