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Abstract

We treat three topics in projections of multi-state life insurance contracts, and two
topics in utility theory using the equilibrium approach. We derive a system of forward
differential equations for the retrospective reserve of a with-profit insurance contract,
where the dynamics of the reserve are affine. To reduce the sheer size of the system
of differential equations required for a projection of an entire insurance business, we
reduce the state space of insurance contracts through a transformation of the transition
intensities and payment streams, resulting in a smaller, approximating system of
differential equations. We derive a system of infinite partial differential equations for
the moment-generating function of retrospective reserves with polynomial dynamics.
We truncate the infinite partial differential equations to produce numerically feasible
procedures, applicable for the projection of retrospective reserves. Using an equilibrium
approach, we study how to dynamically approximate utility functions by polynomials
so that there is a small difference in the corresponding optimal controls. Finally
we derive a fixed-point equation for the equilibrium control of an investor with a
prospect-theoretic utility function.






Preface

This thesis is based on five manuscripts of papers as well as already published papers
and written as part of my fulfilment of the PhD degree at the Department of Math-
ematical Sciences, Faculty of Science, University of Copenhagen. Professor Mogens
Steffensen was my PhD supervisor. The research leading to these manuscripts received
funding from Innovation Fund Denmark under grant number 7076-00029, project title
"ProBaBLI - Projection of Balances and Benefits in Life Insurance”. The ProBaBLI
project has also received an investment from the Danish software company Edlund
A/S, in the form of man-hours. The man-hours provided by Edlund A/S transform the
theoretical research into software products aimed at (primarily Danish) life insurance
companies.

Apart from personal goals, I undertook the PhD studies with a professional goal to
contribute to research in personal finance in a way that I felt was meaningful. Life
insurance and optimal investment are the two topics of personal finance that I have
studied. Given that both topics have an enormous influence on the quality of life of
many people, even a small contribution is in my opinion worthwhile chasing.

The five manuscripts that constitute the bulk of the thesis are written as isolated
scientific contributions. They fall into the two categories that make up the title of the
thesis; projections in life insurance and the equilibrium approach to utility optimization.
Chapter 1 and Chapter 5 are not independent scientific manuscripts, but introductions
to the two categories of the thesis.

I hope that the results of the thesis will be used not only by me, but also by others
who share my interests.

Disacknowledgments

I would like to disacknowledge the COVID-19 pandemic, which meant that my stay
abroad at the Free University of Bozen-Bolzano came to an abrupt end after merely
three weeks. In that way, the pandemic has had an influence on the research topics of
the thesis. But even more so, COVID-19 affected my personal life in ways that are
hopefully not evident in the thesis.

iii



v PREFACE

Acknowledgments

First, I want to thank my supervisor Mogens Steffensen for straightening my back.
Not in a physical sense (that task still remains) but in a professional sense. He has
given me an actuarial resolve that I have no doubt will benefit me for the rest of my
career. In addition, I want to thank him for trusting me and giving me a large degree
of freedom, and for being supportive when I needed help.

I would like to thank the people in the Actulus department in Edlund who have always
made me feel welcome in their office, and enlightened me on the more technical aspects
and problems of computations. In particular Kenneth Bruhn and Ida E. Andersen
deserve recognition for the many hours of discussions that has let me understand some
of the discrepancies between the mathematical world and the real world.

Lastly, but most importantly, I want to thank my wife, Trine, and my kids, Freja and
Harald. Trine for being my apparently inexhaustible source of support and happiness.
My kids for letting me be silly, and for reminding me that a job is just a job.

Alexander Sevel Lollike
Copenhagen, January 2022

An ISBN number has been added, and minor typos and errors have been corrected
since the submission of the thesis.

Alexander Sevel Lollike
Copenhagen, March 2022



List of papers

Chapter 2:
Bruhn, Kenneth and Lollike, Alexander S. (2021). Retrospective Reserves and Bonus.
Scandinavian Actuarial Journal 2021 (6), pp. 457-475. 1SSN 0346-1238

Chapter 3:
Andersen, Ida E. and Lollike, Alexander S. (2021). Efficient Projections. Preprint.
Available at: https://dx.doi.org/10.2139/ssrn.3962192

Chapter 4:

Lollike, Alexander S. (2021). Moment Closure for FV-processes using Moment-
generating Functions. Preprint. Available at: https://dx.doi.org/10.2139/ssrn.
3999069

Chapter 6:
Lollike, Alexander S. and Steffensen, Mogens (2021). Polynomial Utility. Preprint.
Available at: https://dx.doi.org/10.2139/ssrn.3999066

Chapter T7:
Lollike, Alexander S. (2022). Power Utility with Dynamic Reference Point. Working

paper.


https://dx.doi.org/10.2139/ssrn.3962192
https://dx.doi.org/10.2139/ssrn.3999069
https://dx.doi.org/10.2139/ssrn.3999069
https://dx.doi.org/10.2139/ssrn.3999066




Summary

The raison d’étre of life insurance and pension companies is to carry a risk in exchange
for a premium. With the purpose of improving risk assessment, a statutory set of
rules from the European Parliament require that life insurance and pension companies
project their business into the future. The first part of this thesis deals with the
computational challenges with the task of projection, and the second part deals with
utility optimization problems.

To project an insurance contract, a decision has to be made about which path the
state-process of the contract should follow. Chapters 2, 3 and 4 take as a starting point,
the expected path of the state-process in the projection. The main result in Chapter 2
is a system of forward differential equations for the reserve of a with-profit insurance
contract with affine dynamics of the reserve. Chapter 3 improves the computational
viability of these differential equations, through a system of approximating ad hoc
differential equations.

Revisiting the affine dynamics requirement on the reserve from Chapter 2, a system of
infinite partial differential equations for the moment-generating function of reserves
with polynomial dynamics is derived in Chapter 4. The infinite partial differential
equations are truncated to produce a numerically feasible procedure.

In the last two chapters, two different utility optimization investment problems are
studied in the context of equilibrium theory. How to construct a polynomial approxi-
mation of a utility function so that the resulting optimal control approximates the true
control, is the topic of Chapter 6. This discussion is centered around a balance between
the divergence of the polynomial and the distribution of the stochastic control variable.
In Chapter 7 a fixed point equation for the equilibrium control of a utility function
from prospect theory is derived by imposing a certain structure on the control.
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Resumé

Eksistensberettigelsen for livsforsikrings- og pensionsselskaber er at patage sig risiko
imod en praemie. Med formalet at forbedre risikovurdering, kraever et lovpalagt regelsaet
fra Europa-Parlamentet at livsforsikrings- og pensionsselskaber laver en fremregning
af deres forretning. Forste del af denne athandling omhandler de beregningsmaessige
udfordringer med fremregningsopgaven, og anden del omhandler investeringsproblemer
med endelig tids horisont.

For at fremregne en forsikringsaftale skal der traeffes en beslutning om, hvilken sti
kontraktens tilstandsprocess skal folge. Kapitlerne 2, 3 og 4 bruger den forventede
sti for tilstandsprocessen i fremregningen. Hovedresultatet i kapitel 2 er et system af
fremadrettede differentialligninger for reserven af en forsikringskontrakt i et gennem-
snitsrentemilj¢ som har en affin dynamik. Kapitel 3 forbedrer den beregningsmeessige
anvendelighed af disse differentialligninger gennem et system af approksimerende ad
hoc differentialligninger.

Kapitel 4 genbesgger kravet om affin dynamik af reserven fra kapitel 2, og der udledes
et system af uendelige partielle differentialligninger for den moment-genererende funk-
tion af reserver med polynomial dynamik. De uendelige partielle differentialligninger
trunkeres for at frembringe en numerisk anvendelig procedure.

I de sidste to kapitler studeres to forskellige nytteoptimeringsproblemer inden for
investering, gennem ligevaegtsteori. Hvordan man konstruerer en polynomiel approk-
simation af en nyttefunktion sa den resulterende optimale kontrol tilnsermer den
sande kontrol, er emnet i kapitel 6. Denne diskussion er centreret omkring en balance
mellem divergensen af polynomiet og fordelingen af den stokastiske kontrolvariabel. I
kapitel 7 udledes en fikspunktsligning for ligeveegtskontrollen af en nyttefunktion fra
prospektteori ved at palsegge kontrollen en bestemt struktur.

X
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Chapter 1

Introduction to Life Insurance

In this introduction we provide a non-technical background for the three chapters on
life insurance topics, Chapters 2, 3 and 4, and give an overview of the underlying ideas
that drive the results in each chapter. By life insurance, we mean all kinds of contracts
that can be specified as payment streams that depend on the state of life of the
insured, including pensions. In Chapter 5 we introduce the chapters pertaining to the
equilibrium approach to utility optimization in the same manner. Since each chapter
is written as an independent manuscript, many of the concepts in this introduction are
repeated in the introduction of the individual chapters, but the non-technical manner
of writing here hopefully serves a broader audience and provides a gentle lead-in.

1.1 Background

Life insurance is a great idea. At its core, insurance is about sharing the risks that is
an inevitable part of life, and life insurance deals with the aspects pertaining to human
health. One of the oldest forms of life insurance, is the product provided by the ancient
roman burial clubs. For the entry cost of 100 sesterces and a jar of wine followed by
monthly premiums, the burial club would cover funeral expenses and provide financial
aid to bereaved!. While the premium currency has changed, and other coverages have
been added, the fundamental idea of modern life insurance remains the same; pay a
premium, avoid a risk.

Whenever there are multiple providers of life insurance that compete for customers
in a free market, there is an incentive to accurately price the provided coverages.
Underpricing leads to an unprofitable business and overpricing leads to a loss of
customers to cheaper companies. To a large degree, this incentive drives the forefront
of actuarial science. Ever more accurate but (often) more complicated models gives
and edge in this competitive market.

Ithegreatcoursesdaily.com, 2020.
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Legislation is another component that drives actuarial research. Life insurance is an
integral part of the welfare system of most developed countries where the inhabitants
rely on its stability and resilience. For that reason, legislators have an interest to
ensure that life insurance businesses are driven in a sound and prudent way. Unlike
most other branches of mathematics, actuarial concepts are often embedded in the
financial laws of a country. It is perhaps due to legislative differences that there is a
considerable variation across otherwise similar countries in the actuarial practice and
research.

The life insurance research in this thesis is to a large (but indirect) extent driven by
legislation. The Solvency II Directive requires that life insurance companies in the
European Union develop new and advanced types of liability-assessment tools. The
purpose is to "ensure coordinated crisis prevention and management, as well as to
preserve financial stability in crisis situations.”?. Chapter 2, 3 and 4 directly contribute
to specific aspects of this toolbox.

1.1.1 Multi State Life Insurance

In 1991 Tom Cochrane sang ”life is a highway” in his hit song of the same name. If
Cochrane had been an actuary, he might have sung ”life is a J-laned highway”, with a
reference to the multi-state life insurance models where J states are used to represent
different biometric and behavioural states of life such as ’alive’,’”dead’” and 'unemployed’.
Marrying probability theory and life insurance, Markov chain models form the basis
for most modern life insurance theory.

For Markov chain models, a Markov chain that lives on a state space of J states, called
the state process, represents the state of life of an insured. The defining property of a
Markov chain is that its future depends on its past only through the present, which is a
property with considerable mathematical advantages. The state process is assumed to
have transition intensities that characterize the infinitesimal probability of transition
between states. These transition intensities are one of the most important ingredients
in the making of a life insurance contract, as they provide information about how we

can expect the state of life of the insured to develop.

On top of the foundation of randomness stemming from the Markovian state process,
an insurance contract is conceived by specifying a payment process. The payment
process is determined by two types of payments; payments during sojourns in states,
and payments on transitions between states. In the with-profit insurance contract of
consideration in this thesis, both types of payment are agreed upon at initialization of
the contract, with a possibility of additional bonus benefits.

2eiopa.europa.eu, 2021.
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Once payments and transition intensities have been settled, the insurance company
needs to know how much money they should have in their bank account (figuratively),
to be able to cover future liabilities. For this purpose, the prospective reserve is
calculated. The prospective reserve is the expected present value of accumulated future
net outflow (benefits less premiums), given some set of information available today.
The equivalence principle states that on the outset of the contract, premiums and
benefits should balance on average.

Similar to the prospective reserve, the retrospective reserve is defined as the expected
present value of accumulated past net inflow (premiums less benefits), given some set
of information available today. If all information about the past is included in the
retrospective reserve, it is simply equal to the value of the account in which premiums
have been deposited and benefits withdrawn. Even though it may seem like a weird
construction, the retrospective reserve has its merits when it comes to projecting the
insurance business.

1.1.2 With-profit Insurance

Apart from the randomness imparted by the state process, there are at least two more
sources of randomness that ought to be included in the life insurance model from
the insurers point of view, namely financial risk and systematic risk on transition
intensities. When selling insurance contracts, insurers make assumptions about the
future interest rate and transition intensities and commit to these assumptions by
guaranteeing the premiums and benefits that these assumptions entail. There is a
risk that these assumptions fall short, which could imply that the insurer has to
increase the liabilities, but they can not increase premiums correspondingly due to the
contractual obligation. Such a shortfall would have to be covered by the shareholders
of the insurance company, and is an undesirable scenario.

To mitigate the risk that follows from promising a certain interest rate and set of
transition intensities, insurers make conservative promises. Prudent assumptions on
interest and transition intensities constitute the conservative promises, and they form
the so-called technical basis or first-order basis. When the equivalence principle is
fulfilled on a set of prudent assumptions about the future, a surplus or profit is expected
to develop. This profit belongs in part to the insured for paying an ample premium,
and when an agreement is made to repay some of the profit to the insured, we call it a
with-profit insurance.

The surplus acts as a buffer to absorb risk in interest rate and transition intensities
— if interest levels and transition intensities develop exactly like predicted by the
prudent assumptions, no surplus is generated. In the more likely event that a surplus
is generated, it can absorb fluctuations in the difference between the predicted and
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realised interest rate and transition intensities. Most of what remains of the surplus can
be returned to the insured. We define the surplus as the accumulated (retrospective)
premiums less benefits, minus the prospective first-order reserve. A complication in the
with-profit insurance set-up, is that often the surplus is distributed via dividends to the
insured in the form of additional benefits. These additional benefits may themselves
give rise to a surplus, which again is spent on buying additional benefits.

Prior to the financial crisis of 2008, financial supervisory authorities were content with
regarding surplus as a bonus, and not particularly concerned with its development,
other than demanding that it be distributed fairly. In recent years the dynamics of
the surplus, and how it is distributed has gained more attention. Some of the surplus
is not returned to the insured, but instead given to the shareholders in the form of
a so-called shareholder fee to compensate for the risk covered by the equity of the
insurance company, in the event that the technical basis leads to premiums that do not
cover future liabilities. The question of what the shareholder fee should be to fairly
reflect the risk taken by the equity, is extremely difficult to answer. The first task
in the search for an answer, is the means to actually calculate the proportions of the
surplus that belong to the insured and equity respectively, as a function of the surplus
distribution strategy.

1.1.3 Simulating the Future

The ability to self-simulate is the ability to imagine yourself in a scenario constructed
by your thoughts. Some examples could be

"If T plant this seed, I will get grain this summer, which I can use for food
in winter.”

”If T do not have insurance and crash my car, I will be financially ruined.”

It is a critical human ability, and the essence of what planning is. By self-simulating a
scenario, adjusting your actions in the simulation, and then iterating, you form a plan
for the future.

The same methodology can be applied in an insurance context, where scenarios are
constructed in a mathematical framework instead of in the frontal lobes of the brain.
By simulating the development of the factors that influence insurance companies
financially, a possible path for the future is made. Projecting the insurance business
along this simulated path, gives a glimpse into the possible future. This thesis is part
of the project 'Projections of Benefits and Balances in Life Insurance’, which exactly
refers to the crystal ball exercise of projecting the insurance business into the future.
In order to project the insurance business, the management actions that influence it
need to be formalized and incorporated. We might say that the management actions
are a plan for the future course of action.
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By projecting the insurance business for thousands of simulated scenarios and averaging
the result, an expectation for the future is made. By adjusting the management actions,
the expected future of the insurance business is also adjusted, and in this way a plan
that produces a satisfactory expected future can be devised.

The dangers of relying on a plan devised from simulating, is that the world is not
predictable and simulations are therefore inaccurate — even if the simulations could
have generated the observed history. By their nature, hitherto unseen events cannot be
predicted, but that does not mean that they will not happen. The author, philosopher
and statistician Nassim Nicholas Taleb coined these events 'Black Swans’, referring to
the belief that all swans were white before black swans were discovered in Australia.
How the future is simulated is therefore one of the most important aspects of projections.
If we are not confident that the simulations reflect the real world, we should not be
confident that our plan is going to work.

For the three chapters under the life insurance topic, we do not explicitly deal with the
simulation of the financial market and transition intensities, which make up the most
important factors that influence insurance companies financially. Instead, we take the
financial market and transition intensities for given, and focus on the projection of the
insurance business. An advantage of this approach is that we allow for any simulation
input. A disadvantage is that we cannot exploit the structure that the simulation
input might have.

1.2 Overview of Chapters 2, 3 and 4

In the following subsections we outline the content of Chapters 2, 3 and 4 and the
ideas from which they are conceived. Calculations of future benefits and balances is
the primary focus. Chapter 2 concerns the modelling of with-profit insurance, and the
fundamental aspects of projecting benefits and balances. Chapter 3 is to a large degree
aimed at practitioners, and deals with the modification of the model from Chapter
2, in order to make computations viable. Chapter 4 revisits and relaxes a linearity
assumption of Chapter 2, in a general probability theoretic framework.

1.2.1 Discarding Information

The title of Chapter 2 is ”Retrospective Reserves and Bonus”. The latin word ’retro-
spectus’ translates to ”I look back at”, 'prospectus’ translates to ”I look forward at”
and 'projeter’ translates to ”to throw forth”. After this small lesson in etymology, one
might be inclined to consider the prospective reserve for projections given the similar
forward-oriented nature. However, surplus accumulation is retrospective in nature —
and so are the management actions that determine the redistribution of surplus.
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In Chapter 2, we are looking forward at backwards-looking reserves. The difficulty in
this exercise is to determine much information about the past we should include in
the backwards-looking reserves. If all information about the past is included in the
projected benefits and balances, the projection exercise is overwhelming as all possible
paths of the state process have to be accounted for. Instead we discard all information
about the policy at all points in time between initialization and the projected now’.

Knowing only the initial and current state of a policy, we derive a system of forward
differential equations for the retrospective reserves. For this minimal amount of in-
formation to be sufficient for accurate projections, the dynamics of the retrospective
reserves need to be linear. The dynamics are linear if and only if the redistribution of
surplus is a linear function of the reserve.

1.2.2 Discarding More Information

The title of Chapter 3 is ”Efficient Projections”, and is a direct practical extension of
the results from Chapter 2. Using a naive implementation of the results from Chapter 2,
a typical Danish insurance company would have to solve in the order of 109 differential

equations®.

A bunch of these computations can be carried out in parallel, reducing computation
time, but if the computations are performed in the cloud (which they often are), there
is still an ambition to reduce the number of computations to reduce costs of computing.
A simple way to reduce the number of differential equations, is to reduce the state
space of the insurance contract and the number of policies. This reduced state space
and insurance portfolio should represent the original state space and insurance portfolio
in a way that produces little or no error when projecting the insurance business.

We present a mapping that translates payments and transition intensities of a given
state space to a smaller state space, which produces no error when projecting an
insurance contract without bonus. We propose to use the same mapping for insurance
contracts with bonus, and study the approximation error in a numerical example.

To reduce the size of the insurance portfolio, we touch on the matter of combining
policies without introducing an error in the projection.

1.2.3 Handling Non-Linear Dividends

The title of Chapter 4 is "Moment Closure for F'V-processes using Moment-generating
Functions”. Moment closure pertains to the problem of approximating an infinite system
of differential equations for the moments of a process with non-linear dynamics, with

3For 7 states, 250.000 policies, 1 surplus and 10.000 financial scenarios. ((7-2-250.000)+1)-10.000 =
35.000.010.000
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a finite system. Instead of projecting the time-dependent moments of a process with
polynomial dynamics, we propose to project the time-dependent moment-generating
function of the process. To this end, we derive a system of partial differential equations
involving infinite partial derivatives for the moment generating function.

Given the numerically non-viable PDE, we truncate the infinite partial differential
equations to arrive at a numerically viable finite difference scheme. In the context of
with-profit insurance, non-linear dynamics emerge when the redistribution of surplus

is a non-linear function of the reserves, and such an example is studied numerically.






Chapter 2

Retrospective Reserves and Bonus

ABSTRACT

Modern legislation has increased the amount of quantities that insurance
companies should report in order to prove solvent as well as prudent. More of
these quantities require not just simple bookkeeping but a mere projection of
the future. In this paper, we provide a solid base for this crystal ball exercise
as we derive differential equations for the retrospective reserves of a pension
company, in a setting where the surplus and the dividends are modelled.
The differential equations rely on dynamics of the stochastic reserve that
are affine functions of the stochastic reserve themselves. The retrospective
reserves are defined as conditional expected values, given limited information,
leading to computational tractable differential equations for the reserves.
We wrap up the theoretical part by suggestions for practical use in terms
of considering validation of guarantees and discretionary benefits at future

time points.

Keywords: Bonus, Retrospective Reserves, FMA, Dividends, With-profit Insurance.
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2.1 Introduction

With-profit insurance contracts are to this day one of the most popular life insurance
designs. They arose as a natural way to distribute the systematic surplus that emerges
due to the prudent assumptions on which the contract is made. The redistribution of
surplus is a frequent subject of discussion in the industry, and many questions have
been raised in that regard, to name a few; Is it distributed fairly? How should it be
invested? How is it affected by the financial market? To answer these questions we
need to understand the dynamics of the surplus in a model of practical relevance.

The study of surplus and the interplay it has with other elements of an insurance
contract, is not new. Norberg (1999) introduced the notion of individual surplus as well
as the mean portfolio surplus. In Steffensen (2006), partial differential equations are
used to describe the prospective second order reserve for various forms of bonus when
the surplus is invested in a Black-Scholes market. In this paper we pay little regard
to the prospective reserve, and instead we focus on the surplus and the retrospective
reserve including dividends, also called the savings account. The retrospective reserve
without bonus is studied by Norberg (1991), and his results form the foundation for
our studies. Furthermore we do not restrict ourselves to the Black-Scholes market, but
allow for an arbitrary specification of the financial market.

In the existing literature, little attention is paid to a significant retrospective element
of the with-profit insurance contract: the human element. Insurance companies are
governed by humans, and the decisions they make influence the portfolio of policies - in
particular concerning surplus and dividends. In a with-profit insurance contract many
quantities are fixed at initialisation of the policy, but the rate at which dividends are
paid out is not. The insurance company has a certain degree of freedom when it comes
to the distribution of surplus, and the actions that have an influence on the insurance
contracts are the so-called Management Actions. By including Future Management
Actions (FMAS) in the modelling of with-profit insurance contracts the human element
is taken into account, which arguably is useful in its own right, but it is also required
by the Solvency II Directive. As stated in Article 23 of the currently in force EU
Delegated Regulation (2014),

Assumptions about future management actions shall be realistic and include
[...] an assessment of the impact of changes in the assumptions on future
management actions on the value of the technical provisions.

From a mathematical point of view FMAs pose a problem as they are retrospective in
nature, and may depend on the entire history of the portfolio of policies in a possibly
non-linear fashion, making it difficult to calculate prospective reserves. If we want to
take a glance into the crystal ball of liabilities, taking FMAs into account, we need to
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embrace their retrospective nature. In this paper, we do not incorporate FMAs to their
full extent, but rather lay the retrospective groundwork on which models including
FMAs can be built.

The contribution of the paper is comprised of two parts. The first purely mathematical
contribution is the derivation of a system of differential equations that describe the
expected value of a process with dynamics that depend linearly on the process itself.
The second contribution is to describe a model of practical relevance where retrospective
reserves can be modelled including bonus for an arbitrary financial market. Together,
the two parts provide the means to project the retrospective reserves of a with-profit

insurance contract.

The structure of the paper is as follows: In Section 2.2 we present a standard model
for life insurance contracts, and introduce the retrospective reserve. The main math-
ematical result is presented in Section 2.3, where we derive a forward differential
equation for a multidimensional FV-process with affine dynamics. In Section 2.4 we
extend the set-up of Section 2.2 to allow for a model where surplus and dividends are
considered, and crucially, identify when the main mathematical result can be applied
to describe the retrospective reserves of an insurance contract. Section 5 contains a

simple numerical example.

2.2  Set-up

We consider the classic multi-state life insurance set-up, comprised of a state process Z
denoting the state of the policy in a finite state space J = {0, 1, ..., J}. The states in J
represent real-life states such as "alive”, "dead”, ”disabled” et cetera. By a permutation
argument, we can without loss of generality assume that Z(0) = 0. The filtration
generated by Z(t) is denoted by JF;, and it represents all the information generated by
Z up to time t. The counting process N* defined by N¥(t) = #{s; Z(s—) # k, Z(s) =
k,s € (0,t]} describes the number of transitions into state k. The state process Z is
assumed to be a continuous time Markov chain, with transition probabilities denoted
by

pij(s,1) = P(Z(t) = j|Z(s) = i),

for s < t. We assume that the corresponding transition intensities exist, and denote
them by

i (t) = i pij (£, £+ h)/h,
for ¢ # j. We assume that

lim nP(N®(t +1/n) — N*(t) > 2) =0, (2.2.1)

n—oo
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for all ¢, stating that two jumps cannot occur simultaneously. The predictable process
L{z¢—)2ky 1z t—)k(t) is the intensity process for N¥(t), i.e

t

MH(E) = N0 = [ Lz sz

forms a martingale. The state process Z encapsulates the biometric risks involved
with the insurance contract. Apart from the biometric risk, there is a financial risk
connected to with-profit insurance contracts through the return on investment of the
surplus. We make assumptions regarding the financial risk, by specifying the return
on investment, r.

Remark 2.2.1 (Portfolio investment). In practice, the return on investment is measured
on the performance of some self-financing portfolio, GG, governed by insurance company.
By substituting eli (AT ith %, the results of the paper can be formulated directly
in terms of return on investment in G, instead of instantaneous return r.

Together, the transition intensities and return on investment form the third order
(realized) basis, which describes the actual development of the insurance portfolio.
We take this third order basis as exogenously given. In practice the non-measurable
elements of the third order basis are simulated. To allow for events that make it difficult
to meet the obligations to the insured, a much less risky set of assumptions are used
when guarantees are given. These prudent assumptions form the first order (technical)
basis. Using the standard notation, a ”*” symbolises first-order basis elements. It is
precisely due to the difference between the first order basis and the realized third order
basis that a surplus emerges.

In order to define an insurance contract, we introduce the payment process B, which
depends on the dynamics of Z. The payment process is an F;-adapted process with
dynamics given by

dB(t) =P (tydt+ > bR dN* (1),
k:k#£Z(t—)

for sufficiently regular b*(¢) and b/%(t). The deterministic payment functions b/ (¢) and
b7 k(t) specify payments during sojourns in state j and on transition from state j to
state k, respectively. Even though lump sum payments during sojourn in a state pose
no mathematical difficulty, we assume that payments during sojourns in states are
continuous for notational simplicity. Given the payment process, B, we can define the
state wise prospective technical reserve as

V() = B U e IO AB ()| Z(1) =
t

being the expected present value of all future payments, evaluated under the first
order basis. The dynamics of the technical reserve can be found using It6’s lemma for
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FV-functions. This is done in e.g Asmussen and Steffensen (2020), providing us with
the following dynamics of the prospective technical reserve

dVZOr(t) = r* (V7O (t)dt — b* D (tydt — > bR dNF ()

k:k#£Z(t—)
— > pPURwat+ > RPEIF@)ANF() — pzeyi(t)dt),
k:k#£Z(t—) kk#Z(t—)

(2.2.2)

where p?* is the surplus risk contribution rate for a transition from state j to state
k, and R’F is the so-called sum-at-risk for a transition from j to k. The sum-at-risk
RI* describes the required injection/withdrawal of capital on a transition from j to k,
in order to meet the future liabilities of the contract in state k, evaluated under the
first-order basis. The sum-at-risk is given by

RIF(t) = 077 () + VP (t) — VI*(1).

As the name suggests, the surplus risk contribution rate is the contribution from the
policyholder to the surplus. The surplus risk contribution rate is the premium that
covers the risk carried by the insurer that can not be diversified, such as medical
advancements. Naturally the surplus contribution rate is the sum-at-risk multiplied by
the difference in intensity for a transition from j to k between the first-order basis and
the third-order basis, i.e

pR(E) = RV (15 (1) — pne(1)).

2.2.1 Retrospective Reserves

For insurance companies, reserves are key quantities of interest, as they answer the
question; how much should we set aside as insurers to meet the obligations to the
insured? A reserve may be either prospective or retrospective. A prospective reserve
considers future payments, whereas a retrospective reserve considers past payments.
One of the main contributions of Norberg (1991) is a definition of the retrospective
reserve as a conditional expected value of past net inflow, in much the same manner as
the prospective reserve is a conditional expected value of future net outflow. Formally
Norberg (1991) defines the retrospective first order reserve, as

t
v = | [T Oa-ne)| s
0
for some family of o-algrebras E = {& }o<:, where & represents the information
available at time ¢. It is natural to assume that & = F;, implying that all information
about the past is accounted for. As noted by Norberg (1991), the family of o-algebras
may be increasing, i.e & C & for s < ¢, but it is not required. With this very general
definition of the retrospective reserve, we may discard information, for instance by
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defining & = 0{Z(0), Z(t)}. With this choice of o-algebra we discard information
about the state process in between time 0 and time t. This removal of information is
useful because it is intractable to use & = JF;, when we want to calculate the expected
value of Uj (t) and {Z(s)}s<¢ has not yet been realized. When ¢ is a future point in
time, it is simply too computationally demanding to take the expectation over F; - all
possible future paths and all possible future transition times have to be considered. We
therefore let & = 0{Z(0), Z(t)}, implying that we only use the state at initialization
and time t to evaluate the retrospective reserve. Using this formulation of &, the
retrospective reserve can be interpreted as the average reserve of a group of policies
that all start in Z(0) and end in Z(¢). In the next section, we adopt the idea to discard
information in order to get a definition of the expected future retrospective reserve

including bonus that is computationally tractable.

2.3 The Mathematical Tool

In this section we present the main result, which generalizes the result from Norberg
(1991), and provides us with the tool to project retrospective reserves in a model with
bonus. The value of the result becomes evident in Section 2.4, when the retrospective
reserves of interest are seen to fall within the framework of Theorem 2.3.1. Let W(t)
be a multi-dimensional stochastic process, with dynamics given by

AW (t) = g? D W@)dt + Y BAUIRE W (t-))dN (),
k:k#£Z(t—)

for g and h functions that are affine functions of W. Without loss of generality we
assume that W(0) = wy for some deterministic but arbitrary initial vector wy. To
illustrate the central idea of this section in a simple setting, consider the case where

W has dynamics
dW (s) = g7 (s)W (s)ds,

and say we want to calculate
W (t) = Eo[W (8L z()=i}) = BEo[W ()| Z(t) = i]po: (0, ),

where we by the subscript 0 on the expectation denote the conditional expectation
given Z(0) = 0 and W (0) = wy. With this definition of W* we discard information
about where the policy has been in between time 0 and time ¢, in the same way that
Norberg (1991) discards information about where the policy has been. Similar reserves
where state-dependent indicator functions appear as multipliers on integrals over a
payment stream, are also used by Bladt et al. (2020) to arrive at matrix formulae for

higher-order moments of prospective reserves. By the tower property and Fubini’s
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theorem,

t
W*(t) = poi(0, t)wo +/ Eo[]l{z(t)zi}gz(s)(S)W(s)]ds
0

t
= poi(0, t)wo + / Eo | Y Tiz=Bollize—iyg? ()W (s)|Z(s) = j]| ds
0 =
J:ii€T

= poi(0, t)wo +/ Z 0 (0,5)g” (5)Eo[L{zt)=iy W (s)| Z(s) = jlds.
JiJET

By the Markov property W (s) 1L Z(t)|Z(s) for s < t, as W (s) is Fs-measurable, and
therefore

W()—pOZOtwo—l—/ > (t)pji(s,t)ds.
Jj:jed
The Kolmogorov forward differential equations state that

d * *
pgz S, t Z p]g S, t :ugz :u“ig(t)pji(‘g?t)‘
g:g#i

Differentiating Wl(t) with respect to ¢, and using Kolmogorov’s forward differential
equations yields the following system of differential equations

d = i (T 7 iri

W) = g OW () + Y (s () = (W' (1))

Jij#i
WZ(O) = ]]-{i:O}wO~

It is crucial to note that this differential equation relies on the affine structure of the
dynamics of W, as it allows us to write W¥(t) as an integral over W7(s) for 0 < s < t.
Using the tower property and the fact that W (s—) 1L Z(t)|Z(s—), we get the following
theorem.

Theorem 2.3.1. Let Z(t) be a Markov process on the state space J, and let W(t) be
a q-dimensional, Fi-measurable process with dynamics

AW (s) = g7 (s, W(s))ds+ Y BZEH(s, W(s—))dN(s),
k:k#Z(s—)

for g-dimensional functions g and h of the form

gZO (s, W (s)) = g7 ()W (s) + 9. ) (s),
W2 (5, W (s—)) = WM ()W (s—) + hZETR(s),

where g and h{k are q X q-matrices, and g and hék are vectors of length q. Then

Wi(t) = Eo[L{z@w=n W ()]



16 CHAPTER 2. BRUHN & LOLLIKE (2021)

s described by the differential equation

i) = > (O (1) — s (W (1) (2:3.1)

+ gi (O () + poi (0, g (1) (23.2)

3 walt) (B OW (1) + oy (0.0R (1)) (2.3.3)

W) = 11{2-:];;0. (2.3.4)

Proof. See Appendix 2.B. O

The proof of Theorem 2.3.1 solely relies on the affine dynamics of W, and even if the
dynamics directly depend on the past values of W in the following manner

t
AW (1) = / g7 (s, )W (s)dsdt,
0

there are no significant changes in the proof. The resulting differential equations for
W (t) become a set of more involved integro-differential equations. This extension
is practically relevant for instance if the dividend depends on how the surplus and
savings have evolved over the last year.

The differential equation given by (2.3.1)-(2.3.4) generalizes the differential equation
for the retrospective reserve derived by Norberg (1991). In fact, for

g1 =h1 =0, wo =0, go(t,i) =0b"(t), holt,j,i) = b"*(t),

we arrive at the differential equation derived by Norberg (1991).

2.4 Set-Up Including Surplus and Dividends

In this section we extend our set-up, allowing us to accurately describe the benefits
and reserves in a model where surplus and dividends are included. The ideas and
notation are inspired by Asmussen and Steffensen (2020). The first order basis on which
insurance contracts are signed, are a set of prudent assumptions regarding interest
rates and transition intensities. Knowing that the assumptions are prudent, the insurer
and insured agree that when surplus has emerged as a consequence of the realized
interest and transitions, this surplus should be given back to the insured. The surplus
is returned to the insured through a dividend payment stream. What the insured
does with his dividend can vary, but a standard product design is to use the dividends
to buy more benefits. In a sense, the dividend payment stream becomes a premium
for a bonus benefit stream. We introduce the two payment streams B; and By with
dynamics
dBi(t) = bV ydt+ > bR (@)dNR ().
k:k#Z(t—)
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The payments specified by B; are the benefits and premiums which are fixed, and
part of the original contract. The payments of By specify the profile of the payment
stream that the dividend is converted into. The payment streams B; and Bs, have
corresponding technical reserves given by

V;J*(t):E* |:/ efftsr*(T)deBZ(s)
t

Z(t) = j} .

When the contract is signed, both By and By are agreed upon, and while there is
practically no restriction on the design of By, By should be constructed in such a way
that V2‘j *(t) # 0 for all ¢ and all j. This should be required simply because it does
not make sense to use the dividend to buy a payment stream that has zero technical
value. In order to keep track of how much dividend has been materialized into the
Bs payment stream, we introduce the process () which denotes the quantity of
B> payment stream purchased at time . The dividends are instantaneously used to
increase benefits, by buying more of the By payment stream. These additional benefits
are, like the fixed benefits, priced under the first order basis, which means that one

unit of By has a technical value of VQZ

(t)*(t) at time ¢t. The total amount of accrued
dividends at time ¢ are denoted by D(t), and as the dividends are used to buy B, we

must have that
dD(t) = VD" (1)dQ(1). (2.4.1)

The payment process experienced by the policyholder, B, consists of one unit By
payment stream and () units of By payment stream, thus having dynamics

dB(t) = dBy(t) + Q(t—)dBa(t),

where the left limit version of () is used to ensure that it is predictable. We now define
the savings account as the technical value of future guaranteed payments, for a certain
quantity of By payment stream,

X(t) = v/ ) + Qv (v).

To fix ideas, we think of the savings account as the accumulated past benefits, premiums
and dividends compounded with the first order interest, and thus it behaves just like
a bank account. Norberg (1999) defines an individual surplus and derives a system
of differential equations for the mean surplus, which he studies in a Markov chain
environment. Our definition of the savings account resembles the individual surplus
defined by Norberg (1999), but in contrast, we do not restrict ourselves to a Markov
chain environment for the modelling of the realized interest, and most importantly, we
furthermore allow for payments that depend on the savings account. Noting that

Cx) - v
Q(t) = T
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we see that the payment stream experienced by the policyholder has dynamics

dB(t) = V"W (t, X(t))dt + Y bR X (t-))dN" (),
k:k#Z(t—)

for deterministic functions b and »*. These payments depend linearly on the sav-
ings account, and in a setting without bonus, an expression for the corresponding
retrospective reserve is derived by Christiansen et al. (2014). By the principle of

equivalence
0= X(0) = V{"*(0) + Q(0)V*(0)
=

v (0)
Vo)

Q(0) =

providing us with the initial condition for @), which along with (2.4.1) fully specifies Q.
Note that the principle of equivalence puts no restrictions on the form of B; and Bs.

Using integration by parts for F'V-functions, and plugging in the dynamics of Vlz(t)*

and V2Z(t)* given by (2.2.2), we find the dynamics of X to be

dX (t) = V7 () + Qt—)dvy " (1) + V" (1)dQ(t)
= ()X (t)dt + dD(t) — b?D(t, X(t)dt — > bR X (t—))dN*(¢)

kik#Z(t—)
SO R X ()
kik£Z(t—)
+ Y RECIRE X (t-)dM* (1), (2.4.2)
kik£Z(t—)
where
PR, X (1)) = pl () + QU)o (1) = pi (1) + X“‘V);(tvf; (=) e,
Rt X (1)) = RIE(1) + QU—)RI(t) = RI“(1) + X“‘V);(ﬁ; =) pi o),

respectively can be interpreted as the surplus risk contribution and sum-at-risk for
the savings account. The savings account plays a crucial role in the understanding
of the with-profit insurance contract. The dynamics of X are remarkably similar to
the dynamics of the prospective reserve as seen in (2.2.2). In fact, if no dividends are
ever allotted, i.e. dD(t) = VQZ(t)*(t)dQ(t) = 0, then the dynamics of X are identical to
the dynamics of the technical reserve found in (2.2.2) for an X-independent payment
process Bg given by

Vi (0-)

dBg(t) = dBy(t) — W

dBs(t).
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Note that the technical prospective reserve for the payment process Bg automatically
fulfills the principle of equivalence, in the sense that

E* [/n e 1o dBa(s)|Z(t) = 0| = 0.

0

If no dividends are allotted, then the savings account could be seen as a prospective
first order reserve for a contract with reserve dependent payments, therefore falling
under the set-up of Christiansen et al. (2014). However, if dividends are allotted,
they are accumulated in the savings account, implying that the value of the savings
account depends on the total amount of allotted dividends, as well as how much of
these dividends that have been materialized into the Bs; payment stream. In other
words, when dividends are allotted, the savings account is not only dependent on the
current state of the policy, but the entire history of the policy as well.

Remark 2.4.1 (Future Discretionary Benefits). The difference dB(t)—dBg(t) is precisely
the instantaneous value of the additional benefits bought using the allotted dividends.
Hence, the expected time-t value

FDB'(t) = Eq {/ e~ ftsrd(B(s) — Bg(s)|Z(t) =i
t
is the market value of Future Discretionary Benefits.

Given the savings account, we can readily define the surplus as
t
Y1) = - / eI B sy — X (1),
0

being the accumulated premiums less benefits excess over the savings account, com-
pounded with the realized interest, r. The dynamics of Y are then

dY (t) = r(¢) (- / ! ’”(T)deB(s)> — dB(t) — dX(t)
0
= r(t) (Y(t) + X()) dt — dB(t) — dX (t)

= r()Y (t)dt + dC(t) —dD(t) — > RZUIF(t, X (t—))dM"(t), (2.4.3)
k:k£Z(t—)

for

dC(t) = (r(t) = r* (W)X ()dt+ Y p? ¥, X (t))dt,
k:k#Z(t)

which we call the surplus contribution process, as it represents the contributions from
the savings account to the surplus.

As stated in the introduction, management actions are one of the main motivators
of this paper. The influence of management actions is present in our set-up through
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mainly two terms; the third order interest rate and the specification of dividends, since
the management decides how to invest their assets, and how the surplus should be
returned to the customers. For this reason, the dynamics of the dividend process D is
a central element of a with-profit insurance contract. We assume that the dynamics of
the dividend process are given by

dD(t) = 62O (t, X (¢), Y (t))dt,

but do not yet impose any restrictions on the §7-functions. We can for suitable functions
g and h, write the dynamics of X and Y as

dX(t) = gZW(t, X (1), Y(®)dt + Y hZEORE X (t-),Y (t-))dN* (1), (2.4.4)
k:k#£Z(t—)

Ay (t) = g7 D, X (), Y(t)dt+ > BZUIRE X (t-), Y (t-))dNF (). (2.4.5)
k:k#£Z(t—)

It is a crucial point that when these dynamics are affine, we can apply Theorem 2.3.1.
The dynamics of X and Y given by (2.4.2) and (2.4.3) are affine if and only if the
dividend process is affine in X and Y, that is, if the §/-functions can be written as

8 (t,z,y) = 8 (t) + 85 (t)x + 8 (t)y. (2.4.6)

We refer to Section 2.C of the Appendix for the specification of g and h leading to
the dynamics given in (2.4.2) and (2.4.3) for dividend process determined by (2.4.6).
Assuming that (2.4.6) holds, is an assumption that is eligible for criticism, but also an
important assumption, as Theorem 2.3.1 relies on affine dynamics. In practice, the
dividend is based on more information than simply the actual value of the savings
and surplus. The specification of the dynamics of D is at the heart of what a future
management action is, and, as stated earlier, we do not fully incorporate these FMA’s
in all their generality and glory, but suffice with crude surrogates. Some of these crude
surrogates can actually perform a decent job at describing real world dividend strategies,
for instance by defining the dividend as some affine function of the contribution, since
this by construction leads to affine dynamics for X and Y.

Apart from notational ease, the use of affine g and h functions serve to generalise
the results of the paper to any FV-process with affine dynamics of the form given by
(2.4.4) and (2.4.5). We could for instance easily introduce expenses affine in X and
Y. Even though we work with the dynamics given by (2.4.4) and (2.4.5), we think
of the g and h functions as the ones required to achieve the dynamics of (2.4.2) and
(2.4.3). We are interested in the interconnected dynamics of X and Y, and therefore
we introduce the two-dimensional process
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with dynamics given by

AW () = O WE)dt+ Y WO W (-))dN (1),
kik#Z (t—)
for g and h functions that are affine functions of W, and determined by the dynamics
of X and Y. Steffensen (2006) derives a set of differential equations that can be used

to determine Wi, when investment returns are formed from assets that are traded in a
Black-Scholes market.

Applying Theorem 2.3.1, gives a system of differential equations for

= ion (Bl X®)Lizm=5]) ):(j(t)
W) = (Eo[m)n{Z(t):j}]) - (Yf(t)) |
described by the terms (2.3.1)-(2.3.3),

L) = 3 (w9 0) — s ()

JijF#i

+ g1 (W (1) + poi(0,1)gh (1)

+ 3 wsit) (RO @)+ pos (0,085 1))

JijF#e

which has an intuitive interpretation. If the policy is in state ¢ at time t, it develops
with the continuous dynamics for that state, given by g¢ (t)W (t) + g (t). Due to the
uncertainty involved pertaining to the state of the policy and the value of W, we have
to weigh these dynamics with the probability of Z(t) = i, as well as the expected value
of W, thus arriving at (2.3.2) as

Eo [Lz(n=it (91 (OW (1) +5(t)] = g1 (YW (1) + poi(0,)g5 (1).

Similarly, we have to account for any transitions into the current state 7, over the small
interval t 4+ dt. The infinitesimal probability of transition from j to ¢ over an interval
from ¢ to ¢ + dt is given by p;;(t), and if such a transition was made, the savings and
surplus are bumped by h?* ()W (t) + h'(t). In order for a transition from j to i to be
possible over the interval ¢ + dt, the policy has to be in state j at time ¢, thus arriving
at (2.3.3) as

Eo [1izm=p (P OW(E) + 1 (0))] = B OW (2) + po; (0, )0 1),

Furthermore, when a transition from j to ¢ is made, the savings and surplus from state
j (after the bump) are transferred to the savings and surplus of state i, amounting to
the term given in (2.3.1).

For dynamics of X and Y given by (2.4.2) and (2.4.3) we emphasize that if the dividend
function ¢ is affine in X and Y, then the dynamics of X and Y are also affine in X
and Y as all other terms in the dynamics are affine by construction.
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Remark 2.4.2 (Non-linear dynamics). While the reach of models with affine dynamics
is extensive, there are limitations to consider. It is not uncommon to have dynamics
that include some non-linear term, for instance if the transition intensities are X or
Y dependent. However, if the dynamics of W are not affine, we can still produce
an approximation of W We simply replace W (t) with WZ® () in the terms of the
dynamics that are not affine in W (¢). This idea is motivated by producing a Taylor
approximation of the non-affine term.

While other quantities could be studied, the projection of expected savings and surplus
provides us with useful information. One practically important quantity that can be
calculated based on X and Y is the time 0 expected present value of future guaranteed
benefits, given state ¢ at time ¢, which are

n e X(t) = v
[ d(Bl(SH V70 1) BQ(S))
= E, Utn e JiTdBy (s)| Z(t) = z]

Eo[X(#)|Z(t) = 1] — Vi*(t) Yo fer

+ ‘/21*(75) E() |:/t e ft dBQ(S)

X' ()/poi(0, 1) — Vi*(t)
V3*(t)

GB'(t) = Eg

Z(t) = z]

20 =i

=Vi(t) + V(1)

The second equality follows from X () 1L Ba(s)|Z(t) for s > t. Note that GB’ is affine
in X, and therefore it can be used as an input to the dividend function é - for instance
by letting the dividend be some percentage of the guaranteed future benefits.

Another practically important quantity that can be calculated is the present value
of expected future discretionary benefits as defined in Remark 2.4.1. For ¢ = 0 the
quantity can be calculated as

FDB(0) = Eq Un e JoTd(B(s) - Bc(s))}

0

— 50| [ (@) - @) ana(s)]

0

I Ly (0o [ X7(5)/po;(0,5) - V') VW 0) <
/0 jEZJPOJ (07 ) ( VQj*(S) ‘/20*(O)> dBQ( )

The value of FDBY(0) corresponds to the increase in benefits the policyholder ex-
periences, as a consequence of the bonus received. This quantity can then be used
for investigating contractual fairness at contract initiation as well as studying the
Future Profits (FP) of the contract. In this setup, we would then define the latter as
FP = X(0) +Y(0) — GB®(0) — FDB(0), corresponding to all assets under management
subtracted the amount designated for the policyholders.
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Whereas more practically applications could easily be listed, we leave that for the
interested reader.

2.5 Numerical Example

To highlight the practical usefulness of the results in the paper, we produce a numerical
example and examine the effects of three different FMAs in the form of dividend
strategies. We consider a two-state contract J = {0,1} with Z(0) = 0, where state
0 should be thought of as ”alive”, and state 1 should be thought of as "dead”. We
assume that all benefits are scaled with dividends, and therefore dB; = 0. A single
premium of V’*(0) is paid by the policyholder just before time 0, such that at time
0, the policyholder can afford one unit of the By payment stream i.e. Q(0) = 1. The
payment process By consists of a benefit being continuously paid out from time of
death and until time n. Thereby the policyholder experiences the payment stream
dB(t) = ]l{Z(t):l}]l{tSn}bZ(t)‘}jT%dt?

which can be thought of as an annuity for the bereaved children of the policyholder.
The technical- and market-reserves are found using Thieles differential equation. We
assume that Y (0) = 0. As dB;(t) = 0 the differential equations for X? and Y* are
given by

and

where the ¢’ and h?¢ functions are specified in Appendix 2.C. We consider three different
FMAs in the form of dividend strategies:

1) dD(t) =0, i.e. zero dividends.

2) dD(t) = 0.5dC(t), i.e. 50% of the contributions to the surplus are immediately
returned to the policyholders.

3) dD(t) =dC(t), i.e. all contributions to the surplus are immediately returned to
the policyholders.
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These dividend strategies represent three levels of safety set by the management of the

insurance company. Other components of the contract are seen in Table 2.1.

Component Value

Age of policyholder, ag | 30

n 80

161 (1) 0.0005 + 105-6+0-04:(t+a0)—10
fo1 (t) 0.9 - g, (t)

b(t) 1

r*(t) 0.015

r(t) 0.01 + r*(t) -4

Table 2.1: Components of insurance contract.

With this, we can project the statewise expected savings and surplus, and use these to

calculate several quantities of interest. In Figure 2.1 we have plotted X?, Y and the
X'(t)

expected payment stream given death,

Value

5
4
3
2
1
0

0

10

20

por0nvE e 02(0):

0

-1

-2

-3

-4

-5

30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Time Time
- FDB=0 -- FDB=0.21 — FDB=0.44

Figure 2.1: Savings, surplus and expected payment given death for different dividend strategies.
Dotted line: §’(t,x,y) = 0. Dashed line: §’(t,z,y) = 0.5¢" (t,z,y). Solid line: & (t,z,y) =

c(t,z,y)

As a consequence of the third order interest being lower than the first order interest,

the surplus contribution is negative for the first approximately 12 years. Using X'

and Y we calculate, the future discretionary benefits, the guaranteed benefits and the

future profits, see Table 2.2.
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dD(t) FDB GB FP

0-dC(t) 0.00 3.20 0.44
05-dC(t) | 0.21 3.20 0.23
1-dC(t) 0.44 3.20 0.00

Table 2.2: FDB, GB and FP for three different dividend strategies.

The result that more dividends allotted leads to less profit for the insurance company
is no surprise with this toy-box example, as it is only meant as an illustration of the
model framework and the results are easily obtained within that.

Geolocation Information

This paper was written in Copenhagen, Denmark.
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2.A Predictable Compensator of ]I{Z(t):i}Njk(s)
In this section we consider the FV-process given by
NZ?(S) = ]l{Z(t):i}Njk(S)

for s < t and fixed but arbitrary ¢ > 0 and ¢ € J. The stochastic process N is adapted
to the filtration given by F& := o{{Z(7)},<s, Z(t) = i}. Consider now the predictable
process

Pri(s,1)
pji(s,t)

A(8) = Lizm=iy Lz(s—)=j3 ik (S)

b

and define
Yo(s) :=nE [N/ (s + 1/n) — N{%(s)| Fi' .

If a few mild conditions are satisfied and

lim Y, (s) = A(s) a.s (2.A.1)

n— oo

then, by theorem 1 of Aven (1985), A(s) is the predictable compensator for
]\7,5]];(5) In order to establish (2.A.1), note that

n—oo

. o ik Nk Ft,i
lim Y, (s) = nlirgo Z_lnmP (Nt’i (s+1/n) — Ni;(s) m‘]-"s )

oo
= > m lim nP (N7¥(s + 1/n) = NE5(s) = m| 1)
n— 00 ’ 5

m=1
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as we have assumed that lim,,_,~ Y, (s) exists. The relation (2.2.1) implies that

tim 0P (N7%(s+ 1/m) — Ni¥(s) = m| F¥) = 0 for m > 1.
n— oo ? )
and therefore

lim Y,(s) = lim nP (N7%(s + 1/n) = N71(s) = 1 F1)

n—oo n—oo

= L (z=y Tim 0P (N (s +1/n) = N*(s) = 1] L)
= Uiz lim nP (Z(s+1/n) = k, Z(5) = j| ﬁ;ﬂ')
= U2y Lz(=yy lim nP (Z(s +1/n) = k| F21).
By the Markov property,
lim Y, (s) = Lizp=iy Liz(s)=5} nh_)ngo nP (Z(s+1/n)=k|Z(s) =34, Z(t) =1),

n—oo
) Pik(s, s+ 1/n)pri(s +1/n,t
= Liz@=ip1{z(s)=jy lim n= ( ]7/ji<)5>t)( [0
pki(37t)
pji(s;1)
pki(sat)
pji(s,t)

= Liz(n=iLiz(s=j 1" ()

Elzwy=iyLz(s )= 1" (5)

2.B Proof of Theorem 2.3.1

Proof of theorem 2.3.1. The proof consists of two steps. First, we derive an integral
equation for W* (t). Second, we differentiate this integral equation.

Assume that po;(0,s) > 0 for all s > 0. The general case where some states cannot be
reached by time s is considered at the end of the proof. Writing out Wi(t),

W (t) := Eo[W ()1 z()=i}]

t
= poi(0,t)wo + Eo [/ 1{Z(t)—z‘}dW(5)]
0

t
= poi (0, t)wo + Eg {/ ]l{Z(t):Z.}QZ(S)(s’ W(S))d8:|
0

+ Eo > Lzw=ah? TR (s, W (s—))dNF(s)
0 kik£Z(s—)

Based on the calculations in Section 2.A of the Appendix, note that

Eq [Njk(S) —/OSH{Z(T_):j}ujk(r)i’;g:g dr| Z(t) :i]

1 B Pki Tut ~t.1
=E {ﬂ{zm—i}f\”k(s)—/ Lizwy=iyLiz(r—)=j3 ik (T) ,,( )dT‘fé’]
0 pgz(Tat)

= 0.
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As h%(s7)k (5 W (s—)) is predictable, we may replace the integrator dN*(s) with its
predictable compensator. Using Fubini’s theorem and the tower property,

Wi(t) (2.B.1)

= 0.+ [ Bo [Eo [1z00-00" (5 (61205 s

t
$E (B | [ 30 Bamgh? M W (s-) N (5)]2(0)
0 kk£Z(s—)

t
= poi (0, t)wo +/ Z p0; (0, $)Eq [Lizm=iyg’ (s, W(s))|Z(s) = j] ds
0 jijer

t
S— i PEi S,t
+Eo / Z ]l{Z(t)zz'}hZ( )k(s,W(s—))ﬂ{z(s_):j}ﬂak(s) i )ds

0 kek#Z(s—) pji(s, )
t
— poi 0, £)wo + / S 003 (0,9)Bo [z 97 (5. W ()| Z(s) = ] ds
0 JigeET

' Z(s—)k 4 \DPEi(S,1)
4 / Bo| S Lgzmeqh?C (s, W(s—) | " (s) ds
0

kik#Z(s—) pji(s, )
t
= p()i((), t)’wo + / Z Poj (0, S)EO []l{Z(t):i}gj (8, W(s))|Z(s) = ]} ds (2.B.2)
0 JigeET
¢ ik 1 ik Pri(s, 1)
+ >0 Y poi(0,5)Eo [Liz)=yh?* (s, W (s=))|Z(s—) = j] (S)st
0 jjed kik#j pji(s,
(2.B.3)
Since W (s) is Fs-measurable, the Markov property gives us
. Vi(s)
Eo[Lizn=iyW(s)|Z(s) = j] = ——"pji(s. ). (2.B.4)
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Using that g and h are affine in W, and plugging (2.B.4) into (2.B.2)-(2.B.3) gives

W (t) = po: (0, t)wo +/o Z po; (0, 5) <9{(3) W7(s) +93(3)) pji(s,t)ds

Jiied Po;(0,5)

t . Wils .
—|—/0 Z poj(o,s) ( Z ujk(t)pki(s,t) (hjlk(s)poj(o(, i) + h%k(s)>) ds

J:jed k:k#j

= p0¢(0, t)'LU() + /0 Z pji(s, t)g{ (S)Wj(s)ds

JiJeET

+/0 D> wik®)pri(s, )W (s)hi* (s)ds

J:IET kik#j

[ 3 (091l s

JijeT

+/0 Z Po; (0, ) Z Mjk(t)pki(s,t)h%k(s)ds_

J:yed k:k#j

Differentiating with respect to ¢ gives

k:k#i

%Wi(t) = W ( Z pok (0, ) i () — prin (t)pOi(()’t))

+ GLOW (1) + poi 0. )gh (1)

+ 27 mal®) (R OWHE) + por (0,048 (1))
k:k#£i

-/ D5 il )l ()W (s)ds

t “
JJeET

+/o O S s, O (5) T ()

§IET kik#j

t
0 .
+/O 7 > p0;(0,5)g5(5)pji(s, t)ds

JijeT

+/0 % > p0j(0:5) D pik(B)prils, )hE* (s)ds.

J:jed k:k#j
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Using the Kolmogorov forward differential equations and recognizing W* and W?, we

arrive at
S (1) = g (1) + pos(0, )i (1)
+ 37 mal®) (R OWEE) + por(0,0hE' (1))
k:k#i
20 (W) — (WD)
k:k#£i

Combined with the initial condition
W¥(0) = Eo[L{z(0)=i1 W (0)] = 1{;—03wo,

we get the differential equations given by (2.3.1)-(2.3.4). For the case where some
state, ¢, cannot be reached before time s for s > 0, the product of intensities for all
paths from Z(0) into that state must be zero for all 7 when 7 < s, whereby W(s) = 0
and therefore the differential equations still hold. Thus the proof is complete. O

2.C Dynamics of X and Y

The dynamics of X are found in (2.4.2), and given by

dX (t) = r* ()X (t)dt + 6D (¢, X (t), Y (t))dt — b?D(t, X (t))dt

— Y bR, X (t-))dNF(t)
k:k#£Z(t—)

— S PR, X ()t

kik#Z (t—)

+ Y RECIRE X (t-)dM* (1),
k:k#Z(t—)

and the dynamics of Y are found in (2.4.3), and given by

dY (t) =r(t)Y (t)dt + dC(t) — 6% (¢, X (t), Y (t))dt

— > REFUDRE X (t-))dME(t).
k:k#Z(t—)

Assuming that the dividend functions 67 are affine, such that Theorem 2.3.1 can be
applied, implies that

o (t,x,y) = 6(t) + 63 (t)a + 63 (t)y.
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We are interested in the specification of g1, go, h1 and hy for which the differential
equation

WO = 3 (W (6) = iy (O (1))

J:j#
+ g (W (2) + poi 0, 1)gi ()
+ D7 st (B OV (@) + pos (0, k(1))

J:gFe

WH0) = 10 W(0),

determines

i [ XTOY _ (EX(OLz0)=p]
W= (W(t)) - <E[Y<t>n{z<t)2j}1> '

The functions g1, gg, h1 and hg are in the form

0= (100 50
o= o)
a0 =(20)
- ()

We want to find the twelve g and h functions that describe the dynamics of X and Y.
We separate the dynamics of X into the terms that are linear in X, linear in Y and
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those that are neither,
dX(t) = X(t—){ “(t)dt + 67 (t)dt

PR S ( AL T A (NI ()

Z(t—)x*
Ve (1) kkAZ(t—)

— > T war+ YT BRI w)dNt (1)

k:k£Z(t—) k:k£Z(t—)

- ek )

kik£Z(t—

+Y ()67 <t> (t)dt

V2 (=) (2 Z(t-)k k

+vZ<t » by V(t)dt+ Y by N ()ANF(t)
(t-) k:k#£Z(t—)

+ > " Pwdt— Y RIYTMwant )

k:k£Z(t—) k:k£Z(t—)

+ D, Rf“‘”“(t)ﬂ“‘)’“(t)dt)

k:k£Z(t—)

+07D@ydt — b7V (ydt - ST b7 TR ()dN" (1)

k:k#£Z(t—)

— > P+ YT BRI @)dNt (1)

k:k#Z(t—) k:k#Z(t—)

- > RITMop R,

kik#Z(t—)

These terms are then further separated into those that relate to the discrete and
continuous dynamics of X, providing us with ¢7,, ¢/, ¢2o, k1%, h3% and h7%

1 4 )
+V2j*(t)(—b%(t)— > = Y Ry )

kik#j kikj
Fho(t) = 1(t) = vl (t) = Y pif (1) = Y Rt
k:k#j k:k#j
VI (t)
+z*‘( PRS0 J'f)
L@ (t) ki kik+#£j
W0 = i (X R0 - X bgkm),
2 k:k#j k:k#j

his(t) = 0,
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- - ke VO (5 ;
EUESRAUED WEURE v OO AUED SEA0)]

k:k#j k:k#j k:k#j k:k#j
We carry out the same procedure for the dynamics of Y
dY (t) = r()Y (B)dt + (r(t) —r* ()X (O)dt + Y p?EF(E, X (1))dt
kik#Z (t—)
SR UREAONOREALGM0

— ) RZUDE X (t-))dN*(t)
k:k#Z(t—)

Y RPN X ()P (e
kik£Z(t—)

= X(t){r(t)dt —r*(t)dt — 670 (¢)dt

S R SR CLUVENS S

Z(t—)x*

Vi (t) \ jerotz(t-) keikA Z (t—)
bOY R e ) |
kik A Z (t—)

+Y @) (r(t)dt — 62D (t)at)

Vlz(t_)*(t—) Z(t—)k Z(t—)k k
R e > (hdt— Y R (t)dN*(t)
Vi (=) \ joktz(1—) kikAZ(t—)

bY R ar)
kik£Z(t—)

AN E A S (3 I S S YR
k:k#£Z(t—) k:k#Z(t—)

+ ) REEIF )y 2k (1) dt.

k:k#Z(t—)

Once again, we separate into the terms that are continuous and discrete providing us
R R R LR ik
with 92159225 Gy2s 3y, by and hy2

1 jk jk k
7 2 R2 J 9
tal 2 (t”k%j (0 <t>)
dh(t) = r(t) — 8 (2).
J - _ ‘/1‘7:*(t) Jk RI% () 7%
gy () W*<t>(kk¢f <t>+k£ on <t>)
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V2j*(t) kik#j
hég(t) =Y,
. Vi (t) : .
o) = L——=">" R*(t) - Y R{*().
V2 (t) kik#j k:k#j

We have essentially partitioned the dynamics of X and Y into twelve elements, and each
of these elements have an interpretational value which is straightforward to deduce.






Chapter 3

Efficient Projections

ABSTRACT

We consider projections of multi-state with-profit life insurance policies
where dividends are assumed to have a certain structure, giving access
to a system of differential equations that provide insurance quantities of
interest. These differential equations are computationally impractical in
situations where insurance risk and financial risk are not independent, which
are situations of particular interest due to the possibly severe combined
effect on the insurance portfolio. We propose to use a smaller system of
approximating differential equations, by reducing the state-space of the
insurance policy and the number of policies.

Keywords: With-Profit Insurance, Multi State Life Insurance, Lumping, Projections.
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3.1 Introduction

We define lumping in an insurance context, and propose to use lumping as a method to
reduce the state-space of a multi-state insurance policy, which also reduces the number
of calculations for a projection of a portfolio of with-profit insurance policies in a
simulated financial market. In line with the idea of lumping, we study how policies can
be combined into so-called modelpoints. We study the approximation error introduced
by lumping in a numerical example, where the calculations are performed on industry
applied software.

It is natural for insurance providers to incorporate a safety margin in their predictions
about elements that influence their liabilities. For that reason, insurance companies
charge an ample premium for their products with guaranteed benefits, but they make
an obligation to pay some of the hereby generated surplus back to the policyholder in
the form of dividends. An ordinary scheme is to use these dividends to buy additional
benefits. When such an agreement is made between the policyholder and the insurance
company, we call it an additional benefit with-profit life insurance policy. Along with
an interest for the principles of fairness governing the distribution of surplus, the
with-profit insurance policy and the dynamics of the surplus have been studied since
the first half of the twentieth century. This paper builds on the modern approaches as
seen in Mgller and Steffensen (2007), where the influence of financial risk on with-profit
insurance policies is studied in a Black-Scholes market.

There are many valuable insights to gain by studying the with-profit insurance in
a Black-Scholes market where closed form solutions are available. However, the
complexity needed by the life insurance industry to satisfy high demands on the
solvency of their business speaks in favor of using a simulation approach for the
estimation of liabilities. By calculating and averaging insurance quantities of interest
for thousands of simulated risk factors such as the short rate and transition intensities,
Monte Carlo estimates for the expectation of the insurance quantities are formed.
A simulation approach allows for great model complexity which helps to make the
model realistic. Separately and together, the paths of a simulated financial market and
their influence on the assets and liabilities of the insurance company can be analysed
to provide valuable information about financial risks. This information can aide the
management of the insurance company to construct reasonable investment strategies.

Modern legislation demands that insurance companies project their business into the
future, in order to prove that they are solvent and prudent. By actually making
a forecast of the business, otherwise inaccessible awareness about the influence of
management actions is gained. In order to form these projections, realistic developments
of the financial markets and transition intensities are essential, advocating for a
simulation approach.
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In Jensen (2016) the with-profit life insurance policy is studied for an arbitrary
simulated financial market, conditional on the state of the policy staying in its initial
state. Also for a simulated financial market, Jensen and Schomacker (2015) study the
with-profit insurance policy in a framework that allows for portfolio wide projections,
for a dividend strategy that may depend on the financial markets only. In a setting
with financial risk, Bacinello et al. (2018) introduce systematic insurance risk via a
stochastic mortality intensity which is assumed to be independent of the financial
market.

The outset of this paper is provided by Bruhn and Lollike (2021), who derive a system
of differential equations that describe the projections of the surplus and savings of an
additional benefits with-profit life insurance policy where both financial markets and
transition intensities are simulated and possibly dependent. The differential equations
from Bruhn and Lollike (2021) demand a dividend strategy that is affine in the reserves
that are projected. An equivalent system of differential equations are provided by
Ahmad et al. (2021), who also present a class of dividend strategies that lead to
particularly simple projections in the likes of Jensen and Schomacker (2015).

Just as simulation of the financial market is important to understand financial risks,
simulation of transition intensities is important to understand biometric risks, and
possibly how the two interact. Even with the ever increasing amount of computational
power at disposal of actuaries, the differential equations provided by Bruhn and Lollike
(2021) are infeasible for projecting entire portfolios of insurance policies, in particular
when both investment returns and transition intensities are stochastic. In this paper

we improve the feasibility through three contributions;

a) We provide a method to translate payments and transitions for an insurance
policy to another but similar insurance policy that lives on a smaller state space.
We denote this operation lumping.

b) Via lumping, we provide a system of differential equations smaller than the one
suggested by Bruhn and Lollike (2021) for projecting a portfolio of with-profit
insurance policies where some intensities are stochastic.

c¢) In the spirit of reducing the number of differential equations needed for projecting
an insurance portfolio, we specify how policies can be combined into so-called
modelpoints to further reduce the system of differential equations.

Contribution a) is purely theoretical, but provides us with a tool that we need in
order to formalise our main contribution, namely contribution b). Both contribution
b) and c) yield linear improvements in the computational run-time of projections, and
are in that regard equally useful. By reducing the number of differential equations
while maintaining a projection that incorporates stochastic intensities, we are striking
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a balance between the speed and accuracy of the projection, resulting in efficient
projections.

The paper is structured as follows. In Section 3.2 we establish the involved framework
of the with-profit insurance policy with stochastic transition intensities. In Section
3.3 we define the cash flow preserving lumping, and present some of its properties.
Section 3.4 is the cornerstone of the paper, as it is here we present contribution b)
and establish when the smaller system of differential equations describe an aggregated
version of the original system of differential equations. Section 3.5 introduces a method
to combine policies and determines when this can be done without any loss of accuracy.
Finally, we conduct a numerical study in Section 3.6, investigating the approximation
error introduced by lumping for a simple insurance policy, with calculations performed
on industry applied software.

3.2 Set-up

3.2.1 State Process and Financial Market

Let the process Z(t), denote the time-t state of a policy on a finite state space
J =0,....,J. The initial state of the policy is assumed to be known. Let

NR(t) .= #{s € (0,t] : Z(s—) # k, Z(s) = k},

be the counting process expressing the number of jumps of Z into state k. The
information about Z available at time ¢ is represented by the filtration 7, generated
by Z.

The with-profit insurance policy is through the surplus influenced by a financial
market consisting of a short rate and a vector of tradable assets. We do not impose any
restrictions on the dynamics of the financial market, allowing for great model complexity
which is the significant strength of the simulation approach. The information about
the financial market available at time ¢ is denoted F°.

As stated in the introduction, we want Z to be a stochastic Markov process with
stochastic intensities, often called a doubly stochastic Markov setting. The formal
arguments to construct such a Z process, start with the continuous sample path
stochastic intensities p;;. Using stochastic intensities, we employ Kolmogorovs forward
differential equations,

d
Epji(sa t) = ijk(sat),uki(t) — pji(s,t) par(t), pji(s,8) = Lg—jy,
ki

to construct the functions p;;(s,t), and one can show that these functions satisfy

pij(s,t) = P(Z(t) = j | Z(s) = 1),
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where Z is a stochastic process with intensities p;;. See Section 2.1 of Buchardt et al.
(2019) and their references to Jacobsen (2006) for the details of this construction. The
stochastic intensities form the best guess on the intensities of the state process and are
called the third-order intensities.

In relation to transitions, an insurance company faces two kinds of risk; unsystematic
and systematic. Unsystematic risk is the risk involved with transitions between states,
and with how closely the portfolio of policies behave like they are expected to, given
that the third-order intensities are the actual intensities of the state process. This type
of risk is not particularly worrisome, as a large portfolio of homogeneous policies will
behave like they are expected to, according to the law of large numbers. The systematic
risk is a more serious manner, as it concerns whether or not the transition intensities
actually describe the state process of the policies. If the wrong intensities are used
for the entire portfolio of insurance policies, it can have a disastrous impact on the
insurance company. It is therefore imperative that we understand the systematic risk,
and this insight can be gained by producing thousands of projections of the insurance
portfolio with simulated stochastic transition intensities.

There are multiple drivers of the systematic risk that influence the insurance provider
through stochastic transition intensities, for example medical advancements, pandemics
or political actions. Some of these transition intensities change due to biometric factors
purely, while others change due to differences in behaviour. Classically, a multi-state
policy has two options that can be exercised as long as the policy is premium paying.
The policyholder can choose to cease his premium, or to cancel his policy all together.
Ceasing premium payments is referred to as converting to free-policy. The free-policy
option has been studied in Buchardt and Mgller (2015) and for a with-profit policy in
Falden and Nyegaard (2021) and Ahmad et al. (2021). Upon cancellation of the policy,
the reserve is paid out to the policyholder, and this option is known as the surrender
option.

It is not unrealistic that some behavioural intensities depend on the financial market,
such as for instance the free-policy transition intensity — due to unemployment during
times of recession, there may be a higher number of policies that choose to exercise
their free-policy option. This particular type of market dependent systematic insurance
risk is related to the behaviour of the policyholder. The behavioural intensities are
of particular interest due to possibly hazardous combinations of effects. Imagine for
instance, in times of recession when the insurance company is losing money on the
financial markets, that the policyholders also have a higher tendency to surrender their
policy or exercise their free-policy option. Is such a combined effect of a recession
better or worse for the insurance company than if there is no market dependence? And
how should the management incorporate this information in their actions? In order
to answer these types of questions, we need to be able to study projections for state
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processes that depend on the financial market.

We assume that the intensities are F°-adapted, because we want the stochastic element
of the intensities to be driven by the financial market. Even for stochastic intensities
that do not depend on the financial market, we can define F° as the o-algebra generated
by an artificial market containing information about transition intensities as well as
the financial market.

In practice, the simulation of the financial market involves all sorts of assets, but for
the theoretical purposes of this paper, we use the short rate r(¢) as a proxy for the
return of a self-financing portfolio of tradable assets to ease readability. We use the
notation

Eo[ - ]=E[- | 7],
representing the expectation given the information about Z available at time zero,
which is the mean value of interest concerning projections.

3.2.2 With-profit Insurance

In this subsection we introduce the surplus and the savings account and specify how
the two parts combine to create a with-profit insurance policy.

The Savings Account

The ideas and notation of this subsection are inspired by Mgller and Steffensen (2007)
and Asmussen and Steffensen (2020). The with-profit life insurance policy consists of
a combination of two payment streams B; and By, with dynamics

dBi(t) =V ydt+ > b/ 0dNt ), i=1,2.
k:k£Z(t—)

The deterministic payment functions bg (t) and bg k(t) specify payments during sojourns
in state 7 and on transition from state j to state k, respectively. At initialisation
of the policy, the insured and insurance company agree on the B; payment stream
that is determined to be fair under the principle of equivalence, for a set of prudent
assumptions regarding interest and transition intensities. These prudent assumptions
are called the first-order or technical basis and they are independent of the financial
market. The first-order basis consists of an interest rate 7*(t), and a set of deterministic
transition intensities y17;(t). An asterisk is used to indicate first-order elements such as
the prospective technical reserves

‘/iZ(t)* —E* |:/ e N r*(v)dvdBi(S) ’ Z(t) )
t

The dynamics of Vl-Z(t)* depend on the financial market through the state process Z,

but for any fixed j we can calculate V" without any information about the financial
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market using Thieles differential equation.

In contrast to the prudent first-order basis, the policy also has a best guess on the
interest rate r(¢) and transition intensities p;;(¢) called the third-order basis or market
basis. It is exactly by simulating the third-order basis we can generate a realistic
evolution of the future, but we have to do this thousands of times to achieve the stable
averages that are our Monte Carlo estimators. Liabilities that are calculated for a
simulated third-order basis, is often referred to as stochastic liabilities, and Monte
Carlo estimates present a powerful tool to assess liabilities for models where analytical
solutions are unavailable.

If the first-order basis truly is prudent, a surplus is expected to develop. This surplus
belongs in part to the equity of the insurance company for taking a risk in guaranteeing
a payment stream, but mostly to the policyholder who financed the surplus. The surplus
is paid back to the policyholder in the form of dividends. The bonus scheme determines
how the dividends are turned into actual payments for the policyholder, and we are
fixed on the additional benefits bonus scheme. We denote by D(t) the accumulated
dividends at time ¢ and assume that it consists purely of continuous payments that
instantaneously are spent on buying more of the By payment stream. The additional
payment streams are also priced under the first-order basis, and, introducing the
process Q(t) to denote the quantity of By payment streams held by the policyholder
at time ¢, we have that

dD(t) = dQ(t)Vy V" (1),

with the convention Q(0) = 0. The policyholder experiences the combined payment
process

dB(t) = dB (t) + Q(t—)dBa(t).

The payment stream Bj is fixed, and can be thought of as containing premiums only,
but can in general contain both premiums and benefits. The payment stream B,
consists of bonus benefits, and to avoid a scenario where additional benefits has no
value, we require for By that it does not contain any negative benefits (premiums), and
that Va*(t) # 0 for all (t,k) € (0,n] x J. We can now construct the savings account
of the policy as

x(t) =76 + vy (1),

which corresponds to the present value of all future benefits less premiums guaranteed
at time t, or equivalently, the present value of all past premiums and dividends less
benefits compounded with the first-order interest. Using integration by parts we find
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the dynamics of X
dX (t) =dV;" " (1) + Qt—)dvy " (1) + Vi7" (1) dQ(t)
=r*(t) X (t)dt + dD(t) — b?D(t, X (t))dt
— > VIR X (-)ANFE) - D p? DR X (1))t

k£Z(t—) ik Z(t—)

+ Y REUDRE X (1=))dMF (),
k:k£Z(t—)

where

t
M"(t) =N*(t) — /O L z(s—) 2R}z (s—)k(5)ds,

b (t,2) =bi (1) + #b (t).
V(1) =0 (1) + ‘—/;1:)@) (1),
Pkt x) =plF(t) + = ‘_/Qxlz;(t) Py (1),
R*(t,x) =R} () + %ZJ”R;“ (),

for R{ F being the sum-at-risk on transition from j to k, given by
RI*(8) = b () + V() = V" (),

and p?* being the surplus risk contribution on transition from state j to k, given by
1" (1) = RIF(0) (31(8) — pyn(1))-

Note that dX (¢) is affine in X (¢) if and only if dD(t) is affine in X (¢). How the savings
account evolves, depends on the specification of the By and By payment stream, but
also on the amount of dividends received from the surplus.

The Surplus

The surplus is formed by the safety margin built into the first-order basis in the form
of prudent assumptions on interest and transition intensities. Dividends are financed
by the surplus, making it a major component of the with-profit insurance policy. The
surplus for a group of NV policies, indexed by prescript [, is defined as

N t
Y(t)=— (Z/O el A(,By (s) +,Q(s)  Ba(s)) +;X(t)> ,
=1
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corresponding to the sum over benefits less premiums compounded with the short
rate for all policies in the group. This definition of surplus for a group of policies, is
simply a sum over the individual surplus as defined by Bruhn and Lollike (2021) and
Asmussen and Steffensen (2020). The dynamics of Y are

dY (t) =r(t)Y (t)dt

+3 (d,Ct)—d, D)~ Y RECR X (t-))d, M) |, (3.2.1)
=1 k:k#,Z(t)

where

d,C(t) = (r(t) —r* () X(t)dt + Y p7 Ok, X(t))dt,
k#, Z(t)

is the surplus contribution rate for policy [, characterizing the payment stream from
policy [ to the surplus.

Projecting The Savings Account and Surplus

Our goal is to calculate expected future values of the savings account and surplus
which are retrospective reserves. Specifically, we want to calculate the probability
weighted state-wise savings account, often simply called the state-wise savings account,
defined as

(X' () = Eo[il X ()1, z(t)=1 ]
giving access to several quantities of interest such as the future discretionary benefits

F'DB = Eq [/ e Jo r(y)dyzQ(S)de(S)} ;
0

and the future guaranteed reserves

GY'(t) := Eqg [/n i "W (1B (s) +,Q(t)  Ba(s))

t

JZ(t) = @} .

Bruhn and Lollike (2021) consider a one-policy set-up and produce a system of forward
differential equations for the state-wise retrospective reserves, when the dividends
are affine in X and Y. Throughout this paper we assume that the dynamics of the
dividend process are affine in X and Y, as the linear relation is a necessity for the
projections to be described by the differential equations for the one-policy set-up from
Bruhn and Lollike (2021). A straightforward extension of the one-policy set-up is to
consider the projection of

o Eo[i X1, 2=y L, 2(0=3}]
W (t) = | Eob X ()1g zy=iy L, z0)=53] | »
EolY ()1, z()=i3L(,z(t)=4}]
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which can be calculated using the same forward differential equations as in the one-
policy case. However, increasing the number of policies quickly renders the method
impractical, as a system of more than (#.J)% differential equations has to be solved.
For a 7-state model, 8 policies already requires a system of more than 5 million
differential equations. The problem lies in the fact that the savings accounts are
dependent through the common surplus Y. Fortunately, there are tools at the disposal
of actuaries to mitigate the influence of unsystematic risk, simply by increasing the size
of the portfolio of homogeneous policies. Based on the law of large numbers, we can
average out the unsystematic risk carried by the surplus, if the portfolio of insurance
policies is sufficiently large. This method is also implemented by Ahmad et al. (2021),
using the same argumentation as Norberg (1991) and Mgller and Steffensen (2007).
To simplify notation, we define ;p;(t) = ;pi,:(0,t), where [y denotes the state of policy
[ at time 0. By replacing the stochastic processes in the dynamics (3.2.1) with their
state-wise expected values, we get the risk-diversified surplus with dynamics

dY (t) =r(t)Y (t)dt + ( Z > Xt

I=11€eJ
+ > wilt) (t, X0/ i) dt
k:k#1i
N . ~ .
- Z ()85 (0) + 50T (1)) + 01 (), X (1)d.
=1€J

Using the risk-diversified surplus, the individual savings accounts are, conditional
on F¥, independent of each other. We emphasize that it is only the unsystematic
insurance risk that is diversified — there is still a component of systematic insurance
risk influencing the surplus through the market-dependent transition intensities. By
using the risk-diversified surplus, we only need the dividends to be affine in X, but
for the sake of coherence with the non-risk-diversified surplus, we assume that the
dynamics of the dividend is given by

d,D(t) = ;677 () + 87 () X (8) + 1657 ()Y (1)) dt. (3.2.2)

Projecting a portfolio of independent policies is computationally much less demanding
than projecting a portfolio of policies that depend on the states of all other policies,
but it is still not feasible. As it forms the benchmark for projecting a portfolio of
with-profit insurance policies, we state the main theorem of Bruhn and Lollike (2021)
in a setting with the risk-diversified surplus and N policies.

Theorem 3.2.1. For a portfolio of with-profit insurance policies indexed by | with
dividend processes affine in the savings and surplus, the state-wise savings accounts

XU (t) = EolL{, z0=i} 1 X (1)),
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and the risk-diversified surplus Y, satisfy the system of differential equations

LX) = (s (0 X50) — salt) K1)
119F£]
g1 (1), X7 (8) + 1p; (£) 190 (1) + 1p; (1) 163 (H)Y ()
37 i @) (b () X7 (0) + i) 1 (1))
119F£]
d - . N
Y (1) =r(t)Y (1) - S pi) ()
I=1jeJ
~ N
- Y() Z Z 1p; () 105(t)
I=1jeJ
+Zleg £)+ X7 (1) 1] (1),
=1 j5€J
zpj Z thig () i (1) — gpgi(t) 10 (1),
1]
1 XH(0) =1 (5210} 1 %o,
}7(0) =Yo,

10 (0) =T g3,

where

9o (t) = 183(t) — bl (1) Z RIF( ) 15 ()

k:k#j
+ K—Eg (lb;‘ 0+ 3 lu;ku))
(0 r*<t>+l6{<t>lv2ﬁ( O+ 3 R i >)
() = VI (1) — lvlji(vtjjig*m
lh{k<t>—i‘é§:g§ 1
0= 3 0 - s 5 vt
() =(r(t) — 7 (6)) — 18 (8) + ﬁ > b

See Bruhn and Lollike (2021) for the proof, where obvious small modifications
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are relevant when projecting the risk-diversified surplus. In practice this system of
2 x N x #J + 1 differential equations has to be solved for thousands of realisations
of the financial market in order to form a stable Monte Carlo estimator. Note that
the calculation of ;py(t) needs to be done only once if the transition intensities are
independent of the financial market. If however, at least one intensity depends on
F7, then ;pi(t) has to be calculated for all k for each financial scenario. By means of
diversification we have greatly reduced the number of differential equations, but even
so, the computational task of projecting the portfolio of policies is still overwhelming
in practice due to the very large number of financial scenarios. To further reduce the
system, we can either reduce the number of states or the number of policies. In the
next section we propose a method for approximating reserves and benefits by reducing
the state space of the policy, revealing a gateway to reducing the number of differential
equations for the with-profit insurance policy.

To ease readability, we consider a single policy portfolio in the remainder of the paper,
except from Section 3.5.

3.3 Reducing the With-Profit Policy

In this section we look into the elements that make up a with-profit insurance policy,
and present a way to modify these elements such that they describe a different, but
similar insurance policy on a smaller state-space. The motivation for this reduction of
the state-space is to reduce the number of differential equations from Theorem 3.2.1.

Fundamentally, there are three parts of any multi-state insurance policy; a third-order
basis, a first-order basis and a payment process. The payment process accounts for
payments between the savings account and the policyholder as well as payments
between the savings account and the surplus. In addition, the initial distribution on
the state space of the state process is relevant, and assumed to be known. We want
to translate each of these parts to corresponding versions that describe a policy on a
smaller state space.

Reducing the number of states of a Markov process to produce another Markov process
is known within the statistical litterature as lumping. Originating in the work by
Kemeny and Snell (1976), the notion of lumping and lumpability has been studied
extensively in the statistical literature. However, the questions of statistical interest
are not of interest in regards to projections of insurance portfolios. Instead of asking
the statistically relevant question; how can we create a partition of the state space
that preserves Markovianity? We ask the question; which Markov process on a given
partition of the state space behaves most like the original process? Once the Markov
process has been found, we also have the further objective of defining a payment stream
on the lumped states that imitates the original payment stream. Due to the difference
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in interest, our definition of lumping is inherently embedded in the insurance domain
and vastly different to the one found in the statistical literature.

For convenience, we construct the smaller state space via a so-called reduction function.

Definition 3.3.1. A function R: J — J', is a Reduction Function if R is a surjection
of J on J' and
#J' < #J,

i.e. there are fewer states in J' than in J.

A reduction function is basically a look-up table, specifying which states of the non-
reduced state space J that should be grouped. To increase readability, we generally
use capital letters for the states of 7' and lower-case letters for the states of J. For
some G € J' define the inverse of R as

R™YG):={ie J|R() =G},
with the informal notation i € A & i € R71(A).

We define lumping as the operation of translating an insurance policy on the state space
J to the state space J’. There are many ways to perform the operation of lumping,
but for our purposes, a specific way of translating the elements of the insurance policy
is particularly useful. Given a group of states A, we propose to construct lumped
intensities and payments by creating a probability-weighted average of the intensities
and payments within the group.

Definition 3.3.2 (Cash Flow Preserving Lumping). Given a reduction function
R:J — J', a set of transition intensities [i;j, initial probabilities p;(0), intensities
wi; (t), sojourn payments h'(t) and payments on transitions h' (t), we define the lumped
watial probabilities, intensities, sojourn payments and payments on transition by

=> pi(0)

icl
,UIJ(t) pz ,Uz
Zke] Pr(s ;% ’
h'(s) = S sz W(s)+ > b (s)is(s) |
ker (s zGI jel
j#i
sz ZV%J )h' (s)
IJ(S) _ el JjeJ

STH()D nils)

iel jeJ
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respectively. The probability-weights p; solve the Kolmogorov differential equations

pi(0) =p;(0)
%ﬁi(t) — Zﬁk(t)ﬂm(t) — Di(t) ik (¢).
Py

We say that the lumping is constructed with respect to f[i;;.

The Cash Flow Preserving Lumping (CFPL) is basically a way to probability weigh
the benefits and transitions of the policy, where fi;; determine the weights. The initial
distribution and transition intensities between states of 7', can be thought of as
characterizing a state-process Z(t) that we assume to exist. If the transition intensities
of the non-lumped policy are Borel functions on bounded intervals, then the lumped
transition intensities will be Borel functions on bounded intervals, therefore making
Z (t) a Markov process. Heuristically, the elements of the lumped policy represents
the expected transition intensities and expected payments, given only the information
R(Z(t)). Note that the payment processes By, By and D all can be lumped using
Definition 3.3.2, which is the intended use of the definition. Importantly, we can
therefore construct lumped reserves, lumped savings accounts and lumped surpluses
simply by replacing the original insurance elements with their lumped counterparts.

Definition 3.3.2 may seem somewhat arbitrary, but there are certain appealing proper-
ties satisfied by this way of lumping the insurance policy. The relationship between
probabilities of the lumped policy and the non-lumped policy is simple and straightfor-
ward to interpret.

Lemma 3.3.3 (State-wise Probabilities). For the CFPL w.r.t p;;, the state-wise
probabilities of the lumped policy, are related to the state-wise probabilities of the
non-lumped policy in the following way

pi(t) = pi(t). (3.3.1)

i€l

See Appendix 3.A for the proof. This is a reasonable property to demand from a
lumping. Furthermore, the probability of transition between states of the lumped and
non-lumped model have a similar relation.

Lemma 3.3.4 (Transition Probabilities). For the CFPL w.r.t u;;, the transition
probabilities of the lumped policy, are related to the transition probabilities of the
non-lumped policy in the following way

pats) =3 % piit)) pis (£, 9)- (3.3.2)

t
icl jeg PI
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See Appendix 3.B for the proof. Apart from relations between probabilities of the
lumped and non-lumped policy, the expected payments for all states are also preserved.

Theorem 3.3.5 (Preservation of State-wise Cash Flow Contributions). For any
G C J', the CFPL w.r.t p;; preserves all state-wise contributions to the expected
accumulated payments

t
pi(0),i € j] =E [/0 1z 0eaydBT(s)| pr(0),1 € j/} ;

t
E {/ Lir(z(s))ecydB(s)
0

where Z is a Markov process with intensities pr; and initial distribution given by pr(0)
and BE is the Z-dependent payment stream given by lumping the payments in the B
payment stream with the reduction function R.

See Appendix 3.C for the proof.

Remark 3.3.6. Applying Theorem 3.3.5 to the total reduction R : J — 1, implies that
the expected total accumulated payments are preserved. This also means that the cash
flow is equal to the sojourn payment of the total lumping

S opi) | V) + D k() | =0T (1).

Jje€T k:k#j

Theorem 3.3.5 states that no matter how states are lumped, the group-wise contribution
to the aggregated payments are preserved. Apart from conservation of state-wise
accumulated payments it holds for the total lumping that the prospective reserve is
equal to the probability-weighted state-wise prospective reserves.

Lemma 3.3.7 (Total Reduction Reserve). For the CFPL w.r.t u;;, and the total
reduction function, R:J — 1,

VT(t) = Z pi(OVE(L).

Which is shown simply by noting that the initial conditions and differential equations
for the right- and left-hand side are identical — see Appendix 3.D for the derivation.
However, it does not in general hold that

Iy pi(t) \ i
14 (t) - — pJ(t)V (t)v

for any reduction function other than the total reduction, even though it may be a
close approximation. By using the cash flow preserving lumping, we get everything we
need to produce a with-profit insurance policy on the reduced state space, simply by
replacing the payments, intensities and reserves of Theorem 3.2.1, with their lumped
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counterpart. By replacing the insurance elements of Theorem 3.2.1 with their lumped
counterpart we get a system of differential equations for the lumped savings account X7
that we believe approximates the group-wise sum of the non-lumped savings accounts.
By projecting the lumped savings account we are losing accuracy, but we are also
reducing the computation time.

3.4 Lumping With-Profit Insurance

There is no way to exactly project the with-profit insurance portfolio of state-wise
savings accounts and surplus with market-dependent transition intensities, without
calculating the 2 x N x #J + 1 differential equations specified in Theorem 3.2.1. If
there are any market dependent intensities, all probabilities are market-dependent.
Our objective is to devise a smaller system of differential equations that describe
projections of quantities that carry much of the same information as the projections
of the full model. We believe that the approach suggested in this paper is a fairly
accurate approximation, but also note that there is no trade-off between accuracy and
speed that is optimal for all purposes. Faster, less accurate approaches than the one
proposed here definitely exist. Fundamentally we need to discard information in order
to reduce the system of differential equations, but there is some information that we
certainly do not want to discard.

The main contribution of this paper, is to provide the means to efficiently project a
with-profit insurance policy in a setting where the intensities between behavioural
groups of states are stochastic. Therefore, the advantage of lumping states, relies on
a partition of the state space satisfying the property that two states connected via a
stochastic intensity are in different groups. We call this a stochastically-separating
partition. With such a partition, we can reduce the number of differential equations
from Theorem 3.2.1 while maintaining a model with stochastic intensities. In order
to separate states that are connected via a stochastic intensity, the partition may
need to be the trivial partition, and even if there exists a non-trivial partition that
separates stochastically connected states, it may be hard to find. We do not dive into
the rabbit-hole of graph partitioning, but instead refer to the vast literature on the
subject, and assume that the stochastically-separating partition is given. See Buluc
et al. (2015) for a review of the recent literature on graph partitioning.

As stated in the last section, nothing stops us from using Theorem 3.2.1 with lumped
insurance elements to project a lumped savings account to produce an approximation of
the aggregated non-lumped savings accounts. In order to understand the gap between
the systems of differential equations generated by the original insurance elements,
and the ones generated by the lumped insurance elements, we provide an alternative
motivation in this section by presenting three assumptions for a with-profit insurance
policy that results in a smaller system of differential equations.
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3.4.1 Three Assumptions
Assumption One

The first assumption is the essential assumption, in the sense that it allows us to
translate individual state-wise savings accounts, to aggregated state-wise savings
accounts. We make this translation by equating the distribution of the value of the
savings accounts within groups of states, by their conditional probabilities,

pi(t)

Zje[ p;(t) el

If it does not hold, this assumption gives an approximate answer to the question: What

X7 =X foriel.

are the state-wise savings accounts of a policy for which we only know the state-wise
probabilities and aggregated savings account?

The information we are discarding is information that distinguishes savings accounts for
states in between groups from one another. We are however not discarding information
that in a probabilistic sense distinguishes states in between groups.

Assumption Two

The second assumption deals with the influence stochastic intensities have on all state-
wise probabilities, and the means to reduce the influence to groups of policies. Instead
of using the true market-dependent intensities y;;, we use some market-independent
intensities fi;; to calculate probabilities p;, and then project the reduced state space
insurance policy based on the assumption

Pi(t) _ pi(t) Pi(t)
pr(t)  pr(t) pr(t)

This idea is equivalent to the wrongful assumption that the state-wise group conditional

< pr(t) = pi(t).

probabilities are invariant to the financial market. Only in the special case of stochastic
intensities that influences all states in the group equally, the assumption is actually
true. There are several nuances to the choice of fi;;, and what properties it should
have, but in this paper we do not digress into the subject.

Assumption Three

Strictly speaking, Assumption Three is not necessary to reduce the number of differential
equations, but it allows us to use lumping to formulate a with-profit insurance policy
that we can project. Assumption Three is that

pi(t) hi(t 1 pi(t)
Z Vz* - VvQI*(t) ZGZI p](t)h (t)

for any set of deterministic functions h®. Here, V4 *(t) is the prospective first-order

reserve of the lumped insurance policy. Assumption One and Three are similar in the
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sense that they both provide relationships between reserves for groups of states and
individual states. Using Assumption Three, we do not need to know the value of the
state-wise prospective reserves to project the lumped savings account, but can suffice
with the lumped prospective reserves.

3.4.2 The Reduced Differential Equations

We can now apply Assumption One, Two and Three to the differential equations from
Theorem 3.2.1, to produce a smaller system of differential equations. To exhibit how
the assumptions alter the differential equations, consider the retrospective probability
weighted third-order reserve

t
0 (t) = By [ﬂ{zmzi} / T OB B(s)) | 2(0) = 0.
0

This reserve is of interest because it is equal to the state-wise savings account of a
policy that does not receive dividends. The differential equation for U?(t) reads

%Ui(t) =r"(OU(0) = pi(O (1) = D ps (Digs (DY (1)
i
) g (U () — pig (T (1),

g#i

involving the stochastic intensities pj;. Let a stochastically separating reduction
function R : 7 — J’ be given, and consider the differential equation for the group-wise
sum of probability weighted retrospective third-order reserves in J determined by
R. Since the partition of the state space is stochastically separating, all transition
intensities within groups of states are deterministic. We write the differential equation,
change the order of summation and apply Assumption Two to get

- Z U0 —ile) : 5 (t)) bt =D D iV (1)

i€l j#i
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:bi(t)
=) S0 - pr) S 2 ) + 3 1)
el el pr(t) jel
JFi

1 Zﬁj (t> Z /Lji(t)bji(t)
_ Zm(t) 0 Zﬁj(t)z,uﬂ(t) jeJ icl

p ° -
J#I JjedJ i€l B
- SO wi)
=pr(t) jed il
b7 (1)

i€l g#i
=r*(t) > U(t) — pr(t)b (t) = > ps(t)psr(t)” (1)
iel JAI
000D ma (T () = g (T (1),
i€l G#I geG

recognizing the lumped intensities and payments of the CFPL with respect to intensities
fi;5(t). This differential equation only differs in the Thiele term from the differential
equation for the corresponding lumped retrospective probability weighted third-order
reserve,

prid () =r* (1)U (t) — pr (b (t) = > ps()psr ()b (1)
J£I

+ ) nar (U (t) = pra (U (1).
G#I

Applying Assumption One and Two we get

el
= (1) ST — pr OV (1) — S pa (a1
icl JAI
D e U*(t) djer Ui(t) ~;
(OUI () =L — () =———U
" ;C;g%;ug " (t)ZkeG U*(t) Hig ) > ier U7(t) ©)
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G#I keG g€G i€l

LI IO OF nt
jel G#I i€l geG pr( ),

le;r(t)

revealing that if the initial conditions are the same, then

In other words, calculating ), ; U’ by means of Assumption One and Two is equivalent
to directly calculating the lumped counterpart U!. Including all three assumptions

gives us a lumped version of Theorem 3.2.1.

Theorem 3.4.1 (Lumped projection). Let a portfolio of with-profit insurance policies
indexed by I, and a reduction function R be given. Under Assumption One, Two and

Three, the aggregated state-wise savings accounts

X (t) = ZlXi<t)7

i€l
and the risk-diversified surplus Y, satisfy the system of differential equations

CXI =Y (s KO (), X7 0)

i
I:1#J

197 (0. X7 (8) + 10 (0) 197 (1) + 10 (£) 63 ()Y (1)

+ > s t) (107 (0 X0 + w1 () 18 (1))

I:1#£J
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%?(t} =r(OY () =Y > pa(t) 6 (1)
I=1JeJ’
Y)Y > palt) 63 (t)
I=1JeJ’
N o~
+ Z () e () +, X7 ()¢ (t),
=1 Jeg’
%IPJ(t) = Z g (8) pr(t) — g (t) 1ps(t),
I£J
1 X7 (0) =1gery 170,
Y (0) =y,

where

K:K#J
Vi (t .
P MO+ X R i )
1r2 K:K#J
* 1 *k
197 () =r (t)+l5i](t)—J—* b3 () + Z JRIF () i (1) ]
VJ*(t) VK*(t)
hJK(t) — VK*(t)—l 1 1'2 ,
R Vi (1)
VK*<t)
'1 () ZVQJ*(t) ’
VJ*(t)
O =3 Wl 0- s 3w,
K:K#J 1r2 K:K#J

) =) = () = O+ e S (),

ZVQJ* (t) K:K#J

are given by the lumped intensities and payments of Definition 3.3.2.

See Appendix 3.E for the proof. Denote by X! (t) the state-wise savings account of
the lumped insurance policy. Theorem 3.4.1 states that if Assumptions One, Two and
Three are satisfied, the lumped state-wise savings account is equal to the sum over the

non-lumped state-wise savings account i.e.
X1(t) = X1).

Assumption One, Two and Three are probably not satisfied for most practically relevant

insurance policies, but regardless of the assumptions being true or not, we can use the
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differential equations for the lumped savings account to produce an approximation of
X1(t).

Remark 3.4.2. Assumption One, Two and Three are sufficient conditions to ensure

X'ty =Y X'(t) (3.4.1)
iel
but they are not necessary. For the total lumping, with deterministic intensities and
D(t) =0, (3.4.1) is also satisfied. There are also other special cases where (3.4.1) holds,
as we show in Section 3.4.3.

Apart from the fulfillment of the three assumptions, there are other conditions under
which (3.4.1) is satisfied when X (t) is calculated using Theorem 3.4.1, and in the
next section we examine these conditions.

3.4.3 Deterministic Intensities and The Single-State Projection

In the special case of deterministic intensities, all probabilities appearing in Theorem
3.2.1 can be calculated once and reused for each financial scenario. In that case, the
projection is only influenced by the financial market through the dividends and rate
of return on the surplus. Based on the suggestion to partition the state space such
that states that are connected via a stochastic intensity are in different groups, we
examine the lumping to one state, since a stochastically separating partition in this
case is given by R: J — 1.

As shown by Ahmad et al. (2021), a certain class of dividend strategies imply F>°-
adapted @) processes, which leads to significant computational simplifications. We show
that the same class of dividend strategies implies that there is no error introduced by
lumping to one state. For the particular class of dividend strategies in the form
dD(t) = o)V D () = 5, )V D (1) + (1) X (2), (3.4.2)

~~ e
55 (1) 57 (1)

we see that
dQ(t) = do(t) + 01 (1) Q(1),

in which case X’ can be calculated directly by the relation

X'(t) = pi(D)(QOVE™ (1) + Vi™(1)).

We now pose the question; given a dividend strategy in the form (3.4.2), how big an
error is introduced by lumping to one state? By lumping to one state, the dividend
according to Definition 3.3.2 becomes

S5 (1) = do(t)V5* (t)pi(t) — o1 (t)pi (L) V™ (1)
ieJ
31 (t) =61 (t).
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For
Vi) = i)V (),
eJ

X(®) -V (1)

the lumped @ process, which by Lemma 3.3.7 is given by QX (¢) = 0

, has
dynamics

i dics Var(t)pi(t)
=do(t) + QL (1)d1 (1),

implying that QL (t) = Q(t). What we have shown, is that for dividends in the form
(3.4.2), the lumped savings account is equal to the sum of the individual savings

accounts,

S X =Q) Y pi Ve (1) + Y mOVit(t) = X(8).
ieJ i€ ieT

Futhermore, lumping does not introduce any error in the calculation of FDB

FDB
_ /n e JSr(wvydv Z X (t)/];;(li)(t; Vli* (t)pi(t) bz(t) + Z 113 (t)bij (t) dt
0 ieJ 2 jiii
:/n el Q) pi(t) | (1) + Y i ()Y (E) | dt
0 ieJ jijAi
_ /n o fot T(V)dl/%(t‘/)?(t) sz(t) bz(t) + Z i (t)b” (t) dt.
0 2 ieJ juii

The natural presumption to make, is that dividends that approximately are in the form
(3.4.2), lead to small errors on the calculation of FDB and the lumped savings account.
Given dividend functions §} and 6%, they are approximately in the form (3.4.2) if there
exists state-independent functions 50 and 51 such that

A O R (R O ) N T

do(t) ~
: ZR0)

Conversely, given dividend functions &) and %, we can construct o and 0, to satisfy
this approximation via e.g.

5o(t) = dicT pi(t)‘ségi (;)VlT*(t)Sl (t)7

ou(t) =D pilt)Si (D),

(ASVA

and thereby create a strategy satisfying (3.4.2) that approximates the strategy given
by 8} and 4}.
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3.5 Model Points

The ultimate goal of lumping the with-profit life insurance policy, is to reduce the
computation time for a projection of a portfolio of policies. So, in the system of
2 x N x #J + 1 differential equations from Theorem 3.2.1, we have focused on
decreasing #.J. The approach of this section is to decrease N by combining policies
into so-called model points. We present a method to reduce the number of calculations
for a particular class of insurance policies where dividends proportional to the savings
account are invariant to the policy. The central idea is to calculate the proportion
between savings accounts for different policies and realize that it is invariant to the
dividend strategy, implying that it can be reused for all financial scenarios.

Given ;X ;(0) for i € J, representing a group of policies I = 1...N experiencing the same
intensities and X-proportional dividends, 6%, consider the system of linear differential
equations

% WX (1) = pab (t) 4 ad (t) o X (t) + 0% (t, we) n Xi(t)
+ )it we) X 5(8) = g (t, wp) X (1),
ji

representing the state-wise expected savings accounts for policy k, ignoring payments
on transition to simplify notation. We have used the parameter w; to highlight which
elements of the differential equation that depend on the financial market at time ¢. The
parameter can be thought of as a vector of prices of financial assets at time ¢ which
influence the insurance managements decisions in regards to allocation of dividends,
as well as the financial assets that influence the behaviour of the policyholders and
thereby also the transition intensities between behavioural groups of states. Define the
ratio

RF(t) := k)z—i(f),
" Sy Xa()

representing the policy-k-proportion of the total savings accounts for state i. Note that

d
%Ri (t)

YL X0 g X)X &
(Zz]\iuj(i(t)) (Zl]i”f(i(t

Q)

X
)
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S X))

and that this does not depend on 6%. However, the ratios depend on the financial
market through the stochastic intensities. By substituting the stochastic intensities
pij with deterministic intensities p; from the first-order basis, we can approximate
R with the deterministic RE*.

To put these ratios to use, we can calculate Rf*(t) once, and then calculate the helpful
quantities

With b}, and b% in hand, we can approximate v, X;(t) for different realisations of
the financial market using the system of differential equations

X () =t (1) + K WOBL (1) + 61 (1,00 K50
+ 3 it wn) X5 (t) — g (tw) X2 (1), (3.5.1)
JF#i

N
XF(0)=> ", X,(0). (3.5.2)
=1
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Note that for dD(t) = 0, the first-order state-wise savings accounts are equal to the
probability weighted retrospective reserves

Eoi X () 1Liz0)=iy) = 1p; () UE(®),

which are equal to the probability weighted prospective reserves under the principle of
equivalence. This implies that

Rf*t _ kp;k(t)kvzl*(t) :
" Z{ilzpf(t)lvﬁ*(t)

providing the means to calculate RF*(t) from the probability weighted prospective
reserves which commonly are available to the insurance company. If the transition
intensities p;; are deterministic, we do not have to rely on an approximation of the
ratios, and can calculate them as

Rf £ = kpi(t)kvli(t? ’
" Zi\;lzpi(t)zvﬁ(t)

where the probabilities and prospective reserves are determined on the third-order
basis.

The ratios are invariant to dividends linear in the savings account, they are however
not invariant to dividends that are not linear in the savings account. Recall the
form of the dividends from (3.2.2), where §} accounts for the dividends that are
not linear in the savings account. If ) does not depend on the financial market,
which for instance is the case for dD(t) = q(t)dC(t) where ¢ is some deterministic
function, then it can be included as an additional premium to form the payment stream
dB1(t) = dB () + 502 ®) (t)dt with corresponding reserves YZZ(t)*(t). The ratios between
savings accounts of different policies in the same state can then be calculated as

R (t) = kpj<t)k‘7zli<t) '
g YLy () Vi)

In this section we have presented a way to reduce the number of differential equations

from Theorem 3.2.1 and 3.4.1 by combining policies into so-called modelpoints. In a
setting where only the dividends that are proportional to the savings account depend
on the financial market, and the third-order transition intensities are deterministic, the
modelpoint differential equations (3.5.1)-(3.5.2) are equal to the accumulated state-wise
savings account for a group of policies.

3.6 Numerical Example

In this section we examine the loss in precision when projecting a lumped with-profit
insurance policy, in a setting where all transition intensities are deterministic. The
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calculations are performed on the industry implemented software product PROBABLI
provided by Edlund A /S. How well the approximation performs for stochastic intensities,
depends on the specific way in which the intensities depend on the financial market,
and the accuracy of the surrogate intensities fi;;, which is a study we do not pursue
here.

We showcase characteristics for four different dividends given by the combinations of
dD(t) = +£0.5dC,(t) £ 0.5dC, (1),
where

AC, (1) = (r(t) — " (£) X (t)dt,

dCy(t) = Z RZ(t)k(th(t))(:u*Z(t)k(t) — Hz)k(t))dt.
J#Z(t)

These dividends have an aspect for both insurance risk and interest risk. Realistically,
dividends cannot be taken from the policyholder, but the purpose of the different divi-
dends is not to mimic the real world, but rather to demonstrate how the approximation
performs for different kinds of dividends.

We consider a single with-profit insurance policy with a disability annuity of 80.000
per year while disabled until retirement at age 65, as well as a life annuity of 100.000
per year while active or disabled, commencing at retirement. The state space of the
policy is depicted in Figure 3.1.

0, Active Ho1

N\ /

Ho2 H12

N/

2, Dead

1, Disabled

'\

Figure 3.1: State space of insurance policy

Both benefits are scaled with bonus. The policyholder is 50 years old and active at
time t = 0, and all premiums have been paid by ¢ = 0. The technical basis consists of

the elements

r*(t) =0.02,

0.85
* t) = - (0.0006 104.71609—10+0.06~(50+t)



62 CHAPTER 3. ANDERSEN & LOLLIKE (2021)

as well as a force of mortality, ujy = iy, equal to the 2016 mortality benchmark
published by the Danish FSA — see Finanstilsynet.dk, 2019. The third-order basis is
determined by

r(t) =0.03,
po1(t) =ppy (¢) - 0.7,

and a force of mortality equal to the first-order mortality. We let Q(0) = 0 and let
all benefits be scaled by bonus, implying that V3*(t) = V{*(t). The four different
dividends in the three state model are given in Table 3.1

dD(t) Positive in transition risk | Negative in transition risk
Positive in interest risk | 0.5dC,(t)dt + 0.5dC,(t) 0.5dC,(t)dt — 0.5dC,,(t)
Negative in interest risk | —0.5dC,(t)dt + 0.5dC,(t) | —0.5dC,(t)dt — 0.5dC,(t)

Table 3.1: Overview over the four different dividend strategies

The dividends correspond to the d-functions

&9t =0, 629 =0

ST () = £(r(t) = (1) £ L (z)=0) (Kzoég - 1) (161(8) = por (8)).

A major motivator for projecting with-profit insurance policies, is the calculation of fu-
ture discretionary benefits, which is why we measure the accuracy of the approximation
in terms of differences in the FDB cash flow, defined by

Chpp(ty =3 XU =V, ) (1) + 3 i (o) |

ieJ 2 jiji
X(t) — Vi(t ; y
Chos®) =D S ) (00 + 3 s o))
2 ieJ Giji

representing the expected amount of additional benefits received by the policyholder
at time ¢, for the three- and one state models respectively. Since we are considering a
single policy only, we do not pay attention to the diversified surplus, as the surplus
provides insignificant additional information. In Figure 3.2 we have plotted CLp 5 and

3
CFDB'
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dD(t)=0.5dC_r(t)+0.5dC_mu(t) dD(t)=0.5dC_r(t)-0.5dC_mu(t)
35.000 35.000
30.000 30.000
25.000 ,’/ 25.000
7/
20.000 y rd 20.000 /
p /
15.000 ] 15.000 /
10.000 l 10.000 1
1 [}
5.000 1 5.000 ]
S - — - - - - —— _—/ = o =
135 7 9111315171921 232527293133 35373941434547495153555759616365676971 13 5 7 9111315171921 23252729 3133353739414345474951535557596163656769 71
-5.000 -5.000
e BenefitsLessPremiumsFDB 3-state BenefitsLessPremiumsFDB 1-state e BenefitsLessPremiumsFDB 3-state BenefitsLessPremiumsFDB 1-state
dD(t)=-0.5dC_r(t)+0.5dC_mu(t) dD(t)=-0.5dC_r(t)-0.5dC_mu(t)
——— ——— - SR [ ——
1357911 o 171921 232527293133353739414345474951 557 59 61 63 65 67 69 71 1357 9HN171921232527293133353739&14345474951 55759 6163 6567 69 71
1
-5.000 ] -5.000
1
-10.000 | -10.000
1
-15.000 -15.000
-20.000 -20.000
-25.000 -25.000
e BenefitsLessPremiumsFDB 3-state BenefitsLessPremiumsFDB 1-state e BenefitsLessPremiumsFDB 3-state BenefitsLessPremiumsFDB 1-state

Figure 3.2: Crpg(t) calculated in the three- and one state models.

The first thing to notice is that there is almost no visual difference between calculating
in the full three state model, and the lumped one state model. Furthermore, the interest
risk constitutes a much larger part of the surplus contribution than the transition
risk, this might be different for a different policy with e.g. a large life assurance. To
highlight the dissimilarity, we plot CLpg(t) — C3pp(t) in Figure 3.3, showing how
much the one state model overestimates the future discretionary benefits.

1-state minus 3-state, dD(t)=0.5dC_r(t)+0.5dC_mu(t) 1-state minus 3-state, dD(t)=0.5dC_r(t)-0.5dC_mu(t)
300 300
250 250
200
200
150
150
100
100
50
50
1357 13 1§17 1921232527 29313335373941434547495153555759616365676971
-50
135 7 911131517192123252729313335373941434547495153555759616365676971
50 -100
e Diff FDB cash flow e Diff FDB cash flow
1-state minus 3-state, dD(t)=-0.5dC_r(t)+0.5dC_mu(t) 1-state minus 3-state, dD(t)=-0.5dC_r(t)-0.5dC_mu(t)
60 60
40 40
20 20
20 13579111315 1 23 25 27 29 31 33 35 37 39 41 43 45 47 49 51 53 55 #7 59 61 63 65 67 69 71 20 7 29 31 33 35 37 39 41 43 45 47 49 51 53 55 59 61 63 65 67 69 71
-40 -40
-60 -60
-80 -80
-100 -100
-120 =120
140 140
e Diff FDB cash flow e Diff FDB cash flow

Figure 3.3: Difference in Crpg(t) between the three- and one state models.
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During the first 15 years there can only be benefits from the disabled state, and for
the two plots to the left C'rpp is overestimated in the one-state model which implies
that . -

X(t)/pi(t) X(t)
Vi (t) Po()VR*(t) + pr () Ve (t)

It is not obvious why this is the case — the denominator is largest on the left hand side,

but so is the numerator. In order for the policy to receive benefits for ¢ < 15 in the
three state model, it has to transition to the disabled state, whereas no transition is
required (or possible) in the one state model. Furthermore, once the transition to the
disabled state has been made in the three state model, dC),(t) = 0 and therefore fewer
dividends are allotted in absolute value.

After 15 years, we see a jump in the difference because the life annuity benefit
commences and the disability pension terminates. The sign of the difference at ¢t = 15
is dictated by which of X°(t)/po(t) + X' (t)/p1(t) and X (t) is larger, since the benefits
and the prospective reserves in both the non-dead states are identical. This mechanism
compensates for the approximation error during the first 15 years, since larger benefits
imply smaller savings and vice versa. In all four cases, the error at ¢ = 15 is small but
the absolute error increases, mostly due to the part of the dividend relating to the
interest risk.

For a simple policy, we have demonstrated that the approximation error introduced by
lumping a three state model to a one state model is small. The performance of the
approximation is highly dependent on the specific policy, and our numerical results
should be seen in that light. For a large group of policies, some approximation errors
will accumulate, while others will cancel each other out — again, this is highly dependent
on the specific portfolio and dividend strategy.
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3.A Proof of Lemma 3.3.3

Proof. By definition,

=Y pi(0)

icl
and so it only remains to prove that the derivatives coincide. By the Kolmogorov
forward equations

%pl(t} = =pr®)pr() + Y prOpxr(t), (3.A.1)
K#I

and

%Zpi = (—pilt)par(t) + pr(t)pri(t)) -

iel i€l ki

Note that for k, k' € I and k # k' the contribution to the total sum only relates
transitions out of I, as

Pr () pkr (8) — prr () paer (1) + prr () piaer () — P (B poer () = 0,

and so

%Zp"(t) = Z Z Z Pr () ki (1) — pi () pan ().

iel iel K+ keK

Dividing and multiplying by > ., pi(t) and >, x px(t) yields

d
EZPZ( sz ZZZ Zze[ Z() pa(t)

i€l el K#I i€l keK
£33 m0) 30D (D)
K1 kek keK iel ZekeK re Pr(t
This differential equation is identical to (3.A.1). O

3.B Proof of Lemma 3.3.4

Proof. Trivially,

pi(t)
pry(t,t) = Z Zt 3 (t,1).

el jeJ

The Kolmogorov-Chapman equations state that

ps(s) = > pu®)pus(t,s), (3.B.1)
MeJ’



66 CHAPTER 3. ANDERSEN & LOLLIKE (2021)

which comprises a system of #.7’ equations with #.7" unknowns, for any given ¢ < s.
By the Kolmogorv forward equations, and the Kolmogorov-Chapman equations

ipJ ij

—zz( >+pk<s>ukj<s>)

jeJ k#j

—zzz( P (0, )) + P00, ) )
€T j€J k#j

=333y (pl(())plm(o,t)pmk(taS)Nk:j(s))

meJ €T jET k#j

- TSm0t u9). 3B2)
mEJT €T jEJ k#j
providing us with an expression for the LHS of (3.B.1). We now guess that
pi t)
(t,
) = 3 A,
i€l jEJ

and set out to verify that the resulting RHS of (3.B.1), equals (3.B.2). Note that,
using our guess,

ipJ ZPM Zzpmipmjts)

MEJ’ mGMJEJ

:dis > 3 Y paltpms(t9)

MeJ' meM jeJ
d
=== 2 D Pm(Opm;(t,s).
meJ jed

We see that indeed

> Sl g put)

meJ’ jeJ

=D (@) [ D =Pt )1tk (5) + Prak (8, 5) s (5)

meJ jeJ k#j

- Z ZZ < ()P (t, $) 1 (8) 4 P ()P (¢, S)Mkj(s))

meJ jeJ k#j

- Z ZZZ < 0)pim (0, 8)pm; (¢, )1k (s )"’pl(o)plm(o,t)pmk(t,S),ukj(s)>,

meJleTJ jeJ k#j

thus confirming that

pi(t)
pry(t,s) = Z Zt

el jGJ
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3.C Proof of Theorem 3.3.5

Proof. Since

0
260 =E | [ LnczopecraBs)| m0)i € 7]

0
R

we simply have to prove that the derivatives coincide. Note that

d

() = I{r@ecypilt )+ )b ()i (1) |
ieJ Je;éj
FE=)

and

-%R =Y Ageapr® | V(0 + D b () (t)

Ieg’ JeJ’
JEI

By definition of b’,b7!, s and the fact that pr(t) =3 .., pi(t) we get
el

S palt) | () + 30 (6 (1)

el jif
G(t) =) pHt] -
IeZG pHT)

S pilt) 3 iy (069 (1)

pr(0),I € J/} = AE(0),

-2 PSS ST T

I1€G J£I icl jeJ
iel jeJ
=)D i) | V() 4+ Db ()i (1)
I1€G i€l jerI
JFi

S0 S sy (69 (1)
4 1€l jEJ

= Z sz‘(t)bi (t)

IeG iel

67
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S S b )+ 3 S w0 s (040

I1eG | i€l jel J#I iel jedJ
J#i
=: &
Note that
ij
&= §§pz Nzg +§§§pzb ,Uzg)
el jeI J#I i€l jeJ
j#i N -~ .
~ ~~ - Expected transition
Expected transition payments out of I
payments within [
= E E i sz t).
el ].6\7
J#i
Thus

—AR =D pilt) | B8+ Y b ()it

IeG el jedJ
Jj#i
1,_] d
— Z ]l{R(z GG}pz + Z b ,uzj — %AG(t)
ieJ JjeET

J#i

3.D Proof of Lemma 3.3.7

By Thieles differential equation

S LV =r S pViE) — Xm0

e i€ i
- Z pi(£) pir ()™ ()
eJ
=D i) pan(t = V(1)
ieJ k#i
+> Vv (Z Pr(t)pri(t) = pit) > pin (t))
ieJ ki k#i
=r Z pl VZ Z pz bl
eJ eJ
- Z pi () pir ()™ ()

ieJ
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= P OVEE) + D o)k () V(2)

€T k#i 1€ k#i
=0
=T ZPZ HV(t (Z pi()b'(t) + sz‘ () i (t)bik(t))
€T . €T €T .

—bT (1)

The differential equation for the single-state reserve V7' reads

d
EVT( ) =rVT(t) — b (s).

As the terminal conditions are identical V7' (n) =0 = 3,. ; pi(n)V*(n), we conclude

that
=D Vi

3.E Proof of Theorem 3.4.1

Disregarding policy indices, the differential equation %X J(t) from Theorem 3.2.1 can
be composed into 11 terms:

p A, X (gl), %%@w, ﬁ%%@ (3E.1)

pi PR (), i ()X ()R (2), uij(t)éjfz))h' (t), (3.E.2)

ww%%wm, uOX0), X0, pEOT ()
(3.E.3)

for i € J, i # j. We simply have to show that aggregating the terms (3.E.1)-(3.E.3)
amounts to the terms from Theorem 3.4.1. Writing » .. ; & 4 X7 (t) using the terms
(3.E.1)-(3.E.3) we have

> X0

:Z{mmmHXWM@+“@¢@+7@£m

JjeJ

irit]

) i
£ 37 i (O (0 + iy (07 ()
2 Lk Vi)
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+ Z i (t — pyi(t )Xj(t)

(2]

+p; (1) (t)f/(t)}

=2 { pi (g3 (1) + i (&Y (1) + X7 ()91 (1)
jedJ
pit) o X
+@@mww%mﬂ
+ ) i (Opi(t)hg (1)
JEJ ity
+ 30> X )R ()
JET iritj
+D 0> ()X () — (D)X (1)

JeJ ii#£yg

+ Z Z 1.7 Vz*tl)f (t)

JjeJ ii#yg

(1)
+ Z Z iz (t V2z* (t) (t)

jeJ ivi#g

Noting that payments on transition between states can be split into two types; transi-
tions within J and transitions out of J we rewrite the sums

-y { PG + DT () + X (01

jeJ
pit) X
+ wgz(t) + ng*(t)gg(t)}

YD i Opi G ) + )0 Y i (t)pit)hg (t)

jeJ iiJ I£J jeJ i€l
+ Z Z 'uw Xz hz] + Z Z Z MZ] Xz hz] )
JjeJ zEJ 1#J jeJ iel
+) Z g (D) X (t) = s (8) X7 (1)
jedJ zEJ
+ZZZW — ()X (1)
1#J jeJ iel
)OS i) h” O+ D3> i hid (t)
jeJed 1#J jeJ iel

i#]
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i(t) ) i
+ZZ“W t +ZZZ i ( a0 h3 ()

jeJied 1#J jeJ iel
i#]

Applying Lemma 3.3.3 and Assumption Two gives

> PG (t) + Y (1) + > pai (H)pi(t)hg (1)

J ieJ
7€ i)

- l
=pi(1) ) s~ 5y | @ 5,0 (8) + > mig ()i (¢
jeJ ke P(t icJ

i#]
. 5 (t
T Y (@) p;(t) 53 (t)

=ps()g” () + s (B)Y (£)3 (1),

where Definition 3.3.2 has been applied for the sojourn payments gg and the payments
on transition hj as well as the dividends 3. Similarly, by changing the order of
summation, and using Assumption One and Two we get

DX+ Y p)X (R (1)

jed jeJied

17#]

=2 XMl (t)+ D> )X (W' (1)
JET jeJied
i#]

where Definition 3.3.2 has been applied for the sojourn payments g{ and the payments
on transition h}. The same principles are applied to the terms that are proportional

. 1 .
in VD) to achieve

() h”(t)

§ VJ* E /~Lz] pz V]*

jed 5 (1) ieJ (t)
i#£]

_ ) [0, B0
PO w5
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and

> X (t)ﬁ +) i (HX() h’g.j ®)

je V3 (t) ics Vi*(t)

R 50 ([ g N

"L s e TS
i2]

Applying Assumption Three gives

Bt | g N0
pwézwmw@w+zww-

i#]
ps(t)
t
V()7 ()
and
B ~ J Je
S Xk 20 @ gf?*(t) + > nit) hi’*(t)
keJ jeJ Zke]pk V3" (1) icJ V5™ (t)
i#j
> res XF () p;(t) j i
: = g3(t) + ) psi(t)h3'(t)
0 2 S |0 20
i#]
ps(t) Tk
=3 (t) ) X(t)
EROLAPY
Note that
I ITUESIORS 3) U
jeJiedJ jeJied
i#] i#]
We now consider the aggregation of payments between groups of states that are not
proportional to X* or VM( ok multiply with %zz %2 ?Egﬁjzj E:; and apply Assumption
two,
DD 0> nmit)pit)hg (¢)
I#J jeJ i€l

Z > Bi(O)pig(Hhg (¢)

JEJ i€l
_ i
;, Zkg Pr(t jze;, ; ! SN Bty (t)

jeJ iel
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= Zpl(t)ﬁbfj(t)héj(t)~
I#J
We carry on with the remaining transitions between groups of states, and apply
Assumption one when the terms are proportional in X* and Assumption Three when

the terms are proportional in We get

Vl* (t)

DD )X ()R (t)

I£J jeJ il
Z > Bi(t) i (1Y (1)

_ Xk y jEJ iel
22 X Zk 1 Pr(t ;;# O bt (t)

I+£J kel
jEJT i€l
=Y O ()Y X1
I#£J kel
and
h” (t)
;%;um PO Ty
W (t
ZZP 0 G
,;, zkgm ZZ“ > B t)
jeJiel
hIJ(t)
_;pf ey (t >VI*(t)
and
D
3] X 1%
22 2 X Oy
h” t
Z]sz g (t ((t)>
_ Xk i ]E iel
;; " Zk 1Pt %;H SO Bilthpas(t)
jEJ i€l
:Z,UIJ( h”i ZXk
I#£J keI
and
ZZZMU XZ — it )X(t)
I£J jeJ iel
_ vk B ﬁi(t) i i -k 3 ﬁj(t)
_;;;;X (t)lu’lj(t) Zke[ﬁk(t)x (t) ];X (t):ujl(t) Zkejﬁk(t)
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Yk O
2 N ) z“pm

I#J kel jeJ iel
i (1)
-y Xkt i) =
l;I ;%; Zk ka( )
- Z (“”(t) ZXk(t) - ZXk(t)NJI(t)> -
I#J kel kel

Using analogous calculations for %?(t) and applying Lemma 3.3.3 shows that the
differential equations in Theorem 3.4.1 indeed are the differential equations for the
aggregated state-wise savings account.



Chapter 4

Moment Closure for FV-processes using

Moment-generating Functions

ABSTRACT

Understanding stochastic processes by calculating their moments, is a rel-
evant task for an unfathomable number of real-world applications. For finite
variation processes with non-linear dynamics, the calculation of moments
is notoriously difficult due to the infinite system of moment equations that
has to be solved approximately. Moment closure techniques that truncate
the infinite system of moment equations has been studied since the sixties,
and is to this day an active area of research. Instead of approximating the
moments directly through the moment equations, we propose to approximate
the moment-generating function, based on a derivation of the PDE for the
moment-generating function involving infinite partial derivatives. We con-
struct a finite difference scheme that approximates the moment-generating
function, and conduct a numerical study to verify its use.
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2020 Mathematics Subject Classification: Primary: 60J27; 60-80

Secondary: 60E10

4.1 Introduction

Calculating the future expected value of a stochastic process is a fundamental discipline
in probability theory. A standard tool for this task is to employ a system of differential
equations that describes the development in the expected value as a function of the
expected value itself. For processes with polynomial dynamics, the differential equation
for the expected value is going to depend on higher order moments, and the differential
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equation for these higher order moments depend in turn on even higher order moments.
This vicious spiral goes on forever, resulting in an infinite system of ordinary differential
equations, called moment equations, that can not be solved numerically. For a class
of marked point processes, we use moment-generating functions to cast this infinite
system of ordinary differential equations as a partial differential equation involving
infinite partial derivatives, and then we truncate the infinite partial derivatives to give
PDEs that are numerically viable.

The problem of turning a countable infinite system of moment equations into a finite
system of moment equations is referred to as moment closure. Bellman and Richardson
(1968) propose a moment closure technique that preserves certain properties of moments.
Wilcox and Bellman (1970), Sancho (1970) and Bover (1978) study different ways of
truncating the infinite hierarchy of moment equations, for a class of stochastic systems
with Gaussian noise by approximating the Gaussian probability density function with
Hermite polynomials. Singh and Hespanha (2006) give a summary of the existing
moment closure techniques. In contrast to the Fokker-Plank type stochastic systems, we
consider processes that are governed by a discrete Markov process. To our knowledge,
the use of moment-generating functions for moment closure is new.

Hespanha (2005) shows that for so-called polynomial stochastic hybrid systems, the
infinite system of moment equations can be approximated arbitrarily close by a finite
system of non-linear ODEs. Continuing this work, Hespanha and Singh (2005) present
a certain type of moment closure for polynomial stochastic hybrid systems where the
effects of truncated moments are approximated using the non-truncated moments, they
also express chemically reacting systems using polynomial stochastic hybrid systems.
By assuming that the stochastic process resembles a binomial process, Barzel and
Biham (2012) suggest a moment closure technique, and Lakatos et al. (2015) use the
same approach for Gaussian, gamma, and lognormal distributions.

Apart from using differential equations to calculate expected values, Monte Carlo
simulations is another tool at our disposal for this task. By simulating a process
sufficiently many times and taking the average, we produce an unbiased estimator
of the expected value of the process. This method of calculating expected values is
versatile, but computationally heavy. For calculating high orders of moments, the
Monte Carlo approach is even less efficient. The Monte Carlo approach does not
utilise what we know about the dynamics of the processes, and using it is like using a
sledgehammer to crack a nut. Moment-generating functions carry information about
the distribution of the process, and by tapping into this information we can determine
the expected evolution of the process.

Instead of producing infinitely many equations for the moments of the process, we
produce a single equation involving infinitely many moments. Classical moment closure
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solves M equations to produce an approximation of the first M moments. In contrast,
we only solve a single equation for the moment-generating function. However, this
single equation involves infinite partial derivatives, and the finite difference method for
calculating the truncated partial derivatives may involve more than M equations. It
is definitely of interest to study the difference in efficiency between solving moment
equations, solving moment-generating functions and a Monte-Carlo method, as well as
finding use cases for each, but it is outside the scope of this paper.

The main contribution of this paper is to provide a novel system of ODEs that acts as
a tool to project processes with polynomial dynamics. Overall, the paper deals with
two topics

1) Constructing a system of PDEs that describe the state-wise moment-generating
functions.

2) Turning this system of PDEs into a system of ODEs that can be fed to a computer.

Topic 1) is purely theoretical, as the resulting system of PDEs cannot directly be
approximated by a computer, but it forms the foundation for producing a system of
differential equations that can. The problems of topic 2) concern the error introduced by
truncating the system of PDEs from topic 1), as well as the computational considerations
in constructing a suitable finite difference scheme. Using moment-generating functions,
we can easily put a bound on the error between the truncated and non-truncated PDEs.
Putting a bound on the difference between the truncated and non-truncated moment
equations is much more cumbersome, due to the interconnected relation between the

moment equations.

The paper is structured as follows: in Section 4.2 we present the family of stochastic
processes that we study. In Section 4.3 we derive the system of infinite partial derivatives
that are the foundation of the paper. In Section 4.4 we present the measures we take
to turn the system of infinite PDEs into a system of finite PDEs, and in Section 4.5 we
define the approximating state-wise moment-generating function. Finally, in Section
4.4, we conduct a numerical study.

4.2 Setup

In this section we present the family of processes that we study. Most of the literature
on moment closure deals with diffusion processes, as opposed to the finite variation
processes that we consider, but the concept of using moment-generating functions also
applies to diffusion processes.

Let Z(t) be a state process on a state space J = {0,...,J}. We assume that Z is
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Markov with transition intensities p;;(t) 4,5 € J. By a permutation argument, we
assume Z(0) = 0 without loss of generality. We associate with Z the counting processes

N¥(t) = #{s € (0,1] : Z(s—) # k. Z(s) = k},

counting the number of jumps into state k. Analogously N7¥(¢) counts the number of
jumps into state k from state j.

We restrict ourselves to consider finite variation marked point processes that can be
represented as functionals of the state process Z in the form

=z t Z(s) (g s))ds t Z(s=)k(g 5— k(s
X0 =0+ [ P X ()i + | X M X))

where g*(s, ) represents the continuous development of X while Z is in state i and
h7* (s, x) represents the jump in X on transition of Z from state j to state k. We
consider processes with polynomial dynamics, defined by the form of ¢* and h’* as

g'(t, x) :Zgli(t)xl, (4.2.1)
1=0

W (t, z) = zp: W% (). (4.2.2)
=0

Polynomial dynamics do not encompass all dynamics of practical interest, but they can
form approximations of non-polynomial dynamics. Indeed, a strand of literature on
stochastic chemical kinetics deals with the problem of formulating moment equations
for processes with non-polynomial dynamics — see e.g. Sotiropoulos and Kaznessis
(2011) and Ale et al. (2013). The simplest non-trivial case of concern, is a process X
determined by

dX(t) = ij g7 mx @i,  X(0) = .
=0

Our ambition in this paper is to calculate E[l{z)—;1 X ()], being the probability
weighted expected value of X(t), as well as higher-order moments E[1;)—; X (¢)7].
Note that the 0'h moment is the state-wise probabilities

poi(0,t) := P(Z(t) = i|Z(0) = 0) = E[Lzp= X (1)"],

which can be computed using the Kolmogorov forward differential equations. For
affine dynamics, i.e. for p =1 in (4.2.1)-(4.2.2), a hierarchy of J x N ordinary linear
differential equations describe moments of the first N moments, which can be derived

using linearity of expectations.

When the dynamics of X are polynomial, the p** moment in general depends on the
(p + 1)** moment. Consider as an example the process with polynomial dynamics

dX(t) = (6 t) + g7V )X (1) + 97V (1) X (1)),
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and note that

X 07) =pX (FV (g(1) + g7 O X (@) + 7V ()X (1)) dt

=p (gOZ(t) (t)X(t)(p—l) + glz(t)(t)X(t)p + QQZ(t)(t)X(t)(p+1)> dt.,

such that by induction, the differential equation for E[1z)—;) X (¢)?] involves all lower
order moments as well as all higher order moments ad infinitum.

This dependence on all higher-order moments suggests the question; How much does
the high-order moments of X influence the low-order moments? If the answer is "not
very much”, we can perhaps neglect the influence of all moments higher than some
order, which facilitates a numerical solution. This is the standard approach in moment
closure, but to further develop this idea, we present a way to handle and quantify the
influence that moments have on each other through the moment-generating function.

4.3 A PDE for the State-wise Moment-generating Function

In this section we present a system of PDEs that describes the state-wise moment-
generating functions of state-wise processes with polynomial dynamics. With access to
the state-wise moment-generating functions, we can evaluate the expected state-wise
processes, as well as higher order moments by differentiation.

We first consider a simple one-dimensional case without discrete dynamics. We later
deal with a two-dimensional process with discrete dynamics. The proof is inspired by
Bruhn and Lollike (2021), who derive a system of ODEs for a class of affine insurance
related processes, but do so without the moment-generating functions. Assume that
the dynamics of X are given by

Zgz“) Yldt,  X(0) = o,

where g/ (t) are bounded functions. Then, by It6’s Lemma for finite variation processes,

p
S S Z(s
Liz@=nd <€AX( )> =L(zt)=i} ZMAX( 'g; “(5)X (s)!
1=0

=Liz@)=i ZZ

Ak+
g7 (s) X (s)1*E.

Since gli(t) are bounded functions, X (¢) is bounded, and the moment-generating
function of X (t) exists. We define the state-wise moment-generating function as

mi()\, t) = E[]I{Z(t):i}eAX(t)] .
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Applying Itd’s lemma, we can write e*X(*) as an integral of the dynamics of e*X(®)
over (0, 1],

mi()‘v t) :E[]l{Z(t):i}e/\X(t)]

=E[1{z)=iye™* V] + /

=Poi (0 t)e)\wo

=0 k=0

We have applied Fubini’s theorem and interchanged expectation and infinite sum,
which is permissible because X(t) is bounded, and because the convergence of the
infinite sum towards the exponential function is uniform on any bounded interval. By
the Markov property

l+k‘ Z(s } E[]I{Z(S):j}X(S)Hk]

1 g0 X (s
E [1iz)=3 70,(0.5)

It is due to (4.3.1) that we can separate the present and the future to get a forward
differential equation for m;(\,t). We now use (4.3.1) to write

]l{Z s) ]}X( ) k]pji(s,t)ds.

m;(A,t) =poi(0,t) A‘To—i‘z:/ Zgl

JjET k=0
Futhermore, since X (s) is bounded, the dominated convergence theorem implies that

ipry . OFF
E[l{z(s)=j3 X (s) "] = ij()\, $)| o

This is another crucial step, and a novel one compared to Bruhn and Lollike (2021). It
allows us to deal with higher-order moments of X, and the relation is a consequence of
the unique property of the exponential function

dt .
N e |,\:o

=T .

To ease readability we introduce the notation

aH—k 8l+k
o™i (058) = mempm; (A, 8)|\—o-
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Differentiating m,; with respect to t yields the following differential equation,

0

, 0
=t 8 —poi(0, 1)

81

0 \k+1 gtk
+ Z Z gl ]{?' a)\H_k j(07t)pji(ta t)
=0 jeJ = )
2 \k+1 gltk 9
+Z/ ;gl > T gy (08 gyt s
j —
) )\k+1 oitk
SN = e (0,0t )
=0 jeJg k=0 )
; 0 \k+1 gtk
T Z/‘gi( Pog (0, )e™ +Z/ IO o sk 1 (0, 8)psg (s, t)ds
gFt JjeJ k=0
mg()\,t)
. 2 \k+1 gltk
- Z,uig(t) pOz 0 t Ao + Z/ Zgl Tmmj(o,s)pji(s,t)ds
g#i JjET k=0 )
mi()\,t)
p k4+1 ol+k
A 0
- Zg Z k' ON+E m;(0,1) + Z (:ugi(t)mg()\a t) — Mig(t)mi()\a t)),
=0 ) g#i

where %pji(s, t) is given by the Kolmogorov forward differential equations,

0
atpﬂ k% pjk 5, t /~Lk2 ) :uik(t)pji(sat)v

pji(s, s) ==

The result is restated in Theorem 4.3.1.

Theorem 4.3.1 (PDE for state-wise moment-generating function, one dimension, no

jumps). Assume X (t) has dynamics

Zgz(t) X(0) = o,
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for bounded functions gi(t). Then m;(\,t) = E[]l{z(t):i}e’\x(t)] satisfies the PDE

B
5 MM ) = D (pgi(t)mg(A 1) = pig(t)mg (A, 1)) (4.3.2)
g#i
P ; Ak gitk
+D_ 010 Y T mrmi(0:1) (4.3.3)
=0 k=0
mi(A, 0) =Lz (0. (4.3.4)

Solving the PDE of Theorem 4.3.1, yields an expression for m;(\,t). By differentiating
m; (A, t) with respect to A and evaluating in A = 0, we are given the quantity of interest;
the state-wise expected value

0
577%(0,15) = E[l{zx=i X (1)].
Due to the limit £k — oo, Theorem 4.3.1 is of little practical use, unless a closed form
solution to the PDE can be derived. In the PDE (4.3.2)-(4.3.4) we have quantified the
influence of all moments on the time-derivative of the moment-generating function,

which helps to give us an idea about how many moments we need to accurately solve

1
k1

high moments have a very small influence on the changes over time in the state-wise

the moment-generating function. This influence decays like meaning that very

moment-generating function.

Before we discuss how Theorem 4.3.1 can be turned into a practically useful system of
differential equations, we extend the result to two-dimensional processes (X (t),Y (t))
with affine jump dynamics. The proof follows the steps already seen, with the addition
of step two, in order to account for the discrete dynamics.

1) Use the boundedness of (X,Y) and uniform convergence of the exponential
function over an arbitrary bounded interval to interchange expectation and
infinite sum.

2) Use predictability of the integrand to exchange integrator 17— N"™ (s) with
its predictable compensator.

3) Use the tower property to condition on Z(s).

4) Use the Markov property to separate the future (1z(;)—;)) from the present (the
condition on Z(s)).

5) Use the dominated convergence theorem to replace the expectation of the moments
of X and Y with derivatives of the moment-generating function.

6) Differentiate the integral equation for the state-wise moment-generating functions
to achieve a system of differential equations.
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Following the steps yields the following theorem.

83

Theorem 4.3.2 (PDE for state-wise moment-generating function, two dimensions,

with jumps). Assume

1
Zgz“ Ws)lds+> > WM W) ani(s),  W(0) = wo
1=0 j#Z(s—)
where W (s)! are the element-wise powers of W, and
; 2291 () 2y9 ()
9/ (s) =
PACAC)
. e (s) L R (s
h;"j(s): l() Y l()
y:ch’;j (S) yyh;j (S)
then m;(\,t) = E[]I{Z(t):i}e)‘TW(t)] solves the PDE
8 ZNM mr >\ t ﬂZT(t)mz(Avt)
r#i
izkap: ! k—g+1 ' oM
+ e A A 091 () e ma (0, 1)
=== (k-a)ld! N TITON]
+ — 7 ¢ y91(t) —5———7m.(0,1)
— o))t 2a k +l
iizp: ! k—gyq+l i oM+
+ M A 09l () gm0, 0)
=== (k= a)ld! ON;TITONG
oo k p 1 X 1 ) 8k+l
—qyq i
+kz—0q;)§ Uf—q)!qr!Al A2 (t)ax’f Vil mi(0,2)
e o11taz2
+ Z Z 1 ] Z a1 0392 m.(0, s)
k=0qg1+g2+g3=k 01!q2's! (9)\ a)\
X (A1 (1 4 5 b1 (1) + A2 yzh?( )*®
X (A1 gy hi'(8) + Ao (1 4+, BT (1)) %
X ()‘1<w:nh61(t) + myhgl (t>) + )‘2<y:ch62 (t> + yyhgi(t)»%
X ,uri(t)
ak
\e—a q ,
- kz ' | 1 m T(Owg):um(t)

OqO

m; (A, 0) :]l{z‘zo}e’\ o

r#i
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See Appendix 4.C for the proof. The extension to non-affine jump dynamics and
higher dimensions is straightforward and follows an analogous proof, but for notational
convinience we only consider affine jump dynamics and two dimensions. Also for
notational convenience, we do not consider dynamics that involve the product of
powers of X and Y such as e.g. > |_, Z?ZOX(t)lY(t)jgfj(t)(t), even though such
terms in the dynamics of W could be included directly, noting that

oI+l

Elizpn_nX®Yt)] = ——
[Liz)=iy X (8)Y (2)] aAﬁaA;m

1(07 t)'
Theorem 4.3.1 is a special case of Theorem 4.3.2, for

h?(s) =0,
Y(0) = ,,9/(s) = .9/ (s5) = ,,9/(s) = 0.

Theorem 4.3.2 is a purely theoretical result and not applicable in practice due to the
infinite series. However, using the methods presented in the next section to translate
the infinitely large system of partial differential equations to a finite system of linear
ordinary differential equations, Theorem 4.3.2 allows for a wide range of processes with
non-linear dynamics to be projected.

4.4 Truncation and Discretisation

Ultimately we want a system of differential equations that is viable for numerical
procedures, and to that end we face two obstacles;

e Discretisation. Computers only do discrete calculations, and we want to
calculate the state-wise moment-generating function for all time-points within
some interval. To do this we need an algorithm that approximately solves the
PDE of Theorem 4.3.2.

e Infinite Series. The PDE of Theorem 4.3.2 involves the infinite series

0 )\k—|—1 aH—k
2 mi(0,1).

! I+k
£ KON

If we can not find an analytical solution to infinite series, we need to approximate
the solution with a finite number of calculations.

To keep notation simple we consider the PDE from Theorem 4.3.1 to highlight central
mathematical concepts, but these concepts also apply to the more involved PDE from
Theorem 4.3.2. The results in this section naturally depend on the specific dynamics
of the process in question, but we refrain from discussing special cases that lead to
particularly simple or particularly complex relations.
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4.4.1 Infinite Series

A blunt idea to deal with the infinite series is to truncate the series and simply ignore
all terms where k is larger than some value M. This idea is in line with moment closure
as seen in e.g. Bover (1978) and Bellman and Richardson (1968), with the notable
difference that we truncate the infinite partial derivatives instead of the infinite system
of ODEs. We split the sum over k in the differential equation of Theorem 4.3.1 into
terms smaller than M and terms larger than M,

9 P Mok gtk
ami(/\,t) =) gi(t) kz_o Twmi(oaﬂ

+'€i(A,t)7 (4.4.1)

where
P % \k+1 fltk
Z. AL
gi(At) = Zgz (t) Z Tmmi(oa t),

and we call this value the cut-off. Even though the assumption €;(\,t) = 0 seems
crude, it is not entirely unreasonable since k! rapidly diverges to infinity. As X (t) is
bounded, we have for k — oo,

Ak+1

o Xt =0
=
Ak+1 8p+k

supporting the claim that the influence of high-order moments on the time-derivative
of the state-wise moment-generating function is minuscule.

It is well known that any moment of a process with polynomial dynamics of degree
larger than one, depend on infinitely many moments. We have also just argued that
the dependence on the high orders of moments is small for the partial derivative in
time of the state-wise moment-generating function, and that we therefore can ignore
the corresponding terms in the infinite PDE. This argument is however based only on
the direct influence of the higher order moments on the time derivative. Ultimately
we are interested in the state-wise moments of processes, corresponding to the partial
derivatives with respect to A in the state-wise moment-generating function evaluated
in A = 0. Note that

o r_ 0 Ak Ltk
5@@,@:29;@) > (k+1) 77 5mrmi(0:1),
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which means that the influence of the (I + k)" moment on Z¢;(, ¢), is a factor (k+1)
larger than the influence of the same moment on ¢;(\,t). Simply put, the cut-off is
sensitive to changes in A. This means that the state-wise moment-generating function
is sensitive to changes in A, and we should therefore be careful about ignoring the
cut-off, as it is precisely the sensitivity in A for the state-wise moment-generating
function we are interested in. This does not nullify our argument to assume ¢;(\,t) = 0,
but we realize that the error introduced by ignoring the cut-off, generally speaking is
larger for the partial derivative with respect to A, and that this should be taken into
account when choosing a value for M.

A significant advantage of the use of state-wise moment-generating functions for moment
closure, is that we can put a bound on the size of the cut-off. For bounded g functions,

define

Gi(t) = fgg{lgf(t)l},

and note that | X (t)| < B(t) for

P 0 \k+1 gltk
ei(A B)] = ng(t) Z TWW(O’“
1=0 k=M+1
- o~ AR I+k
<> G D —r B "
1=0 k=M+1
P M
B(t)\)*
=Y Gi(t)AB(t)’ (eB(tV‘ - %) :
1=0 k=0
B(t)A

For M — oo the sum in the parenthesis tends to e
0 > 0 we can choose M such that

zpjal(t)w(t)l <eB(t)>‘ - wiﬂ) <4,

1=0 k=0

notoriously fast. For given

and thus ensure

les(A 1)) <6,

making the cut-off arbitrarily small, thereby restricting the local truncation error.
Analogous calculations lead to bounds on the partial derivatives of A in the cut-off. A
similar result is presented in Hespanha (2005) for the difference between the truncated
and non-truncated system of moment equations for polynomial stochastic hybrid sys-
tems, but due to the interconnected moment equations, the bounds are complicated to
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construct.

Compared to classical moment closure where a system of M equations provide ap-
proximations of M moments, it may seem unnatural to use moments up to order
M + p to propagate the differential equation for the state-wise moment-generating
function where moments of order higher than M are truncated. When we use state-
wise moment-generating functions for moment closure, there is indeed a blurry line
between the moments we use in the differential equations, and the moments we are
approximating. This is a consequence of the less restrictive form of the PDEs from
Theorem 4.3.2.

Alternatively, we could truncate the infinite PDEs of Thoerem 4.3.2 to more closely
resemble classical moment closure, where the moments of order higher than M have

no direct influence on moments of order lower than M, using

9 p . M-l k1 gltk
1=0 k=0 )

37 (s (Omg (A1) — pag (ma(A 1))
+E(A), (4.4.2)

where
o Aet+1 itk

gi()\,t)zzgzi(t) Z Tmmi(o’t)'

This would closer resemble classical moment closure techniques, but there is no reason
to conform to this practice when we have the ability to improve it.

4.4.2 Discretisation

In order to numerically solve the PDEs of Theorem 4.3.1 and 4.3.2, we need a finite
difference method that approximates the partial derivatives with respect to both A
and t. There is a wide range of tools available for the numerical solution of systems of
one-dimensional ordinary differential equations such as the Runge-Kutta methods. Our
focus in regards to discretisation therefore lies on the translation of PDEs to ODEs,
leaving the additional discretisation of these ODEs to the preferences of the reader.
This method of solving PDEs numerically is often referred to as the method of lines.

The call for discretisation in the A-dimension is a consequence of solving the moment-
generating function. No discretisation is required for the infinite system of moment
equations. One of the disadvantages of using moment-generating functions is that this
extra discretisation step introduces another layer of implementation considerations,
such as the discretisation mesh size, for which there is no a priori good choice.
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The unusual property of the PDEs for m;(\,t) is that the derivative in ¢ depends on
the derivative in A only for A = 0. This can be exploited to produce an estimate of
E[l{z#)=i1 X ()] and any higher order moment. We can approximate

0
El 7=y X (t)] = 577%(0,75),

by a finite difference method if we have access to a set of values, m;(X,t) for some
vector X, with indices or nodes X[q] for ¢ = 1,..., K, that lie in the vicinity of zero.
In principle, the state-wise moment-generating functions could have state dependent
nodes, but for the sake of simplicity we assume that all states use the same vector of
nodes. Under the assumption that ¢ M(X[q], t) = 0, we can approximate mi(X[q], t) by

—

m;(A[q],t) using the ODEs given by

. P M g
2 ii(Xlg) 1) = W)Y X a0,
3 (ai (my (Xlal.£) = pig (Omi (gl 1))

(k)

where m; " (0,t) = B{ - mi(X, 1) for some vector By, satisfying

k

- (k) 90

By replacing the partial derivatives in A with a finite difference approximation, we are
turning PDEs into ODEs.

We return to the matter of constructing ﬁzl(-n) (0,t) that satisfies (4.4.3) in Section 4.5.
Note that a by-product of this calculation method for ml(.”(o, t) = E[l{z=nX(t)],
are the approximated higher order moments up to degree M + p.

4.4.3 Infinite Series and Discretisation

The two obstacles also have a combined effect that deserves attention. When we choose
the cut-off point M, we have to keep the discretisation error in mind and vice verca.
We do not have access to the exact partial derivatives in A, so they have to be estimated
by finite difference methods, but the accuracy of these methods depend on the cut-off

error.

Say that we choose M = 10. The direct influence of the higher-than-ten order moments

on the numerically approximated first moment is probably small since 2, for k > 10,

kD
th th
1 0

is small, but the influence of the 1 moment on the numerically approximated 1
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moment is larger since the 10*" derivative in X for the cut-off is

010 S e (R DAY itk
et =D git) > ) 8}\l+kmi(0,t),
1=0 k=10+1 )

and ﬁ > % This cut-off is completely ignored in the approximating ODEs for
the state-wise moment-generating functions. Even if the finite-difference method is
accurate, the numerically approximated 10*”* moment is probably a poor approximation,
due to the cut-off. This poorly approximated 10*® moment directly influences all the
lower order moments, but the higher the moment the higher the influence. In a sense,
the cut-off error creates a rippling effect downward through the moments, where the
error in the approximated 10*” moment carries over to the error in the approximated
9t" moment and so on. Our confidence in the approach to ignore the cut-off is based
on the fact that the ripples are dampened each time the cut-off error carries over to a

lower moment.

4.5 Approximating a PDE with an ODE

In the last section we presented two steps to transform the PDEs of Theorem 4.3.1
and 4.3.2 into ODEs,

1) Ignore cut-off to make a system of PDEs that require only finitely many moments.

2) Use finite difference methods to approximate partial derivatives in A to turn
system of PDEs into system of ODEs.

There are several considerations that come into play when constructing the finite
difference scheme of step 2). These considerations are important, but mathematically
uninteresting — see Appendix 4.B for the details.

In the derivations of Appendix 4.B, we use standard methods from Numerical Analysis
to construct an approximation of %mi(o, t) with a small local truncation error. The
result is highlighted in Lemma 4.5.1.

Lemma 4.5.1. Let X be a vector given by

a1

(05)

>
I
>

a1

(077¢
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We call h the step size and «; the step repetitions. Assume that K is odd, and that the
step repetitions are symmetric around zero, i.e aig/2j+1 =0 and oy = —QK_j+1.

For the diagonal matrix

‘ o 1 2 (K —1)!
C:Dlag<{m,m,ﬁ,...,w}>,

and the Vandermonde matriz

1 1 1 1
a1 (6% e 0K (6724
= 2
-1 -1 K-1 -1
aq o) O 1 Qg

the partial derivatives in \ are given by

n

where C), is the n'" column of C.

Using Lemma 4.5.1, we can calculate high-order partial derivatives in A with a
arbitrarily small local truncation error. The computationally demanding part of
calculating 772;(™(0,t) is the inversion of the Vandermonde matrix. Fortunately, this
inversion can be done with an explicit formula

= (1) eg_;({a, ..., ax} \ {a:})
H (i — am)

m=1

where
em({alw"?aK}) - E : Qjy Ay - Oy
1<i1<j2<,0 -, <Jm <K

are the symmetric elementary polynomials — see Turner (1966) for a derivation.

Remark 4.5.2 (Cumulant Function). Depending on the specific dynamics of the process,
the numerical values of the state-wise moment-generating functions can be so large
or small that it causes computational problems due to insufficient machine precision.
A way to mitigate this problem is to log-scale the moment-generating functions and
instead consider the state-wise cumulant functions defined as

"'fi()‘v t) = log (mz()‘7 t)) )
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with differential equation

0 0 1
afﬁ()\,t) = Emi(%t)m-

Expressing the partial derivatives of m;(A,¢) in A in terms of partial derivatives of
ki(A,t) in A is done via the relation

on n ) 82 anfk+1
sz((L t) :mz(()? t) Z Bn,kz (5’%(07 t)? W’%((L t)7 ty W’Qi(oa t))
k=0

n o 82 an—k+1
:pl(t) Z Bn,k <a—)\lﬁll(0, t), W}@;(O, t), ceey Wﬁi(o, t))
k=0

where B, i (z1, Z2, ..., Zn—k+1) are the incomplete Bell Polynomials. A

An important remark is that the cut-off is not invariant to transformations of the
moment-generating functions. The cut-off for the state-wise cumulant functions may
therefore be closer to zero than the corresponding cut-off for the moment-generating
functions. Wilcox and Bellman (1970) examine different ways of transforming the
system of moment equations, and the influence on the truncation error. They find that
for a stochastic nonlinear oscillator, using cumulants resulted in the smallest truncation
error. This speaks in favour of using the cumulant functions instead of moment-
generating functions. It is outside the scope of this paper to study the performance of
different transformations of the moment-generating functions, but it is an obvious area
of future research.

Based on the approximation of the partial derivatives in A from Lemma 4.5.1, we can
approximate the differential equations of Theorem 4.3.2 by the system of ODEs given
in Definition 4.5.3.

Definition 4.5.3 (ODE Approximation of infinite PDE). Let M be given, and let the
dynamics of

be polynomial of degree p. For odd values of K > M + p, let X be a vector of length K
. I T .

given by X = (a1, qa,...,ax_1,aK) - h, for a|g/o)41=0 and a; = —ag i1 =1i. We

define the approrimating state-wise moment-generating function m; as the function
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that solves the ordinary differential equation
d - =
211 (A1) Mg 1)

= 1ri(0)0 (N1 Nga» 1) = Har (£)172: (N (gu]: Nga] - )

r#i
M kP 1 . .

+>.> > m)‘f T N 229 Dl 14 (1)
k:OOOJI€ lpO 1 k | |

33 A g 0Dl 0
o Jk » ) I | |

+ I;)J . ; m)\[qﬁj qut]l a9l () Dhe_ 141,541 ()

o p
1 Yhk—jyi+1 i i
+ Z Z (k ')[j!)‘[qu])‘fqg] yy 9 (t)D[kfj+1,j+l+1](t)

oo
+Z Z | Z J1+1 J2+1

k=0 j1+j2+j3=Fk
X (N (1 + ohT¥ (1) + >\[q2] st ()7
X (Nfaa] a1 (1) + Ngay (1 + 5 BT (£)))7
% (Nga) G (1) + B (8)) + Niga) (P (8) + 5 B ()

J1'Jz']3

Xﬂri(t)
NF—J X
ZZ _] |J|)‘[q1] ZD[k —j41,54+1] )Nm’(t)
k=0 j= 0 r#i
mi(X[ql],X[qQ},O) ]l{l 0}6 ql]X(0)+>\ ]Y(O)’

where the it" column of D™ is given by

Diy(t) = (V'O)" - B (1),
and the k""" column of B" is given by
[ k] (t> (V 10) 1 T<X7 )‘[k] ) t)a
with matrices V and C given in Lemma 4.5.1. This implies that the k" column of B
s the vector of approximate partial derivatives in A1 for Ao = X[k},

K

(0~ (e (0T, 5 me (10.D71) o e (00 X[kz])T,t))T,

and the indices of D are the approximate partial derivatives in A1 and Ao evaluated in
zero,

ai+k—2

——m,(0,0).
ONTToNE—L (0.%)

Df;,k] () ~
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Definition 4.5.3 is our main contribution as it combines our derivation of the infinite
PDEs of Theorem 4.3.2, and the implementation-specific considerations of Section 4.4.
After discretisation over the time parameter, it provides us with a finite difference
scheme that approximates the moment-generating function in a three-dimensional grid
of A1, Ao and ¢ values. Using the calculations of Appendix 4.B, one can easily show
that the scheme is consistent, assuming that the cut-off is zero. Showing that the
scheme is stable is a subject of further research.

The ODE of Definition 4.5.3 does not utilize the standard tricks that serve to improve
the performance of finite difference schemes, and there are several of these tricks that
readily could be applied. To list a few ideas;

e A Crank-Nicolson type of implementation could be used, where the calculation
of the forward differential equation relies on a solution that is consistent with a
backwards differential equation for each step in time.

e We know that the 0'h moment corresponds to the state-wise probabilities, that
can be calculated using Kolmogorovs differential equations. For each calculation
of the forward differential equation of m;, a constraint could be enforced to
ensure that

Dfo,o] (t) = m;(0,t) = poi(0,1).

e Following the ideas of Bellman and Richardson (1968), there are also relations
between different moments that should be maintained, e.g.

E[l{z-3 X (t)?] > E[1{z0)=i; X ()],
e In general, there is a list of properties of the moment-generating function that
we should try to make sure m; preserves. To list a few;

— Chernoff bound

P(X(t) > a(t)) < e 0> m;(\, ).
ieJ

— Jensens inequality
mi(\, 1) > BX O

— For non-negative processes we have that

1\ K
Lz X()* < <E> Liz()=iye™*®,

and therefore
k

9 k"
Wmi(oat) < (E) mi()‘at)'
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4.6 Numerical Example

As discussed in Section 4.4, the system of differential equations where the cut-off is
omitted is probably a good approximation of the true system of differential equations
for the state-wise moment-generating functions, but it is still only an approximation of
the true system of infinite partial differential equations. We test the performance of
the approximation for two cases.

4.6.1 Set-up for Numerical Study

We use Definition 4.5.3 on a process that is relevant in the context of with-profit
life insurance. For a state-proces Z representing the state of life of an insured, we
consider a with-profit insurance contract with a savings account X and a surplus Y.
We investigate a life-death model of a with-profit insurance contract, with state 0
representing ’alive’ and state 1 representing 'dead’ depicted in Figure 4.1.

0 p—— U1 =—> 1

Figure 4.1: Life-death model

The policyholder is assumed to be alive at time zero. At the death of the policyholder,
the remaining savings are transferred to the surplus, and no further payments are
made to the savings account, i.e for Z(s) =1, {X(¢)}s<¢ = 0. The insurance related
functions and parameters that determine the dynamics of X and Y are not essential
to the numerical results, but serve an interesting example. It is only essential that the
dynamics of X and Y are polynomial. The parameters and functions that determine
the dynamics of X and Y are given in Appendix 4.A.

In order to determine the true probability weighted state-wise expected values in the
simple two state model, we condition on the time of the first jump and calculate the
deterministic state wise values of X (t) and Y (¢) for all ¢ € (0,7]. For jump-times that
occur after ¢, we can calculate

E[W(t)|Z(t) = 0], (4.6.1)
and then multiply by poo(0,t) to get the probability weighted expected value of W in
state 0. By aggregating and weighting the jump-time dependent values of X and Y

with the jump-time density given jump before time ¢, we can form the expected values

E[W (1) Z(t) = 1], (4.6.2)
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and then multiply by pp1(0,t) to get the probability weighted expected value of W in
state 1. To ease notation, we define

XO(t) :=E[1{ z()=0y X (1)), (4.6.3)
Y/O@) Z:E[]I{Z(t)zo}Y(t)], (464)
?( Z:E[]I{Z(t)zl}Y(t)]. (465)

1 t)
We do not include E[1{z;—=13;X(¢)] = 0 in our figures.

4.6.2 Affine Dynamics

To validate the use of state-wise moment-generating functions, we calculate the state-
wise expected retrospective reserves in a setting where the dynamics of X and Y are
affine. In Figure 4.2 we have plotted X0, Y% and V!, calculated using the approximating
state-wise moment-generating function of Definition 4.5.3.

Xtilde.0
10.0-

75-

value

50-

25-

0.0-
'
80

o
N
o
B
o
o
o

time

Ytilde.O Ytilde.1
7.5-

5.0-

value

0.0-

0 20 40 60 80 0 20 40 60 80
time

Method === MGF = ' True

Figure 4.2: Calculation of X°(t),Y°(t) and Y (t) using approzimation
of state-wise moment-generating function and true solution. The results
were produced using a cut-off at M = 8, and X = (a1, ...,ax)" - h where
Qi = —Qg—i+1 =1 for K =15 and h = 0.05.

The biggest absolute relative difference between the two calculation methods is 1.2-10 712

and within the margin of numerical error.
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As the dynamics of X and Y are affine, there is no need to resort to the state-wise
moment-generating functions, but the example shows us that the the error introduced
by ignoring the cut-off is small.

4.6.3 Polynomial Dynamics

To create non-affine polynomial dynamics, we introduce a payment from the surplus
to the savings account which are the to so-called dividends. The dividend payment is
determined by a polynomial approximation of the dividend function

max(0,Y(¢t)) - 0.1,

corresponding to a continuous payout of 10% of the surplus, if the surplus is positive.
We perform a fifth-degree polynomial approximation of the max(0,x) - 0.1 function
on the interval (—14.85,18.15), where the coefficients are determined using Remez
algorithm, resulting in the || - ||cc norm closest polynomial approximation. See Figure
4.5 for a plot of the dividend function and the corresponding polynomial approximation.
The state-wise retrospective reserves calculated using the state-wise moment-generating
functions are seen in Figure 4.3.

Xtilde.0

(0]
=2
g
5-
O-
0 20 40 60 80
time
Ytilde.0 Ytilde.1
25-
(0]
3 00- ™= - -
g ¢
-25-
0 20 40 60 80 0 20 40 60 80
time

Method === MGF = ' True

Figure 4.3: Calculation of X°(t),Y°(t) and Y (t) using approzimation
of state-wise moment-generating function and true solution. The results
were produced using a cut-off at M = 8, and X = (a1, ...,arx)" - h where
i = —ag—i+1 =1 for K =15 and h = 0.05.
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Unlike the case with linear dynamics, there is a visible difference in all three state-wise
reserves after ¢t = 64. This error can come from three sources; ignoring the cut-off,
discretisation and computing precision. Concerning computing precision, the absolute
value of the inverse Vandermonde matrix ranges from 1.5 - 1076 to 1.5, and the C

039, pushing the machine precision of standard software

matrix ranges from 1 to 1.7 -1
and hardware to its limits. The same cut-off value, Vandermonde matrix and C' matrix
were used in the previous example without any approximation error. This shows that
the approximation error is highly sensitive to the degree of the polynomial dynamics,
and that one should be careful about blindly accepting the ODE of Definition 4.5.3 as

an accurate approximation of the true moment-generating function.

Examining the marginal moment-generating functions for X and Y for ¢ € (0, 64| seen
in Figure 4.4, we see that there are values of (), t) for which 7, is negative highlighting
a flaw in the approximation, as the true state-wise moment-generating function is
strictly positive.

mgf_X_0

60 -

40-

time

20-

-0.25 0.00 025

mgf_Y_0 mgf_Y_1

40~

time

20-

-0.25 0.00 0.25 -0.25 0.00 025
lambda lambda

Figure 4.4: Top: contour plot of mo(A1,0,t), bottom left: contour plot of
mo(0, A2, t), bottom right: contour plot of m1(0, A2, t)

We encourage the reader to replicate the example and to experiment with the parameters
of the approximating PDE to get rid of the large approximation error for ¢ > 64.
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4.A Dynamics of Insurance Contract

The dynamics of the with-profit insurance contract savings account is

dX(t) =g (X (0, Y (), t)dt + > W TIR(X (=), Y (t-),H)dNF,

k47 (t—)
where

; N ; ; x— Vi), , .

G,y 1) =r* (0 + 69 (1) — W (1) — D) 5™ Rk, ) 1),
VQ (t) k#j

; . x— V() ;

) =) -+ T V)
2

T — V1*j (t)

Jk *k *k —
V(1) (by" (¢) + Vo () + Vi (¢)

RI%(x,t) =bIF(t) +

The functions bz and bg & respectively represent payments while Z is in state j and on
transition from state j to state k. The dividends that flow from the surplus to the
savings account are determined by the dividend functions 67. The reserves V;*/ are
given by

Vi () = / e TN ) | () + D () (s) | ds.
t

keJ Ll#£k

The dynamics of the surplus are

dY (t) =g (X (), Y (), )t + > by TX (), Y (t-), £)dNF,
k#£Z(t—)

where

G @y, t) =r@y + (r(t) = r*(O)e — & (z,y, )+ Y RZCIFX(), ) (1),
kA Z(t—)

h{/k(xaya t) = Rjk(wat) - 6jk(wayvt)'

Notice that the only terms that are not affine in x and y are the J-functions which
represent the dividend. It is therefore solely through the specification of the dividend
that the dynamics of X and Y may become polynomial.

We construct a policy with a life assurance on death before retirement at age 65 which
is not scaled with bonus, and a life annuity commencing at retirement that is scaled
with bonus. Before retirement, an equivalence premium is paid by the policyholder.
All elements of the insurance contract are presented in Table 4.1.
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Quantity Value Description
T 110 Termination of contract
ag 30 Age at time zero
Thet 65 Age of retirement
b (t) Ti—oy(Tgg>7,0,y - 0.8 = 7lser,,. 1)  Unscaled sojourn payment in
state j
bg (t) 1i—oy(Tgg>m,.,y - 0.8) Scaled sojourn payment in state
J
boL(t) Tii<ssy -3 Unscaled payment on transition
from 0 to 1
b9L(t) 0 Scaled payment on transition
from 0 to 1
s 0.2379553 Equivalence premium
r*(t) 0.015 Technical basis interest
r(t) 0.01 + L2915 Market basis interest
ph (t)  0.0005 4 105-6+0-04(s+ao)=10 Technical basis force of mortal-
ity

po1(t) 0.9 (0.0005 + 105-6+0-04(s+a0)=10)  Market basis force of mortality

Table 4.1: Parameters used in numerical section.

4.B Small Local Truncation Error Finite Difference Scheme

In this section we construct a finite difference scheme that approximates the partial
derivatives aaT"nmi (0,t) via a linear combinations of m;(X[q],t) for some vector of nodes
X. The results in this section are not new — see Introduction to Numerical Methods in
Differential Equations (2007) for an introduction to numerical methods in differential
equations — but they serve an important role as they make our contributions relevant
for the practitioner. The basic principle behind the finite difference scheme is based on
the expression of a function through its Taylor expansion. Let

a1

0]

>l
I
=

K1

074
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where we call h the step size and «; the step repetitions. For X e RK , were K is an
odd number, we wish to approximate the n*" order derivative using a weighted sum of

known values of m;(X, t)

m(n)(o 0 _aim;(agh,t) + asm(agh,t) 4 - - + axmi(axh,t)
i ’ - hn

_ (AT mz(x7 t)
_(a) hn

_ 9 ?

for some vector of weights @ yet to be determined, and some order of convergence
rate in h that should be as high as possible. We use the set of nodes defined by
a; = —ag i1 = i, and a|g/pj41 = 0, but the results of this section apply to any
set of «; that satisfy o; = —ax_;11. By choosing the nodes most efficiently, we
can decrease the local truncation error by one order, making the finite difference
approximation better. However, the most efficient values of o; depend on the order of
the derivative that we wish to approximate, and as we need to calculate many orders
of derivatives, it is convenient to consider fixed values of «;. By a Taylor expansion we
see that

i (3)
mi(aih, t) :mz(O, t) + m;(O, t)()éih + —mz é('L t> (Ozih)Q + —mz 3('07 t> (Oéih)g + -
(K)
m; " (0,1) K K
Therefore we may write
(K)
(0,
ay (mi(O, £) + mi(0,)arh + - + ”%T(")(alh)K + O(hK)>
~ (n) i
(") (0. ¢) =
m’L ( ’ ) h’rL
(K)
(0,
as (mi(O, £) + m/ (0, )ash + - - + ”“T(,’)(ouh)K + O(hK)>
+ X0
(K)
(0,
ax (mi(O, £) +mi(0, )axh + - + mlTﬁ’)(aKh)K + O(hK)>
+ i
(K)
. t
c1m(0,t) + com/(0,t)h + - - + cr 41 m’T('O’)hK
— : + O(hK_n),

h’rL
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for ¢; and a; that solve

1 1 1 1 c1
ai
a1 (85) o K1 (07:¢ C2
az
2
o «Q Qo Q :
1 2 K—1 K :
= . (4.B.1)
CK—-1
aK—1
K-1 K-1 K-1 K-1
aK
K K K K
aq az Ok O CK+1
Choosing
nl, fori=n+1
C; = . 5 (4.B.2)
0, otherwise
we see that

n'm§”>(o, £)h"

" (0,8) =——— T + 0"

=m!{™(0,t) + O(h5~™).

Thus we have to find a; that solve (4.B.1) for ¢; given by (4.B.2) in order to get
the smallest possible error. However, (4.B.1) is an overdetermined system of K + 1
equations with K unknowns, which is not guaranteed to have a solution. At the cost
of accuracy, we discard the requirement for cx ;1 and reduce the system to

(K-1)

c1m(0,t) + com/(0,t)h + -+ - + CKZKf(l(;,!t)(h)Kl

1m; ™ (0,t) = +O(RK—"h),

h’I’L

such that finding a; amounts to inverting the Vandermonde matrix

1 1 1 1
a1 Qa9 o K1 (077¢
= 2
-1 -1 K—1 -1
o3 o) O 1 Ok

which can be done using explicit formulas. Now ;™ (0,) can be determined by

;™M (0,t) = (V710,)Tmi(X, 1)
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where C,, is the n*"* column of the diagonal matrix

, of 11 20 (K —1)!
C:Dlag({m,m,ﬁ,...,w}).

Note that for A = V~1C,
. T
(ATmi(,0)) " = (s (0, 8), 17 (0, 1), oy 135 E 20, 1), 73,5 D(0,1))

providing us with an approximation for all derivatives in a single matrix multiplication.
An attractive feature in terms of practical implementations is that A only has to be

calculated once for the given choice of step repetitions «;.

4.C Proof of Theorem 4.3.2

Proof. Consider a two-dimensional process W, with dynamics
L Z( ) Z )k i
aw(s) = ¢/ Ly Z ST TR s W(s) AN (s),
1=0 1=0 j#£Z(s—)

where W (s)! are the element-wise powers of W, and

2291 (8) 2,91 (8)
y291(8) 91 (8)
i (s)  ayhi”(s)
7 (s)  yyhi (s)

T Ty

hi’(s) =

yxr

The dynamics of the moment-generating function are by [t6’s Lemma for F'V-functions

p oo k
1 _ _ Z(s
AexpW W) =M 330 e e T ) TN ()70 (5)
1=0 k=0 ¢=0 ¢
A 1 k— z
Ay DY G XTI (9" g “)(s)
=0 k=0 q=0 q q
p oo k 1 p
FA Y YN s A9 (9) 7 (9)
1=0 k=0 g=0 ( )'a
A 1 k— z
FX DN M)A ()0 )
=0 k=0 q=0 44

+ Z (e’\TW(s) — e)‘TW(S_)> dN (s),

i#2(s-)
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The last line accounts for the jump-dynamics, which we deal with separately;

Z <€>\TW(S) _ e)\TW(s—)> AN (s)

i#2(s-)
> +A2 i (MX +>\2Y( ))k) .
= > > dN7(s).
J#£Z(s—) (kZO k=0
We now insert
Y X(s)ANi(s) = S X(s (mhlz(s_)j(s)X(s—)l
J#Z(s—) J#Z(s—) =0
gt O (Y (5! ) AN (s)
Pj )
S Y(s)ANi(s)= Y V(s Z(whlz(s‘”(s)X(s—)l
J#Z(s—) J#Z(s—) =0
i T ()Y (5-)! )N (5)

to get

§#7(s—) k=0
k
+ A2 (Y( +Zymhz(s X(s=) 4 i T ()Y (s )l” dN7(s)
+A2Y( -)* j

Raising the sum of the 4(p; + 1) + 2 terms within the square brackets to the power of
k, can be done with the multinomial theorem,

A(p;+1)+2

k
Z Ta - Z (q07 q1,

q=0 Q1+Q2+.--+Q4(pj+1)+2=k o Q4(ps+1)+2

qi
II ="

) A(p;+1)+2
=0
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For p; = 1, corresponding to affine dynamics on transition between states we get

>y

§#2(s—) k=0

p; k
+ Ao <Y<s—> + Zymhlz“‘”(s)X(s—)l + yyhlz“‘”(s)Y(s—)l) ] dN (s)

k
Z Z (M X +>\2Y( -)) AN (s)

Jj#Z(s—) k=0

= Y Z [A he S (s) + Aoy hG T (s)

J#Z(s—) k= 0

_{_)\nyhz(s )J( )_|_)\ hZ(S )J( )
+ X (s-) (M(l a7 (8)) 4 Dz b TV (s)

At <X<s—> + ijxmhf<8‘>j<s>x<s—>l + myhf“‘%)ws—)l)
=0

k
+Y(s )(Al( e (s ))+A2<1+yyhf<5‘”(s)>] dN (s)

_\)\k )
-y 3 XD A g,

i#2(s—) k=0

we now use the trinomial and binomial theorems to write out the powers of k

(M X (=) + MY (s—)F i 1

k—qyq k—
AFTINX (s—)F Y ()1

k! = (k—q)d!
kE _ k—' ) B(s)2(C(5)%
AO+BE+CON = 5 Al Bl

where
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We now write out the dynamics of AW (s)

p oo k
1 - — Z(s
AW =MD g XY () a9
1=0 k=0 q=0 190
p oo k 1 i )
+ A1 Z Z Z [T 'Al_qX(s)qu,\gY@)qH y9E 9 (s)
1=0 k=0 g=0 U
p oo k 1 i 2)
—i—)\QZZZ—(k y ,)‘1_qX(3)k_q+l)\gY(s)q a0l s (s)
1=0 k=0 q=0 190
p oo k 1 i )
+ )\2 Z Z (k _ )' |)\1_qX(S)kiq)\gY<s)q+l yygl (S)
1=0 k=0 g=0 U

>y Y
j#Z(s—) k=0 q1+q2+q3=k

Y s— . q1
X X(s=)" (M(1+ b O 7 () Ao b7V (5))
. . q
Y (5—)% ()\1 27 () 4 Ag(1 + yyhf“—)ﬂ(s)) :
X (/\1 :cwh(?(s_)j(s> + /\1 :cyhg(s_)j (S)
+ Ao oy O (8) 4 Ag y hd TV (5)) AN (5)

= Y O X ) Y (s ).

Which we can use to get an integral expression for m;(\,t)

t
m;(A, 1) :E[]l{Z(t):i}e)\TW(O)] +E {]1{2@)_@'}/ d(exp(ATW (s)))] -
0

As the integrand in the integrals accounting for the jump dynamics is predictable,
we may integrate wrt. the o{{Z(7)},<s, Z(t) = i}-predictable compensator for the
FV-process ]l{Z(t):i}Nrj(s) given by

pji(s,t)
pr’i(87 t) ’

Lizy=iy Lz (s—)=rpborj(8)

as derived in Appendix A of Bruhn and Lollike (2021). Using the Markov property,
and the dominated convergence theorem to replace the expectation of the moments
of X and Y with derivatives of the moment-generating function, we are left with the
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expression

X on s ATt ok-+
+ZZZ (k—q)! / me’(svt)mgl (S)er(oys)ds

k=0 qg=0 =0 0 reJ
oo k p )\llc—q+1/\g t okt
+ —/ Pri(8,t) 1,97 () —————m,(0, s)ds
,;;; (k —q)la! Jo Z; (8:8) oy )a)\’f‘qa)\g“ (%)
o kP \k—qy\q+l pt k41
ATTIN / ort
+ 72 ri(8,1) 291 (8) ———m,(0, s)ds
,;)qz_(:); (k—a)la! Jo ;p (5:1) o )aA’f—q“aAg (©.5)
oo k p k— +1 t k+1
AN / oF T
+ —_ Pri(s,t (8)——— 0, s)ds
,;);; (k—a)q! Jo 7; (5:1) 91 (5 )aA’“ quq“ e (0:5)
i o91ta2
£y Y s [ Y )
k=0 q1+g2+g3=k q1'2'qs! reJ j#r OAT"OA

X A1+ 5 k7 (9)) + Aoy h (5)%
X (/\1 :cyh;j (S) + )‘2(1 + yyh;j(s))>q2
X ()‘1 (mmh’gj(s) + xyhgj(s)) + A2 (ymh’gj(s) + yyhgj(s)))qg

X prj(s)pji(s,t)ds
k

PUD
_ZZ ql/ szk Tond my (0, 8) e (s)pji(s, t)ds.

k=0gq —0 re€J j#r

Which we can differentiate with respect to t. We split the differentiation into three
parts. First we consider only the probability weighted initial value

0 Tw Tw Tw
apm(o,t)eA 0= Z 1ai (H)Pog(0,8)er " — puiq ()poi (0, t)er .
qig
qFi
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Then we consider the derivative of the terms accounting for the continuous dynamics

k=0 g=0 1=0 0 reg ONy T ON]
Y g [ S ) () a0, 5)ds
k=0 g=0 1=0 (k= a)lq! 0 reg ’ ON1ONS"
+ iZZ T / S D51 0) g (5) 1 (0, )
i G R 0 rer NI ONS
T iizp; ;Alf_qu+l t me-(s,t) g (s )#mr(o,s)ds}
=== (k- a)ld! 0 =2 YT ATt
>~ F P ket
— ,;)q_zo ; m)\’fwl)\g mg;'(t)mmi@ t)
N 1 k—q+lyq i ot
D N i SOV
+ i Ek: i T movi gi(t)Lm-(o t)
k=0 g=0 1=0 (k—q)lg™ 72 v oAy oy
o k p 1 e ot
P20 g el 0 0
+i§:§:;>‘k qH)‘q/ Z —Dri(8,1) 9()Lm (0, s)ds
== (k-a)ld! e A VT R
k=0 q=0 =0 (k 9" 8t 8)\1 TIONIT

oo k ak-i-l
+ZZZ (k. ql)\k q q+1/ Z atp” ymgr{(S)_—mr(O,S)dS

ONFT I\

k=0 q=0 =0
o k p 1 . o 8k—|—l
+ —)\ I\ / ri(S, 1 —m,(0, s)ds.

For notational ease, consider a single pair of lines in the equation that both contain
o097 (8) for & € {z,y}, for instance ¢ = zx. By Kolmogorov’s forward differential
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equation,

ARt i) ———my(0,t
; (k—q'lg! ™" 2 2291 )aA’f‘q+la/\g 0.2)

P 1 A o+l
E:—AQAqu ri(s,t $) e g (0, 8)d

k
Z _ 11
k=0 q=0 [=0 Q) A reJ
>
1=0

= i 1 Ahmatlye i) okl 0.9
- NN 2z 91\V) (Y,
i (k—q)lg ™t T g\t gag
t oo F A= ‘1+1>\q okl
=Y matt) [ zzz i 2 ) a0 e 0.0
a€T 0 k=0q=01=0 A Ay

\e—atlyg ok+l

t © k p
+ Z fqi(t) / Z Z Z ]i—)'2 Z Drq(s,t) mg}n(s)mmr((), s)ds.
0 1= At O\ 0N

The calculations for $& € {zy,yy,yx} are analogous. Differentiating the terms
accounting for the jump-dynamics we get

0 { / Z Z o1 ta2
= +(0,s)
q1 ¢I2
ot k= OQ1+Q2+Q3 k q QQ Q3 reJ j#r 8)\ 6)\
(>\1 1 +mxhrj( )) + A2 ymhrj( ))

x (M1 myhm( $)+ A1+ 17 (s)))% |
(M (Pl (5) + oyt () + A2y bt (5) + yyhe (5)))%
X prj (8 )pﬂ(s t)ds

k-axg S i\S)PjilS S.
—ZZ TR I 3p e e Ak " 0 ns o), )d }

reJ j#r

X
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6Q1+QQ
| Z a)\fh a)\qQ

:Z Z (0, 9)
k=0qg1+qg2+g3=k
X <)‘1(1 + mxh?( )) + Az yxh?( ))

X ()‘1 wyhgl(t) + >‘2(1 + yyh;Z(t)))qZ

X (AM(aaht' () + 2yhg' (1) + A2y bt (1) + 4, h' (1) *

Ch'(Zz q3!

X ,Uri(s)
> a(I1+Q2
+ Z Mni(t)z Z / ZZ = (0, )
n:n#i k=0 q1+q2+qs=Fk qr- QZ QB red jir 8/\ 8)\

X (AL(L+ 4ok (8)) + Az yph? (5))
(A1 gyht? (s) + A2(1 + ol (s))) | |
X (AL (ah’ (8) + ayht (5)) + A2 (yuhty (5) + 4y’ ()%

0
X prj(s )atpgn(s t)ds

1 t aCI1+Q2
SDINTIC)SID DENPE Y () Bp wesco RN
ninFi k=0 q1+g2+q3=k 142743 reJ j#£r 1 2

X (14 g (5)) 4+ o b (5))
% (0 g7 () + Al + b7 ()% |
X N1 (8) g7 () + Dl (5) 4y b5 ()%

0
X urj(s)§pji(s, t)ds

o0 k )\Ilg_qu t ak
- ’I’L’Lt 7 N1 DN ™ 07 T'. ‘TL 7td
2, ()Zz(k—q)!q!/o ZZ@A’f—qugm( $)pirs (8)Pin(s, £)ds

nin#i k=0 q=0 reJ j#r
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Combining all three differentiated parts of the state-wise moment-generating function,
we recognise m; (A, t) and m,.(\,t) to arrive at the differential equation

%mi()\, t) = pri(tyme (A1) = pir (H)ms (A, 1)

r#i
+ i Z Zp: _ 1 \r—atlyg z(t) okl 0.1)
zz9 —— - m;\U,

k=0 q=0 =0 (k= q)lg!™ 2 el ONFTTH )
SRR _ 1 k—q+1 ; okt

+ AT 10 P 0 "
kz_()qg()g(k_q)!q! L g()aA’“ VA mi(0,2)
S Yy g 2T

+ AT YA 291 () ——————m;(0,t
k=0 g=0 =0 (k—qlgt™t 72 v ONFT TN
o k p 1 N ‘ 8k+l

+ T A [(t) ————7mi(0,1
kz_oq;)g(/f—@!q! toreow g()a)\k’ qa)\q+l mi(0,1)
> 6Q1+q2

* Z Z Z a1 2™ O S)
k=0 q1+q2+qs=k 91'612 gs! ONT O

< (AL(1+ 5 hT(8) + Ao ymh?( )@

X (A1 xyhgi(t) + Ao (1 + yyhl”(t)))qz

X OG5 (6) + 5 0) + a5 (0) + 4, 15 ()

X /uri(t)

3k

B k q)\q T h—aag 078 ri(t).

ZZ o ML gy 0 )
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Figure 4.5: Polynomial approximation of max(0,x)-0.1, degree=5. Outside
the interval of convergence (—14.85,18.15) the polynomial diverges.
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Chapter 5

Introduction to Utility Optimization

In this chapter we introduce utility optimization and equilibrium theory to provide
the background for Chapter 6 and Chapter 7. We also highlight the most important
concepts from the last two chapters in a non-technical fashion.

5.1 Background

On the topic of personal finance, the question of how wealth should be consumed and
invested has been of interest since the inception of modern finance. The consumption-
investment strategy is inevitably dependent on the preferences of the investor. Under-
standing in which way the preferences of the investor influence the optimal consumption-
investment strategy by studying utility theory is a practical problem in theoretical
disguise. The real-world portfolio managers are not investing according to some the-
oretically optimal strategy, but understanding how the features of the theoretically
optimal control are connected to the preferences of the investor, is a relevant real-world
problem.

A utility function is a mathematical object that represents the preferences of an
investor. Utility optimization is all about studying models of preferences and the
financial market. By finding the optimal strategy for a given utility function in a
given financial market, we get a better understanding of the factors that influence the
objectives of real-world investors, if the model is sensible. Utility functions cannot be
deduced from a brain scan or a questionnaire, and the real-world financial market is
too complex to model accurately.

A common phrase in statistic is,
” All models are wrong, but some are useful.”

The same can be said about utility theory. In his 100-page paper with 650 references
Schultz (2015), the Cambridge professor and Brain Prize winner Wolfram Schultz
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describes how neuron signals induce learning and thereby ultimately influence behaviour.
On the matter of utility he writes,

” Although all reward, reinforcement, and decision variables are theoretical
constructs, their neuronal signals constitute measurable physical implemen-
tations and as such confirm the validity of these concepts.”

5.1.1 Dynamic Programming

The Danish former elite soldier B.S. Christiansen advocates for what he calls a "back-
wards schedule’. If you have to be at work by 9:00 it means that you have to leave at
8:37, which means that you have to get dressed by 8:26, which means that you have
to start breakfast at 7:56, which means that you have to get up at 7:43 if you want
a shower. B.S. Christiansen has simply applied what Richard E. Bellman called the

dynamic programming principle.

The dynamic programming principle is to take a complicated problem (as for instance
'what time should I get up?’), and break it into sub-problems that can be solved
recursively in time. This idea can be formulated mathematically and applied rigorously
via the so-called Hamilton-Jacobi-Bellman (HJB) equation, which is an indispensable
tool for the derivation of optimal consumption-investment strategies.

A value function represents the value of a certain control for a certain utility function.
Value functions allow us to compare and rank different controls, and define the optimal
control as the one that achieves the highest value function. The HJB equation describes
how a value function has to unfold backwards in time in order for the control to be

optimal.

5.1.2 Equilibrium Theory

Have you ever planned to go for a run, but end up eating popcorn and watching a
movie instead? or postponed the completion of your tax returns, even though you had
designated time for it? If you have ever changed your mind, you have experienced
time-inconsistent preferences. Having different objectives at different points in time
is completely natural, but one has to be careful about defining optimality when the
objective is not fixed.

A naive treatment of time-inconsistent preferences is to solve the problem as if the
preferences were time-consistent. The naive investor constantly re-evaluates his control,
and does not take into account that his preferences are changing over time. The value
function that emerges from adopting this strategy, is not going to correspond to the
value function that the naive investor optimises over, which is why the label as 'naive’
is fitting.
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A more sophisticated way to deal with time-inconsistent preferences, is to acknowledge
that the preferences are going to change, and incorporate this knowledge into the
definition of optimality. An optimal control defined as a Nash subgame equilibrium
does exactly this.

To explain the idea behind a Nash subgame equilibrium, imagine a group of people
who are playing a game of knocking over cans at a carnival together. They all share the
prize, and each player gets to throw one ball. The first player wants a stuffed unicorn,
and accordingly throws his ball at the pyramid of cans that will give him the unicorn.
The second player wants a candy cane, but since the first player already knocked over
one can in the unicorn pyramid, the second player also goes for the unicorn pyramid,
as it is an acceptable trade-off for him. The third player wants neither a unicorn or a
candy cane, and instead aims at the chocolate-bar pyramid. In this way, each player is
playing a subgame, and the optimal action for the n’th player is determined by the
actions of the first n — 1 players. An equilibrium is reached when every single player is
satisfied with their own subgame strategy given the strategy of the players that come
before.

The value function for the equilibrium control satisfies an extended HJB equation,
where suitable adjustments to the original HJB equations account for the change in
the objective over time.

Prospect theory is an experimentally attested descriptive theory of behavioural finance
that explains several anomalies stemming from the classical expected utility hypothesis,
where agents are assumed to be rational. An essential feature of prospect theory, is
the notion that utility is relative to a status quo, and not absolute. Furthermore, the
status quo is dynamic. Incorporating these properties in a utility function result in
time-inconsistent preferences.

5.2 Overview of Chapters 6 and 7

This thesis deals with time-inconsistent finite horizon investment problems, where
optimality is defined in terms of equilibria. In the following two subsections we outline
the central ideas of Chapters 6 and 7. Chapter 6 deals with an application of the
extended HJB equation, on polynomial approximations of utility functions. Chapter 7
deals with a single utility function of particular interest with ties to prospect theory.

5.2.1 Polynomial Approximations

Polynomials are relatively simple, and can be used to form approximations of non-
polynomial functions. It is natural to assume that if a polynomial closely approximates
a utility function, then the optimal control for the polynomial closely approximates
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the optimal control for the utility function. It is exactly this idea we investigate in
Chapter 6.

The trouble with polynomial utility functions is that they diverge, which can induce
diverging optimal controls. To mitigate this problem, the polynomial utility function
has to be constructed, so that the approximation is accurate for the most likely
values of terminal wealth. Increasing the degree of the polynomial provides a closer
approximation over a fixed interval, but higher degrees of polynomials diverge faster,
which increases the influence on the optimal control. The polynomial utility function
has to satisfy two interconnected properties;

e A close approximation of the original utility function over the likely values of
terminal wealth.

e A degree of polynomial so low that the divergence outside the likely values of
terminal wealth does not influence the optimal control.

We produce two numerical examples to study the accuracy of the control induced by
polynomial utility functions. One of the examples has a known solution and serves to
prove that the method is sound. The other example provides an approximation of an
optimal control, for a utility function with an unknown solution.

5.2.2 Avoiding Dynamic Programming

One of the utility functions studied in the examples of Chapter 6, is the focal point of
Chapter 7. Motivated by (among other things) the numerical results of Chapter 6, we
assume that the equilibrium control is independent of wealth. This paves the way for
finding the equilibrium control through a direct use of the definition of the equilibrium
control, instead of solving the extended HJB equation.

An Authors Note on Chapter 7

Less than two months before submission of this thesis, Chapters 2, 3, 4 and 6 were
finished, and I had to choice between squeezing in an extra chapter and having a long
time to write an introduction. Apparently i chose the latter. Unfortunately I did not
have the time to bring Chapter 7 to a point where I would deem it ready for submission.
Please forgive the crudeness of Chapter 7.



Chapter 6

Polynomial Utility

ABSTRACT

We approximate the utility function by polynomial series and solve the
related dynamic portfolio optimization problems. We study the quality of
the approximation for the Taylor and Bernstein series in response to the
center and the degree of the expansion. The issue of time-inconsistency,
arising from a dynamically adapted center of the expansion, is approached
by equilibrium theory. In the numerical study we focus on two specific
utility functions: For power utility, access to the optimal portfolio allows
for a more complete illustration of the approximations; for the S-shaped
utility function of prospect theory, the use of equilibrium theory allows for
approximating the solution to the (obviously interesting but yet unsolved)
case of current wealth as a dynamic reference point.

Keywords: Dynamic programming, Optimal Asset Allocation, Expected Utility
Theory, Polynomial Expansions.
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6.1 Introduction

We approximate the portfolio utility maximization problem by series expansions of the
utility function of which the second order Taylor expansion is a special case leading
to mean-variance utility. Conforming with the modern approach to dynamic mean-
variance optimization we approach the problem by equilibrium theory. We study the
convergence of two expansions via Taylor and Bernstein polynomials, respectively,
discuss their weaknesses, and propose ways to circumvent them. We illustrate the
insight obtained in numerical studies covering both power utility and S-shaped utility
with an adapted reference point.

The starting point for this work is the mean-variance portfolio optimization problem
introduced by Markowitz (1952) in a one-period framework. Here, we think of the mean-
variance objective as an appreciation of expected wealth minus variance multiplied
by the absolute risk aversion. Levy and Markowitz (1979) formalize the objective
as an approximation based on a second order Taylor expansion around the expected
return. Thus, the mean-variance objective can be interpreted as an approximation
to an underlying regular utility maximization problem from which the absolute risk
aversion is derived and plugged in as weight on the variance. Levy and Markowitz
(1979) conclude that the approximation is good for a logarithmic utility, but others
find the approximation to be poor in general/other settings, see e.g. Loistl (1976) and
Jondeau and Rockinger (2006). From a mathematical point, there are other series
expansions available than the Taylor expansion and one can also vary over the point of
expansion. The discussion about the quality should be seen in that light.

The issue about the quality of the methods becomes even more delicate when formalizing
a dynamic problem. In the variance appears the point of expansion, expected wealth,
as the point to which the variance measures the expected quadratic distance. For a
one-period version of the problem this is unambiguously meaningful. When forming
a dynamic problem the question arises: What should be the point of expansion at a
given point in time? If the point is the initially expected wealth, then a time-consistent
dynamic problem arises, and it can be solved by standard dynamic programming as a
quadratic utility problem with a Lagrangian constraint, see e.g. Xia (2005). However,
the objective is only of mean-variance type seen from the initial time point and not
from later time points. If the point of expansion is conditionally expected wealth, the
objective is always a (conditional) mean- (conditional) variance problem. However,
since the objective now contains the conditional expectation squared, the problem
becomes time-inconsistent and other methods than standard dynamic programming
are needed. So, the point of expansion is crucial for both the interpretation and the
solvability of the problem.

The dynamic mean-variance problem has gained a lot attention since the solution
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proposed by Basak and Chabakauri (2010). They essentially formulate and solve
the problem by an equilibrium approach. That approach was formalized for time-
inconsistent problems in continuous time by Ekeland and Lazrak (2010) and Ekeland
and Pirvu (2008), mainly to cope with the source of time-inconsistency known as
non-exponential discounting. But the approach works generally for time-inconsistent
problems. This is studied intensively in Bjork and Murgoci (2014) and Bjork et al.
(2014) and followed up by many others in more recent works, see e.g. Kryger et al.
(2020) and the references therein. Here, we also take the equilibrium approach but, in
contrast to the extensive work on the mean-variance problem, we go beyond both the
second moment as the object of interest and the conditional expectation as the point
to which distance is measured.

The Taylor expansion around the conditional expectation for a general utility function
was first studied by Nordfang and Steffensen (2017), and they identify clear weaknesses.
We have three main objectives in continuation of their work:

a) We identify and discuss further the reason for these weaknesses. The key issue is
that, independently of the order, the Taylor expansion provides convergence within
a limited interval only, specified indirectly by the point of expansion. Since the
approximately optimal control takes the wealth process outside this interval with a
sufficiently high probability, it has the harmful impact on the optimal control that
it does not converge in general. We propose here to use a point of expansion that
depends on the order to cope with the problem. The weakness of the approximation is
also what drives Fahrenwaldt and Sun (2020) to study intensively of the remainder

term of the expansion.

b) We propose and study the Bernstein polynomium as an alternative to the Taylor
polynomium. As for the Taylor polynomium, the Bernstein polynomium converges
over an interval. But since this interval is specified directly, this gives a more direct
control over the area of convergence. However, again the relation between the interval
and the risk of the wealth ending there prevents convergence of the strategy. And
again, we propose to set the interval as a function of the order of expansion. We
discuss advantages and disadvantages among the two expansions and present supporting
numerical results for the power utility case where the solution to the underlying problem
is explicitly known and the quality of the approximation, therefore, can be illustrated
directly.

¢) The equilibrium approach is mainly introduced to deal with the time-consistency
arising from higher order moments in the expansion. However, its presence allows us to
study series expansion methods even when even the original utility function contains
time-consistency issues, without really adding much difficulty. We therefore study
the feature of Prospect Theory known as S-shaped utility around a reference point
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(and disregard probability distortion). Similarly to the point from which the quadratic
distance is measured in the mean-variance case, also the reference point for S-shaped
utility can be elaborated on in a dynamic context. Almost everywhere in the literature,
this point is taken to be initial wealth. We study the version of the problem where
the reference point at every point in time and space is taken to be current wealth.
Then the solution to the underlying problem is not explicitly known but we present
numerical solutions based on the Taylor and Bernstein polynomials.

The outline of the paper is as follows: In Section 2, we provide the setup and present
results from the equilibrium theory. Sections 3 and 4 go through the solution, ideas,
advantages, and disadvantages of the Taylor and Bernstein polynomials, respectively.
Numerical studies for both power utility and S-shaped utility with adapted reference
point are presented in Section 5.

6.2 Setup and Useful Results

In this section we present the problem and present results about equilibrium strategies.
We assume that the investor trades at a Black-Scholes market equipped with a single
stock, S, and a bank account, B, with dynamics

U
Sy
—~
~
N—r
I
<

B(t)dt, B(0)=1
aSt)dt +oS(E)dW(t),  S(0) = so,

Q.
W

—
~

N—"
I

where W is a standard Brownian motion. The wealth of the investor is invested in the
two assets according to the control m which denotes the proportion of wealth invested
in the stock. The wealth is assumed to be self-financing such that the dynamics are
given by

dX™(t) = (r+7n(t, X" (t))(a —r)) X" (t)dt + 7(t, X" (t))o X7 (t)dW (),  (6.2.1)
X™(0) = 2o > 0. (6.2.2)

Controls that are independent of wealth, i.e. deterministic, are particularly appealing,
both from a computational and practical point of view.

Lemma 6.2.1. For wealth independent controls, w(t,x) = w(t), X™(t) is log-normally
distributed with

X™(t) ~ LN <log(9c0) + /Ot <r +7(s)(a—71) — w) ds, /Ot(ow(s))2d5> :

and the expectation of the it" power of X™(T), conditional on X™(t) = x, is given by

T 2
E; .[(X™(T))"] = 2" exp <Z/t (r +m(s)(a—71)+ (i — 1)@) ds) . (6.2.3)
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Proof. Proof of Lemma 6.2.1. Since 7(t) is deterministic,
f(f or(s)dW (s) ~ N (0, fg(aw(s))zds), applying Ito’s lemma gives

log(X™(T)) ~ N <log(x0) + /Ot (r +7(s)(a—71) — w> ds, /Ot(aw(s))2d8> :

Conditioning on X™(t) = x and integrating to 1" gives (6.2.3), which is the expression
for the i*» moment of the log-normal random variable X™(T) | X™ () = z. O

The goal of the investor is to optimize expected terminal utility. But unlike the
standard formulation, we allow terminal utility to not only depend on terminal wealth

but also current wealth. Thus, We introduce the function
JT(t,x) = Eyplu(t, X7 (), X™(T))]. (6.2.4)

We are going to approximate the true problem above by an approximated problem by
simply by replacing u with a polynomial utility function in the form

n
Un(t,x, 2) = Z ain(t, )",
i=0

for a set of coefficients a; ,, that are determined in such a way that u,, is an nth degree
polynomial approximation of u. The standard approach to optimization is to set a
supremum in front of (6.2.4). However, no matter whether the expectation be over u
or i,, the presence of current wealth violates Bellman’s Principle of Optimality, as
formulated by Bellman:

An optimal policy has the property that whatever the initial state and
initial decision are, the remaining decisions must constitute an optimal
policy with regard to the state resulting from the first decision.

In other words, no matter what happens, we should not deviate from our initial objective.
If the property cited above is fulfilled, the policy is said to be time-consistent, and an
optimization problem that has a time-consistent policy as optimal solution is said to
be a time-consistent problem. But clearly, the introduction of current wealth in the
objective violates exactly that property.

It may seem odd to have preferences that change according to the current wealth and
to have time-inconsistent policies, but this is by no means unrealistic, in fact quite
the opposite - see Tversky and Kahneman (1986). Daniel Kahneman was awarded
the Nobel Memorial Prize in Economics in 2002 ”for having integrated insights from
psychological research into economic science, especially concerning human judgment

91

and decision-making under uncertainty”*. The work by Kahneman shows that utility

INobel Media AB, 2021.
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should be measured relative to a reference wealth level which could naturally be current
wealth. Thus, according to Kahneman, it is basic human psychology to have time-
inconsistent preferences. Interestingly, time-inconsistent preferences were introduced
in economic decision making long before Kahneman, see Strotz (1955) and Samuelson
(1937).

Note that even if the original function u is not wealth-dependent and time-inconsistent,
it may well be that we want to approximate it by a polynomial utility function @
which is. Actually, this is a core idea of the present paper to actually do that. As
discussed above we cannot put a supremum in front of (6.2.4) and solve by standard
Bellman theory. Instead we approach the problem by so-called equilibrium theory,
introducing an equilibrium value function (instead of an optimal value function) and
an equilibrium strategy (instead of an optimal strategy). This route starts by defining
the set of admissible strategies in the following way.

Definition 6.2.2 (Admissibility). For n real functions gi(z),...,gn(x), a control 7 is
admissible w.r.t g1, ..., gy, (or simply admissible) if for each g;, there exists a function
Go™(t,x) : [0,T] x R = R from CY? such that

1) Gi’” =—(r+n(a—r))zGy™ — %0’27T2$2Gi’7r GV (T, z) = g;(x).

Tx )

2) om(t, X™())X™(t)GL™(t, X7 (t)) € L2, for X™ following the SDE given by (6.2.1)-
(6.2.2).

The set of admissible strategies is denoted by U.

The next step is to define an equilibrium strategy. This definition follows the
definition by Bjork et al. (2014).

Definition 6.2.3 (Equilibrium control). Consider a control . Choose a real number
h € (0,T) and a fized initial point (t,x), such that t € [0,T — h). Define for a control
7 the control ™ by

m(s,y), for(s,y) €[t,t+h) xR,
w(s,y), for(s,y)€[t+h,T] xR.
If

T _ 'l
lim inf Tt z) = J" ()
h—0 h

>0

Y

for all controls @ for which ©" is admissible, then 7 is an equilibrium control.

In other words, for all points in time there is no other strategy that yields a smaller
marginal change in the value function than the equilibrium control. Equivalently, the
equilibrium control yields the largest marginal change to the value function with going
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backwards in time. This makes it optimal in the equilibrium sense but not (always)
the control that mazimizes (6.2.4).

Having defined the objective of the investor, we are ready to address the problem for
the case of polynomial utility functions. We are interested in the equilibrium optimal
control 7, for the value function J determined by

Tir(tx) =Y ain(t, ) B o [(X™(T))7]. (6.2.5)
=0

The fact that we can find the equilibrium control in Equation (6.2.5), and deal with
polynomial utility functions in a general framework, is made possible by the extended
HJB equation, first conceived by Kryger and Steffensen (2010), with a revised version
of the proof provided by Kryger et al. (2020).

Theorem 6.2.4 (Extended HJB equation). Let f :[0,7] x R"*2 — R be a function
that is once differentiable in the first argument, and twice differentiable in all other
arguments. Let g, ..., gn be real functions. Consider the investor with value function

Tt x) = [t 2, B algo(XT(T))] o) Erelgn (XT(T))]),
with wealth dynamics described by the SDE

AX7(t) = (r + 7(t, X" (£)) (@ — 1)) X ()dt + 7(t, X™(£))o X (£)dW (1),
X™(0) =2 > 0,

and equilibrium optimal control 7*. If
1 n
7 = arg inf{ (r + (o —7) ZszGl T 50—%%2 > feiGur } (6.2.6)
i=0
is an admissible strategy with respect to the functions go, ..., gn, then (t,z) = 7*(t, ),

and the optimal value function is determined by

JT(t,x) = f(t,z,GO (t,z),...,G™ (t,x)).

For 37 faiGET < 0, the control 4 in Equation (6.2.6) can be expressed as

a—T Z?:O fGi (t7 x, GOJ* (ta J")J ceey Gn,w* (t7 x))G?cﬂT (ta x

w(t,x) = — -
() o’ 3 fei(t,m, GO (t,x), .., G (L, 1)) GaE (L)

which for polynomial utility functions with coefficients a; ,, equates to

/ﬁ- (t x) = —a -r . Z:L:O ai,n(t, $)mg" (Z, t7 x)
n\b, o2r Z?:O ai,n(t, x)mgg (@7 t, LU)

: (6.2.7)
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where m™» (i,t,z) denotes the i*" moment of the stochastic variable describing the
wealth at termination using 7, as a control, i.e. m™ (i, t,x) = E; . [(X™(T))7.

By Theorem 6.2.4 we can find the optimal control for polynomial utility functions.
In terms of interpretation and implementation, simple optimal controls are preferred.
It turns out that a class of polynomial coefficients lead to optimal controls that are
independent of wealth, making the controls deterministic. This class is immediately
detected by looking for wealth-independent solutions to (6.2.7), recalling Lemma 6.2.1.

Lemma 6.2.5 (Deterministic Controls). For any function h(x), coefficients of the
form
ain(t, ) = h(z)z " "c; pn(t)

lead to wealth independent optimal controls, and w(t) is the solution to

7Ar(t):_a—zr' > o Cin(t) <ft <r+7r a—r)—l—(z'—l)%)d(g) |
o Yo g Cin(t)i(i —1) (ft (T’+7r a_r)_l_(i_l)(afrés))z)dS)

Proof. Proof of Lemma 6.2.5. Assume we have coefficients of the form a;,(¢t,z) =
h(z)z~'c; »(t). We now guess that the solution to (6.2.7) using these coefficients, is
independent of wealth. By Lemma 6.2.1,

m™ (i,t,r) = 2 exp <z /tT (r +7(s)(a—71)+ (i — 1)@) dg) :

and so

\é/ ~
83
—~
. .
\.PF
8
~

0'2{L’ Z?:O a’i,n(t7 x 3
” (i [T ~ . ot (s))?
a—r im0 Cim (1) (Z J; ( + 7(s) o — 1) + (i — 1) é ) ) ds)

7 S en®ili—1) (i f) (r+ F) @ =)+ (- 1) T2 ) ds)
(6.2.8)

confirming that, for a; (¢, z) = h(x)x~c; n(t), ©(t,z) = 7(t) is a solution to equation
(6.2.7). O

In the numerical section, all coefficients of the polynomial utility functions are on
the form of Lemma 6.2.5, and the calculations of optimal controls where performed by
finding a solution to (6.2.8).

6.3 The Taylor Optimal Control

The main focus of the paper is the way in which the polynomial utility function
is constructed from the original utility function. Note that different polynomial
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approximations lead to different controls. This section presents some results, that are
also available in Nordfang and Steffensen (2017) and Fahrenwaldt and Sun (2020), but
at the same time we highlight some of the general problems with polynomial utility
functions.

An nth order Taylor expansion in z around the point d(¢,z) of the utility function
u(t, x, z) is given by

0, 2) =3 u® b, d(t, ) (= — dr, )"

k!
k=0
"1 LA ‘ ‘

= Z HU(k) (t,z,d(t,x)) Z (2) Zd(t, z)F i (—1)k
k=0 i=0

= agn(t,x)z’,
=0

where
T 1 (—Dd(t,2)* (k+i)
ai,n(t7 LE) :ﬁ Z Tu (ta x, d(t7 ZL‘)), (631)
k=0

where u(*®) (¢, z, z) denotes %u(t,x,z), and where we have introduced a],, as the
coefficients of the polynomial. The topscript T refers to Taylor as we later introduce a
different expansion and need to disunguish between the two. The choice of d(¢,z) may
have a large influence on the equilibrium control. If d(¢, x) is too large or too small, the
Taylor approximation around the likely values of X™(T') may be poor. Furthermore,
specific choices of d(t,x) may lead to particularly simple equilibrium controls which
we analyse in Example 6.3.1.

Example 6.3.1 (Power Utility Coefficients). The power utility function up defined by

1

1—v
1-— 7Z

up(t,z,z) =

Y

where v > 0, v # 1 is the risk aversion parameter, has kth derivative given by

k—1
k 1 Y
U%)(Z)::Zl v kH(l—’Y—l)
=0

Expanding the Taylor polynomial around d(¢, z) gives the coefficients

12 (—Dkd(t, )k 1 I
" k=0 ’ 1=0

d(t,z)' (=)L, (0 =y = D)
illn—i)l(1 —~v—1) ‘
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For any function f we can consider the point of expansion given by d(t,x) = x f(t).
Then the coefficients can be expressed as z'~7%¢; ,,(¢), and the Taylor optimal control
is independent of wealth by Lemma 6.2.5.

Nordfang and Steffensen (2017) choose d(t, z) = E; .[X™(T)] as their point of expan-
sion. Making the ansatz that 7, is independent of wealth for this point of expansion,
Lemma 6.2.1 states that

T
d(t,x) = x exp (/t r+ 7n(s)(a — T)ds) .

By the observation above this fits with 7,, becoming independent of wealth such that
we have detected such a case. A

Taylor polynomials are widely used to approximate differentiable functions, and it
is therefore meaningful to derive the Taylor optimal control. In the following section
we shed light on a fundamental problem with Taylor polynomials.

6.3.1 Problems with the Taylor Optimal Control

Fahrenwaldt and Sun (2020) perform a thorough analysis of the remainder term that
accounts for the difference between the original value function and the approximate
polynomial value function, for d(t,z) = E; ,[X™ (T)] and the case of a power utility
function. A particularly interesting result of Fahrenwaldt and Sun (2020) is that the
remainder term increases in n for n sufficiently large. In other words, increasing the
degree of the Taylor polynomial produces at some point a worse approximation in that
particular sense. In this section we provide some intuition behind this behavior.

To an understanding of the trouble with the Taylor optimal control, we consider the
interval over which the Taylor expansion of the power utility function converges to the
power utility function. Performing a ratio test shows that

nlLII;O ul (t,x,z) =

—00, for z > 2d(t, x),
u(t,z,z), for z < 2d(t,z),

and

nh—>n;o ugn—i—l(tv Z, z) =

00, for z > 2d(t, x),
u(t,x, z), for z <2d(t,z).

Thus, if terminal wealth exceeds 2d(t, x), then for large n, the utility function actually
diverges in such a way that it goes to infinity for large even n and to minus infinity for
large odd n. The event that X (T) > 2d(t,z) (called the divergence event below) may
be unlikely, but even a small probability can in this case have a large influence due to
the special divergence of the utility function. In Figure 6.1 we have plotted two Taylor
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polynomial approximations of the power utility function, along with the density of the
terminal wealth achieved for the true optimal constant control 7* = 0.25.

Degree of polynomial s 10 = = 11

50 75
Units of wealth

Figure 6.1: Point at z = 3.86 signifies the point of expansion, which is
the expected value of terminal wealth. Vertical lines indicate convergence
radius from ratio test

While the divergence event seems extremely unlikely, its influence cannot be un-
derstated. For fixed (t,x) and n, the probability that the terminal wealth is going to
exceed 2d(t, x) is fixed. But increasing the degree of the Taylor polynomial, increases
(or decreases depending on whether n is odd or even) the marginal utility of this
extreme event, as the Taylor polynomial diverges faster. Increasing the odd degree of
the polynomial eventually increases the incentive to reach the divergence event becomes
dominating such that the optimal control is 7(¢,x) = co. Conversely, increasing the
even degree, the strategy 7(t,z) = 0 becomes optimal as the incentive to avoid the

divergence event becomes dominating.

As explained, the problem is that for increasing n, the probability of the divergence
event is unchanged, but the influence of it is increasing. For the case of power utility
this problem can perhaps be remedied by considering instead a point of evaluation that
increases as n increases, e.g. d,(t,r) =0.5-inf{g e R| P, ,(X™(T) <q)=1-n""}
for some constant 7 > 0. There is no way, however, to generally control the interval
over which the Taylor polynomial converges to the true utility function. A ratio test
can identify how far away from d(t, z) the Taylor series converges to the true utility
function, but for a given utility function, it may not be possible to chose a point
d(t,z) that leads to a satisfactory interval of convergence. Furthermore, the Taylor
polynomial requires a smooth utility function such that e.g. a piecewise utility function
is not allowed. Another example is the S-shaped utility function, where either the
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utility in gains or utility in losses can be approximated but not both.

One may try to ignore the behaviour of the polynomial utility function for values larger
than some extremely large B. Why should we care about unrealistically high values of
wealth? However, unrealistically high values of wealth do not exist as the following
argument shows. If we consider the constant proportion 7(s,x) = C for s € [t,t + At],
then

P(X™(t+At) > B | X" (t) = x) (6.3.2)

=P <:Jc exp (At (r +C(a—r1)— 02202) + /:er aC’dW(s)) > B)

=P </tt+At oCdW (s) > log(B) —log(z) — At <7“ +Cla—r1)— 0-202>> :

2

With
t+At
/ ocCdW (s) ~ N (0, Ata*C?),
t

we get, for Y ~ N (0, 1),

P(X™(t+At) > B| X™(t) = z)

log(B) ~ ou(a) At 7+ Cla 1) - 77~
oCVAt

=1-P|Y <

(6.3.3)

Thus, if the investor wants to reach B over the next small interval with probability
A € (0,1), he can do so by solving (6.3.3) equal to A with respect to C'. This amounts
to solving the quadratic equation,

5 Ato At(a — 7“)> _ log(B) —log(x) — Atr _0

2V At oV At oV At

where ®~! is the quantile function of the standard normal distribution. If B or X is

-C (<I>—1(1 — )+

sufficiently large the investor must borrow to invest more than his wealth, though.
What is important to realize here is that the investor can achieve any fixed wealth with
any fixed probability over any fixed time interval. Divergence of the utility function
could give him the incentive to do so. Therefore divergence even for extreme values of
wealth cannot be ignored.

It poses a question — if all polynomial diverges, how come numerical studies such as
the ones provided in Nordfang and Steffensen (2017) show that we can get reasonable
polynomial controls at all? We don’t know, but apparently we can. We have merely
shown that the investor basically can achieve any wealth he desires over an arbitrarily
small time interval, but we do not know the exact conditions under which this is
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optimal. Part of the answer probably lies in the fact that the point at which the
polynomial starts to diverge, changes in time and wealth as well as in 7*. The fact
that we can get any reasonable results, indicates that if the required control to achieve
divergent utility is sufficiently extreme, the investor won’t do it. Perhaps there is some
combination of probability of the event, and degree of polynomial that results in a
divergent control. This hypothesis is corroborated by the very same numerical studies
in Nordfang and Steffensen (2017) where the optimal control is seen to diverge as
(T'—t) increases, resulting in a wider distribution of terminal wealth. The exact relation
between probability and increase in utility that results in this dangerous cocktail, is a
matter for further research.

That problem exposed in the previous paragraph does not mean that the approximate
policy based on the approximate utility is always extreme. Obviously, we may have
meaningful strategies as long as n is not too large. But even for n going to infinity,
the policy seems to converge for some parameters and some time horizons. This is
well-documented by Nordfang and Steffensen (2017). This indicates that, in spite of
the ability to reach any level with any probability over any time interval, there is
always also the risk of not getting there perhaps followed by a risk of harmful outcomes.
Therefore, for some parameters and time horizons it is more valuable to the investor
to choose his policy according to what happens within the interval of convergence of
the utility function. So, there seems to be a balance between being dominated by
the utility gained inside and outside the interval of convergence. Obviously, the fact
that the point of expansion d(t,z) moves with time and wealth makes the balance
utterly involved and we do not pursue this question further here. Instead we now
turn to different method of expansion that allows is to explicitly control the area of
convergence.

6.4 The Bernstein Optimal Control

Bernstein polynomials were first used for a constructive proof for the Weierstrass
approximation theorem. While their convergence is slow, their coefficients are explicit
and simple. The Bernstein polynomial of degree n on the unit interval of the function
f is defined as

n .

1
B =3 (1) o),
1=

where b, ; are the Bernstein basis polynomials

n

.)xi(l — )"

]

bi(2) = (

The Bernstein polynomial is essentially a weighted average of the points f(i/n), where
the Bernstein basis polynomials represent how much weight should be given to f(i/n)
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for a given value of z. In Figure 6.2 we have plotted the Bernstein basis polynomials
for n = 4.

1.00

0.75
— b 04
"""" b_14

0.50 -———— b 24
--- b 34
...... b_44

0.25

0.00

0.00 0.25 0.50 0.75 1.00
X

Figure 6.2: b; 4(x) for i =0...4, and x € [0,1]

We do not want to restrict the wealth of the investor to the interval [0,1], so we
consider a shifted and scaled version of the Bernstein polynomials.

Definition 6.4.1 (Generalized Bernstein Polynomial). The nth degree generalized
Bernstein polynomial, @2, of u for (t,x,2) € [0,T] x R? is defined as

n
Bt x,z):= Zu (t,x,2n,i(t, x))bnq(t, x, 2),
1=0

where

b it ) n z—Tpo(t, ) ‘ . 2 —xno(t, ) net
n,i\l, L, Z) = . - )
’ 7 Tnn(t,T) — Tpno(t, x) Zpn(t,x) — ot x)

and

Tpn(t,T) — Tnolt,T))l
xn’i(t,l') :l'n,o(t,f[')—{— ( > ( ) - 0( )) ’

for some upper and lower points x,, , and T, .

For notational reasons we often omit the dependence in ¢ and x for x,, ;(t,z). In
order to easily apply Theorem 6.2.4 and Equation (6.2.7) we need to rewrite the form
of the extended Bernstein Polynomial from definition 6.4.1, to a polynomial in the
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form

3

aB(t,x,2) =) d? (t,2)7"

From Definition 6.4.1 we can write

ap(t,x, 2)
-~ n Z— Tpo ‘ Z— Tno net
= Zu(t,x,xn,i) ) — 1 =2 onb
1=0 L5 xnan - :En,o xn,n - mn,O
- — [k k n\/n—1
' k=3 ph—J —k - k—i
= Z 2) Z (]) (—1) an,oj (Tpm — Tn,o) Z u(t, z, T ;) (Z) (k’ B z) (—1)
Jj=0 k=3 =0
Zz,zjafn(t,x),
7=0
where
- T g n\ (n—1\ [k
B —q n.0 — s
it —\dn ! —— ta sy Ln,g . . . —1)7* 7.
i 5 ) S ()

k=j 1=0

Unlike the Taylor polynomial that needs a single point of expansion, the Bernstein

polynomial needs two, a lower and an upper point.

In between the lower and upper points, Theorem 6.4.2 below states that there is a
bound on the difference between u and ,,, that depends on the modulus of continuity
defined by
wy(u(t,z,2),0) == sup  |u(t,z,2) —u(t,z,y)|.
2,Y€[Tn,0,Tn,n]
[z2—y|<d
The upper bound is proportional to the modulus of continuity, and quadratic in the

distance between x,, o and x,, .

Theorem 6.4.2 (Bound on Generalized Bernstein Polynomial). For any (t,x) and
any function u(t,x,z) continuous in z,

| u(t,z,2) -ty (t,2,2) |

b

< wp(u(t,z, z),n"?) <(x”70 + o) (Tn,0 + Tnm) —4) + 8>

4

for z in [z 0, T n]. Furthermore, for x, o =a > —oo and x, , =b < co and z € [a, b,

aP(t,x,2) = u(t,z,z)  uniformly.

Proof. Proof of Theorem 6.4.2. The proof is analogous to the constructive proof for
the Weierstrass’s Approximation theorem using Bernstein polynomials on (0,1) (see
for instance Theorem 36.4 of Estep (2002)), with the obvious modifications required to
apply the theorem for Generalized Bernstein Polynomials. O
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Using Theorem 6.4.2 we can control the interval over which the generalized Bernstein
power series converges uniformly to the true utility function. The last part of the
theorem is a version of the Weierstrass Approximation Theorem. Outside the interval
of convergence, however, the polynomial is going to diverge, and if the probability
of the wealth falling outside that interval of convergence is sufficiently high, it can
influence the optimal control. The higher the degree of the polynomial, the faster the
divergence, and the larger the influence on the optimal control. We wish to keep the
influence of the divergence under control. In order to do that, we need to increase the
length of the interval between the lower and upper points of evaluation, such that the
probability of ending outside is sufficiently low, without compromising the quality of
the polynomial approximation to the original utility function. For this purpose we
define a sequence of x,, o(t,z) and x,, (¢, z) that satisfies precisely this requirement.

Definition 6.4.3 (Maximally Increasing Sequence). For any (t,z), and any uniformly
continuous function u(t,z,z) for z € (p1,p2) the Mazimally Increasing Sequence (MIS)
of lower and upper points is defined as

Tno = Yo(m(n)), Znn=yn(m(n)),
where
-m, if —oo=pr,
{p1 +d/m, otherwise,
m, if 00 = pa,
{p2 —d/m,  otherwise,

)

(p2 —1p1)/3, if —o00<p1 <p2 <00,

. ?
1, otherwise.

The increasing sequence m(n) is defined iteratively as m(1) := 1,

{m(n —1)+1, if(6.4.1) holds for (z,y) € Qy,
m(n) =

m(n — 1), otherwise,

where both

Q= {(2,9) € [yo(m(n — 1) + 1),y (m(n — 1) + 1)}
such that |z —y |< n™'/2},

| ult, ,2) —u(t, z,y) |<de ((yo(m(n — D+ 1) +yn(mn—1)+1))

X (yo(m(n — 1) + 1) + ga(m(n — 1) + 1) - 4) +8> .
(

6.4.1)
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The sequence is maximally increasing in the sense that the interval grows whenever it
can do so without compromising the absolute difference between u(t, x, z) and u(t, z, y).
The MIS is constructed to satisfy two needs. We want the lower and upper points
to converge to the support of X™(T'), but we also want the generalized Bernstein
polynomial to produce a close approximation of the original utility function. In essence
the interval (z,0,2Znn) gets larger and larger, but it only gets larger when we can
be sure that we maintain the inequality given by (6.4.1). If we cannot increase the
interval under that condition, we decrease the maximum distance between z and v,
and we do this until we can, again, increase the interval. Using the MIS, we get the
following theorem.

Theorem 6.4.4 (Convergence of Generalized Bernstein Polynomials). For any (¢, z)
and py1,pz € RT>® and a uniformly continuous function u(t,z, z) on (p1,p2), the MIS

satisfies
Ln,0 — p_1|— Ln,n — p2_7
and
Tn,0 + LTn,n Tn,0 + Tnn) — 4 +38
sup | u(z) — u(y) | (( )( 2 ) ) ) — 0.
Zvye[xn,07$n,n}

|z—y|<n~1/2
See Appendix 6.A.1 for the proof. Combining Theorems 6.4.2 and 6.4.4 we get the
following lemma.

Lemma 6.4.5. For arbitrary (t,x) and any uniformly continuous function in z,
u(t,z,2), for z € (p1,p2) where p1,py € RE®, the MIS ensures that a2 (t,x, z) con-
verges towards u(t,x, z). The convergence is uniform for z € [a,b] for p1 < a <b < pa.

See Appendix 6.A.2 for the proof. This lemma states that for a uniformly continuous
utility function, the generalized Bernstein polynomial converges towards u,

i B i
u(t,z,z) = nh—{%ozoa“"(t’ x)z", (6.4.2)

and the convergence is uniform for z in any closed subset contained in (py, p2). This is
a vast generalization compared to the Taylor polynomial. However, there is still an
issue with the generalized Bernstein Polynomial. The support of X™(T') is a subset of
[0,00) for any control 7, and therefore p; = 0,ps = oo is of particular interest. The
convergence is uniform for any bounded closed interval only, and the expectation of an
infinite sum is equal to the sum of an infinite series of expectations only if the series
converges uniformly in the whole range of the support of the random variable. As
b < oo, we can never guarantee that the convergence is uniform on the support of
X™(T). In fact, it is definitely not uniform due to the divergent nature of polynomials.,
and the limit of the original and polynomial value functions do not coincide. One may
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try to ignore the support of X™(T') that falls outside [a, b] but as we discussed towards
the end of the last section, this may not be possible. If however, the support of X™(T")
is restricted to a subset of [a, b], we have that

n
Epo[u(t, X7 (), X™(T))] = lim Y ~af, (t,2) By o [(X™(T))].
Then Theorem 6.2.4 provides us with the equilibrium control to the original problem
via the limit of the equilibrium control for the generalized Bernstein polynomial utility
function. Unfortunately, the support of X7 (7') is only restricted to a subset of [a, b]
for a particular set of controls, and only if the equilibrium control is contained within
that set, we get the desired convergence of the control,

A~ — 1. AB.

=l A
A seemingly different issue is that Lemma 6.4.5 applies to uniformly continuous utility
functions only. But this is actually related to the issue as above since the generalized
Bernstein polynomials converge to any continuous function on any bounded interval
[a, b]. So regardless of u being uniformly continuous or just continuous, the convergence
is uniform for a bounded interval only. For uniformly continuous u we also get

lim @B (t,x,2) = u(t,z,2) for z € (p1,p2),
n—oo

but it does not help us produce the original equilibrium control as a limit of the
Bernstein optimal controls.

The fact that we can choose the interval of convergence for the generalized Bernstein
Polynomials is an improvement compared to Taylor polynomials, but it comes at a
cost of slower convergence. Basically, we want two things to be satisfied at all times,
namely

B ~wufor 2 € A, and P, (X™(T) € A) =~ 1.

This trade-off between interval of convergence and approximation error is crucial, as
numerical problems with high values of n have to be dealt with. In fact, the MIS is
practically intractable, as the convergence (0, Znn) — (p1,p2) is slow. The MIS
only sees to how close @2 approximates u, and adjusts x, ¢ and x,,, only when it
can be done without compromising the closeness of that approximation. The other
extreme is to choose z, ¢ and z,, ,, as a small and large quantile of X 4 (T), and then
not worry about how well %2 approximates u.

It is reasonable to ask what we have gained by using generalized Bernstein polynomials
in contrast to Taylor polynomials, and there is not a definitive answer. In general
Taylor polynomials converge faster than Bernstein polynomials, but this is only useful
if the interval of convergence captures the required contours of the utility function.
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6.5 Numerical Analysis

Polynomial utility functions give rise to controls that are difficult to interpret based on
analytical solutions, due to the intuitively challenging ratio of sums in (6.2.7). Plotting
the polynomial utility functions and the corresponding optimal controls is perhaps
the most accessible way of understanding how the former influence the latter. This
section is dedicated to examine the differences between a Taylor optimal control and a
Bernstein optimal control, as well as how the divergence and interval of convergence
for the polynomial utility function influence the optimal control. The coefficients of
all four polynomial utility functions in this section result, by Lemma 6.2.5, in wealth

independent optimal controls.

Numerically, the optimal controls are found through an iterative scheme, that locates
a fixed point of the mapping C' given by

Cfr o) = { -

a—r Yorgai(t,x)mI(i,t, x) }
oz Z?:o a;(t,z)m= (i, t, x) re(0,7]

for m™ (i,t,x) = By .[(X™(T))"] and 3", ai(t,z)m™, (i,t,2) < 0. Equation (6.2.7)
and Theorem 6.2.4 state that a fixed point of C' is an optimal control for the polynomial
with coefficients a;. In all numerical calculations convergence of max; | 7;(t) — m;41(t) |
was achieved with a precision of 1077°.

The control problems of the numerical section represent a lifetime investment problem
with a 30-year investment horizon, i.e. T' = 30, and market parameters given by

o 0.06
r| =10.04
o 0.2

The first axis of all plots are in units of current wealth, as all controls are independent
of wealth.

6.5.1 Numerical Comparison for Power Utility

By examining the polynomial controls that arise by approximating a power utility
function, we can benchmark their performance to the true optimal control. The
constant relative risk aversion is 7 = 2, leading to the optimal control

a—r

T = 5— = 0.25.
o=y
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Taylor Polynomials

In Figure 6.3 we have plotted a 10’th order Taylor approximation of a power utility
function evaluated around the conditional mean of terminal wealth, for different time
points.
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Figure 6.3: The vertical lines indicate the interval of convergence for the
Taylor series, found by performing a ratio test

Based on these plots alone, it is hard to say whether or not the polynomial control
is going to approximate the true optimal control well. The Taylor polynomial is a good
approximation within the interval of convergence, but the influence of the divergence
outside the interval is unknown. In Figure 6.4 we have plotted 6 polynomial controls
for 6 different degrees of Taylor polynomials that are formed by expanding around the
conditional mean of terminal wealth.
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Figure 6.4: The Taylor optimal control with expansion around E[X™ (T)].
True optimal control is T = 0.25

This plot demonstrates the problem caused by divergence. When the degree is
even and the polynomial diverges towards —oo, the preferences of the investor become
wealth-fearing. He seeks to avoid large values of wealth, and his will to avoid this is
determined by the probability of the event. For that reason he has an incentive to
avoid uncertainty, and therefore decreases his holdings in the stock. As a consequence
of Lemma 6.2.1, the probability of the extreme event is increasing in (7" — t), which
explains why the influence of the divergence is small when close to maturity. Conversely,
when the degree is odd, and the polynomial diverges towards oo, the preferences of the
investor become risk-loving, and therefore he increases his holdings in the stock to the
point of infinite gearing.

We can remedy the problem of the Taylor optimal control, by evaluating the polynomial
around a quantile of X™(T'), thus ensuring that the probability of the extreme event is
kept at bay. In Figure 6.5 we have plotted the polynomial control of a Taylor expansion
around the 99.9% quantile of X7 (T).
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Figure 6.5: Left: Taylor optimal control with expansion around 99.9%
quantile of terminal wealth. Right: Taylor optimal control with expansion
around 1 — n~2-quantile of terminal wealth

For degrees n = 2, 3, the Taylor expansion around the 99.9% quantile does a poorer
job than if the expansion had been done around the mean value, but for higher degrees
of polynomials the polynomial controls do a much better job at approximating the true
optimal control. A more refined alternative is to choose an n-dependent quantile such
as the 1 —n~2-quantile, which produces the optimal controls seen to the right in Figure
6.5. So far we have achieved Taylor controls that are considerably closer to the true
optimal control, than the Taylor controls produced by Nordfang and Steffensen (2017).
In the next subsection we find the Bernstein controls for a power utility function.

Bernstein Polynomials

In order to construct the Bernstein polynomials, we need to decide upon a time and
wealth dependent lower and upper point of expansion. These lower and upper points
could for instance be the points defined by the MIS. The MIS is, however, a poor
choice as it favours the approximation of the utility function but completely disregards
the distribution of terminal wealth. Instead, we could use an n-dependent lower and
upper quantile of X™(T') given via Lemma 6.2.1 by

(@(n_")a\/ftT 7 (s)2ds+(T—t)r+(a—r) ftT ﬁ'(s)dsfé ftT ﬁ'(s)st)
o(1—n""or/ [T 7(s)2ds+(T—t)r+(a—r) [T #(s)ds— % [, ﬁ(s)2ds)

Tnn(t,z) = me( )

Tno(t,z) = ze

corresponding to the n~" and 1 — n~" quantiles of terminal wealth. We have settled
on 1 = 2 for the numerical studies. The trouble with this choice of points is that
they both converge to x for t — T, which results in polynomials with numerically
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challenging coefficients. Instead, we subtract and add an amount to the lower and
upper point respectively, to ensure that the lower and upper points do not converge.

C5.77»70(257 CL’) = l‘mo(t, :E) - xn,O(Ou x)fL

Tpn(t,x) =nn(t,z) + 2,000, 2)&

For approximations of a power utility function, we found that &y = &1, = 0.3 produces
polynomials with numerically practical coefficients. The resulting optimal controls are
plotted in Figure 6.6.
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Figure 6.6: Bernstein induced optimal controls using Tn,0 and Tn.n

Note that the optimal controls all have a higher proportion invested in the stock than
the true optimal control. This is because the Bernstein polynomial utility function has
a higher marginal utility on the interval (2,0, Zn,,). For degrees of polynomials larger
than 3, the Bernstein controls are more stable and closer to the true optimal control,
than the corresponding Taylor controls. This is in line with how well the Bernstein- and
Taylor polynomials approximate the power utility function - the Bernstein polynomials
form a good approximation over an interval even larger than (x,, o, ), whereas the
Taylor polynomials only form a good approximation over the interval (0, 2d(¢, z)). See
Figure 10 and 11 in the Appendix for the Bernstein and Taylor polynomial utility

functions.

The comparison of Taylor and Bernstein polynomials for a Power utility function
does not provide any new insights concerning the optimal control, as the true optimal
solution is known. It does however show that the polynomial controls can be used to
approximate a non-polynomial control. In the next section we step into uncharted
territory and examine the polynomial control of a prospect theory, S-shaped utility
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function with wealth dependent reference point, where the true optimal control is
unknown.

6.5.2 Numerical Comparison for S-shaped utility

An optimal control for the S-shaped utility function proposed by Tversky and Kahneman
(1986) with a wealth dependent reference point has, to our knowledge, not yet been
found. Tversky and Kahneman (1986) proposed an asymmetric S-shaped utility
function that allowed for different relative risk aversions in losses and gains. We
consider the symmetric S-shaped utility function

sign{z — xzh(t)}

e ERF DN S O

us(t,z, z) =

where z should be thought of as the wealth at termination, and p is a minimum return
target. Note that we require v < 1 for the utility function to be continuous. Following
Nordfang and Steffensen (2017) we choose v = 0.5. Dgskeland and Nordahl (2008) find
the optimal control of an investor with an S-shaped utility function, pre-committed to
a fixed reference point K. Kryger et al. (2020) find the optimal control that minimizes
the quadratic distance of a sophisticated investor who continuously reevaluates his
return target based on his current wealth, thereby having the value function

%Em (X™(T) — zh(t))?] . (6.5.1)
Kryger et al. (2020) conduct a numerical study for h(t) = e?(T=%). In this subsection we
contribute with an approximate solution, based on Taylor and Bernstein polynomials.
As an exact solution has not yet been found, we cannot benchmark the polynomial
controls to the true optimal control. However, the value function (6.5.1) in many ways
resembles the value function for the investor with an S-shaped utility function given
by,

sign{z — zh(t)

L=

J(t,x) = By o ! |z — ah(t) 177 (6.5.2)
Unlike (6.5.1), (6.5.2) cannot be partitioned into elements of E; ,[X™(T")] and

E; .[X™(T)?], which give access to the solution found by Kryger et al. (2020). We
believe that the financial incentives for the investors with value functions (6.5.1) and
(6.5.2) are similar; both investors compare their wealth at termination with their
current wealth compounded with some target rate of return. This leads us to believe
that the optimal control for the value function (6.5.2) will resemble that of (6.5.1),
in particular we expect the optimal control to be a decreasing function of time. We
have chosen p = 0.02 = r/2, in order to reflect the preferences of an investor who has
realistic market expectations.
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Taylor Polynomials

A ratio test shows that the Taylor polynomial around d(t,x) > xh(t) converges to us
for z € (zh(t); 2d(t,z) — xh(t)), and so the risk willingness in losses cannot be captured
by a Taylor polynomial. Due to infinite marginal utility in z = zh(t), the investor
has a limitless incentive to ensure that the terminal wealth does not fall below the
reference point. Hence, risk willingness in losses is an irrelevant trait of the investor
with value function (6.5.2). That is not to say that risk willingness in losses never
is relevant. In any incomplete market, where such a downside constraint cannot be
hedged, risk-willingness in losses cannot be ignored.

In order to avoid an interval of convergence that vanishes as t — T', we expand the
Taylor polynomial around the 99% quantile plus a constant. The resulting controls are

seen in Figure 6.7

Taylor

1.00-

0.75- degree

-+ 13
--- 20
-- 21

- 30

o 0.50-

0.25-

time

Figure 6.7: Taylor polynomial controls for S-shaped utilit with p = 0.02,
d(t,xz) = F~(0.99) + 1.75

As we expect, the optimal control is a decreasing function of time, but unlike the
optimal control for (6.5.1), the Taylor controls do not result in a risk-free position
at termination. This discrepancy is probably caused by the fact that the Taylor
polynomials do not have infinite marginal utility in x at termination, and therefore
the incentive to avoid wealth below the minimum return target is not uncompromising.
We also see that the divergence of the polynomials has an influence on the optimal
control for n = 30, 31, which can be corrected by enlarging the interval of convergence.

As a sanity check, we also find the optimal control for p = r, which ought to result in

a constant optimal control with all wealth in the risk free asset.
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Figure 6.8: Taylor controls, p =r

The Taylor control for p = r is close to constant but not equal to zero, probably due
to the Taylor polynomial not having infinite marginal utility in the reference point.

Interestingly, the optimal allocation in the stock at termination is close to identical for

both values of p, as seen in Table 6.1 Perhaps these terminal values indicate the size of

Degree | p =0.02 p=r

12 7(T) =0.2414 | 7(T) =0.2415
13 7(T) =0.2211 | 7(T) =0.2211
20 7(T) =0.1391 | 7(T") =0.1391
21 #(T) =0.1321 | #(T) =0.1321
30 7(T) =0.0909 | #(T") =0.0909
31 7(T) =0.0879 | «(T") =0.0879

Table 6.1: Allocation in risky asset at termination

the error for the Taylor controls, and a corresponding downwards shift might provide

a closer approximation to the true optimal control.

The Taylor polynomial has to be constructed based on a single point of expansion,

and it cannot take risk willingness in losses into account. The Taylor approximation of

the S-shaped utility function is therefore equivalent to a shifted power utility function,
with a wealth- and time-dependent shift ze?(T—). If we want to include the ”S-shape”

we have to use another type of polynomial.
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Bernstein Polynomials

Unlike Taylor polynomials, Bernstein polynomials can incorporate the risk willingness
in losses that are characteristic for S-shaped utility functions. Due to the slow con-
vergence of Bernstein polynomials, a high degree of the polynomial is necessary for
the approximation to be close - but even so, the lack of infinite marginal utility in
the reference point affects the optimal control. The upper and lower points for the
Bernstein polynomials are chosen in the same way as in Section 6.5.1 with {7, = 0 and
&y = 0.6, resulting in the optimal controls seen in Figure 6.9 for p = 0.02 and p = r.

Bernstein Bernstein

1.00- 1.00-
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Figure 6.9: Left: Bernstein controls for p = 0.02. Right: Bernstein
controls for p=r

For p = 0.02 there is a slight decrease in the holdings of the risky asset over time,
but it is not as pronounced as in the Taylor case. As can be seen in Figure 13 and
12, the Bernstein polynomials form a good approximation over a larger interval than
the corresponding Taylor polynomials. However, the behaviour of the polynomials
for large values of wealth, are not as important as the behaviour for values of wealth
close to the reference point, where the Taylor approximation is better. For p = r the
Bernstein controls are far from constant and confusing to interpret, but nonetheless
optimal for the corresponding polynomial utility function. Bernstein polynomials of
degree n are essentially a weighted average of n points on an interval. The position of
these points on the function that we are trying to approximate, has an influence on
the accuracy of the approximation. In the case of S-shaped utility functions, the ’bend’
around the reference point has a critical influence on the optimal control, which can
be seen if the points used by the Bernstein polynomial are placed poorly. When the
approximation is poor, the punishment for falling below the reference point is small,
resulting in large holdings of the risky asset - these are the humps seen in the optimal
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controls. As the placement of points depends on the degree of the polynomial as well
as the time to maturity, the humps are placed differently depending on time and n.

By their construction, Bernstein polynomials have a smoothing effect, which for the case
of an S-shaped utility function implies that the marginal utility in the reference point
is nowhere as large as for a corresponding Taylor polynomial. For the S-shaped utility
function and the complete Black-Scholes market of consideration in the present paper,
Bernstein polynomials are inferior to Taylor polynomials. In an incomplete market
where uncertainty is prevalent, the smoothing of the utility function is not destructive.
We may even motivate the smoothing of the utility function as the constructive feature
in an incomplete market.

6.5.3 Conclusion of Numerical results

There is no way to objectively compare the Bernstein and Taylor controls, as the
quality of their approximation depends on the subjectively chosen way of constructing
the polynomials. Nevertheless, we believe that Bernstein controls are superior to Taylor
controls for a class of utility functions where the marginal utility for all likely values of
terminal wealth is modest - power utility for instance. When the marginal utility is
high, the Bernstein polynomial will perform a poor approximation, and high marginal
utility tends to have a large influence on the optimal control. So in the case of for
instance S-shaped utility, a Taylor control is probably better suited, provided that the
interval of convergence contains most of the possible values of terminal wealth.
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6.A Proofs

6.A.1 Proof of Theorem 6.4.4.

Proof. Let € > 0 be given. If p; and py are finite we wish to show that there exists an
N such that for n > N,

xn,O_pl <€7 pZ_xn,n <57
and
Ln,0 + Tn,n Tn,0 + Tn,n) — 4 + 8
sup | u(z) —u(y) | (( ) 4 ) ) < e.

Z7ye[wn,07wn,n]

|z—y|<*nfl/2
If p1 = —oo we need to show that z, 0 < —1/e, and similarly that x,,,, > 1/e for
P2 = Q.

Note by the uniform continuity of u, that for any integer M; there exists an integer
Mo such that
Vz,y € [yo (M), yn(M)]; | 2 —y |< My /?
=
4e
Yo(My) + yn (M1))((yo(M1) + yn (M1)) — 4) + 8

This implies that no matter the value of m(n), it will increases by one eventually. Thus

| u(2) —uly) |< (

we can conclude that m(n) — co. Let N be the smallest integer for which

m(N) > max (g, 1) :

By construction of the sequence m(n) we see that for all n > N

o if —0o =p; then z, 0 =yo(m(n)) = —m(n) < —m(N) < —1/e,
e if —00 < py then z, 0 —p1 =yo(m(n)) —p1 =d/m(n) <d/m(N) < ¢,
o if 0o = py then z,,, = yn(m(n)) =m(n) > m(N) > 1/e,

o if 00 > py then py — xp n = p2 — yn(m(n)) = d/m(n) < d/m(N) <e.

Furthermore,
s11 wl(z) —u (xn,O + an,n)((fEn,o + xn,n) - 4) +38
00 ( : )
<e ( 4 )
(mo(m(n)) + yn(m(n)))(yo(m(n)) 4+ yn(m(n)) —4) +8
) + yn(m(n)))(yo(m(n))
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6.A.2 Proof of Lemma 6.4.5.

Proof. By Theorem 6.4.2

| u(t,x, 2) — aB(t,x, 2) |

<wn(ult,z,z),n"?) ((xn,o + Znpn) (Tno + Ton) —4) + 8)

Y

4

for z € [x,,0,Zn,n]. By Theorem 6.4.4 there exists a sequence {0, Zpn,n}n such that

n n,n n n,n —4
wn(U(t,x,z),n—lﬂ) ((ZU 0+ xnn)((z ;f—'—x ) )—1—8) L

and {20, Znn} — (p1,p2). Note that

((mn,O + xn,n)((mn,() + xn,n) - 4) + 8) >1
4 — )

and that there exists an M such that for m > M, [a,b] C [Zm,0, Tm,m]| Whereby
| u(t,x, 2) —aB (t,z,2) |<e, forz € [a,b],

proving that the convergence is uniform on [a, b]. O

6.B Figures

Taylor polynomial, n-dependent quantile, n=10
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Figure 10: Taylor power polynomials for n = 10, with n-dependent
quantiles
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Bernstein Polynomial, n=10
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Figure 11: Bernstein power polynomials for n = 10, using Tn,0 and Tn,n
as lower and upper points
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Figure 12: Taylor power polynomials for n = 20, p = 0.02, expanding
around the 99% conditional quantile of terminal wealth
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Bernstein Polynomial, n=20
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Figure 13: Bernstein power polynomials for n = 20, p = 0.02, using Tn o
and Tn,n as lower and upper points. The "bend” is included, even though it

is hard to confirm visually



Chapter 7

Power Utility with Dynamic Reference
Point

ABSTRACT

We study a power utility function where utility of terminal wealth is
determined by the excess over current discounted wealth, motivated by
central concepts from prospect theory. The ever-changing target in the
utility function implies time-inconsistent preferences, and accordingly, the
control problem is approached by equilibrium theory. Due to the form of
the utility function, standard guesses on the solution of the HJB equation of
the problem are unfruitful. By assuming a wealth-independent control, the
definition of the equilibrium control as the minimizer of the time-derivative
in the value function, yields a fixed-point equation for the equilibrium control
that we study numerically.

Keywords: Stochastic control, Prospect theory, Time-inconsistent preferences, Equi-
librium theory.
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7.1 Introduction

We study the finite horizon investment problem of an investor who trades at a Black-
Scholes market and has a power utility function with a dynamic wealth- and time-
dependent reference point. The utility function is motivated by prospect theory, and the
dynamic time-inconsistent objective of the investor calls for a game-theoretic equilibrium
solution. We argue for and assume that the equilibrium control is independent of
wealth, and derive a fixed-point equation for the equilibrium control, and examine its
properties in a numerical study.

Delegating difficult decisions by relying on a mathematical recipe that tells you how to
invest your assets, is an appealing concept. Accordingly, portfolio selection problems
have been of interest since the inception of modern finance. Markowitz (1952) was
the first to formulate the portfolio selection problem as a problem of finding an
optimal trade-off between maximizing the expected return and minimizing the variance.
Merton (1969) formulated the balance of return and risk in continuous time through
utility functions, and derived the so-called Merton’s fraction representing the optimal
investment proportion in risky assets for a constant relative risk aversion utility function.
Utility functions with constant relative risk aversion are appealing from a mathematical
standpoint, but difficult to justify for real-world modelling.

Introduced by Tversky and Kahneman (1979), prospect theory presented a descriptive
model of decision making under risk, and is now one of the prevalent theories in
behavioural economics. Under prospect theory, decisions are made based on gains
and losses relative to a target/reference point as opposed to absolute values. The
ever-changing reference point makes mathematical treatment of portfolio selection
problems under prospect theory difficult. The typical approach to marry prospect
theory and portfolio selection, is to fix the reference point (Dgskeland and Nordahl
(2008), Zhou and He (2011), Dong and Zheng (2020)) or to specify it as a stochastic
variable (Berkelaar et al. (2004), Jin and Yu Zhou (2008), Rasonyi and Rodrigues
(2012)), thus avoiding the time-inconsistent nature of the problem.

Perhaps because of the very human nature of having objectives that are inconsistent
accross time, the study of time-inconsistent problems has a long history dating back
to Strotz (1955). More recently, Bjork and Murgoci (2010) define the solution to
time-inconsistent consumption-investment problems as a Nash equilibrium, where the
control problem conceptually is regarded as a game between a continuum of agents.
Adopting the equilibrium approach, Kryger et al. (2020) provide a verification theorem
for a general class of time-inconsistent problems.

Using the verification theorem of Kryger et al. (2020), Nordfang and Steffensen (2017)
and Lollike and Steffensen (2021) find the equilibrium control for a class of polynomial
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utility functions, including polynomial approximations of a power utility function with
dynamic wealth- and time-dependent reference point.

In this paper we directly solve the equilibrium control problem of an investor with a
power utility function with dynamic reference point. To our knowledge, this is the
first closed-form solution to a power utility function with a dynamic reference point.
To facilitate the solution we assume that the equilibrium control is deterministic, and
provide arguments to justify this assumption.

The paper is structured as follows. In Section 7.2 we provide the framework for the
problem by defining the Black-Scholes market, the equilibrium control, and the utility
function. In Section 7.3 we present the verification theorem of Bjork et al. (2017),
which would have provided us with the equilibrium control, if we had been able to
guess a solution to the extended HJB equation. In Section 7.4 we argue that the
equilibrium control is independent of wealth, facilitating another way of finding the
equilibrium control as the minimizer of the time-derivative in the value function. In
Section 7.5 we present the fixed-point equation for the equilibrium control, and in
Section 7.6 we conduct a numerical study.

7.2 The Problem

7.2.1 Framework

We consider a Black-Scholes market consisting of a bank account B and a single stock
S, expressed by the SDEs

dB(t) =rB(t)dt, B(0) =1
dS(t) =aS(t)dt + oSE)AW (1), S(0) = sy > 0,

where W is a standard Brownian motion. We assume that »r < a and ¢ > 0. The
investor with initial wealth xy, who invests in this market and allocates the proportion
7(t) in the stock at time ¢, has dynamics of wealth given by

X™(t) =(r + 7(t) (o — 1)) X (t)dt + () X (£)dW (t), (7.2.1)
X7™(0) =xo. (7.2.2)

We assume that the portfolio is self-financing — i.e. there is no withdrawal or deposit
of wealth for ¢ > 0. The investment horizon is finite and terminates at a deterministic
point in time 7. The central topic of this paper is to find the (in some sense) optimal
proportion of wealth to be invested in the stock, called the control law, given the utility
function of the investor. We misuse notation and let m represent both a stochastic
optimal control law as well as a feedback control law, which is a deterministic function
of the current time and wealth. If not stated otherwise, 7 is a feedback control law.



152 CHAPTER 7. LOLLIKE

Wealth-independent controls are a essential to this paper because they imply that the
distribution of terminal wealth follows a log-normal distribution.

Lemma 7.2.1. For wealth-independent controls ©w(t,z) = w(t), the distribution of
terminal wealth, X™(T') given the current wealth X™(t) = x for the SDE with dynamics

given by (7.2.1) follows a log-normal distribution,

X(T) ~ LN <log(:v) + /t ' (r +a(s)a—r) — W) s, /t T(mr(s))2ds) |

(7.2.3)

Proof of Lemma 7.2.1. Define the process
az™(t) =r +n(t)(a—1r) — @dt + 7 (t)odW (1), (7.2.4)
Z™(t) =log(x), (7.2.5)

and note that the time-T value follows a normal distribution
T 2 T
Z™(T) ~N <log(x) +/ (r +7(s)(a—1) — @) ds,/ (07T(S))2ds> .
t t

Applying It6’s lemma to find the dynamics of e?” () gives the relation
e?" ) = X™(1).

O

Lemma 7.2.1 allows us to formulate the equilibrium problem in probabilistic terms,
which is the essential tool that provides us with a solution.

7.2.2 Defining Optimality

For time-consistent problems, the optimal control is elegantly defined as the control
that achieves the supremum over the expected utility of terminal wealth,

sup By [u(X™(T))]

Defining optimality for time-inconsistent problems is not as simple. As a way to
quantify the value of a control, we introduce the value function,

JT(t,x) = Ey pu(t, X7 (), X™(T))].

For fixed (1, 21) we can find the control 77, . (¢, z) for (¢,z) € [t1,T] x R that achieves

the supremum

W:wcl (t,z) = argsup J" (¢, z).

T
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At another point in time, with another value of wealth (¢2,x3), the control that
achieves the supremum is not necessarily going to be the same for all values of (t,x),
ie. mf . (t,x) # 7, ., (t,x). Instead of accepting this inconsistent, naive control as
a solution to the problem, we reformulate the objective of the investor to be more
sophisticated.

Following Bjork and Murgoci (2010) and Bjork et al. (2017) we define the optimal
control as a Nash subgame equilibrium control.

Definition 7.2.2 (Equilibrium control). Consider a control . Choose a real number
h € (0,T) and a fized initial point (t,x), such thatt € [0,T — h). Define for a control
7 the control ™ by

w(s,y), for(s,y) € [t,t+h) xR,

7Th =
)5V {ﬁs,y), for (s,y) € [t +h, T] x R.

If

T _ wh
limian (t,) = J" (t,2)

>
h—0 h 20

bl

for all controls  for which ©" is admissible, then 7 is an equilibrium control.

We return to the definition of admissibility, and for now assume that all controls
are admissible. Intuitively, the equilibrium control in the fixed point (¢,x) corresponds
to the optimal control for the investor with (¢, x)-dependent preferences, given that
the future control is fixed. Rewriting the differences in value functions

=0
JF(tx) — T (tx)  JT(ta) — I (b a) + 7 (E+ ha) — T (t + h, )
h - h
a ﬂ.h 8 e
_EJ (t,z) — &J (t,x) + o(h),

and taking the limit as h — 0, we see that the equilibrium control by definition
yields the smallest marginal change in the value function. By finding the control that
minimizes the derivative of the value function in ¢, we find the equilibrium control.

The definition of the equilibrium control is essential for time-inconsistent problems,
and the one provided above may not be suited for all time-inconsistent problems — see
He and Jiang (2021), Hernandez and Possamai (2021) and the references therein for a
discussion on the topic. For the relatively well-behaved utility function of consideration
in this paper, Definition 7.2.3 will suffice.
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7.2.3 Power Utility with Dynamic Reference Point

Following Nordfang and Steffensen (2017) where it was first presented, we define the
power utility function with dynamic wealth- and time dependent reference point as

1
-7

The values of £, x and z represent the current time, wealth and terminal wealth

1—
u(t,z,z) = <z - a:ep(T*t)> ! , v>0. (7.2.6)

respectively. The investor with the dynamic-reference power utility function constantly
evaluates his utility of terminal wealth relative to his current wealth compounded
with a target rate of return, p. For p — —oo the dynamic reference point disappears,
and we are left with the classical power utility function studied since Merton (1969).
We note that = < ye”T=" can lead to complex-valued utility for certain values of 7.
However, we also note that there is infinite marginal utility in the reference point, and
therefore the investor hedges the risk of terminal wealth below the reference point. In
an incomplete market where this risk cannot be hedged, one would have to be more
careful about dealing with terminal wealth falling below the reference point.

The utility function is motivated by the S-shaped utility function suggested by prospect
theory as presented in Tversky and Kahneman (1979), where utility of an uncertain
outcome is relative to the status quo. The experimental evidence provided by Tversky
and Kahneman (1979, 1986) shows that the status quo is dynamic. Based on a series
of experiments they state;

"These observations show that the effective carriers of values are gains and
losses, or changes in wealth, rather than states of wealth as implied by the
rational model.”

—from Tversky and Kahneman (1986)

For the power utility function with dynamic reference point, the objective is not to
achieve a high value of terminal wealth — indeed any value of wealth has zero utility
at termination — but rather to achieve changes in wealth that are satisfactory. A
notable difference between the S-shaped utility function from prospect theory and
(7.2.6), is that we do not incorporate risk-seeking behaviour in losses. We do not have
to incorporate the lower part of the S-shape as the Black-Scholes market is complete
and, the risk of wealth below the reference point can be hedged.

In order for a control to be admissible, the value function has to be well-defined. The
value function changes as a function of (¢, x), not only because of the (¢, z)-conditional
expectation, but also because the preferences of the investor depend on (¢,z). To
define admissibility we separate these effects by fixing the preferences of the investor.

Definition 7.2.3 (Admissibility). A control m is admissible with respect to (7.2.6) if
there exists a function G™(t,x,s,y) : [0, T] x R x [0, T] x R — R from CY?Y1 such that
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1)

o .- 9 r
EG (t,x,s,y)——(7’+7T(t,x)(oz—7")):l:%G (t,x,s,y)
Loetntarat e (e
207T y L) T (91’2 y Ly 8, Y)s
1—v
m — _ eP(T—5)
G™(T,x,s,y) 1_7<x ye > )
2)
(b, X () X7 (1) 5-G7(0, X7(1), 1, X7(1) € £,

for X™ following the SDE given by (7.2.1)-(7.2.2).
We denote the set of admuissible strategies by U.

For an admissible control, G' has the interpretation
Gﬂ@a Zz,s, y) = Et,w[u(s7 Y, Xﬂ-(T»]a

by the Feynmann-Kac formula — in fact this ad hoc definition of admissibility is
constructed precisely to satisfy the conditions of the Feynman-Kac formula. This

means that

J(t,x) = G™(t,x,t,x),
and implies the existence of the value function. An important detail is that the first two
arguments of G represent the variable time and wealth in the conditional expectation,
whereas the last two arguments of GG represent the preferences of the investor. To
avoid misunderstandings about which arguments are variable and which are fixed, we
introduce the notation

G(t,z,t,x) = G(t,x,s,y)‘

s=t,y=x’

which is helpful in the next section.

7.3 Trying to Guess a Solution

The standard approach to stochastic control problems, is to guess a solution to the HJB-
equation that encodes the problem. The same approach is in principle also applicable
here for the extended HJB-equations that applies to time-inconsistent problems, but
the form of the utility function makes guessing a solution difficult. In this section we
present what we characterize as our closest, but still unsuccessful, guess.

Theorem 6.3 of Bjork et al. (2017) is a verification theorem for equilibrium control

problems in the form

JT(t,x) = By pu(t,z, X™(T))].

We state the Theorem here in a version tailored to the utility function (7.2.6).
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Theorem 7.3.1 (Verification of equilibrium control). Assume that the function G
satisfies the following three equations

-~ ~ ~

9 Gt 2 t,2) = inf {—(r (o= )eL Gt m tx) — Lot 0 Gt it @} |

ot Oz 2 O0x?
(7.3.1)
~ 1 1=y
- _ yeP(T—s)
G(T,x,s,y) T (x ye ) , (7.3.2)
G(T,z, T, z) =0. (7.3.3)

Then
G(T,x,s,y) = Ey o[u(s,y, X7 (T))],

and @(t,x,t,x) = V(t,z) where V is the value function for the equilibrium control.
Furthermore, the equilibrium control is given by

2

g@(t, z,t,x) — %UQWsza—é(t, x,t, g)} . (7.3.4)

arg 1£rlf {—(r + 7m(a — r))acax 97

Note that the equilibrium control achieves the infimum in (7.3.4), which is a quadratic
equation in 7, and therefore

a—T @m(tawatai)

R(t,z) = — = ,
0% Qup(t,z,t, 1)

(7.3.5)

for am(t,x,t, z) < 0.

We were unsuccessful in guessing a function that satisfies (7.3.1), (7.3.2) and (7.3.3).
We did however manage to produce a guess, G presented below, that satisfies (7.3.1)
and (7.3.3) but not (7.3.2). The proof of Theorem 6.3 from Bjork et al. (2017) consists
of two steps;

1) Prove that @(T,x, 8,Yy) = Et,x[u<57an?(T))]'

2) Prove that (7.3.4) is indeed an equilibrium control law.

The proof provided by Bjork et al. (2017) relies on all three equations, and we cannot
use their proof technique to verify that the control given by

=t z,t, )

a—T C_;’
213'0'2 Gmx(ta x?ﬁa &)’

7(t,xr) = —

is an equilibrium control. Our guess perhaps forms a stepping-stone for more fruitful
guesses, and for that reason we state it here.
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Making the ansatz that the equilibrium control is independent of wealth, and rewriting
(7.3.5)
~ ~ —7(t)o?

Gm<taxatal) = Gmx(taﬁazag)xﬁv

implying that G is in the form

a(t7m787y) — 1H(t,87y) —+ 2H(t7 s)y)x g 7T(t) )

Based on this, we make the guess

Gltyzs) = 1y 078 Ty om) g),
where
Is) = g [ 28000 | (o On @) 2 )P0 L1 - 0),

and g(t) is some unknown function that satisfies g(7") = 0. Through straightforward
but tedious calculation of partial derivatives one can verify that

0 - ) 0 ~.
aG(t,x,z, x) —1I#f{ —(r+n(a- T)),CL'%G (t,z,t, )

1 9*
- 50’271'21'2@67”1—(15, .fl]',i, Q)},

G(T,z,T,z) =0,

and ~
a—r Gm<t7 xata l)

ﬂ-(t) - xo? wa(ta x,ta @) ‘

In order for (7.3.2) to hold, g would have to solve

Ot—’f’_,y 1_CY2—7“ 1

2
I (Tsy)yy 0 m(s) . O F(t)g(s) == 7(:6 _ yep(T—s))1—77

which is absurd as g does not depend on z or y. Since G does not satisfy (7.3.2), it is
not the equilibrium value function.

We were not successful in guessing a solution to (7.3.1)-(7.3.3). This might just be
due to poor guesses, but in any case, we need another way of finding the equilibrium
control. The central idea in this paper, is to impose a structure on the equilibrium
control, which leads to a structure on the value function that facilitates a solution. In
the next section we motivate the structure we impose on the equilibrium control and
provide arguments to justify it.
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7.4 Wealth-independent Controls

For the set of controls that are independent of wealth, we know from Lemma 7.2.1
that the terminal wealth is log-normal distributed and therefore

1
1=

L emr-na-ng
L=y

D {(X“(T) _ Xw(t)eP(T—t)>1_q

2 2 1—~
(eff r—p+m(s)(a—r)— T ds+ 2/ [T o2n(s)2ds _ 1) ] ’
(7.4.1)

for a standard normal random variable Z. This implies that the value function is given
by
J7(t,x) = xl_wg(t%

for a m-dependent function g. Recall that the equilibrium control achieves the smallest
marginal change in the value function over time. If the equilibrium control is indepen-
dent of wealth, we can find it as the control that minimizes the derivative of g, and in
Section 7.5 we find the control that does exactly this. In this section we argue, but do
not prove, that the equilibrium control is independent of wealth.

7.4.1 Special Choice of v

We are not able to guess the form of GG a solution for v > 0, but the problem simplifies
when (1 —«) = 2. In this case the value function is in the form

- 1 w2 L L pr—t))? p(T—1) -
J7(t,2) = 3Bl [XT(T)2) + 5 (me ) — 2e?T=OE, ,[X™(T)], (7.4.2)

representing the value function of an investor who seeks to minimize the quadratic
distance to a target return, studied in Section 4.2.3 of Kryger et al. (2020). They show
that the equilibrium control in this case is wealth-independent, and decreasing to zero
for t — T'. The utility function

u(t,z,z) = (z — wePT=)2,

1 -
is very similar to (7.2.6), differing only by the risk-aversion parameter. Heuristically
they also describe the same incentives; the investor has a target rate of return p he
seeks to uphold. The difference between v = —1 and ~ > 0, is that for v = —1 there is
a disincentive to deviate from the target rate of return p, even when the rate of return
is higher than p. For v > 0 a rate of return in excess of p is welcome, which seems to
be the more sensible behaviour. Based on the similarities in the objectives, the special
case for v = —1 provides the first hint that the equilibrium optimal control for the
utility function (7.2.6) is independent of wealth.
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7.4.2 Polynomial Approximation

The second hint for a wealth-independent control, comes from Lollike and Steffensen
(2021) where approximations of the optimal control through polynomial expansions of
the utility function in (7.2.6) are considered. For two different forms of polynomial
expansions of the utility function in (7.2.6), the resulting equilibrium control is inde-
pendent of wealth. Furthermore, the approximating control is decreasing over time,
similar to the control for the investor with v = —1, corroborating that the solutions

are similar.

Polynomial utility functions with (¢, z)-dependent coefficients ¢; and wealth-independent

controls, have a value function in the form

> eilt, X (1) X™(T)’

1=0

/ ZCZ (t, x)zleza” O+ )i () 0z,

Jg(am) = E; X

where ¢ is the density of a standard normal distribution. The functions a™ and d™ are
defined as

a™(t) :=o /tT w2 (s)ds,

o%n(s)?

T
d™(t) ::/t r+7(s)(a—r)— Tds,

which is notationally convenient for the representation of the (¢, z)-dependent density
of the log-normal distribution of X™(7"). If the polynomial value function converges
to the true value function, and the polynomial value function has wealth-independent
equilibrium controls for all n, then we can conclude that the true value function also

has a wealth-independent control.

There are two conditions under which the polynomial value function converges to the

true value function,

1) Point-wise convergence of the polynomial to the original utility function
n
Tim N it @)ate T OTTON — (¢ x, 2),

1=0

on the support of X7 (7).
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2) Existence of an integrable dominating function D,

S D(t’ x? Z)?

S e O g
1=0

/ D(t,x,2)dz < co.

These two conditions allow us to apply the dominated convergence theorem and conclude
that the original equilibrium control is equal to the limit of the polynomial equilibrium
controls. If the coefficients imply wealth-independent polynomial equilibrium controls,
we can therefore conclude that the original equilibrium control is independent of
wealth.

The first condition is satisfied for a set of coefficients that are constructed as an
approximating polynomial on an n-dependent interval that grows to the support of
X™(T). The second condition is much more difficult, and maybe even impossible, to

nz=2" _ put perhaps the dominated convergence

satisfy due to the unboundedness of e
theorem is the wrong tool. There is a balance between the divergence of the polynomial
and the density of X™(7) that determines weather or not the polynomial value function
forms a good approximation of the original value function. Essentially we are looking
for a set of coefficients that lead to ever better approximations of the original value

function, and although it is hard to prove, we believe that these coefficients exist.

7.4.3 The Nature of the Utility Function

The perhaps most compelling argument for a wealth-independent equilibrium control,
comes from the nature of the utility function itself. The utility of terminal wealth
is measured by how much it exceeds the current discounted wealth. This means
that for every change in the wealth of the investor, there is a proportional change in
the reference point. Increasing the wealth of the investor, and keeping the reference
point fixed, creates an incentive to invest less in the stock. Conversely, increasing the
reference point of the investor, and keeping the wealth fixed, creates an incentive to
invest more in the stock. By simultaneously increasing wealth and reference point by a
proportional amount, these opposing incentives cancel each other out.

We have provided three arguments to support the claim that the equilibrium control
is independent of wealth, but even if the claim is wrong, the best control in the
subclass of wealth-independent controls still an interesting control to study, because it
is deterministic.
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7.5 Solution to the Problem

7.5.1 Other Solutions

Before we consider the solution to our time-inconsistent problem, we consider the
solution to a similar problem. An approximation of the utility function (7.2.6) is studied
by Nordfang and Steffensen (2017), using a Taylor polynomial expanded around the
dynamic expected terminal wealth. They argue that it makes sense to compare the
time-inconsistent problem to the solvable time-consistent problem given by

sup

W =B [(X7(1) - K))7)

This value function represents the pre-committed investor who has a fixed target return
K, which remains the target return until termination. The optimal control for this
problem is given by

™ (t,z) = 042— r (:1: - Ke_T(T_t)) ,
oy

as derived by Nordfang and Steffensen (2017). Dgskeland and Nordahl (2008) study the

pre-committed investor for K = X (0)e?T, corresponding to the dynamic reference point

at time zero. If instead the investor naively updates his reference point continuously

corresponding to K = X ”(t)ep(T*t), but invests as if it is fixed, the control is given by

a—r
V(1) = = <1 _ e(p—r)(T—t)) ,
notably being independent of wealth. Furthermore the naive control has an intuitive
interpretation; the investor hedges his reference point by allocating a proportion equal
to e(?~")(T=1) in the bank, and the rest is invested according to Merton’s fraction. The
intuitive reason is that once the investor has ensured that his wealth does not fall
below the reference point, he can invest his remaining wealth according to the optimal
control for classic power utility.

The naive control can be seen as the ’standard behaviour’ of the investor — how he
would invest if he did not account for the control at future points in time. For this
reason the naive control acts as a baseline result in the numerical study of Section 7.6.

7.5.2 The Wealth-independent Equilibrium Control

Based on the arguments in Section 7.4, we assume that there exists an equilibrium
control that is independent of wealth, and now set out to compute it. The wealth-
independent equilibrium control can be found as the control that minimizes the
derivative in time of the time and wealth separable value function from (7.4.1), given
by

T (t,3) = 2 g(t)
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o) = - L pr-n0-g {(ezwu)wm—p@—w _ 1>1”] L Z~N(0,1).
—

To shorten notation we define
b (t) = d"(t) — p(T — 1),

such that X7 (t)e?” (O+0"(1) corresponds to the wealth at termination, discounted with
the target rate of return p. The wealth-independent equilibrium control at time ¢ is
thus given by

eP(T—)(1-7) R [(ezmmbm B 1)1—7}

i &
e 71rr(lt) dt 1—x
d o0 T b 1_’Y
:argjrréf) 7 /_OO <eza ()+b7 () _ 1) o(2)dz, (7.5.1)

where we have used that the control at a single point in time has no influence on a™ ()
and b” (t) as it has Lebesgue measure zero. To avoid complex-valued utility, we restrict
Z to the values that ensure positive expected utility at termination given the time-¢
preferences. We find the time-dependent lower limit of the integral,

[(t) == inf{z: 1 <O} o z<t>:“i<§?.
a

Restricting the standard normal random variable is equivalent to redefining the utility
function as

u(t,x,z) = S max (z — zePT=1), 0> o .
Lt

As argued in Section 7.2.3, the max-function is redundant for the equilibrium control
as there is infinite marginal utility in the reference point, and the investor therefore
hedges the risk of falling below the reference point. The restriction on the distribution
of terminal wealth helps us here because we are not only considering the equilibrium
control.

For notational convenience we define

k
- o - 1—~ 62:(1”(15)-}-1)”(75) ;
i,k(taz) = <€ (671 1> o(2) (eza”(t)—i—b”(t) 1 Z

where ¢ is the density of a standard normal distribution. This class of functions

appears to be essential for the study of the equilibrium control. We are particularly

/ Nik(t, z)dz,
1(t)

interested in the integrals
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which in general do not have closed form solutions, and therefore the equilibrium
control is given in terms of these integrals. The main result of the paper is given in
Theorem 7.5.1.

Theorem 7.5.1. An equilibrium control for the set of wealth-independent admissible
controls satisfies the following equation

7(t) = la =)

/ >\71AT,1 (t,2)dz
!

(t)

0 / T (t2)dz
1

See Appendix 7.A for the proof. Due to the complex integrals over z, not much can
be said about 7 based solely on Theorem 7.5.1. Unsurprisingly, the proportion in the
stock is increasing in (a — r) and decreasing in 0. The form of the equilibrium control

does however resemble Merton’s fraction ‘;2_;’ where v has been replaced with

| At

o7 (1) / N1t 2)dz
1(t)

This similarity suggests that the fraction

/ Tt 2)dz
1(t)

(1) [ Naltiz
1(t)

represents the investors risk aversion at time t taking the future control into account,

1—

in the same way as 1 — v does it in the classical power utility problem.

‘We note that

INT(12) ==y = B) (0™ (AT () 4 07 (DN (1)

+k (@™ (A k(0) + 0T (OATL(D)

which is useful if one wants to calculate derivatives of 7, but we found the derivatives
to be even less informative than the fixed-point equation of Theorem 7.5.1.

7.5.3 Infinite Horizon

As T — oo the expected terminal wealth eZ%” M+4"(®) tends to infinity, and the
influence of subtracting one from this value becomes negligible which means

J(t,x) ~ . L g (eZe"(FdT () 1=7] = 1 !
-7 -

Eyo [X7(T)0],
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corresponding to a classical power utility value function. For classical power utility the
optimal wealth allocation is determined by

W*:O{—T

o2y’
implying that 7(¢t) — 5z, for T"— co. This result is corroborated in the numerical
study.

By decreasing the target return we are making the reference point more easily attainable,
thereby removing some of the investors incentive to deviate from Merton’s fraction.

Indeed
1

L=
for p — —oo. The same investment proportion is achieved

lim (z — ze!T=H1=7 = 2177,
p——oo 1 — 7y

a—rT
o
for T'— o0, and in that sense, decreasing the value of the target return has the same

implying that 7(t) =

effect on the control as increasing the investment horizon.

7.6 Numerical Study

In this section we conduct a numerical analysis of the equilibrium control from Theorem
7.5.1. To calculate the equilibrium control, we iterate the fixed-point equation for 7

until convergence.

The parameters are chosen to represent a lifetime investment problem with a 30-year
horizon. The parameters are given by

T 30
« 0.09
r 0.04
o - 0.5 ,
7 275
p 0.02
resulting in a market price of risk of (o« — r)/oc = 0.1 and Mertons fraction of

(a—7)/(c?y) = 0.55.

7.6.1 Basecase

In Figure 7.1 we have plotted the equilibrium control, together with the naive control

and Mertons fraction.
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Basecase

04-

Control

— Equilibrium

Pi

== Mertons fraction

==+ Naive
0.2-

0.0-
time

Figure 7.1: Equilibrium and naive control for time-inconsistent problem
as well as Merton’s fraction

There is a significant difference between the naive and equilibrium control, with a
higher investment in the risky asset in the equilibrium control for ¢ < 15.

We know that both the naive and equilibrium control tend to Merton’s fraction for
T — oo (or equivalently t — —o0), but from the looks of Figure 7.1, they seem to
converge at very different rates. By increasing T, we get a better view of the different

convergence rates.

Basecase T=80

Control

— Equilibrium

Pi

-+ Mertons fraction

==- Naive
0.2-

0.0-

time

Figure 7.2: The convergence towards Merton’s fraction is more evident
here, than in Figure 7.1.

The equilibrium control is almost constant until the hump at t = 40 whereafter the
control changes drastically. Apart from a change in the units of time, this control is
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similar to the implemented investment strategy for one of the largest Danish pension

providers seen in Figure 7.3.

0% _®
{‘.:)
1O

30 28 26 24 22 20 18 15 14 12 10 &8 (<] 4 2 0 -2 -4 -6 -8 -10
Ar til pension

Pension

0%

Investeringsprofiler Hejrisiko fond @  Lav risiko fond @

Figure 7.3: Proportions allocated in high-risk funds versus low-risk funds
for different ’risk profiles’. The z-axis indicates years until retirement,
and the y-axis indicates percentage in high-risk fund. Picture grabbed
from https://pfa. dk/privat/opsparing/pfa-investerer/ January
6th 2022.

Even the concave descent of the control to its final resting point looks similar.

7.6.2 Smaller Target Return and Less Risk Averse

The difference between the naive and equilibrium control, is more pronounced for some

parameter-values than others.

Low rho=-0.05 Low gamma=0.33

04-

o o
0.2- 05-
—
L
—
0.0- 0.0-
0 10 20 30 0 10 20 30
time time
Control — Equilibrium ---- Mertons fraction =--- Naive

Figure 7.4: Naive and equilibrium controls that are similar and different.
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For a very low target return, the naive and equilibrium control are close to each other.
The same effect can be achieved by adjusting other parameters e.g. v = 2.

By decreasing v to 0.33, the hump above Merton’s fraction has turned into a peak.
When ~ is small the incentive to surpass the target return is strong, which might
be part of the explanation, but to fully understand why this peak appears a better
understanding of the \;; functions is needed. It seems natural to ask why the
equilibrium control does not diverge — what makes the investor turn on a dime? We
believe that this rapid change in the growth of the equilibrium control is caused by the
a™ and b™ functions that increase with 7. Increases in a” and b™ in lead to expected
returns surpassing the target return, which removes some of the incentive to deviate
from Merton’s fraction, just as we saw for T' — oc.

7.7 Further Research

While the fixed-point equation of Theorem 7.5.1 paves the way for a calculation of the
equilibrium control, it has poor value in terms of economic interpretation. A better
understanding of the \; j-functions and their economic interpretation, would improve
the value of Theorem 7.5.1.

A guess that solves (7.3.1)-(7.3.3) would not only determine whether or not the
equilibrium control is independent of wealth, it would also provide an economic
interpretation of the equilibrium control. Somehow applying the fixed-point equation
of Theorem 7.5.1 to produce a guess, may aide in forming the guess.

Finally, the same method can be applied on other, similar utility functions with a
prospect theoretic origin. A utility function with finite marginal utility in the reference
point that also includes risk willingness in losses, is an obvious candidate.
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7.A Proof of Theorem 7.5.1

Proof. Realizing that (e#” (WF0"(1) _1)1=7p(2) = \go(t, 2), we now differentiate under
the integral in (7.5.1),

2)\070(75,2)dz =(1-7) a“'(t)/ Alyl(t,z)dz—l—bm(t)/ Xo,1(t, z)dz | .
TR I(t) 1(t)

Plugging in

L __Uzﬂ(t)Q
a™(t) =20 ()
78 =p— 7~ w(t)(a— )+ T

+(1—-7) (p —r—n(t)(a—r)+ w) /l: Xo,1(t, z)dz

[e @] 1 (e @]
A t,zdz——/ At z)dz
/l(t) 01(t:7) a™(t) Jiw 12 (t2) )

o0

—7m(t)(1 — a—r Ao.1(t, z)dz
()( 7)( )/l(t) ( )
+ (1 — -r Xo1(t, z)dz.
( y) (p )/l(t) ( )

=m(t)’(1-7)% (

This quadratic equation in 7(¢) achieves its infimum in

(a —T)/ o1 (t, z)dz
I(t)

o0 1 oo
o2 / A t,zdz——/ A1t z)dz
1(t) 01(:7) a™(t) Jiw 12 (t2)

o0 1 o0
o2 / Xo1(t, z)dz — / A11(t,z)dz | >0,
I(t) 01(t:2) a™(t) Jiw 12 (t2)

and 7(t) = doo otherwise implying that it is not admissible. By definition, the

for

equilibrium control achieves this infimum for all values of . O
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