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Abstract

This thesis consists of two parts, each investigating variational approaches to study spectral
properties of quantum Hamiltonians in different settings.

The first part is based on a paper with Lukas Schimmer and Jan Philip Solovej in which we
construct a distinguished self-adjoint extension of symmetric operators that satisfy a certain gap
condition. Additionally, we prove a corresponding variational principle which gives the eigenval-
ues of the self-adjoint extension in the gap. A prominent example of such a gapped operator is
the Coulomb-Dirac operator, describing non-interacting relativistic fermions in a Coulomb field.
Another example that falls into the class of gapped operators is the Dirac operator on a bounded
cylinder. For such an operator we relate the self-adjoint extension to the non-local Atiyah-Patodi-
Singer boundary conditions.

In prior work, Esteban and Loss [EL] constructed a self-adjoint extension of certain gapped
operators and Dolbeault, Esteban and Séré [DES00|] presented a min-max principle for self-adjoint
operators with a gap in the essential spectrum.

Our construction of a self-adjoint extension of gapped operators is in many ways inspired by
the work of Esteban and Loss, but starts from a more general setting and shows some difference in
the concrete implementation of the basic ideas. The min—-max principle for the eigenvalues in the
gap of such a self-adjoint extension has similarities to the one presented in [DES00]]. The crucial
difference and novelty in our setting, however, is that we do not need to determine the domain of
the self-adjoint operator since our min—max principle can be formulated by specifying the domain
of the symmetric operator only.

This characteristic feature of our min—-max principle has an analogue in the case of lower semi-
bounded symmetric operators, for which there is known to exist a distinguished self-adjoint ex-
tension, the Friedrichs extension. We call our self-adjoint extension a Friedrichs extension for
gapped operators. In fact, the Friedrichs extension appears as a special case in our construction of
a self-adjoint extension for a gapped operator.

The second part of the thesis is concerned with a variational approach to Bogoliubov’s approx-
imation theory of bosonic systems interacting via two-body potentials. This approach was intro-
duced and analysed by Napiérkowski, Reuvers and Solovej [NRS18al as a variational reformulation
of Bogliubov’s approximation. We call it the Bogoliubov variational principle.

We test this approximation method by applying it to the Lieb-Liniger model of a Bose gas in
one dimension interacting via a delta-potential. The Lieb-Liniger model as introduced by [LL63]]
is an exactly solvable model and therefore particularly suitable for testing approximation schemes,
as already pointed out by Lieb and Liniger themselves. The model has effectively one parameter,
& = ¢/o, where 2c¢ is the coupling strength and o the particle density. The ground state energy in
the Lieb-Liniger gas is not known explicitly, but it can be expanded for small and large &.

We compute the ground state energy of the Lieb-Liniger gas by the Bogoliubov variational
method as expansions in £ for ¢ — oo and £ — 0. For large values of £ we find that the ground
state energy diverges as £/>. Our results thus show that the Bogoliubov variational principle is
not suited to describe the model at large £ where the ground state energy is expected to approach
an asymptotic value of 7°/3.

For £ — 0 our result agrees with the first two terms of an expansion of the exact Lieb-Liniger
model. A third term for the exact model has been derived by Tracy and Widom [TW16|]. Our third
term differs by a squared logarithmic factor from Tracy and Widom’s result.



Resumé

Denne afhandling bestéar af to dele, der begge undersgger variationelle tilgange til studiet af
spektrale egenskaber for kvantemekaniske Hamiltonoperatorer i to forskellige setups.

Den forste del er baseret pa en artikel med Lukas Schimmer og Jan Philip Solovej, hvor vi kon-
struerer en serlig selvadjungeret udvidelse af en symmetrisk operator, der opfylder en bestemt
‘gabbetingelse’. Vi viser yderligere et variationelt princip, der giver egenvaerdierne for den selvad-
jungerede udvidelse i gabet. Et vigtigt eksempel pa en sddan operator med et gab er Coulomb-
Dirac operatoren, der beskriver ikke-interagerende relativistiske fermioner i et Coulumbfelt. Et
andet eksempel, der falder indenfor klassen af operatorer med gab, er Dirac operatoren pa en
begraenset cylinder. For sddan en operator relaterer vi den selvadjungerede udvidelse til de ikke-
lokale Atiyah-Patodi-Singer greensebetingelser.

For vores projekt er en konstruktion af en selv-adjungeret udvidelse af serlig operator med gab
blevet preesenteret af Esteban og Loss i [EL] og et min—-max princip for selvadjungerede operatorer
med et gab i det essentielle spectrum af Dolbeault, Esteban og Séré i [DES00]].

Vores konstruktion af en selvadjungeret operator for operatorer med gab er pa mange mader
inspireret af Esteban and Loss’ arbejde, men det tager et mere generelt udgangspunkt og adskiller
sig pa flere omrader i den konkrete implementering af de grundleeggende idéer. Min-max princip-
pet for egenveerdierne i gabet af sadanne selvadjungerede udvidelser har ligheder med det som
blev preesenteret i [DES00]. Den vigtigste forskel og nyskabelse i vores setup er, at vi ikke behever
at bestemme domaenet af den selvadjungerede operator, da vores min—-max princip kan formuleres
ved blot at specificere domaenet af den symmetriske operator.

Den karakteristiske egenskab ved min-max princippet findes tilsvarende ogsa i tilfeeldet hvor
vi har en nedre halvbegreenset symmetrisk operator, hvor det er kendt at der findes en serlig
selvadjungeret udvidelse, Friedrichs udvidelsen. Vi kalder vores selvadjungerede udvidelse for
en Friedrichs udvidelse for operatorer med gab. Faktisk kan Friedrichs udvidelsen findes som et
specialtilfzelde af vores konstruktion af en selvadjungeret udvidelse af en operator med gab.

Afhandlingens anden del beskeeftiger sig med en variationel tilgang til Bogoliubovs approx-
imationsteori for bosoniske systemer, der interagerer med to-legeme potentialer. Tilgangen blev
introduceret og analyseret af Napiérkowski, Reuvers og Solovej [NRS18a]] som en variationel om-
formulering af Bogliubovs approximation. Vi kalder det for det variationelle Bogoliubov princip.

Vi tester approximationsmetoden ved at anvende den pa Lieb-Liniger modellen for en Bose gas i
én dimension, der interagerer via et delta-potential. Lieb-Liniger modellen som blev introduceret i
[LL63|] kan loses eksakt og er derfor seerligt god til at teste approximationsmetoder, hvilket allerede
blev pointeret af Lieb og Liniger selv. Modellen har effektivt en parameter, £ = g, hvor 2c er
koblingsstyrken og o er partikelteetheden. Grundtilstandsenergien i Lieb-Liniger gassen er ikke
kendt explicit, men kan ekspanderes i €.

Vi udregner grundtilstandsenergien af Lieb-Liniger gassen ved Bogoliubov variationelle met-
ode som udvidelse i £ for £ — 0o og & — 0. For store veerdier af £ finder vi, at grundtilstandsener-
gien divergerer som § 3. Vores resultater viser derfor, at Bogoliubov variationelle princip ikke er
passende til at beskrive modellem for store £, hvor grundtilstandsenergien forventes at neerme sig
veerdien %2 asymptotisk.

For & — 0 stemmer vores resultat overens med de forste to led i en ekspandering af den ek-
sakte Lieb-Liniger model. Et tredje led for den eksakte model er blevet udledt af Tracy og Wi-
dom [TW16|. Vores tredje led er forskelligt fra Tracy og Widoms resultat med en logaritmisk
faktor kvadreret.
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A note to the reader

The two parts of this thesis are completely independent, each with its own introduction
and list of references. They can be read separately and are put together in this thesis in the
order in which they were carried out.
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Part I

Variational methods for operators
with gaps

Friedrichs extension and min-max principle for operators
with a gap






1 Preliminaries

1.1 Introduction

An attempt to solve eigenvalue problems for linear differential operators inspired Friedrichs
to develop and present a spectral theory for semibounded linear operators in 1934 [Fri34].
In particular in his mind were those quantum mechanical energy operators known as
Schrodinger operators, that fall into this class of semibounded operators, and for which he
did not have the variational approaches for the calculation of normal eigenvalues available.

Using methods of abstract Hilbert space theory, he could show how to construct from a
lower bounded symmetric operator A a distinguished self-adjoint operator extending A. His
construction is today known as the Friedrichs extension of a lower semibounded symmetric
operator. For such an operator, if densely defined, one finds a distinguished self-adjoint
extension, equally lower semibounded with the same bound and an operator domain that
is contained in the form domain of a corresponding lower semibounded sesquilinear form.
Whereas there is no reason to assume that the Friedrichs extension of a particular lower
semibounded operator is the only extension that preserves its lower bound, one can show
that it is the only one whose domain has the property to be a subset of the corresponding
form domain.

This is also the reason why it is particularly easy to formulate and make use of a
variational principle (or min—max principle) for the Friedrichs extension from which one
may calculate its eigenvalues below the lowest point of the essential spectrum. Compared
to other extensions one here only needs the operator domain of the original symmetric
operator for computations which can be of advantage in practical matters.

Lower semibounded operators play an important role in the theory of quantum mechanics.
In many cases that are interesting for us the Hamilton energy operator determining the
dynamics of a system via the Schrédinger equation is bounded from below - the energy is
bounded from below and the system is stable. Therefore the Friedrichs extension is also of
importance in mathematical physics.

Description of the project: In the article [SST20], which forms the main part of the
first part of this PhD thesis, we construct a self-adjoint extension and corresponding
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variational principle for an operator that is not lower semibounded but satisfies a certain
gap condition. By a gap condition we mean a property of a symmetric operator that may
translate to a spectral gap under the process of a self-adjoint extension. The question about
a generalisation from the lower semibounded to the gapped case appears naturally. At least
formally we can understand lower semiboundedness as a gap with a lower limit being —o0.

We understand our construction as a generalisation of the Friedrichs extension of a lower
semibounded operator. This has the following reason: A key element in the construction
of the Friedrichs extension is the close relation between closed sesquilinear forms and
self-adjoint operators. We make use of this fact in the same manner for our construction
of a gapped extension. In the way we formulate the gap condition, our type of gapped
operators can be written as a block matrix. The Friedrichs construction then really appears
as a special case of ours in the case of a vanishing block structure, which can be seen as
a transition of the lower gap limit to —oo. The fact that the self-adjoint extension can be
derived from the closure of a sesquilinear form is also the crucial feature that makes it
possible to formulate a min-max principle only relying on the knowledge of the domain of
the symmetric operator, both in the case of the Friedrichs extension and our generalisation.

Boundary conditions are closely related to self-adjoint extensions. For example, it is
well-known that the Laplace operator on C§°(€2) C L?(Q2) for Q C R" being an open
set in R is lower semibounded and has a Friedrichs extension which coincides with the
Dirichlet-Laplacian, with domain contained in H& (€2). That is, it is defined on functions
satisfying the Dirichlet boundary condition.

In our paper we relate the generalised Friedrichs extension for the example of a first
order differential operator of Dirac-type to a non-local boundary condition, known as the
Atiyah-Patodi-Singer boundary condition.

Outline. In this introductory part, we aim to familiarise a possible reader in Section
with the Friedrichs extension of a lower semibounded operator, starting by briefly
collecting some necessary mathematical notions and concepts, followed by a derivation of
the Friedrichs extension and a proof of its min—max principle. We hope this section can
also serve for highlighting the parallels between Friedrichs’ and our construction.

Section[1.3]is devoted to a glimpse on the topic of self-adjoint extensions from a physical
point of view. In Section[1.4] we give a short introduction to the theory of gapped operators
with special focus on the example of the Coulomb-Dirac operator. The paper “Friedrichs
extension and min-max principle for operators with a gap” [SST20] with a detailed deriva-
tion of the self-adjoint extension for gapped operators and its variational principle follows
these introductory chapters.
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1.2 The Friedrichs extension

1.2.1 Hilbert space operators

We start by shortly collecting the basic definitions, notions and conventions that form the
basis for the following sections. This is only a very brief summary of a selection of the
most important definitions and relations with regard to our purposes. For a deeper-going
study of these concepts, there are a variety of books that discuss these in detail (e.g. [Sch12]
to name one of them). The subject of this first part are linear operators on Hilbert spaces.

A Hilbert space (H, (-, )3) is a vector space equipped with an inner product (-, -)%
which at the same time is a complete metric space in the metric induced by its inner product.
We usually assume the Hilbert spaces occurring in this thesis to be complex vector spaces
and the inner product to be conjugate linear in the first argument and linear in the second
argument, such that for all u,v,w € H,«a, 3 € C

(o + Bv, whyy = a(u, wyn + Blv,w), and
=«

(U, 00 + pw)y = afu, v)y + Blu, w)n -

Furthermore, all the Hilbert spaces occurring are understood to be separable Hilbert spaces,
thus admitting a countable orthonormal basis. A linear operator 7" from a Hilbert space
‘H1 to another Hilbert space Hj is a linear mapping 7" : D(T') C H; — Ho from a linear
subspace D(T') of H; into Ho. The subspace D(T) is the domain of T'. If H1 = Ha, we
call T" a linear operator on H. Since we are exclusively considering linear operators, we
might occasionally refer to them only by the name of operators.

We write ' C S for linear operators T" and S from H; to Ho if D(T') C D(S) and
T = S on D(T). The operator S is called an extension of 7.

Corresponding to a linear operator, starting from the inner products on #; and #s, one

constructs an inner product on D(7T)
(o= (o + (T Ty
which itself induces a norm
i = (12, + 17-18,) ™
A norm equivalent to ||-|| - is
[l = 11l + Tl -

Note that [|-[[;,, < [|-[| (the same holds for |- ||7)- Both of the norms are frequently referred
to as the graph norm of an operator 7. We will most frequently use ||-||.. The graph of
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an operator 7' is the set
9(T) ={(z,Tz) |z € D(T)} C H1 & Ha.

It is clear that any linear operator 7" sends 0 € H; to 0 € Ho, that is, (0, y) is an element
of the graph only if y = 0. Conversely, a linear subspace U < H; & Ha is the graph of a
linear operator if (and by the preceding sentence only if) (0,y) € U implies y = 0. These
notions of the graph and the graph norm of an operator allow for characterising a special
class of operators, namely closed and closable operators.

Definition 1. A linear operator 7' : D(T') C ‘H; — Ha is closed if its graph is a closed
subset of 1 @ Ho. Equivalently, by the above definitions, T is closed if and only if D(T")
is complete in the graph norm, that is, if (D(T), (-, -)7) forms a Hilbert space. An operator
is called closable if there exists a closed linear operator S such that 7" C S.

Closability of an operator can be characterised as in the following proposition.

Proposition 1. A linear operator 7' : D(T) C H; — Ha is closable if and only if the
closure of its graph G(T') in H1 @ Hs is the graph of a linear operator.
Furthermore, this is equivalent to the following situation: if (z,,),cn is a sequence of
vectors in D(7T') and we have
nlLIEO r,=0 inH; and

nh_)ngo Tx,=vy inHs,
then y = 0.

If T is a closable operator, the smallest closed extension of 7' is called the closure of T’
and is denoted by 7. It is the operator corresponding to the closure of the graph of T, that
is G(T') = G(T). The domain of T is the closure of D(T') in the graph norm ||-|| . One
also says in this context that D(T') is a core for 7.

A special type of closed operators are bounded or continuous operators. The criterion
for a linear operator to be continuous is stronger than the closedness condition from Proposi-
tion an operator is continuous if for any sequence (x,, )nen in D(T") with limy, o0 2, = 0,
the sequence of Tz, necessarily converges and we have lim,,_,oc 7'z, = 0.

In fact, a linear operator 7' is continuous if and only if it is bounded, that is, if and only
if there is a constant M > 0 such that

1Ty, < M|z, ,

or equivalently if
[Tl Ho

sup
zeD(T)\{0} ”93HH1
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It should be mentioned that bounded operators are a special class of linear operators. In
many cases, they are easier to treat and one has to deal with much fewer subtleties than in
the case of unbounded operators.

As an example of another class of closable operators, we can name the densely defined,
symmetric operators. Densely defined here means that the domain D(T') is a dense subset
of the Hilbert space H;.

Definition 2. A linear operator 7' : D(T") C H — H is called symmetric if the following

property holds:
(x, Ty) = (Tx,y) forallz,y € D(T).

Clearly, if D(T') is dense, we find that the criterion for closability given in Proposition
is satisfied, hence densely defined symmetric operators are always closable.

Symmetric operators can be detected via the relation known as the polarisation identit
using this identity it is easy to show that an operator 7' is symmetric if and only if the
quantity (x, T'z) is a real number for all x € D(T)).

We now introduce the (Hilbert-) adjoint operator of a densely defined linear operator.

Definition 3. Let 7" be a densely defined operator from a Hilbert space H; to a Hilbert
space Ho. To every such 1" we can assign a corresponding linear operator from Hso to H;
by the following prescription. Define

D(T*) ={yeHa|TveEeH : (y,Tx)y, = (v,2)y, foralz € D(T)} . (1.1)

For any y € D(T*) we set T*y = v. This defines a linear operator T™*. It is called the
adjoint operator of 7.

By Riesz’ representation theorem such a v € H; exists for a given y € Hs exactly when
the linear functional z — (T'z,y)%, is continuous, that is, if (T'z,y)3, < C||z[4, for
some C' > 0 and all x € D(T).

Note that it is crucial in this context to assume D(T) to be dense for 7% to be a well-
defined mapping. In this case, one can from the very definition directly conclude that 7™ is
a closed operator.

Additionally, we can see that an operator 71" on a Hilbert space H is symmetric if and
only if T C T™*. Thus, densely defined symmetric operators are closable.

Definition 4. A densely defined linear operator on a Hilbert space H is called self-adjoint
ifT =T

We say that an operator T is essentially self-adjoint if T = T*. As a matter of fact,
the closure of T' is in this case the only self-adjoint operator extending 7.

"The polarisation identity for an operator 7T denotes the identity (Tz,y)
(T +y)z+y) —(T(x—y),z—y) + (T (z +iy), z +iy) — (T(z — iy),» — iy)).
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1.2.2 Sesquilinear forms
We now introduce an additional notion that is closely connected to linear operators.

Definition 5. A sesquilinear form or quadratic formf|(short: form) on a Hilbert space
H is a mapping s : D(s) x D(s) C H x H — C that is linear in the first argument and
conjugate linear in the second argument. The linear subspace D(s) of H is called the
domain of s.

A sesquilinear form is said to be symmetric if s(x,y) = s(y, z) forall z,y € D(s). In
the same way as for operators one finds that s is symmetric if and only if s(z, z) € R for
allz € D(s).

One can easily see that, given a linear operator A on a Hilbert space, we can directly
construct a sesquilinear s 4 form based on the inner product on H such that for vectors
z,y € D(A)

sa(z,y) = (Az,y) .

A priori, we set the form domain D(s) equal to the operator domain D(A), although the
quantity (Ax,y) might be defined for a larger set. Turning things around, we can also
assign an operator to a given form s defined on a form domain D(s), if D(s) is densely
defined. Setting

D(As) ={z € D(s)|JueH:s(z,y) = (u,y)y forally € D(s)} , (1.2)

we see again by Riesz’ representation theorem, that such an w exists exactly when y —
s(x,y) is a bounded, in this case conjugate linear functional. We then define A;z = u and
we have (Asz,y) = s(x,y). In general, D(Aj) is strictly smaller than D(s) and does not
even have to be dense (an example is found in [Sol14]], Example 5.4). Hence, starting out
from a sesquilinear form, finding the corresponding operator and from there the associated
form might not necessarily bring us back to the original domain we started from. This
also shows us that for a general operator and form there is no simple ‘correspondence
rule’ found without additional information. Such a correspondence is only found for what
we call closed forms and self-adjoint operators. We will introduce closed forms in the
remainder of this section.

Definition 6. We call a sesquilinear form on a Hilbert space H lower semibounded if
there is a number m € R such that s(z, 2) > —m||z||? for all # € D(s). Similarly, we call
a linear operator A on a Hilbert space H lower semibounded if there is a number m € R
such that for all # € D(A) it holds (Az, z) > —m/|z||?. In this case we write s > —m and
A > —m, respectively.

®The term quadratic form is sometimes reserved for the mapping defined by g(v) = s(v, v). In fact, by the
polarisation identity for forms, one finds that s is already completely determined by g.
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It is clear that a lower semibounded sesquilinear form or lower semibounded operator is
necessarily symmetric. If a form is lower semibounded with bound —m, we can form an
inner product on D(s) by setting

(z,y)s = s(z,y) + (m + 1)(z,y) forz,y € D(s),

and a corresponding norm by

2\ /2
lll, = (s(@,2) + (m+1)]2]*) . (13)
One notices that ||-|| < ||-||,. Furthermore, the form s is bounded on D(s) with norm ||-||,
that is
|s(z,y)| < =l Nyl - (1.4)

The existence of the norm |-||, allows us to define a notion of ‘closedness’ for forms.
One can notice that this is really only possible for forms that are lower semibounded. In
contrast, such a condition is not needed for operators.

Definition 7. A lower semibounded form s on a Hilbert space # is called closed if
D(s) C H is complete in the ||-|| ,-norm, that is if (D(s), (-, -)s) forms a Hilbert space. It is
said to be closable if there exists a closed form p on H that extends s, that is, for which
D(s) € D(p) € H and s(x,y) = p(x,y) for z,y € D(s).

In general, completing (D(s), (-, -)s) always yields a Hilbert space that could serve as the
domain for a closed extension of s, we could denote it by H,. Furthermore, since ||-||,, <

H e
embedding i : D(s) — H. A priori it is, however, not clear if this continuation i : Hs — H

the Hilbert space H, can be embedded into ‘H by continuation of the continuous

is also injective, hence it is not immediately obvious that the completion of D(s) really is a
subset of . Similar considerations hold for the closability of an operator when we think of
closing the operator in terms of completing the operator domain in graph norm. Likewise
as in the case for operators, there is a handy criterion to check whether a form is closable.

Proposition 2. A lower semibounded form s defined on D(s) C H is closable if and only
if the following holds: if (x,,),eN is a sequence of vectors in D(s) such that

lim z, =0 and
n—oo

lim s(x, — T, Tn — Tm) =0
n,1M— 00
where the latter relation means that (z,,) is a Cauchy sequence also in the ||-||,-norm, then
we have lim,,_,o0 $(zp, x,,) = 0. This is equivalent to showing that the map 7 is injective.

If s is closable, then we can continue s from D(s) to a form on all of H by continuity
since s is bounded on (D(s), (-, -)s) by (1.4). The form we obtain is called the closure of s
and we denote it by 5.
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Closed sesquilinear forms have a strong connection to self-adjoint operators (indeed,
there is a one-to-one relation between closed forms and lower semibounded self-adjoint
operators, cf. Corollary 10.8 in [Sch12] for an explanation). This fact is also exploited in
the construction of the Friedrichs extension, which is reviewed in the following section.

1.2.3 Construction of the Friedrichs extension

In this section we show a proof of

Theorem 1. Let A : D(A) C H — H be a densely defined symmetric operator on a
Hilbert space (H, (-, -)) that is lower semibounded such that A > —m for a constant m € R.
Without loss of generality one may assume m > 0. There is a distinguished self-adjoint
extension Ap of A, that preserves the lower bound of A, such that also Ap > —m. Its
domain is a subset of the form domain of the closure of the sesquilinear form corresponding
to A and it is the only self-adjoint extension of A with that property. The self-adjoint
operator A is known as the Friedrichs extension of A.

The proof is due to Friedrichs [Fri34]. This presentation is a freely retold version of his
construction, with some inspiration from Theorem VIIL.15 and X.23 in [RS80a] and [RS80Db],
respectively. We first show

Lemma 1. Let s4 be the sesquilinear form associated to a lower semibounded operator A
with domain D(A) and lower bound A > —m, m > 0. It holds for z,y € D(A)

sa(z,y) = (Az,y) .

Then the form s 4 is closable.

Proof. By assumption, s4 is bounded from below by s > —m. We construct an inner
product on D(A) as above given by

(x,y)s = s(x,y) + (m+ 1)(z,y)  forz,y € D(A),

and a corresponding norm, defined by Hng = (x,z)s. The linear space D(A) can be
completed in the norm ||-||, derived from (-, ), to a Hilbert space #s,. By the remarks
prior to Proposition we need to show that the embedding map i Hs 4 — H is injective.
We use the criterion formulated in Proposition |2} Let (z,,),en be a sequence of vectors
in D(A), and lim,,_,c ,, = 0 in H. Assume furthermore that the sequence (), is also
convergent in M, ,, that is, we additionally assume that lim,, ;,—y00 $(Zp,—Zm, Tr,— T ) = 0.
Thus we have for any k € N

(2, xn)| < [s(@n — g, 2n)| + [s(2k, 20|
< lwn = akllslleally + [(Azg, 20))| (1.5)

< lzn = zillllznlls + 1Az l2nll -

10
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By assumption the sequence of numbers (||z,,||,)» is clearly bounded. Let € > 0. Choosing
now k and n large enough, k,n > Nj(c), we can achieve that the first term in (L.5)
is arbitrarily small, in particular smaller than /2. For the second term we have zj €
D(A) for any fixed k, hence, if additionally n is large enough, n > Nj(¢), also this
term will be smaller than ¢/2. Taking all together, when selecting £ > Nj(¢), and at the
same time n > max { N1, N2}, we are able to bound by €. Since € was arbitrary,
lim,, 00 $(2p, ;) = 0 and s is closable. O

Proof of Theorem([1} Associated to the symmetric operator A, there is the form s 4 defined
on D(A) with sg(z,y) = (Ax,y). By Lemma [1| this form is lower semibounded and
closable to a closed form 54, and H, is the Hilbert space formed by the completion of
D(A) with the inner product (-, -)s.

We denote by H,, the dual space of H ,, the space of bounded linear functionals on
s, By Riesz’ representation theorem H;, and H , are isometrically isomorphic via the

conjugate linear map P : H, , — H. , defined by

SA°

A

[Pz](y) = (2,9)s = 5a(z,y) + (m + 1)(z,y) .

Likewise, there is an equivalent isomorphism between H and its dual space H'. At the
same time, every bounded linear functional on # is also a linear functional on H,, C H.
Hence, we can map any vector in # to a linear functional on H,, by a map j given by

(@)(y) = (z,y) .

Indeed, since |[|-||,;, < H'HHSA’ the element j(z) : y — (x,y) < ||z ”?/HHSA is even a
bounded linear functional on H,. Hence, j is a conjugate linear embedding of H into
H ,. In total, we have the relations between the spaces as illustrated in the diagram. One
should note that the upper left corner is not commuting.

A

P 5 /
HSA HSA
zl y U

|

We now define an operator Ap = j 1P — (m 4+ 1)1 on the domain

D(Ap) = {xGHSA ‘ prRanj}

We will show that A is a densely defined, self-adjoint operator extending A. We will

3 A comparison shows that this is exactly a reformulation of (T.2).

11
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prove these characteristics in the first place for the operator P = j ~1P, with domain
D(P) = D(AFr), but the same results immediately follow for Ap = P — (m + 1)1 by its
relation to P.

First, we establish that P is a densely defined operator on /. Making use of the facts
that ||-|
isomorphism, it is enough for us to prove that Ranj is dense in # ,. Therefore, assume
g € HY, and g[j(x)] = 0 for all z € H. By definition of the double dual 0 = g[j(z)] =
[7(x)](yg) = (z,y4) for a unique y, € H,, and for all z € H. We conclude y, = 0 and

2 < |||y, and that H,, is a dense subspace of H as well as that P is an isometric
54

hence g = 0. Thus, Ranj is dense.
Next, since j(Pz) = Pz on D(Ar), we have for z,y € D(Ar)

<P‘T7y> = <$,y>5 = (y,x>3 = <Py,1?> = <Z‘,Py> .

Hence, P is symmetric.

Furthermore, we show the self-adjointness of P. First of all, we observe that P is injective
and that Ran P = . This, by definition of the adjoint operator (L.1), tells us that ker P* =
{0}, because if y € ker P*, then we have (Px,y) = 0 for all x € D(P) = D(Ap).
Consequently, y must be orthogonal on all of , and therefore y = 0. But if ker P* = {0},
then we further conclude: for x € D(P*), there is an 2’ € D(P) such that P*x = P1/,
since Ran P = . Because P C P*, we also have P*z' = Px’. Hence, x = 2’ and
x € D(P). Thus P is self-adjoint and so is Ap.

In a second-to-last step, we observe that for x € D(Ap) andy € D(A)

<$7Ay> = <(L’,y>5 - (m+ 1)<$,y> = <AFx7y>

But since this holds for all x € D(AF), we conclude that y € D(A}) = D(Ar) and
Az = ALz = Arpz, thus A extends A.

Finally, suppose Ay was another self-adjoint operator extending A and with D(Ag) C
Hs .. Then, similarly, for all z € D(A) and y € D(Ap) we find

(z, Aoy) = (Aoz,y) = (Az,y) = (Apz,y),

from which we again conclude that y € D(A},) = D(AF), thus Ap extends Ay, that is
Ag C Ap. Using self-adjointness, we also have Arp C Ay, therefore Ay = Ap. Lastly,
density arguments show that the closed form 54 has the same lower bound as s 4. Hence,
we also have (Apz, z) > —m||z|?.

O

1.2.4 A min-max principle for the Friedrichs extension

The eigenvalues of an operator can be difficult to compute. A min-max principle or
variational principle for an operator provides a variational formula for the computation of

12
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eigenvalues and can be useful for an estimation of eigenvalues even in situations when for
example the corresponding eigenfunctions are not known.

Min-max principles are known from linear algebra for symmetric or hermitian matrices
on finite dimensional Hilbert spaces, and likewise for the closely related compact operators.
As a generalisation there are also min—-max principles available for lower semibounded
operators as introduced in the previous section.

The formulation of the min—max principle is possible due to the close connection between
lower semibounded self-adjoint operators and closed forms.

For the eigenvalues of a self-adjoint extension of a lower semibounded symmetric
operator the min—-max principle takes a particularly simple form for the Friedrichs extension
compared to all other lower semibounded extensions: it only requires knowledge about the
domain of the original symmetric operator, not that of the self-adjoint extending operator.
This is a useful feature in potential applications as for instance the numerical study of
eigenvalues. The reason is the close connection of the Friedrichs extension to the closure
of the sesquilinear form induced by the underlying symmetric operator as can be seen in
the proof of Proposition

Here we present a derivation of the min-max principle for lower semibounded self-adoint
operators and elaborate in particular also on the special case of the Friedrichs extension.

The min-max principle provides information about the spectrum of a self-adjoint
operator. For a closed linear operator 7" on a Hilbert space H the spectrum is defined as
the set

o(T) == C\ p(T)

where p(T) is the resolvent set of T
p(T) = {)\ eC ‘ R\(T) = (T — A1) 'exists and is a bounded operator on all of’H} .

The operator Ry(T) = (T — A1)~ ! is called the resolvent of . If A € o(T') is such that
T — A1 fails to be injective, then A is called an eigenvalue of 7', and dim ker(7" — A1) is
the multiplicity of A. One usually distinguishes two parts of the spectrum: eigenvalues of
finite multiplicities that are isolated, also known as normal eigenvalues and the rest of
the spectrum.

Accordingly, for the for us relevant case of a self-adjoint operato we define the discrete
spectrum to be

04(T) = {A € C| ker(T — A1) # {0} ,dimker(T — A1) < oo,

A is no accumulation point of o(7)} .

The essential spectrum of a self-adjoint operator is the complement of the discrete

*It is also possible to introduce versions of the notions of discrete and essential spectrum for closed operators,
but this is not necessary for our purposes.

13
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spectrum,
Oess(T) = o(T) \ 04(T) .

Additionally, we mention that for a general self-adjoint operator 7 it can be shown that
the spectrum is real, that is o(7") C R.

There is another characterisation of the discrete and essential spectrum in the language of
spectral projections which will prove to be useful in the derivation of the min—max principle
below. Let €2 C R be a measurable set. Let us denote the characteristic function of the set
Q by 1q. For a self-adjoint operator, we call the operator

Po(T) = 1o(T)

a spectral projection of T, where the right-hand side has a well-defined definition through
the functional calculus available through the spectral theorem. The operator Pn(T) is an
orthogonal projection for all {2 and the family { P} forms a projection valued measure (cf.
e.g. [RS80a], Section VIIL3 ) which is the basis for the projection valued measure form of
the spectral theorem.

We can reformulate (here without giving a proof) some of the above mentioned notions
with the terminology of spectral projections which also will be used in the proof of the
min-max principle for a lower semibounded self-adjoint operator below. As a matter of
fact, it can be shown that A € o(T) is in the discrete spectrum o4(7") of a self-adjoint
operator 7" if and only if

dimRanPy_. x4 (T) < oo  for somee > 0.
Accordingly, the essential spectrum is then given by all A € o(7T") for which
dimRanP(\_; x4 (T) = oo foralle > 0.

If A € o(T) is an eigenvalue of T', one finds that RanP(,y(T") = ker(T — Al). We call
RanP,) (T') the eigenspace of T' corresponding to A. Its dimension dim RanP)(T') is the
multiplicity of ) as defined above. In that sense, if we assume 2 C R and Q2 N 0ess = () then
the number dim RanPq(T") counts the number of eigenvalues of 7" in €2 with multiplicity.

Let T be a lower semibounded self-adjoint operator on a Hilbert space H with (T'x, z) >
—ml|||*. For simplicity, we assume mn > 0. The min-max principle for a general lower
semibounded self-adjoint operator T stated below in Theorem [2|gives a formula for the
eigenvalues of T' below the infimum of the essential spectrum. They are given by the
min-max values. The min—-max values for such an operator 7" are defined by

(Tz,x)

= inf sup 3
VeD(T) vey |z
dim V=n z#£0

pn(T)

(1.6)

14



Chapter 1. Preliminaries

In fact, since the supremum is taken over a finite dimensional vector space it is really a
maximum. It can be seen quite immediately that the min-max values j,, satisfy

—m <y <pg < ... <infoes(T). (1.7)

The claim that the min-max values are bounded from below by —m follows directly from
the fact that the operator is lower semibounded.

To prove the chain of inequalities in (1.7), let now ¢ > 0 and n € N. Assume that
dimH > n + 1, otherwise there are not more than n min-max values. Then, by definition
(1.6), there is an (n + 1)-dimensional subspace V' C H such that

o (Tro)
1> max ——-— —
P = el P
x#0
If now V/ C V with dim V' = n then
(T, ) (T, )
HPp+l 2 MAX ——2— — & 2 MaAX ———5— — € > [l —E.
zeV ||z zeV’ ||z
x#£0 x#0

Since € was arbitrary, we have (i, 41 > fiy,. Finally, assuming that inf oess < 00, then by the
above characterisation of the essential spectrum we know that RanPint g, —c inf gess-+e) (T)
is infinite dimensional for all € > 0. Hence, for n € N arbitrarily large and any ¢ > 0
we can find a subspace Vi, € Pinf g—e,inf gesste) (H) With dim V;, = n such that for all
x € V,, we have

(Tz,z) <infoes + €.

It follows that p,, < inf oes + € and since € was arbitrarily chosen also p,, < inf geg;s.

With this information in mind, we can now state the well-known min-max principle.

Theorem 2. Let T be a self-adjoint operator on a Hilbert space #, bounded from below,
thatis 7' > —m and o(T') C [—m, o) for some m € R. The eigenvalues of T below the
essential spectrum, that is, those A € 04(T") for which A < inf o, are precisely given by
the min-max values (1;(7T") in the interval [—m, inf o).

Proof. To avoid confusion we assume m > 0 without loss of generality as before. We show
the following: for a given n € N we either have p,, < inf gegs or 1y, = inf gegs.

In the first case, T" has at least n eigenvalues below the essential spectrum which are
given by p1 < pa ... < pp. In the latter case, T has at most n — 1 eigenvalues below the
essential spectrum.

Let n € N. Consider the case p,, < inf gess. First, we can notice that by the definition of
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fin, for any € > 0, there isa V' C D(T') with dim V' = n such that

(Tz,x)

> max ———5— — €. 1.8
= P -

#£0
Suppose now that 7" has only £ < n — 1 eigenvalues below the infimum of the essential
spectrum. This means, dimRanP_ inf ) = k- Lete > Oand V C D(T) an n-
dimensional space such that holds. Denoting the eigenvectors corresponding to these k
eigenvalues by x1, . . ., xj, we therefore can find a x € V such that x | span{x1,...,z},
hence z | RanP(_ info.,,)- Then,

Combining this with (1.8), we find
i > inf e — €.

Since this holds for all € > 0 it contradicts the assumption. Hence, there are at least n
eigenvalues below the essential spectrum. Let us denote these eigenvalues by A < Ao <

. < A\p < inf gegs, counted with multiplicities. We show that A; = p; fori =1,...,n. By
an analogous argumentation as above, when replacing inf oess by A; fori =1,...,n and
again making use of (1.8), we can show that from the fact that there are i — 1 eigenvalues
below J; it follows that p; > ;.

It remains therefore to prove that \; > p; foralli =1,... n. Forany 1 <i < n we
know there are ¢ eigenvalues below the essential spectrum. Once again, we denote the
eigenvectors corresponding to A\; by z; € D(T') and we set V' = span {z1,...,x;}. The
vector space V' C D(T') has dimension 7. We then have for any z € V

z ]
J
IwH !xH ’

which is maximised by \; for z = x;. Hence, it follows

(T, )
< <\
M= v [z S

for all 1 < ¢ < n. This concludes the proof for the case i, < inf gegs.

Assume now i, = inf ges. We show that there are at most n — 1 eigenvalues below
inf gess. Suppose there were n such eigenvalues \; < inf gegs. Then, as in the previous
paragraph, we are able to show that u,, < A, which contradicts p,, = inf gegs.

O]
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For the Friedrichs extension Ar of a lower semibounded symmetric operator A, the
min-max principle simplifies in the sense that we can replace the domain of Ar by the
domain of D(A) in the definition of the min—max values. The following proposition uses
ideas from [FS11]].

Proposition 3. Let A : D(A) — H be a lower semibounded symmetric operator and Ap
its Friedrichs extension as constructed in Theorem[1l Then Theorem[2]holds with min-max

values for A as defined in when replacing D(Ap) by D(A).

Proof. Let i, (AF) be as defined in and

. (Az, z)
Wy, = inf max 3
V'CD(A) zeV’"  ||z]]
dim V'=n *#0

be the min-max values of Ar when replacing D(Afr) by D(A). The strategy for proving
this proposition is to show that forany 0 < e < 1

,LL;ISMn—FC'&

for a positive constant C'. Since by definition y,, < ), it then follows i), = .

As a first step we notice as before that for a given 0 < £ < 1, there is an n-dimensional
space V' C D(AF) such that

A
S

—€ (1.9)

holds (as in equation (1.8)). Let z1,...,z, be an orthonormal basis for V. Using the
notation of Theorem 1| we have D(A) C D(Ap) C H,,, where H,, is the domain of the
closure of the sesquilinear form induced by A. The domain D(A) is by construction a
dense subset of H,, with respect to the norm ||-||, on H,, defined as in for the closed

form s4. Hence, there are 2/, ..., 2}, € D(A) such that Ha:j -2l <eforl <j<n.
S
Moreover,
|<£B;,$/>| < 6ij + ’<ZC;,$/> - <.1‘Z',l'j>‘
j J
S5z‘j+’(fﬁg—xz’,90;>|+|<$z’7$9—$j>| (1.10)
< 8 + ot — aill o5 | + il 25 - |
<dij+e(l+e)+e < i+ 3,
where in the second to last step we used ||-|| < ||-||,. This means that the vectors z form

an ‘almost orthonormal’ set and for ¢ small enough they are linearly independent. They
thus span an n-dimensional subspace of D(A), we denote it by V’, and there are o;; € C

17



Chapter 1. Preliminaries

I _ o
such that x5 = >°7_4 a2 and

e (ABT) _ {Ash ot
wevizso ol T af

If we are able to show that for x( := Z;;l ;T

/ /
<A1E0,$0> . <AF=T051"0> S CE (111)

2 2
o] 2ol

for a number C > 0 (that might depend on p,,), then it follows

Az, Apa,
< max L;E)_ max M—FCESM?%-F(C-F”E
W alF S V0 g
by (1.9). Since this holds for any 0 < ¢ < 1, we then have proven ), < p,. In the
remainder of this proof we show (I.11). Without loss of generality we can assume that

H550”2 =i |Oéj|2 = 1. Then we find

(Azg, ) (Arwo, o)

2 2
o o]l

|y ajozk< ! 5 (Axf, xy) — <Aij:$k>>|

Iz

| 32 me

INA
(1=

Ql
.

Q

o
—~

AN

&

Lay) — (Apxj, o) )

First of all one can note that

lzill, = /(Ap@i @) + (m + Ds, @) < \Jpm + e+ (m+ 1)

by (1.9). Hence,

], < Jin+e+(m+1) +e
and thus using
‘(Ax;,a;@ — (Apxj,a;k>‘
<A (@) = 25), 24| + [(Azj, o — )|
<||o = | 1wkl + sl 1k = 2l

326(\/un+5+(m+1)+5) <2/t Fm 42+ 1)e
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Moreover, we also find
2 n
lwol® = 1) < 3 el ak) — (w5, )]
J,k=1

n n
< 3e Z lajag| < 36712 ;| = 3en,
k=1 j=1

using what we derived in and the Cauchy-Schwarz inequality. Altogether it follows

‘ (Axg, zo)  (Apxo,T0)

2 2
B ol
n 1 n

< 3 oy [(Ax), 2 — (Aray, ae)| + | = 1] D lagan] [(Ax), af)

jk=1 (el §k=1

3ne 2

§2n(\/un+m+2+1)6+1_73n€ (\/,un+5+(m+1)+5> n
< Ce

with C = 20(v/ftm T 0+ 2+ 1) + £ (tn +m + 3+ /itn + 10 F 2).

1.3 Supplementary remarks: Self-adjoint operators in phys-
ics

Quantum Hamiltonian operators played a special motivational role for Friedrichs in his
work on a self-adjoint extension of lower semibounded operators. This is connected to
stability: A system whose dynamics is determined by an energy operator that is lower
semibounded has a lowest possible energ and is thus stable. The Hamiltonians we come
across in the non-relativistic case, also known as Schréodinger operators, are usually lower
semibounded.

A more basic question one might ask from the physical point of view is: why is it actually
important to deal with the task of finding and classifying self-adjoint extensions of an
operator?

Some thoughts that do at least partially answer this question are presented below, where
we first want to focus on why one cannot avoid to specify the domain of an operator and
later on looking specifically into the need for self-adjoint operators. Inspiration for this
section was found amongst others in [CM21]].

which we call the ground state energy even if there might not exist a ground state.
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1.3.1 The domain of an operator

The basic building blocks of a mathematical formulation of quantum mechanics are a
separable complex Hilbert space (H, (.,.)7;) whose elements 1), modulo their length, are
interpreted as physical states, as well as linear operators A on this Hilbert space corres-
ponding to observables, physical, measurable quantities. The expectation, or average value
(1) 4 for the result of a measurement of a system in state ¢ of an observable A is given by

(V)a = (¥, AY).

In order to obtain a meaningful interpretation of this quantity, one demands the expectation
to be a real number, which is equivalent to assuming A to be a symmetric operator.

On a formal level it is not really necessary to think further about the properties of the
operator A and we can specify it only by its action on elements of the Hilbert space. At a
closer look things are slightly more involved.

One of the most prominent examples that indicates that the question of an operator
domain is non-trivial also in physics, is the momentum operator P.In the position space
representation in one dimension, where we represent physical states by elements of the
Hilbert space L?(R), the momentum operator takes the form P= —i% (setting Planck’s
constant 4 = 1). This operator is easily seen to be ‘formally symmetric’. But neither is
every function in L?(R) differentiabl nor is it generally true that Pf for f € L2(R) is
again square-integrable. Thus, P has no proper meaning on all of the Hilbert space L?(RR),
but as is easily seen it is still a well-defined operator on the dense subset C5°(R) C L?(R),
on the smooth functions with compact support.

The fact that P cannot be defined on the whole Hilbert space is a complication we find
for many operators in quantum mechanics, more precisely for all those operators that are
unbounded. As long as we only deal with bounded operators, i.e. operators for which

A
sup Al e
ver Y]l
V0

we do not need to care much about the domain of an operator. Any bounded linear operator,
defined on a dense subset of a Hilbert space H can be uniquely extended to a bounded
operator on all of H (cf. e.g. the B.L.T theorem: Theorem 1.7 in [RS80al]) and we can thus
assume that the bounded linear operator is defined on the whole space.

For the unbounded, symmetric operators which, as the example of the momentum
operator shows, are present in the established theory of quantum mechanic however,
it is not only uncertain if they are defined on all of the Hilbert space, but it is in fact

®Consider e.g. a simple function.
’Some thoughts on why unbounded operators might be necessary to formulate such a theory are found in
[CM21].
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impossible. By the Hellinger-Toeplitz theorem (see e.g. Theorem 2.10 in [Tes14]) an
unbounded, symmetric operator cannot be defined on all of the Hilbert space, but has a
domain which is a proper subset of the Hilbert space only. In fact, there can be several sets
which possibly can serve as a domain for an operator, and also from a physical point of
view there is in general no known canonical way to select a distinguished domain as the
physically relevant one.

It might in this context sound like a reasonable attempt to define an operator on the
set of all Hilbert space elements on which it is well-defined, i.e. on its maximal domain.
However, this quickly leads to contradictions since the resulting operator is not necessarily
symmetric anymore (cf. Section 2.4. in [CM21]]).

Instead, it is possible to demand the domain of a physical observable to be ‘maximally
symmetric’, i.e. to define the operator on a subspace as large as possible such that it is still
symmetric on that space. This approach is for example taken by Teschl (see [Tes14]], p. 65,
Axiom 2 and Corollary 2.12). Together with an additional assumption on how to represent
polynomials of observables this demand leads to the requirement that observables are self-
adjoint operators in quantum mechanics. It is important to notice though, that maximally
symmetric does not mean we can find one specific largest domain for the operator. In
general, the possible domains which allow the operator to be symmetric cannot be ordered
by inclusion and we can in many cases still find many different (possibly infinitely many)
self-adjoint operators represented by the same formal action.

The concerns about the domain of an operator are not only important from a technical
point of view. Different domains can yield completely different operators, with distinct
spectral properties. Since we interpret eigenvalues as possible measurement values of pure
quantum states, these considerations also have a practical physical relevance.

1.3.2 The demand for self-adjoint operators

The idea that observables in the theory of quantum mechanics should be represented by
self-adjoint operators can be supported by further arguments. At least for the Hamiltonian
operator there is a clear physical motivation for demanding it to be self-adjoint.

The reason is its special role as the generator of time-translations via the Schrodinger
equation

d
i () = Hu(t). (1.12)

By H we denote the Hamiltonian of the system. Given any state of a quantum system )y,
its evolution in time 1) (t) is, as one usually assumes, bound to satisfy certain properties:
Assuming the time evolution 1 (t) is uniquely determined by the Schrédinger initial
value problem with ¢ (0) = v, we write ¢ (t) = U(t)t for a time-dependent operator
U (t). The superposition principle then already tells us that U (¢) should be a linear oper-
ator. Furthermore, we usually demand the state vector’s normalisation to be preserved
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throughout time, thus requiring

[oll® = R @° = IUE)¢ol* = (o, U (U (£)ho) , (1.13)

that is, U(¢) is an isometry. Additionally assuming that U (¢) is surjective, means U (t) is a
unitary operator.

For any two times ¢, s € R we then also have that
Ut+s)=U({#)U(s) (1.14)
as well as U(0) = 1. And finally, one usually requires strong continuity, that is

lim [[U(t)3ho — 2ol = 0. (1.15)

Summarising (1.13), (1.14), (1.15), we find that the time evolution of a state 1y should be
determined by a family of unitary operators {U(t) | ¢t € R} that forms a one-parameter

strongly continuous group.

The crucial observation is that such a one-parameter strongly continuous group always
has a generating operator H defined by

Hy = —ilim JEY Y

e—0 g

(1.16)

ona set of all 1) € ‘H for which this limit exists. Furthermore, this generator is a self-adjoint
operator. This statement is Stone’s theorem (Theorem VIILS8 in [RS80al]). It then holds
U(t) = e " by the defining relation of H in and H is the Hamiltonian operator of
a corresponding Schrédinger equation (1.12).

Conversely, any self-adjoint operator H generates a one-parameter strongly continuous
group {U(t) ‘ Ut)=et t ¢ R}(this is proved e.g. in [CM21], Theorem 3.1) such that
a state’s time evolution 1 (t) = U(t)1)y is a solution to the initial value problem posed by
the Schrédinger equation with ¢(0) = 1. A key point is that for a self-adjoint operator
H, in contrast to a merely symmetric H, we have the functional calculus at hand to make
—itH

sense of the operator e which is a priori only a formal solution to the Schrodinger

equation.

In that sense, there is an equivalence between a self-adjoint Hamiltonian and a unique,
well-defined solution to the Schrodinger inital value problem with a time evolution of states
that we consider as meaningful seen from the physical point of view. For the Hamiltonian
operator at least there is thus good reasoning for demanding self-adjointness.

For general observables, there are further arguments which justify the demand for
self-adjointness. As an example, there are some listed in [CM21].
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1.3.3 The Friedrichs extension in physics

Even when one is clear about the demand for self-adjoint operators, it is in general not
obvious which of the self-adjoint realisations of an operator one wants to choose for the
physical theory.

For a symmetric and lower semibounded operator there is always a distinguished self-
adjoint extension available by an application of the Friedrichs’ construction.

It stands out by the universal applicability of this construction to a large class of operators.
Apart from that there are further properties that distinguish it from other extensions: by
the min-max principle its eigenvalues below the essential spectrum are always larger than
or equal to those of other self-adjoint extensions. If we assume that the Friedrichs extension
is the right operator to describe a physical system we are thus assuming that the energy
eigenvalues should be the highest possible. In some sense one could argue that this operator
is ‘furthest away from instability’

Another argument that speaks in favour of the distinction of the Friedrichs extension
in physics is e.g. given by Kalf, Schmincke, Walter, Wiist in [KSWW]|). For a Schrédinger
operator H with a potential satisfying certain properties defined on the set of smooth
functions with compact support they make the following observation: the domain of the
Friedrichs extension D(HF) consists of exactly those elements in D(H*) for which the
energy expectation value is finite. This can be directly seen by a comparison of D(H ) with
the domain of the adjoint D(H*) (cf. (1.1)). It distinguishes the Friedrichs extension from
other extensions since it is by Theorem [1] the only extension whose domain is contained in

the closed form domain.

1.4 Operators with a gap

1.4.1 Self-adjoint extensions of gapped operators

As large as the class of symmetric operators is to which one can apply Friedrichs’ con-
struction of a self-adjoint extension, there are naturally very many other operators that
are not of this type. Friedrichs’ extension does not apply to operators that are not lower
semibounded and besides, the min-max principle only characterises the eigenvalues for a
self-adjoint lower semibounded operator below the essential spectrum. Any parts of the
discrete spectrum that might appear above some essential spectrum are not covered.

It is therefore natural to ask for generalisations of the Friedrichs extension, or at least for
the existence of a distinguished self-adjoint extension for a more general class of operators.

8By Krein’s theory of self-adjoint extension for lower semibounded operators the Friedrichs extension is
indeed the one extreme side of a class of self-adjoint extensions: All other self-adjoint extension lie in
between the Friedrichs extension and the extension known as Krein’s extension which is the one closest
to the symmetric operator, cf. Section
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This can for example consist of operators satisfying a gap condition. There are different
ways to formulate such a gap condition.

Krein [Kre47|] developed a theory of self-adjoint extensions for lower semibounded
operators and formulated a generalisation to the gapped case at the same time. His results
are partly reviewed in [BN94] by Brasche and Neidhardt.

That a lower semibounded operator has at least one lower semibounded self-adjoint
extension was already known by Friedrichs” work. Krein developed this theory further
and was able to show that there exists a whole family of lower semibounded extensions
that all fall in between two distinguished extreme extensions: the soft and hard extension,
nowadays also known as the Krein—von Neumann extension and the Friedrichs extension,
respectively. The Friedrichs extensions is by this theory the largest of all lowerbounded
self-adjoint extensions and the Krein—-von Neumann the smallest.

Krein’s approach to a generalisation for operators with a gap is based on the following
definition of a gapped operator: He defined a symmetric operator A on a Hilbert space to
have a gap if there exist —0o < a < b < oo such that for all z € D(A) it holds

H(A _at b) xH >0=a (1.17)
2 2

An elementary reformulation of (1.17),

|Az||* = (a + b)(Az, z) + abl|z|* >0 (1.18)

emphasises in which sense this gap condition can be thought of as a generalisation of
lower semiboundedness. Dividing (1.18) by a and then letting a — —oo we rediscover the
condition for lower semiboundedness with lower bound b.

Krein’s analysis showed that for a symmetric operator with a gap there is always at least
one self-adjoint condition that preserves the gap. Brasche and Neidhardt’s aim in [BN94]
was to parametrise the gap-preserving self-adjoint extensions based on Krein’s extension
theory for semibounded operators. In particular they explicitly mark two extensions in the
gap-theory that should correspond to Friedrichs and Krein-von Neumann extension in the
semibounded theory. They identify the distinguished self-adjoint extensions for the gapped
case as limits of the Friedrichs and Krein—-von Neumann extension for the gap parameter
a — —o0, respectively.

In the paper [[SST20], we construct a self-adjoint extension for a densely defined, sym-
metric operator A on a Hilbert space H satisfying a certain gap condition. We see this
construction as an analogue to the Friedrichs extension in the lower semibounded case.
The gap condition we consider in [SST20] differs from the gap introduced by Krein. In
particular, it is based on an orthogonal decomposition of the underlying Hilbert space and
the resulting self-adjoint extension we construct is dependent on the additional structure
of the Hilbert space. In detail, the assumptions we make are the existence of orthogonal
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projections on H with AL + A_ = T4 such that
H=AHOAH=H OH_

as well as
Fy =A+D(A)C D(A),

for D(A) being the domain of A. In particular, this means that the operator can be written

A Ay
A =

where Ay, = AjAly, , AL = Ay Aly_ et cetera. The gap condition we impose then

in a block structure

reads

yer o) [ly-l5 e eF A\ g er. oy +y |3

. (1.19)

This gap condition is not purely inherent in the symmetric operator as opposed to the more
general Krein condition since it presupposes the splitting of the Hilbert space. Krein’s gap
condition is a more general notion: it can be seen that our gap condition does imply Krein’s
condition as is shown in Remark 3 of the paper.

The lower semibounded case can in our model at least be formally rediscovered when
taking Ag — —oo0. In this case the block structure vanishes, leaving us with F'; being the
entire domain of A. The gap condition then assures the lower semiboundedness of A.
Likewise, our construction of a self-adjoint extension is essentially Friedrichs’ construction
in the case of a vanishing block structure of A.

1.4.2 The Coulomb-Dirac operator

With the Dirac equation for relativistic quantum mechanics, the physical theory provides us
with an example of an operator that is not bounded from below but has a gap. Specifically
the Dirac operator for massive particles with Coulomb potential in three dimensions has
been in focus in the work of Esteban, Loss, Dolbeault and Séré ([EL07[],[EL[,[DES00]]) that
has been inspiration for our construction for operators with a gap.

In three dimensions the Hamiltonian for a free relativistic fermion is the free Dirac
operator. Acting on the Hilbert space Ho = L?(R3; C*) (setting ¢ = 1 and & = 1) it takes
the form

Hy=—ia-V+mf

where m is the particle mass. We set m = 1 in our paper. Furthermore, J is a complex
4 x 4 matrix and the symbol o denotes the 3-dimensional vector of complex 4 x 4-matrices
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a1, ag, a3 that satisfy

{oﬁ',ﬁ}:o i=1,2,3
A =1
Multiplying the Schrédinger equation
(1) = Hoo(1)
dt

from the left by 3 we reproduce the Dirac equation in its common form
"0, —myp =0

with gamma matrices v, . = 0,...,3 with 4 = 3,77 = Ba/, j = 1,2,3. By their
anticommutation relations {7#,~"} = 2n"" the gamma matrices generate a matrix repres-
entation of the Dirac algebra, that is, of the Clifford algebra Cl; 3(R).

There are different representations for the matrices o’ and 3. In the standard representa-
tion known as the Dirac basis the matrices take the form

. 0 ot 1 0
b — . ) = 1 2 =
a <O_Z 0> ) Z ) 73 ) IB (O —H) )

with ¢ being the Pauli matrices. In this representation, the free Dirac operator then has

the block form
m —io -V
Hy =
0 (—ia’ -V -m ) ’

with o being the vector of Pauli matrices & = (0!, 02, 0?). It is easily seen that Hy is

symmetric on the dense domain C§°(IR?; C*) C H,. It is furthermore a well-known fact
(cf. e.g. Theorem 1.1 in [BT92]]) that Hj is essentially self-adjoint on this domairﬂ and its
closure is an operator Hy defined on the Sobolev space H*(R3; C*), where it is self-adjoint.

The spectrum of the self-adjoint operator Hy has no discrete part and is given by
o(Hp) = (—oo,—m] U [m, c0) .

We can see that in the case of the free Dirac operator, there is a spectral gap taking up the
full interval (—m, m), thereby separating positive from negative energy states. The fact
that the Dirac operator is not bounded from below is reflected in the existence of negative
energy states with arbitrary negative energy. To make physical sense of this operator,

*This holds equally if we consider the operator on C5°(R? \ {0}; C*).
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Dirac used the idea to interpret the negative energy states as those that can be taken by
antiparticles.

Adding a Coulomb potential to H defines the Coulomb-Dirac operator

HI/ = HO - L )

]

where the parameter v in the atomic case represents the constant v = Z«, with Z being
the atomic number and « the fine structure constant whose value is approximately given
by o & 1/137. The operator is symmetric on C§°(IR? \ {0}; C%).

During the last decades extensive research has been done on the existence of self-adjoint
extensions of the Coulomb-Dirac operator, also raising the question about the existence of
a (physically) distinguished one.

We collect some known results, citing from [BT92f], [Gal], [GM18],[BE11], [Nen76],
[EL07], [EL], [DES00], a list which is naturally not exhaustive. Some remarks on this topic
are also found on page 3 of our paper [SST20].

The existence and nature of self-adjoint extensions of H,, depends on the value of v. But
for any self-adjoint realisation of H, and value of v it holds that the essential spectrum
remains stable under the perturbation of Hy by the Coulomb term. That is,

Oess(Hy) = (—00, —m| U [m, 00)
and the discrete spectrum is entirely contained in the interval (—m,m),
oq(H,) C (—1,1).

As is shown in [BT92] in Section 4.3.4., this follows from a theorem by Weyl about the
stability of the essential spectrum (cf. for example Theorem 8.12 in [Sch12]).

The interesting question about the spectrum of the Dirac—Coulomb operator is therefore
about the eigenvalues in the spectral gap between —m and m. We distinguish a number of
regimes, depending on the value for v:

i) The sub-critical regime |v/| < V3/2 (corresponding to Z < 118):

The operator H, is essentially self-adjoint on the domain C§°(R3 \ {0}; C*) and has
unique self-adjoint extension, cf. e.g. Example 4.17 in [BT92]). For v < 1/2 this can be
directly proved by viewing the Coulomb potential as a perturbation of the free Dirac
operator via the Kato-Rellich theorem. For 1/2 < v < V3/2 generalisations or other
approaches are needed.

The Dirac equation can be solved explicitly by a partial wave decomposition from
which one finds that the Dirac-Coulomb operator is unitarily equivalent to the direct
sum of radial symmetric operators. This solution includes an explicit formula for the
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discrete energy eigenvalues which takes the form

2 —1/2
v
Epncn=m|1+ , neN 1.20
n,K ( (n + m)Q ) 0 ( )
where k takes values in N. These are exactly the eigenvalues of the (unique) self-adjoint
realisation of [, in the gap of the essential spectrum (cf. Theorem 3.1.5 in [BE11])).

ii) The critical regime v3/2 < || < 1 (118 < Z < 137):

The operator H,, has several self-adjoint extensions. There is a distinguished one
pointed out in the literature. It has been constructed independently in different ways
(IWus75], [Wiis77], [Nen76], [Sch72]) and has the property that its domain is contained
in D(|Hy|"/?) as well as in D(H*) N D(|z|~"/?), that is, the elements in the domain
have individually finite kinetic and potential energy.

Esteban and Loss [EL07] reconstructed this distinguished self-adjoint extension by a
different approach, using a Hardy-like inequality.

The formula (1.20), which in the critical range of v can be derived by implementing
certain boundary conditions for the radial wave functions at |z| = 0, gives also in this
regime the eigenvalues of the distinguished self-adjoint extension of I, (Remark 3.1.6
in [BE11]], a derivation is also found in [GM18])).

iii) The critical case |v| = 1:

Esteban and Loss [EL07|] showed that their construction can be extended up to and
including the case v = 1, which by the earlier known approaches had not been
possible. Their self-adjoint extension for ¥ = 1 evolves as a norm-resolvent limit
from the distinguished extension for v < 1, cf. [ELS19]]. This gives us good reason
to interpret their extension for H; as the distinguished one. The domain of this self-
adjoint extension consists of elements that have finite total energy, even if kinetic and
potential energy are in general not finite individually.

Since the discrete eigenvalues converge under a norm-resolvent limit, we find the
eigenvalues for the distinguished extension again by formula (1.20).

iv) |v| > 1 (corresponding to Z > 137):
The eigenvalue formula (1.20) in this case yields complex values which indicates that
it is related to a non-self-adjoint extension. This appears to be corresponding to the
usual assumption that an atomic number Z = 137 is the highest number possible for a

single nucleus atom. One can find self-adjoint extensions by regularising the Coulomb
singularity (cf. [BT92]], Section 7.4.5).

The construction we present in [SST20]] is applicable to the Dirac-Coulomb operator, as
we elaborate in Section 3 of [SST20].
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1.4.3 Perspectives for future research

There are naturally many questions related to our work that remain unanswered our paper.
We state some of the potential topics for further investigation:

« In Section|[1.4.1] we mentioned the study of Brasche and Neidhardt [BN94] who classi-
fied the self-adjoint extensions in Krein’s gap theory and pointed out a distinguished
one corresponding to a generalisation of the Friedrichs extension. It could be an
interesting task to further investigate the exact relation of the extension that Brasche
and Neidhardt call the Friedrichs extension for gapped operators and our extension.

« As has been pointed out in Section[1.4.1] our gap condition relies on an orthogonal
decomposition of the underlying Hilbert space which is a rather strong premise.
The choice of the splitting might influence the nature of the extension significantly.
Krein’s gap condition on the other hand is far more general. It might be worth to
make an attempt to weaken the assumption we make on the operator and find a gap
condition that is more general, even if possibly still more restrictive than Krein’s.

+ In Section 4 of our paper [SST20]], we relate our self-adjoint extension for a Dirac-
type operator to a special type of boundary conditions, known as the APS boundary
condition. By the assumptions we make our considerations are applicable to the
situation with an underlying geometry of cylindrical type. It could be interesting to
investigate the possibilities to extend these results to more general shapes.

Besides that we do not exclude that other boundary conditions may also play a role
in relation to the special self-adjoint extension we present. This is a question that
would need more and deeper-going research.
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FRIEDRICHS EXTENSION AND MIN-MAX PRINCIPLE
FOR OPERATORS WITH A GAP

LUKAS SCHIMMER!, JAN PHILIP SOLOVEJ, AND SABTHA TOKUS

ABSTRACT. Semibounded symmetric operators have a distinguished self-
adjoint extension, the Friedrichs extension. The eigenvalues of the
Friedrichs extension are given by a variational principle that involves
only the domain of the symmetric operator. Although Dirac operators
describing relativistic particles are not semibounded, the Dirac opera-
tor with Coulomb potential is known to have a distinguished extension.
Similarly, for Dirac-type operators on manifolds with a boundary a dis-
tinguished self-adjoint extension is characterised by the Atiyah—Patodi—
Singer boundary condition. In this paper we relate these extensions to
a generalisation of the Friedrichs extension to the setting of operators
satisfying a gap condition. In addition we prove, in the general setting,
that the eigenvalues of this extension are also given by a variational
principle that involves only the domain of the symmetric operator. We
also clarify what we believe to be inaccuracies in the existing literature.

1. INTRODUCTION AND MAIN RESULT

For a symmetric, semibounded operator A with dense domain D(A) on
a Hilbert space H there exists a distinguished self-adjoint extension, the
Friedrichs extension Ap. This extension was introduced by Friedrichs [17]
in 1934. Its eigenvalues can be computed by a variational principle.

More precisely, if A is bounded from below by A1, where

in <27A22>H
z€D(4)  ||z]|3,

> —00, (1)

a variational principle (see e.g. [7, Theorem 4.5.2]) states that the values

_ <27AZ>H (2)
- 2
Ve ey |z,

Ak

for k > 1 are the discrete spectrum of Ap in the interval (—oo,supg>q Ax),
counted with multiplicities

dk::#{j21:)\j=Ak}

as long as dp < oo. If dp = oo then g is in the essential spectrum of Ap.
While similar variational principles hold for all semibounded self-adjoint
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extensions of A, we stress that for the calculation of the Ag’s according to
(2) only the domain D(A) is needed, making the spectrum of the Friedrichs
extension especially accessible to numerical methods. This is a consequence
of D(A) being a form core for Ap.

For symmetric operators A that are not semibounded, Friedrichs’ con-
struction is not applicable. Of particular interest is the case where the
self-adjoint extension of A is expected to have a gap in its spectrum. In a
similar way to the semibounded case, one would like to solve the following
problems.

(P1) Define a distinguished self-adjoint extension Ap of A.
(P2) Provide a simple variational principle that allows to compute the eigen-
values of Ap, ideally only from the symmetric operator A.

In this paper, we will generalise the construction of the Friedrichs exten-
sion Ap to symmetric operators A where the lower semiboundedness (1)
is replaced by a gap condition. We will furthermore relate the extension
to a variational principle that only involves the domain of the symmetric
operator A hence providing solutions to both problems, (P1) and (P2). An
important example of an operator that our results apply to is the Dirac
operator H, on L?(R3;C*) with Coulomb potential —v/|z|. The operator
H, is not semibounded and for v > /3/2 it is not essentially self-adjoint on
the space of smooth, compactly supported functions C5°(R3; C*).

Our results also apply to Dirac-type operators on manifolds with a bound-
ary. For these operators, there exists a distinguished self-adjoint extension
which can be characterised by a non-local boundary condition, as first in-
troduced by Atiyah, Patodi and Singer in the proof of their index theorem
[1]. We will show that this boundary condition naturally arises from the
construction given in this paper.

The problem (P1) has been studied already by Krein [23] for a symmetric
operator A that is not semibounded but satisfies a gap condition of the form

()\0 < )\1)
Ao + A1 A1 —Xo
H(A— 2) H > 2L gl (3)
H

In Krein’s work it is proved that such an operator has a self-adjoint extension
that preserves the gap, i.e. the interval (Ao, A1) belongs to the resolvent set
of the extension. Subsequently Brasche and Neidhart [4] parametrised all
gap-preserving self-adjoint extensions of A by using a suitable representation
for their inverses. The authors’ parametrisation allowed them to identify one
of the extensions as the Friedrichs extension in the limit Ay — —oo.

The type of operators we wish to consider here satisfy a gap condi-
tion which is seen to imply Krein’s gap condition (3), as will be proved
in Remark 3. In analogy to the Friedrichs extension preserving the lower-
semiboundedness, our extension Ap preserves (3).
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More recently, different forms of gap conditions have been considered.
Esteban and Loss [14] considered a block-matrix operator

P Q
(%) )
densely defined on a domain Dy x Dy C Hg x Ho where P = P*, S = 5% Q =
T* and S > —)\g > 0. Furthermore they assumed that P, Q,S,T,S™'T and

QS~'T map Dy into Hy. Their gap condition was phrased in terms of the
assumption that for some A\; > 0 and all z € Dy

qx (2,2) = ((S + Al)_sz,Tz>H +((P—A)z,2)9 2 0.

In the case of Dirac operators H, with Coulomb potentials this assump-
tion constitutes a Hardy inequality that was previously proved analytically
by Dolbeault, Esteban, Loss and Vega [9]. In this way Loss and Esteban
[13] were able to define a distinguished self-adjoint extension for H, up to
and including the critical value v = 1. For v < 1 their extension coincides
with the previously known distinguished extension established separately
by Schmincke [30], Nenciu [27] and Wiist [34] (which were all proved to be
equal by Klaus and Wiist [21]). Recently, Gallone and Michelangeli classified
all self-adjoint extensions of the Dirac-Coulomb operator for v < 1 [18] and
characterised their eigenvalues as roots of transcendental equations[19]. The
case of a two-body Dirac operator with Coulomb interaction was recently
addressed by Deckert and Oelker [8] who were able to establish a distin-
guished self-adjoint extension. This case differs from our problem setting in
that the two-body operator does not exhibit a gap but the methods used
are similar to those applied in [14].

Regarding the second problem (P2), variational principles have been stud-
ied by several authors for self-adjoint operators with gaps. For Dirac oper-
ators with negative potentials Talman [31] as well as Datta and Deviah [6]
suggested a way to compute the first eigenvalue. The idea was to split the
optimisation in the variational principle. Decomposing the Hilbert space
into a direct sum

L*(R% C*) = (L*(R% C7) x {0}) & ({0} x L*(R* C?))
corresponding to the upper and lower spinors, the first eigenvalue would be

given by first maximising the quadratic form over one component and then
minimising over the other. More precisely, for suitably chosen spaces

F, C L*(R%C?) x {0},  F_c {0} x L*([R3C?
the authors suggested that

A -
M= it sup ErTV= AR y-)y

- €F\{0}y_eF_ s +y-|l3

For Dirac operators H, with Coulomb potential —v/|z| such a variational
principle describing the discrete spectrum was proved by Dolbeault, Esteban

and Séré [10] in the case of essentially self-adjointness v € [0,1/3/2] where
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they could choose . = C§°(R3; C?)x {0} and F_ = {0} xC§°(R3; C?). Their
argument for v € (v/3/2,1) was not complete. For v < 1 Morozov and Miiller
[25, 26] showed that Fy = HY?(R3;C?) x {0} and F_ = {0} x H'/2(R3;C?)
are valid choices to obtain a variational principle for the distinguished ex-
tension.

In the general setting of a self-adjoint operator with spectral gap, varia-
tional principles that use an orthogonal decomposition of the Hilbert space
were investigated by Griesemer and Siedentop [20]. Abstract variational
principles were also proved in [10, 25] and with different assumptions by
Kraus, Langer and Tretter [22] (see also [33]). In all these results however,
the operator is a-priori assumed to be self-adjoint or essentially self-adjoint.

Only recently Esteban, Lewin and Séré [12] extended the variational prin-
ciple for Dirac operators with Coulomb potentials to all v € [0, 1] and dis-
cussed its connections to the distinguished self-adjoint extension. Building
upon the results of [10] they showed that for any v € [0,1] it is sufficient
to choose F = C§°(R3;C?) x {0} and F_ = {0} x C§°(R3;C?) to obtain
the eigenvalues of the distinguished extension, evoking similarities to the
Friedrichs extension in this special case.

Our main result, Theorem 1 clarifies the connection between a distin-
guished self-adjoint extension and a variational principle in the case of op-
erators satisfying a general gap condition. It applies, in particular, to the
Dirac—Coulomb operator, thus generalising the result of [12].

Theorem 1. Let A be a densely defined symmetric operator on a Hilbert
space H and let (x, Ay),, be the corresponding real quadratic form with form
domain equal to the operator domain D(A). Furthermore the following as-
sumptions are made.

(i) Orthogonal decomposition: There are orthogonal projections Ay
on H with Ay + A_ =1y such that
H=AHOAH=HL  OH_
and
Fy =A+D(A)C D(A).
(ii) Gap condition:

Ay A _
w =N < A= inf (s £y, Alws —|2—y Y
y-eP\{0} [ly-II% 2+ €F\{0}y_eF_ |y +y_|I2,

(7ii) The operator A_A|p : F_ — H_ is essentially self-adjoint.

Then there exists a self-adjoint extension Ap of A such that for k > 1 the
numbers

A = inf sup M

VCF 7
el zevero\oy 2l

()
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are the eigenvalues of Ap in the set (Ao, supy>y A¢) counted with multiplicities
de:#{j212 )\j:Ak}

as long as di < co. If di, = oo then A is in the essential spectrum of Ap.
The operator Ap is the unique self-adjoint extension with the property that
D(Ap) C F4 @ H_, for a subspace Fy C Hy defined in the proof.

Remark 2. Theorem 1 is very similar to [10, Theorem 1.1]. In [10], however,
the variational principle is given for an operator which is already self-adjoint
whereas the important aspect of our theorem is that we give the variational
principle in terms of a symmetric operator. We therefore do not need to
determine the domain of the self-adjoint extension in order to apply the
variational principle. This is analogous to the case of the Friedrichs extension
where the variational principle may be given in terms of the semibounded
symmetric operator. Thus, our Theorem 1 would be a generalisation of the
theorem in [10] except that our condition (7i¢) is not included in there. We
do, however, believe this assumption is needed, also in the case in [10].

Remark 3. Assumptions (i) and (i7) of Theorem 1 imply that A satisfies
Krein’s gap condition (3). To see this, we let © = 24 +2_ € D(A) and for
given € > 0 choose y© € D(A) such that

(o4 + 02 Alw +97)) 2 =9z + o2 [ ©)
Then with A == (Ao + A\1)/2
[R((A = Az, 2)4]

(A= A)zlly, = sup

2eD(A) 12113
— sup (@42, (A= Nz +2))y — (2= 2, (A= AN = 2))y[
2eD(A) 4|zl

Choosing z == o4+ — x_ + 2y* € D(A) and using (6) together with the
definition of Ay we obtain the lower bound

(4= X) el
e v (- N )y~ e (A N )y
§ EP
M=do Yl 2l + llo = 2l
= (57 )

Using the parallelogram law and the fact that a + 1/a > 2 for any a > 0 we

obtain
A — Ao T x z
(A=A x|y > ( 5 —6) H 2HH (’ IE + | ”H>

2llg Mzl
M= Ao
z( . —s) el

Since £ > 0 was arbitrary, Krein’s gap condition (3) holds.
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By an application of the spectral theorem the same holds true for the
extension Ap.

Conversely, if a symmetric operator A satisfies Krein’s gap condition we
do not know whether there is a universally applicable strategy to find or-
thogonal projections A4 such that the conditions of Theorem 1 are satisfied.
According to Krein there exist self-adjoint extensions that preserve the gap,
as mentioned above. In an attempt to apply our theorem to this problem a
natural choice (and in the very general setting also the only possible candi-
dates we could propose) for Ay are the spectral projections onto (—oo, Ag]
and [A1, 00), respectively, for one of these self-adjoint extensions. However,
for such a choice of projections the assumption (¢) of Theorem 1 may not be

satisfied as A4+ D(A) is not necessarily contained in D(A). As an example
|14
Tx]?

on C§°(R3) C L?(R?) with v > 0. By Hardy’s inequality together with the
Kato—Rellich theorem A is essentially self-adjoint for all v > 0. The spec-

one can consider the Schréodinger—Coulomb operator, i.e. A = —A —

trum of the unique self-adjoint extension A consists of discrete eigenvalues
(Ak)k>0 converging to the bottom of the essential spectrum [0,00). The
lowest eigenvalue \g = —2/4 is non-degenerate with eigenfunction e~ vlzl/2,
Since the symmetric operator A is contained in A it satisfies Krein’s gap
condition with parameters A9 and ;. However, the spectral projection A_

—vI21/2 which does not

of A onto (—o0, o] is simply the projection onto e
leave C5°(R?) invariant. Nevertheless, it is worth mentioning that in this
specific case of a lower semibounded operator we can still find suitable pro-
jections that would allow us to apply our result, since the choice A_ = 0

satisfies all the assumptions of Theorem 1.

We construct Ar as an analogue to the Friedrichs extension of a semi-
bounded operator (see e.g. [28, Theorem VIII.15] and [29, Theorem X.23]
as well as [3, pp. 224]). We closely follow [10], the main idea being the
following. If A is a bounded self-adjoint operator such that F. = H4, then
for any FE ¢ o(A_A|y_) the decomposition

AyAly, AvAl\ Bl — I L3\ (QF 0 I 0
A_Aly, A_Aly_ 0 I 0 —(B+E))\-Lg I
7
holds (see e.g. [33, Proposition 1.6.2]), where
B = _A—A’Hf )
Lp=(B+BE) A A, ,

Qr = (AA—E)|y, +AyAly (B+E) TA_Aly, .

The operator Qg is one of two Schur complements of A.

In Section 2, we will construct Ap by defining these three operators. The
definition of B in Subsection 2.1 is straightforward and yields an operator
with form domain denoted by F_ C H_. Complications arise from the
fact that the Schur complement is only defined in terms of a quadratic
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form g which is not necessarily closable on H4. Thus a new Hilbert
space Gy, which is obtained when considering the closure Lp of the op-
erator (B + E)"'A_A|p,, has to be introduced in Subsection 2.2. That
(B+ E)"'A_A|p, is closable is non-trivial and does not seem to hold true
without assumption (i7i). For this reason we believe (iii) is necessary to
guarantee that G4 can be identified with a subspace of H,. On G, we can
close gp and define the corresponding operator (g, as done in Subsection
2.3. Particular consideration has to be given to the fact that the construc-
tion does not depend on the explicit choice of £ > Ag. In Subsection 2.4 the
definition of the self-adjoint extension Ap is given in a form that resembles
the above decomposition (7). In Subsection 2.6 the variational principle
stated in Theorem 1 will be proved.

Table 1 summarises the Hilbert spaces that need to be defined while Table
2 lists all the additional spaces.

In Section 3 we will apply Theorem 1 to the Dirac-Coulomb operator.

In Section 4 we will introduce the APS-boundary condition for gener-
alised Dirac-operators and prove that the self-adjoint extension constructed
according to Theorem 1 is exactly characterised by these boundary condi-
tions.

Remark 4. Our construction of the distinguished self-adjoint extension dif-
fers from [14]. Phrasing our assumptions in terms of the block-matrix no-
tation (4), we do not require P and S to be self-adjoint nor that Q = T™*.
In addition, we do not make any assumption about the domain of QS~'T.
With the setup as in [14] the quadratic form ¢g is closable on H... In a gen-
eral setting this is not likely to be the case. Moreover in [14] it is important
that the closure of ¢g is independent of E. This independence is claimed
but not proved. In our construction the introduction of G, is necessary to
guarantee both that ¢g is closable on G, and that the domain of the clo-
sure and hence the self-adjoint extension do not depend on the choice of E.
Nevertheless our construction is inspired by the approach in [13] and [14].

Space | (Equivalent) norms | Inclusion | Description Page
H Il p.4
Hie | Flly Hie CH | ALH p.4
He |l H_CH |AH p.4
J- IRIFS F_ C H_ | Form domain of B | p.8
ng ||HEa E > )‘0 ng C HJr Domain of Lg p9
Fi ||'H]-‘+,E7E > Ao F+ C G4 | Form domain of Qp | p.12

TABLE 1. The required Hilbert spaces
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Space | Contained in Description Page
D(Ar) | D(Ap) C Fy @ H_ | Domain of Ap | p.16
D(A) | D(A) C D(Ar) Domain of A | p.4
F+ F+ C ]:J,_ A+D(A) p4
F F_CF_ A_D(A) p-4
TABLE 2. The additionally required vector spaces

2. THE PROOF OF THEOREM 1
2.1. The Definition of B. We start by setting

<y—’z—>F, = (>‘0 + 1)<y_,2:_>7_[ - <y—7AZ—>’H

which by definition of A\g is an inner product on F_ with corresponding norm

ly=I7 = o+ Dlly=[15, — (y=, Ay-)3,
Since the quadratic form (-,-), comes from a symmetric operator it is
closable, i.e. it extends to a closed quadratic form on the form domain
F_ C H_, which is the closure of F_ with respect to the norm |[-|| . If
we denote the continuous extension of the quadratic form (-,-) . to F_ by
(»-) 7 , then (F_,(-,-) » ) forms a Hilbert space.

By assumption A_A|r_is essentially self-adjoint, hence there exists a
unique self-adjoint extension given by its closure, which we will denote by
—B. It is then clear that B 4+ A\g + 1 coincides with the self-adjoint operator
associated with the closed quadratic form (-,-) » such that

<y*7 Z*>]—'_ = (y,, Bz*)’i—[ + ()\0 + 1)<y*7 Z*>’H'

The form domain of B is F_ and its operator domain D(B) is a subset of
F_. For E > )\g the self-adjoint operator B + E is strictly positive and its
inverse (B 4+ E)~! is well-defined and bounded on all of H_.

Remark 5. Since A_A|p_ is essentially self-adjoint, the operator B coincides
with the Friedrichs extension of the semibounded operator —A_A|r_. For
the convenience of the reader and to evoke connections to our construction,
we recall the definition of this extension. Using Riesz’ theorem we first define
the operator P as the isometric isomorphism between the Hilbert space F_
and its dual F’_, i.e. for any z_ € F_ we define Pz_ € F' to be the unique
continuous functional such that

P2 )(y-) = (eooy-)r
With the embedding j— : H_ — F_ given by [j_(y-)|(2=) = (y—,2-)y
(identifying H_ with its dual space H' ) we can show that on the domain
D(P) = {z, €eF. CH_ : Pz € j,(’H,)} CH-

the operator P = j~' o P is a self-adjoint extension of —A_Alp_ + Mo +
1. The Friedrichs extension B is then defined as B = P — Ay — 1 with
domain D(B) = D(P). In particular, the quadratic form (y_, Bz_),, has a
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continuous extension to all z_,y_ € F_ given by [B(y_)](z_) where B =
P — (X\o+ 1)j—. The form domain of B is consequently F_.

2.2. The Definition of Lg. Let E > Ag. Then for z, € F} the mapping
vy — (B4 E)"'A_Az, defines a linear operator from F, into H_. The
proof of the second part of the following lemma is adapted from [10, Lemma
2.1].

Lemma 6. The operator (B + E)"'A_A defined on F, is closable. We
denote its closure by Lg with graph norm

2 2 2 2
24l = llet + Lexylly = o3 + 1 Lzl -
For \g < E < E' the norms ||-|| and |||z are equivalent on Fy with
24 llgy < Nzl < lleillp < Ceprlleslp (8)
where CE,E’ = (E/ — Ao)/(E — )\0) Z 1.
Proof. We first show that the operator is closable. Consider a sequence of

Tn € Fy with [|z,]l,, = 0 and y € H_ with |[(B+ E) " *A_Az, —y||,, = 0.
We have to show that y = 0. Let z € (B+ E)F_ C H_. Then

(2, (B + E) '"A_Ax,) | =|((B+ E) 12, A_Azy,),,|
=[(A(B + E)™'z,2n)y| < |AB + E) " 2lllznlly,
and the right-hand side converges to zero. Since A_A|p_ is essentially self-
adjoint, we can conclude that (B + E)F_ is dense in H_ and thus y = 0.
Next, assume \g < E < FE’. The first inequality in (8) follows directly
from the definition of the norm ||-|| ;. For a bound on |[|-||; in terms of ||-|| z
we note that by the spectral theorem for z € D(B)

- 2 A+ B (B = X)) 12
B+E)YB+FE < —_— —_— .
H( +E) (B + )JZHH < )\;11110 A+ E2 (E — X\o)2 1%

As a consequence we obtain with Cg g := (E'—Xo)/(E—Xo) for any 4 € F
n—1
((B +E) A_Ax+HH

2
I3, <

|Lpailly, = ||(B +E)'A-Azy||, < O

= CppllLpailly,
which proves the last inequality in (8). A bound on ||-|| g in terms of [|-|| 5

follows in the same way. OJ

We conclude that the domain of Lp, meaning the closure of Fy with
respect to the norm ||-|| 5, can be identified for all values of E' > Xy and we
will denote this vector space by G . Together with the inner product

Ty, 24)p = (T4, 24 )y + (Lpay, Lezy )y
it forms a Hilbert space (G4, (-, ) ) and we have the vector space inclusions
FLCcGy CcHy,

where the last equation also holds in the sense of Hilbert spaces.
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As an operator from (G4, ||-||z) to (H—,|||ly), LE is then bounded. We
will later consider L as an operator on an even smaller Hilbert space, where
it is consequently also bounded.

2.3. The Definition of Qg. For E > Ay we now define the quadratic form
qe on Fi x F
qe(ey,21) = (14, (A= B)zy )y + (A Az, (B+ E) 'A_Azy )y,

It is the quadratic form related to one of the Schur complements of the
matrix representation of A. We will see that gg can be closed as a lower-
semibounded form on (G4, ||-|| ;) such that the closure is independent of E.
To this end we first derive the following result which can also be found in
[10, pp. 210].

Lemma 7. For £ > X\ and x4 € Fy let pgp,, : F- — R be the function
defined as

PEey (y-) = (@ +y—, Alwg +y-))y — Bllzs +y- |15
The quadratic form qg is then related to g ., by

qe(T4,4) = sup @po. (Y-)-
y_€EF_

In particular, g .. (-) can be extended to F_ and the extension attains its
mazimum at the unique point Ymax = Lpxr, = (B + E)"'A_Ax, .

Proof. For y_ € F_ we write

Pra, (Y-) = (@, (A= E)ry )y + 2Ry, Az )y — (Y-, (B+ E)y-)y- (9)
It is then clear that the functional ¢ ;. (-) naturally extends to F_, see also
Remark 5. We denote the continuous extension by og ;.

The quadratic polynomial f : R — R which we can define for any y_, z_ €
F_ as

f(h) =Ppa, (y-+h(z- —y-)),heR
is strictly concave and thus we have
f(1) < f(0) + f(0). (10)
Now assume that y_ € F_ satisfies the Euler equation, that is
Ppa, (Y- (22 —y-)) =0

for all z_ € F_. Then we must have (w_,A_Ax — (B + E)y_),, = 0 for
all w_ € F_ or equivalently

y.=(B+E)'A_Ax, (11)
and by (10) for all z_ € F_, z_ # y_

PEa, (2-) <Ppa, (y-).



FRIEDRICHS EXTENSION AND MIN-MAX PRINCIPLE IN A GAP 11
Consequently @ , +() has a unique global maximum at the point ymax =
(B+ E)"'A_Az, € D(B). Inserting (11) into (9) we obtain

@By (Ymax) = (24, (A = E)z i)y + (A Azy, Lpzy )y, .
OJ

The following lemma establishes important properties of the quadratic
form gg. The proof can also be found in [10, Lemma 2.1].
Lemma 8. Let \g < E < E'.
(i) On F. the quadratic forms qp and qgr satisfy
2 2
g (4, 04) +(E' = E)|lz4 |z < qp(z4,24) < qpr(v4,24) +(E' = E) 24| -
(i) There is a constant kg > 1 such that for any x4 € Fy
ae(T4,34) + Kp(T4, 24) g 2 (T4, 24) g -

Thus, the quadratic form qp is bounded from below on Fy C G.
(iii) It holds that

qe(zy,x4) >0 for all x4y € Fy \ {0} if and only if  E <\,

qe(zy,xy) >0 for all x4y € Fy \ {0} if and only if  E < \p.
Proof. For (i) we use the resolvent identity to compute for any A\, X' > A,
av (24, 24)
= aa(@ 2 ) +A=X) [y |5+ (A Ay, (B+2) U B+ N) A Azy)y, |-
The result then follows by setting A = E, N = F and A = F', N = E,
respectively, and using (B + E')~! < (B + E)~! to bound the last term.

We continue to show (7ii) and subsequently (i7). We start by proving

that the right-hand sides imply the left-hand sides. First, let A\g < E < A\;

and x4 € Fy \ {0} arbitrary. By the definition of A;, for any € > 0 there
exists a y© € F_ such that

(T4 +yZ, Az +y2))y

>\ —¢€
ey + |, '

and consequently
4B, @4) 2 @pa () = (@ + 47, Aley + 7))y, — Blles + 7 3,
> (M —e—EB)l|lzs + 7 |,
We can conclude that for all z, € F} \ {0} and all A\g < E < A4
ge(xi, ) = (M — B)||lzy[l3, > 0.

We next prove that gy, (x4, z4) > 0. Setting E’ := A, and using (i) we have
that

o (@4, 24) 2 gp(es, 24) — (= B)lla ||,

which in the case £ — A1 shows g, > 0 since ||z 1|z — [[z4[l,, by (8).
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We now prove the reverse implications. If £ > Aj then again by definition
of A, for any € > 0 with A\; < E' — ¢ there exists 25 € F \ {0} with

(2% +y-), AxS +y-))y
- 2
25 +y-15

for all y_ € F_ and consequently

(B —e)

0ol #0) = S g ) S = ol el vl < el

which finishes the proof of (iii).
The statement in (i) is now clear for £ < A\;. If E > A\; we use (8) to
compute that

ap(as,24) = gn (24, 24) — (B — M)l |3,
> gy (1, 24) — (B = M) g llz4 |5 -

Choosing kp = 1 + max(0, (£ — A\1)C), g) then gives the result.
O

Remark 9. In the first part of the proof we needed bounds on terms of
the type |[Lgxy| . This was done by using the new norm |-|| ;. Without
specifying further assumptions on the operator A it is not possible to esti-
mate the difference between quadratic forms gg for different values of E by
a [|-||-norm only. Introducing the Hilbert space G, thus turns out to be
essential.

An immediate consequence of Lemma 8 together with Lemma 6 is that
the completion 7 of F} with respect to the norm ||-[|p, p induced by the
inner product

(@1, 24) p, g = 4B(T4, 24) + kp(T4, 24) g

is independent of E. In the remainder we fix £ > Ag and denote the ex-
tension of the inner product (-, -)F+’E to Fy by (-, -)]_-+7E. A priori, it is not
clear that F is a subspace of H. However, the following holds.

Lemma 10. The semibounded quadratic form qg is closable on the Hilbert
space Gy for EE > X\g. The closure g has the form domain F,, independent
of E, and can be identified with a subspace of G+ and subsequently also
Of H+.

Proof. We show that the positive form (,-)p, 5 = qr(-,-) +rE(,-)p is clos-
able. The argument used here can also be found in e.g. Lemma 6, Chapter
10.1 of [3]. Consider a sequence x,, € F'y which is a Cauchy sequence with
respect to |||z, p and which satisfies ||z ||y — 0. Then for any z € F..
(2 2n) 7, ) < Rl{z, @0 ] + (2, (A — B)anyy] + (A Az, Lpaa)y
= kel(z,2n) gl + [((A = E)z, 2n)y| + [(A-Az, Lpzn)y|
< e (12l + (A = E)zlly + IA-Azlly) 2l
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and thus (z,z,) FoE 0, where we again crucially need the assumption
that 2,, — 0 in the [|-|| ;-norm, which is stronger than the ||-||,,-norm. Since
the sequence x,, is Cauchy it converges to some element in F,. Using the
fact that F is dense in F with respect to |-z, p, we conclude from the
above calculation that this element must be zero. 0

We thus have the Hilbert space inclusions
Fr CGy CHy,

with their respective inner products implicit, and the corresponding inclu-
sions of the associated dual spaces

H\, cg, cF,.
By Riesz’ theorem there exists an isometric isomorphism ix_, x/(x) = (z,-)
between each Hilbert space X and its dual space X’. In general we will not
explicitly write the isomorphisms i, S, thus identifying H and its dual
space H'.
Furthermore for each of the Hilbert space inclusions X C Y there is a
corresponding embedding of dual spaces jy/_,xs : Y’ — X', in the sense

[y —xl)(z) = l(x) = <i;iy,€,x)y, leY' zeX.

All these embeddings are bounded in norm by one.

Associated to the closed quadratic form gz there is an operator defined
on all of the form domain F, as well as a self-adjoint operator with domain
a subset of F.

Lemma 11. Let E > A\g. There exists an operator @E cFp C Gy = FL
with the following properties.
(i) For all x4,z € Fy the closure Gg of q on F4 is given by
TB(z4, 24) = [Qpr4](24).

(i) The operator @E is bounded and if additionally E < \; then its inverse

@E_l 1s also bounded.
(iii) On the dense domain

D(QE) = {Z+ € Fy: Qpzy € jg;wr;(g;)} CG+
the operator
| -—1 ra i
Qp =15, g °Jg 5 °W@r: DQr) = G+

is self-adjoint and Qp + kg > 1. If additionally E < A\ then Qg is
also positive.

Proof. We define S F4 — F!_ using Riesz’ theorem as the unique operator
such that

[§Z+](Z/+) = <Z+’y+>]-'+,E'
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The operator @E =8 — kg jg/+ N ;@ig - then has the claimed properties.
O

2.4. The Definition of Ap. We consider once more the operator Lg,
viewed now as a mapping from (F4, [|-| 7, g) into (H—, [|-||3;). This operator
is bounded and we denote its adjoint by L : (H—, [|-|l4) — (F7, ||||]_-/+ )

which is related to the Hilbert adjoint L% by L% = z';;ﬂL’EiHﬁHL :

This allows us to define the operator ]/%E : D(]/%E) CFixH_o = FyxH_
for £ > )\ as

—(xzy\ (I -L) Qx 0 I 0\ (x
()6 I shn) (D0
_ (@Em + Lp(B + E)(y- — LE$+)>
~(B+E)y — Lpry)

on the domain

D(Rp) = {(54‘) €eFyxXH_:y —Lgxy € D(B)} CHy xH_.

The construction of Rz should be compared to the decomposition (7). By
the resolvent identity for any =, € F

Lpr, —Lpzy = (E' —E)(B+E) 'Ly,

and by Lemma 6 this identity extends to ;. Thus D(]/?,E) is independent
of £ > Ag and the same holds for the corresponding subset F of H

F = {x+—|—y_€f+@7'[_ : y_—LE:L’+ED(B)}CH+EBH_.

If £ < Aq the operator @E is invertible and in this case }/22 has an inverse
defined by

—1fx (T 0 @\71 0 1 L /
V) R O | ST R [ 1

- Qp  (Le + Lgh-)

N <LEC§E1(€+ + Ik ) — (B + E)Uc)

for all (¢4,k_) € F x H_. It is straightforward to see that this operator
maps into the domain of Rg and vice versa.

Using the notation j; for the embedding jy,, , F), We now define D(R) C
F C Fy @ H_ to be the set

D(R) = {z4 +y- € F:Qpars + Ly(B+ BE)(y— — Lpzy) € jir(Hy)}

which will be proved to be independent of E. On this domain we define for
E > X\ the family of operators Rg : D(R) — H acting as

Rp(zi+y-)=j7"(Qpay+Lp(B+E)(y-—Lpxy))—(B+E)(y-—Lgxy).
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In the following we prove that Rp is an extension of A — F, that its domain
is indeed independent of E and that it is self-adjoint.

To see that R is an extension of A—F, we note that for x, € Fy,y_ € F_

we have y_ — Lgr, =y_ — (B + E)"'A_Axz, € D(B). Furthermore, for
any uy € Fy we compute that
Qe +Lp(B+E)(y-—Lpu))(us)
(w4, (A= B)uy )y H{(B+E)y, Ly by = (A= E)z 4y )y (g iy
The linear functional ((A — E)xy, ) + (Ay—,-), is bounded on F and
extends continuously to Fi. Hence Qpzy+ + L'y(B + E)(y— — Lgzy) €
Jj+(Hy) and Fy @ F— C D(R). Since in addition for any v_ € F_

_<(B + E)(y— - LEx-‘r)a U-)?—[ = _<(B + E)y—a U—>’H + <A_A.T+,’U_>H

= <(A - E)y—v U—>H + <A$+7U—>H
we obtain that for all x4, uy € Fly,y_,v_ € F_
(Rp(zy +y-) utr + o)y = (A= E)(@y +y-), usp +0-)y

which allows us to conclude that Rg is an extension of A — E.
To show that D(R) is independent of E, we first note that by the above
for any x4,uy € Fy and y_ € F_

75 (24, us) + (y— — Lpas, (B + E)Lpui )y + (B — E') (24, ut)y
=@ (v4,ut) + (Y- — Lpzy, (B+ E') Lpus)y, -

Let now z4 +y— € D(R) C F4 & H_, such that for some E > \g
y- — Lgzy € D(B), [Quzi + Lp(B+E)(y- — Lexy)] € jy (M)

We have already seen that then also y_ — Lg:zy € D(B) for any E' > ).
We can approximate x4 +y_ by elements of xf) +y(,n) € F, @ F_ such that

(12)

I T )

Fi.E
By continuity (12) extends to x4 + y— and we obtain that for all uy € Fy
@ras + Dp(B+ E)y — Lpzo)(us) + (B — B4, us)y

— [Quay + L (B+ )y — Lyay)|(us)
and thus also

y-—Lpay € D(B), [Quay+Lp(B+E)y- — Lpzy)] € ji(Hy).
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To prove that Rp is symmetric, we compute that for given ui + v_,
x4 +y- € D(R)
(Re(744y-), up+v-)y
= (i7" (Qpos+ Ly(B+E)(y-—Lpzy))—(B+E)(y-—Lgas ), up+v_),
— (7 @ps + Lg(B+E)(y-—Luwy), s )y — (B+E)y-—Lgas), v_)y
=[Qer)(u)+{((B+E)(y-—Lgzy), Lpuy )y —(B+E)(y-—Lezi),v-)y
=qe(+, uy) = ((B+E)(y——Lezy), (v-—Lpuy))y -

This last expression is symmetric in interchanging w4 +v_ and x4 +y_ and
hence Rp is a symmetric operator.
For E < A1, the operator REl H=Hy ®H_ — H defined as

Ry (x4 +y-)

=Qp (a(@) + Ly-) + LeQe (@) + Lipy-) — (B+ E) 'y
is the inverse of Rp. It is itself symmetric and since defined on all of H,
self-adjoint. By the Hellinger—Toeplitz theorem it is also a bounded opera-
tor, hence closed. But then Rp itself as a bijective, symmetric and closed
operator is also self-adjoint. The self-adjointness then extends to Rg for any
E > \g.

Lastly, we define the self-adjoint extension Ap of A as Ap := Rg+ F on
D(Ar) = D(R).

2.5. The Uniqueness of Ap. Let A be another self-adjoint extension of

A with D(A) C F4 @ H_. We first show that then necessarily D(A) C F.
For x4 +y_ € D(A) and v_ € F_ we compute

<(/~1—E)(37++y—)7”—>7{ = (r4+y—, (A—E)v_)y = (@4 +y—, (Ar—E)v_)y
— . Lz, (B+ E)u_)y

and we can conclude that v_ — (y_ — Lgxz, (B + E)v_),, is a continuous
functional for all v_ € F_. This implies y— — Lgxy € D(A_A|} ) = D(B)
and thus z +y_ € F. Taking uy € F we further compute

(A=E)(zy+y-),ut)y = (@ +y—, (A=E)uy)y = (w1 4y, (Ap—E)uy )y
= (x4, 57 (Qpus — Lp(B+ E)Lpuy)),, + (y-, (B + E)Lguy )y

= [Qpuil(z1) — (B+ E)Lpuy, Lz )y + (B+ E)Lpuy,y-)y

= [Qez4](uy) + (B+E)(y- — Lpzy), Lpuy)y

=[Qpry + Lp(B+ E)(y- — Lezy))(us).

From this we can conclude that 24 +y— € D(Ap) = D(R) and thus D(ﬁ)NC
D(AFr). Conversely, by self-adjointness, D(Ar) = D(A}) C D(A*) = D(A),
which proves the desired A = Ap.
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2.6. The Proof of the Variational Principle. It remains to prove that
the variational principle holds. The min-max levels of Qg on (G4, (-, )p)
are given by

: 7E(z4,24)

1(Qe) = Vlcfljfr+ W
dimV:kT’+€V\{0} +llE

_ : f QE(LL'+,:U+)
T VER L ey el
dimV=k "+ E

where we used that F is a form core of gg. The numbers ux(Qg) sat-

isfy pur(Qp) < infoess(Qp) and if uk(Qp) < infoess(Qp) then py is an
eigenvalue of Qg with multiplicity

mip(Qp) =#1{j > 1: 1;(Qr) = 1(Qr)} -

We need the following result, which can be found in [10, Lemma 2.2].

Lemma 12. Under the assumptions of Theorem 1, it holds that:
(i) For any x4 € Fy \ {0} the real number
(2,Az)y
se(span(e)eF N\ 0} [|21l3

is the unique solution in (Ao, +00) of

E(zy) =

QE(x+7x+) =0,
which may also be written as
Ellay 3 = (wy, Avy )y + (A Ay, Lpzy)y, .
(7i) The variational principle (5) is equivalent to
A = _inf sup  E(zy).
dxncxf:k 2+ €VA{0}
(iii) For any k > 1 the real number A\, given by (5) is the unique solution
of
1k (@x) = 0.

Proof. First note that for fixed zy € Fy \ {0}, gg(x4,24) is by Lemma 8
a strictly decreasing, continuous function of E with ¢y, (z4+,2z4+) > 0 and
limg o0 qe(x4,24+) = —00, as can be seen from the definition. We can
conclude that gg (24, z4+) = 0 has precisely one solution in [A1, +00). Denote
this solution by E(z,). We now prove that E(z;) = E(z,).

If E < E(z;) then necessarily gg(zy,z,) > 0 and thus there exists a

y— € F_ such that
(@4 4y Al +y-))g — Bllas +y-[3, > 0.
We obtain that

(7, A2)y o (24 +y-, Alry +y-))

5t > st > E.
z€(span(zy)@F-\{0}  [|2[3 74 +y-[13

E(zy) =
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If E > E(xy) then necessarily qp(z,,x,) < — < 0 for some ¢ and thus for
all y_ € F_
2
(T +y— Az +y-))y — Ellzs +y-|l3 < —=.

Consequently,

<Za AZ>H

2

ze(span(e)@F)\(0) 1213

This proves that E(z,) = E(xy).
The statement (ii) is an immediate consequence of the definitions of

E(JE+): <—e+FE<FE.

E(x4) and A\, as well as the observation that, since \g < A1, for any k-
dimensional subspace V' C F

Z,AZ Z,AZ

{ 2>7—l: sp 2)7—[

cever-\oy lzlly  eever- [zl
+Z

Note that pi (@) is a continuous function of A with ux(Qy,) > 0 by
Lemma 8. Furthermore limy_, ;. pr(@x) = —oco and we can conclude that
ur(@Qx) = 0 has at least one solution in [Aj, +00). Denote this solution by
Xk. We now prove that Xk = A

Assume A < A,. For all V C F, with dimV = k there exists an xK €
V'\ {0} such that

e = Al y|2
vV oV k 1%
g5, (24, w3) 2 — 7 Her 3,
and thus by Lemma 8
v,V vV 3 v? Ak = v|?
ozl xl) quk(:v+,x+)+()\k—)\)H:L‘+ 5, > 5 Hx+ 3 >0.

This implies the existence of y¥ € F_ such that

2
oray 00) = (@ +9¥, A+ ) = el + oL > 0.
We obtain that
(A2 _ L+ 9V AGY +5))y

sup 5 > v 2 >\
e(ver oy [2]l3 =Y +yY |3,

and thus A < Ax. Assume A > Xk, There exists a vector space Vj such that
A— i A=
20Xk,A 2

2 2
g5, (T, 24) < 4]l < [ENI5Y

for all x4 € Vp and thus by Lemma 8
A=Ak

(@, 74) < g5 (r,04) = (A= Ap)llz 13 < = lz+]3 <0
for all zy € Vp \ {0}. This implies that

(4 +y—, Alrs +y-))y — Mlag +y_[3, <0
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for all zy € Vo \ {0} and all y_ € F_. We can conclude that

A
A < sup %
ze(oeFo)\{0}  |12ll%

_A _  Au
<max( sup  sup CETYD AL Il g, oAV
revo\(ohu-er- [lzg -l yer\or lly-l1%
< max(A, Ag) = A

and together with the above A\, = Xk
O

To prove that the real numbers A are in the spectrum of Ap, we use an
argument presented in [10, Section 2] and construct a sequence of subspaces
X, of dimension dj, such that

[ (Ar = M)l _

li_>m sup sup B 2 0.
n—00 X, D(A 0
€% VEDUARN ) VIgllZ + [ Aryl2,

First note that
dr=#{j>1: Nj =M} =#{J > 1: p1j(Qx,) =pr(Qx,)= 0} = mp(Qx,)

and by the min-max principle for @)y,, there exists a sequence of spaces

X5 € D(Q),) of dimension dj, such that

lm  swp  [Quely, =0,
oo x+EX;LL * k
sy, =1

which also implies that

lim sup ‘Cj;kaf .. = lim sup sup w:o. (13)
T piexit Fide om0 ovr yeere lurllz o,

llz41l5, =1 41y, =1

Let X,, = (1 + Ly, )X,; € F. We observe that for all z; € F, and
y € D(Ap)

(@ (@4))(Ay) = (g + La g, (Ap = Ak (14)
Furthermore for all y € D(AF)
(@ (Ast)](As) = (A + La Ay, (Ap = Me)y)yg

< (Iyllp+ 1Ay = L Ayl ) (U + Dyl + ARy l,)
and using
|-y = LacAylly, = ||(B+X0) ' A-(Ar = My,

1

< L4 ]
T Ak — Ao

we can see that there exists a constant C, > 0 such that for all y € D(Ap)

[@ne (Asm)](Asy) < Cx (lyll3, + ARyl -

(Il + 1 ARYlla)
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This allows us to bound
2 2 2 =
‘|A+y||]-"+,)\k = rix [ Ay 3y + K/)\kHLAkA‘f‘yH’H + [Qx, (A+y)](A+y)
2 2
< O3 (Yl + 1 Aryli3,)

with some constant C > 0 for all y € D(Ar). Together with (13), (14)
and the fact that ||z + Ly, 4|l = [|z+][,, we can conclude that

@, (A — Ayl

lim sup sup 0. (15)
n=% yeX, yeD(Ap)\{0} \/|yy\|3{+ | Aryll3,
][5 =1

As1+4 Ly, : Xt — X, is a surjective isometry we obtain that dim X,, = dy.

Consider the case dj, < co. Let P be the spectral measure of Ar. Suppose
now for some € > 0 we had that dimran P((A\y — e, A\ +¢)) < dp — 1. Then
there exists a sequence of z,, € X, with |||, = 1 and P((Ar — &, A\x +
e))zn, = 0. We write x, = wy, + 2z, with w, € ran P((—oo0, \; — ¢]) and
zn, € ran P([A; + €,00)). Unless \j is in the essential spectrum of Ap,
we also observe that for some v € (A — &, A\, + €) necessarily v € p(Ar).
Choosing y, = (Ap —v) 'z, € D(AFr) we compute that, if A\ —e < v < A,

Ab=€ X — \p, A=A
(T, (A = )\k)yn>7-[ = / N— v dPuy, w, (A) + de A — v dP, =, (N)
oo X
9
> [lwnll, + mnan%

. 3 2
>m 1, —
- m( ,)\k—i-&“—l/) H:EHHH

and similarly, if A\ <v < A\g + ¢,
. € 2
Since ||z, = 1 and

e+ vAr—0) ) < Clal,

l9nll3e+ 1 Apyall3, = ||(Ar—v) 2|
we obtain that for some constant C’ > 0

(s (Ar = Myndaal = CV llallZ + [ ArynllZ

which contradicts (15). Thus necessarily dimran P((A\y — e, A\ +¢€)) > dp
for any € > 0.

In the case dr = oo, we can use the above argument to conclude that
dimran P(Ap—e, \g+¢) = oo for alle > 0. As a consequence \; € o(Ap) and
A is larger or equal to the k-th eigenvalue uy(Ar) of Ap in (Ao, sups>1 Ae)-
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Before we prove that the );, are all the points in o(Ar) N (Ao, supy>1 Ae),
we first note that (see Remark 5)

—(y_.By._ —[By_1(y_
No=  sup (Y-, y i _ sup [By ]gy )
yoer\{0y  ly-Il% y-er\or lly-I% (16)
_ <y*7AFy*>’H
= sup —
y_€F_ND(Ap)\{0} HC‘J—HH

as an immediate consequence of the continuity of B with respect to ||-|| F -

Now assume that A € o(Ar) N (Ao, sup,>; A¢) with spectral multiplicity
d. We have to show that A = \; for some k € N, or equivalently that
1k (Qx) = 0 for some k € N. By assumption there exist spaces X,, C D(AF)
with dim X,, = d such that

lim sup |[[(Ar —N)z|y =0.
el =1
In particular we obtain that

i sup LB Nz = LAy _

=0 peX, ”33HH

0

and since (B + A)~! is a bounded operator
A_x— LAz
lim sup I AT HH =
=0 pe X, HxHH
We can conclude that there exists an N € N such that

0.

X
Ame— LAl < 120

for all x € X,, with n > N. In the remainder we assume without loss of
generality that N = 1. Note that

0= lm sup [[(Ar — Nally = lim sup  sup [{(Ar — Nz,

=0 peX, z€X, yeH
llzlly=1 lzll3=1lylly=1
“lim sup [[@aAsal(Ary)— (BN (Ao —LaAsa), (A_y—Lahsy))y
=00 reX,,yeF

lzll=1llyll=1
and in particular
0= lim sup sup  [((Ar — Nz, y) 4|

n—0o0 xEXn y€(1+L)\)F+
lllg=1"|lyll,, =1
—lim sup  sup [[Ga(Asa)]u)l.
n—00 zeXy y+€F+
2/l =1 [ly4 [l =1

Now let X;F = A, X, C Fy. If z € X,, is an element of F_, then by (16)
(Ap = Nz, 2)3 < (o = NIz,
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and thus
[((Ap = Nz, 2)5] > (A = o) |lz]l3,

which is a contradiction to the definition of X,. Thus dim X,” = d. Fur-
thermore for z € X,, by an application of the lower triangle inequality

]
[Atzlly = [[Arzy + LaAqally = [z — (A—z — LA )|y 2 2H :
As a consequence
lim sup  sup |[Qx(z4)](y4)| =0
n—eo $+€X+ y+€F+
a4 || =1 lly+l1x=1
and thus also
lim su HAx ‘ =0. 17
n—00 x+€§2’ @ + FiA ( )
llz+ =1

This implies that zero is in the spectrum of ()5 by a generalised version
of Weyl’s criterion, which can for example be found in [24]. To prove this
taking into account the multiplicity d, we let € > 0 and let P be the spectral
measure of Q. If dimran P((—¢,¢)) < d — 1 then we can find a sequence
of z, € X, with ||z,||, = 1 and P((—¢,¢))xz, = 0. Using the embedding
j= jgi—’fﬁr o ig+_>g/+ we can compute that for any x € F

| @]

FiaT H(@\,\ + ij)flé\w‘ Fia

- H Qx + F2)2 (& — £ (Qr + mj)*j(z))”/\

—H Qr+K2)E (2 — A (Qx + ) H _HQ)\ Qx+Kr)- me
Together with the spectral theorem we obtain that

2 —€ t2 00 t2 52
L= APsy, (+ [ APy, 0, (1) = —— |23
+ 3

—kxt1 TR t+ K\ e+rK)

which is a contradiction to (17). It remains to prove that 0 = ux(Q)), for
some k € N.

Since A < supysq A¢ there exists an ¢ € N such that A < )\y. By definition
pe(@y,) = 0 and thus for any subspace V C F, of dimension / there exists
an xK € V such that

||

D (T4, 74) 2 —5||5U+||,\
By Lemma 8 we obtain that

(@, 2Y) > gp, (2, 2}) > —5H1’+

> ]

This implies that py(Qx) > 0, and consequently 0 = pk(Q)) for some k < £.
We can conclude that A = A\, which completes the proof of Theorem 1.
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3. APPLICATION TO THE DIRAC-COULOMB OPERATOR

Let Hy = —ia- V443 be the free Dirac operator where o, a2, a3, 5 € C**4
with
alad +alal = 20i5lca , a'B+Bal =0, pZ= Ica .

We choose the representation

;i (0 o Iz O
O“(& 0)’ ﬁ‘(o —H(Cz)'

The free Dirac operator is essentially self-adjoint on C§°(R3; C*). The Dirac—
Coulomb operator H, = Hy—v/|z| is symmetric on D(H,) = C5°(R3; C*) C
L?(R3;C*) = H. Let A+ be the Talman projections,

w(5)= () (-6

Then clearly A+ D(H,) C D(H,) and thus the first assumption of Theorem
1 is satisfied. We further compute that
a()? de
Ap = sup oo = | | = sup (-1 —v/[z]) = -1.
YECE (R3C)\{0} 9115, z€R?

Dolbeault, Esteban, Loss and Vega [9] proved the Hardy inequality

/RB \alv—j}' |2d +/ ( ) ()% dz > 0 (18)

for all 1y € H'(R3; C?) by analytic methods. Following similar computations
in [13, 12] we can use (18) to prove that go(v, 1) > 0 for all 1 € C5°(R3; C?)
and all v € [0,1]. Here gg is the Schur complement

_ v 22 de \UV”L/J()P:U
wr) = [ (1= - B) wePar+ [ TS0

g3 14+ %5+ F

[=]
As a consequence of Lemma 8 (iii) we obtain A; > 0 > X¢. Note that this
statement can also be proved by means of an abstract continuation principle
[10, Section 3] and can then in turn be used to establish the Hardy inequality
(18) [10, Section 4]. Since in addition —1 —v/|z| is essentially self-adjoint on
CS°(R3;C?), all the conditions of Theorem 1 are satisfied and thus for any
v € [0, 1] there exists a self-adjoint extension of H, with eigenvalues given
by

. <’(/)7 V¢>
)\k = 1nf su
decoogl/le;C?) ve(VxCe @3Ny Y]l

The self-adjoint extension coincides with extension constructed in [13] and
thus for v < 1 also with the extensions of Schmincke [30], Wiist [34, 35] and
Nenciu [27] (which were all proved to be equal by Klaus and Wiist [21]).
The variational principle for this distinguished extension is the same as the
one obtained in [12].
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To establish a second variational principle, we can choose A+ to be spec-

tral projections of the free Dirac operator,
A+:PHO[0,OO), A_:PHO(—OO,O).
Let H, again denote the Dirac operator with Coulomb potential acting on
the domain D(H,) = Fy ®F_ C L?(R3? C%) = H with Fy = ALC§°(R3;C*).
The operator H, is symmetric and the first assumption of Theorem 1 is
satisfied. Again we can compute \g to be
< sup(—1—-v/|z]) = —-1.

A= sup (P, (=vV1-A - v/|z))y)y <
YeF-\{0} 19113 z€R3

Using an abstract continuation principle, it was proved in [10] that A\; >
0 > X for v € [0,1). To extend this result to the endpoint ¥ = 1 we note
that by the above for any v € [0,1) the Schur complement ¢g

ar(b.0) = (v, (VI=B - L~ B)u)

|| H
v / Al
e g,

satisfies qo(t, 1) > 0 for all 1 € AL H'/2(R3). Taking the limit v — 1 one
obtains (see [12, Lemma 15]) the analogue of (18)

(0 (VImE - o) +(A B (A (VIFE + )A) A ) o,

[/ /gy ] ] ] /34

In contrast to the case of the Talman projections, we are not aware of an
analytic proof of this inequality. By Lemma 8 (iii) this inequality proves
that A1 > 0 > )¢ still holds in the endpoint case v = 1. As discussed in the
appendix, the operator A_(v/1 — A+ v/|x|)|r_ is essentially self-adjoint on
A_C§°(R3;C*) c A_L?(R3;C*). Thus all the conditions of Theorem 1 are
satisfied and for any v € [0,1] we obtain a a self-adjoint extension of H,
with eigenvalues given by

H,
Ak = inf \ sup M .
VEACE RN yevon-cr@icMoy 1Vl

This is the same result as in [12].

4. SELF-ADJOINT EXTENSIONS AND THE APS BOUNDARY CONDITION

We consider an operator of the form
A=0(d, + B) (19)

acting on functions in H = L2((0,1); ) with K being a complex Hilbert
space. The operator B is densely defined on a domain D(B) C K and does
not depend on x. It is self-adjoint and has discrete spectrum. The map o
is an automorphism on C, equally independent of x. Furthermore, we make
the following assumptions:

(i) 02 =1, 0* = —0,
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(ii) {B,o0} = Bo +0B =0,

(iii) dimker B < oo, ker B = N1 @& N_for some subspaces N3 C D(B) and
(iv) o(N2) = Ny .
On the domain D(A4) = C3((0,1); D(B)), A is a well-defined symmetric
operator. Continuity and differentiability on the set D(A) are defined with
respect to the graph norm of B on D(DB).

Remark 13.

e As an example we could take K to be the Hilbert space of square
integrable functions on S!, parametrised by a variable y. If then
B is defined on the continuously differentiable periodic functions as
B =030, and o = iog, with the Pauli matrices o;, we may identify
A with the Dirac operator on the cylinder of height one.

e More generally, we may think of B being any first-order differential
operator on some closed manifold X such that A represents a differ-
ential operator (of first order) on a generalised cylinder. In fact, any
first-order elliptic operator on a compact manifold M with boundary
Y takes the form A = o(0; + B) on a collar neighbourhood of the
boundary [1], but B and ¢ are not necessarily independent of z.

These special cases are included in our considerations but we do not re-
strict ourselves to them.

From assumptions (i), (iii) and (iv) we conclude that the kernel of B is
of even dimension, hence dim ker B = 2Ny for some Ny € Ny. Furthermore,
the vanishing anticommutator {B,c} implies that ¢ maps elements from
the positive spectral subspace of B to the negative spectral subspace and
vice versa.

It is well-known (cf. e.g. [11], [16]) that A|C3((071);D(B)) has a self-adjoint
extension characterised by a non-local boundary condition known as the
‘Atiyah—Patodi—Singer boundary condition’ Let us denote by P§>0 the
projection onto the sum of N, and the positive spectral subspace of B.
Then the following holds.

Proposition 14 (APS). The operator A = o(0; + B) from (19) is self-
adjoint on the domain

D(Aaps) = { € L*((0,1); D(B)) N H'((0,1):K) : P flomo = 0

and P flz=1 = 0}. (20)

Also here, D(B) and K are to be understood as Hilbert spaces with their
respective norms, in the sense that f € D(Aapg) is a function such that
£, IBf]| and |0, f]|| are all square-integrable. A proof of this proposition
follows by explicit calculation.

Starting from the symmetric operator A = (9, + B) in (19) we can show
that it falls into the class of gapped operators for which our construction of
a self-adjoint extension applies. Indeed we find:
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Theorem 15. Theorem 1 applies to the operator A = (0, + B) defined
on CL((0,1); D(B)). The self-adjoint extension constructed in this way co-
incides with the Atiyah—Patodi—Singer extension Aapg from Proposition 14.

In this sense the extension from Theorem 1 is characterised by the global
boundary conditions from (20). We prove Theorem 15 in the remainder of
this section.

Let Pg_, the orthogonal projection complementary to P§>0, i.e. the
projection onto the sum of NV_ and the negative spectral subspace of B. If
we write Ky = PthzoK and He = L?((0,1); K+) then H = H, & H_ is an
orthogonal decomposition of H with corresponding orthogonal projections
A+ such that

Fy = Ay D(A) =C5((0,1); Ky N D(B)) C D(A).
It is easy to see that o(Ky) = K_ and o(K_) = K4+. We can conclude that
A_AA_ =0 and hence A_AA_ is essentially self-adjoint on C3((0,1); D(B))
and \g = 0.

Let 4y, k € Z\ {0} be the eigenvalues of B such that ¢, > ¢y if k > k" and
l, =0 for —Ny < k < Ny. We denote the corresponding eigenvectors of B
by ¢ and assume they are chosen such that cpr = —p_p and cp_p = @i
for £ > 0. Any function v € F; has then an expansion

u(@) =) ur(z)pr
k>0
with functions ug € C{((0,1); C) and similarly for v € F_.
We can then write for any u € F'y and any v € F_

(u+v,0(0; + B)(u+v))

= Z Z (uppr, 0(0x + B)upp;) + complex conjugate
k>0 1<0

- Z Z (urspr, (0r — B)uip_g) + c.c.

k>01<0

= Z (uppk, (O — €)v_11) + c.c.
k>0

= Z (ug, (Op — Ly )v_k) + c.c. .
k>0

Hence, we can rewrite the expectation value of A as

> k>0 (U, (O — €p)v_y) + c.c.

2 2
[al)® + ]|
_ 3 il + lo—gl? (ug, (82 — £r)v_p) + c.c.
- 2 2 2 2
ko0 ar vz llll” [0l lurll® + lv_gl]

which we can identify with an arithmetic mean of expectation values for sin-
gle k’s weighted according to their norm. Clearly, this expression is bounded
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by
(ug, (0p — Ly )v_g) + c.c.
k>0:u#0 or v_;#0 H’LLkHQ + Hv_k||2
Taking the supremum over v € F_ finally gives an upper bound
(u+ U;A(u +2v)> < sup sup (ug, (O —2 Ci)v_) —2|— c.c.
ver- lull” 4[]l k>0 520 [Jugl]” + o

and indeed, equality holds since we can always find a sequence of v approx-
imating the right-hand-side. Clearly, we find the supremum over v_j by
choosing v_j = A(—0, — li)uy, for some real number A\. Maximising over all

values of A\ we find \ = % and hence
1(—=02—Lx Ju|
(utv,A(u+v)) _ [(—=02 — i )ux|
ver Jul® + |lof|? k>0: g

Note that the left-hand side is precisely E(u) as defined in Lemma 12. By
construction the supremum is achieved at v = Lp(,)u which coincides with
the relation v_ = A\(—0; — £x)uy, above for A = E(u)~L.

Taking the infimum over all u # 0 we then obtain

|=0sur?

2+ 5
g |

A = inf sup
ueC§((0,1);K4ND(B)) k>0:
#0 ug70

U

]2:7?>0 (21)

if there is an ¢ = 0. We have used that by the variational principle for the
Friedrichs extension of the Laplace operator the last term gives the lowest
eigenvalue of the Dirichlet Laplacian on L2?((0,1)). If ker B = {0}, then
A1 > m. In both cases, A is a gapped operator and all assumptions for
constructing a self-adjoint extension as in Theorem 1 are satisfied.

For comparison with the APS-extension we are interested in the domain
of A, that is in particular in how the Hilbert space F appears in this
setting. Recall that 77 is the closure of F; in the norm |||, p constructed
from the quadratic form ¢g and the graph norm of the operator Lg

2 2
lullp, 2 = ge(w,w) + kel Leul,

where in our setting g (u,u) = —E||u||2+%(||8xu||2+||BuH2) and | Lpu|? =
%(H&EUHZ + HBuH2) Using that

2 2 2
Mllull® < 10zull® + || Bull*,

which follows from comparison with (21), it is directly seen that ¢g(u,u) >
(A — B)||ul*+ (- %1)(\|8xu||2 + || Bul|?) and hence Il o, & is equivalent to
the sum of norms |[|-|| + ||0z-|| + || B-|| as long as E < A\;. Closing F; in this
norm gives the Hilbert space L2((0,1); D(B) N K4+) N H((0,1);K4), as can
be seen from the following argument. Given an f € L?((0,1); D(B)NK4) N
H}((0,1); K4), we use the standard approximation by smooth, compactly
supported functions by mollification of a function in H}((0,1); K, ), which
allows to construct a sequence of f, € C}((0,1); D(B)NK,) that converges
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to f in the norm ||| + [|0y||, see e.g. [15, Chapter 5.5]. Since Bf €
L?((0,1);K,), it may be approximated in the same fashion such that the
sequence {f,} will also converge in [|-|| + ||B-||]. These considerations show
that indeed D(Aaps) C F4+ @ H_ and thus Agpg coincides with Ar by the
uniqueness property proved in Theorem 1.

APPENDIX A. ESSENTIAL SELF-ADJOINTNESS OF THE
BROWN-RAVENHALL OPERATOR

Let Hy be the self-adjoint free Dirac operator with domain H!(R3; C*)
L?(R3;C*) and denote by Ai the projections onto the positive/negative
spectral subspace of Hy. For v € R the Brown—Ravenhall operator [5] is
defined as

By = Ap(Ho —7/l2))As = Ay (VI— A —7/[e))Ay

on the Hilbert space A L?(R3;C*). For a comprehensive review we refer to
the textbook of Balinsky and Evans [2]. While the physically relevant case
is v > 0, we are interested in the case where v = —v € [—1,0]. For v < 3/4
the operator B, was proved to be self-adjoint on A H'(R?; C*) by Tix [32].
Since Ay H'(R3;C*) c H'(R?;C*) we obtain from Hardy’s inequality

1

< 27HA+¢

o] < 29IVAL Y 2 (rses

L2(R3;C*)

’A+7A+¢
||

L2(R3;C*)
for any ¢ € H'(R3;C*). To prove that B_, is essentially self-adjoint on
AL C§°(R3; C%), it thus suffices to prove the statement for By. This is an im-
mediate consequence of the fact that the free Dirac operator Hy is essentially
self-adjoint on C§°(IR3; C*).

We can also conclude that the operator A_(v/1— A + v/|x|)A_ is es-
sentially self-adjoint on A_CS°(R3;C*) since it is unitarily equivalent to
the Brown—Ravenhall operator B_, via the transform U : L?(R3;C?%) —

L2(R3;CY)
P1 (=)
P - (i)
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A variational approximation to the
Lieb-Liniger model

Estimation of the ground state energy
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3 Preliminaries

3.1 Introduction

Exact solvability of a quantum mechanical many-body model is rather an exception than the
rule. This is one of the reasons for the importance of approximation models in mathematical
physics theory.

A large part of the mathematical analysis of Bose systems is based on Bogoliubov’s
famous approximation theory that dates back to the year 1947. In our project we are
concerned with a variational formulation of Bogoliubov’s approximation that was proposed
by Napiorkowski, Reuvers and Solovej in [NRS18a]] and [NRS18b]. We study this approx-
imation scheme by application to the Lieb-Liniger model, a one-dimensional model for
bosonic particles, solved by Lieb and Liniger in [LL63|]. We derive the ground state energy
for the limiting cases of weak and strong coupling and compare it to the exact solution.

In this introductory chapter we give a short overview, introducing the Lieb-Liniger
model as well as the Bogoliubov variational principle. In Chapter [4 we derive our results
for the ground state energy. The chapter is structured such that we first present some
derivations for general coupling and subsequently deal with first the case of strong and
then weak coupling.

Our main results are found in Theorem[3|and Theorem [4l

3.2 The Lieb-Liniger model

Lieb and Liniger [LL63]] introduced in 1963 a model for a gas of Bose particles in one dimen-
sion interacting via a two-body delta-potential. The gas is modelled by the Schrédinger
equation for NV particles in a one-dimensional box of length L with a Hamiltonian given by

N 92
H:—Z§2+2C Z d(x; — ) (3.1)
i—1 9% 1<i<j<N

with coupling constant ¢ > 0. This model has been solved exactly in the sense that all
eigenfunctions can be calculated explicitly and corresponding energy eigenvalues are
uniquely determined by a transcendental equation [LL63|Lie63|]. This is a rare property for
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a quantum many body problem to have, making it ideal for testing approximation schemes,
as was also pointed out in [LL63].

The density of the gas is denoted by ¢ = % Rescaling the system in length by a factor
of g, that is viewing wave functions as functions of a variable z = px, we find that the
Hamiltonian transforms to H with

N 92
~ 0
i=1 9% 0 1<icj<nN

The system is thus really dependent only on one parameter, the dimensionless quantity
g = £.

Similar dimensional arguments show that the total energy of the system scales with N o
and thus the ground state energy Fj of the system is of the form Ey = N g%e(¢) where
e(§) is the dimensionless ground state energy per particle of the operator Ho2, depending
only on the parameter & (cf. also [LL63]).

For the thermodynamic limit, where N, L, — oo while o = % is fixed, Lieb and Liniger
present an equation that determines e(&) uniquely (equation (3.19) in [LL63]; the parameter
7y is exactly &). Moreover, they show that e(&) is an analytic function of £ except at the
point £ = 0. The expression determining e(£) does however only give an implicit formula
for e(§) which in the absence of an explicit solution has been studied numerically.

(T} NUMERICAL RESULT
(Z) ZERD ORDER PERTURBATION
(3) BOGOLIUBOV'S RESULT

Figure 3.1: The ground state energy per particle e(&) as a function of £ which here is called
7. Curve 1 shows e(&) as calculated numerically. Curve 2 gives the zero-order
perturbation theory, e(§) = ¢ and curve 3 is e(£) according to Bogoliubov’s

theory
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Figure [3.1]illustrates the numerical solution of e(&) in curve 2. It is compared to the
zeroth order perturbation, e(§) = ¢ and an approximation by Bogoliubov’s theory.

The dashed horizontal line marks the asymptotic limit of e(&) at ”—32 for & — oo. This
limit coincides with the ground state energy of a general one-dimensional system with a
hard-core potential as computed by Girardeau in [Gir60]]. For such systems of impenetrable
bosons in one dimension, Girardeau computed the ground state energy and showed that
the corresponding bosonic ground state is identical to that of a non-interacting fermionic
systemE] Clearly, the two-body potential of the Hamiltonian H of the Lieb-Liniger model
becomes hard-core in the limit £ — oo.

3.3 A Bogoliubov variational principle

In his work on the theory of superfluidity, Bogoliubov [Bog47] introduced in 1947 an
approximation scheme for the low-excitation spectrum of a gas of interacting bosonic
particles, which since then has found many applications in the study of many-body systems
of Bosons.

The idea behind his method is the assumption that at zero temperature and for small
coupling constants most of the particles in the gas will occupy the lowest one-particle
energy state, thereby forming a condensate with macroscopic occupation number Ny >> 1.
This may be used to approximate the theory: for weak interactions Bogoliubov argues
that one may apply an approximative Hamiltonian only containing quadratic terms in the
bosonic field operators to describe the system.

Bogoliubov’s approximation scheme is accomplished in two steps. We recall that a
generic translation-invariant Hamiltonian of a non-relativistic gas on a d-dimensional torus
with two-point interaction may in second quantisation be written as

H = Z ) apap + 2Ld Z D)t ply—p kg (3.2)

k,p,q

with e(p) = %pz the free one-particle energy eigenvalues and v(p) being a two-body
potential function. We chose the grand canonical version including the chemical potential
w. Furthermore, for brevity we write afg*) = al ((]ﬁp) where {¢,}, is the orthonormal
basis ¢, = % of momentum eigenstates in the one-particle Hilbert space , which has a
discrete index set as long as the system is of finite size. As usual, @ and a* are the operators
mapping elements from # to the algebra of bosonic annihilation and creation operators on
the Fock space F(H), which satisfy the canonical commutation relations.

We now introduce the approximations Bogoliubov suggested. The first observation
he makes is that due to the large number Ny of particles in the ground state, here the

'Figure was published by user Elieb athttps://en.wikipedia.org/w/index.php?curid=24952249
under a CC BY-SA 3.0 license. It is also found in [LL63].
*In fact, Girardeau showed this not only for the ground state but for the whole spectrum.
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p = 0 state, we have Ny + 1 ~ Ny. Hence it is reasonable to neglect the commutator
apao — apapy, = 1 and replace the operators ag and af) by a number, setting ag = a§ = v/No.

Secondly, since we assume a weak interaction with only few excitations, it is valid to
ignore the contribution of terms in the Hamiltonians that are of power larger than two
in the operators ay, or aj, with k& # 0. What one is left with after some calculations is a
Hamiltonian that is quadratic in the a,(:) operators for k& # 0. We call this approximated
Hamiltonian the Bogoliubov Hamiltonian Hp,,.

In [NRS18al] and [NRS18b]], Napidrkowski, Reuvers and Solovej introduced and analysed
a variational reformulation of Bogoliubov’s approximation theory in three dimensions. The
idea behind this approach is to exploit the fact that when determining the ground state of a
Bogoliubov Hamiltonian variationally it is sufficient to restrict the variation over all states
to a variation over a certain class of Bogoliubov variational states only. This means that if
Eg °% is the ground state of a Bogoliubov Hamiltonain Hp,s then we have

EgOg = inf {w"’ZT’(;gw) ‘ (NS .7:(7-[)}
= inf {W ‘ 1 is a Bogoliubov variational state in F (H)} :

The approach the authors in [NRS18a]] and [NRS18b]] choose is to formulate a variational
principle for the ground state energy of a Bose gas by leaving the Hamiltonian of the system
unapproximated but vary over the Bogoliubov variational states only. The ground state en-
ergy may then be calculated by minimising an energy functional over the set of Bogoliubov
variational states. We call this approximation theory the Bogoliubov variational principle.

Before we formulate this variational principle we first give a basic description of the
class of Bogoliubov states. It is generally known that the ground state of a purely quadratic
Hamiltonian is a quasi-free state (see e.g. Theorem 11.5 in [Sol14]), where by a quasi-free
state we mean a state in the bosonic Fock state for which Wick’s theorem holds. This
means that we can find the ground state of a quadratic Hamiltonian by a variation over
quasi-free states. Quasi-free states are completely characterised by their corresponding
generalised one-particle density matrix. More specifically, if 1) € F(#H) is a quasi-free state
in the bosonic Fock space over the one-particle Hilbert space 7 then we call the linear
operator I'y, : H @ H' — H @ H', with H' denoting the dual space of H,

Yo
T, =
v <a;; 1+ JWJ*)

with vy (vp + 1) > oy, the generalised one-particle density matrix of ¢. Here J : H —
' is the operator defined by [J(g)](h) = (g, h)# for all g, h € H and -y, and «; are the
one-particle density matrix and the pairing operator corresponding to 1, respectively. The
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one-particle density matrix is the operator vy, : H — H which is defined by

(hy v g) 1 = (¥, a*(g)a(h))n Vg,h e H.

Similarly, the pairing operator av, : #' — H is the operator for which

<h7 a"l)‘]g>7'l = <1/}7 @(g)a(hﬁm?—t v.g7 heH.

It holds a;, = JovJ. Recalling our definition of quasi-free states, it is clear that the general-
ised one-particle density matrix of a state I'y, of a quasi-free state 1) € F(#) completely
specifies the state 1. In fact, there is a one-to-one correspondence between generalised
one-particle density matrices and quasi-free states (cf. e.g. [Nam20], Chapter 6.5).

Quasi-free states are suitable variational states for quadratic Hamiltonians and thus for
the excitation part of the Bogoliubov Hamiltonian. However, they are not alone sufficient to
specify the ground state of a gas described by a Bogoliubov Hamiltonian. One additionally
needs to take into account the fraction of particles in the condensate at k # 0, and thereby
Bogoliubov’s c-number substitution.

This is done by exploiting the fact that for every g € H one can find a unitary transform-
ation Uy : F(H) — F(H) such that

Usa(f)Uy = a(f) + (f,9)n VieH.

It becomes clear how this relates to the particle condensate when we now choose g € ‘H
to be the one-particle ground state wave function, g = v/ N¢g. Then for a, = a(¢,) we
have

UnyapUny = ap + v/ Nobpo -

This means that this transformation shifts ag by v/ Ny but leaves all a,, for p # 0 fixed. The
full class of Bogoliubov variational states is then defined to be the set

{1/1 =Uywy o € F(H) ‘ W+, is a quasi-free state, g = / N0¢0} .

We can now formulate the Bogoliubov variational principle of [NRS18a] for a translation-
invariant system of bosonic particles in three dimensions defined on a cube with side-length
L with periodic boundary conditions. The one-particle space H is the space of symmetric
square-integrable wave-functions and we choose the plane wave-basis for H such that
ap = a(L~"?¢P*) with momenta p € 273,

In this case, the one-particle ground state is the state with p = 0 and the correct
condensate function is the constant function g = L= 2/ Ny, where by Ny we denote the
number of particles in the condensate. Furthermore, the operators y and « specifying a
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translation-invariant quasi-free state 1) are defined by the functions

V(k) = (¢, agarip) (3.3)

and
a(k) = (Y, ara_gy) . (3.4)

Hence, a Bogoliubov variational state is determined by a triple (v, «, go) with functions
~ and « as in and and gg == % describing the momentum distribution of the
particles, pairing in the system and the condensate density, respectively. By evaluating the
expectation value of a Hamiltonian as in in such a Bogoliubov state, we obtain in the
limit L — oo the energy per unit volume.

The free energy per volume in a translation-invariant quasi-free state for general tem-
perature 7" > 0 in the limit L — oo is then given by the Bogoliubov free energy functional
which we cite from [NRS18al]

F(v,a,00) = (2i)3 /pQ’y(p)dp —po—TS(v,a) + ——0

" 2(217T)6 //V(p —q)(a(p)a(q) +~(p)v(q))dpdg (3.5)
+ gy [ VHO0) +al)dp.

Here, S is the entropy which can be explicitly expressed in terms of the functions y and
«, cf. [NRS18a, p. 3]. The function V in momentum space is the Fourier transform of a
radial two-body potential V' (z). Without loss of generality it was restricted to real-valued
functions v and «. The functional F is defined on the domain

D ={(r,a,00) |7 € L((1 +p*)dp),7(p) > 0,a(p)* < (p)(1+7(p)),0 < 00 < 0} -

(3.6)
The total density o of the system is given by o = oo + ﬁ J v(p)dp. For positive
temperatures 7' > 0 the condition a?(p) < v(p)(1 + v(p)) is strictly speaking not needed
to be specified explicitly since it is in this case already ensured by the entropy-term.

3.4 Bogoliubov variational approach for the Lieb-Liniger
model

In our project we are aiming at transferring the Bogoliubov variational approach from
[NRS18al] to one dimension in general and the Lieb-Liniger gas in particular. More spe-
cifically, we calculate the ground state energy of the Lieb-Liniger model by the Bogoliubov
variational principle and compare it to the exact solution of the model.
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In order to achieve this, we need to minimise the one-dimensional equivalent of the
functional F in for the special case of V being a J-potential, more specifically
V(z; — zj) = 2c6(x; — x;). In addition, we here consider a canonical ensemble at
temperature T = 0, where the density g is fixed and . = 0.

In this situation, the functional F simplifies in various ways. Without the entropy and
chemical potential terms we are left with a functional where due to the special form of the
potential, with V = 2¢, the potential energy does not vary with the specific form of v and
o but only depends on the values of the integrals of v and «, respectively. Additionally,
since we keep the total density o fixed, a state (v, v, 09) € D is entirely specified by a tuple
(v, @) satisfying the conditions in D, and we can always derive g from 7 by the relation
00 = 90— % J . At this stage we keep gg as a notational aid, although it might appear
like an ‘overspecification’ of a state, and we may freely interchange o and o — i I

The Bogoliubov free energy functional adapted to the one-dimensional Lieb-Liniger
model at zero temperature and fixed density then becomes

1 1 1 2
Flnane) = 5 [ #(edp -+ (f + o0 [0+ 5 ([ 0))

1 [t ik ([[awan) ).

According to the Bogoliubov variational principle, if the ground state energy per unit
volume FEoL~! exists, then it is given by the infimum of (3.7) over all states in D with
00 =0 — % | 7. That is, we vary (3.7) over all v and « satisfying the conditions in D.

(3.7)

After replacing all % J v by 0 — go, we obtain an expression for the ground state energy
per particle given in dimensionless units,

o _ 1 ' 11

= = inf —=Fra, = m 77/ 2 dp+
Ne? (v,0,00)€D: 07 (e e0) (1,0,00)€D: 0% 2T Rp V(p)dp

y=2m(0—00) [ v=27(e—00) (3.8)
2 2
(0 1o 1< / >
5(2 (2) + 2% [ at)p+ 135 ( [ atorr) )

This is the starting point for an estimation of the ground state energy.

e(§)
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4 | Estimation of the ground state
energy

A calculation of the ground state energy of the Lieb—Liniger model by the Boguliubov
variational approach means to compute the infimum in (3.8). Eventually we will see that
an exact computation is not feasible in a straightforward way. We can, however, expand
the ground state energy for large and small values of £.

The proof of these expansions is the aim of this chapter. In the first section, we start
by substantially simplifying (3.8). This will be done in the first section of this chapter.
Subsequently we find the expansions for large £ and then small €.

4.1 Observations for general ¢

4.1.1 Minimisation in «

We start from and calculate. The minimisation of in « can be carried out directly
as soon as we notice that the energy is only dependent on the integral of o and that the
strictly convex function 22 + 20ox has a unique minimiser at z = — g.

Hence, without any further restrictions, any « that has [a = —2mgy would be a
minimiser in (3.8). However, since « is subject to the condition a(p)? < v(p)(v(p) + 1)
Vp € R, the lowest energy we can get is when finding an « that satisfies

/a = —min{27rgo,/\/'W} . (4.1)

In fact, there is always a 0 < rg < oo such that the function defined by

ar(p) = = min {210, S (0) o) + D)}
has an integral satisfying and satisfies the condition o?(p) < ~v(p)(y(p) + 1) by

definition. To show that the integral of o, satisfies (4.1), we notice that for » = 0, we have
[ ar—p = 0, whereas [, = — [ min {27Tr, v(y + 1)} is a continuous and monotone
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function of r and tends to — [ /(v + 1) for » — oo. Hence, by the intermediate value
theorem, it exists a 9 such that for & = «;,, equation (4.1) holds.

This means that the ground state energy per particle may be calculated as

- = — inf F , = 3 inf F s Qo s
No? 03 (v.0,00)ED: (v 00) o3 (4,00): (7, Qg5 PO)
f’YZQﬂ'(Q*QO) (7,arg,00)€D,
[ v=2m(e—c0)

_ 11 20\® o0 . 1
= g [ (2 (§) -2 fan g [ VA6 D)
(7,rg,00) €D,
J v=2m(e—e0)

o ) )

(4.2)
Furthermore, introducing two abbreviations
Il
K= (4.3)
SV +1)
and
d:=0—00 (4.4)

we may rewrite the expression in (4.2) as

Ey
—— = inf €& )
N g? (V,n{?)epé (..9)

. 11 0—0\? o—0 . 0
= £ — 2 9 _(£—") _»9 _5 92
Mg o+ (2 (457) 225 o0}

g (m{os2))),

where we now minimise over (7, k, ¢) in the domain

Dy ={(7,5,6) | v € L'((1 + p*)dp),v(p) > O,
1)

— ./ — ol < <5< o\ .

/'y 2775,/ Y(vy+1) 27rﬁ,0_/<;<1,0_5_g}

That is, we minimise over all 7y satisfying two additional integral constraints for a § and a
K in the given range. We will occasionally refer to the conditions v € L!((1 + p?)dp) and
v > 0 as the integrability and positivity condition for v, respectively.
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4.1.2 Parametrisation of the minimising ~y

Starting from (4.5), we can show that there exists a minimising 7 and calculate it by the
method of Lagrange multipliers. This allows us in the end to rewrite as an infimum
over two parameters ¢ and J, where ¢ is the characterising parameter for the ‘shape’ of 7.

First of all, for fixed 0 < § < pand 0 < k < 1 and any arbitrary paramaters y and A, it
trivially holds that

inf / 2
VL' ((1+p?)dp),7>0: P
[ r=2m6, [ \/r(y+1)=275/x

: s
= inf /2 + / —A/M +1) — 27ud + 2mA— |
I s Pyt [y (v +1) = 2mpd + 27 -

~veLY((14p2?)

f’y:271'5,f V(v +1)=2md/x

and consequently also

inf /pQ’y
yeL'((1+p?)dp),y>0:

f7:27r6,f Vy(y+1)=27d/x (4.6)

0
> in 2 / —A/ 1) — 270 + 27N>
SR O el & V(7 +1) = 216 + 270~

Equality holds if there is a minimising ymin for the right-hand side in that additionally
satisfies [y =27nd and [ /y(v+ 1) = 27r%. We find this vpin, dependent on i and A, by
solving the Euler-Lagrange equation for -, which reads
2 v+3
PP —A———===0. (4.7)
Ty +1)
For any given choice of parameters 1 and A, this equation uniquely determines ypin, while
only certain choices y and ) give a solution i, that also satisfies Y, € L'((1 + p?)dp
and Ypin > 0. Since the functional v + [ p?y+u [v— X [ /(7 + 1) is convex, it is also
assured that the extremum derived from the Euler-Lagrange equation is indeed a minimum.
As will be seen, it is possible to pick a ¢t and a A such that v, satisfies the positivity
and integrability condition and we also have [ Yy = 270 and [ /(7 + 1) = 27r%. For
such a choice of parameters, is indeed an equality and i, is a minimiser for (4.5).

In a first step, we determine the possible range of i and A for 7y to be non-negative and
v € LY((1 + p?)dp. From (4.7) we derive that any ) of interest needs to be non-negative
because p? + p is necessarily positive for large values of p. Isolating 7 in (4.7) gives

1 2
’Ymin(p) = IYM,A(p) = 5 < <p2p+ _;)/; — 2 - 1) ) (4-8)
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where the non-negativity of A assures that -y, \ non-negative. Besides that we see that
for A > 0 we necessarily have u > X for a y that is real-valued and positive. For a 7y,
satisfying the integrability conditions in D}, we finally need . > . The case A = 0
corresponds to vanishing . It is not difficult to check that the condition y > A > 0 or
A = 0 is also sufficient for the positivity and integrability condition on +.

In a next step we would like to prove that for any given choice of > 0 and x > 0, there is
apanda A with g > A > 0 or A = 0 such that +y,, \ matches the positivity and integrability

condition and it additionally holds that [ 7, x» =27 and [ /v, (Vur +1) = 2”5

Indeed, we will be able to show that for any § > 0 and x > 0 there exist such 1 and
A, and in this case 4 > A > 0. While the parameters y and A are by our arguments not
necessarily uniquely determined by § and . We still believe, although without being in
the possession of any proof, that for any pair of x and ¢ there is exactly one p and exactly
one \.

The cases where either x, 6 or both are equal to 0 are slightly more involved but it
is possible to show that they only occur as limiting cases of a strictly positive § and .
Therefore they may be left out in the determination of the infimum.

In the following, we will give the necessary arguments that support these claims. First,
we set € = % and then rewrite 7, ) in terms of € and yi. For x> A > 0 the parameter ¢ is
non-negative and strictly smaller than 1. We can express the relevant integrals as functions
dependent on €:

2
/ Tua(p)dp = Vi / ( kfﬁl 1) dk = /al () (4.9)

as well as

/\/’m, (Vua(p) + 1)dp = \//70/ \/mdk = uly(e) (4.10)

and

v [ K+ 1 :
/pz’w(p)dp =ut / u ( CEECE 1) dk = " Iy(e). (@1D)
R 0

For 0 < € < 1 the integrals Iy, I3 and I3 all have finite values. They are also continuous
functions of ¢ and they are 0 if and only if ¢ = 0. The ratio of [y and [ /(v + 1) only
depends on €. More precisely,

Ii(e)

Iy(e)’

and k is a continuous function of € on the open interval (0, 1). From the properties of the

k(e) =

(4.12)
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integrals I1 and I, more specifically their expansions around 0, it is not difficult to derive
that lim._,o K = 0, and clearly x < 1 for all €. Furthermore, it also holds that lim._,; k = 1.
More detailed calculations which support these claims are also provided in the appendix.

By the intermediate value theorem we conclude that s can be continuously extended to a
surjective function that maps the interval [0, 1) onto [0, 1). Hence, for given 6 > 0 and k >
0, there is an € > 0, not necessarily unique, such that x(¢) =  and the function v, \ with

271 2 : 2o
= (11(6)) and A = ey then satisfies [ 7,y = 276 and [ \/'yuv,\(p)(’ym,\(p) +1) = =2,
The following proposition proves that the cases where 6 = 0 or x = 0 do not need to be

discussed separately.

Proposition 4. The variational problem (4.5) is equivalent to a variational problem where
we replace D}, by the domain D’ with

D' ={(v,k,8) | v € L'((1 +p*)dp),v(p) > 0,

2
/7227['5,/\/’}/(’7—’-1)::5,0<I€<1,0<(5§Q}.

Proof. First consider the case where § = 0 and x > 0. Then we also have v = 0. We choose
sequences {0, } with §,, > 0 and ¢,, — 0 as well as {x,,} with k,, > 0 and k,, — K. By
we know there is a sequence {¢,, } with €,, > 0 such that x(e,,) = k. The sequence
{en} is not necessarily convergent if the relation x(¢) is not one-to-one. However, since
x(€) is continuous and furthermore x = 0 if and only if ¢ = 0 we know that there is an
N € N such that ¢, > cfor alln > N for some ¢ > 0. Furthermore, we define a sequence

2
{7}, where v,(p) = Y4, (p) as given in with p, = (i?g:)) , i, > 0 for all n,
and \, = ey ftn. Both {p, } and {\,,} are convergent sequences with limit 0. Hence, {7, }

converges pointwise to 790 = 0 and we can see that the energy &(Vp, kn, 0p) (cf. (4.5))
converges to £(0,0, k) = &.

The case 6 = 0 and k = 0 is addressed in a very similar way. Here, we fix © > 0 and
find a sequence of x,, > 0 with x,, — 0, as well as a corresponding sequence {&, }, such
that k(e,,) = Kn. The €,,’s converge to 0 since k(g) = 0 if and only if ¢ = 0. Additionally,
we define sequences {d,,} and {\,} by 6,, = %\/ﬁll (en) and \,, = uey,. Both sequences
converge to 0 and so does 7, = v, ), pointwise. By the same reasoning as in the former
case we then also find the limiting energy £(0,0,0) = &.

If 5 > 0but kK = 0, then, for any ~ satisfying the conditions in Dj,, we set v, =
Y1ip<ny and d, = % | ¥n- By monotone (or dominated) convergence the d,,’s converge
5. Likewise, [ /Vn(7n + 1) converges to [ /7(7 + 1), and thus the sequence {x,,} with

-1
K = 2Ty, (f V¥ (Yn + 1)) converges to 0. The energy £(Vn, kn, 0r) then converges
to £(7,0,9). O

We have thus been able to prove that there are numbers p and A, not necessarily unique,
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such that the function 7, ) is a minimiser for 7 in (4.5), and we can finally conclude that

Ey 11
—— = inf d
No? (’y,l{(s)G'D’ 27TQ /p V(p)dp +

g(z-(?) —2g;25m1n{g 5,Z}+Q12<min{@—5,i})2>
-, o (0) i re(e- (-9) - )
0<9/0<1
2
(1= mn{i- S (- 552 )
= inf  FEy(e,%0) + Ep(e,%/0) = _inf E(e, /o),

0<e<1, 0<e<1,
0<6/g<1 0<6/0<1

+¢
1
(€)

where  is given by the relation (4.12). The notation Ej, for the kinetic energy, comprising
the first term in the above expression for the energy, and F), for the potential energy,
collecting all the remaining terms, was introduced here.

We make the following observation, which * simplifies (4.13) additionally.

Proposition 5. For the variational problem stated in (4.13), it holds:

-1
i) The infimum over ¢ is found for & such that x(¢) lies in the sector x > g (1 - %) .

ii) The infimum over ¢ is in fact a minimum and achieved for a § > 0.

For the ground state energy this means that (4.13) can be rewritten as follows:

Ey , , 9 (5)3 I3(e)
= f FE(e,0/p) = f 4 -
No? 0<%<1n 0<e<s (&,%/0) 0<m6/1pn§1 02e<1: ) i o) Ii(e)3
re>2(1-2)"" CEHCHE (4.14)

+¢ (1 —~ 22 </<¢(1€) N 1) " Zz </~e(2€) " H(i)2 - 1>> |

Proof. ad i): Clearly, we can exclude that the infimum is found for a § > 0 and € — 0. This
is because I (¢) ™3 diverges as ¢~ whereas I3(c) behaves like €2 for ¢ — 0 as computed
in the appendix. Thus, the kinetic energy diverges to infinity whereas the potential energy
stays finite in this limiting case.

Assume now that the ground state energy is a minimum achieved by a (/o) iy and an

Emin such that £(emin) < (9/p) i (1 — (9/ p)min)_l. Then, the kinetic energy in the ground
state is

5\*  I3(emin)
Ey(emin, 0/0)min) = 4 (= Bley
k(e (%/e)min) d (Q)min I%(Emin)
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and the potential energy is

By (emin; (%/)min) = 2€ (g)min (2 B (Z)min> .

However, by keeping e, fixed but choosing a 6/p < (9/p)min We can see that both the
kinetic as well as the potential energy decrease.

ad ii): Assume the infimum was found for (v, , ) € D' with 6 — 0, or equivalently
fora (v, k,0) € D} with § = 0. Then the total energy for this state is £(7, x,d) = & since
we necessarily have v = 0. However, it is easy to see that by choosing any other state
with v close to 0, we always can achieve a lower energy: let v be any non-zero function
in L'((1 + p?)dp) for which /(7 + 1) is also integrable and o > 0 be a positive real
number. We now define 7, = ¢7y. We can calculate the corresponding d, and k,, directly
from 7., and find, for ¢ small enough,

o Vo O
Q—5a—9—2ﬂ/7>%/\/’Y(U’Y+1)—%~

This allows us to compute the total energy according to (4.13) and we obtain

E(Vor Koy 0g) = ;ﬂglga/pQwri (2— ;2 (@—;F/V)Q
_7\7/; <Q_2O;r/fy>/\/'y(1+07)+47ég20 (/\/7(1—%07))2) .

If we let 0 — 0, we find
1
E (Yo FigryB) = € — ﬁw/w (o)

and thus, for o small enough, £(Vs, Ko, 05) < &. O

The variational problem is not trivial to solve, and some of the difficulty stems
from the fact that we are lacking an explicit expression of ¢ in terms of x since we are not
able determine any explicit values for the integrals I; and I5 for arbitrary ¢.

It is, however, possible to consider the problem in some limiting cases. In the following
we first address the situation where ¢ — 0o and subsequently consider the behaviour of
the ground state energy when £ — 0.
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4.2 Ground state energy for large ¢
For large £, we find an expansion of the ground state energy Fj as in the following theorem.

Theorem 3. In the limit of strong coupling or low density when £ — oo, the ground state
energy per particle for the Lieb-Liniger model calculated by the Bogoliubov variational
principle and defined by diverges and it holds

EO 1
0yt 1) .
No? §7740(1)

We will start with deriving an a priori upper bound for the lowest energy. By means of
this bound it will be possible to find the expansion of the infimum in (4.14).

4.2.1 Upper bound

Proposition 6. In the limit £ — oo the Lieb-Liniger ground state energy as defined in
Theorem 3| can be estimated from above by:

0 1/2
No <477+ 0(1). (4.15)

Proof. We derive the upper bound by constructing a suitable trial state (v, %, d) € D’ for
the variational problem in (4.13). In this triple, we set

5(6) = goe ™",
and 5 )
_ 7 _ 12
(€)= 2O =567

2
Furthermore we choose v = 7, \ with u = ( 1217(?)) and A = pue for some ¢ satisfying the

relation for the given k. While we cannot be sure this ¢ is unique, it is enough for us
to know that there exists at least one. If there are several, we can arbitrarily choose one of
them.

For sufficiently large £ the value of x will be close to zero and the same holds for the
corresponding €. We can find an expansion of x around € = 0 by using the relation (4.12).
Both I; and I3 may be expanded around € = 0 and for ¢ < 1 we have (cf. the appendix)
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This holds since both integrals are sufficiently regular as functions of ¢, in particular not
only continuous but also repeatedly continuously differentiable and the derivatives are
bounded on any interval [0, r] with » < 1. We can thus write

/ 1

+
2 1
/kz

which also implies that x has a non-zero derivative at ¢ = (0. By the inverse function

e+ 0(e?),

theorem, we equally obtain an expansion of ¢ around k = 0

[ iy

This allows us now to calculate the total energy for the state (v, x(§),0(§)) as an

K+ O(K?) . (4.16)

expansion in § for £ — 0. First, since ¢ 0 > p— 4, the potential energy is

Bl 5e€) = 265(0) (2= 2(©)) =€ (2 J¢7) —2¢¥e - ]

0 2
For the kinetic energy we expand I3(¢) in a similar way as /;(¢) and I2() to obtain

5\ I3(e a3 S
s = () 56 = () st (3 et 01

(4.17)

Using for rewriting both I3(¢) and I; (¢) as an expansion in x, we find

()
Le(r) =220 02 L 0(6P) (4.18)
J e

and likewise

2
By =2 [Tt (/ wrak)

2 3
+ O(k?).

K2+ 1)2 2l

o () )
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Inserting these expansions into we obtain

~ Adk)’
Ex(g,5/0(€)) = 4 <Z>3 2/0 (kQIf 1>2dk‘ (Ef(: jll)dd]Z)Q/iz + O(K3)
2+ 2
-3

( k2 +1) O(Iig)

f k2+1)2

- <Z) /#/ow(k;fl k/ k2+1 (/ k2+1 )4(1+O(”))

- (2) Lo,

(4.19)

Finally, by our choices for g(f ) and x(&), we find

Ex(e,9/0(€)) = 267* + O(1).

This gives the claimed result.

4.2.2 Proof of Theorem 3

The upper bound from Proposition [6] can be used to give an estimate on ¢ and « at the
ground state in the limiting case of large . In a first step, we will show that there is a
minimising 9/, for the variational problem in and prove that it is O(£~"7?) for € — oc.
Secondly, we derive an equivalent statement for . This information can be used to expand
the energy in 5 and compute its minimum to leading order.

From (4.13), we see that for any fixed 9/» and ¢ the potential energy E,(c,9/p) is at
least 2¢ g (2 — 7) the minimal value the potential energy can take for any given 9/p. This

happens when ¢ is such that min{p — J, H(E)} = p — 6. Hence, in summary we have for

%p = (%/p)min,

%(5). (2= (5),) 5 e P < 75

for any e. Using the upper bound (4.15) we may then estimate

(f})mm <¢&PHoE). (4.20)

Proposition [5|allows us now to also estimate . We know that the minimal energy has to be
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looked for in the sector xk > g (1 — %) _1. At the same time we may, by the upper bound
(4.15), exclude the possibility that the minimal energy will be found for ¢ — 1 for which
also k — 1 since the potential energy alone would exceed the upper bound in this case.
Therefore we know that there is an ey for which the total energy takes a minimum, and
we choose the notation Kpin = K(€min). Taking this a step further, we can also use the
upper bound and the fact that the kinetic energy is always positive to find

() (- () O O

<2624+ 0(1).

This allows us to conclude, omitting some positive terms on the left hand side,

e(1-2(3) —)=<2”ron.

€/ min Fmin

and by using (4.20), we finally find
Fomin < 26772 4 O(67Y). (4.21)

Hence, for ¢ — oo we are sure that the minimising « tends to 0 and we can therefore
expand the kinetic energy as previously in (4.19),

Ex(e,9/p) = (Z>3 % (1 + (’)(5_1/2)) (4.22)

and additionally for the potential energy, derived from (4.14), taking (4.20) and (4.21)) into

account,
§1\%2 ¢ 51 52
Ey(e,9/p) = (1—> +2(1+>—
p(€,9/p) =& ( e ; or) 2

_§<<1—ii>2+22(1+2i>-%0@U>,

where in both cases k is always understood as x(g). Combining both to the total energy
E(e,9/p) = Ex(e,%/p) + Ep(e,9/p) we see that the kinetic energy is of smaller order than
the leading order term in the potential energy. Hence, when minimising in x to leading

(4.23)

order, the kinetic energy does not influence the result and we immediately find
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Inserting this into (4.22) and (4.23), we find
0 5 71/2
E= (5 + 45@) (1+ 0™

from which we can extract

(0. sesoc

Finally, inserting dmin and Kmin, we find the minimal energy to be

Lo _ e 2

This proves Theorem 3]
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4.3 Ground state energy for small £

Asin the case for large &, we find an expansion of the ground state energy in the Lieb-Liniger
model for the limiting case of £ — 0:

Theorem 4. In the limit of weak coupling or high density when { — 0, the ground state
energy per particle of the Lieb-Liniger model according the Bogoliubov approximation
scheme has an expansion

Ey

VR |
N~ § 38 g€ O+ O g In(-ng)).

Similarly to the previous section, we first derive a priori bounds, a lower and an upper
bound, which allow us to then compute the expansion of the energy as stated in Theorem 4]

4.3.1 Lower bound

The lower bound on the ground state energy we present here is valid for all £ but mainly
of use for the case of small £ which we are considering in this section.

Proposition 7. For the ground state energy of the Lieb-Liniger model in the Bogoliubov
approximation scheme we find the lower bound

E 3/9
N;; > ¢ —s/ (4.24)

Proof. The ground state energy N in the Bogohubov approximation scheme is computed
as an infimum of (3.7) over all states in D, see (3.6). We find a lower bound on this energy
in two steps. Firstly, we omit all terms quadratic in v and « in the energy functional o~3F
in (3.7). The resulting functional we denote by 03 F. Secondly, we relax the integrability
condition on 7 in D. This results in taking an infimum

inf - 7‘7(’%05 QO)
(7,0,00) €D o

:wau;of)epgl 217r/p7( )dp+5<1+ </ dp+/ )> |

overasetf)—{ (7, @, 00) | v(p) >0 a(p)? < y(p)(1+v(p)),0 < 0o < o}. The infimum
of F over D is a lower bound on N . We compute it in the following.

In a first step, the functional o3 F can be minimised in . The minimum is found for o
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being the function for which a(p) = —(v(p)(y(p) + 1))/ for all p € R, thus we have

. 1 -
inf - 73}.(’770[’ QO) =

(’Yva’QO)GD Q
11

(Wigg)z Q?)%/Rpgv(p)dwf (1+71”f2 (/Rv(p)dp—/R\/v(p)(v(le)dp)) :

7(p)>0, 0<00<0

Evaluating the Euler-Lagrange equations for -y reveals — by similar calculations as before -
a minimising 7y given by

1 p? + 200c
7(1))22( 0 —1)

\/(]02 +200¢) — 403¢2

which is just v, ) as in with 1 = A = 2ppc. Note that the function y2,,¢.24c is still
integrable when multiplied with a factor of p? and thus the kinetic energy corresponding
to this function is finite. Taken alone, it is, however, not integrable, which is why the
integrability condition on v was relaxed. Inserting the solution ¥2,c 20, one finally finds

nf 1}~_( ) inf ¢ 4 (00)3/2§3/2
1n — , QU — n - | = ,
(y,0,0)€D ©° T 0<po<o 3\ o

where it was used that I3(1) = g and (I — I;)(1) = /2. This is clearly minimised when
00 = 0 and we thus obtain

. 1 - 4
inf 73J:(77047Q0) = ‘S — a_

%2 4.25
(v,0,0)€D O 3”5 (425)

O]

4.3.2 Upper bound

As in the case of small £, we also derive an a priori upper bound and use it later together
with the lower bound from Proposition[7]to derive the minimal energy.

Proposition 8. In the limit £ — 0 the ground state energy of the Lieb—Liniger model as
defined in Theorem[4is bounded from above by
Ep

4 3
¢ S /2
NQQ_'f 37Tg *

1
3272

2(Iné)? + 02 In&In(—1n¢)) . (4.26)

Proof. We can find an upper bound in the case £ — 0 by choosing a suitable J/p and ¢
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dependent on the value of £ in the expression (4.14). We start therefore by setting
6= \F £ (1 - 1)1/2 HON
0 2V 3 k(g) I3(e) ’
which is easily rewritten into
§ 1 \/§ o (1'2(5)—11(5)>1/2
()= —4/2 =z 7 I .
20 =53¢ (P9 5) ne

This choice of 9/p leads to an expression the total energy Ej(e,9/p) + Ey(e,9/p) which
depends on € and &:

Ej(e,9/0(§)) +

142 3/2(12() L(e))”?
Ey(e.u(€)) = 1 2 e +§<1_

ya(B() =1 1 2 (&) =hE) (L 2 )
RS g st (U ne RO Gt ae )

The expression can be sorted according to powers of ¢:

_ 3/2
Bules1€) + Eulen6)) = € - o[ 3 L2 D g

1 1 2 Io(e) = Ii(e)\ ;2,2
+ 6? <I€(8)2 + @ 1> ( 13(8) )Il(g)g ’

(4.27)

where it was assumed that the e-dependent terms do not change the ordering for our choice
of £(§). This will be confirmed by computations in the next paragraphs.

To find an upper bound for this ground state energy, we choose ¢ dependent of ¢ to be

e(§) =1—wv(&) with
1 1

47 (3 - 2v2)

For very small £ this choice of 1/(5 ) is close to 0 and in the limiting case we have lim¢_,o v(§) =

v(€) = — e (4.28)

0. When inserting (4.28) into ( we cannot give a precise expression of the energy as a
function of &, but we may expand the energy for small values of ¢ around 0.

To this end, we first expand the expression (4.27) for ¢ close to 1. The detailed computa-
tions leading to this expansion can be found in the appendix, Section We find that for
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e=1—vandv — 0
Ey(e, 5 :_i?’h _§ NG 2
w(€,9/p) + Ep(e,9/p) =& 37r€ 1 81/(3 2v2)+ O(w*Inv) | +
1

a2t ((m V)2 + (9(1)) .

(4.29)

For our choice of v(§) in (4.28), we then obtain for £ — 0

4

Ex(g,9/0(€)) + Ep(e,9/0(§)) = € 5

3/2 ]-
&7+ 3558 mE? + O ngIn(~ ng)),

which is the claimed upper bound for the minimal energy for small &. O

4.3.3 Proof of Theorem

In the following we show that in the limit & — 0, the minimal energy can be given as an
expansion in &, coinciding with the upper bound (4.26). As a starting point, we find in the
variational problem the exact minimising 9/p as a function of { and € and expand
it for small £. In a second step the minimising € can be found by solving its minimising
equation to leading order in &.

From we find that a minimising 9/» must necessarily satisfy

N2 I3(e) _6/1 2 1
1277 - 2- (5 +=-1)¢-2(=--1)¢=0.
" (@) B " 9<H2+R )f (H )E
Solving this for g we obtain
§ 1 L) /1 2
Z - _ — 412
(p)min 127T2§13(6) </{2 + K )
1|2 e /1 1 LI /1 2 2
— |z -1 —+Z21
+ 2m [3613(8) (n )+ 3672 I3(e) (KJQ + K )

Since the energy is a strictly convex function of 9/p, we conclude that (/) i, is indeed a

12 (4.30)

minimiser. We can also see that for finite &, letting ¢ tend to 1, we would obtain (9/p)min = 0.
At the same time, from Proposition we also conclude, that we will not find the energy
minimised by € — 0 unless also (9/p)min = 0. Thus in both cases, for ¢ — 0 or ¢ — 1, this
would put the total energy to the value of £, which was excluded to be the ground state
energy by general arguments, cf. Proposition 5|2, and also contradicts the upper bound
for a finite but small enough . We conclude that for £ > 0 but small enough, if the
infimum exists, it is really a minimum with an 0 < e, < 1.

The logical next step would be to calculate the energy for 4/p = (9/p)min, leaving us
with an expression of the energy only dependent on ¢, which we subsequently should
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minimise for €. However, this procedure cannot be carried out in its most simple form
since the energy will depend on ¢ indirectly via the integrals 11, I and I3 which does not
allow us to solve for a minimising ey,j, immediately. Instead, we first need to draw some
conclusions about the properties of eni,. This will give us the possibility to expand the
relevant quantities in powers of ¢ for small £.

We are able to prove the following lemma:

Lemma 2. Let £i, (€) be the minimising € in dependent on £&. When ¢ — 0 we find
that enin(§) — 1 and
| In(1 — emin(§))] = O(| In€]) .

Proof. The proof of this lemma relies heavily on repeatedly using knowledge about the
structure of the minimisers of the functional F which was introduced earlier in the proof
of the lower bound on the ground state energy (4.24).

First of all, we note that

inf - 73?(’77 a, QO) = lnf 73‘/__’(7/1,)\7 «, QO)
(v,0,00)€D @ ) oA p> A0, 0
a:a® <y A (Yu,a+1),0<00<0

since we have seen that F has a unique minimiser of the form v, y with 1 = A = 2pgc.

Using that the minimising « is uyin = _(7%)\(7#’)\ + 1))1/2, and replacing A — e, we
thus find
i 1 = . 11 3 1 1,00
f s — f S /2I - /27 I . I
(Wl»Iglo)Gﬁ o Flra e) uzo%lgsglé + 2 Qdu 3(€) WM g25( 2(¢) 1(€))
0<00<e
2 2 5 I — 7 3/2
- Oingl £~ 3rV3 (QO) §3/2( 2(% ( )1/(28))
<e< s -
0<p0<0 @ 3

2 [ (e - ()
_ng-:lgl5 37?\/;g I3(e)'?

where the expression on the right-hand side was first minimised in p and subsequently

(4.31)

in 9o, finding that fimin = 2000&13(e) " (I2(¢) — 1(€)) and (00) i = o. Using our
knowledge that the expression (4.31) has a unique minimum with value £ — %53/ %, cf.

(4.25), we conclude that

(Ia(e) = () _ (Ia(e) — In(e)™” V2" e

05 LT e | (V)

e=

and that this maximum is unique.
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We now derive properties of the minimising parameters for /. We denote by Xmin, where
x could be any of the quantities or parameters J depends on, the value for x that minimises
F and likewise for % and F, respectively. All of the X, depend on &. The following chain
of inequalities holds

F (’Ymin = Ypimin,Amin » ¥miny, 00,min = 0 — 5min> > F (/Vminy Omin, QO,min)

2 F (’yﬁmimAmin’ &mil’n QU,min) .
Inserting Qin and fiyin, we thus find, according to the upper bound in (4.26)

—=F (Vﬁmim)\mmy O'min, QO,min)

—e- 2.2 (M>/5/<b—h>/
93

o (Emin)
1
mV3\ e L (4.32)

4

3/2 1
?mg/ + mfmng)? + O IEn(—1ng)).

<¢

Assume now that there exists a o, > 0 and a 0. > 0 such that for { arbitrarily small, we
always have 9 — 9o min(§) > 0, and 1 — epin(§) > o.. Since F has a unique minimum
equal to £ — %53/ *ate = 1 and g9 = o, this implies in particular

1 =~ ~ 4 3
E‘F (ryﬁmim)\min’ Qmin, QO,min) >§— 375 /2 .
This inequality contradicts (4.32) when £ is very small. Hence, we conclude that for £ — 0

5min(€) —1

and
00,min (f) — 0

by which the first part the statement in Lemma [2]is proven. In a similar manner we can
draw conclusions about piin. Again using the upper bound (4.26), we start this time with
the following inequality

7‘F(’Y/lmin,€min7 Omin, Q07min)

Q3
1 min 3 1\/ min min
=£+%<V“Q ) 13<smm)—;’”‘T@’Tf(fz@)—h(e)) (4:33)
4 1
= 3/2 T 2 2
-3 P+ 58 g

which holds for all £. Again, we use our knowledge that Fis uniquely minimised in g
bY /jmin = %QO,minQ&IS (5min)_1(12 (5min) -5 (5min)): which converges to [min = 2Q2£
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when £ — 0. We claim that indeed also
i e e =V, (4.39)

Suppose this was not the case. Then similarly we would have

1 =~ - 4
E‘F(’Y,U«mim/\mina Omin, QO,min) > 5 - 753/2

3T
for all £, which now contradicts when £ — 0.
With this knowledge we are able to prove the second part of the Lemma. By the upper
and lower bound for the ground state energy, we have

_ igi‘/? <

1 4
3 -0

1
‘/—"(’}/Mmim)\min, Qmin, QO,min) <€-— 753/2 + @52(111 6)2 .

¢ 3

Rewriting

1
E“F(fyﬂmiru)\mirn Omin, QO,min) =

1 ~ 1 2 2
?‘F(’yﬂmirh)\min’ amin7 QO,min) + ?&- <</ ’Y/lmiru)\min) + </ amin) >

and using that Fhasa unique minimum, corresponding to the lower bound (4.24), we can

; (( [ ) +(/ amin>2) < 25 € (ng)

1 g2
4\/§7T v/ Hmin
Hence, for all £ < &, with § > 0 small enough, by applying (4.34), we find

conclude

and thus

I (emin(§)) < lIng|.

1
42

Il (5min(§)) S |1Il£| ) (4-35)

and thus
[In(1 — emin(§))| < [In¢].

O

We can now sort and expand (9/p)min in powers of ¢ for £ close to 0. Here, we use
the knowledge that I3(e) and I2(e) — I1(¢) converge as functions of ¢ for ¢ — 1, cf. the
appendix. Therefore, the only divergent parts in (/) iy are terms involving a free-standing
I (¢) which according to Lemma|2] cf. (4:35), do not grow faster than logarithmically. Hence,
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we have for € — 0

<2)m -5V5 <W>/ (e - 1217r25§§8 () roe)

Inserting this into the energy, we find

B 2 [2(Is(e) — I1 (€))7 3

E(0min, €) + Ep(Omin, €) = & — 37r\/; 17 3
1 1 2 Ir(e) = 11(e) 19, | .2 5/2

+W <I€2+I€_1) 137(&)[1(5)5 +O(£ )

As before, cf. (4.29), we expand this expression of the energy also for ¢ — 1, writing
¢ = 1 — v. Taking the derivative of this expansion and bearing in mind the statements of
Lemma 2] we find the minisming equation for v to leading order:

1

: 1,1
—_— — 5/2 —_— 2— =
5 2V/2)£%% 4 138y =0

or equivalently

Inv = —2m(3 — 2v/2)¢ 2w (4.36)
This equation is difficult to solve exactly, but it can be solved approximately. We substitute
v by the variable 1 := v£~"?, and rewrite by
1
Inny + 27(3 — 2v/2)n = —5In¢. (4.37)
As may directly be concluded from (4.36), n diverges for £ — 0. This means, Inn << 7
and hence we choose to ignore In7 in (4.37), which can then easily be solved and we find

_ L
v 477(3—2\/§)€ g

This is the same expression for v which was used to derive the upper bound. Hence, we
obtain a minimal energy for { — 0, coinciding with (4.26), which proves Theorem [4]
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4.4 Conclusion and perspectives

In this project, we have analysed a one-parameter model of a Bose gas with delta-potential
in one dimension as presented by Lieb and Liniger in [LL63] by a Bogoliubov variational
principle. More precisely, the ground state energy of the Lieb-Liniger model was determined
as an expansion in the relevant parameter £ for the cases { — 0o and ¢ — 0 in Theorem 3|
and Theorem [4] respectively.

We may compare our results to the literature. Lieb and Liniger were able to solve the
model completely, however their solution for the function e(&) = NE—SQ is an implicit integral
equation, . To our knowledge, there is until today no explicit expression for the function
e(§) available.

For & — o0, Lieb and Liniger find by numerical computations that lim¢_, o e(§) = %2
which coincides with Girardeau’s results [|Gir60] for general one-dimensional Bose gases
with a hard-core potential. When applying the Bogoliubov variational principle we find
a diverging ground state energy for { — oo according to Theorem 3| This shows clearly
that the Bogoliubov approximation scheme is not a suitable approach for large £. A closer
look at Girardeau’s solution explains why: when in the limit £ — oo the Lieb-Liniger gas
becomes a gas of ‘impenetrable bosons’ the ground state is effectively given by a fermionic
state. Since we determine the ground state energy by a variation over bosonic states, the
Bogoliubov variational approach cannot match the fermionic solution.

For £ close to 0, we find an expansion as given in Theorem[4] The first two terms coincide
with the value one obtains by applying Bogoliubov’s approximation method as has been
explained in [LL63]. Since the 70’s there had been conjectures (see [TW16] for a short
review) that the first three terms in the expansion of the Lieb-Liniger ground state energy
should be 4 . )

() =€ = o6+ [ - 73| € +o@). (439)
This was verified by Tracy and Widom [TW16]] in 2016 by what they call the Leppington-
Levine method. Our expansion for small £ agrees with equation for the first terms
up to order £%2. The order of the third term differs by a factor (In(¢))?.

Summing up, we find that the Bogoliubov variational approach is for large ¢ not a good
approximation for the Lieb—Liniger model due to the fermionic nature of the ground state
in this case. The expansion for £ — 0 is correct in the first two terms but deviates in the
third term by a logarithmic factor.

A question for further research could be to investigate models with more general po-
tentials by an application of the Bogoliubov variational principle, in particular to find
expansions for the ground state energy for a small coupling-density ratio.
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A | Computations of integrals

In this appendix, properties of the integrals I, I5, I3 defined in (4.9) — (4.11) and correlated
quantities, which are used throughout the previous chapters, are derived.

A.1 Properties of [}, I and I3 fore — 0

Clearly, all integrals I, I» and I3 are 0 when € = 0. Their first derivatives can easily
be calculated. Since all integrands are multiple times continuously differentiable, as well

1

as bounded by their own value for ¢ = 5 (or any other ¢ < 1), which furthermore is

integrable, we find that all [;, © = 1,2, 3, are continuously differentiable. Furthermore,
their derivatives can be bounded. More precisely, we have

d o0 k2 +1 o0 k2 +1
==, ( R+ 17— ¢ ) ), T

k2 + 1
= 2/ (k2 +1)2 - 1y dk

d2 o0 kK2 +1 ) k*+1
. I p—
qe2t (e) = /0 (k2 +1)2 —2)%2 + 3¢ (k2 +1)2 — e2)%2 dk

/ M

5
pr— B dk
/ A (e

d2 00 €
. 7_[ — dk
a2 2 /o CESEE

- / n 3¢” dk
o W e

d © , k2 +1 5 k2+1
'd?lg(g):/o k:( e )k—s/ ¥ e =z
k2+1 k2 +1
2 21.2
: / ¥ e R e
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Bounds on the derivatives are found equivalently as for d%[ 1(¢) and higher derivatives are
computed analogously. By Taylor’s theorem, we therefore find the following expansions
for the integrals for ¢ — 0:

GIl dké‘ +O( )

2/ k:2+1)

. D(e / k:2 ke +0(),

2
.I _—
(€ 2/ CESEAREGE

From the above results, an expansion for x can immediately be derived:

11(6> o 1f (]92_}_1)2

1 2
“he) 2 gy )

and hence k — 0 for e — 0.

A.2 Properties of [}, I; and I3 fore — 1

This section is relevant for a derivation of (4.29). We sete =1 — v.

A.2.1 The integral I;(1 — v) forv — 0

Lemma 3. For v — 0, we have

1
IL(l-—v)=——=1Inv+ const+0(1).

2v2

Proof. First, we have

o0 k?+1
Il(l_”):/o <\/(k2+1)2(1y)2_1>dk
1 1 1 ki2
~Jo <\/k‘4—|—2k’2—|—u(2—u)>dk+/o <\/k‘4+2k2—|—u(2—y)_1>dk
°<> k%41
* 1 <\/k54—|—2k‘2—|—1/(2—1/)_1>dk
/1( )dk
0 2k —|—1/2—1/)
1
- (

1
dk
\/k4+2k:2+1/(2—y) V2k% + 2—1/))
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1 K 1|dk i 1 1|dk
— _l’_ —
+/o VEY 282+ v(2 —v) /1 VEY+2k2 + v (2 —v)

o k?+1
+ —1]dk.
/2 <\/k4+2k:2+1/(2—1/) )

The last four integrals on the right hand side can all be estimated, such that for any
0<rv<1:

/00< ! 1>dk_/oo1+k12_\/l+k%+u(i4y)dk
2 \ VKT +2k2+v(2—v) 2 \/1_1_]%2_1_1/(12”)
0 1 2 C [>®1
< 1+ —4/14+ =dk<(C=— —dk
—/2 te it pd=C=5), u
for some constant C' > 1. Furthermore, we find
2 2 2 2 1
/ Ml _1 dk;g/ RAL ) gk
1 \VEY+2k2+v(2 —v) J1 \Vk* + 2k2

—V3(vV2-1) —1+\}§(1n(2+\/6) ~n(1+V3)).

For the third last integral we estimate

1 k2 1 k2
) (wkuzkuwz—u)‘l)d’“g/o (m—l)d’f
dk:(\/W—k)lzf—ﬂ—L
0

FACC

It remains the second integral, for which we find

/1 1 B 1 dk
0 \WV2k2+v(2—-v) VE'+2K2+v(2-v)

_/1 1 B 1 e
o \WV2R2H+v(2—v) VEF 22+ 0(2-V)

1 1
:/0 \/214:2—1—1/(2—1/)-\/14,‘4—1—2%2—i—l/(2—1/)><

<\/k4 +2k2 4 (2~ ) — 2K 4 (2 - 1/)) dk

—/1 ! 1+ s —1]dk
o VETF2RZF0(2—0) 22 +v(2—v)

99



Appendix A. Computations of integrals

1 K
<L dk
2Jo VEP+2k2+v(2—v) \2k2+v(2—v)

1t k 1
i vem vy

The only divergent term comes from the first integral:

/o1 < 282 +11/(2 = y)> = /ol/ﬁ ( 252 +1(2 = 1/)) 4
:;51n<k+,/k2+1_’;> ;/ﬁ:\}ion(\};-i- 1+i—;>—ln(H)>
:2\1/5 (—ln(u)—i-an <1+\/1+u—”22) —ln(l—I;)) .

Here, the last two terms converge to a constant when v — 0 and leave us with the leading

1 - :
term NG In v, which was claimed. O

A.2.2 The integral (I, — I)(1 —v) forv — 0

Lemma 4. For v — 0, we have

(b= 1)1 —v) = V3 + \fulnu—l—z\f( Tiova-?2 1n2> o(v).

Proof. By definition

b v+ k2
I —1)(1— :/ 1-— dk .
(2 1)( V) 0 \/k’4+2k’2+7/(2—l/)

For v = 0 the integral is easily calculated:

(I — I)(1 —_dk=+2.

DR

We find the next terms in the expansion therefore by computing

1 1
— dk
VL + 2k2 \/k4+2k2+1/(2—1/)>

(b—thW%%b—hXD=AMW<
1

dk .
VEY+2k2 +v(2 —v)

We split this integral into two parts, from 0 to /v and from /v to oo, denoting them by
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J5, (v) and Jk, (v), respectively. The former then becomes

J;l(y):/ﬁk2< ! - ! )dk
0 VEY+2k2 JEP+2K2+v(2—v)

Vv 1
_V/o VEr+2k2+0v(2 —v)

dk

1 1 1
=v | K — dk
/0 (\/Vk:4—|—2k:2 \/uk:4+2k:2+(2—u)>
A 1
— UV
0 Ukt +2k2+ (2 —v)
/1 k2< 1 1 ) 1
=V — —
0 vV 2k? V2k2 +2 V2k2 4+ 2

:\2/01 (k= VE2+1) dk + O(?) =

dk

dk +O?)

Qﬁ(ﬂ—l—ln(ﬂ-l-l))—l-(’)(yz).

For the other part,we have

1 1
J :/ 32 - dk
() N <\/k:4+2k2 \/k4+2k2+v(2—1/)>

/00 ! dk
—v
Vo VEP+2k2 + (2 —v)

00 k2 1 00 1 1
_ / 1 dk — v / dk
VvV k4 + 2k2 14+ v(2-v) Vv \/k?4 + 2k2 \/1 + v(2-v)

k44-2K2 k44-2K2
(A1)

We can expand these terms by using the power series expansion for (1 + 2)~"?, which
converges for |z| < 1:

1(1 1(1 1
1 1 5l3t+1 s5la+1)...(5+n—-1
14+ 2! n! (A.2)
Yot Taa6" Y S e ¢
Hence, we may continue to compute (A.1),
r (V)_/ook2 1_1+Z(2_V) _3<V(2—V))2+ "
T e VT 2k2 2%k +2k2 8 \ k4 + 242
o0 1 2— 2 — )\ 2
—V/ _— 1—5(4 1/)2 3(V£ V)> + ... ] dk
Vv VKA + 2k2 2 k* + 2k 8 \ k* + 22
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o k2 1
— /ﬁ e~ i W Ra)

©1 k*+1
= s gk R )

\/§
- 2\f< 1nf+ln(\/ﬁ+\f> T+2>+7€21(”)
1

v
4\/§an/ 2\/§<

where we expand the terms in powers of v and where

3 In 2> + O(VQ) + Ra1(v),

1
R —/ dk
21(v) <¢k4+2k2 \/k:4+2k:2+u(2y)>
©1 k241

1
— dk + / - dk
/ﬁ VE + 282 + (2 —v) U kR ) (A.3)
/°° k2 k2 +1 +1 vk? +1
=V — J—
1 \WVvkt+2k2 Ukt 2K+ (2—v) k (vk? + 2)%?
= VFQl(l/) .

For v = 0, we find
o0 1
FQI(O) \[/ dk <k+2k—\/l€2+1)
[ VK2 lk+Ink — ln<k+ VE2 + 1)]

V2+1
()

For a general v, by Taylor’s theorem and the mean-value theorem, we find

H%\

1 1 3
<1l-- = f <1 A4
= = 21‘+8{L‘ or |x| , (A.4)
which may be used to estimate the integrand of (A.3) from below. The lower bound is then

derived by

YT —
VvkT 4 2k2 kT 22+ (2 — )

1 1 vk?+1
BN D R e
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1 9 1 1 1+ vk?

I —— - + )
N 2 5 o B 2
vk 2k ( Vit mse it 2T

- 1 2 g2y 1 2-v +§ (2 —v)?
~ Vukt + 2k2 2vkt + 2k 8 (vkt + 2k2)2

1 2—v 3 (2-v)? 1+ vk?
—|1-= + = +

2vkt + 2k 8 (vk* + 2k?)? 2+ vk?

1

_ v 1 _§(k2+1) (2 —v)? Ll 2-v
VvEr +2k2 \ 2vkZ+2 8 (Vk* +2k2)2 2 vkt + 2k2

1 v o1 3. 1 (2-w)p?
8
1

3 (2-v)?
> _Z _ _2
~ Vvkt 4 2k? 2vk? 42 vk? +2vk* +2k2 8 (vk* + 2k’2)2>

- 1 1 3 2 )2< N 1)
_ S _2 (= L=
T 2V2k 32v2 k3 kA

s (5 )
el 8\/§ :IC3 k4 )
where the last line represents an integrable function. At the same time we can also establish

an upper bound, by analogously using

1 1
>1— -z, A5
itz 72" (A3

by which we can bound the integrand of such that

2 1 1
VUEL 4 2k2 Ukt +2k2 + (2 —v)

B 1 e vk? +1
VVET 22+ (2—v) Kk (vk2+2)%2
1 1 2—v 1 2—v vk? +1
S — TS T (—1 )—1 -
~ Vukd +2k2 ( + + 2 vkt 4 2k2 + 2 vkt 4 2k2 + vk? + 2

1 1 v k?+1
- VUkT+ 2k2 <Vk4 +2k% 2vki+ 2k2>
< (24 )
= 2\/§ :ICS k4 9

which likewise is integrable.

Hence, by dominated convergence, we can conclude that Ro;(v) is continuous as a

function of v and

RQl(V) = I/Fgl(O) —I—O(U) ,

which concludes the proof of Lemma [4] O
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A.2.3 The integral I3(1 — v) forv — 0

Lemma 5. For v — 0, we have

2 1 1 5
Is(1—-v)= £ +——=vinv+ L(_E — —In2) +o(v).

3 42 22 2

Proof. From the definition of I3, (4.11), we find

I3(1) = \f

and

s 1 1
Is(1—v)—1I5(1) = /0 kQ(kQ +1) <\/k4 +22+u(2—v) B VEY + 2k‘2> a

For a computation of I3(1 — v) — I3(1), we split this integral into two parts for small and

large k, J5(v) and J4(v), respectively. We begin with small k.

1 1
J3(v / k2k2+1)<\/k4+2k2+u(2—u) ¢k4+2k2>dk
—y/ k2(1+uk2)( ! — ! >dk
" VUK +2k2 42— v Ukt + 2k2
:”/1k2< ! —1>dk:+(9(u2)
V2 Jo VE2+1  k
1
_L(lﬁM—kQ—ln(k—i—M)) + O(V?
0
(V2—1-m(1+v2)) + 00

)

2f

by Taylor’s theorem and dominated convergence. For large k we find

1 1
JL( / E*(k* +1 dk
3 ) V22 v —v) Vit 2k2

_ k2(k? 4 1) 1
/f\/k4+2k2(\/1+ v) 1>dk'

k4+2k’2
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By using the series expansion in (A.2), this can be written as

© 22 4+1) [ 1 /v2-v)\ 3 [/v2-v)\?
l _ ALY D S Qe )
Tav) = v VEL+ 2K2 2<k4+2k2)+8(k4+2k2> o )k
©1 k241
= ”/f Ry 2y Ok Re)

”< ! —|—(ln(\[\/k‘27+2)—lnk‘)>oo

N NG ﬁ‘i'Rs(V)

1 3
=——vhhrv— ——(1+-In2
4ﬁv nv 2\/5( —|—2 n2)+ R3(v)
with
k2 (k* +1) 1 1
Rg(y)—/ = 5 —1+v—F——"s|dk
v) k4 + 2k2
vy \/k + 2k \/1+ k4+2k2
* k2(vk? + 1 1 1 (A.6)
=y \/(v4 + ;( - —1+k4+2k2>dk
1 Vukd 4 2k \/14_%47”’€2 v
= vF3(v).

For v = 0, we find

1 o0 k 1

(—k2 V2 f 1k +1Ink— ln(\/kQ 1+ k)) b

1

!
T 2V2
1 V241
-5 (3 (5)):

Again, we can prove by dominated convergence that F3(v) is a function continuous in v.

First, we see that the integrand in is positive for any 0 < v < 1:

k2 (vk? 4+ 1) 1 . 1
VVEL 4 2k2 \/1_,_% vk4 + 2k2
>k:2(1/k:2+1)(1_1 2 v . 1 )
T Vukt + 2k2 2 vk* + 2k vk* + 2k2
v k2(1 + vk?

2 (vkt + 2k2)%2 =

where once more (A.5) was used. At the same time, the integrand is bounded from above
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by an integrable function for any 0 < v < 1 as the following computation shows:

k2 (vk® +1) 1 - 1
VT 4 2k2 \/1 + 2 vkt + 2k2
<M 1_1 2—v +§ (2-v)? _1_’_#
~ Vukf 4 2k2 2ukd +2k2 ' 8 (vkt 4 2k2)2 kA + 212
(1 +vk?) (v 1 +§ (2—v)
T vkt +2k2 \ 2 (vkt 4 2k2)Y2 0 8 (vkt 4 2k2)%2

- v'? + 3(2-v)?
= 2k2 8 (2k2)Y?
1, 3

T2k 16V2k3

Hence, F3(v) is indeed continuous and we have
Rs(v) = F5(0) +o(v),
which finishes the proof of Lemma 5}
. . (Io—I )3/2
A.2.4 Computation of the ratio B forv — 0
3

By combining Lemma [4|and Lemma 5] we find for v — 0

(I — 1)1 —v)

L1 -v)
— (12_11)3/2(1) § 1 L vinv+ —= _Z n
=) 1+2(I2—Il)(1) (4\[ Inv + \[< 2+2f 2y 2>>

[t (g i (- 5)) s
- zé/il()lf( | [1 ! 81f viny ((12 —311)(1> - I:il))
e (s (L ava= Bmg) - o (< - 2e)) o]

Using that I3(1) = v2/s and (I, — I;)(1) = 3I3(1) = /2, this now reads

(L—-0)"*1-v) 3
2 1§/21(1 S V6 (1 +5v(2v2- 3)> .

+o(v)
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