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Abstract

In this thesis, we study the stratified homotopy type of the reductive Borel-Serre compactification,
and we investigate how the stratified homotopy type can be used to model unstable algebraic K-
theory. The thesis consists of an introduction and two papers, the second of which is joint with
Dustin Clausen.

In the first paper, Paper I, we determine the exit path oo-category of the reductive Borel-Serre
compactification of a locally symmetric space associated with a neat arithmetic group. We show
that the exit path oo-category is equivalent to the nerve of a 1-category defined in purely algebraic
terms. We derive some immediate corollaries of our result: the homotopy type and, in particular,
the fundamental group of the reductive Borel-Serre compactification is determined, and we obtain
an identification of the constructible derived category as a derived functor category. To make this
identification, we develop several calculational tools applicable to a larger class of stratified spaces.

In the second paper, Paper II, we generalise the exit path 1-category of the reductive Borel-Serre
compactification to general linear groups over arbitrary rings, and we show that for a certain class
of rings, these categories provide models for unstable algebraic K-theory. For finite fields, the model
is in a certain sense better than that given by the plus-construction. We reprove the main result of
Paper I using entirely different techniques, and crucially use this proof strategy when dealing with
the generalisations. We also define a further generalisation of the exit path 1-category, associating
a strict monoidal category to any exact category. We show that these monoidal categories define
models for the algebraic K-theory space of exact categories.

Resumé

I denne afhandling studererer vi den stratificerede homotopitype af den reduktive Borel-Serre-
kompaktificering, og vi undersgger hvordan den stratificerede homotopitype kan bruges til at mod-
ellere ustabil algebraisk K-teori. Afhandlingen bestar af en introduktion og to artikler, hvoraf den
sidste er et samarbejde med Dustin Clausen.

I den fgrste artikel, Paper I, bestemmer vi udgangssti-co-kategorien af den reduktive Borel-Serre-
kompaktificering af et lokalt-symmetrisk rum associeret til en net aritmetisk gruppe. Den er sckviva-
lent med nerven af en 1-kategori, der kan defineres helt algebraisk. Dette har en rackke umiddelbare
korollarer: vi bestemmer homotopitypen og specielt fundamentalgruppen af den reduktive Borel—-
Serre-kompaktificering, og vi identificerer den konstruerbare deriverede kategori som en deriveret
funktorkategori. Undervejs udvikler vi nogle beregningsvaerktgjer, som bgr kunne bruges pa andre
interessante stratificerede rum.

I den anden artikel, Paper II, generaliserer vi udgangsti-1-kategorien for den reduktive Borel-Serre-
kompaktificering til generelle linesere grupper over associative ringe. Vi viser at for en bestemt
klasse af ringe giver disse kategorier modeller for ustabil algebraisk K-teori. For endelige legemer
er modellen i en vis forstand bedre end den ssedvanlige plus-konstruktion. Vi giver et nyt bevis
for hovedresultatet i Paper I og udnytter denne bevisstrategi i arbejdet med generaliseringerne. Vi
generaliserer udgangssti-1-kategorien yderligere og associerer dermed en streng monoidal kategori til
enhver eksakt kategori. Vi viser at disse monoidale kategorier definerer modeller for det algebraiske
K-teorirum for eksakte kategorier.
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Part 1

Introduction



In the first part of this thesis, we describe the approach, ideas and main results of the two
papers contained in Part II, focusing on the storyline and on motivating the results. Before
turning our attention to the results of the thesis, however, we review the historical and
technical background of the work. Finally, we address some ideas for future research.

1. Algebraic K-theory, the reductive Borel-Serre compactification and stratified
homotopy theory

The project resulting in the work contained in this thesis was initialised by the following
question, put to the author by Dustin Clausen:

What is the stratified homotopy type of the
reductive Borel-Serre compactification?

The three topics combined in this work are algebraic K-theory, the reductive Borel-Serre
compactification, and stratified homotopy theory. To put it roughly, algebraic K-theory
is the motivation, the reductive Borel-Serre compactification is the object of study, and
stratified homotopy theory is our toolbox. In order to put our work into context we provide
some historical background and perspective on these three topics. We especially want to
emphasise the mathematical significance of algebraic K-theory and of the reductive Borel-
Serre compactification. To do this, we include a varied selection of applications and references.
The author hopes that the scope will serve to illustrate the expanse of these subjects and
that the different applications will appeal to different readers.

1.1. The motivation: algebraic K-theory. Algebraic K-theory is a vast subject touch-
ing upon many different fields of mathematics, including number theory, algebraic topology,
algebraic geometry and homological algebra. The story of algebraic K-theory is long and
technical and its applications plentiful — we do our very best to present here a brief his-
torical summary hinting at just some of the many applications within different branches of
mathematics. There is a certain lack of linearity in the storyline as we branch off to touch
upon different applications as we move forward, but the author hopes that this reflects the
historical development and the complexity of the subject.

The beginnings.

In 1957, Grothendieck introduced a group K (X) associated to an algebraic variety X as a
crucial ingredient in his formulation of the Riemann—Roch Theorem. More generally, the
Grothendieck group associated with a commutative monoid M is the universal way to turn
the monoid into an abelian group. Grothendieck applied this construction to the monoid
of isomorphism classes of objects in an abelian category, particularly the abelian category
M (X) of coherent sheaves on X and the subcategory P(X) of locally free sheaves (|Gro71]).
The group K (X) is the Grothendieck group associated to P(X). This marked the beginnings
of K-theory, and K (X) is now known as Ky(X).

For a ring R, the K-group Ky(R) is the Grothendieck group of isomorphism classes of finitely
generated projective R-modules. If R is a Dedekind domain, then Ky(R) = Pic(R) & Z,
where Pic(R) is the Picard group of R. An important application of Kj in topology was
discovered by Wall: if X is a CW complex dominated by a finite complex, then X is itself



finite if and only if a certain element x(X) in the reduced group Ky(Z[m(X)]) vanishes
([Wal65]). The element x(X) generalises the Euler characteristic and is known as Wall’s
finiteness obstruction.

Inspired by Grothendieck’s definition, Atiyah and Hirzebruch defined topological K-theory
by considering topological vector bundles over compact Hausdorff spaces. They defined
higher topological K-groups and showed that these define an extraordinary cohomology theory
[AH59, AH61]). It would be several years before a definition of higher algebraic K-theory ap-
peared, however. The two theories agree on Ky, but other than that they are vastly different;
for one, topological K-theory is 2-periodic due to Bott periodicity.

The lower K-groups.

In 1962, Bass and Schanuel defined an algebraic analogue of the topologists’ K~1(X) by
setting K;(R) := GL(R)/E(R) for any ring R, where GL(R) is the stable general linear
group and E(R) is the union of the subgroups E, (R) of elementary matrices ([BS62]). This
was inspired by Whitehead’s work on simple homotopy type. In 1950, Whitehead showed
that for a homotopy equivalence f: X — Y between cellular complexes, there is an element
7(f), the torsion of f, belonging to a group Wh(m; (X)), and this element is an obstruction to
f being made up of simple moves (expansions and contractions) ([Whi50]). In 1961, Milnor
used Reidemeister torsion (a coarser invariant than Whitehead’s torsion) to disprove the
Hauptvermutung, which conjectured that any two triangulations of a space have a common
refinement. Milnor observed that for any group m, the Whitehead group Wh(r) is the quotient
of GL(Z[r])/ E(Z[r])) by the subgroup +x ([Mil61]).

The Whitehead group has important applications in the theory of cobordisms. An h-cobordism
(W, M, M’) is a smooth closed manifold W with boundary M II M’ such that both M and
M’ are deformation retracts of W. If dim M > 5, then an h-cobordism (W, M, M’) is diffeo-
morphic to the cylinder M x [ if and only if the Whitehead torsion 7(W, M) € Wh(m(M))
vanishes. In fact, diffeomorphism classes of h-cobordisms (W, M, M') of M are in bijec-
tion with elements of the Whitehead group Wh(m;(M)). This is the s-cobordism Theorem
([Bar63, Maz63, Sta65]).

Bass and Schanuel also defined a relative group Ky(f) for a ring homomorphism f: R — S
and constructed a 5-term exact sequence

Bass defined relative K-groups Ki(R, ) for any ideal I in R, extending the exact sequence
above by one for the morphism f: R — R/I ([Bas64]). These groups have implications
for the congruence subgroup problem, namely the question: does any finite index subgroup
[' < SL,(R) contain a subgroup SL,(I) for some ideal I in R? For n > 3, the answer
is yes if and only if a certain subgroup SK;(R,I) < K;(R,I) is trivial for all /. Bass-
Milnor—Serre proved the congruence subgroup problem for all global fields in [BMS67], also
revealing a connection between explicit power reciprocity laws in a global field F' and the
groups K1(Op,I) where OF is the ring of integers in F'.

In 1967, Milnor defined K5(R) as the kernel of the homomorphism St(R) — E(R), where
St(R) is the stable Steinberg group ([Mil71]). In 1968, Matsumoto gave a presentation of Ks
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of a field in terms of Steinberg symbols ([Mat69]):
Ky(F)=F*® F*/{(a,1 —a)|a#0,1).

Tate discovered norm residue symbols on Ky (F') (certain functions from Ks(F') to the Brauer
group of F'), one for each n which is invertible in F' ([Tat71]). These symbols give rise to maps
Ko(F)/n — HZ(F, u2?%), where the right hand side is étale cohomology and s, is the group of
n'" roots of unity. The Merkujev—Suslin Theorem states that these maps are isomorphisms for
all fields ([Tat76, Mer81, MS82]). The relationship between K-theory and étale cohomology
turned out to be even more intricate in view of the motivic Bloch-Kato conjecture, which we
touch upon briefly at the end of this section.

Higher algebraic K-theory.

Several definitions of higher algebraic K-theory were proposed during the late 1960s and early
1970s ([Ger71, KV69, Keu71, Mil70, NV68, Swa70, Vol71, Wag73]). The most important one
is Quillen’s plus-construction of 1969 ([Qui71]). Through his work on the Adams conjecture,
Quillen was inspired to define the higher K-groups of rings in terms of general linear groups
and an intermediary homotopical construction, the plus-construction B GL(R)" of B GL(R)
for any ring R. In rough terms, the plus-construction “corrects” the fundamental group of
B GL(R) while preserving the homology. Quillen then defined K, (R) := m,(B GL(R)") for
all n > 1. Quillen’s calculations of the homology of general linear groups over finite fields
enabled him to completely calculate the K-groups of finite fields ([Qui72]). This construction
lacks the important Ky, however, as B GL(R) is connected. On the other hand, studying the
unstable spaces B GL,(R)" is a very useful tool as demonstrated by Quillen, and they can
be interpreted as models for unstable algebraic K-theory.

Quillen provided another definition in 1972, applicable to exact categories; that is, subcat-
egories of abelian categories which are closed under extension. Given an exact category &,
Quillen defined a category Q(&), the so-called @Q-construction, and set K, (&) := m,_1|Q(&)|,
where |Q(&)| is the geometric realisation of Q(&). Using the Q-construction, he was able
to prove fundamental theorems about algebraic K-theory, like the Additivity, Resolution,
Dévissage and Localisation Theorems ([Qui73b]). When & = Pp is the exact category of
finitely generated projective modules over a ring R, then Q|Q(Pr)| ~ K¢(R) x BGL(R)™,
recovering the plus construction definition ([Qui73b, GraT76]).

Quillen observed in a 1971 preprint that the infinite loop space machine developed by Segal
([Seg74]) also recovers this homotopy type: QB|iPr| ~ K¢(R) x BGL(R)", where iPg is
the monoidal category of finitely generated projective R-modules and isomorphisms between
them ([FM94, Appendix Q]). This is somehow the homotopical analogue of Grothendieck’s
construction, viewing the K-theory space as the group completion of the topological monoid
iPr].

We return briefly to the theory of cobordisms. Having established that h-cobordisms are
determined by the Whitehead group, topologists began to study pseudo-isotopies of a mani-
fold M, i.e. diffeomorphisms of M x I which are the identity on M x {0}. This turned out
to also have connections with algebraic K-theory. For example, if P(M) denotes the topo-
logical group of pseudo-isotopies of M, then mo(P(M)) is isomorphic to the product of the
Whitehead group with certain coefficients and a quotient of Ky(Z[m(M)]) ((HW73]).
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The work of Segal and the study of pseudo-isotopies inspired Waldhausen to make another
important definition of higher algebraic K-theory, announced in the mid 1970’s, the details
appearing in [Wal85]. Waldhausen’s definition is applicable to categories with suitable notions
of cofibrations and weak equivalences, now often known as Waldhausen categories. These in-
clude exact categories with isomorphisms as weak equivalences, but also more flexible settings
such as the category R;(X) of finite split retractions Y — X with homotopy equivalences over
X as the weak equivalences — this gives rise to what Waldhausen called algebraic K-theory
of spaces. For a Waldhausen category C with weak equivalences w, Waldhausen defined a
simplicial category wS,C, now known as the S,-construction, the S standing for Segal. He
then studied the space K(%,w) := QwS,%|. He observed that for an exact category &,
the edgewise subdivision of wS,& is homotopy equivalent to the nerve of Q(&'), recovering
Quillen’s definition. Waldhausen made significant advances on the foundations of algebraic
K-theory through his work.

Other applications and more recent advances.

In 1972, Lichtenbaum conjectured a connection between the K-groups K;(0F) of the rings of
integers in a totally real number field F' and values of the (-function (. More precisely, he
conjectured that [(p(1—21)| = |Ky—2(OF)|/|Ks—1(Op)| for all i > 1 ([Lic73]). This was later
corrected slightly, after Lee—Szczarba’s calculation of K3(Z) = Z /487 ([LS76]), and Quillen
reformulated the conjecture in terms of étale cohomology, conjecturing also the existence of
an Atiyah—Hirzebruch type spectral sequence from étale cohomology abutting to a certain
completion of the K-groups ([Qui75]). Such a spectral sequence can be found in Thomason’s
work, where he studies the higher algebraic K-theory of algebraic varieties ([Tho85]). In 2009,
Voevodsky proved the motivic Bloch—Kato conjecture relating Milnor K-theory and Galois
cohomology via the norm residue map ([Voell]). This implies the Quillen—Lichtenbaum con-
jecture and with this result, the K-groups of the integers are almost completely determined.
The only piece missing is the question of whether the groups Ky(7Z) vanish; this is equivalent
to the Kummer—Vandiver conjecture about the class group of cyclotomic integers made inde-
pendently by Kummer and Vandiver in relation with their work on Fermat’s Last Theorem

([Van46, Kur92]).

In the oco-categorical setting, it is possible to define algebraic K-theory via universal proper-
ties. One of the main results of [BGT13] is that connective algebraic K-theory is a universal
additive invariant. This brings us nicely back to the beginning of this story, identifying K-
theory as a group completion in much the same way that the Grothendieck group turns a
monoid into a group. We will end our summary here, well aware of the fact that there is a
lot more to be told of this story, especially of the more modern approaches to and advances
within algebraic K-theory. For more details of the history, we refer to Weibel’s excellent
survey covering the development of algebraic K-theory before 1980 ([Wei99]).

1.2. The object of study: the reductive Borel-Serre compactification. The reduc-
tive Borel-Serre compactification is a certain compactification of the locally symmetric space
associated with a neat arithmetic group. We present some background on compactifications of
locally symmetric spaces, provide more details on the Borel-Serre and reductive Borel-Serre
compactifications, and finally stress the mathematical importance of the reductive Borel-
Serre compactification by naming some key applications and properties.
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An arithmetic group is a group arising as the integer points of an algebraic group, e.g. SL,,(Z),
GL,(Z), Sp,,(Z). Cohomology of arithmetic groups is an important subject, as it has in-
fluences in a number of different mathematical fields through its connections with algebraic
K-theory, reduction theory, automorphic forms, Galois representations and Hecke operators,
among other things.

An arithmetic group I' acts on a symmetric space X. If ' is an arithmetic group in a
sufficiently nice reductive linear algebraic group G over Q, then X is the space of maximal
compact subgroups of G(R) on which I" acts by conjugation. In particular, X = G(R)/K for
a choice of maximal compact subgroup K < G(R), with I acting by left multiplication on
the homogeneous space. When I is torsion free, then the quotient I'\ X is a locally symmetric
space, in particular a smooth manifold, and moreover a model for the classifying space of T'.
This allows us to study them using geometric tools and illustrates the fact that arithmetic
groups are much more than just discrete groups.

The locally symmetric space I'\ X is, however, very rarely compact (cf. the Godement com-
pactness criterion). The problem of compactifying it has given rise to a vast number of
compactifications well-suited for different purposes; the classical compactifications are the
Satake compactifications ([Sat60]), the Baily-Borel compactification ([BB66]), the Borel-
Serre compactification ([BS73]), the reductive Borel-Serre compactification ([Zuc83]), and
toroidal compactifications ([AMRT75]). In this thesis, we study the Borel-Serre and reduc-
tive Borel-Serre compactifications.

The Borel-Serre compactification I\ X P* was introduced in 1973 by Borel and Serre ([BS73]).
When I' is torsion free, it is a smooth manifold with corners with the same homotopy type
as T'\ X, and thus provides a compact geometric model for the classifying space of I'. Borel
exploited this construction to calculate the stable real cohomology of certain classical groups,
and this in turn enabled him to calculate the ranks of the K-groups of the ring of integers 0’
in a number field F' ([Bor74]). It was also used by Quillen to show that these same K-groups
K;(OF) are finitely generated ([Qui73a]).

If one is interested in L?-cohomology of the group I, then the Borel-Serre compactification is
not a suitable space to study — it has too much boundary in some sense. The problem is that
'\ X529 does not admit L2-partitions of unity; the obstruction is a nilmanifold factor in each
boundary stratum corresponding to the unipotent radical of a parabolic subgroup associated
with the given stratum. In 1982, Zucker defined the reductive Borel-Serre compactification
F\—XRBS as a quotient of the Borel-Serre compactification by collapsing these nilmanifold
factors ([Zuc83]).

We want to comment on the structure of these two compactifications to illustrate what hap-
pens when we take the quotient. This will be slightly technical, but we focus on the case
where I' is a finite index neat subgroup in GL,(Z) to make it more accessible. The rational
parabolic subgroups of the reductive algebraic group GL,, are the GL,,(Z)-conjugates of block
upper triangular subgroups. The Borel-Serre compactification I'\ X 2% is naturally stratified
as a manifold with corners over the poset & of I'-conjugacy classes of rational parabolic
subgroups of GL,. This stratification descends along the quotient map I'\X5S — T'\ X85
equipping the reductive Borel-Serre compactification with a natural stratification over &r.
The stratum in '\ X?¥ corresponding to the class of a rational parabolic subgroup P is a
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model for the classifying space of the group I'p given by intersecting with P. The corre-
sponding stratum in I'\ X755 is a model for classifying space of the quotient I'r, = I'p /I'nyp,
where I'n,, is the subgroup given by intersecting with the unipotent radical Np < P. If P is
block upper triangular, then the unipotent radical Np is the subgroup all of whose diagonal
blocks are the identity and the Levi quotient Lp = P /Np can be identified with the diagonal
blocks.

Let us emphasise the two important things to take note of in the above. First of all, the
poset of rational parabolic subgroups underlies these constructions in a very important way.
Secondly, the topological quotient I\ XZ% — '\ X 55 is detected by the homotopy types of
the individual strata as certain group quotients given by the internal structure of the parabolic
subgroups. As a small remark, the name reductive Borel-Serre compactification stems from
the fact that the Levi quotient Lp = P/Np is a reductive algebraic group. The parabolic
subgroups are not reductive in general.

The reductive Borel-Serre compactification has come to play a central role in the theory of
compactifications. We here present a brief overview of some of its important applications and
properties. By construction, it is well-suited for the study of LP-cohomology of ' ([Zuc83,
Zuc86, Zuc01]). It dominates all Satake compactifications ([BJ06, II1.15.2]) and plays an
important role in parametrising the continuous spectrum of the Laplacian on I'\ X ([JMO02]).
When I'\ X is Hermitian, the Baily-Borel compactification is a projective variety ([BB66]),

but this is not necessarily the case for I'\ X P9 as it may have odd dimensional real boundary

strata. Nevertheless, the cohomology of I'\XTZ% carries a natural mixed Hodge structure
([Zuc04]) and is motivic ([AZ12]).

The reductive Borel-Serre compactification is used to define weighted cohomology of I'. This
is defined as the hypercohomology of a constructible complex of sheaves on F\—XRBS de-
pending on an auxiliary parameter, the so-called weight profiles ([GHM94]). Intersection
cohomology, an analogue of singular cohomology rectifying the failure of Poincaré duality for
singular spaces, can likewise be defined as the hypercohomology of a constructible complex
of sheaves ([GMS83]). For different weight profiles, weighted cohomology recovers the ordi-
nary cohomology of I, intersection cohomology of the Baily-Borel compactification (when
'\ X is Hermitian), L*-cohomology of I' (when this is finite dimensional), compactly sup-
ported cohomology of I'\ X, and Franke’s weighted L? cohomology ([GHM94, Fra98, Nai99]).
Weighted cohomology is the main ingredient in the topological trace formula calculating the
Lefschetz number of Hecke correspondences on weighted cohomology ([GM92, GM03]). This
exploits the fact that Hecke operators extend to the reductive Borel-Serre compactification
(they do not extend to the Borel-Serre compactification), and moreover that the singularities

of I\ X #5% are not too complicated, making calculations more tractable.

Finally, the reductive Borel-Serre compactification motivated the theory of Z-modules in-
troduced by Saper ([Sap0ba, Sap05b]). These are combinatorial analogues of constructible
complexes of sheaves on I'\XTP9  Saper used the theory to settle a conjecture made in-
dependently by Rapoport and Goresky—MacPherson relating the intersection cohomology
of certain Satake compactifications with that of the reductive Borel-Serre compactification
([Rap86, GMS88]). This allows us to transfer cohomological calculations from the more sin-
gular spaces, Satake compactifications, to the reductive Borel-Serre compactification. As a
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special case, this recovers and generalises the main result on weighted cohomology, relating
weighted cohomology of I' with intersection cohomology of the Baily—Borel compactification
of T\ X ([GHM94]).

Let us remark here that the link between algebraic K-theory and the reductive Borel-Serre
compactification may not be altogether clear at this point. Indeed, the link is in some sense
the main result of this thesis. We will, however, motivate why such a connection may not be
entirely surprising when we turn our attention to the results of the thesis. In this project,
we study the reductive Borel-Serre compactification F\_XRBS as a topological space from a
purely homotopical viewpoint. We incorporate, however, the important natural stratification
over the poset &r. This leads us on to the next section, where we address the tools which
we use to do this.

1.3. The toolbox: stratified homotopy theory. The study of stratified spaces arose
from a desire to understand topological spaces that are not quite manifolds, but can be
partitioned into pieces which are. Examples include algebraic varieties, mapping cylinders
of maps between manifolds, orbit spaces by certain group actions, and compactifications of
locally symmetric spaces. In addition to the partition of the space, one needs to specify the
rigidity with which these pieces fit together, that is, the type of neighbourhood each piece has
in the total space. Different conditions on these neighbourhoods lead to different notions of
stratified spaces. These include Whitney stratified spaces ([Whi65]), Thom-Mather stratified
spaces ([Mat12]), homotopically stratified sets ([Qui88]), and more recently conically smooth
stratified spaces ([AFT17]). The theory of homotopically stratified sets moved away from
the geometric origins by considering filtered spaces subject to certain homotopical conditions
on the neighbourhoods, whereas the other three examples given are subject to some sort of
geometric conditions.

It is a classical result that there is an equivalence between locally constant sheaves on a
sufficiently nice topological space and representations of its fundamental groupoid: the so-
called monodromy equivalence. In unpublished work, MacPherson made the observation that
analogously to how locally constant sheaves are classified by paths in the topological space, the
constructible sheaves on a stratified space are classified by so-called exit paths. Constructible
sheaves are sheaves which are locally constant along each stratum, and exit paths are stratum
preserving paths, that is, if a stratum X, is in the closure of another stratum Xj;, then the
path can move from X; into X, but it cannot return. Treumann gave a 2-categorical version
of this result ([Tre09]), and Lurie developed the oo-categorical setting that we will be working
with.

We consider conically stratified (poset-stratified) spaces as defined by Lurie ([Lurl7, Appen-
dix A]). This is a rather weak notion of stratified spaces which includes the four examples
mentioned above. A conically stratified space is, roughly put, the data of a topological space
equipped with a well-behaved partition, subject to certain local topological conditions. To
a conically stratified space X, we can associate its exit path oco-category I (X) ([Lurl7,
Appendix A]). This is a refinement of the fundamental co-groupoid incorporating the addi-
tional structure of a stratification — the exit path oo-category should really be interpreted
as the analogue or generalisation of the fundamental oo-groupoid for stratified spaces. Lurie
proved that for sufficiently nice conically stratified spaces, the oo-category of constructible
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space-valued sheaves is equivalent to the oo-category of representations of the exit path oco-
category:

Shvep (X, S) ~ Fun(II®(X), S).

This generalises MacPherson’s observation and cements the analogy with the fundamental
oo-groupoid.

The work of Lurie has been used and developed in several directions. We briefly review some
of these developments to put our tools into a broader context. Recall that the homotopy
hypothesis states that up to weak homotopy equivalence, oo-groupoids are equivalent to
topological spaces. In other words, any homotopy type can be realised as an oo-groupoid.
This hypothesis was put forward by Grothendieck in a letter to Quillen — in fact, he made
the stronger conjecture that an n-groupoid should be equivalent to a homotopy-n-type and
that this equivalence should be achieved by the fundamental n-groupoid ([Gro83]). Whether
the homotopy hypothesis has been confirmed depends on which definition of n-groupoids one
has in mind, but it has been formalised and verified in many cases. A formal statement, as
proved by Quillen ([Qui67]), is that there is a Quillen equivalence

(|- | 4 Sing): Top — sSet

where Top and sSet are equipped with the classical model structures, | - | is geometric re-
alisation and Sing is the singular simplicial set (i.e. the fundamental oco-groupoid in this
setting).

Several people have worked on establishing a stratified homotopy hypothesis. Ayala, Francis,
Rozenblyum and Tanaka have developed an oco-category of conically smooth stratified spaces
Strat, and they show that the exit path oo-category provides a fully faithful embedding
Strat — Cato,, thus providing a candidate for a stratified homotopy hypothesis ([AFT17],
[AFR17]). A slightly different form of a stratified homotopy hypothesis is obtained by Haine:
for a fixed poset P, the oo-category of quasicategories with a conservative functor to P can
be obtained from the category of P-stratified topological spaces by inverting a class of weak
equivalences ([Hail9]).

In a different direction, Barwick, Glasman and Haine have generalised the exit path oco-
category to schemes, also providing a classification of constructible sheaves on the scheme
as representations of its exit path oo-category — they call this the exodromy equivalence
([BGH20]). In the same paper, they extend the exodromy equivalence to their newly de-
veloped pyknotic setting ([BH19]). From a different angle, this extends the monodromy
equivalence of Bhatt—Scholze which considers continuous representations out of a refined fun-
damental group using the pro-étale topology on a scheme ([BS15]). The theory of pyknotic
sets and the closely related, independently developed theory of condensed mathematics of
Clausen—Scholze ([Sch19]) aim to provide foundations for studying algebraic objects carrying
topologies, but this is rather off-topic for this thesis.

2. The story of this thesis

In this thesis, we approach the reductive Borel-Serre compactification from an algebro-
topological angle, studying I'\ X P homotopically and forgetting the otherwise important
geometric structure. We crucially take into account the natural stratification of I'\ X #55 by
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determining its stratified homotopy type. We then detach ourselves further from I'\ X#5%
by, in some sense, forgetting that there was even a space there to study. More precisely, we
study the stratified homotopy type independently, generalising it significantly and extrapo-
lating from this a model for the algebraic K-theory space. More precisely, we find a candidate
model for unstable algebraic K-theory.

The project was initialised by a suggestion of Dustin Clausen, coauthor of the second paper,
and we wish to remark here that he anticipated the existence of such a model for the algebraic
K-theory space.

2.1. Flags and parabolic subgroups. We begin by drawing some parallels between the
algebraic K-theory space and the reductive Borel-Serre compactification. These are not at all
formal statements, but serve to motivate why the connection established in this thesis may
not come as a complete surprise. Recall that a filtration in a vector space V is a sequence
of subspaces 0 =V, C Vi C --- C V, = V. The associated graded of such a filtration is
the graded object given by the successive quotients @le Vi/Vi_1. A flag is a sequence of
proper subspaces, i.e. a filtration given by strict inclusions. Flags, filtrations and associated
gradeds are built into the structure of both the reductive Borel-Serre compactification and
the algebraic K-theory spaces as we will give examples of below.

Let & be an exact category. Recall that the K-theory space K (&) can be defined as the loop
space of the geometric realisation of Quillen’s Q-construction, Q|Q(&)|, or as the loop space
of the total realisation of Waldhausen’s S,-construction, QwS,&|.

Quillen’s Q-construction Q(&) is a category whose objects are those of & and whose mor-
phisms x — y are equivalence classes of diagrams x « 2z — gy, where two such diagrams
are equivalent if the middle terms are isomorphic via an isomorphism which commutes with
the maps to x and y. It follows that a morphism x — y is equivalent to identifying = as a
subquotient of y, which in turn is equivalent to providing a three step filtration of y and an
identification of x with the middle term in the associated graded.

Filtrations and associated gradeds also appear in Waldhausen’s S,-construction. An object
in the n-simplices of Waldhausen’s S,-construction wS,& is a sequence V; — -+ »— V,, of
admissible monomorphisms together with a choice of subquotients V;/V; for all i < j. The
morphisms are given by isomorphisms of the resulting diagrams. An isomorphism class of
such a diagram encodes the data of a filtration together with all possible choices of associated
gradeds.

We turn our attention to the reductive Borel-Serre compactification. Consider the reductive
algebraic group GL, over Q. Parabolic subgroups of GL, are conjugates of block upper
triangular subgroups, and they correspond to stabilisers of flags in Q™. The standard Borel
subgroup for example, is the subgroup of upper triangular matrices and it stabilises the
complete flag 0 C Q € Q* C --- € Q*. The unipotent radical of a block upper triangular
subgroup is given by the matrices all of whose diagonal blocks are the identity. Taking the
quotient of a parabolic subgroup by its unipotent radical results in the Levi quotient, which
in this case is a product of general linear groups, since only the diagonal blocks remain. In
terms of flags, modding out by the unipotent radical corresponds to taking the associated
graded.
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Recall that the reductive Borel-Serre compactification is constructed as a quotient of the
Borel-Serre compactification by collapsing nilmanifold factors in the boundary strata corre-
sponding to unipotent radicals of parabolic subgroups. A boundary stratum of the Borel—
Serre compactification '\ X2 is a model for the classifying space of I'p for some rational
parabolic subgroup P, whereas the corresponding stratum in F\—XRBS is a model for the
classifying space of the arithmetic group I'r, in the Levi quotient Lp = P/Np.

In other words, the stratification of the Borel-Serre compactification encodes the poset of
(F-conjugacy classes of) rational parabolic subgroups and remembers these groups, and the
reductive Borel-Serre compactification also encodes the poset of (I'-conjugacy classes of)
rational parabolic subgroups but remembers the Levi quotients instead. Translating this
into flags, we can think of the Borel-Serre compactification as encoding the poset of flags
and automorphisms of these, whereas the reductive Borel-Serre compactification encodes the
poset of flags but automorphisms of the associated gradeds.

We wish to highlight one more construction of the K-theory space, this time through Quillen’s
plus-construction. One concrete model for the plus-construction B GL(R)™ is given by the
Volodin space. The Volodin space X (R) is the subspace X (R) =, , B(U,(R)?) C BGL(R),
where U, (R) < GL,(R) is the subgroup of upper triangular matrices, n runs through the
natural numbers, and ¢ runs through the permutation matrices and acts by conjugation
on U,(R). The topological quotient B GL(R)/X(R) is a model for the plus-construction
BGL(R)* ([Sus81]).

For fixed n and varying o, the groups U,(R)? generate the subgroup of elementary matrices
E.(R) < GL,(R). For R = Z, consider a rational parabolic subgroup P < GL, and
the subgroup GL,(Z) N Np(Q) < GL,(Z) given by the unipotent radical Np < P. For
varying P, these subgroups also generate E,(Z). One can think of the reductive Borel-
Serre compactification as collapsing these subgroups systematically instead of just taking a
topological quotient as in Volodin’s construction.

2.2. The reductive Borel-Serre category and algebraic K-theory. The main result
of [I] is that the exit path co-category of the reductive Borel-Serre compactification I'\ X #55
is equivalent to the nerve of a l-category $*P° defined purely in terms of rational para-
bolic subgroups, their unipotent radicals and the conjugation action of I' on these groups.
The two main things to underline about this result, are that (1) what was a priori an oo-
category is essentially a 1-category and (2) the definition of ¢/*?% makes no reference to the
space F\—XRBS . This result has some direct consequences: it determines the homotopy type,
classifies constructible sheaves and provides a combinatorial incarnation of the constructible
derived category. In this introduction, we will instead focus on telling the story of how we

naturally move from this result to defining a model for the algebraic K-theory space.

To keep things simple, we consider a local commutative ring R. Let iPr denote the symmetric
monoidal category of finitely generated projective R-modules and isomorphisms. This is
equivalent to the disjoint union M(R) = [[, GL,(R), viewing each group as a one object
category and with the monoidal product given by direct sum. The group completion of the
topological monoid |M(R)| = [],, BGL,(R) is a model for the algebraic K-theory space,
K(R) ~ QB|M(R)|.
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Now, the category 6P makes perfect sense for I' = GL,(Z) — the torsion that is a com-
plication when considering the space F\—XRBS is inconsequential on the “spaceless” side of
things. In fact, the category 4*P° can be defined verbatim for I' = GL,(R) and any com-
mutative ring R. We call this the reductive Borel-Serre category associated to GL,(R) and

denote it by €FB5(R).

Disregarding issues with torsion for the sake of illustration, we have models for the classifying
space of I' = GL,(Z), namely the locally symmetric space I'\ X and even better the compact
model given by the Borel-Serre compactification I'\X?Z%. If we think of the topological
monoid |M(Z)| as a disjoint union of the homotopy types of the Borel-Serre compactifications
associated with GL,,(Z) for varying n, then it is a small step from there to wondering what
would happen if we consider instead the disjoint union of the stratified homotopy types of
the reductive Borel-Serre compactifications associated with GL,(Z) or even GL,(R).

For a local commutative ring R, we define a monoidal category M7P%(R) =[], ¢1B5(R)
with monoidal product given by direct sum. This is no longer symmetric monoidal. We can
strictify this monoidal category, defining a strict monoidal category Mp, associated to the
exact category Ppr of finitely generated projective R-modules, by using the correspondence
between parabolic subgroups and flags, Levi quotients and associated gradeds.

In fact, for any exact category &, we can define a strict monoidal category Mg by translating
the definition of Mp, word for word to the more general setting. One should think of the
objects of Mg as associated gradeds and the morphisms as given by flags and refinements
of flags. In [II] we prove that the classifying space B|Mg| of the topological monoid |Mg|
is homotopy equivalent to the geometric realisation |Q(&)| of Quillen’s Q-construction. In
particular, the loop space Q2B|Mg| is a model for the algebraic K-theory space K(&). The
proof crucially uses the fact that a morphism x — y in Q(&) is a three-step filtration of y
with middle graded piece z.

The justification for considering and exploring this model for the algebraic K-theory space lies
to a great extent in its geometric origins: it comes from a geometric object which is of great
interest in its own right. One might even hope to be able to transfer tools from the geometric
side to the algebraic side via this connection. Ultimately, however, we are interested in
investigating whether the categories € #5°( R) provide models for unstable algebraic K-theory.
More precisely, does the colimit of these categories ¢ 7P%(R) identify with the 0-component
of the algebraic K-theory space, BGL(R)*? In [II], we make some homology calculations
which unveil promising behaviour in this direction. We provide another identification of the
exit path oo-category of the reductive Borel-Serre compactification in [II] — the proof uses
entirely different techniques to the one given in [I], and the two proofs provide very different
insights into the structure of the reductive Borel-Serre compactification. This proof strategy
allows us to make some homology calculations for finite fields and rings with many units in
the sense of [NS89], e.g. an infinite field or a local ring with infinite residue field. In these
cases, we do find that €P9(R) ~ BGL(R)". In addition to this, we find that for finite
fields our model exhibits much better homological stability properties than the general linear
groups, and thus in a certain sense provides a better model for unstable algebraic K-theory
than the plus-constructions.
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3. Questions for the future

There are many unanswered questions in the wake of this work that would be interesting to
pursue. We present here some suggestions for future research.

3.1. Constructible complexes of sheaves and .Z-modules. Both the weighted coho-
mology of an arithmetic group I'" and intersection cohomology of the reductive Borel-Serre
compactification F\—XRBS can be defined as the hypercohomology of certain constructible
complexes of sheaves on F\—XRBS . The theory of Z-modules as defined by Saper provides a
combinatorial analogue of constructible complexes of sheaves on T'\ X #3 ([Sap05a, Sap05h]).
For an associative ring R, our identification of the exit path oo-category of the reductive
Borel-Serre compactification yields an equivalence between the constructible derived cate-

gory of sheaves of R-modules on I'\ X#5% and a derived functor category:
D1 (Shv(T\ X #5% R)) ~ D(Fun(%€*P°, Modg)).

An Z-module, however, contains strictly more data than a constructible complex of sheaves.
So if one thinks of .Z-modules as a combinatorial analogue of constructible complexes of
sheaves, then the equivalence above can be interpreted as providing an actual combinatorial
incarnation. It is not, however, completely straightforward to analyse this equivalence on a
concrete complex of sheaves, and it is even less straightforward how one should translate an
Z-module into an object in the derived functor category.

There are two directions in which one could exploit a concrete description. Geometrically, one
can study the cohomology of F\—XRBS with coefficients given by a constructible complex of
sheaves in a “point-free” way by studying functor cohomology instead. Algebraically, given
a complex of functors €#?% — Mody corresponding to an interesting cohomology theory
on T\X#55_ one could try to generalise it to a complex of functors ¢EBS(R) — Modpg
out of the reductive Borel-Serre category associated to GL,(R) or even to a complex of
functors Me — Modpg, where Mg is the monoidal category associated with an exact category
& defined in [II]. Such complexes of functors could turn out to be an interesting tool for
studying algebraic K-theory, stably or unstably. The first complexes to consider should be
the intersection and weighted cohomology complexes.

3.2. Exploring the model for the algebraic K-theory space. There are many unan-
swered questions about the model K (&) ~ QB|Mg| of the algebraic K-theory space. For a
commutative ring R, the reductive Borel-Serre categories €55 (R) generalising 4*P come
equipped with canonical embeddings GL,(R) — %€ P9(R), and we can also consider the
stable categories GL(R) — €%5%(R).

Suppose R is a ring with many units in the sense of [NS89], e.g. an infinite field. Our homology
calculations imply that for n > 1, the functor GL,(R) — € P5(R) exhibits the geometric re-
alisation |6 %P5 (R)| as the plus-construction B GL, (R)* with respect to the maximal perfect
subgroup. If k is a finite field, then this is true stably, i.e. [€75%(k)| ~ B GL(k)*. As men-
tioned, our model has better homological stability properties for finite fields than the general
linear groups; more precisely, if & is a finite field with char(k) = p, then H*(¢*P5(k),F,) =0
for all * > 0. In contrast, H*(GL,(k),F,) is known to contain unstable non-trivial classes in
positive degree for all n ([MP87, LS18]) and is still largely unknown.
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It would be interesting to explore these properties and this model further. Some questions to
address are the following:

* In what generality does the functor GL(R) — € %#P5(R) exhibit |6€75%(R)| as the
plus-construction B GL(R)*? This holds for all fields and all rings with many units
as remarked above, but we do not know whether it is true for rings like Z or Z/(p?)
for example.

* Do we find nice homological stability properties for a more general class of rings?
One could try to establish homotopy fibre sequences of the form

[S(n)] = |€,5° (R)] = |€,"7° (R,

for a given ring R. A candidate for S(n) is the complex of special unimodular frames
studied by Nesterenko-Suslin which is (n — sr(R) — 1)-acyclic, where sr(R) is the
stable rank of R ([NS89]).

* The monoidal category Ms is not symmetric monoidal, so a priori its geometric
realisation |Mg| is just an E;-space. Does it satisfy higher homotopy-commutativity?

3.3. The Deligne-Mumford compactification and other stratified homotopy types.
We believe that one should be able to apply the machinery developed in this thesis in order
to determine the stratified homotopy type of other stratified spaces. We also believe that
they can be used to determine the stratified homotopy type of stratified stacks. This requires
a suitable definition of exit path co-categories for stacks, for example the El-oo-category that
classifies constructible sheaves.

For a concrete example, consider the moduli stack .#,, of stable genus g curves with n
marked points and let .Z denote its underlying analytic stack (for n = 0, we omit the

n). A candidate for the exit path oo-category of ///—g‘fg is already in the literature. In 1984,
Charney and Lee defined a category CL, and showed that there is a rational homology
equivalence between the geometric realisation |[CL,| and the coarse moduli space of ///—g“”
([CL84]). Generalising the category CL, to include marked points, Ebert and Giansiracusa
both generalised and strengthened the result of Charney-Lee by showing that the geometric
realisation of the resulting category CL, ,, is in fact homotopy equivalent to the homotopy type
of the stack //—g‘f,’;. Moreover, both CL,, ,, and //l—;g are naturally stratified, and the established
homotopy equivalence is functorial with respect to inclusions of strata and closures of strata
([EGOS]).

We believe that CL,, is in fact the exit path co-category of the stack %—% for any appropriate
definition of exit path oco-categories for stacks. Establishing this would recover and strengthen
the results of Charney—Lee and Ebert—Giansiracusa. A classification of the constructible
sheaves in terms of a 1-category would provide a tool for studying cohomology of ///—g,n
with coefficients which are not necessarily constant — there does not yet seem to be much
in the literature along these lines. By applying the tools to Satake compactifications of
locally symmetric spaces, one could also strengthen a similar result of Charney-Lee on the
cohomology of Satake compactifications ([CL83]).

3.4. A model for the Hermitian K-theory space and other generalisations. In order
to define the monoidal category Mg associated to an exact category &, we generalised the
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exit path category 6P to general linear groups and exploited the correspondence between
parabolic subgroups of GL,, and flags. One could easily imagine doing this procedure for
other classical groups, for example the symplectic groups and orthogonal groups. We expect
that one would obtain similar models for the symplectic and Hermitian K-theory spaces by
considering isotropic flags and comparing a certain intermediary Q-construction in our proof
with the appropriate analogue of Quillen’s Q-construction.
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ABSTRACT. We identify the exit path oo-category of the reductive Borel-Serre compactifi-
cation as the nerve of a 1-category defined purely in terms of rational parabolic subgroups
and their unipotent radicals. As an immediate consequence, we identify the fundamental
group of the reductive Borel-Serre compactification, recovering a result of Ji-Murty—Saper—
Scherk, and we obtain a combinatorial incarnation of constructible complexes of sheaves on
the reductive Borel-Serre compactification as elements in a derived functor category.
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1. INTRODUCTION

Background. Let G be a connected reductive linear algebraic group defined over Q whose
centre is anisotropic over Q. Let I' < G(Q) be a neat arithmetic group, and consider the
symmetric space X of maximal compact subgroups of G(R) on which I" acts by conjugation.
The locally symmetric space I'\ X is a model for the classifying space of I" and a smooth
manifold; it is compact if and only if the Q-rank of G is zero. The problem of compactifying
such locally symmetric spaces has given rise to a number of different compactifications well
suited for different purposes. In this paper we study the Borel-Serre and reductive Borel-
Serre compactifications.

The Borel-Serre compactification F\YBS, introduced in 1973 by Borel and Serre, is a com-
pactification of I'\ X with the same homotopy type (|[BS73|). This construction enabled Borel
to calculate the rank of the K-groups K;(Of), where Oy is the ring of intergers in a number
field K (|Bor74]). Quillen also used the Borel-Serre compactification to show that these same
K-groups, K;(Ok), are finitely generated ([Qui73al).

The reductive Borel-Serre compactification F\YRBS was introduced by Zucker in 1982 to

facilitate the study of L?-cohomology of I'\ X (|Zuc83]|, see also [GHM94]|). It is a quotient of
the Borel-Serre compactification, I'\ X?% — T'\X®59 and it remedies the failure of I'"\ X%
to support L?-partitions of unity. The reductive Borel-Serre compactification has been stud-
ied extensively and has come to play a central role in the theory of compactifications. It is
well-suited for studying the LP-cohomology of T\ X ([Zuc01]), it dominates all Satake com-
pactifications (|BJ06, IT11.15.2]), and it plays an important role in parametrising the continuous
spectrum of T\ X ([JMO02]). It is used to define weighted cohomology ([GHM94]|) which is
the main ingredient in the topological trace formula ([GM92, GM03|) exploiting the fact that
Hecke operators extend to the reductive Borel-Serre compactification. It has moreover mo-
tivated the theory of Z-modules ([Sap05a, Sap05b|) which is used to prove a conjecture of
Rapoport (|JRap86|) and Goresky—MacPherson (|GM88|) relating the intersection cohomology
of the reductive Borel-Serre compactification with that of certain Satake compactifications.

We will study these spaces as stratified topological spaces and determine their stratified homo-
topy type, or more precisely their exit path oo-categories. The Borel-Serre compactification
'\ X 29 is naturally stratified as a manifold with corners over the poset of I'-conjugacy classes
of rational parabolic subgroups of G. This stratification descends along the quotient map
MN\X?Z% — I'\X%EBS equipping the reductive Borel-Serre compactification with a natural
stratification.
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For a sufficiently nice stratified space X, one can define its ezit path oo-category TI<(X),
an analogue of the fundamental co-groupoid for topological spaces. Intuitively, the exit path
oo-category has as objects the points of the stratified space and as morphisms the paths
which can only move “upwards” in the stratification, i.e. if X; C YJ for two distinct strata
X, X; C X, then a path can move from X; to X, but not the other way. The higher simplices
are stratum preserving homotopies between such paths.

The most important feature of the exit path oco-category is that it classifies constructible
sheaves, that is, sheaves which are locally constant on each stratum. This generalises the
classical result that for a sufficiently nice topological space X, the monodromy functor gives
an equivalence between representations of the fundamental groupoid and locally constant
sheaves on X. It was observed by MacPherson that for stratified spaces, one can define
an exit path category which in the same way classifies constructible sheaves. Treumann
gave a 2-categorical version of this result ([Tre09|), and Lurie developed the oo-categorical
setting, defining the exit path co-category and generalising MacPherson’s observation ([Lurl?,
Theorem A.9.3]).

Main results. Let G, I' and X be as above, and assume that G has positive Q-rank, so
that I'\ X is non-compact. Let & denote the poset of rational parabolic subgroups of G. For
all P € &, let Np < P denote the unipotent radical of P and write 'y, ="' N Np(Q).

Our main theorem is the following.

Theorem 4.3. The exit path co-category of the reductive Borel-Serre compactification F\YRBS

1s canonically equivalent to the nerve of its homotopy category. This in turn is equivalent to
the category €EPS with objects the rational parabolic subgroups of G and hom-sets

P P,Q) ={yeT |7Py ' < Q}/Tnp, forall P,Qe 2,

where I'np acts by right multiplication, and composition is given by multiplication of repre-
sentatives.

The two important things to note here, is that the exit path oo-category is equivalent to a
1-category, and that the definition of this 1-category makes no reference to the space F\YRBS ,
but is defined purely in terms of the poset of rational parabolic subgroups, their unipotent rad-
icals and the conjugation action of I" on this poset. As an intermediate step towards this iden-
tification, we identify the exit path oo-categories of the partial Borel-Serre compactification
XBS of X and the Borel-Serre compactification I'\ X 2% of I'\ X. We also show that the equiv-
alences can be chosen to be compatible with the quotient maps X5 — F\YBS — F\YRBS.

We have the following corollaries of the main theorem.

YRBS

Corollary 5.1. The reductive Borel-Serre compactification T'\ 15 weakly homotopy

equivalent to the geometric realisation of G5,

This immediately recovers the following result of Ji-Murty—Saper—Scherk (|[JMSS15, Corollary
5.3]).
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Corollary 5.2. The fundamental group of the reductive Borel-Serre compactification F\YRBS

is isomorphic to the group T'/Er, where Er <T' is the normal subgroup generated by the
subgroups I'vp, < I' as P runs through all rational parabolic subgroups of G.

For a stratified space X and an associative ring R, let D(Shv,(X, R)) denote the classical
derived category of sheaves on X with values in left R-modules, and let LMod}% denote the
category of left R-modules. Let D, (Shvi(X, R)) denote the full subcategory spanned by
the complexes whose homology is constructible, and let Depycpt(Shvy (X, R)) denote the full
subcategory spanned by the complexes whose homology is constructible and whose stalk
complexes are perfect chain complexes. As another corollary, we get the following expression
of these derived categories of sheaves as derived functor categories.

Corollary 5.6. Let R be an associative ring. There is an equivalence of categories
Depi (Shvy (T\X 2% R)) ~ D(Fun(%{?°, LMody,))
which restricts to an equivalence
Deptept (Shvy (T\NX %, R)) =~ Depy(Fun (44, LModp,)),

where Dy (Fun (€% LMody)) € D(Fun(%{%P%, LMod},)) is the full subcategory spanned by
the complezes of functors Fy such that the complex Fy(x) is perfect for all x € X.

This can be interpreted as a combinatorial incarnation of constructible complexes of sheaves
on the reductive Borel-Serre compactification. In fact, we get an oo-categorical result (see
Proposition 5.5), but we state the 1-categorical consequence here as this speaks of the more
classical constructible derived category.

The definition of the category 6*P° generalises to a purely algebraic setting of a group
acting on a poset. We make this precise in Section 6. For finite groups with a split BN-
pair of characteristic p, we recover (the opposite of) the orbit category on the collection
of p-radical subgroups, an object that has been studied extensively in finite group theory
(|Alp87, AF90, Bou84, JM092a, JMO92b, Gro02, Grol8§|, see also Section 6.2).

Calculational tools. In order to identify the exit path co-category of the reductive Borel—
Serre compactification, we develop some calculation tools. First of all we follow ideas of Woolf
([Wo009]) and identify the mapping spaces in the exit path oo-category as the fibres of certain
fibrations, namely the end point evaluation fibrations out of the so-called homotopy link,
which comes from the theory of homotopically stratified sets developed by Quinn ([Qui88]).
With a little extra data, the resulting long exact sequences of homotopy groups enable us
to identify the homotopy types of the mapping spaces. In particular, we can use this to
determine whether the mapping spaces have contractible components, implying that the exit
path oco-category is canonically equivalent to the nerve of its homotopy category.

We go on to study group actions on stratified spaces and to identify the exit path co-categories
of the quotient stratified spaces in particularly nice cases. This is done in Theorems 3.9 and
3.14 and we believe that these results should be applicable to a larger class of interesting
stratified spaces. These results should be compared with a result of Chen—Looijenga (|CL15,
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Theorem 1.7]): we rephrase and slightly strengthen their result in certain situations, and
the conditions that need to be satisfied for our result to apply are a local version of their
conditions (see also Remark 3.20). It should be stressed, however, that the settings differ a
great, deal and that, apart from allowing local conditions and local data, ours is the more
restrictive setting since we do not deal with the cases where the quotient stratified space is
an orbispace.

Further work. In joint work with Dustin Clausen, we investigate how generalisations of
the categories €55 model unstable algebraic K-theory (|[C?J20]). For an associative ring A
and any finitely generated projective A-module M, we introduce a category RBS(M) which
is defined purely in terms of linear algebra internal to M and which naturally generalises
€FPS. We show that if A is a finite field or a ring with many units, e.g. a local ring
with infinite residue field, then these categories model unstable algebraic K-theory. For
rings with many units, | RBS(M)| recovers the plus-construction of BGL(M). In the case
of finite fields, however, this model is in a certain sense better than the one given by the
plus-construction as it gets rid of the complicated unstable F,-homology of GL, (k) for k a
finite field of characteristic p. We also show that these categories in a natural way stabilise
to provide a model for the algebraic K-theory space K(A).

Acknowledgements. I would like to thank Dustin Clausen for proposing the question that
has resulted in this paper and for the many fruitful conversations we have had related to this
work. This paper is part of my PhD thesis at the University of Copenhagen and 1 would
also like to thank my advisor Sgren Galatius for his encouragement and helpful discussions
throughout my PhD studies.

Notation and conventions. By oco-category we mean quasicategory, that is, a simplicial
set satisfying the extension property for all inner horn inclusions. We refer to [Lur09] for
details.

By the homotopy category of an oo-category €, we mean the 1-category h% with objects
the 0-simplices of ¥ and morphisms the 1-simplices subject to certain relations given by the
2-simplices (see [Lur09, §1.2.3]). We say that an oo-category % is canonically equivalent to
(the nerve of) its homotopy category if the canonical map ¥ — N(h%) is an equivalence.

Given a (1)-category €, we define its geometric realisation |€| as the geometric realisation
of its nerve N,%. We reserve the term classifying space for groups and monoids, i.e. the
classifying space BG of a group G is the geometric realisation of the one object category with
morphisms the elements of G.

For a group G, an element ¢ € G and a subgroup H < G, we write YH = gHg™' and
HY9 = g~ H g for the conjugated subgroups. And similarly for algebraic groups and subgroups.

For a set A and a subset B C A, we denote the set difference by A — B.

We write [n] = {0 <1< --- <n} for the linearly ordered poset with n + 1 elements.
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2. STRATIFIED HOMOTOPY THEORY

We recall the definitions of conically stratified (poset-stratified) spaces and exit path oo-
categories following Lurie (|[Lurl7, Appendix A]). We also recall the homotopy link from the
theory of homotopically stratified sets introduced by Quinn (|Qui88|) and two important
properties of this object, as this will be essential for developing our calculational tools. We
state the main property of the exit path oo-category, namely the fact that constructible
sheaves are equivalent to representations of it, and we show that this result can be extended
to the constructible derived category.

2.1. Poset-stratified spaces. In the following, all posets are topologised by the Alexandroff
topology, i.e. the open sets are the upwards closed sets.

Definition 2.1. A poset-stratified space (or simply stratified space) is a continuous map
s: X — I, where X is a topological space and I a poset. The poset [ is called the poset of
strata and the subspace X; = s71(i) is called the i’th stratum. A stratum preserving (or strat-
ified) map from s: X — I tor: Y — J is a pair of continuous maps (f: X - Y, 0: I — J)
such that ro f =60 o s. <

Remark 2.2. When no confusion can occur, we omit the poset of strata and refer to a
stratified space s: X — [ simply by X. If we want to stress that X is stratified over the
poset I, then we say that X is an [-stratified space. Similarly, when considering a stratum
preserving map (f,6), we may omit the order-preserving map 6.

The strata X, ¢ € I, define a partition of X, and continuity of s is equivalent to requiring
the upward unions of strata to be open in X, ie. [J.-, X; C X is open for all i € I. The

closure relations in the partition translate to poset relations in I: if X; C Yj, then ¢ < j. It
will often be the case in naturally occurring examples that X; C X; if and only if ¢ < j. o

Jj=>i

Definition 2.3. Let s: Y — I be a stratified space. The (open) cone on Y is the stratified
space s°: C(Y) — I? defined as follows: the poset of strata is [¥:= [ U {—o0} with —oco <
for alli € Iy as aset C(Y) = (Y x (0,1))[[*, and U C C(Y) is open, if and only if

(i) UN(Y x (0,1)) is open,

(ii) * € U implies Y x (0,¢) C U for some € > 0.
The stratification map s is given by s%(x,t) = s(z) and s9(%) = —o0. <4
Remark 2.4. The topology of C(Y) above coincides with the teardrop topology on the

open cone of Y (see for example [HTWWO00|). If Y is compact Hausdorff, then C(Y) is
homeomorphic to the pushout (Y x [0,1)) [Ty, 1) *-

Note that if Y is metrisable, then by [HTWWO00, Lemma 3.15], so is the stratified cone C(Y").o

Definition 2.5. An [-stratified space X is conically stratified at x € X; C X, if there exists

(i) a topological space V/,
(i) an I.;-stratified space L,
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(iii) and a stratified homeomorphism (¢,0): V x C(L) — U onto a neighbourhood U of
z in X, where 6: (I-;)® — I is the canonical identification of (I-;)® with Is; C I.

We say that X is metrisably conically stratified at x, if there exists a conical neighbourhood
as above such that the union V' U X is metrisable for all j > 1.

A stratified space X is conically stratified if it is conically stratified at all points, and it is
metrisably conically stratified if it is metrisably conically stratified at all points. <

Remark 2.6. We will in most situations say conically stratified space and only write conically
stratified [-stratified space if we want to stress the poset I.

We will often write that a point z € X; admits a conical neighbourhood ¢: V' x C(L) = U,
in which case we implicitly assume that L is an I ;-stratified space, V = U N X; and ¢ is a
stratified homeomorphism identifying I<; with I5;.

We call L a link space of x in X. We cannot in general speak of the link space of x, although
in many cases it will be well-defined up to some sort of equivalence. If a stratified space X is
equipped with link bundles (in the sense of [GHM94|), then X is conically stratified and the
link spaces of any two points x, 2’ € X; are stratified homeomorphic. If X is homotopically
stratified (in the sense of [Qui88|), then X is conically stratified and the link spaces of any
two points x, 2’ € X; are homotopy equivalent. o

Example 2.7. Let M be a smooth manifold with corners of dimension n, i.e. a space modelled
smoothly upon open subsets of a quadrant in R™. A point x € M has index j, if there is
a chart (U, ) on M, such that ¢(z) has exactly j coordinates equal to zero. Let M; C M
denote the subspace consisting of points of index j; it is a smooth manifold of dimension n—j.
The standard stratification of M as a manifold with corners is by the path components of the
M;, j=0,...,n. Let N C M; C M be a stratum, that is a path component, and let x € N.
N is of codimension j in M, and there is a conical neighbourhood z € U = V x C(AI™1),
where A7~ is the standard (j — 1)-simplex stratified as a manifold with corners.

Manifolds with corners have more rigourous structure, namely mapping cylinder neighbour-
hoods of each stratum, not just conical neighbourhoods of points — this is the case for many
naturally occurring stratified spaces, but we only need to local data, so we refrain from going
into this. o

Definition 2.8. The standard stratified n-simplez is the standard n-simplex
A" ={(to,...,tn) €10,1]" | > t; =1}

stratified by the map s, : A" — [n] defined by
Sn(toy . 1k, 0,...,0) =k if ¢ # 0.

In other words, s, maps the subspace A%* — A%-*k=1 = A" to k, where A% denotes the
face spanned by the vertices 0,1,..., . <
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Remark 2.9. Note that the standard stratified simplex is not stratified as a manifold with
corners, but rather in a way that retains the combinatorial information. It can be identified
with the (n 4 1)-fold stratified closed mapping cone of a point, where the closed mapping
cone is the stratified space obtained by replacing (0, 1) by (0, 1] in Definition 2.3. o

2.2. Homotopy links. It will be convenient for us to use a homotopical version of link
spaces, namely the homotopy link defined by Quinn in his study of homotopically stratified
sets ([Qui88|).

Definition 2.10. Let X be a topological space and Y C X a subspace. The homotopy link
of the pair (X,Y) is the subspace

H(X,Y) = {3: 0,1 > X [4(0) € ¥, %((0,1]) € X — Y} € C([0,1], X)
of the path space of X equipped with the compact-open topology. <
Let X and Y C X a closed subspace. If we stratify X over {0 < 1} by sending Y to 0 and

X —Y to 1, then the points of H(X,Y') can be identified with the stratum preserving maps
o: Al — X starting in Y and ending in X — Y.
We need two fundamental facts about the homotopy link which hold when the pair (X,Y") is
sufficiently nice:
(i) the end point evaluation map
e: HX,)Y) =Y x X, v+~ (7(0),7(1)),
is a fibration (see Corollary A.3 and Proposition 2.11),
(ii) the homotopy link serves as a homotopical replacement for link spaces or more gener-
ally for neighbourhoods admitting a nearly strict deformation retraction (see Propo-
sition A.8 and Proposition 2.12).
These results are well-known, but we have been unable to locate a source which does not
work in a much more general or slightly different setting so for the sake of self-containment,
we have chosen to include the proofs in this fairly elementary point-set topological setting
in Appendix A. These results explain our need to work with metrisably conically stratified
spaces.

The following is a direct consequence of Corollary A.3, since the evaluation at zero map
eo: HYY x C(Z),Y x {x}) — Y is a fibration for any topological spaces Y and Z.

Proposition 2.11. Let X be an I-stratified space. Let i € I, x € X; and j > i. Suppose x
has a conical neighbourhood U and set V- =U N X;. If the union V U X, is metrisable, then
the end point evaluation map e: H(X; UV, V) =V x X, is a fibration.

Let X be an [-stratified space and suppose = € X; has a conical neighbourhood
©: V xC(L) > U.
Then the map
Ux[0,1] —=U, (p,]ls]),t)— @]l st])
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is a (stratum preserving) nearly strict deformation retraction into V' = UNX; (Definition A.4).
For all i < j and any fixed € € (0, 1), we have a map

W VX L= HXGUV.Y), (0.0) = Yo,
where 7,,.:[0,1] = X; UV, t— o(v,[l, te]).
That is, v, is the path tracing the cone coordinate from the apex to € for fixed v € V' and
[ € L in the other coordinates. The following is a direct application of Proposition A.8, since
the map \I»'fa,8 is the composition of the following three maps
(i) the inclusion at e, V' x L; = V x L; x (0,1), (v,1) — (v,1,¢),

(ii) the homeomorphism V x L; x (0, 1) =Un X; given by ¢,

(iii) and the map UNX; — H(X; UV, V) of Proposition A.8.
Proposition 2.12. Let X be an I-stratified space. Let i € I, x € X; and j > i. Suppose x

has a conical neighbourhood ¢: V x C(L) =8 If the union V U X; is metrisable, then for
any choice of € € (0,1), the map \If{'ﬂe: V x L; - H(X; UV, V) defined above is a homotopy
equivalence. In particular, if V is weakly contractible, then the map L; — H(X; UV, V),
I Va6, ts a weak homotopy equivalence.

2.3. Exit path oco-categories and constructible sheaves. Following the work of Lurie,
we recall the definitions of the exit path oco-category and of constructible sheaves, and we
state the classification of constructible sheaves as representations of the exit path oo-category
(|[Lurl7, Appendix A]).

In the following s,: A" — [n] will denote the standard stratified n-simplex as defined in
Definition 2.8, and Sing(X') denotes the singular set of a topological space.

Definition 2.13. Let s: X — [ be a conically stratified space. The exit path oco-category
of X — I is the subsimplicial set II%*(X, ) C Sing(X) whose n-simplices are the maps
o: A" — X for which there is an order preserving map 6: [n| — I such that soo =600 s,.

Remark 2.14. If  and 6’ satisfy 0o s, = 0 o s, then § = ', so we can also define the
exit path oo-category as the simplicial set with n-simplices the stratum preserving maps
o: A" — X,

From now on, we write [1%( X)) = 1% ( X I), letting the poset I be implicit in the notation.o
The following theorem justifies the name and notation.

Theorem 2.15 ([Lurl7, Theorem A.6.4|). For a conically stratified space X, the simplicial
set TI=(X) is an oo-category.

Thus we have a functor II1%t: Strat — Cat., (of 1-categories).

Definition 2.16. We define the exit path 1-category of a conically stratified space X as the
homotopy category of the exit path oo-category of X and we denote it by II¢*(X). q
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Remark 2.17. Note that we are not taking the enriched homotopy category, but just the
underlying 1-category; we deal with the higher homotopy in the mapping spaces of 1% (X)
separately. o

The following remark should provide some intuition for the exit path oo-category.

Remark 2.18. Let X be a conically /-stratified space.

* The 0-simplices of TI®W(X) are the points of X.

* Identifying A! [0, 1], the 1-simplices of II&*(X) are the paths o: [0,1] — X which
satisfy o(0) € X; and o((0,1]) C X for some ¢ < j in I. In other words, the exit paths
either stay within one stratum or leave the deeper stratum instantaneously entering
the stratum containing the end point. We see that the homotopy link H(X; U X, X;)
of X; in X; U X is a subset of the 1-simplices of TI&(X).

* The morphisms in TI¢(X) are represented by 1-simplices of TI®(X) as described
above, but composition is hard to describe concretely. Intuitively, however, we can
think of the composite of two such paths in II1$¥*(X) as the concatenation.

* For all ¢ € I, I®"(X) contains the fundamental oo-groupoid Sing(X;) as the full
subcategory spanned by the points of X;. o

The most important feature of the exit path oo-category is that for sufficiently well-behaved
stratified spaces, it classifies constructible sheaves. We state this for sheaves with values
in any compactly generated oo-category. Lurie proves it for space-valued sheaves, but the
generalisation is well-known and quite elementary to prove. However, since we have been
unable to locate a proof in the literature, we have included a detailed proof in the appendix,
also in the hope that it makes these results more accessible to a reader without a background
in co-categories. We refer to |Lurl7, Section A.5| and Appendix B for proofs and details.

For a topological space X and a compactly generated oo-category ¢, we denote by Shv(X, %)
the oo-category of ¢-valued sheaves on X (see Appendix B.1).

Definition 2.19. Let X be an [-stratified space and let ¥ be a compactly generated oo-
category. A sheaf F € Shv(X,¥) is constructible if for every i € I, the restriction F|x,
is a locally constant sheaf in Shv(X;, ¢). We denote by Shv., (X, %) the full subcategory
spanned by the constructible sheaves. <

Definition 2.20. A poset [ is said to satisfy the ascending chain condition if every non-empty
subset of I has a maximal element. <

The following theorem generalises the monodromy equivalence which classifies locally constant
sheaves as representations of the fundamental co-groupoid.

Theorem 2.21 (|Lurl7, Theorem A.9.3| and Theorem B.9). Let € be a compactly generated
oco-category. Suppose X s a conically I-stratified space which is paracompact and locally
contractible, and that I satisfies the ascending chain condition. Then there is an equivalence
of co-categories

Uy : Fun(II%(X), €) — Shven (X, €).
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Remark 2.22. The result is stated in [Lurl7| for spaces which are locally of singular shape,
but we wish to avoid going into the technicalities involved in defining this notion. o

Corollary 2.23 (|Lurl7, Corollary A.9.4]). Suppose X is a conically I-stratified space which
18 paracompact and locally contractible and where I satisfies the ascending chain condition.
The inclusion I X) < Sing(X) is a weak homotopy equivalence of simplicial sets, i.e. the
induced map of geometric realisations |I1%*(X)| — | Sing(X)| is a homotopy equivalence.

2.4. The constructible derived category of sheaves. If the exit path oco-category is
equivalent to the nerve of its homotopy category, then the classification of constructible
sheaves as representations of the exit path oo-category can be extended to give an expression
of the constructible derived category of sheaves (of R-modules) in terms of the exit path
1-category. We stress that the observations made in this section are quite elementary for
anyone with a background in oco-categories. We have chosen to be quite detailed for the sake
of other potential readers.

For a Grothendieck abelian category A we denote by Z(A) the (unbounded) derived oo-
category of A (see [Lurl7, §1.3|). The homotopy category of Z(.A) is the classical (unbounded)
derived category D(A) of A.

Let R be an associative ring and let LMod}, denote the 1-category of left R-modules. Viewing
R as a discrete E;-ring, let LModg denote the oo-category of left R-module spectra. Then

2(LMod},) = LModg

by [Lurl7, Proposition 7.1.1.16]. In particular, D(R) := D(LMod}) is equivalent to the
homotopy category of LModg. By [Lurl7, Proposition 7.2.4.2|, the oco-category LModpg is
compactly generated and the subcategory of compact objects is the oo-category Perf, (R)
of perfect modules ([Lurl?7, §7.2.4]). Under the equivalence 2(LMod)) = LModg, perfect
modules correspond to perfect chain complexes, i.e. complexes which are quasi-isomorphic to
bounded chain complexes whose terms are finitely generated projective modules (Corollary
7.2.4.5 and Example 7.2.4.25 of |Lurl7|). Let Perf;(R) C D(R) denote the full subcategory
spanned by the perfect chain complexes.

Let Shv,(X, R) denote the l-category of sheaves on X with values in LMod). This is a
Grothendieck abelian category, and we consider the derived oo-category Z(Shv,(X, R)).

Remark 2.24. The canonical functor
2(Shvy(X, R)) — Shv(X, Z(R)) ~ Shv(X, LModg)

is fully faithful with essential image the full subcategory Shvhyp(X , LModpg) of hypercomplete
sheaves, that is, sheaves which satisfy descent with respect to any hypercovering not just
covering sieves ([Lur09, §6.5.2|, see also the discussion at [mat]). Constructible sheaves are
hypercomplete by |Lurl7, Proposition A.5.9], and we note that the subcategory

Shve (X, LModg) € Shv™?(X, LMody)



42

12 MIKALA QRSNES JANSEN

corresponds to the full subcategory Zu,1(Shvi(X, R)) C 2(Shv(X, R)) spanned by the com-
plexes whose homology sheaves are constructible. Similarly, we see that the subcategory
of constructible compact-valued sheaves (i.e. whose stalk complexes are compact objects in
LModg, see Definition B.8)

Shvcbl,cpt (X, LMOdR) Q ShVCbl(X, LMOdR>

corresponds to the subcategory Zepiept(Shvi(X, R)) € Zepi(Shvy (X, R)) spanned by the com-
plexes whose homology sheaves are constructible and whose stalk complex is a perfect chain
complex. o

Definition 2.25. The constructible derived category of sheaves on X with values in left
R-modules is the full subcategory

Deyi(Shvi (X, R)) € D(Shv(X, R))

spanned by the complexes of sheaves with constructible homology. The constructible compact-
valued derived category of sheaves on X with values in left R-modules is the full subcategory

Deplept(Shvy (X, R)) € D(Shv(X, R))

spanned by the complexes of sheaves whose homology sheaves are constructible and whose
stalk complex is a perfect chain complex. <

We give two examples which are of interest in the study of the reductive Borel-Serre com-
pactification. First we make the following observation.

Remark 2.26. Suppose R is a regular Noetherian ring of finite Krull dimension. Then
it has finite global dimension, and thus any bounded below chain complex whose terms
are finitely generated is quasi-isomorphic to a bounded complex whose terms are finitely
generated projective. Therefore a constructible complex of sheaves in the sense of [GM83,
§1.4] is a constructible compact-valued sheaf in the sense of Definition B.8. o

Example 2.27.

(i) Let X be a topological pseudomanifold with a fixed stratification and let & be a field.
Intersection homology of X can be defined as the cohomology of a complex of sheaves
IC,(X) on X taking values in k-vector spaces (|GMS80|, |[GM83]). The complexes
IC,(X) are constructible and compact-valued [GM83, §3].

(ii) The weighted cohomology of the arithmetic group I' is defined as the cohomology of a
complex of sheaves WPC*(E) on the reductive Borel-Serre compactification associated
with I' taking values in complex vector spaces (|GHM94|). The complexes WPC*(E)
are constructible and compact-valued [GHM94, Theorem 17.6]. o

We have the following theorem.

Theorem 2.28. Let X be a paracompact, locally contractible conically I-stratified space with
I satisfying the ascending chain condition, and let R be an associative ring. Suppose the exit
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path co-category TS (X)) is equivalent to the nerve of its homotopy category T (X). Then
there 1s an equivalence of oco-categories

Shvep (X, LModg) ~ 2(Fun (II$(X), LMody)),
which restricts to an equivalence
Sthbl,cpt (X> LMOdR) = -@cpt(Fun (H?Xit (X)7 LMOd}%))?

where Doy (Fun (II$9°(X), LMody,)) is the full subcategory spanned by the complezes of func-
tors Fy such that the complex Fy(z) is perfect for all x € X.

Proof. Propositions 1.3.4.25 and 1.3.5.15 of |Lurl7| give us the first of the following two
equivalences, and the second is the one of Theorem 2.21.

2 (Fun(TI$(X), LMody,)) = Fun(II%(X), LModg) — Shve, (X, LModg).
The restriction to perfect complexes objects is a consequence of Corollary B.12. O
Taking homotopy categories, we get the following corollary.

Corollary 2.29. In the situation of Theorem 2.28 there is an equivalence of (1-)categories
Depi(Shvi (X, R)) ~ D(Fun(I1¢%(X), LMody))
which restricts to an equivalence
Deptept (Shv (X, R)) = Depy(Fun(II$9 (X)), LMod},))

where Dy (Fun(T1$9 (X ), LMody,)) is the full subcategory spanned by the complezes of functors
F, such that the complex Fy(z) is perfect for all x € X.

3. CALCULATIONAL TOOLS

If X is a metrisably conically stratified space, then the end point evaluation maps from ap-
propriately chosen homotopy links are fibrations. We identify the mapping spaces of TI&(X)
with the fibres of these fibrations, and we analyse the resulting long exact sequences of ho-
motopy groups in order to determine the homotopy type of the mapping spaces. This follows
ideas of Woolf ([Woo09]). We apply these tools to determine the exit path oco-category of
quotients of sufficiently contractible stratified spaces under well-behaved group actions. This
strengthens a result of Chen-Looijenga ([CL15]).

3.1. Mapping spaces, fibrations and long exact sequences. We have already observed
that the homotopy link is a subset of the 1-simplices in the exit path co-category. It turns
out that the mapping spaces in the exit path co-category can be identified with subspaces of
the homotopy link.

Proposition 3.1. Let X be a conically I-stratified space, let i < j in I and choose x € X,
y € X;. Let V be a neighbourhood of x in X;. The mapping space M (x,y) of the exit
path co-category IS (X) can be identified with the fibre F(x,y) = e *(z,y) of the end point
evaluation map e: H(V U X,;,V) =V x X;, v+ (7(0),7(1)).
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Proof. Write S := II&%(X). We use the following model for the mapping space:
M(z,y) = {z} x5 S xg {y},

that is, an n-simplex of M (x,y) is a simplicial map o: (A" x A'), — S which satisfies
o(A? x {0}) = {z} and (A} x {1}) = {y} (see |[Lur09, §1.2.2]).

The simplicial sets (Sing X)2+ and Sing(X!2!) are isomorphic via the adjunction | — | 4 Sing
and the exponential law for topological spaces. By translating the conditions on the subsim-
plicial sets M (x,y) C (Sing X)®+ and Sing(F(z,y)) C Sing(X!2+!) across this isomorphism,
we see that it restricts to an isomorphism M (z,y) = Sing(F(z,y)). O

Remark 3.2. Let X be a conically [-stratified space, let 7,5 € I, x € X;, y € X, and
let V' be a neighbourhood of x in X;. The proposition above implies that if ¢ # j, then
M(z,y) C HVUX,;,V). If i = j, then M(x,y)NH(VUX,;,V) =0, as V is a neighbourhood
of z in X;. In this case, however, M (x,y) is the mapping space in the oo-category Sing(X;)
which can be identified with the fibre of the path space fibration of X; with respect to
the basepoint x. Hence, M (z,y) is either empty or homotopy equivalent to the loop space
Q(XZ,ZL') o

The end point evaluation map from the homotopy link is a fibration in certain situations, for
example when the stratified space is metrisably conically stratified (Proposition 2.11). The
following proposition simply rewrites the long exact sequence of homotopy groups arising from
this fibration. To state the proposition, we need to fix some notation and various basepoints
and maps — this is done below in what we for future reference will call a preamble.

Preamble 3.3. Let X be a conically [-stratified space and let ¢ < j in I. Fix points
x; € X;, xj € X; and suppose there is a conical neighbourhood U of z; in X with a stratified
homeomorphism ¢;: V; x C(L;) — U, where V; is a weakly contractible neighbourhood of z; in
X; and the union V; U X; is metrisable. Suppose M (z;,z;) # 0 and fix a path v;; € M(z;, z;)
and an € € (0,1).

The end point evaluation map
eij: HViUX;, Vi) = Vix Xjo v e (3(0),7(1))

is a fibration (Proposition 2.11) and in view of Proposition 3.1, we may identify M (x;, z;)
with the fibre e;jl(a:,-, z;). The map

\Ifiji Lij — H(‘/z U Xj7 V;), Il — (’Yxi71752 t— cpz(a:,, [l,tc‘:]))
is a homotopy equivalence (Proposition 2.12). Fix a homotopy inverse
Uk H(V;UX;, V;) — Ly
and a homotopy

h: HV;UX;, V) x [0,1] = H(V;UX;,V;), h:id~ U000,
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Consider the embedding of the j'th link space stratum L;; into X
wij: Lij = X;, L @iz, [l €]).
Finally, set [;; := \I/Z (7ij) € Li; and define a path
mij = h(yig, —)(1): [0,1] = X;
from z; to ¢;;(L;;).

The situation can be pictured as follows.

5 Xj 1y
y

o]

Proposition 3.4. In the situation of Preamble 3.3, there is a long exact sequence of homotopy
groups

i Wn(Lij,lij) - Wn(Xj,l’j) - 7Tn—1(M(l"z',$j)>%j) —

2 0
- — mi(Lij, i) — m(X5, 25) = mo(M (i, 75),7i5) — -+

The map ¢ 1s given by conjugation by n;;:

@: m(Lij, lij) — m(Xj,25),  [a] = [ % ((gi)a) * i),
and the boundary map 0 is given by concatenation with v;;:

9: m(Xj, x5) — mo(M (i, 77), vij), [a] = [ov# 7).

Proof. We have a long exact sequence of homotopy groups arising from the fibration e;; in

which we may replace 7, (V;, z;) by 0:

= T (H(V;U X5, Vi), vig) — mnl(XG, 25) — T (M (5, 25),%i5) — -+
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We replace m,(H(V; U X;, Vi), i) by mn(Lij,li;) via the homotopy equivalence U;; and a
basepoint change from W;;(l;;) to 7;;:

Chirigi—) © (Wig)ut ma(Lig, lig) — ma(H(V; U X5, V5), 7i5)
where C,,;,—) denotes conjugation by the path ¢~ h(v;, ).

To see that the maps are as claimed, let pr; denote the projection to X; and C,,; conjugation
by 7;;. Then

Y= (prj oeij)* © Ch(’mw—) © (\IJZJ)* = Cm'j © (Spij)*'
For the boundary map 0, note that it is equal to the following composite

(prj oe;j )«

5
m(Xj, ;) s (H(Vi UXj;,V;), M(x, Ij)ﬁzj) —> mo(M (x4, 25), Vij),

where the middle term is the relative homotopy group and ¢ is the boundary map in the long
exact sequence of homotopy groups of the pair (H(V; U X;,V;), M (x;, x;)). This is given by
sending a map f: [0,1] — H(V; U X;,V;) representing an element in the relative m; to the
starting point f(0) € M (x;, ;). The inverse to (pr; oeg;). is given by lifting a loop [0, 1] — Xj;
to a path [0,1] — H(X; UV, V;) with end point ;; ([Hat02, proof of Theorem 4.41]). This
is independent of the choice of lift, so for any «: [0,1] — X, with a(0) = a(1) = z;, we may
choose the lift @: ¢t — a|g,1-4 * 7i;, and we see that 0 is given by [a] — [a(0)] = [a * ;] as
claimed. O

For mapping spaces within a stratum, Remark 3.2 gives the following identification.

Proposition 3.5. Let X be a conically I-stratified space. Let i € I and fix x;,x, € X;. If
M (x;, ) # 0, then M (x4, 2}) has the homotopy type of the loop space QU X;, x;). In particular,
T (M (24, 2}),7v) = i1 (Xy, ;) for all n >0 and any choice of basepoint v € M (z;, ).

We have the following corollary.

Corollary 3.6. Let X be a metrisably conically I-stratified space whose strata are locally
weakly contractible. Let i < j, x; € X; and x; € X;, and assume M(x;,xz;) # 0. Then
the assumptions of Preamble 3.3 are satisfied. Assume additionally that for any choice of
Vij € M(z;, ;) in the situation of Preamble 3.3, the following holds:
(i) the map @;j: L;; — X, is injective on my,

(ii) m,(Xj,2;) =0 for alln > 1,

(i11) 7, (Lij, lij) = 0 for all n > 1.
Then the mapping space M (x;, x;) has contractible path components and the set of path com-
ponents fits into a b-term exact sequence

0— 771(L2'j7 l”) g 7T1(Xj,fL'j) 2) Wo(M(.Z‘i,.Ij)) — 7T0(L,‘j) — 7T0(Xj) — O,

where ¢ and O are as described in Proposition 3.4. In particular, if (i)-(iii) hold for all
i <j,z; €X; and z; € X; with M(x;,x;) # 0, then the exit path co-category is canonically
equivalent to the nerve of its homotopy category T (X)) and the hom-sets in TIT(X) can
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be identified using the exact sequences above and the isomorphisms mo(M (z;, 2)) = m (X, x;)
for x;, x, € X; in the same path component.

This result identifies (the homotopy type of) the mapping spaces in the exit path co-category,
but does not tell us anything about composition. If, however, the stratified space is sufficiently
contractible, then we can use Corollary 3.6 to identify the exit path oco-category as in the
following corollary.

Corollary 3.7. Let X be a metrisably conically I-stratified space with path connected, weakly
contractible strata X;, and suppose X admits conical neighbourhoods with weakly contractible
strata. Then the exit path oo-category 1(X) is canonically equivalent to the nerve of its
homotopy category I (X) which in turn is equivalent to the poset of strata I.

3.2. Group actions and exit path oo-categories. In this section we determine the exit
path oo-category of stratified spaces obtained via suitably well-behaved group actions. The
results should be compared with [CL15, Theorem 1.7| (see Remark 3.20).

A (left) action of a discrete group G on a stratified space s: X — I consists of compatible
continuous (left) actions of G on X and I, i.e. such that the stratification map s is equivari-
ant. Recall that an action of G on X is properly discontinuous if each point z € X has a
neighbourhood U such that the set {g € G | g.UNU # 0} is finite.

Remark 3.8. A word of warning: the cones in the following theorem are the stratified cones
of Definition 2.3. If L; is compact Hausdorff, then it coincides with the usual topological cone,
but generally they are different. In Corollaries 3.14 and 3.15 below we present a weaker version
of this theorem in which we allow neighbourhoods in X which locally look like (stratified)
topological cones. o

Theorem 3.9. Let X — [ be a stratified space with path connected, weakly contractible
strata, with I satisfying the ascending chain condition, and with surjective stratification map.
Suppose G is a discrete group acting on X — I and let m: X — G\X denote the quotient
map. For any i € I, denote by G; the stabiliser of i and let GY < G; denote the subgroup
which fizes X; pointwise. Suppose that for all i € I and all x € X; there is:

(i) a Gt-invariant neighbourhood U of x in X satisfying
{9€GlgUNU#0} =Gi,

and such that V = U N X; is weakly contractible.

(11) a stratified space L — I; with weakly contractible strata and equipped with an action of
G¢ (where the action on I, is the restriction of the one of G;), and whose stratification
map 1S surjective.

(iii) a G-equivariant stratified homeomorphism

©: V x C(L) — U,

where G¢ acts on the L-coordinate of the left hand side, g.(z,[l,1]) = (z,[g.1,t]), and
such that ¢ restricts to the identity on 'V x {*}.
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(iv) assume additionally that for all j > i, the union V U X; and its image m(V U X;) are
metrisable.

Then X — I and G\X — G\I are metrisably conically stratified spaces whose ezit path oo-
categories are canonically equivalent to the nerves of their homotopy categories. The exit path
L-category of X is equivalent to the poset I, and the exit path 1-category of G\X is equivalent
to the category € x with objects the elements of I and hom-sets

ox(i,j) ={9€G|gi<j}/Gi

where GY acts by right multiplication and with composition given by the product in G. More-
over, the equivalences can be chosen such that the following diagram commutes, where m, is
the functor induced by the quotient map 7: X — G\X and the top vertical map sends i < j
to the morphism i — j represented by the identity element of G:

I Cox

Nl JN

I (X) —— 59 (G\XY)

Before tackling the proof, we make some preliminary observations.

Observation 3.10. Note first of all that G\I is indeed a poset. The action is order preserving
and we have assumed [ to satisfy the ascending chain condition, so we cannot have g.i < ¢
for any g € G, i € I. Hence, setting [i] < [j], if i < g.j for some g € G defines a partial order
on G\I.

For any i < j, we have G§ < G} by assumption (i) and assumption (iii), since the neighbour-
hood U is stratified over I; with U; # 0, and g € GY fixes U;. This together with the fact
that 9G¢ = Gg.i for all i € I, g € G, implies that the category ¢ x is well-defined. o

Proof. By assumption (i), the equivalence relations on U; induced by G and G? agree, so the
conical neighbourhoods in X descend to G\ X:

¢V x C(GA\L) — GA\U.

It follows that the quotient G\X — G\/ is indeed a conically stratified space. By (iv), both
X and G\ X are metrisably conically stratified.

We now analyse the link spaces and show that the mapping spaces of I1*(G\X) have
contractible components. Let i,j € I with images 2,) € G\I and suppose i < j. Write
Gy ={9 € G| gi<j} Letuz € X, z; € X; with images &;, Z; in G\X and let
¢;: Vix C(L;) = U; be a conical neighbourhood of z; as in (i)-(iv). Consider the correspond-
ing conical neighbourhood @;: V; x C(GA\L;) = G\U; of &;. The jth stratum of the link
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space . = G4\ L; is

L =G \ < 11 Lz’(gla’))

geG;\Gij
where the action of G; on G;; in the indexing set is given by left multiplication. For
r € Lig-14), and u € Gf, we have u.x € Ljug—1; = Li(gu-1)-1. Hence, the quotient
map G;\G;; — G;\G,;/G induces an isomorphism
mo(Ly) = G\Gy /G
Moreover, for a given [g] € G;\G;/G¥, the corresponding component is homeomorphic to the
quotient of L;,-1 ;) by the action of G¢n Gy

Condition (i) implies that for all k € I, the action of G}/G% on the weakly contractible
space X}, is free and properly discontinuous. Hence, for any g € Gj;, so is the action of
G¢n Ggﬂ.j/Gf;,lj on the weakly contractible space L;,-1 ). In fact, for any € € (0,1), the
inclusion

Li(g_l-j) — Xg_l-j’ l— 901'(171', [lag])a

defines a morphism of fibre bundles as below, where Xj = G\(ngc:j\c Xy-14) is the j’th
stratum of G\ X

(Gin Gg*j)/Gf;fl.j — Gy1,/G,

I I

Li(gfl.j) > Xg*lJ'
Ly — Xj

It follows that for any choice of basepoint in the [¢g]’th component of .Z};, the inclusion
Z; — X; induces the inclusion

(GENGy15)/ Gy j = Gyt /G

on 7 and the higher homotopy groups of both .Z}; and Xj vanish. By Corollary 3.6, the
mapping space M (&;, ;) of II%(G\X) has contractible components. As this holds for any
choice of points z;, Z; and the strata are Eilenberg-Maclane spaces, the exit path co-category
124 (G\ X) is canonically equivalent to the nerve of its homotopy category I (G\ X).

We now define a functor ¢ x — II$*(G'\ X) and show that this is an equivalence by examin-
ing the exact sequences of Corollary 3.6 in more detail. Denote by 7, : TI{(X) — TG\ X))
the map induced by 7. By Corollary 3.7, the exit path oo-category of X is canonically equiv-
alent to the nerve of its homotopy category IT1$¥*(X) which in turn is equivalent to the poset
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of strata I. In view of this, if z,2' € X are connected by a morphism in TI$(X), then it
is unique and we denote it by p,_.-. Choose basepoints z; € X; for all 7« € I and define a
functor F': 6o x — H$(G\X) as follows

F(i) = (@), and F(lg): i = J) = m(Pasy 1))
This is well-defined, since for u € G¥, the path Daz;—u-1.0; 1S the trivial loop at z;.
To see that F is fully faithful, let i # j and suppose g;; € G; (if G;; = 0, then the hom-sets
on both sides are empty and there is nothing to prove). Set v;; = F([g;;]) € M (&4, 2;) and fix,
according to Preamble 3.3, a compatible basepoint [;; € .Z;;. Then we have a commutative

diagram of exact sequences as below, and as this holds for any choice of g;;, I is bijective on
hom-sets for i # j by an extended 5-lemma (see for example [Hat02, §4.1 Exercise 9|).

9ij o
0— (Gf N Ggl—Jl])/Gf;;lj — G]/Gﬁ J %G,X(Z;]) B G]\G”/Gf — 0

L

0 —— m (%, 1)) — m (X5, ;) r mo(M (2, 25),vi5) — m0(Lij, lij) — 0

For i = j, bijectivity on hom-sets follows from the fact that X; is a K(G;/G% 1). The
functor is essentially surjective since the strata are path connected, so we have established the
desired equivalence. If, in addition to the functor F', we choose the equivalence I — TI{(X)
which sends 7 to z; and ¢ < j to ps,4;, then the diagram in the statement of the theorem
commutes. U

Remark 3.11. Note that the equivalence F' defined in the proof of Theorem 3.9 mirrors the
identification of the fundamental group of a (nlce) topological space with the group of deck
transformations of its universal cover: if 7: X — X is a universal cover of a space X, where X
(and thus X) is locally path connected, with basepoints = € X and z = m(Z) € X, and if G is
the group of deck transformations, then we may define a group isomorphism G — 7T1(X ,x) by
sending ¢ to (the homotopy class of) the loop 7 op,, where p, is the unique (up to homotopy)
path in X from 7 to ¢~1.%

In this respect, the map m: X — G\ X can be interpreted as a stratified universal cover —
see [Woo09| for more about stratified covers (of homotopically stratified sets). o

We wish to extend Theorem 3.9 to a larger class of stratified spaces. Corollaries 3.14 and
3.15 below are an application of Theorem 3.9 giving a version of this theorem applicable to
the case when X is not necessarily conically stratified, but does admit neighbourhoods which
are “conical” with respect to the stratified topological cone defined below. In particular, it
will apply to the reductive Borel-Serre compactification as we will see in Section 4.2.

Definition 3.12. Let s: Y — I be a stratified space. The (open) stratified topological
cone on Y is the stratified space s¥: C*(Y) — I defined as follows: the poset of strata is
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I :=TU{—o0} with —oo < i for all i € I, and C*(Y') = (Y x [0, 1)) Uy o} * is the pushout,
and the stratification map is given by s%(x,t) = s(x) and s(x) = —o0. q

Remark 3.13. As remarked below Definition 2.3, the stratified topological cone C*(Y") agrees
with the stratified cone C'(Y'), when Y is compact Hausdorff. o

Note that the corollary below does not provide information about composition in the exit path
category. For this we need additional data as described in Corollary 3.15 and Remark 3.16.

Corollary 3.14. Let X — I be a stratified space with path connected, weakly contractible
strata, with I satisfying the ascending chain condition, and with surjective stratification map.
Suppose G is a discrete group acting on X — I and let m: X — G\X denote the quotient
map. Let for all i € I, G; denote the stabiliser of i and let G < G; denote the subgroup
which fizes X; pointwise. Suppose that for all i € I and all x € X; there is:

(i) a Gt-invariant neighbourhood U of x in X satisfying
{9€GlgUNU+#0} =G,

and such that V = U N X; is weakly contractible.
(i1) a stratified space L — I~; with weakly contractible strata which is equipped with an
action of G¢ such that the quotient GE\L is compact Hausdorff (where the action on
I.; is the restriction of the one of G;), and whose stratification map is surjective.
(iii) a Gt-equivariant stratified homeomorphism

¢: V x CYL) = U,

where G; acts on the L-coordinate of the left hand side, g.(x,[l,t]) = (x,[g.l,t]), and
such that ¢ restricts to the identity on V' x {x}.
(iv) assume additionally that the image w(V U X;) is metrisable for all j > i.

Then G\X — G\I is a metrisably conically stratified space, and the exit path oo-category of
G\ X is equivalent to the nerve of its homotopy category 11 (G\X). The exit path 1-category
18 equivalent to a category with objects the elements of I and hom-sets

Hom(i, j) = {g € G | gi < j}/Gi,
where GY acts by right multiplication.

Proof. As in Theorem 3.9, G\I has a natural partial order. The maps ¢ descend to the
quotient

¢: V x CHGA\L) — GA\U,

and since G¢\ L is assumed to be compact Hausdorff, the stratified topological cone C*(G¢\L)
coincides with C(Gf\L). We thus conclude that G\X — G\I is a metrisably conically
stratified space. The proof of Theorem 3.9 goes through word for word up until defining the
functor F, so we conclude that TI®%(G\ X) is canonically equivalent to its homotopy category.

Since the strata of X are path connected, we can fix basepoints x; € X; for all 7+ and any
object of TI{(G\ X) will be equivalent to Z; = m(z;) for some i. To determine the hom-sets
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in II$*(G\X), we choose a path v;; € M(&;,%;) for i # j (if the mapping space is empty,
there is nothing to prove), and the identification of the set of path components as in the proof

of Theorem 3.9 follows through word for word. As does the identification for ¢ = j, since X;
is again a K(G;/G%,1). O

What is lacking in the above situation is a collection of compatible exit paths that allow us
to also analyse the composition in TI{(G\ X). If such a collection exists, then we can fully
identify the exit path 1-category as in the following corollary (see also Remark 3.16).

Corollary 3.15. Suppose that in the situation of Corollary 3.14, we can choose basepoints
z; € X; for all i € I and paths ~J;: [0,1] — X with v;(0) = x; and v;,(1) = g~".z; for all
i,7 €1 and g € G with g.i < j. Assume that these paths satisfy the following conditions:
(i) v € H(Xi U Xg15, X;), when g.i < j,

(i) v; € C([0,1], X;), when g.i = j,

(iii) v is the constant loop at z; for all u € G¥,

(iv) the concatenations are functorial: for alli,j, k € I, and g,h € G with g.i < j, h.j <k,

we have equalities in TG\ X):

h
(mo ’thk) * (mo ’ij) = (o )-

Then the functor F: 6gx — HP(G\X), F(i) = 7(x;), F(lg]: i — j) = mong, is an
equivalence, where 6¢ x is the category with objects the elements of I and hom-sets

ax(i,j)={9€G|gi<j}/G,
where G acts by right multiplication, and with composition given by the product in G.

Proof. As in Theorem 3.9, the category é¢ x is well-defined, and conditions (i)-(iv) imply
that F' is well-defined. Moreover, it fits into the proof of Corollary 3.14 where it is seen to be
an equivalence. O

Remark 3.16. In the situation of Corollary 3.14, one can weaken the topology of X in order
to obtain a conically stratified space with the same quotient space G\X. This is similar to
the trick used by Milnor to construct universal bundles in [Mil56]. More specifically, let X"
denote the space whose underlying set is that of X equipped with the coarsest topology such
that

x the stratification map X* — [ is continuous,
% the map X" — G\ X is a quotient map,
* the inclusions X; — X", ¢ € I, are embeddings.

Suppose we have a stratified space L — I equipped with an action of G and let G act on
the stratified topological cone C*(L) — I° by acting on the L-coordinate of the cone and
fixing the apex. If G\L is compact Hausdorff, then C*(L)* = C(L"). Hence, if X admits
neighbourhoods as in Corollary 3.14, then X™ is a conically stratified space with quotient
space G\ X and we are almost in the situation of Theorem 3.9. However, the metrisability
conditions that need to be verified for Theorem 3.9 to apply, mean that we cannot make a
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reasonable general statement using X" as an intermediary construction. At least not with
the tools at hand.

In concrete cases, one can analyse the topology of X™ and, having verified the metrisability
conditions, apply Theorem 3.9 directly. On the other hand, in many cases one can probably
avoid considering the weaker topology by finding a collection of paths as in Corollary 3.15. At
first sight, finding such a collection of paths looks like a tedious task, but as we will see in the
case of the reductive Borel-Serre compactification, there may exists a cover of the stratified
space X, from which such a collection naturally descends. In our case, the paths will descend
from the partial Borel-Serre compactification. o

Observation 3.17. Suppose we are in the situation of either Theorem 3.9 or Corollary 3.15
and consider for some subset J C I, the image of the union UjeJ X under the quotient map
X = G\X:

UJxcaox.
jeJ

Then the exit path oo-category of U].EJ Xj; is also equivalent to the nerve of its homotopy
category and the functor ¢ x — I (G\X) defined in the proof of Theorem 3.9 or Corol-

lary 3.15 restricts to an equivalence
Cax(J) — HTXit(UjeJ X;).

of the full subcategory % x(J) spanned by the elements J and the exit path 1-category of
UjGJ Xj (©]

The following corollary recovers the result of |CL15, Theorem 1.7| in the cases to which their
theorem also applies (see also Remark 3.20).

Corollary 3.18. If in the situation of Theorem 3.9 or Corollary 3.15, the space G\X is
paracompact and locally contractible, then it is weakly homotopy equivalent to the geometric
realisation of the category € x. Moreover, this equivalence is functorial with respect to
inclusions of untons of strata in the sense that the restriction functors of Observation 3.17
are also weak homotopy equivalences.

Proof. We have a zig-zag of functors of oo-categories,
N(¢sx) — NIF(G\X)) +— IG\X) — Sing(G\X),

where the first is given by the equivalence F': 65 x — $(G\ X), the second is the canonical
map from TI%(G\X) to the nerve of its homotopy category, and the third is the weak
homotopy equivalence of Corollary 2.23. Functoriality with respect to inclusions of unions of
strata follows directly from Observation 3.17. O

We also have the following corollary, which is the case when all the subgroups G¢ are trivial.
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Corollary 3.19. Let X — I be a metrisably conically stratified space with I satisfying the
ascending chain condition. Suppose the strata of X are path connected and weakly contractible
and that we can choose conical neighbourhoods with weakly contractible strata. Let G be a
discrete group acting on X — I with metrisable quotient space G\X. If the action of G on
X s free and properly discontinuous, then G\X — G\I is a metrisably conically stratified
space. Moreover, the exit path category of G\X 1is equivalent to the nerve of its homotopy
category which is equivalent to the category € x with objects the elements of I, hom-sets

tex(i,j) ={9€G|gi<j}
and composition given by the product in G. The equivalence can be chosen such that it is func-

torial with respect to inclusions of unions of strata. If moreover, G\X is locally contractible,
then it is weakly homotopy equivalent to the geometric realisation |6 x|.

Remark 3.20. The results of this section should be compared with [CL15, Theorem 1.7]. We
rephrase and slightly strengthen their result in certain situations. The settings differ a great
deal; for one we refrain from talking about stacks, orbifolds and orbispaces in this paper, and
the conditions on the space X in Theorem 3.9 are much more restrictive. In particular, we
are only able to compare with (a subset of) the situations in which |[CL15, Theorem 1.7| gives
a homotopy equivalence. In these cases, however, we strenghten their result by determining
not just a homotopy type which is functorial with respect to inclusions of unions of strata
(Corollary 3.18), but the exit path oo-category. We also believe that the conditions needed
for our result to apply may be somewhat easier to check, since they are local.

The difference between the exit path co-category and a homotopy equivalence which is func-
torial with respect to inclusions of unions of strata can be summed up as the difference
between considering a space and its suspension. The mapping spaces of the exit path oo-
category keep track of the glueing data and we may lose this information by only considering
the homotopy type. Consider the following example: let X be a finite CW-complex with
m(X) # 0 and trivial homology, e.g. the 2-skeleton of the Poincaré homology sphere. Then
the (unreduced) suspension SX is contractible, since it is simply connected and SX — * is
a homology isomorphism. Stratify SX over {0 < 1} by sending [z,0] to 0 and [z,¢] to 1 for
t > 0 — this is conically stratified, as X is compact Hausdorff. The map SX — B[1] = [0, 1],
[z,t] — t, is a homotopy equivalence which is functorial with respect to inclusions of unions
of strata. However, X is a link space of the point [z,0] in SX, so the exit path co-category
of SX is equivalent to the topological category ¥ with objects 0 and 1 and morphism spaces
€ (i,i) ~*,1=0,1, and €(0,1) ~ X. o

4. THE REDUCTIVE BOREL-SERRE COMPACTIFICATION

We introduce the Borel-Serre and reductive Borel-Serre compactifications of a locally sym-
metric space '\ X associated with an arithmetic group I'. Zucker’s original definition of the
reductive Borel-Serre compactification is as a quotient of the Borel-Serre compactification.
Our construction is slightly different and follows the presentation of [JMSS15]: it will be
the quotient of a suitable stratified space under an action of I' allowing us to apply the
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calculational tools developed in the previous section. We refer the reader to the original
papers [BS73] and [Zuc83] and also to [GHM94],[BJ06] and [JMSS15] for more details. In
Section 4.2 we interpret these spaces as poset-stratified spaces and determine their exit path
oo-categories, proving the main result of this paper.

4.1. Locally symmetric spaces and compactifications. Let G be a connected reductive
linear algebraic group defined over @Q and let I' < G(Q) be an arithmetic group. We will
assume that the centre of G is anisotropic over Q, i.e. of Q-rank 0 (see [GHM94, §3|, [BS73,
§5.0] for details on why we can reduce to this case). Choose a maximal compact subgroup
K < G = G(R) and consider the symmetric space X = (/K of maximal compact subgroups
of G and denote by zy € X the basepoint corresponding to K. The space X is homeomorphic
to Euclidean space and the action of I' by left multiplication is properly discontinuous. If I'
is torsion-free then the quotient I'\ X is a locally symmetric space which by the Godement
compactness criterion is compact if and only if G has Q-rank 0 (|[BJ06, II1.2.15]). From now
on we assume that G has positive Q-rank. We will need to assume that I' is neat later on:
recall that a subgroup H C G(Q) is neat, if for some (hence any) faithful representation
p: G — GL, over Q, the subgroup of C* generated by the eigenvalues of p(h) is torsion-free
for all h € H. If H is neat, then it is torsion-free. Any arithmetic group contains a finite
index neat subgroup (|[Bor69, §17.6]).

Given a rational parabolic subgroup P < G, denote by Np < P the unipotent radical of
P and by Lp = P/Np the Levi quotient. Let Sp denote the maximal Q-split torus in the
centre of Lp, and let Mp = ﬂx ker x? denote the intersection of the kernels of the squares

of all rationally defined characters on Lp. Write Ap = Sp(R)° for the identity component
of the real points of Sp, and Mp = Mp(R). Then the real points Lp = Lp(R) has a direct
sum decomposition Lp = Ap X Mp, which induces the rational Langlands decomposition of
P =P(R):

P= Np X AP,:EO X MP,IO)
where Np = Np(R), and Ap,, and Mp,, are the lifts of Ap and Mp to the unique Levi
subgroup which is stable under the extended Cartan involution of GG associated with K. Since

G = PK, P acts transitively on X, and so the Langlands decomposition of P gives rise to
the horospherical decomposition of X

X = Np X AP,zo X XP@O,
where Xp ,, is the symmetric space
Xpwy = Mp gy /(Mp o, N K) = Lp/ApKp,

where Kp < Mp corresponds to Mp ,, N K. We define the geodesic action of Ap on X by
identifying Ap with the lift Ap,, and letting it act on X by the translation action on the
Ap ,,-factor of the horospherical decomposition. This action turns out to be independent of
the basepoint xy ([BS73, §3.2]). From now on we omit the reference to the basepoint z.
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For every rational parabolic subgroup P of G define the Borel-Serre boundary component as
€(P) = NP X XP = X/AP

according to the decompositions above. As a set, we define the partial Borel-Serre com-
pactification as the disjoint union of the Borel-Serre boundary components for all rational
parabolic subgroups of G.

XBS .= H e(P),

where we also interpret G as a parabolic subgroup of itself with e(G) = Xg = X.

To define the topology on XZ% we define corners associated with the rational parabolic
subgroups which simultaneously equip X?° with the structure of a manifold with corners.
Let P be a rational parabolic subgroup of G and let Ap denote the simple roots of P with
respect to Ap (|BJ06, I11.1.13]). We denote the value of a character o on a € Ap by a® and
make the identification

Ap S (Roo)®,  a (4™ )acap.

The closure of Ap in RA? is (Rso)?P and we denote this by Ap. The rational parabolic
subgroups containing P correspond bijectively to subsets of Ap. Denote by Ag C Ap the
subset corresponding to Q > P and define a point oq € Ap with coordinates o =1 for
all @ € A2 and 0" =0fora¢ AS. Note that op corresponds to the origin in R and

that og corresponds to the point all of whose coordinates are 1. For every rational parabolic
subgroup P of G define the corner associated with P as

X(P) = Ap x e(P) = Ap x Np x Xp,
and for Q > P, we identify e(Q) with (Ap - 0oq) X Np x Xp (|[BJ06, II1.5.6]). In particular,
we identify e(P) with {op} x Np x Xp and X with Ap x Np x Xp. Equip X with the
finest topology such that for all rational parabolic subgroups P of G, the inclusion

XP)= [Je@ — JJe(@ =%
Q

Q>P

is an open embedding. This equips X?° with the structure of a real analytic manifold with
corners which is Hausdorff and paracompact (|[BS73, Theorem 7.8]).

For each rational parabolic subgroup P, the action of P on X descends to an action on the
boundary component e(P). The action of G(Q) on X can be extended to an action on X 79
which permutes the boundary components, g.e(P) = e(YP), and which restricts to the action
of P(Q) on e(P) ([BS73, Proposition 7.6],[BJ06, I11.5.13]).

The action of I' on X5 is properly discontinuous and the quotient I'\ X ?5 is compact Haus-
dorff ([BS73, Theorem 9.3|,[BJ06, II1.5.14]). If T" is torsion-free, then the action is free and
the quotient map XP5 — I'\X 59 is a local homeomorphism. In particular, I'\ X 2% is also a
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manifold with corners. In this case, since X can be identified with the interior of XBS5 the
spaces '\ XP% and '\ X are homotopy equivalent and models for the classifying space of I.

We move on to define the reductive Borel-Serre compactification. For every rational parabolic
subgroup P of G define the reductive Borel Serre boundary component as

é(P) = Xp

so that we have a projection e(P) — é(P) dropping the factor Np in the Borel-Serre boundary
component. We define the partial reductive Borel-Serre compactification as a set

xS e,
P

where we once again interpret G as a parabolic subgroup with é(G) = X = X.

The projections e(P) — é(P) define a surjection XB% — XEBS and we equip X B9 with the
quotient topology. The action of G(Q) on X descends to a continuous action on X /%%
and the quotient T\ X*P% is a compact Hausdorff space ([JMSS15, Lemma 2.4]).

Remark 4.1. It should be noted here that the quotient topology on X2 does not agree
with that of the uniform construction in [BJ06| which is much weaker. We believe that the
uniform construction agrees with the weaker topology (X##%)" of Remark 3.16 with respect
to the action of I'. o

We have a commutative diagram of quotient maps as on the left below, which, if I' is neat,
restricts to a commutative diagram of fibre bundles as on the right for each rational parabolic
subgroup P, where I'p = I'NP(Q) and I't,, = I'p/I'np with 'y, = TN Np(Q). The fibre of
the lower horizontal map is the nilmanifold 'y, \ Np. Zucker originally defined the reductive
Borel-Serre compactification as the quotient of I'\ X #¥ given by collapsing these nilmanifold
fibres.

XBs X1BS e(P) é(P)
- |
M\ XBS —— T\ X1BS Ip\e(P) — ', \é(P)

We will need the following observation: the spaces X2 '\ X 2% and I'\ X #5% are metrisable.
Indeed, the partial Borel-Serre compactification is a second-countable manifold with corners
(|BS73, Theorem 7.8]), the Borel-Serre compactification is a compact manifold with corners,
and the reductive Borel-Serre compactification is compact Hausdorff and locally metrisable.

4.2. Stratifications and exit path oo-categories. In this section we use the results of
Section 3.2 to determine the exit path co-categories of the Borel-Serre and reductive Borel—-
Serre compactifications.

We stratify the partial compactifications over the poset & of rational parabolic subgroups
in the obvious way, sending the boundary component e(P) respectively é(P) to P. For the
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partial Borel-Serre compactification, this is the natural stratification of X?% as a manifold
with corners; the boundary component e(P) is of codimension dim Ap. The action of " on
X BS and X B9 ig a stratum preserving continuous action with I' acting on & by conjugation.
Since a parabolic subgroup is its own normaliser, the stabiliser of P is I'p = 'NP(Q) in both
cases.

Assume I' to be torsion free. The action of I' on X% is free and properly discontinuous,
the strata e(P) are contractible and locally contractible, and, being a manifold with corners,
X B3 is metrisably conically stratified and the link spaces have contractible strata. Therefore
Corollary 3.19 applies.

Theorem 4.2. The exit path co-categories of the partial Borel-Serre compactification X 53
and the Borel-Serre compactification T\XPS are canonically equivalent to the nerves of their
homotopy categories. The homotopy category IS (XBS) is equivalent to the poset 2, and
194D\ X B%) is equivalent to the category 689 with objects the rational parabolic subgroups
of G and hom-sets

¢ (P,Q ={yel|"P<Q}, foral P,QeZ,
and composition given by the product in T'.

Identifying the exit path oo-category of the reductive Borel-Serre compactification requires
a little more work in order to determine appropriate conical neighbourhoods. Moreover, the
partial reductive Borel-Serre compactification is “topologically conically stratified” on non-
compact link spaces, so the exit path simplicial set is not necessarily an oo-category. We
exploit that the paths in X% descend to define a compatible collection paths in X2 and
apply Corollary 3.15. We now assume I' to be neat.

Theorem 4.3. The exit path oco-category of the reductive Borel-Serre compactification F\XRBS

is canonically equivalent to the nerve of its homotopy category. The homotopy category
[T\ X BBS) s equivalent to the category €GPS with objects the rational parabolic sub-
groups of G and hom-sets

G (P.Q)={7el|"P<Q}/In,, forall P.Qe 2,
where I'np acts by right multiplication, and composition is given by multiplication of repre-

sentatives.

Proof. We will show that the stratified space X*P% — & equipped with the action of I'
satisfies the conditions of Corollary 3.15. Note first of all that the fixing group I't of the
action of T on X 7P is 't = I'np.

For all P € &, stratify Ap over &5p by sending Ap - oq to Q for all Q > P. These

stratifications are compatible with the stratification of X% as we have identified e(Q) with
(Ap - 0q) x Np x Xp C X(P). For any ¢ > 0 and any rational parabolic subgroup P, set

Ap(t) ={a€Ap|a*<tforallac Ap} C Ap
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stratified as a subspace of Ap. Note that Ap(t) = [0,1)2P.

Let P be a rational parabolic subgroup of G. The group I'y, is torsion free, as I' is neat, so
it acts freely and properly discontinuously on the stratum é(P), Hence, we may choose an
open, relatively compact and contractible subset W C é(P) such that

{v€Tp [y WNW # 0} = I'ny,

and we can view W as a subspace of the quotient I',\é(P). Having compact fibres, the
fibre bundle I'p\e(P) — I't, \é(P) is proper, and therefore the preimage V' C I'p\e(P) of W
under this map is relatively compact. The preimage of V in e(P) is Np x W, and it follows
that there is a t > 0 such that the equivalence relations induced by I' and I'p on the subspace

Ap(t) x Np x W C Ap(t) x e(P) C X(P) C XP¥
of the partial Borel-Serre compactification agree (|Zuc86, 1.5]).
Consider the subspace
to={0€Ap | Tocppa =1} C Ap

and stratify it accordingly over &.p. This is just the standard (topological) (dim Ap — 1)-

simplex stratified as a manifold with corners; the Q’th stratum of /p is {pg = fp N (Ap - 0q).

Let C(lp) — P>p denote the stratified cone on ¢p (as fp is compact Hausdorff, this agrees

with the stratified topological cone C*(¢p)). There is a stratum preserving embedding
C(gp) — A_p(t)

given by sending [a, s] € C(fp) to the point b € Ap(t) satisfying b= = sta™°.

Define a stratified space Zp — P-p as the quotient of /p x Np — H.p given by applying
the quotients

lpg X Np — lpg X Nq\Np
to the strata of /p x Np. The embedding
C(lp) x Np x W < Ap(t) x Np x W < X B9
descends to define a stratum preserving embedding
CHLp) x W — XFEBS

which restricts to the identity on {*} x W where x is the apex of C*(.%p) — note that as %p is
non-compact, the stratified topological cone is different from the stratified cone C(%p). Let
U denote the image of the above map, so that we have a stratum preserving homeomorphism

p: CH( L) x W = UL
Our choice of W and ¢ imply that
{yeT |rUNU # 0} =T'np.
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Moreover, ¢ is I'np-equivariant, when we let ', act on Zp by acting on the second factor
of the Q'th stratum /pq x Nq\Np via the quotient I'ng\I'np. The quotient I'n,\-Zp is
compact as it factors through ¢p x I'n,\Np. Hence, the conditions of Corollary 3.14 are
satisfied.

For a collection of compatible exit paths, we may choose the ones coming from the partial
Borel-Serre compactification. If z,y € X% are connected by a morphism in TI$¥t (X B5) ~ 22,
then the morphism is unique, and we choose an exit path p,_,, in XZ9 representing this
morphism (for z = y, we choose the trivial loop). Let p: X529 — X%BS denote the quotient
map, and fix basepoints zp € e(P) for all P. For any P,Q and v € I" with "P < Q, we

choose the path p1 0 pgp_y-1,4 in XEBS Then Corollary 3.15 applies and we are done. [

Remark 4.4. The uniform construction of |[BJ06| gives rise to a conically stratified space
equipped with an action of ' whose quotient space agrees with I'\ X "%, We believe that one
can apply Theorem 3.9 to this space directly, but by using the Borel-Serre compactification
to define a collection of compatible exit paths, we save ourselves the trouble of having to
analyse this topology in detail. o

Remark 4.5. We wish to remark that the identification of neighbourhoods and link spaces
in the proof of Theorem 4.3 make no claim to originality (see [JMSS15|, |[GHM94|, |Zuc86],
[BJOG6]). We just make a detailed analysis in order to verify the conditions of Corollary 3.14.0

Observation 4.6. The equivalences
CKIBS N Htlaxit(F\YBS) and (KIRBS N Hixjt(F\YRBS)

of the theorems above can be defined compatibly as follows: for any rational parabolic sub-
group P, choose a basepoint zp € e(P) in the Borel-Serre boundary component — note that
it in fact suffices to make a choice of basepoint zy € X, i.e. a choice of maximal compact
subgroup K < G, as this gives canonical choices of basepoints in the boundary components.
For any two points x,2’ € XP9 if there is a morphism = — 2’ in TI$¥(XB9), then it is
unique, and we denote it by p, ..

Recall the commutative diagram of quotient maps below. We denote by (—). the induced
map of exit path categories whenever this makes sense (the exit path simplicial set of the
partial reductive Borel-Serre compactification is not necessarily an oco-category).

YBS L YRBS

d |

Y BS Y RBS
M\XP$ —— I'\X

With respect to the basepoints xp € e(P), the equivalences
FBS: (gFBS N HiXit(F\YBS), and FRBS: (KI]‘:CBS - HiXit(F\YRBS)
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are given by
FP3(P) = m(zp) and F5(P) = p(u(zp)),
on objects, and on morphisms by
FP%(v: P = Q) = T (Papsr-tag)s
FRP5([3]: P = Q) = (p© 1) s (Papsy1ag)-

The following diagram commutes
P “ps s
J FBS l FRBS
o= T . — Vy . —
H(ixu: (XBS> R Hlixlt (F\XBS) , H?Xlt(I‘\XRBS)

when &2 — 65° is the inclusion as a subcategory sending the unique morphism P < Q to
the morphism P — Q given by the identity element in T'; the functor €75 — €*P% is given
by the obvious quotients on the hom-sets; and & = II$(XB%) is given by sending P to
Ip. ]

5. CONSEQUENCES: HOMOTOPY TYPE AND THE CONSTRUCTIBLE DERIVED CATEGORY

We derive some immediate corollaries to Theorem 4.3, the identification of the exit path
oo-category of the reductive Borel-Serre compactification. We determine the homotopy type
of the reductive Borel-Serre compactification and in particular the fundamental group, and
we review the classification of constructible sheaves and the constructible derived category.

Let G be a connected reductive linear algebraic group over Q of positive Q-rank whose centre
is anisotropic over Q. For a given neat arithmetic group I' < G(Q), let I'\ X725 denote the
reductive Borel Serre compactification of the associated locally symmetric space I'\ X as
defined in Section 4.1. Let €¥29 be the category defined in Theorem 4.3.

Since the inclusion of the exit path oco-category into the singular set is a weak homotopy
equivalence of simplicial sets, we recover the homotopy type of the reductive Borel-Serre
compactification (Corollary 3.18).

Corollary 5.1. The reductive Borel-Serre compactification F\YRBS 15 weakly homotopy
equivalent to the geometric realisation of €P5.

The fundamental group of the geometric realisation of a small category is the localisation of
the category at all morphisms (|Qui73b, Proposition 1|). We thus recover the following result
of Ji-Murty—Saper—Scherk (|[JMSS15, Corollary 5.3|).

Corollary 5.2. The fundamental group of the reductive Borel-Serre compactification I'\ X #59
is isomorphic to the group T'/Er, where Er < T' is the normal subgroup generated by the
subgroups I'np, < T' as P runs through all rational parabolic subgroups of G.
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Remark 5.3. One should think of Et as the subgroup of “elementary matrices”, cf. the case
I' <GL,(Z), n > 3. o

Having determined the exit path co-category, we get a classification of constructible sheaves
on I'\ X789 as representations of €*%° (Theorem 2.21).

Corollary 5.4. For any compactly generated oo-category €, there is an equivalence of co-
categories

Uy : Fun(N(€HP%),€) — Shven (D\ X755, €).

Now, as the exit path oo-category of F\YRBS is equivalent to the nerve of its homotopy
category, we can apply Theorem 2.28 and Corollary 2.29 to express the constructible derived
category as a derived functor category.

Proposition 5.5. Let R be an associative ring. There is an equivalence of oo-categories
Shvep (T\X P, LModg) ~ 2(Fun (%77%, LMody},)),
which restricts to an equivalence
Shveptept (T\X 7%, LMod ) 22 Dot (Fun (£777%, LMody,)),

where Doy (Fun (€155, LModpy)) C 2(Fun (¢579, LMody,)) is the full subcategory spanned
by the complezes of functors Fy such that the complex Fy(x) is perfect for all x € X.

Corollary 5.6. Let R be an associative ring. There is an equivalence of categories
Depi(Shvy (T\X7P% | R)) ~ D(Fun(%%°, LMody,))
which restricts to an equivalence
Dept.ept (Shvi (P\X 5%, R)) & Doy (Fun(™°, LModp)),

where Dy, (Fun (€85 LMody,)) € D(Fun(%{P%, LMod},)) is the full subcategory spanned by
the complezes of functors Fy such that the complex Fy(x) is perfect for all x € X.

As mentioned earlier (Example 2.27), both intersection cohomology of I'\ X #8% and weighted

cohomology of I' are examples of constructible compact-valued complexes of sheaves on
'\ X B9 taking values in complex vector spaces, i.e. they are objects of Dy ept(T\X %29, C)
(|GM83, §3] and [GHM94, Theorem 17.6]). In |Sap05a| and |Sap05b]|, Saper introduced the
theory of £-modules, a combinatorial analogue of constructible complexes of sheaves on the
reductive Borel-Serre compactification. The theory is used this to prove a conjecture of
Rapoport and Goresky—MacPherson relating the intersection cohomology of certain Satake
compactifications with that of the reductive Borel-Serre compactification (|[Rap86, GMS88]).
This allows one to transfer cohomological calculations from the more singular spaces, Satake
compactifications, to the reductive Borel-Serre compactification.

If one thinks of Z-modules as a combinatorial analogue of constructible complexes of sheaves,
then the equivalence of Corollary 5.6 can be interpreted as providing an actual combinatorial
incarnation.
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6. GENERALISATION

The category 4 *P% was defined in Section 4.2 in terms of the poset of rational parabolic
subgroups of a reductive algebraic group, their unipotent radicals and the conjugation action
of I on this poset it is a special case of the category % x defined in Theorem 3.9 in
terms of stabilisers and poset relations for a group acting on a stratified space. The object of
interest was the stratified space I'\ X2 or in the general case a stratified orbit space G\ X,
but it is easy to see that the categories make sense in a more general setting. We make this
precise in this section.

6.1. Construction and examples. We define a category associated to a group action on a
poset equipped with some additional data.

Construction 6.1. Let G be a group acting on a poset /. Let G; denote the stabiliser of
i € I, and suppose we have a choice of subgroup G¢ < G for every i € I such that the
following conditions hold:

(i) G5 < G foralli <j.
(ii) 4Gy = GY ;forallie I, g€ G.

We call Gf the link subgroup at i. Define a category % with objects the elements of I and
hom-sets

%(i,5) = {9 € G| gi<j}/Gi,

where GY acts by right multiplication, and with composition given by multiplication of rep-
resentatives in G. Properties (i) and (ii) imply that this is well-defined. o

Example 6.2.

(i) Let X — I be a Hausdorff stratified space such that X; C X; for all i < j. Suppose
G is a discrete group acting on X — I. Let for all i € I, GY < G; denote the
subgroup which fixes X; pointwise. This recovers the category ¢ x in the situations
of Theorem 3.9 and Corollary 3.15.

(ii) For any group G and any collection of subgroups C which is closed under conjugation,
we can view C as a poset and consider the action of G on C by conjugation and choose
the trivial subgroups as the link subgroups. This recovers the transport category on
the collection C.

(iii) Let G be a connected linear algebraic group defined over a field k and let &7 denote
the poset of k-parabolic subgroups of G. The group G(k) acts on & by conjugation.
Let for all P € &2, Np < P denote the unipotent radical and choose the k-points of
these as the link subgroups: (G(k))s = Np(k) < P(k) < Ng(P)(k).

(iv) As an extension of the previous example, we can also consider the action of a subgroup
I' < G(k) and the restricted subgroups I's, = 'y, = TN Np (k). A special case of this
recovers the category 6;#29 of Section 4.2. If we choose the trivial subgroups e < I'p
as the link subgroups, then we recover °.
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(v) Let G = (G,B,N,S,U) be a finite group with a split BN-pair of characteristic p
(see [CR87, §69] for details). Let &2 denote the collection of parabolic subgroups
of GG, i.e. the subgroups P containing some conjugate of B. Then Gp = P for all
P € & (|CR87, Theorem 65.19]). As link subgroups, consider the maximal normal
p-subgroups, O,(P) < P (the analogue of the unipotent radical). This recovers (the
opposite of) the orbit category on the p-radical subgroups of G, an object of great
interest in finite group theory (see Section 6.2 below).

(vi) We can generalise (iii) and (iv) to the case of reductive group schemes: for a reductive
group scheme G over a scheme S, consider the poset & of parabolic subgroups and
for each P € &, let Np denote the unipotent radical of P (|Conl4, §5.2|). Any
subgroup I' < G(S) acts on & by conjugation and we can choose the link subgroups
I's = I'np = I'NNp(S) given by the unipotent radicals. o

6.2. Orbit categories and p-radical subgroups. Let G = (G, B, N,S,U) be a finite
group with a split BN-pair, and consider the categories €2° respectively €225 obtained
from Construction 6.1 by considering the poset of parabolic subgroups of G and as link
subgroups the trivial subgroups e < P respectively the largest normal p-groups O,(P) < P
(cf. Example 6.2 (ii) respectively (v)). There is a canonical functor €Z° — €EB5 which is
the identity on objects and is given on hom-sets by the quotient maps

{9€G|P<Q} — {9 G |/P <Q}/O,(P).

Remark 6.3. These categories generalise the exit path categories of the Borel-Serre respec-
tively reductive Borel-Serre compactifications and the functor generalises the one induced by
the quotient map I'\ X P — '\ X %P9 as found in Observation 4.6. o

Definition 6.4. Let G be any finite group and p a prime. A subgroup U < G is called
p-radical if the greatest normal p-subgroup of the normaliser of U in G is U itself, i.e. if
O,(N¢g(U)) = U or equivalently O,(Ng(U)/U) = e. q

Remark 6.5. The p-radical subgroups have been studied extensively in finite group theory:
they play an important role in Alperin’s weight conjecture |Alp87, AF90| and the poset of p-
radical subgroups and the orbit category on this collection turn out to be of great significance
in group cohomology and homotopy theory of classifying spaces (|[Bou84, JM092a, JMO92b,
Gro02, Grol8|). o

For G a finite group with a split BN-pair of characteristic p, let &(G) denote the orbit
category of G-orbits and G-maps and denote by By (G) the collection of p-radical subgroups
of GG. Consider the transport category %g(c)(G) on the collection of p-radical subgroups of
(G, and the full subcategory ﬁg;(g)(G) C 0(G) spanned by the G-orbits whose isotropy group
is a p-radical subgroup of GG. There is a canonical functor

Tss(0)(G) = Ops(c)(G)
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which sends P to G/O,(P) and on hom-sets is given by inversion and taking quotients,
gl
{9€G70,(Q) <Oy(P)} = {9 € G| 0,(Q) < O,(P)}/0,(P),

where we use that Homg(G/H,G/K) —s {g € G | H? < K}/K by sending a G-map to its
value on the identity coset.

The poset of parabolic subgroups of G is G-equivalent to the (opposite) poset of p-radical
subgroups of G by taking normaliser and O, respectively. This is a well-known fact and a
consequence of the Borel-Tits Theorem, which says that if a closed unipotent subgroup U of a
connected algebraic group H is equal to the unipotent radical of its normaliser, then Ng(U)
is a parabolic subgroup of H (see [BT71, Corollary 3.2| for the general case and [BW76|
for the analogous result for finite Chevalley groups). The following proposition is a simple
application of this fact — we spell out the steps for clarity (see also for example [Gro02,
Remark 4.3|).

Proposition 6.6. There is a commutative diagram

BS RBS
e e

v | o

Te(6) (G)F —— Ope(c)(G)”

where the horizontal functors are the canonical ones and the vertical ones are isomorphisms
given by

U(P) = 0,(P) U(g: P = Q) =g ": 0,(Q) — O,(P),

O(P) = G/Oy(P) O(lg]: P = Q) = [g]: G/0p(Q) = G/Op(P).
Proof. The functors ® and ¥ are well-defined as N (O,(P)) = P for all parabolic subgroups

P (|CR87, Theorem 69.10]). They are bijective on objects by the Borel-Tits theorem. To see
that they are bijective on hom-sets, note that

{9€G|0,Q) <O)(P)} ={geG|'P <Q}, (1)
since in the case where P < @), both sets are equal to ) (this is seen in the proof of |[Gro02,
Lemma 4.2| and also in [CR87, Theorem 65.19)]). O

APPENDIX A. HOMOTOPY LINKS AND FIBRATIONS

We provide proofs of the two fundamental results on homotopy links used in Section 2. These
are elementary point-set topological proofs and the results are well-known. We include them
for the sake of self-containment, and since the proofs that we have been able to locate in the
literature work in much more general or slightly different settings. It also clarifies why we
impose metrisability conditions on the stratified spaces.
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Throughout this appendix, we write I = [0, 1] to ease notation. This should not be confused
with the posets [ appearing in the main body of the paper.

We recall the definition of the homotopy link, also given in Section 2: let X be a topological
space and Y C X a subspace. The homotopy link of Y in X is defined as the following
subspace of paths

HX)Y)={y: 1= X[7(0) €Y, 7((0,1]) CX -Y} C C(I,X)
equipped with the compact-open topology.

This is a notion from the theory of homotopically stratified sets introduced by Quinn in
[Qui88] in order to study purely topological stratified phenomena: a filtered space

XoCcXyC---CX,

is homotopically stratified if for all £ > 7, the subspace X; — X;_; has a “homotopically well-
behaved” neighbourhood in (X; — X;_1) U (X; — X;_1) (i.e. is tame, see Remark A.5) and the
evaluation at zero map from the homotopy link of this pair is a fibration. These conditions
provide a homotopical replacement of mapping cylinder neighbourhoods, the homotopy link
being an analogue of the frontier of such a mapping cylinder neighbourhood (see also [Qui02]).

A.1. End point evaluation fibrations. We show that for a suitably nice pair of spaces
(X,Y), the end point evaluation map H(X,Y) — X x Y is a fibration. The following lemma
explains our need to impose metrisability conditions on the stratified spaces that we consider.

Lemma A.1. Let X be a metrisable space, Y C X a subspace, and U an open neighbourhood
of Y in X. There is a continuous map §: H(X,Y) — (0,1) such that for all v € H(X,Y),

1([0,6()) €U .

Proof. The homotopy link H(X,Y') admits partitions of unity, being a subspace of a metris-
able space C(I, X) and thus itself metrisable. For any v € H(X,Y), let §, € (0,1) such that
7([0,6,]) € U. The subset

U, = C([0.6,,U) N H(X.Y) = {n € H(X,Y) | 5([0,5,)) € U}

is an open neighbourhood of v in H(X,Y). Let {p,} be a partition of unity subordinate to
the cover {U,} of H(X,Y), and define 0: H(X,Y) — (0,1) as 0 = >__ d,p,. O

Proposition A.2. Let X be a metrisable space, Y C X a subspace, and suppose there is an
open neighbourhood N of Y in X such that the evaluation at zero map H(N,Y) — Y is a
fibration. Then the evaluation at zero map eq: H(X,Y) — Y is a fibration.

Proof. Let A be a topological space, and let ay and « as in the following diagram.

Qg
A—— H(X)Y)

a T
Jeo

AxT Y

(67
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Let 6: H(X,Y) — (0,1) be as in Lemma A.1 for U = N. For any v € H(X,Y) and any
0<r<s<l1,lety,q: I = X denote the reparametrisation of the restriction of ~ to [r, 5]
and define continuous maps

R: H(X,Y) — H(N,Y), Y Vo)
R:HX,)Y) = C(I,X -Y), Y V().

By assumption, ey: H(N,Y) — Y is a fibration, so there is a map &: Ax [ — H(N,Y) such
that eg o & = a and &(—,0) = R(ap(—)).

Consider the diagram below with 7 given by
n(—,—,0) = a(—,—)(1), and n(—,0,—)= Roay,

where Roag: A — C(I,X —Y) is viewed as a map A x I — X — Y via the exponential
law. The map 7) is an extension of 1 using that the pair (A x I, A x {0}) has the homotopy
extension property.

Ax (Ix {0} U0} x 1) == X —Y

L
J -
AxIx]T

We can view 77 as a map A x [ — C(I, X —Y) by applying the exponential law to the second
factor of I, and we define a: A x I — H(X,Y') as the vertical concatenation of & and 7:

d(a,s)(m) t €0, §(avp(a))]
afa,s)(t) = 1 . —§(aola
i, 5) (122D ) 1 € [3(an(a)), 1
This is the desired lift. U

Corollary A.3. Let X be a metrisable space, Y C X a subspace, and suppose there is a
neighbourhood N of Y in X such that the evaluation at zero map H(N,Y) — Y is a fibration.
Then the end point evaluation map e = eq X ey s a fibration:

e: HX,)Y) =Y x X, v~ (7(0),7(1)).

We leave the proof of this as an exercise for someone wanting to practice concatenation and
reparametrisation of homotopies. See [Woo09| for more related fibrations.

A.2. Homotopy links and mapping cylinder neighbourhoods. We show that when we
are only interested in the homotopical information, the homotopy link provides an adequate
replacement for the link space or link bundle. For more details, see [Qui88|, in particular
Lemma 2.4 and its corollary, or [Qui02].

Definition A.4. Let (N,Y) be a pair of spaces. A map r: N x I — N is a nearly strict
deformation retraction into Y if it satisfies



68

38 MIKALA ORSNES JANSEN
(i) r(—,1) =1id,
(i) 7(NV,0) C Y,
(iii) "(N =Y, t) C N =Y forall t > 0
(iv) r(y,t) =y forally e Y, t € I. <4

Remark A.5. The ‘nearly strict’ refers to the fact that r preserves the pair (V,Y’) until the
very last moment at ¢t = 0, when everything is pushed into Y. In the setting of homotopically
stratified sets, a subspace Y C X is called tame if there exists a neighbourhood of Y in X
equipped with a nearly strict deformation retraction ([Qui88|). o

A nearly strict deformation retraction r: N x I — N into a subspace Y C N defines a
continuous map ¥: N—Y — H(N,Y), sending a point z € N —Y to the path p,: t — r(x,t)
tracing the image of x under r.

Lemma A.6. Let Y C N be a pair of topological spaces and suppose there is a nearly strict
deformation retraction v: N x I — N into Y. Then the map V: N =Y — H(N,Y), © +— p,,
defined above is a homotopy equivalence with homotopy inverse given by evaluation at 1,
ep: HN,Y) - N -Y.

Proof. We first note that e; o ¥ =id. The map H: H(N,Y) x [ — H(N,Y) given by

r(y(t), 1+ 2s(t — 1)), s <
r(y(2(t —ts+s)—1),t), s>

provides a homotopy id ~ W o e;. 0

H{(y,s)(t) = {

N N

Lemma A.7. Let X be a metrisable space, Y C X a subspace, and N an open neighbourhood
of Y. The inclusion v: H(N,Y) — H(X,Y) is a homotopy equivalence.

Proof. Let 6: H(X,Y) — (0,1) be as in Lemma A.1 for U = N, and define a map
G: HX,)Y) x I = H(X)Y),  G(y,5)(t) =(t(s6(7) + 1 = ) = Yo,s50)+1-s] (1)-

Then Gy = G(—,1), v = Yo,s(~), is a homotopy inverse to ¢ with G providing the desired
homotopies G': idg(x,y) ~to Gy and Gov: idyny) ~ G ot O

Composing the homotopy equivalences from the above two lemmas, we have the following
result.

Proposition A.8. Let X be a metrisable space, and Y C X a subspace. Suppose there is an
open neighbourhood N of Y equipped with a nearly strict deformation retractionr: NxI — N.
Then the map N —Y — H(X,Y), x — p,, is a homotopy equivalence.

APPENDIX B. CONSTRUCTIBLE %-VALUED SHEAVES

In this appendix we show that the equivalence

Uy : Fun(II®(X),S) = Shve (X, S)
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of |[Lurl7, Theorem A.9.3| can be generalised to %-valued sheaves for compactly generated
%. Here S denotes the co-category of spaces. The equivalence is used in Section 2.4 to give
an expression of the constructible derived category of sheaves (of R-modules) in terms of the
exit path oo-category.

To anyone with a reasonable grasp of oo-categories, this will be quite rudimentary, but we
hope that the level of detail will make the results more accessible to any reader without a
background in oo-categories.

B.1. Sheaves valued in compactly generated oo-categories. We give a very brief recap
of the necessary definitions. We refer to [Lurll, §1.1] for details on @-valued sheaves (see also
|Tan19, §8.5|). Let & be a compactly generated oo-category. Then € ~ Ind(%;) for a small
oo-category 6y admitting small colimits (see comment at the beginning of [Lur09, §5.5.7]).

Definition B.1. Let X be a topological space and let % (X) denote the category of open
sets of X. The oo-category of € -valued presheaves on X is the functor oo-category

Fun(N(% (X)), 7).

A presheaf F: N(% (X)) — € is a €-valued sheaf on X if for any U € % (X) and any
covering sieve {U,} of U, the map

F(U) — lm F(U.)

is an equivalence. We denote the full subcategory of Fun(N (% (X))°P, %) spanned by the
¢ -valued sheaves by Shv(X,%). N

Remark B.2. We say that a sheaf F € Shv(X, %) is hypercomplete if it satisfies descent
with respect to any hypercovering not just covering sieves (see [Lur09, §6.5.3]). o

Lemma B.3. For any topological space X and any compactly generated € ~ Ind(%y), there
1S an equivalence of co-categories

Shv(X, %) = Fun'™(%;®, Shv(X, S)).
Proof. For any oo-category &, there is an equivalence
Fun(2°°, Ind(%;)) = Fun'™(%;®, Fun(2°, S)), (2)

where the right hand side is the full subcategory spanned by the functors which preserve
finite limits — this is in fact an isomorphism of simplicial sets identifying both sides with
subcategories of Fun(2° x %;*,S). We apply this to (the nerve of) the category of open
sets of X, 2 = N(% (X)), and note that by [Lur09, Corollary 5.1.2.3], the sheaf condition
on the left hand side of the equivalence translates to the sheaf condition on the codomain of
the right hand side. 0
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Remark B.4. Let f: X — Y be a map of topological spaces and consider the pushforward
and pullback functors of S-valued sheaves

f*
Shv(X,S) S Shv(Y,S).
f*
Since both f* and f, preserve finite limits, postcomposition with these define an adjunction
f*
Fun'™(%;”, Shv(X,S)) S Fun'™ (45>, Shv(Y, S)).
f*

Precomposition with the induced functor % (Y) — % (X)) defines a pushforward map
fe: Shv(X, %) — Shv(Y, %),
and we have a commutative diagram as below.

Shv(X, %) —— Fun™(€2”, Shv(X, S))

| |1

Shv(Y, %) —— Fun'™(%;", Shv(Y, S))

Therefore the left adjoint f* on the right hand side defines a left adjoint f* to the pushforward
map of @-valued sheaves on the left hand side. See also |[Lurll, Remark 1.1.8]. o

Definition B.5. Let X be a topological space and let p: X — * denote the unique map to
a point. A sheaf F € Shv(X, %) is constant if it is in the essential image of the pullback
functor p*: Shv(x, %) — Shv(X,¥). A sheaf F € Shv(X, %) is locally constant if there is an
open cover {U,} of X such that the pullback of F to each U, is constant. q

Definition B.6. Let X be an [-stratified space. A sheaf F € Shv(X,¥) is constructible if
the restriction to each Xj; is locally constant. We denote by Shv, (X, %) the full subcategory
of constructible sheaves. <

Since the equivalence of Lemma B.3 commutes with pullback functors, it descends to an
equivalence of the subcategories of constructible sheaves.

Lemma B.7. For any I-stratified space X and any compactly generated € ~ Ind(%y), there
18 an equivalence

Shven (X, €) = Fun'™(%5®, Shven (X, S))

Definition B.8. Let X be an [-stratified space. A constructible ¢-valued sheaf is compact-
valued if its stalks are compact objects of €. We denote by Shvp cpt (X, €) the full subcate-
gory of constructible compact-valued sheaves. <



71

STRATIFIED HOMOTOPY TYPE AND REDUCTIVE BOREL-SERRE 41

B.2. Exit path oo-categories and constructible ¥-valued sheaves. Using Lemma B.7,
we can generalise Lurie’s classification of space-valued constructible sheaves as representations
of the exit path co-category ([Lurl7, Theorem A.9.3]) to sheaves taking values in compactly
generated oo-categories. The result is well-known and not hard to prove, but we have been
unable to locate a proof in the literature. See [Tan19, §8.6] for a sketch of how to generalise
the proof of [Lurl7, Theorem A.9.3] to € -valued sheaves.

Theorem B.9. Let X be a conically I-stratified space which is paracompact and locally con-
tractible, and where I satisfies the ascending chain condition. Let € be a compactly generated
oo-category. Then there is an equivalence of co-categories

Ux: Fun(TI®(X), %) = Shva (X, %).

Proof. Let %, denote the oco-category of compact objects of €. We get a sequence of equiva-
lences

Fun (M2 X), Ind(%)) ~ Fun'™(%;®, Fun(II<(X), S))
= Fun'™(%3?, Shvep (X, S)) ~ Shve, (X, Ind(%))

by applying (2) from the proof of Lemma B.3 to 2 = II®%(X) and combining this with the
equivalences of Lemma B.7 and [Lurl7, Theorem A.9.3]. O

We have the following naturality statement generalising [Lurl7, Proposition A.9.16].

Proposition B.10. Let X — I and Y — J be paracompact, locally contractible conically
stratified spaces with J C I and where I satisfies the ascending chain condition. Let € be a
compactly generated co-category. For any stratum preserving map f:Y — X which on posets
is given by the inclusion, there is an equivalence vy x: Uy o f* = f*oWx. In particular, the
diagram below commutes up to homotopy.

, v
Fun(TI< (X)), €) —— Shven (X, %)

f*l lf*

Fun(Hg.’fit(Y), Cg) T’ ShVCbl (}/, (g)

Y

Proof. The equivalence of [Lurl7, Theorem A.9.3| is the composite of three equivalences, the
first two of which are natural. For the third one, Proposition A.9.16 of [Lurl7| provides the
desired equivalence of functors for S-valued sheaves:

. Uy
Fun(IT&(X),S) — Shven (X, S)
Flll’l(Hg?%Y), S) \IJ—> ShVCbl(Y, S)

Y
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Applying Fun'™(%;®, —) to this diagram and noting that the equivalence of Lemma B.7
commutes with pullbacks (by definition of the pullback functor) and the equivalence (2) in
the proof of Lemma B.3 is natural, we obtain the desired equivalence ¢y x: Wy o f* = ffoWUx
for €’-valued sheaves. O

Corollary B.11. Let X be a paracompact, locally contractible conically I-stratified space with
I satisfying the ascending chain condition, and let € be a compactly generated co-category. Let
F:I%YX) - € and F := Vx(F) € Shvg (X, %). For all x € X, there is an equivalence
Fy = F(x) in €.

Proof. For the one point space x, the equivalence ¥, : Fun(II%"(x),S) — Shv(x,S) sends a
Kan complex Y to the Kan complex Fun(x,Y) = Y (see |[Lurl7, Construction A.9.2]). It
follows that

W, : Fun(MI® (%), %) — Shv(*, €)

is equivalent to the identity on €. Applying Proposition B.10 to the map x: * — X sending
* to x € X provides an equivalence .%, — F(x) in €. O

The following is an immediate consequence of Corollary B.11.

Corollary B.12. Suppose X is a conically I-stratified space which is paracompact and locally
contractible, and where I satisfies the ascending chain condition. Let € be a compactly gen-
erated co-category and let 6, denote the subcategory of compact objects. Then the equivalence
of Theorem B.9 restricts to an equivalence

Uy Fun(II%(X), %) = Shveplept (X, 6).
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FOR UNSTABLE ALGEBRAIC K-THEORY
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ABSTRACT. Let A be an associative ring and M a finitely generated projective A-module.
We introduce a category RBS(M) and prove several theorems which show that its geometric
realisation functions as a well-behaved unstable algebraic K-theory space. These categories
RBS(M) naturally arise as generalisations of the exit path co-category of the reductive Borel-
Serre compactification of a locally symmetric space, and one of our main techniques is to find
purely categorical analogues of some familiar structures in these compactifications.
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1. INTRODUCTION

1.1. Unstable algebraic K-theory. Let A be a ring. The algebraic K-theory space K(A)
is an invariant of A which is built from the concrete linear algebra of finitely generated
projective modules over A. But K(A) has a subtle nature. In fact, there are several different
ways of defining K (A) as a CW-complex, and they are all different up to homeomorphism;
however, they are nonetheless canonically homotopy equivalent. Thus the true K (A) is this
common homotopy type, or anima. An anima is elusive and difficult to grasp, but it anchors
itself to reality via concrete invariants such as homotopy groups. The homotopy groups of
K (A) are abelian groups known as the higher K-groups, and they have myriad connections
to other invariants of A arising in different contexts.

To every finitely generated projective module M corresponds a point in K(A). Moreover,
this association is functorial for isomorphisms, so one obtains a map

BGL(M) — K(A).

This is very far from being an isomorphism, for two reasons: first, these anima have very
different nature (one is a K(m,1) for a generally non-abelian 7w and the other is a simple
space), and second, K (A) takes into account all finitely generated projective modules, not
just M. We would like to mitigate the first reason while keeping the second. More precisely,
we want to define an intermediary anima BGL(M), a sort of “closure” of BGL(M) in K(A),
which is similar to K(A) in terms of its nature and properties, but whose definition only
uses linear algebra internal to M. Such an intermediary anima is called an unstable algebraic
K-theory.

There have already been several proposed definitions for unstable algebraic K-theory in the
literature, mostly in the the special case M = A™. In contrast to the stable situation of K (A),
all of these definitions are in general pairwise inequivalent, even as anima. Our definition will
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be yet another one which is generally inequivalent to the others, see below for more remarks
on the comparisons. It will be denoted

| RBS(M)).

The notation foreshadows that this anima arises as the geometric realisation of an explicit
category RBS(M) built from linear algebra internal to M. We will say more about the
definition and origins of this category later. But first let’s state the main results, which all
concern the question of how close the natural maps

BGL(M) — |RBS(M)| — K(A)
are to being isomorphisms.

Our arguments are based on an inductive strategy, and for carrying many of them out it is
at the very least convenient to impose the following condition on our module M:

Definition 1.1. We say that a finitely generated projective A-module M is split noetherian
if every decreasing chain of splittable submodules of M stabilises. <

If the ring A is either noetherian or commutative with connected spectrum, then every finitely
generated projective A-module is split noetherian.

Concerning the map BGL(M) — | RBS(M)|, both anima are connected, so the first question
is what happens on 7. Let E(M) C GL(M) = mBGL(M) denote the subgroup generated
by those automorphisms of M which induce the identity on the associated graded of some
splittable flag of submodules. We think of E(M) as the subgroup of those elements which
map to zero in K;(A) for reasons purely internal to M. It is a variant of the usual subgroup
E,(A) C GL,(A) generated by elementary matrices; there is a containment E, (A) C E(A")
which is in general strict, but often an equality, for example E,,(A) = E(A") if n > 2+ sr(A)
so that E,(A) = ker(GL,(A) — K1(A)), see [Vas69].

Our first result is actually fairly straightforward to prove from the definition, but it already
gives a good indication of the nature of | RBS(M)].

Theorem 1.2. Let A be a ring and M a split noetherian finitely generated projective A-
module. The map GL(M) = mBGL(M) — m|RBS(M)| is surjective with kernel E(M),
S0

m1| RBS(M)| = GL(M)/E(M).

Our next result says that for a large class of rings A this 7 calculation completely captures
the difference between BGL(M) and |RBS(M)|. It is based on the work of Nesterenko-
Suslin [NS90| who found a broadly satisfied hypothesis on a ring which guarantees that one
can ignore the difference between block upper-triangular and block diagonal matrices when
calculating group homology.

Theorem 1.3. Let A be a ring with many units in the sense of [NS90|, and let M be a split
noetherian finitely generated projective A-module. Then the comparison map

¢: BGL(M) — | RBS(M)|
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18 a Z-homology tsomorphism.
Suppose furthermore that every summand of M s free. Then c is an isomorphism on homology
with all local coefficient systems. In particular, E(M) is a perfect group, and

IRBS(M)| ~ BGL(M)™,

the plus-construction taken with respect to E(M) C miBGL(M). Equivalently, | RBS(M)] is
the initial anima with a map from BGL(M) which kills E(M) C mBGL(M).

Thus, for such rings | RBS(M)| provides an explicit linear-algebraic model for the plus-
construction, which is otherwise a slightly esoteric homotopy-theoretic construction. There
are lots of rings A with many units, for example any algebra over a commutative local ring
with infinite residue field. A commutative local ring also satisfies the hypothesis that every
finitely generated projective module is free.

The simplest non-example is a finite field, and our third theorem analyses this case to see the
difference with the plus construction. As we will explain below, the resulting theorem should
properly be attributed to Jesper Grodal, since in |Grol6| he proved a more general result in
the context of arbitrary finite groups. However, we do give an independent proof based on
the general machinery for analysing RBS(M) categories that we develop.

Theorem 1.4. Let k be a finite field of characteristic p and V' a finite-dimensional k-vector
space. Then:

(1) |RBS(V)| is a simple space;

(2) The map |RBS(V)| — * is an F,-homology isomorphism;

(3) The map BGL(V) — |RBS(V)| is a Z[1/p]-homology isomorphism.
In particular, | RBS(V')| is the Z[1/p]-homology localisation of BGL(V).

We recall that the Z[1/p|-homology of BGL(V') was completely calculated by Quillen in the
early days, [Qui72|. On the other hand, the F,-homology is nontrivial, rather complicated,
and still largely unknown, [MP87|, [LS18|. However, Quillen in [Qui72| also showed that in
the stable range the F,-homology vanishes, so the complicated part does not contribute to
K(F,). Thus, compared to existing models such as the plus-construction, our new model for
unstable algebraic K-theory exactly removes the complicated unknown part which anyway
dies on stabilisation. Actually we can rephrase the above theorem as giving an identification

[RBS(V)| = (BU(n)")"""

as the homotopy fixed points for the unstable g-Adams operation on the prime-to-p completion
of BU(n) for n = dim (V). This is the evident unstable analogue of Quillen’s identification of
the 0-component of the K-theory space

K(F,)o ~ (BU")™".
Remark 1.5. The crucial point is part 2, that | RBS(V')| has the F,-homology of a point.

This can also be deduced from a more general theorem of Jesper Grodal, [Grol6|. Indeed,
Grodal’s Theorem 4.3 says that for any finite group G and prime p, if C denotes the p-radical
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orbit category of G, then |C| has the F,-homology of a point. For G = GL(V) it is a (not
entirely obvious) matter of comparing definitions to see that C = RBS(V), see the discussion
in [?#J20], and hence our theorem follows from Grodal’s. o

Now we turn to the relation between | RBS(M)| and K(A). Our last theorem gives a sense
in which the | RBS(M)| stabilise to K(A).

Theorem 1.6. Let A be a ring. Let M denote a set of representatives for the isomorphism
classes of finitely generated projective A-modules. Then there is a natural structure of a
monoidal category on [1,,. . RBS(M) and an identification

I] »BS(M)

MeM

gp

K(A) ~

of K(A) with the group completion of the realisation of this monoidal category.

We also prove a more general version of this theorem which describes in similar terms the
K-theory of an arbitrary exact category in the sense of Quillen, [Qui73b].

The version of Theorem 1.6 with BGL(M ) instead of RBS(M) is essentially Segal’s definition
of algebraic K-theory, [Seg74]. However, there is a very important technical difference be-
tween the two situations, in that [[ BGL(M) forms a symmetric monoidal category, whereas
[IRBS(M) really only forms a monoidal category. This means that as it stands we cannot
use the “group completion theorem” of [MS76| to relate this group completion to the more
naive procedure of taking the limiting object

lim | RBS(A")

along the natural stabilisation maps. Indeed, the group completion theorem requires some
commutativity hypothesis which we don’t know whether is satisfied for |[[RBS(M)| for
general A and M.

1.2. The reductive Borel-Serre category. Perhaps the most important aspect of our
model is that it is given as the geometric realisation of an explicit category RBS(M). Although
we were led to this category by other means which we will discuss below, one can motivate
it in terms of the following key property of algebraic K-theory: if M is a finitely generated
projective A-module and
F:(Ml g_ _,C,_Md—l)

is a splittable flag in M, so that each graded piece M;/M; 1 is nonzero and finitely generated
projective (we set My = 0 and My = M), then there is a canonically determined path

[M] ~ [@glei/Mi—l]

in K(A). Thus, in the eyes of K-theory, every filtration is split. One can also say this in a
different way. Let Pr C GL(M) denote the stabiliser of the flag F and Uz C Px the sub-
group consisting of those elements which induce the identity on associated graded. Then the
restriction of BGL(M) — K (A) to BPr naturally factors through B(Pr/Ur). There are also
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a host of compatibilities satisfied by these canonical paths relating their functoriality under
automorphisms and their behaviour under refinement of flags. This leads to the following.

Definition 1.7. Let A be a ring and M a finitely generated projective A-module. Define the
category RBS(M) to have:

(1) objects the splittable flags of submodules of M
F=(MC...C My);
(2) morphisms F — F’ the set
{g € GL(M) : gF < F'}/Us,

where the partial order < is the relation of refinement: F < F’ when the modules
occurring in F” are a subset of those occurring in F;
(3) composition induced by multiplication in GL(M). N

The empty flag [(] has automorphism group GL(M) in RBS(M). This produces a map
BGL(M) — |RBS(M)|, and the preceding discussion hopefully makes it plausible that the
natural map BGL(M) — K(A) factors through it:

BGL(M) — |[RBS(M)| — K(A).

But to prove this and the more refined Theorem 1.6, it’s useful to look at RBS(M) from a
more intrinsic perspective. For a splittable flag F, the automorphism group of F in RBS(M)
identifies not with the automorphisms of F as a flag, but with the automorphisms of its
associated graded. Thus one should think that the objects of RBS(M) are not really flags,
since giving a flag over-specifies the object. Rather the objects should be some abstract
ordered list
(Ny,...,Ng)

of nonzero finitely generated projective modules, which we imagine as the associated graded
of some undetermined flag. The flags themselves only really come in to play when describing
the morphsims: namely a map (Ny,...,Ng) — (IV],..., N!) can only exist when d > e, and
then is the data of a flag on each N} together with an isomorphism of the total associated
graded of this list of flags with the IV;, in order. There is an equivalent model for RBS(M) of
exactly this form, and it is this model that is the most useful for giving the comparison with
K(A).

Going in a different direction, when A is a commutative there is yet another interpretation
of RBS(M), this time in terms of the group GL(M) viewed now as a reductive group scheme
over A instead of just the abstract group of its A-valued points. This is simplest to state
when Spec(A) is connected. Then splittable flags F in M are in bijection with parabolic
subgroups of GL(M) via assigning to F its stabiliser Pr. Moreover the subgroup Uz C Pz of
those automorphisms of the flag inducing the identity on associated graded is recovered as the
unipotent radical of Pr. Thus one can also describe RBS(M) in reductive group terms: the
objects are the parabolic subgroups, and the maps are the transporters of these subgroups
taken modulo the unipotent radical of the source parabolic subgroup.
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This ties in to our initial motivation for defining RBS(M). Let G be a connected reductive
linear algebraic group defined over Q, and X = K\G(R)/A¢ the usual associated contractible
symmetric space. For a neat arithmetic group I' < G(Q), the locally symmetric space I'\ X
is a model for the classifying space BI' — unfortunately, it is very rarely compact. The
Borel-Serre and reductive Borel-Serre compactification are two impor/‘@nt compactifications
of such locally symmetric spaces. The Borel-Serre compactification I'\ X is a compact smooth
manifold with corners with the same homotopy type as I'\X. It was introduced in 1973 by
Borel and Serre ([BS73|) and it was used crucially in Borel’s calculation of the ranks of
the K-groups K;(Op) of the ring of integers O in a number field ' (|Bor74|). It was also
used by Quillen to show that these same K-groups are finitely generated ([Qui73al). The

reductive Borel-Serre compactification Yr was introduced by Zucker in 1982 as a quotient of
the Borel-Serre compactification (|Zuc82|). Zucker was originally motivated by an interest
in L?-cohomology, but the reductive Borel-Serre compactification has since come to play a
prominent and diverse role in the theory of compactifications.

The Borel-Serre compactification is naturally stratified as a manifold with corners, and this
stratification descends to define a natural stratification of the reductive Borel-Serre compact-
ification. In [DJ20], the exit path co-category of the reductive Borel-Serre compactification

?p is identified as a 1-category RBSr whose objects are the rational parabolic subgroups of G
and whose morphisms are given by transporters of these subgroups by elements in I' modulo
an action of the unipotent radicals. The category RBS(M) introduced in this paper is a
direct generalisation of the category RBSr, cf. the reductive group approach above.

In fact, we also provide a proof of the identification of the exit path co-category of the re-
ductive Borel-Serre compactification in this paper. Our proof uses entirely different methods
to the one given in [(J20], and we find that the two different proofs complement each other
nicely, as they provide very different insights into the structure of the reductive Borel-Serre
compactification. Moreover, both methods are quite general in nature and have the potential
to be useful for studying the exit path oo-categories of other stratified spaces, so we think it is
worthwhile to have them both explained. Whereas the method in [#J20] is based on the idea
of calculating mapping spaces in the exit path co-category in terms of the homotopy-theoretic
data embodied in the links of the strata, the method in this paper is based on the idea of
finding a way to glue our stratified space from simpler pieces, whose exit path co-categories
are equivalent to posets. If the gluing is robust enough, this reduces the determination of
the exit path oo-category of our space to the calculation of a colimit in the co-category of
oo-categories.

As we will see, the proof we present here has advantages with respect to the broader aim
of this paper, namely in comparing with unstable K-theory, as the proof strategy by glu-
ing can be transported over to the context of RBS(M) and exploited to make the necessary
homology calculations. In order to make the various calculations and identifications in this
paper, we start out by developing a variety of tools for identifying and calculating colimits of
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oo-categories. This allows us to exploit the inductive nature of the reductive Borel-Serre com-
pactification, namely the fact that its boundary admits a closed cover by “smaller” reductive
Borel-Serre compactifications, and we can mimick this when working with the generalisations
RBS(M).

Finally, we would like to note that the existence of a relationship between compactifications
of locally symmetric spaces and algebraic K-theory is not original to this article. As Dan
Petersen pointed out to us, Charney and Lee wrote an article [CL83| in 1982 in which they
established such a relationship for the Satake compactification of the Siegel modular variety.
They show that the homotopy type of the Satake compactification is rationally equivalent to
the geometric realisation of a category W,, whose stable version W fits into a fiber sequence

K(Z) — K¥™(Z) — W],

and therefore describes the difference between K-theory and symplectic K-theory of the in-
tegers. What we have, then, is an analogue of the Charney-Lee result for the reductive
Borel-Serre compactification and plain algebraic K-theory. Moreover, the modern notion of
exit path co-category lets us make a much more refined statement of the relationship, showing
that not just the (rational) homotopy type, but the whole stratified homotopy type, as well
as the theory of constructible sheaves, are determined by the associated category.

1.3. Comparison with previous approaches. There have been several previous approaches
to unstable algebraic K-theory. Here we’d like to point out the ones we know about and say
what we can about how our definition compares.

First, there is the plus construction definition. If n > 3, the subgroup E,(A) C GL,(A)
generated by elementary matrices is perfect, [Weil3| Lemma 1.3.2, so one can form the
plus construction on BGL,(A) which kills the normal subgroup generated by E,(A). By
Theorem 1.3 above, this agrees with our | RBS(A™)| provided that A is commutative and
local with infinite residue field. On the other hand, our Theorem 1.4 shows that for finite
fields, the two definitions differ, and ours yields an unstable algebraic K-theory space which
is much simpler and closer in nature to the stable K-theory.

Second, there is the Volodin definition, see [Sus82|. At first glance this looks quite similar,
since it is based on the same idea of contracting away unipotent matrix groups. But the
contraction happens in a very different way in Volodin’s model: one considers all of the ¥,,-
conjugates of the strict upper-triangular group and simultaneously collapses them, compatibly
along their various intersections. Already in unstable K; one sees a difference, in that the
Volodin K is the quotient GL,,(A)/E,(A), which is not necessarily a group in general but
just a pointed set. It also seems from our (albeit limited) experience that arguments which
work for Volodin K-theory do not work for our model and vice-versa, so the nature of the
two models really is quite different.

Finally, there is Allen Yuan’s quite recent partial K-theory, [Yual9]. This had not yet ap-
peared when we were proving our results, but it indeed seems very similar to our proposed
model. Partial K-theory is defined essentially so as to make the analogue of our Theorem 1.6
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a tautology. (Whereas for us the proof takes many pages of simplicial manipulations!) That
is, Yuan takes Waldhausen’s S-dot construction, and instead of freely making a group-like
Ej-anima out of it, which produces K (A), he freely makes an Fj-anima without the group-like
condition, and this is the definition of K?(A). It is clear that partial K-theory should be sim-
ilar to our Ej-anima | [ [ RBS(M)], because the S-dot construction exactly encodes filtrations
and their associated gradeds with all compatibilities, and this was the essence of our RBS
categories as well. But it turns out that when Yuan unravels K? into something concrete,
it ends up being slightly more combinatorially intricate, in that the basic objects are not
lists of finitely generated projective modules, but lists of lists of finitely generated projective
modules. The two models for unstable K-theory unwind to the same thing when all flags on
M have length < 2, but in other cases they are a priori different and it’s not clear whether or
not the anima are nonetheless equivalent. This would be interesting to investigate, because
Yuan shows by an Eckmann—Hilton argument that K?(A) actually is F.,, which means the
group completion theorem does apply to it. Yuan also proves the analogue of our Theorem 1.4
part 2 for K9 of finite fields, and crucially uses this result in his work giving a new model
for unstable homotopy theory. Moreover, his proof has the same rough outline as ours: after
some combinatorial shuffling one reduces to the fact that the F,-homology of the Steinberg
representation of GL, (k) vanishes.

1.4. Conventions and notation. We let S denote the oco-category of anima, and Cat
the oo-category of (small) co-categories. We often view S as the full subcategory of Cate,
consisting of the co-groupoids. For a topological space X, if we write Sh(X) or talk about
sheaves on X without specifying further, we mean to consider sheaves of anima, i.e. sheaves
with values in the co-category S. The same goes for presheaves on a category or oo-category.
We view posets as categories with at most one morphism between any two objects: x < y
means there is a map x — y.

1.5. Acknowledgements. We would like to thank Dan Petersen, Allen Yuan, Joshua Hunt
and Sgren Galatius for helpful discussions.

2. COLIMITS IN Caty,

In this section we will describe how to calculate certain colimits in the co-category of small
oo-categories. We note right away that there is a general description of such colimits as
a localisation of the total space of the cartesian fibration classified by the diagram of oo-
categories, see |[Lur09a| 3.3.4; but this is not what we’re after. Rather we want simple criteria
for showing that a given co-cone diagram is a colimit diagram.

In the cases we care about all the co-categories in our colimit diagram will actually be 1-
categories, but still it being a colimit diagram in Cat,, is stronger than it being a colimit
diagram in Caty, and we need this stronger fact to get our desired consequences.



86

10 DUSTIN CLAUSEN AND MIKALA ORSNES JANSEN

2.1. Some consequences of having a colimit in Cat.,,. We start by explaining why we
care about colimits in Cat,,. First, they let you decompose both colimits and limits.

Proposition 2.1. Let K be an oco-category and d: K — Caty, a K-diagram in Cat.,, with
colimit D := @K d. Suppose given an oo-category £ and a functor

F:D—= €.

(1) We have
lim F' = lim lim Flgp
keKop
in the sense that if the limits on the right exist then so does the limit on the left, and

the map s an equivalence.
(2) We have
ling " ¢ ling ling F'|ar)
keK
in the sense that if the colimits on the right exist then so does the colimit on the left,
and the map is an equivalence.

The natural comparison maps in play above will be constructed in the course of the proof.

Proof. Since C — C is an equivalence of Cat,, with itself, it preserves colimits. Thus 2
follows from 1 by replacing every oo-category with its opposite. We can always Yoneda-
embed & — Fun(£°,S) and therefore reduce to £ being a presheaf oco-category; thus to
construct the comparison maps in general it suffices to construct them functorially in the
case £ = &, and similarly to prove they are equivalences it suffices to treat that case.

We note that
Fun(D, S) = Jim Fun(d(k),S)
keKop
by taking maps out of our colimit diagram to Fun(A",S) and using adjunction. Now given
an F' € Fun(D,S) we can simply evaluate maps from the terminal functor % to F' via the
above equivalence to deduce the required equivalence. O

Let |-|: Cats — S denote the left adjoint to the inclusion of anima into co-categories. There
are many ways of describing this functor; see Section 2.3. But in any case, it commutes with
colimits, and so from a colimit diagram in Cat,, we obtain a colimit diagram in S, that is a
homotopy colimit diagram in the classical language:

Proposition 2.2. Let K be an oco-category and d: K — Caty, a K-diagram in Cat.,, with
colimit D := @K d. Then .

ting d(4)] 5 D]

keK
In particular, this means we have a spectral sequence for computing homology of local systems
on |D| in terms of the homology of their pullback to the |d(k)|, and in the case where K is
the poset (1 > 0 < 1) this means a Mayer—Vietoris sequence. (These consequences could
also be obtained from the previous proposition by taking & = D(AD)).
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2.2. Testing by applying Fun(—,S). Here we prove the following basic result.

Theorem 2.3. Let K be a small co-category, and d: K* — Caty, a co-cone diagram of small
oo-categories indexed by K. Then d is a colimit diagram if and only if the following two
conditions are satisfied:

(1) As k runs over the objects of K, the functors d(k) — d(oo) are jointly essentially
surjective.

(2) The cone diagram of oco-categories obtained by applying Fun(—,S) to d is a limit
diagram.

To prove this we will need some preliminaries on presentable co-categories. First, recall that
for every C € Caty, there is a presentable oco-category P(C) with a fully faithful functor
C — P(C) uniquely characterised by the universal property that colimit-preserving functors
P(C) — D are equivalent, via restriction, to arbitrary functors C — D. In fact, P(C) can be
taken to be the oo-category Fun(C,S) of presheaves on C and C — Fun(C?,S) to be the
Yoneda embedding h, see [Lur09a| 5.1, though we would rather not emphasise this description.

Let us characterise the presentable co-categories of the form P(C).

Definition 2.4. An object X of a presentable oo-category D is called atomic if the functor
Map(X, —): D — S commutes with all colimits. Write D*°™ C D for the full subcategory of
atomic objects. <

We refer to [Lur09a] 4.4.5 for the notions of idempotent-complete co-category and the oper-
ation of idempotent completion.

Lemma 2.5. For D € Pr’, the oo-category D™ is essentially small and idempotent-
complete.

Proof. Since D is presentable, every object X € D is a colimit of objects each of which lies in
some fixed small idempotent-complete full subcategory of D (namely, the full subcategory of
r-small objects, if D is k-accessible). If X is atomic, then this means the identity map on X
factors through an object of that full subcategory, hence X lies in that full subcategory. Thus
Do js essentially small. Tt is also idempotent-complete since D is (being co-complete), and
a retract of an atomic object is clearly atomic. 0

Lemma 2.6.

(1) For C € Caty, an object of P(C) is atomic if and only if it is a retract of an object in
the image of C — P(C). In particular, P(C) is generated under colimits by its atomic
objects (as it is generated under colimits by objects in the Yoneda image, |Lur09al
5.1).

(2) Conversely, if D € Prl is generated under colimits by its atomic objects, then the
induced colimit-preserving functor P(D™™) — D is an equivalence.

(8) For a colimit-preserving functor f: C — D between presentable co-categories generated
under colimits by their atomic objects, we have f(C*™) C D™ if and only if the
right adjoint of f commutes with colimits.
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Proof. First of all we note that each X € P(C) in the Yoneda image is atomic, since
Map(h., —) = (—)(c) and colimits are computed objectwise in presheaf categories, [Lur09a|
5.1. Since the collection of atomic objects is closed under retracts, this shows one direction of
1. For the other direction, suppose X is atomic. Then we can write X as a colimit of objects
in the Yoneda image. By definition of atomic the identity map X — X factors through some
stage of this colimit, so X is a retract of an object in the Yoneda image.

Now we show 2. The functor P(D%™) — D is fully faithful for general D € Pr”, as we see
by writing each object in P(D*™) as a colimit of objects in D**™. Then the assumption
exactly guarantees that it’s also essentially surjective.

Finally, 3 is immediate by adjunction. U

We note that the universal property of P(—) gives a covariant functoriality, more specifically
P Caty — Prt.

Proposition 2.7. The functor C — P(C) gives an equivalence from the oo-category of
idempotent-complete small oo-categories to the subcategory of Pr’ whose objects are the
presentable co-categories generated by atomic objects and whose morphisms are the colimit-
preserving functors whose right adjoint also preserves colimits.

Proof. We claim that an inverse functor is given by D +— D™ This is well-defined on the
subcategory by part 3 of the lemma above. From part 1 of the lemma above, we know that
if C is idempotent-complete, then C = P(C)*°™. On the other hand, from part 2 we know
that if D lies in the subcategory then P(Dam) = D. O

Now, our desired Theorem 2.3 follows by combining parts 1 and 2 of the following.

Proposition 2.8. Let K be a small co-category, and d: K* — Caty a co-cone diagram of
small co-categories indexed by K. Then:
(1) the map hﬂdh{ — d(00) is an equivalence after applying idempotent completion if
and only if applying Fun(—,S) to d gives a limit diagram of co-categories;
(2) ligdh( — d(00) is an equivalence if and only if it is an equivalence after applying
idempotent completion and the d(k) — d(oco) are jointly essentially surjective, k € K.

Proof. Let’s prove 1. The direction = follows by mapping out to Fun(A",S) for all n. For
<, suppose we have a limit diagram on functors out to S. Mapping in from an arbitrary
small co-category, we deduce that we have a limit diagram on functors out to P (D) for all
D. Therefore applying P(—) gives a colimit diagram in the subcategory of Pr” identified in
Proposition 2.7, whence the conclusion follows.

Now for 2, first suppose ligdh( = d(co). Then certainly we also have an equivalence on
idempotent completion. Let C C d(oo) denote the union of the essential images of the
d(k) — d(oo). Then by the universal property of colimits we deduce that this inclusion
C C d(oo) has a section, whence it’s an equality, as desired. Now suppose we have an
equivalence on idempotent completion. Since every oo-category embeds fully faithfully in
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its idempotent completion, it follows that hguﬂ Kk — d(oco) is fully faithful. But the other
condition gives essential surjectivity, whence the conclusion. O

2.3. Inverting all arrows. In the following sections we will need to use several different
“formulas” for the functor left adjoint to the inclusion & — Cat,. The purpose of this
section is to collect them.

Theorem 2.9. For a functor F': Caty,, — S, the following properties are equivalent:

(1) F is left adjoint to the inclusion S C Cate.
(2) F preserves all colimits, F(x) = x, and F(A') = x.
(3) F preserves all colimits, and F(A™) = x for all n.

Moreover, the co-category of all such functors is equivalent to the terminal co-category *. (In
particular, the implicit data of the adjunction in 1 is unique.)

Proof. This is a simple consequence of the complete Segal space presentation of Cats, (|[Rez01],
and see |[Lur09b| for a natively co-categorical account). First, from that presentation (more
specifically, from the fact that it realises Cat., as a localisation of P(A)), one sees that any
colimit-preserving functor out of Cat,, is the left Kan extension of its restriction to A. Since
the oo-category of terminal functors from any oo-category to S is always *, this shows the
last claim holds if we take equivalent condition 3. On the other hand the complete Segal
space presentation (more specifically, the Segal condition) also shows that A™ is the colimit
of n copies of A! placed end-to-end, which implies that 2 < 3. Note that the functor in 1 is
uniquely characterised up to equivalence, and so is the functor in 3, again by the complete
Segal space presentation. Thus, to see that 1 is equivalent to 2 and 3, we just need to see that
the left adjoint F to the inclusion indeed satisfies F'(x) = * and F(A') = x. The first claim
is tautological as x € §. For the second claim, it exactly corresponds to the completeness
criterion in complete Segal spaces. [

From now on we will write C — |C| for the functor F' characterised by the previous theorem.
For a given oo-category C, to verify a proposed description of |C|, one has, generally speaking,
two options: either make that description functorial in C and verify condition 2 of the theorem,
or else produce a comparison map C — |C| and argue that it satisfies the universal property
implicit in condition 1, namely that maps to co-groupoids from |C| are the same as from C.

Corollary 2.10. For each oco-category C, the following are descriptions of the oo-groupoid
Cl:
(1) |C| = C[ArC™1], the co-category obtained by inverting all arrows.
(2) | - | is the left Kan extension of the terminal functor x: A — S along the inclusion
A C Caty,.
(3) |C| is the colimit of the simplicial space A" +— Mapgy,  (A",C) (the complete Segal
space associated to C).

(4) IC| = liny, =



90

14 DUSTIN CLAUSEN AND MIKALA ORSNES JANSEN

(5) |C| = Pl(C)®™ where P(C) C P(C) is the full subcategory on those C — S which
are constant on every simplex, or equivalently send every morphism to an isomor-
phism.

(6) If a simplicial set X € sSet localises to C in the Joyal presentation Caty, ~ sSet[ce™],
then X localises to |C| in the Kan presentation S ~ sSet[we™!].

Proof. 1 is tautologically a description of the left adjoint to the inclusion & C Cat,,. For 2,
note again from the complete Segal space picture that every colimit-preserving functor out of
Caty, is left Kan extended from A, so this is a rephrasing of condition 3 in the above theorem.
For 3, the colimit of the simplicial space is by definition the left adjoint to the inclusion of
constant simplicial spaces into all simplicial spaces, and this restricts to the desired adjunction
on complete Segal spaces. For 4, note that the colimit in question is by definition determined
by
Map(lim %, X) = Mapg,,c,s)(*, X),
c

the mapping space between the constant functor on % and the constant functor on X. As
C — |C| is a localisation, the pullback map on functors to S is fully faithful, so we deduce
ligc * = lig‘ o * So it suffices to assume C is an oo-groupoid. But then there is an equivalence

Fun(C,S) ~ S)¢ given by pulling back along the forgetful functor S, — S, see [Lur09a| 3.3.2.7,
and in these terms we see that Mapy,,c.s)(*, X) identifies with the space of sections of the
projection C x X — C. But this is just Map(C, X), as desired. Finally, we can calculate P(|C|)
using the universal property of | - | to see that 5 holds. Finally, 6 follows from the fact that
the identity functor exhibits sSet with the Kan model structure as a Bousfield localisation of
sSet with the Quillen model structure, which verifies criterion 1 of the theorem. O

We also can generate more descriptions by applying 1 of the following:

Corollary 2.11.

(1) There is a unique functorial equivalence |C| ~ |C°P|. Even more, | - |: Cato — S is
uniquely Cs-equivariant with respect to the action of passing to opposite categories on
the left and the trivial action on the right.

(2) | - | preserves finite products.

(3) If two functors C — D are related by a natural transformation, they induce homotopic
maps |C| — |D|.

(4) If a functor admits an adjoint in either direction, it induces an equivalence on | - |.

Proof. Claim 1 follows from the theorem because the terminal functor A — & obviously has
the required invariance properties. Claim 2 follows from description 3 of the above corollary,
since A% is sifted, [Lur09a] 5.5.8.4. Claim 3 follows from claim 2 and |A!'| = %. Claim 4
follows from claim 3. 0

2.4. Topological analogue: proper maps, proper base change, and proper descent.
In the next section we will discuss the notion of proper functors between oco-categories, and
the associated proper base-change and proper descent theorems. But for motivation, and
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because we will later use it, we start by recalling the more familiar topological analogue.
A map of locally compact Hausdorff topological spaces f: X — Y is called proper if the
preimage of every compact subset is compact. A crucial fact about proper maps is the tube
lemma: If y € Y, then the f~'(U) for U an open neighbourhood of y form a cofinal system
of open neighbourhoods of the fibre X,.

We start by recalling the version of the proper base-change theorem proved by Lurie in
[Lur09a| 7.3.

Theorem 2.12. Let
X’ L/) X
o
) G

be a pullback diagram of locally compact Hausdorff spaces with f proper. Then the induced
commutative diagram of oo-categories gotten by applying Sh(—)

Sh(X') —— Sh(X)
N
Sh(Y”) <=— Sh(Y)

is right adjointable (or right Beck—Chevalley): the vertical maps f* and f™* have right ad-
joints f. and f. respectively, and the natural comparison map is an equivalence

g fe = flg”

As observed by Deligne in [Del74|, this proper base-change can be used to give “proper
descent” results. We start with “cdh descent”:

Corollary 2.13. Suppose given a pullback square of locally compact Hausdorff spaces

X’ L. X
7l
y' 2.y
such that:

(1) f is proper;
(2) g is the inclusion of a closed subspace;
(3) the pullback of f to the open complement Y \Y' is an isomorphism.

Then applying Sh(—) with pullback functoriality gives a pullback diagram, so
Sh(Y) :> Sh(X) XSh(X’) Sh(yl)
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Proof. Recall that if we have a closed subset 7" C T of a topological space T', then equivalences
of sheaves on T can be detected by pullback to 77 and 7'\ T, [Lur09a| 7.3.2. Furthermore,
pullback functors on co-categories of sheaves associated to maps of topological spaces preserve
finite limits, because they correspond to geometric morphisms of co-topoi. It then follows
from |[Lur12] 5.2.2.37 and the proper base-change theorem that we can test the conclusion of
this corollary after pulling back to Y and Y \ Y’ compare with the proof of Theorem 2.28
But on pullback to Y’ the horizontal maps become equivalences and on pullback to Y Y’
the vertical maps become equivalences, and in either case the conclusion is tautological. []

Corollary 2.14. Let T be a locally compact Hausdorff space, and let P be a finite set of
closed subsets of T. Suppose that for all P' C P the intersection Ngep'S admits a cover by
elements of P. (In particular, taking P' = 0, we deduce UgcpS =T.) Then

Sh(T) = lim Sh(S)

Sepop

via pullback, viewing P as a poset under inclusion.

Proof. When P has < 3 elements this reduces to the special case of Corollary 2.13 in which
the proper map f is also a closed inclusion. The general case follows by induction. 0

Remark 2.15. The locally compact Hausdorff hypothesis is unnecessary here. Indeed, the
proper base-change theorem holds for general topological spaces when the proper map f is a
closed inclusion, see |Lur09a| 7.3.2. o

If one uses open covers instead of closed covers, the finiteness requirements can be removed.

Theorem 2.16. Let X be a topological space and {X; — X }ier a set of maps to X such that
for all x € X, there is an open U containing x and an i € I such that the pullback of X; — X
to U has a section. Let U C Top,y denote the sieve generated by the X;, so'Y — X lies in
U if and only if it factors through some X;. Then

~

Sh(X) S lim  Sh(Y)

Y—=X)eU
via the pullback functors.

Proof. Let us define a covering family in Top to be a family of maps (U; — X);c; whose images
cover X. Then the axioms of a pretopology are clearly satisfied, so we get a Grothendieck
topology on Top for which the covering sieves over X are those sieves which contain some
open cover of X. Our sieve U is clearly such a sieve, so it suffices to show that X +— Sh(X)
satisfies descent for this Grothendieck topology. However, because the open subsets of X are
closed under finite intersection we see that the sieve generated by an open cover in Open(X)
is cofinal in the sieve generated by that open cover in Top, x, meaning our desired descent is
equivalent to saying that U +— Sh(U) is a sheaf of oo-categories on X. But this is a general
property of sheaf categories, [Lur09a] 6.1.3. O
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Corollary 2.17. Let X be a topological space and P a collection of open subsets of X with
UVeP=UNV eP and UyepU = X. Then
Sh(X) = lgn Sh(U)

UepPor

via pullback, where we view P as a poset under inclusion.

Proof. Let U denote the sieve of those open subsets of X contained in some U € P. This
is a covering sieve by the second condition, so it suffices to show that the inclusion P C U
is cofinal, or a lim-equivalence in the language we will use in this paper, see the following
section. The right fibre over an element V' € U is the poset of those U € P containing V. This
is nonempty by definition and is closed under intersection as P is by construction, therefore
it is filtered and hence contractible. 0

Recall that if T is a discrete group, then a I-action on an object of a category (or co-category)
C is a functor BI' — C; the underlying object X € C is the image of the unique object of
BT'. The T-fixed point (or homotopy fixed point) object, if it exists, is the limit over this
BT-diagram in C and is abusively denoted X7 .

Corollary 2.18. Let X be a topological space with a free proper left action of a discrete group
I', meaning for all x € X there is an open neighbourhood U of x such that all the v - U are
disjoint, v € I'. Then

Sh(I'\X) = Sh(x)"
via pullback.

Proof. Let Y = I'\X. The condition implies that the quotient map X — Y admits local
sections; thus we have descent for the sieve U on Top,, generated by X — Y. Thus it
suffices to show that the functor BI' — U classifying the I'-action on X is a li_n;—equivalence.
The right fibre over an element X’ — Y is the category whose objects are the factorisations
of X’ = Y through X — Y, and the morphisms are induced by composition with elements
of I' acting on X. By the assumptions the set of such factorisations forms a free I'-orbit,
whence this category is equivalent to % and is therefore contractible, as required. U

2.5. Proper functors, proper base change, and proper descent. The basic concepts
in this section were picked up from reading Grothendieck’s Pursuing stacks. We recall the
following theorem /definition, Joyal’s oco-categorical generalisation of Quillen’s theorem A;
see |Lur09a] 4.1.3. Although Joyal (and later Lurie) prove this theorem in the quasi-category
model using combinatorial arguments, if we take the co-categorical Yoneda lemma and related
results for granted, we can give a quick non-combinatorial proof.

Theorem 2.19. Let f: C — D be a functor of small co-categories. The following properties
are equivalent:

(1) For any functor X: D — & to an oo-category &, the comparison map of limits

lim X — Lim (f"X)
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is an equivalence (in the sense that if one limit exists so does the other and the map
is an equivalence).

(2) Same condition, but just with € =S.

(3) For any d € D, the left fibre C,4 is contractible in the sense that |C 4| ~ *.

If these properties are satisfied, we say that f is a @—equivalence. If the dual properties
are satisfied, meaning if the above conditions are satisfied for f°P: CP? — DP, we say f is a
liﬂ—equivalence. (The usual terminology for @—equivalence is “cofinal functor”, see |Lur09al

4.1.)

Here the left fibre C/4 stands for the co-category given as the left pullback C 1 p{d} as defined
in [Tam18|. Informally, an object of C/4 is an object ¢ € C together with a map f(c) — d.

Proof. In condition 1 we may as well assume £ = &, because limits in £ can be tested on
applying Map(e, —) for all e € £. So 1 and 2 are equivalent.

Note that the pullback functor f*: Fun(D,S) — Fun(C, S) has a left adjoint f, given by Kan
extension, [Lur09a| 4.3. By adjunction, 2 holds if and only if the (unique) map

filx) —
in Fun(D,S) is an equivalence. By the objectwise formula for left Kan extensions, this
amounts to the assertion that for all d € D the map
lig * — %
(€ q)oP

is an equivalence. By Corollaries 2.10 and 2.11, this is equivalent to condition 3. 0

Remark 2.20. If f: C — D is a lim-equivalence, then it induces an equivalence on |- |.

Indeed, we need to see that if K € S then Map(|D|, K) = Map(|C|, K); but this is the
special case of 2 where X is the constant functor with value K. This is why Joyal’s theorem
A is a generalisation of Quillen’s. (Recall Quillen’s says that condition 3 implies that f
induces an equivalence on geometric realisation.) o

Example 2.21.

(1) Any left adjoint functor is a l'gl—equivalence. Indeed, being a left adjoint is equivalent
to each left fibre admitting a terminal object.

(2) If f is a localisation, i.e. if it is of the form C — C[S™!] for some collection of arrows
S'in C, then f is a lim-equivalence. Indeed, in this case the map on functors out to S
is fully faithful, so the comparison map in 2 is an equivalence. o

Definition 2.22. Let f: C — D be a functor of small co-categories. We say that f is proper
if for every d € D, the inclusion Cq — Cg4/ of the fibre into the right fibre is a L—equivalence.q

Here the fibre C; means the pullback of C ENy {d} in the oo-category of oo-categories;
it is the oo-category of objects ¢ € C' together with an equivalence d ~ f(c). For the right
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fibre, we have an arbitrary map d — f(c) instead of an equivalence. This definition is some
sort, of analogue of the tube lemma for proper maps in the topological context.

We will soon show that the class of proper maps is closed under composition and base change.
Here are also some general examples.

Example 2.23.

(1) Let C LD & Bhbe arbitrary functors of co-categories as indicated. Then the projec-

tion .
CxpB—=C

from the left pullback (co-category of tuples (¢ € C,b € B, f(¢) — g(b)), see [Tam18|)
is proper. Indeed, for fixed ¢ € C, the fibre is the co-category of (b € B, f(c) — g(b))
whereas the right fibre is the co-category of (x € C,b € B,c — z, f(z) — ¢g(b)). The
inclusion of the former into the latter has right adjoint given by sending this latter
data to the object in the fibre given by b € B and the composite f(c) = f(z) — g(b).

(2) For any ¢ € C, the projection C;. — C is proper. This is a special case of 1.

(3) Suppose f: C C D is the inclusion of a full subcategory closed under isomorphisms.
Then f is left proper if and only if C is left closed: x — y and y € C implies x € C.
(In site-theoretic terminology, this means C is a sieve in D.) Indeed, if y € D lies in
C then the condition that C, — C,, be a lim-equivalence is automatic as it identifies
with the inclusion of an initial object, whereas when y ¢ C we exactly need that C,,
be empty.

(4) If every morphism in D is invertible then any functor C — D is proper, as the fibre
identifies with the right fibre.

(5) Encompassing all the above examples, any locally cartesian fibration is proper. In-
deed, by [AF17] Lemma 2.20 the locally cartesian fibrations are characterised up to
equivalence by Cy — C4/ being a left adjoint for all d € D. o

Proposition 2.24. Let f: C — D be a functor. The following are equivalent:
(1) f is proper.
(2) For any functor A' — D, the pullback C' — A' of f satisfies the condition that the
inclusion Cly — C' of the fibre above 0 is a @—equivalence.

Proof. First, we remark that, in the situation of a functor ' — Al to test whether the
inclusion Cj) — C’ is a lim-equivalence, it suffices to prove that the left fibre above any object
of C| is contractible. Indeed, the left fibre over an object of C; has a terminal object, hence
will automatically be contractible.

By definition, 1 holds if and only if for any d € D and any z = (¢,d — f(c)) € Cq/, the left
fibre of Cy — C4/ above x is contractible. On the other hand, consider an arbitrary functor
A' — D classifying a map dy — d;. Then 2 holds if and only if the left fibre of C4, including
into A! xp C, taken at some c lying above d;, is contractible. However, the data of dy — d;
and c is the same as the data of z, and the corresponding left fibres are equivalent. Thus the
conditions in the proposition are equivalent. O
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Corollary 2.25. The class of proper functors between small co-categories is closed under
pullbacks.

Proof. The other equivalent condition from the proposition manifestly satisfies this closure
property. O
The following is the proper base change theorem in this context.

Theorem 2.26. Let
c-L.c
!
D —2-D
be a pullback diagram of small oco-categories, and let £ be an oco-category with all limits.

Suppose f is proper. Then the induced commutative diagram gotten from applying Fun(—, &)

Fun(C’,£) <<— Fun(C, &)

g
fI*T f*T
Fun(D', €) ~ Fun(D, &)

is right adjointable (or right Beck-Chevalley): the vertical maps f* and f™* have right ad-
joints f, and f. respectively, and the natural comparison map

g fe— 9"
18 an equivalence.
Conversely, suppose that the functor f, as well as all its pullbacks, satisfies the condition that

the commutative diagram gotten by applying Fun(—, &) is right adjointable, even just in the
special case £ =S. Then f is proper.

Proof. The fact that f* and f* admit right adjoints is purely formal and does not require
the left properness. Indeed, the right adjoints are given by right Kan extension. Now assume
f proper and choose F' € Fun(C, £); we want to see that

g fF = flg"F
is an equivalence in Fun(D’, £).
First assume that D’ is the terminal category x*, so that the functor g classifies an object d € D.
For a functor F' € Fun(C, &), the objectwise description of the right Kan extension shows that
the value g* f,F' € & identifies with the limit of I over the right fibre C5/. Meanwhile the

value fl¢g™F identifies with the limit of F' over the fibre Cy. By definition of properness this
comparison map is an equivalence. This handles the case D’ = x.

To deduce the general case, note that a map in Fun(D’, £) is an equivalence if and only if it
is so after evaluating on any object, or in other words after pulling back along any functor
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from *. As the pullback of a proper map is proper and Beck—Chevalley comparison maps
compose, this reduces us to the case of a point.

For the converse, suppose all base-changes of f satisfy the proper base change theorem for
& = S. Consider the special case of the base-change by a map A! — D, and then apply
the proper base change theorem to the pullback of that base-changed map C' — A! along
0 — AL For a functor A! — & its limit is the same as its evaluation at the initial object 0,
so we see exactly the equivalent condition for properness enunciated in Proposition 2.24. [

Corollary 2.27. The composition of proper functors is proper. The class of proper functors
is closed under colimits in Fun(A!, Caty).

Proof. This follows from the above converse to the proper base change theorem, as right
adjointability composes and is preserved by limits [Lurl2] 4.7.4.18. U

Now we discuss proper descent, or how to identify colimits of oo-categories along proper
maps.

Theorem 2.28. Let K be a small oco-category and d a functor K* — Caty, viewed as a
K -shaped diagram of small co-categories together with a co-cone for this diagram. Suppose
that:
(1) The functor d(f) is proper for all maps f in K.
(2) For all functors f: + — d(co) from the terminal category to the co-cone point of f,
the pullback f~'d is a colimit diagram. (Here f=1d is the functor K> — Caty, defined
by (ftd)(k) = * Xa(eo) d(k).)

Then d is a colimit diagram.

Proof. First, we note that the collection of functors d(k) — d(o0), ranging over all k € K, is
jointly essentially surjective. Indeed, if an object were not in the joint essential image, the
pullback of d along the functor * — d(o0) classifying that object would have empty restriction
to K, whence empty colimit, contradicting the assumption. Thus by Theorem 2.3 it suffices
to see that applying Fun(—,S) to our diagram d yields a limit diagram of oo-categories,
assuming the same for every pullback f~'d along a functor f: x — d(o0).

Consider f: U;x — d(o0), a disjoint union of terminal categories indexed by the isomorphism
classes of objects in d(c0), mapping to d(oo) by selecting an object in each isomorphism class.
Consider the induced natural transformation

Fun(d(—),§) = Fun((f~'d)(-).S)
of diagrams (K°?)? — CAT.. We want to see that the source is a limit diagram. Using the
criterion of [Lurl2| 5.2.2.37, it suffices to check the following four conditions:

(1) The target is a limit diagram. This holds because it is a product of limit diagrams by
assumption.

(2) For each k € (K°P)%, the induced functor Fun(d(k),S) — Fun((f~*d)(k),S) is conser-
vative. This holds because the functor (f~*d)(k) — d(k) is a pullback of the essentially
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surjective functor f hence is itself essentially surjective, and equivalences in presheaf
categories are detected objectwise.
(3) The oo-category Fun(d(oo),S) admits K-indexed limits, and these are preserved by

Fun(d(o0),S) — Fun((f'd)(c0),S).
In fact functor categories to S admit all limits and these are preserved by all pullbacks,
since limits are calculated objectwise in functor categories.
(4) For every morphism « in (K°)% the commutative square of co-categories gotten by

applying our natural transformation to « is right adjointable. This holds by the proper
base change theorem and our assumption that d(«) is proper.

Thus the conditions of [Lurl2| 5.2.2.37 apply and finish the proof. O

Corollary 2.29. Every colimit in Caty, produced by the above theorem is universal: stable
under pullback (via an arbitrary map to the co-cone object).

Proof. Clear, since the two conditions are stable under pullback. O
Here are some special cases. First we have Cech descent along a covering map.

Corollary 2.30. Let f: C — D be an essentially surjective proper functor in Cats,. Then D
identifies with the colimit of the Cech nerve of f.

Proof. Recall that the nondegenerate simplex category is cofinal in A, [Lur09a| 6.5.3.7, so
in calculating the colimit of the Cech nerve we can restrict to the functors induced by non-
degenerate maps in A. But all such functors are pullbacks of f, hence are also proper by
Corollary 2.25. Hence by Theorem 2.28 we can reduce to the case D = *. But then f admits
a section and hence gives a colimit diagram, [Lur09a] 6.1.3.16. O

Here is the analogue of “cdh descent” in algebraic geometry.

Corollary 2.31. Suppose given a pullback square o in Caty,

o2, ¢

T
D 2-D
such that:
(1) f is proper;
(2) g is the inclusion of a left closed full subcategory;
(3) the pullback of f to the full subcategory given by the complement D \. D’ is an equiv-
alence.

Then o s also a pushout square.
Proof. Note that the conditions are closed under base-change along any functor X — D.

Furthermore, all of f, g, f’, ¢’ are proper, as they are pullbacks of proper maps. Therefore, by
the proper descent theorem, it suffices to prove this when D = *. But then either D' = (), in
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which case f and f’ are equivalences and hence the square is a pushout, or D’ = %, in which
case g and ¢’ are equivalences and hence the square is a pushout. O

The following is “descent for left-closed covers”.

Corollary 2.32. Let C be a small co-category. Suppose given a collection P of left-closed
full subcategories of C, viewed as a poset under inclusion, such that for all x € C the subposet
of those elements of D containing x s contractible. Then
C= %ﬂ D.
DeP

Proof. As every inclusion of left closed full subcategories is itself a left closed inclusion, it is
proper. Therefore, by the proper descent theorem, it suffices to show that the pullback of
our diagram along any functor x — C, classifying an object ¢ € C, has colimit x. But as
the elements of P are full subcategories, every term in this pullback is either * (when ¢ lies
in the corresponding full subcategory) or () (otherwise). Thus we see exactly the condition
that the poset of those D € P containing ¢ should be contractible, in the form that the
colimit of the terminal diagram is terminal. (Note that colimits in S are automatically also
colimits in Cat,, as the inclusion has a right adjoint given by neglecting the non-invertible
morphisms.) O

Here we calculate homotopy orbits for a group action. We stick to the special case that’s
relevant for us.

Corollary 2.33. Let P be a poset and G a group acting on P. We can encode this action by
a functor P: BG — Posets C Caty,. Then the colimit in Caty,

lim P

5e

naturally identifies with the action category G\\P whose objects are the p € P and whose
morphisms p — p' are the g € G with gp < p'.

Proof. Let’s make the comparison map. Note that G\\* = BG, and the functor * — BG is
tautologically G-invariant for the trivial G-action on . Now consider the functor G\\ P — BG
induced by P — %. The pullback of * — BG along this functor recovers P together with its
G-action, which gives the desired comparison map.

To show the comparison map is an isomorphism, because proper descent is universal it suffices
to use proper descent to establish ligBG * = BG. But after we pull back along * — BG we
find that what we need is lingG G = x where G is promoted to a G-object by the translation
action. But GG with the translation action is the same as the left Kan extension of the terminal
functor along * — BG, so this follows because left Kan extensions preserve colimits. OJ

Note that the set of isomorphism classes of objects in G\\P is the quotient set G\P. In
general, this quotient set does not have a poset structure making the quotient P — G\ P a
map of posets, but under a suitable regularity hypothesis this holds.
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Lemma 2.34. Let P be a poset and G a group acting on P. Suppose that for x € P and
g € G we have the implication v < gr = x = gx. Then:

(1) Every endomorphism in G\\P is an isomorphism.

(2) There is a poset structure on the quotient set G\P defined by X <Y if and only if
there exists an x € X and y € Y with x < y.

(8) This poset structure on G\P serves as the quotient of G acting on P in the category
of posets.

Proof. If g € GG gives a map x — x in the action category, then gr < x, so by hypothesis
(applied to z < g~'x) we deduce that gz = z, and it follows that ¢! gives an inverse
map. Thus part 1 holds. Part 2 is a consequence: in general, if C is a category where every
endomorphism is an isomorphism, then the set of isomorphism classes of objects in C forms
a poset with [z] < [y] iff there exists a map = — y. Finally, part 3 is clear once we know that
the quotient set is indeed a poset. O

The last corollary is an almost tautological though fairly fundamental colimit diagram.
Corollary 2.35. Let C be a small co-category. Then
hA’IC/x :> C,

xeC

and this colimit diagram is universal (still gives a colimit after arbitrary pullback).

Proof. All the functors in the co-cone diagram are of the form D,, — D, hence are proper by
Example 2.23. Thus, by the proper descent theorem, it suffices to see that we have a colimit
diagram after pullback along any * — C classifying an object ¢ € C. Then the claim becomes
that lim _, Mape(c, z) = *. Note that the functor x — Map.(c, z) under consideration here
is the left Kan extension of the terminal functor along the projection C.; — C, thus the value
of the colimit is equivalently lim ¢, *= |Cc/|. So we need that C., is contractible; but indeed

it has an initial object. O

Remark 2.36. One can also give many other proofs of this result. For example, one can
directly check that applying Map(A”™, —) gives a colimit diagram for all n, so that we have
an a priori stronger statement: in the complete Segal anima world, we even have a colimit
of simplicial anima. Or else one can use oo-topos theory: in PSh(C) we have x = @zec h
because maps out of either side calculates the limit over a C°P-diagram; then the conclusion
follows by descent. o

3. MISCELLANEOUS BACKGROUND ON CONSTRUCTIBLE SHEAVES

Let m: X — P be a stratified topological space in the sense of Lurie, |[Lurl2| Appendix A:
a continuous map from a topological space X to a poset P equipped with the Alexandroff
topology. The X, := n~'({p}) are the strata of the stratified space. Recall that in the
Alexandroff topology, every point p € P has a minimal open neighbourhood, namely the set
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of ¢ with ¢ > p. The stratum X, is a closed subspace of the open subspace U, := 7~ !({q > p})
of X, the open star around the p-stratum.

It will be handy to be able to test equivalences of constructible sheaves by restricting to
strata. Some hypothesis on X — P is necessary for this to be possible. We prefer to
impose the hypothesis only on P, and we will take the condition singled out by Lurie in his
Theorem A.9.3: P satisfies the ascending chain condition, meaning there is no infinite chain
Po < p1 < pa < ... of strict inequalities in P.

Lemma 3.1. Suppose X — P is a stratified space with P a poset satisfying the ascending
chain condition. Then a map of constructible sheaves on X is an equivalence if and only if
its pullback to the stratum X, is an equivalence for all p € P.

Proof. Suppose we have a map f of sheaves which is an equivalence on each stratum. Since
the U, cover X, it suffices to show that f induces an isomorphism on restriction to each U,,.
To prove this by noetherian induction on p, it suffices to show that if it holds for all ¢ > p,
then it holds for p. But U, \ X, is covered by the U, for ¢ > p, so we deduce f gives an
isomorphism there. Since f gives an isomorphism on the closed complement X, C U, by
assumption, it follows from the gluing formalism, [Lurl2] A.8, that f gives an isomorphism
on U,, as desired. O

Now we prove a version of the homotopy invariance of constructible sheaves.

Proposition 3.2. Let X — P be a stratified topological space such that P satisfies the
ascending chain condition. Consider the projection f: X x [0,1] — X. Then the pullback
functor

f*3 Shconstr<X> SN Shconstr(X X [07 1])
is an equivalence. Here X x [0, 1] is stratified by the composition X x [0,1] — X — P.

Proof. Recall from |Lurl2| A.2.10 that for arbitrary topological spaces T', the pullback
f*: Sh(T) — Sh(T x [0,1])

is fully faithful and admits a left adjoint f;, which commutes with pullbacks in the T" vari-
able; and for future reference we recall this also holds for open and half-open intervals
replacing [0,1]. We deduce that the f* in our statement is fully faithful, and that an
F € Sh™"(X x [0,1]) lies in the essential image if and only if f,F is constructible and
F = f*f,F. By the lemma and compatibility of f, with pullbacks, we therefore reduce to
the case where F is locally constant, provided we also show f, F is locally constant.

Thus suppose F € Sh(X x [0, 1]) is locally constant. By refining an open cover of X x [0, 1],
we find there is an open cover {U;} of X and open subintervals Iy;,..., I, covering [0, 1]
with empty intersection except for I;; N I41,; # 0, such that F|y,« 1;; is constant for all j;
in particular F|y,xy,, is pulled back from a constant sheaf on U;, hence by full faithfulness
of pullbacks along intervals, the constant sheaf on U; from which it’s pulled back is uniquely
and functorially determined. Thus, working our way from 1 to n; along the intersections, we
can identify all these constant sheaves on U; with one another, hence F|y, 0,1 is pulled back
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from this same constant sheaf on U;. But again by compatibility of f, with pullbacks, the
desired claims are local on X, so this suffices as the {U;} cover. O

Corollary 3.3. Suppose given a map f: X — Y of topological spaces, compatibly stratified
by a map Y — P to a P satisfying the ascending chain condition.

If f is a stratified homotopy equivalence,' then pullback induces
f*: Shconstr(y) :> ShconStT(X),
and in particular for any constructible sheaf F on'Y the natural map is an equivalence
LY, F) = T(X, f*F).

Proof. The lemma implies that any two stratified-homotopic maps induce the same pullback
functor on constructible sheaves. This gives the first claim, and the second claim follows by
taking mapping spaces from the constant sheaf on * to the sheaf F. O

Let us return to the general situation of a stratified space X — P. The association p — U,
gives a contravariant functor from the poset P to the poset of open subsets of X. Thus there
is an induced geometric morphism of co-topoi

m.: Sh(X) — Fun(P,S),

defined by (7.F)(p) = F(U,). The left adjoint 7* lands inside the full subcategory Sh®"** (X)
of constructible sheaves. Thus we have a comparison functor

7 Fun(P,S) — Shem'"(X),

Theorem 3.4. Let m: X — P be a stratified topological space with m surjective and P sat-
isfying the ascending chain condition. Suppose there is a collection B of open subsets of X
such that:

(1) the representable sheaves hy for U € B generate the co-topos Sh(X);?
(2) for all U € B, there is a p € P such that U includes into U, by a stratified homotopy
equivalence.

Then the pullback map

7 Fun(P,S) — Sh(X)
preserves all limits and colimits and is fully faithful with essential image Sh*™*" (X). More-
over every constructible sheaf on X is the limit of its Postnikov tower, and hence is hyper-
complete, compare |[Lurl2| A.5.9.

Proof. Let F € Sh(X). We claim the following are equivalent:

'This means there is a stratum-preserving map backwards and stratum-preserving homotopies making
both composites homotopic to the identity. In particular, the restriction to each stratum is a homotopy
equivalence, but also more.

2This condition implies that B is a basis for the topology. If every sheaf is hypercomplete, the converse
holds. In general it’s enough for B to be a basis closed under finite intersections, or even just a collection
such that every open subset admits a truncated hypercover by elements of 5.
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(1) F is constructible;
(2) For all U € B, we have F(U,) — F(U) where U, is as in hypothesis 2 (and is uniquely
determined as U, = 7' (7 (U)));
(3) m*m.F 5 F.
Indeed, 1 = 2 follows from Corollary 3.3 and 3 = 1 holds because 7* lands inside the con-
structible sheaves. For 2 = 3, note that 2 says that F|z is the presheaf pullback of the presheaf

m.J. Now take an arbitrary sheaf G on X. By hypothesis 1 in our theorem, we can calculate
Map(F, G) as maps of presheaves on B. Thus we deduce Map(F, G) = Mappgy,(por) (TF, T:G),

which says exactly that 77, F = F.

From 1 & 2, we already see that the full subcategory of constructible sheaves is closed under
all limits. Furthermore, from 1 < 3 we see that if F is constructible then 7*m,F = F,
so to see the equivalence 7*: Fun(P,S) = Sh®™"(X), which also gives preservation under
colimits, we only need the other direction ¢ = m,7*¢. However, by adjunction identities and
the previous direction it suffices to show that if a map ¢ — ¢’ is an equivalence on 7*, then
it is an equivalence. But ¢(p) is recovered as the pullback of 7* to any point in the stratum
X, so this follows from the surjectivity of 7.

The final claim about Postnikov towers follows, because the analogous claim in Fun(P,S) is
clear as Postnikov truncations and limits are computed objectwise. O

Remark 3.5. Consider the special case of X = P mapping to P via the identity. If P
satisfies the ascending chain condition, then Lemma 3.1 shows that the U, generate the oo-
topos Sh(P); hence the collection of them forms a B as required. Moreover, every sheaf on
P is constructible.

We deduce that if the poset P satisfies the ascending chain condition, then
Fun(P,S) 5 Sh(P) = Sh™»(P).

For arbitrary P, we still have

Fun(P,S) = Sh™?(P),
as the U, form a basis for the topology of P on which the induced Grothendieck topology is
trivial: every covering of U, is refined by U, = U,,. o

We can interpret the above theorem in light of the following definition.

Definition 3.6.

(1) We say that a stratified space X — P admits an exit path oo-category if the following
conditions hold:
(a) The full subcategory Sh*™*""(X) C Sh(X) is closed under all limits and colimits;
(b) The oo-category Sh®"*""(X) is generated under colimits by a set of atomic objects
(see Lemma 2.6).
(¢) 7*: Fun(P,S) — Sh*™'(X) preserves all limits (and colimits, but that is auto-
matic);
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(2) If X — P admits an exit path oo-category, we define its exit path oco-category
II(X — P) to be the opposite category of the full subcategory [ShCO"StT(X)}atom
of atomic constructible sheaves.

(3) If f: (X —- P) — (Y — Q) is a map of stratified spaces, we say that f respects exit
path oo-categories if f*: Sh™"(Y) — Sh®"*'"(X) preserves limits (and colimits, but
that is automatic). 4

If X — P admits an exit path oo-category, it follows from Proposition 2.7 that there is an
induced “exodromy” equivalence (cf. [BGH18| for the terminology)

Fun(II(X — P),S) 5 Shemstr (X)),

and it follows from Proposition 2.7 that, in terms of the exodromy equivalence, the pullback
map 7 Fun(P,S) — Sh*™""(X) is recovered as composition along a uniquely determined
functor

(X - P)— P.

Similarly, the condition that f: (X — P) — (Y — Q) respect exit path oo-categories is
equivalent to the condition that the induced pullback functor on constructible sheaves is
given, via exodromy, by composition with a functor

(X - P)—=II(Y = Q).

Moreover, this functor is then uniquely determined as the restriction to atomic objects of the
right adjoint to f*: Sh®™"(Y) — Sh*®"(X), see Proposition 2.7.

Theorem 3.4 already gives examples of stratified spaces admitting an exit path oo-category;
indeed, in those cases the exit path oo-category is the stratifying poset P itself. Note that
if (X — P) and (Y — @) are stratified spaces whose exit path oo-category identifies with
the stratifying poset, then every map (X — P) — (Y — @) respects exit path co-categories
simply because we are given the required map P — () as part of the data. This simple
observation, together with the following permanence properties, will be enough for us to
identify the exit path oco-categories we need in the next section.

Proposition 3.7.

(1) Let f: X — P be a stratified space admitting an exit path oo-category. Then for every
locally closed subset Q C P, the stratified space f~1(Q) — Q admits an exit path
oo-category, the inclusion (f1Q — Q) — (X — P) respects exit path oo-categories,
and

I(fHQ) — Q) = (X — P) xp Q.

(2) Let K be a small co-category and { Xy — Py}rex a K-shaped diagram of stratified

spaces, equipped with a co-cone Xo — Ps. Suppose:

(a) Each object Xj, — Py admits an exit path co-category for k € K.

(b) Each map (X — Py) — (Xp — Py) respects exit path oo-categories for k — k'.

(¢c) We have Sh(X.) — lim ., Sh(Xy) and She™s" (X ) = Wm, ., Shest (X,
via pullback.
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Then:

(a) Xo — Ps admits an exit path oo-category.

(b) Each map (X, — Pr) = (X0 — Px) respects exit path co-categories, k € K.
(¢) (Xoo = Po) = limy,  TI(Xy — F).

Proof. For part 1, by factoring a locally closed inclusion as a closed inclusion followed by an
open inclusion, it suffices to treat those cases separately. For an open subset U C P, we have
that Sh(U) = Sh(X)p, via the left adjoint to the pullback, see [Lur09a] 7.3.2. Moreover,
this description is compatible with base change, hence it passes to constructible sheaves:
She™*"(U) = (Sh*"*" (X)) /n,. This gives the conclusion in that case. For a closed subset
Z C P, we argue similarly but using Sh(Z) = ker(Sh(X) — Sh(U)), [Lur09a] 7.3.2, meaning
those sheaves on X which restrict to ) on U = X ~\ Z, the equivalence being induced by
pushforward. Part 2 is straightforward from Proposition 2.7. O

We also note that if we take P = * then constructible sheaf means locally constant sheaf,
and by comparing with [Lurl2] A.1.5 we find that X — % admits an exit path oco-category
if and only if Sh(X) is locally of constant shape in the sense of |Lurl2|, and the exit path
oo-category is the oco-groupoid given by the shape.

To finish, let us also recall from [0J20] that exodromy for constructible sheaves with values
in § automatically extends to sheaves with values in an arbitrary compactly generated oo-
category.

Proposition 3.8. Let X — P be a stratified space which admits an exit path oo-category,
and let £ be a compactly generated oco-category. Then there is a natural equivalence

Fun(II(X — P),E) = Sh*™" (X £)

where the constructible full subcategory of Sh(X; E) is again defined as the full subcategory of
those sheaves whose pullback to each stratum is locally constant.

This equivalence is essentially determined from the version where £ = S as follows: a functor
¢ € Fun(II(X — P),E&) and a constructible sheaf F € Sh®""(X:&) correspond under
the above equivalence if and only if for all x € &, the functor Map(z, p(—)) and the sheaf
Map(z, F(—)) correspond under the equivalence for € = S.

4. BOREL-SERRE AND REDUCTIVE BOREL-SERRE COMPACTIFICATIONS

We start with a recap of some material from Borel-Serre’s article, taken from a slightly
different perspective.

4.1. The canonical homogeneous space over R. Let G = G be a connected reductive
group over R. The canonical homogeneous space X is a transitive G(IR)-space whose isotropy
groups are exactly the maximal compact subgroups of G(R). It exists and is unique up
to isomorphism as G(R) admits a unique conjugacy class of maximal compact subgroups
(|[Mosb5]). This does not quite justify calling it “canonical” because it is not in general unique
up to unique isomorphism. But we can always fix a choice for G, say X = G(R)/K for some
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choice of maximal compact subgroup K, and as we discuss later this determines a choice for
each Levi factor of G as well, and that will be enough canonicity for us.

4.2. The Borel-Serre corners. Now, switching notation, let us take a connected reductive
group G over Q giving rise to a G as in the previous section by extension of scalars. We will
be interested in the restriction of the G(R)-action on X to arithmetic subgroups I' C G(Q).
The basic problem to “fix” is that the I'-action on X, while properly discontinuous, is not
cocompact. It turns out the explanation for this non-cocompactness lies in the parabolic
subgroups of GG, and we start with a brief recap on those and their relation to relative root
systems.

For a parabolic subgroup P of G, let Sp denote the maximal split torus in the centre of the
Levi factor P/Up, where Up is the unipotent radical of P. If P C @ then there is an induced
natural injection Sg < Sp. Moreover, if P is conjugate to P’ then any choice of conjugating
element induces the same isomorphism Sp — Sps. In this sense Sp = Sip) only depends on
the conjugacy class [P] of P, and all the S;p) can be compatibly viewed as subtori of the
“abstract maximal split torus”, which is S := S[p;) for minimal parabolic F%.

We recall also that there is a canonical finite subset A C X*(S) = Hom(S, G,,,) such that if
we choose a maximal split torus Sy inside a minimal parabolic F,, determining an isomor-
phism Sy ~ S via projection to Py/Up,, then A corresponds, via this isomorphism, to the
basis of the relative root system ®(Sy, G) occuring as weights in Lie(Up,), compare [BT65,
§5], [BJO6, II1.1.14|. Then there is an inclusion-reversing bijective correspondence between
conjugacy classes of parabolic subgroups P C G and subsets of A, determined as follows: if
Ap C A is the subset corresponding to [P], then Sipj = (Nyeawa, ker(x))°, see [BST3, 4.1].
Another way of describing the situation is that the restriction of Ap to Sjp gives a basis of
ker(X*(Sip) ® Q = X*(Say) ® Q).

Let us note the following consequence of this discussion of conjugacy classification of parabolic
subgroups. It will be used over and over again.

Proposition 4.1. Let P' C P be an inclusion of parabolic subgroups of G. If v € G(Q)
conjugates P' back inside P, then v € P(Q).

Proof. The classification of conjugacy classes of parabolic subgroups recalled above, applied
to both G and the Levi factor P/Up, implies in particular that two parabolic subgroups of
P/Up are P/Up-conjugate if and only if their preimages are G-conjugate. We deduce that
there is a p € P(Q) with pP'p~!/Up = vP'v~1/Up, which implies pP'p~! = vP'v~!. (Note
that Up C Ups C P'.) Thus p~'vy normalises P’. But every parabolic is its own normaliser,
[BT65, 4.3], so v € P(Q) as desired. O

Now, again for a parabolic subgroup P C G, let Ap = Sp(R)°. This group plays a crucial
role in the story. Namely, on the one hand there is a natural proper and free right action
op: X X Ap — X of Ap on X, the geodesic action of [BS73, §3]. But on the other hand the
discussion above provides natural root coordinates
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Ap/Ac = (Rog)?r,

see [BS73, 4.2]. For P C @, the geodesic actions of Ap and Ag are compatible under the
natural injection Ag — Ap, and the root coordinates are too, in that they make this injection
correspond to the inclusion (R+o)2@ C (Rso)27 of the coordinate hypersurface corresponding
to AQ C Ap.

Take care that while Ap, Ap, and the root coordinates only depend on the conjugacy class
[P], the geodesic action depends on P itself. In fact, if v € G(Q) and a € A(p, then

XL ®ypy-104 ="7T ®p Q,

see [BS73, 5.6]. Note that this in particular says that the P(Q)-action on X commutes with
the geodesic action by Ap; but in fact the whole P(R)-action does. (This is explained by the
fact that one can also define an analogous geodesic action for an arbitrary parabolic subgroup
of Gg, and then the previous formula holds for all v € G(R).)

Loosely speaking, the point of all this is that the geodesic actions by parabolic subgroups
give enough directions via which a point in X can “wander off to co” to fully account for the
non-cocompactness of the I'-action on X. Actually, with the conventions of [BS73|, it is the
limit as ¢ — 0 in Ry that corresponds, under the root coordinates and the geodesic action,
to wandering off to oo in X. This leads to the following definition.

Definition 4.2. Let G be a reductive group over QQ, and recall the canonical homogeneous
space X associated to Gr as above, whose stabilisers are the maximal compact subgroups of
G(R). Let P C G be a parabolic subgroup.

(1) The Borel-Serre corner is the topological space defined by
/X\ZP =X XAP (Rzo)AP,

the quotient of X x (Rs()*F which equalises the right geodesic action on X and
the left action by componentwise multiplication on (Rs¢)2? via the root coordinates
AP/AG >~ (R>0)AP.

(2) The combinatorial Borel-Serre corner is the partially ordered set

{0 < 1}47,

which we will identify with the poset Pp, of parabolic subgroups containing P un-
der containment, by matching ¢ O P with the indicator function of the subset
AP AN AQ Q AP.
(3) The stratified Borel-Serre corner is the continuous projection map
Xop = {0 < 1}27

induced by the map R>y — {0 < 1} sending 0 to 0 and ¢ # 0 to 1. N
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We have a stratified homeomorphism E(\Zp ~ R? x (R50)*? — {0 < 1}27 for some d > 0.
Indeed, if we fix a point  on X determining a maximal compact subgroup of G(R), then
the Langlands decomposition of P(R) and the fact that P(R) acts transitively on X (by the
Iwasawa decomposition) give an isomorphism X ~ R? x Ap via which the geodesic action is
the right action on the second coordinate, see [BS73, 5.4].

Lemma 4.3. The Borel-Serre corner 5(\2]3 admits an exit path co-category, which identifies
with its stratifying poset Pp;, see Section 3. In particular, the pullback functor

Fun(Pp/, S) — Shem (X- p)
s an equivalence of co-categories.

Proof. We need to produce the neighbourhood bases as in condition 1 and 2 of Theorem 3.4,
for X = R%x (Rsg)™ — {0 < 1}". It suffices to take the open boxes (a1, b1) X ... X (@gin; barn)
in R4 and intersect with X. O

4.3. The Borel-Serre compactification. In order to define the Borel-Serre compactifica-
tion, we need to discuss the functoriality of the Borel-Serre corners. There are two types of
functoriality:
(1) First of all, if P C @ is an inclusion of parabolics, then the compatibility of the
geodesic action and root coordinates with the inclusion Ay — Ap gives a natural
open inclusion . .
XZQ — X >p
lying above the combinatorial analogue
Pas = Py

coming from including the poset of parabolics containing () into that of those con-
taining P.
(2) Second, for v € G(Q) the action of v on X induces a natural homeomorphism

Xop = Xoypyt,
lying above the combinatorial analogue
Pry = Pypy-1y
coming from conjugating a parabolic containing P by ~.

The first functoriality is more formally a functor P +— 5(\2 p from the poset P of parabolic
subgroups under reverse inclusion to topological spaces, lying over an analogous functor
P+ Pp, from P to posets.

Definition 4.4. For G a reductive group over Q, the Borel-Serre partial compactification (of
X/Ag) is the topological space defined as the colimit

S(\Z: 11 S(\ZP7
pepo
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viewed as a stratified space over

P = hg Ppy,
Pecpor
the poset of parabolic subgroups of G under inclusion. <

Note that the entire structure of the colimit defining X is recovered from the output stratified
space T: X — P, because X p identifies with the open star 7~ !(Pp,) around the P-stratum
of X.

Proposition 4.5. Let G be a reductive group over Q. Then via the natural pullback functors
we have:

(1) Sh(X) = y_PGP h(X>p).

constr constr
(2) Sh —)LPE?OP Sh (X>p).
(3) Fun(P,S) = hm, ., Fun(Pp/,S).

Proof. Part 1 follows from Corollary 2.17 and part 3 follows from Corollary 2.35. To deduce
2 from 1, we need to know that a sheaf on X is constructible if its pullback to each X>p is.
For that it suffices to note that the P-stratum is fully contained in X>p. O

Corollary 4.6. The stratified space X — P admits an exit path co-category which identifies
with its stratifying poset P; in particular, the comparison functor gives an equivalence

¢*: Fun(P,S) 5 She™™ (X).

Proof. The comparison functor is natural in the stratified space by construction, so Proposi-
tion 3.7 parts 2 and 3 reduce us to the analogous claim for the X~ p, which is Lemma 4.3. [

Now it is time to _consider the second functoriality on the Borel-Serre corners. In terms of
the glued space X, this simply manifests itself in a continuous action of the discrete group
G(Q), extending the natural action on the interior X /Aq and covering the conjugation action
of G(Q) on P. The main result of Borel-Serre is that if I' C G(Q) is a torsionfree arithmetic
subgroup, then I' acts properly, freely, and cocompactly on X. Thus the quotient space F\X
is a compact Hausdorff space compactifying its interior I'\ X/Aq, which has the homotopy
type of BT

Definition 4.7. Let G be a reductive group over Q and let I' C G(Q) be a torsionfree
arithmetic subgroup. Then the Borel-Serre compactification (of T'\X/Ag) is the quotient
space

M\X
of the Borel-Serre partial compactification by the natural I'-action, viewed as a stratified

space over the quotient poset I'\'P of I'-conjugacy classes of parabolic subgroups under the
relation induced by inclusion. <
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By Proposition 4.1 and Lemma 2.34, the quotient I"\P in the category of sets gets an induced
poset structure from P. However, this is not the same as the (homotopy) quotient in the
oo-category of oo-categories; rather that is the action category I'\\P, see Corollary 2.33,
whose objects are the P € P and whose morphisms P — @ are the v € I' with yPy~! C Q.

Proposition 4.8. Let G be a reductive group over Q and I' C G(Q) a torsionfree arithmetic
subgroup. Then:

— —

(1) Sh(P\X) = Sh(X)T.
(2) Shconstr(r\?) :> Shcontr(j(\)r‘
(3) Fun(T\\P, S) = Fun(P, S)".

Proof. Part 1 follows from Corollary 2.18, and part 3 follows from Corollary 2.33. To deduce
part 2 from part 1, we need to know that a sheaf on I'\ X is constructible if its pullback to
X is. This follows because for any parabolic P, the projection from the P-stratum in X to

the [P]-stratum in F\X\ has local sections; in fact it is the quotient by the proper free action
of Tp = ' N P(Q). O

Corollary 4.9. Let G be a reductive group over Q and I' C G(Q) a torsionfree arithmetic

subgroup. Then F\E(\ admits an exit path co-category which identifies T\\'P. In particular,
there is a natural equivalence

Fun(T\\P, S) = Sh*™" (I'\ X).
Proof. Follows by combining the previous proposition and Proposition 3.7. O

4.4. The reductive Borel-Serre compactification. To motivate the reductive Borel
Serre compactification, we start by taking a closer look at the Borel-Serre compactification.
For a parabolic subgroup P, the P-stratum of X identifies with X x47 % = X/Ap, and the
[P]-stratum of 1“\3(\ identifies with the quotient

FP\X/AP

Thus all the strata are of a similar form as the open stratum I'\X/Ag, except with the
reductive group G replaced by the non-reductive group P.

(One may be bothered by the fact that this description of the [P]-stratum, on the face of it,
depends on the chosen representative P. But this is an illusion: if P is conjugate to P’ via -,
then the induced homeomorphism I'p\ X/Ap ~ I'p\ X/Ap is independent of v. This follows
from the fact that parabolic subgroups are their own normalisers.)

To get a better inductive structure we would like to replace the parabolic subgroup by its
Levi quotient L = P/Up, which is reductive. Let I';, C L(Q) denote the quotient I'p/I'y,.. If
[ is not just torsionfree but neat, [Ji06], then I'j, is also a neat, and in particular torsionfree,
arithmetic subgroup of L(Q). Moreover, there is a natural map

FP\X/AP — FL\XL/AL
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from the [P]-stratum of the Borel-Serre compactification for I' C G to the open stratum of
the Borel-Serre compactification for I', C L, which is in fact a fibre bundle with compact
fibre Up(R)/I'y,. Indeed, this map comes from the canonical identification

X, = Up(R)\X

of the canonical homogeneous space of Lg with the indicated quotient of the canonical homo-
geneous space of Gg, together with the fact that Ay acting on X, identifies with Ap acting on
Up(R)\X. More generally if P’ C P is parabolic, then the geodesic action of Ap:y, on X
identifies with the geodesic action of Apr on Up(R)\X. This leads to the following definition
made by Zucker.

Definition 4.10. Let G be a reductive group over Q and I' C G(Q) a neat arithmetic
subgroup. The reductive Borel-Serre compactification (of I'\ X/A¢) is the quotient topological
space

Yp=(\X)/ ~
obtained from F\E(\ by collapsing the [P]-stratum to '\ X /A via the above quotient map,
for all parabolic subgroups P (or just one representative from each I'-conjugacy class).

We view ?p as stratified over the poset I'\’P of I'-conjugacy classes of parabolic subgroups by
the unique factoring

Yy — T\P
of the stratifying map I‘\E(\—> I'\P of the Borel-Serre compactification. <

Zucker checked that that ?p is Hausdorff, hence it is a compact Hausdorff space. An important
aspect of the reductive Borel-Serre compactification is its inductive nature, based on the
following:

Proposition 4.11. Let G be a reductive group over Q and I' C G(Q) a neat arithmetic
subgroup. Then:

(1) The projection map F\E(\ — i/\r 18 proper and restricts to an isomorphism over the

open stratum I'\X/Aq of ?p;
(2) For P C G parabolic with Levi factor L, there is a canonical closed inclusion

Yr, = Yt
identifying ?FL with Yr xp\p (I\P)p], the closure of the [P|-stratum in Yr.

Proof. The first claim is obvious from the definition (and the fact that Yy is Hausdorff). For
the second claim, the existence of the map follows from the identification of symmetric spaces
X1, = Up(R)\X¢ and the compatibility of the geodesic actions, as discussed above. The map
clearly restricts to a homeomoprhism on each stratum, so to see it is an inclusion it suffices
to recall the fact that if P’ P” C P are parabolic subgroups and v € G(Q) conjugates P’ to
P’ then v actually lies in P(Q), see Proposition 4.1. O
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Let Oy = Yr~ (IT"\X/Ag) denote the boundary of the reductive Borel-Serre compactification:

the complement of the open stratum. Similarly set 8F\3(\ = (F\S(\) N (M\X/Ag). Then it
follows from the above proposition that, in the category of topological spaces, we have:

(1) Y& = (\X) [Lpp, 5 O, and

(2) Ve =y gy 1y Yo
giving a sense in which reductive Borel-Serre compactifications for a given group G are built
up from Borel-Serre compactifications together with reductive Borel-Serre compactifications
for proper Levi factors of G. In fact, this inductive nature of the reductive Borel-Serre
compactification is very robust: these colimit diagrams turn into limit diagrams on categories
of sheaves of all sorts. This follows not from the bare statement about colimits in topological
spaces, but from the more primitive Proposition 4.11:

Corollary 4.12. We have:
(1) Sh(?p) = Sh(F\f(\) X n(or\ %) Sh(@?p), and similarly for constructible sheaves;

(2) Sh(dYy) =

— T&H[P]EF\R[P]#[G] Sh(YpP/UP) and similarly for constructible sheaves.

Proof. Part 1 for sheaves follows from the topological cdh descent, Corollary 2.13. To deduce
the claim for constructible sheaves, we need to know that a sheaf on ?p is constructible if
its pullback to the other three terms is. This is clear because the only stratum not in the
boundary is the open stratum, and the projection from F\E(\is an isomoprhism over the open
stratum. Part 2 follows for sheaves from the descent for closed covers, Corollary 2.14. To
deduce the claim for constructible sheaves it suffices to note that every stratum is contained
in its closure which is some i/\pp Up- ]

In principle, this corollary inductively yields an identification of the exit path oo-category of
Yp, based on the case of F\X treated in the previous section. But for technical reasons we will
need to make a comparison functor before we can use the inductive description to prove it’s an
equivalence. To accomplish that we will describe the reductive Borel-Serre compactification
in terms of stratified spaces whose exit path oo-categories are equivalent to posets; on such
stratified spaces the required comparison fg\nctor comes for free, see Section 3, and then we
deduce the correct comparison functor for Yr by passing to colimits.

Since the inductive description is based on closed subsets and not open subsets, the suitable
building blocks will be the closures of strata in Borel-Serre compactifications, for all Levi
factors of G. We therefore start with a discussion of these.

Let G be a reductive group over Q, and let P be a parabolic subgroup of G. Denote by
X\Sp = X\Xp P/P

the closure of the P-stratum in 3(\, which we view as stratified over the poset P,p of parabolic
subgroups contained in P.
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Proposition 4.13. Let G be a reductive group over Q, let P be a parabolic subgroup of G,
and set L = P/Up. There is a natural stratum-preserving free and proper Up(R)-action on

X<p extending the Up(Q)-action, and the quotient
Up(R\X<p
tdentifies with the Borel-Serre partial compactification associated to the reductive group L.

More generally, if Q is a parabolic subgroup containing P, then UQ(R)\X\SP identifies with the
closure of the P/Ugq-stratum in the Borel-Serre partial compactification associated to Q/Ug.

Proof. Note that S(\SP is glued from its open subsets 5(\[1:/71:] indexed by parabolic P’ C P,

which are in turn closed subsets of the Borel-Serre corners X p/, namely
Xiprp) = X x4 (Ryg)A7 27 € X x A% (Ry)7 = Xspr,

coming from the inclusion of the coordinate hypersurface (Rsq)*r 27 C (Rso)27". We recall
that the P’(R)-action on X commutes with the geodesic action by Ap:. Since

UP(R) - UPI(R) C P/(R)

when P’ C P, this induces compatible Up(R)-actions on all the 5(\[13/713], whence the required

action on 5(\5 p. For the identification of the quotient with the Borel-Serre partial compact-
ification associated to 'y, it follows from comparing the definitions using the identification
X1 = Up(R)\ X¢ discussed above. The more general claim is completely analogous. O

Corollary 4.14. The exit path co-category of UQ(R)\E(\SP identifies with its stratifying poset
P<p.

Proof. By Proposition 3.7 this follows from the identification of the exit path oo-category of
the Borel-Serre partial compactification, Corollary 4.6. U

The following category will end up being the exit path co-category of ?r, see [(J20].

Definition 4.15. Let G be a reductive group over Q and I' C G(Q) a neat arithmetic
subgroup. Let RBSr denote the category whose objects are the parabolic subgroups P C G,
and where the set of maps P — () is the quotient

{yeTl:vPy' C Q}/Tu,,

composition being induced by multiplication in I', which is well-defined as T'y, C Fvafl. <

Recall the twisted arrow category Tw(C) of a category C: its objects are the maps X — Y
inC, and amap (f: X - Y) — (f: X’ = Y’) is a factorisation of the latter through the
former, namely maps a: X’ — X and b: Y — Y’ such that f' = bfa. We will identify the
exit path oo-category of Yr with RBS: by expressing Yr as a colimit indexed by Tw(RBSr)
of the spaces UQ(]R)\S(\SP discussed above. To make this work we need some lemmas.
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Lemma 4.16. Let C be a category. The projection functor Tw(C)? — C sending x — y to x
is a lig—equwalence.

Proof. The right fibre over an object ¢ € C identifies with the category whose objects are the
composable maps
c—T—Yy

emanating from ¢, and whose morphisms (¢ - = — y) — (¢ = 2’ — ¢/) are pairs of maps
(x = 2"y —y)

making the evident diagram commute. The full subcategory on those objects for which ¢ = x
is equivalent to (C./)? and is therefore contractible; but on the other hand there is a retraction
to the inclusion of this full subcategory given by composition, ¢ - x — y — (¢ = ¢ — y), and
an obvious natural transformation from this retraction to the identity. Thus the right fibre
is homotopy equivalent to (C./) and is therefore also contractible, hence by Theorem 2.19
our functor is a liﬂ—equivalence as desired. O

Lemma 4.17. The category Tw(RBSr) is equivalent to the category whose objects are the
inclusions P C Q of parabolic subgroups, and whose set of maps (P C Q) — (P’ C Q') is
given by

Ty, \{y €T 7Py ' C P 7Qyv ' DQ'}
with composition induced by multiplication in I

More precisely, the equivalence is given by the functor which on objects sends the inclusion
P C Q to the map P il Q@ in RBSr, and on maps sends [y]: (P C Q) — (P’ C Q') to the
pair of maps P b prand Q' [g] Q@ in RBS.

Proof. The functor is well-defined because FUQ, Cly, C FUwa—l so that FUQ/V CI'y,. To
give the identification, we should show that every map P — @) in RBSr is equivalent to an

inclusion, meaning a map given by v = id, and that maps in Tw(RBSr)°? between inclusions
are given by the set posited in the statement.

For the first claim, if P — @ is induced by v € I" then we can factor it as P = yPy~! 50
where the first map is induced by + and the second map is an inclusion. For the second claim,
maps (P C Q) — (P C Q') in Tw(RBSr)? are by definition given by

{(Yasw €T 7Py C P Q' C Qe € T}/ ~
where (va,7%) ~ (paspp) Hf val'vp = pul'v, and WLy, = ppl'y,,. It follows that we can
uniquely specify 7, in terms of 7, by setting v, =, ', which leads to the claim. 0

Lemma 4.18. For P a parabolic subgroup, the natural functor P;p — (RBSr),p induced by
(P'C P)w— (P i P) is an equivalence.

Proof. This follows similarly: by direct calculation, the functor is essentially surjective and
fully faithful. 0
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In terms of the equivalence of Lemma 4.17, we find that the spaces Ug(R) \5(\313 organise into
a functor

Y: Tw(RBSp)” — Top
which sends (P C Q) — UQ(Q)\S(\SP on objects, and on morphisms is induced by the I'-
action on X. This lies above the combinatorial analogue Tw(RBSr)®? — Posets defined
by
(PCQ)— P<p

on objects, and induced by I'-conjugation on maps. Thus we promote Y to a functor from
Tw(RBSr)? to stratified spaces.

A rephrasing of Zucker’s definition of the reductive Borel-Serre compactification is that
Yr =linY.

Indeed, in both cases we are gluing together I'-orbits and collapsing unipotent fibres, we just
do it in a different order. But this new description is more robust, in that it promotes to a
statement about categories of sheaves:

Theorem 4.19. Let G be a reductive group over Q and I' C G(Q) a neat arithmetic subgroup.
Then N .
Sh(Te) S lm Sh(U(R)\Xzp),
(PCQ)ETw(RBSY)
and similarly for constructible sheaves.

We will prove this theorem shortly, but for now let us deduce the following consequence.

Corollary 4.20. The stratified space i/\[‘ admits an exit path oo-category, and this exit path
oo-category identifies with the category RBSr.

Proof. By Corollary 4.14, the exit path oo-category of UQ(R)\S(\SP identifies with its strati-
fying poset P,p. Thus, by Proposition 3.7, it suffices to calculate that in Cat,, we have

ling Pp ~ RBSr.
(PCQ)eTw(RBSr)or

However, for a parabolic subgroup P the natural functor P,p — (RBSr),p sending P’ C P to
[id]: P' — P is an equivalence by Lemma 4.18. Thus this will follow from the more general
claim that for any category C we have

hﬂ C/c ; C.

(c—d)eTw(C)op
But we have @Cec C/. = C by Corollary 2.35, so this follows from Lemma 4.16. U

To prove Theorem 4.19, we need the following diagrammatic analogue of the inductive struc-
ture of the reductive Borel-Serre compactification.



116

40 DUSTIN CLAUSEN AND MIKALA ORSNES JANSEN

Proposition 4.21. Let G be a reductive group over Q and I' C G(Q) a subgroup. Consider
the following full subcategories of Tw(RBSr)%:

(1) For a T'-conjugacy class of parabolic subgroups [P| of G, we write

for the full subcategory of Tw(RBSr)% on those inclusions P' C Q" with P' contained
in a representative of [P).
(2) For a parabolic subgroup P, we view

TW(RBSFP/UP )op

as the further full subcategory of those P' C Q' with ' C P.
(3) We view I'\\P as a full subcategory of Tw(RBSr) by the embedding P — (P C G).
(4) For P C Q, view BUpyy,, as the full subcategory spanned by (P C Q).

Then:
(1) The full subcategories Tw(RBSr)Zp and I\\P are left-closed.
(2) The union of the subcategories TW(RBSF)  for [P] # |G] is equal to the complement

TW(RBSF)‘)” ~ BT, and for all (P' C Q') E TW(RBSF)OP \ BT the collection of those
Tw(RBSr)Zp containing P' C Q" has a minimal element, namely Tw(RBSr)Z .

<[P]

(3) For a pambolzc subgroup P C G, the inclusion
BI'p € (\\P)<ip) = (\\P) N Tw(RBSr) 7,

has a left adjoint.
(4) For a parabolic subgroup P C G, the inclusion

TW(RBSI‘P/U )Op C TW(RBSI‘)<[P]
has a left adjoint.

Proof. Claims 1 and 2 are obvious. For claim 3, note that (I"\\'P)<(p; is equivalent to its full
subcategory on those parabolic P’ such that P’ C P. Recall that any v € I" which conjugates
such a P’ C P back inside P must necessarily lie in I'p, see Proposition 4.1. Thus we can
identify (I'\\P)<(p} ~ I'p\\P/p, and the projection to BI'p prov1des a left adjoint proving
the claim. Claim 4 follows similarly: we can replace Tw(RBSr)%, <(p] With the equivalent full
subcategory of those (P" C @)') such that P’ C P, and then the functor backwards given by
(PP C @) — (PC PNQ’) on objects and [y] — [y] on morphisms provides a left adjoint to
the inclusion. O

Corollary 4.22. Let F': Tw(RBSr) — C be a functor to an arbitrary co-category C with all
limits. Then:

(1) lglF ; @F|TW(RBSF)\BF Xl'&lF\(p\\p)op\Br 1'&HFW(F\\P)DP'
(2) Yim F'lrw®psp)~Br — Y&H[P]e(r\p)op\[a] Wm F| 1t (RBSr) <) G1

i Pl 5 m Flrsinoss, )
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(3) l'&n’};kr‘\\p)op\BF = T&H[P}G(F\P)“P\[G] @Fk(r\\p)ﬁp])w, and fO’f’ all parabolic P C G
we nave

N Fl(o\\p) o ppor — Im Flpr,.

Proof. This follows by descent for closed covers, Corollary 2.32 which lets one decompose
limits by Proposition 2.1, and the fact that a left adjoint functor is a @—equivalence, Exam-
ple 2.21. O

Now we can prove Theorem 4.19.
Proof. Consider the functor F': Tw(RBSr) — Cat, defined by
F = ShoY,

so F(P C Q) = Sh(UQ(R)\/X\SP) with pullback functoriality. For any full subcategory
D C Tw(RBSr), we have the associated comparison map

Sh(ling ¥ [per) — Jim F|p.
We want to prove that this is an equivalence for D = Tw(RBSr). Proceeding by induction on
the Q-rank of G, we can assume it is an equivalence for D = Tw(RBSr, /UP) for any proper
parabolic P C G. Then comparing part 2 of the corollary above with part 2 from Propositoin
4.12 we get that it is an equivalence for D = Tw(RBSr) \ BT; other the other hand part 3 of
the corollary above plus descent for the closed cover of ST\ X by the (F\?)S[p] for [P] # [G]
shows that it is an equivalence for D = (I'\\P)?” \BI'. Then comparing part 1 of the corollary
with part 1 of Propostion 4.12 gives the desired claim, finishing the proof of Theorem 4.19
for sheaves, without the constructibility condition. But since the maps from the strata of the
Borel-Serre compactification to those of the reductive Borel-Serre compactification are fibre
bundlgg and hence have local sections, a sheaf on Yt is constructible if and only if its pullback
to '\ X is constructible, which shows that the variant with constructible sheaves follows. [

5. RBS(M) AS UNSTABLE ALGEBRAIC K-THEORY

As an intermediary step, let us transport some of the above discussion into the general context
of reductive groups over commutative rings. We recall the definition from |[?J20].

Definition 5.1. Let G be a reductive group over a commutative ring R. Define the category
RBSg to have objects the parabolic subgroups P C G and morphisms P — P’ the set

{9 € G(R) : gPg™" C P'}/Up(R),
composition being induced by multiplication in G(R). <
Thus, if we take R = Q and further restrict to the subcategory specified by the choice of an

arithmetic subgroup I' € G(Q), this recovers the category RBSr of the previous section, which

we identified with the exit path oco-category of the reductive Borel-Serre compactification Yr.
But now we want to consider general R and forget about I'.
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For connections to algebraic K-theory, we restrict to G = G L,,, or more generally G = GL(M)
for a finitely generated projective R-module M. For the classification of parabolic subgroups
of reductive group schemes we refer to [DG70| Exposé XXVI. We see that if Spec(R) is
connected, then parabolic subgroups of GL(M) correspond to splittable flags F of submodules
of M: chains of inclusions

F:(Mlg...gMd_l)

such that each quotient M;/M;_; is nonzero and projective (we set My = 0 and My = M).
We call d the length of the flag; it is the number of these associated graded pieces M;/M; .
The corresponding parabolic subgroup Pz represents the automorphisms g of M preserving
the flag, meaning g(M;) = M; for all 4, and its unipotent radical Ur C Pr represents those
automorphisms preserving the flag and inducing the identity on each M;/M; ;. Note that
the Levi factor Ly = Pr/Ur identifies with the product

d
Lr= H GL(M;/M;_,).
i=1
Furthermore, the partial order of inclusion of parabolic subgroups translates into the partial
order of refinement of flags, defined by setting F < G if and only if the set of submodules
occurring in G is a subset of the set of submodules occurring in F. Note that the inclusion

on unipotent radicals goes the opposite direction: if F < G then while Pr C Fg, we have
Ur D Ug.

This discussion of flags F of splittable submodules of M and their associated subgroups
Pr C GL(M) quotients L = Pr/Ur makes no use of the commutativity of R. Thus we
arrive at the following.

Definition 5.2. Let A be an associative ring and M a finitely generated projective A-module.
Define the category RBS(M) to have objects the splittable flags F of submodules of M, with
set of maps F — F’ given by

{g9e GL(M) : gF < F'}/Ug,

with composition induced by multiplication in GL(M) (it is well-defined because F < G
implies that Ug C Ug).

Let also P denote the poset of splittable flags of submodules of M with partial order < given
by refinement, as above. <

First we show that RBS(M) “behaves” like an exit path oo-category with stratifying poset
GL(M)\P and K(7,1) strata.

Lemma 5.3. Let A be an associative ring and M a finitely generated projective A-module.
Then:

(1) The quotient set GL(M)\P inherits the poset structure from P.
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(2) There is a functor
m: RBS(M) — GL(M)\P
given by w(F) = [F].
(3) For a point x € GL(M)\P the fibre 7='(x) is a connected groupoid.
(4) For a splittable flag F, the automorphism group of F in RBS(M) identifies as

AutRBs(M)<,7:) = P]:/U]: = L]:.

Proof. For part 1, by Lemma 2.34 we need to check that g/ < F implies gF = F. But the
G L(M)-action preserves length, and a refinement between flags of equal length is necessarily
an identity. Then parts 2, 3 and 4 are immediate. 0

Now we describe the basic inductive structure of RBS(M). For this we will impose the
split noetherian hypothesis on M described in the introduction: that there are no infinite
descending sequences split submodules of M. This has the following consequence.

Lemma 5.4. Let A be a ring and M a split noetherian finitely generated projective A-module.
Then:

(1) The posets P and GL(M)\P satisfy the descending chain condition.
(2) If N C M is a split submodule and we have g € GL(M) with gN C N, then gN = N.

Proof. For part 1, it suffices to show that P satisfies the descending chain condition. If
not, we would get an infinite chain of split submodules of M, so there would either be an
infinite descending sequence of split submodules or an infinite ascending sequence. But as
the submodules are split we can convert one situation to the other so both are ruled out by
our split noetherian hypothesis. For 2, if g/N C N then we get the infinite chain

.C¢"NC¢"'NC...CN
which contradicts our assumption. 0
Furthermore, it is often the case that every M is split noetherian.

Lemma 5.5. Let A be a ring. If either:

(1) A is noetherian, or
(2) A is commutative and Spec(A) has only finitely many connected components,

then every finitely generated projective A-module M is split noetherian.

Proof. The claim is clear if A is noetherian. If A is commutative, then the dimension function
x — dim(M ®4 k(x)) on Spec(A) is locally constant as every finitely generated projective
module is locally free; moreover if IV is a proper split submodule of M then the dimension of
N must be strictly less than that of M on at least one connected component, as otherwise
M/N would be a finitely generated projective module of dimension 0 everywhere, whence
M/N = 0 by Nakayama’s lemma. Thus the claim reduces to the fact that a finite product of
copies of the poset (N, <) satisfies the descending chain condition, which is clear. O
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Definition 5.6. Let A be an associative ring and M a finitely generated projective A-module.
For [F] € GL(M)\P an orbit of splittable flags, denote by RBS(M )<z the full subcategory
of those objects which admit a map to F, and similarly for (GL(M)\\P)<7. q

The following will be the basis of many inductive arguments.

Proposition 5.7. Let A be an associative ring and M a split noetherian finitely generated
projective A-module.

(1) For a splittable flag F in M with associated graded gr(F) = (M, ..., My) we have
identifications

d
RBS(M)<(7 = [ [RBS(M,)
=1

and
(GL(M)\\P)<ir) = Pr\\P<r,
where Pr C GL(M) is the stabiliser group of F. Moreover, the natural functor
BPr — Pr\\P<r is a right adjoint and in particular induces an isomorphism on
anima.
(2) The natural functor p: GL(M)\\P — RBS(M) is proper and an isomorphism over
BGL(M), the full subcategory spanned by the empty flag.

Proof. For claim 1, note that every splittable flag G with a map to F is GL(M)-equivalent
to a splittable flag with G < F, so one can replace the left-hand categories by their full
subcategories on such flags. This lets one match up the objects, and then one has to calculate
maps, where one needs the claim that if ¢ € GL(M) satisfies gG < F, then necessarily
g € Pr.? But this follows from Lemma 5.4 part 2. The last claim, about BPr — Pr\\P<r
being a right adjoint, is immediate to verify by taking the left adjoint to be the projection
map backwards.

For claim 2, note that GL(M)\\P identifies with the left pullback
RBS(M) X rpss BGL(M).

Indeed, P identifies with RBS(M) p by sending F to the map F — () given by the identity
e € GL(M); then when we factor in the automorphisms of () we get the claim. U

In terms of colimits in Cat.,, or colimits in S after applying geometric realisation, we have
the following.

Corollary 5.8. Let A be a ring and M a split noetherian finitely generated projective A-
module. There are the following colimits in Caty,:

(1)
GL(M)\\P Ugronp-scron (RBS(M) ~ BGL(M)) = RBS(M).

3This is the analogue of the key lemma about parabolic subgroups, Proposition 4.1.
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(2)
RBS(M) ~ BGL(M) = hﬂ RBS(M)S[;]
[FIEGL(M)\P,[F#[0]
and

(GLOO\\P)~ BGLOM) = lm  (GLOD\P)<pz.
[FIEGL(M)\P,[F]#£[0]

Proof. This follows from the cdh descent, Corollary 2.31, and descent for covers, Corol-
lary 2.32. 0

There is a natural comparison map
BGL(M) — |RBS(M)|

coming from the empty flag, and we want to understand the extent to which this is an
equivalence. First of all, it is clear that RBS(M) is connected, as every flag maps to the
empty flag. Thus the first thing to look at is m;. This turns out to not be so difficult to
analyse.

Theorem 5.9. Let A be an associative ring and M a split noetherian finitely generated
projective A-module. Denote by E(M) C GL(M) the subgroup generated by the Ur as F
runs through all splittable flags in M. Then the map

GL(M) =mBGL(M) — m | RBS(M)|
is surjective with kernel E(M).

Proof. First let us note that E(M) is in the kernel. Indeed, if F is a splittable flag and
g € Uz, then the refinement F < () is invariant under the g action on (), which produces a
nullhomotopy of the image of g in m | RBS(M)].

Next let us produce a map m | RBS(M)| — GL(M)/E(M) such that the composition with
GL(M) — m | RBS(M)] is the natural quotient. For this define a functor

RBS(M) — B(GL(M)/E(M))

by sending each flag to the basepoint and the map F — F’ induced by an element g € GL(M)
with gF < F’ to the image of g in GL(M)/E(M). This is clearly well-defined and functorial.

To finish the proof, it suffices to show that the map BGL(M) — | RBS(M)| is surjective on
my. For this, recall that a map of anima X — Y is an isomorphism on 7y and surjective on
my if and only if it is left orthogonal to the class of O-truncated maps, meaning those maps
each of whose homotopy fibres is O-truncated. It follows that the collection of maps X — Y
which are isomorphism on 7y and surjective on 7 is closed under colimits in Fun(A!,S). It
is also clearly closed under products and composition.

Using these permanence properties, let us now prove the claim by noetherian induction on M.
Thus, we can assume the claim holds for all proper splittable submodules of M, hence it holds
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for all associated graded pieces of nonempty flags in M. But then part 2 of Proposition 5.7
shows that

BLr — |RBS(M) <7
is an isomorphism on 7y and surjective on . It follows that the same is true for the

composition BPr — BLy — |RBS(M)<(#|, which is equivalent to saying that the same is
true for

[(GLM)\\P) <7 = | RBS(M)< (7],
since (GL(M)\\P)<ix = Pr\\P<r by part 2 of Proposition 5.7.

But parts 1 and 2 of Corollary 5.8 show that our map BGL(M) — | RBS(M)| is an iterated
colimit of such maps, so we deduce the desired claim. O

In particular, if the subgroup E(M) happens to be perfect, we can perform the plus construc-
tion and obtain a comparison map

BGL(M)* — |RBS(M)).

which is an isomorphism on 7y and m;. In the next section we will see that if A has many
(central) units in the technical sense introduced by Nesterenko—Suslin, and every finitely
generated projective A-module is free, then this map is an equivalence. For the proof we
use the inductive structure explained in this section to reduce to proving a certain homology
isomorphism for matrix groups. This is a close analogue to the homology isomorphism proved
by Nesterenko—Suslin in [NS90]|, and our proof is based on theirs. We do have to take care to
ensure that we get the desired result with local coefficient systems as well, though.

5.1. Comparison with the plus-construction.

Lemma 5.10. Let A be an associative ring and M a split noetherian finitely generated pro-
jective A-module. Let L be a local system of abelian groups on |RBS(M)|, viewed also as
a local system on BLx for any splittable flag F of submodules of M, by pullback to the full
subcategory on F. Suppose that for all F < G the quotient map BPr — B(Pr/Ug) induces
an isomorphism on homology with L coefficients. Then the map

BGL(M) — |RBS(M)|
also induces an isomorphism on homology with L-coefficients.
Proof. Using the inductive nature of the RBS categories, Proposition 5.7 and Corollary 5.8,
lets us prove by noetherian induction on a splittable flag G that the map

BLg — |RBS(M)<(g)|

is an isomorphism on homology with L-coefficients. Thus, assume the claim holds for all finer
flags. Let (M, ..., My) denote the associated graded of G, and consider the proper functor

HGL I\\P; — HRBS = RBS(M)<(g,
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where P; denotes the poset of splittable flags in M;. We want to show it’s an isomorphism
on L-homology. By cdh descent, it suffices to show the same for its pullback to RBS(M )<z
for any finer flag 7 < G. But if we write F; for the image of F in M;, this pullback gives

11 P \\(P)<iz) = RBS(M) <7,
=1

so it suffices to see that B(Pr/Ug) = []i_; BPr, — RBS(M)<(# gives an isomorphism on
L-homology. But now this follows from the inductive hypothesis, our hypothesis, and the 2
out of 3 property for isomorphisms. O

Lemma 5.11. Let k be a prime field, let 1 — U — P — L — 1 be a short exact sequence of
groups and let L be a local system of k-modules on BL. Suppose there exist:

(1) A normal subgroup D C L;

(2) A map s: D — P giving a splitting of the pullback of P — L to D;
such that:

(1) The local system L is constant when restricted to BD;
(2) For all i > 1 the k-module H;(BU; k), equipped with D-action induced by the conju-
gation action of s(D) on U, has vanishing D-homology in all degrees.

Then the map
BP — BL

induces an isomorphism on homology with L-coefficients.

Proof. By the Serre spectral sequence, it suffices to show that H,(BL; H,(BU; L)) = 0 for
p > 0 and ¢ > 1. By the Serre spectral sequence for BD — BL — B(D/L), for this it
suffices to show that H,(BD; H,(BU; L)) = 0 for p > 0 and ¢ > 1. But now by hypothesis
1 the local system is constant so it suffices to show H,(BD; H,(BU;k)) = 0 for p > 0 and
q > 1. But using the splitting s the action of D on H,(BU;k) is induced by the conjugation
action of s(D) on U, so this is handled by hypothesis 2. O

Lemma 5.12. Let A be an associative ring, let X € Z(A)* be a central unit, and let N and
N' be finitely generated projective A-modules. Fiz p,q € N and let Dy denote the element
of GL(N) x GL(N'") € GL(N @& N') given by multiplication by N in the first factor and
multiplication by A™9 in the second factor. Then:
(1) Dy lies in the centre of GL(N) x GL(N').
(2) For a homomorphism f: N' — N, let Up € GL(N @& N') denotes the map which fizes
N and sends N' — N & N’ via (f,id). Then

D)\ . Uf . (D)\)_l — U,\p+qf.
(8) If N ~ A" and N’ ~ A" and we choose p=n' and q = n, then Dy, lies in E(N ® N").

Proof. Parts 1 and 2 are simple calculations. For part 3, note that if we consider D, as an
(n +n') x (n +n’) matrix, then it has determinant 1. Thus it suffices to show in general
that a d x d diagonal matrix with entries lying in Z(A) and determinant 1 necessarily lies
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in £4(A). We can clearly assume A = R commutative. In the world of 2 x 2 matrices, a
standard calculation shows that (\,0;0,A7!) lies in Ey(A). Hence a diagonal matrix with
determinant one and only two nontrivial adjacent entries lies in E4(A). But by multiplying
by such matrices we can inductively arrange to make a matrix in F4(A) which agrees with
our given diagonal matrix in its first d — 1 diagonal entries. Then the last diagonal entries
have to also be the same because of the determinant condition. 4

Let us adopt the following notation. If V' is an A-module and n € Z, write V(n) for V
considered as an additive abelian group, equipped with Z(A)*-action described by

A-m o= \"m.
Theorem 5.13. Let k be a prime field, and let A be an associative ring with centre R = Z(A).
Suppose that for all A-modules V' isomorphic to A¢ for some d > 0 we have
Hy(BR*; Hy(BV (n); k)) =0

forallp >0, all g > 1, and alln > 1. Here the V (n)-action on k is trivial and the R*-action
on H,(BV (n); k) comes by functoriality from its action on V(n).

Then for all split noetherian finitely generated projective A-modules M, the natural map
BGL(M) — |RBS(M)|
s an isomorphism on homology with k-coefficients.

If furthermore we assume that either:

(1) every split submodule of M 1is free, or
(2) H(BV;k) =0 for all ¢ > 1 and all A-modules V isomorphic to A? for some d,

then it is an isomorphism on homology with all k-module local coefficients.
Proof. By Lemma 5.10, it suffices to show that for all splittable flags 7 < G on M, the map
BPr — B(P]:/Ug)

induces an isomorphism on homology with the correct coefficients. Let’s prove this by induc-
tion on d, the length of G = (M; C ... C My_1). Write G; for the flag of length 2 given just
by just M;. Then we can factor the map in two steps:

BPr — B(Pr/Ug,) — B(Pr/Ug).

The second map is the product with BGL(M;) of an instance of our comparison map with
length d — 1, thus it gives an isomorphism. For the first map, if we set N = M; and let N’
be the image of a splitting of M — M /M, then the subgroup

D C Pr/Ug, C GL(M;) x GL(M/M;) = GL(N) x GL(N")

formed by the D, as in Lemma 5.12 verifies the conditions of Lemma 5.11 and proves the
claim. ]

The following is Nesterenko-Suslin’s key observation, see [NS90].
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Lemma 5.14. Let R be a commutative ring with many units: for any n > 1 there exist
1, ... € R* such that for all nonempty I C {1,...,n}, the sum ) ,_ r; is also a unit.

Then for n > 0, all prime fields k, and all R-modules M, we have
Hy(BR*; Hy(BM(n); k)) = 0
forallp >0 and g > 1.
Proof. This is explained in |[NS90| when n = 1, and the same argument works in general.
Recall Nesterenko—Suslin’s result: for all n > 1, if we let S,(R) denote the ring (R®")S»

and take the diagonal embedding R* — S, (R)*, then for every S,(R)-module N we have
H,(BR*;N) =0 for all p > 0. Here all tensor products are over Z. Now, if k¥ = Q we have

H,(BM(n); Q) = A"My,
with R*-action given by
A-(mp Ao AMg) = (A"my) Ao A (AMmy).

We can put an S,,,(R)-module structure on A?M by viewing M as an R¥"-module via restric-
tion along the multiplication map R®" — R, then using this to view ®?M as an (R®")®4-
module, hence as an 5,,(R)-module by restriction, and passing to the quotient A?M. The
correct R*-action is recovered and so Nesterenko—Suslin’s result proves the desired vanishing
in this case.

If k = F,, then we have to use the fact that there is functorial filtration on H,(M;TF,)
with associated graded pieces given by AY"%(M/pM) ® T';(M|p]), and then we can simi-
larly argue for vanishing of H,.(R*;—) on these pieces, hence on H,(M;F,), by equipping
A2 (M /pM) @ T';(M[p]) with appropriate S,,.(,—j)-action. O

Theorem 5.15. Let A be an associative ring with many units, meaning that its centre
R = Z(A) has many units in the sense described in the above lemma, and let M be a split
noetherian finitely generated projective A-module. Then

BGL(M) — |RBS(M)|

15 an isomorphism on Z-homology, and if every split submodule of M is free then it is also
an isomorphism on homology with all local coefficient systems, and hence E(M) C GL(M)
1s perfect and for the associated plus construction we have

BGL(M)" = |RBS(M)|.
Proof. We already saw that the map
c¢: BGL(M) — | RBS(M)]

is an isomorphism on m, and on 7 it identifies m | RBS(M)| with GL(M)/E(M). Thus it
suffices to show the homology isomorphism statements. But these follow from Lemma 5.14
and Theorem 5.13. U]
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5.2. The case of finite fields. The simplest example of a ring not having many units is a
finite field F,, and here we will see that for a finite dimensional [F -vector space the anima
|RBS(V)| is “better” than the plus construction in the sense that it can be computed and
identified with the absolute most naive unstable analogue of the K-theory K (F,) as computed
by Quillen.

First we note that with Q-coefficients or [F, coefficients for ¢ # p, there is no difference. So
all the interest lies in [F)-coefficients.

Lemma 5.16. Let k be a prime field and A be an associative ring with A @z k = 0. Then
for any split noetherian finitely generated projective A-module M the map

BGL(M) — | RBS(M)|
18 an isomorphism on homology with local coefficients a k-module.

Proof. By Theorem 5.13, it suffices to show that H,(BA";k) = 0 for all » > 0, and p > 1;
actually we can take » = 1 by the Kunneth theorem. But the description of homology
of abelian groups with k-coefficients recalled in the proof of Lemma 5.14 shows that each
H,(BA; k) admits an A ® k-module structure, hence vanishes. O

Also, the 7 is easy to identify.

Lemma 5.17. Let A be a local commutative ring and M a finitely generated projective A-

module. Then
m1| RBS(M)| = GL(M)/SL(M) = A*.

Proof. By Nakayama’s lemma it follows that M ~ A" is free. Recall that M is automatically
split noetherian as Spec(A) is connected, Lemma 5.5. Then by Theorem 5.9 it suffices to see
that E(A") = SL,(A). But this follows by induction because GL,,(A) = E,(A) - GL,—1(A),
see [Weil3] I11.1.4. O

Now we handle IF,-coefficients.

Theorem 5.18. Let k be a finite field with ¢ = p" elements, p prime, and let V' be a finite
dimensional k-vector space. Then the Postnikov truncation map |RBS(V)| — Bk* induces
an isomorphism on homology with coefficients in any local system L of F,-modules.

Proof. Let us prove this by induction on the dimension d of V. For d = 1 we have that
RBS(V) = Bk* and the claim is tautological. Now, since k* has order prime to p its L-
homology vanishes in positive degrees, and its degree zero part is L;x, so we have to show
the same for the £-homology of | RBS(V')|. We can assume n > 1 and use induction.

Note that the inductive hypothesis and the decomposition in part 2 of Proposition 5.7 imply
that for any nonempty flag F in V' the pullback of £ to any RBS(V)<(z has vanishing
homology in positive degrees and is L,x in degree 0. By part 2 of Corollary 5.8 it follows
that the £-homology of the boundary | RBS(V) ~ BGL(V)| identifies with the homology of
the constant local system with value Lyx on the poset (GL(V)\P) ~ [0]; but this poset has
a minimal element given by the full flags and hence is contractible, so this homology is just
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Lix in degree 0. Thus it suffices to show that the £-homology of RBS(V') relative to the
boundary vanishes.

However, by Corollary 5.8 part 1 we can replace RBS(V') by GL(V)\\P for this question.
Now, |GL(V)\\P| is the (homotopy) quotient of |P| by the GL(V)-action, Corollary 2.33, and
similarly |0 GL(V)\\P| is the analogous quotient of |P ~\ {#}| of nonempty flags, also known
as the Tits building. Thus | RBS(V)|/|0 RBS(V)| identifies with the homotopy quotient

(IPI/IP A0} Dnar)-
Now, recall the Solomon—Tits theorem: |P|/|P~{0}| ~ X|P~{0}| has the pointed homotopy

n27n . .
type of a wedge of ¢" = many (n—1)-spheres. Thus what need to show is that for the Steinberg
representation of GL(V') with F,-coefficients, defined as

StFp = n—1(|73|/|7) N {@H?]Fp)v
we have that Stp, ®g, £ has vanishing GL(V)-homology. We refer to the survey [H*87] for
the Steinberg representation. Character computations and the Brauer—Nesbitt theorem show
it %s projective and irreducible, hence so is its tensor with £. Furthermore it has dimension

¢~z > 1 and is therefore nontrivial, whence the conclusion. U

It follows from these lemmas that each homotopy group of | RBS(V')| is prime-to-p-torsion,
and is all accounted for by the homology of GL(V) with mod ¢-coefficients, ¢ # p, which
Quillen has computed, [Qui72|. In fact we can be more precise:

Corollary 5.19. Let k be a finite field with ¢ = p" elements and V a k-vector space of
dimension n € N. Then .

|RBS(V)| = ((B|U(n)])')""™,
the homotopy fized space for the unstable g-Adams operation on the prime-to-p completion of
the delooping of the group anima underlying the compact Lie group U(n).*

Proof. The Friedlander—Quillen argument, see [Fri82] Theorem 12.2, uses etale homotopy
theory and the Lang isogeny to produce a map

BGL(V) = ((B|U(n)]))*"™,
which is an equivalence on homology with F-coefficients for ¢ # p, hence identifies the

target as the prime-to-p completion of the source. Since Lemma 5.16 implies that the map
BGL(V) — |RBS(V)] is a Z[1/p]-equivalence, we deduce a comparison map

|IRBS(V)| — ((B|U(n)])")*"~

which is an isomorphism with Z[1/p]-coefficients, and on 7wy and 7; as we see from Lemma 5.17.
But the homotopy groups of the target are prime-to-p, so the map from the target to its 7<;-
Postnikov truncation induces an isomorphism on homology with coefficients an [F,-module.
The same was checked for the left hand side in the previous theorem, so we conclude our

4Thus, ¢ restricted to B|U(1)"| is induced by the endomorphism = — 29 of U(1). See [JTMO94] for
unstable Adams operations.
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comparison map is an isomorphism both on 7<; and on homology with all local coefficient
systems, hence is an isomorphism of anima. O

6. MONOIDAL CATEGORIES AND ACTIONS: A LEMMA

In the next section, Section 7, we relate the categories RBS(M) for finitely generated pro-
jective modules M over an associative ring A to the algebraic K-theory space K(A). The
present section is in some sense just a long and technical lemma that we need to make the
final comparison. To motivate the work to be done in this section, we will describe in broad
terms what we do in the following section and in slightly more detail what will happen in
this section.

For an associative ring A and the exact category P(A) of finitely generated projective
A-modules, we consider a monoidal category Mp4) whose objects are finite ordered lists
(M, ..., M) of objects in P(A) and a morphism (M, ..., My) — (Ny,..., N,) is the data of
a flag on each N; together with an isomorphism of the total associated graded of this list of
flags with the M;, in order. In particular, such a morphism can only exist if e < d. The rela-
tionship between Mp(4) and the categories RBS(M) should be thought of as an analogue of
the relationship between the (symmetric) monoidal category iP(A) and the BGL(M). If M
is a set of representatives of isomorphism classes of finitely generated projective A-modules,
then, in the same way that iP(A) ~ [[,,c BGL(M) with monoidal product given by direct
sum, we have Mpa) =~ [],;c0s RBS(M) with monoidal product also induced by direct sum,
but this time it is not symmetric.

In Section 7, we do all this in much greater generality, defining a monoidal category Ms for
any exact category & (and in fact, a little more generally than that), and the main theorem
of that section is the following (see Theorem 7.38).

Theorem. For any exact category &, the geometric realisation of Quillen’s ()-construction
Q(&) is homotopy equivalent to the classifying space B|Mg| of the topological monoid |Myg|.
In particular, QB|Mg| ~ K(&).

Now, to make this comparison we introduce an intermediary Q-construction, which we on the
one hand can compare with Quillen’s Q-construction and on the other hand can compare with
the classifying space of our monoidal category. This latter comparison is what we prepare for
in this section.

Recall Segal’s classical result in which he uses edgewise subdivision to prove that the classify-
ing space of a monoid M is homeomorphic to the geometric realisation of the category € (M)
with objects the elements of M and morphisms (a,b): m — m’ where a,b € M such that
amb =m’ ([Seg73, Proposition 2.5]). The intermediary Q-construction that we introduce is a
2-categorical version of Segal’s € (M) associated to a monoidal category instead of a monoid,
and the comparison of the classifying space with the geometric realisation also goes through
edgewise subdivision. The extra categorical level means, however, that we have to go through
a wealth of simplicial manipulations to make the comparison.
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To ease notation, we work in greater generality and introduce a 2-categorical Q-construction
Q(M, X) encoding the action of a monoidal category M on a category X, and we then compare
the geometric realisation of this 2-category with the total realisation of the simplicial category
whose category of n-simplices is M"™ x X and whose structure maps are given by the action,
multiplication and projection maps. The case that we will then be ultimately interested in is
the following: for a monoidal category M, the product M x M®* acts on M by left and right
multiplication, and in this case our 2-categorical ()-construction generalises Segal’s category,
and the simplicial category (M x M®™)® x M identifies with the edgewise subdivision of the
usual bar construction on M.

In both this and the following section, we work in a slightly different setting than in the
first part of this paper: we will not be working with oo-categories but exploit instead a
whole range of lower-categorical objects including monoidal categories, 2-categories, double
categories and various simplicial and bisimplicial constructions. We will assume that all
categories and 2-categories in this section are small. See Appendix A for relevant definitions
of double categories, 2-categories, nerves and geometric realisations.

Outline and proof strategy. Let M be a strict monoidal category acting strictly on a
category X via a functor M x X — X satisfying the necessary coherency axioms. We will
compare various constructions which encode this action in different ways, but before we begin
we sketch the outline of the section so as to make the ideas easier to follow. The proofs given
here are straightforward but the technicalities build up as we enlarge different structures by
incorporating “redundant” data in order to compare them, so it is easy to loose sight of the
bigger picture.

We consider the double category .# x X = [M x X = X]| encoding the action of M
on X and whose geometric realisation is a model for the homotopy quotient | X|5; of the
topological monoid |M| acting on the geometric realisation |X|. We define another double
category .# x X, which is in some sense a lax version of .#Z x X, and a double functor
M x X — M x X and we show that this induces a homotopy equivalence of geometric
realisations.

We then define Q(M, X) to be the vertical 2-category of .# x X, that is, the sub-double
category whose only horizontal morphisms are the identities. More precisely, the objects are
those of .# x X, the morphisms are the vertical morphisms and the 2-cells are the 2-cells
whose source and target horizontal morphisms are identities. The proof of the following
theorem will take up the most of this section.

Theorem 6.12. The inclusion Q(M,X) — # x X induces a homotopy equivalence of
geometric realisations.

The horizontal morphisms of .#Z x X are special cases of the vertical morphisms, so this result
sounds like a double categorical version of Waldhausen’s swallowing lemma (|[Wal85, Lemma
1.6.5]). The proof that we present is, although much more involved, inspired by Waldhausen’s
proof.
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The proof strategy is as follows. We define a bisimplicial category ., which horisontally
collapses to a simplicial double category %, and vertically collapses to a simplicial 2-category
. For every n > 0, we define a double functor .#Z x X — 2, and a pseudofunctor
Q(M, X) — o,, and we show that these induce homotopy equivalences of geometric realisa-
tions. In both cases, the proofs are analogous to that of Waldhausen’s swallowing lemma, in
that we have adjunctions given by inclusion at zero and retraction to zero. It follows that we
have a zig-zag of homotopy equivalences

[ % X| = [Bua| +— |Q(M, X)),
and one can then verify on the diagonals that this is given by the inclusion Q(M, X) — .# x X.

The idea behind the construction of 4., is to incorporate the 2-cells of .# x X both hor-
izontally and vertically. When we collapse A,, vertically, we “swallow” the vertical 2-cell
structure into the horizontal 2-cell structure, and vice versa for in the other direction.

Note that the proof as it is written up runs through this procedure backwards. We define
double categories %, and 2-categories .7, for all n > 0 and establish the desired homotopy
equivalences, and we then incorporate the <7,’s and 4,’s into a bisimplicial category %, at
the end.

6.1. Lax action double category. Let M be a strict monoidal category acting strictly on
a category X, i.e. via a functor M x X — X satisfying the necessary coherency axioms. To
ease notation, we denote the monoidal product and the action by juxtaposition, and we also
write my in place of id,, ¢ for an object m in M and a morphism ¢ in X.

The action of M on X gives rise to a double category
Mx X =[MxX =2 X]

where the source map is projection to X, the target map is given by the action map, the
identity section is the section at the identity element e of M, and vertical composition is given
by the product in M. In other words, the objects and horizontal morphisms are those of X, the
vertical morphisms are of the form m: x — max with m in M and x in X and with composition
given by the monoidal product, and finally the 2-cells are morphisms («, f): (m,x) — (m’,z’)
in M x X, which can be interpreted as a commutative diagram

f

x——
m| lm/
mx — m'z’
af
We now define another double category, which can be interpreted as a “lax” version of .Z x X.

Construction 6.1. Let M.X be the following category. The objects are of the form

(x7y’m7(p: mx % y)’



131

REDUCTIVE BOREL-SERRE AND ALGEBRAIC K-THEORY 55

where x,y are objects of X, m is an object of M and ¢ is a morphism in X. The morphisms
are tuples

(@, y,m, @) L2 (o o m )

where f: 2z — 2/, g:y — v in X and a: m — m’ in M such that the following diagram
commutes

af
mx — m'z

vl ¢’

4>,
ygy

Composition is given by coordinatewise composition.
Define a double category
Mx X =[MX = X]|

whose source and target maps are the projections

S:<x7y7m7()0)'_>x> (f)g?a>'_)f7 and t: (x7y7m7(p>'_)y7 (f7g7a)’—>g'

Vertical composition is given by the monoidal product: for morphisms

(y7 Z? n? w) O'U (xJ y? m7 w) = (x’ Z7 nm? w o nclp)?

and for 2-cells

(9,1, B) 0u (f, 9, ) = (f, h, Bex).
The identity section is the functor X — M. X, z — (z, z,e,id,). o

Definition 6.2. The action ()-construction of the action of M on X is the vertical 2-category
Q(M,X) of A x X. More precisely, the objects are those of .# x X, the morphisms are
the vertical morphisms and the 2-cells are the 2-cells whose source and target morphisms are
identities. We denote the hom-categories of Q(M, X) by M (z,y). o

Remark 6.3. Recall that a strict monoidal category M can be viewed as a 2-category .# with
one object, whose morphisms are the objects of M, with composition given by the monoidal
product, and whose 2-cells are the morphisms of M with the usual composition. The double
category . x X can be viewed as a “double categorical Grothendieck construction” for the
functor .# — Cat from the 2-category associated to M into the 2-category of small categories
which sends the unique object to the category X, a morphism m to the map m: X — X
given by the action of M, and a 2-cell m — m/ to the corresponding natural transformation.o

Remark 6.4. The proof of the “Q = 4" Theorem uses an intermediary S~!S-construction
(see [Gra76]) which is a category (S x S, S) defined for a monoidal category S and an action
of S x S acting on S. The construction (M, X) is defined more generally in [Gra76] for an
action of a monoidal M on a category X. The construction Q(M, X) is related to the category
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(M, X) in the following way: (M, X) is the 1-category obtained by taking isomorphism classes
of objects in the hom-categories of Q(M, X). o
Consider the functor ®;: M x X — M.X given by

Oy (m,x) = (x,mz,m,idy,) and (o, f) = (f,q, fa)
and consider the double functor

O M x X — M X

restricting to the identity on the object category X and given by ®; on morphism categories.

Lemma 6.5. The double functor ®: # x X — # x X induces a homotopy equivalence of
geometric realisations.

Proof. The double functor ® induces a morphism of the vertical nerves
O, NJ( M x X)— NJ(M x X).

Recall that the vertical nerve of a double category ¢ = [C; = Cp] is a simplicial category
NY(%), where N}(%) has as objects sequences of vertical morphisms

o e B gy,
. ©$1 $n Y1 Pn . .
and a morphism from ¢y — --- = ¢, to dy — --- —> d,, is a collection of 2-cells

;= P
satisfying t(a;) = s(;11) for all ¢ (see also Appendix A).
We show that for all n, the functor ®,, admits a right adjoint, which proves the claim in view

of the realisation lemma. Consider the functor ¥,,: N} (.4 x X) — N(.# x X) which sends
an object

(@0,21,m1,01) (w1,2,m2,02) (Tn—1,Zn,Mn,pn)
a«/-o $1 N e e >

n

to
mi m2 ms3 Mn
Tog —> M1Tog —> MoM1Tyg —> +++ —> My -+ M1Tg
and a morphism
(fi—la fi7 ai>: (.’171‘_1, Ly My QO'L> = (1';'717 Z’;, m/i7 90;)7 L= 17 s 1
to
(y iy -+ agfo): (myymi—y -+ -mixe) = (mj,m;_y---mixy), i=1,...,n.

We claim that W, is right adjoint to ®,,. Indeed, the unit transformation is the identity and
for the counit transformation ®, o ¥,, = id, we take the morphisms

(*, ©; O mz(*)) (mi_l e MyXg, My -+ - M1 T, My, ld) = (Z‘Z‘_l, T, My, @z)

where x = ¢;_; o mz’—l(‘,@i—z o mi—Q(' : 'm3(802 o m2g01)). t
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6.2. Enlarging the lax action double category. Fix n > 0. We define a double category
A, and a double functor .#Z x X — 9, which induces a homotopy equivalence of geometric
realisations. There will be quite a bit of redundant data in our notation, but we keep this to
make the comparison that we are building up to clearer.

Construction 6.6. We define a double category %, = [mor %, = X| whose morphism
category mor %, is given as follows. The object set is

[T NaM(z,y),
z,y€ob X

where M (z,y) is the hom-category of vertical morphisms from x to y in M.X. In other words,
an object in mor %, is a sequence

) (ide,idy,B1) (

(ide,idy,B2) (ide,idy,Bn)
(xayvm()v(po xay7m17(p1) ” (xayamnacpn>

in M.X. The morphisms in mor %,, are given by commutative diagrams in M.X as pictured
below.

(ide,idy,B1) (ide,idy,B2) (idg,idy,Bn)
(®,y,mo,p0) —> (Ty,mip1) — > — (z,y,mn,n)
(f.9,c0) J (f.9,01) J (f,9,0m) l
z,y,meyp0). > (¥ my ) — (z' Y ;my, 0,
( 0 O%idzl,idy/,ﬁi)( ! 1)(idm/,idy/,,8§) (idz,,idy,,ﬁgg nn)

Composition is given by composition of the (f, g, q;) in M.X.
To ease notation, we denote objects by

(ldz 71dy 7ﬁ1)
e,

|:(x7y7mi1780i1) (xayami790i):|

1<i<n
or simply (id,,idy, )1<i<n if the m; and ¢; are implicit. A morphjsm will be denoted by

(xvyvmi—lvspi—l) ('xay)mivgpi)
(fygyai—l)J l(ﬁgﬂi)
(l‘l, y/’ méflv 90;71> (idz/,idy/,[ig) (xlﬂ ylv m;, 90;)
L 4 1<i<n

or simply by (f, g, @;)o<i<n if the source and target are implicit.

The double category %, = [mor %,, = X] has the following structure maps: the source and
target maps are the obvious projections

S(ld:mldyaﬁl) =, 3(f7g7ai> = f and t(ldémldy?/@l) =Y, t(f,g,OQ) =9,
the identity section sends an object x in X to the sequence

(@, 2, €,id,) =) (3 2 e id,)

1<i<n
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and it sends a morphism h: x — y to the morphism (h, h,id.)o<i<n-

Vertical composition is given by vertical composition in .#Z. More precisely, the vertical
composite of

(ldz 71dy 7ﬁ1)

|:(x7y7mi1780i1) (xayami790i):|

1<i<n
and

(idy,id=.B;)

[(:%Zam{i—l?(p;—l) (yaz>m;a¢;>:|

1<i<n

is the sequence

(ide,id=,B{8:)
e

! / ! ! / !
[($> 2, MM 1,051 © M1 Pi1) (z, 2, mymy, 5 © mz%)]

1<i<n
The vertical composite of 2-cells is given by

(f; 9, ai)osizn O (9, 1, %oz = (f, b, v )o<i<n
for composable 2-cells. o
We define a functor ¢, : M.X — mor %, sending an object (x,y, m, ¢) of M.X to the sequence

(ide,idy,idm)
— (T,y,m, ) : (1)

1<i<n

(I7 y? m’ (.‘O)

and a morphism (f,g,a): (z,y,m,p) — (2/,y',m',¢") to (f,9,@)o<i<n. The functor ¢, can
be thought of as inclusion at zero and it identifies M.X with the full subcategory of mor %,
on the objects of the form (1). In fact, for n = 0, this is an equality M.X = mor %,.

Consider the double functor I,,: .# x X < 2, which restricts to the identity on object
categories and is given by the embedding ¢,,: M.X < mor %, on morphism categories.

The proof of the following lemma resembles the proof of Waldhausen’s swallowing lemma
(|Wal85, Lemma 1.6.5]). We show that 2, retracts to .# x X.

Lemma 6.7. The double functor I,: # x X — 9B, induces a homotopy equivalence of
geometric realisations.

Proof. Define a functor p,: mor %, — M.X given by retraction to zero, that is, an object

(d(IJ7d 761)
(T, y, mi—1, pi_1) e, (x,y,mi, ;)

1<i<n

is mapped to the (z,y,mg, o), and a morphism



135

REDUCTIVE BOREL-SERRE AND ALGEBRAIC K-THEORY 59

(Ivyvmi—h@i—l) (I,y,mu%)
(fygyai—l)J l(f,gﬁai)

(xliylalevSO;fl) (x’,y’,m;,gog)

(idz/,idy/ ,[3;)

L Ji<i<n
is mapped to (2., mo, 9o) 22 (o, mh, 0})-
The composite p, o ¢, is the identity and the morphisms
(idaidy idrmg)
('1:7 Y, Mo, (100) _ (ZE, Y, Mo, SOO)
(id‘T:idyvﬁi—lO“'oﬁl)l l(idxvidyaﬁio“'oﬁl)
xz mi—1, Pi— T, Y, mi, @i
( ' Yy 1, P 1) (idsidy5y) ( Yy 'Z )
L Jdi<i<n

define a counit transformation ¢, o p, = id. The functor p, and the unit and counit trans-
formations sit above the identity on X, and it follows that p, induces a morphism of vertical
nerves which at each simplicial level is right adjoint to the morphism induced by ¢,. This
proves the claim. O

6.3. Enlarging the action 2-category. Fix n > 0. Consider the vertical 2-category
Q(M, X) of the double category .# x X = [M.X = X] (Definition 6.2). We define a 2-
category 7, and a pseudofunctor Q(M, X) — 47, which induces a homotopy equivalence of
geometric realisations. As with the double category %, there will be some redundant data
in the notation.

Construction 6.8. The 2-category 47, is given as follows. The object set is IV, (X) and the
morphisms are elements in N, (M.X) with source and target maps inherited from M x X.
In other words, the objects are sequences xo — 1 — -+ — x, in X, and a morphism

(xoil—>x112—>---f—">xn) — LS Iy

is a sequence

(f1,91,01)

(f2,92,02)
(x07y07m07800) I (301,?/1,7711,@1) 2o

. (f‘ﬂugVHO‘n)

4 (mnv yn7 mTH SOTL)

in M.X. Finally, the 2-cells are given by commutative diagrams in M.X as pictured below.

> ..

(f1,91,01) (f2,92,02) (fnsgn,on)
(1073/077”07%00) (':Chyl 7m17501) (l'nyynymn#pn)
(idzo 7idy0 760) l (idwl 7idy1 7[31) l (idzn 7idyn 7Bn) l
(®0,y0,mQ,00) > (z1,y1,my,9)) ———> — (Tnynmy0n)

(f1,91,2%) (f2,92,05) (frsgn,ay)
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To ease notation, we will denote a morphism by

(fi,9i,a4)
|:(xi—17yi—17mi—1790i—1) N (l"z',yz',mi,%)}
1<i<n

or simply (fi, gi, i)1<i<n if the objects are implicit. Similarly, we denote a 2-cell by

(fi,94,01)

(xi—byi—bmi—l;(pi—l) (%;yiami,%)
(idzi,1 7idyi,1 7Bi71) J l (ldzz 7ld’l/1 761)

! ! li /
(xifhyifl?miflvgoifl) T > <mi7yiami790i>
(fi,giaai) ,
L 4 1<i<n

or simply by (id,, idy,, 5i)o<i<n if the objects and morphisms are implicit.

Composition of morphisms is given by vertical composition in .# x X, that is, the composite
of

(fisgiseui)

(Tim1s Yim1, Mi—1, Pic1) ——— (T4, Yi, M, i)
L d1<i<n
and

(yzel, Zi—1, m;_p 90;_1) (yia Zis mé, 90;)
L - 1<i<n

(gi,hi,05)

is the sequence
(fishiagen) / / '
—_— (-riy Ziy MMy, @5 O mz(pl)

1<i<n

li / !
(961'71, Zi—1,My;_1Mi—1,0;_1 © mi—l(pifl)

Composition of the 2-cells along morphisms (within the hom-categories) is given by horizontal
composition in .#Z x X, that is, by composition of morphisms in M:

(ldxla ldym 5;)0§Z§n Oh (ldxlu ldyla ﬂz)ogzgn == (ldLL'Z? ldyla ﬂ; o 5z)ogz§n
for composable morphisms.
Composition of the 2-cells along objects is given by vertical composition in .#Z x X, that is,
by the product in M:

(idyia idzia /32)0§i§n Oy (1d:rL7 idyiy 6i>0§i§n = (1d:rn idziy 61{/8i)0§i§n

for composable morphisms. o

Consider the strict pseudofunctor Y,,: Q(M, X) — 7, given by inclusion at zero; that is, it
sends an object z to the sequence z =z = --- = x, a morphism (z,y, m, ) to the sequence

(ide,idy,idm )

(z,y,m, @) (z,y,m,p)

1<i<n

and a 2-cell (id,,id,, 8): (z,y,m, @) = (x,y,m', ¢) to the 2-cell (id,, id,, 8)o<i<n. For n =0,
this is an equality Q(M, X) = <.
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As was the case for Lemma 6.5, the proof of the following lemma resembles the proof of
Waldhausen’s swallowing lemma ([Wal85, Lemma 1.6.5]). We show that 7, retracts onto
Q(M, X).

Lemma 6.9. The pseudofunctor Y,,: Q(M, X) — <, admits a right 2-adjoint. In particular,
it induces a homotopy equivalence of geometric realisations.

Proof. Consider the strict pseudofunctor R,,: 7, — Q(M, X) which sends an object
Tog =Ty == T,
to xp, a morphism
(0, Yo, Mo, o) = (w1, Y1, M1, 01) = =+ = (Tny Yn, Min, Pn)
to (o, Yo, Mo, wo) and a 2-cell (id,,,idy,, Bi)o<i<n tO
(iday, idy,, Bo) : (2o, Yo, Mo, wo) = (To, Yo, Mo, ©)-

The composite R, o T, is equal to the identity, and for the other composite, we define an

oplax natural transformation ¢: Y,, o R, = id. Given an object x il—) T i2—> f—"> T,
consider the morphism
. _ _ _ fi f2 fn
Ef: (Io—ﬁo—"'—l'(» — (IL’Q—>$1 — e —>l’n>
in 7, given by the sequence
(idz »fiyide)
[(xo,xih e, fi-1o---0 f1) S (130796’1‘, e, fio-0o f1)]
1<i<n

For a morphism F': (xg LN T EENSNELN o) — (yo L1 L - L5 4 given by a sequence

(fi,giroui)
) R (xhyiamia %)} )

1<i<n

{(%17 Yi—1,Mi—1, Pi—1

consider the 2-cell Ag: ¢4, 0 (I, 0 R,)(F) — F oey, given by

(idwoagividmo)
(20,Yi—1,m0,9i—10--0g1090) —————> (Z0,¥4,M0,9i0"*0g10¢0)

(idzO ,idyi71 ,aifl) J J (idaro 7id1/i ,Oci)

(w0,yi—1,Mi—1,0i—10mi—1(fi—10--0f1)) ———> (@0,yi,mi,piom;(fio--of1))
ideq ,9i,0 )
L 4 1<i<n

The 2-cells Ap assemble to define natural transformations (e4,). o (I, o R,)) = (gy,)*, and
they respect identities and composition. Hence, we have an oplax natural transformation
e: T, o R, = id. One can check that the triangle identities are satisfied. ]
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6.4. Comparing geometric realisations. Consider the double category .# x X, its vertical
2-category Q(M,X) and for all n > 0, the 2-category <, and the double category 2, as
constructed in the previous sections. For the remainder of this section, we consider <7, as a
double category with only identity horizontal morphisms.

Construction 6.10. We can define two simplicial double categories <7, and %, by defining
the simplicial structure maps as below — they are defined in the “obvious” way, but to be
precise we write them out.

For 0: [k] — [n] in A, the structure map 0*: <7, — 27, is given by the usual structure map
0*: N,,(X) — Ng(X) on object categories (recall that we interpret it as a double category
with discrete object category), and on the morphism category it is given on objects by the
usual structure map

0": Ny(M.X) — Np(M.X)
and on morphisms by removing or repeating the (;’s accordingly.

The structure map 0*: A, — %y is given by the identity X — X on object categories and
on morphism categories by the usual structure map

0 TTNa(M(2,) = [T MM (2, )

T,y

of objects and on morphisms by removing or repeating the «;’s accordingly.

Define two bisimplicial categories 7,, and %,, by applying the horizontal nerve functor
levelwise: o, = N}'(#,), and B, = N B,). o

Lemma 6.11. The bisimplicial category <ee is isomorphic to the transpose of the bisimplicial
cateqory PBee.

Proof. This is a case of writing out the definitions. We verify that the objects and morphisms
coincide and leave composition and simplicial structure maps to the reader. Let n, k > 0 and
consider the categories 7, = N}'(,) and By, = N"(By,).

Since we only have identity horizontal morphisms in .<7,, the object set of .7, is in bijection
with the object set V,,(X) of 7,. The object set of A, is the set of n-simplices in the nerve
of the object category of Ay, i.e. N,(X).

A morphism in o7, is a sequence of k vertical morphisms in .7, connected by 2-cells: the

diagram below is a morphism from ELNUELN Tn to yo 25 -+ 2% y,,, where the horizontal

sequences come from the morphisms and the vertical sequences from the 2-cells. A morphism

in By, is a sequence of n vertical morphisms in %, connected by 2-cells: the diagram below

is a morphism from x ELNSELN Ty t0 Yo 25 -+ L% y,,, but now the vertical sequences come

from the morphisms and the horizontal sequences from the 2-cells.
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(f1,91,09) (f2,92,09)  (fn,gn,09)
0 ,,0 0 n 0 0
(*,L'07y07m07g00) (3717y17m17901) (xnaynamnngpn)
(ldmgzldyowgé) (ldl‘l 7idy1 7/8%) (ldzn 7idyn 7B71L)
1 1 1 1 1 1
2o, Yo, Mg, ¢ L1, Y1, My, @ T Yn, My, P
(0. 0: Mg o) (s @1y M 01) (s ey (e Y T )
(ldmozldyovﬁg) (ldl‘l 7idy1 vﬁ%) (ldxn 7idyn 75’%)
(1dzo aldyo 758) (lditl 7idy1 75?) (ldzn ’ldyn 7B;€z)

($07y0>m’579‘7’5) (x17y17m11€79011€> (xTHynamlfwgofz)

(fl:glaalf) (f27927a12€) (fnagnvalri)
In both cases, composition is given by vertical composition of morphisms and 2-cells, and one

can verify that these coincide. Likewise, one can check that the simplicial structure maps can
be identified. O

We can combine this with the homotopy equivalences of the previous sections to show that
the geometric realisations of .# x X, .# x X and Q(M, X) are homotopy equivalent.

Theorem 6.12. The inclusion Q(M,X) — # x X induces a homotopy equivalence of
geometric realisations.

Proof. By Lemmas 6.7, 6.9 and 6.11, we have a diagram as below, where the homotopy
equivalences on the left and right are induced by maps of simplicial double categories whose
sources are constant simplicial objects:

| A % X| = | Ba| 2 |Bua| = || = || +— |Q(M, X))

To see that this homotopy equivalence is induced by the inclusion, we analyse the diagonal
instead of collapsing to the horizontal and vertical axes. This leaves us with a zig-zag of
simplicial categories, which levelwise fits into the diagram below, where the left vertical map
is the one induced by Q(M, X) — .# x X.

Ny (A % X) ——— N, /(%)

I |

N Q(M, X)) ——— Ny ()
Tracing through the definitions, we see that this diagram commutes for all n > 0 and the
claim follows. O

Combined with the homotopy equivalence of Lemma 6.5, we have the following immediate
corollary.
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Corollary 6.13. The zig-zag of double functors
M X = Mx X —Q(M,X)
induces a homotopy equivalence of geometric realisations.

The geometric realisation | M| is naturally a topological monoid, and the action of M on X
defines an action of |M| on the geometric realisation | X]|.

Corollary 6.14. The homotopy quotient |X|a of the action of |M| on |X| is homotopy
equivalent to the geometric realisation of Q(M, X).

Proof. The vertical nerve of the double category .# x X = [M x X = X] is the simplicial
category whose category of n-simplices is M"™ x X with the usual simplicial structure maps
given by projection, action and product. Since geometric realisation commutes with finite
products, the realisation of this is the homotopy quotient | X ||y O

Finally, we consider the special case that we will need in following section.

Observation 6.15. Let (M,®) be a strict monoidal category and consider the monoidal
category M x M®”" where the second factor is the category M with the opposite product:
a®° b =0b® a. The monoidal category M x M®™ acts on the category M by left and right
multiplication: (a,b).m = a ® m ® b for all objects a,b,m in M. We see that the 2-category

Q2(M) == Q(M x M M)
is given as follows:

x the objects are those of M,
* a morphism m — m’ is a tuple (a,b,p: amb — m') where a and b are objects of M
and ¢ is a morphism in M,
x and a 2-cell (a,b,p) — (a/,V,¢') is a pair of morphisms a: a — o', f: b — b in M
such that ¢ = ¢’ o (a id,, f).
Composition is given by:

x for morphisms:

(c.d. w)l \(ac, db, p o (id, v idy))

/ "

m
(a,b,¢)

* composition of 2-cells along morphisms (i.e. within hom-categories) is given by coor-
dinatewise composition:

(a,b,¢) (oo, B o B)
(Oéaﬁ)l \ ’
(azl,b/,@/) (a//,b//,(’pﬁ)

(@, )
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x composition of 2-cells along objects is given by the monoidal product: the composite
of the following 2-cells

(c,d,) (a,b,)
/_\ /\
m ﬂ(w?) m’ ﬂ(a,ﬁ) m”
v ~_ VA
(C,,d,,’l/)/) (a/,b/,cp/)

is the 2-cell
(ary,008): (ac,db,p o (id, ¥ idy)) — (a'd,d'V, ¢’ o (idy ¢ idy))
Note that this also makes sense for M a non-small strict monoidal category. o

Let M be a small monoidal category and |M| the topological monoid given by the geometric
realisation of M. Recall that the classifying space B|M| of |M]| is the total geometric reali-
sation of the standard bar construction B,M whose category of n-simplices is M™ and whose
simplicial structure maps are given by the monoidal structure of M. If M is an essentially
small monoidal category, then we denote by |M| and B|M]| the topological monoid and its
classifying space defined as above for some equivalent small monoidal category.

Corollary 6.16. Let M be an essentially small strict monoidal category. The classifying
space B|M)| of the topological monoid | M| is homotopy equivalent to the geometric realisation

of Q2(M).
Proof. We may assume M to be small. The vertical nerve of the double category
(M x M®™) x M = M]

given by the action of M x M®” on M is the edgewise subdivision of the bar construction
B,M. The claim then follows from Corollary 6.13 together with the fact that the geometric
realisation of the edgewise subdivision is homeomorphic to the geometric realisation of the
original simplicial space (|Seg73, Proposition A.1]). O

Remark 6.17. The above result should be compared with the classical result of Segal: the
classifying space of a topological monoid M is homeomorphic to the geometric realisation of
a topological category %' (M) with objects the objects of M and morphisms (a,b): m — m’
where a and b are objects of M such that amb = m’ (|Seg73, Proposition 2.5|). o

7. COMPARISON WITH (STABLE) ALGEBRAIC K-THEORY

In this last section of the paper, we compare the categories RBS(M) to the (stable) algebraic
K-theory space. We have already remarked on this at the beginning of the previous section
in order to motivate the results proved there. To recap, we associate to any exact category
&, a strict monoidal category M, of flags and associated gradeds, and when & = P(A) is
the exact category of finitely generated projective modules over an associative ring A the
monoidal category Mp(4) decomposes into a disjoint union of RBS(M)’s. We show that the
monoidal category Mg defines a model for the algebraic K-theory space K (&) by comparing
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with Quillen’s Q-construction Q(&). We find that B|Myg| ~ |Q(&)|, so that in particular,
K(&) ~ QB|M,|.

In fact, we will work in slightly greater generality, namely with categories with filtrations
as introduced below. This is a category with a distinguished class of short exact sequences
satisfying a set of axioms enabling us to merge and split filtrations. Any exact category is
a category with filtrations, but we do not need the full power of exact categories for our
constructions, so we choose to work in this broader setting. It is also clear that Quillen’s Q-
construction can be defined verbatim for categories with filtrations. They have the advantage
of including for example the category of vector spaces of dimension at most n.

7.1. Categories with filtrations.

Definition 7.1. Let % be a category with a zero object 0 and a distinguished class C' of
triples a — b — ¢ called short exact sequences. If a morphism appears as the first morphism
in a short exact sequence, we call it an admissible monomorphism and denote it by —; if it
appears as the second, we call it an admissible epimorphism and denote it by —. We say that
% is a category with filtrations (with respect to the collection C) if it satisfies the following
axioms:

(1) C'is closed under isomorphisms,

(2) the sequences 0 — a — a and a — a — 0 are short exact sequences for all objects a,

(3) the composite of admissible monomorphisms (epimorphisms) is itself an admissible
monomorphism (epimorphism),

(4) admissible monomorphisms are kernels of their corresponding admissible epimor-
phisms, and admissible epimorphisms are cokernels of their corresponding admissible
monomorphisms,

(5) the pullback of an admissible epimorphism along an admissible monomorphism is an
admissible epimorphism,

(6) the pushout of an admissible monomorphism along an admissible epimorphism is an
admissible monomorphism. <

Existence of pullbacks and pushouts in axioms (5) and (6) comes for free, so we do not need
to assume this — see Proposition 7.4 below.

Example 7.2. Let o/ be an abelian category, and let ¢ be a full subcategory containing 0
which is closed under isomorphisms. Let C' be the class of sequences A -+ B — C'in % which
are exact in /. Suppose the classes of admissible monomorphisms respectively admissible
epimorphisms are closed under composition. Then % is a category with filtrations. o

In view of this we have the following list of examples.

Example 7.3.

(1) Exact categories.

(2) Consider the abelian category Vect(k) of finite dimensional vector spaces over a field
k. Fix n € N and let Vect(k)<, denote the strictly full subcategory spanned by the
vector spaces of dimension less than or equal to n. This is a category with filtrations.
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(3) Similarly, if R is a ring such that the rank of projective modules is well-defined, then
the category P(R)<, of projective R-modules of rank at most n is a category with
filtrations. o

The following proposition is an immediate consequence of the axioms. Note that the roles of
monomorphisms and epimorphisms are swapped when comparing with axioms (5) and (6) of
the definition.

Proposition 7.4. The pullback of an admissible monomorphism along an admissible epimor-
phism exists and is an admissible monomorphism. The pushout of an admissible epimorphism
along an admissible monomorphism exists and is an admissible epimorphism. Moreover, in
both cases the squares are bicartesian.

Remark 7.5. We implicitly assume that all categories with filtrations are essentially small,
that is, equivalent to a small category with filtrations. o

Let € be a category with filtrations. We now introduce the formalities of filtrations, flags
and associated gradeds needed for our constructions.

Definition 7.6. Let I = {ig < --- < i} be a finite linearly ordered set, let m be an
object in ¢ and let (a;);cr be an I-graded object in €. An [-indezed filtration in m with
associated graded (a;);c; is an equivalence class [z, (p;)ier] of diagrams as below satisfying

Pi . B
that z;_; — z; — a; is a short exact sequence for all < € I, where z;,_; := 0.

Lig Liy T Ligy_y 7 Ty, =M
lpio lpil lpik—l Loik
Qi iy T Aiy_y Qi

Two such diagrams are equivalent, if there is a commutative diagram

yio) >yi1> R >y’ik—1>—>m

%/! ‘ /

=/

Z;

O/ )xill

In that case the isomorphisms z; — y; are necessarily unique, so a representing diagram is
unique up to unique isomorphism.

In /-indexed filtration in m with associated graded (a;);cs is called an (I-indezxed) flag (with
associated graded) if a; # 0 for all i € I. Equivalently, some (and thus any) representative is
a sequence of non-invertible monomorphisms. <

We observe that any filtration has an underlying flag given by composing all invertible ad-
missible monomorphisms with the succeeding morphism.
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The existence of pullbacks of admissible monomorphisms along admissible epimorphisms and
the fact that these are themselves admissible monomorphisms enable us to merge filtrations as
in the definition below. The universal property of pullbacks implies that this is well-defined,
that is, independent of the choice of representatives of the filtrations.

Definition 7.7. Let #: I — J be a surjective order preserving map. Suppose we are given a
J-indexed filtration [z7, (7;);es] in m with associated graded (b;);c; and for every j € J, a
6=1(j)-indexed filtration

0=1(j)

[?Jj, (p)l =y ) (pi>i69—1(j)]a

in b; with associated graded (a;);co-1(j)-

The merging of (the collection) [y?, (p;)|jes into [z7, (m;)] is the I-indexed filtration in m with
associated graded (a;);c; represented by a sequence (§7, (p;)) satisfying that for all j € J, the
restriction

0-1(5)
(4’ v, (Pi)ico—1(5)

to 071(j) = {ig < - -+ < i} factors through (v, (p;)) as indicated by the commutative diagram
of pullbacks below

Yio Yir Yipy 7 Ui, = T;
_ _ _

7 ! m

Yig Yiy T Yijyr bj

lpio lph lpik_l lpik

A, iy T Qiy_y a;

where p; is the composite of p; with the admissible epimorphism ¢; — v;.
We write [/, (m;)] o ([v7, (ps)]jes ) = 9", ()] <

Remark 7.8. The existence and uniqueness of a merging together with the observation that
we can split flags should be interpreted as a generalisation of the following statement for
vector spaces: for a surjective order preserving map 6: I — J of finite linearly ordered sets,
a J-indexed filtration {V;},c; of V together with a 6'(j)-indexed filtration of the cokernel
V;/V;_y for all j is equivalent to an I-indexed filtration of V. o

7.2. A monoidal category of flags and associated gradeds. We now define a monoidal
category encoding the data of flags with associated gradeds in a given category with filtrations.
Intuitively, the objects should be thought of as associated gradeds, and the morphisms as those
induced by flags where we allow refinement of flags. For example, a morphism from (a, b, ¢)
to (m) is a 3-step filtration of m with associated graded (a, b, ¢).

Let & be a category with filtrations. The monoidal category My is defined in Constructions
7.9, 7.14 and 7.16 (see also Remark 7.17 for a different perspective in terms of multicategories).
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Construction 7.9 (Objects and morphisms). The objects of My are tuples (I, (m;)icr),
where [ is a finite linearly ordered set and (m;);cs is an I-graded object in ¢ with m; # 0
for all i € I. We just write (m;);e; and call such an object an I-indezed list, and we include
the empty list (. A morphism ¢: (m;);er — (n;);es consists of the following data

(1) a surjective order preserving map 6: I — J,

(2) for every j € J, a 6~'(j)-indexed flag in n; with associated graded (m;);co-1(j):

: 1y
[, (p)) = 27D, (pi)ico-1(5)]

We write ¢ = (0, [27, (pi)]jes): (Mi)ier = (nj)jes- ©

Remark 7.10. Diagramatically, one can picture a morphism ¢ as specified above as follows.

Writing out the list of objects of the source in the top line, and the list of objects of the target

in the bottom line, we connect the objects as specified by the order preserving map and label

the target objects by the appropriate flags. Of course, this can be more or less detailed in
order to emphasise the relevant data or structure.

(mz’)z‘eefl(jo) (mi)ieefl(jl) \/ (mi)ieefl(jk)
5, Mgy T Mgy
[270, ()] [271, ()] [z7k, (pi)]

We will use diagrams like this to picture an important decomposition below, but other than
that, we only include this remark hoping that it might help the reader to detach themselves
a little from the technical aspects and notation. o

Before defining composition, we observe that the concatenation operation on the objects of
My can be extended to the morphisms. This will also be used to define a monoidal product
in My (see Construction 7.16).

Construction 7.11 (Concatenation). We denote the concatenation of linearly ordered sets
I={ip<---<ip}tand J={jo<---<ji} by

I@J:{io<"'ik<jo<"'<jz}-

Recall that the concatenation of graded objects (m;)ic; and (n;);es is the (I ® J)-graded
object

(ma)ier ® (n5)jes = (M@ n)i)icros = (Mig, - My, Ny, -, ).
For morphisms, we can likewise concatenate the data: the concatenation of
0, [, (p))): (mi)ier — (kj)jes, and  (ov[y, (m)]): (ni)ier — (I)jer,
is the morphism
0,27, () ® (o, [y, (m)]): ((m @ n))ierer — ((k ®1);)jese0,
given by
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(1) the surjective order preserving map 0 ® o: I ® I’ — J ® J' defined on [ respectively
I’ by 0 respectively o.
(2) the flag [7, (p;)] for j € J, and the flag [y, (m;)] for j € J'.

We also write (6, [27, (p:)]) @ (o, [/, (m:)]) = (0 ® 7, [27, (ps)] ® [, (7)) o
Definition 7.12. Let I be a finite linearly ordered set. An interval I' C I is a subset
satisfying that if ¢ < j < [ and i,l € I, then j € I'. A partition of I is a decomposition

I = ®erl; for ordered intervals I; C I, t € T, where T is some linearly ordered set. <

We observe that any morphism in My can be completely decomposed as the concatenation
of morphisms to one object lists.

Observation 7.13. Let (6, [27, (pi)]jes): (mi)ier = (nj);es be a morphism in M. Then
(0, [xj7 (ﬂi)]je]) = ®jes (9]’7 [xj7 (Pz)]je{j}):

where (67, [27, p;le(jy) : (Mi)ico-1(;) = (1) jeqs) is the morphism given by

(1) the surjective map 67 = 0lg-1;: 071(j) — {j},
(2) the flag [27, (p;)] in n;. o

We now define composition in My.

Construction 7.14 (Composition). Let

0,1, (p)ljes): (mi)ier = (nj)jes and (o, [2', (m)lier): (n))jes = (ki)ies

be morphisms in My. The composite is defined by merging the flags of the given morphisms
for each [ € L:

(o, [2", (m)lier) © (0, [y, (pi)ljes)

= <0 00, ®er, [z, (m;)] o <[yj7 (Pi)]jeal(l))>’

where [z, (;)] 0 <[yj, (pi)]jeo.—l(l)> is the (0 060)~!(I)-indexed flag in k; with associated graded
(ai)ic(oon)—1 @) as defined in Definition 7.7. o

Remark 7.15. For each [ € L, the composition can be pictured by the diagram below,
where we have omitted the objects and just denote the finite linearly ordered sets and write

oM (1) = {Jo, -, Jr}-
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0 (Go) -+ 07'() (000)7(1)
[¥90,(ps)] \‘/ \/ \‘/ [y7k,(pi)]
{jo} e {Jk} f\/(i/»

N7

{1} {1}

[t ()] 2, ()l (97(p0)]jeo-10)

The concatenation operation defines a monoidal product in Me.

Construction 7.16 (Monoidal product). Let
®: M%ﬁ X Mg — My
be the functor given by:
(mi)ier ® (nj)jes = (M ®Nn)y)icro,
and
(07 [xja (pl)]) ® (07 [ij (71'1)]) = (0 ® 0o, [‘rj7 (pl)] ® [yja (ﬂ-l)])
One easily verifies that this defines a strict monoidal product with identity object the empty
list (. o

Remark 7.17. The category My can also be interpreted as the strict monoidal category com-
ing from a non-symmetric multicategory whose objects are those of 4 and where a morphism
(a,...,a,) — (b) is a flag in b with associated graded (aq,...,a,). See |Lei04, Definition
2.1.1 and §2.3] or [GH15, Definitions 3.1.6 and 3.1.7]. o

Remark 7.18. We make a small remark relating this definition to the reductive Borel-Serre
categories defined in Definition 5.2. Let R be an associative ring and let P(R) be the exact
category of finitely generated R-modules. For M € P(R), there is a fully faithful functor

given by sending a splittable flag to its associated graded. For a morphism gUr: F — F’ in
RBS(M), the corresponding morphism is most easily described as a composite
incl
gt(F) = gr(gF) = gr(F),

where the first map is the map of associated gradeds induced by the isomorphism ¢g: F — gF
and the second is the one induced by the refinement gF C F’. More precisely, the refinement
gF C F' defines a morphism as follows, where we write

F=MGC ---CMy), F=(NC--CNy)
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and recall that there is an order-preserving injective map f: {1,...,e—1} — {1,...,d — 1}
such that N; = gM;y;). The surjective order preserving map 0: {1,...,d} — {1,... e} is
given by i — min{j | ¢ < f(j)}. For j € {1,... e}, we write 07'(j) = {4,..., f(j)} and we
choose the flag in N;/N;_; given by the image of the flag
[gM; C gMir C -+ C gMy() = Njl.

For a set M of representatives of finitely generated projective R-modules, these functors
provide an equivalence Mp(gy =~ [],,c0 RBS(M). o
We make the following useful observations.

Proposition 7.19. All morphisms in My are monomorphisms.

Proof. 1t suffices to show that morphisms to one object lists are monomorphisms. This
amounts to showing that for given any flag [2”, (p;)] in m with associated graded (b;);cs
and any given surjective order preserving maps 6,0: I — J, and flags [y @), ()] and
(277", ()] in b; for all j € J, we have

27 (e o ("9 (wallses) = o, (o] o (179, (wo)ljes )

if and only if & = ¢ and [y? D), ()] = [27 D), (1;)] for all j € J. The equality § = o
follows directly from the fact that flags are defined by sequences of non-invertible admissible
monomorphisms, and the equality of flags is then verified by the universal properties of
pushouts. O

Proposition 7.20. Let ¢: (a;)icr, ® (my)icr, ® (bi)icr, = (1)) jes be a morphism in M given
by an order preserving map 0: Iy ® Iy ® I3 — J. Let J = J; ® Jy ® J3 be the partition given
by Jy =0(1) —0(Is U I3) and J3 = 0(I3) — O(Io U I,). Then ¢ can be written on the form

p=pa® (fo(p.®id®ps)) ® ¥,
for a morphism
fra® (mi)ier, ®b— (n))je
with a and b one object lists or the empty list, and morphisms
oa: (ai)iery = (nj)jes, and  @qu: (ai)ier, — a,
ot (bi)iers = (nj)jess, and  @q: (bi)ier, — b,

where [4 C Iy s the preimage of Ji and I, is its complement, and Ig C I3 is the preimage of
Js and I, its complement.

Moreover, if p = @', ® (' o(po ®id Ry )) ® ¢’z is another such decomposition, then v = ¢4,
vp = ¢ and

Yo=0a0py, ¢p=PLopy, and f = fo(a®id,®s)

for unique isomorphisms «: a' — a, 5: b —b.
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We do not provide a full proof of this, as it is a straightforward albeit technical observa-
tion. Instead we provide an example below in the case when € = Vect(k) is the category
of finite dimensional vector spaces over some field k, as this illustrates the intuition behind
the decomposition better. The reader can readily verify that this generalises directly to the
general case. The decomposition relies crucially on the fact that filtrations can be merged
and split, mirroring the way filtrations of vector spaces behave (see Remark 7.8). The idea
is to “collapse” the outer tuples to one-object (or empty) lists so that we find a “terminal
decomposition” of the morphism — this will be vital to our arguments later on (see Proposi-
tion 7.26). Before explaining the example, we note that the decomposition can be illustrated
by the diagram below (where we have replaced the objects by the finite linearly ordered sets
for notational simplicity). The dashed arrows illustrate that the decompositions differ by
(unique) isomorphisms of the one object lists that are interpolated.

(L) (12 (La) L) (L) (L) ()

) ()
\ U I ] R
¥ AN (1) e (L) o (Ip)
NN

(J) Ji J3)

Example 7.21. Let k be a field and ¢ = Vect(k), and consider a morphism
(Y2 (A07 A17 A27 M07 Ml; BO7 Bl; BZ7 B3) — (NOJ N17 NQ)

~

in My, which is given by the surjective order preserving map [8] = [2] ® [1] ® [3] — [2] which
partitions [8] into {0 < 1 < 2 < 3}, {4 <5 < 6} and {7 < 8}. Then ¢ is additionally given
by three flags with associated gradeds:

x a flag Iy C F1 C Fy C F3 = Ny together with an identification
Fo© PRy © B/ @ Fs/Fy = Ay @ AL © Ay © My,
x a flag £y C By C E; = N together with an identification
Ey® Ei/Ey® Ey/Ey = M, @ By ® By,

x a flag Vo C Vi = N together with an identification Vo @ V4 /Vy = By & By.
We illustrate this morphism by the following diagram.

Ao & A My By B B By
No Nl N2

FoCF1CF>CF3 EoCFE1CE2 VoCW1

Ml 1
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We obtain the desired decomposition by replacing the subset (Ag, A;, Az) of the source tuple
by (F3) and the subset (By, By) by (Es/FEy) as indicated in the following diagram which
illustrates the decomposition. The identification of the associated gradeds are the obvious
ones inherited from the data defining .

Ay Ay My M, By B B, Bs
My, M, Es/Ey By,  Bs
FoCFiCF, \ / \ / E1/EoCEz/Fo ‘ /
F>CF3 EoCE> VoCWh

In the general case, one needs to make a choice of subobject F» and a choice of quotient object
Ey/Ey. These are unique up to unique isomorphism, so decompositions given by different
choices differ by unique isomorphisms of these one object lists.

With the notation of the proposition, we have

x J=2]=0®{0<1}®{2} =J,® J, ® J3,

x oa: 0 — ) is the unique morphism, and ¢p: (Bs, B3) — (N3) is given by the flag
Vo € V4 = N3 and the identification of the associated graded coming from of ¢,

% pq: (Ao, A1, A2) — (F) is given by the flag Fy C F; C F; and the identification of
the associated graded coming from ¢,

x ¢y (By, By) — (E2/Ep) is given by the flag £y /FEy C Ey/E, and the identification of
the associated graded coming from ¢,

x f1 (Fy, My, My, Es/Ey) — (No, Ny) is the concatenation of two morphisms

fi: (Fy, My) — (No) and fo: (My, Es/Ey) — (Ny)

given by the flags Fy, C F3 = Ny respectively Fy C Fy = N; where the identifications
of the associated gradeds are given by the identities on F; respectively E,/Ej and by
the isomorphisms F3/Fy = M, respectively Ey = M; given by ¢.

o}

7.3. A 2-categorical Q-construction. In this section, we associate a 2-category Q(M) to
any strict monoidal category M. See Appendix A for the basic notions of 2-categories needed
here.

Let M be a strict monoidal category. We denote the monoidal product by juxtaposition. The
following construction is simply the action 2-category Q(M x M®™ M) of Observation 6.15,
but we spell out the details for clarity.

Construction 7.22. We define a 2-category Q2(M) as follows:
x the objects are those of M,
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* a morphism m — m’ is a tuple (a,b,p: amb — m') where a and b are objects of M
and ¢ is a morphism in M,
x and a 2-cell (a,b,p) — (a/,V,¢') is a pair of morphisms a: a — o/, f: b — b in M
such that ¢ = ¢’ o (« id,, f).
Composition is defined as follows:

x for morphisms:

(c.d. w)l \(a‘c, db, p o (id, v idy))

!/ "

m
(a,b,¢)

* composition of 2-cells along morphisms (i.e. within hom-categories) is given by coor-
dinatewise composition:

(a,b, ) (o, B o )
(a)/B)l \ ’
(a/’ b/, (10/) (a//’ b//, (10//)

(@, 5)

x composition of 2-cells along objects is given by the monoidal product: the composite
of the following 2-cells

(e,d¥)) (a,b,¢)
/\ /\
m ﬂ(%é) m/ ﬂ(a,ﬁ) m/
\/’
(Clvdlv"/]/) (a/,b/,@,)

is the 2-cell
(ary,00): (ac,db,p o (id, ¥ idy)) — (a'd,d'V, ¢ o (idy " idy))

We also define a 1-category @1(M) by taking components of the hom-categories in Qa(M).
More precisely, the objects of Q1(M) are those of Q2(M) and the hom-sets are given by
taking equivalence classes of morphisms in QQo(M), where two morphisms are equivalent, if
there is a zig-zag of 2-cells between them.

Interpreting @1(M) as a 2-category with only identity 2-cells, there is a canonical lax pseud-
ofunctor kp: Qo(M) — Q1(M). o

Observation 7.23. A strong monoidal functor M — N induces a pseudofunctor between the
associated 2-categories Q2(M) — Q2(N), and a monoidal natural transformation of strong
monoidal functors induces an oplax natural transformation of pseudofunctors. In particular,
if M is essentially small, then Q2(M) and @1 (M) admit geometric realisations. o
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Remark 7.24. This construction is related to Quillen’s S~1S-construction, an intermediary
construction used to prove the “Q = +” Theorem (|Gra76]). For a monoidal category S, if
the hom-categories in QQ2(S) are groupoids, then Q1(.5) is the category (S x S, S) as defined
in [Gra76]. In comparison, Quillen’s S~'S-construction is the category S™1S = (S, S x S).
See also Remark 6.4. o

We observe that (2(M) contracts onto @1(M) in the following situation.

Proposition 7.25. Let M be a strict monoidal category. If for all pairs of objects m,m’
in M, the hom-category Homy(m, m') is a disjoint union of categories with terminal objects,
then the pseudofunctor kpr: Qa(M) — Q1(M) admits a right 2-adjoint. In particular, if M
1s essentially small, then Ky induces a homotopy equivalence of geometric realisations.

Proof. The adjoint is given by fixing a choice of terminal object in each component of all
hom-categories in ()3(M). The unique 2-cells from morphisms to the terminal objects define
a lax unit transformation. 0

Let € be a category with filtrations and let My be the monoidal category of flags and asso-
ciated gradeds as defined in Section 7.2. Consider the 2-categorical Q-construction Qo(My)
as defined in the previous section. Since we implicitly assume that % is essentially small, so
is My, and thus the Q-constructions admit geometric realisations.

Proposition 7.26. For any morphism
((ai)ier,, (bi)ien,, )+ (Mi)ier — (n5)je7,

in Qo(My) there is a unique 2-cell to a morphism of the form

((nj>j€J17 (nj)j€J37 id(”j)jeJ) o (a,b, f)a

for some partition J = J, ® Jo ® J3 and some (a,b, f): (m;)icr = (n))jen in Q2(Mg) with a
and b one object lists or the empty list. Moreover, this morphism is unique up to a change of
(a,b, f), and two such representatives given by (a, b, f) respectively (a’,b', f') will be connected
by a unique (necessarily invertible) 2-cell (o, B): (a,b, f) — (', V', f').

Proof. In view of Proposition 7.20, any morphism
¢ (ai)ier, ® (Mi)ier, ® (bi)ier, = (1) jer
in My can be written on the form
¢ =pa® (fo(p.®id®py)) ® p.

It follows that we have 2-cells in Q2(My¢)
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((az’)z’elwla: (bi)ienwig: ©A® (f 0 (0o ®idm,),c, ®ps)) ® SDB)
(0a ® a, b ® ©B)
<(nj)j€J1 ® a, b® (n)jers, id(ﬂj)jeJl ®f® id(nj)jng >

which are unique by the uniqueness observation of Proposition 7.20 and the fact that f
is a monomorphism (Proposition 7.19). The final statement also follows directly from the
uniqueness of the decomposition. O

As a direct consequence of this, we can apply Proposition 7.25.

Corollary 7.27. The hom-categories of Qa(My) are disjoint unions of categories with ter-
minal objects. In particular, the pseudofunctor kar,: Q2(Mg) — Q1(My) admits a right
2-adjoint, and thus induces a homotopy equivalence of geometric realisations.

Remark 7.28. The decomposition in the proof of Proposition 7.26 will be referred to as the
terminal decomposition of a morphism. o

7.4. Comparing with Quillen’s Q-construction. Let % be a category with filtrations
and let My be the monoidal category of flags and associated gradeds defined in Section 7.2.
We want to compare the classifying space B|My| with Quillen’s Q-construction Q(%’). To
do this, we first of all compare Q,(My¢) with Q(%) and then combine this with the results of
the previous sections.

Recall that Quillen’s Q-construction Q(%) is the category with objects those of €, and where
a morphism xz — y is given by an isomorphism class of diagrams of the form =z « 2z — v,
where two such diagrams are isomorphic if there is an isomorphism between the middle
objects which commutes with the morphisms to x and y. Composition is given by pullbacks,
that is, the composite of [z1 « 23 > x| and [zy « 29 > x3] is given by the sequence
Ty ¢ 21 Xgy 22 ™ T3.

We define a functor ¥: Q(%) — Q1(My). On objects, it is given by

U(x)=(z), forx#0, and T(0)=10.
Defining ¥ on morphisms requires a little more work. For a fixed representative x «— z »— y
of a morphism in Q(%), fix additionally an admissible monomorphism a — z corresponding
to z — x and an admissible epimorphism y — b corresponding to z ~ y. Consider the
morphism ¢: ¥(a) ® ¥(x) ® ¥ (b) — ¥(y) in My given by the underlying flag of the filtration
with associated graded represented by the diagram

CL>—>Z>—>y

I

a T b
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The following lemma is easily verified by tracing through the definitions.

Lemma 7.29. The morphism [V (a), ¥ (b), ¢| in Q1(M¢) defined above is independent of the
choice of representative of the morphism [v « z ~— y| and of the choice of a — z and
y — b. Moreover, the morphism (V(a), ¥ (), ) in Qa(Mg) is a terminal representative of
this morphism.

In view of this, we set
U([z « z—y]) = [¥(a), U(b), ¥].

One can check that this preserves composition and is associative, so that we have indeed
defined a functor

T2 Q(E) - Qu(Me).

Remark 7.30. To see that it preserves composition, one needs to identify the composite,
i.e. the 5-step filtration given by the diagram of pullbacks below, and then determine a
terminal representative of the resulting morphism by identifying the terminal decomposition
of it as in the proof of Proposition 7.26. Doing this, we find that it is represented by the
subfiltration with associated graded given by picking out the sequence a’ »— z3 — x3 below,
which is easily seen to represent the image of the composite in Q(%).

/

C a » z3 r > 29 X3
I

c ar— 21— Ty d
a T b

o}

We will apply Quillen’s Theorem A to the functor ¥ to show that it induces a homotopy
equivalence of geometric realisations. First of all, we make the following observations.

Lemma 7.31. The functor V: Q(€) — Q1(My) is fully faithful.

Proof. 1t is easy to see that it is full, since a 3-step filtration in y whose associated graded is
(a,z,b) identifies x as a subquotient of y, which exactly corresponds to a morphism in Q(%).
To see that it is faithful, consider diagrams as below and assume that they define the same
morphism in Q1 (My).

ar—r zr—>y
b

a T

cr— 22—y

I |

c T d




155

REDUCTIVE BOREL-SERRE AND ALGEBRAIC K-THEORY 79

Then there exist isomorphisms «: ¢ — a and f: d — b such that the composite of the
associated graded of the right hand diagram with («,id,, 5) defines the same filtration with
associated graded as the left hand diagram. In particular, there exists a (unique) isomorphism
z — 2z’ which commutes with the morphisms to z and y, i.e. [x « 2z — y| =[x « 2/ — y]. O

The following proposition is an immediate consequence of Proposition 7.26 and Lemma 7.31.

Proposition 7.32. Let x be an object in Q(€) and (n;)jes an object in My. Any morphism
in Q1(Mg) from V(x) to (n;);es can be written uniquely as a composite

[(n3)i<ior (M3)i>jor 1dmy),es] © W[z = 20— nyy))
for some jo € J and some morphism [z « z — nj,| in Q(F).

We now show that the comma category ¥ | a has contractible geometric realisation for any
object av in @ (My).

Let (m;);er be an object in My. The comma category W | (m;) has objects

(v |@), 00, & @) @ @) @ 0 (m)] )

where z is an object in ¥, and [(a;), (b;),¢]: U(x) — (m;) is a morphism in Q(M¢). A
morphism in ¥ | (m;) is of the form

(2, [(a:), (0), ¢]) =22 (g, [(e), (di), )

where [z «— z — y| is a morphism in Q(%) such that

[(@i), (b:), o] = [(ci), (di), ] o W([z = 2 — y]).

For every i € I, set

m<; = (mi)ielgia M = (mi>iel<i> mx>; ‘= (mi)ielzia m>; 1= (mi>iel>i-

For all iy € I, consider the full subcategory C;, C ¥ | (m;) spanned by the objects of the
form

(x, [Mcigy Mgy, id] 0 U([z « 2 — mi0}>.

The following two lemmas are immediate consequences of Proposition 7.32.

Lemma 7.33. Let ig € I. The object (my,, [m<iy, M=, 1d]) is a terminal object in C;,. In
particular, C;, has contractible geometric realisation.

Lemma 7.34. The subcategories C;, iy € I, cover ¥ | (m;).
With this, we can make the final observation.

Proposition 7.35. The comma category V | (m;) has contractible geometric realisation.
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Proof. Note that for any 7,5 € I,

(07 [m<i0a M>ig, ld]) if {27]} = {i07 Z.0 + 1}7
0 else,

where (0, [m<;, m>;,id]) denotes the terminal category on this object. Hence, | | (m;)] is
contractible by Corollary 2.32, since the nerve of this cover is contractible (alternatively one
can use the Nerve Theorem of [Bor48, Page 234|, see also [Hat02, Exercise 4G.4 and Corollary
4G.3]). O

Then by Quillen’s Theorem A (|Qui73a]) and Proposition 7.35, we have the following result.

Proposition 7.36. The functor V: Q(%) — Q1(My) induces a homotopy equivalence of
geometric realisations.

Combining this with Corollary 7.27, we have the following.
Corollary 7.37. The zig-zag
N K
QE) = Qu(My) = Qa(My)
induces a homotopy equivalence of geometric realisations, |Q(%€)| ~ |Q2(Meg)|.

Now we can combine this with the results of Section 6 to show that the monoidal category
of flags and associated gradeds produces a model for the algebraic K-theory space. More
precisely, we apply Corollary 6.16 which says that for any strict monoidal category M, there
is a homotopy equivalence B|M| ~ |Q2(M)| between the classifying space of the topological
monoid |M| and the geometric realisation of the 2-categorical Q-construction.

Theorem 7.38. For any category with filtrations &€, the geometric realisation of Quillen’s
Q-construction Q(€) is homotopy equivalent to the classifying space B|My| of the topological
monoid |Mg|. In particular, for any exact category &, the space QB|Mg| is a model for the
algebraic K-theory space K(&).

APPENDIX A. NERVES AND GEOMETRIC REALISATIONS

We give a quick recap of the definitions of double categories and 2-categories, their nerves
and their geometric realisations. We only define the notions that we will need and we refrain
from specifying the various coherency axioms; these can be found in any good source on the
subject (see for example |Lei98]).

A.1. Double categories. Let Cat denote the category of small categories.

Definition A.1. A double category is a category internal in to Cat: it consists of an object
category Cy and a morphism category C; equipped with source and target maps s,t: C; — Cy,
an identity section e: Cy — (4, and a vertical composition c: Cy X, C; — C satisfying the
necessary coherency axioms. We write ¢ = [C} == Cj], omitting the identity and vertical
composition functors.
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The objects of Cy are called the objects of €, the morphisms of Cy are call the horizontal
morphisms of €, the objects of C are called the vertical morphisms of € and the morphisms

of (' are called 2-cells. N
Definition A.2. Let ¥ = [C) = Cj] be a double category. The transpose €"* of € is the
double category obtained by interchanging vertical and horizontal morphisms. <

Definition A.3. Let ¢ = [C; =2 Cy] and Z = [D; =% Do) be double categories. A double
functor F: € — & is a pair of functors (Fy: Cy — Dy, Fy: Cy — Dy) which commute with
the source, target, identity and vertical composition functors. <

Definition A.4. Let € = [C} =% Cy]. The horizontal nerve of € is the simplicial category

NI(€) defined as follows: the category N (%) has object set N,(Cp) and the morphism set

N,,(Cy) with the inherited source and target maps, i.e. a morphism from ¢ ELNSNELN ¢ to

g1 g .
dy = --- = d,, is a sequence

ai Qn,
Po e = on

in Cy with s(¢;) = ¢, t(p;) = d;, s(a;) = f; and t(«;) = g; for all 7. Composition is given by
vertical composition in %.
The vertical nerve of € is the simplicial category N?(€) = N!(%*) given by the horizontal
nerve of the transpose double category. More precisely, the category NY (%) has as objects
sequences of vertical morphisms

ngclg"‘cp—n)In
and a morphism from ¢ Ly 2 6 to do LN

;@ = Y

LN d,, is a collection of 2-cells

satisfying t(a;) = s(a;4q) for all 4.
The double nerve of € is the bisimplicial set No.(%’) obtained by applying the usual 1-
categorical nerve functor levelwise to the horizontal nerve of %"

Nuw(€) = N, (N (€)) = N (N;/(€)).
The geometric realisation of €, denoted |%|, is the total geometric realisation of Neo(%). <

Observation A.5. A double functor induces a continuous map of geometric realisations. o

A.2. Strict 2-categories. We will need to work with 2-categories which are not necessarily
small, nor even locally small, that is, the hom-categories need not be small either. However,
we may restrict our attention to strict 2-categories.

Definition A.6. A strict 2-category () consists of a collection ob () of objects and for each
pair of objects a,b € ob @), a hom-category (Q(a,b). It is equipped with composition functors
Q(b,c) x Q(a,b) — Q(a,c) and identities id, € Q(a,a) for all a,b,c € ob (@, and these must
satisfy the necessary (strict) coherency axioms.
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The objects of the hom categories are called morphisms and the morphisms are called 2-cells.
We denote composition of 2-cells along morphisms (within the hom-categories) by o and
composition of 2-cells along objects (via the composition functors) multiplicatively, i.e. the
composite of & € Q(a,b) and § € Q(b, c) is written Sa.

Let @, R be strict 2-categories. A pseudofunctor F': () — R consists of the following data:

(1) an assignment F': ob@ — ob R,
(2) for every pair of objects a,b € ob @, a functor F,,: Q(a,b) — R(F(a), F(b)),
(3) for any pair of composable morphism f: a — b, g: b — ¢ in @, an invertible 2-cell

Ff,g: Fb,c(g)oFa,b(f> %Fa,c(gof)a R
(4) for all objects a € ob (@, an invertible 2-cell F},: idp(q) — Foq(ida),

subject to the necessary coherency axioms. <

Definition A.7. Let @), R be strict 2-categories, and let F',G: () — R be pseudofunctors.
An oplazx natural transformation «: F = G consists of the following data:

% for each a € ob @, a morphism «a,: F(a) — G(a),
x for all a,b € ob @), a natural transformation

d: (ab)* o Fa,b = (aa)* o Ga,b
of functors Q(a,b) — R(F(a), G(D)),
satisfying the following conditions
(1) dua, o (ida, F,) = Guid,, for all a € obQ,
(2) for all composable morphisms g: a — b, f: b — ¢ in Q,
Gifog © (ido, Fﬁg) = (éf,g idg, ) © (ida(y) ag) © (v idp(g)).
A lax natural transformation is as above, but with the 2-cells reversed. <

Definition A.8. A strict 2-category () is small if the hom-categories are small and ob (@) is
a set. It is essentially small if it is equivalent to a small 2-category. <

Observation A.9. Any small strict 2-category @) can be viewed as a double category with
only identity horizontal morphisms:

e@:{ [T @b =obQ
a,beob @

with the obvious structure maps. o

Definition A.10. Let @ be a small strict 2-category. The geometric realisation |Q| of @ is
the geometric realisation of 2. <

Remark A.11. This definition agrees with the usual definition of the geometric realisation
of @ via the double nerve (see for example [BCO3]).
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There are, however, various options for defining the nerve of a small (strict) 2-category. See
[CCG10| for a comparison, in which it is also established that the ten different nerve con-
structions (of small bicategories) that they consider all have homotopy equivalent geometric
realisations. o

The following proposition is most easily proved by exploiting the fact that there is a nat-
ural homotopy equivalence between the geometric realisation of a small 2-category and the
geometric realisation of its geometric nerve (|[BC03, Theorem 1]), see for example [CCG10,
Proposition 7.1].

Proposition A.12. Lax and oplax natural transformations induce homotopies between the
induced maps of geometric realisations.

Definition A.13. For essentially small strict 2-category @), we define the geometric realisation
|Q| of @ to be the geometric realisation of any equivalent small 2-category. <
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