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Abstract

This thesis is concerned with relative homological algebra and exact model
categories. The word “relative” indicates that a certain choice of short exact
sequences has been made. Then one considers (relative) approximations of
objects in a category (all categories are additive in this thesis), with respect
to the chosen class of short exact sequences, in a way analogous to the
fibrant/cofibrant approximations of objects in model categories.

There are two examples of such relative homological theories which are of
interest in this thesis. One example comes from commutative algebra in the
study of maximal Cohen–Macaulay approximations and its generalizations
in Gorenstein homological algebra. Another example comes from the theory
of purity in finitely accessible additive categories.

The thesis consists of an expository text, which consists of an introduc-
tion and three chapters, and three papers (two of them are already published
and the third one is submitted),

A. Quillen equivalences for stable categories (joint with S.Estrada and
H.Holm). Journal of Algebra 501, 130-149 (2018)

B. A note on homotopy categories of FP-Injectives. Homology, Homotopy
and Applications 21(1) 95-105, (2019)

C. Abelian model structures on categories of quiver representations.
https://arxiv.org/abs/1810.12684
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Chapter 1

Introduction

Classical homological algebra is largely concerned with resolutions, or better
“replacements”, of modules in terms of simpler and more tractable objects,
like projective or injective modules. Such resolutions measure how far an
object is from having a certain property, e.g. a projective resolution of a
module, and its associated projective dimension, measures how far a module
is from being projective. Moreover, such resolutions are isomorphisms in a
certain “localized” category where, by construction, the chain maps inducing
isomorphic homology groups are isomorphisms. This classical theory is part
of Quillen’s motivation to develop his theory of model categories [67]. For
any object M in a model category M, there exist replacements QM → M
and M → RM which become isomorphisms in the localized (or “homotopy”)
category Ho(M) := M[W−1]; where W is the class of morphisms we want
to invert (the so-called weak equivalences in the model).

Relative homological algebra is concerned with resolutions with respect
to a chosen class of objects of interest (in an abelian or more generally in an
exact category). It was initially developed by Hochschild (1956) [45], Butler
and Horrocks [19] and Eilenberg and Moore [29]. We refer to the books
of Enochs and Jenda [35] and also Göbel and Trlifaj [41] for a modern
exposition. The benefit from switching from the classical (absolute) case to
the relative one is immense. For example, in categories of modules over non-
regular rings, where there exist modules of infinite projective dimension, we
may work with resolutions by maximal Cohen-Macaulay modules (see also
paper A below), or in categories of quasi-coherent sheaves where we don’t
have enough projectives we may resolve by flats [33].

The theory of model categories is quite general and can cover also the
relative homological algebra case. The precise framework for this to work
was given by Hovey [50] and also by Beligiannis and Reiten [12]. For an
abelian categoryM, Hovey gives an one-to-one correspondence between the
so-called abelian model structures1 and certain cotorsion pairs in M. A co-

1An abelian model structure on an abelian category M is a Quillen model structure
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12 CHAPTER 1. INTRODUCTION

torsion pair in an abelian category M is a pair of Ext1
M(−,−)–orthogonal

to each other subcategories2. The basic idea behind Hovey’s results is that,
for an abelian model categoryM, the various lifting properties in the model
M can be interpreted as certain Ext1

M(−,−)–orthogonality relations. Thus
in order to give a model structure on an abelian category, it suffices to find
certain cotorsion pairs and then use the correspondence of Hovey. Hovey’s
results were extended by Gillespie [40] to the realm of (weakly idempotent
complete) exact categories. Classically, cotorsion pairs are used to encode
information on right/left approximations in module or abelian categories,
see [41]. Under Hovey’s correspondence the right/left approximations cor-
respond to the fibrant/cofibrant replacements in the model. The benefit of
thinking in terms of model structures than in terms of cotorsion pairs is
that in the first case we obtain a great deal of information on the homotopy
category of the model.

In this thesis we provide applications of relative homological algebra and
exact model structures in the context of (non)commutative ring theory.

Paper A

An excellent example of a relative homological theory is the theory of max-
imal Cohen-Macaulay approximations, as founded in the work of Auslan-
der in the 60’s [2, 3]. The starting point is a theorem of Serre-Auslander-
Buchsbaum (1956) [4, 71] who characterised the regular local rings3 as the
commutative Noetherian local rings where all modules have finite projective
dimension. Hence in order to understand the modules over a singular va-
riety, such as k[x]/(xn) or k[x, y]/(x2, xy, y2), one needs to understand its
modules of infinite projective dimension. In this direction, a result of Eisen-
bud (1980) [30] is quite enlighting. Eisenbud [30, Thm. 6.1] proves that over
a hypersurface ring S = R/(f), where R is regular, any finitely generated S-
module admits a projective resolution which becomes periodic after finitely
many steps. The syzygies4 in the periodic part of the resolution are there-
fore understood as “infinite syzygies”; indeed they are syzygies in an exact
complex of projectives which has infinite left and right tails5. Necessarily,
any such “infinite syzygy” Ω will satisfy the condition depth Ω = depthR,

on M, where,

- the (trivial) cofibrations are monomorphisms with (trivially) cofibrant cokernel,

- the (trivial) fibrations are epimorphisms with (trivially) fibrant kernel.

2In more detail, a pair of subcategories (A,B) in an abelian category M is called a
cotorsion pair if B = A⊥ := {M | Ext1M(A,M) = 0; ∀A ∈ A} and A = ⊥B.

3A commutative noeherian local ring (R,m, k) is called regular if its Krull dimension
equals dimk m/m

2.
4The syzygies in a projective resolution · · · θ1−→ P1

θ0−→ P0 → M → 0 are by definition
the kernels of the maps θi in the resolution.

5Such complexes are usually called complete projective resolutions.



13

in other words, Ω is a maximal Cohen-Macaulay R-module [17, I 2.1.1]. We
denote this class of modules (over a Cohen-Macaulay ring R) by MCM(R).

Buchweitz (1980) [18] singles out this class of modules, over a Gorenstein
ring R6, and proves that for any finitely generated R–module M , there exists
a short exact sequence 0→ P → X →M → 0, where X ∈ MCM(R) and P
has finite projective dimension. Moreover, this short exact sequence extents
to an exact complex 0→ Xn → · · · → X1 → X0 → M → 0, where the Xi’s
are maximal Cohen-Macaulay. Thus even if a module has infinite projective
dimension, it has finite MCM-dimension. Buchweitz in [18] explains the
connection between (non-projective) maximal Cohen-Macaulay R-modules,
their associated complete projective resolutions, and the singularities of the
ring by providing equivalences of triangulated categories7

Dsg(R)
∼=←− MCM(R)

∼=−→ Kac(proj(R)).

Over a general (not necessarily commutative) ring, we call (after Enochs
and Jenda [34]) the modules that are “infinite syzygies”, Gorenstein pro-
jective modules8. The dual notion of Gorenstein injective modules is also
defined in [34]. In fact most of the results of Buchweitz can be stated using
injectives (an article of Krause [54] discusses this in detail). Therefore, the
analogue of the stable category MCM(R), in the general ring case, is the
stable category GProj(R), and its injective counterpart is GInj(R).

In paper A of this thesis, joint with Estrada and Holm [26], the motivat-
ing question is when the categories GProj(R) and GInj(R) are equivalent9.
To approximate this question, we realize these stable categories as Quillen
homotopy categories of certain exact model structures, and then we seek for
suitable Quillen equivalences. In more detail, in [26, Thm. 3.7] we prove that
the (exact) category A(R) := {M | GpdRM <∞}10 admits an exact model
structure, where the cofibrant objects are the Gorenstein projective mod-
ules, and the trivial objects (i.e. weekly isomorphic to zero) are the modules
with finite projective dimension. Moreover, the homotopy category of this

6A two-sided noetherian ring is called Gorenstein if it has finite injective dimension
over itself on both sides. For the commutative case, see the survey of Bass (1963) [10].

7Here MCM(R) denotes the stable category of maximal Cohen-Macaualy modules, i.e.
the category MCM(R) “modulo projectives”, which is a triangulated category [43]. More-
over, Dsg(R) denotes the bounded derived category Db(mod(R)) modulo the subcategory
of complexes of finite projective dimension (Dsg(R) is also called the singularity category
of R), and Kac(proj(R)) denotes the homotopy category of acyclic complexes of finitely
generated projective R–modules.

8To be more precise, an R-module M is called Gorenstein projective if it is a syzygy
in an exact complex of projectives P•, which remains exact after applying functors of the
form HomR(−,Proj(R)). Note that the last condition is automatically satisfied if R is a
Gorenstein ring.

9The results in [26] are stated for bicomplete abelian categories with enough projectives
and enough injectives, but for this presentation we stay with the ring case.

10We denote byA(R) (resp., B(R)) the subcategory of all R–modules of finite Gorenstein
projective (resp., injective) dimension.



14 CHAPTER 1. INTRODUCTION

model is non else than GProj(R). What is important here is the follow-
ing: a cofibrant replacement in this model will be a Gorenstein projective
approximation (i.e. an epimorphism with source a Gorenstein projective
module) with kernel a module of finite projective dimension, so this is really
modeled on the MCM approximations of Buchweitz [18] and puts them in
a homotopical context, therefore it seems to be an honest non-trivial model
for the category GProj(R). Its dual counterpart, as given in [26, Thm. 3.9]
is a model on the exact category B(R) := {M | GidRM < ∞}, where the
fibrant replacements are monomorphisms with target a Gorenstein injective
and cokernel a module of finite injective dimension. Both of these model
structures are obtained using work of Holm [46].

Results of Sharp [72] and Foxby [37], both published in 1972, tell us that
over a Cohen–Macaulay local ring with a dualizing module D, the adjunc-
tion D ⊗R − : R-Mod � R-Mod : HomR(D,−) restricts to an equivalence
A(R) � B(R) and also to an equivalence P(R) � I(R)11. In paper A we
formally call an adjunction (S, T ) on R-Mod a Sharp-Foxby adjunction if it
induces equivalences A(R) � B(R) and P(R) � I(R). This is the source
of inspiration for the first main result of this thesis,

Theorem A. ([26, Thm. 3.11]) Let R be a ring. A Sharp–Foxby adjunction
(S, T ) on Mod(R) induces a Quillen equivalence between the model categories
A(R) and B(R). Thus the total (left/right) derived functors of S and T yield
an adjoint equivalence of the corresponding homotopy categories,

GProj(R) ' Ho(A(R))
LS //

Ho(B(R)) ' GInj(R)
RT

oo .

In fact, this is an equivalence of triangulated categories.

Variations of this result for categories of chain complexes and also cate-
gories of quiver representations are included in [26].

Paper B

We now explain the content of paper B of this thesis [25]. The afore-
mentioned results of Sharp and Foxby, have some analogues in “bigger”
categories. Indeed, Iyengar and Krause (2006) [51] prove that over
a Noetherian ring with a dualizing complex D, the composite map

K(Proj(R))
i−→ K(Flat(R))

D⊗R−−−−−→ K(Inj(R)) is an equivalence of trian-
gulated categories. When restricted to compact objects12 this equivalence
induces Grothendieck’s duality RHomR(−, D) : Db(R)→ Db(R).

11Here P(R) (resp. I(R)) denote the subcategories of R–modules of finite projective
(resp. injective) dimension.

12We know from Jørgensen [53] that K(Proj(R)) is compactly generated (over rings
than are even more general than Noetherian with a dualizing complex), and we also know
from Krause [54] that K(Inj(R)) is compactly generated over right Noetherian rings.
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Neeman in [63] studies the embedding K(Proj(R)) ↪→ K(Flat(R)) for a
general ring R. In the case R is a Noetherian ring with a dualizing com-
plex, since K(Proj(R)) is compactly (ℵ0) generated, the inclusion will have
a right adjoint from Neeman’s Brown representability theorem [61] (this ad-
joint is used explicitly in Iyengar-Krause [51]). In the general case, Neeman
obtains a right adjoint iρ of this inclusion by showing that K(Proj(R))
is ℵ1–compactly generated, whatever that means (it’s a generalization of
compact generation). Moreover, Neeman identifies the kernel of this right
adjoint, which as a kernel of a right adjoint is easily seen to be isomorphic
to

K(Proj(R))⊥ := {X | HomK(R)(P,X) = 0; ∀P ∈ Ch(Proj(R))},

with the subcategory of K(Flat(R)) which consists of the exact complexes
with flat syzygies, denoted by Kpac(Flat(R)). This results to a diagram,

K(Proj(R))
inc

// K(Flat(R))
iρoo

can

��

ker(iρ) ∼= Kpac(Flat(R))
incoo

D(Flat(R)) := K(Flat(R)
Kpac(Flat(R))

∼=

jj
.

where the equivalence is obtained by the universal property of localization.
In particular this diagram implies that the composite functor

K(Proj(R)� K(Flat(R))
can−−→ D(Flat(R))

is an equivalence of triangulated categories.
The point of paper B of this thesis [25] is that we look at Neeman’s

result from a relative homological algebra perspective, and we dualize it.
Neeman’s result is a statement on the homotopy category of flat modules;
it provides a certain localization of the latter category. The dual notion of
flatness is called fp-injectivity. The passage from flatness to fp-injectivity
is only understood using the notion of purity; a classical topic in relative
homological algebra. We explain this in some detail now.

Purity was introduced by Cohn [22] in his study of products of rings and
direct sum decompositions13. A submodule A ≤ B is called pure if any finite
system of linear equations with constants from A and a solution in B, has
a solution in A. This condition can be expressed diagrammatically, and is
equivalent to asking for the sequence A� B � B/A to remain exact after
applying, for any finitely presented module F , the functor HomR(F,−), or
equivalently the functor F ⊗R −. Such sequences are called pure exact and
they are of interest since they form the smallest class of short exact sequences

13For survey articles on purity, we suggest the articles of Zimmermann and Prest in
[56]. See also the monograph of Prest [66].
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which is closed under filtered colimits. It follows from this discussion that a
module M is flat if and only if any epimorphism with target M is pure. Thus
flatness can be defined in any additive category which has an appropriate
notion of finitely presented objects, namely locally finitely presented additive
categories [16, 23]. If A is such a category, it is well known that the relation
between purity and flatness can be given formally via the equivalence A ∼=
Flat(fp(A)op,Ab); A 7→ HomA(−, A)|fp(A)

14, see [23, 1.4]. Thus, roughly
speaking, the study of purity can be reduced to the study of flat (left exact)
functors, and Neeman’s results have analogues in the context of purity, see
Emmanouil [32], Krause [55], Simson [74] and Šťov́ıček [80].

The dual notion of flatness, in a locally finitely presented Grothendieck
category A, is that of FP-injectivity. Namely, an object A in A is called FP-
injective if any monomorphism with source A is pure. We denote the class of
FP-injective objects by FPI(A). FP-injective modules were studied first by
Stenström in [77]. One reason why they are of importance is because over
(non-Noetherian) rings where injectives fail to be closed under coproducts,
one can work with FP-injectives which are always closed under coproducts.
Moreover, a ring is coherent if and only if the class of FP-injective modules
is closed under filtered colimits [77, 3.2], in strong analogy with the dual sit-
uation, where coherent rings are characterized by the closure of flat modules
under products.

In paper B we provide duals to the above mentioned results of Nee-
man, that is, we obtain analogous results for the homotopy category of
FP-injectives. For this we look at the tensor embedding functor of a mod-
ule category to FP-injective (right exact) functors, that is, the functor
Mod-R→ A := (R-mod,Ab); M 7→ (M ⊗R −)|R-mod, which identifies pure
exact sequences in Mod-R with short exact sequences of FP-injective (right
exact) functors, and induces an equivalence Mod-R ∼= FPI(A) [42, §1]. It
is easy to observe that under this equivalence, the pure projective modules
(the projectives with respect to the pure exact sequences) correspond to
functors in the class FPI(A) ∩ ⊥ FPI(A)15. We point out that by work of
Eklof and Trlifaj [31], we know that this class consists of those FP-injectives
which are (summands of) transfinite extensions of finitely presented objects,
see [41, 3.2]. The main result of Paper B is the following:

Theorem B. ([25, Thm. 3.5]) Let A be a locally finitely presented
Grothendieck category and denote by FPI(A) the class of FP-injective
objects in A. Then the homotopy category K(FPI(A) ∩ ⊥ FPI(A)) is
compactly generated. Moreover, if A is locally coherent, the composite
functor

K(FPI(A) ∩ ⊥ FPI(A))� K(FPI(A))
can−−→ D(FPI(A))

14 fp(A) denotes a set of isomorphism classes of finitely presented objects in A.
15 ⊥ FPI(A) denotes the left orthogonal to the class of FP-injectives with respect to

the Ext1A(−,−) functor.
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is an equivalence of triangulated categories.

It is possible to reformulate (parts of) this result in the language of model
categories.

Theorem B’. ([25, Thm. 3.7]) Let A be a locally coherent Grothendieck
category and let Ch(FPI(A)) denote the category of chain complexes with
components FP-injective objects. Then there exists an (exact) model struc-
ture on Ch(FPI(A)), where

- the cofibrant objects are the chain complexes in the category
Ch(FPI(A) ∩ ⊥ FPI(A)).

- every chain complex in Ch(FPI(A)) is fibrant.

- the trivial objects are the pure acyclic complexes with FP-injective com-
ponents.

The homotopy category of this model structure is equivalent to D(FPI(A)).

We point out that in the Noetherian case, Theorem B in particular
implies that the category K(Inj(R)) is compactly generated, which was
first proved by Krause (2005) [54]. Neeman in [65] studied the category
K(Inj(R)) for a general ring, and proved that it is µ–compactly generated
(for some cardinal µ). In the locally coherent case, Šťov́ıček [80] proves that
K(Inj(R)) is canonically isomorphic to D(FPI(A)) and also proves that the
latter is compactly generated. Therefore combining this result of Šťov́ıček
with Theorem B, for a locally coherent Grothendieck category A, we obtain
equivalences

D(FPI(A))

Thm. B
∼= **

[80]

∼=vv
K(Inj(A)) K(FPI(A) ∩ ⊥ FPI(A))

Therefore, in terms of compact generation of homotopy categories of com-
plexes, it seems like the homotopy category K(FPI(A) ∩ ⊥ FPI(A)) is the
correct category to look at in the general (not necessarily coherent) case.
Indeed, it has the advantage over K(Inj(A)), that it’s always compactly
generated, and also identifies with the latter in the locally coherent case.

Paper C

The last item of this thesis is paper C [24]. It is concerned with abelian
model structures on certain categories of diagrams. The motivating ques-
tion is when an abelian model structure on a given abelian category M
can be transferred to an abelian model structure on the diagram category
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MQ := RepQ(M), where Q is a quiver (a directed graph). The latter (func-
tor) category, in the representation theory community, is usually called the
category of M-valued representations of the quiver Q16. We should point
out two things: Firstly, in the general theory of model categories, it is well-
known that for a given model category M, a model structure on a functor
categoryMI exists under certain assumptions, either onM or on I, see for
instace the book of Hirschhorn [44, Ch. 11,15]; the point in [24] is that we are
interested in abelian model structures. Secondly, the cotorsion pairs needed
in order to construct abelian model structures on RepQ(M) are essentially
given by Holm and Jørgnensen in their work on cotorsion pairs in categories
of quiver representations [47], although they don’t discuss model structures
in their work.

In paper C we describe projective (resp. injective) model structures on
the categoryMQ := RepQ(M) whereM is a given abelian model structure
and Q is left (resp. right) rooted quiver17. Assume for example that Q is
left rooted and that M is a given abelian model category with cofibrant
objects C, trivial objects W, and with all objects being fibrant. Then from
[24, Thm. 3.5] there exists an induced abelian model structure on MQ,
where the trivial (resp. fibrant) representations are precisely those which
are vertexwise trivial (resp. fibrant) in the “ground” model M. Moreover,
to describe the cofibrant objects in MQ, consider for any representation X
and any vertex i ∈ Q0, the map

⊕

α:j→i
X(j)

φXi−−→ X(i).

Then the cofibrant objects in the category MQ are given by the class

Φ(C) := {X | ∀i ∈ Q0, φ
X
i is monic with X(i) ∈ C, cokerφXi ∈ C}.

In other words, the input is a (projective) abelian model structureM and
the output is a (projective) model structure onMQ. In our applications, we
are interested in the case where the input is some model structure coming
from relative homological algebra. For example, over a Gorenstein ring
R, there exists an abelian model structure where the cofibrants are the
Gorenstein projective R–modules, GProj(R), and the trivial objects W are
the modules of finite projective dimension. Or even more generally over
a Ding-Chen ring R18, there exists an abelian model structure where the

16See for instance the book of Auslander-Reiten-Smalø [6] for the use of quivers in the
representation theory of associative algebras.

17A quiver Q is called left rooted if it does not contain any subquiver of the form
· · · → • → • → •. Dually, Q is called right rooted if Qop is left rooted.

18A ring is called Ding-Chen if it is left and right coherent with FPI−dimRR and
FPI−dimRR both finite. Here FPI−dim denotes the fp-injective dimension. Note that if
R is two-sided Noetherian then this definition recovers the Iwanaga-Gorenstein rings.
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cofibrants are the Ding projective R–modules, DProj(R), and the trivial
objects W are the modules of finite projective dimension, see Gillepsie [39].

We now state the main result of manuscript C. The reader who is unfa-
miliar with Ding-Chen rings, should consider Gorenstein rings and replace
the letter “D′′ with the letter “G′′ in the following statement.

Theorem C. ([24, Thm. 4.8]) Let R be a Ding-Chen ring and Q
a left rooted quiver. Consider the associated abelian model structure
(DProj(R),W,Mod(R)) on the category Mod(R). Then there exists an
induced abelian model structure on the category of quiver representations of
right R–modules, RepQ(R), where

- The cofibrant representations are the (globally) Ding projective repre-
sentations, i.e. the category DProj(RepQ(R)).

- The trivial representations are the vertexwise trivial representations.

- All representations are fibrant.

The homotopy category of this model structure is

Ho(RepQ(R)) ∼= DProj(RepQ(R)),

the stable category of Ding projective representations.

The non-trivial part in this result is to identify the cofibrant objects in
RepQ (R) (which is the class Φ(DProj(R)) as we discussed above), with the
“globally” Ding projective objects in the functor category, i.e. the category
DProj(RepQ(R)). The dual of this statement for Ding injectives is as follows.

Theorem C’. ([24, Thm. 4.9]) Let R be a Ding-Chen ring and Q a
right rooted quiver. Consider the associated abelian model structure
(Mod(R),W,DInj(R)) on the category Mod(R). Then there exists an
induced abelian model structure on the category of quiver representations of
right R–modules, RepQ(R), where

- All representations are cofibrant.

- The trivial representations are the vertexwise trivial representations.

- The fibrant representations are the (globally) Ding injective represen-
tations, i.e. the category DInj(RepQ(R)).

The homotopy category of this model structure is

Ho(RepQ(R)) ∼= DInj(RepQ(R)),

the stable category of Ding injective representations.
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Chapter 2

Preliminaries

This chapter is a recollection of well-known results from the literature. For
most of what follows we refer to the monographs of Borceux [15], Stenström
[78], and Prest [66].

2.1 Additive categories

Definition 2.1.1. An abelian category is a preadditive category, which
has a zero object, finite coproducts, and such that every morphism has
a kernel and monomorphisms are kernels, and dually every morphism has
a cokernel and epimorphisms are cokernels. The opposite of an abelian
category is an abelian category (and thus they also have finite products).

A set of generators for an abelian category A, is a set G = {Gi}i∈I
of objects in A, such that for any nonzero f : A → B, there exists Gi ∈ G
and φ : Gi → A such that f ◦ φ 6= 0. If G = {G} we call G a generator. If
A has coproducts and a set of generators {Gi}i∈I , then ⊕Gi is a generator.
By definition, G is a generator if and only if HomA(G,−) is faithful. Also
note that if G is a generator then for all A ∈ A, there exists an epimorphism
G(I) � A, where I is a set. Indeed, let I = HomA(G,A) 6= ∅ and consider
the canonical map G(I) ε−→ A. Then ε is an epimorphism since for all φ :
A→ E such that φ ◦ ε = 0, we may find nonzero f : G→ A with φ ◦ f = 0,
thus φ = 0.

An abelian category A is called Grothendieck if:

• It has (small) coproducts.

• Colimits of directed systems are exact.

• It has a generator.

Gabriel-Popescu theorem: Every Grothendieck category is the localization
of a module category.

21
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Definition 2.1.2. A small category I is called filtered if it is non-empty, for
every two objects i, j in I there exists an object k and morphisms i→ k ← j,
and for any two parallel morphisms f, g : i ⇒ j there exists a morphism
h : j → k such that h ◦ f = h ◦ g. A colimit of a functor with source a
filtered category is called filtered.

Remark 2.1.3. [1, Thm. 1.5] A category has filtered colimits if and only if
it has direct limits. A functor with source such a category preserves filtered
colimits if and only if it preserves direct limits.

Definition 2.1.4. Let A be an additive category. An object F in A is called

- finitely generated if the functor HomA(F,−) preserves direct unions,

- finitely presented if the functor HomA(F,−) preserves direct limits.

Definition 2.1.5. An additive category A is called locally finitely pre-
sented if it is cocomplete, the isomorphism classes of finitely presented
objects in A form a set fp(A), and every object in A is isomorphic to a
filtered colimit of finitely presented objects.

Exact categories

Definition 2.1.6. LetA be an additive category. A pair (i, p) of composable
maps

X
i−→ Y

p−→ Z

is called a kernel-cokernel pair if ker p = i and coker i = p. We say that
we have an isomorphism between two composable pairs when the relevant
diagram commutes (via isomorphisms). If a class E of kernel-cokernel pairs
is fixed, we call a morphism i an inflation (or an admissible monomorphism)
if there exists a morphism p such that (i, p) ∈ E . Dually, a morphism p is
called a deflation (or an admissible epimorphism) if there exists a morphism
i such that (i, p) ∈ E . We depict inflations by � and deflations by �.

Definition 2.1.7. Let A be an additive category. An exact structure on A
is a class E of kernel-cokernel pairs which is closed under isomorphisms and
satisfies the following axioms:

(EX 0) For all A in A, the identity 1A is an inflation.

(EX 0)op For all A in A, the identity 1A is a conflation.

(EX 1) The class of inflations is closed under composition.

(EX 1)op The class of conflations is closed under composition.

(EX 2) Pushouts of inflations along arbitrary morphisms exist, and they are
inflations.
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(EX 2)op Pullbacks of conflations along arbitrary morphisms exist, and they are
conflations.

We define an exact category (A, E) as an additive category A, with an
exact structure E . We might just write A when the class E is clear from the
context. From the above axioms it is clear that (A, E) is an exact category
if and only if (Aop, Eop) is.

Definition 2.1.8. An exact category F is called Frobenius if the projective
objects in F coincide with the injective objects in F .

Example 2.1.9. A module category A-Mod is Frobenius if and only if the
ring A is quasi-Frobenius, i.e if it is left and right Noetherian and self-
injective (as a left A-module). Examples of this kind include semisimple
rings and quotients of PIDs by nonzero proper ideals.

Of course a module category is not always Frobenius, but one can restrict
to several important Frobenius subcategories.

Example 2.1.10. Over an Iwanaga-Gorenstein ring A, that is, a ring which
is two-sided Noetherian and has finite injective dimension on both sides, the
category of maximal Cohen–Macaulay modules,

MCM(A) := {M ∈ A-Mod | Ext≥1
A (M,R) = 0},

is Frobenius.

Definition 2.1.11. If F is a Frobenius exact category, then its stable
category F is defined to have the same objects as F , and parallel arrows
identified if their difference factors through a projective object:

HomF (X,Y ) := HomF (X,Y )/P(X,Y )

where P (X,Y ) is the equivalence relation where f ∼ g if and only of there
exists a projective P such that f − g factors through P .

It is well known that the stable category of a Frobenius category is a
triangulated category, see for instance Happel [43, I.2].

2.2 Purity and functor categories

Purity, flatness, and fp-injectivity

Definition 2.2.1. Let R be a ring. A short exact sequence of right R–
modules, 0→ A→ B → C → 0 is called pure if for any left R–module N ,
the induced sequence 0 → A⊗R N → B ⊗R N → C ⊗R N → 0 is an exact
sequence of abelian groups.
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Fact 2.2.2. Let R be a ring. A right R–module M is flat if and only if any
short exact sequence of the form 0→ A→ B →M → 0 is pure.

For the following fact we refer for instance to the book of Lam [57,
Thm. 4.89].

Fact 2.2.3. Let R be a ring. Then the following are equivalent for a short

exact sequence 0→ A
i−→ B → C → 0 of right R–modules.

(i) The sequence is pure.

(ii) If {aj}nj=1 are elements in A and {bi}mi=1 are elements in B such that,
for all j = 1, ..., n; aj =

∑
i birij , for some rij in R, then there exist

elements b′1, ..., b
′
m in A such that aj =

∑
i b
′
irij .

(iii) For any commutative diagram of right R–modules,

Rn
λ //

φ
��

Rm

ψ
��

A
i // B

.

there exists a map δ : Rm → A such that δ ◦ λ = φ.

(iv) The sequence remains exact after applying functors of the form
HomR(fp(R),−)1.

(v) The sequence is the direct limit of a direct system of split short exact

sequences 0 → A
i−→ Bj → Cj → 0, where for all j, Cj is a finitely

presented right R–module.

The above result motivates the definition of purity and that of flatness
in any locally finitely presented additive category.

Definition 2.2.4. Let A be a locally finitely presented additive category.
A sequence 0 → X → Y → Z → 0 in A is called pure exact if it is
HomA(fp(A),−)–exact, that is, if for any A ∈ fp(A), the sequence

0→ HomA(A,X)→ HomA(A, Y )→ HomA(A,Z)→ 0

is an exact sequence of abelian groups. An object X ∈ A is called pure
projective if any pure exact sequence of the form 0 → Z → Y → X → 0
splits, and dually X is called pure injective if any pure exact sequence of
the form 0 → X → Y → Z → 0 splits. We will denote the class of
pure projectives in A by PProj(A) and the class of pure injectives in A by
PInj(A).

The category A equipped with the class of pure exact sequences is an
exact category. We denote this exact category by Apure or (A,pure).

1fp(R) denotes the class of finitely presented right R–modules.
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Definition 2.2.5. Let A be a locally finitely presented additive category.
An object A ∈ A is called

- flat if any epimorphism with target A is pure,

- FP-injective if any monomorphism with source A is pure. We denote the
class of fp-injective objects in A by fp(A).

Fact 2.2.6. Let A be a locally finitely presented additive category and let
M be an object in A. Then the following are equivalent.

(i) M ∈ FPI(A).

(ii) Ext1
A(F,M) = 0, for any F ∈ fp(A).

Proof. (i) ⇒ (ii) Consider a short exact sequence 0 → M → X → F → 0
with F ∈ fp(A). Since M is fp-injective this sequence is pure, and since F
is finitely presented this sequence splits.
(ii) ⇒ (i) Consider a short exact sequence 0 → M → A → B → 0 in A. If
F is a finitely presented object in A, then by assumption we have that this
sequence is HomA(F,−)–exact, thus M ∈ FPI(A).

Next we want to illustrate how the study of purity is related to functor
categories, via left exact or right exact functors. We first make a small
detour on functor categories.

Proposition 2.2.7. Let A be a skeletally small preadditive category. Then
the representable functors form a set of finitely generated projective gener-
ators for the functor category (Aop,Ab). If A has split idempotents2 and
finite coproducts, then the representables are precisely the finitely generated
projective objects in (Aop,Ab).

Proof. The fact that the representable functors are finitely generated and
projective objects in (Aop,Ab) is an easy consequence of Yoneda’s lemma.
To see that they generate, let F be a functor in (Aop,Ab) and for the rest of
the proof assume that we work with a set of isomorphism classes of objects
in A. Recall that from Yoneda’s lemma we have, for all A in A, a bijection
FA ∼= Nat(hA, F ). Then consider the morphism ⊕(a,a∈FA)hA

ε−→ F which is
defined, at a component indexed by (a, a ∈ FA), by the natural transfor-
mation hA → F which Yoneda–corresponds to a ∈ FA. The map ε is a well
defined natural transformation which is an epimorphism by construction.

Now, assuming that A has finite coproducts, any finitely generated func-
tor F is the epimorphic image of a representable, i.e. there is an epimor-
phism ε : hA � F . Choose a splitting ε ◦ ι ∼= 1F . Then γ := ε ◦ ι is an
idempotent in Nat(hA, hA) which by the Yoneda lemma corresponds to an
idempotent e : A → A (with A ∼= ker(e) ⊕ ker(1 − e)), and it follows that
F ∼= hker(1−e).

2We say that a preadditive category has split idempotents if any idempotent e = e2 :
A→ A in A has a kernel and the natural map ker(e)⊕ker(1− e)→ A is an isomorphism.
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Next, we characterise the finitely presented functors in (Cop,Ab), where
C is a skeletally small preadditive category. First we state a standard lemma.

Lemma 2.2.8. Let A be an abelian category with a set of finitely presented
generators and let 0 → A → B → C → 0 be a short exact sequence in A.
Then we have the following.

- Let B be finitely presented. Then A is finitely generated if and only if
C is finitely presented.

- If C is finitely presented and B is finitely generated then A is finitely
generated.

Proposition 2.2.9. Let C be a skeletally small preadditive category. Then
a functor F in (Cop,Ab) is finitely presented if and only if it isomorphic to
a functor of the form coker(φ∗ : HomC(−, A)) → HomC(−, B)), for some
φ : B → A in C.

Proof. If F ∈ (Cop,Ab) is a cokernel between representables, then it easy to
see that the functor Nat(F,−) commutes with filtered colimits since this is
the case for the representables. To prove the converse implication, let F be a
finitely presented functor in (Cop,Ab). In particular F is finitely generated,
thus invoking 2.2.7 we can find a short exact sequence 0→ K → hA → F →
0. Then, by 2.2.8 K is finitely generated, hence we obtain an exact sequence
hB → hA → F → 0.

Theorem 2.2.10. An abelian category A is locally finitely presented if and
only if it is a Grothendieck category with a set of finitely presented genera-
tors.

Proof. Assume that A is locally finitely presented abelian. Then A has
set-indexed coproducts since for any set {Xi}i∈I of objects in A, the set∐
Xi can be written as a direct limit of its finite subsets, and these belong

in A. Next, since A is cocomplete abelian, the exactness of direct limits
in A is equivalent to A satysfying AB5 (see [78, V,§1]), and this is clearly
the case since direct limits in A (which exist by assumption) commute with
finite limits. Last, we show that A has a set of finitely presented generators.
Indeed, since for any object A ∈ A, we may write A ∼= lim−→Ci with the Ci’s

in fp(A); we obtain an epimorphism
∐
Ci → lim−→Ci = A.

To prove the converse, assume that A is Grothendieck with a set {Ci}i∈I
of finitely presented generators. Let F be an object in A and consider an
epimorphism G =

∐
i∈I Ci → F . Now consider the set of all pairs (Y,X)

where Y is a finitely generated subobject of G and X is a finitely generated
subobject of Y . It is a standard argument due to Lazard that F can be
reconstructed as a filtered colimit indexed on this set, see for instance [69,
5.39] or [78, IV,8.9].
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Corollary 2.2.11. If A be a locally finitely presented additive category then
so is the functor category (fp(A)op,Ab). In fact, the category (fp(A)op,Ab)
is locally coherent (i.e. the subcategory of finitely presented objects in
(fp(A)op,Ab) is abelian).

Proof. By assumption fp(A) is skeletally small, and it also has split idem-
potents. Thus by 2.2.7 the representable functors form a set of (finitely
presented) generators in the Grothendieck category (fp(A)op,Ab). Thus by
2.2.10 we have that the latter category is locally finitely presented. For the
fact that it is locally coherent we refer to [66, II.10.2.1].

Left exact functors

Let A be a locally finitely presented additive category. Then from 2.2.11
we have that the functor category (fp(A)op,Ab) is locally finitely presented.
Hence flatness can be defined in the functor category using definition 2.2.5,
that is, a functor F is flat if any epimorphism G� F in the functor category
(fp(A)op,Ab) is Hom(fp,−)–exact. The functor category supports also a
notion of tensor product of functors, and one can define a notion of flatness
using this tensor product. The two resulting notions are equivalent, as shown
by Stenström [76, Thm. 3].

Flat functors can be defined more generally, as the following result shows.

Theorem 2.2.12. [15, 6.3.7/6.3.8] Let F : A → Set be a functor defined
on a small category A with finite limits. Then the following are equivalent.

(i) F preserves finite products (“left exactness”).

(ii) The category of elements of F is cofiltered.

(iii) F is a filtered colimit of representable functors.

(iv) The left Kan extension LanY F of F along the Yoneda embeding Y : A →
(Aop,Set) preserves finite products.

In the context of locally finitely presented additive categories all the no-
tions of flatness encountered so far are equivalent, see for instance Stenström
[76] or Crawley-Boevey [23].

Theorem 2.2.13. [15, 6.7.3] Let A be a locally finitely presented additive
category. Then the restricted Yoneda embedding A → (fp(A)op,Ab); A →
hA|fp(A) induces an equivalence of categories A ∼= Flat(fp(A)op,Ab). This is
an equivalence of exact categories (where A is equipped with the pure exact
structure).

Proof. Consider the restricted Yoneda embedding. Since from 2.2.12 every
flat functor F is a filtered colimit F ∼= colim(hAi), it is easy to see that the
functor F → colimAi provides an inverse for Ỹ .
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Remark 2.2.14. For a locally finitely presented additive category, denote
by E := (fp(A)op,Ab). Under the equivalence of Theorem 2.2.13, the class
of pure projective objects in A corresponds to projective functors in E and
the class of pure injective objects in A corresponds to functors in the class
FlatE ∩ (FlatE)⊥.

Right exact functors

In the case of a module category Mod-R, there is a “dual” version of Theorem
2.2.13 which is concerned with right exact functors (fp-injective) functors.
We consider the tensor embedding functor

Mod-R
τ−→ (R-mod,Ab); M 7→ (M ⊗R −)|R-mod

which by construction sends pure exact sequences of right R–modules to
short exact sequences in the functor category (R-mod,Ab). The functor τ
has a right adjoint which is given by F 7→ F (R). The following result is due
to Gruson and Jensen [42].

Theorem 2.2.15. [42, §1] The tensor embedding functor induces an
equivalence Mod-R ∼= FPI(R-mod,Ab) of exact categories (where Mod-R is
equipped with the pure exact structure).

Remark 2.2.16. Under the equivalence of Theorem 2.2.15, the class of
pure injective right R–modules corresponds to injective functors and the
class of pure projective right R–modules corresponds to functors in the class
FPI(R-mod,Ab) ∩ ⊥ FPI(R-mod,Ab).

2.3 Triangulated categories

In this section we make a small survey of some fundamental results on
triangulated categories. The material here is mostly taken from [48] and
from the book of Neeman [62].

Definition 2.3.1. Let T be an additive category equipped with an auto-

morphism Σ : T ∼= T . We call a sequence of morphisms X
f−→ Y

g−→ Z
h−→ ΣX

a triangle in T . A morphism between two triangles is given by morphisms
(α, β, γ) which induce a commutative diagram

X
f //

α

��

Y
g //

β
��

Z
h //

γ

��

ΣX

Σα
��

X ′
f ′ // Y ′

g′ // Z ′ h′ // ΣX ′.

A morphism (α, β, γ) between triangles as above is called an isomorphism
if α, β, γ are isomorphisms in T .
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T is called a triangulated category if it admits a collection of triangles
(called distinguished) such that the following axioms are satisfied:

(TR0) Any triangle isomorphic to a distinguished triangle is distinguished.

(TR1) For all X ∈ T the triangle X = X → 0→ ΣX is distinguished.

(TR2) Every morphism f : X → Y in T can be completed to a distinguished

triangle X
f−→ Y

g−→ Z
h−→ ΣX.

(TR3) If X
f−→ Y

g−→ Z
h−→ ΣX is a distinguished triangle then Y

g−→ Z
h−→

ΣX
−Σf−−−→ ΣY is a distinguished triangle.

(TR4) Given distinguished triangles X
f−→ Y

g−→ Z
h−→ ΣX and X ′

f ′−→ Y ′
g′−→

Z ′ h
′
−→ ΣX ′, any commutative diagram of the form

X
f //

α

��

Y
g //

β
��

Z
h // ΣX

Σα
��

X ′
f ′ // Y ′

g′ // Z ′ h′ // ΣX ′

can be completed to a morphism of triangles (not necessarily uniquely).

(TR4) Given distinguished triangles (α1, α2, α3), (β1, β2, β3), and (γ1, γ2, γ3)
with γ1 = β1◦α1, there exists a triangle (δ1, δ2, δ3) making the following
diagram commutative:

X
α1 // Y

α2 //

β1
��

Z
α3 //

δ1
��

ΣX

X
γ1 // Z

γ2 //

β2
��

V
γ3 //

δ2
��

ΣX

Σα1

��
W

β3
��

W

δ3
��

β3 // ΣY

ΣY
Σα2 // ΣU.

Definition 2.3.2. Let T be a triangulated category. A non-empty full
subcategory S of T is called thick if it closed under retracts. S is called
localizing (resp. colocalizing) if it is thick and closed under coproducts (resp.
products).

Given a non-empty full subcategory S of T , the intersection of all thick
subcategories of T containing S is a thick subcategory denoted by Thick(S).
Similarly, the intersection of all localizing (resp. colocalizing) subcategories
of T containing S is a localizing (resp. colocalizing) subcategory denoted
by Loc(S) (resp. CoLoc(S)).
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The following definition introduces an important finiteness condition.

Definition 2.3.3. Let T be a triangulated category with (small) coprod-
ucts. An object X ∈ T is called compact, if for any family {Yi}i∈I of objects
in T , any morphism

X →
∐

i∈I
Yi

factors through a coproduct
∐
j∈J Yj , for a finite subset J ⊆ I.

The triangulated category T is said to be compactly generated if there
exists a set of compact objects S, such that for any non-zero X ∈ T there
exists a non-zero morphism C → X with C ∈ C. In this case we say that T
is compactly generated by S.

Proposition 2.3.4. Let T be a triangulated category, and let R be a set of
compact objects in T which is closed under suspensions. Then the category
Loc(R) is compactly generated by the set R.

Proof. Assume that L ∈ Loc(R) is such that HomT (R,L) = 0 for all R ∈ R.
We wish to show that L = 0. For this consider the subcategory

⊥L := {T ∈ T | HomT (ΣiT, L) = 0, for all i}.

It is easy to see that that is a localizing subcategory of T which contains R,
therefore Loc(R) ⊆⊥ L. But then the identity map on L is zero.

The following theorem which is due to Neeman is a milestone in the
theory of triangulated categories.

Theorem 2.3.5. [61, Thm. 4.1] Let S be a compactly generated triangulated
category, T any triangulated category and F : S → T a triangulated functor.
If F respects coproducts then it admits a right adjoint.

In fact Neeman proves this result as a corollary of the following:

Theorem 2.3.6. [61, Thm. 3.1](Brown representability) Let T be a com-
pactly generated triangulated category and let F : T op → Ab be a cohomo-
logical functor which sends coproducts to products. Then F is representable.

Definition 2.3.7. We say that a diagram of triangulated categories

T ′ I−→ T Q−→ T ′′

is a localization sequence if the following hold:

(i) ∀T ∈ T ; QT = 0⇔ T ∼= I(T ′) for some T ′ ∈ T ′.

(ii) Q has a right adjoint R such that Q ◦R ∼= idT ′′ .
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(iii) I has a right adjoint R′ such that R′ ◦ I ∼= idT ′ .

It follows that in a localization sequence T ′ I−→ T Q−→ T ′′ the functors I
and R are fully faithful and that T /T ′ ∼= T ′′. See for instance Verdier [79,
II.2]. Therefore a localization sequence is basically a diagram of the form

S
i
// T

R′oo
Q

// T /S,
Roo

.

where S is a thick subcategory of T , i is the natural inclusion, Q is the
canonical Verdier quotient map and R (resp., R′) is right adjoint to the
functor Q (resp., i).

We have the following result on localization sequences. For a proof see
Verdier [79] or the article of Krause in [48].

Proposition 2.3.8. Let T be a triangulated category and S a thick subcat-
egory. Then the following are equivalent.

(i) There exists a pair (L, η) where L : T → T is an exact functor with
ker(L) = S and η : 1T ⇒ L is a natural transformation such that L(η)
is invertible and L(η) = ηL.

(ii) The quotient Q : T � T /S admits a right adjoint.

(iii) The inclusion i : S � T admits a right adjoint.

(iv) The natural map S⊥� T q−→ T /S is an equivalence.

(v) The inclusion j : S⊥� T admits a left adjoint and ⊥(S⊥) = S.

Remark 2.3.9. (Orthogonality in a localization sequence) Given a local-
ization sequence

T ′
i
// T

R′oo
Q

// T ′′
Roo

.

It follows from 2.3.8 that if we identify T ′ with the essential image of i and
T ′′ with the essential image of R, we have that T ′′ ∼= (T ′)⊥ and T ′ ∼= ⊥(T ′′).

There is the following neat characterization of compact generation.

Proposition 2.3.10. Let T be a triangulated category with coproducts and
let S be a set of compact objects in T . Then the following are equivalent:

(i) T is compactly generated by S.

(ii) Loc(S) = T .
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Proof. (i)⇒(ii) From 2.3.4 we have that Loc(S) is compactly generated (by
the set S). Therefore by Theorem 2.3.5 we obtain a localization sequence

Loc(S) ι // Tλoo
π // T /Loc(S)
loo .

We know that the right orthogonal of Loc(S) inside T are the Loc(S)–local
objects, i.e. Loc(S)⊥ consists of the objects T ∈ T such that lπ(T ) ∼= T .
Since S generates, we have that this class of objects is zero. Therefore for all
objects T ∈ T we obtain that lπ T = 0. But then the identity map on πT ,
which can be factored as πT → (πlπ)T → πT , is zero. Thus T /Loc(S) = 0.

The assertion (ii)⇒(i) follows from 2.3.4.

We give some examples of localization sequences which are of interest in
this thesis.

Example 2.3.11. Let A be a ring and consider the Verdier quotient

Kac(A)� K(A)
q−→ D(A).

By Bökstedt and Neeman [14] this is a localization sequence. In more detail,
construction [14, 2.4] shows that for any complex in qX ∈ D(A) there exists
a complex of injectives RqX and a morphism ηX : X → RqX in K(A)
which is natural in X (and becomes a natural isomorphism after applying
q). The construction is such that any other map g : X → RZ in K(A) there
exists a unique up to homotopy map f : qX → Z such that g = R(f) ◦ η.
Therefore q admits a (fully faithful) right adjoint R : D(A)→ K(A). From
the specifics of the construction in [14] we actually have that the essential
image of R is CoLoc(K−(Inj(A))). The complexes in this class are called
K-injective complexes. Thus combining with 2.3.9 we obtain equivalences

Kac(A)⊥ ∼= D(A) ∼= CoLoc(K−(Inj(A))).

By putting all of this together we obtain a diagram

Kac(A)
i
// K(A)

R′oo
Q

// D(A) ∼= CoLoc(K−(Inj(R)))
Roo

.

Dually, from [14] we have that the canonical map Q : K(A)→ D(A) ad-
mits a left adjoint L which takes a complex X to its K-projective resolution.
The construction provides us with isomorphisms

⊥Kac(A) ∼= D(A) ∼= Loc(K−(Proj(A)))

We point out that it is possible to obtain these adjoints in a more abstract
way using Brown representability instead of the construction of K-projective
resolutions. Indeed, consider the inclusion i : Loc(A)→ K(A). From 2.3.10
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we know that Loc(A) is compactly generated by the set {A}, therefore The-
orem 2.3.5 provides us with a right adjoint R to the inclusion i. The kernel
of this right adjoint is ker(R) = Loc(A)⊥, which by a straightforward com-
putation is isomorphic to Kac(A). From 2.3.8 we have that the composite

Loc(A)⊥ ↪→ K(A)
q−→ D(A) is an equivalence. Hence from 2.3.8 we obtain a

(co)localization sequence,

Kac(A)
i
// K(A)

L′oo
Q

// Loc(A) ∼= D(R)
Loo

.

The existence of left and right adjoints for the map K(A) → D(A) in
the above example are usually depicted in the form of a recollement

Kac(A) i // K(A)
R′

oo
L′oo

Q // D(A)
Loo

R
oo ,

where the essential images of the functors L and R give us equivalences

⊥Kac(A) ∼= D(A) ∼= Kac(A)⊥.

The pure derived category

We now look at recollements in the context of purity. Let A be locally
finitely presented additive category equipped with the pure exact structure.
Consider the canonical map Q : K(A)→ Dpure(A). There are many proofs
providing left and right adjoints of Q. Krause in [55, Cor. 3/Thm. 7] proves
the existence of a right adjoint, and also the existence of a left adjoint [55,
Ex. 6]. This induces a recollement of the form

Kpac(A) i // Kpure(A)oo
oo

Q // Dpure(A)
Loo

R
oo . (2.1)

Šťov́ıček in [80, Cor. 5.8] identifies the essential image of L with K(PProjA)
and the essential image of R with K(PInjA). Hence we obtain equivalences
of triangulated categories

⊥Kpac(A) ∼= K(PProjA) ∼= D(A) ∼= K(PInjA) ∼= Kpac(A)⊥.

Note that we could obtain (parts of) the recollement in 2.1 if we knew
that the corresponding results after passing to the category of flat functors
Flat(fp(A)op,Ab) hold. We explain this in more detail. Recall from 2.2.13
the equivalence of (exact) categories

A ∼= Flat(fp(A)op,Ab); A 7→ HomA(−, A)|fp(A). (2.2)
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Now, for a locally finitely presented additive category B consider the
canonical map Q : K(FlatB) → D(FlatB). Neeman in [63] proves the exis-
tence of left adjoint of Q and identifies its essential image with K(ProjB).3

Since the equivalence 2.2 identifies PProj(R) with the projective objects in
the functor category, we see that half of the recollement in 2.1, and also the
fact that K(PProjR) ∼= D(R) follow from Neeman’s result. In a subsequent
paper [64] Neeman also proves the existence of a right adjoint of Q. We
state these results in the form of a recollement.

Theorem 2.3.12. (Neeman [63, 64]) Let B be a locally finitely presented
additive category. Then K(ProjB) is ℵ1–compactly generated, and there
exists a recollement

Kpac(FlatB) i // K(FlatB)oo
oo

Q // D(FlatB)
Loo

R
oo .

where the essential image of the left adjoint L is K(ProjB).

Remark 2.3.13. By now we also know the existence of the essential image
of the right adjoint R. Indeed, it follows from [11] that we have equivalences

⊥Kpac(FlatB) ∼= D(FlatB) ∼= K(FlatB ∩ (FlatB)⊥).

Note that from the fact that R is a right adjoint of Q we already know
the equivalence on the left hand side (for this recall 2.3.9). The point is to
obtain an equivalence

⊥Kpac(FlatB) ∼= K(FlatB ∩ (FlatB)⊥).

This is proved in [11, Theorem 4.3]. This also implies that the category
K(FlatB∩(FlatB)⊥) admits coproducts (inhereted from the aforementioned
equivalence).

Let us get back to the recollement 2.1. In the module case, over a ring
A, this is the recollement

Kpac(A) i // Kpure(A)oo
oo

Q // Dpure(A)
Loo

R
oo . (2.3)

(where we consider right A–modules.)

Recall that this recollement follows from the more general recollement
involving flat functors in 2.3.12. On the other hand, note that we could
obtain (parts of) the recollement in 2.3 if we knew that the corresponding

3Neeman’s results are actually stated for module categories, but their proofs are valid
in any locally finitely presented additive category.
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results after passing to the category of right exact functors hold. We explain
this in more detail. Recall from 2.2.15 the equivalence of categories

Mod-A
τ−→ B := (A-mod,Ab); M 7→ (M ⊗A −)|A-mod

which identifies PInj(A) with Inj(B) and PProj(A) with FPI(B)∩⊥ FPI(B).
Parts of our main results in [25] give us the following.

Theorem 2.3.14. [25] Let A be a locally coherent Grothendieck category.
Then there exists a colocalization sequence

Kpac(FPIA)
i
// K(FPIA)

oo
Q

// D(FPIA)
Loo

(2.4)

where the essential image of the left adjoint L is K(FPI(A) ∩ ⊥ FPI(A)).

Remark 2.3.15. For a localy coherent Grothendieck category A, a local-
ization sequence

Kpac(FPIA)
i
// K(FPIA)

oo
Q

// D(FPIA)
Roo

(2.5)

has been obtained by Šťov́ıček [80], who identified the essential image of
R with K(InjA). Therefore combining this with 2.4 we obtain, in the lo-
cally coherent case, a complete picture of the recollement with middle term
K(FPI(A)),

Kpac(FPIA) i // K(FPIA)oo
oo

Q // D(FPIA)
Loo

R
oo .

which induces equivalences of triangulated categories

D(FPIA)
∼=

''

∼=
uu

K(FPI(A) ∩ ⊥ FPI(A)) K(InjR),

where K(FPI(A)∩⊥ FPI(A)) ∼= ⊥Kpac(FPIA) and Kpac(R)⊥ ∼= K(InjR).
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Chapter 3

Relative Homological
Algebra

3.1 Cotorsion pairs and approximation theory

The general references for the material in this section are the book of Enochs
and Jenda [35] and the book of Göbel and Trlifaj [41].

Definition 3.1.1. A class X of objects in an abelian category A is called
precovering if for all A ∈ A there exists a morphism f : X → A with
X ∈ X such that, for any X ′ ∈ X , the induced map HomA(X ′, f) :
HomA(X ′, X)→ HomA(X ′, A) is surjective.

Definition 3.1.2. Let A be an abelian category and X be a class of objects
in A. A proper left X–resolution of an object A ∈ A is a HomA(X ,−)-
exact sequence

· · · → X1 → X0 → A→ 0.

Remark 3.1.3. Note that we can dualize the above definitions to obtain
the notion of a preenveloping class and that of a proper right X–
resolution.

Remark 3.1.4. Let A be an abelian category. We observe the following:

(i) By definition, a proper left X–resolution is not necessarily an exact
complex.

(ii) If X = Proj(A), then a proper Proj(A)-resolution is just a projective
resolution.

(iii) The importance of considering proper resolutions (of some fixed ob-
ject) instead of arbitrary resolutions is that, any two proper resolutions
will be equivalent up to homotopy.

37
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(iv) If X is a precovering class in A, any object has a proper left X -
resolution, which can be constructed inductively in the usual fashion.

Precovering classes usually arise as left hand sides of the so called “co-
torsion pairs”, that we now define.

Definition 3.1.5. ([70], see also [41]) Let X be a class of objects in an exact
category A. Put

X⊥ := {A ∈ A | ∀X ∈ X , Ext1
A(X,A) = 0}

and define ⊥X analogously. A pair (X ,Y) of classes in A is called a co-
torsion pair if X⊥ = Y and ⊥Y = X . A cotorsion pair (X ,Y) is called
complete if for every object A in A there exists a short exact sequence
0 → Y → X → A → 0 with X ∈ X and Y ∈ Y, and also a short exact
sequence 0 → A → Y ′ → X ′ → 0 with X ′ ∈ X and Y ′ ∈ Y. It is called
hereditary if X is closed under kernels of epimorphisms and Y is closed un-
der cokernels of monomorphisms. Note that being hereditary is equivalent
to having for all X ∈ X , Y ∈ Y and i ≥ 1, ExtiA(X,Y ) = 0.

Example 3.1.6. (i) In any abelian category A there exist cotorsion
pairs (Proj(A),A) and (A, Inj(A)). When (Proj(A),A) is complete
we say that the category A has “enough projectives”. Dually when
(A, Inj(A)) is complete we say that A has “enough injectives”.

(ii) Let Apure be a locally finitely presented additive category equipped
with the pure exact structure, see 2.2.4. Consider the class PProj(A)
of pure projective objects in Apure. From [23, Lemma 3.1] we have
that (PProj(A),A) is a complete cotorsion pair in Apure. In case A is
locally finitely presented Grothendieck, we also have that the cotorsion
pair (A,PInj(A)) is complete, see Simson [73, Thm. 4.1].

(iii) Let R be a Gorenstein ring and denote by MCM(R) the class of maxi-
mal Cohen–Macaulay right R–modules and by P(R) the class of right
R–modules of finite projective dimension. Then from Buchweitz [18]
we have that the pair (MCM(R),P(R)) is a complete cotorsion pair
in the category of finitely generated right R–modules.

Definition 3.1.7. We say that a cotorsion pair in an exact category A is
generated by a set if it is of the form (⊥(S⊥),S⊥) for a set S of objects
in A.

Example 3.1.8. (i) Let A := Mod-R be a module category over a ring
R. The pair (A, Inj(A)) is generated by the set {R/I | I E R}. Indeed,
by Baer’s criterion we have that a module M is injective if and only
if for all ideals I E R we have Ext1

R(R/I,M) = 0.
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(ii) Let A be a Grothendieck category with a generator G, then the co-
torsion pair (A, Inj(A)) is generated by the set {G/S |S 6 G}. This
follows from a generalized version of Baer’s criterion.

(iii) Let A be a locally finitely presented additive category and denote
by S a set of isomorphism classes of finitely presented objects in
A. Then we automatically obtain a cotorsion pair (⊥(S⊥),S⊥) =
(⊥ FPI(A),FPI(A)). This cotorsion pair is of interest in paper B of
this thesis [25], where we lift it to the category of chain complexes.

Next we recall an important fact concerning cotorsion pairs generated
by sets (in Grothendieck categories). First a definition.

Definition 3.1.9. Let A be an abelian category and S a class of objects in
A. An object A in A is called S-filtered if there exists a chain of subobjects

0 = A0 ⊆ A1 ⊆ ... ⊆
⋃

α<σ

Aα = A

where σ is an ordinal, Aλ = ∪β<λAβ for all limit ordinals λ, and Aα+1/Aα ∈
S for all α < σ. The class of S-filtered objects will be denoted by Filt(S).
Classes of S–filtered objects are also called deconstructible.

Fact 3.1.10. ([31], see also [41, 3.2]) Let S be a (small) set of objects in a
Grothendieck category and assume that S contains a generator. Then the
following hold:

(i) The cotorsion pair (⊥(S⊥),S⊥) is complete.

(ii) The class ⊥(S⊥) consists of direct summands of S-filtered objects,
that is, for all X ∈ ⊥(S⊥) we have P ∼= X ⊕ K where P ∈ Filt(S).
Moreover, in this decomposition K can be chosen in ⊥(S⊥) ∩ S⊥.

Corollary 3.1.11. Let A be a Grothendieck category. Then the cotorsion
pair (A, Inj(A)) is complete, i.e. A has enough injectives.

The following is known as the “flat cover conjecture”.

Corollary 3.1.12. (Enochs [13]) Let A := Mod-R be the category of (right)
R–modules over a ring R. Then the pair (Flat(R),Flat(R)⊥) is complete.

Proof. Let λ > |R| + ω. For any R–module F there exists a filtration
0 = F0 ⊆ F1 ⊆ ... ⊆ ⋃

α<σ
Fα = F , where all the inclusions are pure and, for

all α < σ, we have |Fα+1/Fα| ≤ λ, see [13, Lemma 1].
Now, M belongs in the class Flat(R)⊥ if and only if it satisfies

Ext1
R(F,M) = 0, for any flat F , or equivalently, if and only if it satisfies

Ext1
R(
⋃
α<σ

Fα,M) = 0, where we used the aforementioned filtration for a flat

module F . Then using Eklof’s lemma [31], we have that M ∈ Flat(R)⊥ if
and only if M ∈ F⊥, where F is a set of representatives of the flat modules
with cardinality ≤ λ. Hence the result follows from 3.1.10.
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3.2 Gorenstein homological algebra (over commu-
tative rings)

In this section we give a small survey of Gorenstein homological algebra.
We focus on the historical development of the subject in the context of
commutative Noetherian local rings. A big survey can be found in [21], see
also Christensen’s book [20].

Homological characterizations of rings is a favourite topic with a vast
number of applications. Roughly speaking, the idea is to characterize a ring
via global properties of its category of left/right modules. One of the most
classical and important examples in this direction is a theorem due to Serre,
Auslander, and Buchsbaum. Recall that if R is a ring (from now on assumed
commutative) we define its global dimension as

gl.dim(R) := sup{n |pdR(M) ≤ n ; M ∈Mod(R) with pdR(M) <∞}.

A theorem of Hilbert states that gl.dim(C[x1, ..., xn]) = n. The next cele-
brated theorem can be seen as a generalization of Hilbert’s theorem.

Theorem 3.2.1. (Serre-Auslander-Buchsbaum) Let (R,m, k) be a local
commutative Noetherian ring. Then the following are equivalent:

(i) R is regular (i.e. dim(R) = dimkm/m
2)

(ii) pdRk <∞
(iii) gl.dim(R) <∞.

Much of the progress in homological commutative algebra is based on
attempts to obtain analogous theorems for more general classes of rings than
regular local rings. To this end one has to invent new dimensions, which
should be refinements of the projective dimension. We recall that the typical
hierarchy of local rings is the following:

Regular ⊆ Complete intersection ⊆ Gorenstein ⊆ Cohen–Macaulay.

We briefly recall the definitions:

Definition 3.2.2. Let (R,m, k) be a local commutative Noetherian ring.
Then R is called

- a complete intersection, if it is (up to completion) a quotient of a
regular local ring R modulo an R–regular sequence.

- Gorenstein, if inj.dimRR <∞.

- Cohen–Macaulay, if depthR = dim(R).
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Proofs of the containments in the aforementioned hierarchy can be found
in classical texts [17, 58], see also [52].

A study of modules over a non-regular local rings will have to include
the study of modules of infinite projective dimension. An important result
in this direction is the following.

Theorem 3.2.3. (Eisenbud (1980) [30]) Let (R,m, k) be a regular local ring
and f ∈ m a non-zero divisor. Let S := R/(f) and N be a finitely generated
S-module. Then N admits a free resolution (as an S-module) which becomes
periodic after finitely many steps.

Proof. Consider a projective resolution of N over S:

· · · → Sn2 → Sn1 → Sn0 → N → 0.

Since the depth of syzygies increases as we go along the resolution of N ,
there exists some integer k and a syzygy Ω := Ωk(N) in this resolution such
that depthS Ω = depthS.

Now, over the regular ring R, from the Auslander-Buchsbaum formula we
have pdR Ω = depthR−depthR Ω. Therefore, pdR Ω = depthR−depthS =
1. This means that we have a presentation of Ω as an R-module:

0→ Rn
Φ−→ Rm → Ω→ 0.

Note that here n = m since the rank of Ω over R is zero. Moreover, the fact
that f · Ω = 0 provides as with a commutative diagram of R-modules,

Rn
Φ //

·f
��

Rn

·f
��

Ψ

zz
Rn

Φ // Rn // // Ω.

Reducing this diagram to S = R/(f) we have

Ω // // Rn
Φ //

0
��

Rn

0
��

Ψ

zz
Rn

Φ // Rn // // Ω.

Unravelling this diagram we obtain an acyclic complex of projectives of the
form

· · · // Sn
Ψ // Sn

Φ //

$$ $$

Sn // · · ·

Ω
::

::

which concludes the proof.
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Eisenbud’s result tells us that over a hypersurface ring S we can quite
easily find modules M that are “infinite syzygies”, in the sense that they are
syzygies in exact complexes of projectives with infinite left and right tales:

· · · // P1
// P0

//

## ##

P−1
// · · ·

Ω
::

::

We give a general definition for the class of modules that are infinite
syzygies. The terminology used in the definition will be soon explained.

Definition 3.2.4. Let R be a ring. A left R-module M is called Gorenstein
projective if there exists an exact complex of projective left R-modules,
which has M as a syzygy and remains exact after applying functors of the
form HomR(−,Proj(R)). We denote this class of modules by GProj(R).

Buchweitz in his seminar paper [18] singles out this class of modules over
a Gorenstein ring R and proves a number of interesting facts. One important
result is [18, Section 5] which states that a ring is Gorenstein if and only if
every finitely generated R-module admits a resolution by finitely generated
Gorenstein-projective modules

0→ Gn → Gn−1 → · · · → G0 →M → 0.

Of course “resolution” here means that this complex has homology concen-
trated in degree zero and isomorphic to M . This justifies the terminology
in the definition 3.2.4. Note that this is an analogue for Gorenstein rings of
the theorem of Serre-Auslander-Buchbaum 3.2.1.

We state a well–known characterization of finitely generated Gorenstein-
projective modules over a Gorenstein ring. See [9, Section 2] for a proof.

Proposition 3.2.5. Let R be a Gorenstein local ring and M a finitely gen-
erated R-module. Then the following are equivalent:

(i) M is an “infinite syzygy”, i.e. M is Gorenstein projective.

(ii) M is maximal Cohen-Macaulay, i.e. depthM = dimM = dimR.

(iv) M is totally reflexive, i.e. the natural map

M → HomR(HomR(M,R), R); m 7→ [φ 7→ φ(m)]

is an isomorphism and Ext>0
R (M,R) = 0 = Ext>0

Ro(HomR(M,R), R).

Therefore the finitely generated Gorenstein-projective modules over a
Gorenstein local commutative ring coincide with the class of maximal Cohen-
Macaulay modules MCM(R). The following result explains in categorical
terms the connection between maximal Cohen–Macaulay modules, complete
resolutions and singularities over a Gorenstein ring.
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Theorem 3.2.6. (Buchweitz [18]) Let R be a Gorenstein ring. Denote by
Dsg(R) its singularity category, i.e. the Verdier quotient of the bounded
derived category of finitely generated R-modules modulo the subcategory of
perfect complexes. Then there exist equivalences of triangulated categories:

Dsg(R)
∼=←− MCM(R)

∼=−→ Kac(proj(R)).

The following result concerns maximal Cohen-Macaulay approximations
over Gorenstein rings.

Theorem 3.2.7. (Buchweitz [18, Thm. 5.1.2]) Let R be a Gorenstein ring.
Then any finitely generated R-module M admits a short exact sequence 0→
P → X → M → 0 where X is maximal Cohen-Macaulay and P has finite
projective dimension. Moreover, M admits a short exact sequence 0→M →
Y → K → 0 where Y has finite projective dimension and K is maximal
Cohen-Macaulay.

We point out that this result has been generalized by Auslander and
Buchweitz in their homological theory of maximal Cohen-Macaulay approx-
imations [5], where they prove the following:

Theorem 3.2.8. Let R be a Cohen-Macaulay ring with a dualizing module.
Then any finitely generated R-module M admits a short exact sequence 0→
I → X → M → 0 where X is maximal Cohen-Macaulay1 and I has finite
injective dimension. Moreover, M admits a short exact sequence 0→M →
Y → K → 0 where Y has finite injective dimension and K is maximal
Cohen-Macaulay.

Remark 3.2.9. In the language of relative homological algebra, Theorem
3.2.8 says that over a Cohen-Macaulay local ring with a dualizing module,
the pair (MCM(R), I(R)) is a complete cotorsion pair in the category of
finitely generated R-modules.

We close this section with some remarks. We discussed how Buchweitz
[18] and Auslander-Buchweitz [5] characterized Gorenstein rings via the
Gorenstein projective dimension, in a complete analogy with the theorem of
Serre-Auslander-Buchsbaum 3.2.1 which characterizes regular local rings via
the projective dimension. There is a similar story for complete intersections,
which makes use of a “complete intersection dimension”, see Avramov et al.
[8].

Some of the aforementioned results (e.g. the ones from Buchweitz [18])
are actually valid for non-commutative analogues of Gorenstein rings. We
recall that a ring is called Iwanaga-Gorentein if it is noetherian on both sides
and has finite injective dimension on both sides, see Auslander-Bridger [3]
and Zaks [81].

1In the sense that depthM = dimM = dimR.
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Some non-noetherian analogues of Iwanaga-Gorenstein rings have also
been studied, see Ding-Chen [27, 28] . For this theory to work, the word
“noetherian” is replaced by “coherent” and the word “injective” is replaced
by “fp-injective”. Then most of the formal aspects of the theory are still
valid, see for instance Gillespie [39].

Finally, we point out that over a general ring, an analogue of maxi-
mal Cohen-Macaulay approximations has been studied by Holm [46]. More
precisely, the notion of Gorenstein projective modules, as in 3.2.4, can be de-
fined over a general ring, thus Gorenstein projective resolutions and Goren-
stein projective dimensions make sense. The same holds for the duals of
these notions, i.e. Gorenstein injective modules, resolutions, and dimensions,
see [46]. Having these notions at hand, for a general ring R, consider the
classes A(R) := {M | GpdRM <∞} and B(R) := {M | GidRM <∞}, and
also the classes P(R) := {M | pdRM <∞} and I(R) := {M | idRM <∞}.
One of main results of Holm in [46] is that the pair (GProj(R),P(R)) is a
complete and hereditary cotorsion pair in the exact category A(R). Dually,
the pair (I(R),GInj(R)) is a complete and hereditary cotorsion pair in the
exact category B(R). These results are worked out further in the context of
exact model structures in Paper A of this thesis [26].

Dualizing complexes

Most of the nice results on Gorenstein rings that we saw in the previous
section in one way or another depend on the finiteness of its injective di-
mension. A dualizing complex over a ring, when it exists, serves as the right
tool in order to systematically study these properties. For the facts stated
here we refer to Christensen’s book [20].

Definition 3.2.10. Let R be a commutative ring. A complex D which
is homologically bounded and has finitely generated homology is called a
dualizing complex if it has finite injective dimension over R and the canonical
homothety morphism χD : R→ RHomR(D,D) is a quasi–isomorphism.

Example 3.2.11. (1) If R is Gorenstein then R is a dualizing complex
over itself.

(2) If R is Artinian then ER(k) is a dualizing complex for R.

(3) Quotients of Gorenstein rings have dualizing complexes as the next
theorem shows.

Theorem 3.2.12. Let R be a local commutative Noetherian ring with a
dualizing complex D and let φ : R → S be a local homomorphism. Then
RHomR(S,D) is a dualizing complex over S.

Corollary 3.2.13. Every complete local ring has a dualizing complex.
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Proof. By Cohen’s structure theorem [58, 29.4] R is a quotient of a regular
local ring and every such ring is Gorenstein [17, 3.12]. Hence from (3.2.12)
R admits a dualizing complex.

We now list some of the most important properties of dualizing com-
plexes. For a ring R, we denote by Db

f (R) the bounded derived category of
all R–complexes having finitely generated homology.

Proposition 3.2.14. Let (R,m, k) be a local commutative Noetherian ring
with a dualizing complex D. Then the following hold:

(i) (Biduality) The functor RHom(−, D) : Db
f (R)→ Db

f (Ro) is an equiv-
alence.

(ii) (Localization) Supp(D) = Spec(R) and for all p ∈ Spec(R), Dp is a
dualizing complex over Rp.

(iii) (Uniqueness) If D and D′ are dualizing complexes over a ring R, then
they are isomorphic (up to a shift) in D(R).

(iv) (Completion) The complex D ⊗L
R R̂ is a dualizing complex over the

m–adic completion R̂.

The following result, is a theorem of Foxby [37] which in turn general-
izes a theorem of Sharp [72]. It comes from the early days of Gorenstein
homological algebra. Let (R,m, k) be a Cohen–Macaulay local ring with a
dualizing complex D. To fix some notation, consider the adjunction

D ⊗R − : Mod(R)�Mod(R) : HomR(D,−)

with unit maps ηM : M → HomR(D,D ⊗RM) and counit maps εM : D ⊗R
HomA(D,M)→M . Consider the classes2

- A(R) := {M | TorRi>0(D,M) = 0 = Exti>0
R (D,D⊗RM), ηM is an iso}.

- B(R) := {M | Exti>0
R (D,M) = 0 = TorRi>0(D,HomA(D,M)), εM is an iso}.

Denote by P(R) (resp I(R)) the class of modules of finite projective (resp.
injective) dimension.

Remark 3.2.15. Let (R,m, k) be a Cohen–Macaulay local ring. By Enochs,
Jenda, and Xu [36, Cor. 2.4 and 2.6] an R-module belongs to A(R), (resp.,
B(R)), if and only if it has finite Gorenstein projective (resp., injective)
dimension.

Theorem 3.2.16. (Foxby [37]) Let (R,m, k) be a Cohen–Macaulay local
ring with a dualizing module D. Then the adjunction D ⊗R − : Mod(R)�
Mod(R) : HomR(D,−) restricts to an equivalence A(R) � B(R) and also
to an equivalence P(R)� I(R).

2Some authors use the terms “Auslander class” for A(R) and “Bass class” for B(R).
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The following result is a version of Theorem 3.2.16 in the context of
derived categories.

Theorem 3.2.17. [7] Let (R,m, k) be a local commutative Noetherian ring
with a dualizing complex D. Consider the following subcategories of Db(R):

- A(R) consists of all complexes X in Db(R) such that D⊗L
RX ∈ Db(R)

and the canonical morphism ηX : X → RHomR(D,D ⊗L
R X) induced

by m 7→ (d 7→ (−1)|m||d|m⊗ d)) is an isomorphism.

- B(R) consists of all complexes X in Db(R) such that RHomR(D,X) ∈
Db(R) and the canonical morphism εX : D ⊗L

R RHomR(D,X) → X
induced by d⊗ α 7→ ((−1)|d||α|α(d))) is an isomorphism.

Then the adjunction D ⊗L
R − : Db(R) � Db(R) : RHomR(D,−) restricts

to an equivalence D ⊗L
R − : A(R) � B(R) : RHomR(D,−), and also to an

equivalence between the complexes with finite projective dimension P(R) ⊆
A(R) and the complexes of finite injective dimension I(R) ⊆ B(R).

Further developments in this direction can be found in the article of
Iyengar and Krause [51]. They prove the following:

Theorem 3.2.18. [51] Let R be a Noetherian ring with a dualizing complex.

Then the composite functor K(Proj(R))
i−→ K(Flat(R))

D⊗R−−−−−→ K(Inj(R)) is
an equivalence of categories. When restricted to compact objects 3 it induces
a duality RHomR(−, D) : Db(R)→ Db(R).

This result inspired Neeman’s work on the homotopy category of flat
modules [63]. Also, a version of Theorem 3.2.18 for Noetherian schemes was
obtained by Murfet and Salarian [59].

3We know from Jørgensen [53] that K(Proj(R)) is compactly generated (over more
general rings than the assumption of this theorem) and from Krause [54] that K(Inj(R))
is compactly generated over right Noetherian rings.



Chapter 4

Exact model structures

4.1 Quillen’s model categories

The main sources we use in this chapter are the books of Hovey [49] and
Riehl [68]. Originally model categories were introduced by Quillen [67].

The idea of replacing or approximating objects (such as spaces or va-
rieties or chain complexes), up to a notion of weak equivalence, by more
well–understood objects appears often throughout mathematics. Examples
of this kind include:

• If X is a topological space there exists another space Q(X) (which
is a CW complex) and a surjective map Q(X) � X which is a weak
homotopy equivalence (i.e. it induces isomorphisms at the level of ho-
motopy groups). The map Q(X)→ X is called a CW–approximation
of X.

• Let X be a right bounded complex in an abelian category with enough
projectives. Then there exists another right bounded complex Q(X),
which consists of projective objects, and an epimorhism P � X which
is a homology isomorphism (i.e. it induces isomorphisms at the level
of homology). The map P → X is called a projective resolution of X.
This is old and standard. A version of this for unbounded complexes
was obtained by Spaltenstein [75] and also by Bökstedt and Neeman
[14]; recall Example 2.3.11.

The theory of model categories arises as a necessary formalism in order to
conceptualize the above phenomena and put them in a categorical context.

To formalize the above constructions, one would start from a category
M and a class of morphisms, denoted by weak, that we want to think
of as “weak equivalences”. For any object X we would like a notion of

“left approximation” Q(X)
f−→ X where f belongs to a certain class of

morphisms fib (the “fibrations”). Then f should become an isomorphism

47
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in the localized “category” M[weak−1] (which we will assume that it is a
known construction). Dually, we might consider a class of morphisms cof

(the “cofibrations”), such that for every object in X in M there exists a
cofibration X → RX which becomes an isomorphism in M[weak−1].

The axioms of a model category are better understood if we have in
mind the following topological fact: any continuous map X

g−→ Y between
topological spaces has a factorization through the mapping cylinder:

X Y

Cyl(g)

g

i f

where i is an inclusion and a weak homotopy equivalence and f is surjective
(in fact, a Serre fibration). Dually, using the mapping cone, g admits a
factorization as a Serre fibration followed by a map which is a fibration and
a weak homotopy equivalence. Similar factorizations also exist in categories
of chain complexes.

Definition 4.1.1. Let C be a category equipped with two classes of mor-
phisms A,B. We say that the pair (A,B) is a weak factorization system
if

(i) Any map f : X → Y in C admits a factorization

X Y

F

f

α β

where α ∈ A and β ∈ B.

(ii) A is precisely the class of maps that has the left lifting property
(LLP for short) with respect to B, meaning that whenever we have
maps α ∈ A and β ∈ B, for any solid diagram as below there exists a
dotted arrow,

· ·

· ·
α β

making the diagram commutative. Also, B is precisely the class of
maps that has the right lifting property (RLP for short) with re-
spect to A. A factorization system (A,B) is called functorial if it is
natural in A and B.

Definition 4.1.2. A model category is a complete and cocomplete cate-
goryM equipped with three classes of morphisms fib, cof and weak, called
fibrations, cofibrations and weak equivalences respectively, such that the
following axioms are satisfied:
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(i) The classes fib, cof and weak are closed under retracts.

(ii) If h = f ◦g inM, then if any two of h, f, g belong in fib, cof or weak,
so does the third.

(iii) The pairs (cof, fib∩ weak) and (cof∩ weak, fib) are functorial weak
factorization systems.

We will denote the morphisms in the classes cof, fib, weak, by ↪→,�,
and

∼−→ respectively.
The definition well formalizes the idea of left/right approximations we

discussed in the introduction of this section. Indeed, by the third axiom we
obtain, for any object M in a model category M, two factorizations:

0 M M 0 .

QM RM
∼∼

Denote by C := {M ∈ M| 0 ↪→ M cofibration} (the cofibrant objects)
and by Mf := {M ∈ M|M � 0 fibration} (the fibrant objects). Then
the functor Q : M → C (resp., R : M → F) is called the cofibrant (resp.,
fibrant) replacement functor.

The following fundamental theorem says that Ho(M) := M[weak−1] is
a category with small Hom-sets. In fact Ho(M) is a quotient M/ ∼ where
∼ is some sort of homotopy relation that resembles the homotopy relation
of continuous maps between topological spaces.

Definition 4.1.3. LetM be a model category and let M be an object inM.
A cylinder object for M , denoted by Cyl(M), is given by a factorization of

the fold (coproduct) mapMtM O−→M as a cofibrationMtM i0+i1−−−→ Cyl(M)
followed by a weak equivalence Cyl(M)

∼−→M .
Two parallel maps f, g : X ⇒ Y are called left homotopic, if there

exists a map H : Cyl(X) → Y , where Cyl(X) is some cylinder of X, such
that H ◦ i0 = f and H ◦ i1 = g.

Path objects and right homotopic maps are defined as cylinder ob-
jects and left homotopic maps in the dual model category. Two parallel
morphisms that are left and right homotopic are called homotopic.

Theorem 4.1.4. (Fundamental theorem of model categories) Let M be a
model category and denote by q :M→ Ho(M) :=M[weak−1] the canonical
functor. Let C (resp., F) denote the cofibrant (resp., fibrant) objects in M.
If Q (resp., R) denotes the cofibrant (resp., fibrant) replacement functor,
then the following hold:

- The inclusion C ∩ F ↪→M induces an equivalence of categories

Ho(C ∩ F) ∼= Ho(M),

with inverse Ho(Q ◦R).
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(ii) The canonical map C ∩ F → Ho(C ∩ F) induces an equivalence of cat-
egories C ∩F/ ∼∼= Ho(C ∩F), where ∼ denotes the homotopy relation
defined in 4.1.3.

4.2 Abelian and exact model structures

The following definition is due to Hovey [50].

Definition 4.2.1. Let M be an abelian category. We say that M admits
an abelian model structure (or thatM is an abelian model category)
if it admits a Quillen model structure where,

- the (trivial) cofibrations inM are the momomorhisms with (trivially)
cofibrant cokernel.

- the (trivial) fibrations in M are the epimorphisms with (trivially) fi-
brant kenrel.

(Where an object in M is called trivial if it weakly equivalent to the zero
object in M).

If M is an abelian model category with cofibrant objects C, fibrant ob-
jects F and trivial objects W, we abbreviate by saying that (C,W,F) is a
Hovey triple on M.

Hovey’s main result in [50] gives an one-to-one correspondence between
certain complete cotorsion pairs in M and abelian model structures on M.

Theorem 4.2.2. [50, Thm. 2.2] (Hovey’s correspondence) Let M be an
abelian category. Assume that M admits an abelian model structure and
denote by C,F and W the classes of cofibrant, fibrant and trivial (i.e. weakly
isomorphic to zero) objects inM. Then there exist two functorially complete
cotorsion pairs (C ∩W,F) and (C,W ∩F) in M.

Conversely, if we are given classes of objects C,F and W in M, where
W is thick1, then any two functorially complete cotorsion pairs (C ∩W,F)
and (C,W ∩ F) give rise to an abelian model structure on M, where C, F
and W stand for the cofibrant, fibrant and trivial objects respectively.

Proof. (sketch) We give a few arguments of the proof.
(⇒) We show first that (C,W∩F) is a cotorsion pair, i.e. that C⊥ =W∩F
and that ⊥(W ∩F) = C.

• C⊥ ⊆ F ∩W. Let X ∈ C⊥. To prove the assertion, it suffices to show
that the map X → 0 has the RLP with respect to the class of cofi-
brations. Since M admits an abelian model structure, by Definition

1A subcategory W of an abelian category A is called thick if for any short exact
sequence A ↪→ B � C we have B ∈ W ⇔ A ∈ W andB ∈ W.
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4.2.1, any cofibration i : A ↪→ B is a monomorphism with cofibrant
C ∈ C. We consider a commutative diagram

A X

B 0

i

and observe that that the condition X ∈ C⊥ implies a lifting δ : B → X
making the relevant diagram commutative.

• F∩W ⊆ C⊥. For any F ∈ F∩W, we need to show that Ext1
M(C,F ) =

0 for all cofibrant objects C. For this consider a short exact sequence
F ↪→ Z � C. Since M admits an abelian model structure we have
that F ↪→ Z is a cofibration. Thus we obtain a commutative diagram

F��

��

F

∼
����

Z //

;;

0

which provides a splitting of F ↪→ Z.

• To show that C ⊆ ⊥(F ∩W) note that F ∩W ⊆ C⊥ ⇒ ⊥(F ∩W) ⊇
⊥(C⊥) ⊇ C.

• ⊥(F ∩W ) ⊆ C. Let X ∈ ⊥(F ∩W ). We want a solution of the lifting
problem

0 A

X B

π

f

?

where π is a trivial fibration, i.e π is surjective and ker(π) ∈ F ∩
W. Note that the condition X ∈ ⊥(F ∩ W ) implies that the map

HomM(X,π) : HomM(X,A)
π◦−−−→ HomM(X,B) is surjective, hence

the solution of the lifting problem.

Hence (C,W ∩ F) is a cotorsion pair in M. Its completeness can be easily
seen since, for any X ∈M, we may the factor the map 0→ X as a cofibra-
tion followed by a trivial fibration, and we may also factor the map X → 0
by a trivial cofibration followed by a fibration and use the fact that M has
an abelian model structure. In a similar way one can deduce that the pair
(C ∩W,F) is a complete cotorsion pair in M.
(⇐) Assuming we are given the cotorsion pairs as in the statement, we call
a cofibration (resp., trivial cofibration) a monomorphism with cokernel in C
(resp., in C ∩ W) and a fibration (resp., trivial fibration) an epimorphism
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with kernel in F (resp., in F ∩W), and we call a weak equivalence a mor-
phism which factors as a trivial cofibration followed by a trivial fibration.
Then one needs to show that with these notions of (co)fibrations and weak
equivalences, M satisfies the axioms of a model category.

We only show how to obtain the (functorial) weak factorization system
(cof, weak ∩ fib). Let X → Y be a monomorphism in M, with cokernel C.
Since we are given a complete cotorsion pair (C,F ∩W), there exists a short
exact sequence W � Q � C with Q ∈ C and W ∈ F ∩W . Consider the
following pullback diagram:

W��

��

W��

��
X // // P // //

∼
����

Q

∼
����

X // f // Y // // C ,

which by definition gives a factorization of f as a cofibration followed by a
trivial fibration. If we are given an epimorphism f , one can show similarly
that f can factor as a trivial cofibration followed by a fibration (using the
completeness of the given cotorsion pair (C ∩ W,F). Given an arbitrary

morphism f : X → Y in M, we may write f as A
i1−→ A ⊕ B f+1B−−−→ B,

where i1 is a split mono and f + 1B is a split epi. Therefore we can factor
f + 1B = j′ ◦ q′ where j′ is a cofibration and q′ is a trivial fibration. Then
g := j′ ◦ i1 is a monomorphism and we may factor it as g = ε ◦ l where l is a
cofibration and ε is a trivial fibration. Thus we obtain f = (q′ ◦ ε) ◦ l where
q′ ◦ ε is a trivial fibration and l is a cofibration.

Gillespie in [40] extended Hovey’s work to the realm of exact categories.
The definition of model categories 4.1.2 asks for certain classes of morphisms
to be closed under retracts. To extend Hovey’s correspondence from abelian
model categories to the realm of exact categories, we need to work with
weakly idempotent complete exact categories.

Definition 4.2.3. Let A be an exact category. We say that A is weakly
idempotent complete, if every split monomorphism has a cokenrel and
every split epimorphism has a kernel.

An exact category A is weakly idempotent complete if and only if ad-
missible monomorphisms are closed under retracts if and only if admissible
epimorphisms are closed under retracts, see for instance [40, Prop. 2.4].

Definition 4.2.4. LetM be an exact category. We say thatM admits an
exact model structure (or that M is an exact model category) if it
admits a Quillen model structure where,
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- the (trivial) cofibrations inM are the admissible monos with (trivially)
cofibrant cokernel.

- the (trivial) fibrations in M are the admissible epis with (trivially)
fibrant kernel.

Theorem 4.2.5. [40, Thm. 3.3] Let M be an exact category. Assume that
M admits an exact model structure and denote by C,F and W the classes of
cofibrant, fibrant and trivial (i.e. weakly isomorphic to zero) objects in M.
Then there exist two functorially complete cotorsion pairs (C ∩ W,F) and
(C,W ∩F) in M.

Conversely, assuming that M is weakly idempotent complete, if we are
given classes of objects C,F and W, where W is thick2, then any two func-
torially complete cotorsion pairs (C ∩W,F) and (C,W ∩F) give rise to an
exact model structure on M, where C, F and W stand for the cofibrant,
fibrant and trivial objects respectively.

For an exact model category M the homotopy category Ho(M) :=
M[weak−1] has an interesting description. We recall from 4.1.4 that Ho(M)
is equivalent to the category C∩F/ ∼ where∼ is a certain homotopy relation.
Gillespie in [40, Prop. 4.4] shows that two parallel maps between objects in
C ∩F are homotopic if and only if their difference factors through an object
in C ∩F ∩W. In addition, from [40, Lemma 4.7] we have that the category
C ∩ F is a Frobenius exact category (recall 2.1.8), with projective–injective
objects C ∩ F ∩ W. Hence Theorem 4.1.4 tells us that Ho(M) ∼= C ∩ F ;
where the latter category is the stable category of the Frobenious category
C∩F (recall 2.1.11). We summarize this discussion with the following result.

Theorem 4.2.6. [40](Ho(M) is an algebraic triangulated category) Let M
be an exact model structure and denote by C,F and W the classes of cofi-
brant, fibrant and trivial objects respectively. Then the homotopy category
Ho(M) := M[weak−1] is equivalent to the stable category of the Frobenius
category C ∩ F . Via this equivalence the category Ho(M) admits a triangu-
lated structure.

4.3 Examples

Models for Frobenius rings and Gorenstein rings

Let R be a Frobenius ring (recall Example 2.1.9). There is a standard (triv-
ial) model structure on the category A := Mod-R, with homotopy category
the stable category A. Indeed we define as trivial objects the projective–
injective objects in A and we obtain a hereditary Hovey triple (A,W,A).

2A subcategory W of an exact category M is called thick if it is closed under retracts
and if, for any short exact sequence (conflation) in A, if two of its terms are in W then so
does the third.
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Hence from 4.2.2 we obtain an exact model structure with homotopy cate-
gory Ho(A) ∼= A/W ∼= A.

A generalization of this model structure is obtained in paper A [26].
If R is a Gorenstein ring, recall the Auslander and Bass classes, A(R) :=
{M |GpdRM < ∞} and B(R) := {M |GidRM < ∞}, and also denote
P(R) := {M |pdRM <∞} and I(R) := {M | idRM <∞}.

Theorem 4.3.1. ([26, Thm. 3.7/3.9]) Let R be a Gorenstein ring. The
category A(R) is a weakly idempotent complete exact category and there
exists a hereditary Hovey triple (GProj(R),P(R),A(R)) on A(R). Thus
from 4.2.5 there exists an exact model structure on A(R) with homotopy
category Ho(A(R)) ∼= GProj(R).

Dually, the category B(R) is a weakly idempotent complete exact cat-
egory and there exists a hereditary Hovey triple (B(R), I(R),GInj(R)) on
B(R). Thus from 4.2.5 there exists an exact model structure on B(R) with
homotopy category Ho(B(R)) ∼= GInj(R).

Models on categories of chain complexes

The following result of Gillespie gives a recipe in order to obtain model
structures on categories of chain complexes in an abelian category. It starts
with a complete cotorsion pair on a given “ground” abelian categoryM and
produces a Hovey triple on the category of chain complexes Ch(M).

For a class of objects X in an abelian category M, we will use the
following notation:

- X̃ denotes the class of acyclic complexes in M with cycles in X ,

- dgX̃ denotes the class of all complexes X in M such that any chain
map from X to a complex in X̃ is null–homotopic.

Theorem 4.3.2. (Gillespie [38, Cor. 3.8] and Yang-Ding [Cor. 2.8])
Let M be an abelian category with enough projectives and injectives and let
(A,B) be a complete and hereditary cotorsion pair in M. Denote by W the
class of acyclic chain complexes inM. Then there exists a hereditary Hovey
triple

(dgÃ,W, dgB̃),

in the category of chain complexes Ch(M).

Example 4.3.3. (Projective and Injective models for the derived category)
Let A be an abelian category with enough projectives and injectives. Then
the hereditary complete cotorsion pair (ProjA,A) induces, after applying
Theorem 4.3.2, a hereditary Hovey triple

(dgP̃rojA,Chac(A),Ch(A))
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on the category of chain complexes. This gives a (projective) model for the
derived category D(A).

An injective model for D(A) can be obtained after applying Theorem
4.3.2 to the complete cotorsion pair (A, InjA).

Example 4.3.4. (Flat model for the derived category) Let R be a ring, put
A := Mod-R and consider the hereditary cotorsion pair (Flat(R),Cot(R)).
Recall that this cotorsion pair is complete by Enochs 3.1.12. Thus Theorem
4.3.2 induces a hereditary Hovey triple

(dgF̃latA,ChacA,dgC̃otA).

Example 4.3.5. (Model for the homotopy category of complexes) Let R
be a ring and consider the exact category (Ch(R),dw), which is the cat-
egory Ch(R) equipped with the degreewise split exact structure, i.e. an
admissible mono X → Y (resp., epi) in this exact structure is a degreewise
split mono (resp., epi). We are interested in an (exact) model structure
with homotopy category K(R). For this we consider as W the contractible
complexes. Then we observe that there exist in (Ch(R),dw) two hereditary
cotorsion pairs, (Ch(R),W) and (W,Ch(R)). Indeed, for any chain com-
plex X and any contractible chain complex Z we have Ext1

(Ch(R),dw)(X,Z) ∼=
HomK(R)(X,ΣZ) = 0.

It is not hard to see that W is a thick subcategory which consists of the
projective–injective objects in the exact structure (Ch(R),dw). Complete-
ness of the cotorsion pairs follows since for any chain complex X we may
construct degreewise split short exact sequences X � Cone(1X) � ΣX
and Σ−1X � Cone(1Σ−1X) � X. Hence via Theorem 4.2.5 we obtain an
exact model structure with Hovey triple (Ch(R),W,Ch(R)) and homotopy
category Ho(Ch(R)) ∼= Ch(R)/W ∼= K(R).

Models for pure derived categories

Let (A, pure) be a locally finitely presented Grothendieck category equipped
with the pure exact structure (as in 2.2.4), and let (Ch(A), pure) denote the
“induced” pure exact structure3 on the category Ch(A), i.e. a conflation
X � Y � Z in this exact structure is degreewise a conflation in (A, pure).

We are interested in a model structure on the exact category
(Ch(A), pure) with homotopy category Dpure(A); the localization of K(A)
with respect to the pure quasi–isomorphisms. For this we set asW the class
of pure acyclic complexes, i.e. the complexes X where ZiX � X � Zi+1X
is for all i ∈ Z a pure exact sequence in A. We need to understand the
classes

- ⊥W := {X | Ext1
(Ch(A),pure)(X,W ) = 0; for all W ∈ W},

3The terminology is according to Neeman [60].
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- W⊥ := {X | Ext1
(Ch(A),pure)(W,X) = 0; for all W ∈ W}.

In order to do this one can make use of the equivalence of exact categories
(A, pure) ∼= B := Flat(fp(A)op,Ab) from 2.2.13. So passing to flat functors,
the above classes transfer to4

- ⊥F̃latB := {X | Ext1
Ch(FlatB)(X,W ) = 0; for all W ∈ F̃latB},

- (F̃latB)⊥ := {X | Ext1
Ch(FlatB)(W,X) = 0; for all W ∈ F̃latB}.

Neeman [63] shows that ⊥F̃latB = Ch(ProjB) while Bazzoni-Estrada-

Izurdiaga [11] show that (F̃latB)⊥ = Ch(FlatB ∩ CotB). Here
CotB := (FlatB)⊥. These identifications are not trivial to prove.
Combining these results with some standard results on lifting of model
structures to categories of chain complexes (such as 4.3.2 for example), we
obtain the following:

Theorem 4.3.6. (Neeman [63] and Bazzoni-Estrada-Izurdiaga [11]) Let A
be a locally finitely presented Grothendieck category. Then there exists a
projective exact model structure on the exact category Ch(FlatA), where the
cofibrant objects are the complexes in Ch(ProjA), the trivial objects are the
acyclic complexes with flat cycles and all objects are fibrant. The homotopy
category of this model structure is D(FlatA) ∼= K(ProjA).

Dually, there exists an injective exact model structure on the exact cat-
egory Ch(FlatA), where all objects are cofibrant, the trivial objects are the
acyclic complexes with flat cycles and the fibrant objects are the complexes
in Ch(FlatA ∩ CotA). The homotopy category of this model structure is
D(FlatA) ∼= K(FlatA ∩ CotA).

As a corollary, via the equivalence of exact categories (A, pure) ∼=
Flat(fp(A)op,Ab) from 2.2.13, we obtain the following models for the pure
derived category.

Corollary 4.3.7. Let A be a locally finitely presented Grothendieck category.
Then there exists a projective exact model structure on the exact category
(Ch(A),pure), where the cofibrant objects are the complexes in Ch(PProjA),
the trivial objects are the pure acyclic complexes and all objects are fibrant.
The homotopy category of this model structure is Dpure(A).

Dually, there exists an injective exact model structure on the exact
category (Ch(A),pure), where all objects are cofibrant, the trivial objects
are the pure acyclic complexes and the fibrant objects are the complexes in
Ch(PInjA). The homotopy category of this model structure is Dpure(A).

4Recall the notation: F̃latB denotes the class of acyclic complexes in Ch(B) with flat
cycles.
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In the module case A := Mod-R, Corollary 4.3.7 also follows after ap-
plying the equivalence of exact categories Mod-R ∼= FPI(R-mod,Ab) to the
following result.

Theorem 4.3.8. (D. [25] and Šťov́ıček [80]) Let A be a locally coherent
Grothendieck category. Then there exists a projective exact model struc-
ture on the exact category Ch(FPIA), where the cofibrant objects are the
complexes in Ch(FPIA ∩ ⊥ FPIA), the trivial objects are the pure acyclic
complexes of fp-injectives and all objects are fibrant. The homotopy category
of this model structure is D(FPIA) ∼= K(FPIA ∩ ⊥ FPIA).

Dually, there exists an injective exact model structure on the exact
category Ch(FPIA), where all objects are cofibrant, the trivial objects are
the pure acyclic complexes of fp-injectives and the fibrant objects are the
complexes in Ch(InjA). The homotopy category of this model structure is
D(FPIA) ∼= K(InjA).
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1. Introduction

Over an Iwanaga–Gorenstein ring A, that is, a ring which is noetherian and has fi-
nite injective dimension from both sides, the category MCM(A) of (finitely generated) 
maximal Cohen–Macaulay A-modules1 is a Frobenius category in which the projective–
injective objects are precisely the finitely generated projective A-modules. The associated 
stable category MCM(A) is therefore triangulated, and a classic result of Buchweitz 
[8, Thm. 4.4.1] shows that MCM(A) is triangulated equivalent to the singularity cate-
gory2 Dsg(A), which is an important mathematical object that has been studied by many 
authors; see [5,6,27,33].

If A is not Iwanaga–Gorenstein, then the category MCM(A) is, in general, not Frobe-
nius. However, over any ring A one can always consider the category GProj(A) of so-called 
Gorenstein projective modules (which are not assumed to be finitely generated); this cat-
egory is always Frobenius and the associated stable category GProj(A) is triangulated. 
In the case where A is Iwanaga–Gorenstein, an A-module is maximal Cohen–Macaulay if 
and only if it is finitely generated and Gorenstein projective, and hence MCM(A) can be 
identified with the finitely generated modules in GProj(A). This explains the interest in 
the category GProj(A) for general ring A. Its injective counterpart GInj(A), the stable 
category of Gorenstein injective A-modules, is equally important and has been studied 
in e.g. [7,26].

Our work is motivated by a recent result of Zheng and Huang [37] which asserts that 
for many rings A, the categories GProj(A) and GInj(A) are equivalent as triangulated 
categories. As it makes sense to consider the stable categories GProj(A) and GInj(A) for 
any bicomplete abelian category A with enough projectives and injectives (see Section 2
for details), the following question naturally arises:

Question. For which abelian categories A (assumed to be bicomplete with enough pro-
jectives and injectives) are GProj(A) and GInj(A) equivalent as triangulated categories?

Every Frobenius category E , in particular, GProj(A) and GInj(A), can be equipped 
with a canonical model structure which has the property that the associated homotopy 
category Ho(E) is equivalent to the stable category E ; see e.g. [18, Prop. 4.1]. Thus, if 
the Frobenius categories GProj(A) and GInj(A), equipped with these canonical model 
structures, happen to be Quillen equivalent, then we get an affirmative answer to the 

1 In the important special case where A is a quasi-Frobenius ring, for example, if A = kG is the group 
algebra of a finite group G with coefficients in a field k, the category MCM(A) is just the category mod(A)
of all finitely generated A-modules.
2 The singularity category Dsg(A) is defined to be the Verdier quotient Db(A)/Db

perf(A) of the bounded 
derived category Db(A), whose objects are complexes of A-modules with bounded and finitely generated 
homology, by the subcategory Db

perf(A), whose objects are isomorphic (in Db(A)) to a perfect complex, that 
is, to a bounded complex of finitely generated projective A-modules. The name singularity category and the 
symbol Dsg(A) seem to be the popular choices nowadays, however, in the work of Buchweitz [8, Def. 1.2.2], 
this category is called the stabilized derived category and denoted by Db(A), and in the work of Orlov [29], 
it is called the triangulated category of singularities and denoted by Dsg(A).



132 G. Dalezios et al. / Journal of Algebra 501 (2018) 130–149

question above. However, the model categories GProj(A) and GInj(A), and even the 
underlying ordinary categories, will rarely be (Quillen) equivalent. In this paper, we 
consider instead the categories

Uπ = {M ∈ A | GpdA(M) < ∞} and U ι = {N ∈ A | GidA(N) < ∞}

and show in Theorems 3.7 and 3.9 that Uπ and U ι can be equipped with model struc-
tures for which the associated homotopy categories Ho(Uπ) and Ho(U ι) are the stable 
categories GProj(A) and GInj(A). The advantage of having these realizations of the 
stable categories is that in several cases the model categories Uπ and U ι will be Quillen 
equivalent—even though GProj(A) and GInj(A) are not—and in such cases we therefore 
get an affirmative answer (for a strong reason) to the question above.3 To investigate 
when Uπ and U ι will be Quillen equivalent, we introduce the notion of a Sharp–Foxby 
adjunction (Definition 3.4). We prove in Theorem 3.11 and Corollary 3.12 that if A
admits such an adjunction, then Uπ and U ι will be Quillen equivalent:

Theorem A. A Sharp–Foxby adjunction (S, T ) on A induces a Quillen equivalence be-
tween the model categories Uπ and U ι. Thus the total (left/right) derived functors of S
and T yield an adjoint equivalence of the corresponding homotopy categories,

GProj(A) � Ho(Uπ)
LS

Ho(U ι) � GInj(A)
RT

.

In fact, this is an equivalence of triangulated categories.

The choice to work with the categories Uπ and U ι is historically motivated by clas-
sic results in commutative algebra by Sharp [31] and Foxby [14]. In the language of 
this paper, the results can be phrased as follows: If A is a Cohen–Macaulay ring with 
a dualizing module D, then the functors S = D ⊗A − and T = HomA(D, −) consti-
tute a Sharp–Foxby adjunction on A = Mod(A); see Example 3.6 for details. Thus, for 
such rings Theorem A improves the previously mentioned result of Zheng and Huang 
[37] to a triangulated equivalence between GProj(A) and GInj(A) induced by a Quillen 
equivalence.

In Section 4 we investigate to what extend a Sharp–Foxby adjunction on a category A
(and hence also a Quillen equivalence between the model categories Uπ and U ι, see 
Theorem A) transfers to the category of chain complexes in A. In 4.5 we obtain the 
following.

3 In general, we do not expect every (triangulated) equivalence between GProj(A) and GInj(A), if such 
an equivalence even exists, to be induced from a Quillen equivalence between model categories. Indeed, it is 
well-known that there are examples of non Quillen equivalent model categories with equivalent homotopy 
categories.
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Theorem B. Assume that (S, T ) is a Sharp–Foxby adjunction on A; in particular, 
GProj(A) and GInj(A) are equivalent as triangulated categories by Theorem A. Assume 
furthermore that the finitistic projective and the finitistic injective dimensions of A are 
finite.

If B = Ch(A), then degreewise application of S and T yields a Sharp–Foxby adjunction 
on B; in particular, GProj(B) and GInj(B) are equivalent as triangulated categories.

2. Preliminaries

Throughout this paper, A denotes any bicomplete abelian category with enough pro-
jectives and enough injectives.

Gorenstein projective and Gorenstein injective modules (over any ring) were defined 
by Enochs and Jenda [10, §2], but the definition works for objects in any abelian category:

Definition 2.1. An acyclic (= exact) complex P = · · · → P1 → P0 → P−1 → · · · of 
projective objects in A is called totally acyclic if for any projective object Q in A the 
complex

HomA(P,Q) = · · · −→ HomA(P−1, Q) −→ HomA(P0, Q) −→ HomA(P1, Q) −→ · · ·

is acyclic. An object G in A is called Gorenstein projective if it is a cycle of such a 
totally acyclic complex of projectives, that is, if G = Zj(P ) for some integer j. We 
write GProj(A) for the full subcategory of A consisting of all Gorenstein projective 
objects.

Dually, an acyclic complex I = · · · → I1 → I0 → I−1 → · · · of injective objects in A
is called totally acyclic if for any injective object E in A the complex

HomA(E, I) = · · · −→ HomA(E, I1) −→ HomA(E, I0) −→ HomA(E, I−1) −→ · · ·

is acyclic. An object H in A is called Gorenstein projective if it is a cycle of such a totally 
acyclic complex of injectives, that is, if H = Zj(I) for some integer j. We write GInj(A)
for the full subcategory of A consisting of all Gorenstein injective objects.

The Gorenstein projective dimension, GpdA(M), of an object M in A is defined by 
declaring that one has GpdA(M) � n (for n ∈ N0) if and only if there exists an exact 
sequence 0 → Gn → Gn−1 → · · · → G0 → M → 0 in A with G0, . . . , Gn ∈ GProj(A). 
The Gorenstein injective dimension, GidA(M), of M is defined analogously.

Recall that a Frobenius category is an exact category E with enough (relative) projec-
tives and enough (relative) injectives and where the classes of projectives and injectives 
coincide; such objects are called projective–injective (or just pro-injective) objects. The 
stable category E is the quotient category E/∼ where the relation “∼” is defined by 



134 G. Dalezios et al. / Journal of Algebra 501 (2018) 130–149

f ∼ g (here f and g are parallel morphisms in E) if f − g factors through a projective–
injective object. The category E is triangulated as described in Happel [21, Chap. I§2]
(see also 2.5).

The following result is well-known, but for completeness we include a short proof.

Proposition 2.2. The category GProj(A) is Frobenius and the projective–injective objects 
herein are the projective objects in A. Thus, the stable category GProj(A) is triangulated.

The category GInj(A) is Frobenius and the projective–injective objects herein are the 
injective objects in A. Thus, the stable category GInj(A) is triangulated.

Proof. We only show the claims about the category GProj(A), as the claims about 
GInj(A) are proved similarly. The proof only uses basic properties of Gorenstein projec-
tive objects. In the case of modules, that is, if A = Mod(A) for a ring A, these properties 
are recorded in [23], however, the reader easily verifies that the same properties hold for 
Gorenstein projective objects in any abelian category A with enough projectives.

First of all, by [23, Thm. 2.5] the class GProj(A) is an additive extension-closed 
subcategory of the abelian category A, and thus GProj(A) is an exact category. Clearly, 
every (categorical) projective object P in A is a (relative) projective object in GProj(A), 
but it is also (relative) injective since every short exact sequence 0 → P → G → G′ → 0
in A with G, G′ ∈ GProj(A) splits; indeed by [23, Prop. 2.3] one has Ext1A(G′, P ) = 0. 
By the definition of Gorenstein projective objects, every G ∈ GProj(A) fits into short 
exact sequences 0 → H → P → G → 0 and 0 → G → P ′ → H ′ → 0 in A where P, P ′

are (categorical) projective and H, H ′ are Gorenstein projective. It follows that if G is 
(relative) projective or (relative) injective, then G is a direct summand of a (categorical) 
projective object, P or P ′, and hence G is (categorical) projective. It also follows that 
GProj(A) has enough (relative) projectives and enough (relative) injectives. �

In Theorems 3.7 and 3.9 we construct certain model categories Uπ and U ι for which 
the associated homotopy categories Ho(Uπ) and Ho(U ι) are GProj(A) and GInj(A).

The standard references for the theory of cotorsion pairs are Enochs and Jenda [11]
and Göbel and Trlifaj [20]. Below we recall a few notions that we need.

2.3. A pair (X , Y) of classes of objects in A is a cotorsion pair if X⊥ = Y and X = ⊥Y. 
Here, given a class C of objects in A, the right orthogonal C⊥ is defined to be the class 
of all Y ∈ A such that Ext1A(C, Y ) = 0 for all C ∈ C. The left orthogonal ⊥C is defined 
similarly. A cotorsion pair (X , Y) is hereditary if ExtiA(X, Y ) = 0 for all X ∈ X , Y ∈ Y, 
and i � 1. A cotorsion pair (X , Y) is complete if it has enough projectives and enough 
injectives, i.e. for each A ∈ A there exist short exact sequences 0 −→ Y −→ X −→ A −→ 0
(enough projectives) and 0 −→ A −→ Y ′ −→ X ′ −→ 0 (enough injectives) with X, X ′ ∈ X
and Y, Y ′ ∈ Y.

In order for the above to make sense, the category A only needs to be exact (not 
necessarily abelian), so that one has a notion of “short exact sequences” (often called 
conflations) and hence also of (Yoneda) ExtA.
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Cotorsion pairs are related to relative homological algebra, see [11], and due to work 
of Hovey [25] they are also related to abelian (or exact) model category structures.

2.4. An abelian model structure on A, that is, a model structure on A which is compatible 
with the abelian structure in the sense of [25, Def. 2.1], corresponds by Thm. 2.2 in 
[25] to a triple (C, W, F) of classes of objects in A for which W is thick4 and (C ∩ W, F)
and (C, W ∩ F) are complete cotorsion pairs in A. Such a triple (C, W, F) is called a 
Hovey triple in A. In the model structure on A determined by such a Hovey triple, C is 
precisely the class of cofibrant objects, F is precisely the class of fibrant objects, and 
W is precisely the class of trivial objects (that is, objects weakly equivalent to zero). 
A hereditary Hovey triple is a Hovey triple (C, W, F) for which the associated complete 
cotorsion pairs (C ∩ W, F) and (C, W ∩ F) are both hereditary (as defined in 2.3).

Gillespie extends in [17, Thm. 3.3] Hovey’s correspondence, mentioned above, from the 
realm of abelian categories to the realm of weakly idempotent complete exact categories. 
More precisely, if A is just an exact category (not necessarily abelian), then an exact 
model structure on A is a model structure on A which is compatible with the exact 
structure in the sense of [17, Def. 3.1]. If, in addition, A is weakly idempotent complete 
([17, Def. 2.2]), then exact model structures on A correspond precisely to Hovey triples 
(C, W, F) in A.

Recall from [24, Cor. 1.2.7 and Thm. 1.2.10(i)] that if C is any model category, then the 
inclusion Ccf → C induces an equivalence Ccf/∼ → Ho(C). Here Ccf is the full subcategory 
of C whose objects are both cofibrant and fibrant, “∼” is the (abstract) homotopy relation 
from [24, Def. 1.2.4], and Ho(C) is the homotopy category of the model category C (that 
is, the localization of C with respect to the collection of weak equivalences).

2.5. Let A be a weakly idempotent complete exact category equipped with an exact 
model structure coming from a hereditary Hovery triple (C, W, F) in A. As explained 
in 2.4, one has Acf = C ∩ F , which by [17, Prop. 5.2(4)] / [32, Thm. 6.21(1)] is a 
Frobenius category with C ∩ W ∩ F as the class of projective–injective objects. By [17, 
Prop. 4.4(5)] / [32, Lem. 6.16(3)] two parallel morphisms in Acf = C ∩ F are homotopic, 
in the (abstract) model categorical sense, if and only their difference factors through an 
object in C ∩ W ∩ F . Thus, Acf/∼ is nothing but the stable category Acf of the Frobe-
nius category Acf (see the remarks preceding Proposition 2.2), so the category Acf/∼
carries a natural triangulated structure. As mentioned above, one has an equivalence 
of categories Ho(A) � Acf/∼, and via this equivalence the homotopy category Ho(A)
inherits a triangulated structure from Acf/∼. More precisely, the distinguished trian-
gles in Ho(A) are, up to isomorphism, the images in Ho(A) of distinguished triangles 
in Acf = Acf/∼ under the equivalence Acf/∼ → Ho(A). It is evident that when Ho(A)

4 Recall that a class W in an abelian (or, more generally, in an exact) category A is thick if it is closed 
under retracts and satisfies that whenever two out of three terms in a short exact sequence are in W, then 
so is the third.
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is equipped with this triangulated structure, then the equivalence Ho(A) � Acf/∼ (of 
ordinary categories a priori) becomes an equivalence of triangulated categories, that is, 
the functors Ho(A) � Acf/∼ are triangulated.

3. Sharp–Foxby adjunctions

Recall from the beginning of Section 2 that A always denotes any bicomplete abelian 
category with enough projectives and enough injectives. In this section, we give conditions 
on A which ensure that GProj(A) and GInj(A) are equivalent as triangulated categories.

Definition 3.1. Let Uπ be the full subcategory of A whose objects are given by

Uπ = {M ∈ A | GpdA(M) < ∞} .

Let and Cπ, Wπ, and Fπ be the following subclasses of Uπ:

Cπ = GProj(A) , Wπ = {M ∈ A | pdA(M) < ∞} , and Fπ = Uπ .

The classes Uπ, Cπ, Wπ, and Fπ depend on A, and if necessary we use the more detailed 
notation Uπ

A , Cπ
A , Wπ

A , and Fπ
A instead. (The superscript “π” is supposed to give the 

reader associations to the word “projective”.)

Definition 3.2. Let U ι be the full subcategory of A whose objects are given by

U ι = {N ∈ A | GidA(N) < ∞} .

Let and Cι, Wι, and F ι be the following subclasses of U ι:

Cι = U ι , Wι = {N ∈ A | idA(N) < ∞} , and F ι = GInj(A) .

The classes U ι, Cι, Wι, and F ι depend on A, and if necessary we use the more detailed 
notation U ι

A, Cι
A, Wι

A, and F ι
A instead. (The superscript “ι” is supposed to give the reader 

associations to the word “injective”.)

Lemma 3.3. The categories Uπ and U ι are additive and extension-closed subcategories 
of the abelian category A; hence they are exact categories. Furthermore, Uπ and U ι are 
closed under direct summands in A; hence they are idempotent complete.

Proof. In the case where A = Mod(A) for a ring A, the assertions follow from [23, 
Prop. 2.19 and Thm. 2.24] (and the dual statements about Gorenstein injective modules). 
By inspection, one verifies that the same proofs work in any bicomplete abelian category 
A with enough projectives and enough injectives. �
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We show in Theorems 3.7 and 3.9 that (Cπ, Wπ, Fπ) and (Cι, Wι, F ι) are Hovey triples 
(see 2.4) in the idempotent complete exact categories Uπ and U ι.

Definition 3.4. A Sharp–Foxby adjunction on A is an adjunction (S, T ) of endofunctors 
on A for which the following properties hold:

(SF1) S maps Uπ to U ι and it maps Wπ to Wι.
(SF2) The restriction of S to Uπ is exact: if 0 → X ′ → X → X ′′ → 0 is an exact sequence 

in A with X ′, X, X ′′ ∈ Uπ, then the sequence 0 → SX ′ → SX → SX ′′ → 0 is 
exact.

(SF3) T maps U ι to Uπ and it maps Wι to Wπ.
(SF4) The restriction of T to U ι is exact: if 0 → Y ′ → Y → Y ′′ → 0 is an exact sequence 

in A with Y ′, Y, Y ′′ ∈ U ι, then the sequence 0 → TY ′ → TY → TY ′′ → 0 is exact.
(SF5) The unit of adjunction ηX : X → TSX is an isomorphism for every X ∈ Uπ.
(SF6) The counit of adjunction εY : STY → Y is an isomorphism for every Y ∈ U ι.

Remark 3.5. By (SF1), (SF3), (SF5), and (SF6) a Sharp–Foxby adjunction S : A � A : T
restricts to adjoint equivalences of categories Uπ � U ι and Wπ � Wι. By Lemma 3.3 the 
categories Uπ and U ι have natural exact structures. Conditions (SF2) and (SF4) imply 
that the induced adjoint equivalence Uπ � U ι preserves the exact structure, i.e. the 
functors are exact; thus it is an adjoint equivalence of exact categories.5

The following example explains the terminology in Definition 3.4.

Example 3.6. Let A be a commutative noetherian local Cohen–Macaulay ring with a du-
alizing module D. Foxby considered in [14, §1] two classes A(A) and B(A) of A-modules6:

A module M is in A(A) if and only if TorAi (D, M) = 0 and ExtiA(D, D ⊗A M) = 0
for all i > 0 and the natural homomorphism ηM : M → HomA(D, D ⊗A M) is an 
isomorphism.

A module N is in B(A) if and only if ExtiA(D, N) = 0 and TorAi (D, HomA(D, N)) =
0 for all i > 0 and the natural homomorphism εN : D ⊗A HomA(D, N) → N is an 
isomorphism.

Foxby [14] proved that the adjunction (D ⊗A −, HomA(D, −)) on Mod(A) re-
stricts to an adjoint equivalence A(A) � B(A) and further to an adjoint equivalence 

5 If E and E′ are exact categories and F : E � E′ : G is an adjoint equivalence of the underlying (ordinary) 
categories, then it does not automatically follow that the functors F and G are exact. Indeed, if E and E′

have the same underlying category and the exact structure on E is coarser than that on E′ (that is, every 
sequence which is exact in E is also exact in E′ — for example, E could have the trivial exact structure, 
in which the only “exact” sequences are the split exact ones, whereas E′ could have any exact structure), 
then the identity functors E � E′ constitute an adjoint equivalence of the underlying categories where only 
E → E′ is exact (but E ← E′ is not).
6 In the literature, the classes A(A) and B(A) are referred to as Foxby classes. Sometimes, A(A) is called 

the Auslander class and B(A) is called the Bass class. Foxby himself [14] used the symbols ΦD and ΨD

for these classes, but in the paper [12] by Enochs, Jenda, and Xu they are denoted by G0 and J0. We have 
adopted the symbols A(A) and B(A) from the joint work of Avramov and Foxby; see for example [1, §3].
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Wπ
Mod(A) � Wι

Mod(A) (see Definitions 3.1 and 3.2). The latter is an extension of a result 
[31, Thm. (2.9)] by Sharp, which asserts that D ⊗A − and HomA(D, −) restrict to an 
adjoint equivalence between the categories of finitely generated A-modules with finite 
projective dimension and finitely generated A-modules with finite injective dimension. 
Note that it is evident from the definitions that the restriction of D ⊗A − to A(A) and 
of HomA(D, −) to B(A) are exact functors.

By Enochs, Jenda, and Xu [12, Cor. 2.4 and 2.6] an A-module belongs to A(A), re-
spectively, B(A), if and only if it has finite Gorenstein projective dimension, respectively, 
finite Gorenstein injective dimension. Thus, in the notation from 3.1 and 3.2 we have:

A(A) = Uπ
Mod(A) and B(A) = U ι

Mod(A).

Consequently, (S, T ) = (D ⊗A −, HomA(D, −)) is a Sharp–Foxby adjunction on Mod(A). 
In view of [9, Thms. 4.1 and 4.4] this remains to be true if A is any two-sided noetherian 
ring with a dualizing module D, that is, a dualizing complex concentrated in degree 
zero.

Theorem 3.7. Consider the idempotent complete exact category Uπ from Lemma 3.3. 
The triple (Cπ, Wπ, Fπ) from Definition 3.1 is a hereditary Hovey triple in Uπ (see 2.4). 
In particular, Uπ has an exact model structure for which:

– The cofibrant objects in Uπ are the Gorenstein projective objects in A.
– The trivial objects in Uπ are the objects in A with finite projective dimension.
– All objects in Uπ are fibrant.

The homotopy category of this model category is equivalent, as a triangulated category, 
to the stable category of Gorenstein projective objects in A; in symbols:

Ho(Uπ) � GProj(A) .

Remark 3.8. A number of fundamental properties of Gorenstein projective modules, i.e. 
Gorenstein projective objects in the category A = Mod(A) where A is a ring, are recorded 
in e.g. [9,23]. The results we need about Gorenstein projective objects in a general abelian 
category (still bicomplete with enough projectives and enough injectives) can be proved 
as it is done for modules. We leave it to the reader to inspect the relevant proofs.

Proof of Theorem 3.7. It is well-known that Wπ is a thick subcategory of A (and hence 
also of Uπ). By [23, Prop. 2.27] the intersection Cπ ∩ Wπ equals the class ProjA of 
projective objects in A. Thus the pair (Cπ ∩ Wπ, Fπ) is equal to (ProjA, Uπ), which 
we now argue is a complete hereditary cotorsion pair in Uπ. As Ext�1

A (P, A) = 0 for all 
P ∈ ProjA and all A ∈ Uπ (even all A ∈ A), we get that (ProjA)⊥ = Uπ (as the “⊥” 
is only calculated inside of Uπ) and that ProjA ⊆ ⊥Uπ. To show that ProjA ⊇ ⊥Uπ let 
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M ∈ ⊥Uπ (⊆ Uπ). By assumption, A has enough projectives, and hence there exists a 
short exact sequence in A,

0 −→ A −→ P −→ M −→ 0 , (�1)

where P is projective. As M belongs to Uπ, so does A by [23, Thm. 2.24]. By assumption, 
Ext1A(M, A) = 0, so (� 1) splits and hence M ∈ ProjA. This shows that (ProjA, Uπ) is a 
hereditary cotorsion pair. For completeness of this cotorsion pair, the sequence (� 1) shows 
that the pair has enough projectives. The trivial exact sequence 0 → M → M → 0 → 0
(for any M in Uπ) shows that the pair has enough injectives.

Next we show that (Cπ, Wπ∩Fπ) = (GProjA, Wπ) is a complete hereditary cotorsion 
pair in Uπ. By [23, Thm. 2.20] we have Ext�1

A (G, A) = 0 for all G ∈ GProjA and 
A ∈ Wπ, and hence we get GProjA ⊆ ⊥Wπ and (GProjA)⊥ ⊇ Wπ. To show that 
GProjA ⊇ ⊥Wπ, let M ∈ ⊥Wπ (⊆ Uπ). By [23, Thm 2.10] there exists a short exact 
sequence

0 −→ A −→ G −→ M −→ 0 (�2)

with G ∈ GProjA and A ∈ Wπ. By assumption, Ext1A(M, A) = 0, so (� 2) splits and 
hence M is a direct summand in G. By [23, Thm 2.5] (see also Prop. 1.4 in [23]) the 
class GProjA is closed under direct summands (here we use our assumption that A is 
cocomplete, or at least that A has countable coproducts), and it follows that M itself 
belongs to GProjA. To show (GProjA)⊥ ⊆ Wπ, assume that M ∈ (GProjA)⊥ (⊆ Uπ). 
By [9, Lem. 2.17] there is a short exact sequence

0 −→ M −→ A′ −→ G′ −→ 0 (�3)

where G′ ∈ GProjA and pdA(A′) = GpdA(M) < ∞, that is, A′ is in Wπ. By as-
sumption, Ext1A(G′, M) = 0, so (� 3) splits and hence M also belongs to Wπ (which is 
thick). Thus (GProjA, Wπ) is a hereditary cotorsion pair in Uπ, and the existence of 
the sequences (� 2) and (� 3) shows that this cotorsion pair is complete.

These arguments prove that (Cπ, Wπ, Fπ) is a hereditary Hovey triple in Uπ. In view 
of the equalities Cπ∩Fπ = GProjA and Cπ∩Wπ∩Fπ = ProjA, where the latter is by [23, 
Prop 2.27], the rest of the theorem now follows from 2.4 and 2.5 (and Proposition 2.2). �
Theorem 3.9. Consider the idempotent complete exact category U ι from Lemma 3.3. The 
triple (Cι, Wι, F ι) from Definition 3.2 is a hereditary Hovey triple in U ι (see 2.4). In par-
ticular, U ι has an exact model structure for which:

– All objects in U ι are cofibrant.
– The trivial objects in U ι are the objects in A with finite injective dimension.
– The fibrant objects in U ι are the Gorenstein injective objects in A.
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The homotopy category of this model category is equivalent, as a triangulated category, 
to the stable category of Gorenstein injective objects in A; in symbols:

Ho(U ι) � GInj(A) .

Proof. Dual to the proof of Theorem 3.1. �
Our next goal is to show that a Sharp–Foxby adjunction on A induces a Quillen 

equivalence between the model categories Uπ and U ι. To this end, the next result will 
be useful.

Proposition 3.10. Let M and M′ be two weakly idempotent complete exact model 
categories with associated Hovey triples (C, W, F) and (C′, W ′, F ′); see 2.4. Assume 
that (F, G) is a Quillen adjunction M � M′ where the functors F and G are exact 
and satisfy F (W) ⊆ W ′ and G(W ′) ⊆ W. Then (F, G) is a Quillen equivalence if and 
only if the unit ηX : X → GFX is a weak equivalence for every X ∈ C and the counit 
εY : FGY → Y is a weak equivalence for every Y ∈ F ′.

Proof. Write Q for the cofibrant replacement functor in M and qX : QX → X for 
the natural trivial fibration (X ∈ M). Similarly, write R for the fibrant replacement 
functor in M′ and rY : Y → RY for the natural trivial cofibration (Y ∈ M′). By [24, 
Prop. 1.3.13] we have that (F, G) is a Quillen equivalence if and only if the composite

X
ηX

GFX
GrFX

GRFX

is a weak equivalence for all X ∈ C and the composite

FQGY
FqGY

FGY
εY

Y

is a weak equivalence for all Y ∈ F ′. We claim that the morphisms GrFX and FqGY

are always weak equivalences for every X ∈ M and Y ∈ M′ (which proves the assertion 
by the 2-out-of-3 property for weak equivalences). We only show that GrFX is a weak 
equivalence. The fact that rFX : FX → RFX is a trivial cofibration means, by definition 
[17, Def. 3.1] of an exact model structure, that rFX is an admissible monomorphism with 
a trivially cofibrant cokernel, that is, one has a conflation (a short exact sequence)

FX �
rFX

RFX
π

C

in M′ where C is trivially cofibrant, that is, C ∈ C′ ∩W ′ (and RFX is of course fibrant). 
By applying the exact functor G to the sequence above, we get a conflation in M, which 
is the bottom row of the following pullback diagram:
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GFX
ι

� T
�

ϕ�

QGC

� qGC

GFX
GrFX

GRFX
Gπ

GC .

Note that this pullback diagram really exists; indeed, by definition of an exact category, 
any pullback of an admissible epimorphism exists and admissible epimorphisms are stable 
under pullbacks. In particular, � is an admissible epimorphism (and � has the same kernel 
as Gπ; cf. Freyd [15, Thm. 2.52]). Since C ∈ W ′ we have GC ∈ W by assumption. Since 
one always has Q(W) ⊆ W, it follows that QGC ∈ W, and hence QGC ∈ C ∩W (as QY

is always cofibrant). This means that ι is a trivial cofibration. In any model category, 
the class of trivial fibrations is stable under pullbacks by [25, Cor. 1.1.11]; thus the fact 
that qGC is a trivial fibration forces ϕ to be the same. As ι and ϕ are, in particular, weak 
equivalences, so is their composite GrFX = ϕ ◦ ι, as desired. �
Theorem 3.11. A Sharp–Foxby adjunction (S, T ) on A induces a Quillen equivalence 
between the model categories Uπ and U ι constructed in Theorems 3.7 and 3.9. Thus 
the total (left/right) derived functors of S and T yield an adjoint equivalence of the 
corresponding homotopy categories,

Ho(Uπ)
LS

Ho(U ι)
RT

. (�4)

In fact, this is an equivalence of triangulated categories.

Proof. As mentioned in Remark 3.5, a Sharp–Foxby adjunction (S, T ) on A induces 
an exact adjoint equivalence between Uπ and U ι with S(Wπ) ⊆ Wι and T (Wι) ⊆ Wπ. 
Hence the unit ηX : X → TSX is an isomorphism, and hence also a weak equivalence, for 
all X ∈ Uπ (in particular for X ∈ Cπ); and the counit εY : STY → Y is an isomorphism, 
and hence also a weak equivalence, for all Y ∈ U ι (in particular for Y ∈ F ι). Thus, 
if we can show that (S, T ) is a Quillen adjunction Uπ � U ι, then Proposition 3.10
will imply that it is in fact a Quillen equivalence (as claimed). To show this, it must 
be argued that S : Uπ → U ι is a left Quillen functor (see [24, Def. 1.3.1]), that is, we 
must argue that S maps (trivial) cofibrations in Uπ to (trivial) cofibrations in U ι. Let 
f be a (trivial) cofibration in Uπ, that is, f is an admissible monomorphism with a 
(trivially) cofibrant cokernel C (see [17, Def. 3.1]). Since S is exact, it follows that Sf
is an admissible monomorphism in U ι with cokernel SC . Hence, we only need to prove 
that S maps (trivially) cofibrant objects in Uπ to (trivially) cofibrant objects in U ι. 
However, this is clear as every object in U ι is cofibrant, see Theorem 3.9, and since we 
have S(Wπ) ⊆ Wι.

Having established that (S, T ) yields a Quillen equivalence Uπ � U ι, the adjoint 
equivalence of homotopy categories displayed in (� 4) follows from [24, Prop. 1.3.13].
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It remains to see that the functors LS and RT are triangulated. By [28, Lem. 5.3.6] it 
suffices to prove that LS is triangulated, because then its right adjoint RT will automat-
ically be triangulated as well. Recall from 2.5 that the distinguished triangles in Ho(Uπ)
are, up to isomorphism, the images in Ho(Uπ) of distinguished triangles in GProj(A)
under the equivalence GProj(A) → Ho(Uπ) (see also Theorem 3.7).

At this point we need to recall from [21, Chap. I§2.5] how the triangulated structure 
on the stable category GProj(A) is defined. For every morphism u : G → G′ in the 

Frobenius category GProj(A) choose a short exact sequence (a conflation) G 
i� P

p
� G̃

in GProj(A) where P is a projective–injective object, that is, P ∈ Proj(A). The object 
G̃ is the suspension of G; in symbols, G̃ = ΣG (the assignment G → G̃ = ΣG is not 
functorial on GProj(A), but it is functorial on GProj(A)). Then consider the pushout 
diagram in GProj(A),

G

u

i
P

t

p
G̃

G′

pushout

v
G′′ w

G̃ .

(�5)

The diagram

G
u

G′ v
G′′ w

G̃ , (�6)

considered as a diagram in GProj(A), is called a standard triangle. By definition, a dis-
tinguished triangle in GProj(A) is a diagram in this category which is isomorphic 
to some standard triangle. The triangulated structure on GInj(A) is defined simi-
larly.

We must show that the functor LS maps every distinguished triangle Δ in Ho(Uπ)
to a distinguished triangle in Ho(U ι). By the considerations above, we may assume that 
Δ is the image in Ho(U ι) of a standard triangle (� 6) in GProj(A). By definition, see 
[24, Def. 1.3.6], the action of the functor LS on an object X in Ho(Uπ) is LS(X) =
SQX where QX is a cofibrant replacement of X. As the objects in (� 6) are already 
cofibrant in Uπ, see Theorem 3.7, the diagram LS(Δ) is nothing but

SG Su SG′ Sv SG′′ Sw
SG̃ , (�7)

which we must show is a distinguished triangle in Ho(U ι). Since the pair (Cι ∩Wι, F ι) =
(Wι, GInjA) is a hereditary cotorsion pair in U ι, see Theorem 3.9 and Definition 3.2, it 
follows from [32, Lem. 6.20] that we can find a diagram in U ι,
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SG

h

Si SP
e

Sp
SG̃

h̃

H
i0

E
p0

H̃

J I J̃

(�8)

whose rows and columns are conflations, where H, E, H̃ are Gorenstein injective, and 
where J, I, J̃ have finite injective dimension. As P ∈ ProjA ⊆ Wπ we have SP ∈ Wι, 
that is, SP has finite injective dimension. It follows from the middle column in (� 8)
that E has finite injective dimension, and since E is also Gorenstein injective it must 
be injective (this is immediate from the definition, 2.1, of Gorenstein injective objects). 
Let SG′ h′

� H ′ � J ′ be a short exact sequence with H ′ ∈ GInjA and J ′ ∈ Wι. The 
morphism h : SG → H is a (special) Gorenstein injective preenvelope of SG since it 
is monic and its cokernel J ∈ Wι satisfies Ext1A(J, X) = 0 for all X ∈ GInj(A); see 
[34, Prop. 2.1.4]. Thus, the morphism h′Su : SG → H ′ ∈ GInj(A) lifts to a morphism 
u0 : H → H ′ such that u0h = h′Su. This gives commutativity of the left wall in the 
following diagram:

H

u0

i0
E

t0

p0
H̃

SG

h

Su

Si SP

e

St

Sp
SG̃

h̃

H ′ v0
H ′′ w0

H̃

SG′
h′

Sv
SG′′

h′′

Sw
SG̃

h̃

(�9)

The top wall in (� 9) is just the upper half of the commutative diagram (� 8). The back 

wall is the (commutative) pushout diagram of the morphisms H ′ u0← H
i0� E. The right 

wall is evidently commutative. The front wall in (� 9) is obtained by applying the exact 
functor S to the diagram (� 5). Since S is a left adjoint functor, it preserves colimits, so 
the front wall in (� 9) is (still) a pushout diagram. As (v0h

′)Su = v0u0h = t0i0h = (t0e)Si
and since SG′′ is the pushout of SG′ Su←− SG Si−→ SP, there exists a (unique) morphism 
h′′ : SG′′ → H ′′ such that h′′Sv = v0h

′ and h′′St = t0e. The first of these identities 
show that the left square in the bottom wall in (� 9) is commutative. It follows from 
the universal property of the pushout SG′′ that the right square in the bottom wall is 
commutative as well. By applying the Snake Lemma to this bottom wall, we see that 
h′′ is monic (as h′ and h̃ are so) and that the cokernel J ′′ of h′′ sits in a short exact 
sequence 0 → J ′ → J ′′ → J̃ → 0. Since J ′, J̃ ∈ Wι it follows that J ′′ ∈ Wι. Since h, h′, 
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h′′, and h̃ are (admissible) monomorphisms in U ι whose cokernels belong to Wι (which 
are the trivially cofibrant objects in U ι), they are trivial cofibrations in the exact model 
structure on U ι; see [17, Def. 3.1]. In particular, h, h′, h′′, and h̃ are weak equivalences 
in U ι and therefore isomorphisms in Ho(U ι). The commutative diagram (� 9) now shows 
that in the homotopy category Ho(U ι), the diagram (� 7) is isomorphic to

H
u0

H ′ v0
H ′′ w0

H̃ . (�10)

By definition, and by commutativity of the back wall in (� 9), the diagram (� 10) is 
a standard triangle in GInj(A), and consequently, (� 7) is a distinguished triangle in 
Ho(U ι). �
Corollary 3.12. If there exists a Sharp–Foxby adjunction (S, T ) on A, then there is an 
equivalence of triangulated categories, GProj(A) � GInj(A).

Proof. By Theorems 3.7, 3.11, and 3.9 there are the following equivalences of triangulated 
categories, GProj(A) � Ho(Uπ) � Ho(U ι) � GInj(A). �
Remark 3.13. Before closing this section, we record a biproduct of Proposition 3.10
concerning virtually Gorenstein rings, which should be well known. We recall from [3,4]
that an Artin algebra A is called virtually Gorenstein if (GProj(A))⊥ = ⊥(GInj(A)). 
The same notion for commutative rings has also been studied in [36]. In what follows, 
assume that A is an Artin algebra or a commutative noetherian ring with finite Krull 
dimension. In both cases, it is well known [4,19,26] that there are Hovey triples

(GProj(A), (GProj(A))⊥,Mod(A)) and (Mod(A), ⊥(GInj(A)),GInj(A)).

Applying Proposition 3.10 in the case where F = G = IMod(A), we obtain that virtually 
Gorensteiness of A implies that the identity is a Quillen equivalence between the two 
model structures. Therefore the homotopy categories of these two models are, in fact, 
isomorphic. In case A is, in addition, commutative Gorenstein we recover the analogous 
statement for Gorenstein rings (see the comments after Theorem 8.6 in [25]).

4. The case of chain complexes

Recall from the beginning of Section 2 that A always denotes any bicomplete abelian 
category with enough projectives and enough injectives. In this section, we consider 
the abelian category Ch(A) of unbounded chain complexes in A and prove that, under 
suitable conditions, a Sharp–Foxby adjunction (S, T ) on A induces a Sharp–Foxby ad-
junction on Ch(A) by degreewise application of the functors S and T . First we recall 
the following.
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4.1. The finitistic projective dimension, FPD(A), of A is defined as

FPD(A) = sup{pdAM | M is an object in A with finite projective dimension}.

Dually, the finitistic injective dimension, FID(A), of A is

FID(A) = sup{idAM | M is an object in A with finite injective dimension}.

The finitistic Gorenstein projective dimension, FGPD(A), and the finitistic Gorenstein 
injective dimension, FGID(A), are defined similarly.

For most abelian categories that appear in applications, the finitistic dimensions de-
fined above turn out to be finite. As in [23, (proofs of) Thms. 2.28 and 2.29] one easily 
proves:

Lemma 4.2. There are equalities FGPD(A) = FPD(A) and FGID(A) = FID(A). Thus, if 
FPD(A), respectively, FID(A), is finite, then so is FGPD(A), respectively, FGID(A). �

In A we have the subcategories Uπ
A , Cπ

A , Wπ
A and Fπ

A from Definition 3.1. Similarly, in 
B = Ch(A) we have the subcategories Uπ

B , Cπ
B, Wπ

B and Fπ
B . The following result explains 

the relation between all these subcategories.

Proposition 4.3. Assume that FPD(A) < ∞ and let X = · · · → Xn+1 → Xn → Xn−1 →
· · · be an object in B := Ch(A). The following conclusions hold.

(i) X belongs to Uπ
B if and only if every Xn belongs to Uπ

A .
(ii) X belongs to Cπ

B if and only if every Xn belongs to Cπ
A .

(iii) X belongs to Wπ
B if and only if X is exact and every cycle Zn(X) belongs to Wπ

A .
(iv) X belongs to Fπ

B if and only if every Xn belongs to Fπ
A .

Proof. Part (ii) is proved in [35, Thm. 2.2] in the case A = Mod(A) where A is any ring, 
but the proof works in any abelian category (with enough projectives).

In view of (ii), the “only if” part in (i) is clear. To prove the “if” part in (i), assume 
that every Xn is in Uπ

A , that is, GpdA(Xn) < ∞. By our assumption FPD(A) < ∞ and 
by Lemma 4.2, it follows that s = sup{GpdA(Xn) | n ∈ Z} belongs to N0. The proof is 
now by induction on s. If s = 0, then X is even in Cπ

B ⊆ Uπ
B by part (ii). Now assume 

that s > 0. Choose any exact sequence

0 −→ K −→ P s−1 −→ · · · −→ P 1 −→ P 0 −→ X −→ 0

in B = Ch(A) where P 0, . . . , P s−1 are complexes consisting of projective objects in A. 
For each n ∈ Z we have an exact sequence 0 → Kn → P s−1

n → P 1
n → P 0

n → Xn → 0
in A, and since P 0

n , . . . , P s−1
n are projectives and GpdA(Xn) � s, it follows that Kn is 
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Gorenstein projective; cf. [23, (proof of) Prop. 2.7]. Thus, K is a complex of Gorenstein 
projective objects in A, which by (ii) means that K is a Gorenstein projective object in 
B = Ch(A). So the exact sequence displayed above shows that GpdB(X) � s < ∞, that 
is, X ∈ Uπ

B .
To prove (iii), let X ∈ Wπ

B , which means that we have an exact sequence

0 −→ Pm −→ · · · −→ P 1 −→ P 0 −→ X −→ 0 (�11)

in B = Ch(A) where P 0, . . . , Pm are projective objects; i.e. each P i is a split exact 
complex of projective objects in A, and thus each cycle Zn(P i) is also projective in A. 
As the complexes P 0, . . . , Pm are, in particular, exact, so is X (and the same are all 
the kernel and cokernel complexes of the chain maps that appear in (� 11)). This implies 
that the functor Zn(−) leaves the sequence (� 11) exact, and the hereby obtained exact 
sequence

0 −→ Zn(Pm) −→ · · · −→ Zn(P 1) −→ Zn(P 0) −→ Zn(X) −→ 0

shows that Zn(X) has finite projective dimension in A, that is, Zn(X) belongs to Wπ
A .

The proof of the “if” part in (iii) is based on a standard construction; see (the dual of) 
[16, Thm. 3.1.3] (for this argument to work we make use the hypothesis FPD(A) < ∞).

Part (iv) is just a repetition of part (i) since Fπ
B = Uπ

B and Fπ
A = Uπ

A . �
In A we also have the subcategories U ι

A, Cι
A, Wι

A and F ι
A from Definition 3.2. Similarly, 

in B = Ch(A) we have the subcategories U ι
B, Cι

B, Wι
B and F ι

B. By an argument dual to 
the proof of Proposition 4.3, one shows the following result.

Proposition 4.4. Assume that FID(A) < ∞ and let Y = · · · → Yn+1 → Yn → Yn−1 → · · ·
be an object in B := Ch(A). The following conclusions hold.

(i) Y belongs to U ι
B if and only if every Yn belongs to U ι

A.
(ii) Y belongs to Cι

B if and only if every Yn belongs to Cι
A.

(iii) Y belongs to Wι
B if and only if Y is exact and every cycle Zn(Y ) belongs to Wι

A.
(iv) Y belongs to F ι

B if and only if every Yn belongs to F ι
A. �

We can now prove the main result of this section.

Theorem 4.5. Let (S, T ) be a Sharp–Foxby adjunction on A, in particular, GProj(A) and 
GInj(A) are equivalent as triangulated categories by Corollary 3.12. If FPD(A) < ∞ and 
FID(A) < ∞, then degreewise application of S and T yields a Sharp–Foxby adjunction on 
B = Ch(A), and hence GProj(B) and GInj(B) are equivalent as triangulated categories.

Proof. Write S̄ and T̄ for the endofunctors on B = Ch(A) that are given by degree-
wise application of S and T , and let η and ε be the unit and counit of the adjunction 
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(S, T ) on A. It is straightforward to verify that (S̄, T̄ ) is an adjunction on B with unit η̄
and counit ε̄ given by (η̄X)n = ηXn

and (ε̄X)n = εXn
, where X is a chain complex and 

n is an integer.
By assumption, S restricts to an exact functor S : Uπ

A → U ι
A which maps Wπ

A to Wι
A; 

see (SF1) and (SF2) in Definition 3.4. It therefore follows from Propositions 4.3 and 4.4
that S̄ restricts to an exact functor S̄ : Uπ

B → U ι
B which maps Wπ

B to Wι
B, that is, the 

adjunction (S̄, T̄ ) also satisfies conditions (SF1) and (SF2). A similar argument shows 
that this adjunction satisfies (SF3) and (SF4) as well. By (SF5) in Definition 3.4 we know 
that the unit ηA : A → TSA of (S, T ) is an isomorphism for A ∈ Uπ

A . From the definition 
of η̄ and from Proposition 4.3 it now follows that η̄X : X → T̄ S̄X is an isomorphism for 
X ∈ Uπ

B , that is, (S̄, T̄ ) satisfies (SF5). Similarly, (S̄, T̄ ) also satisfies condition (SF6). �
Corollary 4.6. Let (S, T ) be a Sharp–Foxby adjunction on A for which FPD(A) < ∞ and 
FID(A) < ∞. Then degreewise application of S and T yields a Sharp–Foxby adjunction 
on the category Ch2(A) of double complexes (also called bicomplexes) in A.

Proof. The category Ch2(A) of double complexes in A is naturally identified with the 
category Ch(Ch(A)). Thus, the desired conclusion follows by applying Theorem 4.5 to 
the category Ch(A) (in place of A). However, to do this we must first argue that the 
theorem’s hypothesis is satisfied, i.e. that the numbers FPD(Ch(A)) and FID(Ch(A))
are finite. But it is immediate from (the proofs of) Propositions 4.3(iii) and 4.4(iii) that 
these numbers agree with FPD(A) and FID(A), which are finite by assumption. �
Example 4.7. Let A be a commutative noetherian ring with a dualizing module. By Ex-
ample 3.6 there exists a Sharp–Foxby adjunction on Mod(A). The finitistic projective/in-
jective dimensions of Mod(A) are usually referred to as the finitistic projective/injective 
dimensions of the ring A, and they are denoted by FPD(A) and FID(A). These numbers 
are finite, indeed, one has FPD(A) = dim A � FID(A) by [30, Thm. II.(3.2.6) p. 84] and 
[2, Cor. 5.5], and dim A is finite by [22, Cor. V.7.2].

Theorem 4.5 and Corollary 4.6 now imply that the category Ch(A) of chain complexes 
and the category Ch2(A) of double complexes of A-modules both have Sharp–Foxby 
adjunctions. In particular, there are by Corollary 3.12 equivalences of triangulated cat-
egories,

GProj(Ch(A)) � GInj(Ch(A)) and GProj(Ch2(A)) � GInj(Ch2(A)) .

The key ingredient in the proof of Theorem 4.5 is that in the category B = Ch(A)
the Gorenstein projective/injective objects can be suitably described in terms of the 
Gorenstein projective/injective objects in A (as recorded in Propositions 4.3 and 4.4). 
This is also the case for the category B = Rep(Q, A) of A-valued representations of a 
left and right rooted quiver Q; see [13, Thm. 3.5.1]; thus by using the same methods as 
above one can prove:
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Theorem 4.8. Let (S, T ) be a Sharp–Foxby adjunction on A. If one has FPD(A) < ∞ and 
FID(A) < ∞, then vertexwise application of S and T yields a Sharp–Foxby adjunction on 
B = Rep(Q, A), so GProj(B) and GInj(B) are equivalent as triangulated categories. �
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A NOTE ON HOMOTOPY CATEGORIES OF FP-INJECTIVES
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(communicated by J.P.C. Greenlees)

Abstract
For a locally finitely presented Grothendieck category A, we

consider a certain subcategory of the homotopy category of FP-
injectives in A which we show is compactly generated. In the case
where A is locally coherent, we identify this subcategory with the
derived category of FP-injectives in A. Our results are, in a sense,
dual to the ones obtained by Neeman on the homotopy category of
flat modules. Our proof is based on extending a characterization
of the pure acyclic complexes which is due to Emmanouil.

1. Introduction

The work of Neeman [21] on the homotopy category of flat modules has led to
interesting advances in ring theory and homological algebra. Neeman was inspired by
work of Iyengar and Krause [16], who proved that over a Noetherian ring R with a

dualizing complex D, the composite K(ProjR) ↣ K(FlatR)
D⊗R−−−−−→ K(InjR) is an

equivalence, which restricts to Grothendieck duality. Neeman in [21] focuses on the
embedding K(ProjR) ↣ K(FlatR) for a general ring R and shows that the cate-
gory K(ProjR) is ℵ1–compactly generated and that the composite of canonical maps
K(ProjR) ↣ K(FlatR) −→ D(FlatR) is an equivalence. Related work on homotopy
categories and the existence of adjoints between them is done by Krause [17], Murfet
and Salarian [18], Saoŕın and Š´ov́ıček [23], and others.

Closely related to the notion of flatness, is the notion of purity [4]. A submodule
A ⩽ B is called pure if any finite system of linear equations with constants from A
and a solution in B, has a solution in A. This condition can be expressed diagram-
matically, and is equivalent to asking for the sequence A ↣ B ↠ B/A to remain
exact after applying, for any finitely presented module F , the functor HomR(F,−),
or equivalently the functor F ⊗R −. Such sequences are called pure exact and they
are of interest since they form the smallest class of short exact sequences which is
closed under filtered colimits. It follows from this discussion that a module M is
flat if and only if any epimorphism with target M is pure. Thus flatness can be
defined in any additive category which has an appropriate notion of finitely pre-
sented objects, namely locally finitely presented additive categories [2,5]. If A is such
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a category, it is well known that the relation between purity and flatness can be
given formally via the equivalence A ∼= Flat(fp(A)op,Ab); A 7→ HomA(−, A)|fp(A)

1,
see [5, 1.4]. Thus, roughly speaking, the study of purity can be reduced to the study
of flat (left exact) functors, and Neeman’s results have analogues in the context of
purity, see Emmanouil [7], Krause [17], Simson [25] and Š´ov́ıček [28].

The dual notion of flatness, in a locally finitely presented Grothendieck category
A, is that of FP-injectivity. Namely, an object A in A is called FP-injective if any
monomorphism with source A is pure. We denote the class of FP-injective objects
by FPI(A). FP-injective modules were studied first by Stenström in [26]. One reason
why they are of importance is because over (non-Noetherian) rings where injectives
fail to be closed under coproducts, one can work with FP-injectives which are always
closed under coproducts. Moreover, a ring is coherent if and only if the class of FP-
injective modules is closed under filtered colimits [26, 3.2], in strong analogy with the
dual situation, where coherent rings are characterized by the closure of flat modules
under products.

In this note our goal is to provide, in a sense, duals of the above mentioned
results of Neeman, that is, to obtain analogous results for the homotopy category
of FP-injectives. For this we look at the tensor embedding functor of a module
category to FP-injective (right exact) functors, that is, the functor Mod-R→ A :=
(R-mod,Ab); M 7→ (M ⊗R −)|R-mod, which identifies pure exact sequences in Mod-R
with short exact sequences of FP-injective (right exact) functors, and induces an
equivalence Mod-R ∼= FPI(A) [13, §1]. It is easy to observe that under this equiv-
alence, the pure projective modules (the projectives with respect to the pure exact
sequences) correspond to functors in the class FPI(A) ∩ ⊥ FPI(A)2. We point out
that by work of Eklof and Trlifaj [6], we know that this class consists of those FP-
injectives which are (summands of) transfinite extensions of finitely presented objects
(see 2.2). We can now state our main result (proved in 3.5).

Theorem. Let A be a locally finitely presented Grothendieck category and denote by
FPI(A) the class of FP-injective objects in A. Then the homotopy category K(FPI(A)
∩ ⊥ FPI(A)) is compactly generated. Moreover, if A is locally coherent, the composite
functor

K(FPI(A) ∩ ⊥ FPI(A)) ↣ K(FPI(A)) can−−→ D(FPI(A))
is an equivalence of triangulated categories.

Our proof is based on Neeman’s strategy. Let C := FPI(A) ∩ ⊥ FPI(A). Since K(C)
is compactly generated and admits coproducts, we obtain a right adjoint of the inclu-
sion K(C) ↣ K(FPI(A)), and in the case where A is locally coherent, we identify
its kernel with the pure acyclic complexes of FP-injective objects in A. From this
it follows that any chain map from a complex in K(C) to a pure acyclic complex
of FP-injectives is null homotopic. In fact, in 3.2 we prove something more general,
namely that for any locally finitely presented Grothendieck category A, any chain
map from a complex in K(⊥ FPI(A)) to a pure acyclic complex is null homotopic.
This extends a result of Emmanouil [7].

1 fp(A) denotes a set of isomorphism classes of finitely presented objects in A, see section 2.
2 ⊥ FPI(A) denotes the left orthogonal class of FP-injectives with respect to the Ext1A(−,−) func-
tor, see section 2.
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Finally, we point out that Š´ov́ıček [28] has also studied the category D(FPI(A))
and in the locally coherent case has proved the existence of a model category struc-
ture with homotopy category D(FPI(A)). Using our main result we can identify the
cofibrant objects in this model structure with the category K(C), and combining with
one of the main results of [28] we also obtain that for A locally coherent K(Inj(A))
is compactly generated (see 3.7, 3.8).

2. Preliminaries

Locally finitely presented additive categories [2,5]. In an additive category
A, an object X is called finitely presented if the functor HomA(X,−) : A → Ab pre-
serves filtered colimits. A is called locally finitely presented if it is cocomplete, the
isomorphism classes of finitely presented objects in A form a set fp(A), and every
object in A is a filtered colimit of objects in fp(A). An abelian category A is locally
finitely presented if and only if it is a Grothendieck category with a generating set
of finitely presented objects [2, Satz 1.5]. A locally finitely presented Grothendieck
category A is called locally coherent if the subcategory fp(A) is abelian.

Purity. If A is a locally finitely presented additive category, a sequence 0→ X →
Y → Z → 0 in A is called pure exact if it is HomA(fp(A),−)–exact, that is, if for any
A ∈ fp(A), the sequence

0→ HomA(A,X)→ HomA(A, Y )→ HomA(A,Z)→ 0

is an exact sequence of abelian groups. An object X ∈ A is called pure projective if
any pure exact sequence of the form 0→ Z → Y → X → 0 splits, and dually X is
called pure injective if any pure exact sequence of the form 0→ X → Y → Z → 0
splits. We will denote the class of pure projective objects in A by PProj(A). Pure
exact sequences induce on the category A the structure of a (Quillen) exact category,
i.e., we equip A with an exact structure [3, Dfn. 2.1] where the conflations are the pure
exact sequences; see Crawley-Boevey [5, 3.1]. We will refer to this exact structure as
the pure exact structure on A.

Cotorsion Pairs [12,22]. Let X be a class of objects in an exact category A. Put
X⊥ := {A ∈ A | ∀X ∈ X , Ext1A(X,A) = 0}

and define ⊥X analogously. A pair (X ,Y) of classes in A is called a cotorsion pair
if X⊥ = Y and ⊥Y = X . A cotorsion pair is said to be generated by a set3 if it is
of the form (

⊥
(S⊥),S⊥) where S is a set of objects in A. A cotorsion pair (X ,Y)

is called complete if for every object A in A there exists a short exact sequence
0→ Y → X → A→ 0 with X ∈ X and Y ∈ Y, and also a short exact sequence 0→
A→ Y ′ → X ′ → 0 with X ′ ∈ X and Y ′ ∈ Y. It is called hereditary if X is closed
under kernels of epimorphisms and Y is closed under cokernels of monomorphisms.
Note that being hereditary is equivalent to having for all X ∈ X , Y ∈ Y and i ⩾ 1,
ExtiA(X,Y ) = 0.

We recall a fundamental result on cotorsion pairs generated by a set from the work
of Eklof and Trlifaj [6]. First a definition.

3 This terminology is in accordance with Göbel and Trlifaj [12, Dfn. 2.2.1].
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Definition 2.1. Let A be an abelian category and S a class of objects in A. An
object A in A is called S-filtered if there exists a chain of subobjects

0 = A0 ⊆ A1 ⊆ · · · ⊆
∪

α<σ

Aα = A,

where σ is an ordinal, Aλ = ∪β<λAβ for all limit ordinals λ, and Aα+1/Aα ∈ S for
all α < σ. The class of S-filtered objects will be denoted by Filt(S).
Proposition 2.2. ([6], see also [12, 3.2]) Let S be a (small) set of objects in a
Grothendieck category and assume that S contains a generator. Then the following
hold:

(i) The cotorsion pair (
⊥
(S⊥),S⊥) is complete.

(ii) The class
⊥
(S⊥) consists of direct summands of S-filtered objects, that is, for all

X ∈ ⊥
(S⊥) we have P ∼= X ⊕K where P ∈ Filt(S). Moreover, in this decom-

position K can be chosen in
⊥
(S⊥) ∩ S⊥.

FP-Injectives [26]. Let A be a locally finitely presented Grothendieck category.
The objects in the class

fp(A)⊥ = {A ∈ A | ∀F ∈ fp(A), Ext1A(F,A) = 0}
are called FP-injective objects. We will denote this class by FPI(A). Note that
Prop. 2.2, applied on the cotorsion pair (⊥ FPI(A),FPI(A)), tells us that the class
⊥ FPI(A) consists of direct summands of fp(A)-filtered modules.

We recall the following well known facts for the class of FP-injectives.

Proposition 2.3. ([26], see also [28, App.B]) Let A be a locally finitely presented
Grothendieck category. Then the following hold:

(i) The class FPI(A) is closed under extensions, direct unions, products, coproducts,
and pure subobjects.

(ii) An object A ∈ A belongs to FPI(A) if and only if any monomorphism with
source A is pure.

Moreover, from [26, 3.2] (also [28, B.3]) the category A is locally coherent if and only
if the class FPI(A) is closed under filtered colimits if and only if the class FPI(A) is
closed under cokernels of monomorphisms.

The derived category of an exact category [19]. Let E be a (Quillen) exact
category and denote byC(E) the corresponding category of chain complexes.C(E) has
a canonical exact structure in which a diagram X ↣ Y ↠ Z in C(E) is a conflation
if and only if Xn ↣ Yn ↠ Zn is a conflation in E for every n ∈ Z; see Bühler [3,
Lem. 9.1]. We refer to this exact structure as the induced exact structure on C(E).

A complex X = · · · → Xn+1
dn+1−−−→ Xn

dn−→ Xn−1 → · · · in C(E) is called acyclic
(with respect to the exact structure of E) if each map dn decomposes in E as a deflation
Xn ↠ Zn−1(X) followed by an inflation Zn−1(X) ↣ Xn−1 and such that the induced
sequence Zn(X) ↣ Xn ↠ Zn−1(X) is a conflation in E . Denote by Kac(E) the homo-
topy category of acyclic complexes. If the exact category E has split idempotents,
then Kac(E) is a thick (épaisse) subcategory of K(E) [19, 1.2] and then by defini-
tion [19, 1.5] the derived category of E is the Verdier quotient D(E) := K(E)/Kac(E).
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3. On the homotopy category of FP-injectives

Let A be a locally finitely presented Grothendieck category, viewed as an exact
category with the pure exact structure, as in section 2. Then the acyclic complexes
in A (with respect to this exact structure) are called pure acyclic complexes and are
denoted by Cpac(A). Moreover, the subcategory of FP-injective objects in A is closed
under extensions, therefore it is an exact category. It is easy to see that the acyclic
complexes in C(FPI(A)) (with respect to the exact category FPI(A)) are the acyclic
complexes (in the usual sense) with cycles in FPI(A). Equivalently, since the class
FPI(A) is closed under pure subobjects (by 2.3), they are the pure acyclic complexes
with components FP-injectives. Thus we will denote them by Cpac(FPI(A)). Then
by definition we have

D(FPI(A)) := K(FPI(A))/Kpac(FPI(A)).
In Theorem 3.5, we identify D(FPI(A)) with a certain homotopy category. The key

ingredient is to extend a characterization of the pure acyclic complexes which is due
to Emmanouil. In [7, Thm. 3.6] Emmanouil proves that a complex X is pure acyclic if
and only if any chain map from a complex of pure projectives to X is null homotopic.
Emmanouil’s proof is self-contained, while Simson [25] and also Š´ov́ıček [28] give a
functorial proof of this result by reducing it to Neeman’s [21, Thm. 8.6].

We first recall a useful and well known lemma we will need.

Lemma 3.1. Let A be an exact category and consider C(A) with the induced exact
structure (as in section 2). If X,Y ∈ C(A), denote by Ext1C(A)(X,Y ) the abelian
group of (Yoneda) extensions with respect to the induced exact structure, and by
Ext1dw(A)(X,Y ) the subgroup consisting of extensions Y ↣ T ↠ X which are degree-
wise split. Then we have natural isomorphisms

Ext1dw(A)(X,Σ−(n+1)Y ) ∼= HomK(A)(X,Σ−nY ) ∼= Hn HomA(X,Y ),

where HomA(X,Y ) denotes the Hom-complex.

Proof. For the first isomorphism, see for instance [11, Cor. 5.5 (4)]. The second follows
from a direct computation of the homology of the Hom-complex.

Proposition 3.2. (Compare with [7]) Let A be a locally finitely presented Grothen-
dieck category and let X be a chain complex in A. Then the following are equivalent:

(i) X is a pure acyclic complex.

(ii) Any chain map from a complex in C(PProj(A)) to X is null-homotopic.

(iii) Any chain map from a complex in C(⊥ FPI(A)) to X is null-homotopic.

In particular, any pure acyclic complex with components in ⊥ FPI(A) is contractible.
Proof. As we discussed above the assertions (i)⇔ (ii) have been proved in [7].
Moreover, (iii)⇒ (ii) is trivial, thus we are left with (ii)⇒ (iii). First consider
the case where we are given a chain map Y → X, with Y having components in
Filt(fp(A)). From the fact that each component of Y is fp(A)-filtered, a result of
Š´ov́ıček [27, Prop. 4.3] implies that Y itself is C−(fp(A))-filtered, that is, Y is given
as a continuous chain of subcomplexes

0 = Y0 ⊆ Y1 ⊆ · · · ⊆
∪

α<σ

Yα = Y,
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where σ is an ordinal, Yλ = ∪β<λYβ for all limit ordinals λ, and for all α < σ the
quotient Yα+1/Yα is a bounded below complex with components finitely presented
objects. Now, denote by C(A)pure the exact category of chain complexes with the
induced pure exact structure (as in section 2). For all ordinals α < σ we have

Ext1C(A)pure(Yα+1/Yα, X) = Ext1dw(A)(Yα+1/Yα, X)

∼= HomK(A)(Yα+1/Yα,Σ
1X)

= 0,

where the first equality holds because each degreewise pure extension of a com-
plex with pure projective components is degreewise split exact, the isomorphism is
obtained by Lemma 3.1 and the last equality follows by assumption. Hence Eklof’s
lemma [6, Lemma 1], in its version for exact categories [23, Prop. 2.12], gives the
result. Now consider the case where Y has components in ⊥ FPI(A). Then from 2.2
we know that for all n ∈ Z there exists Jn such that Yn ⊕ Jn ∼= Fn, where Fn is fp(A)-
filtered. Consider for each n the disc complex Dn(Jn) = 0→ Jn = Jn → 0, which is
concentrated in homological degrees n and n− 1. Then the complex

Y ′ := Y ⊕
(⊕

n∈Z
Dn(Jn)

)
⊕ Σ−1Y

has components of the form Fn ⊕ Fn+1, and these are fp(A)-filtered. Then from the
previous treated case we have that HomK(A)(Y

′, X) = 0, thus HomK(A)(Y,X) = 0
too. Finally, by what we have proved, if X is a pure acyclic complex with components
in the class ⊥ FPI(A), then the identity map on X is null homotopic, in other words
X is contractible.

As a corollary we obtain a result on pure periodicity which extends the following
fact: if M is a module fitting into a pure exact sequence 0→M → P →M → 0
with P pure projective, then M is pure projective as well. In other words, every
PProj(A)–pure periodic module is pure projective. This result was first proved by
Simson [24, Thm. 1.3] and recently by Emmanouil [7, Cor. 3.8]. We point out that
in [1] the authors provide a proof of this result and also a proof of the dual statement.

Our version below extends the case of PProj(A)–pure periodicity to the case of
⊥ FPI(A)–pure periodicity.

Corollary 3.3. (Compare with [7,24]) Let A be a locally finitely presented Grothen-
dieck category and let M be an object in A admitting a pure short exact sequence of
the form

0→M → F →M → 0,

where F ∈ ⊥ FPI(A). Then M ∈ ⊥ FPI(A). In other words, any ⊥ FPI(A)–pure peri-
odic object belongs to the class ⊥ FPI(A).
Proof. The argument is identical as in [7, Cor. 3.8], but invoking 3.2. Namely, we
may splice copies of the given short exact sequence to obtain a pure acyclic complex
with components in ⊥ FPI(A), thus a contractible complex. Hence M is a summand
of F ∈ ⊥ FPI(A) and the assertion follows since the class ⊥ FPI(A) is closed under
summands.
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We now relate Proposition 3.2 with the theory of cotorsion pairs.

Lemma 3.4. Let A be a locally finitely presented Grothendieck category and let C :=
C(FPI(A) ∩ ⊥ FPI(A)) and W := Cpac(FPI(A)). Then the following hold.

(i) (C(⊥ FPI(A)),W) is a cotorsion pair in C(A).
(ii) If A is locally coherent, then the cotorsion pair of (i) is complete. Moreover,

in this case the pair (C,W) is a complete and hereditary cotorsion pair in
C(FPI(A)).

Proof. (i) Recall that by definition (⊥ FPI(A),FPI(A)) is a cotorsion pair which is
generated by a set, therefore by 2.2 it is complete. Thus, from work of Gillespie [9,
Prop. 3.6], there exists an induced cotorsion pair (⊥W,W) in the abelian category
C(A) where the class ⊥W can be identified with

⊥W = {X ∈ C(⊥ FPI(A)) | ∀W ∈ W, HomK(A)(X,W ) = 0}.

Since every complex inW is pure acyclic, 3.2 implies that ⊥W = C(⊥ FPI(A)), which
proves the claim.

(ii) Assume that A is locally coherent. In this case, from 2.3, we obtain that the
complete cotorsion pair (⊥ FPI(A),FPI(A)) is also hereditary. Thus, [10, Cor. 3.7]
implies that the cotorsion pair of (i) is complete.

Now, we prove that (C,W) is a cotorsion pair in C(FPI(A)). Let C ∈ C and W ∈
W. Invoking Lemma 3.1 we have

Ext1C(FPI(A))(C,W ) = Ext1dw(A)(C,W ) ∼= HomK(A)(C,Σ
1W ).

Since W is pure acyclic, from part (i) we obtain ⊥W = C and W ⊆ C⊥.
To prove the inclusion C⊥ ⊆ W, let X ∈ C(FPI(A)) be such that, for all C ∈

C, Ext1C(FPI(A))(C,X) = 0. We need to show that X ∈ W. Since the cotorsion pair

(C(⊥ FPI(A)),W) is complete, there exists a short exact sequence X ↣ W ↠ C with
W ∈ W and C ∈ C(⊥ FPI(A)). Since A is locally coherent, from 2.3 we obtain that
the complex C has components in FPI(A). By the assumption on X this short exact
sequence splits, therefore the fact that W is closed under direct summands implies
that X ∈ W.

Completeness of the cotorsion pair (C,W) in C(FPI(A)) follows easily from the
completeness of the cotorsion pair in (i). We show that (C,W) is hereditary. The
category C, as a subcategory of C(FPI(A)), is easily seen to be closed under kernels
of epimorphisms. To see that the classW is closed under cokernels of monomorphisms
let 0→ A→ B → C → 0 be a short exact sequence in C(FPI(A)) with A,B ∈ W.
Then C is an exact complex and using the fact that in the coherent case FPI(A) is
closed under cokernels of monomorphisms 2.3, we obtain that C has cycles in FPI(A),
thus C ∈ W.

Recall that if T is a triangulated category with set-indexed coproducts, an object
S ∈ T is called compact if for any family {Xi}i∈I of objects in T , the natural map⨿

i∈I HomT (S,Xi)→ HomT (S,
⨿

i∈I Xi) is an isomorphism. T is called compactly
generated if there exists a set S of compact objects in T , such that for any non-zero
T ∈ T there exists a non-zero morphism S → T for some S ∈ S.
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Theorem 3.5. Let A be a locally finitely presented Grothendieck category. Then the
homotopy category K(FPI(A) ∩ ⊥ FPI(A)) is compactly generated. Moreover, if A is
locally coherent, the composite functor

K(FPI(A) ∩ ⊥ FPI(A)) ↣ K(FPI(A)) can−−→ D(FPI(A))
is an equivalence of triangulated categories.

Proof. Put C := FPI(A) ∩ ⊥ FPI(A). We will make use of [14, Thm. 3.1], which
asserts that for any class of objects C which is closed under (set indexed) coproducts
and direct summands, the homotopy category K(C) is compactly generated provided
the following hold:

(i) Every finitely presented object A has a right C-resolution [8, Dfn. 8.1.2], which
by definition means that there exists a sequence 0→ A→ C0 → C1 → · · · with
Ci ∈ C which is exact after applying functors of the form HomA(−, C).

(ii) Every pure exact sequence consisting of objects in C is split exact.

Their result is stated for modules over associative rings, but in fact their proof only
uses properties shared by locally finitely presented Grothendieck categories.

To check condition (i), recall that the cotorsion pair (⊥ FPI(A),FPI(A)) is com-
plete, therefore for any A ∈ fp(A), we can construct an exact sequence

C(A) := 0→ A
∂−1

−−→ C0
∂0

−→ C1
∂1

−→ C2 → · · · ,
where ∂−1 is a (special) FP-injective preenvelope of A with cokernel ϵ0 : C0 ↠ Z0 ∈
⊥ FPI(A), ∂0 = d0 ◦ ϵ0 where d0 is an FP-injective envelope of Z0 with cokernel C1 ↠
Z1 ∈ ⊥ FPI(A) etc. Since fp(A) is contained in ⊥ FPI(A) and the latter class is closed
under extensions, we deduce that for all i = 0, 1, . . .; Ci ∈ ⊥ FPI(A). The sequence
constructed has all the Ci’s in C and clearly is HomA(−, C)–exact, thus it is a right
C–resolution of A.

To check condition (ii), let C := · · · → Cn+1 → Cn → Cn−1 → · · · be a pure exact
sequence consisting of objects in C. In particular, C is a pure acyclic complex with
components in ⊥ FPI(A), hence by 3.2 it is contractible. Thus employing [14, Thm. 3.1]
we obtain that K(C) is compactly generated by the set {ΣiC(A) |A ∈ fp(A), i ∈ Z}.

We now assume that A is locally coherent. Since K(C) is compactly generated
and the inclusion j! : K(C)→ K(FPI(A)) preserves coproducts (which exist because
FPI(A) is closed under coproducts), by Neeman’s Brown representability theorem [20,
Thm. 4.1], the functor j! admits a right adjoint j∗ : K(FPI(A))→ K(C). The kernel
of this right adjoint is ker(j∗) = {Y | ∀X ∈ K(C), HomK(FPI(A))(X,Y ) = 0}, which
by 3.4 (ii) is precisely the category Kpac(FPI(A)).

Therefore, well known arguments (see for instance [21, Remark 2.12]) imply that

the composite K(C) j!−→ K(FPI(A)) can−−→ D(FPI(A)) is an equivalence of triangulated
categories and that the canonical map K(FPI(A))→ D(FPI(A)) is equivalent (up to
natural isomorphism) with j∗.

Remark 3.6. For any locally finitely presented Grothendieck category A, Krause
in [17, Example 7] shows the existence of a left adjoint of the canonical map
K(FPI(A))→ D(FPI(A)). In the proof of 3.5 above, we obtain such a left adjoint
after restricting ourselves to the case where A is locally coherent, and we identify its
essential image with K(FPI(A) ∩ ⊥ FPI(A)).



A NOTE ON HOMOTOPY CATEGORIES OF FP-INJECTIVES 103

Before closing this note, we mention that our theorem 3.5 has an interpretation in
the language of (Quillen) model categories. By the work of Hovey [15] (resp., Gille-
spie [11]) we know that certain cotorsion pairs on an abelian (resp., exact) category A
correspond bijectively to the so-called abelian (resp., exact) model structures on the
category A. If A is a locally coherent Grothendieck category, it is not hard to see that
the cotorsion pair on the category C(FPI(A)) we obtained in 3.4, corresponds (via
the aforementioned Hovey–Gillespie theory) to an exact model structure on the cate-
gory C(FPI(A)) with Quillen homotopy category D(FPI(A)). The precise statement
is as follows.

Theorem 3.7. Let A be a locally coherent Grothendieck category and let C(FPI(A))
denote the category of chain complexes with components FP-injective objects. Then
there exists an (exact) model structure on C(FPI(A)), where

– the cofibrant objects are the chain complexes in C(FPI(A) ∩ ⊥ FPI(A)),
– every chain complex in C(FPI(A)) is fibrant,

– the trivial objects are the pure acyclic complexes with FP-injective components.

The homotopy category of this model structure is equivalent to D(FPI(A)).
Remark 3.8. Let A be a locally coherent Grothendieck category. Š´ov́ıček in [28,
Thm. 6.12] shows the existence of a model structure with Quillen homotopy cate-
gory D(FPI(A)) and also proves an equivalence D(FPI(A)) ∼= K(Inj(A)). In 3.7 we
identify the cofibrant objects of this model structure with the category C(FPI(A) ∩
⊥ FPI(A)). Thus, combining 3.7 with [28, Thm. 6.12] we obtain equivalences

K(FPI(A) ∩ ⊥ FPI(A)) ∼= D(FPI(A)) ∼= K(Inj(A)).
From this and our theorem 3.5 we obtain that the homotopy category of injective
objects K(Inj(A)) is compactly generated, which is one of the main results in [28].
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[2] S. Breitsprecher, Lokal endlich präsentierbare Grothendieck-Kategorien, Mitt.
Math., Semin. Giessen 85 (1970), 1–25.

[3] T. Bühler, Exact categories, Expo. Math. 28 (2010), no. 1, 1–69.

[4] P.M. Cohn, On the free product of associative rings, Math. Z. 71 (1959), 380–398.

[5] W. Crawley-Boevey, Locally finitely presented additive categories, Comm. Alge-
bra 22 (1994), no. 5, 1641–1674.

[6] P.C. Eklof and J. Trlifaj, How to make Ext vanish, Bull. London Math. Soc. 33
(2001), no. 1, 41–51.



104 GEORGIOS DALEZIOS

[7] I. Emmanouil, On pure acyclic complexes, J. Algebra 465 (2016), 190–213.

[8] E.E. Enochs and O.M.G. Jenda, Relative Homological Algebra, de Gruyter Exp.
Math., vol. 30, Walter de Gruyter & Co., Berlin, 2000.

[9] J. Gillespie, The flat model structure on Ch(R), Trans. Amer. Math. Soc. 356
(2004), no. 8, 3369–3390.

[10] , The flat model structure on complexes of sheaves, Trans. Amer. Math.
Soc. 358 (2006), no. 7, 2855–2874.

[11] , Model structures on exact categories, J. Pure Appl. Algebra 215 (2011),
no. 12, 2892–2902.
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ABELIAN MODEL STRUCTURES ON CATEGORIES OF

QUIVER REPRESENTATIONS

GEORGIOS DALEZIOS

Abstract. Let M be an abelian model category (in the sense of Hovey). For
a large class of quivers, we describe associated abelian model structures on

categories of quiver representations with values in M. This is based on recent
work of Holm and Jørgensen on cotorsion pairs in categories of quiver represen-
tations. An application on Ding projective and Ding injective representations
of quivers over Ding-Chen rings is given.

1. Introduction

Model structures on abelian categories have been studied extensively by Hovey
[23], who introduced the general notion of an abelian model structure on an abelian
category M, and gave a correspondence between such models and certain cotorsion
pairs in M. A cotorsion pair in an abelian category M is a pair of Ext1M(−,−)–
orthogonal to each other subcategories. The basic idea behind Hovey’s results is
that, for an abelian model category M, the various lifting properties in the model
M can be interpreted as certain Ext1M(−,−)–orthogonality relations. Thus in order
to give a model structure on an abelian category, it suffices to find certain cotorsion
pairs and then use the correspondence of Hovey.

Given an abelian model structure on an abelian category M and a quiver (a
directed graph)Q, we consider the category of quiver representations RepQM, that
is, diagrams of shape Q in M, and study how the given model on M transfers to
the abelian category RepQM. Representations of quivers in module categories are
of interest in the representation theory of finite dimensional algebras [4]. Moreover,
derived categories of the category RepQM are usually thought of as enhancements
of the derived category of M and have recently attracted much attention, see for
instance [3, 18].

In general, for a given model category M and a small category I, a model on
the functor category MI might exist or not, depending on conditions on either M
or I, see [19, Chapters 11, 15]. In Theorems 3.5/3.6 we give a description of certain
projective (resp. injective) model structures on categories of quiver representations,
based on cotorsion pairs in such categories as obtained by Holm and Jørgensen [21].
The examples we are interested in here are of a ring-theoretic flavour. In 3.8/3.9
we provide examples which realize stable categories of Gorenstein projective (resp.
injective) representations of left (resp. right) rooted quivers, over certain rings, as
Quillen homotopy categories.

2010 Mathematics Subject Classification. 18E10, 18G25, 18G55.
Key words and phrases. cotorsion pairs, abelian model structures, quiver representations,

Ding-Chen rings.
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The last section is concerned with quiver representations over Ding-Chen rings, a
generalization of Gorenstein rings studied by Gillespie [13]. In Theorems 4.8/4.9 we
provide abelian model structures for Ding projective and Ding injective represen-
tations over such rings, which generalize the analogous statements for Gorenstein
rings from 3.8/3.9.

2. Preliminaries

In this section we briefly summarize some known facts on cotorsion pairs, abelian
model structures and quiver representations.

2.1. Cotorsion pairs. Let M be an abelian category. For a class C of objects
in M the right orthogonal C⊥ is defined to be the class of all M ∈ M such that
Ext1M(C,M) = 0 for all C ∈ C. The left orthogonal ⊥C is defined analogously. We
say that a pair (X ,Y) of classes of objects in M is a cotorsion pair if X = ⊥Y
and Y = X⊥. A cotorsion pair (X ,Y) is called complete if for every object M in
M there exists a short exact sequence 0 → Y → X → M → 0 with X ∈ X and
Y ∈ Y, and also a short exact sequence 0 → M → Y ′ → X ′ → 0 with X ′ ∈ X and
Y ′ ∈ Y. It is called hereditary if for all X ∈ X , Y ∈ Y and i ≥ 1, ExtiM(X,Y ) = 0.
We refer to [17] for the theory of cotorsion pairs. Following the terminology of [17,
Dfn. 2.2.1], a cotorsion pair is said to be generated, respectively cogenerated, by a
set of objects S, if it is of the form (⊥(S)⊥,S⊥), respectively (⊥S, (⊥S)⊥).
2.2. Abelian model structures. Let M be an abelian category. Following
Hovey [23, Dfn. 2.1] we say that M admits an abelian model structure (or that M
is an abelian model category), if it admits a Quillen model structure [22] where
the (trivial) cofibrations are the monomorphisms with (trivially) cofibrant kernel,
and the (trivial) fibrations are the epimorphisms with (trivially) fibrant kernel. If
we denote by C,F and W the classes of cofibrant, fibrant and trivial (i.e. weakly
isomorphic to zero) objects in this model category, we obtain from [23, Thm. 2.2]
two (functorially) complete cotorsion pairs (C ∩W ,F), (C,W ∩F) in the category
M. Conversely, for classes of objects C,W and F , where W is thick, any two
complete cotorsion pairs of the above form give rise to an abelian model structure
on M, see again [23, Thm. 2.2]. We abbreviate by saying that (C,W ,F) is a Hovey
triple on the category M.

2.3. A Hovey triple (C,W ,F) on an abelian category M is called hereditary if the
corresponding complete cotorsion pairs (C ∩W ,F) and (C,W ∩F) are hereditary.
In this case, the category C ∩ F is Frobenius [14, Prop. 5.2.(4)] (where C ∩ F ∩W
is the class projective–injective objects) and the homotopy category of the model
category M (in the classical sense) is canonically equivalent to the stable category
of the Frobenius category C ∩ F , we refer to [14, Section 4.2] for the details.

2.4. Setup. Throughout the text M denotes an abelian category with enough
projectives and injectives which satisfies the axioms AB4 and AB4*, that is, M is
bicomplete and such that any coproduct of monomorphisms in M is a monomor-
phism, and dually any product of epimorphisms in M is an epimorphism.

2.5. Quivers. We recall that a quiver Q = (Q0, Q1) is a directed graph Q with set
of vertices Q0 and set of arrows Q1. For α ∈ Q1 we denote by s(α) its source and
by t(α) its target. If Q is a quiver and X is a class of objects in M, then viewing
Q as a small category, we consider the category RepQX of diagrams of shape Q in



ABELIAN MODEL STRUCTURES ON CATEGORIES OF QUIVER REPRESENTATIONS 3

X . The objects of RepQX are also called X -valued representations of Q. For any
such representation X and any vertex i ∈ Q0, there exist two natural maps

⊕

α:j→i

X(j)
φX
i−−→ X(i) and X(i)

ψX
i−−→

∏

α:i→j

X(j).

For a quiver Q, consider, as in [9, Section 4], a sequence of subsets of Q0 defined
by transfinite recursion as follows: Put W0 := ∅, for a successor α = β + 1, put

Wα := {i ∈ Q0 | i is not the source of any arrow that has target outside of Wβ}
and for a limit ordinal α put Wα := ∪β<αWβ .

A quiver is called right rooted if for some ordinal λ we have Wλ = Q0. From
[9, Section 4] we have that Q is right rooted if and only if it does not contain any
path of the form • → • → • → · · · . A dual definition and a (dual) characterization
holds for left rooted quivers, see [8].

2.6. Adjoints of evaluation functors. Let Q be a quiver, i ∈ Q0 a vertex and
let A be a category that admits finite products and finite coproducts. We recall, for
instance from [21, 3.7], that the evaluation at i functor (−)(i) : RepQA → A; X 7→
X(i), admits a left adjoint fi and a right adjoint gi which are defined, on a vertex
j, by the rules fi(M)(j) :=

∐
α:i→j

M and gi(M)(j) =
∏

α:j→i

M respectively. We refer

to [21, Section 3] for the full definition and properties of these functors.

We start by recalling some of the main results of [21].

Fact 2.7. [21, Thm. A] Let Q be a left rooted quiver and let M be abelian category
as in setup 2.4. If (A,B) is a cotorsion pair in M, then there is an induced cotorsion
pair (Φ(A),RepQB) in the category RepQM, where

Φ(A) := {X | ∀i ∈ Q0, φ
X
i is monic with X(i) ∈ A, cokerφXi ∈ A}.

In addition, if (A,B) is hereditary or generated by a set, then so is (Φ(A),RepQ B).
The dual of this statement is as follows:

Fact 2.8. [21, Thm. B] Let Q be a right rooted quiver and let M be abelian
category as in setup 2.4. If (A,B) is a cotorsion pair in M, then there is an
induced cotorsion pair (RepQA,Ψ(B)) in the category RepQM, where

Ψ(B) := {X | ∀i ∈ Q0, ψ
X
i is epic with X(i) ∈ B, kerψXi ∈ B}.

In addition, if (A,B) is hereditary or generated by a set, then so is (RepQA,Ψ(B)).
The following is the main result of [26] and addresses the question of when the

cotorsion pairs found in 2.7 and 2.8 are complete.

Fact 2.9. [26, Thm. 4.1.3] Let M be an abelian category as in setup 2.41 and let
(A,B) be a complete cotorsion pair in M. Then the following hold:

- If Q is a left rooted quiver, then the induced cotorsion pair (Φ(A),RepQ B)
in RepQA (which exists by 2.7) is complete.

- If Q is a right rooted quiver, then the induced cotorsion pair (RepQA,Ψ(B))
in RepQA (which exists by 2.8) is complete.

1In fact, as it follows from [26], even less assumptions might be considered, see [26, 3.11, 3.12].
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3. Abelian model structures on categories of quiver representations

Based on the results stated in the previous section, we describe here a general
recipe in order to produce abelian model structures on the category RepQM, where
M is as in the setup 2.4, Q is left rooted and (C,W ,F) is a hereditary Hovey triple
on the “ground category” M. The associated complete hereditary cotorsion pairs
in M are (C ∩W ,F) and (C,W ∩F). Using 2.7 and 2.9 we obtain two hereditary
and complete cotorsion pairs in RepQM,

(1) (Q̃ = Φ(C ∩W),R = RepQF) and (Q = Φ(C), R̃ = RepQ(F ∩W)).

We want to check if the above cotorsion pairs induce an abelian model structure
on RepQM. The following result of [15] gives conditions on two complete cotorsion
pairs in an abelian category A in order for them to constitute a Hovey triple.

Fact 3.1. [15, Thm. 1.1] Let M be an abelian category and assume that (Q̃,R)

and (Q, R̃) are two hereditary complete cotorsion pairs on M such that

(i) R̃ ⊆ R and Q̃ ⊆ Q.

(ii) R̃ ∩ Q = Q̃ ∩ R.

Then there is a unique thick class T for which (Q, T ,R) is a Hovey triple. Moreover,
this class can be described as follows:

T = {X ∈ M| there exists a s.e.s. X  R ։ Q with R ∈ R̃, Q ∈ Q̃}
= {X ∈ M| there exists a s.e.s. R′  Q′ ։ X with R′ ∈ R̃, Q′ ∈ Q̃}.

For the cotorsion pairs in (1), the only nontrivial relation is R̃ ∩ Q ⊆ Q̃ ∩ R. If

X ∈ R̃ ∩ Q, there is a short exact sequence

0 →
⊕

α:j→i

X(j)
φX
i−−→ X(i) → cokerφXi → 0

where cokerφXi ∈ C and X(i) ∈ C ∩ F ∩W . Note that X ∈ R = RepQF trivially

and that X ∈ Q̃ = Φ(C ∩ W) if and only if cokerφXi ∈ W . Since W is a thick
subcategory of M, by the short exact sequence above, we see that cokerφXi ∈ W
if W is closed under (small) coproducts. We point out that this condition will be
automatically satisfied for all finite and also many infinite quivers. For example, for
quivers Q such that for all i ∈ Q0, the set {s(α) |α ∈ Q1 with t(α) = i} is finite.

The above discussion proves the following:

Proposition 3.2. Let M be an abelian category as in setup 2.4 with a hered-
itary Hovey triple (C,W ,F) and let Q be a left rooted quiver. Then if W is
closed under (small) coproducts, there exists an induced hereditary Hovey triple
(Φ(C), T ,RepQ F) on the category of representations RepQM, where T is defined
as in 3.1. In particular, for all i ∈ Q0 and X ∈ T we have X(i) ∈ W.

Using duals of the above arguments we easily obtain the following:

Proposition 3.3. Let M be an abelian category as in setup 2.4 with a hereditary
Hovey triple (C,W ,F) and let Q be a right rooted quiver. Then if W is closed under
(small) products, there exists an induced hereditary Hovey triple (RepQ C, T ,Ψ(F))
on the category of representations RepQM, where T is defined as in 3.1. In par-
ticular, for all i ∈ Q0 and X ∈ T we have X(i) ∈ W.
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In the model structures 3.2 and 3.3, the class of trivial objects T is contained
in the class of “vertexwise trivial” representations, RepQW . For computational
purposes we are interested in knowing when these two classes coincide. For this we
will restrict to more special types of model structures (although still abundant).

A priori one needs two suitable complete cotorsion pairs in an abelian category
M in order to define an abelian model structure on M (as we recalled in 2.2/2.3).
However, it is possible to obtain quite naturally a model structure starting with
only one cotorsion pair. We recall the following from [16].

Definition 3.4. [16, Dfn. 3.4] Let M be an abelian category with enough projec-
tives. A complete cotorsion pair (C,W) in M is called projective if C∩W = ProjM
and W is thick. In this case (C,W ,M) is a Hovey triple on M. Dually, if M has
enough injectives, a complete cotorsion pair (W ,F) in M is called injective if
W ∩F = InjM and W is thick. In this case (M,W ,F) is a Hovey triple on M.

In this paper, we call an abelian model structure projective (resp. injective) if its
associated Hovey triple is induced by a projective (resp. injective) cotorsion pair.

The following two results provide us with a large class of projective (resp. injec-
tive) model structures for categories of quiver representations.

Theorem 3.5. Let M be an abelian category as in setup 2.4 and let Q be a left
rooted quiver. Let (C,W) be a hereditary projective cotorsion pair in M with W
closed under (small) coproducts. Then there exists a projective model structure
on the category of representations RepQM with hereditary Hovey triple

(Φ(C),RepQW ,RepQM).

Proof. By assumption, (C,W) is a hereditary cotorsion pair, thus from 3.2 we know
that (Φ(C), T ,RepQM) is a hereditary Hovey triple on M. In particular (Φ(C), T )
is a cotorsion pair in M. Moreover, from 2.7 we have that (Φ(C),RepQW) is a
cotorsion pair in M. Hence we have RepQW = T . The cotorsion pair obtained is
projective since

Φ(C) ∩W = Φ(C ∩W) = Φ(ProjM) = Proj(RepQM),

where the last equality is given by 2.7. �

Dually, we have the following:

Theorem 3.6. Let M be an abelian category as in setup 2.4 and let Q be a right
rooted quiver. Let (W ,F) be an hereditary injective cotorsion pair in M with W
closed under (small) products. Then there exists an injective model structure
on the category of representations RepQM with hereditary Hovey triple

(RepQM,RepQW ,Ψ(F)).

Proof. The proof of this follows the same lines as the proof of 3.5, where one
instead makes use of Proposition 3.3 in order to obtain a hereditary Hovey triple
(RepQM, T ,Ψ(F)), and then argues that T = RepQW and that the cotorsion pair
(W ,Ψ(F)) is injective. �

Remark 3.7. We should explain how Theorems 3.5 and 3.6 connect with some
classical results from the theory of model categories. Given a small category Q and
a cofibrantly generated model category M, it is well known that there exists an
induced cofibrantly generated model structure on the functor category MQ, see for
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instance [19, Thm. 11.6.1]. In the language of this paper, [19, Thm. 11.6.1] when
restricted to abelian model structures says the following:

Let Q be a small category and let M be an abelian model category with Hovey
triple (C,W ,F), where the associated cotorsion pairs (C,W ∩ F) and (C ∩ W ,F)
are each generated by a set (and so M is cofibrantly generated by [23, Lemma 6.7]).
Say (C,W ∩F) = (⊥(S⊥),S⊥) for a set S ⊆ C. Then there exists an abelian model
structure on the functor category MQ := RepQM with Hovey triple

(Σ,RepQW ,RepQF),

where the cotorsion pair (Σ,RepQ(W ∩F)) is generated by the set

f∗(S) := {fiS | i ∈ Q0 , S ∈ S}.

We point out that this theorem agrees, for certain cotorsion pairs, with results
of Holm and Jørgensen, cf. [21, Thm. 7.4(a)]. Moreover, note that the class Σ is
the left hand side of a complete cotorsion pair which is generated by the set f∗(S).
Hence it consists of summands of transfinite extensions of objects in f∗(S), [17,
3.2]. For this reason it is not very computable in general. Note that 3.5 identifies
this class with Φ(C) in case the given model on M is projective and Q is a left
rooted quiver.

Next, we provide some examples modelling stable categories of Gorenstein pro-
jective and Gorenstein injective representations of quivers. For a definition of these
classes, we refer for instance to [20]. If R is a ring, GProj(R) (resp. GInj(R))
denotes the class of Gorenstein projective (resp. Gorenstein injective) right R-
modules.

Example 3.8. Let R be a Noetherian commutative ring with a dualizing com-
plex or a left-coherent and right-noetherian k-algebra (with k a field) admitting a
dualizing complex (in the sense of [24, Setup 1.4’]). Then from [24, Thm. 1.10]
the pair (GProj(R),GProj(R)⊥) is hereditary projective cotorsion pair2. Let Q
be a left rooted quiver. Assuming that Q is such that for all i ∈ Q0 the set
{s(α) |α ∈ Q1 with t(α) = i} is finite or assuming that GProj(R)⊥ is closed under
coproducts3 from Theorem 3.5 we obtain a hereditary Hovey triple

(Φ(GProj(R)),RepQ(GProj(R)⊥),RepQ(R)),

on the category of quiver representations of right R-modules, RepQ(R).
From [11, Thm 3.5.1] we have that Φ(GProj(R)) = GProj(RepQ(R)), thus the

above Hovey triple is

(GProj(RepQ(R),RepQ(GProj(R)⊥),RepQ(R)).

The homotopy category of this model category is

Ho(RepQ(R))
∼= GProj(RepQ(R)),

the stable category of Gorenstein projective representations.

2It is also proved in [12] that the pair (GProj(R),GProj(R)⊥) is hereditary projective cotorsion
pair over right coherent and left n-perfect rings.

3This holds for example if R is Iwanaga-Gorenstein, since in this case GProj(R)⊥ is the class
of modules of finite projective dimension [20, Thm. 2.20].
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Example 3.9. LetR be a right Noetherian ring. Then the pair (⊥GInj(R),GInj(R))
is a hereditary injective cotorsion pair [25, 7.3]4. Assuming that Q is a quiver such
that for all i ∈ Q0 the set {t(α) |α ∈ Q1 with s(α) = i} is finite or assuming that
⊥GInj(R) is closed under products5, then by Theorem 3.6 we obtain a hereditary
Hovey triple

(RepQ(R),RepQ(
⊥GInj(R)),Ψ(GInj(R))),

on the category of quiver representations of right R-modules, RepQ(R).
From [11, Thm 3.5.1] we have that Ψ(GInj(R)) = GInj(RepQ(R)), thus the

above Hovey triple is

(RepQ(R),RepQ(
⊥GInj(R)),GInj(RepQ(R))).

The homotopy category of this model category is

Ho(RepQ(R))
∼= GInj(RepQ(R)),

the stable category of Gorenstein injective representations.

4. Quiver representations over Ding-Chen rings

The examples 3.8 and 3.9 admit generalizations which are worth mentioning.
Gillespie in [13] based on work of Ding and Chen [7] defines Ding-Chen rings as a
generalization of Gorenstein rings. A ring is called Ding-Chen if it is left and right
coherent with FPI−dimRR and FPI−dimRR both finite6. In this case from [6] we
necessarily have FPI−dimRR = n = FPI−dimRR for some n ∈ N. Note that if R
is two-sided Noetherian then this definition recovers the Iwanaga-Gorenstein rings.

Gillespie studies in [13] Ding projective, injective and flat modules which stand
for generalizations of Gorenstein projective, injective and flat modules respectively.

Remark 4.1. The definition of Ding projective and Ding injective modules
over a ring involves the concepts of flat and fp-injective modules respectively
[13, Dfn. 3.2/3.7]. Since we are interested in Ding projective and Ding injective
representations of quivers, we need to make sense of flatness and fp-injectivity in
a more general context than module categories. The appropriate setup to define
such notions is that of a locally finitely presented additive (usually Grothendieck)
category, see [1, 5]. In this context an object M is called flat if any epimorphism
with target M is pure, and dually, M is called fp-injective if any monomorphism
with source M is pure. For a locally finitely presented Grothendieck category A
and a quiver Q, the category of quiver representations RepQA is again locally
finitely presented Grothendieck [1, Cor. 1.54].

Definition 4.2. Let A be a locally finitely presented Grothendieck category. An
objectM in A is called Ding projective if there exists an exact complex of projective
objects in A which has M as a syzygy and remains exact after applying functors
of the form HomA(−, F ), for F a flat object in A. We denote the class of Ding
projective objects in A by DProj(A).

4In the recent work [28] the authors prove that (⊥GInj(R),GInj(R)) is a hereditary injective
cotorsion pair over any ring.

5Again, this holds if R is Iwanaga-Gorenstein, since in this case ⊥ GInj(R) is the class of
modules of finite injective dimension [20, Thm. 2.22].

6Here FPI−dim denotes the fp-injective dimension. We recall that an R-module M is called
fp-injective if for any finitely presented module F we have Ext1R(F,M) = 0, see [27]. These

modules define a (relative) homological dimension, see [10, Ch. 8].
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Definition 4.3. Let A be a locally finitely presented Grothendieck category. An
object M in A is called Ding injective if there exists an exact complex of injectives
in A which has M as a syzygy and remains exact after applying functors of the
form HomA(F,−), for F an fp-injective object in A. We denote the class of Ding
injective objects in A by DInj(A).

We will make use of the following facts which concern flat and fp-injective repre-
sentations, i.e. flat and fp-injective objects in the category of quiver representations
of right R-modules, RepQ(R).

Fact 4.4. Let R be a ring, Q a quiver and let X ∈ RepQ(R). Then we have:

(i) [8, 3.4/3.7] If X is a flat representation, then for each vertex v ∈ Q0, the
natural map φXv as in 2.5 is a pure monomorphism and X(v) is flat. The
converse holds in case Q is left rooted.

(ii) [2, 4.4/4.10] If X is an fp-injective representation, then for each vertex
v ∈ Q0, the natural map ψXv as in 2.5 is a pure epimorphism and X(v) is
fp-injective. The converse holds in case Q is right rooted and R is right
coherent.

The proofs of the following two results are based on techniques developed in
Eshraghi et al. [11], although some modifications are needed. We keep the presen-
tation as concise as possible.

Lemma 4.5. (cf. [11, 3.1.5]) Let R be a ring, Q a quiver and let X ∈ RepQR.
Then the following hold:

(i) Assuming that Q is left rooted, if for all v ∈ Q0, X(v) is flat, then
Flat− dim(X) ≤ 1.

(ii) Assuming that R is right coherent and Q is right rooted, if for all v ∈ Q0,
X(v) is fp-injective, then FPI−dim(X) ≤ 1.

Proof. (ii) Keeping the notation as in 2.6, from [11, 3.1(1)] there exists a short
exact sequence

0 → X →
∏

v∈Q0

gvX(v) →
∏

α∈Q1

gs(α)X(t(α)) → 0

in the category RepQ(R). For the representation gvX(v) and for all w ∈ Q0, the
natural map ψwgvX(v), is a split epimorphism. Moreover, by assumption, vertexwise

the representation gvX(v) consists of fp-injective modules, thus by 4.4(ii) we obtain
that gvX(v) is an fp-injective representation. Hence the middle term in the above
short exact sequence is an fp-injective representation (since the class of fp-injective
representations is closed under products [29, App. B]). To prove that the term
on the right hand side is fp-injective, in order to simplify the notation, denote
Y :=

∏
v∈Q0

gvX(v) and W :=
∏
α∈Q1

gs(α)X(t(α)), so the displayed short exact
sequence above is 0 → X → Y →W → 0.

Consider for each vertex v ∈ Q0 the commutative diagram of R-modules

Y (v) // //

ψY
v

��

W (v)

ψW
v

��∏
α:v→t(α)

Y (t(α)) // // ∏
α:v→t(α)

W (t(α)).
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Then observe that the top map is a pure epimorphism (by the assumption that its
kernel, which is X(v), is an fp-injective module), hence also the bottom map is a
pure epimorphism. Moreover, the map on the left hand side is a split epimorphism,
hence ψWv is a pure epimorphism. Since W vertexwise consists of fp-injectives, in
view of 4.4(ii) we obtain the desired result.

The proof of (i) is dual where one uses instead a short exact sequence of repre-
sentations ending in X , see [11, 3.1(2)], and makes use of 4.4(i). �
Proposition 4.6. (cf. [11, 3.5.1]) Let R be a ring and let Q be a quiver. Then the
following hold:

(i) If Q is left rooted then Φ(DProj(R)) = DProj(RepQ(R)).
(ii) If R is right coherent and Q is right rooted then Ψ(DInj(R)) =

DInj(RepQ(R)).

Proof. (ii) Assume that D ∈ DInj(RepQ(R)), which by definition means that there
exists an exact complex of injective representations,

X• = · · · → X−1 → X0 → X1 → · · · ,
which has D = ker(X0 → X1) := Z0(X•) and remains exact after applying
functors of the form HomRepQ(R)(FPI,−). We need to prove that D ∈ Ψ(DInj(R)).

We first prove that for each vertex v ∈ Q0 we have D(v) ∈ DInj(R). Indeed, the
complex ofR-modulesX•(v) is exact, consists of injective modules [9, 2.1], hasD(v)
as a syzygy, and it remains to check that, for any fp-injective module F , the com-
plex HomR(F,X

•(v)) is exact. Now, the functor fvM , as in 2.6, from [21, 5.2(a)]
is such that the complex HomR(F,X

•(v)) is exact if and only if the complex of
representations HomRepQ(R)(fvF,X

•) is exact. Note that fvF vertexwise consists

of fp-injectives (since FPI(R) is closed under coproducts [27]), hence Lemma 4.5(ii)
implies that fvF is a representation with fp-injective dimension ≤ 1. This means
that there exists a short exact sequence of representations 0 → fvF → Y0 → Y1 → 0
with Y0, Y1 fp-injectives. Hence we obtain a short exact sequence of complexes of
representations

0 → Hom(Y1, X
•) → Hom(Y0, X

•) → Hom(fvF,X
•) → 0,

where by the assumption on X the two leftmost terms are exact. Hence so is
Hom(fvF,X

•). Thus D(v) ∈ DInj(R).
Next, we show that for all v ∈ Q0 the natural map ψDv of 2.5 is an epimorphism

with kernel in DInj(R). For this fix a vertex v ∈ Q0, then in the commutative
diagram

X0(v)
∂0
v // //

ψX0

v

��

D(v)

ψD
v

��∏
α:v→t(α)

X0(t(α)) // // ∏
α:v→t(α)

D(t(α)),

the map on the left is an epimorphism (by the characterization of injective repre-
sentations in [9, 2.1]), hence ψvD is also an epimorphism. Consider the degreewise
split short exact sequence of complexes of R-modules

0 → kerψvX• → X•(v) →
∏

α:v→t(α)

X•(t(α)) → 0.
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By a two-out-of-three argument we see that the complex on the left is an ex-
act complex of injectives which stays exact after applying functors of the form
HomR(FPI(R),−), and moreover has ker(ψvD) as a syzygy. Thus ker(ψ

v
D) ∈ DInj(R)

which concludes the proof that D ∈ Ψ(DInj(R)).
Conversely, let D ∈ Ψ(DInj(R)). We want to prove that D ∈ DInj(RepQ(R)),

i.e. we want to find an exact complex of injective representations E• which has D
as a syzygy and remains exact after applying functors of the form Hom(FPI,−).
Recall the transfinite sequence (Wλ) as defined in 2.5. Following the proof of [11,
Thm. 3.5.1(a)], we will see how to construct recursively, for each ordinal λ, an exact
complex E•

λ of injective representations of the subquiver Qλ := {v ∈ Q0 | v ∈ Wλ},
which is such that for all v ∈ Qλ, the complex E•

λ(v) is Hom(FPI(R),−)–exact
and has D(v) as a syzygy. We give the first step of this construction:

For each vertex v ∈ W1 := {i ∈ Q0 | i is not the target of any arrow in Q}, by
the assumption that D(v) ∈ DInj(R), there exists an exact complex of injectives I•v
with Z0(I•v ) = D(v). Thus we may use the right adjoint gv from 2.6 to obtain an
exact complex E•

1 := gvI
•
v of injective representations of the subquiver Q1 := {v ∈

Q0 | v ∈ W1}. Then note that for all v ∈ Q0, the exact complex of injectives E•
1 (v)

has D(v) as a syzygy and is Hom(FPI(R),−)–exact.
Then one can follow verbatim the rest of the argument in [11, Thm. 3.5.1(a)]

to obtain an exact complex E• = ∪λE•
λ of injective representations which has D

as a syzygy, and is such that for all v ∈ Q0 the exact complex of injectives E•(v)
is HomR(FPI(R),−)–exact. The proof will be finished if we show that for any
fp-injective representation F , the complex Hom(F,E•) is exact. This follows after
considering the degreewise split short exact sequence

0 → E• →
∏

v∈Q0

gvE
•(v) →

∏

α∈Q1

gs(α)E
•(t(α)) → 0

and observing that, for any fp-injective representation F , the two rightmost terms
are Hom(F,−)–exact.
The proof of (i) is completely dual, one just needs to make use of the duals of the
arguments in the proof of (i), which are provided in our previous results. �

We now give a projective model structure for Ding projective representations
over a Ding-Chen ring. We will need the following result of Ding and Chen.

Fact 4.7. [6, Prop. 3.16] Let R be a Ding-Chen ring with FPI−dimRR ≤ n and
FPI−dimRR ≤ n for some integer n ∈ N. Then for any right R-moduleM we have
bi–implications:

Flat− dim(M) <∞ ⇔ Flat− dim(M) ≤ n

⇔ FPI−dim(M) <∞
⇔ FPI−dim(M) ≤ n.

Theorem 4.8. Let R be a Ding-Chen ring and let Q be a left rooted quiver. Then
there exists a hereditary Hovey triple (DProj(RepQ (R)),RepQW ,RepQ(R)) on the
category of quiver representations of right R-modules, RepQ(R). The homotopy
category of this model structure is

Ho(RepQ(R))
∼= DProj(RepQ(R)),

the stable category of Ding projective representations.
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Proof. From [13, Thm. 4.7] we have that over a Ding-Chen ring R there exists
a hereditary complete cotorsion pair (DProj(R),W) in the category of right R-
modules, where W ∩DProj(R) = Proj(R). Moreover, from [13, Thm 4.2] the class
W consists of all modules that have finite flat dimension, hence W is closed under
coproducts by 4.7. Hence, for a left rooted quiver Q, Theorem 3.5 provides us with
a hereditary Hovey triple

(Φ(DProj(R)),RepQW ,RepQ(R)),

in the category of quiver representation of right R-modules, RepQ (R). Now the
result follows after applying 4.6(i). �

Our last result concerns Ding injective representations over a Ding-Chen ring.

Theorem 4.9. Let R be a Ding-Chen ring and Q a right rooted quiver. Then
there exists a hereditary Hovey triple (RepQ(R),RepQW ,DInj(RepQ(R))) on the
category of quiver representations of right R-modules, RepQ(R). The homotopy
category of this model structure is

Ho(RepQ(R))
∼= DInj(RepQ(R)),

the stable category of Ding injective representations.

Proof. Dual to that of 4.8 where one instead makes use of the hereditary injective
cotorsion pair (W ,DInj(R)) of [13, Thm. 4.7], where W consists of all modules of
finite fp-injective dimension [13, Thm 4.2]. Note that by 4.7 W is closed under
products. Then one applies Theorem 3.6 and 4.6(ii). �
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gulated categories, London Mathematical Society Lecture Note Series,
vol. 375, Cambridge University Press, Cambridge, 2010. 2723238

[49] Mark Hovey, Model categories, Mathematical Surveys and Mono-
graphs, vol. 63, American Mathematical Society, Providence, RI, 1999.
MR1650134

[50] , Cotorsion pairs, model category structures, and representation
theory, Math. Z. 241 (2002), no. 3, 553–592. MR1938704

http://www.ams.org/mathscinet-getitem?mr=MR2052954
http://www.ams.org/mathscinet-getitem?mr=MR2607410
http://www.ams.org/mathscinet-getitem?mr=MR2811572
http://www.ams.org/mathscinet-getitem?mr=MR2251271
http://www.ams.org/mathscinet-getitem?mr=MR633523
http://www.ams.org/mathscinet-getitem?mr=MR935124
http://www.ams.org/mathscinet-getitem?mr=MR1944041
http://www.ams.org/mathscinet-getitem?mr=MR0080654
http://www.ams.org/mathscinet-getitem?mr=MR2038564
http://www.ams.org/mathscinet-getitem?mr=2723238
http://www.ams.org/mathscinet-getitem?mr=MR1650134
http://www.ams.org/mathscinet-getitem?mr=MR1938704


BIBLIOGRAPHY 111

[51] Srikanth Iyengar and Henning Krause, Acyclicity versus total acyclicity
for complexes over Noetherian rings, Doc. Math. 11 (2006), 207–240.
MR2262932

[52] Srikanth B. Iyengar, Graham J. Leuschke, Anton Leykin, Claudia
Miller, Ezra Miller, Anurag K. Singh, and Uli Walther, Twenty-four
hours of local cohomology, Graduate Studies in Mathematics, vol. 87,
American Mathematical Society, Providence, RI, 2007. MR2355715

[53] Peter Jørgensen, The homotopy category of complexes of projective mod-
ules, Adv. Math. 193 (2005), no. 1, 223–232. MR2132765

[54] Henning Krause, The stable derived category of a Noetherian scheme,
Compos. Math. 141 (2005), no. 5, 1128–1162. MR2157133

[55] , Approximations and adjoints in homotopy categories, Math.
Ann. 353 (2012), no. 3, 765–781. MR2923949

[56] Henning Krause and Claus Michael Ringel (eds.), Infinite length mod-
ules, Trends in Mathematics, Birkhäuser Verlag, Basel, 2000, Invited
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