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Abstract

The main topics of this thesis are real topological Hochschild homology and
real topological cyclic homology. The thesis consists of an introduction followed
by two papers.

If a ring or a ring spectrum is equipped with an anti-involution, then it
induces additional structure on the associated topological Hochschild homology
spectrum. The group O(2) = T x G acts on the spectrum, where T is the
multiplicative group of complex number of modulus 1 and G denotes the group
Gal(C/R) of order 2. We refer to this O(2)-spectrum as the real topological
Hochschild homology. This generalization leads to a G-equivariant version of
topological cyclic homology, which we call real topological cyclic homology.

The first paper of this thesis computes the G-equivariant homotopy type of
the real topological cyclic homology at a prime p of spherical group rings with
anti-involution induced by taking inverses in the group.

The second paper of this thesis investigates the derived G-geometric fixed
points of the real topological Hochschild homology of an ordinary ring with an
anti-involution. The main theorem of the second paper computes the component
group of the derived G-geometric fixed points.

Resumé

Hovedemnerne i denne afhandling er reel topologisk Hochschild homology og
reel topologisk cyklisk homologi. Afhandlingen bestar af en introduktion efter-
fulgt af to artikler.

Hvis en ring eller et ring spektrum er udstyret med en anti-involution, sa
inducerer det ekstra struktur pa det associerede topologiske Hochschild homologi
spektrum. Gruppen O(2) = T x G virker pa spektret, hvor T er den multiplikative
gruppe af komplekse tal med modulus 1 og G betegner gruppen Gal(C/R) af
orden 2. Vi kalder dette O(2)-spektrum for reel topologisk Hochschild homology.
Denne generalisering giver anledning til en G-sekvivariant version af topologisk
cyklisk homologi, som vi kalder reel topologisk cyklisk homologi.

Den fgrste artikel i denne afthandling bestemmer den G-aekvivariante homoto-
pi type af reel topologisk cyklisk homologi ved et primtal p af sfeeriske grupperinge
med anti-involution induceret af at tage inverser i gruppen.

Den anden artikel i denne afhandling undersgger de afledte G-geometriske
fixpunkter af reel topologisk Hochschild homologi af en ring med anti-involution.
Hovedresultatet i den anden artikel udregner gruppen af komponenter af de af-
ledte G-geometriske fixpunkter.
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Introduction

The main topics of this thesis are real topological Hochschild homology and real
topological cyclic homology. The thesis consists of an introduction followed by two
papers.

Paper A. Real topological cyclic homology of spherical group rings.
Paper B. On the geometric fixed points of real topological Hochschild homology.

To put them into context, we give an overview of the historical development of topo-
logical Hochschild homology, topological cyclic homology and their real analogues.
We describe the real variants in more detail and indicate how the results of the papers
fit into the general picture. We conclude the introduction by commenting on future
directions naturally extending the results of the two papers.

Historical development

Algebraic K-theory encodes important invariants for a wide range of areas in mathe-
matics, spanning from geometric topology to number theory and it has been a vibrant
research area in modern mathematics. Algebraic K-theory is a functor which asso-
ciates, to a ring R, a spectrum K (R), whose homotopy groups m,(K(R)) = K, (R)
are the higher algebraic K-groups of R introduced in the seminal work of Quillen in
[18]. Waldhausen extended the theory to more general input such as ring spectra and
exact categories with weak equivalences.

The higher K-groups are related to many important questions in number theory,
algebraic geometry and geometric topology and are notoriously difficult to calculate.
As an example, the algebraic K-theory of the integers is still not completely under-
stood. The missing information is connected to the Vandiver conjecture in number
theory, which states that a prime number p does not divide the class number hx of
the maximal real subfield K = Q((,)" of the pth cyclotomic field. The conjecture is
known to be equivalent to K4;(Z) = 0 for all i.

Another important example is the algebraic K-theory of spherical group rings,
which has connections to the geometry of manifolds. Let M be a compact con-
nected topological manifold admitting a smooth structure, and let P(M) be the space
of pseudo-isotopies of M, that is, homeomorphisms h : M x [0,1] — M x [0,1]
which restrict to the identity on M x [0,1] U M x {0}. There is a stabilization map

9



10 Introduction

P(M) — P(M x [0,1]), given by crossing with the identity, and the stable pseudo-
isotopy space Z(M) is the homotopy colimit of the stabilization maps. Igusa showed
in [14], building on work by Hatcher in [6], that the inclusion P(M) — Z(M) is
k-connected if k is less than both (dim(M) — 7)/2 and (dim(M) — 4)/3. The stable
pseudo-isotopy space can be expressed in terms of Waldhausen’s algebraic K-theory of
spaces. If we let I' be the Kan loop group of M (i.e. a simplicial group such that M is
weakly equivalent to the classifying space BI'), then by work of Waldhausen [20],[21]
and Waldhausen-Rognes-Jahren [22], there is a cofibration sequence of spectra

K(S)A BTy — K(S[I]) —» £*2(M) — (K (S) A BTy).

Over the last two decades, the computational study of algebraic K-theory has
been revolutionized by the development of so called trace methods. In analogy with
the Chern character from topological K-theory to rational cohomology, algebraic
K-theory admits maps to various objects of more homological or homotopical nature.
The first example of such an object is Hochschild homology, which is a homology
theory for unital, associative rings introduced by Hochschild in the 1940’s. Dennis
constructed a trace map

tr: K(R) — HH(R).

from the algebraic K-theory of rings to Hochschild homology in [4]. As a consequence
of Connes’ theory of cyclic sets, the right hand space is equipped with an action by the
circle group T, which allowed the construction of negative cyclic homology HC (R)
from Hochschild homology. Jones-Goodwillie factored the trace map

tr: K(R) - HC (R) — HH(R)

and Goodwillie showed that it can sometimes be used to compute K (R) rationally.

The seminal idea of Waldhausen was to change the ground ring from the integers to
the sphere spectrum and this idea, in the context of Hochschild homology, was carried
out by Bokstedt in the late eighties. He defined topological Hochschild homology
in [3] based on earlier work by Breen in [2]. At this time, the modern symmetric
monoidal categories of spectra had not been invented yet and Bokstedt developed
a coherence machinery that enabled a definition of topological Hochschild homology
realizing Waldhausen’s vision. The theory associates a T-spectrum THH(R) to a
ring R, where T C C denotes the circle group, and there is a linearization map
THH(R) — HH(R), which should be thought of as being induced by the base change
from the sphere spectrum to the integers. Furthermore, the Dennis trace map factors
as follows

tr : K(R) — THH(R) — HH(R).

Bokstedt-Hsiang-Madsen carried on to construct topological cyclic homology TC(R),
which uses the T-action on topological Hochschild homology in an intricate way, and
introduced the cyclotomic trace factoring the topological trace

tr : K(R) — TC(R) — THH(R).
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The cyclotomic trace was constructed in the course of resolving the K-theoretic
Novikov conjecture for groups satisfying a mild finiteness assumption in [1]. Dun-
das |5] and McCarthy [16] proceeded to show the following central theorem.

Theorem. For a surjective homomorphism of rings f : R — S with nilpotent kernel,
the square
tr

K(R) TC(R)

K(S) tr

TC(S)
becomes homotopy cartesian after completion at any prime number p.

Hesselholt and Madsen have used topological cyclic homology to make extensive
calculations in algebraic K-theory including a computational resolution of the Quillen-
Lichtenbaum conjecture for local number fields in [10].

Topological Hochschild homology has applications outside algebraic K-theory as
well, exemplified by Hesselholt in [8], where topological Hochschild homology is used to
give cohomological interpretations of the zeta function for smooth and proper schemes
over a finite field.

A duality structure on the input of the algebraic K-theory spectrum induces ad-
ditional structure on the K-theory. Hesselholt and Madsen defined real algebraic
K-theory in [11], which associates a G-spectrum K R(C, D,n) to an exact category C
with duality (D,n) and weak equivalences, where G is the group Gal(C/R) of order
2. The duality structure consists of an exact functor D : C°? — C and a natural weak
equivalence 7 : idg = D o D°P such that the composition

D%DoDOpoDﬁ;D

is equal to the identity. A good example to keep in mind is the following. Let R be
a ring with an anti-involution «, i.e. a ring-isomorphism « : R°® — R which squares
to the identity, and let P(R) denote the category of finitely generated projective
right R-modules with weak equivalences being the isomorphisms. We get a duality
structure on P(R) by setting D(P) = Homp(P, R), with module structure given by
f-r(p) = a(r)f(p) and natural weak equivalence n : P — D(D(P)) given by the
isomorphism p — (f — f(p)). We let KR(R, ) be the real K-theory of P(R) with
this duality structure. The underlying homotopy type of the real algebraic K-theory
spectrum agrees with the usual Waldhausen K-theory of C, and the G-fixed point
spectrum agrees with Grothendieck-Witt-theory, or Hermitian K-theory as studied
by Karoubi [15], Schlichting [19], Hornbostel [12], [13], and others.

Hesselholt and Madsen also constructed real topological Hochschild homology
in [11] as a generalization of topological Hochschild homology to the G-equivariant
setting of real algebraic K-theory. The theory takes a ring spectrum A with anti-
involution D, and associates to it an O(2)-equivariant spectrum THR(A, D) using a
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dihedral variant of Bokstedt’s model, and there is G-equivariant trace map
tr: KR(A,D) — THR(A, D).

The generalization to real topological Hochschild homology leads to a G-equivariant
version of topological cyclic homology, denoted by TCR(A, D), and the trace factors
through TCR(A, D). In particular, this makes it possible to use trace methods as a
computational tool in Hermitian K-theory.

We return to the example of spherical group rings, in which case the equivariant
structure of real algebraic K-theory has geometric meaning. For a compact connected
topological manifold M allowing a smooth structure, there is a geometric involution
on the space of pseudo-isotopies giving by “turning a pseudo-isotopy upside down,”
see [7], which in turn induces an involution on the stable pseudo-isotopy space &2(M).
By work of Weiss and Williams [23], there is map

I—fo?n?o(M)/Homeo(M) — P(M)ng

which is at least as connected as the stabilization map P(M) — Z(M). Here the left
hand space is the quotient of the space of block homeomorphisms by the space of home-
omorphisms, and £ (M), are the homotopy orbits with respect to the involution.
The generalization to real algebraic K-theory expresses the equivariant stable pseudo-
isotopy space in terms of the real algebraic K-theory of spherical group rings with
anti-involution, and an equivariant understanding of the real topological cyclic homol-
ogy gives, via trace methods, information about the real algebraic K-theory. Paper
A in this thesis takes a step in this direction by determining the G-homotopy type of
TCR(S[I']), where the spherical group ring is equipped with the basic anti-involution
induced by taking inverses in the group. In order to obtain geometric applications as
indicated, it will be necessary to consider more general anti-involutions.

Real Hochschild homology

This section displays the extra structure on the Hochschild homology spectrum of
a ring arising from an anti-involution. If R is a unital associative ring, then the
Hochschild homology space HH(R) is the geometric realization of the simplicial set
underlying the simplicial abelian group HH(R)., with k-simplices

HH(R)k — R®k+1
and with face and degeneracy maps given by

dZ(T0® ®Tk)_{ Pro@Tr1 ® -+ @ Tr_q if i =k,

$i(ro®@ - 1) =(ro®-- @rlriy @ - -Qrg), for0<i<k.
The space HH(R) is the zeroth space of an Eilenberg-MacLane spectrum, which we
also denote HH(R). The Hochschild homology groups of R are the homotopy groups

of this spectrum
HH;(R) := m;(HH(R)).
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The simplicial abelian group HH(R), is a cyclic abelian group in the sense of Connes,
meaning that the cyclic group of order k + 1 acts on the k-simplices. The action is
generated by a cyclic structure map ¢ : HH(R), — HH(R)y given by

tk(r0®"'®rk):Tk®7’0®"‘®7ak—1

which satisfies tiJrl = id and is suitably compatible with the simplicial structure

maps. Connes discovered that this structure gives rise to a continuous T-action on
the spectrum

T, AHH(R) — HH(R).

If R is equipped with an anti-involution «, then we can give even more structure to
HH(R)o. The dihedral group of order 2(k + 1) acts on the k-simplices. The action
is generated by the maps t; : HH(R), — HH(R)) and wy : HH(R)y — HH(R)g,
given by
Wwi(ro @ - @ 1y) = afre) ® a(ry) -+ ® a(r),

which are suitably compatible with the simplicial structure maps. The maps satisfy
the relations ti“ = id, w,% = id and tpw = t;lwk. This time, the action of the
dihedral group of order 2(k + 1) on the k-simplices gives rise to a continuous O(2)-
action on the spectrum

0(2)4 AHH(R) — HH(R).

We will denote the O(2)-spectrum by HR(R, o) and refer to it as the real Hochschild
homology of (R, a).

Real topological Hochschild homology

The topological Hochschild homology of a ring spectrum A is a (genuine) T-spectrum
and has a special extra structure. THH(A) is a cyclotomic spectrum, which means
that its geometric fixed points mimic the behavior of the fixed points of free loop
spaces, which we now explain. We let £X = Map(T, X) be the free loop space of a
space X. The group T acts on the free loop space by multiplication in T and the map
that takes a loop to the r-fold concatenation with itself,

pri LX = pH(LX), po(y) = vk w7,

is an T-equivariant homeomorphism, where p, : T — T/C, is the root isomorphism
given by p,(z) = 2 C.

We let (THH(A))9¢" denote the derived C,-geometric fixed points. In analogy
with the example of the free loop space, the cyclotomic structure of THH(A) is addi-
tional data in the form of compatible T-equivariant maps

T, : pi ((THH(A))9“") — THH(A),

which induce weak equivalences on H-fixed points for all finite subgroups H < T. One
should note that recently a more flexible version of the notion of cyclotomic spectra
was introduced by Nikolaus and Scholze; see [17].
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The cyclotomic structure is crucial to the construction of topological cyclic homol-
ogy and in order to obtain a G-equivariant version of topological cyclic homology, we
must ensure that the added G-action on THR(A, D) is compatible with the cyclotomic
structure. This is done in Paper A, Section 3.3. In order to state the compatibility,
we introduce the following notation. The group G = Gal(C/R) acts on T and we let
O(2) denote the semi-direct product T x G. We let p, : O(2) — O(2)/C, be the root
isomorphism given by p,.(z) = 2+C,if 2 € T and pr(z) = x if x € G. Then we show
that the underlying T-equivariant maps are indeed O(2)-equivariant maps

T, : pi ((THR(A, D)%)9“") — THR(A4, D),

and they induce weak equivalences on H-fixed points for all finite subgroups H < O(2).

While the C,-geometric fixed points resemble the topological Hochschild homol-
ogy spectrum itself, the G-geometric fixed points behave differently. Considering the
analogous situation for the free loop space, this is to be expected. Indeed, if X is a
G-space, then the free loop space LX = Map(T, X) is an O(2)-space, with T-action
as described earlier and with G acting on T by complex conjugation and on the loop
space by conjugation. If we let w € G denote complex conjugation, then there is a
homeomorphism

Map((1,01), (X, X%)) = (LX)%; v (w-7y)*7-

The main theorem of the second paper computes the component group of the
derived G-geometric fixed points of THR(R, o) when R is an ordinary ring with anti-
involution «. To state the theorem, which can be found in Paper B, Theorem 4.1, we
let (THR(R, )¢)9¢ denote the derived G-geometric fixed points of THH(R, «) and
we let N : R — R® be the norm map; N(r) =r + «a(r).

Theorem. Let R be a ring with an anti-involution «. There is an isomorphism of
abelian groups

mo((THR(R, 0)*)?°) = (R®/N(R) &z R* /N (R))/I

where I denotes the subgroup generated by the elements a(s)rs @t —r @ sta(s) for all
s € R and r,t € R®.

The theorem implies that the component group of the derived G-geometric fixed
points vanish if 2 is invertible in the ring. If z € R, then N(3z) = z, and therefore
the norm map surjects onto the fixed points of the anti-involution.

Real topological cyclic homology

The cyclotomic structure on the topological Hochschild homology of a ring spectrum
A gives rise to restriction maps

R, : THH(A)%" — THR(A)%m-1:
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and classically, the topological cyclic homology at the prime p is built from the fixed
point spectra THH(A)CP” using the restriction maps and inclusions of fixed points. If
D is an anti-involution on A, then the cyclotomic structure gives rise to G-equivariant
maps

R, : THR(A, D)“»" — THR(A, D)%,

and we can define the real topological cyclic homology G-spectrum at a prime p,
TCR(A, D;p) by mimicking the definition by Bokstedt-Hsiang-Madsen.

The calculation of the topological cyclic homology of spherical group rings at a
prime p conducted in Paper A, in particular, includes a calculation of the real topologi-
cal cyclic homology of the sphere spectrum with the identity serving as anti-involution.
In order to state the calculation, we let P*°(C) denote the infinite complex projective
space with G acting by complex conjugation and we let ©5! denote suspension with
respect to the sign representation of G. The following result can be found in Paper A,
Corollary 5.4

Theorem. After p-completion, there is an isomorphism in the G-stable homotopy
category
TCR(S,id; p) ~ LVIP>= (C) VS,

where LH1PX (C) denotes the homotopy fiber of the T-transfer $FLHIP>(C) — S.

Future directions

The introduction of real algebraic K-theory, real topological Hochschild homology, real
topological cyclic homology and the equivariant trace have opened many exciting new
directions. We comment on future directions related to the results in the two papers.

Paper A determines the G-equivariant homotopy type of spherical group rings
and, as mentioned, the long term goal of this program is to determine the canonical
involution on the stable pseudo-isotopy space of a closed connected topological mani-
fold. As a first step in this direction, it is necessary to investigate more general duality
structures on spherical group rings.

The perspectives of the results in Paper B are of a computational nature. In order
to make the equivariant trace an efficient calculational tool, we must understand the
dihedral fixed points 7, THR(R, a)Pr. Indeed, many classical calculations using trace
methods rely on a good understanding of the cyclic fixed points. For example, the
component ring of the Cpn-fixed points, mg THH(R)®"", is completely understood
when R is commutative and p is a prime. Hesselholt and Madsen prove in [9], that
there is a canonical ring isomorphism identifying g THH(R)CP” with the p-typical
Witt vectors of length n+1, and one should be able to get a similar algebraic expression
for the component ring of the dihedral fixed points 7o THR(R, a)P»" when R is a
commutative ring with anti-involution «. The computation of the components of the
derived G-geometric fixed points should lead to an understanding of the components
of the G-fixed points. From here, we can investigate the components of the dihedral
fixed points and in turn 7, THR(R, a)P»" .
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REAL TOPOLOGICAL CYCLIC HOMOLOGY OF SPHERICAL
GROUP RINGS

AMALIE HOGENHAVEN

ABSTRACT. We compute the G-equivariant homotopy type of the real topological
cyclic homology of spherical group rings with anti-involution induced by taking
inverses in the group, where G denotes the group Gal(C/R). The real topological
Hochschild homology of a spherical group ring S[I'], with anti-involution as de-
scribed, is an O(2)-cyclotomic spectrum and we construct a map commuting with
the cyclotomic structures from the O(2)-equivariant suspension spectrum of the
dihedral bar construction on I" to the real topological Hochschild homology of S[I'],
which induce isomorphisms on Cprn- and Dpn»-homotopy groups for all n € Ny and
all primes p. Here Cpn is the cyclic group of order p™ and Dp» is the dihedral
group of order 2p™. Finally, we compute the G-equivariant homotopy type of the
real topological cyclic homology of S[I'] at a prime p.
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REAL TOPOLOGICAL CYCLIC HOMOLOGY OF SPHERICAL GROUP RINGS

INTRODUCTION

This paper determines the G-equivariant homotopy type of the real topologi-
cal cyclic homology of spherical group rings with anti-involution induced by taking
inverses in the group, where G denotes the group Gal(C/R) of order 2. Bokstedt-
Hsiang-Madsen calculated the topological cyclic homology of spherical group rings in
[2, Section 5] and this is a generalization of the classical results. The long term goal
of this program is to determine the canonical involution on the stable pseudo-isotopy
space of a compact connected topological manifold. The equivariant stable pseudo-
isotopy space of a manifold and the real topological cyclic homology of spherical group
rings are connected via real algebraic K-theory, as explained below.

Recently, Hesselholt and Madsen defined real algebraic K-theory in [10], which
associates a GG-spectrum to a ring with involution. Real topological Hochschild ho-
mology was also constructed in [10] as a generalization of topological Hochschild ho-
mology to the G-equivariant setting. Real topological Hochschild homology associates
an O(2)-equivariant orthogonal spectrum THR(A, D) to a ring spectrum A with anti-
involution D using a dihedral variant of Bokstedt’s model introduced in [3]. The
generalization leads to a G-equivariant version of topological cyclic homology, which
we denote TCR(A, D) and refer to as real topological cyclic homology. Hesselholt and
Madsen constructed a G-equivariant trace map from the real algebraic K-theory to
the real topological Hocschild homology, which factors through real topological cyclic
homology.

The real algebraic K-theory of spherical group rings has close connections to
the geometry of manifolds. Let M be a compact connected topological manifold
admitting a smooth structure. A topological pseudo-isotopy of M is a homeomorphism
h: M x[0,1] — M x [0, 1] which is the identity on M x [0, 1]UM x {0}. We let P(M)
be the space of such homeomorphisms and we note that there is a stabilization map
P(M) — P(M x [0, 1]) given by crossing with the identity. The stable pseudo-isotopy
space & (M) is defined as the homotopy colimit of the stabilization maps. Igusa
showed in [12], building on work by Hatcher in |7], that the inclusion P(M) — £ (M)
is k-connected if k is less than both (dim(M) —7)/2 and (dim(M) —4)/3. There is a
geometric involution on P(M) giving by “turning a pseudo-istopy upside down,” see
[8], which in turn induces an involution on & (M ). By work of Weiss and Williams [24],
there is map

e

Homeo(M)/Homeo(M) — £ (M )nc

which is at least as connected as the stabilization map by Igusa, where the left hand
space is the quotient of the space of block homeomorphisms of M by is the space of
homeomorphisms of M, and & (M), are the homotopy orbits with respect to the
involution. Thus information about the involution on the stable pseudo-isotopy yields
information about the self-homeomorphisms of the manifold. The stable psuedo-
isotopy space can be expressed in terms of Waldhausen’s algebraic K-theory of spaces.
If we let T" be the Kan loop group of M, (i.e a simplicial group such that M is weakly
equivalent to the classifying space BI') then by work of Waldhuasen [21],[22] and
Waldhausen-Rognes-Jahren [23], there is a cofibration sequence of spectra

K(S) ABTy — K(S[[]) — Z*P(M) — (K (S) ABI').
2
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The long term goal of this project is to express the equivariant stable pseudo-isotopy
space in terms of real algebraic K-theory of spherical group rings with anti-involution.
An equivariant understanding of the real topological cyclic homology will via trace
methods give information about the real algebraic K-theory and therefor yield infor-
mation about the equivariant stable pseudo-isotopy space. In this paper we consider
the basic anti-involution on the spherical group rings induced by taking inverses in
the group. In order to obtain geometric applications as indicated, it will be necessary
to consider more general anti-involutions.

We proceed to explain the content of this paper. In Section 1 we review the def-
inition of the orthogonal O(2)-spectrum THR(A, D) and we establish an equivariant
version of Bokstedt’s approximation lemma.

In Section 2 we observe that the cyclotomic structure of the classical topological
Hochschild homology spectrum is compatible with the G-action. The compatibility
is crucial, if we want a G-equivariant version of topological cyclic homology. For this
purpose we introduce the notation of an O(2)-cyclotomic spectrum, see Definition 2.6
for details. We let T denote the multiplicative group of complex numbers of modulus 1.
The group G = Gal(C/R) acts on T and O(2) is the semi-direct product O(2) = TxG.
Let

pr:0(2) = O(2)/C,

be the root isomorphism given by p,(z) = 2rC, if z € T and pr(z) =z ifz e G
and let THR(A, D)9 denote the C,-geometric fixed points. The O(2)-cyclotomic
structure is a collection of compatible O(2)-equivariant maps

T, : pi (THR(A, D)?“") — THR(A, D)

which induce weak equivalences on H-fixed points for all finite subgroups H < O(2),
when pre-composed with the canonical map from the derived C,.-geometric fixed
points.

In Section 3 we observe that the O(2)-cyclotomic structure on THR(A, D) gives
rise to G-equivariant restriction maps

R, : THR(A, D)%»" — THR(A, D)“m*,

and we define the real topological cyclic homology at a prime p as an orthogonal
G-spectrum TCR(A, D;p) by mimicking the classical definition by Bokstedt-Hsiang-
Madsen in [2]. We define a G-spectrum TRR(A, D;p) as the homotopy limit over the
R,, maps
TRR(A, D; p) := holim THR(4, D)%,
n,n

The Frobenius maps, which are inclusion of fixed points, induce a self-map of the
G-spectrum TRR(A, D;p), which we denote ¢, and the real topological cyclic homol-
ogy of (A, D) at p, TCR(A, D;p), is the homotopy equalizer of the maps

©
TRR(A, D;p) —— TRR(A4, D; p).
id

Section 4 computes the real topological Hochschild homology and the real topo-
logical cyclic homology of a spherical group ring S[I'] with anti-involution id[l'] in-
duced by taking inverses in the group. In particular, we obtain a calculation of the

3
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real topological cyclic homology of the sphere spectrum with the identity serving as
anti-involution.

In the rest of the introduction, we state our computational results for spherical
group rings. The proofs of Theorems A, B and C below can be found in Section 4.

We let BUT denote the geometric realization of the dihedral bar construction
on I'. The space BYUT is weakly equivalent to the free loop-space Map(T, BI') by
[13, Theorem 7.3.11]. It follows from [14, Section 2.1] and [20, Theorem 4.0.5] that the
weak equivalence induces isomorphism on 7 (—) for all finite subgroups H < O(2),
if we let O(2) act on the free loop space as follows: The group O(2) acts on T
by multiplication and complex conjugation. Taking inverses in the group induces a
G-action on BT and we view BI" as an O(2)-space with trivial T-action. Finally, O(2)
acts on the free loop space by the conjugation action. There are O(2)-equivariant
homeomorphisms

py: B 25 p (Bdircr> :
which under the identification with the free loop space correspond to the maps,

which take a loop to the r-fold concatenation with itself. These maps give the
O(2)-equivariant suspension spectrum of BUT" an O(2)-cyclotomic structure.

Theorem A. Let ' be a topological group. There is a map of O(2)-orthogonal spectra
| B39 BYT . — THR(S[I,id[I]),
commuting with the cyclotomic structures, which induces isomorphisms on 7T*C P (=)
and 7T*Dpn(—) for all n > 0 and all primes p.
The G-equivariant restriction maps
R,, : THR(S[],id[[])“»" — THR(S[T], id[T])

admit canonical sections, which provide a canonical isomorphism in the G-stable ho-
motopy category

o
TRR(S[T),id[T]; p) ~ [ [ H.(Cp; BT,
Jalir
where H.(C,;; BYT) is the G-equivariant Borel group homology spectrum of the sub-

oo

group C,; acting on the O(2)-spectrum ZO(Q)BdT. We have a m,-isomorphisms of
G-spectra ¢ : H.(1; BYT) 5 E%"Bdif+ given by collapsing a certain classifying space
in the construction of the homology spectrum. We let A, denote the G-equivariant
composition
BYr 2 BT BAT,

and we let E?;OBdiF:LA” =" Jenote the homotopy equalizer of XA, 4 and t.hfz iden-
tity map. We have a canonical inclusion ¢ : Q(EOGOBdiF+) — ZOGOBdiI‘ +Ap = The
inclusion and the projection

see pdip, 2, syeo pdip HH C,; BIT) 2%, HH
Jj=1 7j=1
induce the maps I and P in the theorem below, where the homotopy limit is con-

structed with respect to inclusions.

s Bdlr)

4
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Theorem B. The triangle

seg BAT A= L pOR(SIT), d[T); p) 2> holim H. (C

¢ i3 BYT)

—%(1)oe L ocoinclopr,

5 <2§Bdirfpzid”)

is distinguished in the G-stable homotopy category, where € : ¥QY — Y is the counit
of the loop-suspension adjunction.

After p-completion, a non-equivariant identification of the homotopy limit in
the triangle appears in [2], and the result generalizes immediately to the equivariant
setting. We let O(2) act on C by multiplication and complex conjugation, and on C"
by the diagonal action. We let

[e.e]
S(C®) = | J s,
n=0
where S(C"*!) denotes the unit sphere in C"*1. Then there is an isomorphism in the
G-stable category after p-completion

SHLS(C®) 4 AT B3 BTy — holim H.(C,,
jz1

5 BYT),
where X! denotes suspension with respect to the sign representation of G. More
specifically, a map of orthogonal G-spectra is an isomorphism in the G-stable category
after p-completion, if it is an isomorphism in the stable category after p-completion
on underlying spectra and derived G-fixed point spectra.

The theorem above leads to a calculation of the topological cyclic homology of
the sphere spectrum with the identity as anti-involution. We let P*°(C) := S(C*)/T
denote the infinite complex projective space with G acting by complex conjugation
and we let 21! denote suspension with respect to the sign representation of G.

Theorem C. After p-completion, there is an isomorphism in the G-stable homotopy
category

TCR(S,id; p) ~ LLIP>= (C) V'S,
where SHP> (C) denotes the homotopy fiber of the T-transfer S¥EHP>(C) — S.
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Throughout this paper, T denotes the multiplicative group of complex numbers
of modulus 1 and G is the group Gal(C/R) = {1,w} of order 2. The group G acts on
T c C and O(2) is the semi-direct product O(2) = T x G. Let C, denote the cyclic

subgroup of order r, generated by the rth root of unity ¢, := e Let D, denote
the dihedral subgroup of order 2r generated by ¢, and w. The collection {C, D, },>¢
represents all conjugacy classes of finite subgroups of O(2).

By a space we will always mean a compactly generated weak Hausdorff space and
any construction is always carried out in this category.

1. REAL TOPOLOGICAL HOCHSCHILD HOMOLOGY

A symmetric ring spectrum X is a sequence of based spaces Xg, X1,... with a
left based action of the symmetric group X, on X, and 3, X X,,-equivariant maps
Mm@ X ANS™ — Xppm. Let A be a symmetric ring spectrum with multiplication
maps finm : An AN Ay — Aptp, and unit maps 1,, : S — A,,. An anti-involution on
A is a self-map of the underlying symmetric spectrum D : A — A, such that

D?=id, D,ol,=1,,
and the following diagram commutes:

D,, A D
A, N A, —2— 8

A A Ay
ot
Ap A A
fm.n fhn,m
Anym

Xn,m

m4+n

Aern Aern .

Here ~ is the twist map and Xy m € Xp4m is the shuffle permutation

. i+m if1<i<n
X"’m(z):{ i—n ifn+l1<i<n+m.
If A is commutative, then the identity defines an anti-involution on A.

If T is a topological group, then the spherical group ring S[I'] is the symmetric
suspension spectrum of I'y. If m : I' x I' = I denotes the multiplication in I' and
1 € T is the unit, then the spherical group ring becomes a symmetric ring spectrum
with multiplication maps defined to be the compositions

TLASTAT, AS™ N b ) A gnp g™

LA S Gan)
and unit maps S™ — 'y AS™ given by z +— 1 A z. Taking inverses in the group induce
an anti-involution id[I'] on the spherical group ring, where id[I'],, : T} AS™ — 'L AS™
is given by
idl,(gAz) =g ' Az
The real topological Hochschild homology space THR(A, D) of a symmetric ring

spectrum A with anti-involution D was defined in [10, Sect. 10| as the geometric
6
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realization of a dihedral space. Before reviewing the definition, we recall the notion
of dihedral sets, and their realization.

Definition 1.1. A dihedral object in a category C is a simplicial object
X[-]: AP = C

together with dihedral structure maps tg,wy : X[k] — X|[k] such that ti“ = id,
w,% = id, and tpwg = t,;lwk. The dihedral structure maps are required to satisfy the
following relation involving the simplicial structure maps:

dywg = wg_1dg—y, SWE = w15 for 0 <1<k,
dity = tp_1dj_1, sitp = tr4+181—1 for0<i< k,
dotk = dk, Sotk = t%+18k.

We let Sets denote the category of sets and set maps and we let X[—] be a dihe-
dral object in Sets. We use Drinfeld’s realization of dihedral sets which is naturally
homeomorphic as an O(2)-space to the ordinary geometric realization of the under-
lying simplicial set with O(2)-action arising from the dihedral structure. We briefly
recall the method; see [18] and [5] for details.

Let F denote the category with objects all finite subsets of the circle and mor-
phisms set inclusions. A dihedral set X|[—| extends uniquely, up to unique isomor-
phism, to a functor X[—] : F — Sets. Given an inclusion F' C F' C T the degeneracy
maps give rise to a map sk : X[F] — X[F']. As a set

| X[-]| = ng}:n X|[F].

Given an inclusion F C F' C T the face maps give rise to a map dk : X[F'] — X[F].
These maps are used to define a topology on the colimit. Finally, the dihedral structure
maps give rise to a continuous action of the homeomorphism group Homeo(T) on
the colimit as follows. A homeomorphism A : T — T induces a functor F — F
given on objects by F' +— h(F'). The dihedral structure maps give rise to a natural
transformations ¢, : X[—] = X[—] o h. The action of h on the colimit is given as the
composition:

colim X [F] 2% colim X[h(F)] 22 colim X [F.

FeF FeF FeF
In particular, the subgroup O(2) < Homeo(T) acts on the realization. Note that
the category F is filtered, and therefore the realization, as a functor valued in Sets,
commutes with finite limits. This is also true as functors valued in Top, the category
of compactly generated weak Hausdorff spaces; e.g. [18, Corollary 1.2|. The functor
X[—] : F — Sets arising from a dihedral set is a special case of an O(2)-diagram, as
defined below, and we recall how such diagrams behave.

Definition 1.2. Let H be a group and let J be a small category with a left H-action.
An H-diagram indexed by J is a functor X : J — Sets together with a collection of
natural transformations

a={he€H|ap: X=Xoh}.
such that ae = id and (ap/)p o ap = aprp. Here (ayy)p is the natural transformation

obtained by restricting «ys along the functor h: J — J.
7
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The group H acts on the colimit of the diagram by letting h € H act as the
composition

. a . ind .
COlJlIIlX Zhy CO}]IH]X oh =y CO]JlHlX.

A natural transformation of H-diagrams indexed by J commuting with the group
action induces an H-equivariant map of colimits. Let ¢ : K — J be a functor
between small categories with H-actions, such that poh = ho¢. If (X : J — Sets, a)
is an H-diagram indexed by J, then (X o ¢ : K — Sets, ay) is an H-diagram indexed
by K and the canonical map

. ind i
co}lémX o —2 colJlmX

is H-equivariant. Finally, if J is filtered and N < H is a normal subgroup acting
trivially on J then (X : J — Sets,a’) is an H/N-diagram indexed by J and the
canonical inclusion X (j)V < X () induces an H/N-equivariant bijection

colim(X ™) =N (colimX)N.
J J

In the following, we would like to apply Drinfeld’s realization to the case of a
dihedral pointed space Y[—], but a priori Drinfeld’s description of the topology on the
realization only applies to simplical sets. We solve this problem as follows. We have
a bijection of underlying sets from the ordinary geometric realization to the colimit
as specified in [18] and [5]:

oo
( \/ Y[n] x A"/ N) ~ colimY[F].
0 FeF
The bijection is O(2)-equivariant and natural with respect to functors of dihedral
pointed spaces. We give the right hand colimit the topology which makes the above
bijection a homeomorphism. Of course, if Y'[—] is discrete, then the topology in the
description of Drinfeld’s realization makes the bijection into a homeomorphism.
When we describe dihedral spaces in this work, we will give the space X[F] at
every object F € F, for each inclusion ' C F’ C T, the maps dy : X[F] — X[F'] and
s¥ . X[F'] — X[F], and the transformations X [F] — X [h(F)] for h € Homeo(T).
We are now ready to construct to real topological homology of a ring spectrum
A with anti-involution D. First let I be the category with objects all non-negative
integers. The morphisms from i to j are all injective set maps

(1,...,i} > {1,..., 5.

The category I has a strict monoidal product + : I xI — I given on objects by addition
and on morphisms by concatenation. We note that the initial object 0 € Ob([) is
the identity for the monoidal product. Given an object ¢ let w; : i — ¢ denote the
involution given by
wi(s)=i—s+1,
and we define the conjugate of a morphism « : 7 — j by ¥ :=w;joao wi_l.
8
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Let F' C F’ be finite subsets of the circle. We define sgl IF = 17 on objects
by (iz)zer = (i) 2repr Where

i = iy ifZeF
Z71 0 ifd¢F
Hence the functor repeats the initial object 0 € I as pictured in the example:

iQ Z‘2

This also defines the functor on morphisms, since 0 is the initial object in 1.
In order to define d? . I — IF we introduce to following notation. Given
z=e¥5 ¢ F let 5 =max;{s <t <1+s|e*™ € F}. Then we set

Arc, == {e¥™ |5<t<1+s}CT,

hence Arc, is the circle arc starting from the first element clockwise of z and ending
at z. We define d?l : I = I*¥ on objects by (iy) e — (iz)2er Where

iz = § iz’a
z'€Arc,

and similarly on morphisms. Hence the functor adds together the objects counter
clockwise around the circle and concatenate morphisms, as pictured in the example:

i3 ‘ 12 + 13
12

4 21 — 14 15 + 11

i5

Given a pointed left O(2)-space, we define a dihedral space THR(A, D; X)[—]. Let
F C T be finite and define a functor Gf( : I — Top, on objects by

G5 ((i2)zer) = Map ( J\ $%, \ 4 A X).
2€F z€F

We define G on morphisms in the case |F| = 1, the general case is similar. Let
« : 1 — j be a morphism in I. We write a as a composite a = o o ¢, where

ci {1 o {1 )
9
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is the standard inclusion and o € ;. The map G% () is the composite

Map(S?, A; A X) Map(S7, A; A X)
~ e .
SITIN(-) (Aj—iiAid)o(—) Map(o~1,0Aid)
ST o~
Map(S77* A S, ST AN Ay A X) Map(S7, A; A X),

which is independent of choice of o, since \;; is ¥; x ¥; - equivariant. We set

THR(A, D; X)[F] := hocolim G
1

Let F C F’. We define the map THR(A, D; X)[F] — THR(A, D; X)[F'] by first
defining a natural transformation of functors (s’)? : GE = G? o sg. At an object
(i).er € I¥ the natural transformation

Map ( /\ Sz /\ A, /\X) — Map( /\ S /\ Ai, /\X)
z€F z€F 2 EF 2 EF

uses the identity map 1o : S® — Ay. We let sf;/ be the composition

/ ind g/
. (s")p . ' 1 sE . '
hocolim G5 — hocolim G o st — hocolim G .
IF IF IF

We define the map THR(A, D; X)[F'] — THR(A, D; X)[F] by first defining a natural
transformation of functors (d')5 : GX = G% odE . At an object (i.).epr € IF the
natural transformation

Map( /\ S /\ Aiz,/\X> —>Map(/\ Stz /\A,;z/\X>

Z'eF’ z'eF’ zEF z€F
uses the multiplication maps in A. We let df::/ be the composition

, (d jal , ind yall
hocolim G % hocolim G% o df — hocolim G%.
IF' IF IF
Finally, we describe the action of Homeo(T). We restrict our attention to the subgroup
O(2) and describe the transformations induced by ¢t € T and complex conjugation
w € G. We define functors tp : I¥ — I'F) and wp : IF — [¥F) on objects and

morphisms by:
tp i (iz)zer = (Z.tfl(y))yet(F)a (Q2)zer = (O‘tfl(y))yet(F)a
WF - (iz)ZEF = (Z.wfl(y))yEw(F)a (az)ZEF = (azfl(y))yEw(F)-

Let w; € 3; be the permutaion given by w;(s) = ¢ — s + 1. We define the natural
transformations

o GE = G otp, wh G = G4 owp,
10
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to be the natural transformations which at (i,),er € Ob(I') are the unique maps

making the diagrams

)\ 5"

g N A A X

zeF

|

zeF

B,—1 t/ qg .
/\ Sh=1(y) 7(9) /\ Azfl(y) AX
yEL(F) yEL(F)
and
/\ 5% 9 N\ Ai. A X
z€F z€F
A Wiz[ J A _D;, ow;, ANid
z€F z€F
)\ 5 N\ Ai. A X
zeF zeF

/\ Slo—1(y)

|

wr(9) /\ A . AX
wTH(y)

yew(rF)

yew(F)

commute. The unlabelled vertical maps are appropriate permutations of the smash
factors. More precisely, given families of pointed spaces { X} }rerx and {X;}jes, then
a set bijection ¢ : K — J together with a collection of pointed maps ¢y : X — Xy
induces a map of indexed smash products

/\ X — /\ X, (Th)rer — (¢¢*1(j)(x¢*1(j)))jej.
ke K jeJ

In the case at hand, the space maps are all identity maps and the set bijections

t(F) = F, F = t(F), w(F) — F and F — w(F) are given by t~! t w™! and w,

respectively. The natural transformations are given at F' € F as the compositions
(F) t(F)

. F tlF . t inth .
tr : hocolim G’y — hocolim G’y ’ otp — hocolim G’y 7,
Ir IF TEE)
. w) . F indy .
WEg . hocc;hm Gf( = hoc:(l):hm Gu))(( ) o wp — hocolim G
I I

w(F)
G e

We have now defined a dihedral space and we let THR(A, D; X) be the realization
THR(A, D; X) = colim THR(A, D; X)[F]
€

with the topology given by identifying the colimit with the ordinary geometric real-
ization. The space THR(A, D; X) is in fact an O(2) x O(2)-space, where the action
by the first factor comes from the dihedral structure and the action by the second
factor comes from the O(2)-action on X. We are interested in THR(A, D) with the
diagonal O(2)-action.

11
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1.1. Fixed points. Let A : O(2) — O(2) x O(2) be the diagonal map. We wish to
study the O(2)/C,-space (A* THR(A, D; X))°". The image A(C,) is not normal in
O(2) x O(2), but it is normal in A(O(2)), hence we consider THR(A, D; X)*(C) as
an A(O(2))/A(Cr)-space.

Let C,F denote the full subcategory of F with objects C,. - F' for F' € Ob(F).
This subcategory is both cofinal and stable under the group action, and therefore the
inclusion i : C;F — F induces a bijection of A(O(2))/A(C;)-sets:

. A(Cr) ind; . A(Cr)
(co}_;mTHR(A,D;X)[F]) dndi (cg}yr__nTHR(A,D;X)[CT : F])

This is in fact a homeomorphism, since the corresponding map on classical geometric
realizations is the homeomorphism from the realization of the r-subdivided simplicial
space to the realization of the simplicial space itself. Since the Cy.-action on the
indexing category is trivial, the inclusion

THR(A, D; X)[C,. - F]*() — THR(A, D; X)[C, - F]
induces an A(O(2))/A(C))-bijection

‘ ACY A
(cghjxrnTHR(A,D;X)[Cr-F]) & colim THR(4, D; X)[C; - F]A(.

This is likewise a homeomorphism, since it corresponds to commuting the classical
geometric realization and C.-fixed points of a Cj.-simplicial space, which commutes
by |16, Corollary 11.6].

Note that

. C,-F _ CpF e
THR(4, D; X)[C; - F| = hocolim G5 = ‘[k] =\ G )|
g,
The A(C;)-action on the homotopy colimit is simplicial and generated by a simplicial

map which we now describe. Let ¢, := et € T and recall that we constructed a
functor (t,)c,.r : I — I¢F and a natural transformation

to p G%'F = G?{'F otc,.F.
The t.-action on X gives rise to a natural transformation
Xi, : G ot r = GUF o (t)e, r.

The A(C))-action is generated by the simplicial map, which takes the summand in-

dexed by iy — -+ — i, to the one indexed by (t;)c,.r(ig) — -+ — (tr)c,.r (i)
via

F,. () ey . . X, . .
(1) GY (i) == G o (tr)o,rlin) = G o (tr)c, r(ip)-

If a k-simplex is fixed, then it must belong to a wedge summand whose index consists
of objects and morphisms in I which are fixed by (¢,)¢,.r. This is exactly the
image of the diagonal functor

DNy 19T 5 1O F - (iz)zec, my0, — (i2) 20, F,

which is defined similarly on morphism and where Z denotes the orbit of z € C,. - F.
The natural transformation (1) restricts to a natural transformation from G)C{'F oA,

to itself, hence C acts on G?{'F o/\, through natural transformations. Since geometric
12
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realization commutes with finite limits by [16, Corollary 11.6], we obtain the following
lemma:

Lemma 1.3. The canonical map induces a homeomorphism of non-equivariant spaces:

Cr ~ Cr
hocolim (GC RN > — (hocolim G%’F) .

ICr: F/Cyr JCr-F

Furthermore, the maps assemble into an isomorphism of A(O(2))/A(Cy)-diagrams
C,F — Top,.

Next, we consider the non-equivariant fixed point space THR(A, D; X )A(D ). Let
D, F denote the full subcategory with objects D, - F for F' € Ob(F). For convenience
we restrict further to the cofinal subcategory D, F, consisting of objects of D, F con-

taining 1 and tq9, :=¢€ 3¢ . There is a canonical homeomorphism constructed as above

o & colim THR(A, D; X)[D, - F]~(P).

Yk

( colim THR(4, D; X) [F])
Note that
THR(A, D; X)[D, - F] = hocolim G = ‘[km \/ G|

IDrF . ,

g
The A(D,)-action on the homotopy colimit is simplicial and generated by two sim-
plicial maps, which we now describe. The first map takes the summand indexed by

ig — -+ — i, to the one indexed by wp,.r(iy) = -+ — wp,.r (i) via

Fy. WD, : ' : .
(2) GR (i) == GR T o wp, p(ig) == G o wp, k().

The second map takes the summand indexed by ¢y, — --- — ;. to the one indexed by
(tr)p,F(ig) = -+ = (t)p,-r (i) via

t . . X, . .
3) G T(ig) L 6B o (1) p(ig) X G2 o (), (ig)-

If a k-simplex is fixed, then it must belong to a wedge summand whose index consists
of objects and morphisms in I”"¥ which are fixed by the D,-action. In order to
describe such objects and morphisms, we note that a fundamental domain for the
D,-action on T is given by

Fp, ={e*™ | 0<t<1/2r} CT.

G- w(z)

Let z be in the interior of the circle arc Fp,. Then z := D, -z = C, - 2
1=Cr-w(l) and

while the orbits of the endpoints 1 and to, are of the form 1 = C
to, = Cy - to, =C; - w(tQT)-

The objects of 1”7 are permuted by the generators, while the morphisms are
permuted by ¢, and both permuted and conjugated by w. Let I¢ denote the subcat-
egory of I with the same objects and all morphisms « which satisfies % = . Define
a functor

A (I6){LEr} ¢ [DrF/D\{LE2r} _, [DreF

on objects by

AL((iz)zep,-F/D,) = (iz)zeD,-F
13
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and on morphisms by

A5((042)26D,.F/D,) = (az)zep,-F,
where
a:{ ay ifzeC -y
z (o) ifzeC-w(y),
and y € Fp,. Then a fixed k-simplex must have an index which consist of elements
and morphisms in the image of Af.
To clarify the “diagonal” functor A, we draw an example of the functor

NS (16)(16}  [PaF/Ds\{Tf6} _, [DaF
on a tuple of morphisms. In the picture below D3 - F' is the subset consisting of all

the points on the right hand circle, and the points of the left hand circle are orbit
representatives.

The natural transformations (2) and (3) restrict to transformations from the func-
tor GErF o A¢ to itself, hence D, acts on GE*F o A¢ trough natural transformation.
To ease notation we set [PrF/DPr .= [PrF/Dr\{Liar} 1 ikewise, we omit the over-lines
on the orbits 1 and ¢3,.. We obtain the following lemma:

Lemma 1.4. The canonical map induces a homeomorphism:

Dy
hocolim (GRF o A9)Pr = [ hocolimGR- P ) .
(1G){1st2r} 5 [DrF/ Dy I1Dr F

Furthermore, the maps assemble into an isomorphism of functors D,F, — Top,.

Remark 1.5. We describe the D,-action on

GPrF o A°(3) = Map ( A 57 N\ A X)
zeD,-F ze€D,-F

at an object ¢ € Ob ((IG){l’tQ'“} X IDT'F/D;) arising from the natural transformations
(2) and (3). The spaces

/\ S and /\ A NX
z€D,-F ze€D,-F
are themselves D, -spaces. On the left hand side, the generator ¢, permutes the smash
factors and the generator w permutes the smash factors, then acts by w; € ¥; factor-
wise. On the right hand side the generator ¢, permutes the smash factors and acts

on X, and the generator w permutes the smash factors, then acts by w; € ¥; and the
14
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anti-involution D factor-wise and acts on X. The D,-action on the mapping space is
by conjugation.

1.2. Equivariant Approximation Lemma. In this section we consider the functor
GF .= Ggo for simplicity. The approximation lemma proven below also holds if S°
is replaced by SV for any finite dimensional real orthogonal O(2)-representation V.
Bokstedt’s Approximation Lemma states that the canonical inclusion

GF (i) — hocolim e
I

can be made as connected as desired by choosing ¢ coordinate-wise big enough under
some connectivity conditions on A. Dotto proves in [4] a G-equivariant version of
the approximation lemma under some restricted connectivity conditions on (A4, D).
We use the same connectivity conditions and extend the result to a D,-equivariant
version. For an integer n, we let [5| denote the ceiling of §. Throughout this rest of
this paper we make the following connectivity assumptions on (A, D), which hold for
(SITY, id[T):

Assumptions 1.6. Let (A, D) be a symmetric ring spectrum with anti-involution.
We assume that A, is (n — 1)-connected and that the fixed points space (A, )" is
([%} — 1)—Connected. Here w,, € %, is the permutation that reverses the order of the
elements and D,, : A,, — A, is the anti-involution in level n. Furthermore, we assume
that there exists a constant € > 0, such that the structure map Ay, : ApAS™ = A,
is (2n + m — €)-connected as a map on non-equivariant spaces and the restriction of
the structure map Ay, : AP A (S™)9m — (Apg ) Prrme@nxem) 5o (4 (5] —€)-
connected.

Before we state the Equivariant Approximation Lemma, we introduce some no-
tation. Let f : Z — Y be a map of pointed left H-spaces, where H denotes a compact
Lie group. We call f n-connected respectively a weak-H-equivalence if f& : ZK — YK
is n-connected respectively a weak equivalence for all closed subgroups K < H. For
a natural number N € N and i € Ob(IF) we say that i > N if i, > N for all z € F.
We define a partial order on the set Ob(I¥) by declaring (i).er < (j).er if i, < 5.
for all z € F. Given a partially ordered set J we say that a map A : J — N tends to
infinity on J if for all N € N there is a jy € J such that A(j) > N for all j > jn.

Proposition 1.7 (Equivariant Approximation Lemma). Let (A, D) be a symmetric
ring spectrum with anti-involution satisfying Assumptions 1.6. Let F' be a finite subset
of the circle. For part (ii) assume further that 1,te,. € D, - F. For part (iii) assume
further that 1,t4, € Do, - F'. Then the following holds:

1 Given n > 0, there exists N > 0 such that the Cp.-equivariant inclusion

G F o A, (i) < hocolim GO F
JCr-F
is n-connected for all i € Ob(I¢"F/Cr) such thati > N.
1 Let v be odd. Given n > 0, there exists N > 0 such that the D,-equivariant
incluston
GPrT o N¢(i) < hocolim GPr T
IDr-F

is n-connected for all i € Ob ((IG){M?T} X ID’“’F/DT_) such that i > N.
15
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1t Let v be even. Given n > 0, there exists N > 0 such that the Do.-equivariant

inclusion
GP2F o NS (i) — hocolim GP2r ¥
[D2r F
is m-connected for all i € Ob ((IG){U‘”} x IP2rF/Ds) such that i > N, when
considered as a map of D,-spaces.

The reason that we distinguish between r even and r odd is because the conjugacy
classes of subgroups of D, behave differently in the two cases. Recall that if s divides
r, then Dy denotes the dihedral subgroup of order 2s generated by the rotation ¢, € T
and complex conjugation w € G. If r is odd, then the collection {Cs, Ds} |, represents
all conjugacy classes of subgroups in D,.. If r is even, then D, contains 2 conjugacy
classes of dihedral subgroups of order 2s, represented by

Dy = {ts,w), D.= (ts,t,w).

Hence the collection {Cj, D, D;}SV represents all conjugacy classes of subgroups in
D,., when r is even. The subgroups D, and D’ become conjugate when considered as
subgroups of the bigger group Ds;..

The result depends on the categories I and I¢ being good indexing categories
and on the connectivity of the functor GI". Part (i) is proven in [2]. Part (ii) is proven
in the case r = 1 in [4, Prop. 4.3.2]. We prove part (ii) and (iii) below.

Definition 1.8. A good indexing category is a triple (/J, J, ) where J is a small
category, J C J is a full subcategory and p = {u; : J — J}jeOb(j) is a family of
functors. The data is required to satisfy that for every j € Ob(J), there exists a
natural transformation U :id = pu; such that p;j o U = U o p;.

Let I, denote the full subcategory of I with objects the even non-negative inte-
gers. For j € Ob(ley) let pj : I — I denote the functor

. J LT . .
pi@)=5+it+g,  pila)=id; +a+id;.
There is a natural transformation U : id = p; defined by the middle inclusion. The
triple (I, Ioy, i) is a good indexing category and the structure restricts to I¢. In [4,

Lemma 4.3.8| the following lemma is proved:

Lemma 1.9. Let (J, J,u) be a good indexing category with initial object 0 € Ob(.J)

such that p1;(0) = j for all j € Ob(J). Let X : J — Top, be a functor. If for

Jj € Ob(J)
X(7) = X(1(0)) = X (u;(2)),
induced by 0 — i is n-connected for all i € Ob(J), then the canonical map

X(j) — hocglimX
s n-connected.
Proof of part (ii). We let j € Ob ((I¢){t2r} x [P-F/Dr) and consider the inclusion
1 GPrF o AC(5) — h(;ggl}m GPF,
We must show that the connectivity of the induced map on H-fixed points tends to

infinity with j for H € {Cs, Ds}. It suffices by part (i) to prove that the connectivity
16
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on D,-fixed points tends to infinity with j. Indeed, if s-¢t =r, then D, - F = D, - F’
and D, - F = C, - F" for finite subsets F', F” C T, and

GP o AL(j) = GP T o (7, GP T o 5(5) = G o A (57).

for some j' € Ob ((I&){1t2s} 5 [P=F"/Ds7) and j” € Ob(I% /) both of which tend
to infinity with j.
By Lemma 1.4 the restriction of ¢; to D,-fixed points is equal to the inclusion

(GPrFone(i)” < hocolim  (GPrF o Ag)”

(1G){Lt2r}  [DrF/ Dy

Assume first that j is coordinate-wise even. We let i € Ob ((IG){M?T} X ID’“'F/DT_)
and define the map A to be the composite

A 2Tz

AN An N\ S=S N AASE s N A

zeDy-F z€D-F z€D,-F z€D,-F

If we give the domain the diagonal D,-action and we let D, act on the target as
described in Remark 1.5 but using the permutations wj_ x w;_ instead of wj_1;_, then
A is D,-equivariant. The D,-map GP7F o A(1;(0)) — GPF o A(u;(i)) induced by
the morphisms 0 — ¢ is equal to the composite:

Map( /\ Sz, /\ A]Z)
z2€D,-F z€D,-F
l(_)/\(/\zEDT'FSiE)
A sEA N sEN Ann N\ sE)
z€D,-F z€D,-F 2€Dy-F z€D,-F
|
Map( /\ SjEJri?a /\ Ajz-l—iz)

z€D,-F z€D,-F
lMap(/\agl,/\ag)

/\ S, /\ Ajz-i-iz)a

ZEDT'F ZGDT'F

where az = id;_j X §;_s2;. € Xj 44z The first map is induced by the adjunction unit,

A An-Map (A SEON STAN 4,

z€D,p-F z€D,-F z€D,-F 2€D,-F

followed by the adjunction homeomorphism and a twist homeomorphism. We use

the Equivariant Suspension Theorem A.3 to estimate its connectivity. If s | r and

we set A := A\_cp pAj., then we have homeomorphisms induced by the appropriate
17
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diagonal maps and connectivity estimates following from Assumptions 1.6:

A% = (g n A, n (N Aj?)m) e
zeD,F/D,

r/. . .
conn(A%) > B <]1 + Jto, + Z 23;) -1,
zeD,F/D,

ADS gAleow/\Aﬁi:J/\ (Aj1 A A )/\% /\( /\ Ajz)/\gv

Jton
zeD,F/D,

ror. . .
conn(APs) > £<31 + Jtor + Z 2];) -1
zZe€D.F/D;

By the Equivariant Suspension Theorem A.3 and Lemma A.1 wee see that
conn(n®s) > &(7'1 + Jto, + Z 2jf) -1
- S 27 z )
zeD,F/D,

/. . .
Conn(nDs) Z g <]1 +jt2'r + Z 2.]5) — 17
zeD,F/D,
Dy < J1 | Jtar .
conn((n*)"") = ot T Z Jz
zeD,.F/Dy

The connectivity of A on fixed points follows from Assumptions 1.6:

conn(A%*) > min(j) + " (jl + 91+ Jtg, T ity + Z 2(jz + zz)) —1—k¢,
zeD,F/D;
ALY > min’ (i «E{EW&P&W PSS i ‘
conn(A7*) > min'(j) + 5 + | 5| + 55+ | 55|+ 5 U i+ i+,
r . .
+;( Z jz—i-lg)—l—e,
zeD,F/D;y

where min(j) = min{jz | Z € D, F/D,} and min’(j) = min{%, jt22r ,jz | Z € D,F/D,}.
By Lemma A.1 conn((A*)P7) > min/(j) — 1 — e. Hence by Lemma 1.9 there exists

N € N such that the map

(GDT'F o Aﬁ(j))DT — hocolim (GD’“F o A?)DT

(1G){1st2r} 5 [ Dr-F/ Dy

is n-connected if j is coordinate-wise even and bigger than N.
Let N := N + 1. Finally let i € Ob ((IG){I’QT} X IDT'F/DT_) and assume that
1 > N. If i is coordinate-wise even, then we have already seen that the inclusion
into the homotopy colimit is n-connected. If ¢ is not coordinate-wise even then write
i =1 +j', where ¢ is the coordinate-wise even element given by subtracting 1 from
all the odd coordinates of 7. The unique map 0 — 5’ induces the horizontal map in
the homotopy commutative diagram below:
18
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(GPF o Ae(i))™” (GPF o AC(i))""
hocolim (GDTF o Ai)DT .

(IG){Lit2r} x [DrF/ Dy

Since i’ > N, the horizontal map and the left hand diagonal map are n-connected as
proven above, hence so is the right hand diagonal map as desired. O

Proof of part (iii). We let 57 € Ob ((IG){L“T} x IP2rF/D2r) and consider the Da,-
equivariant inclusion
GP2F o A (j) < hocolim GP2 T
ID2T>F

We want to show that the connectivity on H-fixed points tends to infinity with j for
H e {Cs, DS,D;}S‘T. The subgroups D and D’ are conjugate inside Ds,, hence we
can reduce to checking connectivity on the H-fixed points for H € {Cs, Ds}) and
complete the proof as above. O

Before we conclude this section, we state the following useful lemma, which can
be found in [4, Lemma 4.3.7].

Lemma 1.10. Let (J,J,u) be a good indexing category, let X,Y : J — Top, be
functors, and let ® : X = Y be a natural transformation. Suppose that for all
J € Ob(J) the map ®; : X(j) — Y (j) is A(j)-connected for a map X : Ob(J) — N
that tends to infinity on Ob(J). In this situation, the induced map on homotopy
colimits

D hOC(J)]imX — hocglimY

is a weak equivalence.

2. THE CYCLOTOMIC STRUCTURE OF THR(A, D)

The space THR(A, D; S°) is the Oth space of a fibrant orthogonal O(2)-spectrum
in the model structure based on the family of finite subgroups of O(2), see Proposition
2.5, and furthermore the spectrum is cyclotomic. Before we establish these results,
we briefly recall the category of equivariant orthogonal spectra and the fixed points
functors.

We let H denote a compact Lie group. By an H-representation, we will mean a
finite dimensional real inner product space on which H acts by linear isometries. We
will work in the category of orthogonal H-spectra, defined as diagram H-spaces as
in [15, Chapter I11.4]. Let (HTop,, A, SY) denote the symmetric monoidal category of
based H-spaces and continuous based H-equivariant maps. The collection of all H-
spaces together with all based maps gives rise to a category enriched in (H Top,, A, S°),
which we denote 9.

We fix a complete H-universe Y. If V' and W are H-representations in U, then
L(V,W) denotes the H-space of linear isometries from V to W with H-action by
conjugation. The H-bundle E(V,W) is the sub-bundle of the product H-bundle
L(V,W) x W — W consisting of those pairs («, w) such that w is in the orthogonal
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complement W —a(V'). Let #Zy(V, W) be the Thom H-space of E(V,W). We define
composition

o: V', V"yx gu(V,V') = Zu(V,V")
by (B,y) o (a,z) = (Boa,B(z) +y). The point (idy,0) € £ (V,V) is the identity
morphism. Let #Y be the category enriched over (H Top,, A, S°) with objects all finite
dimensional H-representation V' C U and morphisms the Thom H-spaces #Zg(V,W).

Definition 2.1. An orthogonal H-spectrum indexed on I/ is an enriched functor
X: g4 — .

A morphism of orthogonal H-spectra indexed on U is an enriched natural transfor-
mation. Let H Sp8 denote the category of orthogonal H-spectra indexed on U.

Let X be an orthogonal H-spectrum. For a closed subgroup K < H and a

non-negative integer ¢ the homotopy groups of X are given as follows:

¥ (X) = colim QY X(V)), E(X)= Joolim QR x ().

The morphisms of H-spectra inducing isomorphism on all homotopy groups are re-
ferred to as me-isomorphisms. These are the weak equivalences in the stable model
structure on orthogonal H-spectra indexed on U given in [15, Chapter III, 4.1,4.2].
Throughout this paper, we let j; : X — Xy denote a fibrant replacement functor in the
stable model structure, such that j; is an acyclic cofibration, and we let j¢: X¢ — X
denote a cofibrant replacement functor in the stable model structure such that ;¢ is
an acyclic fibration.

Let S be a family of subgroups of H, that is S is a collection of subgroups closed
under taking subgroups and conjugates. We say that a morphism of orthogonal H-
spectra indexed on U is an S-equivalence if it induces isomorphisms on ﬂf (—) for all
subgroups K € § and all ¢ € Z. The S-equivalences constitutes the weak equivalences
in the S-model structure, see [15, Chapter IV.6].

2.1. Pointset fixed point functors. Let K < H be a closed subgroup. If I/ is a
complete H-universe, then UX is a complete N (K)/K-universe. There are two fixed
point functors which take an orthogonal H-spectrum indexed on U and produce an
orthogonal N(K)/K-spectrum indexed on UX. We recall the fixed point functors in
case of a normal subgroup N, see [15, Chapter V.4] for details.

We define a category ¢ }i N With the same objects as ¢ }LI’ . The morphism spaces
are the H/N-spaces of N-fixed points

u _ guU N
AanV.W) = Zg(V,W)™.
The composition and identity restrict appropriately making ¢ g N into a category

enriched over (H/NTop,, A, S°). Taking N-fixed points levelwise takes an orthogonal
H-spectrum X and produces a functor enriched over (H/NTop,, A, S%):

We have two enriched functors comparing the categories #H  and ¢ IZ;’;VN:

uv v u ¢ un
N = an = N
20
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The functor v takes an H/N-representation V' to the H-representation ¢*V', where ¢ :
H — H/N is the quotient homomorphism. The functor ¢ sends an H-representation
V to the H/N-representation VN and it sends a morphism (a, ) to the fixpoints
morphism (o, z). The functors ¢ and v induces forgetful functors

N
Ug : FunH/NTop*(/IZ}{/Nv TH/N) — FunH/NTop*(fIZ—/I{,Na THIN),

Uy : Fung/nrop, (flzj,Nv THN) — FUHH/NTop*(/IL{{;VNv THIN),

where Fung/n1op, (—, —) is the category of functors enriched in (H/NTop,, A, SY) and
enriched natural tranformations. Note that ¢ o v = id, hence U, o Uy = id. Enriched
left Kan extension along ¢ gives an enriched functor

N
Py : FunH/NTop*(fIZ;T{,Na Th/N) — FunH/NTop*(j]Z;r{/Na THIN),
which is left adjoint to Uy.

Definition 2.2. The fixed point functor is the composite functor
(—)N :==U, oFix" : HSpy) — H/NSpj)x.

We note that X (V) = X (¢*V)¥ for a H/N-representation V. The fixed point
functor preserves fibrations, acyclic fibrations and m,-isomorphisms between fibrant
objects, see [15, Chapter V, Prop. 3.4].

Definition 2.3. The geometric fixed point functor is the composite
(—)9 := Py o Fix" : HSpy) — H/NSpjx.

The geometric fixed point functor preserves cofibrations, acyclic cofibrations, and
Te-isomorphisms between cofibrant objects, see [15, Chapter V, Prop. 4.5].

Let 7 : id — Uy Py denote the unit of the adjunction (Pyg, Ug). We have a natural
transformation of fixed point functors v : XV — X9V given as

U,(7) : U, (Fix™N (X)) — U, Uy Py (Fix (X)) = Py(Fix" (X)).
2.2. The orthogonal spectrum THR(A, D). We fix a complete O(2)-universe

u=(P@Pcm) D (DD cmecin).
a>0n>0 a>0n>0
Here C(n) := C with T-action given by z -2 = 2"x for z € T and x € C. On the
left hand side C(n) is the O(2)-representation with w acting by complex conjugation.
On the right hand side C(n) @ C(—n) is the O(2)-representation with w acting by
w(z,y) = (y,z). We see that
* Cr (C(%) if r ’ n
prC(n) ™" = { 0 otherwise,

and

p; (C(n) & C(—n))" = { cie C(_%()) ioftfle‘r:/ise.

It follows that

e =(@ @ c(0))O(@ @ c(f)=c(-))
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We let f. : U — p*UC" be the O(2)-equivariant homeomorphism given by mapping
the summand C(n) indexed by (o, n) in U to the summand C(n) indexed by (a,rn)
in p*U% and by mapping the summand C(n) @ C(—n) indexed by (a, n) in U to the
summand C(n) @ C(—n) indexed by (a,rn) in piU".

Let X and Y be pointed O(2)-spaces. We define a natural transformation of
functors GE AY = GL .y from IF to Top, by (f,y) — f, where f(t) = f(t) Ay. We
compose the induced map on colimits with the canonical homeomorphism commuting
the functor that smashes with a fixed pointed O(2)-space and the homotopy colimit
functor to obtain maps

. F = . F . a
<h0(}(;hm GX) NY — ho%(}hm(GX ANY) — ho%)?hm Gxny-
Since these maps commute with the dihedral structure maps and the O(2)-action on
X and Y, we obtain an O(2)-equivariant map

oxy : A (THR(A,D; X)) ANY — A*THR(A,D; X AY),
where A : O(2) — O(2) x O(2) denotes the diagonal map and O(2) acts diagonally
on the domain.
Definition 2.4. Let V C U be an O(2)-representation. Let
THR(A, D)(V) = A* THR(A, D; SV).
The group O(V) acts on THR(A, D)(V) through the action on the sphere SV'. The
family of O(V') x O(2)-spaces THR(A, D)(V') together with the structure maps
ovw = ogv gw : THR(A, D)(V) A SV — THR(A, D)(V & W),

defines an orthogonal O(2)-spectrum indexed on U, which is denoted THR(A, D).

It follows from [15, Chapter II, Theorem 4.3 | that the data above defines an
O(2)-spectrum in sense if Definition 2.1 given earlier. The following result extends

the classical result for the T-spectrum THH(A); see |9, Prop. 1.4|. Let .7 denote the
family of finite subgroups of O(2).

Proposition 2.5. Let H < O(2) be a finite subgroup. For all finite dimensional
O(2)-representations V. C W' the adjoint of the structure map

Gvw_v : THR(A, D)(V) — QW =V THR(A, D)(W)

induces a weak equivalence on H-fized points. In other words, THR(A, D) is fibrant
in the F-model structure.

Proof. It suffices to prove the statement for H € {C,, D, },>0. The case H = C, is
done in [9, Prop. 1.4]. We assume for convenience that V' = 0, the general case is
analogous.

Assume H = D, with r odd. Let i € Ob ((I€)ht2r} x [PrF/De) We introduce
the notation

GPIPr o pe(i) o S = Map (/8% ASY (N Ai)AST).
z€Dy-F z€D,-F
The domain and target are given the diagonal O(2)-action and the action on the

mapping space is by conjugation. The map ¢ becomes the top row in the commutative

diagram below, when we restrict to the cofinal subcategory D, F..
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D, ~ D,
. . o . . .
(cohm hocolim GPr ¥ ) (QW (cohm hocolim G?&VF>>

rf* IDT‘F rJ % ID’"F

~Y DT
E

D,
<colim Q" hocolim GQ‘Q}F )

Dr]:* [DrF

>~ A ~ [ can

D,
colim hocolim QW GD&,'F
Dy Fe  IDrF S

~|a

*\ D,
colim hocolim (GPF o Aﬁ)DT (") colim hocolim (GP¥/Pr o A¢(7) @ SW)Pr
Dy Fu I ~ D, F. I

where T := (I¢){bt2r} 5 [PrF/Dr - The maps labelled A are homeomorphisms by
Lemma 1.4. The bottom map is induced from the adjunction unit

n: N\ Ao Map(S7, A A\ AL
2z€EDo,-F 2€D2,-F

followed by a homeomorphism. The connectivity of (n*)Pr can be estimated using the
equivariant suspension Theorem A.3 and Lemma A.1:

COHH((U*)”)Z%]+V?]+ S

zeD,F/D;y

Since the connectivity tends to infinity with ¢, the induced map on homotopy colimits
is a weak equivalence by Lemma 1.10. A similar argument shows that can is a weak
equivalence. Finally v is a weak equivalence by [9, Lemma 1.4].

The case H = D, with r even, can be done analogously by restricting to the
cofinal subcategory Da,F, compare Lemma 1.7 part (iii). O

2.3. The cyclotomic structure. The T-spectrum underlying THR(A, D) is cyclo-
tomic; see [9, Def. 1.2, Prop. 1.5]. We prove that the cyclotomic structure is com-
patible with the G-action. For this purpose, we introduce the notation of an O(2)-
cyclotomic spectrum. Let

pr:0(2) = 0(2)/C,

be the root isomorphism given by p,(z) = Z%Cr if z€ T and p.(x) =z if x € G. The
isomorphism p, induces isomorphisms of enriched categories

UCr o~ prUCr . =
For: Fo@ye. = S - T Jowye, = To):

The isomorphism of universes f, : U — p*U®" defined earlier induces an isomorphism
of enriched categories

= UCT
Jr+ IO = S
23
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If Y is a O(2)/C,-spectrum indexed on 4", then we let p*Y be the O(2)-spectrum
indexed on U given by the composition

-1
fr iUC’T ‘ji Cr Y yi
8@ T Iy = Fo@)e, — Jowye, = Jog).
@

Definition 2.6. An O(2)-cyclotomic spectrum is an orthogonal O(2)-spectrum X
together with maps of orthogonal O(2)-spectra for all r» > 0,

T, : pi(X99) = X,
such that the composite from the derived geometric fixed point functor
pRX)IO =5 pr(X9) 5 X

is an %-equivalence, where the first map is induced by the cofibrant replacement
j¢: X¢ —» X. Furthermore we require that for all s, > 1 the following diagram
commutes:

C
. P (TF)
Prs(X9)

P((pr(X99))9%) PEXIC)

T,

pr(X9CT) X.

“((o*( X 9CsY))9Cr
AU — e I

The geometric fixed point functor X9¢" is defined as a left Kan extension via

Cr
¢ Ioc, = Lopyc, V)=V,

of the functor Fix®" X. To construct cyclotomic structure maps it therefore suffices
to construct O(2)-equivariant maps

T, : pp(X(V)9) = X (pp(V)),

for each representation V' satisfying certain compatibility conditions to ensure com-
mutativity of the diagram above; compare |9, Lemma 1.2].

Example 2.7. The O(2)-equivariant sphere spectrum S is an O(2)-cyclotomic spec-
trum with structure maps arising from the homeomorphisms: pi((SV)) — S pr(VE),

Both in the next example and in the construction of the cyclotomic structure map
for THR(A, D), we will need to pull back the group action on a diagram along a group
homomorphism. Let g : K — H be a group homomorphism. Let (X : J — Sets, «)
be a H-diagram indexed by J. Let ¢g*J denote the category J with K-action defined
by k :=g(k) : J — J. We have natural transformations

grag = oyt X = X og(k).
This gives a K-diagram indexed by ¢g*J and there is a unique isomorphism of K-sets:
colim ¢g* X = ¢g*(colim X).
g*J J
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Example 2.8. Let I' be a topological group. The geometric realization of the dihedral
bar construction on T'is an O(2)-space which we denote BYUT". As explained in the
introduction, there is an .Z-equivalence from BYT to the free loop space on the
classifying space, Map(T, BI"), if we give the free loop space an O(2)-action as follows:
The group O(2) acts on T by multiplication and complex cojugation. Taking inverses
in the group induces a G-action on BI', and we view BI" as an O(2)-space with trivial
T-action. We let O(2) act on the free loop space by the conjugation action.
There are T-equivariant homeomorphisms

oY

pr : BIT = pf (BYIT).

are constructed in [14, Sect. 2.1.7]. We run trough the construction of p, to ensure
that it is O(2)-equivariant. Since we already know that p, is continuous, we will
not keep track of continuity. First we recall the dihedral bar constrcution on I'. For
F € F, let BU[F] = T'Y. Let F C F’ be finite subsets of the circle. We define

s? :TF — I'F" by repeating the identity element 1 € T as pictured in the example:
92 g3

93 g1 g3 g1

We define d? : T — I by pushing the group elements clockwise around the circle
using the multiplication in I', as pictured in the example:

g3 s 9293

g4 g1 g4 gs591

g5

We describe the natural transformations tp : ' — T'*F) and wp : TF — 9@ where
t € T and w is complex conjugation. They both permute a tuple of group elements
accordingly and w, in addition, takes each label to its inverse:

tr ((92)zer) = (G10) )yerr)y, wWF ((92)2eF) = (Gum1(y) ™ yew(F)-

The geometric realization BYT := colimpe ' is an O(2)-space.
25



46
REAL TOPOLOGICAL CYCLIC HOMOLOGY OF SPHERICAL GROUP RINGS

We proceed to construct the map p,. Let F denote the category of finite subsets
of T/C, and set inclusions. We have O(2)/Cy-equivariant bijections:

Cr C,
colim I'F colim TI'¢F
FeF C-FeCrF

Tie

Tie

colim (FCT'F)CT
Cp FEC, F

colim IO F/Cr

CrFeCrF

Tie

= colim I'F.
FeF
The first map is induced by the inclusion of categories C,.F — F, the second map
is induced by the inclusion (T¢F)Cr < T F the third map is induced by the
diagonal isomorphism ¢ F/Cr — (FCT'F ) "
by the O(2)/C\-equivariant isomorphism of categories C,.F — F given on objects

by C, - F + C, - F/C,. If we pull back the diagram F rr along p,, then the
isomorphism of categories F — F given by F — p,.(F) induces an O(2)-bijection:

, and, finally the last map is induced

o <colim FF> & colim IPr(F),
FeF FeF

Finally the isomorphism of dihedral sets ¥ — T'*r(F) induces an O(2)-bijection

colim T?") = colim I'F.
FeF FeF

We combine the maps above to obtain p,, which is indeed O(2)-equivariant. We give

the suspension spectrum EOOO(Q)BdiFJr the structure of an O(2)-cyclotomic spectrum

by letting 7, be the map:

. i —1 * - .
SV A pr(BATY G AP gor(VEr) A pir

Let V be a finite dimensional O(2)-representation and let > 1. We run through
the construction of the map

T, : pi(THR(A, D)(V)°") = THR(A, D) (p(V")).

defined in |9, Sect. 1.5, to check that it is O(2)-equivariant. Since it is already
known that the map is continuous, we will not keep track of continuity. Consider the
0(2)/C, x O(2)/C,-diagram, where the second copy of O(2)/C, acts trivially on the
category:

C,F — Top,, C,-F~ THR(A,D;SV")[C,-F/C,).
We pull the diagram back along

D : AO(2)/A(C,) = O(2)/Cy x O(2)/Cr,  D((a,a)A(C)) = (aCy,aCh),
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and define a natural transformation of A(O(2))/A(Cr)-diagrams by

[~—3

THR(A, D; SV)|[C, - F]*(“) <= hocolim (chF oA,

JCr-F/Cr

. A(Cr)
_ . i\ AT AT \%4
=ocghm (Map (A ST Ay TasY))
Z€C-F/Ch Z€C-F/C,
res . iz ) VCr
S on( A S A o)
z€C-F/C, zeCy-F/C,
= THR(A, D; SV)[C, - F/C,].
The map res is induced by the natural transformation obtained by restricting a map to
the fixed point space: Map(X,Y )% — Map(X ", Y"). The natural transformation
above induces a map of colimits which we also denote res.
Ifd:O(2)/C, — A(O(2))/A(C,) denotes the isomorphism aC, — (a,a)A(C}),
then there is a commutative diagram of homomorphisms:

Pr d

0(2) 0(2)/C, —2— A (0(2))/A(Cy)
| |
pr X pr
0(2) x 0(2) 0(2)/C, x O(2)/C,.

We have a string of O(2)/C,-equivariant set maps:
A(CT‘)

c,

* * : .qQV * : .oV
,or(A colim THR(A,D; § )[F]) (dopy) <cg1€ufnTHR(A,D,S )[F])

= (doPr)*(cégleiglfTHR(A,D;SV)[CT : F]A(c»)

"% o ey (0°( colim THR(4, D;8V)C, - F/C]))

= (1) (5 (L colim THR(4, D38V )[C, - /) )

Tie

(%) (o1 % p:(cfog%nTHm,D;sV“)[F]))

A* colim THR(A, D: 87* VN (F
colim R(4,D; S )pr(F)]

Tie

& A colim THR(A, D; 87 V)[R,
FeF

The maps labelled = are bijections. The map in the second line is induced by the
inclusion of categories C,F < F. The map in the fifth line is induced by the isomor-
phism of O(2)/C,-categories C,.F — F given by C,. - F + C, - F/C,.. The map in the
sixth line is induced by the functor F — F given by F ~ p,(F) and finally the last
map is induced by the obvious isomorphism of dihedral spaces. The composition is
the cyclotomic structure map Ty, which is indeed O(2)-equivariant.
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Theorem 2.9. The composite
p:(THR(A, D))9°" — p* THR(A, D)*“r 1% THR(A, D)
is an % -equivalence.
Proof. By [15, Lemma 4.10] it suffices to show that the map of /&2)_Cr—spaces
T, : Fix® THR(A, D) — (p, 1)*(THR(A, D) o ¢),
induces an isomorphism on Wf (—) for all finite subgroups H < O(2)/C,, where these
are the homotopy groups of /g(z),cr—spaces, see |15, Def. 4.8]. We consider the
case ¢ = 0, the general case is similar. More specifically, we must show that the
connectivity of the induced O(2)/C\-map on H-fixed points
H H
(27 THR(A, D)(V)%) " — (¥ ()" THR(A, D)(p;V "))
tends to infinity with V' for all finite subgroups H < O(2)/C,.

The only non-homeomorphism in the definition of 7)., is the restriction map in-
duced by the natural transformation induced by restricting a map to the fixed point
space: Map(X,Y)% — Map(X,Y). We let H = D,s/C,, the case H = C,.;/C,
is analogous. We assume that 2 1 rs. The case 2 | rs, can be done analogously
by restricting to the cofinal subcategory Dag,Fy, compare Lemma 1.7 part (iii). We
restrict to the cofinal subcategory D, F, C C.F. The map in question is then

H
(QVCT colimp,, 7, (THR(A, D; SV)[Dy F])<" )
| res

H

(QVC’“ colimp,, 7, D* THR(A, D; SVCT)[DSTF/CT]) :
where H = A(Dys)/A(C), QYY" s viewed as a A(O(2))/A(Cr)-space, DysFy as a

category with a A(O(2))/A(Cr)-action and D is the homomorphism

A(O(2)/A(Cr) = 0(2)/Cr x O(2)/Cr,  D(a,a)A(Cy) = (aCy, aCh).

It follows from [9, Lemma 1.4| that we can move QY past the colimit up to weak
equivalence. We can then take fixed points before taking the colimit. Thus we are
reduced to showing that the connectivity of the map

(07 (THR(4, D;8")[D, FI) T ) 225 (0 D THR(A, D: SV (D F/ )

tends to infinity with V. We can move Qver past the homotopy colimit, up to weak
equivalence, and by Lemma 1.4 we can take fixed points before taking homotopy

colimits. Let ¢ € Ob ((IG){UM} X ID”F/D;T). By Lemma 1.10, we are reduced to
showing that the connectivity of the map

H
Cr i -
(27 Map(Azep,, w57 Avep,, r Aiz A SV))

l res

) H
(97 Map((Ap, 57 (N, s 1 5V))
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tends to infinity with V' and ¢. We can rewrite the map in question as

cr .
Mapp, (SV A /\zeDSTF Sz, /\zeDSTF Aiz A\ SV)

J res

Cr i
Mapp, (SV N(Ap,rS ), N:ep,, r Aiz A SV)-

This is a fibration with fiber
Mapp,, (8V A C A ST/C N\ SO N\ Anash).
2EDs F 2€Ds F 2€Ds F

Let SV = /\zeDer S%=. By Lemma A.2 the connectivity of the fiber is greater than
or equal to

i ( conn ((zel/)}TF Ai A SV)K) — dim ((SVCT A SV /SW"’“)K>).

Let t divide 7s. It follows from the connectivity assumptions 1.6 on (A, D) that

conn( /\ A, A SV)Ct > ? (i1 + iy, + Z 2i2) + dim(vct) -1,
2€Dg F Z€DyyF/Dsy

com( N A ASV)Pr> ?([%ﬂ + {%W + ) z’;) + dim(VPt) — 1.
2€Do F 2€DeF/Dsy

If C, < C; then the dimension of both (SW/SW)Ct and (SW /SW )Pt is 0, hence
the connectivity of the fiber tends to infinity with i. Otherwise, since C, is normal in
D,s, we have a splitting W = W @ W', and by Lemma A.4:

dim (7 A (SW/SWC’”))Q = ?(11 Fin, + Y 2iz) +dim(VOC),
z€D.F/ D5,
T AR (I A M S I
z€DsF/Dg,

Thus the connectivity of the fiber is greater than
minCTf_KgDrs(dim(VK) — dim(VEEY)) — 1.

We can find a D,¢-representation V’ which is fixed by K but not by the bigger group
C,.K. Adding copies of V' to V, we can make the connectivity as big as we want. [J

3. REAL TOPOLOGICAL CYCLIC HOMOLOGY

The O(2)-cyclotomic structure on THR(A, D) allows us to define G-equivariant
restriction maps R : THR(A, D)%" — THR(A, D)%, and we can define the real
topological cyclic homology at a prime p as a G-spectrum TCR(A, D;p) by mim-
icking the classical definition. Before we do so, we review some constructions from

equivariant stable homotopy theory.
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3.1. The equivariant stable homotopy category. Let H be a compact Lie group.
We work in the H-stable homotopy category which is defined to be the homotopy
category of the model category of orthogonal H-spectra on a complete universe with
the stable model structure, e.g. [15, Chapter 111, 4.1,4.2].

Let X be an orthogonal H-spectrum and let V' be an H-representation. The
suspension Y.X is defined by (XX)(V) = SYAX (V). The group O(V)x H acts through
the action on X (V'), and the structure maps are the suspensions of the structure maps
in X. The loop spectrum QX is defined by (Q2X)(V) = Map(St, X(V)). The group
O(V) x H acts through the action on X (V). The structure maps are given as the
composite

Map(id,Av,w )
e

Map(St, X(V)) A SW — Map(St, X (V) A SY) Map(St, X (V).

The functors are adjoint and both preserve m,-isomorphisms. We let ¢ : ¥Q = id
denote the counit of the adjunction and 7 : id = 3 denote the unit of the adjunction.
Both ¢ and 7 are natural isomorphisms on the homotopy category.

Let v : A — B be a map of pointed H-spaces. We define the mapping cone by

Cy = BU, (0,1] A 4),

where 1 € [0, 1] is the basepoint for the interval and H acts trivially on the interval.
Let i : B — Cy be the inclusion. Collapsing the image of the inclusion to the basepoint
defines a map 9 : Cy — SN A =3%A. We define the mapping cone Cy of a map
of orthogonal H-spectra f : X — Y by applying this construction lewelwise. The
inclusions and the collapse maps assemble into morphisms of orthogonal H-spectra
and we obtain a sequence of orthogonal H-spectra

(4) xLy Lo dex

We call a diagram of the form X — Y — Z — ¥ X in the H-stable homotopy
category a triangle. The collection of all triangles isomorphic to triangles of the form
(4) gives the H-stable homotopy category the structure of a triangulated category, see
[19, Theorem A.12]. More precisely, Schwede takes the distinguished triangles to be
all triangles isomorphic to triangles of the form

viwowivdew,

where j is a cofibration and V and W are cofibrant objects and 9 fits in the homotopy
commutative diagram

J d
Vv w W)V —— 3V
]id ]id N]c ‘id
1% J w ! C; J XV,

where ¢ collapses the cone of V' to the base point. In order to see that this choice

makes the triangles of the form (4) distinguished, we first note that the map c is a

weak equivalence by the gluing lemma, and therefore the lower row is a distinguished

triangle. Let f : X — Y be an arbitrary map. We cofibrantly replace X and Y
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and get a map X°¢ £> Y, which we factor as a cofibration f¢ followed by a weak

equivalence in the following diagram

X / y — Cy d X
~’jc C ~’jc ~| ~[2<f>
Xe / ye d Cye 0 YXe
o Al A
G r y — Cre o sxe.

It follows from the long exact sequence induced by the cofiber sequence that the
induced map on cones are m,-isomorphisms. We note that Y’ is cofibrant, hence the
bottom triangle is distinguished, and therefore the top triangle is distinguished.

In the rest of this section we establish some identification of distinguished triangles
that we will need later.

Let ) : A — B be a map of pointed H-spaces. We define the homotopy fiber of
1) as the pointed H-space

Hy = {(v,a) € B™ x A | 5(0) = (), 7(1) = #},

where (74, %) serves as the basepoint and H acts trivially on the interval. Here -,
refers to the constant path at the basepoint. Let p : Hy — A be the projection
p(v,a) = a and let j : QB — Hy be the inclusion j(a) = (a,*). We define the
homotopy fiber of a map of orthogonal H-spectra f : X — Y by applying this
construction lewelwise. The projections and inclusions assemble into morphisms of
orthogonal H-spectra p: Hy — X and j : QY — Hy. See [11, Theorem 7.1.11] for
the following lemma.

Lemma 3.1. The triangle

f ()

P S(j)oe™t
Hf - X =Y —— YHy,

1s distinguished, where € : XQY — Y s the counit of the loop-suspension adjunction.

Given maps of pointed H-spaces f,g: A — B we define the homotopy equalizer
as the pointed H-space

HE(f,9) = {(7,a) € B x A[4(0) = f(a), 7(1) = g(a)},

where (74, %) is the basepoint and H acts trivially on the interval. Let p : HE(f, g) — A
denote the projection p(vy,a) = a and ¢ : QB — HE(f, g) the inclusion t(a) = (a, *).
We define the homotopy equalizer of maps of orthogonal H-spectra f,g: X — Y by
applying this construction lewelwise, and the projections and inclusions assemble into
morphisms of orthogonal H-spectra.

Lemma 3.2. The triangle

(t)oe™?!

HE(f,g) & X L% v = SHE(f, 9),

1s distinguished, where € : XQY — Y s the counit of the loop-suspension adjunction.
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Before we prove the lemma, we introduce some notation. For a € QY let @ € QY
denote the inverse loop, i.e. @(t) = a(l —t). Given two loops a,3 € QY the
concatenated loop B x a € QY is given by

B a(2t) ift<1/2,
Bra(t) = { BR(t—1)) ift>1/2

Given a path v in Y and s € [0, 1], let 7<s and y>5 denote the paths in Y given by
Yes(t) =(t-5), v2s(t) =7(t-(1—s)+s), te]0,1].
We have a canonical path in QY from the loop 7 x v to the constant loop * given by
U= >t x Y<(1-10)-
Proof. We define the map F' — G : QXX — QXY to be the composition

(Bgo—)x(Xfo-)

OXX 5 O8X x Q%X axy,

where A is the diagonal map and consider the commutative diagram:

2

P f—y9
X

Qv HE(f, g)
~ J Q(n) . ~ j n ~ j n
QQxY) —L— Hp_g P osx =% sy
The composition
0,1] 5 v 5 ony 16O, g5y

is a path from n(g(z))*n(f(z)) to n(g(z))*xn(g(x)). We let ¥, , be the concatenation
of this path with the canonical path from 7(g(x)) x n(g(x)) to the basepoint. We
define a map HE(f,g) = Hp_¢ by (v,z) — (¥, 4, n(x)). The constructed map is a
me-isomorphism and completes the commutative diagram above. O

Consider the following diagram of orthogonal H-spectra

X / VA g Y

We define the homotopy pull-back spectrum HP(f, g) lewelwise:

HP(f,9)(V) = {(z,7,y) € X(V) x Z(V)P x Y(V) | 4(0) = f(2),%(1) = g(y)},
with H acting trivially on the interval. The projections px : HP(f, g)(V) — X (V),
py : HP(f,9)(V) — Y (V) assemble into maps of orthogonal H-spectra. The following
diagram is homotopy commutative:

p Py
Qy —— pr — HP(f?.g) -

Y

le SlN pr gJ

07— Hy X Z.
J /
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The map s is defined as follows. A point in H,, (V) is a triple (x,v,y) € HP(f, g)(V)
along with a path 5 : I — Y such that (0) =y and §(1) = *. Then

(B, (x,7,9)) = ((g e B) x7, ).
The following lemma now follows from Lemma 3.1 and the diagram above:
Lemma 3.3. The triangle

o051 Noe 1o

Hy PN 1P (f,g) 2 v 2wy

1s distinguished.

We end this section by considering the following setup, that will occur in the
calculation of the topological cyclic homology of spherical groups rings in Section 4.
Assume we have a sequence of H-spectra X; for ¢ > 0, maps f; : X; — X;_1 and a
map g : Xg = Xg. We recall that the unit of the loop-suspension adjunction

n: XO l) QE(X())

is a my-isomorphism and consider the following diagram:

Xo e OX(Xo) x [ 21 Xi pre) [[Z, X
gMid ((n0f1oprl)*E(g),fz,fs,---)Hid qOHi21fi||id
Xo nclon QX(Xo) x [[2, X - 1321 X,
where -
(no fiopry) *%(g) : Q5(Xo) x [] Xi = QE(Xo)
is the map -

(a,z) —»no firopry(z) *X(g) o«
The diagram gives rise to a distinguished triangle connecting the vertical homotopy
equalizers as we now explain. Consider the following diagram where the maps are

defined below:

O%(g)—id —no fiopry

QXX QXX HE (g o [I;5, fi,id).

The left hand map takes a loop o € Q¥ X to the loop Xgoaxa € 2XXy. The right
hand map takes a pair

(7v,2) € HE (g0 [ finid) C ﬁX}O’” X ﬁXi
=1 =1

i>1
to the loop no f1 opri(z). A point in the homotopy pull-back of the diagram is a
loop a € Q¥ Xy, a point = € [[72; X; and paths
vigo[[ filw) ~x, B(g)oaxa~no fiopr(w).
i>1

The notation x ~ y means that the path takes the value x at 0 and the value y at 1.
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Next consider the diagram:

(nofropr; )x%(g) X (f2,f3,-.-)
QEXO X Hfil Xz QEXO X H;.il Xz
id

The top map takes a pair (a,z) € QXX x [[2; X; to the pair

(o fropri(@) xX(g) o arqo [ filw)).

i>1

A point in the homotopy equalizer is therefor a loop a € QX Xy, a point = € [[;2, X;
and paths

no fropri(z)xL(g)oa~a, qol]filx)~ .
i>1
Thus there is a homotopy equivalence from the homotopy pullback to the homotopy
equalizer. It follows from Lemma 3.3 that there is a distinguished triangle of the form

HE(QXg,id) — HE((n o f1 * Xg, f2, f3,...),id) —

—2i(L)o —lono opr
HE(q o [] fi,id) — 225 2121200, 5 HE(Q5g,id),

where the first map is induced by the inclusion and the second map is induced by the
projection and

L Q(Q%(Xp)) — HE(Q%(g), id)
was defined above when we described the construction of homotopy equalizers. Note
that we have a commutative square

Q5(Xo) g Xo
Q% (g) | |id g1 |id
Q(Xo) i Xo.

Thus 7 induces an m,-isomorphism of homotopy equalizers. The triangle above sim-
plifies to the following triangle under this identification:

HE(g,id) & HE((no fi % Sg, fo f3, ... ),id) D>

— oe 1o o
HE(g o [ fo i) 200 S
i>1

» ¥ HE(g, id),

where [ is induced by

o0
inclon : Xg — QX(Xp) x HX
i=1
P is induced by the projection

o oo
proj : Q% (Xo) x [[ Xi = [[ X,
=1 =1
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and ¢ : Xy — HE(g,id). Finally we note that HE(q o [[,~, fi,id) is a model for the
homotopy limit holim;>1 X; and we obtain the following theorem:

Theorem 3.4. The triangle

Y(1)oe"to fyopr;

HE(q,id) & HE((no f1x3g, fa, f3, ... ),id) = holim X; —

Y HE(g,id
i>1,f; (9,1d)

1s distinguished.

3.2. Real topological cyclic homology. We fix a prime p and we let .%,, denote the
family of O(2)-subgroups generated by the subgroups Dp» and Cyn for all n > 0. Let
X be a .Z,-fibrant O(2)-cyclotomic spectrum. We let R denote the O(2)-equivariant
composition
; T,
R:pixCr B0 pexacy B, i

Let i : G < O(2) denote the inclusion. We will let X“»" denote the underlying
G-spectrum indexed on i*U. We have an isomorphism of orthogonal G-spectra

(X)X,
and we define a map of orthogonal G-spectra

C o
et R ™ 1
_—

R, : X Cpn o~ (,O;XCP)CP chn—l ]

Remark 3.5. We let X be an O(2)-cyclotomic spectrum and let j; : X = Xf be a
fibrant replacement and consider the following diagram:

1

pp(X ) X9 X
pr((G)°)9%P |~ (i) | ~ Jr |~
(X)) o (X)) X,

Tp

Even though X is not cyclotomic in the sense of Definition 2.6, we do have maps
T, p;(Xf)QCP — Xy in the O(2)-stable homotopy category. We let R denote the
composition
5 1,
R:pi(Xp)0 20, pr(x s Ty x

We get maps in the O(2)-stable homotopy category

n C

Ro: X7 = X,
by mimicking the above construction.
In order to define the real topological cyclic homology at a prime p, we let
TRR"(A, D;p) = THR(A, D)%,
and define the G-spectrum TRR(A, D;p) to be the homotopy limit over the R,, maps,
TRR(A, D;p) := hogm TRR"(A, D;p).
n

»An
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The inclusions of fixed points
F,: XOm - X1,
which we refer to as the Frobenius maps, are G-equivariant and induce a self map of
TRR(A, D;p). In order to describe this map, we let Ny denote the category
e=n—-n—-1)—--—>2-1-0,

and we let TRR(f)(A, D;p) : Ng — Top, denote the functor which sends n — n — 1

to THR(A, D)% KN THR(A, D). Let 7 : Ny — No denote the translation

functor 7(n) = n+ 1. The Frobenius maps F,, assemble into a natural transformation
F : TRR)(4, D;p) o7 = TRR) (A, D; p),
and we let ¢ denote the composite

holim TRR"(A, D; p) Ind,, holim TRR™ (4, D;p) o 7 L holim TRR" (A, D p).
0 0 0

Definition 3.6. The real topological cyclic homology at p, TCR(A, D;p), is the
homotopy equalizer, HE(¢p, id), of the diagram

©
TRR(A, D;p) —= TRR(A, D;p).
id
We conclude this section by describing the homotopy fiber of the restriction maps.

Let R denote the family of subgroups of O(2) consisting of the trivial subgroup and
all order 2 subgroups generated by a reflection of the plane in a line trough the origin;

R={1,(tw) |t € T,w € G}.
Write E'R for the classifying space of this family, thus ER is an O(2)-CW-complex

such that P
H ~ * 1 S
ERT= { 0 ifH¢R.
If we let O(2) act on C by multiplication and complex conjugation, and on C™ by the
diagonal action, then the O(2)-space

o
s(c=) = J s,

n=0
where S(C"*!) denotes the unit sphere in C"*!, is a model for ER. The O(2)-
equivariant homeomorphism S(C)x S(C) % - - - = S(C>) shows that the G-fixed points
are contractible. We let ER denote the mapping cone of the map ER, — S° which
collapses ER to the non-basepoint. We have a cofibration sequence of based O(2)-
spaces,

ER, — S - ER — YER,.

and we obtain a distinguished triangle of orthogonal G-spectra by smashing the se-
quence with an O(2)-spectrum X and taking derived Cpn-fixpoints.

C. n ~
(5) (ERy AX){" = X7 20 (ERAX)(™ = S(ERL A X[

We denote the left hand spectrum by H.(Cpn; X) and refer to it as the G-equivariant
homology spectrum of the subgroup Cp» acting on the O(2)-spectrum X. The third
36
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term in the triangle identifies with the G-equivariant derived Cpn-geometric fixed
points; see [15, Prop. 4.17|, giving the well-known isotropy separation sequence.

Lemma 3.7. Let X be a O(2)-cyclotomic spectrum. The triangle

n C
H.(Cyrs X) = X7 2y X770 SHL(Cyes X),

is distinguished in the G-stable homotopy category.
Proof. The result follows immediately using the distinguished triangle (5), the iden-
tification of (EN”R ANX )?” " with the G-equivariant derived Cprn-geometric fixed points

T,
and the 7,-isomorphism of G-spectra (X¢)9% — X9 2 X O

Remark 3.8. Let f : X — Y be a map of O(2)-spectra. If both X and Y are
cyclotomic and f commutes with the cyclotomic structure maps, then f commutes
with R. If f restricts to a m.-isomorphism of G-spectra, then by induction using the
distinguished triangle above, f is a .#,-equivalence.

4. SPHERICAL GROUP RINGS
In this section we determine the real topological Hochschild homology of the
spherical group ring S[I'] of a topological group I' with anti-involution id[I'] induced by
taking inverses in the group. We determine the G-homotopy type of TCR(S[T'],id[I']; p)
where p is a prime. This is a generalization of results by Bokstedt-Hsiang-Madsen in
[2, Section 5|; see also [14, Section 4.4].

Theorem 4.1. Let T' be a topological group. There is a map of O(2)-orthogonal spectra
i 1 B39y BITy — THR(S[IY, id[I7),

commuting with the cyclotomic structures, which induces isomorphisms on 7T*C (=)
and ﬂ'i)pn(—) for alln > 0 and all primes p.

Proof. Let V be an O(2)-representation and let F' C T be a finite subset. We define
the map iy [F] to be the composition

V ~ 0 0 \%4
zé\FF+/\S 7Map(zé\FS 7(zé\FS )/\(zé\Fr+)/\S >

hocolim M ( A SE (A SEYA( AT /\SV)

— bocolim Map (A 5™, (A, %) A (4. T4)

= hocolim Map ( A S™ s AT ")
ocolim Map Zé\FS ,(Zé\F(S ATL))ASY),

where the last map is induced by the natural transformation given by permuting the
smash factors of the target. These maps commute with the dihedral structure and
the O(2)-action on V, thus we obtain an O(2)-equivariant map on realizations:

iy : BT, A SV — THR(S[I],id[T])(V).
The map ¢ commutes with the cyclotomic structure, hence by Remark 3.8, it suffices
to check that i restricts to a m,-isomorphism of G-spectra. It follows from [17, Chapter
XVI, Thm. 6.4], that it suffices to show that i induces an isomorphism on 7, ((—¢)9°»)
and 7¢(—), hence we must show that the connectivity of the induced map
(i)™ (BT A SY)H — (THR(S[T], id[T])(V))",
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is (dim(V*) + €(V))-connected, where H € {e, G} and ¢(V') tends to infinity with V.
Let 7 € Ob ((IG){I’*H’ X IGF/F_). After we restrict to the cofinal subcategory GF ,
then the map 4y in simplicial level G - F' is equal to the composite:

A TLASY
zeG-F

[m

Map( A _S=E A SEASYAA F+)
z€G-F zeG-F z2€G-F

!

hocolim Map( A S=E A SEASYAA F+).
IGF z€G-F z€G-F 2€G-F

The top map is the adjunction unit, which by the Equivariant Suspension Theorem
A3 is at least 2 - dim(V) — 1 connected as a map of non-equivariant spaces and
2-dim (V%) —1 connected on G-fixed points. By Lemma 1.4 we can make the lower map
as connected as desired as a map of G-spaces by choosing i € Ob ((IG){L*I} X IGF/F_)
big enough. Thus the composite has the desired connectivity. 0

The calculation of TCR(S[I'],id[I']; p) relies on the fact that the restriction map
R,, : THR(S[T],id[[])%»" — THR(S[T], id[T]) "

splits. In [6, Lemma 6.2.5.1|, a splitting of R,, is constructed and it is straight forward
to check that the splitting is indeed G-equivariant. We denote this section S,,. We
note that the theorem above makes the splitting apparent. Indeed, recall that we have
defined O(2)-equivariant homeomorphisms p, : BIT — p*BYUTC . The cyclotomic
structure map at a representation V' and natural number r on EOOO(Q)BdiF+ arises from
the adjoint homeomorphism

SPV) N pr(BIT)Gr AP goi(VEr) A pip,
which is split by id A p,. This implies, that the map
R+ (550 BYTL) 7" = (S35 BYT4) ™
splits.
We let A, denote the G-equivariant composition
BYr 2, pdir¢r <, pdir,

There is a commutative diagram in the G-stable homotopy category where ¢ is the
Fp-equivalence of Theorem 4.1; see [14, Corollary 4.4.11]

~

THR(S[T], id[T) — S B T+

F1051 ZOOAPJF

THR(S[T],id[T)) % S BT
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We set T := THR(S[I'],id[I']) to ease notation and we recall the notation for the
G-equivariant homology spectrum

H.(Cyr; BYT) = (BRy ASEBYT) ", n>1.
If n =0, then we let
H.(1; BYT) := ©¥ B4, .

Let ¢ : ERy N X5 O )B T, — 20(2) 4T, denote the map that collapses ER to a
point. We let ¢, denote the composition

(cp)”

H.(Cyr; BYT) <2 (885 BT, ) 7 = 76

where the last map is induced by the .#,-equivalence 7 of Theorem 4.1 and fibrant
replacement. By Lemma 3.7 we have distinguished triangles of G-spectra

H.(Cpn; BYT) 25 TG fiy 761 SH.(Cpe; BYT),

which split and provide an isomorphism in the G-stable homotopy category

Spo0--08101V---VS5,0c,_ lvcn-\/H
7=0

i3 BYT) & TG

There is a commutative diagram, where the projection maps collapse the nth summand
to the basepoint:

TCpn Vi H.(Cpy; BIT) [T}—o H.(Cps; BIT)
R, proj proj
TCpnt /g H.(Cpi; BYT) ) H.(Cp; BIT).

Combined with the canonical map from the limit to the homotopy limit we obtain a
canonical isomorphism in the G-stable homotopy category

o0

TRR(S[T], H Cp; BYT).

We proceed to identify the Frobenius maps F;,. We have inclusions

1

. s C
incl : (ERy A S BT = (ER4 A S5 BT,

We abuse notation slightly and let ¢ denote the composite

1
(ER+ ASFBUT,); 2 ERy ASEBIT, S S¥BIT,
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where j is fibrant replacement. There is a commutative diagram:

TCpn ¥ BITy v Vi H.(Cy; BYT)
F, EOOAP+\/coincl\/incl\/---\/incl
Tcpn—l EOOBdIF+ V vn 1 H (ij 3 Bdlr)

We can now identify the self-map ¢ of TRR(S[I'],id[[']; p) induced by the Frobenius
maps F,,. We have the following commutative diagram, where TCR(S[I'],id[I']; p) is
the homotopy equalizer of the two middle maps:

EOOBdT+ inclon QZ(EOOBdT+ % H H prBdT) proj H H pJ,BdT)
j=1 J=1
EOOAP+ id XHld qOHiZI IHCIHId
yioo i, OX(SF BT, ) x HH (Cpi; BYT) —— HH (Cpi; BYT),
inclon proj j=1

where X = ((nocoinclopry)*X(X*A,, ),incl,...,incl) and the first map in the
tuple takes a pair

(a,2) € QB(SFBIT,) x HH (Ci; BYT)
7j=1
to the loop
(nocoinclopr(z)) * (S(E%A,,) oa) € QX (SFBITL).
We let E%"Bdiff” =" denote the homotopy equalizer of ¥*°A, . and the identity
map,

SEBIT 7 = HE(Z®A,,, ,id).

Recall that we constructed a map ¢ : QXX BIT}) — EOGOBdiFLAp:id”. The map

incl o n and the projection induce the maps I and P in the following theorem, which
follows directly from Theorem 3.4.

Theorem 4.2. The triangle

=" L PCR(S[T), id[T); p) 2 holim H.(C

oo pdip“A
2 BIT olim H.(C,

i BdlI‘\)

—3(¢t)oe~ocoinclopry

5 (zg;BdiF?P:id”)

is distinguished in the G-stable homotopy category, where € : XQY — Y is the counit
of the loop-suspension adjunction.
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Remark 4.3. The inclusion of index categories induces a canonical m,-isomorphism

holim H. (C,
Jj=0

pj;BdiF) RN h;)iilm H.(Cps; Bdr)

and the composite incl o pr; in the triangle can be replaced by pry o can™!.

When I is trivial, the distinguished triangle of the above theorem simplifies to

—(e"topry)

QS V'S — TCR(S, id; p) — holimH.(Ci;S) SOS v 3S.

If we rotate the distinguished triangle arising from the homotopy fiber of the projection
pry : holim;>o H.(Ci;S) — S given in Lemma 3.1 and add the distinguished triangle

sds s 3S, then we obtain the distinguished triangle:

- gy (et opr)
ASsvS —— Hpro vS —— h?élomH(sz,S)

YQS vV ES.

It follows from the axioms of a triangulated category that there is a non-canonical
isomorphism in the G-stable homotopy category TCR(S, id;p) ~ Hpy, V S.

A non-equivariant identification after p-completion of the homotopy limit ap-
pearing in the triangle in Theorem 4.2 appears in [2] and in more generality in [14,
Lemma 4.4.9]. The result generalizes immediately to the equivariant setting. Let X
be an O(2)-spectrum and let M (Q,/Zy, —1) be the non-equivariant Moore spectrum.
We can view M(Qp/Z,,—1) as an orthogonal G-spectrum by giving it the trivial
G-action, see |15, Chapter V, Sect. 1]. We then define the p-completion of X to be
the function spectrum X, = [M(Q,/Z,,—1), X]. A map of orthogonal G-spectra is
an isomorphism in the G-stable category after p-completion, if it is an isomorphism in
the stable category after p-completion on underlying spectra and fixed point spectra.

The O(2)-spectrum ER A X is Cpn-free. It follows from the generalized Adams
isomorphism [17, Chapter XVI, Thm. 5.4] that there are isomorphisms in the G-stable
homotopy category

ER{ Acyn X 55 (ERy A X) (7"

and under this isomorphism the inclusions of fixed points on the right hand side
correspond to the G-equivariant transfers on the left hand side

ER{ Aoy X (ER4 A X)™"
trf incl
~ C n—1
ER, Acpn_l X_-, (ER+ /\X)fp .
We obtain an isomorphism in the G-stable homotopy category
holim £ X 5 holimH.(Ci; X
(zrlfm R+ /\sz — ?lern (Cp ) )7

and we can identify the left hand homotopy limit after p-completion:
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Theorem 4.4. Let X be an orthogonal O(2)-spectrum. The T-transfer
trfp : SYPER, A X — holim ER . Ac,; X,

mduces an isomorphism in the G-stable homotopy category after p-completion, where
vl denotes suspension with the sign representation of G.
Proof. Recall that

o0

s(c=)=J s
n=0

is a model for ER. We filter S(C>®) by the O(2)-subspaces S(C¥) and obtain the
diagram

YLIS(CFY L Ar X YLIS(CHY L A X —— SBLG(CFL) /S(CF) Ar X

o o | |

S(CH) 4 Acy X S(CH) 4 Ac X S(CH1)/S(CF) Ac, X.

By induction it suffices to show that the right hand vertical map induces isomorphism
after p-completion on the homotopy limit of the transfers

trf : S(CH1)/S(CF) Acy X = S(CHY/S(C) Ac,, X

In order to identify the right vertical map, we first note the following general fact.
Let Y be a pointed O(2)-space and let i : G — O(2) be the inclusion. If we let i(Y)
denote the T-trivial O(2)-space whose underlying G-space is i*Y, then there is an
O(2)-equivariant homeomorphism

S(C) LAY S S(C)y ANi(Y), (2,9) = (2,2 ).
The proof of Lemma A.4 provides a homeomorphism of O(2)-spaces
S(CH)/S(CF) = 5(C)+ ATS(CF)
and it follows that the right vertical map in the diagram identifies with

Too N 1d

SLLS(C) /T, Ai(SS(CF) A X) S(C)/Cyr Ni(ES(CH) A X),

where 7o : $11S(C)/T+ — S(C)/Cpny is the G-equivariant transfer. Likewise the
transfer map
trf : S(CM1)/S(CF) Ac,n X — S(CHY/S(CP) Ac,, X,
identifies with
™ Aid

S(C)/Cpr Ni(ES(CF) A X) S(C)/Cpp—r A i(BS(CF) A X),
where 7, : S(C)/Cyny — S(C)/Cyn-14 is the G-equivariant transfer.
As an O(2)-space S(C)y = S°V S(C), with O(2) acting trivially on S°. If we
identify S(C)/Cp» with S(C) via the root isomorphism py», then 7, =id Vv p.
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The result now follows exactly as in [14, Lemma 4.4.9] by first arguing that there
is a distinguished triangle of the form

2188 AX) — holim S(C)/Cyny Ai(ZS?* A X) — holim i(BS* 1A X) — .
Tn p

The mod p homotopy groups of the homotopy limit vanish. Hence the left hand map
induces an isomorphism after p-completion as desired. 0

If we let P>°(C) := S(C*)/T be the infinite complex projective space with G
acting by complex conjugation, then it follows from Theorem 4.4, that we can iden-
tify the projection pry : holim;>o H.(C)i;S) — S with the G-equivariant T-transfer
LXELIPe(C) — S after p-completion. If we let $11P (C) denote the G-equivariant
homotopy fiber of the T-transfer above, then we obtain the following corollary gener-
alizing the classical calculation:

Corollary 4.5. After p-completion, there is an isomorphism in the G-stable homotopy
category
TCR(S,id; p) ~ VP> (C) VS.
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APPENDIX A. EQUIVARIANT HOMOTOPY THEORY

This appendix recalls some results from equivariant homotopy theory, which
we need in the paper. Let H be a finite group and let f : A — B be a map of
pointed H-spaces. We call the map f n-connected respectively a weak-H-equivalence
if 5. AKX — BX is n-connected respectively a weak equivalence for all subgroups
K < H. Let Mapy (A, B) denote the space of pointed H-equivariant maps.

The following lemma can be found in [1, Prop. 2.7].

Lemma A.1. Let f : B — C be a map of pointed H-spaces and let A be a pointed
H-CW-complex. The induced map

f* : Ma'pH(A> B) — MapH(Av C)
s n-connected with n > I1<n<iI[1{{C0nn(fK) — dim(AK)}, where K runs through all sub-
groups of H. -
Let 1 : A” — A be an H-cofibration. For any pointed H-space B, the induced
map
i* : Mapy (A, B) — Mapy (4, B)
is a fibration with fiber Map;(A/A’, B). The above Lemma estimates the connectivity

of mapping spaces such as the fiber by considering the map f : B — *. The estimate
amounts to the following lemma:

Lemma A.2. Let A be a pointed H-CW-complex and let B be a pointed H -space.
Then
conn(Mapy (A, B)) > Irglg%(conn(BK) — dim(A%)),

where K runs through all subgroups of H.

Throughout this paper we will make use of the Equivariant Suspension Theorem,
a proof can be found in [1, Theorem 3.3].

Theorem A.3 (Equivariant Freudenthal Suspension Theorem). Let V' be a finite di-
mensional orthogonal H-representation and let A be a based H-space. The adjunction
unit
n:A—Q'svVA
is n-connected, where
n > min{2 - conn(A%) + 1, conn(AX) | K < H with dim VE > dim V).
Finally, we will need the following lemma.

Lemma A.4. Let V and W be finite dimensional orthogonal H-representations.
There is a canonical H-equivariant homeomorphism

SVOW /W = 1WA S(V),.
Proof. First note that we have canonical H-equivariant homeomorphisms
SVeWw)=S(V)xS(W)=S5(V) x DIW)Ugwyxsw) D(V) x S(W),
which gives a canonical H-equivariant homeomorphism
S(Vaw)/S(W)= SV AS(V),.
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We have a commutative diagram

S(W)+ S0 sw
[ G|
S(Vew), —— g gvew

]

S(VeW)/S(W) — % ——— SVEW /gW

where c collapses the unit-sphere to the non-basepoint, and we can identify
SVOW JgW = 1WA S(V),.

45
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ON THE GEOMETRIC FIXED POINTS OF REAL TOPOLOGICAL
HOCHSCHILD HOMOLOGY

AMALIE HOGENHAVEN

ABSTRACT. We compute the component group of the derived G-geometric fixed
points of the real topological Hochschild homology of a ring with anti-involution,
where G denotes the group Gal(C/R) of order 2.

INTRODUCTION

Recently, Hesselholt and Madsen defined real topological Hochschild homology
in [11] using a dihedral variant of Bokstedt’s model in [4]. The real topological
Hochschild homology functor takes a ring R with an anti-involution «, that is a
ring isomorphism « : R°° — R such that o? = id, and associates an O(2)-equivariant
orthogonal spectrum THR(R, «).

Real topological Hochschild homology was introduced to fit in the framework of
real algebraic K-theory, which was also defined by Hesselholt and Madsen in [11].
Real algebraic K-theory associates a G-spectrum K R(R, «) to a ring R with an anti-
involution «, where G is the Galois group Gal(C/R). The underlying non-equivariant
spectrum is weakly equivalent to the usual K-theory spectrum of R, and the G-fixed
point spectrum is weakly equivalent to the Hermitian K-theory spectrum of (R, «),
as defined by Karoubi in [14], when 2 is invertible in the ring. Furthermore, there is
a G-equivariant trace map

tr: KR(R,a) - THR(R, «v).

The classical trace maps are often highly non-trivial and several calculations in
algebraic K-theory have been carried out using the trace, or more precisely the refine-
ment of the trace to topological cyclic homology, see [2]. Classical calculations using
trace methods often rely on a good understanding of 7, THH(R)®". In order to make
the equivariant trace an efficient computational tool, we must understand the dihedral
fixed points 7, THR(R, a)D’“ and, in particular, the components mo THR(R, a)DT. As
a first step in this direction, we calculate the group of components of the derived
G-geometric fixed points.

The orthogonal spectrum THR(R, «) is cyclotomic, which means that its derived
C,-geometric fixed points mimic the behavior of the C)-fixed points of a free loop
space LX of a G-space X, see [10, Prop. 1.5] and [13, Sect. 3.3| for details. In
particular, it implies that the spectrum of C,-geometric fixed points of THR(R, «)
resembles THR(R, ) itself. The derived G-geometric fixed point, however, behave
differently. In the analogy with the free loop space, the derived G-geometric fixed

Date: January 1, 2017.
Assistance from DNRF Niels Bohr Professorship of Lars Hesselholt is gratefully acknowledged.
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points of THR(R, ) corresponds to the G-fixed points of £X, and we briefly investi-
gate how the latter behaves.

We let £LX = Map(T, X) be the free loop space of a G-space X. The group O(2)
acts on T by multiplication and complex conjugation and we view X as an O(2)-space
with trivial T-action. The free loop space becomes an O(2)-space by the conjugation
action. Let T C C denote the circle group. The group G = Gal(C/R) acts on T and
we let O(2) denote the semi-direct product O(2) =T x G. If r is a natural number,
then we let

pr:0(2) = 0(2)/C,

denote the root isomorphism given by p,(z) = 27C, if z € T and pr(z)=zifzx €G.
The map that takes a loop to the r-fold concatenation with itself,

pr: LX — p:(EX)C’“, pr() =% %7,

is an O(2)-equivariant homeomorphism, but the G-fixed space of the free loop space
looks very different from the loop space itself. Indeed, if w € G is complex conjugation
then we have a homeomorphism

Map(([,@[),(X,XG))—>([,X)G, VH(W'V)*’Y'

The content of this paper is organized as follows. In Section 1 and 2 we review
the construction of the orthogonal O(2)-spectrum THR(R, «), and observe that, if
R is a commutative ring, then THR(R, o) has the homotopy type of a commutative
O(2)-ring spectrum.

In section 3 we prove the main theorem of this paper. In order to state the
theorem, we let R be a ring with an anti-involution «, which is a ring isomorphism
a: R’ — R such that o = id, and we let N : R — R® denote the norm map

N(r)=r+a(r).

Theorem A. Let R be a ring with an anti-involution . There is an isomorphism of
abelian groups

mo((THR(R, @)9)?%) = (R*/N(R) @z R*/N(R))/I,

where I denotes the subgroup generated by the elements a(s)rs @t —r & sta(s) for all
s € R and r,t € R.

The identification of the component group can be rewritten as
7o ((THR(R, a)%)9) = R*/N(R) ®g R*/N(R).
where we view the group RY/N(R) as a right resp. left R-module via the actions
x-r=ca(r)er and r-z=rza(r).

We note that the G-geometric fixed points vanishes if 2 is invertible in R, since the
norm map surjects onto the fixed points of the anti-involution in this case: If x € R<,
then N(iz) = z.
We end this introduction by stating some immediate consequences of Theorem A.
If R is a commutative ring, then the components of the C,-fixed points and the
components of the D,-fixed points have ring structures. The component ring of the
Cpn-fixed points, o THH(R)®»", is completely understood when p is a prime. Hessel-

holt and Madsen prove in [10] that there is a canonical ring isomorphism identifying
2
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7o THH(R)»" with the p-typical Witt vectors of length n4 1. The classical construc-
tion of the Witt vectors can be understood as a special case of a construction which
can be defined relative to any given profinite group, as done by Dress and Siebeneicher
in [6]. Furthermore, the p-typical Witt vectors of length n + 1 are exactly the Witt
vectors constructed relative to the group Cpn. In other words,

mo THH(R)“"" = W, (R).

If R is commutative, then the identity defines an anti-involution on R and it is tempt-
ing to guess that the ring 7o THR(R,id)P»" can be identified with the Witt vectors
WDpn (R). However, Theorem A tells us that this is not the case; see Remark 3.4.

When R is a commutative ring, the components of the derived G-geometric fixed
points of THR(R, «) have a ring structure. If R is a commutative ring with the
identity serving as anti-involution, then Theorem A implies the functor

R+ 7o ((THR(R,id))9¢).

considered as a functor from the category of commutative rings to the category of sets,
is not representable, since the functor does not preserve finite products, see Remark
3.2. This rules out the possibility that ((THR(R, id)c)QG) is a ring of Witt vectors as
defined by Borger in [3].

Acknowledgments. The author wishes to thank Lars Hesselholt for his guidance and
for many valuable discussions. The author would also like to thank Martin Speirs,
Dustin Clausen, Irakli Patchkoria and Kristian Moi for many useful conversations
concerning the content of this paper.
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Throughout this paper, T C C denotes the circle group and G is the group
Gal(C/R) = {1,w}. The group G acts on T C C and O(2) is the semi-direct product
0O(2) =T x G. We let C, denote the cyclic subgroup of order r and let D, denote the
dihedral subgroup C; x G of order 2r.

By a space we will always mean a compactly generated weak Hausdorff space and
all constructions are always carried out in this category.

1. REAL TOPOLOGICAL HOCHSCHILD HOMOLOGY

A symmetric ring spectrum X is a sequence of based spaces Xg, X1,... with a
left based action of the symmetric group ¥, on X, and ¥, X X,,-equivariant maps
Anm t X NS™ = Xppm. Let A be a symmetric ring spectrum with multiplication
maps finm : An N Ay — Apgm and unit maps 1,, : S — A,. An anti-involution on
A is a self-map of the underlying symmetric spectrum D : A — A, such that

D?=id, Dpol, =1,,
and the following diagram commutes:

D, A\ Dy,

An NA, Am N Ay

Y
A NAp,

Hm,n Hn,m

An+m

Xn,m

Dm+n

Aern Aern .

Here «y is the twist map and Xy,m € Yp4m is the shuffle permutation

(i) = i+m if1<i<n
Xn,m{?) = i—n ifn+l1<i<n+m.

Let R be a unital, associative ring. Then R determines a symmetric ring spectrum
HR, called the Eilenberg MacLane spectrum of R, which can be constructed as follows.
Let S'[—] := A'[-]/0A![~] denote the pointed simplicial circle and let S™[—] denote
the pointed simplicial n-sphere defined as the n-fold smash product S1[—]A---ASY[—].
The nth space of the spectrum H R is the realization of the reduced R-linearization
of the simplicial n-sphere:

HRy, = R(S") = [[k] = R[S"[K]]/R[*]|

Here R[S™[k]] is the free R-module generated by the k-simplices S™[k] and R[«] is the
sub-R-module generated by the basepoint x € S™[k]. The symmetric group ¥,, acts
by permutation of the smash factors of S™[—] and there are natural multiplication
and unit maps

ftmn i HRyy NHRy — HRpy o, 1, : S™ — HR,,

which are Y, X ¥,-equivariant and ¥, -equivariant.
4
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An anti-involution a on R is a ring isomorphism « : R°® — R such that o? = id.
If o is an anti-involution on R, then we also let o denote the induced anti-involution on
the symmetric ring spectrum H R, which in spectral level n is the geometric realization
of the map of simplicial R-modules given by r -z +— «a(r) -z for r € R and =z € S™[k].

Given a symmetric ring spectrum with anti-involution (A, D), the real topological
Hochschild homology space THR(A, D) was defined in [11] as the geometric realiza-
tion of a dihedral space, and we briefly recall the notion of a dihedral object. The
real topological Hochschild homology of a ring with anti-involution (R, «) is the real
topological Hochschild homology of (H R, ), which we simply denote THR(R, a).

Definition 1.1. A dihedral object in a category C is a simplicial object
X[-]: AP = C

together with dihedral structure maps t,wy, : X[k] — X[k] such that ¢/ = id,
w,% =id, and tpwg = t,;lwk. The dihedral structure maps are required to satisfy the
following relations involving the simplicial structure maps:

dywg = wg_1dg—y, Swg = w15k 0 <1<k,
dity, = tg_1di_1, sitgp = try1s-1  if0<1<k,
dotk = dk, Sotr = tz+18k.

A simplicial object together with structure maps t; : X [k] — X[k] satisfying the
above relations is called a cyclic object and a simplicial object together with structure
maps wy : X[k] — X[k] satisfying the above relations is called a real object. The
geometric realization of the simplicial space underlying a dihedral (resp. cyclic, resp.
real) space carries an action by O(2) (resp. T, resp. G): See [8] for more details.

Let I be the category with objects all non-negative integers. The morphisms from
1 to j are all injective set maps

{1,...,iy = {1,...,7}.
The category I has a strict monoidal product + : I xI — I given on objects by addition
and on morphisms by concatenation. We note that the initial object 0 € Ob(I) serves
as the identity for the monoidal product. For i € Ob(I) we let w; : ¢ — i denote the
morphism that reverses the order of the elements:

wi(s)=i—s+ 1.

Given a morphism ¢ : ¢ — j we define the conjugate morphism 6% by 0% := w; Oeow;l.

We define a dihedral category I[—] by letting I[k] = I**! and defining cyclic structure
maps d; : I[k] = Ik — 1], s; : I[k] — I[k + 1], and ¢} : I[k] — I[k] on objects by

di(io, -+ yig) = (igy -+ 59 + g1, ,0k), 0<1i <k,
di(io, -+ yik) = (ig + G0y, lg—1), i =k,
si(oy -+ yig) = (g, 43, 0,8541, -+ ,ig), 0<i<k,
tr(io, -+ yix) = (ik, 90, 5 ik—1),

and similarly on morphisms. The structure maps wy : I[k] — I[k] is defined on a
tuple of objects by

wi (i, ., ik) = (G0, 0k, th—1,---,01)
5
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and on a tuple of morphisms by
wk(GOa-"70k> = ( 6.1’9;21’9(1.))

Let X be a pointed space with a pointed left O(2)-action and let (A, D) be a
symmetric ring spectrum with an anti-involution. Let G(A)% : I**! — Top, denote
the functor given on objects by

G(A)I;((io,...,ik) = Map (Sio/\"'ASik,Aio/\"'/\Aik /\X).

We will almost always omit the A and simply write GI;(H if there is no confusion about
which spectrum A is used in the construction of the functor. The functor is defined
on morphisms using the structure maps of the spectrum; see [10] or |7, Sect. 4.2.2].
We define a dihedral space by setting

THR(A, D; X)[k] := hocolim G%

Jk+1

with simplicial structure maps as described in [10] or |7, Sect. 4.2.2]. Let w; € ¥; be
the permutation given by w;(s) =i — s+ 1. We let

th:Gh =G oty, wi:GY% = GY%owy

be the natural transformations which at (ig,...,ix) € Ob(I¥) are defined by the
following commutative diagrams

S0 A ... A Sk / Aio/\"'/\Aik/\X
7‘71 JT/\X
ti,(f)
Stk A G0 A ... A Q-1 Ay, NAjg N NA;, N X
and

Sio A SiL A ... A Stk Aig NAG N NA, N X

v Wig N -+ Aw;y, Aid
Sio A SN LA ST Aig NAig N NAj AN X

id D, N---AND;, ANid
S0 A Sk A ... A SH Aio/\Ail/\"‘/\Aik/\X

wo N\ A\ wg v
wh,

Aig/\Aik/\"'/\Ah/\X

Sio A SN\ S
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where 7 cyclically permutes the smash factors to the right, and v fixes the first smash
factor and reverses the order of the rest. The structure maps are given as the compo-
sitions of the maps induced by the natural transformations and the canonical maps:

t, - hocolim G% % hocolim G o ty, <%, hocolim G¥
E oI(]:C(le Y = Oﬁ(ﬁm Yoty — Oﬁ?fm X
wy, : hocolim G% w—;“> hocolim G% o w M hocolim G%
ke T X Tkl X k Tkl X
We have defined a dihedral space and we let THR(A, D; X) denote the realization
THR(A, D; X) := |[k] » THR(A, D; X)[k]|.

The space THR(A, D; X) is in fact an O(2) x O(2)-space, where the action by the first
factor comes from the dihedral structure and the action by the second factor comes
from the O(2)-action on X. We are interested in the space THR(A, D; X) with the
diagonal O(2)-action.

Remark 1.2. Let A : O(2) — O(2) x O(2) denote the diagonal map. The tool
available for investigating the fixed point space (A* THR(A, D; X)) is Segal’s real
subdivision constructed in |17, Appendix Al|. We briefly recall the real subdivision
functor sd® and refer to Segal’s paper for details.

Let X[—] be a dihedral space. There is a (non-simplicial) homeomorphism

D+ [sd X[ — | X[-]],
where sd®X[—] is the simplicial space with k-simplices sd®X[k] = X[2k + 1] and
simplicial structure maps, for 0 < ¢ < k, given by
(di>€ : SdeX[k'] — SdeX[k) — 1], (di)e =d;o d2k+17i7
(si)¢:sd®X[k] = sd®X[k+ 1], (5i)° = 8 0 Sapt+1—-
The simplicial set sd®X[—] has a simplicial G-action which in simplicial level & is
generated by wog11. Thus the realization inherits a G-action. The advantage of real

subdivision is that the homeomorphism D€ is G-equivariant. In particular, it induces
a homeomorphism

|sd° X [-]] — [ X[-]|°.
Note that
sd° THR(A, D; X)[k] = hocolim G =|[n] = \/  G¥*'()

J2k+2

)

fg =y,
where i € Ob(I%%*1). The G-action on X gives rise to a natural transformation
2k+1 2k+1
X, GX+ 0 Wokt1 = GX+ O Wkt1-

The diagonal G-action is generated by the simplicial operator which takes the sum-
mand indexed by iy — -+ — 4,, to the one indexed by wag+1(ig) — -+ — wak1(4,,)
via

oy Wokg! N\ Xo .
(1) G%?“@o) = G%CH o Wwak+1(dy) — G%CH © Wag+1(lg)-

7
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In particular if a k-simplex is fixed, then it must belong to a summand whose index
is fixed under the functor wa4+1. Such an index consists of objects of the form

(2) (iOai17"'7ikaik+17ika"'77:1)
and morphisms of the form

(3) (60,01, -, Ok, Ok 1, 055, 0F)

where 0y = 0f and 01 = 07 . Let I€ denote the subcategory of I with the same
objects and all morphisms 6 which satisfies “ = . Let

A TG TP x 19 — PR
denote the “diagonal” functor which maps a tuple (ig,%1,...,ik,ix+1) to the tuple
(2) and a tuple of morphisms (0, 01,...,0k,0k+1) to the tuple (3). The natural
transformation (1) restricts to a natural transformation from G%?'HOAQ to itself, hence
G acts on G%f“ o A® through natural transformations. Since geometric realization

commutes with taking fixed points of the finite group G by [16, Cor. 11.6], we obtain
the following lemma.

Lemma 1.3. The canonical map induces a homeomorphism

o G
hocolim (G2 o A€ = (hocolim Gg?“)
IGxIkxIC I2k+2
The G-action on G%f“ o A® at (i,ny1,...,nk,j) € Ob (IG x I* x IG) can be
described as follows. The image of the functor is the mapping space:

G%“‘Her(i,nl,...,nk,j) = Map (g,Z/\X),
where

S=S"ASM A ANS™®ASIASHEN ALY

A=A NAp, N NAp NAFNAp, Ao N Ay,

The spaces above are G-spaces: The non-trivial element w € G fixes the first smash
factor and reverses the order of the remaining factors, then acts by the permutation
w; € ¥; factor-wise. On the space A, w further acts by the anti-involution D; factor-
wise. The space AA X is given the diagonal action and finally G’ acts on the mapping
space by the conjugation action.

We will need a G-equivariant version of Bokstedt’s Approximation Lemma as
proven by Dotto; see |5, 4.3.2]. We call a map of G-spaces f : Z — Y n-connected if
K. ZK — YK is n-connected for K € {e, G}.

Proposition 1.4 (Equivariant Approximation Lemma). Let (R,«) be a ring with
an anti-involution o and let V' be a finite dimensional real G-representation. Given
n > 0, there exists N > 0 such that the G-equivariant inclusion

G(R) o A%(i) — hogolim G(R)%

is n-connected for all i € Ob(I¢ x I* x I%) coordinate-wise bigger than N.
8
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2. THE REAL TOPOLOGICAL HOCHSCHILD HOMOLOGY SPECTRUM

The space THR(A, D; S°) is the 0th space of a fibrant orthogonal O(2)-spectrum
in the model structure based on the family of finite subgroups of O(2), see Proposition
2.2. Furthermore, if A is a commutative symmetric ring spectrum, then THR(A, D)
has the homotopy type of an O(2)-ring spectrum.

In the classical setup one needs certain connectivity assumptions on the spectrum
A to ensure that THH(A) has the correct homotopy type. We likewise need some
connectivity assumption on (A, D). For an integer n we let [5] denote the ceiling of
5. Throughout this section we make the following assumptions on (A, D):

Assumptions 2.1. Let (A, D) be a symmetric ring spectrum with anti-involution.

We assume that A, is (n—1)-connected as a non-equivariant space and that (A, )27

is ([5] —1)-connected. Furthermore we assume that there exists a constant € > 0
such that the structure map Ay, : Ay AS™ — Apip is (2n + m — €)-connected as
a map of non-equivariant spaces and such that the restriction of the structure map

A @ ADnown p (gmy@m (A ) Prtme@nxwm) sg (4 [3] — €)-connected.

By an O(2)-representation, we will mean a finite dimensional real inner product
space on which O(2) acts by linear isometries. We fix a complete O(2)-universe U
and work in the category of orthogonal O(2)-spectra indexed on U as defined in
[15, Chapter I1.4]. Let V' C U be a finite O(2)-representation. Let

THR(A, D)(V) = A* THR(A, D; SV),

where A : O(2) — O(2) x O(2) is the diagonal map. The orthogonal group O(V') acts
on THR(A, D)(V) through the sphere SV. It is straightforward to construct spectral
structure maps

ovw : THR(A, D)(V) A S — THR(A, D)(V @ W),

see [9] or [13]. The family of O(V') x O(2)-spaces THR(A, D)(V) together with the
maps oy defines an orthogonal O(2)-spectrum indexed on U, which is denoted
THR(A, D). The following result is proven in [13, Prop. 3.6].

Proposition 2.2. IfV and W are finite O(2)-representations, then the adjoint of the
structure map

Gvw : THR(A, D)(V) — Map(S", THR(A, D)(V & W))
induces a weak equivalence on H-fized points for any finite subgroup H < O(2).

When A is a commutative symmetric ring spectrum, THH(A) is a T-ring spec-
trum, though we must change foundations and work in the category of symmetric
orthogonal T-spectra to display this structure; see [12]. The multiplicative and unital
structure maps as described in [9, Appendix| are compatible with the added G-action.
Thus when A is commutative, THR(A, D) is a symmetric orthogonal O(2)-ring spec-
trum. We briefly recall the construction and refer to [9, Appendix]| for details. Let
(n) denote the finite ordered set {1,...,n} and let 1™ denote the product category.
There is a functor

Up : I — 1
9
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given by addition of objects and concatenation of morphisms according to the order
of (n). Let G];(’(n) denote the composite G% o (U,,)¥™!. There is a dihedral space
THR™ (A, D; X)[—] with k-simplices the homotopy colimit

THR™ (A, D; X)[k] := hocolim G,
(I(n) ) k+1

and with cyclic structure maps constructed as for THR(A, D; X)[—] with minor ad-
justments. We define

w](gn) : (I(n))k-H N (I(n))k’-i-l
on objects by

w;gn)((i01,---7i0n)7---,(Z'm,---,ikn)) = ((i017--~7i0n); (ik1,--~7ikn),---7(i117--~7i1n))

and on morphisms by

w,gn)((a01, e )y ey (L, - ,akn)) = ((a%’l, ey Q) (O ,a‘fn))

Furthermore we define the natural transformation

(o) : G4 = G ol
at an object ((igl, ey 0 )y e ey (Tg1y - - - ,z;m)) € (I(”))]CJrl by replacing the permuta-
tions wj, +...+4;, by the permutations w;,, X -+ X w;;, in the defining diagram for the
natural transformation wj,. The dihedral structure map is the composition

(n))’
w,(gn) : hocolim GI)C(’(") M hocolim G];”(’(n) o w,(gn) —* 3 hocolim G];(’(n).

(I<n>)k+1 (I<”))k+l (I(n>)k+1

Let THR™ (A; D; X) denote the geometric realization of THR(A, D; X)[—].
An order preserving inclusion ¢ : (m) < (n) induces a functor

L (I(m))k—i-l N (I(n))k—H

by inserting the initial element 0 € Ob(I) into the added coordinates, which in turn
induces a map

indw(n)

v : THR™(A4; D; X) — THRW(A; D; X).
When m > 1 it follows from the most general version of the Equivariant Approxi-
mation Lemma as stated in [13, Prop. 2.7| that the map ¢ induces isomorphisms on
7l (—) for all finite subgroups H < O(2).
We define the symmetric orthogonal spectrum THR(A, D) as follows. Let n be

a non-negative integer, and let V be a finite O(2)-representation. The (n,V')th space
is defined to be

THR(A, D)(n,V) = A* THR™ (A, D; S™ A SV

where A : 3, x O(2) = ¥, x O(2) x X,, x O(2) is the diagonal map. The action by
the first O(2)-factor arises from the dihedral structure and the action by the second
O(2)-factor is induced from the O(2)-action on V. The action by the first 3, -factor
is induced from permutation action on I™ and the action by the second X,-factor is
induced from the ¥,-action on S™ given by permuting the sphere coordinates. The
spectrum structure maps and the unit maps are described in [9, Appendix| and one

can verify that they are G-equivariant.
10
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To define multiplicative structure maps we first recall that the canonical map
hocolim G%™ A hocolim G2™ =5 hocolim  G5™ A g™
(I(n))k+1 (I(m))k+1 (I(n+m))k+1

is a homeomorphism, when the spaces are given the compactly generated weak Haus-
dorff topology. Next we note that there are natural transformations

sy - G AGET = gl

given by smashing together the maps f € G];(’(n) and g € G];,’(m) and composing
with the multiplication maps in A. The composition of the canonical map and the
map induced by the natural transformation i/ commutes with the dihedral structure
maps, the ¥,, x ¥,,-action, and the O(2)-action from X and Y. Given n,m > 0 and
finite O(2)-representations V' and W the multiplicative structure map is the geometric
realization

tn,v.mw : THR(A, D)(n, V) A THR(A, D)(m, W) — THR(A, D)(n +m,V & W).
3. THE COMPONENTS OF THE G-GEOMETRIC FIXED POINTS

This section is devoted to the proof of Theorem A in the introduction. We start
by introducing some notation. We define the G-spheres S0 = S® and St! = SR to
be the pointed G-spaces given by the one point compactifications of the 1-dimensional
trivial representation and sign representation, respectively. More generally, we set

SPd — (51,0)/\(?—11) A (51,1)/\(11)

for integers p > q > 0.
Let EG be the free contractible G-CW-complex

o0 n
EG:= ] S(EPiR),
n=0 Jj=1
where S(®7_;iR) denotes the unit sphere in ©7_;iR. We denote by EG the re-

duced mapping cone of the based G-map EG, — S° which collapses EG to the
non-basepoint, hence N
EG = colim SF*.
k—o00

If X is an orthogonal G-spectrum, then the derived G-fixed points of EGAX isa
model for the derived G-geometric fixed point of X; see [15, Prop. 4.17|. Consider
the inclusion S™" — S7+t1Ln+1 There are canonical homeomorphisms of G-spaces

grlnrlygnn = mgnn A Gy = STHAGY,

where the first map is described in [13, Lemma A.4| and the second map untwists
the G-action, that is the map is given by (z,g) — (¢ ', g). Thus there are cofiber
sequences of based G-CW-complexes for n > 0:

sy gntlntl G oA S

We smash the cofiber sequence with the orthogonal G-spectrum X and obtain a long
exact sequence of G-stable homotopy groups, which contains the segment

e (X)) = 7§ (S A X) = (ST A X)) s, (X)) — -

11
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If X is connective, then the inclusion S™" — §"+1L7+1 induces an isomorphism
7& (S A X) S xS (§mHLHL A X))
for n > 1 and, in particular, the inclusion St — EG induces an isomorphism
7§(SY A X) S 2§(EG A X).
We are now ready to prove Theorem A from the introduction.

Proof of Theorem A. Let (R,«) denote a ring R with an anti-involution «. By the
discussion above, the components of the derived G-geometric fixed points can be
calculated as the homotopy group 7§/(SHt ATHR(R, ). The actions of smashing an
orthogonal G-spectrum with S and shifting the spectrum by iR yield canonically
mx-isomorphic G-spectra. It follows from Lemma 2.2 that we have an isomorphism of
abelian groups:

75 (SY' A THR(R, @) 2 mo( THR(R, ) (iR)“).
Segal’s real subdivision described in Remark 1.2 provides a homeomorphism
D° : |(sd® THR(R, a; §*1)[-])“| = THR(R, o) (iR)C.

By [16, Lemma 11.11], we can calculate the group of components of the left hand side
as the quotient of 7o (sd® THR(R, o; S¥1)[0]%) by the equivalence relation generated
by d§(z) ~ d§(z) for all x € mo(sd® THR(A; S11)[1]¢). It follows from Lemma 1.3
that the diagram
dg
sd® THR(R, a; SUV1)[1]¢ ———= sd®* THR(R, a; SV1)[0]¢
di

is homeomorphic to the left hand part of the homotopy commutative diagram

hocolim (G © A)Y  Map(87 A §% A ST A", HR; A HR, A HR; A HR, A SW1)C

IGxIxIC

d10d2||d00d3 inch-Od’lod’Q

hinclj odj o dj

: 1 e\G . .
h?cgg}lcrn(GX oA ) - Map(Sn-‘rz—i-n A Sn+j+naHRn+i+n A HRn+j+n A SI,I)G'

Here incl; is the image of the functor G}qm o A® at the morphism (id;4;tn, inclypid)
in I¢ x I where inclpq is middle inclusion j — n + j +n. The map incl; is defined
analogously. The horizontal maps can be made as connected as desired by choosing %,
j and n big enough by the Equivariant Approximation Lemma 1.4. We fix a choice of
i, j and n such that the horizontal maps are 0-connected and for simplicity we choose
7 and j to be even.

If X and Y are G-CW-complexes, then the inclusion of fixed points g : X& < X
induces a fibration

g« : Mapg(X,Y) = Mapg(X,Y) = Map(X“,Y)
12
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with fiber Map(X/ X% Y). It follows from [1, Prop. 2.7] that the connectivity of
the fiber can be estimated as follows:

conn(Mapg(X/X9 Y)) > Kér%i;lG}(conn(YK) — dim((X/X%K)).

In the case at hand, the inclusions of G-fixed points

(SN S ASI NS s STASH A ST A S
and

(Sn—i-i-i—n A Sn+j+n)G N Sn—l—i—i—n A Sn—i—j—l—n

induce fibrations with 0-connected fibers, so the right hand part of the diagram eval-
uated at mg is isomorphic to the diagram

Wo(Map(S% /\S”/\S%’HRlHaow ANHR, /\HRfaow)>

il

7T0<Map(5n+%+n A Sn-i-%—&-n’ HRffﬁun A HRgﬁ‘ffn)>7
where dy := §(incl; o djy o d) and dy := 7ji(incl; o d} o d}). We have omitted the
index on Ha and w. The space HR,, is (n — 1)-connected and Dotto proves that the
space HRS$ is (n — 1)-connected; see [5, Lemma 6.3.2]. It follows from the Hurewicz
isomorphism and the Kiinneth formula that the diagram above is isomorphic to the

diagram
(HRHo“) @ 7, (HR,) @ 7

il

ﬂ-n—l—% (HRgfﬁ:n) ® 7Tn+%‘ (HRgf;i)n) .

™

(HRjHaow)

i 1
2 2

The homotopy groups m,(H RS”) are independent of n when n > 1 and we therefore
calculate 71 (HR3“). The space HRy is the geometric realization of the simplicial set

R[S'[-] A S'[=]1/R[+].

The action by Haow is induced by a simplicial action where a acts on the R-label and
w acts by twisting the smash factors S'[—]AS![—]. Since taking fixed points of a finite
group commutes with geometric realization, HRY*°“ is the geometric realization of
the simplicial set

(RIS =] A ST[=ID)™ /RI#].
Hoow

This is a simplicial abelian group and we may therefore calculate m (HR5 ) as the
first homology group of the associated chain complex. Recall that

A'[k] = Homa ([k],[1]) = {z0, 1, ..., Tpe1}
where #x; '(0) = i and with the face maps given by

z, fi<s
d5($l) - { r,—1 if 1> s.

13
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The sphere S'[—] is defined to be the quotient A'[—]/0A![~]. We have representatives
of the simplices in S?[—] = S*[—] A St[—] as follows:
52[0] = {.r() VAN .CL‘(]}, 52[1] = {33‘0 Nxg, T1 N $1},
52[2] = {J?() Nxo, 1 Nx1, Lo N X2, T1 N T2, To N $1}.

The associated chain complex of (R[S'[—]AS? [—]])aow/R[*] begins with the sequence

s (Rt Az) B R (31 Az2) B R (w2 A1) % RY - (31 Azy) — 0.
Since d(xz1 A x1) = 0, the first homology group is the cokernel of the map

(R- (21 Ax2) ® R- (23 A1) 5 R - (1 Aan),
where d(z1 A x2) = d(z2 A1) = —(x1 A z1). The map
R— (R-(z1Nx2) ®R- (22 A1)
which sends r to the tuple (—r, —a(r)) is an isomorphism, and d corresponds to the
norm map N : R — R® given by
N(r)=r+a(r)

under this isomorphism. We conclude that 1 (H R %) = R*/N(R). The diagram
from before can now be identified with

R*/N(R) ® R® R*/N(R)

il

R*/N(R) ® R*/N(R)

where do(r ® s @ t) = a(s)rs ® t and dy(r @ s @ t) = r @ sta(s). It follows that
mo ((THR(R, @))?“) = (R*/N(R) @z R*/N(R))/I,

where I denotes the subgroup generated by the elements a(s)rs ® t — r ® sta(s) for
all s € R and r,t € R*. This completes the proof of Theorem A. O

Remark 3.1. When R is a commutative ring, then THR(R, o) has the homotopy type
of an O(2)-ring spectrum, hence the components of the G-geometric fixed points have
a ring structure. We note that in this case R* is a subring of R and N(R) is an ideal
in R®. Furthermore the subgroup I generated by the elements a(s)rs®t —r ® sto(s)
for all s € R and r,t € R® is an ideal. It is generated as an ideal by the elements
a(r)-r®1—1®7r-ar) for all r € R. These observations give

(R*/N(R) @z R*/N(R))/1
a natural ring structure.

Remark 3.2. Let us consider the case where R is a commutative ring with the identity
serving as anti-involution. The functor

R 7o ((THR(R,id)%)“),

considered as a functor from the category of commutative rings to the category of sets,
is not representable. This rules out the possibility that the ring ﬂo((THR(R, id)c)gG)

is a ring of Witt vectors as defined by Borger in [3]. For example, the functor does
14
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not preserve finite products. Indeed, in this case we have an isomorphisms of abelian
groups
mo((THR(R,id)¢)?“) = (R/2R ® R/2R)/I
where [ is the ideal in the ring R/2R ® R/2R generated as an ideal as follows
I=(*®1—-1®2” |z € R/2R).

We consider the product Fa[z] x Faly]. We have a commutative diagram where the
top right corner is the functor applied to the product ring and the lower right corner is
the product of the functor applied to each factor. The horizontal maps are surjective
quotient maps and the vertical maps are induced by the projections.

(Folz] x Faly]) ® (Fafz] x Faly]) — ((Fﬂ@“] x Faly]) ® (Falx] x Fz[y]))/f

J

(Folz] @ Faolz]) x (Foly] @ Faly]) — (Falz] @ Folz]) /I x (Foly] ® Faly]) /1

The claim is that the right vertical map is not a bijection. The left vertical map takes
the element (z,0) ® (0,y) to zero. The ideal

I C (Fafa] x Faly]) © (Fafz] x Faly])

is generated by the elements (p(z)?, ¢(y)?) ©1—1® (p(x)?, q(y)?), where p(x) and q(y)
are polynomials. Hence (z,0) ® (0,y) ¢ I and the right vertical map is not injective.

In some cases, the calculation of the components of the G-geometric fixed points
immediately leads to a calculation of the components of the G-fixed points as a ring.
We have a cofibration sequence of G-spaces

Gy — S — sht,

We smash the cofibration sequence with the spectrum THR(R, ) and obtain a long
exact sequence of G-stable homotopy groups which begins with the sequence

(@) oo m(THR(R ) 5 §(THR(R, )) - 7§ (S A THR(R,)) - 0,

where VeG denotes the transfer map; see |10, Lemma 2.2| for an identification of the
induced map in the long exact sequence and the transfer map. We let

FS . 7§ (THR(R, o)) — mo(THR(R, o))
denote the restriction map, which is a ring map. By the double coset formula
FGoVY% =N.

Example 3.3. If R is a commutative ring with % € R and the identity serving as
anti-involution, then it follows from the formula F¥ o V.¢ = 2-id, that V,¢ is injective.
Since the components of the G-geometric fixed points vanish, it follows from the exact
sequence (4) that

FS : 7§ (THR(R,id)) — mo(THR(R,id)) = R - 1

e
is a ring isomorphism.
15
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Remark 3.4. Hesselholt and Madsen prove in [10| that there is a canonical ring
isomorphism identifying 7o THH(R)»" with the p-typical Witt vectors of length n+1,
when R is a commutative ring and p is a prime. Dress and Siebeneicher introduced
a Witt vector construction in [6], which is carried out relative to any given profinite
group, and the p-typical Witt vectors of length n+ 1 are the Witt vectors constructed
relative to Cpn, i.e. mo THH(R)“»" = We,n (R). If we let Dyn denote the dihedral
group of order 2p”, then it is tempting to expect that the ring 7o THR(R,id)P»" can
be identified with the Witt vectors Wp , (R) when R is commutative but the example
above shows that this is not the case. If p > 2, then W¢(F,) is isomorphic to F), x I,
but 7o(THR(F,,id))¢ is isomorphic to F,, by the example above.

Example 3.5. We consider the example (Z,id). Since F& o V.¥ = 2-id and there is
no 2-torsion in Z, the transfer map is injective and the long exact sequence (4) gives
rise to a short exact sequence
G
0 — mo(THR(Z, id)) Y=+ 7§ (THR(Z,id)) — Z/2 — 0,

where mo(THR(Z)) = Z - 1. Since Ext},(Z/2Z,7) = 7./27, there are two possibilities
for what this short exact sequence can look like, when considered as short exact
sequence of abelian groups. The first possibility is

0525 7 x7/22 — 7/27 — 0,

with V(z) = (z,0), hence F'(z,0) = 2z. Since Z is torsion free, F'(0,y) = 0, hence
F(z,y) = 2z. But then the pre-image of the unit is empty, which is a contradiction,
since F' is a ring map. The short exact sequence must therefore be of the form

05257 7/2Z 0,
with V =2 -id and F' = id. It follows that
FY : 7§(THR(Z,id)) — mo(THR(Z,id)) = Z - 1

is a ring isomorphism.

16
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