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Summary

In this thesis, we analyse a variational reformulation of the Bogoliubov approximation that is used to
describe weakly-interacting translationally-invariant Bose gases. For the resulting model, the ‘Bogoli-
ubov free energy functional’, we demonstrate existence of minimizers as well as the presence of a phase
transition to Bose—Einstein condensation, and establish the phase diagram. We also give a calculation of
the critical temperature assuming the gas is dilute, and find that it agrees with earlier numerical studies.

The thesis contains an introduction, a physical review paper outlining the main results and ideas,
and two mathematical papers with detailed proofs.

Resumé

I denne afhandling analyserer vi en variationel reformulering af Bogoliubov approksimationen, som
beskriver svagt vekselvirkende translationsinvariante Bose gasser. I den resulterende model ‘Bogoliubovs
frie energi funktional’, viser vi eksistens af minima og tilstedeveerelse af en faseovergang til Bose—Einstein
kondensation, og finder fasediagrammet. Vi beregner den kritiske temperatur hvis gassen har lav teethed,
og finder at den passer med eksisterende numeriske resultater.

Afhandlingen bestar af en introduktion, en fysisk oversigtsartikel som forklarer de vigtigste resultater
og ideer, og to matematiske artikler med beviser.






Contents

UIntroductionl 7
11 Context and basic question| . . . . . .. . ... ... ... L 7

2 e weakly-interacting Bose gasand 7. . . . . . . ... ... ... ... ... ... 11

2.1 eeenergy and BEC| . . . . ..o 11

2.2 Bogoliubov’s approach| . . . . . .. ..o oo 12

2.3 Previous results]. . . . . . . . . 12

13 'The Bogoliubov free energy functional . . . . . . .. ... ... . 0oL 14
[3.1 Set-up and main qUestions|. . . . . . . .. L .. e e e 14

B2 Toolsandidead . . . . . . o oo 15

3.3 Results and conclusionsl . . . . . . . . . .. 17
BAOutlooRl . . -« o o o 17
[Review |

[Calculation of the Critical Temperature of a Dilute Bose Gas in the Bogoliubov Approximation| 23

Paper | |
The Bogoliubov free energy functional I. Existence of minimizers and phase diagram| 33
Paper 11 |
The Bogoliubov free energy functional II. The dilute limit]| 85
[Acknowledgements| 145







Introduction

1 Context and basic question

Below 2.17K, helium-4 is truly magic: it can defy gravity and climb up walls, escape the confinement of
a container, and provide an endlessly flowing fountain. Kapitsa, Allen and Misener discovered these re-
markable properties in 1937, and this phenomenon is now known as superfluidity. Much earlier, in 1911,
Kamerlingh Onnes had noticed that very cold mercury has no resistance, which was the first example of
something called superconductivity.

A theoretical concept that would prove a vital ingredient in explanations of both superconductivity
and superfluidity had been discovered in 1924/25 by Bose and Einstein. Their theory describes a class of
particles called bosons. Many atoms, such as helium-4, are examples of bosons. Their defining features are
that they are manifestly indistinguishable and that they have an inclination to cluster. Mathematically,
this property is expressed by the invariance of the quantum mechanical state under permutation of
the particles. Exchanging the particles in a two-particle state ¥, for example, should leave that state
invariant since the two particles are indistinguishable, and therefore the same, that is,

U(1,2) = U(2,1). 1)

How does this symmetry lead to a tendency to cluster? Imagine that we have two distinguishable
particles in a 2-level system with basis states |0) and |1). A basis for the state space of two such particles
consists of |00) and |11), together with |01) and |10). Note that there are two configurations where the
particles are in the same state, and two were they are in different states. When we impose the symme-
try (), the first two states are still allowed, but the latter two are not since [01) # [10). To describe
bosons, we have to replace these two by the single symmetric state (]01) +[10))/v/2. Now, there are two
configurations where the particles are in the same state (J00) and |11)), and only one where they are in
different states ((|01) + |10))/+/2). Hence, at least at the level of the number of configurations, bosons
are more likely to be in the same state than distinguishable particles.

This observation provided the starting point for a more complete analysis, which led to the discovery
of Bose-FEinstein condensation (BEC)—an extreme consequence of the bosonic tendency to cluster.

The first step in this analysis was made in 1924, when Bose worked out the implications of the
symmetry for large numbers of non-interacting bosons. In other words, he developed statistics for
bosons. The set-up is as follows: consider N non-interacting bosons, which means that the Hamiltonian
describing the system is a sum of (identical) 1-particle Hamiltonians. To obtain a configuration of the
N-body system, we simply need to know the 1-body energy levels and distribute the particles among
them. The N-body ground state is obtained by putting all the particles in the lowest-energy state, but
with increasing temperature we expect that particles will also typically occupy states with higher energy
(see Figure [1)).

Bose described what the typical configuration is, and how it depends on the temperature 7. To
describe his conclusions, we should briefly mention two different descriptions of statistical-mechanical
systems. On the one hand, we can describe them in the canonical ensemble, which means that we have
a fixed particle number NV and temperature T. On the other hand, we can also only fix 7" and allow the
number of particles to vary. The average particle number is then controlled by a parameter known as
the chemical potential . This description with fixed p and T is known as the grand canonical ensemble.
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Figure 1: The ground (or zero temperature) state of a system of non-interacting bosons (left), and a
possible configuration at higher temperatures (right). The 1-particle quantum states are schematically
depicted by lines, ordered by energy from low to high. At zero temperature, all bosons are in the
ground state of the 1-body Hamiltonian, whereas they spread out over higher and higher levels as the
temperature increases.

Without commenting on the derivation, for a system with 1-particle eigenstates with energies ¢y <

€1 < ..., the expected occupancy of the ;! level is (setting i = 2m = kp = 1)

1

Nj) = = — 1

where p < € is the chemical potential that indirectly fixes the average particle number

1
(N) =D (N =D =

J

<.

When Einstein read about this in a letter from Bose, he came up with some interesting consequences.
For free particles in a three-dimensional box with volume {3, the eigenfunctions are standing waves. In
the thermodynamic limit I — oo, the energy levels are proportional to p? for p € R3, the sum over energy
levels can be approximated by an integral over p and the numbers (V;) turn into a function (N(p)). The
statistics for bosons then say that for u < 0, the expected density of particles with momentum p in the

box is
(N(p)) 1

’Y(p) = I3 = e —)/T _ 1 (2)

Since this increases with p < 0, this implies that the expected particle density, denoted by p, satisfies

1 1 .
p= B (N(p))dp < /de = T3 = Ptec 3)

for some constant ¢g. We conclude that densities larger than pg. cannot be reached by defining a p and
following Bose statistics. But there is nothing stopping us from taking a box and adding particles until
this density is exceeded! What happens when we do this is interpreted as Bose—Finstein condensation
(BEC): all particles in excess of pg. are assumed to be in the p = 0 (lowest energy) state so that they do
not participate in the statistics; the lowest energy state is macroscopically occupiedEﬂ

INote that this conclusion changes in one and two dimensions, where all p > 0 can be reached by choosing u close
enough to 0, and we do not have BEC at positive temperature.

2 As in our simple example, this should be contrasted with the distribution for distinguishable particles. This is the
Mazwell-Boltzmann distribution
(N(p)) 1

1) = T = @

This also has the property that particles concentrate in the lower lying levels, but nonetheless [ — oo as u — 0, so that
we can reach all p > 0 by following these statistics and specifying a p < 0.
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This analysis and the quantities v, i, p, pe. Will play a big role in this thesis. The ‘f¢’ in pg. stands for
‘free critical’: it refers to the critical point of the non-interacting (free) Bose gas. For a fixed density p,
the relation can be inverted to a free critical temperature

Tie = (p/co)*?, (5)
below which we have BEC.

As mentioned before, BEC plays a role in both superfluidity and superconductivity, but the phe-
nomenon has also been observed more directly. Gases of atoms can be trapped by magnetic fields and
cooled to extremely low temperatures using lasers. In this setting, gases of rubidium and sodium atoms
were observed to form a BEC in 1995 [10, [30], see Figure [2| for more information.

We should mention that the situation in this figure is more complicated than the case described by
Bose and Einstein because of the presence of an external trap. An approximate description is given by
the Gross—Pitaevskii equation [24] [46], which is accurate in a particular limit [36]. We will not consider
external trapping potentials, but rather the translation-invariant or homogeneous case in which such a
trap is absent.

Figure 2: The momentum distribution of the particles in a gas of rubidium atoms as a function of p,
and p,. The plot on the left shows the distribution at approximately 200 nK. Although the density is
highest for p = 0, there is no condensation. After lowering the temperature to approximately 100 nK
(middle plot), a phase transition has taken place and a Bose—Einstein condensate has formed. Going to
temperatures as low as 20 nK (right plot) causes the distribution to move closer to p = 0. Note that
this is a system with an external trapping potential, which makes it different from the homogeneous
(translation-invariant) set-up discussed in this thesis. This image came out of the experiments reported
in [I0]. Image credit: NIST/JILA/CU-Boulder.

As mentioned several times now, superfluidity and superconductivity are manifestations of Bose—
Einstein condensation. It took particular effort to realize this for superconductivity as current in metals
is transported by electrons, which are not bosons. In fact, they are particles that have the tendency
to avoid each other, called fermions. As a consequence, condensation of electrons cannot occur, and it
seems that BEC and superconductivity are unrelated. However, it it turns out that fermions can pair
up in momentum space to form bosons, and these can form a condensate. This was first described by
Bardeen, Cooper and Schrieffer in 1957 [G], but we will not discuss these ideas in this thesis.

Of more relevance to us here is the link between superfluidity and BEC. Since helium-4 particles are
bosons, this connection is more evident and was already suggested by London [40] in 1937, but, ironically,
it is less well understood today. We will say a little more about this later, but what is important now
is that the main source of difficulty is the presence of strong interactions between the helium nuclei (see
Figure [3), and that the description of BEC we just considered only applies to non-interacting particles.
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Figure 3: The potential between two helium nuclei V' as a function of the distance r. For short distances,

it can be approximated by a hard-core potential (@, and it differs dramatically from the non-interacting
case.

Feynman [I6] [I7] studied BEC in the presence of the interaction potential of Figure [3| and asked
how the Bose-Einstein argument and the free critical temperature (5] are altered by it. His analysis is
mostly qualitative and is based on a path integral description of the problem. Arguing that the potential
resulted in an increased effective mass, Feynman predicted that the critical temperature would decrease
compared to the free case, which had indeed been observed for liquid helium. He did not make any
quantitative predictions.

To make such quantitative predictions, various simplifications were considered. The first one is to
replace the interaction potential in the figure above with a hard-core potential with radius a > 0

V() = {Oo o < a (6)

0 lz| >a

To simplify things further, it is common to study the so-called dilute limit. For a hard-core potential,
the natural length scale is given by the radius a. We could compare this length scale to the one defined by
the density: p~1/3, the average distance between the particles. Diluteness now means that the particles
meet only rarely, that is, the average distance between the particles is much bigger than the length scale
of the potential, or

pPa < 1. (7)

This assumption is not valid for liquid helium, but it is for experiments with trapped atoms like the
one in Figure 2] In any case, one can repeat Feynman’s question: how is the free critical temperature
() altered by the hard-core interaction?

Lee and Yang were the first to study this [33]. They used pseudopotential methods developed in
[28, B32] to conclude that the shift in critical temperature should be proportional to p'/3a. In the
appendix of [33], they solve a simplified system, which gives

T. = Tre(1 + 1.79(p*3a) + o(p*/3a)). (8)

It is this kind of expression that we will be looking for in this thesis, but for a general class of potentials.
To properly define the dilute limit without reference to a hard-core potential, we consider a charac-
teristic length scale of the potential that is known as the scattering length a. It coincides with the core
radius for the hard-core potential. The mathematical definition is explained in [37].

Summarizing, the basic question that we try to answer in this thesis is:

Question 1.1. Can we prove a more accurate expression like for general interactions in the
dilute limit @ from an approximate model for a weakly-interacting homogeneous Bose gas?

We will eventually discuss its affirmative answer. It is good to remember that this question came from
studying BEC in superfluid helium, but that that particular problem remains intractable to this day. In

10
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its stead, the dilute setting has become a well-known and challenging object of study of its own. Indeed,
the critical temperature (8)) is higher than Tt., whereas the critical temperature of liquid helium is lower,
which shows that the systems are quite different. Nonetheless, we have little hope of understanding the
strongly-interacting case if we cannot even treat this weakly-interacting set-up, justifying the attention
this problem has received (see [I] for an overview).

We have now reached the end of the non-technical part of the introduction. More details about the
set-up and background of the problem will be given in the next section. The last section contains a more
precise formulation of our goals, the approach and a summary of the results.

2 The weakly-interacting Bose gas and T,
2.1 Free energy and BEC

We start from the Hamiltonian for a gas of N bosons that interact via a (periodized) repulsive pair
potential V' in a three-dimensional box [—1/2,1/2]* with periodic boundary conditions:

> s ¥

1<i<N 1<i<j<N

Assuming the interaction only depends on the distance between the particles, this is translation-invariant,
and we therefore write its second-quantized form in momentum space

H = ZPQG’TGP + 53 2[3 Z V +kaq kQqp- (9)

P,q,k

Here, only particular p are included in the sum, as determined by the size of the box .

So far we have not given a general definition of BEC. To do this, we need to say a little more about
statistical mechanics, and address this in a rather mathematical setting. Since we are describing bosons,
we are interested in the Hamiltonian (9] acting on the symmetric tensor product Qo (L2[~1/2,1/2]3).
A general state (.),, is given by a density matrix w on this Hilbert space. Its von Neumann entropy is

(S)w = Tr[~wlnw].

The canonical equilibrium, or Gibbs, state at temperature T and particle density p = N/I3 can be found
be determining
in (H)o — T(S)e. (10)
w on ®JSVYM(L2[7I/27Z/2]3)

This is the free energy of the system at temperature T and particle density p. We now say that a system
displays BEC if the minimizer w, 7 of has an eigenvalue of order 1 [45]. Therefore, asking Question
for the full Hamiltonian @D really means finding minimizers to , and studying the eigenvalues of
their 1-particle reduced density matrices. This is infeasible, so approximations will be needed.

As usual in statistical mechanics, it is easier to work in the grand canonical ensemble, in which the
particle number is allowed to vary. The grand canonical Gibbs state at temperature T and chemical
potential u is the minimizer of

H)oy = T(S)w — pN)aw, (11)

inf
w on FB(L2[-1/2,1/2]3)
where N is the particle number operator FZ(L?[—1/2,1/2]3) is a bosonic Fock space (see [55] for a
definition). The two quantities and are related by a Legendre transform as [ — oo (more on

this equivalence of ensembles can be found in [47]).
In conclusion, the following question will be equally important to this thesis as Question (|1.1)):

Question 2.1. Can we find approximations to and in the dilute limit p'/3a < 17

To answer this question, one needs to find approximations to the spectrum of H, and we explain how
this is usually done in the next subsection.

11



2. The weakly-interacting Bose gas and T

2.2 Bogoliubov’s approach

We now discuss a crude version of the Bogoliubov approximation describing weakly-interacting Bose
gases [9].

The first part of the Hamiltonian (]ED is the kinetic energy and setting V! = 0 gives the free case
discussed before. The free Hamiltonian has the general form

ZG(p)bpr, (12)

P

with €(p) a dispersion relation and b;f,, b, creation and annihilation operators.
Bogoliubov’s strategy was to bring the Hamiltonian @D into this form. As a first step, we could bring
the number of a’s in @D down to two. We use a so-called c-number substitution

1/2

a$7a0—>\/N = N—Za;f,ap ,

p#0

and, for simplicity, we also approximate the potential V! by a delta function (i.e. Vl(k) ~ \A/Z(O) in @D)
The intuition behind the c-number substitution is BEC: a macroscopic (O(N)) occupation of the lowest
energy state (p = 0). Of course, with this substitution there are still terms left with three or four a:) and
a,’s with p # 0, but these we throw out on the expectation that only p = 0 makes an O(NV) contribution,

so that terms with one or zero ag and ag’s are of much lower order. We are left with the Hamiltonian

~ Ny
me;ap + Vl(O)ﬁ [No + Z QaLap + aLaip +apa_p|,
p p#0

which can be made quadratic in the a’s by using No = N — Zp#) a;ap and throwing out any quartic
terms. Now that we are left with something quadratic in creation and annihilation operators, we can
bring it in the form using a Bogoliubov transformation. Without going into the details, this involves
defining new creation and annihilation operators as b, = c1a, + cza;, where the constants ¢; and c¢s have
to satisfy certain relations, see [55].

The resulting ¢(p) in is of the form

e(p) ~ \/p2 (% + 2V (0)p). (13)

This is known as the Bogoliubov dispersion relation. Landau [31] used this expression to provide a
microscopic explanation for superfluidity. The linearity of the above expression for small p is crucial,
and it should be contrasted with a quadratic dependence on p in absence of an interaction potential. We
will not discuss this further.

A number of the steps in Bogoliubov’s approach have been understood a lot better since 1947. The
c-number substitution was justified in [38]. Careful analyses of the ground state energy and excitation
spectrum include [12] 23] 35 [43] [49], and [50] contains a review. This thesis gives a different and, in
our opinion, rather clear variational reformulation of Bogoliubov’s approach, which emphasizes certain
states rather than a truncation of the Hamiltonian. Our approach is also more complete in that fewer
interaction effects are ignored. We will discuss it more in the next subsection, in the context of earlier

work on Questions and

2.3 Previous results

To the best of our knowledge, the only rigorous result on the critical temperature for the full problem
is the upper bound established by Seiringer and Ueltschi using the Feynman—Kac formula [51]. It
is not surprising that such results are thin on the ground: it remains impossible to prove BEC in the
dilute limit at positive temperature, let alone determine at what temperature it occurs exactly. Results
on the free energy of the full Hamiltonian can be found in [48] 58], and the ground state energy is dis-
cussed in [I3,[15] 57, B9]. For the full model the phase transition to BEC is expected to be of second order.

12



2. The weakly-interacting Bose gas and T

As for approximate models, we already mentioned Lee and Yang’s expression [33] for the hard-core
Bose gas. This expression can only be found in the appendix of their paper, perhaps because Lee and
Yang considered their calculation to be physically inaccurate since it predicts a first—rather than the
expected second—order phase transition. The fact that was hidden in the appendix has presumably
led to the widespread misconception that Lee and Yang only predicted a shift linear in p'/3a, without
saying anything about the sign or size of the constant [II [7, 51], [52]. Even if Lee and Yang themselves
did not really trust their result, it fits reasonably well with numerics: Monte Carlo methods [2] [29] 44]
suggest that the form is correct, but that the numerical value 1.79 should be closer to 1.3. It should
be mentioned that this consensus emerged fairly recently; many different dependences on p'/3a have
been suggested over the years [I], and even now conflicting results sometimes emerge [56].

So how do Lee and Yang approach this problem? They replace the boundary conditions resulting from
the hard-core potential by a pseudopotential that should give the right wave function in the physically
relevant region where all the particles are at least distance 2a from one another [28, B2]. They then
assume that only s-wave scattering is important (i.e. the momentum of the particles is low), and show
that replacing the potential by

8mwad(r)o,r,

should yield the correct wave function. For smooth functions, this is simply a multiplication by a delta
function, but the derivative does play a role for physical wave functions. All this leads to an excitation
spectrum of Bogoliubov form, which can now be used to calculate the shift in the critical temperature
B).

Before we explain how this is done, let us point out that this claim in itself has led to some confusion.
In a number of articles in which the weakly-interacting Bose is treated with field-theoretic methods—e.g.
Bijlsma and Stoof [§] and Baym et al. [7], who find (8) with constants of 4.7 and 2.9, respectively—it is
claimed that mean-field theories such as Bogoliubov’s will simply give T, = T, or, in other words, no
shift. One argument [I] goes as follows: a particle with momentum p effectively has the energy

e(p) ~ \/1)2(292 +2V(0)p) = p? \/1 +2V(0)p/p? = p* + V(0)p,

in which the reader can recognize an approximation to Bogoliubov’s dispersion relation. Inserting this
constant shift of the energy levels into , we realize that now p < V(0)p. At this ‘critical” p, the
relation between T and p is still , and so the critical temperature does not change. However, one
should be more careful in the use of and the exact form of the dispersion relation.

In the Bogoliubov argument of the previous section, the occupation of the lowest energy state Ny
plays a crucial role. Dividing by the volume, we obtain a condensate density py = Ny/I® that can now be
regarded as a parameter. The dispersion relation Lee and Yang derive for the hard-core potential with
radius a is

e(p) ~ V/p*(p* + 16mapy), (14)

so, unlike , this gives a pp-dependence. Furthermore, we should not define p using , which just
happened to be the minimizer of the free energy . Instead, for fixed p and pg, we should treat the
remaining particles with density p — po grand canonically, resulting in a grand canonical partition func-
tion that depends on T', p, po and a chemical potential p. Recalling that there are only two independent
parameters, one should now eliminate p by calculating the value it takes at the minimum of the free
energy for fixed T', pg and p, and then minimize over all py. The critical . for fixed temperature is the
one where the minimizing pg changes from py = 0 (no BEC) to pg > 0 (BEC). Note that this definition
is far more complicated than the naive conclusion u, = XA/(O)p above, but it is more correct. That was
apparently clear to Lee and Yang, but it seems to have gone out of fashion, resulting in the false belief
that the Bogoliubov spectrum cannot give a change in the critical temperature.

The treatment of the condensate pg as a separate parameter that defines the critical point is key
to our analysis. Another important ingredient is a variational approach introduced by Critchley and
Solomon [I1]. They derive an upper bound to the free energy by only considering a special class of
density matrices in the minimization problem (L1)), namely quasi-free states (see e.g. [55])E|

3To put things into context; this approach has a fermionic counterpart, in which the trial states are quasi-free states
on a fermionic Fock space (see [4] for details). This leads to the BCS functional [19} [25] [26] that serves as a model of
superconductivity.

13



3. The Bogoliubov free energy functional

The upper bound resulting from quasi-free states is well-motivated. The first supporting argument
is that Bogoliubov’s approach reduces the Hamiltonian to an operator that is quadratic in the creation
and annihilation operators, and that ground and Gibbs states of such operators are quasi-free states. A
second is that quasi-free states have successfully served as trial states to establish correct bounds on the
ground state energy of Bose gases [15], 22] 54], which is of course the T' = 0 free energy.

Expressing (H),, —T(S),, — u{N), for a general quasi-free state does lead to a complicated non-linear
functional. Simplifying it somewhat by throwing out certain terms, Critchley and Solomon conclude that
the model will reproduce Bogoliubov’s conclusions.

In this thesis, we consider their functional without the simplifications, and use it as the approximate
model in Questions [I.1] and This is a variational reformulation of Bogoliubov’s approach that is
conceptually clear and more accurate. As indicated before, we use the condensate density pg to calculate
a better approximation to the critical temperature in this variational setting.

3 The Bogoliubov free energy functional

3.1 Set-up and main questions

As explained, we are interested in considering the minimization problem for quasi-free states. This
leads to the functional that we study in this thesis. Properties of quasi-free states are listed in [55], but
an important one is that they satisfy Wick’s rule:

<‘I;+ka;—kaqaz)>w = <a;r)+ka:;—k>w<aqap>w + <al+kaq>w<a2_kap>w (15)
+ (al+kap>w<a2_kaq>w.

Applying the rule to the Hamiltonian @ splits the expectation value of the difficult potential term

into manageable bits: assuming translation invariance and (aya_p), = (atpapw, the two (real-valued)

functions (p) := (a}:ap)w and a(p) := (apa—p). fully determine the energy expectation values.

In accordance with the rigorous justification of the c-number substitution [38], we put in a condensate
by substituting a, — a, + 5p,0\/l§\//70 before we actually use Wick’s rule. Mathematically, this is
implemented by a Bogoliubov transformation (see [55]). To summarize, we now have three objects that
define a state in our model.

e 7 describes the density of particles as a function of momentum p.

e po > 0 indicates the presence of a Bose—FEinstein condensate, whereas py = 0 indicates that there
is none.

e a # 0 shows off-diagonal long range order (ODLRO) and the presence of pairing in the system.
The triple (v, «, po) has to lie in

D = {(v,, po)|y € L' (1 + p*)dp),v(p) = 0, c(p)® < ¥(p)(1 +~(p)), po > 0}. (16)

After the c-number substitution and the use of Wick’s rule, we take the thermodynamic limit [ — oo
to find the (grand canonical) Bogoliubov free energy functiona/ﬂ

1~
Fur(v,a,po) = /pQ“Y(p)dp + §V(0)02 —pp —TS(v,a)

+ o / 70)(v(p) + olp))dp (17)

1

45 [AOT @)+ a7 x ) p)dp.

with chemical potential p € R, density p = po + py, py = [ 7, and an entropy defined in terms of

B(p) = /(1(p) + 1)2 - a(p)*

stna)= [ (5 + 5 ) (50 + 5) = (801~ 5 ) n (560 - 5 ) o

4This is up to factors of 27 that we decide to ignore here for brevity.

14



3. The Bogoliubov free energy functional

We will be thinking of the potential in this model as repulsive, V' > 0, with positive Fourier transform,
V' > 0. Precise assumptions and a derivation of the functional can be found in
The approximate free energy now is

F(T,p)= inf  F(y,a,po). (18)
(7,2,p0)ED

The main questions addressed in this thesis are

Questions 3.1. 1. Given g € R and T > 0, does the functional have a minimizer in the
domain ?

2. What does the T'/u phase diagram of the minimizers look like?

1/3

3. Which p’s and T’s correspond to the dilute limit p'/°a < 1 and if a phase transition is present,

can we expand p. in p*/3a?

4. Can we expand the approximate free energy in p*/3a in the dilute limit?

The first question is mostly of mathematical interest, but an affirmative answer is required to seriously
consider the other problems. Together with the second question, it is discussed in[Paper I} The remaining
two questions are related to Questions and 2.I] These are discussed in

The reader may wonder about the following: a state with a = (apa_p). # 0 does not have a fixed
particle number. The problem therefore only has a natural formulation in terms of p and T'. Nonetheless,
the definition of the dilute limit as p'/3a < 1 suggests that we look at fixed p. We therefore consider a
second variational problem involving F°*"* = F + pup, or

1~
Fn(,,m) = [Py + 5700 - TS(.0)

+ o / () (1(p) + op))dp (19)

~ ~

5 [ AT £9)@) + )T )l

with pg = p — p,. The minimization problem only considers fixed p.

FENT, p) = inf{F*" (v, a,p0 = p— py) | (v, t,p0 = p—py) € D}
=min{f(p, po) | 0 < po < p},

where
f(p, po) = Inf{F"(v,, p0) | (7,0, p0) €D, py =p—po}-

Note that p is not the particle number in the states considered, but merely the average particle number.
We will study both this minimization problem and , and switch between the two whenever convenient.

3.2 Tools and ideas

We now mention some key ideas that enter our analysis. A more complete summary of the ideas used in

can be found in the
[Paper I

e Since we are considering the dilute limit, or weak interactions, the physics is expected to be close
to the non-interacting case. The functional describing the free gas is

/p27 —T5(v,0) - u/v- (20)

Note that the minimizer of this functional for ;4 < 0 is indeed .
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3. The Bogoliubov free energy functional

e It can sometimes happen that no minimizer exists within a reasonable class of functions. We have
already seen an example since

/p2v —T5S(v,0)

does not have a minimizer when we consider v € L*(1 + p?) with fixed p > pg.. The reason is that
any minimizing sequence will tend to a delta function at 0, which is no longer in the admissible set
of v’s. If we include a py however, we end up with the same functional, but the remaining mass
P — pic can be put into the pg. This means that a minimizer does exist within the set D. Our model
shows similar behaviour, and this will crucially enter in the proof of the existence of minimizers.

Energetically, this comes down to
1~
]:(Py + P057 o+ PO(S, 0) = ‘7:(’77 Q, PO) + §V(O>p(2)a

so that adding mass to pg is even preferred over the formation of a delta function.

e Besides the above fact, the proof of existence of a minimizing triple (v, «, pg) of for T >0
and any p uses standard techniques in the calculus of variations to extract a minimizer from a
minimizing sequence. This has to be done in several steps and with various cut-offs to ensure that
we can apply the standard theorems.

e The bounds used to prove the T' > 0 existence deteriorate as 7" — 0, and a separate argument in
needed to show existence of a minimizing triple for 7' = 0. We are able to extract a minimizer from
the 7" > 0 minimizers using the Arzela—Ascoli theorem.

e The phase diagram follows from fairly simple arguments involving upper (in the form of trial states)
and lower bounds on the free energy.

e As indicated before, the dilute limit p'/3a < 1 suggests that we look at with fixed p. However
(even with a Lagrange multiplier), the presence of the convolution terms prevents us from using the
Euler-Lagrange equations to find an explicit minimizer. The main idea therefore is to approximate

inf F"=x inf F¥™ = inf { inf ./'-sm“}
(v, @, po) (v, @, po) 0<po<p (v, @)
po+py=p pot+py=p Py =P — pPo

where F5'™ is a simplified functional that can be minimized explicitly. The outlines the
other steps in this analysis.
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3.3 Results and conclusions

Short answers to Questions and also Questions [I.1] and 2.1] are listed below.

Answers 3.2. 1. Yes, minimizers exist. This, together with a similar theorem for the canonical

case, is proven in
2. The phase diagram is shown in Figure [d] It is derived in
AT

¥>0,0a=pyg=0

/’(> 0,c 7& 0, po > 0‘

y=a=p=0 7

Figure 4: The grand canonical phase diagram of the model. No diluteness is assumed. At p < 0 and
T = 0, all quantities are zero, in particular there is no BEC. Increasing T' does not lead to a phase
transition, although v becomes non-zero. For p > 0 fixed and 1" = 0, there is BEC. This remains
the case when T increases (darkest region), eventually leading to a phase transition somewhere in
the lighter region before we enter the white region where pg = 0. We can only locate the phase
transition precisely for pu — 0.

3. The dilute limit p*/3a < 1 corresponds to g — 0. In the limit 17(0) — 8ma, which is often
considered, we find
g—c = 2psea — 0.226T%a? + o(T?a?).
™

Canonically, we find a critical temperature
T. =Tt (1 +1.49p"3a + o(p1/3a))

The constant 1.49 fits better with numerical results predicting 1.3 [2, 29, 44] than Lee and
Yang’s 1.79 from . Just like the latter, however, this model predicts a first-order phase
transition, which is not expected to be correct. A more general statement can be found in

4. Because of its variational formulation, this model gives upper bounds to the free energy of the
full theory. These can indeed be expanded in p'/3a < 1. This is explained in

3.4 Outlook

We list open questions, starting from this model and gradually moving away from it.

1. This model gives an upper bound to the free energy, also at T" = 0, which is the ground state
energy. In the dilute limit, the exact ground state energy was predicted to be

12 - -
dmap? + 22 V(o) + o{(pa)?'?)
by Lee, Huang and Yang [32]. Our model does reproduce the leading behaviour, but the second

order only comes out correctly in the limit ‘A/(O) — 8ma, which is not rigorous. A similar result
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10.

was earlier obtained by Erdés, Schlein and Yau [I5], but the exact upper bound has in fact been
shown by Yau and Yin [57]. One could ask whether this model can be improved so that it does
reproduce the correct T' = 0 upper bound without the limit ‘7(0) — 8ma. Such a model would then
presumably also give more accurate free energy expansions for 7' > 0.

The results summarized above are similar in one and two dimensions. This is unexpected, since the
Mermin-Wagner—Hohenberg theorem [27, 42] says there cannot be BEC in one and two dimensions
at positive temperature. This shows that the minimizer in the class of quasi-free states does not
always have the right physical properties, even when its energy is very close to the real minimum.
It would be interesting to see if the class of trial functions can be extended to better reflect the
physical properties of the system, although it is difficult to see what can be done without Wick’s
rule, which has to be given up if one wants to go beyond quasi-free states.

In two dimensions, moreover, there is the possibility of a Kosterlitz-Thouless transition, so one
could calculate the critical temperature predicted by this model and investigate whether there is a
relation with the phase transition predicted here.

Another false prediction of the model is that the phase transition is of first order, a property that
is likely to be shared with any analysis based on Bogoliubov’s original approach. It is unclear how
to adapt the model so that it gives the second-order phase transition that is predicted for the full
Hamiltonian.

Dynamics do not play any role in this thesis, but they have recently been considered in a variational
setting in [3], where the authors restrict the time evolution of a Bose gas to quasi-free states.

This model describes a homogeneous (translation-invariant) system, but experiments with dilute
cold atomic gases often involve a (harmonic) trap. One could ask whether that set-up can also be
described with a variational model.

The previous point is related to the question whether the predicted shift in critical temperature
due to interactions can actually be measured. For harmonic traps, a linear shift in the critical
temperature has indeed been measured [14], 2] 53], but it cannot be compared with the predictions
discussed in this thesis because the effect of the trap, expected to lower rather than raise the critical
temperature, is simply too big. Recently, a BEC was also created in a uniform potential [20]. The
measurements are not precise enough, however, to measure the critical temperature shift directly,
but even if they were, in this set-up the finite size effects due to the boundedness of the trap are
expected to be six times larger than the shift caused by the interaction. In the words of [52], ‘we
are thus still lacking a direct measurement of the historically most debated [T¢] shift’.

On a different note, it seems that the trapped set-up is often related to the homogeneous case using a
local density approxzimation [62]. Tt assumes that the gas is locally described by the translationally-
invariant theory with a chemical potential p(z) = p— V% (x). Given the confusion surrounding
discussed in , it seems that a better theoretical understanding of this approximation and the
role of p is called for.

As indicated, the theoretical challenges surrounding BEC are considerable. Mathematically, its
existence at positive temperature has never been shown in a continuous system, and a calculation
of the critical temperature in the dilute limit is therefore completely out of reach.

As shown in this model has the property that « # 0 if and only if pg > 0. That is to
say, ODLRO and BEC go together. Both have a connection with superfluidity [B, [34] that is not
entirely understood. This thesis does not shed any light on that of course, as we have avoided a
discussion of the relation between « and superfluidity altogether.

The original motivation for the questions discussed in this thesis came from liquid helium, but since
that is a strongly-interacting system, no relevant conclusions can be drawn from this analysis. A
set-up with strong interactions that has recently been studied is the unitary Bose gas [18, [41], in
which the scattering length tends to infinity. In a way, it is the opposite of the dilute gas studied
here.
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We give a natural variational reformulation of the famous Bogoliubov approximation for a weakly-
interacting translation-invariant Bose gas. The resulting variational model turns out to be a more
accurate approximation than the usual Bogoliubov approach. It allows us, moreover, to give a novel

derivation of the change of the critical temperature in the dilute limit.

This problem has been

extensively studied going back to a fundamental paper of Lee and Yang. Our expression for the
critical temperature differs from that of Lee and Yang and subsequent theoretical results and is,
indeed, in better agreement with numerical simulations. We also review general properties of the

Bogoliubov variational model.

PACS numbers: 03.75.Hh

Introduction. Despite experimental realizations of
Bose-Einstein condensation (BEC) in interacting cold
atomic gases in 1995, and in a variety of systems since,
it remains an open problem to theoretically demonstrate
its occurrence in translation-invariant systems [19, 25],
let alone derive the critical temperature.

For a non-interacting, or free, Bose gas with density
p, the textbook argument by Einstein shows that the
critical temperature (in units A =2m =k = 1) is

Tpe = 4m((3/2) 72/ /. (1)

So how does an interaction change this free critical tem-
perature? Feynman [9] used path integrals to qualita-
tively answer this question for liquid helium. He pre-
dicted that the potential results in an increased effective
mass, which lowers the critical temperature — something
that had already been measured.

To make quantitative predictions, various simplifica-
tions were considered. For a hard-core Bose gas with
core radius (or scattering length) a, one can assume that
the gas is dilute and apply perturbation theory. The rel-
evant parameter is p'/3a < 1, which says that the parti-
cles tend to be far apart on the scale of the interaction.

Studying this set-up, Lee and Yang [17] replace the
hard-core potential with a pseudopotential [14, 16] and
simplify the resulting Hamiltonian with the Bogoliubov
approximation [5]. They conclude that the shift in the
critical temperature should be proportional to p'/3a

T. = T (14 1.79(p*3a) + o(p'/a)), (2)

see the appendix of [17].

Here, we improve on this in two ways. Much progress
has been made on the theoretical analysis of Bose gases
over the last few years [19, 25], so that we can treat a gen-
eral class of potentials without reverting to pseudopoten-
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tials. For this class of potentials, we derive a more accu-
rate version of (2) (where a is now the scattering length)
since, although Bogoliubov’s approximation cannot give
the right energy to second order in p'/3a, it was recently
realized [7] that it gives the correct first-order term if the
approximation is done carefully [31].

Indeed, our main result is a calculation of an expres-
sion like (2) for a general class of potentials that also
agrees better with numerics.

Background. Expressions for T; of the dilute Bose
gas have been derived in many different models. We
should, after all, first try to understand dilute systems
before we can have any hope of understanding condensa-
tion in strongly interacting systems such as liquid helium.

Keeping this in mind, the reader may have noticed the
discrepancy between the observed decrease in T, for he-
lium and (2). Indeed, some early theoretical results such
as [8] disagree with the predicted temperature increase
in (2). There was also a lot of debate on whether the
linear dependence on p'/3a is correct ([11-13] predict ex-
ponents of 1/2, 3/2 and 1/2, respectively). Nonetheless,
up to the precise value of the constant 1.79, (2) is still
expected to hold true. That it does not apply to helium
does not have to be too surprising: liquid helium is not
weakly interacting.

The critical temperature cannot be determined with-
out approximations, although [27] contains an exact up-
per bound. It is far from the desired form (2) in that the
power of the correction is (p/3a)'/2.

The constant 1.79 in (2) has been recalculated with
field theoretic methods (see Andersen’s review [1]). In
particular, Bijlsma and Stoof [4] and Baym et al. [3] find
(2) with constants of 4.7 and 2.9, respectively.

Numerical studies with Monte Carlo methods now
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seem to agree that the value should lie around 1.3
[2, 15, 23]. We find a constant of 1.49.

Set-up. We start from the Hamiltonian for a gas of
N bosons with a repulsive pair interaction V' in a three-
dimensional box [—1/2,1/2]® and periodic boundary con-
ditions. In units A =2m = kg =1,

So-A+ > Vi (3)

1<i<N 1<i<j<N

The canonical equilibrium, or Gibbs, state at tempera-
ture T and particle density p = N/I® can be found by
minimizing

inf (Hy —TS).. (4)

where w is an N-boson state.

As usual, it is easier to work in the grand canonical
ensemble. We consider a Hamiltonian H that acts as
Hpy on the N-particle sector of the bosonic Fock space.
The grand canonical Gibbs state at temperature 7" and
chemical potential p is the minimizer of

inf (H =TS = pN)o, ()

where w is now a state on the bosonic Fock space, N is
the particle number operator and the infimum itself is
the free energy.

Throughout this paper we will be working in the ther-
modynamic limit | — co. The two quantities (4) and (5)
are then related by a Legendre transform.

We now say that a system displays BEC if the 1-
particle reduced density matrix of the minimizing w of
(5) has an eigenvalue of order 1 [24]. Therefore, one re-
ally needs to find minimizers to (5) to determine T.

This cannot be done exactly. The exact free energy
(5) has only been analysed in [26, 29]; all other results
in the literature, such as [30], concern approximations.
We will study one such model, first introduced in [6].
It restricts the minimization problem (5) to quasi-free
states, resulting in a variational upper bound on the free
energy.

There are good arguments why this upper bound is ac-
curate. The first is that Bogoliubov’s approach renders
the Hamiltonian quadratic in creation and annihilation
operators. Ground and Gibbs states of such Hamiltoni-
ans are quasi-free states; exactly the states considered in
our minimization problem. Also, quasi-free states have
already proven to be good trial states for the ground state
energy of Bose gases [7, 10, 28], and may therefore also
be for the free energy.

Can we use this upper bound to approximate 1.7 As
we will soon see, expressing (H — TS — uN),, for a gen-
eral quasi-free state leads to a non-linear functional (8).
Linearizing the functional by removing the terms quar-
tic in creation and annihilation operators, the authors of
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[6] conclude that the Gibbs state coincides with that of
Bogoliubov’s (approximated) Hamiltonian.

In this paper, we consider the functional without the
linearization, motivated by the discovery in [7] that
the correct first-order energy is only found when the
terms quartic in creation and annihilation operators are
included. This gives a variational calculation of T, that
is also more accurate.

Model. ~ We consider the Hamiltonian (3), make the
assumption that we are in the translation-invariant case,
and write its second-quantized form in momentum space

H = ZanTap + Z V(k

P,q,k

p+ka’q kqap.  (6)

We expect some particles to form a condensate at
zero momentum. We therefore mimic Bogoliubov’s c-
number substitution (justified in [20]) by using a Bogoli-
ubov transformation to implement a condensate density
po > 0, effectively replacing ag — ag + v/13po. A min-
imizer with pg > 0 will indicate the presence of BEC,
whereas pg = 0 signifies its absence.

We evaluate the expectation value of the resulting
Hamiltonian for qua51—free states only, so that we can
use Wick’s rule to split (a +ka2 kQqlp) as

}0aq)-

(7)
Assuming translation invariance and (apa_,) = (aipa;f)
the two (real-valued) functions ~(p) := <aTap> >0 and
a(p) := (apa—p), together with the number pg, fully de-
termine the expectation value in (5).

Here, v(p) is the density of particles with momentum p,
and « describes the presence of pairing in the system. We
have off-diagonal long range order (ODLRO) if « is not
the zero-function, which is related to superfluidity [18].
It is well-known that the two functions have to satisfy
a? <y(y+1).

Taking the thermodynamic limit [ — oo, we have now
evaluated the expectation in (5) over Bogoliubov trial
states: quasi-free states with an added condensate.

The Bogoliubov free energy functional is then

<aL+kaLk>(aqap>+<a;;+kaq><a27kap>—|—<a;;+kap><a:;7

Fur(y,a,po) = (2m)7° /pQW(p)dp —pp—TS(y,a)

+ po(2m)~ /V

* ;(277) /’y(p)(V 7)(p) + alp)(V

+a(p))dp + %‘7(0)02

@) (p)dp,
(8)

with chemical potential 11 € R, density p = po + p (i.e. a
sum of the condensate density py and the density of parti-
cles with positive momentum p., = (2) -3 [ 7). The en-

\/(v(p) +3)? = a(p)?,

tropy, defined in terms of B(p) =
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S(v,0) = (27T)‘3/ (ﬁ(p) + ;) n (B(p) + ;)

1 1
(5~ 5 ) (500 - 5) v
9)
A precise derivation, including a calculation of the en-
tropy for quasi-free states, can be found in the appendix
of [21].
For a canonical formulation with fixed average density
p and temperature 7', we consider

can

o = Fur (v, po) + pip, (10)

and only states with pg + p, = p. This amounts to eval-
uating the expectation in (4) for Bogoliubov states.

In what follows, we often drop the subscripts of F;%
and F, 7. Note that, in contrast to (4) and (5), the
infima of these functionals are not automatically related
by a Legendre transform because of the restricted
minimization. We will see that the canonical infimum is
not convex, and that the relation only goes one way (34).

Results. We assume that the two-body interac-
tion potential is repulsive, integrable and bounded. Its
Fourier transform is assumed to be positive and has its
maximum at zero since V' > 0.

The gas is dilute, p*/3a < 1, and the temperature is
approximately Ti.. Note that this implies that vTa < 1,
a limit that we make extensive use of. We also use the
first-order Born approximation of the scattering length a,
ie. V(0) = [V =~ 8ma, and the fact that we can expand

(1)

where the first derivative is absent since V has its maxi-
mum at zero, and the second derivative is assumed to be
of order a® (in accordance with its units).

The following results are proved in our earlier paper
[21]. They provide some necessary background.

‘7(p) = ‘7(0) + Ca’p® + o(a®p?),

THEOREM 1. There exist minimizers for both the
grand canonical (5) and canonical minimization problem
(4) when the minimization is restricted to Bogoliubov trial
states only (resulting in a minimization of the functionals
(8) and (10), respectively).

For these minimizers, we investigate whether a phase
transition occurs.

THEOREM 2. The grand canonical phase diagram of
the model is shown in FIG. 1. In particular, there is a
phase transition at positive T for all fized p > 0. Also,
a # 0 iff po > 0, so that BEC and ODLRO always occur
together in this model.

Canonically, there is a phase transition at positive T
for all fixed p > 0.

27
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FIG. 1: The grand canonical phase diagram of the model. No
diluteness is assumed. At p < 0 and T = 0, all quantities are
zero, in particular there is no BEC. Increasing T' does not lead
to a phase transition, although v becomes non-zero. For y > 0
fixed and T" = 0, there is BEC. This remains the case when
T increases (darkest region), eventually leading to a phase
transition somewhere in the lighter region before we enter the
white region where pg = 0. We can only locate the phase
transition exactly for u — 0; a further analysis shows that
this corresponds to the dilute limit studied in THEOREM 3.

We now turn to the main result: the calculation of
the critical temperature. The definition of diluteness
p'/3a < 1 suggests that we look at the canonical func-
tional (10) first, but we also consider the grand canonical
case.

THEOREM 3. Consider the canonical problem (4) re-
stricted to Bogoliubov trial states with p = pg + p~ fized,
resulting in the canonical functional (10). The critical
temperature, defined by the properties pg > 0 if T > T,
po=0f0<T<T, is

T. = Tee(1 4 6(p'/3a) + o(p'/3a)), (12)

where k = 1.49 in the limit V(0) — 8ma.

The phase transition can also be identified in the grand
canonical model (5), i.e. for minimizers of (8) with fized
T and p. It is a first-order phase transition.

Note that the constant 1.49 is in reasonable agreement
with the numerical consensus of 1.3 [2, 15, 23]. The proof
relies on a careful expansion of the free energy.

Proof of THEOREM 3. We fix T and set out to find the
critical density p., which can easily be inverted to (12).

Outline. We could try to minimize the functional by
solving the Euler-Lagrange equations of (8). However,
the terms with convolutions give non-local contributions
of Vx~ and V * a. Even with a Fourier transform, this
cannot be solved.

We therefore approximate these terms so that we ob-
tain a functional 5™ that can be minimized explicitly in
~v and . We expand the resulting energy integrals, and
finally minimize in pg to determine whether it is zero or
not.
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To sketch this once more,

inf  F" = inf inf ~ FoM, (13)
(v, @, po) 0<po<sp (v, )
po+py=p Py =P = Po

where the infimum over « and « is calculated explicitly,
then expanded in vT'a < 1, and finally minimized in py.

Step 1a. To approximate the convolution term in-
volving v, we use a comparison with the free Bose gas.
Its energy is given exactly by the functional

Foly) = 20 [ Padp - TS(000), (14)
whose minimizer for fixed p is
1
V(o) () = (15)

e@*—up)/T — 1’

where p(p) < 0 is such that (2m)~3 [, = p. This
definition only works for p < pg., where the free critical
density pe. is characterized by p(ps.) = 0 (leading to
the inverted expression of (1)). We define pu(p) = 0 for
P Z Prc-

We would like to show that the minimizing v for the
interacting problem lives on the same scale as 7g, that
is, most of the particles have momentum |p| < O(VT).
Indeed, a careful comparison shows that the minimizer
has to satisfy

Fohuton) < Fo(y) < Folvuge) + 02V (0),  (16)

which says that the energy does not deviate much from
the minimal energy in the free case. Because of the
Ik p?y term, this means that v cannot be very large for
Ip| > VT (see [22] for a precise statement).

For [p| < O(V/T), (11) implies

V(p) = V(0)| = O(a(VTa)?) < a. (17)

Since 1 is only large on |p| < O(v/T), we can approximate
(2m) 73V %y = V(0)ps.

To be more precise: a careful analysis in [22] shows

0 [Vn@hn - 70| = 0T avTa*?),
(18)
and similar estimates for the term involving the convolu-
tion. These estimates can be further refined by narrowing
the energy difference in (16).
Step 1b. The strategy for the convolution term with
« is different. Following ideas in [7], we expect a to be
related to the scattering solution w. It is defined by

1
—Aw+ §Vw =0, (19)

with w(z) — 1 as |z| — cc.
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To work towards a good approximation for o, we define

o+ to Vu(p)

Qo = (27T)3t0(50 D) p2 s

(20)
where —py < tg < 0 is an additional parameter that
will be tuned to achieve a self-consistency equation
J (e = ap) = 0. Note that « itself will in general not be
integrable.

The motivation for defining oy in this way is as follows:
at momentum scales bigger than T'a, we expect a to re-
semble the second contribution above. Its structure on
smaller scales is more complicated, but the exact shape
is irrelevant. We approximate this part by a d-function.
We will eventually optimize our approximation by deter-
mining ¢ so that [(a — ag) = 0.

How does the guess (20) help us? We add and subtract
terms to replace the convolution term with « by

J@- o @-a)win. (1)
which we later show to be small for the minimizing o. Of
course, by doing this we have introduced terms involving
V * ag, which may seem like a problem. However,

(2m) "3V * ag(p) = (po + to)Vw(p) — poV(p),  (22)

so that no convolution terms remain in our functional.
This has the added effect that V' gets replaced by Vw in
the term linear in «, but this Fourier transform is well-
defined and satisfies Vw(0) = 8ma. For simplicity of the
resulting functional, we make sure to obtain a similar
replacement for the py [ Vy-term.

Step 1c. To specify (13) and make use of the previous
two steps, we prove upper and lower bounds. The errors
in our approximation are

1 _6 ~
By i=5n) [ (@ = a0)p)(7 + (@ - o)) ()dp

-~

By = po(2ﬂ)’3/7(p)‘7(p)dp— V(0)popy

By = p0(27r)—3/7(p)@(p)dp—W(O)popw (23)

1
2

B = |t @n)° / 2(p)(V %) (p)dp

102 — SR 5

Following Steps la and 1b, the reader can now derive a
simplified functional 5™ satisfying

—Ey — B3 — By < F (v, 0, po) — F*™ (7, @, po)

(24)
< Ey+ Es+ Es + Ey.

The full expression for F*™ is given in [22]. We will use
(24) to prove that F*m really is a good approximation



to the energy in Step 2c.

Step 2a. Now that we have F*™, we will calcu-
late and expand its minimal energy as a function of p
and pg. It turns out that we need to expand to order
T4a® = T%?(V/Ta)® to derive (12).

The part of 7™ that depends on v and « is

Va(p)®
2

(27T)’3[/p27(p)dp+ipg/ ;

+ o / Va(p)(2(p) + a(p))dp | — TS(7,0).

(25)
Given pg, this has minimizers and afoP.
The dominant contribution of (25) to the energy
]:sim(,yﬂom7 PP, po) is

dp

/yp07p

(271-)—371/111(1 — e—Tfl\/(1)2+5)2-5-2(172+t5)(po+to)‘7—51(10))dp7

(26)
which resembles the energy of the free gas.
Step 2b.  We now expand (26). To do this, we judi-
ciously define

g

T2
8w @

k T

po = p= pfc—|—87T2a, 0= dT2042, to = —po
s g

(27)

where o, k, §, 7 are parameters of order 1.

Changing variables p — Tap and using (11), we ex-
pand (26) for vTa < 1. In the limit V(0) — 8ma, this
gives

T5" fo + T?a’ i (d + (1 + 0)0)

- %T%S ((d +2(1+0)0)%?% + d3/2) + o(T*a®),
(28)
where T%/2f, = F (Vyu(0)) is the free gas energy. To sim-
plify the expressions, we assume ‘7(0) — 8ma from now
on; what remains of the calculation can be done in the
same way for other values of V(0).
Of course, there is a relation between d, k and o, since d
was a Lagrange multiplier. We eliminate d by calculating,
expanding and solving [ 7?7 = p — p, finding

(g

(29)

Step 2c.  We now use (24) to show that we can accu-
rately approximate the energy. We claim the minimizers
have to satisfy

|]:0an(’y7 a, po)_]_‘sim(,ypo,p’ ap07p7 p0)+CT4a3‘ = 0(T4(L3)7
(30)
where ¢(T%a® is used to denote the constant in Ej (23).
There are two bounds to show.
The first follows from the lower bound in (24), and
the a priori results from Step la. Note that no a priori
information on « and FEj is needed.
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FIG. 2: Plots of the part of the free energy f(k,o) that de-
pends on k and o (i.e. between the square brackets in the
second line of (33)) for three values of k. For k = —1.35,
o = po = 0 gives the lowest energy: no BEC. For k = —1.20,
the minimum occurs at some po > 0: BEC. The critical value
is ke = —1.28.

The second uses the upper bound in (24). We simply
verify that all errors in (23) are o(T*a®) for v*°* and
0P, This is only non-trivial for Eq, for which it suffices
to choose 7 such that [(a”* — ag) = 0. We conclude

_ 2(c+7) o
B «/d+2(o+7)+\/(j+

which can be used to eliminate 7.

(1), (31)

Step 3. 'We have now reduced (13) to

inf  F = inf f(k,0) + o(T*a®),
(v, @, po) 720
pot+py=p

(32)

where

f(k,0) =T2fo + V(0)p* + (T*a®

o [ (G %i_k))}(és)

We can determine p. by fixing k& and checking when
the minimizing o changes from zero to non-zero, as
illustrated in FIG. 2. We find p. = pg. — 1.2872a /8,
which can be rewritten as the desired T, (12).

Step 4. We are left with the grand canonical formu-
lation and the order of the phase transition. By (10),

inf F,, 7 = inf[(inf ;a%l) — [p). (34)
o ,
The previous steps have produced energy expressions for
the canonical infimum with fixed p and T. We use these
to plot (inf F24) — pep in FIG. 3, where

gi = 2prea — 0.226T%a2 + o(T2a?).

7r

By (34), the derivative of the (red) convex hull of the

energy curve at p is p — uc, where p is the density of the

(35)
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k. \k+ k

0

FIG. 3: A plot of (inf ,fd{«‘) — pep as a function of k, where p—
Pic = 8%TQa. The two minima are k— = —2.23 and k+ = 3.04,
and the critical value (shown in orange) is k. = —1.28. The
energy curve is not convex; the red line indicates the convex

hull of the curve.

minimizer of 7, 7. This way, a grand canonical p defines
a canonical p(u). For p < pie, p(p) is below p. and hence
po = 0. As we increase to pu > pc, p(p) jumps across
pe, and so pg > 0. We have a jump in density at the
critical point and conclude that this is a first-order phase
transition.

To relate this to the canonical case: we have coexis-
tence of the two phases (pg = 0 and py > 0) for p between
the two values defined by k1. Hence one could say that
the system displays BEC for p > pg. + g—;TQa.

O

Remark. The analysis above is for T ~ Ti.. How-
ever, the energy expansions can easily be adapted to
lower temperatures. A crucial difference is that the
parameter pga/T (for example present in (26) through
pom(p)/T) has to be treated differently. Above, it is of
order Ta? < 1, but as T — 0, it will tend to infinity.

To highlight one interesting result for 7" — 0: we can
expand the ground state energy as

512
smap? + 22 V/w(pa)*/? + of (pa)/2),

5 (36)

which contains the well-known Lee-Huang—Yang second-
order term [16]. This further underlines the accuracy of
our model.

Conclusion and discussion. We have derived
an expression for the critical temperature of weakly-
interacting translational-invariant Bose gas in a varia-
tional model. The model is conceptually simple, applies
to a general class of potentials, and the calculated con-
stant agrees better with numerical predictions than ear-
lier approaches.

The model does produce certain unphysical results,
such as a first-order phase transition. It also predicts
the occurrence of BEC in 1 and 2 dimensions, which is
excluded by the Mermin—Wagner—Hohenberg theorem.
These drawbacks are shared with Lee and Yang’s work
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on the hard-core Bose gas [17], and in principle any
analysis relying on Bogoliubov’s original approach.
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THE BOGOLIUBOV FREE ENERGY FUNCTIONAL I.
EXISTENCE OF MINIMIZERS AND PHASE DIAGRAM

MARCIN NAPIORKOWSKI, ROBIN REUVERS, AND JAN PHILIP SOLOVEJ

ABSTRACT. The Bogoliubov free energy functional is analysed. The
functional serves as a model of a translation-invariant Bose gas at pos-
itive temperature. We prove the existence of minimizers in the case of
repulsive interactions given by a sufficiently regular two-body potential.
Furthermore, we prove existence of a phase transition in this model and
provide its phase diagram.
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1. INTRODUCTION

Almost all work in the field of interacting Bose gases has its genesis in
Bogoliubov’s seminal 1947 paper [4]. In this work, Bogoliubov proposed

Date: October 31, 2016.
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an approximate theory of interacting bosons in an attempt to explain the
superfluid properties of liquid Helium. Since then, his model has widely
been used to study bosonic many-body systems, particularly in the 1950s
and 1960s. Despite being intuitively appealing and undoubtedly correct in
many aspects, Bogoliubov’s theory lacked a mathematically rigorous under-
standing.

The experimental success in achieving Bose-FEinstein condensation in al-
kali atoms [7] has renewed the interest in the theoretical description of such
systems, and significant progress was made in the mathematical analysis of
Bose gases. We refer to [19] for an extensive review. Most of these results
concern the ground state energies of different bosonic systems.

While Bogoliubov’s theory is very useful in relation to these problems, its
primary goal was to determine the excitation spectrum of a Bose gas. Indeed,
the structure of the excitation spectrum derived by Bogoliubov allowed him
to justify Landau’s criterion for superfluidity [16], and thus provided a micro-
scopic theory of this phenomenon. A rigorous justification of Bogoliubov’s
theory in that context has been established only recently for a large class of
bosonic systems within the so-called mean-field limit [27, 12, 18, 8, 21] (see
[28] for a recent review).

Our goal (and that of the accompanying paper [23]) is to give a variational
formulation of Bogoliubov’s theory for bosonic systems at positive and zero
temperature. Bogoliubov’s original approximation consists in adapting the
Hamiltonian so that it is quadratic in creation and annihilation operators.
We know that ground states or Gibbs states of such Hamiltonians are quasi-
free or coherent states. Here, we turn Bogoliubov’s theory around and vary
over Gaussian states (which include the aforementioned classes of states),
whilst retaining the full Hamiltonian. This gives the variational model that
we will study in this paper (see Appendix A for relevant definitions and a
derivation).

The hope is that our family of states captures important physical aspects
of the system; they have for example been used as trial states in establish-
ing the correct asymptotic bounds on the ground state energy of Bose gases
[29, 9, 11].

The Bogoliubov variational theory can be seen as the bosonic counterpart
of Hartree—Fock theory for Fermi gases. More precisely, it is similar to gener-
alized Hartree—Fock theory, which includes the Bardeen—Cooper—Schrieffer
(BCS) trial states and is often called Hartree-Fock—Bogoliubov theory. In
HEB theory the trial states are quasi-free states on a fermionic Fock space
(see [2] for details).

HFB theory is a widely used tool for understanding fermionic many-body
quantum systems. One of the most prominent examples related to this
approach is the model of superconductivity that is based on the BCS func-
tional. This model and the related BCS gap equation have been studied both
from the physical and mathematical point of view (see e.g. [10, 13, 14]).

In this paper, we are interested in the bosonic counterpart of the BCS
functional, or, more precisely, to the BCS functional with the direct and
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exchange terms included (as discussed in [5]).

Concretely, we want to analyse the model defined by the Bogoliubov free
energy functional F given by

F(v, 0, p0) =

+po(2m) /R V) () + ) dp

which is the free energy expectation value in a quasi-free state (see Appendix
A for a derivation). Here, p denotes the density of the system and

p=po+(2m)3 /]RS v¥(p)dp =: po + py-

The entropy S(7v, a) is
stra) = @m7 [ st@hat)d = @0 [ @)

=0 [ (304 5)m (504 5 ) - (5003 ) m (500 - 5 ) | v

where
B(p) = \/G + 7(29))2 —a(p)?.

The functional is defined on the domain D given by

D = {(v,a, po)|ly € L'((1 + p*)dp),~(p) > 0, a(p)* < y(p)(1 + (), po > 0}.

This set-up describes the grand canonical free energy of a homogeneous
Bose gas at temperature T' > 0 and chemical potential i € R in the thermo-
dynamic limit. The particles interact through a repulsive radial two-body
potential V(z). Its Fourier transform is denoted by V' (p) and is given by

V(p) = /R3 e PV (z)dx.

The function v € L'((1 + p?)dp) describes the momentum distribution
of the particles in the system. Since the total density equals p = po +
(2m)~3 fR3 ~(p)dp, it follows that a non-negative py can be seen as the macro-
scopic occupation of the state of momentum zero and is therefore interpreted
as the density of the Bose—Einstein condensate fraction.

Finally, the function «a(p) describes pairing in the system and its non-
vanishing value can therefore be interpreted as the presence of off-diagonal
long-range order (ODLRO) and the macroscopic coherence related to super-
fluidity.

To the best of our knowledge, this functional appeared for the first time in
the literature in the 1976 paper by Critchley and Solomon [6]. Surprisingly,
however, this functional has never been analysed - neither from a mathe-
matical nor a physical point of view. This is probably due to its complexity.
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Only various simplified versions of this functional have been studied in the
literature (see [32] for an extensive review). Our goal is to fill this gap and
provide an analysis of the full functional.

Our work is divided into two parts. In this part, we consider the existence
and general properties of equilibrium states of this model. According to
statistical mechanics, the equilibrium state corresponding to temperature 7'
and chemical potential yu is given by the minimizer of (1.1). The free energy
is therefore

F(T,p) = inf _F(y,a, po). (1.2)

(v,2,p0)€D

The physical information about the system at a given T" and p is thus en-
coded in the structure of the minimizers. For example, a minimizer with
~v = 0 and py > 0 corresponds to pure Bose—Einstein Condensation; non-
vanishing « signifies ODLRO. Hence, any further analysis of the model relies
on the well-posedness of the minimization problem (1.2), which we address
first. Knowledge about the minimizers for different (T, p) then leads to a
phase diagram. We will also discuss the relation between Bose—Einstein
condensation and superfluidity in translation-invariant systems (see [3] for a
historical overview on this topic). Our results are stated in the next section.

In the second part of this work [23], we analyse the functional in the dilute
(or low density) limit. Although Bogoliubov’s primary goal was to provide
a description for liquid helium, which is a strongly interacting system, it is
generally agreed that his theory is more suitable to describe dilute (hence
weakly-interacting) systems. Here, low density means that the mean inter-
particle distance p~'/% is much larger than the scattering length a of the
potential, i.e.

p1/3a < 1.

To be able to analyse the dilute limit, we need to consider the canonical
counterpart of (1.1) at fixed density p given by

F (v, 0, p0) = (2m) 7 /Rg p*y(p)dp — TS(y,a) + éo)/ﬂ

+mizm) ™ [ V) () +alo) dp (13)
1 .
3007 [[ V-0 @@ale) + 1)) dpda
2 R3 xR3
with pg = p — py. The canonical minimization problem is

Fcan(T7 p) = inf{Fcan(Va Q,p0 = pP— p’Y) ’ (77aap0 =p— p’y) € D} (1 4)
= min{f(p, po) | 0 < po < p}, '

where

f(p, po) = nf{F*" (v, , po) | (7,0, p0) €D, py =p—po}

Strictly speaking, this is not really a canonical formulation: it is only the
expectation value of the number of particles that we fix. We will nevertheless
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describe this energy as canonical. The function F(T, u) as a function of u
is the Legendre transform of the function F'“**(T, p) as a function of p.

Having given a proper meaning to the notion of diluteness, one can now
ask different questions regarding the low density limit. One particularly
interesting problem is how interactions influence the critical temperature
(i.e. the temperature of the phase transition between the condensed and non-
condensed phase) in a weakly-interacting Bose gas. It is nowadays agreed
that the transition temperature should change linearly in a, that is

AT,
ch

~ cp1/3a

with ¢ > 0. Here AT, = T. — Tt., where T, is the critical temperature in
the interacting model and Ty, = cop?/? is the critical temperature in the
non-interacting (ideal) Bose gas.

The results for this model confirm this prediction: in the accompanying
paper [23] we prove that

Te = Tre(1+ ha(v)pPa + o(p'?a)),

where v = ‘A/(O) Ja and hi(87) = 1.49. This result is in close agreement with
numerics: Monte Carlo methods suggest [1, 15, 24] that ¢ ~ 1.32. In general
v > 8m. It is generally believed, but not rigorously established, that the
Bogoliubov model is a good approximation if v is replaced by 8.

Another issue is the asymptotic formula for the free energy (see [26, 31]
for the only rigorous results starting from the full many-body problem). In
[23], we provide formulas for the free energy of a dilute Bose gas in different
regions which correspond to very low (pa/T > 1), fairly low (pa/T ~ O(1))
and moderate (pa/T < 1) temperatures. In particular, if we let v — 8,
for very low temperatures we reproduce the well-known Lee-Huang—Yang
formula

512
lim F(T, p) = drap? + —/7(pa)®’? + o(pa)®/?.
T—0 15

For the reader’s convenience, the main results of [23] are also stated in the
next section.
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2. MAIN RESULTS AND SKETCH OF PROOF

Let us now state the main results of this paper. Throughout this article,
we assume that the two-body interaction potential and its Fourier transform
are radial functions that satisfy

V>0, V>0, V0. (2.1)
Moreover, we assume that
Ve CYR?), Ve LNR?), V] < 00, [VV]2 < 00, [[VV o < o0. (2.2)

2.1. Existence of minimizers. We start by providing the existence results
that form the basis of any further analysis.

Theorem 1 (Existence of grand canonical minimizers for T > 0). LetT > 0.
Assume the interaction potential is a radial function that satisfies (2.1) and
(2.2). Then there exists a minimizer for the Bogoliubov free energy functional

(1.1) defined on D.

It turns out that we need to assume some additional regularity on the
interaction potential to prove a similar statement for T'=10 .

Theorem 2 (Existence of grand canonical minimizers for 7' = 0). Assume
the interaction potential fulfils the assumptions of Theorem 1. If we assume
in addition that V € C3(R3) and that all derivatives of V up to third order
are bounded, then there exists a minimizer for the Bogoliubov free energy
functional (1.1) defined on D for T = 0.

We expect that our assumptions on the interaction potential are far from
optimal. A natural direction for further research would be to try to extend
the above results to the case of more singular potentials. In the fermionic
case, the existence of minimizers for the HFB functional with Newtonian
interaction turned out to be surprisingly difficult to prove [17].

Remark 3. We would like to stress that the minimizers need not be unique.
In fact, a detailed analysis of the dilute limit case in [23] shows that there ex-
ist combinations of p and 7" for which the problem (1.2) has two minimizers
with two different densities.

We have analogous results in the canonical setting.

Theorem 4 (Existence of canonical minimizers for T > 0). Let T' > 0.
Assume the interaction potential is a radial function that satisfies (2.1) and
(2.2). Then the variational problem (1.4) admits a minimizer.

Theorem 5 (Existence of canonical minimizers for T = 0). Assume the
interaction potential fulfils the assumptions of Theorem 4. If we assume in
addition that V € C3(R3) and that all derivatives of V up to third order
are bounded, then there exists a minimizer for the canonical minimization
problem (1.4) at T = 0.

A nice property that follows from the proof of Theorems 2 and 5 is the
following fact.

Corollary 6 (Structure of 7' = 0 minimizers). Minimizers for the canonical
and grand canonical problem at T = 0 are pure quasi-free states.
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Note that this result is not obvious. It is well known that pure quasi-
free states are minimizers for quadratic Hamiltonians. Our model, however,
involves also higher order terms.

2.2. Existence and structure of phase transition. We now analyse
the structure of the minimizers. Our first result shows that Bose—Einstein
condensation and superfluidity are equivalent within our models.

Theorem 7 (Equivalence of BEC and superfluidity). Let (v, «, po) be a
minimizing triple for either (1.1) or (1.3). Then

po =0+ a=0.

Hence, there exists only one kind of phase transition within our model.
The next results show that this phase transition indeed exists.

Theorem 8 (Existence of grand canonical phase transition). Let u > 0.
Then there exist temperatures 0 < 11 < Ty such that a minimizing triple
(v, a, po) of (1.2) satisfies

(1) po=0 forT > 1T,

(2) po >0 for0<T <T.

Theorem 9 (Existence of canonical phase transition). For fized p > 0 there
exist temperatures 0 < Ty < Ty such that a minimizing triple (v, a, po) of
(1.4) satisfies

(1) po=0 forT >T,

(2) po >0 for0<T <Ts.

Remark 10. All the statements remain true in one and two dimensions.

2.3. Grand canonical phase diagram. The results stated above together
with their proofs allow us to sketch a phase diagram of the system, see Figure
1.

Note that at T'= 0 and p < 0 the minimizer corresponds to the vacuum.
Also, for negative chemical potentials there is no phase transition in the
system.

The area with the lighter shade of blue indicates that we cannot rule
out multiple phase transitions with different critical temperatures. This is,
however, unexpected. The vanishing of this area as p approaches zero from
the right is a consequence of the results in [23], which we review next. See,
in particular, Theorem 12.

2.4. Main results of [23]. The main results of [23] hold under several
general assumptions. For the following three results, we assume that we are
in the dilute limit

pPa < 1, (2.3)

where a is the scattering length of the potential. Furthermore, we define the
constant C' by

/‘7 < Ca™? and 10"V ||os < Ca™ ! for 0 < n < 3, (2.4)

where 0" is shorthand for all n-th order partial derivatives. With this defi-
nition, our estimates depend only on C' and not on a. Recall v := V(0)/a.
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T

¥>0,a=py=0

Ty >0,a#0,p0 >0
y=a=p =0 u

F1GURE 1. The grand canonical phase diagram of the model.
No diluteness is assumed. At u < 0 and 7" = 0, all quantities
are zero, in particular there is no BEC. Increasing 7' does
not lead to a phase transition, although v becomes non-zero.
For p > 0 fixed and T = 0, there is BEC. This remains the
case when T increases (darkest region), eventually leading to
a phase transition somewhere in the lighter region before we
enter the white region where pg = 0.

The following theorems contain information about the critical temperature
of the phase transition in the dilute limit.

Theorem 11 (Canonical critical temperature). Let (7, «, po) be a minimiz-
ing triple of (1.4) at temperature T and density p. There is a monotone
increasing function hy : (8m,00) — R with hi(v) > lim,_,g; h1(rv) = 1.49
such that

(1) po#0 if T < Tre (14 ha(v)p'Pa + o(p"/a))

(2) po=0if T > Ti (1 + hi(v)p'3a + o(p*/3a)),

2/3

where Ty, = cop®’® is the critical temperature of the free Bose gas.

Theorem 12 (Grand canonical critical temperature). Let (v, po) be a
minimizing triple of (1.2) at temperature T' and chemical potential p. There
is a function hg : (87, 00) — R with lim, g ho(v) = 0.44 such that

/
(1) o0 #0 T < ()" ()% + s+ ol)

) T &r 2/3
(2) o =0T > (557m5) (4™ +ha(w)u + olp).

We refer to [23] for the proof of these statements.

The second main result of [23] provides an expansion of the canonical
free energy (1.4) in the dilute limit. Here, we only state what happens for

v =V (0)/a — 87. We need to define an integral first:

I(s) = (27r)_3/1n <1 —e Vv p4+16”p282) dp.

Remark 13. Let T, = ¢ p2/ 3 be the critical temperature of the free Bose gas,
and pg. = (T/co)?/? its corresponding critical density. In the limit v — 8,
the canonical free energy (1.4) can be expanded in the following way.
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(1) T > Ty (14 1.4903a + o(p*/3a)), then
F(T, p) = Fo(T, p) + V(0)p* + O(pa)®/?,

and we have p, = p, po = 0 for the minimizer. Here, Fy(T, p) is the
free energy of the non-interacting gas at density p and temperature
T.

(2) I T < Ty (14 1.490'3a + o(p*/3a)), then

512
F (T, p) = dmap® + dmapf, + =/ (pa)’/?

— pic)a 1
+T5/2I< (p jf)f) +4ﬁﬁa>—4ﬁTpfca (p— ptc)a

+o0 (T(pa):s/2 + (pa)5/2) :

The last expression reduces to the Lee-Huang—Yang formula for T' < pa:

512
FER(T, p) = dmap? + =2/ (p)*/2 + o{pa)°/2

2.5. Sketch of proofs and set-up of the paper. The rest of the paper
is devoted to the proofs of the statements described in Subsections 2.1, 2.2
and 2.3.

In Section 3 we provide some general facts that will be useful throughout
the paper.

Section 4 contains the proofs of Theorems 1 and 4. Section 5 provides
proofs of Theorems 2 and 5.

The proof of the existence of minimizers in our model is harder than in
the case of the fermionic BCS functional [13]. The main reason for this
is the occurrence of Bose—Einstein Condensation (BEC). Loosely speaking,
at sufficiently low temperatures bosons tend to macroscopically occupy the
same quantum state. Since in our model the momentum distribution of the
particles is described by ~y(p), this suggests that there is no a priori bound on
this function. Therefore, a minimizing sequence could convergence to a mea-
sure which could have a singular part that represents the condensate. This
scenario, however, has been included in the construction of the functional
by introducing the parameter py that represents the condensate density.

The situation for is simpler for fermions as there is an a priori bound on
~: the Pauli principle implies that v < 1.

Let us now present the main ideas behind the proof. We start by refor-
mulating the problem in terms of an auxiliary functional. We show that to
prove the main theorem it is enough to prove the existence of a minimizer
for the problem

F™(\, po) — inf {fauxw, ., p0) ' / )dp = M (y,a) € D'} ,
where

V() ,

F=Ftpp———p

and
D' ={(v,a) | v € L'((1+ p*)dp), v(p) > 0, a(p)® <~(p)(7v(p) + 1)}
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We will see below that all terms in F are bounded on D’.

The advantage of considering a functional for fixed pg is that one obtains
joint convexity in (7, ).

To prove the existence of minimizers for the auxiliary problem (which is a
constrained minimization problem), we consider the dual problem. We also
restrict our functional to the smaller space

M, ={(v,2) € D'|y(p) < ]%}-

Note that restricting the domain to M, imposes an artificial a priori bound
which is used to prove the existence of minimizers for this restricted problem.
The idea is then to construct a minimizing sequence of the unrestricted
problem out of the minimizers . of the restricted problem in the limit
K — 00.

To this end we prove several bounds for the 7,’s. These bounds show that
the minimizers are uniformly bounded for p such that |p| > p,, where p, — 0
as Kk — oo. Thus, physically speaking, we show that if there is condensation,
then it can occur only in the p = 0 mode.

The last main step is then to show that mass accumulation at p = 0 is
impossible for a minimizer, since this would increase the energy compared
to a solution where the mass would be added to pg from the start.

The proof that we sketched above only works for T > 0 since the bounds
we mentioned are not uniform in 7" and deteriorate as T — 0. It turns
out that the positive temperature minimizers (77, a”’, pl) form a uniformly
equicontinuous family that is also a minimizing sequence for the T" = 0
problem. Using the Arzela—Ascoli theorem one can then extract a limit
which turns out to be a minimizer.

The proofs of Theorems 8 and 9 as well as the proof of Theorem 7 and
the discussion of the grand canonical phase diagram are provided in Section
6.

As mentioned in the introduction, we provide an introduction to Bogoli-
ubov’s variational theory and a derivation of the functional in Appendix
A.

3. PRELIMINARIES

Let us start with several remarks and bounds which will be used later.
Throughout the proofs C, C1, ... stand for unspecified universal constants.
Recall the notation

B(p) = \/(1 +7(p))? — a(p)?.

2
Since . . ) )
s(8)=—(B— 5) In(8 — 5) +(8+ 5”“(5 + 5)
and .
88(5) . B + 2
a5 In 5 %
we have
s(y,a) < s(7,0), if a #0. (3.1)
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Several bounds will rely on the decomposition a = a« + a~ where a :=
alg, <y and as = alg,>qy. The condition

a® <y’ 47y (3.2)
then implies that |as| < /2y and |a<| < \/iﬁ Thus using the assump-

tions on V and 17 we have

’ [Vwawin| < [ Vwlas@lip+ [ Vwlacwid

{v>1} {r<1}
/ 7 (p)v/2y(p)dp + / V(0)V2/~(p)dp (3.3)
{v>1} {r<1}
gm/(m/ " (p dp+f/ (p)dp < C(Ill1, V).
{v>1} {r<1}

Similarly

// p = a)alplaly )dpdq_// (p = g)a(p)a(g)dpdg
+// V(p—Q)a<(p)a<(Q)dpdq+2//V(p—q)a>(p)a<(q)dpdq

< CUN L VL 1V o),

since

[P0 0= @ @i < 710 (/|a>|> <270/ )
/ V(p — q)ac(p)ac(q)dpdg < 2// V(p— 0)v/7(p) vV (q)dpdg

= //v(p—q)(v(p)+’V(Q))dpdq:2 </‘7) </V>
// P — g)os ()a<(g dpdq<2/ V(p— q)v(p)dpda.

Obviously

and

[[ 76~ dawa@apds = [vlaw)Piz =0 @
Another useful consequence of (3.2) is the lower pointwise bound
Y taz —%. (3.5)
For the convolution terms one easily sees that

IV 5 Aloo < [V llool ¥l < CCUI I VI TV ]o0), (3.6)
IV * alloe < [[Vloollas 1 + [[V]2lla<lle < C <||7||1, VI, HVlloo> - (37
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We will also use the following lower bound on the free energy of a non-

interacting system
/pQ'yo - T/S(V()ao)

[r-1 [s9)
_ T/ln (1 _ e%’Q> dp>—-C,  (38)

where v9 = (exp(p?/T) — 1)71. This follows from (3.1) and a direct compu-
tation. It follows, in particular, that all terms in F are bounded on D'.

Vv

4. EXISTENCE OF MINIMIZERS FOR T > 0

4.1. Reduction to the auxiliary problem. Let usintroduce the auxiliary
free energy functional defined by

FA%(y, a, po) Z/pzv(p)dp—T/S(v(p),a(p))dp
+ oo / ¥ (0)(v(p) + alp))dp
+5 [[ Vo= 00mn@ + aat)dpda

For notational simplicity, we have absorbed (27)~2 in every integral com-
pared to (1.1), so that the measure is really (27) 3dp. We will use the
same convention for the real space measure dx, but not for one-dimensional
measures dt or ds. We introduce the following minimization problem

F&™(X, po) = inf {faux(fy, a, po) ’ /’y(p)dp =\ (7,a) € D’} , (4.1)
where

D' ={(v,a) | v € L'((1+ p*)dp), v(p) > 0, a(p)® <~(p)(v(p) + 1)}.

Proposition 14. The existence of a minimizer for the auxiliary problem
(4.1) implies the ezistence of minimizers for the grand canonical problem
(1.2) and canonical problem (1.4).

To prove this proposition we will need two lemmas.

Lemma 15. The functional F*™ is jointly (strictly) convex in (v,«) and
D' is a convex set.

Proof. First notice that the Hessian of —s(v,«) regarded as a function
of v and « is positive definite. Since V' > 0 the expressions [[ YA/(p —
q)7(p)y(¢q)dpdg and [[ XA/(p — q)a(p)a(q)dpdg are convex in v and « respec-
tively. It follows that F2"™ as a sum of jointly convex functions is jointly
convex in (7, a). Convexity of D’ follows from a simple calculation. O

Lemma 16. The function F**()\, po) is convex in X\, concave in py and
continuous as a function of two variables.

Proof. Convexity in \. This is straightforward from the convexity in Lemma
15.
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Concavity in pg. This follows from the fact that minimization of a func-
tional that is linear in a variable yields a concave function in that variable.
Continuity of F**(\, pg). Define

F*(y,a, po) = /pQW(p)dp —TS(v,a)
+ % // Vp— a)(v(p) + podo) (7(q) + podo)dpdg
+ % // V(p — )(a(p) + podo)(a(q) + podo)dpdg,

where dy is the Dirac Delta function. Then as before F2" is jointly convex
in (v,a, po). Then

F*(\,po) = inf  F*(v,a, po)
(v,0)€D’

Jr=A

is jointly convex in A and po and hence continuous on (0, 00) X (0, 00).

We now consider the points of the form (A*,0) with A* > 0 on the bound-

ary. By convexity, we have

3 aux aux *
oS00 (o) = FZ200,0),

where the limit on the left is independent of the way we approach the bound-
ary point. To show the opposite inequality, note that we can use approximate
minimizers for (\*, po) as trial states for (A*,0) by plugging them in with
po = 0. In the limit py — 0, these trial states approximate the limit above,
proving continuity at this boundary.

The boundary (0, pjj) with p§ > 0 can be treated in the same way, where
we use the estimates from Section 3 to estimate the terms involving + and
aas A — 0. N

It follows that F2™(X, pg) = F*™(\, po) — p3V(0) is continuous as well.

O

Proof of Proposition 14. As F*™ is continuous we conclude that F2"(p —
p0, po) has a minimizing pg satisfying 0 < pyp < p. The problem (1.4) is then
minimized for this pp and the (7, «) that minimizes (4.1).

In the grand canonical case, by the definitions of F'(T, i) and F**™*(\, po)
we have

~

F(T,p) = fuf [F™ (0 p0) = 1O+ po) + 2 Ok ol (42

Using (3.5) and (3.8) we see that
F*(X, po) > —Cipg — Co.

Thus there exists an infimum in (4.2) that (by continuity of the underlying
function) is also a minimum. For given y and T' we can find the correspond-
ing minimizing A and py and thus by the assumption of the existence of a
minimizer for F*"* we find a minimizer for F(v, a, po). O
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4.2. The dual auxiliary problem. We now proceed to the proof of the
existence of a minimizer for the auxiliary problem (4.1). This is a problem of
constrained minimization. By Lemma 16 the function F#"™(\, pg) is convex
in A\. Thus the constrained minimization problem (4.1) is equivalent to the
unconstrained dual auxiliary problem:

Fraux 0, ;= inf FA¥ (v, a, -9 = inf F3"™(vy,
(4, po) ¢ D,{ (v, a, po) / 7} (inf o (s @, po),
(4.3)

where 4 is chosen as the slope of a supporting hyperplane at A for the convex
function A\ — F2"(\, pg).

Before we move on let us state a simple property of the dual auxiliary
functional.

Lemma 17 (Radiality of minimizers). A minimizer (y,«) of (4.3) (and
therefore (4.1)), if it exists, is radial:

(v(Rp), a(Rp)) = (v(p), a(p)) for any R € SO(3).

Proof. The strict convexity in Lemma 15 implies that a minimizer of (4.1)
(and hence (4.3)) is unique assuming it exists. The result follows since
— (v(Rp), a(Rp)) is a minimizer if p — (y(p), a(p)) is. O

Lemma 18 (Coercivity). Let 6 € R. The functional F§"™ (v, a, po) is coer-
cive in 7y, i.e. there exist constants C1,ca,c3 > 0 depending on T, p, § and
V' such that for 0 < pg < p

FA (v, a, po) —5/7 > —-Cy +62/p2’7(p)dp+63/7

In particular, any minimizing sequence 7y, is bounded in L'(R3,dp) and
LY(R3, p%dp). Moreover, c3 and c3 are independent of T and Cy is bounded
as T' goes to zero.

Proof. By (3.5), (3.1) and (3.4) it follows that

]-'aux(%oz,po)—5/7 /pv )dp — T/ (7,0 dp—po/V
+;/p27(p)dp+;/( p? —28)y(p)dp + = // P — a)v(p)v(q)dpdg.

The first two terms on the right-hand side of (4.4) are bounded from below
by a constant C7 that depends only on 7' in the same way as in (3.8). It
thus remains to bound from below the last two terms in (4.4). To this end
we split « into two parts: i, with support in {p&p2 — 20 < g5} and Yout

(4.4)

with support in {p|2p? — 2§ > &5}, where some &5 > 2|§| is chosen. Then

;/< 2 25)y(p)dp+5 // (p—a) dpdq>/%ut 5/%n
* 2// V(p = ¢)7in(p)vin(q)dpdy,
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where we have left out the other positive terms coming from the convolution.
Since

V(@) < [ Iphin(p)dp,
we have
V()| < Cs%n(0),
1

and hence ¥in(2) > 5% (0) for sufficiently small |z| depending only on 0.
Also, by continuity, we have V(z) > £V (0) for sufficiently small |z|. Let B
denote the ball where both these conditions are fulfilled. Note that such a

ball can be chosen independently of ~. It follows that

;// V(p = 0)3in(p)7in(¢)dpdg > “B;‘V(O) (/ %n>2'

Together with the previous estimate this implies that

1 € 2
Fi¥(v,a,p0) > —Cr + 3 /pgv(p)der 55 /%ut — 6/% + Csv (/ 'm) :

Since [v = [7in + [ Yous the lemma follows. O

Unfortunately, since L! is not reflexive, the boundedness of the minimizing
sequence (which follows from the lemma above) is not enough to extract a
weakly converging subsequence. We therefore consider the restricted dual
auxiliary problem, by which we mean the problem of finding

F\:ux(& PO) = inf fgux(77a7p0)7 (45)
(y,a)eEM
where k > 1 and

My ={(r,0) e D'[y(p) < =

}. (4.6)
p
Proposition 19 (Existence of minimizers for the restricted problem). There
exists a minimizer for the restricted problem (4.5).

Proof. Step 1. Let (v, o) be a minimizing sequence in M,. It follows from
Lemma 18 that ||,]l1 < C and that [ p?y,(p)dp < C for some constant C
depending on T,V and §, but independent of n.

Step 2. We claim that (7, ;) is a bounded sequence in L*(R3) x L*(IR?)
for s € (£,3). To this end consider the set

512
An = {p|vn(p) > 1}.

/]R3%LZ/A Tn > [ Anl,

the condition ||v,|[1 < C implies that for any n we have |A,| < C. Further-

more for s € (1,2) we have

K./S
mm=/‘ ﬁ+/‘ﬁs/ %+/%@<a (47
R3\ A, " R3\ A, An P

Since
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where we used the restriction imposed by (4.6). Indeed, by the previous
step we have fkg\ 4, n < C. To bound the last term we use the fact that

|A,| < C. Then

Kk® K® K® K®
/ —;dp = / —;dp +/ —-dp < / —55dp+ | Ap|K°,
Y AnNB(0,1) P An\B(0,1) P B(0,1) P

which is bounded uniformly in n for s < 3. Here, B(0,1) denotes the unit
ball centred at the origin. Let us now consider the bound on ||a,l/s. Using
(3.2) we have

IIan\liz/ Ian|8+/ lan|5<23/ \/77$+23/ Yo
R3\ A, An R3\ A, A,

By (4.7), the last term is bounded uniformly in n. To bound the other term,
notice that by the uniform bound [ p*y,(p)dp < C' it follows from Holder’s
inequality that

[
R3\ A,

s
2

= / 77? + / Tn
(R3\An)NB(0,1) (R3\A»)\B(0,1)

2 s
<C 4 / (p 7:)2dp
(R3\A,,)\B(0,1) p
2—s

5 3
<C+ ( / pQWndp) < / pﬁzdp)
(R3\ A\ B(0,1) (R3\ A,)\ B(0,1)

For g <qg< % a uniform bound follows.

Step 3. By the previous step, we can find a subsequence that converges
weakly, i.e. there exist (7, &) € L*(R3?) x L*(R?) such that (v, an) — (7, @)
for s € (g, %) Using Mazur’s Lemma we can replace the sequence with
convex combinations and get strong convergence and by going to a further
subsequence we can assume that the limit is pointwise almost everywhere.
As the functional is convex we still have a minimizing sequence. It follows
from Fatou’s Lemma that (7, &) € M. To show that (¥, &) is a minimizer

we will prove that

3[0\0;

aux aux

lll’I—l)ll’lf f(; (’)’n, ozn) > .F(; (’7, CNV)

Indeed,
1 1 _
5710 () = Ts(1(p), on(p)) > 55" (p) = Ts(3a(p).0) > TIn(1 — e 7' /2T)

and the function on the right is integrable. Using the bound (4.6) we also see
that (%pz — 0)7n(p) is bounded below by an integrable function. The same
is true for V(p)(vn(p) + o (p)) using (3.5). The remaining quadratic terms
have positive integrands. Hence the result follows by Fatou’s Lemma. [

Remark 20. Lemma 18 implies that there exists a uniform bound on ||7,]|:-
This follows from the obvious observation that F'(d, pg) < 0.

Remark 21. In one and two dimensions, the restriction defined in (4.6) has
to be appropriately modified to obtain analogous results on the existence
of minimizers for the restricted functional. In fact, one needs to assume
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v(p) < K/p™ with m € (3,1) and m € (1,2) in one and two dimensions

respectively.

One expects that by sending x — oo one approaches the minimizer of
(4.3). In the next subsections we will implement this idea.

4.3. A priori bounds on v and «. First, we show that any potential
minimizer v is strictly positive almost everywhere.

Lemma 22 (Positivity of ). Suppose (v, ) is a minimizer for either the
unrestricted (4.3) or restricted (4.5) dual problem with T > 0,6 € R, py > 0,

and k > T. Then there exists a constant C' := C (5, pos 1711, ‘7> such that

the set
2ic
S = {p|7<€_pT+ }

Proof. Since k > T, we have k/p* > e P*/T and the upper bound defining
S is within the restriction in (4.6). The functional derivative ! of F2" in v
gives

has zero measure.

OFF™ _ Sy L T+3, B+s
=p° =0+ pV(p)+Vxy(p) —T In .
- CEAARCRERS s
Since 3 < B =4/(7+3)2— a2 <y + 1, we have
OFs™ _ o Ytz Bt _ o, 1
<p°+C-T In <p°"+C—-Tln ,
av 7 "5 71
where C' :=C (5, pos 1711, V) follows from (3.6). Thus
OF§™
— <0
07 <
if , .
ﬁ<e*p;c+f.

2
Since g < v+ %, this certainly holds whenever

_p’+C
y<e T

Thus the functional derivative is negative for p € S. Hence, if the set had
positive measure, we would be able to lower the free energy by increasing -y
on it. This would contradict the assumption that (v, «) is a minimizer. [

From now on we assume that x > 7. The next lemma provides a priori
bounds on . We will show that a(p)? < v(p) (v(p) + 1) holds almost every-
where for minimizers of (4.3) or (4.5). Note that the statement is vacuous
if v(p) = 0. This possibility is, however, excluded (almost everywhere) by
Lemma 22.

We wuse the notation where
LFM (v +th,a)|,_y

25" is defined by [2ZEi-(p)g(p)dp =
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Lemma 23. Suppose (v,«) is a minimizer for either (4.3) or (4.5) with
T>0,0 R and pg > 0. Then the set

Pi= {p [a(p)® > 7(p) (V(p) +1) — e TOED) a(p)® > %’Y(P) (v(p) + 1)}

has zero measure. Here C :=C (po, v, YA/> is a constant and

_ [ 2+
e(y) = | o)
2y(y+1)+1
Proof. The functional derivative of F§'"* in a gives
OFp o S a. B+3
—— =pV(p)+V*xalp +T-=In .

Assume first that a(p)® > 37v(p) (v(p) +1). Then
a

27 (v + 1) Lyi(y+1)
2 Z\/'Y(’Y-i-l)-i-}l—ozzz %v(v+1)+i_c(7)‘

Another estimate that holds by the assumptions on V' and inequality (3.7)
is

07 () + 7 5 a(w)| < pollPlloe + 17+ allow < € (p0, 17111, 7) -

If o> /3(p)(v(p) + 1), then

OF§™ B+
>
D > C+Tc(y)ln 5

1

> —C +Te(y)In —,
T2

N[

NO|—=

where we have used 8 > % in addition to the previous estimates. Similarly,
if @ < —\/%'y(p)('y(p) + 1), we estimate

OF g B+ 3
<C—Tec(y)In 2 <C—Te(y)In——.
oo 5} 51

In the first/second case the derivative is positive/negative whenever

B < L e—C/Te)
— 2 )

and using the definition of 82 we find that this happens when
02 > (v 4 1) — e 20/(Te) _ o=C/(Ten)

This means that the derivative is positive for p in P and «(p) > 0, and
negative for p in P and a(p) < 0. Hence, if the set had positive measure, we
would be able to lower the energy by varying on it, which contradicts the
assumption that (v, «) is a minimizer. O

Since we already know that «(p) > 0 almost everywhere, this implies that

/() (v(p) +1) < a(p) < /7v(p) (v(p) + 1) almost everywhere. Thus
the Euler—Lagrange equation for « holds with equality for minimizers of
both (4.3) and (4.5).
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4.4. A priori bound for v in the restricted case. The existence of
minimizers for (4.5), as well as the a priori bounds established in the previous
subsection give us access to the Euler—Lagrange equations for the restricted
problem. Indeed, we have

OFF™ S D v+t3, B+s
=p> =5+ poV(p)+V * -T In
oy P poV (p) 7(p) 5 51
_ [ <0 ify(p) =r/p®
B { =0 if 0 <~(p) < w/p° (48)
HF2ux . . a, B+1
9o = PV(P) +Vxalp) + 5 nﬁ_% 0 (4.9)

We will now analyse these equations in order to derive a priori bounds
for 7., the minimizer of the restricted problem. These bounds will then be
used to show convergence of 7, to a minimizer of the unrestricted problem
as K — 00.

Lemma 24 (Large p a priori bound for ). Let T >0, § € R, and 0 < pg <
p. If (v, @) is a minimizer for (4.5) with £ > max{1, T} there exist positive
constants Py and C' such that for |p| > Py, we have

v(p) < Clp|™. (4.10)

Moreover, as T goes to zero Py is uniformly bounded below and C uniformly
bounded above.

Proof. Assume « # 0. Using (4.9), Lemma 18 and (3.7) we see that there
is a Py such that for |p| > Py

aux l l
028?52;1)2—T7;21ng+§
7 1 T2 1 (4.11)
1 ’Y‘i‘* ~ ~ 1 ’Y“l_*
= §p2+72 (poV(p)+V*a(p)) > 5292—0 |a’2-

Hence, we have
2

72 g

(v+3)
Note that we can now drop the assumption « # 0 since the above also holds
if @« = 0. This implies

g = ('Hé)z (1—(7_6;2)2> > <7+;>2(1—Cp_4),

which can be rewritten as

Ccp~ 4.

+1 1
! G- (4.12)
Returning to the second estimate in (4.11), we obtain
OF™ 1 -1 +3
0>"2L—>_p-T(1-Cp ¥ anﬁ 2,
oy 2 B—3
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Rewriting this inequality leads to
2 _a\1/2
1 €xp [57 (1-Cp™) / } +1
ps 2 p? 1/2
exp [ﬁ (1-Cp™%) } -1

1 p? _n1/2 -
=_ Poq- 1] .

5 + [exp [QT (1-Cp™)
Combining this with (4.12) we finally obtain

—1
1 172 (1 p? _a\1/2
v+ = (-0 <2+[6Xp[2T(1—Cp I S

which is % + Cp~* 4+ O(p~?) for p large enough. O

Let ~, be a minimizer for the restricted problem (4.5) for a given k. We
define

pei=sup { ol 1) = 5 }. (4.13

Note that the bound on ~, for large |p| proved in Lemma 24 implies that
P cannot be infinite for any k. We will therefore assume henceforth p, is
finite. It could be that p, = —oo (in case the set (4.13) is empty). In that
case our proof works as well.

We shall now work towards a priori bounds on ~ for small p. We start by
proving a lemma that we will use twice later on.

Lemma 25. Let a > 0 and f : [a,00) — [0,00) be a non-negative, continu-
ously differentiable function. If |f'(t)| < Cq for a <t < 2a. Then

-1 43 2\—1_2 -1 n Ca >
[ st = rty e, (14 ).

Proof. By assumption we have f(|p|) < f(a) + Cu(|p| — a) for a < |p| < 2a.
Thus (recalling our convention for the measures dp and dt explained above

(4.1))
2a
/ Mz or) / Fla) + Calt — a) " 2dt

> (272) " ta? /a [f(a) + Cot] ' dt
0

=27 a?C, n (1 + fc(z)a> .

O

To obtain the desired bound for small p we will apply this lemma to the
radial function f given by

F(lpl) =), (4.14)

where 7, is a minimizer for the restricted problem (note this is indeed a
radial function by Lemma 17).

To this end we need to get a bound on the derivative of v,!. In the
calculations below we assume (7, «) is a minimizer for (4.5) for a fixed 6 € R
and po > 0 (we drop the subscript x for convenience).
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We start our analysis from the Euler-Lagrange equations, which hold
with equality for |p| > py :

O Faux - - ~y + 1 ﬂ + 1
S =p? =5+ poV(p) +Vry(p) ~T—2In——F =0
Iy p B—3
HFaux B+ 1 (415)
5 S 5 o 2
=pV(p)+V*alp)+T-=1n =0.
U RAATIORE s
By squaring, subtracting and taking a square root we obtain
B+3 1\/ ) ~ N 2 ~ ~ 2
lnﬁ_% =7 ( — 6+ poV(p) +V*7(p)) - (poV(p) +V*a(p)) :
which we denote by G(p). In particular, we have
le¥+1
b=5o—7
2e -1
We also define
1 e A~
Alp) =7 <p2 —0+poV(p) +V = v(p)) w15)
4.16
1 ~ ~
B(p) == 7 (nV () + V a(p)).
Combined with (4.15) this leads to
B3l 1 1] %41
= 1 A—=-—=—-|—F+—-A—-1]. 4.17
7=Fn —1 5~ 2[G(ef 1) (4.17)

We know that v < x/p? and also that the expression above is correct for |p| >
pr- Therefore the denominator cannot go to zero in this region (implying G
cannot go to zero). Combining this with the relation between G' and A we
obtain

A>G>0. (4.18)
Together with (4.17), this implies
2G(e“ — 1

vt = Gle ) < (9 —1) < (et —1). (4.19)

S eG(A-G)+A+G
Recall the definition (4.14). From (4.19) it follows that on (pg,c0) we have
Flp) _G"[e — 1+ Ge®]

2 D
G(e% —1) [G'eC(A—G)+ A'(e® +1) + G'(1 — €%)]
— 53
1 (€ =1 4 ,Ge—1 4TA G

G\? e —1 G -1\ [G\?
T el G / =
A(D) a (e +1)+GG< a > <D> :
where D = e%(A — G) + A + G. Note that if P > p, is bounded then all

terms except the first are bounded on py < [p| < P: A and A’ are bounded
by their form (4.16) and the assumptions on V; G is bounded by A; D is
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bigger than or equal to both G and A. The boundedness of GG’ follows

from

1
G

and the boundedness from all terms between the brackets (B and B’ are

bounded for similar reasons as A and A’). It follows that

¢ (AA' + BB')

2 Co Co
f(p)SW"FC:ng‘FC&

where the C; := C;(P, IV lloos IV ||so, 17]]1) are constants. To obtain a final
bound on f’(p) we need the following lemma.

Lemma 26. For p, < |p| < %P, where P > 2p, is a given constant, we

have
27207 |y

A(p) >In |1+ Cilple #? ,

where Cy == C1(P, |V ]loos [V V |los, |[7]11) is @ constant.

Proof. In order to apply Lemma 25 we define the function

Fllpl) = A0 —1.

By (4.16), (4.18) and our assumptions on V' it follows that f is positive and
continuously differentiable. To apply Lemma 25, we need a bound on its
derivative for |p| € (py, P). Since A and A’ are bounded for p, < [p| < P
we have

1F (1)) = 14 (1)) [P < CL (P [V [loos 19V oo, [17]11)-
Using Lemma 25 and (4.19), we now get for p, < |p| < 3P

v[l1 > /é N If(!E\)‘1d3£Z(27r2)‘1p201‘11n 1+ Cyp|(e® — 1)~
Z|P

Rewriting this proves the lemma. O

It follows that
_ Co
!
Fip) < _272Cy
In [1 + Cilple p? }

+ Cs =:n(|pl). (4.20)

Since the function 7 is decreasing, we can bound it on the interval [|pl, 2|p|]
by its value at |p|.

Lemma 27 (Small p a priori bound for 7). For pr < |p| < Py (where Py
was defined in Lemma 24), we have

222 |1v]ly n(lpl)

Y(p) < lpl "t "re (4.21)

where n is defined in (4.20) with P replaced by 2Py (in the dependence of
the constants).

56



Paper I

THE BOGOLIUBOV FREE ENERGY FUNCTIONAL I. 23

Proof. Equation (4.20) gives us the bound required to apply Lemma 25. We
therefore get

7l = /|£|>| |f(\£|)_1d3£ > (2n%) " p*n(|p) ™ n 1+ [pln(lpl)r(p)].

which gives the stated result upon rewriting. O

Remark 28. All a priori bounds derived in this subsection remain (up to
minor modifications) true in one and two dimensions.

Equipped with these bounds we shall move towards the proof of existence
of minimizer for the dual auxiliary problem.

4.5. Existence of minimizers for the dual auxiliary problem. In this
section we prove the existence of a minimizer for FaW(\™in pmin) where
(Amin_pminy corresponds to the minimum of the function F3%™ (), pg). As ex-
plained before, this is equivalent to finding a minimizer for Faux(dmi“, pim)
(recall (4.1) and (4.3)), and therefore, by Proposition 14, to the existence of
minimizers for the initial problems (1.2) and (1.4). The goal of this subsec-

tion is thus to prove the following theorem.

Theorem 29 (Existence of unconstrained minimizers). There exists a min-
imizer (7,&) for the dual auziliary problem (4.3) with 6 = 6™™", py = pg™
and T > 0.

As we have proved in Proposition 19, for given §, pp and x we can find
(Y, ) that minimize the restricted problem (4.5). We would like to com-
bine the bounds in Lemmas 24 and 27 to extract a minimizer for the dual
auxiliary problem (4.3) from the sequence (7, o). To do this, we first need
to prove that we can actually reach the whole of |p| > 0 using the regions

Ip| > P

Lemma 30. There exists a subsequence of (Vx, ) such that p, — 0 as
K — 00.

Proof. First note that the assumption that liminf, ., p, = ¢ > 0 together
with Lemma 27 and the uniform bound on ||7,||; will lead to a contradiction
if we can show that p
Jm (») el (4.22)
Indeed, in this situation the left-hand side of (4.21) tends to infinity, whereas
the right-hand side is bounded yielding a contradiction. We conclude that
liminf, o px < 0 and hence we can extract a subsequence that has p, — 0.
To prove (4.22), we first claim there exist 4, & and associated 3 such that

p25+p0V(p)+V*7n(p)T732lng 2 _
o (4.23)
> =5 O~é ,8+§
poV(p) +V xax(p) + T=In=—2 =0
3 B-1

is satisfied for |p| > p, — € for some € > 0. Of course we know that (s, )
fulfils this equation for |p| > ps., but we can do a little better. To see that
such 4 and & exist, consider the explicit expression (4.17) for 4 in terms of
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G and A which follows from (4.23) as before (and only depends on +, and
o). In particular, we know that as long as |p| > px the denominator in
(4.17) does not go to zero since the v, < x/p? for |p| > px. Since G and A
are continuous everywhere, we can infer that there has to be a small region
|p| > pr. — € where there exist continuous 4 and & that satisfy (4.23) (which
have to coincide with ~, for |p| > p,, but may not do so otherwise).

Now suppose that §(p) < /p? for |p| = p.. By continuity and the
argument above, we then also have that 5(p) < x/p? on (a possibly smaller
region) p, — e < |p| < px. By the definition of p, we must then have that
Y:(p) > A(p) on a set of positive measure. Since the entropy derivative is
strictly increasing in -, we have for such p that

OFF S et D Bt )
=p°—0+pV(p)+V*xv.p)—T In > 0.
- (v) 0) -1
This contradicts the fact that -y, is part of a minimizer (which should always
satisfy (4.8)). We conclude that (4.22) is true. O

This lemma implies that we can pick a subsequence p, that is decreasing
and tends to zero. This is what we will assume from now on.

We now show that the corresponding (7, @) form a minimizing sequence
of the dual auxiliary problem (4.3).

Lemma 31. Let (yg, ax, po) be minimizers for the restricted problem (4.5).
We then have

aux

Hm FE (v, a, po) =  inf
Jim F5 (s, i, po) oomfFs (7, po)

Proof. Let (,a) be a general element in D’. We will show that its energy
can always be approximated by the energy of a sequence of elements in M.
We simply define the functions:

r =7 Ly < K/p%)

= a 1(y < w/p%),
which implies (34, ax) € My. It follows from Lebesgue’s Dominated Con-
vergence Theorem that

fdaux(i//m dfﬂ PO) — féaux(’% «, PO)

Since we know that the (v, a,) are minimizers for the restricted problems,
we have

fgux(fy’i’ Ok PO) < ftsaux(;)}:‘iv dfm pO)
By taking a limit in x followed by an infimum over D', we obtain

hmsupfgux(%ivampﬂ) < i%)l,ffgux(77a7p0)’

RKR—00

which in combination with the easy observation (use M, C D’ to get the
inequality and then take the lim inf)

aux

inf F5" (v, o, po) < liminf F§™ (v, s, po)
D’ K—00

leads to the desired conclusion. O
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We will now construct a candidate minimizer (¥, &) from the restricted
minimizers (v, ). Now it will be important that we are dealing with
(6™ pgt™) and not just any (9, po).

Proposition 32. Let (v, o) be a sequence of minimizers for Faw(§min  pminy
(and hence a minimizing sequence for the dual auziliary problem), such that
pr decreases to zero. We can extract a new minimizing sequence, denoted
also (Yx, ), such that ., — 7 pointwise and in L', and o, — & pointwise
and (¥,&) € D'.

Proof. Step 1. - pointwise convergence. Recall definition (4.13). For a
given p € R? define xo(p) to be the smallest x such that p, < [p|. Let
h(p) := ko(p)/p?. Let us call [(p) the function that defines the a priori large
p upper bound on ~(p), i.e. I(p) is the RHS of (4.10). Similarly, let s(p)
be the function that defines the a priori small p upper bound on ~(p), i.e.
s(p) is the RHS of (4.21). Note that using the fact that ||v.||1 is bounded
uniformly in k, the bound s(p) can be modified to be k-independent. We
call this new bound s(p) as well. We then define the function

K(p) = max{h(p),l(p), s(p)}-

Note that for any x we have

Yx(p) < K(p).

Indeed, given a ~, and p we either have k < ko(p) or kK > ko(p). In the first
case we clearly have 7. (p) < x/p* < h(p). In the second case, by definition,
we have p, < |p| and thus 7x(p) < max{i(p), s(p)}.

We use the function K (p) to introduce the weighted L2-space with the

measure du(p) = (J;Z()z);;% where f(p) is a strictly positive L!-function such

that the measure is finite (f has to decay sufficiently fast). We then have
the uniform bounds

Il = [ 24 < [ £<c

2f
s +%@ Vet f
Ha“HLQ(du(p) / K2 _/ C-i— K2 —|— 2 < C.

These bounds allow us to extract a subsequence (’Ymoz,«v) that converges
weakly in the weighted L2-space. Next, applying Mazur’s Lemma, we can
obtain a strongly converging sequence of convex combinations, which — by
convexity of the functional (recall Lemma 15) — is also a minimizing se-
quence. Picking a further subsequence we can obtain a pointwise converging
subsequence. We denote the limiting functions by 4 and &. By the pointwise
convergence we have a2 < (7 + 1).

Step 2. Fatou’s lemma in combination with pointwise convergence implies
that

Jas®i = [iminta e <tmin [0+ @20

Recall that we have a uniform bound on ||« 1 ((14p2)dp)- This means that
the integral on the left-hand side is bounded and therefore ¥ € L((14p?)dp).
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Step 8 - L'-convergence. By Lemma 31 we know that (v, @) form a mini-
mizing sequence. Thus, as we consider 6™, it follows that [, — A™™.
Recall that the 7, are uniformly bounded by an L' function on intervals

[e,00). This implies
/ Yo K—00 / :}’ e—0 /:}’ (425)
lp|>e p|>e

where the first convergence follows by an application of the Dominated Con-
vergence Theorem (we have pointwise convergence and a uniform L'-bound
by (4.10) and (4.21)), and the second by the Monotone Convergence The-
orem. Furthermore, it follows from Fatou’s lemma that [ 5 < AP Birst
that [ = Amin - We use this to see that

[i-mis [ B+ [ 5+ [
|p|>e Ip|<e Ip|<e
S/ W—%H/ ‘y+/%—/ Y-
|p|>e Ip|<e Ip|>e

We use our observation (4.25) for the fourth term and apply the Dominated
Convergence Theorem to the first term to obtain

limsup/W—’Ydﬁ/ ’?+Amin—/ 5 2% 0,
k=00 Ip|<e Ip|>e

Here, the last terms cancel because of our assumption on [ 4 and the con-
vergence in ¢ holds simply because 4 € L!. This means that in this case we
have proved the proposition. It remains to show that [§ < A™" is impos-
sible.

Step 4. Assume [7 < A™n. We have

/ %:/%—/ e 52, Ami“—/ 5 £20, Amin—/fy>o.
Ip|<e |p|>e |p|>e

This quantity is important for our proof, so we give it a name:

d = lim lim Y > 0.
e—0 K—00 \p|§€
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We start with the following estimate (throwing out some positive terms,
using (3.5) and estimating the entropy for small p):

. ) ~ 1 . ~
FH (Yy0ue, po™t) = / P2 + o / V(e +aw) — =pp ™ / %4
Ip|>e Ip|>e 2 Ipl<e

_T/ 8(Vie, ) _CT53_CTH%||1%53/2

p|>¢

+ ;/|> - V(p— @) (3e(0)(q) + an(p)an(q))dadp  (4.26)
+/|< " V(g = p)(va(p)1s(a) + an(p)ax(a))dgdp

1 N
t3 / V(p — @)vx(p)yx(q)dqdp.
Ip|<e J|q|<e

Note that we have olg\tained the term in the fourth line twice since V is
radial, which implies V(p — ¢) = V(¢ — p). For the entropy, we have used

/|p|<58(%a) </|p<es(%0) :/|p|<5(1 + )l +9) —ylny.  (4.27)

In the region where v < 1, the integrand is bounded by 21n(2) + 1. In the
region where v > 1, we have

(149 In(1+7y)=yIny = Iny+(1+9) In(l4+77") <Iny+1+97" <\ A+2.
Together with (4.27), using Cauchy—Schwarz, this implies that

1
| stra) s e
lpl<e

Continuing from (4.26), for |p| < € we estimate

~

V(q)vs(q)dq — / V(g — p)yx(q)dg

lg|>e

< elVV]collyslln,  (4.28)

‘ la|>e

where we have used our assumptions on the differentiability of V. To see
that a similar estimate holds for «,, we note that by an argument identical
to (3.7) we have

\% V(g —p)ax(q)dg VV(q — p)ax(q)dg

lg|>e

<C

‘ la|>e

[e.9]

where C' is a constant that can be chosen independent of . For |p| < ¢ this
leads to

<eC.

v ak(q) — Vig— Qe
‘/DE (9)ax(q) /|q|>€ (¢ —p)ax(q)

Finally, for |q| < e,

/| V00 - / V0= 00)| < 21T el
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Using the last two estimates together with (4.28) in (4.26) and estimating
the third term of (4.26), we obtain

~

FO (e, p) > / Py 4 pin / Vet an) - T / (s )
Ip|>e |p|>e |p|>e

+ % / V(p — @) (9 (p)7(a) + an(p)cve(a))dadp
[p|>¢ Jlg|>e

+ </|< %(p)dp> [ " V(@)7e(q)dg — £l| VV || ool [7x 11

+£C (el 97)

” - V(g)ax(g)dg

1
+5 (/|q<€ %(p)dp>

PN 1
— P |[Vlioo — OTe® — CT |1y 7%,
Since |ay| < 7. + 1/2, we see that

/|p _anlpdr

and hence all the error terms in this expression tend to zero as ¢ — 0.
We now choose «(¢) such that it tends to infinity as ¢ — 0 and such that

limy 00 f|p|<5 Ve — f|p‘<g Ve(e)

V(0) /| 3 mq)dq—zauvﬁuoomull
pis

S/ Ve (p)dp + Ce°. (4.29)
Ip|<e

< €. Then, in particular,

lim Y(e) — d — 0. (4.30)

e—0 p|<e

Combining this with (4.29) we find that

min)

F (7&(5)7 Ak (e)s Po

> / prYIi(E) - T/ 3(%{(5)7 am(e))
Ip|>e p|>¢

+pg™ < / Vage) = / Vag )
[p|>e lp|>e

1 .
+s [ 7 (0~ 0) O ()0 (@) + e (2)ern(o (@)l
Ip|>e J|q|>¢

+d/ ‘7’}%(8) —d / ‘70%(5)
Ip|>e |p|>e

where the error ¢(g) tends to zero as e — 0. We now define

+ %dg‘/}(()) ~ o),

Ve = Yr(e) 1(|p| > €)
Qe = :ta,{(g) ]l(’p‘ > 8),

where the sign + in the second equation is chosen such that

/ Va. <0.
|p|>e
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Then

~

i 5~ min 1
faux(fyn(s)v Cp(e)s panln) > faux(’}/av Qg, Py + d) + §d2V(0) — 6(8). (431)

We will now show how (4.31) leads to a contradiction if d > 0. We first use
that applying the Legendre transform twice on a convex function yields the
original function (recall that F*"*()\, pg) is convex in A). Thus

F(\, pg) = sup [if\lf [FA™(X, po) — 0N + 5)\] ,
5 ’
and hence

Faux(/\jpo) = sup |: inf I:faux(fy’ a7p0) — (5/’yi| + (5A:| . (4.32)
5 LOna)eD’

Using Lemma 31 (recall that Fg"™ (v, a, po) = F*™ (7, c, po) — 0 [ ) we note
that for any 6 € R:

FauX(Amin7p6nin) > hHm |:faux(,ymamp6nin) _ 5/%{| + 5Amin.

Recalling our conclusion (4.31) and that (4.30) gives lim. o [ (7.()—%) = d,
we obtain

FaUX()\min’anin) > lim (l)flf |:J,—_-au>((;yg?d€7p6nin + d) Y </’~)’5 —|—d>:|

E—

1 o~ )
+§fvmywﬂmn

> it [t e -6 [ o0 - a
(y,a)€D’

1 o~
+5fvm%
where we have also used that (3., &.) € D' for all e. By taking a supremum

over ¢ on both sides and using (4.32), we obtain

~

. . . , 1
Faux()\mln’pgnn) 2 Faux()\mln _ d’ panln + d) _|_ §d2v(0)‘

Thus, if d > 0 we arrive at a contradiction with the fact that (A™i®, piin) is

the minimum of FA™(X, p) as V(0) > 0 . This means the case [y < Amin
cannot occur. Since we had already proved the claims for the other case,
this concludes the proof of the proposition. O

We need a final lemma to show the existence of a minimizer for the dual
auxiliary problem.

Lemma 33. Let (74, a,) and (3,&) be as above. In particular, we have
Ve — 7 pointwise and in L', and o, — & pointwise. We then have

Hm inf FEs (e, o, p5) > Fouma (3, &, o).

K—00
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Proof. We recall that
ﬁ%WﬂmWUZ/ﬁﬂmw—T/ﬂ%MAwww—Wm/%mw
o™ [ V) 6) + atp)dp (4.33)

+;//V@—QW@%®+MMMWWM-

The third term on the right-hand side simply converges because of the L!-
convergence of the v,. The combination of the first two terms is bounded
below by an integrable function (as in (3.8)) and thus we can use pointwise
convergence in combination with Fatou’s lemma to conclude

[3-7 [ s.6) <timint ( [T [ st aﬁ)) .

To show that the fourth term in (4.33) also converges, we use two estimates.
The easier one is

i [V - a)' < APl [ e =31, (4.34)

which goes to zero by the L!-convergence of the v,. For the term involving
&, we write for € > 0

/ | = / | v +/ la,| <C3+V2 Vi
Ip|<e Ip|<e,lvx|<1 Ip|<e|vx|>1 Ip|<e

where we have used the usual estimate on a4 in terms of .. Note that this
also holds for @ (in terms of 7). For |p| > ¢ and « large enough we see from
|k |? < 4k (7% + 1) and Lemmas 24 and 27 that the Dominated Convergence
Theorem gives

lim & — a2 =0.

K—00 |p‘>6

Hence

/ma—m < Wuoo/ & — ] +/ 7lla — ol
Ip|<e |p|>e

1 1
2 2
<Vl [ Gal+lad ([ PP) (] Ja-af
Ip|<e Ip|>e |p|>e

1

3
SCHVHOOESJM@IIVHOO/ (Ve +9)+C (/ \d—aﬁ)
Ip|<e |p|>e

B0 O aee® + 2V T e / 3.

Ip|<e

(4.35)

Since this holds for any € > 0 and tends to 0 as € — 0, we combine our
conclusion with the first estimate to see that the entire third term converges,
i.e.

B [ V0) (u) + ano) dp = o8 [ V) G0+ 00) d.
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Finally, we need to take care of the fifth term in (4.33). It is enough to
bound

\/// V(b — a)¥(a)dpdg - \///% V(p = q)vx(a)dpdg (4.36)

\/ / / (re(®) = 3NV (0 — ) (we(@) — 7(@))dpda < V112 — 511,

where we have used that V' > 0. This implies convergence of the «-part of
the fifth term. Since we do not have L!'-convergence for «,, we need to use
a different method. We again need to control

/ / (an — &)0)V (0 — g) (s — @)(q)dpda
<2/ /| o DT )0~ 8)@)ipda
w2 f /| o BV 0o )iy

For the first integral we use

/p| o= DT (0~ 8)a)ipda =
— [V@IF ! (@n - @15l > ) Pd (4:37)
< WVl (= @) 16l > D B =Vl [ o=

|p|>e

where F~! denotes the inverse Fourier transform. The second integral is
bounded by

2
(o — &) PV (0 — 9)(om — &)(@)dpdq < [V / o — 3ldp
lpl,lq|<e lpl<e (4.38)

2
<[Vl <C€3+C (%+i)> :

Ip|<e

where we used the same bound as in the first term of (4.35). Taking the
limit k — oo followed by ¢ — 0 in (4.37), (4.38) and the bound above, we
see that we have convergence of the a-part of the fifth term. This concludes
the proof of the lemma. O

We are ready to prove the main statement of this subsection.
Proof of Theorem 29. We combine the previous two lemmas to obtain
inf  F2UX (v, a0, pg™™) = lim inf F2% (e, au, pi ) > Fom (7, &, ph™
o, Fomin (v, 0 pg™) = Hminf Fgnin (9, v, p6™) = Fomin (3, &, ™)

> inf FEE(v,aq, mm,
= (rayepr 0 (v, a, p5™)
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where the first equality holds by Lemma 31 and the first inequality holds by
Lemma 33. We conclude that the (3, &) constructed in Proposition 32 has
to be a minimizer. Indeed,

fgﬂﬁl (’Y? & pbmn) — (’y g)lé‘p 5mm (’V, a pgun) Faux (5m1n mln)

which concludes the proof. O

Remark 34. The statement remains true in one and two dimensions.

5. EXISTENCE OF MINIMIZERS FOR T =0

In this section, we prove Theorems 2 and 5. The proof of the existence
of minimizers for T' > 0 relied upon the bounds derived in Section 4.4.
These showed that the minimizers of the restricted problem are uniformly
bounded for fixed T, which allowed us to extract a limit. However, the
bound deteriorates as T' — 0 and hence the proof cannot be used for T' = 0.
In this section we prove the existence of a minimizer for T' = 0 in a different
way.

5.1. The grand canonical case. We first consider the grand canonical
functional. Note that the statement is trivial for 7' = 0 and p < 0, since in
this case the functional is obtained by taking expectation values of a positive
operator. The minimizer is given by the vacuum, i.e. (v, a, po) = (0,0,0).

The rest of this subsection is dedicated to proving the theorem for p > 0.
By the main result of the previous section, we know that for any p and
T > 0 there exists a minimizer of the grand canonical functional (1.1). In
this section, we will denote this functional as ! to make the T-dependence
explicit. As the proposition below shows, its minimizers at temperature T’
actually form a minimizing sequence as T' — 0 for the T' = 0 case.

Proposition 35 (T = 0 minimizing sequence). Let (v2,aT, pl’) be a mini-

mizer for F(T,u) with pu, T > 0. Then

TS(HT,6T) 2250 and FO( 0T pf) 25 F(0, ).

Proof. Let T1 < Ty. Making use of the minimizers at these temperatures,
we obtain

Fh(Malt p') = (v, o) = TiS (v, ™)
< F(y™2,a", p?) — T1S ("2, ")
= ]:O(WT2,04T2,,00 ) — ToS(v2,a2) 4 (Ty — T1)S (72, a™?)
< FOT ol o) = TuS(YT, Tt 4 (T — T1)S (™2, aT2).

Comparing the first and last line we see that S(771, a™t) < S(y12, a’2), and
thus the entropy of the minimizers decreases when T does. Since it has to
be non-negative, this implies that 7'S(y7,a’) — 0 as T — 0.

Now, note that for all (v, a, pg) € D one has

FoyTal, pb) =TS, o) < FOlv,a,p0) — TS(7, ).
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Taking a limsup;_,, followed by an infimum over (v, «, po) and combining
this with

liminf FO(y7, a7, pl) > F(0, p),
T—0
proves the second claim. O

Now that we know that {(y7,a”’, pl)} (70} is a minimizing sequence, we
would like to extract a limit out of it. This can in fact be done.

Proposition 36. There exists a subsequence of {(VT,aT,pg)}{T>O} such

thatyT — 7 pointwise and in L', o7 — & pointwise and in L?, and pOT — Po-
Moreover, the limit is an admissible state, i.e. (3, @&, po) € D.

We will first state the proof of Theorem 2. The rest of this section will
then be dedicated to proving Proposition 36.

Proof of Theorem 2. As mentioned at the beginning of this section, the func-
tional with ¢ < 0 has a minimizer v = a = pg = 0, so there is nothing left
to prove. We consider the case p > 0. By Proposition 36, we can assume
that a suitable subsequence of (7, a”, pg) has the convergence properties
stated. Let us recall what the relevant functional looks like:

1~ 2
FoT al py = /pQVT(p)dp — up’ + 5V (0) (»")

il [ TG0+ a0

45 [ 7= 07 m)aT(@) + 7o (@) dpda

We will show that this converges to something that is bigger than or equal
to FY(¥, &, po), much like in Lemma 33. The first term can be treated by
Fatou’s lemma and pointwise convergence (see (4.24) for a similar appli-
cation). The second and third terms simply converge since pg — po and
pg — p5 by L'-convergence. The remaining terms involving 7T converge
because of L'-convergence (see estimates (4.34) and (4.36)). The quadratic
aT-term is taken care of using L2-convergence and the estimate (4.37), where
now the integrals are over all p and ¢. L?-convergence also suffices to show
convergence of the term linear in a:

foa- s fom-ams (fior)" (fo-) "

We have thus shown that

liminffo(’yT7aT7pg) > Fo(ﬁ/a &7:50)'
T—0

Together with Proposition 35, this leads to
F(0, p) = liminf FO(y", 0™, pg) = F*(3,@ po) = F(0, ),
_)

which proves that (7, &, pg) is indeed a minimizer. O
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It remains to prove Proposition 36. As mentioned before, some bounds
in Section 4.4 cannot be obtained uniformly in 7', so they are useless for
this case. However, the equivalent of Lemma 24 (with p rather than §) does
hold uniformly.

Lemma 37. Let p € R. There exist C, Py, Ty > 0 such that for all |p| > Py
and 0 < T < Ty, we have

~L(p) < Clp| ™.

We also need the following lemma.

Lemma 38. For every u > 0, there exists a temperature Ty > 0, such
that any minimizer of the grand canonical functional (1.1) at temperatures
0 <T <Ti1 and chemical potential u has pg > 0.

Proof. Assume that a minimizer has pg = 0. This implies that its - satisfies
2

—H
2V (0)
since adding an « could only raise the energy (due to the monotonicity of
the entropy (3.1)). We have

FT(~,0,0) < inf F1(0,0, pg) = (5.1)
]

1 1 [~
F0.0.0 =5 [ 1@+ 5 [ Vo - 0von@dpds 62)
1~
+ 5V ()03 = 1y (5.3)
1
+5 [ Pv(p)dp = TS(,0). (5.4)
Clearly,
2
(5.3) > —~ (5.5)
27 (0)
and (5.4) can be bounded as in (3.8), i.e.
(5.4) > —CT"/?, (5.6)

where C' is a positive constant. Since 17(0) >0and V € C', we can pick
po > 0 small enough such that minp, <o, V(p) > 0, and

& /p|>po Tl % (Iprllgzlao V(p)) </p|§po V(p)dp> 2 '

The last expression can be minimized in f|p‘ <po Vo
account that it is less than p,. The lower bounds we deduce are

(5.2) >

DO

where we also take into

2
. = . D
pminpco Vp)py i gy S
2miny|<op, V(p)
2
. p
5P, it py> —

2min<ap, V(p)
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It follows that there exist ¢1,co > 0 depending only on V' such that
(5.2) > min{c1p,, 02,0%}. (5.7)

Putting together (5.1), (5.5), (5.6) and (5.7), we see that any minimizer with
po = 0 has to satisfy

min{ci p, 02,03} < CT"2,

However, this means that there exist c3,cq4 > 0 depending only on V such
that

O —ont VO [+ [77 2 -n+200) [
8PO po=0
< —p+ max{csT??, e, T4}
(5.8)
This implies the existence of a temperature 77 depending on p and V' such
that this derivative is negative for all 0 < T < Tj, which means that there
cannot be minimizers with pg = 0. O

Proof of Proposition 36. We split the proof into several steps in which we
obtain the different limits. For simplicity we use the notation [ AT = p%r

and pT = pz + 3.

Step 1: Limit for pg and pz. We will show that both these sequences are
uniformly bounded. Since we are dealing with minimizers, we have

2
—H T I o(.T T T T T
= =F 0,0,/\7 Z]: , QO -TS , Q).
70 < V(0)> (v o) (v,a)

Since by Proposition 35 the entropy term converges to 0 as T — 0, for T
small enough we have

1 [~ 1+ 2 1+ 2

>0 (=g [ V)4 5700 (68)" = e+ 570) (52

where we have thrown out some positive terms and used the fact that

v+ a > —%. This estimate implies that pg and pz; are uniformly bounded.

We can extract a limit by taking subsequences, so that from now on we have
pg — po and p?; — Pry-

Step 2: Limit for [ ‘7(7T +aT) and po > 0. It follows from Lemma

38 that pg > 0 for T small enough. This implies that the Euler-Lagrange
equation in pg has to hold with equality for 1" small enough:

—pu+ / V(' +aT)+V(0)p" =o. (5.9)

Since we know that p’ has a limit as 7" — 0, the integral in the equation
above will also have a limit.
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We now consider the following trial state:
¥ =15,
a=—v((0+1)1s.,

where B denotes the ball with radius € (which will be fixed later) centred
at the origin. We have

FO (7,0, m(V(0)) 7 =50l Bel ) = F° (0,0, u(V(0) ) =

= 70/p2dp+ <A“ - !Beho) (70 — \/m)/f/(p)dp(n”-lo)
B.

J 7(0)

2~2 ~
+ 200 // V(p — q)dpdyq.
2 B.xB.

Assume that 7y is large enough, in particular 79 > 1. Then

1 _
70 = V(o +1)=-5+0(x Y.
We also choose the radius ¢ in such a way that
v
%
for a positive constant v. The fact that V € C! and 17(0) > 0 imply that
V(p) > 3V (0) on B for vg large enough. It follows that

|B€| =

1 _ V(0)
10) < 5/3 _ (1 _ N L A
(5.10) < Co|Be| (2 O(v ) (V(O) Beh’O) | Be| D)
298 + 0
2 )

where C'is a positive constant. Hence, for v < 4‘7"(0) and g sufficiently large

_ 1 (V(0) _ poo v\ v oo 929+
510) <Oy P2 [ 22X _oeahy | [ A - X ) Lyt o

+V(0)|B:|?

> KN\ YV —2
- uV(O)—7> Y vo(v3?) <.
( 4/ 5
Also note that 4o > 1 implies u(V(0))™! = 40|B:| > 0, which means that
our choice of pp in (5.10) was allowed.
Together with Proposition 35, this calculation implies that

T T T)
2V (0)

> F(0,p) = lim 7", o’ pg

= A U T+ % / V(p—q) [a" (p)a” (q) ++" (p)7" (q)] dpdg

1~ ~
+ [—uﬁ + V(o)p2] + po lim /V(VT + ™).
2 T—0
(5.11)
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The first limit has to be non-negative and the term involving p has to be
bigger than or equal to —u?/2V (0). We therefore conclude that

po >0,
(5.12)

lim [ VT +a7)=-C <o.
T—0

Step 3: Limits for TAT and TBT. Recall from Section 4.4 that the Euler—
Lagrange equations of the functional lead to an expression for 47 in terms
of the functions

TAT(p) = p* — u+ V(0)p! + pdV(p) + V 57 (p),
TB"(p) = p§ V(p) +V =’ (p), (5.13)

TG (p) = \/(TAT(p))” — (TBT (p))*.

We will establish a limit for these functions, and then prove that it leads to
a limit for 4. Note that we only need to deal with the convolution terms
since all other terms already have a limit or are constant in 7.

Our goal is a pointwise limit on the whole space, and a C?-limit on the
compact {|p| < Py}, where P is given by Lemma 37. Recall our assumption
that V is in C3(R3) and that all its derivatives up to third order are bounded.
This implies that KA/*fyT and Va7 are also in C3 (R3) and, using the bounds
(3.7) on these quantities and the uniform bound on pz;, that all derivatives

up to third order are uniformly bounded in T'. In particular, V x AT and
V xal are uniformly bounded with uniformly bounded derivatives, and the
latter implies uniform equicontinuity. All this means that by a diagonal
argument one can construct a pointwise limit on R? (that is continuous)
by selecting subsequences that converge on the rationals (see, e.g. Theorem
1.26 in [25]). By the Arzela—Ascoli theorem, this implies that taking further
subsequences leads to a uniform limit on the compact {|p| < Py}. We now
repeat this last argument for the derivatives and second-order derivatives
on {|p| < Py}. We obtain uniform (continuous) limits for all derivatives up
to second order. By uniform convergence these are indeed derivatives of the
limit functions.

Summarizing, we have obtained limits ¢ and b that are bounded and in
C?(|p| < Ry) such that TA” — a and TBT — b pointwise and also uniformly
on {|p| < Py}. We also note that by (5.9), (5.12) and (5.13): a > C > 0. By
the Euler-Lagrange equations for T > 0 we have |[T'B”| < T AT, so the lim-
its also satisfy |b| < a. Hence TG? also has a pointwise limit g = va? — b2
that is a bounded function.

Step 4: Limit for 4vT. As in Section 4.4 we derive an expression for v7
in terms of A7 and G given by (5.13). To make use of the limits we have
obtained, we write it as follows:

r  TAT —TGT 4 e TN (TAT + TGT)
2TGT (1 - e—%(TGT)>

v (5.14)
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We conclude that pointwise

T T—0 a—g
29
which is easy to see when g > 0, but since a > 0 it is also true for g = 0 (with
the understanding that 7 = 400 at such points). We would nonetheless
like to prove that g = 0 actually cannot happen.

First note that g(p) is bounded away from 0 for |p| > Py by the bound
in Lemma 37 and the fact that @ > C > 0. Now suppose that g?(pg) =
(a? —b%)(po) = 0 for some |pg| < Py. We know that a? and b? are C? around
po and that b < a?. Therefore, a®—b? has to behave like (p—pg)%+o(p—po)?
around pg. Since a > C > 0, we see that 7 has to go to infinity like [p—po|~*
or faster. If we assume that pg # 0, this implies that 4 is non-integrable,
which, by Fatou’s lemma, contradicts the pointwise convergence:

~ < l. . f T — 5 .
J < 7 = <
We therefore conclude that g(p) cannot be zero for p # 0. However, using
(5.9) and (5.13) we can calculate that

=: 7, (5.15)

9(0) = v/(a(0) — b(0))(a(0) + b{0)) = \/ 407 (0) [;i;no / VaT} >0,

where the inequality holds by (5.12). We can now conclude that g # 0.
Since it is continuous, it has to be bounded away from zero on the compact
Ip| < Py, and combined with our previous observation, everywhere.

We now analyse the expression (5.14) and conclude that the convergence
(5.15) is actually uniform on {|p| < Py}. For this we use the following
facts: a sum preserves uniform convergence; a product preserves uniform
convergence given that the limit functions are bounded; a composition go f,,
preserves uniform convergence (of the f,) if ¢ is uniformly continuous in the
region where f,, takes values. Since it is necessary to apply this last fact to
the function x — 1/, it is crucial that g is bounded away from 0.

We can finally prove that 47 — 74 in L'. The uniform convergence im-
plies L'-convergence on {|p| < Py}. By Lemma 37, we have also uniform
boundedness by an L!-function on {|p| > Py}. Applying the Dominated
Convergence Theorem to that region, we conclude that 47 — 4 in L'. The
pointwise convergence obtained before also implies ¥ > 0, and by Fatou’s
lemma, pr’ydp < 00.

Step 5: Limit for aT. As before, we use relations that are known to hold
for T' > 0 to conclude convergence:

2 -1 T
IBT: 7T+1 —(aT)2: 1+€ T(TG ) T—0 1
2 2(1 — e—%(TGT)) 2
TBT 1.0 b &
TGT 29

Again, the convergence holds pointwise everywhere and uniformly on {|p| <
Py}. The uniform convergence implies L2-convergence on {|p| < Py}. Since

OJT: _BT
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(aT)2 < 4T(yT 4+ 1), Lemma 37 leads to an uniform L2-bound on the a’
for {|p| > Po}. Hence, L*-convergence also holds in this region by the
Dominated Convergence Theorem. Also note that 87 — 1/2 implies that
&% = (¥ + 1). We have now proved all the claims in the proposition. O

It remains to prove Corollary 6.

Proof Corollary 6 for the grand canonical functional. Our goal will be to show

that any minimizer at 7 = 0 has to satisfy a® = y(y + 1) using elements
from the proof above. The corollary then follows from Theorem 10.4 in [30],
which states that the 1-pdm I' corresponds to pure quasi-free states if and
only if
I'ST =T

(cf. (A.3) and (A.2) for definitions). This is indeed satisfied if a® = y(y+1).

Note that p < 0 is easy, since the minimizer is (v, a, pg) = (0,0,0) as
explained at the start of this section. For p > 0, we can consider (5.11)
directly at 7' = 0 (i.e. without the limits) to conclude that any minimizer
has

po >0, /V(’y+a)<0.
This implies that (5.9) holds, and so minimizers have
oF = - =
o =p° - /V(Wra) +poV(p) +V x~(p) >0,

which means that it is energetically favourable to lower v as much as possible.
However, this can only be done up to the point where a? = v(y + 1). O

5.2. The canonical case. We would now like to prove the existence of
T = 0 minimizers for the canonical problem. Recall that for fixed p > 0 and
T > 0 the functional reads

1~
F (v, 0,p = py) = /PQV(P)dP —TS(y,a) + §V(0)p2

+ <f’_/7> /‘7(1)) (4(p) + a(p)) dp
+ % // V(p — ) (a(p)o(q) + ¥(p)y(q)) dpda.

Proof of Theorem 5. We follow the same strategy as in the grand canonical
case. The same argument as in Proposition 35 implies that canonical, posi-
tive temperature minimizers at fixed p form a minimizing sequence for the
T = 0 problem with that p.

We have
T B V)~ [Prt0) 4 V) -
oFcan ~ a. f+3

=(p— T—1 2

(5.16)
To see that these expressions are equal to zero for minimizers, we repeat the
argument in Lemmas 22 and 23, but one extra ingredient is needed since
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p~ < p provides an extra constraint compared to the grand canonical case.
We therefore apply Theorem 9 (proved in the next section), which states
that minimizers will have pg > 0 for sufficiently low temperatures. As a
consequence, we arrive at the same bound as in Lemma 37.

We now repeat the proof of Proposition 36. Step 1 simplifies since pg <p
provides the required bound. For step 2, we first note that there is no equiv-
alent to (5.9) in this case, but we can take a further subsequence to ensure
that f‘/}(vT + aT) has a limit. We then repeat the trial state argument
(with 1/V (0) replaced with p), and it leads to the same conclusion as in the
grand canonical case, that is

po := lim (p — pL) > 0
po = lm (p—p3) >0,

lim [ VT +a7) = -C <o.
T—0

The canonical T AT reads
TAT =3+ 0§V )~ [ VGT +aT) 4T 1470,

which is really the same as (5.9) combined with (5.13). We then repeat the
remaining steps in the proof of Proposition 36 to reach similar conclusions.
To finish, we proceed as in the proof of Theorem 2. The conclusion of
Corollary 6 for the canonical functional follows in an identical way. O

6. PHASE TRANSITION AND THE GRAND CANONICAL PHASE DIAGRAM

We start by proving Theorem 7, which states that there is only one kind
of phase transition in the system. This holds for both the canonical and the
grand canonical functional.

Proof of Theorem 7. Step 1. Let T > 0. Since

/‘7(19 — q)a(p)a(q)dpdg = /V(m)\d(m)]2dx > 0,

and S(v,a) < S(v,0) for a # 0, we directly see from the definition of the
functionals (1.1) and (1.3) that pg = 0 implies oo = 0.
Let T' > 0. Recall from the proof of the existence of minimizers that the
Euler-Lagrange equation for « is satisfied:
a(p) | B +35 _
n T =0
Bp)  BKp) — 3
for both functionals. Thus o = 0 implies py = 0 as long as 17(p) > 0 on
some set of positive measure, which is the case since V(0) >0 and V € C'.

/‘7(19 —q)alq)dg + poV (p) + T

Step 2. Let T'= 0. For u < 0 (grand canonically) or p = 0 (canonically),
we know that the minimizers have pgp = a = 0, so there is nothing to prove.

For > O or p > 0, we know that pg > 0 by Theorems 8 and 9 respectively.
Grand canonically, we have shown in Corollary 6 that o Z 0, which followed
from the trial state argument in step 2 of the proof of Proposition 36. As
pointed out in the proof of Theorem 5, a similar argument can be done for
the canonical case, and we again find o # 0. (|
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We now prove that there indeed exists a phase transition in the model.

Proof of Theorem 8. Note that the second part of the statement is proved
in Lemma 38. It remains to show that there is no condensation for high
temperatures.

The proof is based on two inequalities: an upper and a lower bound.
The upper bound shows that for sufficiently large T" there exists a positive
constant C' depending on g and V such that

inf F(v,0,0) < —CT?*InT + O(T?). (6.1)
Y

The lower bound shows that any minimizer (v, a, pg) with pg > 0 has to
satisfy }
F(v,a,p0) > —CTInT + O(T)

for sufficiently large T and C depending on w and V. Hence, the minimizer
has pp = 0 and o = 0 for T large enough.

Upper bound. We start by proving (6.1). Note that
F0.0.0) £ [0 = Wo)do+ T (0)2

7 [ - (06) + D in6e) + Dl db

To obtain an upper bound, we evaluate the right-hand side of the inequality
above using the trial state

p2+8 -1
75(19)2(6 T —1> ,

where ¢ is a positive constant, so that

—(p2 »2 -1
.F(%,0,0)ST/ln <1—e (pT+5)>dp—(,u+5)/(e 7 —1) dp

2

+7(0) (/ (e”iﬂ“ . 1>_1dp> . (6.2)
Note that

2
T/ln <1 e (PT+5)> dp S _Teé/T/ePQ/po — —COT5/2€76/T, (63)

where Cy = (2m) 72 [[° \/se™*ds < oo (recall our convention for the measures
dp and ds explained above (4.1)). Also

o) -2
/'76(29)6129 = T3/26_5/T/ 2m)7vs }/5 ds.
0 es—e /T

Clearly,
> (2m) /s > (2m) s
< < = .
C(]/O 65_6—6/Td8* ) o5 — 1 ds Cl, (64)
and so
CoT?2e79/T < /’)/5(])) < O T3/2e0/T, (6.5)
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Using (6.3) and (6.4) in (6.2) we obtain
F(76,0,0) < —CoT*2e=/T — Co(6 + p)T*2e~0/T + CFV(0)Te /7.
We now choose § = 3T In(T). Then e 9/T = 7-1/2 which implies
inf 7(7,0,0) < —%TQ InT + (C2V(0) — Co)T? — CopT,
and we arrive at the desired upper bound (6.1).
Lower bound. Any minimizer (v, a, pg) has to satisfy

‘F("Y?O?O) > f(77aap0);

which, using monotonicity of the entropy in a?, the fact that v +a > —1/2,
and our assumption pg > 0, implies that

/v(p)dp < W =A>0, (6.6)

where the constant A is positive and only depends on p and V. Combining
this knowledge with the aforementioned facts in the same way, we obtain

~ 1 ~
F(v, 0, p0) > /PQW(P)dP —TS5(v,0) — pA — poAV(0) + 503‘/(0)-

A lower bound for the terms involving pg can be calculated explicitly. Using
(6.6) again, we obtain for any § > 0:

1 ~
Foam) = [+ 801(p)dp ~ TS(2,0) 64 - A - 3 A2V(0).
To obtain a lower bound, we now minimize the expression involving ~, which

leads to the bound

—(p2+9)

}"(’y,a,po)zT/ln<1—e T >dp—(5A—,uA—;A2‘7(O).

Since

one has

2
T/ln <1 . (pT+6)> dp > —T/ _dp > 0y T5/2e0/T,
e

2
pe+s
T —1

where we use (6.5). Thus, choosing § = 3T InT we arrive at
3 1 -~
F(v,a,po) > —CiT — §ATlnT — pA — §A2V(0),
which completes the proof of the lower bound. O

We now prove the existence of a phase transition for the canonical prob-
lem.
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Proof of Theorem 9. Step 1. Let p > 0 be fixed and let Cy be a constant
depending on V' and p that will be fixed later on. Consider

= {|py > \/2,)17(0) + Co(p, 17)} C R3.

There exists a temperature Ty depending only on p and V such that for
T > Ty, we have

1

We will prove that (6.7) implies that py = 0 for the minimizer.
To prove this claim, consider any (v, a, p — [~) with [~ < p. Note that
by (6.7) there exists a subset V' C U with positive measure such that

1

Recall the functional derivative of the canonical functional in (5.16). Using
the fact that the gamma-derivative of the entropy is monotone increasing in
a? in the first step and (3.3) in the second (which defines Cp), we obtain

OF ™ o oy (YP) 1 T % N
o <p°—TI1 ( o) >+(p py) V(p) + /V7+

1 ~
<p?—Tln <W> +2pV (0) + Co.
7(p)
The bound (6.8) implies that on V' C U we have
afcan
7 \(m) <0.

In particular, we can lower the energy corresponding to any v with [y < p
by increasing it on some set of non-zero measure. However, this can only be
done up to the point where [y = p. We therefore conclude that the mini-
mizer will have to satisfy this, and hence py = 0, which proves the claim.

Step 2. We will now show that all (,0,0) with [ = p > 0 have a higher
energy than (0,0, p) for 0 < T < T3, where T5 > 0 is a constant temperature
depending on p and V. Since adding an « can never decrease the energy
when po = 0, this suffices. We have

F(7,0,0) :% /pQW(p)dp —T5(v,0) + %17(0),)2
+§/fﬂm®+§/ﬁw—@wmw@@m

1~
> —CT%? + 5V (000 + min {e1p, cap’}

where in the last step we used an argument similar to the one given in (5.7).
Note that the last term is strictly positive and that it only depends on p
and V.

This can be combined with

can s
Fe(0,0,p) = 5V(0)p
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to give the estimate
F(7,0,0) = F(0,0, p) = min {01/), C2P2} — T2,

Since the first term is positive and only depends on p and V', we see that
this implies the existence of a T3 > 0 as described above. O

What remains to be done is to determine the grand canonical phase dia-
gram from Figure 1. Most of the work has already been done. We will now
collect some results and see how this diagram has been obtained.

For ;1 > 0, we have Theorem 8 and Lemma 38. Note that (5.8) determines
the lower bound of the region with the lighter shade of blue. The bounds
derived in the proof of Theorem 8 determine an upper bound on this region,
but it does not go to 0 when p does. To get the behaviour shown in Figure
1, we need Theorem 12.

The case T'= 0 and p < 0 has been explained at the beginning of Sub-
section 5.1. By an argument similar to Lemma 22, we know that v > 0 for
T > 0. What remains to be shown is that there is no condensation for 7" > 0
and p < 0. This follows from the fact that pp > 0 would imply

F(v,a,p0) > F(7,0,0) + po / V(p)a(p)dp + ! / V(p — q)a(q)a(p)dpdg

2

~

+ 5V (0)65 + V(0)pyp0

1 [ ~
> F0,0.0)+ 5 [ V(o= a)a+ md) o)+ md)(a)dpdg
> F(7,0,0),
where § denotes the Dirac delta distribution. Hence pg = 0 for p < 0. The
conclusions for « follow from Theorem 7.

APPENDIX A. DERIVATION OF THE FUNCTIONAL

A.1. Bogoliubov trial states. Let H be a complex, separable Hilbert
space with inner product (-,-), which is linear in the second variable and
anti-linear in the first, and let I's(#) be the bosonic Fock space related to
H.

Let O be the algebra of physical observables of the system, represented
by densely-defined self-adjoint operators on I's(H) . A state w : O — C of
a quantum system is then identified with a positive semi-definite trace class
operator G on I'y(H) with Tr(G) = 1 in the following way:

w(0) = Tr(OG) for all bounded O € O. (A.1)

The operator G is sometimes called the density matriz. The dual space H*
can be identified with H by the anti-unitary operator J : H — H* defined
by

J(f)(g) = <f7g>7'l7 for all fage%-

If a*(f) and a(g) are the usual bosonic creation and annihilation operators
on I's(H) satisfying the canonical commutation relations (CCR)

[a(9),a*(f)] = (9, 1), [a*(9),a”(N)] =0, [alg),a(f)] =0 VfgeH,
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then one can introduce the field or generalized creation and annihilation
operators on H @& H* by

A(f @ Jg) = a(f) +a*(g),
A (feJg)=a"(f) +alg), YfgeH.

S:((l) _01> and j:(g ‘é) (A.2)

one can express the CCR and conjugate relations in the following way:

By defining

ANF) = ATF), [A(FR), A(R)] = (F1,SF) forall Fy, Fy € HOM".

We can now define the (generalized) one-particle density matriz (1-pdm)
' " HOH" — HDH" of a state w by

<F1,FFQ> = w(A*(FQ)A(Fl)) for all Fi,Fh e Hp H*.

Thus a 1-pdm can be written as

— Y Q
I= (JaJ 1+J7J*> ’ (A.3)

where v : H — H and « : H* — H are linear operators defined by

(f;ivg) = wla*(g)a(f)), (f,atg) =w(alg)a(f)) Vf geH.

The definitions above imply in particular that states with finite particle
number expectation are those for which v is trace class.

We shall now recall the notion of quasi-free states. For our purpose a quasi-
free state w will be a state satisfying Wick’s Theorem. In particular

w(atafafa?) = w(a? af )w(ad af) + w(a? a?)w(af af) + w(a¥ af)w(af o),

where a¥ is either a or a*. Furthermore, for any m we have

ou(aﬁf£ . ame) = 0.
If one considers a Bose system, one should extend the class of variational
states by including so-called coherent states. These states are used to de-
scribe the condensate fraction (for an explanation see e.g. [29]).
The mathematical implementation of that idea relies on the fact that for
every ¢ € H there exists a unitary operator Uy : I's(H) — I's(#H) such that

Usa(f)Up = a(f) + (f,¢) VfeH.

We may now describe the Bogoliubov variational states. Let w, . be the
quasi-free state with the 1-pdm I'; , and let ¢ € H. The Bogoliubov varia-
tional state wy o ¢ is defined by

Wry,0,6(0) = wy o (U30U,) forall O € O. (A4)
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A.2. The Hamiltonian part. Having introduced Bogoliubov variational
states we will now turn to the derivation of the functional. Our model is
based on the grand canonical Hamiltonian of the form

H=T+U-= Z ) apayp + 2L3 Vik ) Oy Qg O, (A.5)
D p,q:k
where the summation is taken over momenta p,k,q € 2%23.
a(L—3/26ipJ:).

Note that (A.5) is the second quantization (in the plane wave basis) of
the translation invariant grand canonical N-body Hamiltonian

HN—Z AL—I—ZVL —:UJ

Here a, =

1<j
defined on Lgym(AN ), where A = [—£ L]3 is the physical space on which

we impose periodic boundary conditions. The Laplacian is supposed to
have periodic boundary conditions on A. The function V' is the periodized

potential given by
= Z V(xz+nL).

nezs
We also have
UhapUy = ap + (L2, ¢(x)).
Bogoliubov’s c-number substitution ([20]) is then implemented by choosing
¢(x) to be a constant function equal to ,/pg, where, as mentioned in the
introduction, pg > 0 has the interpretation of being the condensate density.

Thus
U;;CLPUqﬁ =ap+ 1) 70\/,%\/ ’A|
According to (A.3) we define
Y(k) = wy,alagag), and a(k) == wyalara_y).
We assume furthermore that our trial states satisfy

A straightforward calculation, using the properties of quasi-free states and
translation invariance of the system, then implies that

rengnH) = S0 = 107(5) ~ iAo + 3 >

+ 21A| Z F/(p —q) (a(p)alq) + ’Y(P)V(Q))}
2 o N PS
n p0|A|2V(O) +V(0)po Zry(k) + po Z V (k) (v(k) + a(k)) .
k k

The thermodynamic free energy (per volume), F, of a state w at temperature
T > 0 and chemical potential p € R is defined as

Flw) = &'(wu{) ~TS(@w)).
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Taking the informal macroscopic limit |A| — oo and assuming that |—11\| >

(27)73 [ dp we obtain the desired variational expression for the Hamiltonian
part of the free energy density.

A.3. The entropy part. We now derive the formula for the entropy density
in a Bogoliubov trial state in terms of v, «a, and ¢. To do this we will use
some basic facts concerning Bogoliubov transformations see, e.g. [22].

Given a state w with a corresponding density matrix G, its entropy is
defined as

S(w) = =Tr(GInG).
We only consider Bogoliubov variational states wy q ¢, thus by definitions

(A.1) and (A.4) G = UpGUy where G is the density matrix corresponding
to the quasi-free state wy . Since Uy is unitary we see that

Tr(GInG) = Tr(G1InG)

and so

S(wy,a,6) = S(Wr,a)-
This means that the coherent transformation, i.e. the condensate, does not
change the entropy. Thus, if we want to calculate the entropy of Bogoliubov
trial states it is enough to consider quasi-free states. For such a state the

density matrix G is unitarily equivalent through a Bogoliubov transforma-
tion to an operator of the form

— g eia; a;

el

_ 1
G=271 n z=11—
exp , H —

iel

where a; := a(u;) for an orthonormal basis {u;} of the Hilbert space, I C N,
e; > 0, and IT is the projection onto the subspace ker [Zi¢] afai]. The
constant Z (which will be finite) ensures that Tr(G) = 1. The 1-pdm T of G
is easily seen to have & = 0 and 4 diagonal in the basis {u;} with eigenvalues
i given by

(1 - exp(_ei))_l =1+ )‘iy (AS Ia

and zero otherwise.
For the state above one can easily calculate the entropy. The Fock space
I's(H) has the orthonormal basis

R —1 *
|7T) == |n1,mn2,...) = (nilna! .. )72 (a])™ (a3)™* ... |0),
where |0) is the Fock vacuum and nj,ng,... € NU {0} with only a finite

number of n;’s that are positive. We find

ejajajexp[—e;ajaj]

S(@) = In(1+X)+> > (il IAESwaL IT a+x),

iel jel {ii} i€l,i#j

which together with

00 e
N N Cnm . e;e 7
> iiejaja; expl—ejafa )ity = > emje " = Aoy - )2
{ﬁ} TLjZO
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and the definition of e; implies that

S(G) = W(1+2) =3 Al <1 i@-)

iel jeI

=D 114+ X)) In(1 4 X)) = AjIn Ay
Jel
It is, however, not immediately possible to find the entropy of G in terms
of its 1-pdm T from this formula. In fact, although G and G are unitarily
equivalent, this is not so for I' and I'. The relation however is (see [22])
that IV = (I + 1S)Y/2S(I" + 35)Y/2 and I = (I + %8)1/25@ + 38)1/2 are
unitarily equivalent. Since we can express the entropy of G as

- -1 -1

S(G)=—-Tr ((I"=)In|I" - = ).
2 2

We have proved the following result.

Theorem 39. Let w, , be a quasi-free state with 1-pdm I'. The entropy of

this state is given by

S(wWya) = —Tr ((F’ — %)]n‘r/ _ ;)

where I = (T + 38)1/28(T + 18)1/2.

ryis— (7+% “ 1>.
2 « v+ 5
To calculate the eigenvalues of IV we again use the translation invariance of
our system and pass to the Fourier space. In the momentum representation
the eigenvalues are given by

1) = /(3 +90)) - )

(note that the eigenvalues of I are the same by a similarity transformation
as the eigenvalues of I'S + %) and we arrive at the desired formula. Note
that all terms are well-defined since the condition I' > 0 implies that

vp) =0 and  A(p)(1+7(p)) — a(p)® > 0.
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THE BOGOLIUBOV FREE ENERGY FUNCTIONAL II.
THE DILUTE LIMIT

MARCIN NAPIORKOWSKI, ROBIN REUVERS, AND JAN PHILIP SOLOVEJ

ABSTRACT. We analyse the canonical Bogoliubov free energy functional
in three dimensions at low temperatures in the dilute limit. We prove
existence of a first-order phase transition and, in the limit f V — 8ma,
we determine the critical temperature to be T, = Tr(1 4 1.49p'/3a) to
leading order. Here, T} is the critical temperature of the free Bose gas,
p is the density of the gas and a is the scattering length of the pair-
interaction potential V. We also prove asymptotic expansions for the
free energy. In particular, we recover the Lee-Huang—Yang formula in
the limit f V — 8ma.
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1. INTRODUCTION

For a non-interacting, or free, Bose gas with density p, the textbook
argument by Einstein shows that the phase transition to BEC happens at a
critical temperature (in units A =2m = kg = 1)

Tt = 4m((3/2) 723 /3. (1.1)

Date: October 31, 2016.

87



Paper 1T

2 M. NAPIORKOWSKI, R. REUVERS, AND J. P. SOLOVEJ

How do interactions between the bosons affect this free critical tempera-
ture? A system of particular interest is liquid helium, in which the nuclei
interact rather strongly through a potential that can be approximated by
a hard-core potential, and one can ask how Einstein’s argument and the
free critical temperature (1.1) are altered by this potential. Feynman stud-
ied this problem with path integrals [11, 12]. Arguing that the potential
resulted in an increased effective mass, he predicted that the critical tem-
perature would decrease compared to the free case, which had indeed been
observed for liquid helium. He did not make any quantitative predictions.

To make such quantitative predictions, various simplifications were con-
sidered. The first one is to replace the interaction potential for liquid helium
by a hard-core potential with radius a > 0

0 lz| > a

To simplify things further, it is common to study a weakly-interacting or
dilute gas. For a hard-core potential, the natural length scale is given by
the radius a. We could compare this length scale to the one defined by
the density: p~1/3, the average distance between the particles. Diluteness
now means that the particles meet only rarely, that is, the average distance
between the particles is much bigger than the length scale of the potential,
or

pPa < 1. (1.3)

This assumption is not valid for liquid helium, but it is for experiments
with trapped dilute cold gases such as [3, 8]. In any case, one can repeat
Feynman’s question: how is the free critical temperature (1.1) altered by
the hard-core interaction?

Lee and Yang were the first to study this [21] in the translation-invariant
case. They used pseudopotential methods developed in [19, 22] to conclude
that the shift in critical temperature should be proportional to p'/3a. In the
appendix of [21], they solve a simplified system, which gives

Te = T (1 + 1.79(p"/3a) + o(p*/?a)). (1.4)

It is such an approximate expression that we will be looking for in this
paper, but for a general class of potentials. To properly define the dilute limit
(1.3) without reference to a hard-core potential, we consider a characteristic
length scale of the potential that is known as the scattering length a (see
[23] for a definition). It coincides with the core radius for the hard-core
potential.

For general potentials, there has been a lot of debate about whether the
linear dependence on p'/3a in (1.4) is correct ([16, 17, 18, 32] predict ex-
ponents of 1/2, 3/2, 1/2 and 1/2, respectively, where the latter is the only
one predicting a decrease in T, compared to T%.). Nonetheless, (1.4) is still
expected to hold true, at least up to the value of the constant 1.79, which
we discuss shortly.

It is good to remember that the search for (1.4) for general potentials
started from a desire to understand BEC in superfluid helium, but that
that particular problem remains intractable to this day. In its stead, the
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dilute setting has become a well-known and challenging object of study of
its own. Indeed, the predicted critical temperature for a dilute gas (1.4) is
higher than Ti., whereas the critical temperature of liquid helium is lower,
which shows that the systems are quite different. Nonetheless, we have little
hope of understanding the strongly-interacting case if we cannot even treat
this weakly-interacting set-up, justifying the attention this problem has re-
ceived (see [2] for an overview).

We start from a Hamiltonian for a gas of N bosons that interact via a (pe-
riodized) repulsive pair potential V' in a three-dimensional box [—1/2,1/2]®
with periodic boundary conditions:

Hy = Z —A§+ Z

1<i<N 1<i<j<N

The particle density is p = N/I3. Assuming the interaction only depends
on the distance between the particles, Hy is translation invariant, and we
therefore write its second—quantized form in momentum space

il
H = ZPQGZ’% 213 Z VY p+ka 1 gQyp. (1.5)
p Pask

Here, only particular p are included in the sum, as determined by the size
of the box [, but we will consider the thermodynamic limit [ — oo.

To the best of our knowledge, the only rigorous fact known about the
critical temperature for the Hamiltonian (1.5) is the upper bound established
by Seiringer and Ueltschi using the Feynman-Kac formula [28]. It is not
surprising that such results are thin on the ground: it remains impossible to
prove BEC in the dilute limit at positive temperature, let alone determine
the critical point exactly.

As for approximate models, we already mentioned Lee and Yang’s ex-
pression (1.4) for the hard-core gas [21]. This expression can only be found
in the appendix of their paper, perhaps because Lee and Yang considered
their calculation to be physically inaccurate since it predicts a first—rather
than the expected second—order phase transition. The fact that (1.4) was
hidden in the appendix has presumably led to the widespread misconcep-
tion that Lee and Yang only predicted a shift linear in p'/?a, without saying
anything about the sign or size of the constant [2, 4, 28, 29]. Even if Lee
and Yang themselves did not really trust their result, it fits reasonably well
with numerics: Monte Carlo methods [1, 20, 26] suggest that the form (1.4)
is correct, but that the numerical value 1.79 should be closer to 1.3.

So how do Lee and Yang approach this problem? They replace the bound-
ary conditions imposed by the hard-core potential by a pseudopotential that
should give the right wave function in the physically relevant region where
all the particles are at least distance 2a from one another [19, 22]. They
then assume that only s-wave scattering is important (i.e. the momentum
of the particles is low), and show that replacing the potential by

8mad(r)o,r,
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should yield the correct wave function. For smooth functions, this is simply
a multiplication by a delta function, but the derivative does play a role
for physical wave functions. All this leads to an excitation spectrum of
Bogoliubov form, which can now be used to calculate the shift in the critical
temperature (1.4).

Before we explain how this is done, let us point out that this claim in
itself has led to some confusion. In a number of articles in which the dilute
Bose is treated with field-theoretic methods—e.g. Bijlsma and Stoof [5] and
Baym et al. [4], who find (1.4) with constants of 4.7 and 2.9, respectively—
it is claimed that mean-field theories such as Bogoliubov’s will simply give
T. = T, or, in other words, no shift. One argument [2] goes as follows: a
particle with momentum p effectively has the energy

e(p) ~ \/102(172 +2V(p)p) ~ pQ\/m ~p?+V(0)p, (1.6

in which the reader can recognize an approximation to the Bogoliubov dis-
persion relation [6]. Inserting this ‘mean-field’ shift of the energy levels into
the particle density of the free Bose gas gives

1

e+ V(0)p—p)/T _ 1

(1.7)

so that the ‘critical’ y is V(0)p. At this y, the relation between T and p is
the same as for the free gas, and so the critical temperature does not change.
However, one should be more careful in the comparison with the free gas,
and the exact form of the dispersion relation one uses.

In Bogoliubov’s analysis, the number of particles Ny in the p = 0 state
enters via a c-number substitution and plays a crucial role. Dividing by
the volume, we obtain a condensate density py = Ng/l3 that can now be
regarded as a parameter. The dispersion relation Lee and Yang derive for
the hard-core potential with radius a is

e(p) ~ V/p2(p? + 16mapy), (1.8)

so, unlike (1.6), this gives a pp-dependence. Furthermore, we should not
define p using the free particle density (1.7), which just happened to be the
minimizer of the free energy in that case. Instead, for fixed p and pg, we
should treat the remaining particles with density p — pg grand canonically,
resulting in a grand canonical partition function that depends on T, p, po
and a chemical potential p. Recalling that there are only two independent
parameters, one should now eliminate p by calculating the value it takes at
the minimum of the free energy for fixed T', pg and p, and then minimize
over all pg. The critical p. for fixed temperature is the one where the min-
imizing po changes from pp = 0 (no BEC) to py > 0 (BEC). Note that this
definition is far more complicated than the naive conclusion p. = XA/(O)p
above, but it is more correct. That was apparently clear to Lee and Yang,
but it seems to have gone out of fashion, resulting in the false belief that the
Bogoliubov spectrum does not give a change in the critical temperature.

The treatment of the condensate py as a separate parameter that defines
the critical point is key to our analysis. Another important ingredient is a
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variational approach introduced by Critchley and Solomon [7]. They eval-
uate the expectation value of H — T'S — u/N of a quasi-free state, where S
is the von Neumann entropy and N is the particle number operator, and
minimize over all quasi-free states, resulting in an upper bound to the free
energy at temperature 7' and chemical potential p.

This upper bound is well-motivated. The first supporting argument is
that the usual treatment of the Hamiltonian (1.5) with the Bogoliubov ap-
proximation [6] reduces it to an operator that is quadratic in the creation
and annihilation operators, and that ground and Gibbs states of such opera-
tors are quasi-free states. A second is that quasi-free states have successfully
served as trial states to establish correct bounds on the ground state energy
of Bose gases [10, 15, 31], which is of course the T' = 0 free energy.

Expressing the expectation value of H — T'S — u/N for a general quasi-
free state does lead to a complicated non-linear functional. Simplifying it
somewhat by throwing out certain terms, Critchley and Solomon conclude
that the model will reproduce Bogoliubov’s conclusions.

In this paper, we consider their functional without the simplifications, and
determine whether the minimizers display BEC (py > 0) or not (pg = 0).
This is a variational reformulation of Bogoliubov’s and Lee and Yang’s ap-
proach that is conceptually clear and more accurate, although it has in
common with Lee and Yang’s approach that the phase transition is of (pre-
sumably unphysical) first order.

Our approximation to the critical temperature is

Te = Tre (1 + 1.490"3a + o(p'/3a)), (1.9)

in the limit [V = 17(0) — 8ma, and the constant 1.49 is indeed closer to
the predicted 1.3 [1, 20, 26] than Lee and Yang’s 1.79.

By its construction, this model also gives an upper bound to the free
energy at positive temperature, which, for the full Hamiltonian (1.5), was
so far only considered by Seiringer [27] and Yin [34]. At T' = 0, the free
energy is simply the ground state energy, which we can compare with the
prediction

512
dmap” + T5\/7>T(Pa)5/2 +o((pa)*’?)
by Lee, Huang and Yang [22]. Our model does reproduce the leading be-
haviour, but the second order only comes out correctly in the limit V(0) —

8ma. A similar result was obtained earlier by Erdos, Schlein and Yau [10],
but the exact upper bound has in fact been proved by Yau and Yin [33].

One could ask whether the predicted critical temperature shift (1.9) can
actually be measured. For harmonic traps, a linear shift has indeed been
measured [9, 14, 30], but it cannot be compared with (1.9) since there is no
translation invariance and the effect of the trap, expected to lower rather
than raise the critical temperature, is simply too big. Recently, a BEC was
also created in a uniform potential [13]. The measurements are not precise
enough, however, to measure the shift directly, but even if they were, in this
set-up the finite size effects due to the boundedness of the trap are expected
to be six times larger than the shift caused by the interaction. In the words
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of [29], ‘we are thus still lacking a direct measurement of the historically
most debated [T¢] shift’.
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2. THE BOGOLIUBOV FREE ENERGY FUNCTIONAL

This article is the continuation of the previous work [25], in which we
derive and analyse the Bogoliubov free energy functional that was first in-
troduced by Critchley and Solomon [7]. Let us briefly recall the set-up.

As motivated in the introduction, the functional is obtained from (1.5) by
substituting a c-number py through ag — ag + \/13po (justified in [24]) and
evaluating the expectation value of H —T'S — uN of a quasi-free state. As-

suming translation invariance and (apa—,) = (aipag)), the two (real-valued)

functions y(p) := (a;ap> > 0 and a(p) := (apa_p) fully determine this expec-
tation value. Here, v(p) is the density of particles with momentum p, and «
describes the pairing in the system. A non-vanishing « can be interpreted
as the presence of off-diagonal long-range order (ODLRO) and the macro-
scopic coherence related to superfluidity. The c-number pg > 0 should be
thought of as the density of the condensate, so that there is a Bose—Einstein
condensate (BEC) if pg > 0. The total particle density is

p=po+(2m)° /]RS v(p)dp =: po + py.-

In the thermodynamic limit, this gives the (grand canonical) Bogoliubov
free energy functional

F(v,a,p0) = (2m)° /3p27(p)dp —pp—TS(v,a) + V;O)p2

R
+mizn [ Vo) () + o) dp. (21)

507 [ V-0 @) + 101 (@) dpda,

with entropy

sera) = @n7 [ st@hatdds = @07 [ @)

=0 [ (50043 )w (800 +3) - (56 - 5 ) m (560 - 5) |
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where

1 2
8(p) = \/ (3+20) a2 (2
The functional is defined on the domain D given by

D ={(v,c,p0) | v € L'((1L+p*)dp), v >0, ap)® < (1 +7), po > 0}.

To reiterate, this functional describes the grand canonical free energy of a
homogeneous Bose gas at temperature 7' > 0 and chemical potential x € R
in the thermodynamic limit.

The goal of the first paper [25] is twofold: to establish the existence of
minimizers for the minimization problem

F(T7 :LL) = inf ]:(’% «, p0)7 (23)
(anva)E,D

and to analyse their structure (in whether pp > 0 or not) for different tem-
peratures and chemical potentials. Keeping in mind that the dilute limit
pY/3a < 1 is defined in terms of the density, the canonical counterparts to
(2.1) and (2.3) are considered as well: the functional F" = F + pup at
density p > 0 and temperature T' > 0 is given by

F (v, e, po) = (27r)3/

1~
g p*y(p)dp — TS(v, @) + §V(0)p2

+ x| V) 600)+alp) dr (24)

gl =
v [ V-0 @@ate) + 1)) dpda
R3 xR3
with pg = p — py. The canonical minimization problem is

FNT, p) = inf{F*"(v,a,p0 = p— py) | (v,,p0 = p— py) € D}

— min{f(p.po) | 0 < po < p}. (25)

where

f(p, po) = inf{F*" (v, , po) | (7v,,p0) €D, py=p—po}

Strictly speaking, this is not really a canonical formulation: it is only the
expectation value of the number of particles that we fix. We will nevertheless
describe this energy as ‘canonical’. The function F(T), u) as a function of u
is the Legendre transform of the function F“**(T, p) as a function of p.

The main results of [25], which we recall in the next section, state that
there exist minimizers for both (2.3) and (2.5) and that both models exhibit
a BEC phase transition.

3. EXISTENCE OF MINIMIZERS AND PHASE TRANSITION

The following results, proven in the accompanying paper [25], provide the
basis for any further analysis of the Bogoliubov free energy functional.
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Throughout this article, we assume that the two-body interaction poten-
tial and its Fourier transform

Vo) = [ Ve Vi) = o7 [ Teer

are radial functions that satisfy
V>0, V>0 V0. (3.1)
Moreover, we assume that
Ve CYR?), Ve LNR?), V] < 00, [VV]2 < 00, |[VV ] < o0. (3.2)

Theorem 1 (Existence of grand canonical minimizers for T' > 0). Let T > 0.
Assume the interaction potential is a radial function that satisfies (3.1) and
(3.2). Then there exists a minimizer for the Bogoliubov free energy functional
(2.1) defined on D.

It turns out that we need to assume some additional regularity on the
interaction potential to prove a similar statement for T = 0.

Theorem 2 (Existence of grand canonical minimizers for 7' = 0). Assume
the interaction potential fulfils the assumptions of Theorem 1. If we assume
in addition that V € C3(R3) and that all derivatives of V up to third order
are bounded, then there exists a minimizer for the Bogoliubov free energy
functional (2.1) defined on D for T = 0.

We would like to stress that the minimizers need not be unique. In fact,
we will see (cf. Remark 38) that there exist combinations of y and 7' for
which the problem (2.3) has two minimizers with two different densities.

We have analogous results in the canonical setting.

Theorem 3 (Existence of canonical minimizers for T > 0). Let T > 0.
Assume the interaction potential is a radial function that satisfies (3.1) and
(3.2). Then the variational problem (2.5) admits a minimizer.

Theorem 4 (Existence of canonical minimizers for T = 0). Assume the
interaction potential fulfils the assumptions of Theorem 3. If we assume in
addition that V € C3(R3) and that all derivatives of V up to third order
are bounded, then there exists a minimizer for the canonical minimization
problem (2.5) at T = 0.

Let us now recall the results concerning the existence of phase transitions
in our model. Our first result shows that Bose-Einstein Condensation and
superfluidity are equivalent in these models.

Theorem 5 (Equivalence of BEC and superfluidity). Let (v, o, po) be a
minimizing triple for either (2.1) or (2.4). Then

po =0+ a=0.

Thus, there can only be one kind of phase transition, and the next results
show that it indeed exists.

Theorem 6 (Existence of grand canonical phase transition). Given p > 0.
Then there exist temperatures 0 < 11 < Ty such that a minimizing triple

(v, a, po) of (2.3) satisfies
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(1) PO = 0 fOT T Z TQ;
(2) po >0 for0<T<T.

Theorem 7 (Existence of canonical phase transition). For fized p > 0 there
exist temperatures 0 < T3 < Ty such that a minimizing triple (v, , po) of
(2.5) satisfies

(1) po = 0 f07" T> T47.

(2) po >0 for0<T <T;s.

4. MAIN RESULTS AND SKETCH OF PROOF

We assume that
e <1, (4.1)
where a, the scattering length of the potential, is defined by

1
47ra::/Aw:2/Vw,

1
—Aw + §Vw =0 (4.2)

and w satisfies

in the sense of distributions with w(z) — 1 as |z| — co. The quantity 8wa is
often replaced by [V = V(0), which is its first-order Born approximation.
In fact, V(0) > 8ma (see [23, Appendix C] for more details). We quantify

this discrepancy with the parameter v = V(0)/a, so that v > 87. The limit
v — 8m, i.e. V(0) — 8ma, is of special interest.

For the proofs, it will sometimes be useful to consider the region T' <
Dp2/ 3 with D > 1 fixed separately, in which case we can rewrite the second
condition in (4.1) as

VTa < vVDpPa < 1. (4.3)

In particular, since the thermal wavelength A ~ /T 71, the condition (4.3)
implies that a/A < 1. Furthermore, we define a constant C' by

/f/ < Ca™? and 10"V ]|oo < Ca™ for0<n <3,  (4.4)

where 0" is shorthand for all n-th order partial derivatives. With this defini-
tion, our estimates depend only on C' and not on a. Throughout the paper,
we will also use C' to denote any unspecified positive constant.

4.1. The critical temperature. The following theorems contain informa-
tion about the critical temperature of the phase transition in the dilute limit.
Note that T;, = copQ/ 3 is the critical temperature of the free Bose gas, and
pte = (T'/cy)3/? its corresponding critical density.

Theorem 8 (Canonical critical temperature). There is a monotone increas-
ing function hy : (8w, 00) — R with hy(v) > lim,_,8: h1(v) = 1.49 such that
for any minimizing triple (v, v, po) of (2.5) at temperature T' and density p:
(1) po #0 if T < Tre (1 + ha(v)p3a + o(p'/3a))
(2) po=0if T > T (1+ hi(v)p'/3a + 0(p1/3a)).
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Theorem 9 (Grand-canonical critical temperature). There is a function
he : (8m,00) — R with lim,_,g; ha(v) = 0.44 such that for any minimizing
triple (7, c, po) of (2.3) at temperature T and chemical potential pu:

/
(1) 20 # 0 i T < (g ) " ()% + ha(v)u+ of)

. = o\ 2/3
(2) =0T > (55%) " (4" + ha(v)iu+ ol).

4.2. Free energy expansion. The second main result of this paper pro-
vides an expansion of the free energy (2.5) in the dilute limit. We first define
the integrals that play a central role in our analysis:

I(d,0,0) = (2)~* / V2 + 07 202 + d) (1 + 0)o

1+ 0)0)?
(( erp2))}dp

Iy(d,0,0,s) = (2m)~° /ln (1 - 6_\/(”2+d82)2+2(p2+d82)(1+0)US2) dp

—(P*+d+ (1+0)0)+

I3(d,0,0) = (27 _3/
g )= @) (x/(p2+d)2+2(p2+d)(1+9)a
Iy(d,0,0,5) = (2m)~° / (ex/w+ds?>2+2<p2+d32><1+9>082 - 1)

" p? +ds®> + (1 +0)os? P
V2 a1 207 1 d) (11 O)os?
(4.5)
We will consider d,o,s > 0, and —1 < 6 < 0. For the following theorems, it
suffices to set 6 = 0 and 0 = 87. The general form will, however, be needed
to study the critical temperature.

2
P4+d+(1+0)0 _1>dp

-1

Theorem 10 (Canonical free energy expansion). Assume that T and p sat-
isfy the conditions (4.1) and (4.3). We then have the following expressions
for the canonical free energy (2.5).

(1) For T > T (1+ hi(v)p'/3a + o(p1/3a)), the free energy is
Fe (T, p) = Fo(T, p) + V(0)p” + O((pa)*"?),

and we have py = p, po = 0 for the minimizer. Here Fo(T, p) is the
free energy of the non-interacting gas (cf. (5.20)).

(2) For T < T (1+h1(u)p1/3a+0(p1/3a)), there exists a universal
constant dy > 0 such that the free energy is

T, p) = int [5(00)210(d,87,0) + T2 Do (d, 87,0, /pol )/ T)
—dpo(d)a(p — po(d))
+V(0)p? — 8mapo(d)p + po(d)* (12w — V(0))]
+ 0 (T(pa)? + (pa)*/?),

where

1
po(d) == p— §(pa)?’/%rg(d, 87,0) — T%/214(d, 87,0,/ (p — pse)a/T).
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In fact, we will obtain a more precise energy expansion in the region
around the critical temperature.

The expression for the free energy above involves integrals and a mini-
mization problem in the parameter d. If we also assume that pa/T < 1, we
can simplify the result, as the following theorem shows.

Theorem 11 (The canonical free energy for pa/T < 1). Let Ap = p — prc.
For pa/T < 1 and T < Ty (1+ hi(v)p'/3a + o(p1/3a)), the canonical free
energy is given by

FNT, p) = T fonin + dmap® + (v — 4m)apre(20 — pre)

()" () sy
+ o(T(pa)*’2).

In the case pa/T > 1, we can also simplify the expression in the second
point of Theorem 10: the contribution from the integrals I» and I can be
neglected in the minimization problem.

Corollary 12 (The canonical energy for pa/T > 1 ). For pa/T > 1 and
T < Ty (1 + hi(v)p'3a + o(p'/3a)), the canonical free energy can be de-
scribed in terms of a function g : (8w, 00) — R as

F (T, p) = 4map® + g(v)(pa)*’? + o ((pa)*’?),

with g(v) — 327 as v — 8n. The latter result is known as the Lee—

Huang—Yang formula.

Before we proceed to the proof of these theorems, let us sketch the main
ideas used in the paper.

4.3. Set-up of the paper. Since the Euler-Lagrange equations of the free
energy functional involve the convolutions V « ~v and V « a, it is very hard
to analyse them quantitatively. Even with a Fourier transform, they cannot
be solved. The main idea is to replace the non-local terms in the functional
by local ones, such that we end up with a simplified functional that can be
minimized explicitly, that is,

inf Fx~ inf P = inf [ (inf F Sim}

(77, e, po) (77, e, po) 0<po<p v, @)
po+py=p po+py=p Py =p—po

where the final minimizations can be done explicitly.

The approximation involves several steps. First, we replace the convolu-
tion term involving v with ‘7(0);)3 We expect that the particles interact
weakly in the dilute limit and it seems reasonable to assume that the system
will behave like a free Bose gas to leading order. We therefore expect that
the minimizing v is concentrated on a ball of radius V7. By our assump-
tions (4.4), V(p) is approximately V(0) on a ball of radius a=* > /T (in
the region around the critical temperature), justifying the replacement.

Second, by introducing a trial function g, we rewrite the convolution
terms involving «. This trial function will be expressed in terms of W,
where w is the solution to the scattering equation. Finally, we will also
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substitute V by Vw in the terms that are linear in ~ at the cost of a small
error. All this will be done in Subsection 5.1, with Lemma 13 specifying the
error terms exactly.

We then minimize the simplified functional. We split the minimization
in two steps: first one over v and o with the constraint that pg + p, =
p, followed by a minimization over 0 < py < p. The first step will be
carried out in Subsection 5.2, and it will lead to a useful class of minimizers
(P09 a0:9). To prepare for the final minimization over pg, we will establish
further properties of these functions in Subsection 5.6.

In order to prove that this provides a good approximation, we will need to
know that the error terms are small for both the minimizer of the full func-
tional and the minimizer of the simplified functional. For the full functional,
this is shown in Subsections 5.3 and 5.4 along with several other useful a
priori estimates.

In Subsection 5.7, we will analyse the energy in the region |p — pg| <
Cp(p'/3a), since the a priori result of Subsection 5.5 shows that this is
where the phase transition occurs. This leads to the calculation of the
critical temperature and the proof of Theorems 8 and 9.

Subsection 5.8 contains the proof of Theorems 10 and 11.

5. PROOF OF THE MAIN RESULTS

5.1. Derivation of the simplified functional. The following simplified
functional will serve as an approximation to the canonical free energy func-
tional (2.4):

F () = (2072 [ (524 oo+ 0)Vl0)) (0)dp

+ ™ [ (oo + )0 (p)ap)dp - T5(1,0)
T (5.1)

+ 2(27073(/70 +t)? / ') p(zp)ZdP

+ V(0)p? 4 (12ma — V(0))p2 — 8mappo

— 4rat? — 8mato(p — po).

Here, w satisfies the scattering equation (4.2), and ¢y is a parameter that
could in principle be chosen to depend on p and pg. This will turn out to be
necessary for the proof of Theorems 8 and 9 in Subsection 5.7, and we will
state a specific choice for ¢y at the start of this subsection. For the proof of
Theorems 10 and 11 in Subsection 5.8 it will, however, suffice to set tg = 0.
Before we make a choice for ¢y, we will work with the general assumption

—po <tp <0. (5.2)
Note that F5™ consist of terms that are both linear and local in v and

a (aside from the entropy), and it will therefore be much easier to handle
than the full F<2n,
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As shown in Lemma 13, the difference between F5™ and F" can be
expressed in terms of

Er (v, a, po) // a— ag)(p)V(p — q) (e — ao)(q)dpdg

&mmm=4%>m/<ﬁdm ~ V(0)p00,
- - (5.3)
Es(v,a, po) := (27r)‘3po/7(p)Vw(p)dp—Vw(O)popw
el _ 1~
Ea(v,0,p0) = |(2m) //v(p)V(p — )y(a)dpdg — SV (0)]
Here, the function ag is chosen to be
N +to Vw
00 = (po + 1)@ — (27 podo = (2m)Ptady — 00 VR) 5

2 p
where we have used the Fourier transform of the scattering equation (4.2),
taking into account the boundary condition:

R 1Vw(p)
_ 3
When a more precise error is required, we will consider
E5(77 a?ﬁO) = ’(27[- ﬂ ( )dpdq
(5.6)
2 €3/2)C(5/2) \ /gy i
- = e LAY T
V07— D A7)

Note that the additional term in F5 compared to Ej is independent of
(7, @, po) and including it in the simplified functional will therefore not affect
the minimizer (see Corollary 14).

The function Vw appears in our definition of ag. It will turn out to be
convenient to gather some of its properties before we prove the main result
of this section. First of all, w > 0, which implies that Vw > 0, and so

Vw(p)| < Vw(0) = 8ra.
From (5.5), we obtain

/ Va? = $ma — %(2@—3 / Voo (p)2lp|~2dp, (5.7)

and hence the integral on the left-hand side is bounded by C'a. This implies

. C
J17ul = [1ver < i [ver <,

where we have used our assumptions (4.4). Using the above conclusions, we

now estimate
Vuw Vw
<f Wy, [ W,
Ip|<a—1 D |p|>a—1 p

Vw
1/2 . 1/2
<C+ / |m|2dp / —dp <C,
lp|>a—1 Ip|>a-1 P*

2
p 1
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where it is important that the estimate is independent of a. Applying (5.5)
again, we have

p—

w o~
*V.
02

<

—

Vw=V -

DO

By our assumptions (4.4) we have for 0 <n < 3:

Vu

10"V wlloo < 10"V 00 <1+

) < Ca™t. (5.8)
1

We can therefore estimate derivatives of Vw in the same way as those of ‘7,
and we will use this in the subsections below.

The main result of this subsection is the following lemma, which compares
the simplified and canonical free energy functionals. Its message is that,
given that the error terms are small for the minimizers of both the simplified
and the full functional, it suffices to analyse the simplified functional.

Lemma 13. For any triple (v, «, po) we have

- (Ez + B3 + E4) (v, @, po) < F (v, a, po) — F™ (7, , po)

< <E1 + B2 + E3 + E4) (7, @, po)-

Proof. We have

FE (g, n) = F 0 au) = 20) g [ (V) = Vo) (0) +ae)dp

= n) %t [ Vo)) + alo)dp + 57002 - 3707

1, ~ 1+
+ 5 (2m) 6 // @)V (p — 9)v(q)dpdg — §V(0)p3
1. Vw(p)? .
— e+t [T dp - (1270 - V(03
+ 8mappo + 4Araty + 8mato(p — po) + E1(v, a, po)

+n) [ a)V < an)p)dp — 52 [ aolp)(7 a0) @),

We start by dealing with the last two terms in (5.9). First we have

~

(2m) 73V * ao(p) = (po + to)Vw(p) — poV (p),

which follows immediately from the definition (5.4). This means that the
first term in the last line of (5.9) cancels the a-terms in the first two lines
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of (5.9). We thus have

~

.ﬂwWamw—f“%%mmo=@m*m/(wm—V5@0wm@

1~
)3, / Vo(p)y(p)dp + V(O) 2 VO

— (2w
45207 [[ 1@V - ar(@dpda - 57052
—i( ™) (po + to)? /Vw()

+ 8mappy + dmaty + 8mato(p — po) + Er (7, o, po)

=520 [ )V x ao)p)dp

(5.10)

dp — (12ra — V(0)) p?

We now deal with the last term in the above equation. Using (5.4), we have

/040(‘7 *ag) = // oo+ fo)uly) Vip— Q)wdpdq

2p? 2q?
. (5.11)
+ (27[_)675%‘7(0) _ 2t0(27‘d’)3/ (PO + to);;;ll(p)‘/(p) dp.
Note that
;/Vw2 :/Vw;/v+;/‘/(1w)2 :87Ta;/V+;/V(1w)2,
so that
—6 1 - =5 -
s [ @=w)(p)V(p—q) (1 —w)(g)dpdg
2 / / (5.12)

1 1 =
— 2/1/ — 4ra — 4(27r)‘3/Vw(p)2lp\_2dp-

These identities together with (5.7) allow us to compute the terms in (5.11).
By (5.5), we have

Vw _—
)

so that it follows from (5.12) that

27r // Po+t0 Vw )‘7( )(Po+t0)Vw( )4 g =

22

gm+m>Wm Mmm+m>—ﬂﬁv<m+m>/vam%w%p

4
Furthermore,
/‘W - /(1/—\“’)‘7 = (27T)3/V(1 —w) = (27)3(V(0) — 87a).
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Collecting all terms we obtain

(po +10)* [ Vuw(p)?
127 / 2

— dralpo +to)? — tolto + po)(V(0) — 8ma) + %t%f/(o) (5.13)

;(%)6/%(‘7 * o) = %(po +10)2V (0) —

> 2 2 (P0+t0)2/‘7@\0(1?)2
_ 4 _
(V(0) — 8ma)pg + 4matg 1(20)8 o dp,

—~ N

and inserting (5.13) into (5.10) gives

~

F(y, , po) — F™ (v, o, po) = (20) 2 po [ V(p)v(p)dp — V(0)pop,

—'(2W)_3(Po-FtO)][T;aXp)V(p)dp-%(Po-%to)8ﬂapv

@) // Vi(@)dpdg — SV(0)0?

+ El(%oz P0)-

(5.14)

Here, we added and subtracted V(O)popy and 8map~(po + to) and used that

m(O) = 8ma. Using the definitions (5.3), our assumption (5.2), and the
fact that £ > 0 we arrive at the desired result. O

Corollary 14. For any triple (v, a, pg) we have
- <E2 + E3 + Es) (7, @, po)

€(3/2)¢(5/2) \ 5
B AV (0)T*

< (El + By + E3 + E5> (7, @, po)-

< (Fcan o J—_~sim) ('Y,OZ,PO) o

5.2. Minimization of the simplified functional in v and a. We will
now find the minimizers of the simplified functional (5.1). We note that the
minimization problem can be rewritten as

inf F (v, p0) = inf { inf  F(v, po)
(v,,00)5 py+po=p 0<po<p L (v,2), py=p—po

+ V(0)p* + (127a — ‘7(0))p8 — 8mappy — dratt — Smato(p — po)],
with
Faum) = @0 [ 6+ (0 + ) Vo) (0)dp

+@m*@wu@/VMmmmw—Tﬂ%m (5.15)

2

1 _ Vw p
+ 1(277) 3(P0+t0)2/(2 ) dp.
p
This suggests that we first focus on the minimization problem

inf (v, )
(@), py=p—po
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Since F® is convex in vy and «, we can enforce the constraint p, = p — pg
using a Lagrange multiplier §. Recall that

2
5(p) = \/ (3+2) —at,
and define

Gp) = T2+ 6+ (po+10) V()2 — ((po + to) Vi p)?

= T*l\/(p’ﬁ’ +8)2 + 2(p% + 6)(po + to) Vew(p)-

The following result states the minimizers of the minimization problem for
4> 0.

Lemma 15 (Simplified functional solution). Let 6 > 0, pp > 0 and —py <
to < 0. The minimizer of

(mf)[ (v, o, po) +(5/}

s given by
AP0 — B = (p*+ 6+ (po —I—to)Vw( ) — .
TG 2
Pl = TBG(PO + to)Vw(p),

with B and G as above, and the minimum is

f’( p07 aPO» +5/ p07
= (2 )3T/ln(1—e G®)ydp
+ )75 [ [V 4072 4262+ 8) 60+ ) Valp)

—_— 1
— (P2 + 5+ (po + to)Vw(p)) + 3P0+ to)? D2 }dp'

: B+3
sw)—ln(ﬂ_z),

we find the the Euler-Lagrange equations to be

Proof. Since

11 1
— = p _|_ =
P>+ 6+ (po +to)Vu(p) = ( ?)Wﬁp 2
? L (5.16)
— 5\ alp
po + to)Vw(p —T'In t3 .
( Wulp) = B -3 5(1))
Squaring and subtracting both equations and using (2.2) we obtain
bra)_ (o )L
In (ﬂ —) - Gp), Blp) = (e - 1) +5 (5.17)
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One may be concerned about the square root in the definition of G. However,
— —/ —/
using Vw(0) = 8ra, Vw (0) =0 and ||[Vw || < Ca®, we note that

m(p) > 8ra — Ca’p?.

We find that p? + 2(po + to)@(p) > Cp? for all p. Together with § > 0,
this implies

(p® + )2+ 2(p* + 8)(po + to)Vew(p)
= (p?+0) (p? + 0+ 2(po + 1)V (p)) > Cp'.

In particular, this means there are no problems with the square root.
Using (5.17) in (5.16) we find for the minimizers

1(p) = %( 240+ (po + to)Vw(p)) — %
(G0 _p)-1 p* + 6+ (po + to)Vu(p)
V@2 4672 + 207 + 6) (0o + to) V()
i PAitp+t)Vup)
2 —
V@ + 0 200 + ) (0 + to) V()
a(p) =~z (o0 + t0) V()

_ <(ec<p> gl (po + to)Vaw(p)

2) \/(pg +0)2+2(p? +0)(po + to)W(P)'

These indeed satisfy a? < (7 + 1). Inserting them into the functional we

obtain
(p? + 8+ (po + to)Vw(p))y(p) + (po + to)Vw(p)a(p) — Ts(B(p))
— Bl (TG - 507+ 8-+ (o + ) V()
Blp)—3\ 1 1
+T'B(p) In (M) —57In <5(P)2 - 4>

1 — 1
:=—5@2+5+wmy+mnnmm)+§TG@»+JWM1—6—QM)

= Tn(1 — e~ ¢®)

n % <\/(p2 +6)2 4 2(p? + 8)(po + to) Vaw(p) — (0 + 6 + (po + to)@(p))> )

which gives the right expression. O

We summarize and rewrite the relevant quantities in the following corol-
lary. The expressions may seem a bit involved, but it will turn out to be
useful to write them in this way.
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Corollary 16. Let —1 <60 <0,d>0,0>0,¢ >0 and 0 < py < p be
fized. Assume poa/¢? = o /87 and let § = d¢?, and to = Opy. We then have

FE (4700 akod | pg)

Vw(¢p)

Ta

= (27r)3<z55;/ [\/(p2 +d)2+2(p2+d)(1+0)o

T 1 2] @(@) 2
Titon) (00T
8mwa 2p?

) 2 Vw
+ (271’)_3T¢3 / In (1 _ 6_% (p2+d)2+2(p2+d)(1+9)0V87Eip)) dp — d¢2p7p0,5
= FU 1+ FO —dg?p s,

where

g .3l
Prposs = (2m) 3¢32/

—(p*+d+(1+0) ) +

2 d 1 4] ﬁ(@?)
P Hd+ (1+0)o—g 1) ap

\/(p2 +d)2 + 2(p? + d) (1 + 6) 0 Velor)

= -1
+ (2m) %4 / <e“f¢<p2+d>2+2<p2+d><1+6>aV;:E‘i:") - 1)

p?+d + (1 + §)oLelon)
dp

\/(p2 +d)2 + 2(p? + d) (1 + 0) o Lelon)

8ma

= p’(yl) _|_ ,0'(72)

(5.18)
In the above, ¢ may seem superfluous, but we will use it later to allow for

different scalings: we either choose ¢ = T'a or ¢ = \/poa. This allows us to
choose the parameters o,d and 6 to be of order 1 in the different regimes.

5.3. A priori estimates on the free Bose gas. To establish that the
error terms in Lemma, 13 are small for the minimizer of the full functional,
we need a priori estimates, which we will prove in the next subsection. To
prepare for this, we prove some facts about the free Bose gas first.

Let 7,(p) denote the minimizer with density p for the free gas functional

Fo(y) = (2m)~° / P2 (p) - Ts(+(p), 0)dp.

More precisely, 11(p) < 0 represents the chemical potential such that v,
actually minimizes Fo(y) — pu(p)(2m) ™3 [ . If p > pg there is no minimizer
with (2m)73 [y = p and u(p) = 0, i.e. we have the global free minimizer
Yo with (2m)73 [0 = pre. We denote the minimizing energy Fo(T, p) =
Fo(Yu(p))- The minimizer v, is given by

1

Yulp) = ST 1’ (5.19)

hence
p= (27T)_3T3/2/ [B(P2—T‘1u(p)) — 1] - dp,
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and the energy is
Ry(T.p) = (20)7°T [ 1n (1= 00T ) dp 1 )

= (2m)~3T5/2 /ln (1 - e—(pLT’l“(P))) dp + p(p)p.
We see that we have the following scalings for Fy and pu:

BT, p) =Ty (p/T%2) . ulp) = Tm (p/T*?)

where fo and m are the functions independent of T' given by

falr) = 27 1 (1= 070D ) dp -,

n= (2#)3/ [epkm(") - 1] - dp.

The critical density is pr. = T°/?ng., where

Nge = (27r)_3/ e - 1}_1 ap = (37°/2) s, (5.21)
The minimal free energy is min, Fo(T, p) = T2 fuin, where

Jmin = (27r)_3/1n <1 — e_p2> dp
= —%(271’)_3 /p2 [61’2 - 1}71 dp = — (8773/2)71 ¢(5/2).

The second identity can for example be seen by putting back in the T' de-
pendence, differentiating [ In(1— e—P/ TYdp with respect to T directly under
the integral sign, and also noticing that it is %T ~! times the integral.

(5.20)

We now prove two estimates that we will use in the next section.

Lemma 17. There exist constants c1,C1 > 0 such that for all n we have

fo(n) < fumin + Ci[nge —n)3, (5.22)
and for all n1 < ng < ng
fo(n1) = fo(na) + e1(nz —m)*. (5.23)
Also, given ng < ng., there exists cg > 0 such that for all ng < n < ng
fo(n) < fo(no) — co(n —no)(nge — no)*. (5.24)

Proof. Let us analyse how the energy fo(n) goes up if n = ng — on for
dn > 0. For simplicity we set A = —m(n) > 0. We then have

on = (2m) 3 </[ep2 —1]7t - [ep2+)‘ — 1]1dp>
_ (%)—3)\3/2 (/[e)\p2 . 1]—1 _ [6)\(;02+1) . 1]_1dp>

— (2m) B2 ( S = o+ )i+ o<1>) — (4m) A2 oA
(5.25)
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as A — 0. We then find for the energy
(2m)~° / In(1 — e~ @+ V)dp — A(2m) 2 / [P A — 1) Ldp
= (27r)3/ln(1 —efpz)dp

+(27T)_3)\3/2/1n(1 — e_)‘(pZH)) —In(1 - e_)‘p2) - )\[e)‘(pZ'H) — 1] tdp

— i ) ([ 72 = 0+ ) o))

= fain + (127) TIN2 4 0(X/?2)
as A — 0. We thus conclude that
1672

3
as [ng — n]+ — 0. This proves the statement. We also see that the free
Bose gas has a third-order phase transition between the condensed and non-
condensed phase.

The final statement is found by combining (5.26) with the fact that fy(n)
is convex and strictly decreasing in 0 < n < ng. O

fo(n) = fuin + [nge — n]3 + o([nge — n]?) (5.26)

5.4. A priori estimates. In this section, we always assume that 7' < Dp?/3

for some fixed constant D. The estimates below will depend on D.

Our goal will be to acquire some tools to approximate the free energy
functional (2.1) in the dilute limit p'/3a < 1. Propositions 19, 21 and 23
provide a priori bounds for the terms involving v and V. The first estimate
holds in general for T < Dp?/3. The two other estimates are sharper and
provide bounds at densities very close to the free critical density where,
according to Subsection 5.5, the phase transition has to occur. This means
that we can zoom in on this region and analyse the nature of the minimizers
there. This will be done in Subsection 5.7.

Let (v, o, po = p — py) be a minimizing triple for (2.5) at a temperature
T.

Using the bound ‘A/(p) < 17(0) we find the following upper bound in terms
of the free gas energy Fo

J—_'can(,)/, «, /00) < Fcan(f}/ﬂ(pﬁ 0, [/0 - Pfc]—i—)
~ 1 ~
< Fo(hupy) + 27V (0) = 5lp = prel 1V (0). (5.27)
We also have

F () = Fol) + 5V 05 + o) [ Vo1 (w)dp

) . (529)
+ %(277)’6 //v(p)V(p — q)y(q)dpdq — %ng(O),

where we have first used that the entropy decreases if we replace a by 0
and then minimized over «, finding the minimizer a = —(27)3pgdp. As
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P> po < p and the free gas energy is non-increasing we conclude the following
preliminary estimate

-/T'.O(’Y;L(py)) < fO(’V) < -/T'.O(’Yu(p)) + pQV(O)' (5'29)

We will use this to give an estimate on the integral of  in a region |p| > b,
where b is to be chosen below. We shall use the following result.

Lemma 18 (A priori kinetic energy bound). If for some Y > 0 the function
v satisfies Fo(v) < Fo(Vu(p,)) + Y, then for all b with b2 > 8T we have
1

2(27T)_3/ p*y(p)dp <Y + CT 20141,
Ip|>b

Proof. Using the fact that p(py) < 0 and p(py)(2m)~ f’yﬂ (05) = 1(P~) P,
the result follows from

Fo(y) — wlpy)py > (27T)‘3/ (P*v(p) — Ts(y(p),0) — u(py)¥(p)) dp

|p|<b
1

3070 [ e+ 520 [ (P0) - 2500).0) dp

[p|>b Ip|>b

B / (D" V(o) () = T3V, (), 0) = 1P V(o) (P)) dp

(27T)_3/|>bp27(p)dp+ (277)‘3T/ In(1— e /2 )dp

[p|>b

> (2m)
1
2

1 B
> Fo(Tu(py) = Hlpy)py + 5(27) 3/|| bp27(p) — CTY e VAT,
p|>

which holds for b? > 8T, since then
/ In(1 — e_p2/2T)dp >-C e_p2/2po > —Ce_b2/4T/e_p2/4po
Ip|>b [pI>b
_ _CT3/2€—b2/4T‘
O

Since Fy ('yﬂ(p
conclude from (5.

[/ APV (p - q)(MMq<CV(>/' +(p)dp
lp—ql>2b p|>b (5.30)

< CV(0)p(p2V (0) + T5/2e V" /4T)p2,

We choose b = a1 (p'/3a)3/4. Then b?/T > D~(p'/3a)~"/? > 1 and we
find

//I | zb'v(p)V(p — q)v(q)dpdq < Cp*V (0272 < Cpa(p'/3a)*/2. (5.31)
p—q|>

Of course, the same bound holds if V (p — ¢) is replaced by V(0). On the
other hand we also have
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For the same choice of b:

‘/v(p)‘A/(p)dp —V(O)/v(p)dp‘ < / + / v(p) (‘7(29) —‘7(0)) dp
pI<b  p|>b
< 7 |
[p|<b
< Cpa3b2 + Cab‘z(p2a+T5/2e_b2/4T) < Cpa(p1/3a)3/2,
(5.33)

The same bounds hold for Vw by (5.8). We have thus shown the following
result.

~(p)dp + CV (0)b~2 / p*y(p)dp

[p|>b

Proposition 19 (A priori estimates on Eo and Ey). Any minimizing triple
(v, o, po) with density p = py + po and temperature T satisfying T < Dp?/3
obeys the estimates

Mmﬂ6/]3wpﬁkp—wnvmymdq—€don% < Cpta(pa)?,

< Cpa(p'/®a)®’?,

@m3/ﬂmﬂmw—vwm

whereA the constant /C\ depends on D and the potential V. This also holds
with V' replaced by Vw.

From (5.27), (5.28), and Proposition 19 we find that

1 . .
Folvu) = Fo) + 5lp = prel 3V (0) = p5V(0) - Cp*a(p'3a)®?,  (5.34)

which implies

RV0)> Lo~ prl2V(0) — Cpla(p )’ (53)
We thus get the following result.
Lemma 20. If (7, «, po) is a minimizing triple with p = p, + po satisfying

p > pre + Cp(p'/3a)/*,
then pg # 0.
It follows that phase transition can only take place for
p < pre + Cp(p"2a)** < pro + C'prelpy! )/,
Hence from now on we consider only
p < pre + C'prelpg! *a)*/. (5.36)

Under this condition we shall give an upper bound on pg.

1/3
If po > 2C’pfc(pfc/ a)®4, then p, = p — po < pre — %po and thus

Folutp) = Folr) = V(0)pf — Cofalpr! )’
— > 1/3 -
> Folyu(p) + T 20} = V(0)pf — Cotalpy*a)*?,
where we have used the lower bound in (5.23) with n; = T7%2p, and

ny = T=3/2 min{p, pr.}. We conclude that py < C’pfc(pﬁ/ga)f’/G, which, in the

C

(5.37)
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(g 13 a)®/*. We conclude

dilute limit, contradicts the assumption pg > 2C" pe.(p
that (5.36) implies
1/3
po < 20" pro(py! *a) /4.

If we insert this bound into (5.34), we obtain

Folrup) = Fo(v) — Cotalp*a)®. (5.38)

Since Fo(Yu(p)) < Fo(Vu(p,))s We use Lemma 18 with YV = C’apfc(pfc/3 )3/2,

and, as in (5.30), arrive at

/ / )V (p — q)7(q)dpdq
|p—q|>2b

> 1/3 —p2
< CV(0)p(apt (py]*a)>/? + T2~V /1T )52,
(5.39)
We choose b = a_l(,o%/ a)®/*, such that b?/T > c(py. /3 a)~'/?2 > 1. The error

above is then Cp%ca(pfc/ a)®. This time we can expand V to second order

. . 1 ~ .
] @170 - 70~ A7)0 - 0P (adpdy < 8 sup 0777
lp—q|<2b
= ObPap? < CP%CG(PEC/SQ)2+1/4-
Note that the integrals of the terms involving V (0) and AV (0) over {|p—q| >
2b} can be estimated with Lemma 18 like (5.39), that all these bounds can

also be derived for [ V (p)y(p)dp, and that we can derive similar bounds for

Vw using (5.8), so that we arrive at the following improvement of Proposi-
tion 19.

Proposition 21. Any minimizing triple (v, «, po) with density p = py + po

and temperature T satisfying D™3/2T3/2 < p < pge + C' pfc(pfc/ a)3/* obeys
the estimates

‘(277)6 //7(1})‘7(19— q)7(q)dpdq — V (0)p2— ?)(;W)A?(O)py/pzv(p)dp‘

< Cpta(py*a)* 1/
(5.40)

and
0 [Vonwi - V0, - 5535870) [ )i
< Cprealpy*a)* /1,

where the constants C depend on D and the potential V' This also holds with
V replaced by Vw.

We are now ready to prove two more results. First, we provide an upper
bound on py and one on densities where a phase transition can occur (‘critical
densities’), which will be matched with a lower bound in the next section
to show that there is no phase transition outside the region |p — pg| <
Cp(p'/3a). The second is an a priori estimate on the error Fj.
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Lemma 22 (Upper bound on critical densities and pg). Assume that the
density p = po + py and temperature T satisfy D=32T32 < p < pp. +
C'pre(py!a)*/4. Then,

o po < Cp(p'/a).
o there exists a constant C' such that any minimizing triple with p >
pie + Cp(p'/3a) has po # 0.

Proof. For |§] < 1 (both positive and negative) we find using the scaling of
the free gas energy that

Folv) = (27T)_35/p27(p)dp + (1= 6) 732 Fo(0)- (5.41)
Since Fo(7) < Cpla(py*a)?? by (5.38) and F(q0) < 0, it follows that

/ p*y(p)dp < Cp°/3. (5.42)

Together with Proposition 21, this implies that

r) ™ [ [V - 9r(@)dpda = V)62 + O(pals )
and
(2m)~ /V p)dp =V (0 )y + O(pa(p*/3a)?).
These two bounds together with (5.27) and (5.28) yield

Fo (’Yu(p))'{'pgm - l[p - pfcﬁ- (O) >

2 2
. V(0 V(0
Fo() + popyV (0) + é )p3 — é )pﬁ +0(p*(p"2a)?),

<

(5.43)

and so

pb = 5lo = prlt — Co*(p'Pa)?,
which implies the second statement. We also notice that (5.43) and (5.23)
(used as in (5.37)) imply

CT=2pf — V(0)p§ — Cap*(p'/?a)* <0,

DN | =

which proves the first statement. O

Proposition 23 (A priori estimate on Es). Let (v, , po) be a minimizing
triple with density p = p, -+ po such that |p — pr.| < Cp(p'/3a). Also assume
T < Dp*/3. Then

(2m)~ / / v(q)dpdq = V(0 )p3+wm7(o)T4+o(T4a3).

12873
Proof. First notice that

wAﬁ(o)jﬂ — AV(0) /p2(6p2/T _ 1)1dp/(ep2/T — 1) Ldp,

12873
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so that according to (5.40) it is enough to show that

%AV(O)M / p*y(p)dp = 3(2;)3N7(0) / o(p)dp / P*0(p)dp + o(T"a?).
(5.45)

We have

Py / p*y(p)dp — pre / vao(p)dp’ <

Py — prc] /p27(p)dp + pre /pQ(’V(p) —v0(p))dp| .

The first statement in Lemma 22, combined with the assumptions, implies

3
[Py = pte| < po+|p— pre| < Cpr(pr/ a).

This and (5.42) allow us to bound the first contribution to the difference in
(5.45):

AT(0)]py — prel / Py(p)dp < Cpla = o(T"a%).

To bound the other contribution, we use (5.41). We do the same for ~g, but
with —4. Putting these two bounds together yields

(2m) % / (0)dp < Fo(y)+Fo(0)— (1—8) 324+ (148) %) Fo (70).

Writing (5.22) and (5.38) in succession gives

Fo(wo) + CT2[pe — o2 > Folvu(p) = Fol) — Cptalpy*a)*/?,
which implies
5/2 3 2 1/3 \3/2
cr Prca” + Cpfca’(pfc a) > 0.
Thus

i / P*(1(p) = 10(p))dp < —((1— 6)~% + (1+6)~% —2)Fo(0)

+OT 2 prea® + Cptalpy )
< C8*T52 4 T pea® + CT?(p/2a)/2.

(2m)

By choosing |§] = (pflc/ga)5/4, we finally obtain
[#00) = 0dp < T
which implies

AV (0)pre /pZ(v(p) —70(p))dp| < Ca®T*(py*a)>/* = o(T*a®).

This completes the proof. O
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5.5. Estimate on critical densities. In this section, we provide a lower
bound on densities where a phase transition can occur. Together with the
upper bound from Lemmas 20 and 22, we obtain the following a priori
estimate.

Proposition 24 (Estimate on critical densities). There exists a constant
Cy such that for any minimizing triple:

(1) po # 0 if p > prec + Copfc(/?%c/ga);
(2) po =0 if p < pre — Copre(py*a).

Proof of the second statement. (The first follows from Lemmas 20 and 22.)
Step 1. We will first consider temperatures 7' < Dp?/3, so that we can use
the a priori estimates proved in the previous section, and comment on higher
temperatures in the final step.

We are interested in the canonical minimization problem (2.5), but our
strategy will be to use the grand canonical formulation of the problem. This
is not straightforward since the canonical energy is not necessarily convex
in p (it will indeed turn out not to be as we prove in Subsection 5.7).

As a first step, we simply assume the correspondence between canonical
and grand canonical is obvious. That is, given p, there is a u such that the
canonical minimizing triple (7, v, po) with pg + p, = p is a minimizer of the
grand canonical functional (2.1) with that g (which will not be the case in
general.) In [25], it was shown that v satisfies the Euler-Lagrange equation

1 1
7+2mﬂ+§
g B-3

P* = 1+ pV(0) + poV (p) + (27) 2V x4(p) — T =0.

Since 8 = 1/(y+ 3)? — a2, it follows that

- - _an +1
p* — pu+ pV(0) + poV(p) + (2m) *V % v(p) — Tln VT >0,

which implies

) > [exp <p2 —p+pV(0) + poi(p) +(2m) 73V x 7(1))) N 1] B ‘

(5.46)
The same argument as in (5.28) implies that

Fwam) = F0,0.0) + o (20 [ 70w+ 9,700 ).
Thus, if the minimizer has py > 0, then we need to have
(2m)~° / V(p)v(p)dp + p,V(0) — p < 0.

Using this in (5.46), we obtain

-1
2(p) > [exp (p2 + Caplp!/ 3“>> . 1] , (5.47)

T
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where we also used the first statement in Lemma 22 and Proposition 19.
Given the claim we are trying to prove, we can assume p < pg., so that,
using a change of variables and the fact that py > 0, we have

-1
py > T3/ / lexp (2 + C(p*a)?) = 1] dp = pre(1 = C(p'0)),

where we used (5.25). We conclude that there exists a constant C; such
that pg = 0 for any minimizing triple with p < pg. — Cy pfc(pic/ 3a) satisfying
the extra assumption that there is a p that will give the same minimizer of
the grand canonical problem. This will, however, not be the case in general
because the canonical energy may not be convex in p.

Step 2. Given a p, there are pt such that p_ < p < p; and such that the
convex hull of F°*" is linear on the interval [p_, p4]. To see this, we first use
that pp = 0 for small p, as established in [25]. Together with the fact that
the canonical functional with pg = 0 is strictly convex, this implies that the
canonical energy is convex for small p. The simple lower bound

~

1 N
P (L) 2 ~CT = S [V 4 37 (07

1
2
then confirms the existence of p_ and p4.

The assumption made in the previous step will hold for py, i.e. p+ and
p— correspond to a minimum for the grand canonical functional for some
(shared) p that is the slope of F*™ on [p_, p4], and the conclusion from
step 1 above holds for these densities. Since p_ < p, this implies that if we
choose Cy > (' then pg— = 0 for the total density p_.

If the density p4 also satisfies a corresponding upper bound, then pg. = 0
as well. In that case, as the canonical functional with pg = 0 is strictly
convex, we conclude that in the interval [p_, p4] we must have py = 0 and
hence p_ = py = p.

Let u be the slope of the convex hull of F*" on [p_, p4] (where it is linear).
By the pg-Euler-Lagrange equation for the grand canonical functional (2.1),
it follows that

C

w< p T(0) + (27) / Vv < 20_T(0) < 201e(1 — Cop*a)7(0).

The aim is to prove that py < pg — Clpfc(pflc/ 3a) by proving an upper bound
on any density minimizing the grand canonical functional with u satisfying
the bound above. As the minimizing density increases with u, we can assume

that

1= 2pe(1 = Copy/ )V (0). (5.48)

Recall that Cy is a constant that we will choose large enough to get the

proof to work. Our choice for Cy will be universal, so that we can make the
a priori assumption that Cgp%c/ %q <1

Step 3. Let p be as in (5.48). We will now first show the a-priori bound

p < Cpge. From (5.14), the definition of ™ (5.1) and the definition of F5
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(5.15), we find that
F(v,a,p0) = F(y,0,p0) — pp
43V + T Opopr — (+10)(20)* [ Vaohr ()

+(2m) " po / V(p)y(p)dp — 4ma(po + to)? + 8ma(po + to)po
+%(2W)_6 / / (P)V (p — q)v(q)dpdq (5.49)

1 - ~
+5(2m)7° //(a(p) —ao(p))V(p — @) (a(p) — ao(p))dpdy.
We now choose 0 > tg > —pg. If 8mapg < 4pr17(0) we choose tg = 0.
Note that in this case we already have an upper bound py < Cpg., and the
argument below will give the desired result for p,. Otherwise we choose

~

8ma(to + po) = 4peV(0) > 2u

by the assumption (5.48) on p. We now give a lower bound by ignoring the
last two integrals, the second term in the second line, and the first term in
the third line in (5.49). Finally we minimize F*° using Lemma 22 with ¢ = 0.

We first consider the last integral in the expression for the minimum of
F*5. We know from the assumptions made at the start of Sections 3 and 4
that

Vw(p)| < Vw(0) = 8ra, Vaw(p) > 8ma — Ca’p?, (5.50)

where the first inequality follows since Vw is positive. The only negative
contribution to the last integral therefore comes from the region |p| > C/a.
For such p we have that

(po + to)|Vw(p)|/p* < Cpgea® < 1.
Hence the last integral can be estimated below by

ot [ PO

e 2 il = ~Colana)
pi>1/a

This argument will again be used in the next step to bound this integral.
The first integral with G can be bounded below by replacing G with a
lower bound. We use again (5.50):

G = T*l\/p4 +2(po + to)p2Vw(p) > T~ 'p*\/1 — Cpgead.
Altogether, we arrive at a lower bound
F(y,ap0) > Fo(yo)(L+ Cprea®) — ppy — ppo
+%‘7(0)p3 — Caprep — Capt, + 4piV (0)po — Cpia’

AV

C

~ 1~
Folyo) — Cpi*a® — 206V (0)py + §V(0)/)3

_Capfcpv + 2pfc‘7(0>p0 - Cap%c - Cp?ca47

115



Paper 1T

30 M. NAPIORKOWSKI, R. REUVERS, AND J. P. SOLOVEJ

where 7 is the minimizer of the free gas functional. By inserting ~y and
a = po = 0 into F we get the upper bound

Fo(v0) — pipte + V(0)p3 < Folvo) — V(0)p2. + 2Dp2V (0)(pi *a).

on the minimum of F. This implies that minimizers pg, p, < Cpye, which
gives the desired a priori upper bound on p.

Step 4. To finish the argument, we need to make more refined choices for
both the upper and the lower bound. As an upper bound, we will use the
minimum of the expression

Fo(y) = npy + V(0)p2.

The minimizer will be the free gas minimizer s, corresponding to a positive
chemical potential d9 > 0, determined such that p,; = (2m)73 [ s, also
minimizes
—ppy — Sopy + V(0)p3,
ie.
p+do = 2V(0)p’ygo :
Let us write
4/3
0o = /-@2pr/ a?
for some « that we will now determine. We know from (5.25) that the free
gas minimizer 5, will have

Prsy = Pic(1 = Carilpy*a+ o(py*a)))

for an appropriate constant Cs > 0. Hence, the equation for k is

—ZC’OV(O)pr(pIyBa) + szﬁc/Saz = —QCQV(O)prn(pE

C

Ba+ o(pya)),

that is,
K% 4 2CoK — 2Cy = o(1), (5.51)

where Cy, Cy > 0.

We can use the a priori bounds in Proposition 19, and since we know that
p < Cps., we can express the error terms with p replaced by pg.. We then
go back to the expression (5.49) to get an improved lower bound. We set
to = 0 and only ignore the last double integral. We arrive at

Fly.a,p0) > F(y,0,p0) + (2V(0) — 87a)popy — 1o
+maph + p2V (0) — Cptalpy *a)*/?,
and apply Lemma 15 with
§ = 6o + (2V(0) — 87a)po.

The expression for G will then satisfy

G = TP+ o+ @V(0) — Sma+ Va(p))po)? — oV u(p)?

> T 11 = Cora?)? + 80) + 2007 (0)2 — (apn)?

> T_l\/((l — Cprea®)p® + 60)? + 4((1 — Cprea®)p? + 80)poV (0).
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If we insert into the lower bound of Lemma 15 and bound the G-integral
using Lemma 25 below, we obtain

> 2/3

F(vsa,p0) = Folvs) + 60pys, + 2045,V (0)po — Cpfc/ (poa

=5 1/3
~8opy — pp + dmapt + p2V(0) — Cpta(py/*a)>/?

)3/2

> Fo(¥s) — Hpvs, + ‘7(0)/)350 + (2045, V (0) — 1) po + Amap]
+V(0)(py = prsy)* = i (p0a)*' = Cpkalpy*a)*/?

= Fo(vs) = pas, + V(0)P5,
+2(Co — Cam)pic(py! a)poV (0) + 4maph — Cpp.* (poa)*’?
+V(0)(py — pgy)? — Cralpy )/

> FolYso) = Pz, + V(0003

+2(Co — Cam)pre(pi*a)poV (0) + 2mapt — Cpi(py!*a)?
+V(0)(py — prg)? — Crtalpy*a)*/?.

Thus we conclude, by choosing Cy large enough (such that Cy — Cax will be
positive), that

1/3 1/3
Py < Py + Cprelpg*a)*'4, po < Cprelpy*a)/2.

We can now apply Proposition 21 and also the bound (5.42) to improve
the last error term in the lines above. We consider the terms with the
Laplacian in (5.40) and the second displayed estimate in Proposition 21 as

error terms, which lead to an error of order p%ca(p;:/ 3a)2. We conclude that
for Cy large enough:

1/3 1/3
Py < Prsy T Core(psa),  po < Cpre(pi*a).
We therefore find that
p < pie(1 = Cor(py*a+ o(p*a))) + Cpre(py*a).

C C
By the expression for it is therefore clear that by choosing Cy large enough
we obtain that
p < pre(1 = Ci(pg*a)
as desired. The result obtained in step 1 and the reasoning in step 2 then
finish the proof for temperatures 7' < Dp?/3.

Step 5. For T > Dp2/3, or equivalently, p < D=3/273/2 first note that the
reasoning in step 1 without reference to Lemma 22 and Proposition 19 leads
to an equivalent of (5.47) and the conclusion that there exists a constant
(' such that pg = 0 for any minimizing triple with p < pg — Clpfc(pz:c/ga)l/Z
satisfying the extra assumption that there is a p that will give the same
minimizer of the grand canonical problem. This is certainly sufficient for
p < D73/2T3/2 and we again try to employ the reasoning of step 2 to
avoid the extra assumption. Luckily, it is immediately clear that pgy = 0:
either py < pg. — Clpfc(pic/ga)lﬂ, so that pp; = 0, or the interval [p_, p4]
contains a density p > D~3/2T3/2 in which case the steps above imply that

po+ = po+ = 0.
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We have used the following lemma, which is proved in Appendix A.

Lemma 25. For 0 < dg,b < 1 there exists a constant C' > 0 such that
'/ln (1 — e_\/(P2+50)2+2(p2+60)b) dp

_ /ln(l e P Ho0) gy, b/(ep2+6o — 1) ldp

5.6. Preliminary approximations. The previous sections have provided
all the a priori knowledge we will need. In this section, we would like to
approximate the integrals in Corollary 16 in different ways. The proof of all
lemmas can be found in Appendix A.

We will be working with the general assumption (5.2) on ty. We will also
write 6 = d¢?, where ¢ will be chosen to be V/poa or Ta in later sections.
Note that the dilute limit corresponds to ¢ — 0, so this is what we will
assume throughout the section. To keep track of the different limits, we
describe ¢?/T < 1 as ‘moderate temperatures’, and ¢?/T > O(1) as ‘low
temperatures’. Also, a statement like ‘¢pa < 1’ means ¢a < C for some
constant small enough.

We start by analysing the first contribution to the density in (5.18).
Lemma 26 (p(vl) approximation). Let o9 > 0 and dy > 0 be fized constants,
andlet =1 <0 <0,0<d<dp,0<0<09,0>0and0 < py<p. Assume
poa/¢? = o /81 and let § = dp? and to = Opy. For ¢pa < 1, we have

1
A =673 15(d0,0) + 0 (6%) .

The error is depends only on oy and dy.

< Cp/2.

For the other contribution to p,, we need the following two results.

Lemma 27 (p%Q) expansion for moderate temperatures). Let o9 > 0 and
do > 0 be fized constants, and let —1 <0 <0,0<d<dy,0< < 09,9 >0
and 0 < po < p. Assume poa/d? = o /8 and let § = d¢* and ty = Opy. For

)T < 1, we have
P2 = T3214(d, 0,0,6/VT) + O (T*2a(p"a) /%)

2\ 1/2
= Pe — 8% <¢T> T3/2 (x/d+2(1 + 0)o + \/&)

+o(Ty)+ 0O <T5/2a2(p1/3a)73/8> ,
The error in the first line only depends on o, the one in the second line on
oo and dg.
Lemma 28 (pg) expansion for low temperatures). Let 0 < pg < p, d > 0,
o=8r and tg =0 = 0. Let § = dpoa = d¢>. Then, for ¢pa = \/poa3 < 1
while ¢ /T = poa/T > O(1), we have
pgz) = T3/21,(d, 87,0,/ poa/T) + o((poa)>?).

The error is uniform in d > 0 and pg.
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A similar preliminary analysis can be done for the energy terms in Corol-
lary 16.

Lemma 29 (F() approximation). Let og > 0 and dy > 0 be fized constants,
andlet =1 <0<0,0<d<dp,0<0<09,d>0and0<py<p. Assume
poa/d? = o /8t and let 6 = dp? and to = 0pg. For ¢pa < 1, we have

1
FO = ¢5511(d, 0,0) +0(¢°).
The error is depends only on oy and dy.
For the second term we will need the following two lemmas.

Lemma 30 (F®) expansion for moderate temperatures). Let o9 > 0 and
do > 0 be fized constants, andlet —1 <0 <0,0<d<dy,0< o< 09,9 >0
and 0 < po < p. Assume poa/¢d? = o /81 and let § = d¢* and to = Opy. For
/T < 1, we have

F®) = T°PL(d,0,0,0/VT) + 0 (17670 (p'/a) )

2
= T frin + <(§1) Tps. (d+ (14 60)o)

1 ¢2 3/2
- <T> T°/? ((d—|—2(1+9)0)3/2 +d3/2)
T

+o0 (T¢3) +0 (T5/2¢2a2(,01/3a)_1/4> )

The error in the first line only depends on oq, the one in the second line on
g0 and do.

Lemma 31 (F(Q) expansion for low temperatures). Let 0 < pg < p, d > 0,
o=8r andtg =0 =0. Let § = dppa = d¢>. Then, for ¢pa = \/poa3 < 1
while ¢ /T = poa/T > O(1), we have

F® = 1521, (d, 8,0, /poa/T) + o((poa)®?).

The error is uniform in d > 0 and pg.

We also prove two lemmas for the error terms (5.3) and (5.6) for mini-
mizers of the form stated in Lemma 15.

Lemma 32 (Error estimates for moderate temperatures). Let o9 > 0 and
do > 0 be fized constants, andlet —1 <0 <0,0<d<dy,0< < 09,9 >0
and 0 < po < p. Assume poa/¢d? = o /81 and let § = d¢* and to = Opg. For
¢a < 1, we have

(B2 + E3) (77,0, pg) = O (T'a®ppo + apod®) ,
and

Ey(v7°, 0, pg) = O(Td*p? + apg®).

The error depends only on og and dy.
Lemma 33 (Error estimates for low temperatures). Let dy be a fized con-
stants, and let 0 < pg < p, 0 < d < dy, 0 =8r and tg = 0 = 0. Let
§ = dpoa = d¢?. Then, for pa = +/poa® < 1 while pa/T > O(1), we have

(B + E3 4 Ey) (7%, a”°  pg) = o((pa)®/?).
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The error is uniform in d > 0.

We also prove a final lemma which will later be used to treat the error
term F7. Note that the reason we consider the function f below is that
Oz'DO’(S — oy = —(27T>3t0(50 — f

Lemma 34 (Preparation for estimates on Ey). Let o9 > 0 and dy > 0 be
fized constants, and let —1 < 6 < 0,0<d <dy, 0 <o <ag, ¢ >0 and
0 < po < p. Assume poa/¢? = /87, pa < 1, and let § = d¢?, to = Opg.
We define

f(p) == (po + to) (TBCSZZ;) - 2]1)2> Vuw(p).
11 ] n (po +to)W(p)_

1 _
= 5(po +to)Vw(p) [TG T p? TG(e —1)

(5.52)

For ¢*/T < 1, we have

/f dp=T¢(1+0)o
as well as

/wmw<cw> and / F)ldp < O,
lp|>VT

21 2

Vd+2(1+6)o +f

For ¢?/T > O(1), we have
[ 15w < 0

The errors above depend only on dy.

Note that some lemmas above assume that d is bounded. In Subsections
5.7 and 5.8, we will argue that this can be assumed. For Subsection 5.8, we
will need the following lemma to do this.

Lemma 35. Let 0 < pg < p,d > 0, 0 = 87 and tg = 68 = 0. Let
§ = dpoa = d¢?. For d>> 1, we have
FO — d(poa)p(vl) > C'min{d"?(ppa)®?, a*(poa)?}.
Also, p(yl) < C(poa)®? and p(vl) — 0 as d — 0.
The proof of all lemmas stated above can be found in Appendix A.

5.7. Proof of Theorems 8 and 9. According to the a priori estimate in
Proposition 24, it suffices to zoom in on

o = prel < Cp(p'/?a) (5.53)

within the region (4.1) to study the critical temperature: for larger p there
is a condensate, and for smaller p there is none. Note that pa/T < 1 in
this region, which was described as ‘moderate temperatures’ in the previous
section. We actually have more a priori information: Lemma 22 states that
po is of order p(p1/3a), i.e. of order T?a.

For the non-interacting gas, the critical density is of order T3/2. Since
we are considering a weakly-interacting gas (through the dilute limit), one
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expects to again obtain an approximate critical density of order T3/2. We
therefore write
k
p = pc + gT2a (5.54)

for a dimensionless parameter k£ (which is bounded in the region (5.53)).
Note that T2%a = T%/%(v/Ta) < T%/?, and so T?a is indeed a lower order
correction to pg.. We also consider

00 = 81T2a ¢ =Ta § = dT2a? (5.55)

7r

for some dimensionless parameters d > 0 and 0 < ¢ < C. It suffices to
consider bounded ¢ by Lemma 22. We will also show that the a priori
estimates allow us to assume that d is bounded. This gives access to the
lemmas in the previous section since ¢pa = ¢?/T = Ta? < 1 in the dilute
limit. Finally, we write

T

to = —T% = (3) —9 .
0=g-T"a ) Po = o, (5.56)

where 7 = o € R is dimensionless.

We are free to choose —pg < tg < 0 depending on pp and J, as this was
simply a parameter entering in Lemma 13 and the definition of o (see (5.4)).
To be able to prove that the error term E; is indeed small for the o9 from
Lemma 15, we will choose tg such that the self-consistent equation

/(o/’(%‘s —ag)=0 (5.57)

is satisfied. The following lemma confirms that this choice implies that the
error F7 is small. It also shows that the equation above leads to a concrete
equation for 7 in terms of ¢ > 0 and d > 0, which implies that —oc <7 <0,
ie. =1 <60 <0.

Lemma 36 (Self-consistent equation for ¢y and estimate on Ey). Under
the assumptions introduced at the start of this subsection, in particular the
self-consistent equation (5.57) and vTa < 1, we have

20+ 7) (1). (5.58)

Ve iniva ’

This equation has a unique solution for every d > 0 and o > 0, and it
satisfies —o < 17 < 0. We also have

/ / (67 — ag)(p)V (p — )0 — a)(q)dpdg = o(T"a?).

The errors above holds uniformly in o and d as long as they are bounded.

Proof. Step 1. The self-consistent equation (5.57) says (27)3tg = — [ f, with
f as in Lemma 34, so by using that lemma and the assumptions introduced
at the start of this subsection, we conclude that (5.58) holds. To see that it
always has a solution in [—o, 0], we rewrite the equation as

T(\/m—l-\/g)—&-ﬂa—iﬂ'):o,
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and note that the left-hand side is a continuous function which goes from
—20Vd<0to20>0asT goes from —o to 0.
Step 2. We use Lemma 34 again to conclude that

[liwl<cto=cra [ 1wl < oot = ot
lp|>VT
Since a0 — qp = —(27)3tod0 — f and foz"o"S — ag = 0 by assumption, we
have

(a7 — ag)(p)V (p — q)(@™* — ag)(g)dpdq
/ |
| [ @ = a0V - )@ ~ au) @)dpdg ~ V(0 ( Jami- a0)2

< 2(2n) m/v 7O Idp+/!f IV (0 — g) — V(0)]|£(a)|dpdg
< Clto|T3a* + CT5a® = o(T*a?),

where we have used the fact that |V (p) — V(0)] < Ca3T for |p| < /T and
|V (p)| < Ca for all p. O

Before we prove the main theorem, we state a final error estimate. Its
proof can be found in Appendix A.

Lemma 37 (Estimate on FEj). Under the assumptions introduced at the
start of this subsection, in particular vVTa < 1, we have

Es(y0%, 0%, po) = o(T*a?).
This holds uniformly in d and o as long as they are bounded.

We are now ready to prove the first main theorem of the paper, which
gives an expression for the critical temperature.

Proof of Theorem 8. We will work with the notation introduced at the start
of this section. We again refer to Proposition 24, which contains the desired
conclusion outside this region, so that we can restrict to the region (5.53).
We also recall Lemma 22, which implies pg < C'T?a, so that we can consider
o to be bounded.

The proof will proceed as follows. In step 1, we will calculate the sim-
plified minimal energy as a function of p and pg. In step 2, we discuss
the precise relation between the minimization problem of the simplified and
canonical functionals. In step 3, we prove the theorem by minimizing the
simplified energy in 0 < pg < p.

Step 1a. We would like to calculate the simplified energy for (7209, a9 pg).
We assume that to(d, po) is defined as in Lemma 36. Note that this means
that —1 < 0 < 0 in (5.56), so that we can apply the lemmas from the
previous subsection (although we have yet to establish boundedness of d to
obtain uniform errors in all cases, which we will do in step 1c.). Corollary
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16 and Lemmas 29 and 30 together with (5.55) and (5.56) imply that for
d,po > 0:

fSim(,yP0757apo,5 ) <]_—S( p0,0 0/’0’ )+<5,07p0 5) _ 5p7p0,5
+V(0)p + (12ma — V(0))pj — 8mappy — 4mat — 8mato(p — po)
= T2 froin — T?a*(p — pre) (0 +7) + V(0)p*

s (5.59)
(d+2 d
+T43[ ( d+2(c+ 1) +xf) 2o+ )T
127
o T2 o?
— — — 4+ (127 — Ta3
T8 16r UM V)64772} +o(I"e),
where we also used that according to Lemmas 26 and 27:
T?a 9
nmﬁ:p&—g;(wd+ﬂa+ﬂ+w@)+mTay (5.60)

The expressions above really only depend d and o, since 7 satisfies (5.58).
However, we are interested in rewriting the expression fully in terms of o
and k. After all, we would like to investigate the nature of o (which defines
po) for given k (which defines p). First note that from the equation

T2a
P =po+ poros = —T%a + ppo — — (\/d+2(a +7) + \/@ + o(T?a),
v T 87

we obtain

Vad+20+7)+Vd=0+8r pf,}Q'O:o—k, (5.61)
where k is defined in (5.54). This yields

dZ(@-kﬁ_ma+ﬂ>2

2(0 — k)
We can also rewrite 7 in terms of o and k by using (5.58) and (5.61):
2 —
T = ﬁ‘gﬂ +0o(1) and o+71= M +o(1). (5.62)

We plug these expressions into (5.59) to obtain
. Y 1 —k 3
Fpm, a0, o) = T2 iy + VO + T | (U1
T

, (5.63)

—02(% + Q%i—k>> (v — 8m) (807T) ] + o(T*a?),

where we now write 470 for the 4#0° that satisfies Pyposs + po = p. This
can only be done for certain o and k: it was only for § > 0 that we were
able to obtain minimizers of this form.

Step 1b. We now determine for which o and & (5.63) holds. Using (5.61)
and the equation for 7 (5.58), we know that, given a py = 07;3 , Minimizing
the functional for some d > 0 leads to a minimizer with

2

T
p:pfc+a(1+o—\/fl—\/1+20+d+2\/&>+o(T2a),

8
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The above expression is maximal for d = 0. Its value at this point is signif-
icant: fixing some pg, we know that this is the maximal p for which we will
be able to find a minimizer to the simplified functional. This maximal p is

T2q

87kmax(0') + O(Tza),

pmax(a) = pPrc +

where we defined
kmax(0) =1+ 0 —V1+ 20.

Fixing some k, and considering all ¢ > 0, we can find out that (5.63) holds
whenever

[0, o0) if k<0
o€ I(k) ::{ [ker,OO) >0 (5.64)

Summarizing, it is for these o and k that there exists a (7797, a0).

Step 1c. We will be interested in using (5.63) as a lower bound for the
energy, where the error is uniform in ¢ and k. We would now like to show
that d is bounded, so that we obtain uniform errors in (5.59), (5.60) and
consequently (5.63).

As noted at the start of the proof, it suffices to consider py < CT?a.
Combined with (5.53), this tells us that p, > p — CyT?a for some constant
Cy. We claim that it suffices to restrict to d < dy, which is chosen such that

2\/dy
8

> 20,

To see this, consider d > dy. Because p, sy, is decreasing in 0 by the structure
of the minimization problem in Lemma 15, we know that

T?a
Pypod < Poyposdo = Ple — o (\/ do+2(c+7)++/ d,o) + o(T?a)

< pre — 2CoT?a + o(T?a),

where the error only depends on dy since we have a priori restricted to
bounded ¢. This violates the a priori restriction, confirming that we can
restrict to d < dp. We have obtained the important conclusion that we can
think of the error in (5.63) as uniform.

Step 2. Our strategy will be to connect (5.63) to F*" using Corollary 14.
For convenience, we will first assume k < 0, so that all 0 < o € I(k).

On the one hand, any potential minimizer (v, a, pg) with p, + po = p will
have to satisfy the a priori estimates in Propositions 21 and 23. This means
that

FE(y, @, po)

> 70 0,p0) + LD D AD (0)1 — (B, + By + B, p0)
> ]_-sim(,ypo,p’apo,p’po) + C(3/2)<(5/2) A"}(O)T4 _ O(T4CL3).

25673
(5.65)
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On the other hand, we have for any po:

inf T (. o, po) < F(4PP0 b0 )
(V’Q)’ PO=P— Py

; €(3/2)6(5/2) \ /4yt
< Fsim(, po.p o P0sP A T
= F (’7 y Q¥ 700) + 25673 V(O) (566)
+ (El + E2 + E3 + E5)(’7p01pa apo,p’ pO)

€(3/2)¢(5/2)
25673

where we have used Lemmas 32 and 36. The errors are uniform since we
assume d and ¢ to be bounded.

We conclude that the energy of any potential minimizer matches (5.63)
(up to the constant term and a small error). However, for any py the ex-
pression (5.63) also provides an upper bound. Therefore, if we find that the
minimizing o of (5.63) is non-zero, then the same should hold for the real
minimizer. If the approximate minimizer is zero, we can only conclude that
the real minimizer is approximately zero because of the small error. We will
therefore need an extra step in this case

< ]_-sim(,ypo,p’ O[PO,p7 PO) + A‘//\'(O)T4 + 0(T4a3),

Step 3a. We now analyse (5.63) for given k& < 0 and v and find out
whether its minimum o, iS zero or not.

An analysis of (5.63) shows that there always is a single k < 0 where
the character of the minimizer of changes (for given v)!, which implies that
a function h;(v) exists. We can also see that the critical k£ decreases with
v. For the limit v — 87, we numerically verify that the minimizing omin
approximately satisfies

{ 0 if k< —1.28
Omin =

S0 ifk>—1.98 (5.67)

This is illustrated by Figure 1 below, which shows (5.63) for three values of
k.

Using the definition of k (5.54), we conclude that the point where the
nature of the minimizer changes is

1.28 (¢(3/2)\ V?
Pc =Ptc (1 - g < 8(7r?{/2)) pflc/ga + 0(p§c/3a)

1/3 1/3
= pre (1 - 2.24pr/ a+ o(pfc/ a)) .

We can also turn this into a criterion for the critical temperature. Given p
we know that the critical temperature T, satisfies the equation above where

Pre = nee T 5’ / 2, where we calculated the constant ng in (5.21) (although it
plays no role here). The free critical temperature would satisfy p. = nfCTfi/ 2

1Because (5.63) depends on v in an easy way, and is independent from v for o = 0, we
can see that for every k < 0 there is a vo(k) € [87,00) such that omin > 0 for v > (k).
Moreover, vg(k) is continuous, monotone decreasing, and equal to 87 for k = 0. To reach
the desired conclusion, we have to combine this with the following: for every v > 8,
there exists a k negative enough such that omin = 0. This can be seen by noting that the
derivative in o it is positive for all o when k is negative enough.
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f(k,0)
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FIGURE 1. Plots of the part of the free energy that depends
on k and o (i.e. between the square brackets in (5.63), de-
noted by f(k,o) in the plot) for three values of k. For
k = —1.35, 0 = pg = 0 gives the lowest energy: no BEC.
For k = —1.20, the minimum occurs at some pg > 0: BEC.
The critical value is k. = —1.28, where both ¢ = 0 and
o = 1.83 are minimizers.

Hence, we have
neTy* = ne T2 (1= 224(p ) + o(p'a) )
since we can write p instead of p. to leading order. In conclusion,
T, = Th (1 — 2.24(pM3a) + 0(p1/3a))_2/3

= Tk (1 +1.49(p"3a) + 0(,01/3(1)) .

Step 3b. For those values of p where the minimizer of the approximate
functional has pg = 0, we can only conclude that the exact minimizing pg
is approximately zero. Because our energy approximation is accurate up
to orders T%a?, we can only conclude py = o(T?a). We will need an extra
argument to show that the energy increases for smaller pg, which would then
imply that the exact minimizer really is pg = 0.

Fixing p, first define

Fypo) = inf  F(y,a, po).
Jr=p—ro

Note that it suffices to show there exists a ¢y > 0 such that
1 ~
Fy(po) 2 F)(0) + SeopT?a®(1 —o(1)) ~ 2V (0).  (5.69)

To prove this lower bound, we first minimize the terms in «, and use
Proposition 19:

Fe(y, a, pg) > FO(,0,0) + 2V (0)pop
—2V(0)p2 — cpoT?a*(VTa) /2.
To prove (5.68) from (5.69), we need to study

folpo) = inf  F0(~,0,0) + 2popV (0),
J=p=po

(5.69)
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which is convex in pg.

We now use (5.65) and (5.66) to approximate the functional by F*™ and
go back again, denoting the constant term as C™7T“4a? and keeping in mind
that the minimizer approximately has pg = 0 so that (5.65) does hold. We
also apply (5.24), noting that pg. — p > 1.28T%a. For £ > 0, we find

fo(—eT?a) < inf  F*™(5,0,0) — 2eT?apV (0) + C™T4a® + o(T*a®)

[ y=p+eT?a
< inf  Fo(y) + V(0)p? + ce?T*a® + CT*a® + o(T*a?)
[ y=p+eT?a
< finf Fo() — (coe — ce)T4® + V(0)p? + C™T*a® + o(Ta?)
r=p

< £,(0) — (coe — ce®)T*a® + o(T*a?).
We therefore conclude that there exists an €y small enough such that
1
fo(—e0T?a) < £,(0) + 500(—50T2a)T2a2.

Convexity of f, now implies that for py > 0

fo(po) > fo(0) + %copoT2a2.

This, as well as taking the infimum over v with [ = p — pg in (5.69), now
gives the desired lower bound (5.68).

Step 3c. The theorem is still not quite proved, as we still have to show
that the minimizing o is strictly positive for & > 0, which corresponds to
p > pge. For o = 0, we cannot use the simplified energy (5.63) because of
the problem discussed in step 1b, but we can still use the first step in the
lower bound (5.65): if the minimum occurs at pp = 0, we know that

inf J,—_~can(,y’oé7 0) i C(3/2)<(5/2) A‘/}(O)TA

(v,a), py=p 25673
> inf  F(y,0,0) 4 o(T*a%) = T fuin + V(0)p” — o(T*a%),
('7704)7 Py=pP

where to = 0 for pg = 0 (which is consistent with (5.62)). Since (5.63) holds
at 0 = k+ V2k € I(k), we can see that it has a simplified energy of

k@¢ﬂw2+mm+2&EV%+1@
zyr<v§v@i+2)

which is lower than the value at ¢ = 0. Using the upper bound (5.66), we
conclude that the minimizer cannot have pg = 0 when p > pg. 0

T52f, 00+ V(0)p2 + T3 | —

Y

Proof of Theorem 9. Step 1. We now turn to the grand-canonical problem.
That means that we should analyse the structure of minimizers of

inf inf F (v, po) — MP} (5.70)
p20 [ (v,a,00), py+po=p

for given p € R. This requires that we calculate the canonical free energy

for any given p, but we note that it again suffices to only calculate it for

(5.53), i.e. |p — pre| < Cp(p'/3a). By the a priori result from Proposition

24, we know that if minimizer has a smaller p, it has pg = 0, and if it has
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a bigger p, it has pg > 0. Since the minimizing p increases with g, this fits
with the statement of the theorem.

In the region around the critical temperature, it seems natural to use
the bounds (5.65) and (5.66) and simply minimize (5.63), but we only have
these bounds for o € I(k) (see (5.62) and (5.64)). In fact, the simplified
functional has so far only been defined in this region as we have only made
a choice for tg for §, pp > 0. To solve this problem, we now define

T(k,o) =1—+V1+20

for o € [0,00)\I(k), which is chosen because it is the value obtained for
9 = 0. In the spirit of (5.65), we know that any potential minimizer should
satisfy

]:can(,y?a,po) B C(g/zi)é;f?/2) A‘/}(O)Tll

2 J,—_-sim(,.)/, Oé, po) — (E2 —|— E3 + E5)(77 CY, pO)

zggﬁw@m@+Wmﬁ—m#&>
v,

+ (127a — ‘7(0)),0(2) — 8mappy — 4matt — 8mato(p — po)

~ k 1
= T2 fuin + V() + T* | = (0 + 7)o — 5= (20 +27)2
8t 12

o \2 T
+ (127 — v) (87> - (87) + 87} —o(T4a®),
where we have used that the infimum of F® is attained at ('ypo"S:O, ap0’5:0),
with an energy given by (5.59). Minimizing this lower bound over [0, c0)\I(k),
we find that the infimum is attained at the boundary, i.e. at o = k + v/2k.
Since the lower bound matches (5.63) at this point, we conclude that the
minimizer of the canonical free energy has o € I(k), so that it suffices to
minimize (5.70) over I(k) by the upper and lower bounds (5.65) and (5.66).

Step 2. Making the result of the previous step explicit, we now know that
for [p — pre| < Cp(p"/3a):

inf F vy, @, po) — pp
(v,2:p0)s pyt+po=p

= T5/2fmin + V(O)pfc wpte + T2 2 (2 ( ) Pfc — ) k
8ma
+

1 [((o— k:) 1 1
+T430é1}(f)[87r< 12 (5 2+0—k>>
o? k2
— (v =8 1/(87r)2]
¢(3/2)¢(5/2) \ &
WAV(O)T4 + o0 (T"a%).

To consider the case v — 87, we show a plot of the function

. 1 ((c—k)3 /1 1 k?
gtk) = nf [87r< 27 (§+2—|—a—k> +87r]+0226k
(5.71)
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TN
k. \k+ c
0
FIGURE 2. The curve shows the energy function g(k) in
(5.71). The two minima are k_ = —2.23 and k4 = 3.04, and
the critical value (shown in orange) is k. = —1.28, which

corresponds to the value of &k where ¢ jumps to a positive
value (see (5.67)). The derivative has a discontinuity at this
point. The energy curve is not convex; the red line indicates
the convex hull of the curve.

in Figure 2. Here, the value 0.226 was chosen such that the convex hull is
obtained by replacing the curve between two minima by a constant function.
The two minima are

ko =-223, k. =304

and the value here is g(ky+) = —0.27. Hence we have a first-order phase
transition where the density jumps between the critical values corresponding
to ki. This conclusion is unaltered by the fact that we can only determine
the energy curve up to a small error.

Note that the minimizer changes from pg = 0 to pg > 0 at the jump since
k_ < —1.28 < k4. We conclude that the critical chemical potential in the
limit v — 8 is given by

ch = 2prea — 0.226T2a + o(T%a?)
7r
1 2¢(3/2) 132 VT
= 2320 (10226 - 8 VT VTa) ).
8t “ ey Vet eVTa)

This can also be inverted to yield the critical temperature for p > 0:

TC:< v )2/3(M)2/3+2-0.226-87r<ﬁ>2u+o(,u)

2¢(3/2) a 3 2¢(3/2)
- JE 2/3 LN 2/3
= <2C(3/2)) (E) +0.44p + o(p),

where the expansion is correct for 4 > 0 corresponding to p*/3a < 1. An
analysis for general v (in which case the leading term of u. has an extra
factor v/8m), combined with the existence of the function hq(v) from the
previous theorem, allows the reader to deduce the existence of ha(v). 0

Remark 38. Note that the existence of two minima shows that the grand
canonical functional in general will not have a unique minimizer. As for the
canonical case: we have coexistence of the two minimizers (one with pg =0
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and one with pg > 0) for p between the two values defined by k4. This
means that at least part of the gas has a condensate for any k € [k_, k4].
Hence one could say that (part of) the system is in a condensed phase from
k_ onwards.

5.8. Proof of Theorems 10 and 11. In this section, we simply set tg = 0.
We will write § = dpga = d¢?, with d > 0. Note that this implies that o = 87
in the lemmas of Subsection 5.6.

Remark 39 (Properties of the integrals). We will use the following properties
of the integrals (4.5) with d,s > 0:
o [1(d,8m,0) — dl3(d,8m,0) monotonically increases to infinity in d.
o I5(d,8m,0,s)—ds?I4(d,87,0, s) monotonically increases to 0 in both
d and s and it is bounded.
e I5(d,87,0,s) monotonically increases to 0 in both d and s and it is
bounded.
e I,(d,87,0,s) monotonically decreases to zero in both d and s and it
is bounded.

Proof of Theorems 10 and 11. Throughout the proof, we will distinguish be-
tween the regions pa/T < 1 (‘moderate temperatures’) and pa/T > O(1)
(‘low temperatures’). For simplicity, we aim to write statements with a
uniform error o(T(pa)®/? + (pa)®/?), i.e. o(T(pa)®/?) in the first region, and
o((pa)®/?) in the second. Note that an error of O((pa)®/?) satisfies this for
pa/T < 1.

Step 1a. As in Subsection 5.7, we consider upper and lower bounds. First
assume that 6 > 0 and pg > 0 are such that

P =pP0+ Pyros- (5.72)

Similar to before, this may not always have a solution for given p and pg.
By Lemma 13 and the a priori estimates in Proposition 19, we then know
that any potential minimizer has to satisfy

]:‘C&rl(,y’ «, PO) > Pim(ya «, PO) - <E2 + E3 + E4)(’Y7 «, PO)
> Fm (S, 0, o) — O((pa)*),

Using Lemma 32 for pa/T < 1, Lemma 33 for pa/T > O(1), and Lemma
34 for both, we find that?

inf ];can(,y’a’po) < ]_-can(,ypo,&’apo,&’p[))
("/,Oé), PO=P—P~

< f’Sim(,ypoﬁ,apoﬁ’pO) + (BEy + By + B3 + E4)(’yp0’5,ap0’5,p0) (5.74)
< (5, a5, o) 4 o(T (pa)2 + (pa)T2).

It is important to realize that we have yet to establish uniformity of the
error in the upper bound, whereas the error in the lower bound is uniform.

(5.73)

2To obtain the estimate on Ei, we use | [(a — a0)V (o — ao)| < V(0)([ | — awo)? and

the fact that |a”® — ap| is equal to the |f] in the statement of Lemma 34 since to = 0.
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Step 1b. The first line of the lower bound (5.73) allows us to prove the
desired conclusion for T' > Ty, (1 + h1(v)p'/3a + o(p/3a)). After all, Theo-
rem 8 tells us that the minimizer has pp = 0 in this region, so that we find
that

F(Tp) 2 inf Fm(y, ,0) = Fy(T, p) + V(0)p* — O((pa)®/?),
V&), P=P~

where Fy(T, p) is the free energy (5.20) of the non-interacting gas. We now
note that

inf F8(v, a,0) = inf F(v,0,0) < inf F*™(~,0,0),
(770‘) Y vy

which proves the result in this region.

Step 2. Using Lemma 31 and the first line of Lemma 30, we have
Fom(y#00, a0, pg) = FU + T2 1y(d, 87,0, /poa/T)
— dpoa(p — po)

T V(0)* — Srapop + pi(12ma — V(o)) TP
+ 0 (T(pa)*? + (pa)*/?),
together with
popos = o)+ T214(d,87,0,/poa/T) + 0 (T(pa)' /2 + (pa)*'?) .
(5.76)

In the last line, we have used Lemma 28 and the first line of Lemma 27.
To use these lemmas, we have distinguished two cases: pa/T < 1, which
implies poa/T = ¢?/T < 1; and pa/T > O(1), which implies poa/T > O(1)
by the a priori estimate (5.35). Note that the errors in the two equations
above are uniform in d.

We know that p.ss is decreasing in 6 = dpoa by the structure of the
minimization problem in Lemma 15. In fact, Lemma 35 and the fourth
property in Remark 39 show that p,,.s decreases to 0 as d — oo. We
therefore have that the equation (5.72) has a solution for every py and p
such that

P = Pyposs=0 < Po = P, (5.77)
or, denoting the solution to (5.76) for given p and d > 0 by po(d), for every
po(d=0) < pp < p. Our assumption (5.72) amounts to plugging po(d) into
the simplified energy (5.75). In the next step, we do this for the different
regions.

Step 3: pa/T < 1. In this step, we prove Theorem 11.

Step 3a. In order to be able to use more of the lemmas from Subsection
5.6, we need to show that we can assume that d is bounded. We use (5.73),
(5.75) and Lemma 35 to see that for d > 1 and s = \/poa/T":

FIm (400, 0P o) > dmap® + T2 (Iy(d, 87,0, 5) — ds’14(d, 87,0, 5))
+2(v — 87)paT>?14(d, 87,0, s)
+ (127 — v)a(T3?14(d, 87,0, 5))* — o(T(pa)*/?)
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with errors uniform in d. As d increases, s increases, and this expression gets
exponentially close to 4rap? as d — oo, and thus it is higher than the value
provided by the upper bound 5.74 for d = 0 (see (5.79) for a calculation).
We can therefore restrict to bounded d.

Step 3b. We conclude that the upper bound (5.74) has an error uniform
in d. We can also apply Lemmas 26, 27, 29 and 30 to (5.75) to obtain

i d
FEIm (P08 000 oy = T2 fin + (PO(T)CL> T pge(d + 8)

3/2
L (pO(d)“> T5/2 ((d +167)%/2 + d3/2)

S 12r\ T
— dpo(d)a(p — po(d)) + V(0)p* — 8mapo(d)p + po(d)* (12w — V(0))
+o(T(pa)*?),
where
1/2
puld) = = e - (250 ) 09 (VT Tom + V) + ol D) ),
(5.78)

and the errors are uniform in d. We conclude that pg = p — pr. =: Ap to
leading order. Rewriting the expansion in the small parameter Apa /T, we
obtain

Fom (o0 qolD0 gy (d))
= T fruin + 4map® + (V(0) — 4ma)pee(2p — pre)

+ T(Apa)®/? (Ziﬂ') [(\/d + 167 + Vd)(d + 6(87 — 1)) — 327Vd + 167

+o (T(pa)3/2> .
(5.79)
This can explicitly be minimized in d > 0. The minimum is obtained for
d = 2(v — 8m), which leads to the expression stated in Theorem 11.

Step 3c. The proof is unfinished since the upper and lower bounds (5.73)
and (5.74) only hold for pg satisfying (5.77), i.e. po(d = 0) < pp < p. We
need to deal with all other py as we did in step 1 of the proof of Theorem 9:
by revising the lower bound (5.73). We know that any potential minimizer
should satisfy

F (v, a1, po)
> F¥™(y,a,p0) — (B2 + Es + E4)(7, o, po)
> inf F*(v,a,po) + V(0)p* — 8mappo + (127a — V(0)) g3 — O((pa)®/?)

(7,2)

T
+ V(0)? — 8mapop + p3(127a — V(0)) — o(T(pa)*/?),

3/2 4
= T i + Smapopre — (5 ) 1722167

(5.80)
where we have used the energy expansion (5.75) and Lemma 30 for the
unrestricted minimizer (y°09=0, 0:9=0), Using v > 8, we see that lower
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bound has a negative derivative for

0< po < Ap+ 210 1/QT?’/QLJrO(T( a)'/?)
= po > Ap T ﬁ 1Y ;

which is indeed bigger than

1/2
po(d=0)=Ap+ (Apa) : T?’/2L + o(T(pa)*/?).
T 2\ /7
Since this lower bound matches our earlier lower bound (5.79) at this point
and the upper bound (5.74) also holds at this point, we can conclude that
it suffices to consider the infimum over po(d = 0) < py < p, which yielded
the desired result in step 3b, and proves Theorem 11.

Step 4: pa/T > O(1). In this step, we make further preparations for the
proof of Theorem 10.

Step 4a. To prove that we can assume that d is bounded, we use (5.73),
(5.75), boundedness of I and I, and Lemma 35 to see that for d > 1:

F (300l pg) > dmap® + FUY — d(poa)pl!) — O((pa)?)

> 4map? + Cmin{(poa)*?d"/?, a™" (poa)*} — O((pa)*?).

with errors uniform in d. For d > 1, this is of higher order than 4map? +
O((pa)®/?), which is the value provided by the upper bound (5.74) at d = 0.
We can therefore restrict to bounded d.

Step 4b. We again need to establish that it suffices to minimize (5.75)
over d > 0, i.e. to exclude 0 < pg < po(d = 0) as potential minimizers. To
do this, we repeat the lower bound (5.80). For pa/T > O(1), the infimum of
F* is O((pa)®?) by Lemmas 26 and 29 and boundedness of I and I;. We
obtain

F(y,0p0) 2 V(0)p? + (127a — V(0))03 — 87appo — O((pa)/2).

Using v > 8w, we see that this has a negative derivative throughout the
region, and as such the minimum can be found at the boundary (up to a
lower order error), where it matches the lower bound (5.73) and the upper
bound (5.74), and so we conclude that it suffices to consider the infimum
over po(d =0) < pp < p.

Step 4c. We would now like to show that the errors in the lower bound
(5.73) are o((pa)®/?), rather than O((pa)®?). The above conclusion, Lemma
26 and the lower and upper bounds (5.73) and (5.74) imply that any poten-
tial minimizer has to satisfy

py < p—po(d = 0) = O((pa)*’?).

We can now use this to improve the a priori bounds in Proposition 19, and
hence lower the error in the lower bound (5.73) to o((pa)®/?): we simply
repeat the estimates (5.31), (5.32) and (5.33), and notice that we are able
to pick a better b because we know that p, is small.
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Step 5. Combining the steps above, we conclude

1
F(T,p) = inf [i(pg(d)a)5/211(d,87r,0)+T5/212(d,87r,0, po(d)a/T)

0<d<dg
— dpo(d)a(p — po(d))
+V(0)p* — 8mapo(d)p + po(d)*(12ra — V(0))]
+0((pa)"? + T(pa)*'?),
where

1
po(d) := p = 5 (po(d)a)**I5(d, 8,0) — T**14(d, 87,0, v/po(d)a/T).

Here, the errors in pg(d) have been dropped compared to (5.76) since they
can be absorbed in the errors in the energy expression.
To finish the proof of Theorem 10, we just have to make a few replace-
ments in the minimization problem above. These are
e replacing (poa)®?2I1(d, 87, 0) by (pa)®/?I,(d,8x,0). The error made
is O((pa)®?) for pa/T < 1, which is acceptable. For pa/T > O(1),
we have pg(d) = p to leading order, so we make an error of o((pa)>/?).
e replacing the similar term in po(d). This is done in a similar way.
We absorb the error in the energy expansion.
e replacing T%/21,(d, 87,0, /po(d)a/T) by T?214(d,87,0,/Apa/T).
For pa/T < 1, we use (5.78) to see that this leads to an error that
can be absorbed in the energy expansion. For pa/T > O(1), this
term is O((pa)3/?) and po(d) = p to leading order, so that the error
is of lower order and the replacement is justified.

g

Comment about Corollary 12. To obtain the expansions for v — 87, we use
the first two properties in Remark 39 and the fact that we can think of
the errors as uniform in d to conclude that all relevant contributions to the
energy are increasing in d. Hence, the minimum is attained at d = 0 in the
limit v — 87. We also note that only I; and I3 contribute, and a calculation
of the integrals then yields the Lee-Huang—Yang constant. O

APPENDIX A. APPROXIMATIONS TO INTEGRALS

Proof of Lemma 25. We make a change of variables to obtain

p3/2 /ln (1 _ efb\/(pQ+6o/b)2+2(p2+50/b)) dp

- /m(l — e—b(p2+60/b))dp _ b/(eb(p2+6o/b) — 1) ldp.

Regard dy/b as a fixed parameter and note that the integral has a limit as
b — 0 by the Monotone Convergence Theorem, which is

1 2 1
32 [ 121 — < Op3/2,
b /{2 n( Jr1@2+50/b) p2+50/b] dp = Cb

Of course ¢ /b is not fixed, but the error term in this convergence is uniform
in d9/b as long as that quantity is bounded (smaller than 1, say). For

(A1)
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dp/b > 1, we expand the logarithm in the first line of (A.1) as a Taylor series
around b = 0. Using the Mean Value Theorem and noting that the absolute
value of the second derivative attains its maximum at 0, we conclude that
the quantity of interest is bounded by

2 245
2 (p + 50 =+ 1)@1’ 0 _ 1 12, oo
’ / (p2 + &) (er*+d0 — 1)2 dp < Cy '7b* < Cb/~.
O

Proof of Lemma 26. Recall |m(p)| < W(O) = 8ma, so that the integral
converges pointwise to the desired expression as ¢ — 0. We would like to
apply the Dominated Convergence Theorem, which leads us to analyse

o x+tA B
1) = V(@ + tA)Z — 242 b

where x = p>+d, A = (1+60)o and t € [—1,1]. This function has the property
that [f(¢)] < f(1) for ¢t € [0,1], and | f(¢)] < f(—1) for ¢t € [-1,1] as long as
x > 2A. We therefore dominate the function by replacing W(qbp) /8ma by 1
for |p| < +/3(1+ 6)o, and by —1 elsewhere. This function is integrable, and
so the Dominated Convergence Theorem gives the desired result. To obtain
uniformity, we use continuity in the different parameters. O

Proof of Lemma 27. Step 1: first line in statement.
We will write s = ¢/v/T < 1. After a change of variables, we need to show
that

— -1
T3/2/ <e\/(p2+d52)2+2(p2+d52)(1+9)0'32Vwéfp) _ 1)

2 4 452 + (1 4+ 0)0s2VeTp)
y p° 4 ds® + (1 +0)os*—5 - i

\/(p2 +ds?)2 +2(p? + ds?)(1 + 0)os? ng(;r/fp)
_ 73/2 / (6¢<p2+ds2>2+2(p2+ds2><1+e>os2 N 1)‘1

" p?+ds* + (1 +0)os?
V(P? + ds?)2 + 2(p? + ds?)(1 + 0)os?

We define

-1

f(p’ t) e <€\/(p2+ds2)2+2(p2+d52)(1+9)0_82t B 1)

» p*+ds* + (14 0)os’t
V(0?4 ds?)? +2(p? + ds?) (1 + 0)os?t’
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and calculate its derivative in t¢:

8tf(p7 t) =
— — Joinh ™ (JV/0F+ 2 AT Ot

(1+0)os? (p* + ds* + (1 + 0)ost)
p? +ds? 4+ 2(1 4 0)os?t

n (6\/(P2+ds2)2+2(p2+d82)(1+0)052t N 1)‘1

(p? + ds®)(1 + 0)%02s*t
((p2 + ds2)2 + 2(p? + ds2)(1 + 0)os2t)*/?

= Fl(pa t) + FQ(pa t)
We use the Mean Value Theorem to estimate

|f(p, Vw(VTp)/87ma) — f(p, 1)

g( sup ratf@,t)\) Vu(VTp)/sma—1].
te[Vw(v/Tp)/8ma),1]
(A.2)

Before we estimate this, we make the following two observations:
(1) For |p| < (p'/3a)~1/® we have
[Vw(VTp)/8na — 1| < OV ||eoTp* < CTa?(p"3a)~1/4,
This also means that t(p) = W(\/Tp)/&m > 1/2 in this region.
(2) For |p| > (p'/3a)~1/8, we first note that in general
\Vw(v/Tp)/8ma) — 1| < 2.
We also have |p| > (p*/%a)~"/® > 1> 2,/5s, so that
1 1
(p* 4 ds*)* +2(p? + ds*)(1 + 0)os’t > §(p2 + ds?)? 4 p? <2p2 —2(1+ 9)032>
+ds* (p* — 2(1 + 0)os?)

1 1
> Z(p? +ds?)? > =pt.
_2(p+ s%) > 5P

Using these estimates, and the fact that sinh(z)™! < 2(e—1)~! for x > 0,
we estimate the contribution of Fj to (A.2) by

{ CT@2(PI/3G)_1/4(WW)2(1 +0)os? if [p| < (p'/%a) 18

Cm if [p| > (p"/3a)~1/®

and the contribution from F5 by

2(,1/3,,\—1/4 1 1/
CTCL (p / (I) / m m (1+9)0'82

if p| < (p'/3a)1/®
1
CePQ/\@_1

if p| > (p'/3a)1/®

Integrating (A.2) amounts to integrating the above contributions, which
gives the desired result (this can be seen after a change of variables by
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noting that the outer integrals decay exponentially fast), and the error is
independent of d.

Step 2: second line in statement. We again write s = ¢/+/T to obtain
T3214(d, 0,0,5) = pro = (2m) T/ | / (VORI 1)

pPP+d+(1+0)o

-1

s2p? -t
VR +d? 1202 +d)(1+ 00 <€ - 1) }dp'

(A.3)

If we can show that this equals

—313/2 p2+d+(1+9)0 _i] ( 3/2)
(2m) T s/ [(p2 TP e e (Ts), (A
we would obtain the desired result by calculating the integral.

We therefore consider the difference of these two terms, and consider the
regions |p| < B and |p| > B separately, where B > 1 is chosen in such a
way that the integrals over |p| > B of (A.3) and (A.4) are o(T?/%s). Since
the latter is a convergent integral, it is clear that this can be done. We will
show the same for (A.3) in a moment.

For |p| < B, we first apply the Monotone Convergence Theorem to the
two terms in (A.3) separately. This shows convergence to the corresponding
part of the integral (A.4).

Employing another change of variables, and writing b = 2(d + (1 + 6)0)
and ¢ = d(d + 2(1 4 6)), it remains to show that we can pick B such that

/ [(epa/m _ )t
Ip|>Bs

1+ bs?/2
+ b5’/ - (ep2 - 1)*1} ‘dp = o(s).
VIO et

To show this, we apply Taylor’s theorem to bs?/p? +cst / p* < 1, so that the
above expression is bounded by

bs? 1
Ll 4
2 / e 17

|p|>Bs

ﬁp2(ﬁ2 1) — 2 4 2
¢ ) el 5
B <bp2+cp4) (1+b2>dp,

Ip|>Bs

where the first term comes from the zeroth-order term, and the other from
the derivative. Seeing that the main contribution from these integrals comes
from p = 0, we conclude that this is bounded by C(b/B + ¢/B?)s, which
indicates that we can indeed pick B large enough to obtain o(s). 0

Proof of Lemma 28. We would like to apply the Dominated Convergence
Theorem to the limit ¢> = pga — 0. We have shown how to bound the
fraction in Lemma 26 above. The exponential can be bounded in a similar

way (i.e. by considering |[p| < /3(1 + 0)o and |p| > 1/3(1 + 6)o separately)

since ¢?/T = poa/T > O(1) by our assumptions. Uniformity follows by
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continuity in the different parameters. Another change of variables gives
the result stated in the lemma. We obtain uniformity of the error in d > 0

since both sides of the statement are exponentially decaying in d > 1.
O

Proof of Lemma 29. As in the proof of Lemma 26, we regard ¢t = W(@))/Sﬂ'a
as a parameter taking values in [—1, 1], and replace it by 1 for |p| < /3(1 + 6)o.
For other p, the function is continuous in ¢ € [—1, 1], and we can maximize
it for every p. This way, we again obtain a dominating function which is still
integrable, so that we can apply the Dominated Convergence Theorem. [J

Proof of Lemma 30. Step 1: first line in statement.
We will write s = ¢/ VT < 1. After a change of variables, our goal is to
show that

T5/2/1n <1 _ e—\/(p2+ds2)2+2(p2+ds2)(1+9)as2%@) dp

_ 752 / In (1 - e VIFETRAE 072 gy

+0 (T5/2¢2a2(p1/3a)_1/4) ‘
To this end, we define
f(p,t) =1In (1 — 6_\/(p2+d52)2+2(102+d82)(1+9)052t) '

This function is continuously differentiable in ¢:

O f(pt) = (6\/(p2+d52)2+2(172+d52)(1+9)032t 3 1)

-1

(p? + ds®)(1 + 0)os?
V0?4 ds?)? + 2(p? + ds?) (1 + 0)os>t
We use the Mean Value Theorem to estimate this, followed by the two
estimates discussed below (A.2):

|f(p, Vw(VTp)/87a) — f(p,1)|

< ( sup \Btf(p,svt)o "71\0(\/@?)/8#@— 1
te[Vw(VTp)/8ma,1]

_ [ CT (a1 (4 B)s? i [p] < (o)

~ | Coman if |p| > (p!/%a)~1/%

Integrating over p gives the desired result (note that the outer integral de-
cays exponentially fast), and the error is independent of d.

Step 2: second line in statement.
We again write s = ¢/+/T to obtain

T°215(d, 0,0, 5) — T°? frnin — *Tpge(d + (1 + 6)0)
= (2m)73T5/23 / [m (1 _ 6—82\/<p2+d>2+2<p2+d><1+9>o> (A5)

—In (1 — e*‘szpz) — (6821”2 - M d+ 1+ 9)0)32] dp.
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Since this expression divided by 7°/2s% is monotone in s, we obtain by the
Monotone Convergence Theorem that

2 2 2
(2W)_3T5/253/ i (\/(p A7 207+ ) 9)a> _drron,
p p
+ O(T5/283),
(A.6)
which gives the desired result.
O

Proof of Lemma 31. We want apply the Dominated Convergence Theorem
to the limit ¢2a = ppa? — 0. As in Lemma 26, we regard ¢t = @(qbp)/&m €
[-1,1] as a parameter, which we replace by 0 for |p| < /3(1+ 6)o. For
Ip] > +/3(1+40)o, we replace it by —1 to obtain a dominating function
(also using s > O(1)). Uniformity in the different parameters follows from
continuity in these parameters. Another change of variables gives the desired
result. We obtain uniformity of the error in d > 0 since both sides of the
statement are exponentially decaying in d > 1. O

Proof of Lemma 82. The basic estimates we will use are:

Po / ¥(P)V (p)dp — V(0)po / v(p)dp| < Ca’b?pop,
[p|<b Ip|<b

<0

Po / v(p)V (p)dp — V(0)po / v(p)dp SCapo/ bv(p)dp
p>

|p[>b |p|>b
2

// Y(p)V (p — )y(a)dpdq — V(0) / v(p)dp | | < Ca’?pd

Ipl,lql<b [p|<b

(A.7)

// Y(p)V (p — q)7(q)dpdg — // ~(p)V (0)y(q)dpdg

|plor|g|>b |plor|g|>b

< Capw/ v(p)dp,
|p|>b

which follow from the fact that |V]|e < 87a, V/(0) = 0 and ||V ||s < Cd®.

We also need identical versions of the first two estimates for Vw, which hold
for the same reasons.
We set b = +/T. By Lemma 26, we have

[ i =) (A3)
pI>VT
since the density becomes (5.18) after a change of variables and both terms

are of this order (the exponent of the exponential in the second contribution
is at least of order 1). This suffices to prove the statement. g
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Proof of Lemma 33. Using the estimates in the previous proof, the reader
can check that b = p!/3 suffices, since

[ = ollona®).
lp|>p*/?

This follows from an application of the Dominated Convergence Theorem
to

p +d+ (\/[Wp)

3/2 -1 dp

(poa)

1/3 =
> 255 \ /(02 + )2 + 2(p2 + o) V2P)
as in Lemma 26, and the fact that the other contribution in (5.18) is expo-

nentially small in this region (since pl/3 > T ). O

Proof of Lemma 34. Step 1. We start by looking at the first term in (5.52),
which does not involve ¢?/T. After adding absolute values within the inte-
gral sign, we employ similar reasoning to Lemma 26 to conclude that it is
O(¢%) as ¢ — 0. Similar to (A.8), we then have

| 1w <o
lp|>vT
which was one of our goals.
Step 2. We now restrict to the case ¢?/T < 1 and consider the full

integral of f. Again using that the first term in (5.52) only contributes
O(¢3), we have that

[rwip=o [ (1100 5
\/p + )2+ 2(p2 + d)(1 + 0)o Llon)

1
X 5 _ dp
e%\/(P2+d)2+2(p2+d)(1+9)a% -1
+0(¢”)
(1+0)0
d T
¢/ (p* +d)? +2<p +d)(1+0)o p+o(T¢)
272
e (T9).

\/d+2(1+9)0+\/a+0
(A.9)

The step before the last requires reasoning similar to Lemma 29, where the
application of the Dominated Convergence Theorem is facilitated by the fact
that (e* —1)"! < 2L

An identical argument leads to the estimate that [ |f] < CTé.

Step 3. For the case ¢*/T > O(1), the second line in (A.9) combined with

the Dominated Convergence Theorem applied as in Lemma 28 leads to the
desired conclusion. O
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Proof of Lemma 35. We first analyse the asymptotic behaviour of F as
d — oo. Writing A(p) = Vw(¢p)/a, we expand for d > A = O(1):

1A
2p2+d

2A
(p* +d) 1+ 5 =p’+d+A- + o(A/d).

+d

This tells us that the asymptotic behaviour of () is

1

_ 1
(2m) 3d¢54/A2(p)p?(pZ—|—d)dp'

Similarly, we can see that the asymptotic behaviour of —dq§2p(71) is

- (277)*3d<;55% / Az(p)Mdp. (A.10)

By our assumptions on the derivative of the potential, there exists a ¢ such
that |[Vw(p)| > 4ma for |p| < ¢/a. Hence, for d'/?¢a < C, the two sum of
the two contributions above is bounded below by

—2
V' (d?¢p)a?
Cd'l*g? / p2<(z92 +¢21?§2 I 2 O
lp|<c(d'/2¢pa)—1

whereas for d*/2¢a > C, it is bounded below by

9
% 2 )
RO s e R

To prove the claims about pgl) we first consider d > 1 and use (A.10)
(divided by d¢?). On the remaining compact 0 < d < C, we can apply
Lemma 26. 0

Proof of Lemma 37. Let VT < b < /T(/Ta)"'/%. Using (A.8), we first
notice that

//l dl b/yPO’é(p)‘/}(p - q)’)/pové(q)dpdq S Cap¢3 — 0(T4(]J3)'
plor|q|>

The same holds for the similar contribution to Ej involving ‘7(0) Using
(5.44) and (5.19), we see that the final contribution to the outer region is
also o(T*a?) since

/ 0 = o(T%/?), / PP = o(T*?).
Ip|>b p[>b
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We again use (5.44) and estimate the contribution from the inner region by

- - AV (0)]p — g]?
C’ // 7700 (p) V(p—Q)—V(O)—()g)q' 770 (g)dpdg
|pl,|q|<b

+ CAV(0)py00.5 / P2y = ol (p)dp
Ip|<b

+ CAV(0) / 7700 — 0| (p)dp / p*0(p)dp

|p|<b |p|<b

Lemmas 26 and 27 (where also the proof of Lemma 27 is important to deal
with the absolute value for the middle term) together with the properties of
7o and the properties of the potential pointed out below (A.7) imply that

this is indeed o(T*a?). O
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