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RESUME i

This document is Martin Wedel Jacobsen’s Ph.D. thesis, written at the
Department of Mathematical Sciences at the University of Copenhagen un-
der the supervision of Jesper Michael Mgller. It was submitted on April
30, 2014. The author’s Ph.D. studies at the department were supported by
the Danish National Research Foundation through the Center for Symmetry
and Deformation.

Abstract

This thesis develops some aspects of the theory of block fusion systems.
Chapter 1 contains a brief introduction to the group algebra and some simple
results about algebras over a field of positive characteristic. In chapter 2
we define the concept of a fusion system and the fundamental property of
saturation. We also define block fusion systems and prove that they are
saturated. Chapter 3 develops some tools for relating block fusion systems
to the structure of the center of the group algebra. In particular, it is proven
that a block has trivial defect group if and only if the center of the block
algebra is one-dimensional. Chapter 4 consists of a proof that block fusion
systems of symmetric groups are always group fusion systems of symmetric
groups, and an analogous result holds for the alternating groups.

Resume

Denne athandling udvilker nogle aspekter af teorien for blokfusionssys-
temer. Kapitel 1 indeholder en kort introduktion til gruppealgebraen og
nogle simple resultater om algebraer over et legeme med positiv karakteris-
tik. I kapitel 2 definerer vi konceptet et fusionssystem og den grundlaeggende
egenskab meettethed. Vi definerer ogsa blokfusionssystemer og beviser at de
er maettede. Kapitel 3 udvikler nogle vaerktgjer til at relatere blokfusion-
ssystemer til strukturen af gruppealgebraens center. Specielt bevises det at
en blok har triviel defektgruppe hvis og kun hvis blokalgebraens center er
en-dimensionalt. Kapitel 4 bestar af et bevis for at blokfusionssystemer for
symmetriske grupper altid er gruppefusionssystemer for symmetriske grup-
per, og et analogt resultat geelder for de alternerende grupper.
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CHAPTER 1

Introduction and preliminaries

The main object of study of this thesis is the group ring of a finite group
G.

DEFINITION 1.1. For any field F and any finite group G, the group
ring FG is an algebra over F. As a F-vector space, it has basis GG, and its
multiplication is the unique F-bilinear map satisfying g - h = gh for all
g,h € G.

An element of FG is typically written in the form geG Cg9 with each
¢y being an element of F. An alternative description of FG is to regard it
as the set of functions from G to F, with the multiplication being given
by the convolution formula (a * 8)(a) = 3_ ¢ a(g)B(g~ta). The function
o in this formulation corresponds to the element » ., a(g)g in the other
formulation.

The main reason for studying the group ring is that it determines the
possible actions of G on an F-vector space. Given an F-vector space V
on which G acts, V' becomes an FG-module by setting v.(3_ cqcq9) =
> geG CqV? for any v € V. Understanding the module theory of FG then
makes it possible to determine the ways in which G can act on a vector
space.

We record a few basic properties of group rings.

ProPOSITION 1.2. For any group homomorphism ¢ : G — H, the map
"+ FG — FH given by ¢*(3_,c6¢99) = Xgec Co®(g) s an F-algebra
homomorphism.

ProrosiTION 1.3. For any finite groups G and H, FG®FH is isomor-
phic to F(G x H). The isomorphism is given by mapping g @ h to (g, h).

A compact way of stating the above two properties is to say that the
group ring over F is a monoidal functor from the category of finite groups
with the direct product to the category of F-algebras with the tensor prod-
uct.

DEFINITION 1.4. The map 7 : FG — F induced by the group homomor-
phism G — 1 is called the augmentation map of FG.

The group ring can actually be given significantly more structure. It is
possible to define a comultiplication on FG which together with the aug-
mentation map makes FG into a coalgebra. Furthermore, the algebra and
coalgebra structure on FG interact in such a way as to make FG a Hopf
algebra. We will not need this additional structure, however.

We now fix the following notation. Choose a prime p, and let k& be the
algebraic closure of the field with p elements; unless otherwise specified, we
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2 1. INTRODUCTION AND PRELIMINARIES

will generally be working in a group ring kG where G is a finite group.
When X is a finite set of elements in an algebra A, we write XX for the
sum of the elements of X. When H is a group acting on an algebra A and
x is an element of A, we write 2/ for the orbit containing . When H is
a group acting on a set (or algebra) X, we write X for the subset (or
-algebra) consisting of the fixed points of the action. When x is an element
of an algebra A, we write Ann4(x) for the (left) annihilator of z in A. (The
left /right distinction will not matter as we will only use the notation in cases
where z is central in A.)

When H is a group acting on another group G, we write Cly(G) for
the set of orbits in G of the action of H. The main use of this notion is
that there is an action of H on kG induced by the action on G, and the
subalgebra (kG)! has a basis of the form {3C | C € Cly(G)}. We also write
Cl(G) for Clg(G), the set of conjugacy classes in G. Since Z(kG) = (kG)%,
Z(kQ) then has a basis of the form {3C | C € CI(G)}. When H and K are
subgroups of a group G, we write Autg(K) for the group of automorphisms
of K having the form = — 2 for some h € H. This group is isomorphic
to Ny (K)/Ch(K) and to Ng(K)Cq(K)/Cq(K). We also write Aut(K) for
the group of all automorphisms of K. We write .S, and A,, for the symmetric
and alternating groups on {1,...,n}. When N is any finite set, we also write
Sy and Ay for the symmetric and alternating groups on N. We write C,
for the cyclic group of order n.

When g is an element of G, we say that g is a p-element if its order is a
power of p, and we say that g is p-regular if its order is not divisible by p.
When P is a p-group and @ is a subgroup of P, we say that Q) is centric in
P if Cp(Q) is contained in Q.

We record two useful facts from group theory:

PropoSITION 1.5. Let g be an element of the finite group G and let
p be a prime. Then there are unique elements g, and g, of G such that

9 = 9pGp = Gp'Gp, 9p s a p-element, and g, is p-regular.

PROPOSITION 1.6. Let P be a p-group and let (Q be a proper subgroup
of P. Then Np(Q) # Q, and there is a chain of normal inclusions Q@ =

Qo1 <...4Qn =P.

We will routinely make use of the following fact: when P is a p-group
acting on a finite set X, |X| and | X are congruent modulo p. Often X
will be a set whose size expresses the coefficient on an element of G in some
x € kG, and we will then replace X by X7 for a suitable P.

1. Algebra decomposition

In this section we will establish a few basic facts about k-algebras. We
will show that a finite-dimensional k-algebra has a unique maximal decom-
position as a direct product of subalgebras, and that the center of the algebra
can de decomposed as the sum of two subspaces, of which one is a nilpotent
ideal and the other is isomorphic to k™ for some n. The proofs in this section
are mostly standard. For the results on lifting idempotents, we follow the
approach of [10].



1. ALGEBRA DECOMPOSITION 3

Unless otherwise specified, we always assume that our k-algebras have a
multiplicative identity.

DEFINITION 1.7. Let A be a k-algebra. A decomposition of unity in A
is a finite set X of elements of A such that 0 ¢ X, 22 = z and xy = 0 for
all z,y € X with x # y, and XX = 1.

PROPOSITION 1.8. For any decomposition of unity X in Z(A), A is
isomorphic to the direct product of the subalgebras Ax as x runs over X.
The isomorphism is given by mapping an element in [[,cx Az to the sum
of its components, while the inverse is given by mapping a € A to ax in each
component Ax. In each factor Ax, the unit element is x.

There is a similar result for decompositions of unity in A: they provide
a decomposition of A into a direct sum of A-submodules. We will not need
this, however. Since we are only interested in central decompositions of unity;,
we will only consider decompositions of unity in commutative rings, which
are somewhat easier to handle. Nevertheless, most of the results below have
analogues for noncommutative k-algebras.

LEMMA 1.9. Any decomposition of unity is linearly independent.

PROOF. Suppose that }__ dyx = 0. For any y € X, multiplying by y
gives dyy = 0, and then d, = 0 as y # 0. O

DEFINITION 1.10. A decomposition of unity X is said to be a refinement
of another decomposition Y if there exists a partition [ [, X; of X such that
for each i, XX, is an element of Y.

LEMMA 1.11. The relation “X is a refinement of Y7 is a partial order
on the set of decompositions of unity, with {1} as its minimal element.

Proor. Write X > Y if X is a refinement of Y it is obvious that X >
X. Suppose that X >V, and let X; and X; be two different blocks in the
partition of X. Then ¥X;-¥XX,; = 0 since zy = 0 for all z € X; and y € X},
so ¥X; and ¥.X; are different elements of Y. Then ), ¥X; = XX =11is a
sum over some subset of Y'; if it is a proper subset, the sum of the remaining
elements of Y is zero. But this is impossible since Y is linearly independent,
so every element of Y corresponds to a block of X. In particular, we must
have | X| > |Y].

Now if X > Y and Y > X, then | X| = |Y|. Then the partition of X
used in X > Y has as many blocks as there are elements of X, so each block
consists of a single element. This implies X =Y.

Now suppose that X > Y and Y > Z. Given an element z of Z, there
is a block Y; of Y that sums to z. Each element of Y; now corresponds to a
block of X; gathering these blocks together, we create a coarser partition of
X that has a block that sums to z. By doing this for each element of Z, we
create a partition of X in which every block sums to an element of Z, which
shows that X > Z. We have now shown that refinement is indeed a partial
order.

It is clear that {1} is a decomposition of unity. For any other decom-
position X, we have X > {1}, since we can take the partition of X with a
single block. (]
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LEMMA 1.12. Suppose that A is commutative. Any two decompositions
of unity have a common refinement.

PROOF. Let X and Y be decompositions of unity and let Z = {xy |
r € X,y € Yoy # 0}. For any zy € Z, we have (zy)?> = 2%y> = v,
and given z,2’ € X and y,y’ € Y with either z # 2/ or y # 3/, we have
(zy)(2'y") = (z2')(yy’) = 0. Then we also have zy # 2’y when z # 2/ or
y # 3, unless xy and x'y’ are both 0, so XZ = XX - XY = 1. Thus Z is a
decomposition of unity. We also have Z > X, since we can partition Z as
[ex{zy |y € Y,zy # 0}, and similarly we have Z > Y. O

THEOREM 1.13. Suppose that A is finite-dimensional and commutative.
Then there is a unique maximal decomposition of unity.

PROOF. Since a decomposition of unity is linearly independent, its size
is no larger than the dimension of A. Let X be a decomposition of unity with
| X | maximal, let Y be any other decomposition, and let Z be a common
refinement of X and Y. Since Z > X, we have |Z| > |X|, and since |X|
is maximal, this implies |Z] = |X|. As seen above, |Z| = |X| and Z > X
together imply Z = X, and then we have X > Y. Since Y was arbitrary, X
is maximal. (]

The generalisation of Theorem 1.13 to noncommutative k-algebras says
that any two maximal decompositions of unity are conjugate under A*.

ExXAMPLE 1.14. The requirement that A is finite-dimensional is essential
for Theorem 1.13. Consider an infinite-dimensional k-algebra A with basis
{e,e1,e2,€3,...} and multiplication given by €? = e, ee; = e;e = e? = ¢; for
all 4, and e;e; = 0 for all ¢ and j with ¢ # j. Here e is the multiplicative
identity of A, and for any n, the set {e; | 1 < i < n}U{e—> ", e} is
a decomposition of unity. These decompositions do not all have a common
refinement, so there is no maximal decomposition of unity.

DEFINITION 1.15. The elements of the maximal decomposition of unity
in Z(A) are called the primitive central idempotents of A. They may also
be called block idempotents or just blocks.

COROLLARY 1.16. Any central idempotent of A can be written as a sum
of block idempotents.

PROOF. Let e be a central idempotent; {e,1 — e} is a decomposition
of unity in Z(A), so we have X > {e,1 — e} where X is the maximal
decomposition. O

COROLLARY 1.17. Given any decomposition of unity X in Z(A) and any
block idempotent e, there is a unique x € X such that xe = e. For any other
element y of X, ye = 0.

PROOF. Let Z be the maximal decomposition of unity. Then Z > X,
and as seen above, each element of X is a sum of elements of Z, each element
of Z appearing in exactly one sum. This applies in particular to e; taking
x € X to be the element whose sum decomposition contains e we get xe = e.
For any other y € X, we get ye = 0, since y can be written as a sum of
elements of Z that differ from e. O
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Next we define a particular ideal of k-algebras, the Jacobson radical. We
will see that the Jacobson radical of Z(A) is nilpotent, and the k-span of the
blocks of A is a complementary subspace to the Jacobson radical in Z(A).

DEFINITION 1.18. Let A be a k-algebra. The Jacobson radical J(A) of
A is the set of elements of A that annihilate all simple A-modules.

LEMMA 1.19. Let A be a finite-dimensional k-algebra. J(A) is nilpotent,
and all nilpotent ideals of A are contained in J(A). When A is commutative,
J(A) is exactly the set of all nilpotent elements of A.

PROOF. In the sequence of inclusions J(A4) 2 J(A)?2 D J(A)3 D ... the
dimension is weakly decreasing and hence must stabilise. Let n be such that
J(A)" and J(A)"! have the same dimension; since J(A)"*1 C J(A)", we
then have J(A)"™1 = J(A)". Letting J = J(A)", J is then an A-module
such that J - J(A) = J. If J # 0, J contains a maximal submodule K, and
J/K is then simple. This implies J/K - J(A) = 0, and so J - J(4) C K,
which contradicts J - J(A) = J. Hence J = 0, and J(A) is nilpotent.

Now let I be a nilpotent ideal in A and let M be a simple A-module.
Then M1 is a submodule of M, so it is either M or 0. If MI = M, we get
MI™ = M for all n; but there is an n such that I™ = 0 since [ is nilpotent.
Hence we have M1 = 0, so I annihilates all simple A-modules. It is then
contained in J(A).

For the last part, note that when A is commutative, Az is an ideal of A
for any x € A. If x is nilpotent, then so is Az, so we get x € Az C J(A).
Thus every nilpotent element of A lies in J(A); conversely, all elements of
J(A) are nilpotent since J(A) itself is nilpotent. O

LEMMA 1.20. For any k-algebra A, J(A/J(A)) = 0.

PROOF. Let K be the preimage of J(A/J(A)) in A; this is an ideal in A.
Since J(A/J(A)) is nilpotent, there is some n such that J(A/J(A))" = 0;
then K™ C J(A). But J(A) is also nilpotent, so there is some m such that
J(A)™ = 0. Then K™ C J(A)™ = 0, so K is nilpotent and hence contained
in J(A). Then J(A/J(A)) = K/J(A) =0. O

THEOREM 1.21. Let A be a finite-dimensional k-algebra. Then J(Z(A))
equals J(A) N Z(A).

PROOF. Since J(A) is nilpotent, J(A)NZ(A) is a nilpotent ideal of Z(A);
it is then contained in J(Z(A)). Conversely, any element x of J(Z(A)) is
nilpotent, so Az is a nilpotent ideal of A. It is then contained in J(A) by
Lemma 1.19, so € J(A). Then we also have J(Z(A)) C J(A)NZ(A), and
so J(Z(A)) = J(A)NZ(A). O

THEOREM 1.22. Let A be a finite-dimensional commutative k-algebra
with J(A) = 0. Then A is isomorphic to k™ where n is the dimension of A.

PrOOF. By induction on n. We assume that A is a k-algebra with no
nilpotent elements other than 0, but we do not assume that A has a multi-
plicative identity. This will be useful for the induction step.

If n =1, A has a generator = such that 2> = cx for some ¢ € k. Since
is not nilpotent, ¢ is not zero, so ¢!z is an idempotent element of A. Then
A is isomorphic to k by the map dx — dc for d € k.
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Now let n > 2; we first prove that there is a nonzero x € A such that
xA # A. Suppose that x satisfies xA = A. Picking some k-basis B of A,
we can express the map a — xa as a matrix M. Since M has finitely many
entries, its entries are all contained in some finite subfield IF, of k. Then
multiplication by x preserves the F,-subspace generated by B; since this
space has finitely many points, any automorphism of it has finite order.
There is then some [ such that M! is the identity matrix, so z'b = b for
any b € B. Thus A has the multiplicative identity z!, and x is invertible.
This implies that if zA = A for all nonzero x € A, then A is a field. This is
impossible, since there are no nontrivial finite-dimensional field extensions
of k.

Thus we have a nonzero z € A with zA # A. Now the map a — za has
image A and kernel Anng(z), so dim(zA) + dim(Anny(z)) = n. For any
za € xA and any y € Anny(x), we now have za -y = y - xa = 0. Given
a z € AN Anng(x), we then have 22 = 0, so that z is nilpotent. Since
J(A) = 0, this implies z = 0. Then x A and Ann 4(z) have trivial intersection;
combined with the dimension formula above, this gives A = zA @ Anng(z)
as a k-vector space. Because of the multiplication formula, we actually have
A =1xA x Anny(z) as a k-algebra. We have already seen Ann4(z) # 0, and
we also have £ A # 0 since it contains A. Thus both factors have dimension
less than n, so we may apply the induction hypothesis to them. O

The noncommutative analogue of Theorem 1.22 states that a finite-
dimensional k-algebra A with J(A) = 0 is isomorphic to a product of matrix
rings over k.

COROLLARY 1.23. Let A be a finite-dimensional commutative k-algebra.
Then A/ J(A) is isomorphic to k™ for some n.

PrOOF. By Lemma 1.20, J(A/J(A)) = 0, so the result follows from
Theorem 1.22. U

THEOREM 1.24. Let A be a finite-dimensional commutative k-algebra.
Any idempotent of A/ J(A) lifts to an idempotent of A, and this lift is unique.
Conversely, any primitive idempotent of A maps to a primitive idempotent
of A/J(A) under the quotient map.

PROOF. Let e be an idempotent element of A/J(A), and let a; be any
lift of e. Define a sequence (a,) by setting a,, = 3a2_; — 2a3_, for n > 2.
Then by induction each a,, is a lift of e: a,, maps to 3e2—2e3 =3e—2e¢ =ce.
Now since a? — a; maps to €2 — e = 0, we have a? —a; € J(A). We prove by
induction that a2 — a, € J(A)™
ai —Qan = (3%21—1 - 2a%—1)2 - (36131—1 - 2@%—1)

2
n—1

=4a8 | — 1243 | +9at | + 243 3a

n— n—1""
= (a’_y — an—1)(dap_; —8al_; +al_| +3ay_1)
2
el

= (a;_; — an_1)2(4a%_1 —4ap—1 —3)

Since a2_; —an—1 € J(A)" L, we have (a2_; —an—1)% € J(A)*»"2 C J(A)",

n—1

(
and so a2 — a, € J(A)". Now since every element of J(A) is nilpotent and
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A is finite-dimensional, there is some n such that J(A)™ = 0. For this n, a,
is then idempotent.

For the uniqueness, suppose that e has two different idempotent lifts a
and b. Then a — b is nilpotent, so there is some n such that (a — b)"™ = 0

"= a—b for all positive [,

for m > n. But we also have (a — b)P' = a?' — bP
which is a contradiction.

For the converse, let X be the set of primitive idempotents of A that
occur as lifts of primitive idempotents of A/J(A). Then ¥X maps to the sum
of all primitive idempotents of A/J(A), which is 1, so ¥X —1 € J(A). Since
> X and 1 are both idempotents, we can use the same uniqueness argument
to conclude that X = 1. Then the set of primitive idempotents of A that
do not lie in X sums to 0, so it is empty since the primitive idempotents are

linearly independent. U

THEOREM 1.25. Let A and B be finite-dimensional commutative k-alge-
bras, and let o : A — B be a surjective map. Fvery primitive idempotent of
B lifts to a primitive idempotent of A.

PrROOF. Write 74 : A — A/J(A) and 7 : B — B/J(B) for the quo-
tient maps. The kernel of the map mgo¢ : A — B/J(B) contains J(A),
since J(A) is nilpotent and the only nilpotent element of B/J(B) is 0. Then
the map factors through A/J(A), so there is a map ¢ : A/J(A) — B/J(B)
such that g oy = mp o 9. Now if e is a primitive idempotent of B, wg(e)
is a primitive idempotent of B/J(B). Suppose that we can lift 7z(e) to a
primitive idempotent of A/J(A); we can then lift it further to A, obtain-
ing a primitive idempotent f of A such that ¢(f) —e € J(B). Picking a
large enough n, we then have (o(f) — e)?" = 0; this implies o(f) — e =
O(f)P" —eP" = (o(f) —e)P" =0, so that ¢(f) = e. It is therefore enough to
prove that any primitive idempotent of B/J(B) can be lifted to A/J(A).

A/J(A) and B/J(B) both have trivial Jacobson radical, so they are
isomorphic to some power of k. Let X be the maximal decomposition of unity
in A/J(A); this is a basis for A/J(A) since A/J(A) =2 k™. Let X' = {z €
X | ¢(x) # 0}; then ¢(X') spans B/J(B) since @ is surjective. Additionally,
@(X') is a decomposition of unity, so it is linearly independent and so a basis
of B/J(B). No decomposition of unity in B/J(B) can have more elements
than @(X'), since it would then not be linearly independent, so ¢(X’) is the
maximal decomposition of unity in B/J(B). It then contains all primitive
idempotents of B/J(B). O

THEOREM 1.26. Let A be a finite-dimensional commutative k-algebra,
and let X = {e1,...,en} be the mazimal decomposition of unity in A. The
k-span of X is a subalgebra E isomorphic to k™ such that A= E ® J(A) as
a k-vector space. Additionally, J(A) is isomorphic to T[]}, J(Ae;).

PRrROOF. The multiplication rules for elements of X ensure that E is a
subalgebra. Given an element x = " | dje; € E, we have 2™ = Y | d™e;,
which can be zero only when 2 = 0. Then ENJ(A) = 0. Conversely, A/J(A)
is isomorphic to k! for some [, and the primitive idempotents of A/J(A) lift
to primitive idempotents in A. It follows that E maps surjectively onto
A/J(A), so we must have A = E @ J(A) as a k-vector space.
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Now for any = € J(A) and any e;, xe; is nilpotent. Then J(A)e; C J(A),
so we get [, J(A)e; € J(A). The other inclusion is obvious, so we have
[T, J(A)e; = J(A). Finally, we have J(Ae;) C Ae; N J(A) C J(A)e; since
every element of J(Ae;) is nilpotent, and we also have J(A)e; C J(Ae;) since
every element of J(A)e; is nilpotent. Hence J(Ae;) = J(A)e;. O

We also note a small lemma that will be useful later.

LEMMA 1.27. Let A be a finite-dimensional commutative k-algebra, and
suppose that 1 is a primitive idempotent of A. Then J(A) is the unique
mazximal ideal of A.

PrOOF. It is enough to show that every element of A that is not in
J(A) is invertible. We have A = E & J(A) as a k-vector space where E is
the subspace generated by 1. An element of A that is not in J(A) can then be
written as c+x with ¢ € E, z € J(A), and ¢ # 0. Since c is a nonzero element
of E, it is invertible, and x is nilpotent since it is an element of J(A). Then
Yoo o(=1)"e 1z is a well-defined element of A, and a straightforward
calculation shows that it is the multiplicative inverse of ¢ + x. O

LEMMA 1.28 (Rosenberg’s lemma). Let A be a finite-dimensional com-
mutative k-algebra, let I, ..., I, be ideals in A, and let e be a primitive
idempotent of A. If e is an element of the ideal > | I;, then there is some
i such that e € I;.

PRrROOF. For each i, el; is an ideal of eA. Since e = e, e is an element of

>, el;, so this ideal is all of e A. Since every proper ideal of eA is contained
in J(eA), there must be an i such that el; = eA. Since el; C I;, it follows
that e € I;. O

To round out this section, we use the augmentation map of kG to dis-
tinguish one particular block.

THEOREM 1.29. Let n: kG — k be the augmentation map. There exists
a unique block b of kG with n(b) = 1; for any other block e, n(e) = 0.

PROOF. Let eq,...,e, be the blocks of kG. Since each e; is idempotent,
n(e;) is an idempotent element of k, so it is either 0 or 1. Now given two
different idempotents e; and e;, we have 7(e;)n(ej) = n(e;e;) = n(0) =0, so
n(e;) can be 1 for at most one 7. On the other hand, we have Y ;" | n(e;) =
n(>or e) =n(l) =1, so there must be some ¢ for which n(e;) = 1. O

DEFINITION 1.30. The unique block b of kG with n(b) = 1 is called the
principal block of kG.



CHAPTER 2

Fusion systems

For any finite group G and any prime p, one can define a fusion system
at p on G. The main idea behind this concept is to isolate the part of the
structure of G that can be described in terms of the p-subgroups of G.

DEFINITION 2.1. Given a group G with Sylow p-subgroup P, the fusion
system Fp(G) is a category defined as follows. The objects of Fp(G) are
the subgroups of P, and given any two objects ) and R, the maps from
Q@ to R are all group homomorphisms of the form x + z9 for some g € G
such that Q9 < R. The composition of maps is the usual composition of
homomorphisms.

The particular choice of P is irrelevant since a conjugation map from
one Sylow p-subgroup to another provides an isomorphism between the cor-
responding fusion systems.

ExaMPLE 2.2. Let G be the symmetric group on 4 elements, let d =
(1234) and let s = (13). Then P = (s,d) is a Sylow 2-subgroup of G,
isomorphic to the dihedral group of order 8. The fusion system Fp(G) con-
tains the four inner automorphisms of P (given respectively by mapping
(s,d) to (s,d), (sd? d), (s,d®), and (sd? d>)) and all their restrictions. It
additionally contains all six automorphisms of the subgroup (sd,d?) (given
by permutations of the three nontrivial elements sd, d?, and sd®) and all
their restrictions. It does not contain any other morphisms.

1. Abstract fusion systems

In order to better study fusion systems of groups, it is useful to have an
abstract description of what these fusion systems look like. The definitions
and much of the theory were originally developed by Lluis Puig (see [9]).
Puig did not initially publish his work, but his approach was taken up by
others in the interim. As a result, there are now two competing sets of
terminology. This thesis uses the second set, which was also used in [3] and
[2], both of which are broad surveys of the then-current literature.

This chapter broadly follows [2] in its approach, although many of the
proofs are simplified because we do not consider the more general case of
arbitrary k-algebras with G-action.

DEFINITION 2.3. Let P be a p-group. A fusion system F on P is a
category whose objects are the subgroups of P. The set of morphisms from
Q@ to R must be a subset of the set of injective homomorphisms from Q to R,
with composition given by the usual composition of homomorphisms. The
morphisms from ) to R must include all morphisms given by x +— z9 for
some g € P such that Q9 < R. For any morphism ¢ : Q — R, the restriction

9
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1

v Q — ¢(Q) and its inverse ¢~ : p(Q) — @ must also be morphisms in

F.

It should be noted that whenever ¢ is a homomorphism in a fusion
system F with domain @), the restriction of ¢ to any subgroup of @) is also a
morphism in F. This is because given any R < @, the inclusion map from R
to @ lies in F since it is given as conjugation by the identity element. Then
we can compose this inclusion map with ¢ to obtain the restriction of ¢ to
R.

The definition obviously encompasses fusion systems of finite groups,
but it is much too general to be of any real use by itself. Because of this,
one defines a property called saturation that provides strong restrictions on
the structure of a fusion system.

DEFINITION 2.4. Two subgroups @ and R of P are called F-conjugate if
there exists an isomorphism from @ to R in F. A subgroup @ is called fully
automised if Autp(Q) is a Sylow p-subgroup of Autz(Q). A subgroup Q is
called receptive if the following holds: for any F-isomorphism ¢ : R — @
there exists an F-morphism ¢ : N, — P whose restriction to @} equals ¢,
where N, = {g € Np(R) | (z = p(¢™ ' (2)9)) € Autp(Q)}.

A fusion system F is called saturated if every subgroup of P is F-
conjugate to a subgroup that is fully automised and receptive.

PROPOSITION 2.5. Let G be a finite group and P a Sylow p-subgroup of
G. The fusion system Fp(QG) is saturated.

PRrROOF. Let @ be a subgroup of P and let S be a Sylow p-subgroup of
N¢g(Q) containing Q. Pick a g € G such that S9 < P; then Q9 < P and
Q is Fp(G)-isomorphic to Q9. We will show that @9 is fully automised and
receptive. Since SY is contained in P and is a Sylow p-subgroup of Ng(Q9),
we must have Np(Q9) = S9. Then Autp(Q9) = Np(Q9)Cq(QY)/Ca(Q?) is
a Sylow p-subgroup of Autg(Q7) = Ng(QY)/Cq(Q7). Since Autr, () (QY) =
Autg(Q9), this shows that @7 is fully automised.

Next we will prove that QY is also receptive. To ease the notation a bit,
we drop the g and just write @ and S instead of @9 and SY9. We then have
Q < S < P with S = Np(Q) and S being a Sylow p-subgroup of Ng(S).

Now let R < P and h € G such that R" = Q. Let ¢ : R — Q be the map
z — o and set N, = {k € Np(R) | (z — (¢~ (2)*)) € Autp(Q)}. Note
that (¢~ (x)*) equals 2" "k Then for any k € N, we have Qkh = (@, so
that NLL < Ng(Q). In fact we have Nf; < 5C¢(Q) since for any k € N, the

automorphism z 2+ of @ is represented by an element of Np(Q) = S.
Note that SCg(Q) is in fact a group, since S normalizes ) and hence
also Cg(Q). Furthermore, S is a Sylow p-subgroup of SC¢(Q), since it is
a Sylow p-subgroup of the larger group Ng(Q). Since N£ is a p-subgroup
of SC(Q), there exists then an a € SCg(Q) such that Nga < S. Then

¢ = (z — x") is an Fp(G)-morphism from N, to P. If we can prove that
we can choose a to be an element of C(Q), we also find that the restriction
of @ to R equals . Then (@ is receptive.

To prove this last part, let T" be an arbitrary Sylow p-subgroup of
SC;(Q). Then there is an a € SC;(Q) such that S* = T. Write a = st
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with s € S and t € Cg(Q); then T = S5t = St. Thus T is conjugate to S
under C(Q), so all the Sylow p-subgroups of SC;(Q) are conjugate under
Ca(Q). g

It is not true, however, that every saturated fusion system occurs as the
fusion system of a group. The first example of this phenomenon is essentially
due to Ron Solomon, who discovered a family of fusion systems on certain
2-groups that could not occur as fusion systems of a finite group. Solomon’s
work predates the development of the concept of fusion systems, but was
reformulated in these terms by Ran Levi and Bob Oliver (see [7] and [8]).

When a fusion system is saturated, its structure can be fully recovered
from a comparatively small amount of information. It is sufficient to know
the F-automorphism groups of the centric subgroups of P. This was first
proved by Jonathan Alperin for group fusion systems (see [1]), and his result
extends nicely to all saturated fusion systems.

LEMMA 2.6. Let F be a fusion system on P, let QQ be a fully automised
and receptive subgroup of P, and let R be a subgroup of P that is F-
isomorphic to Q. Then there is a map ¢ : Np(R) — Np(Q) such that

p(R) = Q.

PROOF. Let ¢ : R — Q be an F-isomorphism. The set H = {yrp~! |
k € Autp(R)} is a p-subgroup of Autz(Q). Since @ is fully automised,
Autp(Q) is a Sylow p-subgroup of Autz(Q), so there is a p € Aut£(Q) such
that H? < Autp(Q). Now p~'4 is an F-isomorphism from R to @, and
H? equals {p~"rtp~1p | kK € Autp(R)}. Then N,-14 = Np(R), so p~
extends to a map ¢ : Np(R) — P with ¢(R) = Q. Obviously ¢(Np(R))
normalizes p(R) = @, so p restricts to a map from Np(R) to Np(Q). O

THEOREM 2.7 (Alperin’s Fusion Theorem). Let F be a saturated fu-
ston system on P, and let £ be the smallest fusion system on P satisfying
Aute(Q) = Aut £(Q) whenever @ is a centric subgroup of P. Then & = F.

PRrROOF. Obviously, £ is a subsystem of F. Suppose that £ # F, and
let ¢ : Q@ — R be an F-morphism that is not in £. We can choose ¢ such
that |@| is maximal; then @ # P since Autg(P) = Autyz(P). Since F is
a fusion system, we can also assume that ¢ is an isomorphism. Since F is
saturated, we can pick a fully automised and receptive subgroup S of P such
that S is F-isomorphic to both () and R. Then F contains isomorphisms
Y :Q — Sand p: R— S that extend to Np(Q) and Np(R), respectively.
Since Q # P, Np(Q) and Np(R) are larger than @, so ¢ and p are maps in F
by the maximality of |Q|. Then k = ppt)~! is an F-automorphism of S that
is not an £-morphism; it follows that S is not centric. Since S is receptive,
Kk extends to an automorphism of N, and it is clear from the definition
that N, contains C'p(S). Then N, is larger than S, and the extension of
is an F-morphism by the maximality of |@|. Then x is an F-morphism, a
contradiction. O

COROLLARY 2.8. Let £ and F be saturated fusion systems on P, and

suppose that Autg(Q) = Autrz(Q) whenever Q is a centric subgroup of P.
Then & = F.
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Theorem 2.7 is is a rather weak form of Alperin’s Fusion Theorem. It is
possible to require Autz(Q) = Autg(Q) for a somewhat smaller collection of
subgroups of P (see for example [2, Theorem 1.3.5]). Defining this collection
requires one to know the fusion system JF, however, so the stronger forms of
the theorem do not lead to a strengthening of Corollary 2.8.

ExaMPLE 2.9. Let P be the dihedral group of order 8, with generators
s and d such that s> = d* = 1 and ds = sd®. Using Alperin’s Fusion
Theorem, we can determine all saturated fusion systems on P. P has four
centric subgroups: P itself, C = (d), V; = (s,d?) and V5 = (sd,d?). Now
let F be a saturated fusion system on P. Autz(P) is a subgroup of Aut(P)
that has Autp(P) as a Sylow 2-subgroup; since Autp(P) has index 2 in
Aut(P), we must have Autz(P) = Autp(P). Similarly we have Autp(C) =
Aut(C), so Autrz(C) = Autp(C). This leaves Vi and V. Here Aut(V;) is
isomorphic to S3, and Autp(V;) is a subgroup of order 2. Then Autz(V;)
must be either Autp(V;) or all of Aut(V;). There are then at most four
saturated fusion systems on P, depending on the choice for Autx(V;) and
Autx(V32), and all four possibilities can actually be realised. Two of these are
isomorphic through an outer automorphism of P that interchanges V; and
V4, so this leaves three essentially different saturated fusion systems on P.
All three occur as fusion systems of groups: the fusion system of P itself has
Aut£(V;) = Autp(V;), the fusion system of Sy has Aut (V1) = Aut(V1) and
Autz(V2) = Autp(V3), and the fusion system of Ag has Aut£(V;) = Aut(V;).

2. Block fusion systems

It is possible to associate a fusion system to each block of a group ring.
The first step to constructing these fusion systems is to define the Brauer
pairs, which function as an analogue of the p-subgroups of G.

DEFINITION 2.10. A Brauer pair is a pair (P, e) where P is a p-subgroup
of G and e is a primitive central idempotent of kCq(P).

The group G acts on the set of Brauer pairs the action (P,e)? = (P9, ¢e9).
This definition makes sense because the map x — z9 provides an isomor-
phism from kCg(P) to kCq(P9). We can then define the group Ng(P,e) to
consist of those elements g of G for which (P,e)9 = (P, e). This is always a
subgroup of Ng(P) that contains PCg(P). When P is the trivial subgroup
of G, this implies Ng(P,e) = G, so that every element of g fixes (P, e).

We next define a partial order on the set of Brauer pairs, analogous to
inclusion of p-subgroups.

DEFINITION 2.11. Let P and @ be p-subgroups of G with ¢Q < P. The
Brauer homomorphism Brp,q is the map from (kC(Q))" to kCq(P) given
by ZQECG(Q) dgg — deCG(P) dgg (note the change in summation range).
When @ is the trivial subgroup, Brp,g may also be denoted Brp.

A Brauer pair (@, f) is said to be normal in another pair (P, e) if Q < P,
f € (kCa(Q))F, and Brp/o(f)e = e; this is written (Q, f) < (P,e). (Q, f)
is said to be contained in (P,e) if there is a chain of normal inclusions

(Q, f) <(Q1, f1) ... < (Qn, fn) I (P, e); this is written (Q, ) < (P, e).
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The requirement Br P/Q( f)e = e deserves some explanation. It will turn
out that when (@, f) is a Brauer pair, Brp/g(f) is a central idempotent of
kCq(P). Thus Brp,o(f)e is equal to either e or 0.

It is easy to see that the Brauer homomorphism commutes with the
action of G, in the sense that ((kCq(Q))F) = (kCq(QY))F and Brpg(x)d =
Brpg/qs(x9) for any z € (kCq(Q))F. This implies that the action of G
preserves inclusion of Brauer pairs.

ExXAMPLE 2.12. Consider the group G = A4 at p = 3, and let P =
((123)). kCq(1) = kG has two primitive central idempotents, namely e =
1+(12)(34)+(13)(24) +(14)(23) and f = 2-(12)(34)+2-(13)(24)+2-(14)(23).
Ca(P) is just P and kC¢/(P) has one primitive central idempotent, namely 1.
Both e and f are P-invariant, and we have Brp,g(e) = 1 and Brp,q(f) = 0.
Thus (1,e) < (P, 1), while (1, f) is not contained in a Brauer pair at P.

EXAMPLE 2.13. Consider the group G = (g,h | ¢> = h* = 1,h9 = h?)
at p = 2. Define subgroups P = (h) and Q = (h?), and let o € k be
a primitive third root of unity. kCs(1) = kG has two primitive central
idempotents, e = 1+ h + h? and f = h + h%. Now Cg(Q) = (g,h?), and
there are three primitive central idempotents of kCq(Q): ¢ = 1+ h + h?,
fi=1+ah+a?h? and f}, =1+ a?h+ ah®. Both e and f are Q-invariant,
and we have Brg(e) = ¢’ and Brg(f) = h+h? = f{+ f}. Then (1,€) <(Q, €),
(L, f) 2(Q. f1), and (1, f) 2(Q, f3).

Now Cg(P) is (h), and kCq(P) has just one primitive central idempo-
tent, namely 1. Now ¢’ is P-invariant and Brp,g(e') = 1, so (Q,¢') I (P, 1).
Then we also have (1,e) < (P,1). f{ and f} are not P-invariant, since
(O = f5, 50 (Q, f1) and (Q, f2) are not contained in any Brauer pair at
P. Finally, both e and f are P-invariant, and we have Brp(e) = 1 and
Brp(f) = 0. Then (1,e) < (P,1), while (1, f) is not contained in a Brauer
pair at P.

The next step will be to show that whenever (P,e) is a Brauer pair
and @ < P, there exists a unique primitive central idempotent f of kCq(Q)
such that (Q, f) < (P, e). First we record some useful facts about the Brauer
homomorphism.

THEOREM 2.14. The Brauer homomorphism is a surjective k-algebra
homomorphism.

PROOF. It is obvious that Brp,q is k-linear, and it is surjective since
kCg(P) is a subalgebra of (kCq(Q))F and Brp/g(z) = z for z € kCq(P).
It only remains to check that Brp,q preserves multiplication. Let C,D €
Clp(Ca(Q)); we will show that Brp,q(XC - ¥D) = Brp,(XC) - Brp/g(XD).
If both C and D are contained in Cg(P), this is obvious.

If C is not contained in Cg(P), then every element in C lies outside of
Cg(P) since P fixes Cg(P). This implies Brp,o(XC) = 0. In this case we
should then have Brp,o(XC - ¥D) = 0. Now if D is contained in Cg(P), an
element of the form cd with ¢ € C and d € D cannot lie in Cg(P), since we
would then have ¢ = (cd)d™! € Cg(P). This implies Brp,o(XC - £D) = 0,
as desired. Suppose instead that D lies outside Cg(P), and let g € Cg(P)
be arbitrary. The coefficient of ¢g in XC - ¥D is the size of the set {(c,d) |
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c€C,d € D,cd = g}. P acts on this set by conjugation, and since C and D
lie outside of C(P), this action has no fixed points. It follows that g has
coefficient zero, and so we get Brp,(3C - XD) = 0. O

LEMMA 2.15. Let Q<KR<P be p-subgroups of G, and suppose that Q<IP.
Then Brp poBrpq is a well-defined map from (kCa(Q))” to kCq(P), and
it equals Brp,q.

PROOF. Since P normalizes both @ and R, its action on kC¢(Q) maps
(kCq(Q))F to itself, and we have BrR/Q(x)h = BrR/Q(a:h) for any z €
(kCa(Q))® and h € P. Then Brg,o((kCq(Q))") € (kCa(R))”, so Brp/g o
Brg/q is a well-defined map on (kC(Q))”. It is clear from the definition of
the Brauer homomorphisms that it equals Brp,q. (]

LEMMA 2.16. Let Q < P be p-subgroups of G, let z € kCg(Q), and
suppose that x € (kCa(Q))F. Then Brp/Q(ExP) =0.

PROOF. Since z € (kCq(Q))”, x¥ has size divisible by p. Now let g €
Cq(P); then x and 2" has the same coefficient on g for all h € P. It follows
that Yz has coefficient zero on g, so Brp/Q(ExP) = 0. O

LEMMA 2.17. Let Q < P be p-subgroups of G, and let X be a set of
elements of kCq(Q) such that X9 = X for all g € P. Then Brp/Q(EXP) =
Brp/g(XX).

PROOF. Let Y = X\XP and write Y = U?:l Y; where each Y] is a single
P-orbit. By the Lemma 2.16, Brp,o(XY;) = 0 for all 4, so Brp,p(XY) =
iy Brpg(Yi) = 0. Then Brp/g(XX) = Brp/g(SXF) + Brp/(XY) =
Brp/o(XX7). a

LEMMA 2.18. Let (P,e) be a Brauer pair and let Q < P. There exists a
unique primitive central idempotent f of kCq(Q) such that (Q, f) < (P, e).

PROOF. Let X be the set of primitive central idempotents of kCg(Q);
then Brp/o(XX") = Brp/o(£X) = 1 by Lemma 2.17. Z(kCq(Q))" is obvi-
ously central in (kCq(Q))¥, so we have BrP/Q(Z(kCg(Q))P) C Z(kCq(P))
since Brpq is surjective. Then the set {Brp/o(z) | © € X¥,Brp/g(x) # 0}
is a decomposition of unity in kCq(P). By Corollary 1.17, there is then a
unique f € XT such that Brp,o(f)e = e, and then (Q, f) is the unique
Brauer pair at @ such that (Q, f) < (P, e). O

LEMMA 2.19. Let (P,e) be a Brauer pair and let QQ < P. There exists a
Brauer pair (Q, f) at Q such that (Q, f) < (P,e).

PROOF. Since P is a p-group, there is a chain of normal inclusions Q) =
Qn<LQn-1<...4Q1 <9Qy = P. Set (Qo, fo) = (P,e); then by induction
and Lemma 2.18, there exists a Brauer pair (Q;, f;) such that (Q, f;) <

(Qi-1, fi-1). Then (Qn, fn) < (P, e). O
LEMMA 2.20. Let (Q, f) < (P,e) be two Brauer pairs, and suppose that
Q< P. Then (Q, f) 2 (P,e).

PRrROOF. Counsider first the case that there is a pair (R,g) such that
(@, f) (R, ) 4(P,e). Then Brgo(f)g = g and Brp/p(g)e = e. Let (Q, f')
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be the unique Brauer pair at Q with (Q, f') < (P, e); then f' € (kCq(Q))F C
(kCq(Q))%, so we may apply Brg/q to f'. Assume that f # f'; then f'f = 0.
This implies Brr/q(f')g = Brr/q(f')Brr/q(f)g = Brr/q(f' f)g = 0. Apply-
ing Brp/r, we get 0 = Brp/r(Brr/q(f'))Brp/r(9) = Brpjq(f)Brp/r(g) by
Lemma 2.15. But then Brp,q(f’)e = Brp/g(f')Brp/r(g)e = 0, contradicting
(@, /') < (Pye). Thus f' = f and (Q, f) < (Pye).

Now consider the general case: we have a sequence of normal inclusions
of Braver pairs (Q, f) 4 (R1,g1) ... < (Rpy1,gm-1) < (Rns gim) = (P.c).
Since @ is normal in P, it is also normal in each of the groups R;. Then
by the previous case, the normal inclusions (Q, f) < (R;, ¢i) < (Rit+1,9i+1)

imply (@, f) < (Ri+1, gi+1), so by induction we find that (Q, f) <(P,e). O

THEOREM 2.21. Let (P, e) be a Brauer pair and let Q < P. There exists
a unique Brauer pair (Q, f) at Q such that (Q, f) < (P,e).

Proor. By Lemma 2.19, there exists a Brauer pair at @ such that
(Q, f) < (P,e), so we only need to prove uniqueness.

Suppose that that there are Brauer pairs (P, e), (Q, f), and (Q, f) such
that (Q, f) < (Pye), (Q,f) < (P,e), and f # f’; we can pick P and @
such that |P : Q| is minimal with this property. Then we have sequences of
normal inclusions (@, f) = (Rm, 9m) I (Rm-1,9m—-1) J...<(R1,91) I(P,e)

and (@, ') = (Rl g) < (R s gy 1) 2. .- < (R, g4) < (P,) where we can
assume that Ry and R) are proper normal subgroups of P. Now we have a
sequence of normal inclusions @ = (R, N R}) <(R—1 NRY) ... < (RN
R})<(PNR}) = R} running from R} down to Q). We can refine this sequence
to a sequence of Brauer pairs ending in (R}, g]) by working downwards: a
Brauer pair at R; N R} contains a unique normal subpair at R;11 N RY.
In this way, we find a Brauer pair at @ that is a subpair of (R}, ¢}); this
must be (@, f') by the minimality of |P : @Q|. We make note of the Brauer
pair at Ry N R} in this sequence and denote it (Ry N R}, h'). We then have
(@ f) < (R N Ry, ) 2 (R, g}) < (Pe).

Interchanging the roles of (Q, f) and (Q, f'), we similarly construct an-
other Brauer pair (R; N R}, h) such that (Q, f) < (RiNR},h) <(Ri,¢91) <
(P,e). Since f # f', we must have h # h' by the minimality of |P : Q|. Now
Ry N R is the intersection of two normal subgroups of P, so it is normal in
P. Then we must have (R; N R}, h) <(P,e) and (Ry N R}, k") <(P,e), so by
Lemma 2.18, we have h = h/. This is a contradiction. O

Before continuing, we note a few useful corollaries of this result.

COROLLARY 2.22. Let (P,e) and (Q1, f1),---,(Qn, fn) be Brauer pairs
with (Qi, fi) < (P,e) for all i, and let R be a subgroup of P that contains all
the Q;. Then there is a unique Brauer pair (R, f) at R such that (R, f) <

(P,e) and (Qi, fi) < (R, f) for alli.

PROOF. Let (R, f) be the unique Brauer pair at R that is contained in
(P,e). Then for each Q;, there is a unique Brauer pair (Q;, f!) at Q; with
(Qir f1) < (R, f). Then (Qi, ) < (R, f) < (P,e), 50 (Qi, f) is the unique
Brauer pair at @); contained in (P, e). It is then equal to (Q;, f;). O
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COROLLARY 2.23. Let (P,e) be a Brauer pair containing (Q, f) and
(R,qg), and let h € P be an element with the property that Q" < R. Then

(Q, /)" < (R, 9).

PROOF. Let (Q", f') be the unique Brauer pair at Q" contained in (R, g);
then (Q", ) < (R, g) < (P,e). (Q, f)" is also a Brauer pair at Q" contained
n (P,e), so (Q, )" = (Q", f') by uniqueness of subpairs. O

COROLLARY 2.24. Let (Q, f) < (P,e) be an inclusion of Brauer pairs.

Then Np(Q, f) = Np(Q) and Autp(Q, f) = Autp(Q).

PRrOOF. For any h € Np(Q), we have Q" = Q. Then (Q, f)* = (Q, )
by the Corollary 2.23, so Np(Q) = Np(Q, f). Dividing out by Cq(Q), w

also get Autp(Q) = Autp(Q, f). D

The uniqueness of subpairs makes it possible to partition the set of
Brauer pairs into disjoint subsets, one for each block.

DEFINITION 2.25. The Brauer pair (P, e) is said to be associated to
the block b if (1,b) < (P,e). A Brauer pair associated to b is also called a
b-Brauer pair.

THEOREM 2.26. Each Brauer pair is associated to a unique block. For
any inclusion of Brauer pairs (Q, f) < (P,e), (Q, f) and (P, e) are associated
to the same block. For any Brauer pair (P,e) and any g € G, (P,e) and
(P,e)9 are associated to the same block.

PROOF. Given a Brauer pair (P, e), there is a unique block b with (1,b) <
(P,e) by Theorem 2.21. Then (P, e) is associated to b but not to any other
block. If we have (@, f) < (P,e) with (Q, f) associated to b, then (1,b) <
(Q, f) < (Pye), so (P,e) is associated to b. If (1,b) < (P,e) and g € G, then
(1,6) = (1,b)9 < (P,e)9 since b is central in kG, so (P, e)? is associated to
b. O

Since G acts trivially on the set of blocks of kG, the action on the set of
Brauer pairs restricts to an action on the set of b-Brauer pairs, where b is
any block of G. This makes it possible to define a fusion system associated
to the block b.

DEFINITION 2.27. Given a block b and a maximal b-Brauer pair (P, e),
the fusion system F(p)(b) is defined as follows. For any @ < P, let (Q, eq)
be the unique Brauer pair at Q with (Q, eq) < (P, e). The maps in F(p(b)
from ) to R are all maps of the form = +— x9 where g is an element of G
such that (Q,eq)? < (R, er).

Note that Corollary 2.23 guarantees that JF(p.(b) is in fact a fusion
System.

EXAMPLE 2.28. Consider the group G = (g,h,k | ¢° = h? = s? =
1,gh = hg,g° = g*,h® = h?) at p = 5. Set P = (g) and let a € k be
a primitive third root of unity. G' has two blocks, e = 24+ 2 - h + 2 - h?
and f = 4+ 3-h+3-h% We have Cg(P) = (g,h) and there are three
Brauer pairs at P, given by the primitive idempotents ¢/ =2 +2-h +2- h2,
fi=2+2a-h+2a2-h? and f§ = 2+2a% -h+2a-h?. (P,¢€) is associated to e,
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while (P, f]) and (P, f}) are associated to f. Now s maps (P, ¢’) to itself, so
F(pery(e) is the fusion system on P that contains the automorphism g — gt
of P in addition to the identity map. It is also the group fusion system of
the subgroup (g, s). (P, f1) and (P, f3) are interchanged by s, so F(p1)(f)
is the fusion system on P that has only the identity map on P. It is also the
group fusion system of P itself.

As written, the definition of F(p.)(b) depends on the choice of (P, e).
The next step will therefore be to prove that all maximal b-Brauer pairs are
conjugate, so that the choice of (P, e) becomes irrelevant. Afterwards we will
prove that F(p(b) is in fact saturated.

DEFINITION 2.29. We write SCL,(G) for the set of conjugacy classes of
p-subgroups of . This is a partially ordered set, with ordering given by
C < D if there exist P € C and @ € D such that P < ). We define a map
S : CI(G) — SCl,(G) by letting S(C) be the conjugacy class of the Sylow
p-subgroups of Cg(c) where ¢ is any element of C. When C € Cl(G) and
c € C, we also write S(c) for S(C). Whenever b =" __~ cqg is a block of kG,
we write S(b) for the set {S(g) | ¢4 # 0}.

Let b be a block of kG and let C be a maximal element of S(b). The
groups in C are called defect groups of b.

geG

The reason for this definition is that it will turn out that when (P, e) is
a maximal b-Brauer pair, P is a defect group of b.

THEOREM 2.30. Let M be a downward closed subset of SCL,(G), and let
Inr be the k-span of {XC | C € CI(G),S(C) € M}. Then Iy is an ideal of
Z(kQ).

PROOF. It is enough to prove that if C and D are elements of Cl(G)
with S(C) € M, then 3C - XD € Is. For any g € G, the coefficient on ¢ in
Y.C - XD is the size of the set X = {(¢,d) | c€ C,d € D,cd = g}. Let P be a
Sylow p-subgroup of C(g); P acts on X by conjugation. Suppose now that
S(g) € M. Since M is downward closed, we have S(g) ¢ S(C), implying
that P is not contained in a Sylow p-subgroup of Cg(c) for any ¢ € C. Then
P £ Cq(c) for all ¢ € C, so the action of P on X has no fixed points. Then
g has coefficient zero in 3C - ¥D. O

THEOREM 2.31. For any block b of kG, S(b) has a unique maximal
element.

PROOF. Let Y be the set of maximal elements of X, and define CS =
{D € SCL,(G) | D < C} for any C € SCL,(G). Set M = (Jgey C=; then
X C M so that e € Iy;. We clearly have Iy, = ZCGY I-<, so by Lemma
1.28, b lies in I.< for some C € Y. This is only possible if ¥ consists of a
single element. O

Thus defect groups of a block are unique up to conjugation.

In [2], one characterisation of defect groups is given in terms of the
trace map. For any subgroup H of G, the trace map from (kG)¥ to (kG)%
is given by = — > geH\G 29, and the defect groups of b are characterised
as the minimal subgroups with the property that b lies in the image of the



18 2. FUSION SYSTEMS

subgroup’s trace map. The connection with this characterisation is that the
ideal I,< is in fact the image of the trace map of any group in C.

Next we establish the connection between defect groups and maximal
Brauer pairs.

LEMMA 2.32. Let (P,e) be a mazimal Brauer pair. (P, e) is associated
to a block b with defect group P, and all Brauer pairs at P associated to b
are conjugate.

PrOOF. Let X = eV¢(®) and let R be a p-subgroup of G such that
P <4 R; we then have Brg/p(XX) = BrR/p(ZXR) by Lemma 2.17. For
any f € X we have Brg/p(f) = 0 since (P, f) is conjugate to (P,e) and
therefore maximal. Then Bry,p(XX) = 0. Now let g € C(P) be an element
with nonzero coefficient in XX, and let T be a Sylow p-subgroup of C¢(g)
containing P. If P # T, we can set U = Nr(P), and we then have U # P
and Bry/p(XX) # 0, a contradiction. Then 7' = P, and we have S(g) = [P]
for all g € C(P) with nonzero coefficient in XX

Now suppose that z and y are elements of Cg(P) such that S(x) =
S(y) = [P], and x and y are conjugate in G. Pick a g € G with z9 = y;
then P < Cg(y) and P9 < Cg(29) = Cg(y). Since S(y) = [P], P and
P9 are then conjugate in Cg(y), so there is some h € Cg(y) such that
P9" = P. Then gh € Ng(P) and 29" = y" = 5, so 2 and y are conjugate
under Ng(P). It follows that for any x € Cg(P) with S(z) = [P], we have
Brp(Xz%) = L2NVe(®), In particular, YzN¢(P) lies in Brp(Z(kG)) provided
that z € Cq(P) and S(z) = [P]. Now XX is a linear combination of elements
of this form in kC¢(P), because only elements g with S(g) = [P] can have
nonzero coefficient in ¥X and XX is invariant under Ng(P). Then XX is
an idempotent in Brp(Z(kG)), so by Theorem 1.25 and Corollary 1.16 there
is some idempotent b of Z(kG) with Brp(b) = £X.

In fact, b can be chosen to be primitive. Let ¥’ be the primitive idem-
potent such that (1,b') < (P,e); then Brp(d')e = e. Conjugating by any
element g of Ng(P), we get Brp(V/)e? = €9, and adding these equations, we
obtain Brp(V') - XX = XX. Then Brp(b'b) = Brp(t/) - XX = XX # 0, so
b'b # 0. By Corollary 1.17 we must then have b'b = ', and so Brp(b') =
Brp(b'b) = £X.

Now suppose that S(b') contains a C with [P] < C. Then we can pick an
R with P <1 R such that Brg(d’) # 0; but this is impossible since Brg (V') =
Brgp/p(Brp(t')) = Brg/p(XX) = 0. Then [P] is a maximal element of S(b'),
so b’ has defect P. Finally, since Brp(d') = XX, the Brauer pairs at P
associated to b’ are precisely the pairs (P, f) with f € X, and these are all
conjugate. O

THEOREM 2.33. All maximal Brauer pairs associated to a particular
block of G are conjugate.

PROOF. Let b be a block of G with defect P and let (@, e) be a maximal
Brauer pair associated to b. By the previous lemma, @) is also a defect group
of b and so conjugate to P. Then (Q, e) is conjugate to a maximal Brauer pair
at P associated to b. As all Brauer pairs at P associated to b are conjugate,
the result follows. U
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Before we proceed with the proof of saturation, we show that the fusion
system associated to the principal block is particularly simple.

LEMMA 2.34. Let b be the principal block of G. A Brauer pair (P,e) is
associated to b if and only if e is the principal block of kCq(P).

PROOF. We prove first that if (Q, f) < (P,e) and e is principal, then
f is principal. It is enough to consider the case (@, f) < (P, e), since the
general case follows by a straightforward induction.

Write ng and np for the augmentation maps of kCq(Q) and kCq(P);
we will first prove that np(Brpg(z)) = no(z) for any z € (kCa(Q))”.
(kC(Q))* has the basis {XC | C € Clp(Ce(Q))}, and it is enough to prove
the formula for each element of this basis. Take a C € Clp(Cs(Q)), and
suppose first that C consists of a single element. Then this single element lies
in Cg(P), so np(Brp,o(XC)) =1 =nq(XC). If C does not consist of a single
element, none of its elements are fixed points of P, so np(Brp,p(2C)) =
np(0) = 0. Since P is a p-group, the size of C is divisible by p in this case,
so we also have 7g(3C) = 0.

Now Brp/q(f) is a sum of primitive idempotents of kC(Q); since e is
one of these idempotents, we must have np(Brp,q(f)) = 1. Then ng(f) =1
and f is principal. Considering the case @) = 1, we see that if (P,e) is a
Brauer pair with e principal, then (P, e) is associated to the principal block
bof G.

Let S be a Sylow p-subgroup of G and let g be the principal block of
kCq(S). Then (S, g) is associated to the principal block b, and (S,g) is
maximal since S is a Sylow p-subgroup. Then the maximal Brauer pairs
associated to b are all principal. Any Brauer pair associated to b is then
contained in one of these pairs, so it is also principal. O

THEOREM 2.35. The fusion system associated to the principal block of
G is isomorphic to the group fusion system of G.

PROOF. Let b be the principal block of G. By the previous lemma, there
is exactly one Brauer pair associated to b at each p-subgroup of G; write
(@, eq) for the Brauer pair at () associated to b. Then a Sylow p-subgroup S
of G is a defect group of b. For any subgroups P and ) of S and any g € G,
we see that P9 < @ implies (P, ep)? < (Q,eq) since (P,ep)? is the unique
Brauer pair at P9 associated to b. Then Fg.)(b) = Fs(G). O

Finally we prove that the fusion system associated to a block is saturated.
The proof is rather similar to the proof for fusion systems of a group, but it
requires a few lemmas first.

LEMMA 2.36. Let P be a p-subgroup of G, and let H be a subgroup of
G that contains PCq(P). Then for any p-subgroup Q of H that contains P,
there is a one-to-one correspondence between Brauer pairs in H at QQ and
Brauer pairs in G at Q given by the identity map on kCq(Q), and these
correspondences preserve inclusion.

PrROOF. Let @ be a p-subgroup of H containing P. Then Cg(Q) <
Ca(P) < H,so Cy(Q) = Ce(Q). Then a Brauer pair at ) in H is given by
a primitive central idempotent in kC¢(Q), so the identity map on kCq(Q)
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provides a one-to-one correspondence with Brauer pairs at ) in G. Given
two p-subgroups ) and R of H with P < R <@, the Brauer map Brg g
is defined identically in G and in H. The correspondences then preserve
normal inclusions of Brauer pairs and hence all inclusions. U

LEMMA 2.37. Let (P,e) be a Brauer pair with Ng(P,e) = G, and let T
be a defect group of the block to which (P,e) is associated. Then TCq(P)
contains a Sylow p-subgroup of G.

PROOF. Since Ng(P,e) = G, we have P < G. Then also Cg(P) 4G,
so TCq(P) is a subgroup of G. Let R be a Sylow p-subgroup of T'Cq(P)
containing 7', and let S be a Sylow p-subgroup of G containing R. We now
have Autp(P) < Autg(P). If Auty(P) = Autg(P), then TCq(P)/Cq(P) =
SCq(P)/Cq(P); lifting through Cq(P), we get S < TCq(P). Then S = R
and we are done. We can therefore assume that Autg(P) # Auty(P).

To ease the notation a bit, we let C = Cg(P). We define a map ¢ :
Z(kC) — k as follows. Z(kC)e is a direct factor in Z(kC'), and since e is
primitive in Z(kC), Z(kC)e/J(Z(kC)e) is isomorphic to k. We then let ¢ be
the projection Z(kC) — Z(kC)e followed by the quotient map Z(kC)e —
Z(kC)e/J(Z(kC)e). It is clear that p(e) = 1. Note that since e9 = e for
all g € G, ¢(29) = p(zx) for any x € Z(kC) and g € G. In particular,
if 2 € Z(kC) is not fixed by S, then ¢(X2°) = 0, since the number of
elements in z° is divisible by p and they all have the same image under ¢.

We can consider e as an element of kG. Since Ng(P,e) = G, e is then
an element of Z(kG), and clearly Brp(e) = e. Thus e lies in Brp(Z(kG)),
so we must have Brp(b) = e where b is the block to which e is associated.
Now let g € C¢(P) be an element with nonzero coefficient in e. Then g has
nonzero coefficient in b, which implies S(g) < [T] since b has defect T'. Since
SC < Ng(P,e), e lies in the span of the set {XC | C € Clgc(C),S(C) < [T]}.
We will show that we have ¢(XC) = 0 for all elements of this set, which
contradicts p(e) = 1.

Let C € Clgc(C); then C can be written as a union J;; C; with each
C; being an element of Cl(C'). Since S normalizes C, it permutes the C;. In
fact, it acts transitively, since for any D € CI(C), J,cg P?® is obviously an
element of Clgo(C). Setting x = XC; for some i, we then have z € Z(kC)
and XC = Yz°. If we can show that C; is a proper subset of C, we will have
©(2C) = p(Tz¥) = 0 since z is not fixed by S.

To finish the proof, we show that when S(C) < [T'], C does not consist of a
single element of C1(C'). Let g € C; we first note that since S(g) < [T, any p-
subgroup of Autc,(4)(P) is conjugate in Autg(P) to a subgroup of Autr(P).
This follows from the fact that Autg(P) is a quotient of G = Ng(P), and
in this quotient, the image of T is Autp(P) while the images of p-subgroups
of Cg(g) are p-subgroups of Autc,, ) (P).

Suppose now that C € CI(C). Then for any s € S, there is some ¢ € C
such that g°* = g. Then the automorphism z — z°¢ of P lies in Autc,, ) (P);
since ¢ € C = Cg(P), this is the same automorphism as = — x®. Then
Autg(P) < Autg,(g)(P); but we already know that Auty(P) is a proper
subgroup of Autg(P). Then Autg(P) is not conjugate to a subgroup of
Autp(P), a contradiction. O
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THEOREM 2.38. The fusion system associated to a block is saturated.

PROOF. Let b be a block with defect group P, let (P, e) be a maximal
b-Brauer pair, let F = F(p,)(b), and let (Q, f) < (P,e). Set N = Ng(Q, f);
note that @ and Cg(Q) are normal subgroups of N. Consider (Q, f) as a
Brauer pair in N, and let (7, fr) be a maximal Brauer pair in N contain-
ing (@, f). Considered as a Brauer pair in G, (T, fr) is then contained in
a maximal Brauer pair that is conjugate to (P, e), so after applying this
conjugation, we have (Q, f) < (T, fr) < (P,e). We will prove that in this
situation, (@, f) is fully automised and receptive.

We first prove that Np(Q, f) = T. If (R, fr) is a Brauer pair in G such
that (@, f) < (R, fr), then R < Ng(Q, f) = N, so (R, fgr) is also a Brauer
pair in N. Then (R, fr) is contained in some conjugate of (T, fr) in N, so
in particular, |R| < |T'|. Applying this to the unique Brauer pair in G at
Np(Q, f) that contains (Q, f) and is contained in (P, e), we get |[Np(Q, f)] <
|T|. We also have T' < PNNg(Q, f) = Np(Q, f),so T = Np(Q, f). It follows
that Autp(Q, f) = Autr(Q, f) = TCx(Q)/Ca(Q).

We now prove that (Q, f) is fully automised. For this, we need Autp(Q)
to be a Sylow p-subgroup of Autxz(Q). Now Autxz(Q) = Ng(Q, f)/Ca(Q),
and we have Autp(Q) = Autp(Q, f) = TCx(Q)/Ca(Q) by Corollary 2.24.
It is then enough to show that T'Cs(Q) contains a Sylow p-subgroup of
N¢(Q, f) = N. This was shown in Lemma 2.37.

Finally, we prove that (Q, f) is receptive. For this, we consider (T, fr)
as a Brauer pair in TC¢(Q). It is in fact a maximal Brauer pair in TCq(Q):
any larger Brauer pair would also be a Brauer pair in N, which is impossible
since (T, fr) is maximal in N.

We note that all Brauer pairs in TCq(Q) that are conjugate to (T, fr)
are in fact conjugate under C¢(Q). For this, let (17, f7) be one such pair,
and let ts € TCq(Q) with (T, fT)tS = (T, f7). Then (T, fT)t = (T, fr)
since t € T, so we have (T, fr)* = (T', frr).

Now let (@', f') be a Brauer pair that is contained in (P,e), and let
v : (Q,f) — (Q, f) be an isomorphism in F. Then there is some g € G
such that p(x) = 29 for all z € Q'. We extend ¢ to Ng(Q', f') by setting
¢(xz) =29 for all z € Ng(Q', f'); @ is then an isomorphism from Ng(Q', /)
to N¢(Q, f). Define as usual N, = {h € Np(Q', f') | (z = (¢ 1(z))) €
Autp(Q)}, and let (N,,n) be the Brauer pair at N, that is contained in
(P,e) and contains (Q', f’). As before, (Ny,,n) is then a Brauer pair in
Na(Q', f') containing (Q', f'), so (N, n) is a Brauer pair in Ng(@Q, f) = N
containing (Q, f).

Consider now the group ¢(N,). It is a subgroup of @(Np(Q', f')) con-
sisting of those elements h for which (z — (o~ z)? ' ™)) € Autp(Q).
But we now have o(¢~! ()7 ) = (g7} (2)? M) = p(g7 (a")) = 2",
so we just get @(N,) = {h € a(Np(Q', f)) | (z = z") € Autp(Q)}. It
follows that Aut¢(N¢)(Q) < Autp(Q); since Autp(Q) = TCq(Q)/Ca(Q),
we get ¢(N,) < TCq(Q). Then @(Ny,,n) is a Brauer pair in TCq(Q)
with (Q, f) < @(Ny,n). It is then contained in a maximal Brauer pair in
TCq:(Q), and this maximal Brauer pair must be conjugate to (T, fr) since
(T, fr) and @(Ny,n) are associated to the same block. Then there is an
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s € C(Q) that conjugates this maximal Brauer pair into (7, fr), so we get
(@(Nﬂmn))S < (Tv fT)

In total, we now have (Ny,n)% = (p(Ny,n))* < (T, fr), and for any
x €@, 29 = 29 since (Q')? = Q and s € Cg(Q). Then the map z — 295 is
the desired extension of . (]

From Theorem 2.35, it is clear that any saturated fusion system that
occurs as a group fusion system also occurs as a block fusion system. The
converse is not known, and it is difficult to predict whether it should be true.
It is however known that there exist saturated fusion systems that do not
occur as block fusion systems (see [2, Theorem IV.6.9]).



CHAPTER 3

The center of the group ring

Fix a finite group G. In this chapter, we will develop some tools for
describing Z(kG), and we will use these tools to relate the structure of
Z(kG)e to the fusion system associated to e, where e is any block of kG.

We fix the following notation. Let ¢ be the smallest power of p such that
|G|,y divides ¢ — 1, and let r be any power of ¢ such that r > |G/|,. Let P be
the set of p-elements in G.

PROPOSITION 3.1. For any element g of G, g" equals g, .

PRrooF. If g is a p-element, we have g" = 1 since r is a power of p and
r > |Glp. If g is p-regular, its order divides |G|, which divides ¢ — 1. Then
g? = g, and so ¢" = g since r is a power of gq. For any g, we then have
9" =9y 9y =9p- U

THEOREM 3.2. Let C be any conjugacy class of G. If g € G is not p-
regular, the coefficient of g in (XC)" is zero. If g is p-regular, the coefficient
equals the coefficient of g in XC - XP.

PROOF. Let C" be the set of r-tuples of elements of C. Define a map = :
C" — G by m(x1,22,...,2,) = 122 - - - 2. Then (XC)" equals ) o ().

For an o € C" we denote the entries in the tuple by aq,...,a,, and we
extend the notation «; to all i € Z by setting a4; = o for 1 < j < r
and all | € Z. For a,b € Z with a < b, we set 72(a) = agi10at2- - .
We extend this to all integers a and b by setting 7%(a) = 1 and 7%(a) =
(7¢(a))~L for @ > b. Then for all a, b, ¢ and [, we have 7&(a) = 7¥(a)~1,
7¢(a) = 7t (a)7§(a), and WZfl;(oz) = 7%(a). We also have 7(a) = 7} (a).

Now let (o) be an infinite cyclic group with generator o. We define an
action of this group on C" by setting (a”"); = (ai_n)ﬂn(a) for all ¢ € Z. This
satisfies m(a®") = WSiZ(a)”gn(a) for all @ and b. To see that it is actually
an action, we calculate:

0
o\o™ o™ TI'(l Oégn 7'('0 o (W:Z—n(a))W7n(a)
(@)™ )i = (™ )icn) ™™ = (i)™ (@)
(i) @ (@) T (@) ()

w0 « omtn
= (aifmfn) =m-n(2) = (Oé )1

Now for any n, we have

m(a”") = mh(a”") = 77 (@)™ (@) = mp ™ (a)r M @), (@)

=y (@)m (o) = mp(a) = ()
We can therefore pick a ¢ € G and restrict the action to those elements
a € C" that satisfy m(a) = g. Denote this set by Cy; its size equals the

23
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coefficient of g in (3XC)". From now on, we assume that « is an element of
Cy-

We now have (a7 ); = (ai_,«)ﬂgr(a) = (a;)™® = a?, so that the action
of 0" is just to conjugate by g. Then o"l9! acts by conjugation by ¢l = 1,
so it acts trivially. We then have an action of a cyclic group of order r|g|
on Cy, where we still denote the generator by o. Now the p/-part of r|g| is
lg|,; this divides |G|,y which in turn divides  — 1. It follows that the order
of 0”71 is a power of p, so any nontrivial orbit of (¢"~!) has length divisible
by p. Then modulo p, the size of C; equals the size of its set of fixed points
under 0”1, Denote this set by X,.

Now let o € X,; we then have a; = (adrfl)i _ (ai,rﬂ)”grﬂ(o‘) _
(i1)™ (). Set h = 7f(«); then a1h = (@) = g so that h = aj'g. Since
we have a; = Oz?ﬂ for all ¢, we can write a as (al,a?_l,a?_Q, . ,a?_r“);

in particular, « is defined by its first element alone.

It is now a straightforward induction to check that 7fj(a) = (arh)"h™"
for 0 < n < r, so that () = (a1h)"h™" = ¢g"h™" = gy hy. For this to
equal g, we must have h, = gp, which can happen only if both elements
are trivial. Thus g must be p-regular for X, to be nonempty, so if g is not
p-regular, it has coefficient zero.

In the case where g is p-regular, we have obtained that any o € X is
determined by «; alone, and that h = al_l g is a p-element, since h,y is trivial.
We can therefore represent these elements by pairs (a1, h) satisfying oy € C,
hy =1, and agh = g. On the other hand, given a pair (o, h) satisfying these
three conditions, we do obtain an element o of X, by setting a; = ai‘H for
all ¢ € Z, this being well-defined since A" = h, = 1. To determine the size
of X, we may therefore count these pairs instead. In the obvious way, the
number of such pairs equals the coefficient of g in XC - XP. O

THEOREM 3.3. Every block idempotent of kG has coefficients in Fy, the
field with q elements, and the coefficient of any element that is not p-regular
18 zero.

PROOF. Let e be a central idempotent of kG and write e = ZCE€1<G) de-
%C. Then e = €" = 3 cccyq) de - (EC)". Since non-p-regular elements have
coefficient zero in (XC)" for all C € CI(G), they also have coefficent zero in
e.

Now set X = {(XC)" | C € CI(G)}, and let Y be a subset of X that is
a basis for the k-span of X. For any (XC)" € X, we have (3C)" = (£C)"
since rq would also have been a valid choice for r. Then we also have x? = x
for all z € Y. Now write e = ).y d, - ; then also e = e? = Y\ df - .
Comparing coefficients, we get d, = d2 so that d, € F, for all z. Then e has
[F4-coefficients in this basis. Since each element of X has [Fj-coefficients in
the usual basis, e also has [F-coefficients in the usual basis. O

We consider now the map p : Z(kG) — Z(kG) given by p(XC) = XC
if g € C is p-regular and p(XC) = 0 otherwise. This is a k-linear map, but
generally not a k-algebra homomorphism.

THEOREM 3.4. Let Z(kG) = E ® J(Z(kQG)) as in Theorem 1.26. Then
the projection map m : Z(kG) — E is given by w(z) = p(XP - x).
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PROOF. By Theorem 3.2, we have z" = p(XP - z) whenever z € {XC |
C € CI(G)}. Both sides of this formula are Fy-linear, since  is a power of g,
so the formula holds for all elements of F,G. By Theorem 3.3, this includes
the primitive idempotents of Z(kG), so for any such idempotent, we have
m(e)=e=¢€"=p(EP -e).

For any = € J(Z(kG)), we have 7(x) = 0, so we would like to prove
that p(XP -z) = 0 for all x € J(Z(kG)). Having done this, we will then
have 7(x) = p(XP - x) whenever z is a primitive idempotent or an element
of J(Z(kQG)). Together, these elements span Z(kG) by Theorem 1.26, so we
will then be done since both 7(x) and p(XP - x) are k-linear.

Now J(Z(kQ@)) is nilpotent, so there is some n such that J(Z(kG)) 7" =

n

0. Writing @ = > "cccy(qy de - EC for some x € J(Z(kG)), we have 0 = 2"1" =

> ceci@) A" - p(SP-%C) by Theorem 3.2, since ¢ would also have been a
valid choice for r. Since p is k-linear, this implies 0 = p(XP - 2’) where 2/ =
2_ceci@) dgqn ¥C. Consider Z(kG) as an Fy-algebra; it has an automorphism
o given by o(Xcecyq) de - 2C) = Yceciq) 4 - EC. Now o = o™(z) for
some m, not depending on z, so we see that for any x € J(Z(kG)), we have
p(XP-c™(z)) = 0. As x runs over J(Z(kG)), o™ (x) runs over ™ (J(Z(kG)),
which must equal J(Z(kQG)) since ¢™ is an automorphism. Then we have
p(XP -x) =0 for all x € J(Z(kG)). O

Theorem 3.4 appears as (65) in [6], with a very different proof.
From now on, we will consider p as a map from ¥P - Z(kG) to E.

LEMMA 3.5. Let x = ) .~dgg be an element of ¥P - Z(kG). Then
dg = dgp, forallg e G.

geG

PrROOF. It is clearly enough to prove that the statement holds for XP-3C
for all C € Cl(G). Fix a C; the coefficient of g in ¥P - XC is the size of the set
X ={(h,¢) |h e P,ceC,hc=g}. Set P = (gp); this p-group acts on X by
conjugation, and we have X = {(h,c) | h € PNCs(P),c € CNCq(P),hc =
g}. We analogously define Y = {(h,c) | h € P,c € C,hc = gy}, and note
that P also acts on Y. Now g, is a central p-element of C¢(P), so whenever
h € PNCq(P), we also have g,h € PNCe(P) and g, 'h € PNCq(P). We can
then define an bijection from X* to Y'* by the map (h,c) — (g,p_lh, c). O

THEOREM 3.6. The map p : XP-Z(kG) — E is bijective, and its inverse
s given by x — XP -z

ProOF. By Lemma 3.5, p is injective. Now let e be any block idempotent
of kG; then we have e = p(XP - e) by Theorem 3.4. This implies that e is
in the image of p and that p~!(e) = P - e. Since the block idempotents of
kG form a basis of E, we see that p is also surjective, with inverse given by
T XP-x. O

THEOREM 3.7. J(Z(kG)) equals Anny ) (EP).

PrOOF. The projection Z(kG) — E is given by x +— p(XP - z) and
has kernel J(Z(kG)). Then p(XP - x) = 0 for all x € J(Z(kG)), and then
YP-x = 0 since p is bijective. Then J(Z(kG)) is contained in Anny,q)(XP).
Conversely, suppose that x € Z(kG) is an element with 3P - = 0. Then
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obviously p(XP - z) = 0, so z € J(Z(kG)). Thus J(Z(kG)) must equal
AnnZ(kg)(EP). U

LEMMA 3.8. Let e be a block idempotent of kG. XP - e equals e if and
only if e has trivial defect group.

PRrROOF. We have p(XP - ) = e by Theorem 3.4. Write e = 3 dgg
and XP-e = deG dyg. By Lemma 3.5, we have dy = dj, when g is p-regular,
and when g is not p-regular, we have d, = 0 and d’g = d’gp, = dgp,. Suppose
now that e does not have trivial defect group. Then there is a nontrivial
p-subgroup P such that Brp(e) # 0. This implies that there is a p-regular
element g € Cg(P) with dy # 0; taking an arbitrary h € P with h # 1, we
then get d; = dy = dy # 0. Then ¥P - e and e are not equal.

Conversely, suppose there is some g € G with d,; # d’g. Then g is not
p-regular, so P = (g,) is a non-trivial p-subgroup. We now have g,y € Cz(P)
and dg , = d;p, = dy # 0, so that Brp(e) # 0. Then e does not have trivial
defect group. O

LEMMA 3.9. For any nontrivial p-subgroup P, Brp((XP)?) equals 0. In
particular, (XP)? has coefficient zero on all elements of G that are not p-
reqular.

Proor. We have Brp((XP)?) = (Brp(XP))? and Brp(XP) = (PN
Cq(P)). Let g € Cg(P); the coefficient of g in Brp((XP)?) is then the
size of {(h,h") | h,h' € PN Cqa(P),hh) = g}. Z(P) acts on this set by
(h,h')* = (hx,z~'h'), and this is clearly a free action. Thus the coefficient
of g in Brp((XP)?) is zero.

Now let g € G be an element that is not p-regular. Then g centralizes
the nontrivial p-subgroup P = (g,), so g has coefficient zero in (XP)? since
Brp((XP)?) = 0. O

THEOREM 3.10. (XP)? equals the sum of those block idempotents that
have trivial defect group.

PROOF. We have p((XP)?) = (XP)? since (XP)? has coefficient zero
on elements that are not p-regular. Then (XP)? € E, so we can write
(ZP)? = S, die; where d; € k and the e; are the block idempotents
of kG. Applying Brp for some nontrivial P, we get > ., d;Brp(e;) = 0.
Since the set {Brp(e;) | 1 < ¢ < n,Brp(e;) # 0} is a decomposition of
unity in kCg(P), it is linearly independent, so we get d; = 0 whenever
Brp(e;) # 0. This applies to every nontrivial p-subgroup, so (X£7P)2 must
be a linear combination of those block idempotents that have trivial defect
group. For such an idempotent e we have (XP)%e = (XP)e = e by Lemma
3.8, so the coeflicient on e must be 1. O

THEOREM 3.11. Let e be a block idempotent of kG. J(Z(kG)e) = 0 if
and only if e has trivial defect group.

PROOF. By Theorem 3.7, we have seen that J(Z(kG)) = Anng,q)(XP),
so J(Z(kG)e) must be Anny e (XP - e). Now if e has trivial defect group,
we have ¥P - e = e; as e is the multiplicative identity of Z(kG)e, it follows
that J(Z(kG)e) = 0. Suppose now that e does not have trivial defect group.
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Then (XP - e)? = (XP)%e = 0, so LP - e is an element of J(Z(kG)e). It is
also not zero, since p(XP -e) = e. O

Having established precisely when J(Z(kG)e) is trivial, the natural next
step is to ask for the structure of J(Z(kG)e) when it is non-trivial. As part
of this, one can consider under what circumstances the ideal ker(Brp) N
J(Z(kG)e) of Z(kG)e is trivial, when P is contained in some defect group of
e. Calculations of some small examples seem to suggest that this is related
to the presence of nontrivial fusion maps inside P in the fusion system
associated to e.

EXAMPLE 3.12. Consider again the group G = (g, h, k| g° = h3 = s> =
1,gh = hg,g° = g*,h® = h?) of Example 2.28, and set P = (g). kG has two
blocks at p=5,e=2+2-h+2-h?>and f =4+ 3-h +3-h? Both have
defect group P, and the fusion system associated to e is the group fusion
system of (g, s), while the fusion system associated to f is the group fusion
system of P. There are three Brauer pairs at P, (P,e’) associated to e and
(P, f1) and (P, f4) associated to f. Now Z(kCq(P)) splits as Z(kCq(P))e' x
Z(kCq(P))f1 x Z(kCq(P)) f4 with each factor being isomorphic to Z(kP).
Z(kGQ)e maps onto Z(kCq(P))e’ under Brp, but not surjectively; the image
is in fact the subalgebra of Z(kCq(P))e’ that is fixed by s. J(Z(kG)e) has
dimension 3, and it has a basis consisting of two elements that map into a
basis of J(Z(kCg(P))e') and one element (Xk¥, in fact) that is contained
in the kernel of Brp. In this way, Z(kG)e is isomorphic to Z(k(g, s)), and
there is also an isomorphism between Z(kC\g 5 (P)) and Z(kCg(P))e’ such
that these isomorphisms commute with the Brauer homomorphisms Brp.

For f, we find that Z(kG)f is isomorphic to Z(kP). The Brauer map
sends Z(kG)f injectively into Z(kCq(P))fi x Z(kCq(P))f}. Both of these
factors are isomorphic to Z(kP), and they are interchanged by s. Brp em-
beds Z(kG)f diagonally into this product; combining with the projection
map 7 onto the first factor, we get a map moBrp : Z(kG)f — Z(kCa(P))f].
Now Z(kG)f was isomorphic to Z(kP) and Z(kCq(P))f] is isomorphic to
Z(kCp(P)), and these isomorphisms map 7 o Brp in kG into Brp in kP. In
this way they preserve the Brauer homomorphism structure of Z(kG)f.

ExaMPLE 3.13. Let G be a group with Sylow p-subgroup P, and suppose
that Fp(G) = Fp(P). One version of Frobenius’ normal p-complement the-
orem (see [4, 7.4.5]) states that in this situation, G has a normal subgroup
N of order prime to p such that G is isomorphic to semidirect product of P
with N. In this situation, any block b with maximal Brauer pair (@, f) has
Fq,5)(b) = Fo(Q). An element of G is p-regular if and only if it is contained
in N; then for any g € N, the only p-regular element appearing in 3P - g
is g itself. It follows that p(XP - z) = x for any x € Z(kG) N kN. Writing
Z(kG) = J(Z(kG)) ® E as usual, we actually have F = Z(kG) N kN.

Suppose further that P is abelian. Further study of Z(kG) shows that for
any block e with defect group @, Z(kG)e is isomorphic to Z(kQ) (which is
just kQ, of course), and that ker(Brr)NZ(kG)e = 0 for any proper subgroup
R of Q, as expected.

ExaMpPLE 3.14. Consider the group G = As at p = 3, and set P =
((123)). G has five conjugacy classes, which we denote by their cycle type:
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(1], [2%], [3], [5A] and [5B]. Here [54] is the class containing (12345) while
[5B] is the class containing (12354). Z(kG) then has dimension 5, and it
contains two blocks with trivial defect group and one block e with defect
group P. e equals [1] + [2%] + [5A] + [5B], and Z(kG)e has dimension 3. Set
x = [1]+[3]+[2%]+[5A]+[5B] and y = 2-[22]+[5A]+[5B]; then the set {e, z, y}
is a basis for Z(kG)e and both x and y are elements of J(Z(kG)e). We have
22 = 2y = y? = 0 so that J(Z(kG)e)? = 0, and y is contained in the kernel
of Brp while z is not. In this way, Z(kG)e is isomorphic to Z(kNg(P)), and
the isomorphism includes the Brauer homomorphism structure.

ExaMpPLE 3.15. Consider the group G = S5 at p = 5, and set P =
((12345)). We denote the seven conjugacy classes of G by their cycle type:
(1], 12, [3], [4], [5], [2%], and [23]. G has two blocks with trivial defect group
and one block e with defect group P. e equals [1] + 3 - [3] + 2 - [2?], and
Z(kG)e has dimension 5. We write t = [1] +3-[3] + [5] + 2 - [22], = =
3] +3-[2%], y = [4] +4-[23], and z = [2] + [4] + [23]. Then {e,t,2,y,2}
is a basis for Z(kG)e with t, z, y, and z being elements of J(Z(kG)e), and
J(Z(kG))? = 0. The kernel of Brp contains z, y, and z, but not ¢. In this
way, Z(kG)e is isomorphic to Z(kNg(P)), and this isomorphism includes
the Brauer homomorphism structure.

It is however far from obvious where the elements x, y, and z come
from. The most immediate idea, if we want to relate the existence of these
elements to the existence of nontrivial automorphisms of P, is to pickag € G
representing a nontrivial automorphism of P and perform some operation
with the sum over the conjugacy class of G that contains g. This works out in
kNg(P), but it does not work in G. The three nontrivial automorphisms of P
can be represented by (1243), (14)(23), and (1342), and other representatives
of a given automorphism belong to the same conjugacy class in G. Here
(1243) and (1342) are conjugate in G, so the obvious approach only gives us
two different conjugacy classes to work with, instead of three.

Having discarded the obvious ideas as unworkable, one possible approach
is then to look for nilpotent ideal inside the entire domain of Brp, (kG)¥,
and try to relate them to nilpotent ideals in Z(kG). We will show that in
fact Ann(kg)p(EP) is nilpotent. This requires some lemmas.

LEMMA 3.16. Let P be a p-group and let I be the kernel of the augmen-
tation map of kP. Then I'Pl =0 and I = J(kP).

PROOF. By induction on |P|. If P has order p, it is cyclic, so kP is a
commutative algebra. Let g be a generator of P; the elements of I then have
the form Zf:_ol c;g" with Zf:_ol ¢; = 0. Since kP is commutative, we then have
(P eigh)? = S0 de = (P74 ¢;)Pe = 0 where e is the identity element
of P. Thus every element of I is nilpotent, and since kP is commutative,
I itself is then nilpotent. Then the sequence I D I2 D I? D ... is strictly
decreasing until it reaches 0; since I has dimension p — 1, this happens no
later than IP. This covers the base case.

For the general case, let (Q be a normal subgroup of P of index p, and
let T C P be a set of representatives for the cosets of @) in P. Let ¢ : kP —
kE(P/Q) be the map induced by the surjection P — P/Q; then ¢(I) lies in
the kernel of the augmentation map of k(P/Q). Since P/Q has order p, it
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follows that ¢(IP) = ¢(I)P = 0, so I? lies in the kernel of ¢. Now ker¢
consists of those elements > . pcgg for which 3  ncq = 0 for all t € T
Let Ig be the kernel of the augmentation map of kQ); we can then write
ker o as @,crtlg as a k-vector space. Since () is normal in P, we have
tlg = Igt for all ¢; this implies that given a sequence t1,...,t, of elements
in T, we have [[", (tilq) = ([]i=, t:)I3- This is 0 when n > |Q|. We can
then write (ker )¢l = (@, tl)!? and use the distributive law to see
that this equals 0. Then we have I1Fl = (17)IQl C (ker )¢l = 0.

I is contained in J(kP) since it is a two-sided nilpotent ideal, and it is

a maximal ideal since it has codimension 1. Since J(kP) is a proper ideal of
kP, we must then have I = J(kP). O

LEMMA 3.17. Let R be a ring with characteristic p, let P be a p-group,
and let n € N be large enough that J(kP)" = 0. Let there be given n|P]
elements a; 4 of R, indexed by {1,...,n} x P, such that dep ajqg =0 for
all i. Let m : P" — P be the map 7(g1,92,---,9n) = 9192 gn and let
X ={aeP"|n(a)=1}. Then Y cx [I'= @ia; = 0.

PROOF. For any subset N of {1,...,n} and any a € P™, we write 7(ay)
for the product ], as, with the factors taken in increasing order by 4; we
also write N€¢ for the complement of N in {1,...,n}. We can then write

n n
2 Naia = > [laia

aeX i=1 aeP" i=1
m(a)=1
= > Y e IT | D ai
NC{1,...,n} aePN ieN ieNe \geP
m(an)=1
In the last expression, only the term N = {1,...,n} is nonzero; for any

other N, all terms in the inner sum contain a factor of the form gep Qigs
which is zero. We apply the distributive law:

> e [T | 2as)= > Iloia| X2 I wa

acPN ieEN ieNe \geP acPN €N BepPNeieNe
m(an)=1 m(an)=1
= > > Iwa IT ws
acPN BepNCieN iEN©
m(an)=1
N
Y e
acP™ =1

m(an)=1
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We insert this and interchange the two sums:

PRENCOARNED DI | LV DEED DR G i | L2
i=1

NC{1,....n} aeP™ i=1 aeP™ NC{1,...n}
m(an)=1 m(an)=1
n
—|N
= E : Ha@% E (-1)" V]
acePmi=1 NC{1,...,n}

m(an)=1
Now for a given «, the expression »ycyy n}m(aN)zl(—l)”_‘M is precisely
the coefficient on the identity element in [[;" (e — 1), an element of kP.
Since g — 1 is in the kernel of the augmentation map of kP for all g € P,
[T (a; — 1) is an element of J(kP)", and therefore zero by Lemma 3.16.
Thus the entire sum reduces to 0.

It may appear that this argument requires R to be commutative, but this
is actually not the case. The product [[;cy @ia, [Liene (22 ep aig) contains
one factor for each i € {1,...,n}, and all of these factors should be taken
in increasing order by ¢. After applying the distributive law, this product
then becomes ) P [T a;p, where 8 runs over those elements of P™ whose
restriction to IV equals «. This can then be merged with the outer sum, and
the argument proceeds as before. O

THEOREM 3.18. Let P be a p-subgroup of G. Ann,qyp (XP) is nilpotent.

PROOF. Let I = Ann,q)r(XP); we will show that I" = 0 if n is large
enough that J(kP)" = 0. Let 1, ...,z be elements of (kG)¥ and consider
the element [[;" | ;. I" is spanned by elements of this form, so it is enough
to show that these elements are 0. Write x; = deG ¢igg; we then have
[Tz = Y peqn m(@) [T Cia,- We define an action of P"~! on G™ by
setting o = (181, By "aafa, By 3B, .. Byl 1Bn-1, Byl —1). Tt is
clear from the definition that 7(a®) = 7(a) for all o and 3, and a simple
induction argument shows that if o> = o then § = 1. Then the action is
free. Picking a set X of representatives of the orbits of P"~1 in G", we then
get:

n

Yo ][ea=) > )chz',(aﬂ)i

aceG" i=1 acX Bepn—1
n
=2 @ 2 e,
aEX Bepn—1i=1

It is then enough to show that ZﬁeP" 1[5 ¢iasy, = 0 for any a € G™.
Define now d; g = ¢; 4,41 for all i and all g € P. Then dep ig is the
coefficient on «; in z; - ¥ P; this equals 0, so ) | geP d; 4 = 0 for all 7. Since the
z; are elements of (kG)P, we further have Cigaih = Ciaihg = di(hg)-1 =
d;g-1p—1 for any g,h € P. In particular, we get ¢; (45), = Ci 5

LB

di 5. 51 (where we let By = B, = 1). Denoting the identity element of
G" as 1, we further get d; 5 51 =d; j5-1, . Then > pepn—t [1iz1 Cias), =
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> pepn—1 e di7(1571)i. From the definition of the action, it is clear that
the orbit containing 1 is a subset of P" in which every element « satisfies
7(a) = 1. It has |P|""! elements since the action is free; as there are only
|P|"~! elements of P" with 7(«) = 1, they must all lie in the orbit containing
1. Then the sum becomes >, pn r(a)=1 [[i=1 di,a;» Which is 0 by Lemma

3.17 U

One possible connection between block fusion systems and the result of
Theorem 3.18 is given below.

THEOREM 3.19. Let C € Clp(G). Then ¥C - X.P = 0 if and only if there
are elements g € C and x € P such that 29 € P and x # x9.

ProOOF. Note that since P is central in (kG)¥, we have XC - ©P =
YP-3C.

Suppose that we have g € C and x € P with z # 29 and z € P. Set
Q = (Cp(g),z) and R = @9; then R is contained in P and P9 and Cp(g) is
a proper subgroup of R. Let T be a set of representatives for the right cosets
of Cp(g) in R. Since Cp(g) is a proper subgroup of R, |T'| is then divisible
by p. Let U be a set of representatives for the right cosets of R in P; then
TU is a set of representatives of the right cosets of Cp(g) in P, so we have
¥C =3 .crv 9°- Now whenever h is an element of P, we have ¥P-h = XP,
so in particular we get ¥P - g* = P - 2" lgz = ¥ P - gz. Then we have

SP-XC= ) %NP.g°= > ¥P gz
z€TU 2e€TU
=YP.¢g-S(TU) =g -SSP ST XU

Now let V' be a set of representatives for the left cosets of R in P9, so that
P9 =3V -YR. We then have XP -3C =g -2V -XR-¥T -3U. Now every
element of T is contained in R, so ¥R - ¥T equals |T|XR, which is 0 since
|T| is divisible by p. Then ¥ P - 3C = 0.

For the converse, suppose that ¥C - ¥ P = 0, and pick a g € C. Let X =
{(¢,h) | c € C,h € P,ch = g}, so that the coefficient on g in XC - ¥ P equals
|X'|. Since this coefficient is zero, |X| is divisible by p; it is also nonempty
since it contains (g, 1). Then there are some x,y € P with (¢%,y) € X and
(¢",y) # (g,1). Now since g*y = g, g* = g implies y = 1 and vice versa. Then
we must have y # 1. Now 29 = g tog = g '2(¢%y) = g 'za"tgzy = zy, so
z9 € P and 29 = xy # x. O






CHAPTER 4

The symmetric and alternating groups

In this chapter, we will prove that fusion system associated to a block
of a symmetric group is always the group fusion system of a symmetric
group, and an analogous result holds for alternating groups. This is known
for the symmetric groups (see [5, Theorem 7.2]), and the methods used
there transfer easily to the alternating groups when p > 2. The case of
the alternating groups at p = 2 does not seem to have appeared in print,
however.

LEMMA 4.1. Suppose that P is a defect group of a block e of G. Then
there exists a p-reqular element g such that P is a Sylow p-subgroup of C(P)
and g has nonzero coefficient in e.

ProoF. This follows directly from the definition of defect groups. [

LEMMA 4.2. Every block idempotent of kG is contained in the k-span of
the set {(XC)" | C € CI(G)}.

PROOF. Let e be a block idempotent; since e is central, we can write

THEOREM 4.3. Let g be a p-reqular element of G. Suppose that there are
p-subgroups P and T of G such that g centralizes P, g does not centralize
T, and T is a normal subgroup of Cq(P). Then g has coefficient zero in all
block idempotents of G.

PrOOF. We will prove that ¢ has coefficient zero in (XC)" for any C €
CI(G); this is sufficient by Lemma 4.2. Pick a C € CI(G) and set M =
{(c,h) | ¢ € C,h € P,ch = g}; the coefficient of g in (XC)" is then equal
to |M| by Theorem 3.2. P acts on M by conjugation, and the coefficient is
then also equal to |[M7|.

We now define an action of T on M? by setting (c, h)® = (¢%, z~1zh).
Here we have ¢® € C and ¢® - 27 '2°h = 2 ez~ ¢ lach = ch = ¢. Further,
7 12¢ lies in T since ¢ € Cg(P) and T is normal in Cg(P). Then z~!z¢h
lies in (T, h), which is a p-group since 7' is a p-group, h is a p-element, and
h lies in Cg(P) and so normalizes T. Thus x~'x°h is a p-element, and so
(c,h)* is an element of M. Since z, ¢, and h are all contained in Cg(P), so
are ¢® and ~'z°h, so (¢, h)* is in fact an element of M*. Finally we check

33
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the associativity of the action:
((C, h)a:)y — (C:c’ x—lxch)y — (ny,y_lyczx_lxch>

= (czy,yily"’:_lmxfl(cfla:c)h)

1

= (™, y Nz e ey ex)z e tach)

= (™, (zy)~ e H(ay)ch)
= (¢, (zy)~'e™h) = (¢, h)™

Thus we have a genuine action of 7" on MP, and it is enough to prove
that this action has no fixed points. Suppose that (¢, h) is a fixed point; then
@ =cfor all x € T, so c centralizes T. Now we have ¢ = gh™! with both
g and h~! contained in Cg(P), so they both normalize T. Then the maps
z— 29 and z — 2" are mutually inverse automorphisms of 7. But g is
p-regular and h~! is a p-element, so this can only happen if both maps are
trivial. Then ¢ centralizes T, contrary to our assumptions. O

We record a we basic facts about conjugacy in the symmetric and alter-
nating groups.

PROPOSITION 4.4. Let g be an element of Sy, of cycle type 1™c™ - - - .
The centralizer of g in Sy, is isomorphic to Sy, X []7_1(Ce; U Sm,), with the
Sm factor embedded as the group of permutations of the m fixed points of g.

Here C. 1 S,, is the wreath product, given as the semidirect product of
C* with S, where S, acts on C]" by permuting its factors.

PROPOSITION 4.5. Two elements of Sy, are conjugate if and only if they
have the same cycle type.

LEMMA 4.6. Let S,, C S, and let C € CI(S,,). Then CNS,, is an element
of C1(Sy,)-

PRrROOF. Any two elements of S, that have the same cycle type in S,
also have the same cycle type in S,. Thus elements of 5, that are conjugate
in .S, are already conjugate in .Sy,. (]

LEMMA 4.7. Let A,, C A, with n —m > 2 and let C € Cl(A,,). Then
CN A, is an element of C1(Sy,).

PROOF. Suppose that x,y € A,, are conjugate in A,,. Then they have
the same cycle type in A,, so they also have the same cycle type in A,,.
They are then conjugate under Sy,. (]

LEMMA 4.8. For any C € Cl(A,) and any odd permutation x € S,
either C* = C and C € CI(Sy,) or C* and C are disjoint and CNC* € C1(S,,).

PROOF. Because A, is normal in S,,, we have C* € Cl(A,) whenever
C € Cl(4,) and = € S,,. Then C and C* are either identical or disjoint. As
every element of S, lies in either A,, or xA,, it is clear that in either case,

C UC¥® contains all Sy,-conjugates of the elements of C, so it is an element of
C1(Sy). O

LEMMA 4.9. Let H < Sy, < Sp,. Then Autg,, (H) = Autg, (H).
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PROOF. Let N be the set of fixed points of H in {1,...,n}, and let
M Dbe its complement. Then Ng, (H) is contained in Sy x Sy, and all
of Sy is contained in Cg,(H) and hence also in Ng, (H). Then Ng, (H)
splits as Ng,,(H) x Sy, and similarly Cg, (H) splits as Cs,,(H) x Sy. Then
Autg, (H) equals (Ng,,(H) x Sn)/(Cs,,(H) x Sy) = Ng,,(H)/Cs,,(H),
so Autg, (H) = Autg,,(H). By a similar argument, Autg, (H) also equals
Autg,, (H). U

THEOREM 4.10. Let G = S,,, or let G = A, and p > 2, and let g be a
p-regular element of G. Suppose that g contains p cycles of the same length
greater than 1. Then g has coefficient zero in all block idempotents of Sy,.

Proor. We will find p-subgroups P and T of G such that the conditions
of Theorem 4.3 are satisfied. We consider the case G = S,,. When p > 2, P
and T are contained in A,, so the case G = A,, follows immediately.

Suppose that g contains p cycles of length [ > 1. We label the pl elements
of {1,...,n} involved in these cycles by the elements of Z/IZ x 7 /pZ in
such a way that we have g(i,7) = (i + 1, ) for all (i,4) € Z/IZ x Z/pZ. The
remaining elements of {1,...,n} we collect in the set N, so that we have a
bijection between {1,...,n} and (Z/IZ x Z/pZ) 11 N.

For each i € Z/IZ, we now define h; to be the p-cycle mapping (i,j) €
ZJIZ x Z]pZ to (i,j+ 1) for all j € Z/pZ and fixing all other elements. We
define T" to be the group generated by all the h;, and P to be the group
generated by h =[],y Nz h;. This is unambiguous since the h; all commute
with each other. Now h commutes with g since on N, we have gh = g = hg,
and on Z/IZ x 7./ pZ, both hg and gh map (i,7) to (i+ 1,7+ 1) for all ¢ and
j. Then g centralizes P.

A straightforward computation shows that hY = h;_; for all 4, so that g
does not centralize T" when [ > 1. It now remains to show that 7" is normal
in Cg(P). Take an arbitrary z € Cq(P) and an (i,5) € Z/IZ x Z/pZ. Then
x(i,7) ¢ N since N consists of the fixed points of P and (i, 7) is not a fixed
point of P. We then have z(i,j) = (i, ') for some ¢’ and j'. Now for any
n € Z/pZ, we then have z""(i,j — n) = (i',j/ — n), and 2" = x since
z € Cg(P). Thus z(i,j —n) = (¢, 5/ — n) for all n. It follows that hf; = h;;
applying this to all i, we see that x permutes the h;. Then x normalizes T,
so T is normal in Cg(P). O

THEOREM 4.11. Let G = A, and p = 2, and let g be a p-reqular element
of G. Suppose that g contains two pairs of cycles of the same length, at least
one of these lengths being greater than 1. Then g has coefficient zero in all
block idempotents of G.

PrOOF. We again find p-subgroups P and T of G such that the condi-
tions of Theorem 4.3 are satisfied.

Note that since g is 2-regular, its cycles all have odd length. Take two
cycles of length [ and two of length m (possibly with I = m), and decompose
{1,...,n} as (Z/IZx Z/2Z) 11 (Z/mZ x Z/2Z) I1 N such that on the first two
sets g acts by g(i,7) = (i+1, 7). For each i € Z/IZ, define h; to be the trans-
position interchanging the (i,0) and (7, 1) elements of Z/IZ x Z /27, and for
each i € Z/mZ, define analogously h! to be the transposition interchanging
the (¢,0) and (i, 1) elements of Z/mZxZ/2Z. Let h = [;e7 17 hi- I Liez /mz L
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as before, this is well-defined since the h; and R} all commute. It is also an
even permutation, since [ and m are both odd.

Let P be the group generated by h and let T be the group generated by
the elements h;hj, hih}, and hih’ for all i and j. Then P and T are both
contained in A,, and the same arguments as before show that T is normal
in Cg(P) and that g acts on T by h{ = h;_1 and (h})? = h;_,. Now [ and
m are not both 1; suppose without loss of generality that [ > 1. Then [ > 3,
and we have (hihg)? = hohy # hihe, so that g does not centralize T O

THEOREM 4.12. Let G = S,, or G = A,, and let e be a block of G. The
defect groups of e are Sylow p-subgroups of some Sy, or A, respectively for
m < n.

Proor. Consider first G = S,. Pick a g with nonzero coefficient in e
such that the Sylow p-subgroups of Cg(g) are defect groups of e. Writing
the cycle type of g as 1™c" ¢y - - - ', we have m; < p and p{ ¢; for all i.
Now Cg(g) is isomorphic to Sy, X [17_1(Ce, 1 Sm,;), and each factor Cq, ! S,
now has order prime to p. It follows that the Sylow p-subgroups of Cg(g)
are the Sylow p-subgroups of Sy,.

In the case G = A,,, Cg(g) has index 1 or 2 in Cg, (g). It follows that
if p> 2, Ca(g) and Cg, (g) have the same Sylow p-subgroups, so the defect
groups of e are the Sylow p-subgroups of some S,,, m < n. These are the
same as the Sylow p-subgroups of A,,, again since p > 2.

In the case G = A,, and p = 2, consider first the possibility that m; < 2
for all 7. Since g is p-regular, ¢; is odd for all 4, so the factor [[;_,(C¢, 2 Sim,)
has odd order. Then all of its elements are even permutations, so they are
contained in A,. It follows that the part of C, (g) that lies in A,, is A, X
[[7_1(Ce 2 Sm,), and its Sylow p-subgroups are those of A,,. Now consider
the possibility that there is some ¢ with m; > 2. Then we still have m; < 4,
and we must have m; < 2 for all j # 4, and also m < 2. Then the only
factor of the centralizer with even order is C¢, ¢ Sy,,. Since ¢; is odd and
m; is 2 or 3, the Sylow p-subgroups of this group are each generated by a
transposition in S,,. This transposition is embedded into .S;, as a product of
¢; transpositions; since ¢; is odd, this element does not lie in A,,. It follows
that Ci(g) has odd order, so e has trivial defect group. O

This establishes the defect groups. To determine the fusion systems, we
will make use of Corollary 2.8.

LEMMA 4.13. Let P be a Sylow p-subgroup of Spm or Apny,. For any
centric subgroup Q of P, Q has no fized points and Cs,,, (Q) is a p-group.
One exception to this occurs for Ap, when p =2 and m is odd; in this case
there are two points that may be fived points of some Q.

PRrROOF. Let G = Sy, and let z be an element of G of cycle type p™.
Cg(z) is then isomorphic to Cp ¢ Sp,, which has order p™ - m!. This equals
[1%, pi, the product of those factors of (pm)! that are divisible by p. It
follows that the index of Cg(z) in G is prime to p, so the two groups have
isomorphic Sylow p-subgroups. We can therefore assume P < Cg(z). Since
z is a central p-element of C(z) and P is a Sylow p-subgroup of C(z), we
have z € P. Then z is a central element of P; since () contains Z(P) we
have z € @, and so ) has no fixed points.
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Suppose now that C(Q) is not a p-group, and let = be a nontrivial p-
regular element of C(Q); then x is also an element of C(z). Since C(z) is
isomorphic to Cp 2 Sp,, there is a surjective homomorphism ¢ : Cg(z) = Sm
with kernel C}", and this kernel has a set of generators gi,...,gm such
that the conjugation action of C(z) permutes these generators with the
permutation given by the map . Now () is a nontrivial p-regular element
of Sy, that commutes with ¢(Q), a p-subgroup. Let k € {1,...,m} be a
point that is not a fixed point of p(x) and let K be the orbit of k under
©(Q). Assume that ¢(z)(k) € K; then there is an s € ¢(Q) such that
s(k) = p(x)(k). By induction we then find s™(k) = p(z)"(k) for all n, since
s and ¢(z) commute. Since s is a p-element and ¢(x) is p-regular, this would
imply that k is a fixed point of both elements, contrary to our assumption.
Thus ¢(z)(k) € K.

Now let g = [];c 9;- This is a p-element contained in the normal sub-
group C' of Ci(2), so it is contained in every Sylow p-subgroup of Cg(2).
In particular, g is an element of P; since it clearly centralizes @), it is an
element of (). Then g commutes with z, but since ¢(x)(k) ¢ K, g* cannot
equal g. This is a contradiction.

The case G = A, and p > 2 is immediate, since Sy, and A,,, have
the same Sylow p-subgroups when p > 2. This leaves the case G = A, and
p = 2; here Cg(Q) is a subgroup of Cs,, (Q) of index at most 2, so it is
enough to show that C(Q) is a p-group. We consider the cases m even and
m odd separately. Suppose that m is even and let z be an element of cycle
type 2™; this is now an element of G. As before, we can assume z € @, so @
has no fixed points. Cg(z) is now a subgroup of index 2 in Cg,,, (2) = C20Sp,
so again we have a map ¢ : Cg(z) = S),. As before, we assume that there is
a nontrivial p-regular element z in Cg(Q), we let k € {1,...,m} be a point
that is not a fixed point of p(x), we let K be the orbit of k& under ¢(Q), and
by the same argument as before, we find ¢(x)(k) € K.

We let g1, ..., gm be the set of transpositions generating C* <1 Cg,,, (2),
like before. Now if k is not a fixed point of @, then |K| is a power of 2, so
[Lick 9i is an even permutation. It is then an element of P that centralizes
@ but not z, which is impossible since @ is centric in P. We can then assume
that every point that is not a fixed point of ¢(z) is a fixed point of ¢(Q).
Then @ centralizes g; whenever i is not a fixed point of p(z), 80 grgu(x)(k)
is an even permutation centralizing (). It lies in P by the same arguments
as before, so it lies in ); but it does not centralize x since the cycle in x
involving k has length at least 3. Again we have a contradiction.

There remains the case that m is odd. In this case we let z be an element
of cycle type 122™~ 1 and we let 2’ be the transposition interchanging the
two fixed points of z. As in the previous cases, comparing orders shows
that a Sylow p-subgroup of C¢(2) is also a Sylow p-subgroup of G. By the
same arguments as before, () must contain z, so it has at most two fixed
points, namely the points interchanged by z’. Now Cs,,,(#) is isomorphic
to (2') x (C2 1 Spm—1), and Cg(z) has index 2 in Cg,, (2), so it is normal in
this group. Since Cg(z) does not contain 2’, Cs,,, () is also isomorphic to
(z) xCg(z); dividing out (z), we see that C(z) is isomorphic to C30S,,—1. We
can then follow the argument for the case G = S,,,,_1) to get the result. [
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THEOREM 4.14. Let G = S,, or G = A,, and let b be a block of G. There
exists some m < n such that the fusion system associated to b is isomorphic
to the fusion system of Sy or Am, respectively.

Proor. Consider first the case G = S,. Let P be a defect group of b and
let N be its set of fixed points, let M be the complement of N in {1,...,},
let F be the fusion system on P associated to b, and let () be a centric
subgroup of P. Then by Lemma 4.13, C5(Q) has the form R x Sy where
R is a p-group. By Theorem 3.3, every block idempotent of C(Q) is then
contained in Sy, so the map ¢ : kCs(Q) — kSy induced by the projection
onto Sy is bijective on blocks. Then we may identify the Brauer pairs at @)
with the blocks of Sy. Additionally, the map ¢ o Brg : Z(kG) — Z(kSn)
is surjective by Lemma 4.6. It follows that there is a unique Brauer pair
associated to b at each @, so Autr(Q) = Autg(Q). By Lemma 4.9 we have
Autg(Q) = Autg,, (Q), so Corollary 2.8 implies that F = Fp(Sn).

Now consider the case G = A,, and p > 2. Keeping the same notation, we
have Cg, (Q) = R x Sy, where R is a p-group. Since p > 2, R is contained
in A,, so we find Cz(Q) = R x Ay. We again have a projection map
¢ : kCq(Q) — kAp, but the map ¢ o Brg : Z(kG) — Z(An) is no longer
surjective (except in the case where P is the trivial group). By Lemma 4
and Lemma 4.8, the image of the map instead consists of those elements x
of Z(An) that satisfy 7 = = where o is any odd element of Sy. Then for
any primitive idempotent e of Z(Ay), either e lies in the image of ¢ o Brg
or e # €7 and e + €7 lies in the image. It follows that there are either one or
two Brauer pairs at () associated to b, and this number is independent of @)
since the map ¢ o Brg is the same for all Q. In the case of two Brauer pairs,
we also see that they are interchanged by o.

Now let g € Ng(Q). Since N is the set of fixed points of @), we can write
g = g1g2 with g1 € Sj; and go € Sy. Then g1 and go are either both even
or both odd. Now in the case of two Brauer pairs at each @, the g that fix
each Brauer pair are those for which g» is even. Then g; must also be even,
so we find Autz(Q) = Aut,,(Q) and so F = Fp(Ap). When there is one
Brauer pair at each @ and |N| < 2, we also find Autz(Q) = Aut,,,(Q) and
F = Fp(Apr), since g9 is always trivial in this case. This leaves the case of
one Brauer pair at each @ and |N| > 2; here we get Autz(Q) = Autg,, (Q)
and so F = Fp(Syr). But we can now choose a set M’ containing M and
two additional points; since p > 2, P is also a Sylow p-subgroup of A,;. We
have Autg,, (Q) = Auta,,(Q) for all @ since for any g € Sy, either g or gt
lies in Ap; where t is the transposition interchanging the two elements of
M’ \ M. We then get F = Fp(An).

This leaves the case G = A,, and p = 2. Fix a @, and let IV be its set
of fixed points and M the complement of N in {1,...,n}. We then have
Cs,(Q) = R x Sy where R is a p-subgroup of Sy;. Now if R is contained
in Aps, then Cg(Q) is just R X Ax. Then we again find that there are one
or two Brauer pairs at () associated to b, and if there are two, they are
interchanged by any odd permutation in Sy. As before, this implies that
Autr(Q) is Autg,,(Q) if there is a single Brauer pair and Autga,, (Q) if
there are two.
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If R is not contained in Ay, Co(Q) consists of (RN Apr) X Ay together
with the products of any odd permutation in R and any odd permuta-
tion in Sy. Now the block idempotents of kCq(Q) are still found inside
kA, since Ay contains all p-regular elements of C(Q). Let o be any
odd permutation in Sp; then we actually have e = e for any block e of
kCq(Q), since there exists an element g € Cg(Q) such that x9 = z7 for
all z € Aps. Then there is a unique Brauer pair at @ associated to b, so
we have Autz(Q) = Autg,,(Q). But since R = Cg,,(Q) contains an odd
permutation, any element in Autg,, (Q) can be given as conjugation by an
even permutation, so we actually have Autz(Q) = Autg,, (Q) = Auty,, (Q).

Now let IV be the set of fixed points of P, M its complement, and write
|M| = 2m. In the case where m is even, all centric subgroups of P have
N as their set of fixed points by Lemma 4.13, so we get F = Fp(Sy) or
F = Fp(An) as in the case p > 2. If F = Fp(Apr) we are done, so sup-
pose that F = Fp(Syr). Since F is saturated, Autz(P) = Autg,, (P) has
Autp(P) as a Sylow p-subgroup. Let T be a Sylow p-subgroup of Sj; con-
taining P; then Auty(P) is obviously also a Sylow p-subgroup of Autg,, (P).
Then Autp(P) = Autp(P), so there exists an odd permutation in 7" that
centralizes P. This implies that every morphism in Fp(Sys) can be given as
conjugation by an even permutation, so F = Fp(Syr) = Fp(Am)-

Consider now the case where m is odd. For those centric subgroups
of P that have N as their set of fixed points, we follow the same arguments
as in the case p > 2 to conclude that Autz(Q) = Auta,,(Q) or Autr(Q) =
Autg,, (Q), the same case for all ). As with the case m even, we exclude the
possibility Autz(Q) = Autg,, (Q) by considering the Sylow p-subgroups of
Autz(P). We then have Autz(Q) = Auta,, (Q) for all these groups.

Now define K C M to consist of the two points that are fixed points of
some centric subgroup @ of P. Then for any z € P, Q% is a centric subgroup
of P with K% as fixed points, so we must have K* = K. Then K is an orbit
under P, and there is a normal subgroup Pg of index 2 in P consisting of
those elements in P that do not interchange the two points in K. Writing
M’ = M\ K, it is clear that Pk is a subgroup of Ay.

Now if @ fixes the two points in K, Cg, (Q) has the form R x Sky with
R a p-group. By the same considerations as before, there is either one or
two Brauer pairs at () associated to b, the same number for all ). Suppose
there are two Brauer pairs. Picking an z € P\ Pk, we see that Pf = Pk
since Px < P, and x interchanges the two Brauer pairs at @, since it acts
as a transposition on Sxny. However, x fixes all Brauer pairs at P, since it
is an element of P, so there would then be two Brauer pairs at Py that are
contained in the same Brauer pair at P. This is impossible, so there must
be one Brauer pair at each Q. Then Autz(Q) = Autg, , (Q) = Autg,, (Q) =
Autga,,(Q), where the last equality follows from the fact that Sy contains
an odd permutation centralizing (), namely the transposition interchanging
the two elements of K. We then have Autz(Q)) = Auty,, (Q) for any centric
subgroup @ of P, and so F = Fp(Aum). O
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