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Abstract

In this thesis we study examples of triple spaces, both their structure theory,
their invariant differential operators as well as analysis on them. The first major
results provide us with some examples of triple spaces which are strongly spher-
ical, i.e. satisfy some conditions reminiscent of properties of symmetric spaces.
The algebras of invariant differential operators for these spaces are studied and
the conclusion is that most of them are non-commutative. Finally, we restrict
our attention to a single triple space, giving a specific polar decomposition and
corresponding integration formula, and studying the relations between open or-
bits of parabolic subgroups, multiplicities and distribution vectors.

Resumé

Fokus for denne afthandling er tripelrum, det veere sig deres strukturteori, deres
invariante differentialoperatorer, savel som analyse pa dem. Det fgrste hove-
dresultat giver os en raekke eksempler pa triplerum, som er steerkt sfeeriske,
dvs. opfylder nogle betingelser, der tilsvarer nogle egenskaber ved symmetriske
rum. Algebraen af invariante differentialoperatorer for disse rum studeres, og det
vises, at de fleste af dem er ikke-kommutative. Til sidst fokuserer vi udelukkende
pa et enkelt tripelrum, hvor vi giver en specifik polardekomposition og tilhgrende
integrationsformel, og studerer sammenhaengen mellem abne baner af parabolske
undergrupper, multipliciteter og distributionsvektorer.
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PREFACE

The harmonic analysis on semisimple/reductive symmetric spaces is well under-
stood thanks to the effort of Helgason, Flensted-Jensen, Oshima, Matsuki, van
den Ban, Schlichtkrull, Delorme and others which again rests on the work of
Harish-Chandra. However, the requirement on symmetric spaces - the existence
of an involution - seems unnatural, of more like a technical rather than a geo-
metric requirement on the space. Two properties seem to be of great importance
for symmetric spaces, namely sphericality and polarity - properties of a more
geometric nature than the existence of an involution. Thus, the overall idea is
to generalize the Plancherel formula from symmetric spaces to spaces which are
only spherical and polar. This, however, seems to be an overwhelming task and
by no means the scope of this thesis. Here we will focus on certain examples of
spherical and polar spaces, to see which phenomena we can expect or not expect
to occur in general.

The thesis is divided into three chapters as follows: The first chapter contains
background material on more or less advanced topics from representation theory
and harmonic analysis. The results obtained during the studies are described in
the following 2 chapters. In Chapter 2, we study triple spaces in as much gener-
ality as we can (the number of spherical and polar triple spaces turns out to be
quite limited). The main result here is a polar decomposition for certain triple
spaces, a result obtained jointly with Schlichtkrull and Krotz. The resulting pa-
per [10] is attached as an appendix. Finally, in Chapter 3, we study a particular
example of a triple space. Here we are able to determine the Plancherel measure



(up to absolute continuity) and describe a relation between the multiplicities
of the different representations and the number of open orbits of the parabolic
subgroup from which this representation is induced. Also the algebra of invari-
ant differential operators is determined.
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CHAPTER 1
PRELIMINARIES

In this first chapter we recall different notions and concepts from representation
theory and harmonic analysis that will be used throughout this thesis. I make
no claims to novelty in this chapter.

Most results are stated without proofs (indeed, some of the theorems men-
tioned are so profound, that in-depth proofs would make up a thesis of its own)
but references to relevant literature are given. In a few cases, where I was unable
to find a proper reference, I have added my own proofs (most notably the proof
of Proposition 1.36 and of the lemmas preceding it), and in a few cases I have
added a proof from the literature, if I thought it to be an illustrative application
of a previously stated theorem (e.g. the proof of Lemma 1.42).

1.1 Topological Vector Spaces

Definition 1.1. A topological vector space V is a vector space over a field K
equipped with a topology such that addition V x V' — V and scalar multipli-
cation K x V' — V are continuous maps.

Obviously, the definition implies that the translation map v —— v+a for some
fixed vector a is a homeomorphism. Thus, the topology of V' is determined solely
by the system of neighborhoods of 0, and a linear map between two topological
vector spaces is continuous if and only if it is continuous at 0.
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A topological vector space is called locally convex if there exists a neighbor-
hood basis of 0 consisting of convex sets. An obvious example is a normed space,
where the system (B, (0)) of balls of radius r > 0 is a convex neighborhood ba-
sis. More generally if P is a system of seminorms on a vector space V, such that
for each seminorm p € P, there exists another seminorm ¢ € P and a constant
¢ > 0, such that

Yo eV : p(v) < eq(v), (1.1)

then the system (BP(0))pep >0 of balls is a neighborhood basis of 0 and by
translation defines a locally convex topology on V. The converse also holds:
if V is a locally convex topological vector space, then there exists a family of
seminorms satisfying (1.1), which generates the topology on V' (cf. Proposition
7.6 of [30]).

In other words: a locally convex topology on a vector space means a topology
generated by seminorms.

If there a exists a countable family (p,)nen of seminorms generating the
topology (equivalently, if there exists a countable neighborhood basis of 0), we
can define a metric, by

. 1 pulv—w)
d(v,w) := Z P Tt pao—w)

neN

and this metric, which is obviously translation invariant, defines the topology
on the vector space. The space is called a Fréchet space if it is complete as
a metric space. One example of a Fréchet space is the Schwartz space S(R™) .
The classical Schwartz space allows several generalizations to Schwartz spaces
on a group G. Here we outline the definition of a Schwartz space as given in [5]
in Section 2.5: First, pick an inner product on 7.G and extend this to a left-
invariant Riemannian metric on G. The metric gives rise to a distance function
d(g1,92) (note that a change in the inner product in T.G just amounts to a
scaling, and thus the resulting distance functions will just differ by a factor).
Define the scale function : s(g) := exp(d(g,e)). Then we define the Schwartz
space (or rather the L'-Schwartz space)

8(G) == {f € C™(G) |VD € U(ge)¥n € N: s(¢9)"Df(g) € L'(G)}. (1.2)

The Schwartz space becomes a Fréchet space by equipping it with the topology
generated by the seminorms ||f|ln,p = ||s(¢)"Df(g)||r: for n € N and D €
U(g). We return to this space later.
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For a given topological vector space we denote by V* the algebraic dual of
V, i.e. the vector space of linear maps V — K. By V'’ we denote the contin-
wous dual , i.e. the subspace of V* consisting of continuous linear functionals.
The continuous dual can be equipped with several different vector space topolo-
gies. The weak topology, is the topology given by the seminorms (p,),cv where
pu(p) = |p(v)|. This is the weakest vector space topology on V' for which
it holds that the dual of V’ equals V' (as a vector space) in the sense that
the canonical map V' — (V') is surjective. The strongest topology on V' for
which it holds that (V') = V is called the Mackey topology . A third important
topology is the strong topology which is the topology of uniform convergence on
bounded subsets. In general, the strong topology is stronger than the Mackey
topology, i.e. the dual of V"’ is larger than V. In the case where the strong topol-
ogy and the Mackey topology coincide, i.e. when (V') = V| we say that V is
a semi-reflezive space . If the identity holds as topological vector spaces when
(V") is given the strong dual topology, then we say that V is reflexive .

A matter which is even more delicate than giving the dual space a topology,
is that of topologizing a tensor product of two topological vector spaces. Given
two locally convex topological vector spaces V' and W we denote by V @ W the
algebraic tensor product of V and W, i.e. the space of finite linear combinations
of elements of the form v ® w. There are two “extreme” topologies on the tensor
product: The first is the projective topology or m-topology we understand the
strongest vector space topology on V' ® W making the canonical bilinear map
VW — VW continuous. V®W equipped with this topology will be denoted
V &, W and the completion of this space by V&, W. By [30] Proposition 43.4 the
projective tensor product satisfies the following topological universal property:
any continuous bilinear form ¢ : V x W — X to some topological vector
space X extends uniquely to a continuous linear map ¢ : V ®, W — X. The
projective topology on V' ® W is the unique topology with this property.

If o1 € V' and po € W’ (the continuous linear duals), then ¢ ® s given by

(P1 @ @2) (v, w) == @1 (v)p2(w)

is a linear functional on V ® W, and by the universal property this functional is
indeed continuous if the tensor product is equipped with the projective topology,
ie. 1 @ e (Ve W).

By construction, the projective topology is in some sense the strongest topol-
ogy we could meaningfully put on a tensor product. At the other end of the
scale we find the injective topology or e-topology which is the weakest vector
space topology on V' ®@ W such that linear functionals of the form ¢; ® o are
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continuous. These were already found to be continuous in the projective topol-
ogy, hence the injective topology is weaker than the projective topology. By
V@ W and V&.W we denote the tensor product equipped with the e-topology
resp. the completion of this. The identity map on the algebraic tensor product
induces an injection VR, W — V&.W.

A locally convex topological space V is called nuclear if for any locally convex
vector space W this injection is a homeomorphism. In other words V' is nuclear if
and only if the injective and projective topology coincide. Examples of nuclear
spaces are 2(M), 8(R™), 8(G), C°(M) (for M a manifold) as well as their
subspaces and their strong duals (cf. [30] p. 530 as well as Proposition 50.1 and
Proposition 50.6). Taking the strong continuous dual of a tensor product where
at least one of the spaces is nuclear is very easy (cf. loc. cit. Proposition 50.7):

(VRW) =V'aw’. (1.3)

Here V' and W' are both equipped with the strong dual topology.
If V and W happen to be Hilbert spaces, we have a natural Hilbert space
topology on V' ® W, namely that given by the inner product

(v1 ® wa, v ® wa) 1= (v1, va) (W1, Wa).

We denote the completion of the tensor product of two Hilbert spaces simply
by V@W underlining that this choice of topology is the canonical one. How-
ever, in general, this topology is neither equal to the projective nor the injective
topology, it is somewhere in between. In fact, a Hilbert space (or even a normed
space) is nuclear if and only if it is finite-dimensional. In particular the topo-
logical universal property fails to hold in general.

1.2 Basic Representation Theory

Definition 1.2 (Representation). A continuous representation or just a
representation of a Lie group G on a topological vector space V;; is a group ho-
momorphism 7 : G — Aut(V;) (where Aut(V}) is the group of linear bijections
Vy —— Vi) such that the map (g,v) — 7(g)v is continuous G x V, — V.
We will often refer to the space V. as a G-module.

The definition obviously implies that 7(g) is a linear homeomorphism of V,
to itself.

Definition 1.3. A representation is called irreducible if the only closed invari-
ant subspaces are the trivial ones.
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A vector v € V, is called smooth , if the map g — 7(g)v is a smooth map
g — w(g)v. By V,>° we denote the space of smooth vectors. The space can
be embedded into C*°(G, V;) (the vector v representing the map g — m(g)v
which was smooth by definition). The latter space is given the topology of
uniform convergence of functions and its derivatives over compact subsets of
G, and V° is given the subspace topology. It is not hard to see that V° is a
G-invariant subspace of V. (albeit not a closed one) and that 7 restricts to a
continuous representation of G on V.

If V; = H, is a Hilbert space, 7 is called unitary if w(g) is a unitary map
for each g. For a Lie group G we denote by G the set of equivalence classes of
irreducible unitary representations. We will reserve the notation H, for infinite-
dimensional Hilbert spaces. For a finite-dimensional representation we will use
Ve

Given two groups G; and G5, and two unitary representations 7 and o of
G1 and G5 respectively we form the so-called outer product m X mo of G1 X Go
on H,, @H,, given by

(m1 X m2)(g1, 92)v1 ® v2 := (m1(g1)v1) @ (m2(g2)v2)

(this is sometimes also denoted 71 K 5 but we will not use this notation here).
If G1 = Gs, the restriction to the diagonal is called the tensor product and
denoted m ® mo L

(71 ® 2)(g9)v1 ® v2 1= (m1(g)v1) @ (m2(g)v2).

Note that the canonical unitary map M, @H, —— Hr, ®H,, intertwines 7 ®
w9 and 7Ty ® 1 which are thus unitarily equivalent, unlike 71 X 75 and o X 7y
which are usually not necessarily equivalent.

In the unitary case, the topology on JH>° is a Fréchet topology and it is
generated by the seminorms

lello == [|Uz]|5

for U € U(gc), the universal enveloping algebra of gc. By a theorem of Gaarding,
Hee is dense in H,.

In what follows, our focus will be almost exclusively on unitary represen-
tations. The main source of non-unitary representations will be restrictions of

1Generally in the literature w1 ® 7o is used both for the tensor product and the outer
product construction. However, at certain places in this thesis we need to distinguish them,
and therefore I found it prudent to have two different notations for them.
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unitary representations to the space of smooth vectors or extensions to distri-
bution vectors : If (w, H,) is a unitary representation, then by H_>° we denote
the continuous linear dual of ﬁio, i.e. the space of continuous conjugate linear
functionals H° — C. The elements in this space are called distribution vec-
tors. The space is equipped with the strong dual topology and is turned into a
G-representation space by the dual representation of H°, i.e.

(m(g)n)(v) == n(x(g~ ).

Since ﬁ:o C K, we get by dualizing (using the fact that the dual of H, is Hy):
H € H°°, and hence we obtain the following string of (topological) inclusions

56 C 3¢, C H>.

This explains the conjugation in the definition of distribution vectors.

For the remainder of this section we assume G to be a semisimple Lie group
with finite center and with maximally compact subgroup K. We turn now to the
definition of some very important representations, namely the so-called principal
series representations . Let P = M AN be the Langlands decomposition of a
parabolic subgroup (not necessarily a minimal one), let £ be an irreducible
unitary representation of M on some Hilbert space J¢ and let A € ag. Then we
define a representation (&, ) of P on 3¢ by 2

(€, A)(man) = a**P¢(m)

and we induce from this a representation mp¢ » of G. To be more specific this rep-
resentation is constructed as follows: Consider the space of continuous functions
f: G — H, with the following equivariance f(zman) = a~A*P)¢(m)~1 f(x).
Equip it with the norm

= /K (k) P,

which is indeed a norm on the given space, since a function in there is determined
completely by its behavior on K (because of the decomposition G = KM AN
and the equivariance above). Let H{p¢ » denote the norm closure and define the
continuous representation mp¢  on this space by

(mpen(9)f) (@) := fg~ ).

2Here p = % Y aes+(g,a)(dim ga)a is half the sum of the positive roots for the root system
(g, a)-
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The representation is unitary if A is imaginary.

Not all of the principal series representations are irreducible, and they are
not all inequivalent. It is a delicate issue, and here we only focus on the case
where P = M AN is a minimal parabolic and )\ imaginary. Bruhat showed that
the dimension of the space of self-intertwiners of the representation mp¢ y is
bounded by [W¢ | 3 where

Wen = {w e W(G, A) | wé = & wh =}

and W(G, A) = Nk(a)/Zk(a) is the Weyl group. Since the Weyl group is gener-
ated by root reflections of simple roots, it follows that there exists a non-trivial
w mapping A to itself, if and only if there exists a root « such that (A, @) = 0. In
particular, mp 1 x (these are the so-called spherical principal series representa-
tions ) is reducible if and only if there exists a root « such that (A, &) = 0. The
set of such \’s is clearly a set of measure 0 in 3a. Moreover two representations
Tpea, and mpe, y, are equivalent if and only if there exists a w € W(G, A)
such that & = w&; and Ay = wA;. The construction of an actual intertwiner
is very involved as it is first constructed for A in a certain subset of af (which
does not necessarily contain ia) and then meromorphically extended.

We shall return to the principal series representations in a later section, when
we discuss the representation theory of SL(2,R).

1.3 K-Finite Vectors

We retain the notation from the previous section and let G be a semisimple Lie
group with finite center, and let K be its maximally compact subgroup. Let 7 be
a representation of G on some Hilbert space H,. For § € K we denote by H[0]
the space of K-finite vectors of 0 type, i.e. vectors v for which the K-module
span{m(K)v} is equivalent to %" for some finite n. If 7| is unitary we can, by
Peter-Weyl, decompose 7|k into K-types

¥ = P (1.4)
sek

where ns € Ny U {oo}. Under this isomorphism H, 5 is simply Vé@"é.

Definition 1.4 (Admissible representation). A representation 7 on a Hilbert
space H, for which 7|k is unitary and which allows a decomposition (1.4) with
ng < oo for all § € K, is called an admissible representation.

3See Theorem 7.2 of [21].
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This notion was introduced by Harish-Chandra. Admissible representations
constitute a particularly well-behaved class of representations, where a lot of
information can be extracted from its corresponding infinitesimal Lie algebra
representation (or rather of its corresponding (g, K)-module - a notion to be
defined shortly). Harish-Chandra showed that all irreducible unitary represen-
tations of G are indeed admissible ([21] Theorem 8.1). However, irreducible
non-unitary representations need not be admissible, as was proved by Soergel
[29].

Let

Ho i = D Hal0]

sek

denote the space of K-finite vectors (note that the direct sum here is algebraic!).
From (1.4) it follows that H x is dense in 3. Moreover ([21] Proposition 8.5):

Theorem 1.5 (Harish-Chandra). For m an admissible representation, any
K -finite vector is smooth, i.e. Hy g C FH°.

Since w(k)m(X)v = n(Ad(k)X)n(k)v it follows easily that H(, x is invariant
under 7(g). Obviously, it is also invariant under the K-action. Motivated by this
we therefore define

Definition 1.6. A (g, K)-module is a vector space V (no topology involved)
on which we have a representation of the Lie algebra g and a representation of
the group K satistying the following requirements

1) k-X-v=Adk)X k0.

2) For each v € V, span{ K - v} is finite-dimensional and the K-action on this
space is continuous.

3) For X € £ we have 4 exp(tX) -v=X-wv.

li=o

Note that 3) makes sense due to 2). For a unitary representation = which is not
necessarily admissible, the space of K-finite vectors is in general not a (g, K)-
module, as it may not admit an action of g. On the other hand it is also clear
that HS° is in general not a (g, K')-module since requirement 2 is not necessarily
satisfied for an arbitrary smooth vector. However, the space H, x N H° is in
fact a (g, K)-module and we call this the (g, K)-module associated with . If w
happens to be admissible, then H, x N H = H, k is the associated (g, K)-
module.
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Theorem 1.7 (Harish-Chandra). If 7 is any representation on H,., then
Horx NFHE is dense in H°. In particular, if ™ is admissible, then H, k is
dense in H.

For a proof see for instance [34], Theorem 4.4.2.1 on p. 261.

If Vand W are two (g, K)-modules, Homg i (V, W) is the set of linear maps
V' — W which intertwine both the g-action and the K-action and V and W
are said to be equivalent as (g, K)-modules if there exists an invertible element
in Homg x(V,W). A (g, K)-module V is called irreducible if the only subspaces
invariant under both the g-action and the K-action are {0} and V. By a version
of Schur’s Lemma : if V' and W are irreducible, then Homg g (V, W) == C if the
modules are equivalent, and Homg x (V, W) = 0 if they are non-equivalent.

Just as we have dual representations, we also have dual (g, K)-modules . For a
module V, this is defined as V := (V*) g, as the K-finite vectors in the algebraic
dual of V.

Lemma 1.8. Let (m,H,) be an admissible G-module. The dual of the (g, K)-
module Hy i is the module associated with the dual representation of m on
H! = H, in other words, the restriction map

—~—

(ﬁﬂ)K = (:H;r)l{ — Hr ke
s a linear isomorphism.

Proor. Since H g is dense in Hy, it is clear that the restriction map is injec-
tive.
We decompose H,. into irreducible K-modules:

—

j‘fﬂ— —_ @ V:;@’ﬂa

sekK
and since 7 is admissible, each ng is finite. Thus
bn
Hox = PV
sek

This implies that
rr = L[V
seK

H7 i is a K-module and the map that restricts an element in H7 - to VP s a
K-intertwiner (the dual map of an intertwiner is an intertwiner, and restriction
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is the dual map of inclusion map, which is an intertwiner). It means that an
element ¢ € (3} ;) k when restricted to V2™ is non-zero only for finitely many

¢’s. Hence
(3 )k = @)

s5eR

On the other hand, we have
g_CI _ @(V:s@n(;)*
seK
and hence
(90 = P EE™)

seK

which equals (3} ;) k. This proves the lemma. O

A unitary representation of G is said to be infinitesimally irreducible if its
associated (g, K)-module is irreducible, and two unitary representations are said
to be infinitesimally equivalent if there associated (g, K)-modules are equiva-
lent. It is a deep result by Harish-Chandra that a unitary representation of G
is irreducible if and only if it is infinitesimally irreducible and that two irre-
ducible unitary representations are unitarily equivalent if and only if they are
infinitesimally equivalent. For more on (g, K')-modules see [32] Ch. 3.

A (g, K)-module V is called admissible if Homg g (V5, V') is finite-dimensional
for all 6 € K 4. Obviously, the (g, K)-module associated with an admissible
representation is admissible.

Definition 1.9 (Harish-Chandra module). An admissible (g, K)-module V'
is called a Harish-Chandra module ° if it is finitely generated, i.e. if there exists
a finite set {v1,...,v,} C V such that

V=P U(ac)v;.
j=1

We see that an irreducible (g, K)-module is finitely generated, since it is gen-
erated by any non-zero vector. Thus if 7 is an irreducible admissible representa-
tion, its associated (g, K')-module is a Harish-Chandra module. The requirement

41n [5] this is called weak admissibility.
5In [5] a Harish-Chandra module is also called an admissible module.
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of being finitely generated might seem a bit awkward. The reason is that we want
this category to contain also the (associated (g, K)-modules of) non-irreducible
principal series representations.

One of the fundamental results in the theory of Harish-Chandra modules is
the celebrated Casselman Subrepresentation Theorem

Theorem 1.10 (Casselman). Any Harish-Chandra module can be embedded
into the (g, K)-module associated to a principal series representation.

So not only does the category of Harish-Chandra modules contain all the
principal series representations - these and their submodules are the only Harish-
Chandra modules.

1.4 Invariant Differential Operators

Invariant differential operators play a very important role in all of harmonic
analysis. It is visible already in the Fourier theory on R: here the invariant
differential operators are the constant coefficient ones, and we expand functions
in integrals involving exponential maps which are exactly the eigenfunctions of
the constant coefficient differential operators.

We begin with some basic definitions. Let ¢ : M — M be a diffeomorphism
of a manifold. Then we define an automorphism of C*°(M) by ¢ — f? :=
fow™!. Similarly, we define an automorphism on the set of differential operators
on M by

D#f:=(Df* ' )* = (D(foyp))op .

We say that D is invariant under the mapping o, if D¥ = D, ie. if D(foyp) =
(Df) o

On a Lie group we have some standard diffeomorphisms: ¢, : G — G, given
by h — gh as well as r, mapping h — hg~!. For a subgroup H the left action
descends to diffeomorphisms of the quotient ¢, : G/H — G/H.

Definition 1.11 (Invariant Differential Operator). A differential operator
on a Lie group G is called G-invariant or just invariant if it is invariant under all
left translations £,. The space of all such differential operators is denoted D(G).
More generally, a differential operator on a homogenous space G/H is called
invariant if it is invariant under all left translations ¢, of G/H. The space of
such operators is denoted D(G/H).
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It is not hard to check that (D D3)? = DY D¥ and hence the spaces D(G) and
D(G/H) are actually algebras. Note also the inclusion g C ID(G), since elements
of g are (by definition) first order invariant differential operators ©.

We would like some kind of characterization of the algebra D(G) or D(G/H)
in terms of the Lie algebras g and h. The algebra D(G) is easy to handle. Recall
the universal enveloping algebra U(gc) which as a vector space can be identified
with the symmetric algebra S(gc) consisting of complex polynomials

. . il DR l
E azl...anl Xn”

for some basis X1, ..., X, for g. Since compositions of differential operators are
again invariant, the extension of the map X —— X given in the footnote above,
to U(gc) (which consists of compositions of elements of gc subject to the Lie-
algebra relations) should embed U(gc) into D(G). They even turn out to be
equal:

Theorem 1.12. The map X : U(gc) — D(G) given by

()‘(P)f)(g) = P(alu ey 8n)f(gexp(t1X1 +-- 4+ tan))|t:0 ) f S COO(G)
is an algebra homomorphism.

By Z(G) we denote the center of D(G) = U(gc). The center turns out to
have an interesting interpretation. First note, that since Ad(g) : g — g is a
Lie algebra homomorphism, it extends uniquely to an algebra homomorphism
Ad(g) : U(gc) — Ul(gc)- By I(gc) we denote the subset of elements which are
invariant under all Ad(g), i.e. satisfy Ad(g)x = x for all g. These are called the
Ad-invariant polynomials.

For the differential operators we define

Ad(g)D = D"s.

This is again an algebra homomorphism. The motivation for this definition is
that Ad(g) in some sense is a conjugation with ¢g and since D is left-invariant

6However, we may also view g as the tangent space T.G. The connection is that we can
view a tangent vector X as the vector field or differential operator given by

Xf(g): Fgexp(tX)).

dtliy



1.4 Invariant Differential Operators 15

only the right translation is left. Furthermore, a simple calculation reveals that
for X € g:
(Ad(g)X) = X"

which shows that A(Ad(g)z) = Ad(g)A\(z) for x € U(ge).

Corollary 1.13. Let G be a connected Lie group. The isomorphism A maps
I(gc) bijectively onto Z(G), in other words the center Z(G) consists of invariant
differential operators which are Ad(g)-invariant i.e. invariant both from the right
and from the left.

For the proof one needs to note that D commutes with X if and only if D is
right exp(tX)-invariant. Since any element in G is a finite product of the form
exp X7 - - - exp X,, the equality of Z(G) and the set of Ad-invariants follows.

One prominent element which is always in Z(G) (when G is semisimple) is
the Casimir element. It is defined as follows: Let {Xy,..., X, } be some basis
for g, and let {X1,...,X,} be the dual basis w.r.t. the Killing form B (which is
non-degenerate as G is semisimple). The Casimir element is defined as follows:

n

W = Z B(XZ,XJ))@)?]

ij=1

The center of the universal enveloping algebra can be used to define what
is knows as an infinitesimal character. First we recall the Schur lemma, which
says that the only bounded operators commuting with an irreducible unitary
representation are scalar operators 7 Dixmier proved an infinitesimal version of
this: Let g¢ be a complex Lie algebra and U(gc) its universal enveloping algebra
and Z(gc) the center of U(gc) (not to be confused with the center of g¢ which
we denote Z,..). In the following a unital U(gc)-module is a U(gc)-module where
1 € U(gce) (the enveloping algebra, by definition, always contains a unit) acts
as the identity.

Theorem 1.14 (Dixmier). Let p be an irreducible unital left U(gc) module.
Then the only U(gc)-linear maps commuting with p are scalar operators.

Now, let 7 be an irreducible admissible representation of a connected reductive
Lie group G. This induces a representation , of the Lie algebra g on the (dense)
space of K-finite vectors. We can complexify this representation and extend to

"In fact, by definition quasisimple representations are representations satisfying that the
only bounded operators commuting with then are scalars. In that sense, Schur’s lemma asserts
that irreducible unitary representations are quasisimple.
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an algebra representation, also denoted ,, of the universal enveloping algebra
U(gc) on VE. Dixmier’s Theorem implies that 7,(X) is just a scalar multiple
of the identity map idyx when X € Z(g). By the homomorphism property of
7, this implies the existence of a homomorphism X, : Z(gc) — C such that

Tx (X) = XTK‘(X) idyx

for all X € Z(gc). Here x, is called the infinitesimal character of w. Thus we
are interested in classifying the characters on the algebra Z(gc). This was one
of the first of Harish-Chandra’s great achievements.

The strategy is to identify Z(gc) with a more manageable algebra whose
characters are easier to classify. This identification is via the Harish-Chandra
homomorphism which we now define. We fix a Cartan subalgebra hc C gc
and let X7 = X% (gc, hc) denote the set of positive roots w.r.t. hc and some
choice of positivity. In this case we know that (gc), is 1-dimensional so pick
a basis E, for each of the root spaces as well as a basis {Hjy, ..., Hy} for the
Cartan subalgebra. Inside U(gc) we consider the two subspaces U(hc) (which
is obviously a commutative subalgebra) and

2= @ Ulge)Ea. (1.5)

acAt+

Then one can show that U(hc) N & = {0} and that Z(gc) C U(hc) @ &. What
does this mean? It means the following: By the Poincaré-Birkhoff-Witt-theorem
a basis for U(gc) is given by elements of the form
ET ... ET ™. gMEEPL ... ED
1 k [e51

—Qq —Qy ap?

and if this belongs to the center, then p; =---=p; =0 implies ¢ = --- = q; =
0. In other words, assume v to be a highest weight vector in a U(gc)-module of
highest weight A, then a basis element of the form (1.5) would act on v either
by 0 (if there exists p; # 0) or by the scalar

A(H)™ - A(H)™

(if py = -+ =p; =0 in which case also ¢ = -+ = ¢ = 0).

Since hc and C are both abelian, A extends via the universal property to an
algebra homomorphism X : U(hc) — C. Thus letting 7§, : Z(gc) — U(bc)
denote the projection onto the first component we see that

X v = Ay (X))o (L6)
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for all X € Z(gc).

Remembering that p = 3 v a (for the root system X(gc,bc) all the
roots automatically have multiplicity 1) we define a map ox+ : he — U(be)
by

oae (H) = H — p(H)1,

we more or less translate by p. Again by the universal property, this map extends
to a map ox+ : U(he) — U(he).

Definition 1.15 (Harish-Chandra homomorphism). The Harish-Chandra
homomorphism is the homomorphism 7 : Z(gc) — U(hc) defined by

Y 1= 0g+ 0 Y54 (1.7)

Then, bearing (1.6) in mind, it should come as no surprise that in the highest
weight U(gc)-module of highest weight A considered before, we have

X-v=A=p X))o (1.8)

Even though oyx+ and 4. depend on the choice of positivity, the Harish-
Chandra homomorphism does not. Finally, recall that the Weyl group acts on
he (it acts by the adjoint action of certain equivalence classes of elements in K)
and this action extends to an algebra action on U(h¢). Let U(hc)" denote the
subalgebra of elements fixed by the Weyl group action.

Theorem 1.16. The Harish-Chandra homomorphism is an algebra isomor-
phism
v Z(gc) — U(he)". (1.9)

As, mentioned, any A € hc extends to an algebra homomorphism A : U(he) —
C. Composing with the Harish-Chandra homomorphism gives us

XA ::AO'y : Z(g(c) — C.
Not all of these maps are different, since v(X) € U(hc)"W we see
Xuw-A(X) = (w - A)(7(X)) = A(Ad(w™ (X)) = A(y(X)) = xa(X)

and hence x.,.A = xa. Actually the converse statement also holds: if x5 = xa
then A’ = w - A for some w in the Weyl group. Thus ®:

8This is Proposition 8.20 and 8.21 in [21]. The last claim, that a closed Weyl chamber is a
fundamental domain for hc/W is Lemma 10.3.B in [20].
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Theorem 1.17. Every homomorphism x : Z(gc) — C is of the form xa for
some A € B, i.e. the set of all characters on Z(gc) is in 1-1 correspondence
with (h(*C)W which in turn is in 1-1 correspondence with a closed Weyl chamber.

We end this section with some general remarks on the algebra 2(G/H). Let
7w : G — G/ H denote the natural projection. This gives us a map C*°(G/H) —
C=(G), by

f— f:: fom.
It is not hard to check that the image of this map inside C*°(G) is C*(G)y
which are the functions which are right H-invariant, i.e. satisfy f(gh) = f(g
for all h € H. We use this map to identify the spaces C*°(G/H) and C*(G)q.

In the following, we let Dy (G) denote the subset of D(G) consisting of dif-
ferential operators which in addition to the left invariance are also right H-
invariant, i.e. satisfy D™ = D for h € H (another way to phrase this is that
it should be left G-invariant and Adg(H)-invariant). Our first task is to re-
late Dy (G) to D(G/H). Unfortunately, it is too much to hope for that the two
spaces can be identified as in the case of smooth functions. If D € Dy (G) and
f € C>(G/H), it is not hard to check that Df € C*(@) is actually right
H-invariant, thus it is of the form F for some unique F € C*(G/H). Let u(D)
denote the operator mapping f to F, i.e. satisfying

((D)f)~ = DJ.

It is not hard to see that u(D) is linear and decreases support, and hence is a
differential operator on G/H. Checking that it is left invariant is also straight-
forward. Thus we get a map u: Dy (G) — D(G/H)

Theorem 1.18. The map p : Dy (G) — D(G/H) is a surjective algebra ho-
momorphism whose kernel equals Dy (G) ND(G)Y. Thus it induces an algebra
isomorphism

Dp (G)/(Dr(G) ND(G)h) — D(G/H). (1.10)

A much more explicit isomorphism can be given, in the case where G/H =
G/K is a Riemannian symmetric space of non-compact type, but we will not go
into that here. We will eventually return to the explicit calculation of two such
algebras in the final chapter.

1.5 Direct Integrals

For compact groups we know (Peter-Weyl) that a unitary representation always
decomposes in a direct sum of irreducible representations. For representations of
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a non-compact group, however, it is no longer the case, that any representation
decomposes discretely, as it may have “continuous” components also. Hence we
need a framework which allows us to deal with non-discrete decompositions of
representations. This framework is provided by the direct integral construction.
Throughout this section, G will denote an arbitrary Lie group.

Let (X, 1) be a measure space and assume we have a family of separable K-
Hilbert spaces H, parametrized by X. A measurable family of Hilbert spaces is
a family of Hilbert spaces together with a countable set (e;)$2; of vector fields
satisfying that the linear span of {e;(x)}$2, is dense in H, and satisfying that
x — (e;(x),ej(x))s, is a measurable function. From this definition it follows
(cf. Proposition (7.27) in [15]) that there exists disjoint measurable subsets
X, C X, for n € NU{co} such that X = J;2, and such that

Ve e X, H,=K"

where K stands for the Hilbert space ¢?(N,K). A section of a measurable
family of Hilbert spaces is a map

s: X — ] 7.
rxeX

such that s(z) € H, and such that x — (s(x), e;(z)) g, is a measurable function
for all 7. Note that e; is a section. We identify two sections if they agree almost
everywhere.

Definition 1.19 (Direct integral). For a measurable family (H,) of Hilbert
spaces, we define the direct integral

/X § Hodp(z)

to be the set of equivalence classes of measurable sections satisfying

/ ()13, dpu(z) < .
X

Endowed with the inner product

(51, 52) = /X (51 (2), 52(2)) e, dpu(x)

this becomes a Hilbert space.
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There are two things to note in this connection: 1) the direct integral depends
on the choice of (e;) (the sections used to define measurability). However, for
a different choice of (e;) the corresponding direct integral Hilbert space will,
in a canonical way, be isomorphic to the first one. 2) if v is another measure
on X such that p and v are mutually absolutely continuous, then the map
s — s4/du/dv is a unitary map ff? Hpdp(zr) —— fff Hpdv(z) (here du/dv is
the Radon-Nikodym derivative of u w.r.t. v).

We have two obvious examples of direct integrals: 1) a Hilbert (i.e. completed)
direct sum P, ;H; where the measure space is some discrete countable set [

with the counting measure, and 2) the space L?(X,K,u) where the measure
space is (X, u) and H, = K.

Proposition 1.20. For the direct integral construction the following hold

1) If H, y is a doubly indexed measurable family of Hilbert spaces over X XY,
with X carrying the measure p and Y carrying the measure v, then

D D D
[ eyl vy = /X /Y I,y i (y)dps(z)
D D
%/Y /X }Cm’ydu(m)dy(y).

2) If H, and H, are Hilbert spaces indexed over X and Y, then

(/X@ ‘}(Idu(x» ® (/;9 ﬂ'(ydu(y)> = v Hy @ Hyd(p @ v)(z, y).

XxY

The first claim is a simple consequence of the Tonelli Theorem. For the second
claim, simply consider two orthonormal bases and check that the natural map
maps one orthonormal basis to the other.

An operator A on H = f;? Hdu(z) is called decomposable if there exists a
family of operators A, on H, such that for all s € H and almost all z € X:

(As)(x) = Ay (s(2)).

Should this be the case, we write A = f;? Azdp(x) and call A the direct integral
of the family of operators (A;).

This carries over to representations where a direct integral decomposition is
a decomposition of each of the operators m(g) in a “compatible way”:
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Definition 1.21. A unitary representation (m,H,) of a topological group on
a direct integral Hilbert space H, = [ )6; Hodu(x) is called a direct integral
representation and is written
®
T = / T du(x)

b's
if there exist representations 7, of G on H, so that each operator 7(g) is de-
composable with (7(g)). = 72(g)-

Stated differently, if s is a section of the direct integral over X, then 7 =
f)? mxdp(z) simply means that

(m(g)s)(2) = ma(9)(s(z))

for almost all z.
For representations we see as a consequence of Proposition 1.20 above, that
if (m;) and (m,) are families of representations of G resp. G, then

(/@ mdu(m)) X (/Y@ ﬂde(y)) - /6B (T x my)d(n ® v)(2,y)

X XxY

as representations of G; x Gs. In particular, if G; = G5, we get by restricting
to the diagonal in G x G, that

(/ Cmdut)) e ( / mdv(y) = / C momdue ).y

X Y XxXY

as representations of G.

The following can be seen as a generalization of the Peter-Weyl theorem to
non-compact groups (cf. Theorem 14.10.5 in [33] - the unitary dual of G is
denoted by £(G), see p. 311).

Theorem 1.22. For any unitary representation w of a locally compact group G
of type I1° there exists a Radon measure on G (depending on ) and a measurable

9A topological group G is said to be of type I, if any unitary representation 7 for which
the space of self-intertwiners is just CI, decomposes into a direct sum of irreducibles. The
terminology comes from operator algebra theory: if A; denotes the closure in the weak operator
topology of the sub-algebra of B(Hx) generated by m(g) for g € G, then the requirement that
there are no self-intertwiners of m except the trivial ones, translates into the fact that the
von Neumann algebra A, has trivial center, i.e. is a so-called factor , and the condition of
reducibility translates into all A; being factors of so-called type I. Examples of type I groups
are compact groups, abelian groups, as well as semisimple and nilpotent groups (cf. [15]
Theorem (7.8)). The result for semisimple groups is due to Harish-Chandra cf. [17], Theorem
7.
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function m : G — N U {00} such that

@ A @ A
Her = [ }C?m( )d,u()\) and = /A ﬂi‘?m( )du()\).
a a

The measure p is unique up to multiplication with an a.e.-bounded measurable
function with a.e.-bounded inverse.

The number m(\) is the multiplicity of the irreducible representation 7y in
the decomposition of .

In the case of GG being a Lie group of type I, this decomposition gives rise to
corresponding decompositions of H>° and .

Theorem 1.23. Let 7 = f)? medu(z) be a direct integral representation. Then
the following hold:

1) Ifv € HS® and v = (va) as an element in fff Hadp(N), then vy € HY for
a.e. A € X and 7(Xo)v = (mA(Xo)va) for Xo € g. Conversely, if v = (vy)
and vy € HY for a.e. X € X, and if (mx(Xo)va) € Hy for Xo € g, then
ve HE.

2) Ifn e H;*°, then for a.e. A € X there exists nx € H, ™, so

nw:Ammwm

for all v = (vy) € HS®. The integral is absolutely convergent and the ny
are a.e. unique. Conversely, if nx € H° is a collection of distribution
vectors, such that A — nx(vy) is integrable for all v € HS°, then

weémmww

defines an element of H_>°.

For a proof of the second claim and for a reference to a proof of the first,
consult [26], Theorem C and Corollary C.I.
With this theorem at hand we can justify a notation like

52 53]
ﬂ-(fro:/X FHLdp(N) and ﬂf;oo:/x Hdu(N)

even though it is not a direct integral of Hilbert spaces.
A distribution vector 7 is called cyclic if v € HS® and n(n(g)v) = 0 for all g
implies that v = 0. In particular, a cyclic distribution vector is non-zero.
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Corollary 1.24. Ifn = () € H > fA Y 2du(N) s a cyclic distribution
vector, then my is cyclic for almost all \.

This is Theorem (IL.5) of [26].

1.6 Fourier Transforms

In the previous section we recorded a theorem guaranteeing the existence of a de-
composition of any unitary representation into a direct integral of irreducibles.
In harmonic analysis on a group, one is usually interested in one particular
representation (or rather 3 related representations) namely the regular repre-
sentations: the left-regular representation L, the right-reqular representation R
and the outer product of these two - the bi-reqular representation T. The first
2 are representations of G on L?(G) given by

Lo f(9) == flgg'g) and Ry f(g9) == f(g90)

and the bi-regular representation is a representation of G x G on L?(G) given
by

Tig1,92)f(9) = fl91 " 992)

The left- and right-regular representations are the dual of the actions £ and r of
G on itself defined in Section 1.4.

For a homogenous space G/H, we only have a left-regular representation -
a representation of G on L?(G/H). The goal is the decomposition of that into
irreducibles. Note that if we view a group G as the homogenous space (G x G)/G
(this is an example of a symmetric space, more on this later), then the regular
representation of this space is the same as the bi-regular representation of G.

A Fourier transform is a specific unitary intertwiner between the left-regular
representation and its direct integral decomposition. In the following we only
deal with Fourier transforms on groups. Fourier transforms on homogenous
spaces (to the extend that they can even be defined) are much more complicated,
one reason being that higher multiplicities may occur.

For the Abelian group R™ we know all the irreducible unitary representations,
they are maps R"” — C of the form z — €%'® where & runs through R”™. The
classical Fourier transformed of an L!-function, defined as

&= [ f@e “*da
Rn
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can thus be viewed as a function on R™ where we integrate f against the irre-
ducible unitary representation of R™ corresponding to &. This is the idea that
we generalize to a general group:

Definition 1.25 (Fourier transform). Let G be a topological group and G
its unitary dual. For f € L!(G) we define the Fourier transformed f of f to be
the operator-valued function on G given by

Fir) = /G Fo)n(g")dg € U(3,). (1.11)

The map f +— fis denoted F.
First we note, some basic properties of the Fourier transform:
Proposition 1.26. For the Fourier transform the following hold:

1) The map F is linear, in the sense that for each m € G:

(afi +bf2)" (1) = afi(m) + bfa(m).

2) (fi* f2)(m) = fo(m) i (m).

3) If f*(g) = F(g D), then (f*)(x) = f(x)".

4) When Ly and Ry are the left and right regular representations respectively,
then

— —~ — ~

(Lof)(m) = f(m)m(g™")  and  (Ryf)(m) = m(g9)f(m).

One of the high points of Fourier theory, is the existence of a measure on G
w.r.t. which one can define an inverse Fourier transform. Before we can state the
inversion formula, we briefly recall the definition of Hilbert-Schmidt and trace
class operators. Let H{ be a Hilbert space and consider the algebraic tensor
product 3 ® . This tensor product is identifiable with the space F(3) of
finite-rank operators H — H. We can equip this space with (at least) 3 norms,
1) the operator norm, || - ||, 2) the so-called trace norm : ||A|l1 = >_ sk(|A])
where s;,(|A|) are the eigenvalues of the operator |A| := (A*A)z, and 3) with
the so-called Hilbert-Schmidt norm

|A]l2 == Tr(A*A)
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(note that the trace and the sum of eigenvalues are well-defined, as the operators
have finite rank). The Hilbert-Schmidt norm comes from the inner product on
(A| B) = Tr(A*B) on F(H). Thus the completion of F(H) = H ® H in this
norm equals the Hilbert tensor product H&FH.

The three norms are related as follows

Al < [[All2 < [ All1-

The completion of F(H) in the operator norm is nothing but the space of
compact operators K (), the completion in the trace norm, S; () is the space
of so-called trace class operators and the completion Sy(H) = HRI in the
Hilbert-Schmidt norm consists of the so-called Hilbert-Schmidt operators . From
the relations among the norms we have the following inclusions of spaces

S1(H) C Sa(H) € K(%).

The trace class operators are characterized by the fact that for any orthonormal
basis (e,) for 3, the series
Z<A6,j, €i>
K3

is absolutely convergent, and inspired by the finite-dimensional case, we define
the trace Tr A of A to be the above sum (which can be shown to be indepen-
dent of the choice of orthonormal basis). From the definition of Hilbert-Schmidt
operators we see that Sy (H)Sa(H) C S1(H), i.e. that a product of two Hilbert-
Schmidt operators has a trace.

Theorem 1.22 guaranteed, for each representation, the existence of a certain
equivalence class of measures, such that the representation decomposes in a
direct integral w.r.t. this measure. For the bi-regular representation of G x G we
can be more specific. The following general version of the Plancherel theorem
says that the measure is supported on the diagonal of (G x G)" = G x G, that
the multiplicity is at most 1, and that the Fourier transform is an intertwiner

Theorem 1.27 (Plancherel). © Let G be a second countable, unimodular
topological group of type I with a fized Haar measure dg. There exists a unique
measure pu on G such that m — H QK is a measurable field of Hilbert spaces
and such that F as defined in (1.11) maps L*(G)NL*(G) into fg HRF pdp(m)
and extends to a unitary map

7]
F:LYG) = /@ H@F rdpu(m)

10Cf. [15] Theorem (7.44).
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which intertwines the bi-reqular representation T' and fée 7w X wrdu(r).
For this measure it holds for fi1, fo € L*(G) N L?(G) that

/ f1(9)Falg)dg = / Te (i (m) Fam) ) dpa(m) (1.12)
G G

and in particular
) = [ 17 e (113)

For f € L*(G)*L*(Q) (i.e. f being a linear combination of convolution products)
we have the inversion formula

10) = [ Te(F)ato) Y dut). (1.14)

G

~

Note that the first part of the theorem states that f(w) is a Hilbert-Schmidt
operator for almost all 7, and hence the trace in the Plancherel formula (1.12) is
well-defined. Similarly, for f € L?(G)* L?(G), f(w) will be a linear combination
of products of the form f; (71')]?2(7'() which are all trace class operators (for almost
all ) and hence the trace in the inversion formula (1.14) well-defined.

Definition 1.28 (Plancherel measure). The measure on G whose existence
is guaranteed in the theorem above is called the Plancherel measure of G. The
support G, := supp p of the Plancherel measure is called the reduced dual of
G.

Summing it all up briefly, relative to the Plancherel measure we have the
following unitary equivalences (2 and 3 following from restriction to the first
resp. second factor)

T [ w ),

G

(&)
L~ [ Dautr),

52
RN/@ (I®n*)du(m).

where the Fourier transform acts as the unitary intertwiner. The first equivalence
is a decomposition into irreducibles, the two last are not.
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The explicit determination of the Plancherel measure is one of the really dif-
ficult tasks in harmonic analysis. In the 60s and 70s Harish-Chandra succeeded
in determining the reduced dual and the Plancherel measure for general non-
compact semisimple Lie groups. However, the full dual G is still unknown for
all but a few of these groups.

The Plancherel formula (1.13) actually follows from the inversion formula at
eeGfor fe CX(G):

~

7€) = [ Te(F(m)dutr)
simply replace f by f*«* f where f*(g) := f(g~!) and perform a limit argument
to go from C°(G) to L*(G). Hence Fourier decomposition smooth compactly
supported functions at the identity element is sometimes called a Plancherel
formula .

For Abelian and compact groups, we can write down explicitly the unitary
dual and the Plancherel measure. For an Abelian group A, we know that the
dual A is again a topological group. The Plancherel measure turns out to be
nothing but the Haar measure (properly normalized) and the direct integral

[5 Hr © Hadu(r) is
@ o~
[ cautm) = 22(Ap)
A

Thus the Fourier transform is a unitary map L2(A) - L2(A).
To determine the Plancherel measure for a compact group K, we observe the
following identity

~

Te(f(0)m(k)) = f* xs(k)
for § € K and Xs(k) := Tr(d(k)). Hence the Peter-Weyl decomposition of f €
L?(K) can be written as
fk) =3 d(0) Te(f(9)m (k)
seK

where d(¢) is the dimension of V. This is a Fourier inversion formula for compact
groups. Thus, Fourier theory of a compact group reduces to Peter-Weyl theory,
and that the Plancherel measure on K is nothing but

p(E) = _d(©),
deFE

i.e. the counting measure weighted by the function d.
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More generally, instead of considering decompositions of L?(G) for a given
group G, we can consider decomposing L?(G/H) for a homogenous space G/ H.
The space has a natural left G-action go(gH) := (gog)H which induces a left-
reqular representation of G on L*(G/H) by

L(go)f(gH) = f(gy 'gH).

As an example: If we view a group G’ as the homogenous space G’ = (G'xG") /G’
(where G’ is embedded in G’ x G’ as the diagonal), we see that the left-regular
representation of G/ x G’ on G’ (viewed as a homogenous space) equals the
bi-regular representation. We refer to this example as the group case . Another
example is a G/ K where G is a semisimple group and K is a maximally compact
subgroup. Both are examples of symmetric spaces. The latter is referred to as
a Riemannian symmetric space of non-compact type . We return to symmetric
spaces later in this chapter.

Unlike the decomposition of a group, it is no longer to be expected, that
L?(G/H) will have a multiplicity free decomposition. In principle, an irreducible
unitary representation could occur with infinite multiplicity. This makes it very
difficult to write down a general Fourier transform for homogenous spaces.

1.7 More on Smooth Vectors

After the previous two quite general sections, we return, to the setting of G
being a semisimple Lie group with finite center, and K its maximally compact
subgroup. We denote by g = €@ p the Cartan decomposition of the Lie algebra
of G.

Definition 1.29 (Moderate Growth). A representation 7 of a group G with
scale function s on a locally convex topological vector space V is said to be of
moderate growth if for each seminorm p on V there exists a seminorm ¢ on V'
and an integer N > 0 such that

Vg e GVYv eV : p(r(g)v) < s(9)Nq(v).

On p. 272 of [9] it is shown that any continuous representation of a group
on a Banach space, as well as its submodule of smooth vectors are always of
moderate growth.

Definition 1.30 (Smooth Representation). A continuous representation on
a topological vector space V is called smooth if all vectors are smooth, i.e. if
V=V
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A unitary representation m on J(, restricts to a continuous representation on
the Fréchet space HS°, and the smooth vectors of this representation turn out

T

to be the same space, i.e.
(HZ)™ = HT,

so HJ° is a smooth G-representation. More contraintuitively, also H* is a
smooth G-representation, i.e. ()% 1.

So smooth distribution vectors aren’t necessarily vectors. But K-finite distri-
bution vectors are:

Proposition 1.31. If 7w is admissible, then (H;°)x = Hr k.

Proor. Since H, C FH>° the inclusion “O” is obvious. On the other hand, we
have

(F )k S (i) )i = (e )™ = Har i

where the last identity follows from Lemma 1.8. O

Another way of transforming distribution vectors into actual vectors is to
apply 7(f) for f € C°(G) where

m(f)n = /Gf(g)ﬂ(g)ndg

which is to be understood as an integral in H_*°. If 7 is the left-regular repre-
sentation, then 7(f)n is actually nothing but a convolution with f. One of the
most important applications of a convolution in analysis is to turn “nasty” func-
tions into nice ones. This is indeed also the case for this generalized convolution

m(f):

Proposition 1.32. If 7 is unitary and f € C°(G) andn € H_ >, then w(f)n €
Hoe. Ifn is in H;°H | then the conclusion holds with a function f € C*°(G/H).

PROOF. A priori we only know that ()7 isin H; >, i.e. there exists a U € U(g)
such that |n(v)| < C|v||y for all v € HZ°. The first goal is to show that 7 is
continuous w.r.t. the Hilbert space norm, i.e. that we can pick U = 1.

First we note that

m(go)m(f)v = 7(Lg, f)v

1See [5], Remark 2.12.
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when v is a smooth vector. From that we get

m(exptX)m(f)v = 4

"= g ¥

71'(Lexp tX f)’U
t=0

/ (Lexpex) /) (@) (g)vdg
G

dt
4
dt

t=0

- /G(cczit’ Lexp(tX)f) (9)7(g)vdyg

t=0

- /G (X F)(g)n(g)udg = (X f)v

when X € g. Consequently, m(U)w(f)v = (U f)v for U € U(gc).
A quick calculation shows that for v € JHJ° we have

(m(f)m)(v) = n(x(f)v)
where f(g) := f(g~"'). Then:

(m(f)m)(v) = [n(x(Fo)l < Cllx(Holl
= Clm(U)n(f)v] = Clla(U vl
< ol

where continuity of 7 (U f ) follows from the fact that U f is compactly supported.
Thus 7 (f)n € Hs.

Now we need to show that it is actually a smooth element in J{;. By the
same calculations as above, one shows that the X-derivative of 7(f)n exists and
equals (X f)n which is an element of H,. Since f is smooth, we can differentiate
arbitrarily often, hence 7(f)n is smooth.

If n € H > and f € C°(G/H) it makes sense to define

m(f)n = (z)m(x)ndx
G/H

as an integral in 3>, We can find a function F € C2°(@G) such that

f(gH) = /H F(gh)dh

hence 7(f)n = «(F)n which is then actually in HS® by the first part of the
proof. O
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If v = 5 in the proposition above is actually in H,, then 7 (f)v (and linear
combinations of such) is called a Gaarding vector and the space of all Gaarding
vectors is denoted C°(G) 3, (the star is there to indicate convolution). This is
a subspace of the smooth vectors, and Gaarding proved that this space is dense.
A famous theorem by Dixmier and Malliavin sharpens this result, as they
proved that 8(G) * HS® (where 8(G) denotes the space of Schwartz functions
defined in (1.2)) actually equals the space of smooth vectors. Casselman and
Wallach were able to push this even further for admissible representations

Theorem 1.33 (Casselman-Wallach). For any admissible representation m
on a Hilbert space it holds that

He =8(G)«Hy k.

The result can be found in [9], Théoréme 3.1.2. It is crucial that the G-
module H® is of (at most) moderate growth, otherwise it would grow too fast
to be balanced by the rapidly decreasing functions in 8(G) and the convolution
wouldn’t make any sense.

We will be using this result shortly when we prove that the operation of taking
smooth vectors behaves nicely under tensor products. However, this involves the
intricacies of topological tensor products of Fréchet spaces. To cope with these

difficulties, the following result (which can be found in [5]) is extremely useful
12

Theorem 1.34. If (w,H,) is a representation such that its associated (g, K)-
module is a Harish-Chandra module, then the space of smooth vectors HS® with
the standard Fréchet topology, is a nuclear space. In particular H2° is nuclear
form e G.

Intuitively the theorem follows from the Casselman-Wallach theorem since
8(@Q) is nuclear and H, x is finitely generated.

In order to study tensor products of smooth vectors, it is fruitful to first ex-
amine how the K-finite vectors behave under tensor products of representations:
Consider the outer product representation 7 X mo of G X Go. The maximally
compact subgroup is K1 x K5 and the K-finite vectors of type §; x 09 € K7 X Ko
are given by

(9{771><7\'2)[51 X 62] ::H:Tl'l[al} ®j{‘ﬂ'2[52]' (115)

12The result was known to Harish-Chandra in the case where the representation was irre-
ducible unitary. The theorem here generalizes the statement to encompass e.g. non-irreducible
or non-unitary principal series representations.
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The inclusion “2” follows trivially and the inclusion “C” follows from the fact
that any v @ w € (Hny xry )6, x6, 18 in the image of (m1 X m2)(xs, Xs,) (nOte that
Xo1x6; (K1, k2) = X3, (k1) xs, (K2)), 1-e.

VW= (71—1 X 71—2)(Xt§1><52)vl ®w'

= / (xo, (k1)1 (k1)v") ® (xs, (k2) 2 (ko)w") dkydks
KixKs

= (/K Xa, (k1)1 (kp)v' dk‘1> ® (/K X52(/<:2)7r2(k:2)w'dk2)

2

which is clearly in H, [61] ® Hy,[d2].
Consequently, by taking a direct sum over K7 x Ks-types, we arrive at

Lemma 1.35. For any two representations w1 and mo of Gy and Gs, it holds
that
(}CTF1><772)K1><K2 = j_CT"l;Kl ® g—(ﬂmKQ (1'16)

where the tensor product to the right is the algebraic tensor product.

The next step, is then to ask if this holds also on the level of smooth vectors,
and indeed, this is the case:

Proposition 1.36. Let m; and mo be admissible representations of G1 and Go
respectively and assume that either 332 or HZS is nuclear, then it holds that

He = He @H;’é as Fréchet spaces.

T X T

PRrOOF. Consider the map

H < Ho — H (v, W) — v w. (1.17)

T X7

This map is continuous, for if (v, w,) — (0,0), then ||v, ||z, — 0 and ||wy,||v, —
0 for all U; € U(gy) and Uy € U(gz). From this we get

lon @ walloyeu, = 71 (Ur)vn @ ma(Us)wn |
= [lmi (Un)vnlllIm2(U2)wnl| = [[on]lo; lwallv, — 0

and hence that the map (1.17) is continuous. By the universal property of the

projective topology (recall, the projective and injective topologies on the tensor
product are identical) the map extends to a continuous injection

HEDH — H

T X7 *
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But by the Casselman-Wallach Theorem combined with the lemma above, we
get

o0
g{ﬂl Xy

= S(Gl X GQ) * :H:ﬂ'l X7, K1 X Ko
(8(G1)®8(G2)) * (g{‘ﬂ’l,Kl ®j{ﬂ’2,K2)
B B(G)BS(G2)) * (Hr, [61] @ Hr, [62])

(51,52)61?1 XI?Q

and as (S(G1)®8(G2)) * (g—(ﬂjﬁl Qg %12,52) = (S(Gl) * }CW1751)®(S(G2) * j-CTF2752)7

we conclude that 59, = H®HS as vector spaces, i.e. that the map (1.17)
is bijective. By the Banach isomorphism theorem for Fréchet spaces, the map is
a homeomorphism. O

1.8 Discrete Series Representations

Definition 1.37 (Matrix coefficient). If 7 is a representation of G on H,
and v, w € H,, the continuous function on G by

g (v, m(g)w) =: My (1.18)
is called a matriz coefficient of .

Matrix coefficients play a very important role in the Peter-Weyl theory of
compact groups, as they provide a concrete realization of an irreducible subrep-
resentation in L?(K).

For non-compact groups, the situation is more complicated, as matrix coeffi-
cients need not be square integrable over GG. For instance, the matrix coefficients
for the principal series representations defined earlier are never square integrable.
The ones for which the matrix coefficients are indeed square integrable, have a
special name

Definition 1.38 (Discrete series representations). If = € @ is such that
all matrix coefficients are square integrable functions on G, then 7 is called a
discrete series representation

For the record, we list some equivalent conditions
Proposition 1.39. For a representation m € @, the following are equivalent

1) m is a discrete series representation.
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2) There exists a matriz coefficient which is square integrable.
3) The space Homg (H,, L*(G)) is non-trivial.
4) The singleton set {x} C G has strictly positive Plancherel measure.

Matrix coefficients are important, since they give an explicit realization of a
discrete series representation inside L?(G). More precisely, from the abstract
Plancherel theorem, we know that L?(G) decomposes as

1(6) = (@ ,6%.) o | ¥ 3,8 dyu()

TrEéd

and the embedding of I, ®F(, into L?(G) for 7 a discrete series representation,
is by the mapping v ® w — M, ,, (thanks to the conjugation on the second
factor, this is indeed a linear map).

The question of which semisimple Lie groups (with finite center) admit dis-
crete series representations, was completely solved by Harish-Chandra in the
60’s. We give here a brief description of the result as well as the classification of
discrete series representations which he was also able to obtain.

Theorem 1.40 (Harish-Chandra). A semisimple Lie group G admits discrete
series representations if and only if the rank of G equals the rank of its maximally
compact subgroup K 13.

The classical real simple groups: First SL(n,R), this has rank n — 1, whereas
the maximal compact subgroup SO(n) has rank |%] and these are identical
if and only if n = 2, thus among the special linear groups only SL(2,R) has a
discrete series. Second SU (p, ¢) whose maximally compact subgroup is S(U (p) x
U(q)) and both of these have rank p+¢— 1 and thus these groups always have a
discrete series. For SO(p, g) which has rank LPTWJ we have a maximal compact
subgroup S(O(p) x O(q)) which has rank |§] + [Z] and these are equal if and
only if pq is even. Finally, Sp(n,R) has the maximal compact subgroup U(n)
and both have rank n, and thus the real symplectic groups always have discrete
series.

13Recall that the rank of a semisimple Lie group is the dimension of a Cartan subgroup.
For a compact semisimple group, any maximal torus is automatically a Cartan subgroup, and
hence the rank just equals the dimension of a maximal torus. In other words, the condition for
the existence of discrete series representations is that a maximal torus in K is also a Cartan
subgroup of G.
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The theorem also accounts for a phenomenon observed by Gelfand and oth-
ers in the 40s, that complex semisimple Lie groups never admit discrete series
representations. This is for the following reason: If G is a complex semisimple
Lie group, then it has a compact real form K, i.e. a compact subgroup whose
complexification is all of G. The Cartan decomposition of g is €@ k. If t C £ is
a maximal torus, then t @ it is a Cartan subalgebra in g and hence

rank G 5
rank K

This excludes the possibility of having rank K = rank G. This also implies that
groups like SL(n,C), SO(n,C) and Sp(n,C) have no discrete series representa-
tions.

Now for the classification result: Recall that g has the Cartan decomposition
g = £3® s and assume rank G = rank K. Then a Cartan subalgebra hce C #¢
is also a Cartan subalgebra of gc, consequently we can consider the two root
systems

Y¢ :=X(gc,bc) and Xk = X(Ec, bo).

Since the Cartan subalgebra h¢ is contained in £¢ it is seen that the roots in X g
are preserved under the Cartan involution, i.e. §(a)) = «, thus the root spaces
are f-invariant and thus lie either inside £¢ or inside s¢. A root a € X is called
compact resp. non-compact if (gc)a C e resp. (gc)a C sc. It is easy to see
that Y is precisely the set of compact roots. Let W and Wi denote the Weyl
groups of the two root systems. If we have picked a notion of positivity on Y,
it induces a positivity on Lx by ¥ = X N Zg. With respect to these choices
of positivity let pg and px denote half the sum of the positive roots of ¥ resp.
Y k. The following theorem and its proof can be found in [21] (Theorem 9.20).

Theorem 1.41 (Classification of the Discrete Series). Under the assump-
tion that G is semisimple with finite center and that rank G = rank K and b is
the common Cartan subalgebra, let X € (i)' be a Xg-regular element (meaning
that (N, ) # 0 for all a € Xg) such that A + pg is an analytically integral
element. Then there exists a discrete series representation my with the following
properties:

1) mwx has infinitesimal character x.

2) ma|lx contains with multiplicity 1 the K-type with highest weight A =
A+ pe —2pk-
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3) If A is a highest weight for a K-type appearing as a summand in 7|k,
then A’ is of the form A’ = A+Za€2+()\) N for ng € Zso where X1 (N)
consists of all the roots a satisfying (A, a) > 0.

Two such representations wx and 7wy are equivalent if and only if N = w -\ for
w € Wk, and each discrete series representation is of the form my for some \.

This result is due to Harish-Chandra in 1966, and the parameter A is called
the Harish-Chandra parameter . If we would rather parametrize it by its high-
est/lowest weight, we can parametrize it by A + pg — 2px which is called the
Blattner parameter . The problem of finding a global realization of the discrete
series wasn’t solved until much later by Schmid and others. We return to the
discrete series representations in the concrete case G = SL(2,R) in the next
section.

Now, let’s generalize to a homogenous space G/H. Here we can still talk about a
discrete series representation, namely a representation m € G for which it holds
that Homg (H,, L2(G/H)) # 0. But here we can’t form matrix coefficients as we
did above, simply because g — (v, 7(g)w) need not descend to a function on
G/H. It would do so, if w was fixed by the H-action, but such H-fixed vectors
need not always exist. Instead we consider for 7 € F, . (recall that 3> is the

. ar ar oo . . . .
continuous dual of H,, hence H, — consists of continuous linear functionals on
H), and v € H° the generalized matriz coefficient

My(g) = n(m(g~ ).
For this function to be right H-invariant we need 7 to be an H-invariant distri-

bution vector, and the space of these is denoted I, OO’H. The set of irreducible
unitary representations of G which have non-trivial H-invariant distribution
vectors is denoted G . This is a much weaker requirement on a representation
than having an H-fixed vector (see also Section 3.3).

The following lemma and its proof has been taken from [18] p. 136:

Lemma 1.42. The support of the Plancherel measure of G/H is contained in
GH, in other words, almost all of the representations occurring in the Plancherel
decomposition of L?(G/H) have a non-trivial H-invariant distribution vector.
In particular all discrete series representations for G/H have non-trivial H-
invariant distribution vectors.

PRrROOF. By §p we denote the Dirac distribution in eH. By a Sobolev-embedding
argument, we have a continuous injection L?(G/H)> C C*°(G/H) and hence
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point-evaluations on L?(G/H)> are continuous. Clearly, &y is a cyclic distribu-
tion vector and by Theorem 1.23 we can decompose dy:

@
50:/A dg ()
a

where 4 is the Plancherel measure for the left-regular representation on G/H
and where 6F is cyclic for almost all 7. But since ¢ is H-invariant, we get

(&) D
[ dFautm = b0 = Lo = [ w(t)Fdu(x)
G G

and thus by uniqueness of the decomposition, it follows that w(h)of = d6F for
almost all 7. Thus, except for 7 in a set of measure 0, 6f is cyclic (in particu-
lar non-zero) and H-invariant. Hence the support of the Plancherel measure is

contained in G H- O

By (3, Do)ffg we denote the space of H-fixed distribution vectors n for which
the matrix coefficients M, , are in L?(G/H) for all v € H2°. For a fixed 7, the
map H® > v — M, , extends to a linear map H, — L*(G/H), and this is
in fact (can easily be checked) a G-intertwiner. In other words

(3 )de = Homg (3, L*(G/H))

s

and therefore (7 Oo)éi is nontrivial if and only if 7 is a discrete series repre-

sentation. The map (embedding) H, — L*(G/H) is a realization of H, inside
L2(G/H), and the multiplicity of H inside L*(G/H) equals dim(H, ~ )X which
is always finite.

We consider in the following two special cases: the group case and the Rie-
mannian case. If we view a group G’ as a homogenous space by identifying
it with (G’ x G')/G’, a matrix coefficient of some representation = x 7* (we
know by the abstract Plancherel theory, that any representation appearing in
the decomposition is of this form) of G’ x G’ is

s

g1, 92] — n(m x 7 (g7 ", 95 o1 @ va)

where 7 is a linear form on H33 . = HPQH. A natural guess for such a form

would be the (restriction of the) inner product on H:

v wr— (v, w).
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This is obviously linear and it is continuous for the following reason: The inner

product is continuous as a bilinear map H, x H, — C, and so is its restriction
—00 .

to H2° x H - since the topology here is stronger. But these spaces are nuclear,

hence a continuous bilinear map extends to a continuous linear map on the

tensor product, by the universal property (any tensor product topology equals

the projective topology). i is invariant under the diagonal action since

n(r x (g~ g™ @ w) = (r(g~ v, w(g ™ w) = (v, w) = n(v © w)

by unitarity of w. Upon identifying G’ = (G’ x G')/G’ by g ~ [g, €], we see that
the matrix coefficient as a function on G’ is given by

g—n(r x 7 (g~ ev@w) = (r(g~ v, w) = (v,7(g)w)

which is precisely the expression for the matrix coefficient M, ,, from (1.18).
Now we consider the Riemannian case where H = K is compact. But then

we have

——00,K o]

X C (H,

s

)K = ﬁ'fr,l(-

Thus in this case 7 is just the inner product with some K-finite vector, and thus
the matrix coefficient is again of the form (1.18).

1.9 Some Representation Theory of SL(2,R)

In this section we describe, in more concrete terms, the representation theory
of SL(2,R), notably we give concrete realizations of the principal and discrete
series representations.

We begin by the discrete series representations, which we know exist from
the discussion in the previous section. Here K = SO(2) which is abelian of
dimension 1, i.e. its rank is 1 which equals the rang of SL(2,R). Thus in the
complexification sl(2,C) we can take as common Cartan subalgebra so(2,C),

(G 2)ec

Just to fix notation, the functional A € hi given by

i 0
A(0 —z'):“

will just be denoted a.
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The root system X, in this case, is empty, whereas ¥ consists of two roots
+a where o = 2 and with root spaces

(8c)a =C <8 é) and  (gc)-a=C <(1) 8> .

It is an easy calculation to see that the algebraically integral elements of hi. are
exactly the functionals n € Z and that this is also equal to the space of analyt-
ically integral elements (recall, analytically integral elements are only defined
relative to the system (¢, hc)). Finally, we see that px = 0 and that pg = +1 -
the sign depending on the choice of positivity (recall, that the positivity is deter-
mined by the element A, in this case, if A = 4+n for n > 0, then pg = £1). Thus
the set of discrete series representations of SL(2,R) is thus parametrized by
Z\ {0}. However, in the following, instead of parametrizing the representations
according to the Harish-Chandra parameter A, we will rather parametrize them
by their highest or lowest weight, i.e. by their Blattner parameter. The Blattner
parameter corresponding to the Harish-Chandra parameter £n (for n > 0) is
+(n + 1), thus we have discrete series representations Ty, for n = 2,3,4,....
The two classes T}, and T_,, for n > 2 are called the holomorphic discrete series
and anti-holomorphic discrete series respectively.

Now, we will describe a concrete model for these representations. Let CT
denote the set of complex numbers with strictly positive imaginary part (i.e.
the upper half plane). The Hilbert space for T, is

H, ::{f : C* — C holomorphic ‘ / |f(z 4 dy) |*y™ 2dady < oo}
Cc+

and the action is

T, <UCL Z) £) = bz ) (S0,

The space Hilbert space H_,, for T_,, is
H_, ::{f : CT — C anti-holomorphic ‘ / |f (2 4 3y) |*y™ 2dady < oo}
C+

and the action of T_,, is given by

T, <‘C‘ Z) £) = (b2 (S0,
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It is easy to see from these definitions that 7; =T_,,. Remembering that anti-
holomorphic functions are exactly of the form f for f holomorphic, we have

T n(9)f =Tu(g)f (1.19)

Furthermore, we can realize H_,, as the dual of H,, in that we let ? e H_, act
on h € I, by B
f(h) = (h, f). (1.20)
The Hilbert spaces H,, are the so-called weighted Bergman spaces over CT,
in particular they are reproducing kernel Hilbert spaces:

Lemma 1.43. The spaces H,, are reproducing kernel Hilbert spaces, i.e. point
evaluations are continuous.

PRrROOF. We show it only for H,,, from this the similar property for H_,, follows
easily. Fix 29 = 29 + iyo € CT and an R > 0 such that the closed ball Br(z)
is contained in C*. Then for any 0 < r < R we have by the Cauchy formula

1 2m

f(z0) = f(z0 +re')do

27 Jo

and from this

1 R 1 R 27 0
f(z0) = TRQ/O 271 f(zo)dr = TRQ/O r/o f(zo + re”)dbdr

1
TR? Br(20)

f(2)d=.

If z=a+ iy € Br(zp) we have 0 < y9p — R <y < yo + R and hence

1
el S o [ 15N

1 1
< ; (n=2)/2 12 du.
< T ., I

From this we get by Cauchy-Schwartz

1 1 . 2, n—2 %
el S g ([ [, ey ay) VeR
1 1

= VR o - oo ]

which shows that evaluation at zg is continuous. O
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In particular this simplifies the process of calculating the derived Lie algebra
representation: For some X € sl(2,R) and f € H° the derived T,(X)f is
again an element in H2° C 3, in particular a holomorphic function on C*. By
continuity of point evaluations

T, (exptxX)f) = &

(Tu(3))(z0) = s, (5 -

dt

[T (exptX) f(z0)]
t=0

t=0

we reduce from differentiation in a Hilbert space to differentiation of scalar-
valued functions.
For the basis

10 0 1 0 0
Ho := (0 —1>’ Xo = (0 0)’ Yo:= (1 0)

the following formulas are trivially checked:

Tw(Ho)f(2) = nf(2) +22f'()
T(Xo)f(2) = nzf(2) +2°f'(2)
T (Yo)f(z) = —f'(2).
This sl triple has one disadvantage, however, namely that none of its elements

lies in the compact Lie subalgebra €. Therefore we will also have to consider the
following triple

0 1 1/1 4 1/1 —i
o T R

which satisfies

[T7 X+] = 2iX+a [T7 X—] = _2iX—7 [X-HX—] =T

ie. (iT,X;,X_) is an sly-triple. Note that we now have complex matrices! As
we are using these as building blocks for invariant differential operators which
are elements in the enveloping algebra of the complezification of g, this is no
problem.

For later use we record the following transformation formulas

Hy=X:+X_, Xo=3iT—-ixX,+iX_, Yo=-iT-ix, +ix_.

In particular we get

w=-3T*+ X, X_+X_X,.
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Extending T,, by complexification to a representation of s[(2, C) we get by use
of the above formulas

To(T)f(2) = nzf(2) + (z = ) (z + ) f'(2)
To(X1)f(2) = (2 =) f(2) + 5(z =) f(
To(X-)f(2) = = (z +0)f(2) = 5(z + D[ (2).

Complexifying T_,, we get by (1.19)

T o(X)F = Tu(X)f. (1.22)

The discrete series representations have a particularly nice weight structure.
Namely, consider the representation 7;, and define for k£ > 0

k o (z— i)k
cos sin@

k ; -
It can be checked that ¢ € H,,. Defining kg := <_ sinf  cosd

) = exp(07T) we

calculate that
T, (ko)ypy = " F2M0pk and T, (T)gk = i(n + 2k)y).

Similarly, we define 1/):5 = 1/72 € H_,, (i.e. the complex conjugate) and from
(1.19) we get
(ko) Ty = e RIYTLand T (T)yT, = —i(n+ 2k)0 7,

We phrase this by saying that ¢ is a K-weight vector for T}, with weight n+ 2k
and that ¢:5 is a K-weight vector for T_,, with weight —n — 2k. In particular
we see that T, has a lowest weight, namely n and that 7_,, has a highest weight,
namely —n.

From the formulas above for T,,(X;) and T,,(X_) as well as the identity

No1 — 2008 = gty we get

T (X )y = —(k+n)en ™ and  To(X_)yy = kyp .

In particular we see that T, (X ) raises the K-weight by 2i whereas T}, (X_) low-
ers the weight by 2¢ which was to be expected, given the commutation relations
above. Also we see T),(X_ )y = 0.
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For the anti-holomorphic discrete series we get by (1.22)
T (X )U~F = k=R and T (X )~F = —(k+n)ypF L.

So much for the discrete series representation. We end this section by de-
scribing a concrete model for the principal series representations. In SL(2,R)
we have, up to conjugation, only 1 proper parabolic subgroup, namely the sub-
group of upper triangular matrices

P’:{(S abl) ‘G#O, beR}.

The Langlands decomposition is as follows:

i (i)
(3 5) |+
v {(s 8 e

Hence M = Zs in the sense that an irreducible unitary representation of M
is either the trivial one, mapping everything to the identity, or the defining
representation. We also note that A is 1-dimensional. Hence principal series
representations are parametrized by the parameters £ = +1 and A € C. A
concrete model for the representation m¢ » is provided by the Hilbert space

Hen = L2(R, (1 + 2*)R° )

with the following SL(2,R)-action:

wea (0 5) f@) = 1= bt d IS
a b _ sign(—bx +d) ar —c¢
= (c d) flw) = | —bx+d|*1*’\f(—bac+d)'

The representations are unitary if and only if A is purely imaginary. Moreover,
they are all irreducible, unless (£, \) = ((—=1)"*1,n) for some n € Z, and if \ is
imaginary, it holds that m¢ » is equivalent to m¢ _x (this follows from the general
theory of principal series, since w& = £ for w being one of the two elements in
W(G, A)).
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It is conspicuous that the principal series are reducible for the same n’s for
which we have discrete series representations 4. As a matter of fact, the discrete
series representation 75, actually sits inside 7(_qyn+1, (thus making explicit the
Casselman subrepresentation theorem in this case). More precisely, for n > 2
and ¢ = (—1)"*! the following sequences of (g, K)-modules are exact

00— HyeH_ )k — (Hen)xk — F, — 0

0— Fn — (%ﬁ,—n)K — (g{n @g{_n)}{ — 0

where F), is the unique irreducible representation of SL(2,R) of dimension n. By
[33] Theorem 11.6.7 (all the (g, K)-modules here are Harish-Chandra modules)
these (g, K)-maps lift to continuous G-homomorphisms and hence we get exact
sequences

0 —H7yeHS, — HS, — F, — 0 (1.24)
0— Fy — Ho,, — HX OHE, — 0 (1.25)

1.10 Generalities on Symmetric Spaces

In the following 2 chapters we set out to study triple spaces. The overall phi-
losophy is to mimic, as closely as possibly, the theory for symmetric spaces. In
this section we give an ultra-short introduction to the topic.

Definition 1.44 (Symmetric space). Let o be an involution on a Lie group
G. A symmetric space is a homogenous space G/H where H is an open subgroup
of the fixed-point set G°.

In this section we will focus solely on semisimple symmetric spaces, i.e. sym-
metric spaces where G is semisimple. The structure theory of symmetric spaces
is due largely to Rossmann (see [28]) whereas the analysis and representation
theory was developed by Flensted-Jensen, Oshima, van den Ban, Schlichtkrull
and Delorme.

Let G be a semisimple group with finite center and with Cartan involution 6.
The induced involution on the Lie algebra is also denoted 6. Let ¢ be a second

14There actually also exist certain representations of SL(2,R) for n = £1 - these are called
Mock discrete series representations or limit discrete series representations, however we will
not treat them here.
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involution and let G/H be a symmetric space w.r.t. this. We can always assume
o and 6 to commute, so this we will do henceforth. The Cartan involution gives
a decomposition g = ¢@s and o likewise gives a decomposition g = hdq (we use
the non-standard notation s for the negative eigenspace of the Cartan involution
to avoid confusion with parabolic subalgebras). As o and 6 commute, it follows
that £ and s are o-invariant and likewise that h and q are f-invariant and thus
we get a decomposition

g=({ENh@(ENg) ®(sNh)®(sNq).

Putting g := (€Nh)D(sNq) and g~ := (ENq)B(sNbh) it is clear that g = gF Dg~
is the decomposition of g induced from the involution § o ¢ = ¢ o §. Moreover
the decomposition gt = (ENh) & (s N q) is the Cartan decomposition of g7.

An abelian subalgebra a C g is said to be split in g, if g decomposes into a
direct sum of root spaces of a. It turns out that an abelian subalgebra of g is
split if and only if it is in s. In particular a is f-invariant. We will consider split
algebras which are also o-invariant, hence we let a; C s N q be a maximally
abelian subspace. The dimension of a, is called the split rank of the symmetric
space. a, is clearly split in both g and in g+ so we have two root systems
¥(g, a,) and X(g*, a,) and two corresponding Weyl groups W := W (g, a,) and
Winm = W(g", ag). As in the Riemannian case we have W = Ng (a,)/Zk (ag)
and Wxng is the image of Nxnpg(ag) in W, hence the notation. We denote by
W C Nk(a,) a set of representatives for the quotient W/Wxng.

One should carefully distinguish the two root systems, since they are both
relevant in different situations. Let a;ro denote a choice of open positive Weyl
chamber in a, w.r.t. the big root system X(g, a,), i.e. a connected component of

ag \ U ker av.

a€X(g,aq)

These Weyl chambers are of course smaller than the Weyl chambers for the
smaller root system (g4, a,), and in fact

U Adwig
veEW

is a closed Weyl chamber w.r.t. (g4, aq). Let a;r denote the corresponding
open Weyl chamber. For the polar decomposition, it is actually the bigger Weyl
chambers that we need. Let

reg ._
a;® = ag\ U ker o
a€X(gh,a,)
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then aq+ is a connected component of aj*®. This component determines a posi-
tive system X (g", ay) (all the roots that are positive on a}). Put A, := exp ag,
A8 == expag’® and A(‘I*‘ ‘= exp a;}‘. The following result (the polar decomposi-
tion) is due to Flensted-Jensen ([13]):

Theorem 1.45. Fach element g € G has a decomposition g = kah, for k € K,
a € A; and h € H, i.e. G = KA,H and if g € KaH, then a is uniquely

determined modulo Wgnp. The map ® : K/Znm(ag) X A — G/H, given by
(kZKmH,a)H—>ka

is surjective, and it maps K/Zxnm(ag) X A;r diffeomorphically onto an open
dense subset of G/H.

The space G/H has a unique (up to a scalar) invariant measure p. We can push
it forward along ®~! from the theorem above to a measure on K/Zxnm(a,) X
A(‘IF which is absolutely continuous w.r.t. the canonical invariant measures on
K/Zknn(a,) and Af, the first one which has been normalized so that [, f(k) =

fK/ZKmH(aq)(fZKOH(%)f(k:z)dz)d(kZ). In particular, for Zxnp(a,)-invariant
functions on K, integration over K/Zxnm(aq) is the same as integration over
K. Thus we get ®, 1y = J(k,a)dadk where J(k,a) is the determinant of the
Jacobian of the diffeomorphism. This Jacobian has been explicitly computed
by Flensted-Jensen ([14]). To state the expression, we need to introduce some
notation (and here we actually need the root system 3(g,a,)). Let X7 (g,a,)
denote a fixed choice of positive system which contains X+ (g*, a,). Put for
a € X(g, aq)
9o ={X €g|VH€qa,: [H,X]|=a(H)X}.

Since a, is 0 o o-invariant, it follows that also g, is § o o-invariant, and if we put
gt := g, Ng*, we have a decomposition g, = g- @ g, . Let m2 := dim g, then

(e}
J(k,a) = [] (a® —a=)ma(a® +a=e)me,
aext

(note, in particular, that the map is independent of k). Thus we get the inte-
gration formula

Corollary 1.46. If dx is a choice of invariant measure on G/H and if dk is
the normalized Haar measure on K, there exists a unique Haar measure da on
A, such that for any f € LY(G/H):

F2)dz = / F(kaH)J(a)dadk.
G/H K JAT
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Example 1.47 (The Group Case). Let G’ be a semisimple group and put
G = G'xG'. Let H = G’ viewed as the diagonal in G’ x G’. H is the fixed-point
group of the involution o on G given by o(g1,92) = (92,91), hence G/H = G’ is
a symmetric space. This particular space was studied by Harish-Chandra who
developed the full Plancherel theory for it in the 50s, 60s and early 70s. The
notion of a triple space, which will be introduced in the next chapter, is a natural
generalization of the group case symmetric space.

On the Lie algebra level, we have g = ¢’ @ ¢’ and if ¢ = ¥ © &' is the
Cartan decomposition of g’, then (¢ @ ¥) @ (s’ @ s') =: £ @ s is the Cartan
decomposition of g. The induced involution ¢ gives rise to a decomposition
g=bh@qwhere h = {(X,X)| X € ¢g'} and g = {(X,—X)| X € ¢'}. In particular
we see that s N g = {(X,—X) | X € s}. If « C ¢ is maximally abelian, then
a, := {(X,—X) | X € a} is maximally abelian in s N q (and it extends to the
maximally abelian subspace a @ a in s). There is a 1-1 correspondence between
the two root systems X(g’,a’) and 3(g, a,), namely o’ € X(g’,a’) is mapped to
(o/,a’) € ¥(g,a,) and similarly there is a bijection W(g/,a’) — W (g,a,) by
mapping w’ — (w’,w’). In this way the well-known structure theory for g’ is
carried over to g.

Example 1.48 (Hyperbolic Spaces). Consider RP™7 (for p,q > 1) equipped
with the pseudo inner product

<:L’, y> =T+ TpYp — Tpr1Yp+l — 0 — TptqYptg

and let X, , = {& € RPTY | (z,2) = 1} if p > 2. If p = 1 the set {z €
RP*Y| (z,x) = 1} has two connected components, one with 21 > 0 and one with
z1 < 0, and we define X; 4 to be the connected component with x; > 0. Note
that the group SO.(p, ¢) acts transitively on X, ;, and that the stabilizer of the
point e; = (1,0,...,0) is SO.(p — 1,q) (viewed as sitting in the lower right
corner of SO.(p,q)). Hence X, , = SO.(p,q)/SO.(p — 1,q) as a homogenous
space. Put I := Diag(1,—1,...,—1) and o(g) := Igl. This is an involution on
SO¢(p, q) and it is clear that SO.(p — 1, q) equals the fixed-point set of it. Thus
Xp,q is a symmetric space.

The hyperbolic spaces turn out to be split rank 1 spaces, for instance one could
take as a4 the span of Y := E, 1,1+ Ej pyq (the matrix with 1 in the upper
right and lower left entry and zeros elsewhere). Defining o € aj by a(Y) =1,
we get that X(g,ay) = {£a}. In particular W(g, a,) = {£1}. Moreover it holds
that the other root space X(g*,a,) is trivial when ¢ = 1 and equal to X(g, a,)
when ¢ > 1. In particular Wi g is trivial in the first case and equal to W (g, ay)
in the second.
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We now briefly discuss parabolic subgroups. Consider the root system (g, aq)
and pick a positive system X7 (g, a,) or, equivalently, a positive Weyl chamber
af. We let A C X*(g,a,) be a set of simple roots. For a subset F' C A, we
define I'p := X7 (g,a,) U (X(g,a,) Nspan F'). Put

pr = Zg(ag) ® @ Yo

acl'r

This is a parabolic subalgebra of g, meaning that the normalizer of pr in g
equals pp itself. Moreover, pp is of-invariant. Put Pr := Ng(pr), then Pp is
a of-invariant parabolic subgroup of G, and the map F' —— Pp is a bijection
between the set of subsets of A and the set of all of-invariant subgroup of
G containing expa,. If F = (), then Pp is a minimal of-invariant parabolic
subgroup.

We get a Langlands decomposition of the parabolic subalgebra p = pp =
mip ® np where

myp = Zg(a,) & @ Oa
a€lrN(—TF)

np = @ Ja

aGFF\(—FF)

Since my p is reductive, we can split it as m;p = Z(myp)®[myp, m;p], and hence
we can split myp = mp @ ap where

mp = (mlp ﬂf) S5 ([mlp,mlp] ﬂﬁ)
ap = Z(mlp) ns

and this gives us the Langlands decomposition
p=mpDdapDdnup

which gives rise to a Langlands decomposition P = MpApNp on the group
level.

Inside the Weyl group W (g, a,) we have a subgroup Wp (depending on P)
which is the subgroup generated by reflections in the roots in I'sN(—I'). Denote
by W a set of representatives for the double quotient Wp\W (g, a,)/Wknw (g, ag)-

A parabolic subgroup P acts on G/H in a natural way from the left. As
proved by Matsuki and Rossmann, the set of orbits in G/H of this action is
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finite, and the map w — PwH gives a bijection between W¥ and the set of
open orbits.

From these parabolic subgroup we can induce principal series representations,
in the same manner as we did above, with some slight modifications. Given a
parabolic subgroup P (corresponding to the subset F' C A), we define

pp = Z (dim gq ).

@€l pN(=Tr)

Then from & € M, p and A € iay, we can define a principal series representation
Tpe, in the following way: let C'(P, €, \) be the space of continuous functions
f: G — H, which satisfy f(mang) = a**7&(m) f(g). This space is equipped
with the inner product

(f1, f2) 3=/Kf1(k)mdk

and the completion of C(P,§,\) w.r.t. this inner product is denoted Hpg x.
This is the representation space for the unitary G-representation

mrex(90)f(9) = fg5'9)

which is induced from the P-representation (£, \)(man) := &(m)a**re.

We are interested in the H-invariant distribution vectors for these representa-
tions. These can be viewed as Q-Cgoo—valued distributions on G/ H satisfying the
equivariance L,,qn,n = a*?7£(m)n. The equivariance implies that this distribu-
tion is actually a smooth function on the open P-orbits in G/H '°. In particular
it makes sense to talk about n(w) for w € W (which parametrise the open or-
bits), and it turns out that n(w) € H; ™ is actually fixed by (£, )| prwrw-1

which again implies that n(w) € IJ-CE_OO’MPmuHif1 and that A|q,.np = 0. Since
only representation with non-trivial H-fixed distribution vectors can occur in
the Plancherel decomposition, we infer from the above that these can only be
induced from § € (J,,cyor J\//.Té\,/IinHwil and A € iap,. So already this puts some
restrictions on ¢ and A. But it turns out we have to shrink the possible £’s even
further: we only need the £’s which are discrete series representations. More
formally put

V(P7§7'IU) = (g_{gOO)f\igPﬂ’wwal

15For some more details on this see also Section 3.8.
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(which is 0, if € is not a discrete series representation) and

P virsw

weWP
This is a finite-dimensional space (a non-trivial fact)!

Theorem 1.49. The evaluation map n — (N(w)),ewr is linear %;’?;H —
V(P,§) which is injective for almost all X € ap .

The last claim follows by an application of Bruhat theory.

We can invert this map (at least for almost all \) as follows: Assume that
A€ apc satisfies that Re A + pp is strictly P-dominant, meaning that (Re A +
pp,a) > 0 for all @« € Tp N (—=T'F), then for n € V(P,&) we define a function
J(P.& A\n) on G/H by

3(P,&, A n)(manwH) == a**P7£(m)n,,

on the open orbit given by w € W¥ and zero outside the union of open orbits.
This function turns out to be locally integrable, in particular a distribution,
and hence j(P, &, \,n) € U{P?A The map n — j(P,&, A, n) is obviously a
right inverse of the evaluation map above (for the A’s where the above map
was injective). There is one major problem, however, and that is that elements
in ia, are not strictly P-dominant. The way to circumvent this problem is to
meromorphically extend A — j(P, &, A,n) to all of ap, c: The first, one has
to realise is that one can identify H5 OO)\ with the dual of C*°(K,¢) which is
the space of smooth functions f : K — Hg° satisfying f(mk) = {(m)f(k) for
k€ K and m € KN Mp. Thus we may VleW A— j(P,&, A, n) as a map from
a cone in ap ¢ into the A-independent space C>*(K,¢&). Tt is to this map, we
perform a meromorphic extension:

Theorem 1.50. The map A\ — j(P,&,\,n) extends to a meromorphic map
Op,c — C™®(K,&). If X is not a pole of this map, then j(P,&, A\, n) maps
V(P,€) injectively to }C;Zj;\H and for \ outside the complement of a countable

union of complex hypersurfaces in ap,c, the map J(P,EN) V(P ) — 9{;":’;[
is a bijection, the inverse being the evaluation map from above.



CHAPTER 2
TRIPLE SPACES

2.1 Examples and Elementary Properties

We now embark on our study of so-called triple spaces which are a straightfor-
ward generalizations of the group case for symmetric spaces:

Definition 2.1 (Triple Space). A triple space is a homogenous space G/H
where G = G’ x G’ x G’ for some Lie group G’ and where H = G’ = {(g,9,9) €
G| g € G'} is the diagonal.

In the following we will only consider triple spaces for G’ semisimple.

A triple space G/H is a reductive homogenous space , meaning that b has
a vector space complement q which is h-invariant in the sense that it satisfies
[5,q] C g. Unlike in the symmetric space case, where one picks the —1 eigenspace
of the involution o, the is no canonical way of picking a complementary subspace
in this case. One example is q := {(X1, X0, X3) € ¢/ ©g’ D¢’ | X1+ X2+ X3 = 0}
This is the complement to h which is orthogonal to h w.r.t. the Killing form, and
in this sense we may call this choice of complement “canonical”. More generally,
if (A1, A2, A3) € R? satisfies that A\; + Ao + A3 # 0, then

M= {(X1, Xo, X3) eg’ @ g’ @ g' | M X1 + XX + A3X3 =0}

is an h-invariant complement to h. In fact any h-invariant complement is of this
form:

o1
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Proposition 2.2. Let G’ be simple, then qx as defined above is an h-invariant
complement to g’ and any bh-invariant complement is of this form.

PROOF. We have already seen that g, is an h-invariant complement. Assume
g to be an h-invariant complement, and let proj, : g — b be the projection
onto h along q. Note that both g’ and h are g’-modules in obvious ways (they
are even equivalent) and as g’ is simple, they are irreducible. The two maps
g’ — b given by X +— proj,(X,0,0) and X ~— (X, X, X) respectively, are
g’-homomorphisms. By Schur’s lemma there must exist a constant A; € R such
that

projh(X,0,0) =MX, X, X).
Similarly there exist constants Ao and A3 such that

pI‘th(O,X, 0) = A2()(7 XaX)7
pI'th(0,0,X) = A?)(X) XaX)

This means that

prOjb(Xl,Xg,Xg) =
()\1X1 + Ao Xo + A3 X3, M X7 + Ao Xo + A3 X3, M X7 + A Xo + >\3X3)

and hence
q = kerproj, = qa.

This proves the proposition. O

However, one big difference to the symmetric case is that we can no longer
find an h-invariant h-complement containing a maximally abelian subalgebra a:
If G’ has rank 1 (and that is our sole concern in the following), a maximally
abelian subalgebra of g is of the form a = R(X7,0,0) & R(0, X3,0) ®R(0,0, X3)
for X; € g’. It is quite clear that there exists no A for which a is contained in
qx-

For the proof of the Plancherel formula for symmetric spaces, it seems crucial
that symmetric pairs exhibit the following 2 features: (1) the polar decompo-
sition and (2) the existence of open orbits in G/H of the action of a minimal
parabolic subgroup P. This motivates the following definition which was intro-
duced in [24] (here we restrict to semisimple groups):
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Definition 2.3 (Strongly spherical pair). Let G be a semisimple Lie group,
and let H be a closed subgroup. Let a C s be a maximally abelian subalgebra of
the negative Cartan eigenspace of G. The pair (G, H) is called strongly spherical
if there exist minimal parabolic subgroups Pi,..., P, all containing exp a such
that the following are satisfied

1) P,H isopen for alli=1,...,n.
2) G=U", KATH.

In 2) A;r is the open Weyl chamber corresponding to the set of positive roots
determined by the parabolic subgroup P;.

In [24] it is showed that a symmetric pair is in particular also strongly spher-
ical.

In the following we show that the triple spaces for G’ = SL(2,R) or G’ =
SO.(n,1) are strongly spherical. The first will be our prime example, and the
entire next chapter is devoted to this space alone.

Theorem 2.4. The triple space with G' = SL(2,R) is strongly spherical.

PROOF. To see that this is spherical, it suffices to find a minimal parabolic
subgroup of the triple product whose Lie algebra p satisfies p + sl(2,R) =
sl(2,R) @ sl(2,R) @ sl(2,R) (the copy of s[(2,R) on the left hand side is to
be viewed as the diagonal). Since p is just a sum of minimal parabolic subalge-
bras in the three copies of s[(2,R), it is 6-dimensional, and thus, for dimension
reasons, it suffices to show that pNsl(2,R) = {0} (again viewed as the diagonal
in the triple product) is 0. This is equivalent to showing that p; Npa Nps = {0}.

But actually, we prove a little more than that. We prove that if p; = a,®n; are
parabolic subalgebras !, where a;Na; = {0} when i # j, then p; Xpa xps+h = g.

W.l.o.g. we may assume that a; = R L0 ) Let 65,05 € [0,27[ be so that

0 -1
cosf) —sind
sinf  cosf
by the angle 0. It then follows that p; = Ad(ke,)p1. By assumption on the a;’s,
we have sinf; # 0. A calculation shows that a general element of p; has the
form

acos?6; — bcosh; sinh; — asin® b; 2a cos 0; sin 0; + bcos? 6,
2a cos 6; sin 0; — bsin? 6; asin? 0; — acos? 0; + bcos 0; sin 6;

Ad(kg,)a; = a; where ko = € SO(2) is the standard rotation

INote that SL(2,R) is a so-called split group , meaning that the m-part of a minimal
parabolic is always 0.
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and from this (putting b = 249591 we read off that

sin 6;

1 —2cotb;
p1ﬂpi—R(0 1 )

and since cot is injective and 65 # 03 we get

p1 NP2 Np3 = (p1 Np2) N (p1 Nps) = {0}.

Now we want to show that the space is also of polar type. This is a bit more
difficult. Here we sketch the idea of the proof. For the details consult [10] (which
is added as an appendix to this thesis). Let A; := expa; for i = 1,2, 3 be abelian
subgroups of SL(2,R) such that the span of a1, az and a3 in s is two-dimensional
(this condition on the a;’s is weaker than above for the sphericality). For the
abelian subgroup A = A; x A x As, the existence of the K AH-decomposition
or equivalently the H AK-decomposition is proved using a geometric argument:
Mod’ing out K to the right, we should prove that G/K = H Ao, in other words,
given a triple of elements (21, 22,23) € G/K = G'/K' x G'/K' x G'/K' there
should exist an element g € H = G’ and (a1, aq, a3) € A such that z; = ga; - o.
First we consider the similar situation in R2, so we have 3 lines ¢, 5 and /5
passing through 0, and we have 3 distinct points 1, zo and x3 and we want
an isometry that brings x; to lie on line ¢;. First, we may assume that 1 = 0
and that xp € £y, this is by two-point homogeneity of R?. Now we slide the
triangle given by x1, 2 and x3 by isometries in such a way that x; stays on line
{1 and x5 stays on {5, until x5 reaches —xo. But then x3 will have changed to
—x3 and it will have done so following a continuous curve. Thus at some point,
23 will have passed the line ¢5. The argument in SL(2,R)/SO(2) is completely
analogous, with straight lines through 0 replaced by geodesic curves through
eK, and using that SL(2,R)/SO(2) is 2-point homogenous (since it is of rank
1).

So now we have showed that if a; Na; = {0} (thus automatically spanning a
two-dimensional subspace of ), then we have a K A H-decomposition and for any
minimal parabolic subgroup P; containing A; = exp a;, we have (P} X P, X P3)H
open. If we split up

A=A x Ay xAz= ) w'ATw
weW (G,A)

where AT is some fixed Weyl chamber in AT, then we get

G=KAH = U KATwH.
weW (G,A)
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W(G,A) =W’ x W' x W' where W’ = Zj is the Weyl group of SL(2,R). If we
put Winmg = {£(1,1,1)}, then we see KAtwH = KAt H if w € Wknp, thus
we get
G = U KA¥wH.
weW(G,A)/Wknu

Since all the parabolic subgroups w™!Pw contain a = a; x as x as it follows
from the first part of the proof that w—'PwH is open, and hence the definition
2.3 is satisfied. O

Note, however, that the geometric argument fails in higher dimension than 2:
In R3 we could have the three points (1,0,0), (0,0,0) and (—1,0,0) and as lines
we could have the 3 coordinate axes. It is quite obvious that it is impossible
to move isometrically the 3 points to the three lines. That seems to put the
restriction on the a;’s that they should span a space of dimension 2. That is what
we will assume in the example below. It can be shown by a direct calculation
in the case G’ = SO.(3,1) that the K AH-decomposition fails, if the a;’s span
a 3-dimensional space!

Theorem 2.5. For G' = SO.(n,1) the pair (G' x G' x G',G") is strongly
spherical.

PRrROOF. First we note that SO.(2,1) is locally isomorphic to SL(2,R), hence
this case is already captured by the example above. So we need only consider
SO¢(n,1) for n > 3. We can use induction to reduce to the case n = 2.

The proof follows the same line of reasoning as in the SL(2,R) case. Let
K’ = 50(n) sitting in the upper left corner of SO.(n,1) and Z' := G'/K’.
Putting 0 := e, € R"! then the map gK’ +— g - o sends Z' bijectively to
{zeR"™ |22+ ..+ 22 — 22, = —1}. This is our model of Z'.

From the Cartan decomposition we have s’ = R"™ where the column X € R"
can be embedded into so(n, 1) as the symmetric matrix

(e 0)

Now, put G := G’ x G’ x G’ and H := Diag(G’) and K := K’ x K' x K.
Pick nonzero X, X5, X3 € s which span a 2-dimensional subspace in s. Let
A; = exp(RX;) and A := Aj x Ay x As. The claim is that we can use this A for
the K AH-decomposition. Or rather for the equivalent H AK-decomposition.
Following the idea from the SL(2,R)-case, an equivalent statement of the
H AK-decomposition is that for all triples (z1,22,23) € Z' x Z' x Z', there
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exists ¢ € G’ and a; € A; such that g - z; = a; - 0. Note that K’ acts like
SO(n) on Z' =2 ¢’ 2 R", and hence with an element of K’ we can rotate the 2-
dimensional subspace spanned by X7, X2, X3 so that it is embedded in s = R"
as {(0,---,0,%,%)}.

As mentioned, our strategy is to reduce to n = 2, so put G = S0¢(2,1) which
embeds into SO(n, 1) as

I,o 0
)

Note that G’ contains A;, Ay and As. Put G = CNTL’ x G x G By the HAK-
decomposition of G it suffices to show that G = HGK. In other words we need
to show that for all triples (21,29, 23) € Z' x Z’ x Z' there exists g € G’ such
that g- 21,9 22,9 - z3 are all in G’ - o, i.e. viewed as vectors in R"*! they have
0 in the first n — 2 coordinates.

Since G’ acts transitively on Z’ we can pick g; so that g; - 27 = 0. Since K’
is transitive on the unit ball in R™, we can pick ks € K’ in such a way that
kagi - 2o is of the form (0,...,0,x) (note that ko stabilizes o = g; - 21). Finally
we can pick k3 € SO(n — 1) (sitting in SO(n) in the upper left corner) so that
kskagy - z3 is of the form (0,...,0,*, %) (note that ks stabilizes both g; - z; and
kagy - 22). Put g = kskog1 and we are done proving that it is polar.

Now to prove that it is also spherical: we use induction, and since and since
S50.(2,1) is locally isomorphic to SL(2,R) (in particular they have the same
Lie algebras), we already know it to be true in this case. Thus we consider
SO0¢(n,1) for n > 3 (where SO.(m,1) for m < n sits in the lower right corner
of SO.(n,1)). To ease notation let

gn :=s50(n,1) ®so(n,1) ®so(n,1)

and let b, be the diagonal in that.
Let a1, az and as be 1-dimensional subalgebras of s’ which together span a
2-dimensional subspace. W.l.o.g. we may assume that a; = RH; where

Hy = (q? %) . (2.1)

(1)

for q1, g2 and ¢3 some unit vectors in R”~! which span a subspace of dimension
2. Let p; = m; @ a; @ n; be the corresponding parabolic subalgebra. Our goal is

and
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it to show that
gn = (P1 X P2 X p3) + by,

Our induction assumption is that this holds for n — 1 and hence it suffices to
show that

gn = (P1 X P2 X P3) +bn + gn1
since p1 X Py X p3 C g,—1. From the Bruhat decomposition we know that g, =
(p1 X p2 X p3) @ (1 X 0 X 3) so it suffices to show that Wy x e x5 C (p1 X p2 X
p3)+bn+gn_1. Actually it is enough to verify that iy C p1+paNps+so(n—1,1)
(and similarly for ny and n3) for that being the case, an X € n; can be written
as X = A+ B+ C, and then

(X,0,0) = (Av _Bv _B) + (B7BvB) + (07070)
where (A, —B,—B) € p1 X p2 X p3, (B, B, B) € b,, and (C,0,0) € gp_1.
Now to prove that n; C p; + po N ps + so(n — 1,1) actually holds. First
we note that m+n = {X € so(n,1) | X ? = 0} (to ease the notation we

leave out the subscript ¢ for the moment, since it holds for any unit vector
q € R™). First we check that the dimensions agree. To that end, consider the

map so0(n,1) — R**! given by X —— X (?) Since ¢ has norm 1, we can find

A € SO(n) such that Ag = (0,...,0,1)T, so if we put A= <61 (1)> then

It is easy to check that so(n,1)vg = {w € R"*! | w, = w,41} and hence of
dimension n. Thus we get

so(n, 1) <§> — A(so(n, 1)vy)

in other words, the image of the map so(n, 1) —s R"*! has dimension n. Thus
1

the kernel has dimension 5n(n — 1) which is exactly equal to dimm +dimn (use

the N M AN-decomposition along with the fact that dim A = 1). Hence we only
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have to check that m and n lie in the kernel. A general matrix in so(n, 1) has

the form X = (A b

T O) for A € so(n) and b € R™. A quick calculation shows

T i~
(H,X] = (‘7?’ aqu 51‘?) (2.2)

when H is of the form (2.1).
If X € ¢ then b = 0 and the calculation above shows that X € m (i.e.
[H, X] = 0) if and only if Ag = 0 which is equivalent to

q\ _
X(0) o
and hence X is in the kernel.
Now for n: The condition [H, X] = X leads to A = @b — bg’ and b = —Aq,
hence
b=—A7=—(gb" —bq")g=—qb" g+

and hence ¢b'¢ = 0. Using that ||g]| = 1 we obtain b7¢ = g7 ¢gb"¢ = 0, thus
X € n implies
7\ _ (Aqg+b\ _
x (1) - (7)o

Allin all we have m+n C {X € so(n,1)| X (?) = 0} and for dimension reasons

as outlined above, the inclusion is actually an identity.

So now we know how the parabolic generated by ¢ behaves.

Now we consider n; which is known to have dimension n — 1. But since a;
from which it is formed lies inside so(n — 1,1), we know that n; Nso(n — 1,1)
has dimension n — 2. The matrix

0 ¢ 1
Y=|-¢ 0 0
1 0 O

is in 7y and not in so(n — 1,1). Thus we are done, if we can show that ¥ €
p1 4 p2 N p3. Define

0 q?—rT c 0 T 1—¢

U:i=|—-(q1—7) 0 0 and Vi=| —r 0 0
c 0 0 1—-c 0 0
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for some 7 € R"! and some ¢ € R. Clearly, Y = U + V. Since the ¢’s span
a space of dimension 2, we can find A;’s such that A1q; + Aago + A3¢g3 = 0 and
such that A\; + A2 + A3 # 0. Using the characterization of the parabolic, we see
that U € p; and V € ps N p3 if and only if

r-qg=1+c¢
r-g=—-1+c
r-qgs=—-1+c
This system of equations must have a solution r, if
Ml 4+c)+X(=1+¢)+ A3(—1+¢) =0,
ie. if
A1 — A2 — A3
c=—"—.
A1+ Ao+ A3
So with this ¢ and 7, we can split Y into two components lying in p; and ps Nps
respectively.
By the same reasoning as in the end of the proof of Theorem 2.4 it follows

that Definition 2.3 is satisfied (in the previous proof we only used that SL(2,R)
has rang 1). O

All examples of triple spaces so far have the common feature that G’ is a
group of rank 1. It is still unknown if there are groups of higher rank for which
the triple space is strongly spherical (or just spherical and/or polar).

On the other hand it is also clear that not every triple space is strongly
spherical, or even spherical. A necessary condition for a triple space G’ x
G’ x G'/G’ to be spherical is of course that dimp + dimh > dimg = 3dimg’.
Writing h =g’ = ¢ @d dn' and p’ = m/ & a’ d 1, we see that the condition
can be restated as 3dimm’ + dima’ + dimn’ — 2dim ¥ > 0. And using that
dim ¥ = dimn’ 4+ dimm’ we obtain the necessary condition

dimm’ + dima’ — dimn’ > 0.

Below this number has been calculated for various real simple Lie groups (the
relevant information for the different groups can be found in Appendix C of
[22]):

e SL(n,R): 3(—n?+3n—2)
e Sp(2n,R): n —n?.
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e SU(p,q), for 1 <p<gq:3p+p*+¢*—4pg—1

SO:(2p,2q+1), for 1 <p<q:2p* +2¢* —8pg+p+gq

SO.(2p,2q + 1), for p > q > 0: 2p> +2¢*> — 8pq — 5p + 5q + 3
SO

(
c(2p+1,2¢+ 1), for 0<p<q: 2p*>+2¢> —8pqg+3p—3q+1
e SO.(2p,2q), for 1 < p < q: 2p> +2¢> — 8pq + 5p — q.

From this list a lot of groups can be ruled out as building blocks for spherical
triple spaces. For example, among the groups SL(n,R) only SL(2,R) works!
Among all the groups SU(1,q), which are all of rank 1, the above inequality is
satisfied for ¢ # 2, i.e. the rank 1 group SU(1,2) cannot act as a building block
for a spherical triple space.

Triple spaces are examples of so-called Gross-Prasad spaces 2:

Definition 2.6 (Gross-Prasad space). Given a symmetric pair (G, H), the
space (G x H)/H (where we view H as the diagonal subgroup {(h,h)|h € H} of
G x H) is called a Gross-Prasad space provided the pair (G x H, H) is spherical
and of polar type.

In [24] some examples of strongly spherical Gross-Prasad spaces are given,
namely those coming from the pairs (GL(n+1,R), GL(n,R)) as well as (O(p, ¢+
1),0(p.q)), (U(p,q +1),U(p,q)) and (Sp(p,q + 1), Sp(p,q)). We will briefly
return to these spaces when discussing invariant differential operators later in
this chapter.

2.2 Uniqueness in the Polar Decomposition

If G/H is a homogeneous space of polar type, so that every element g € G
allows a decomposition g = kah, it is of interest to know to which extend the
components in this decomposition are unique. More specifically, we are inter-
ested in uniqueness of the A-component, and hence we ask: if KaH = Kda'H
what is the relation between a and a’? Let’s turn it around and assume HaK =
Hd' K, then we may view oK and a'K as two triples (a1 K', a2 K’',a3K’) and
({K',abK',a5K') in G/K = G'/K' x G'/K' x G’/K', and HaK = Hd' K
is now the equality of two H-orbits in G/K. These orbits are equal if and

2The name stems from the work of Benedict Gross and Dipendra Prasad who in [16]
considered branching from SOy x SON_1 (over a local field) to the diagonally embedded
subgroup SOn_1.
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only if there exists h = (g,9,9) € H such that haK = d'K, i.e. ¢ € G’ is
an isometry of G'/K’ which maps the triple (a1 K’, a2 K’ ,azK’) to the triple
(a1 K’ ab K’ a5 K').

An obvious non-uniqueness is caused by the normalizer Nxng(a) of a in
K N H, which acts on A by conjugation. In the case of a symmetric space, it is
known (see [18], Prop. 7.1.3) that the A component of every g € G is unique
up to such conjugation. For our current triple spaces the description of which
elements in A generate the same K x H orbit appears to be more complicated,
unless a; = az L ag (see further remarks on this at the end of this section).

Theorem 2.7. Let G/H be the triple space with G’ either SL(2,R) or SO.(n, 1),
and let a = a; X as X ag be a mazimally abelian subalgebra with a; = as L as.
Let a = (a1,az2,a3) € A with a; # ag and let ' = (a},ab,a%) € A. Then
KaH = Kd'H if and only if a and ' are conjugate by Nxnm(a).

We first determine explicitly which pairs of elements a,a’ € A are Ngng(a)-
conjugate when a; = as L as.

Lemma 2.8. Let a be as above. Then a,a’ € A are conjugate by Nxng(a) if
and only if

1) (a},ah) = (a1, a2)*" and afy = aE' ifn > 2
2) (a},dly,ay) = (a1,as,a3)* if n = 2.

PROOF. The normalizer Ninp(a) consists of all the diagonal elements k =
(k‘o, ko, ko) € G for which

ko € NK/(Cll) N NK/(U.Q) n NK/(CL3).

As elements aj, a; € A; are Ni/(a;)-conjugate if and only if a = ajil, only the
pairs mentioned under (1) can be conjugate when a; = as.

Let 6,6 = £1. For the groups G’ = SL(2,R) or G’ = SO.(n,1) the adjoint
representation K — SO(s’) is surjective. If n > 2 then there exists a trans-
formation in SO(s’) which acts by § on a; = as and by € on a3. Its preimages

in K’ conjugate (a1, az,as) to (af,a3,a5). When n = 2 such a transformation
exists if and only if § = . The lemma follows. O

The following lemmas are used in the proof of Theorem 2.7. Here G’ can be
any semisimple group with Cartan decomposition g’ = ¢ & s'.

Lemma 2.9. Let X, U € s'. Then exp X expUexp X € exps’.
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PRrROOF. Let 6 denote the Cartan involution and note that the product
exp(tX) exp(tU) exp(tX) belongs to S := {g € G’ |0(g) = g~ '} for all t € [0, 1].
It is easily seen that kexpY € S implies k2 = e for k € Ky and Y € &', and
since e is isolated in the set of elements of order 2 it follows that exps’ is the
identity component of S. Hence exp X expUexp X € exps’. O

Lemma 2.10. Let o’ C s’ be a one-dimensional subspace and let A’ = expa’.
1) If g € exps’ and gag € a(yK' for some ag,al, € A, then g = a’Oaal.

2) If g € G’ and gay,gas € A'K’ for some aj,as € A’ with a1 # ay then
g € Ng/(a")A'.

PRrROOF. (1) It follows from gag € a(K’ that apgag € apa(K'. Since aggag €
exps by Lemma 2.9, it follows from uniqueness of the Cartan decomposition
that apgao = apay and thus g = aéagl.

(2) Put zp = eK’, then A’.zp is a geodesic in G'/K’. Since g maps two distinct
points on A’.zy into A’.zg, it maps the entire geodesic onto itself, and hence so
does ¢g—!. In particular g~'.zyp € A'K’, that is, g = koag for some kg € K’,
ag € A'. Tt follows for all a € A’ that

koako_l = gaalako_1 € gA'K' = A'K'.

As koaky ! € exps’, uniqueness of the Cartan decomposition implies koaky le
A/, ie. ko € NK/(CI/). O

Lemma 2.11. Let a;,a3 C s’ be one-dimensional subspaces with a; 1 az and
let Ay = expay, A3 = expas. If g € Ng/(a1)A1 and gas € a5K' for some
as,a € As, not both equal to e, then g € Ni/(a1) N Nk (as).

PROOF. We may assume aj # e, as otherwise we interchange it with a3z and
replace g by g—!. We consider the geodesic triangle in G’/K’ formed by the
geodesics

L1 = 141.,2307 L2 = A3.Zo, L3 = gA3.Zo.

The vertices are
— — . /
D3 = 20, D2 = g.20, D1 = gas.zp = az.20-

As Ly and Lo intersect orthogonally, angle D3 is right. The isometry g maps L1
to itself and Lo to L3. Hence L, and L3 also intersect orthogonally and angle
D is right. As the sectional curvature of G’ /K’ is non-positive, it is impossible
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for a proper triangle to have two right angles. As L; # Lo and Ds # D we
conclude D3 = Dy and L3 = L. It follows that g € K’ and by Lemma 2.10 (2)
that g < NK/(CL3). O

PROOF OF THEOREM 2.7. Assume KaH = Ka'H. Then Kah = Ka' for some
h = (g9,9,9) € H. Applying Lemma 2.10 (2) to the first two coordinates of
Kah = Ka' we conclude that g € Ng(a1)A;.

If a} and a3 are not both e, we can apply Lemma 2.11 to the last coordinate
and conclude g € Nk (a1) N Ng(a3). Hence h € Ngnp(a), and we conclude
that o’ = h~'ah.

If af = a3 = e it follows from the third coordinate that ¢ € K’. Hence
g€ Ngs/(a) and @/ =aora =a . O

As promised some remarks in the case where we do not assume a; = as | as.
Assume s to have dimension at least 3, and suppose that we have a; = as not
perpendicular to as. In the Euclidean setting, this would look like the following
(the plane symbolizing the space spanned by exp a; and exp a3):

_‘1_':;

We see from the figure that we have two triples which can be mapped to each
other by an isometry which does not preserve the origin (since it takes place in a
three dimensional space, it is the composition of a rotation around the A; = As
axis and a translation). In particular this would correspond to an isometry that
cannot be conjugation by an element in Nxng(a).
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If we skip the other requirement, that a; be equal to as (but still require a4,
as and as to span a 2-dimensional subspace), we could get a situation like the
following (again in the Euclidean setting).

Again we see that we can move the one triple into the other by an isometry
that does not preserve the origin, i.e. cannot be a simple conjugation by an
element in Ngnp(a).

2.3 Plancherel Decomposition

In this section we will study triple spaces in full generality (with G’ being a
semisimple group), in the next chapter we will restrict further to the case where
G' = SL(2,R).

Let K’ be a maximally compact subgroup of G’, then K := K’ x K’ x K’ is
a maximally compact subgroup of G.

For an irreducible symmetric pair (G, H) (i.e. a pair such that the symmetric
space cannot be written as a product of strictly smaller symmetric spaces) where
H is connected, it is known that H is a maximal connected subgroup in the sense,
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that if Hy is another connected subgroup such that H C Hy C G, then Hy is
either H or G. In the triple case, this is no longer true, albeit almost

Proposition 2.12. Let Hy be a connected subgroup satisfying H C Hy C G,
then Hy is either H, G or one of the following 8 groups

Hl = {(xagvg) ‘ T,9 € G/}
Hy :={(g,%,9)|x,9 € G'}
Hs :={(g9,9,2) | z,9 € G'}.

Proor. Consider for ¢ = 1,2,3 the projection p; : G’ x G' x G’ — G x G’
which leaves out the i’th component. The image p;(Hj) is a connected subgroup
of G’ x G’ containing the diagonal. Since (G’ x G',G’) is a symmetric pair,
there are only two possibilities, p;(Hy) equals the diagonal or everything. That
basically leaves us four different cases to check.

First case: If p;(Hp) equals the diagonal for all 4, then Hy = H.

Second case: If p;(Hp) equals G’ x G’ and the two others equal the diagonal:
this can’t occur.

Third case: If p;(Hy) equals the diagonal for some ¢ and the two others equal
G’ x G/, then Ho = I’Iz

Fourth case: If p;(Hg) = G’ x G’ for all i, then Hy = G. O

In certain situations it can be useful to have a concrete model for the triple
space, just as in the group case, where the group itself is a model for the space
G’ x G'/G'. The map

91,92, 93] — (9195 ", 9295 )

is easily seen to be a well-defined diffeomorphism ¢ : G/H —— G’ x G’ with
inverse
(91,92) — [g1, 92, €].

Note, however, that this concrete model is rather non-canonical: we singled out
the third component. Of course, this component is nothing special, we could
just as well have picked the first or the second. In the following we will use
this model mostly for calculations, and to the extend possible we will try to
formulate results without reference to the model.

G/H has a natural G-action p; = p(g, 4,.g5) given by componentwise left mul-
tiplication. Under the diffeomorphism ¢ above this is turned into the following
G-action on G’ x G:

(91,92, 93) - (91, 95) = (9191 (93) ™", 9295(g3) ")
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which we also denote p. We can write it a little more compactly,

P © P(g1,92,93) = E(gl .92) ©T(g3,93) © ¥~ (2'3)

where £(4, g,y and 7(g, ¢,y are the left and right actions of G’ x G’ on itself (cf.
Section 1.4).

Proposition 2.13. Let G’ be a semisimple group. Then the triple space G/H
has a G-invariant measure (unique up to a scalar), and under the diffeomor-
phism @ above, this measure coincides (up to scalar multiplication) with the
Haar measure on G' x G'. In particular we have the following isomorphisms of
G-spaces
L*(G/H) =2 LA(G' x @) = L*(G")SL*(G") (2.4)

where the first isomorphism is f — fo @1,
PROOF. Since G and H are both semisimple, they are unimodular, hence an
invariant measure on G/H exists.

Let o denote the Haar measure on G’ x G, then (p=1).(u) by (2.3) satisfies

Plgr,93,95) (@) (1) = (071 0 gy g1 © T(gsga) (1) = (07 1) (1)

by left and right invariance of pu. Thus (p~1).(u) is G-invariant and therefore
must equal the G-invariant measure on G/H (up to a nonzero scalar).
The last claim of the proposition now easily follows. O

Our goal in the following is to develop a Plancherel decomposition for triple
spaces. First we consider a compact example, to see what we can expect.

Example 2.14. Let’s consider the space compact triple space
SU(2) x SU(2) x SU(2)/SU(2).
The Plancherel formula for a compact homogenous space K/M tells us that

L*(K/M) = @ Hom(V,, V).
‘n'EIA(M
In this case where K = SU(2) x SU(2) x SU(2), the dual K consists of all

representations of the form 7 X w9 X 73 on V4 ® Vo ® V3. To find the M-fixed
vectors we make the following general observation: assume G; C G2 are two
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arbitrary Lie groups and that we have representations m; of G; on V;. Then we
can form a representation m of G; x Gy on Hom(Vy, V3) by

m(g1,92)(T) :=ma(g2) o T omi(g1) .

Viewing G, as the diagonal in G; x Ga, the invariant vectors in Hom(V7, V3)
are simply Homg, (V7, V2), i.e. the set of intertwining operators between 71 and
m2|G,. Moreover

Hom(V1, Vo) 2 V" @V,

as G1 X Gg-spaces and thus
(Vi ® V2)¢" = Homg, (V1, Va).

We can apply this to the following situation: assume we have a group G and
3 finite-dimensional G-representations Vi, Vo and V3. Put Gy := G x G and
let G; = G be sitting in G2 as the diagonal. Consider now the triple product
V1 ® V2 ® V3 under the action of G x G x G, and write it as V; ® (Vo ® V3) under
the action of G x (G x G). Viewing G as the diagonal in G x G we are in the
situation as before and we get

(Vi @ Vo © V3)¢ = Homg (V;", Va ® V3).

Note, that the representation Vo ® V3 on the right is the restriction to the
diagonal, i.e. it is to be considered a representation of G and not of G x G
(in which case it would have been irreducible and the Hom¢ space would have
been either 0 or 1-dimensional)!

Obviously, there is nothing special about V7, even though we have singled it
out here. We have a natural isomorphism V; ® Vo ® V3 —— Vo @ (V; ® V3) and
hence a natural isomorphism Homeg (V;*, Va®V3) —— Homg (V5', V1 ® V3) which
are of course also isomorphic to Homg (V5, V1 ® V2).

Now we return to SU(2). Given a representation V; ® V, @ V3, in order to
find the space (V; @ Vo ® V3)°V(2) (the dimension of which ultimately equals the
multiplicity of 1 X 72 x 73 in the Plancherel decomposition of L?(K/M)) we have
to decompose m; ® me according to Clebsch-Gordan and find the multiplicity of
73 in this decomposition.

Recall that the irreducible representations of SU(2) are p, for n € Zx>g of
dimension n + 1 and that p, ® p,, decomposes according to

Pn ® Pm = Pln—m)| 3] Pln—m|4+2 D---D Pn4+m—2 ) Pn4+m- (25)
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Moreover, all these representations are self-dual. From the discussion above we
infer that p, X pm, X pr occurs in the Plancherel decomposition if and only if
ke{ln—m|,ln—m|+2,...,n4+ m}, and they do so with multiplicity 1.

A concrete example: does the representation ps X p7 X p1 occur in the decom-
position? Well, according to our recipe, we form the tensor product p7 ® p; and
decompose according to Clebsch-Gordan:

P5 @ p1 = ps D ps-

We see that p; does not occur in this, and hence that ps x p; X p; does not occur
in the Plancherel decomposition. Then what about, say ps X p7 X p12. Again we
decompose

PrRpP12 = ps D p7r D - p17 D pro
and see that ps does occur, and hence ps X p7y X p12 is present in the Plancherel
decomposition.

This is the idea we want to generalize to non-compact triple spaces.
Recall from the section on Fourier transforms that L?(G’) can be decomposed
as

@ JE—
L*(G) =2 | 3H,0H du(r)
G/
and that the bi-regular representation Tg: of G’ x G’ on L?(G") is decomposed
as

S
Tgr ~ /A (m x 7*)dp(r).

G

Replacing G’ by G’ x G’ we have a bi-regular representation T/« g of G/ x G' x
G' x G' on L*(G' x G') which is given by

Terxar (91,92, 93,94) F(9,9") = Larxar (91592) © Rarxar (93, 94) (9, 9")
= f(91 993,95 9’ 94)

The action of G’ x G’ x G’ on G/H gives a representation p of G’ X G’ x G’ on
L?(G/H). Under the isomorphism L?(G/H) = L?(G’ x G') this representation
is simply (cf. (2.3))

p(g1.92,93)f(9.9") = f(91 " 993,95 " 9'93)-
Le. if we inject G’ X G' x G’ into G’ x G' x G' x G’ by

(91792u93) — (91792793793)7
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p is simply the restriction of Tg v to G’ x G’ x G’. Decomposing Tg xq we
get

®

Tarxgr ~ /A (m1 X mp) X (w1 x wa) dp(mr)dp(ms).

G'xG’
Restricting to G’ x G’ x G’ (which comes down to restricting (m; X 72)* to the
diagonal of G’ x G') and replacing m; by 7} (this is allowed, since 7 is in G’ if
and only if 7* is) we get

[S7]
pr [ (ri X m) X (ma @ ma)du(m )du(). (2.6)
G'xG’

Decomposing the tensor product 73 ® mo = [, W?m"s AVr, o (m3) (cf. Theorem

1.22) we arrive at

Theorem 2.15. The decomposition of p into irreducibles is

(&) D
o [ (A dvn () ) ()
G'xG’ G

D
- /@ & xa (5 X w5 X w3) P dug, g, (m3)dpu(ma)dpu () (2.7)
/>< />< !

where p is the Plancherel measure on G

This is the general version of the observation from the compact case above.
In effect, the result states that the triple product 7} x 73 x w3 “occurs” in the
decomposition of p if and only if 73 “occurs” in the decomposition of the tensor
product m; ® 7y, and with the same multiplicity.

Just as for groups, we can talk about discrete series representations for a
homogenous space:

Definition 2.16 (Discrete Series). A representation (7, H,) € Gy is called
a discrete series representation for G/H if Homg(H,, L>(G/H)) # {0}.

It is clear from the theorem above, that m; X w5 X 73 is a discrete series
representation for the triple space G/H, if and only if m; and mo are discrete
series representations with 73 sitting discretely in m; ® 72, and it is clear that
the multiplicity of m1 x my x 73 in L?(G/H) equals that of 3 in 7§ @ m3. If this
multiplicity is finite we can write down an explicit isomorphism

@ : Homer (Hs, H1®H2) —— Home (H;RH;0Hs, L2(G/H))
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given by

D(S) (1 ® 2 ®V3)[g1, 92, 93] == (71 (g7 N1 @ 75 (g5 ") p2) S(m3(g5 vs). (2.8)

2.4 Invariant Differential Operators

In this section we investigate the algebra of invariant differential operators
D(G/H) first for a general triple space. More specifically, our first concern will
be, to determine, for which of the strongly spherical spaces listed previously in
this chapter, the algebra of invariant differential operators is commutative. It
turns out to be the case for only a few of them.

Definition 2.17. Let G be a Lie group and let K be a compact subgroup. The
pair (G, K) is called a Gelfand pair if for any irreducible unitary representation
7 of G, it holds that the multiplicity of the trivial representation of K in 7|k is
at most 1.

In the older literature, the terminology will often be used that K is a spherical
subgroup of G.

As the following proposition states there are other (equivalent) ways of defin-
ing Gelfand pairs. We took the above one as the defining property since it is the
one which is best suited for our needs.

Proposition 2.18. For a pair (G, K) of a Lie group and a compact subgroup
K, the following are equivalent

1) (G,K) is a Gelfand pair.

2) The algebra D(G/K) of left G-invariant differential operators on G/K is
commutative.

3) The convolution algebra L'(K\G/K) is commutative.

The equivalence between 1) and 2) is proved in Proposition 6.3.1 in [12] and
the equivalence between 2) and 3) is stated in Theorem 4 in [11].

Well known examples are non-compact Riemannian symmetric pairs (G, K)
where G is a reductive Lie group and K is a maximally compact subgroup. Be-
cause of the duality between compact and non-compact Riemannian symmetric
spaces, also compact Riemannian symmetric pairs (U, K) are Gelfand pairs.
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Definition 2.19. A pair (G, K) of a Lie group G and a compact subgroup K
is called a strong Gelfand pair provided that (G x K, AK) (where AK means
the K-diagonal in G x K) is a Gelfand pair.

Proposition 2.20. A pair (G, K) where G is connected and K is connected
and compact, is a strong Gelfand pair if and only if for any m € G and any
0 € K, the multiplicity of § in 7|k is at most 1.

PROOF. If 7 € G and 6 € I?, we note the identities 3
HAK = (H,0Hs)2 K = Homg (6%, 7|x)

where 6* is the dual of §. This leads to the following string of identities of
dimensions:

dim Hompg (1, (7 x 0)|ax) = dim Homg (7 X §|ax, 1) = dim H2E

= dim Homg (0%, 7| k).

Since any irreducible unitary representation of G x K is of the form 7 x 4, it
follows that (G x K, AK) is a Gelfand pair, if and only if the multiplicity of 6*
in 7|k is at most 1. O

From the proposition it is clear that any strong Gelfand pair is in particular
a Gelfand pair, hence justifying the name. Note that if (G, K) and (G’, K') are
strong Gelfand pairs, then so is (G x G', K x K'), simply because, if w|x =
Dscr 09 and |k = @, . 7™ for irreducible representations 7 and 7’
of G and G’ respectively, then mgs, m, < 1 and hence

(ﬂ_ % 7T/)|K><K’ — @ (5 X T)@mamf

(5,1)eKx K’

where msm, < 1. Thus irreducible representations of G x G’ decompose without
multiplicity when restricted to K x K.

In the case where G itself is compact, the strong Gelfand pairs have been
classified by Kramer in [23] (he uses the terminology that K is a multiplicity
free subgroup in G). The first two results of his paper relevant to us are the
following (Proposition 2 slightly reformulated and Corollary 2 in loc.cit.):

3We use the notation that 7 x § is the representation of G X K on HW®%§ (the completed
Hilbert tensor product) given by (7w X §)(g,k)v ® w = 7(g)v ® §(k)w.
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Lemma 2.21. Let (G, K) and (G',K') be pairs where G and G' are compact
and connected, and where K and K’ are closed and connected subgroups and
assume we have a local isomorphism G — G’ which maps K to K', then
(G, K) is a strong Gelfand pair if and only if (G', K') is a strong Gelfand pair.

Lemma 2.22. Let G be a compact connected and simple Lie group and K a
closed subgroup and K the identity component, then (G, K) is a strong Gelfand
pair if and only if (G, Ko) is a strong Gelfand pair.

The following is the main theorem of Kramer’s paper. Note that point 4) is a
consequence of the preceding two lemmas.

Theorem 2.23 (Kradmer). Let G be a compact connected Lie group and K a
closed subgroup whose identity component we denote K.

1) If G is simple, then (G, K) is a strong Gelfand pair if and only if up to
covering, either
e the pair is of the form (SU(n),U(n — 1)) forn > 2, or
e G=50(n) and Ky =5S0(n—1) forn >3, n#4, or
o G =S5S0(8) and Ky = Spin(7), or
trivially G = K.

2) If G is semisimple, then (G, K) is a strong Gelfand pair if and only if
there exist strong Gelfand pairs (G1, K1), ..., (Gn, Ky) with G; simple and
K; connected, and there exists a number m, such that we have a local
isomorphism G —— G1x---x Gy x SO(4)*™ which maps Ky to K1 x---x
K, xSO(3)*™ where SO(3) sits inside SO(4) (which is locally isomorphic
to SO(3) x SO(3)) as the diagonal.

3) If G = G4 x T where Gy is semisimple and T is a torus, then (G, K) is
a strong Gelfand pair if and only if (Gs,p(K)) is a strong Gelfand pair
(where p : G — G is the projection).

4) If ¢ : G — G is a connected covering of G, then (G,K) is a strong
Gelfand pair, if and only if (G,q *(K)) is a strong Gelfand pair.

This theorem enables us to determine for each pair (G, K) (where G is com-
pact and connected, and K is a closed subgroup) if it is a strong Gelfand pair
or not: As G is compact, its Lie algebra is automatically reductive, hence is of
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the form g = g; @ Z, i.e. is a direct sum of a semisimple part g, = [g, g] and
the center. Let G4 be the analytic subgroup of G corresponding to gs, then we
have a covering map 7 : Gy x T — G by (g, 2) — gz. Thus (G, K) is a strong
Gelfand pair if and only if (G, (7 1(K))) is a strong Gelfand pair.

Corollary 2.24. The only strong Gelfand pair of the form (Gy x Go, Gg) with
Go compact, connected and simple is (SO(3) x SO(3),S0O(3)). Consequently,
(S0(n) x SO(n), SO(n)) is a strong Gelfand pair, if and only if n =3 orn = 4.

PRrROOF. (SO(3) x SO(3),S0(3)) is a strong Gelfand pair as it is locally iso-
morphic to the Gelfand pair (SO(4), SO(3)). Also (SO(4) x SO(4),S0(4)) is a
strong Gelfand since it is locally isomorphic to the product of the strong Gelfand
pair (SO(3) x SO(3), SO(3)) with itself. The only if statement of this corollary
follows from Krémer’s list of semisimple strong Gelfand pairs above. O

Recall that given a real Lie algebra g, we denote by U(gc) the universal
enveloping algebra of the complexification of g and we identify this with the
algebra D(G) of left-invariant differential operators on G. If H is a closed sub-
group of G we can extend the adjoint action of H on g to an algebra action of
H on U(gc) by

Ad(R)X1 -~ Xn == (Ad(R)X1) - - (Ad(R) X,0).

Let U(gc)x denote the set of elements of U(g) of degree at most k. By the PBW-
Theorem this is a finite-dimensional space, and it is clear, that it is preserved
by Ad(h). Thus Ad is a finite-dimensional representation of H on U(gc)y. This
of course has a derived representation of b:

Ad (X)) (X1 X)) = % . Ad(exp(tX))(X1--- X,)
= % (Ad(exp(tX))X1)--- (Ad(exp(tX))X,)
t=0

ZH:X““(;@
j=1

:ZXl"'[Xan]"'Xn~
j=1

Ad(exp(tX))XJ) X,
t=0
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We extend this representation to U(gc) = JU(gc)r and denote it ad:

(X)X, X) = 30 X1 (ad(X)X,) - X,
= X(X1 Xn) — (X1 X)X

where the last equality follows from a simple computation involving commuta-
tors. The first expression tells us that ad(X) is a derivation of U(gc) and the
second, that we can view ad(X) as a commutator, just as in the Lie algebra
situation. Since U(gc) is a complex algebra, we can without problems extend
ad to a representation of hc.

By U(gc)® we denote the subset of elements of U(gc) which are invariant
under Ad(h) for all h € H, and by U(gc)" the set of elements which are mapped
to 0 by ad(X) for all X € b, i.e.

Ulge)" = ﬂ ker ad(X).
Xeh

U(gc)Yc is defined similarly.

Lemma 2.25. If H is a connected subgroup of G, it follows that U(gc)? =
Ulgc)" = Ulge)"e

PrRoOF. The last identity is obvious and holds whether H is connected or not.

For the first identity, the inclusion “C” follows easily by the above, since ad
is the derived representation of Ad. For the reverse inclusion “2” we need the
connectivity assumption, for then any h € H can be written as a finite product
h=expX;---expX, for X; € h so we may assume w.l.o.g. that h = exp X;. If
X € U(gc)", then

Ad(exp X1)X = exp(ad(X1))X = (I + (ad X1) + 3(ad X1)* + - )X = X,

ie. X € U(gc)H. O

Lemma 2.26. If G and G’ are Lie groups with closed connected subgroups H
and H' respectively, for which there is a Lie algebra isomorphism ¢ : gc¢ — gf
between the complexifications of the Lie algebras of G and G’ and such that
o(be) = ¢(be), then D(G/H) and D(G'/H') are isomorphic as algebras.
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Proor. For any homogenous space, we have an algebra isomorphism
D(G/H) = Ul(gc)" /(U(ac)™ NU(gc)h) (2.9)

and by the lemma above the latter equals U(gc)?¢/(U(gc)" N U(gc)be).

The Lie algebra isomorphism ¢ induces an algebra isomorphism % : U(gc) —
U(ge), and it requires but a small calculation to verify that p(U(gc)?¢) =
U(gp)% and B(U(gc)he) = U(gp)bhj. Thus 7 induces an algebra isomorphism

Ul(gc)™/(U(ge)"™ NU(ge)be) —— U(ge)"/(U(ge)"e NU(g6)be)

which, by the remarks at the beginning of the proof, is the desired algebra
isomorphism D(G/H) — D(G'/H'). O

Let us apply this to triple spaces. If G’ is a compact Lie group, it follows
from the above discussion of Gelfand pairs that (G’ x G’ x G', G') (where G’ is
viewed as the diagonal) is a Gelfand pair if and only if (G’ x G', G') is a strong
Gelfand pair.

Any linear semisimple Lie group G’ has a complexification G’ € which in turn
has a compact real form G’, in other words, for any linear semisimple Lie group
G', there is a compact Lie group G’ such that the complexification of the two
Lie algebras are isomorphic. We call G" the compact form of G'. By the above
lemma, commutativity of D(G/H) follows if and only if (G’ x G’, G’) is a strong
Gelfand pair. Thus we get

Theorem 2.27. Let G/H be a triple space as above with G' connected and
semisimple. The algebra D(G/H) is commutative if and only if the compact
form of G’ is locally isomorphic to SO(3) or SO(4). In particular, among the
groups G' = SO.(n, 1), only SO.(2,1) and SO.(3,1) have corresponding triple
spaces with commuting invariant differential operators.

Our second application will be to Gross-Prasad spaces. These have been stud-

ied in [24] where it was found that Gross-Prasad spaces from the pairs
[ ]

GL(n+1,F),GL(n,F)) for F = R, C,

(

e (O(p,q+1),0(p,q)) for p+q > 2,
(U(p,q+1),U(p,q)) for p+q > 2,
(

e (Sp(p,q+1),5p(p,q)) for p+q>2
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are spherical and polar.

Theorem 2.28. For all the Gross-Prasad spaces in the list above except (Sp(p, ¢+
1)xSp(p,q))/Sp(p, q), it holds that the algebra of invariant differential operators
18 commutative.

PROOF. Again it follows from Lemma 2.26 that if (G', H') is a compact form of
(G,H), then D(G x H/H) 2 D(G" x H'/H’). And it follows from Proposition
2.18 that D(G’ x H'/H') is commutative if and ounly if (G',H') is a strong
Gelfand pair.

The pair (GL(n + 1,R), GL(n,R)) has the compact form (U(n + 1),U(n)).
The map ¢ : SU(n+1)xU(1) — U(n+1) given by (A4, z) — zA is a covering
map (since it is a group homomorphism whose corresponding Lie algebra map
is an isomorphism). If we view U(n) as sitting in U(n + 1) in the lower right
corner, then

27t 0

T (Un)) = {(( 0 Z_lA,> %) ‘ A € U(n) 2"+ = det A’}.

The projection of this set onto SU(n + 1) is therefore

pla ' (U(n))) = {(201 Z?A,> ‘A’ € U(n) 2" = det A’}

which is just the standard embedding of U(n) into SU(n + 1). Since (SU(n +
1),U(n)) is a strong Gelfand pair, it follows (by Krémer’s theorem and Lemma
2.22) that (U(n+1),U(n)) is a strong Gelfand pair. Hence the algebra of differ-
ential operators for the Gross-Prasad space of the pair (GL(n+1,R), GL(n,R))
is commutative.

Similarly, the pair (U(p,q¢+1),U(p, ¢)) has compact form (U(p+q+1),U(p+
q)), and this is a strong Gelfand pair by the same arguments as above.

The pair (O(p,q+1),O0(p, q)) has compact form (O(p+q+1),O0(p+q)) which
is locally isomorphic to the strong Gelfand pair (SO(p+ ¢+ 1),SO(p+ q)).

Finally (Sp(p,q + 1), Sp(p,q)) has compact form (Sp(p + ¢ + 1), Sp(p + q))
which is not a strong Gelfand pair. O



CHAPTER 3
A SPECIAL CASE

3.1 Invariant Differential Operators

We continue our description of the algebra D(G/H) from the previous chapter,
now ouly for the triple space with G’ = SL(2,R). We prove that this is an
abelian algebra in 3 generators.

In this section we will work a lot with U(gic @ gac), and the following lemma
will make this space slightly easier to handle.

Lemma 3.1. We have an algebra isomorphism
D(Gy x Ga) = U(gic ® gac) — U(gic) ® U(gac) = D(G1) @ D(Gy)
which maps
(X1,0) - (X0, 0)(0, Y1)+ (0, V) — (X1 - X)) @ (Yi---Yp)

PRrROOF. Consider the map g1 @ go — U(gic) ® U(gac) given by (X,Y) —
X®14+1®Y. It is easily checked that this map is linear and satisfies the bracket
relation. Thus it factorizes as an algebra homomorphism through U(gic @ gac).
This is the desired map. It is easily seen to map a PBW-basis to a PBW-basis,
and thus it is an algebra isomorphism. O

T
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We use the model G/H = G’ x G'. The G-action on G’ x G’ is simply that
the two first copies act on each of the arguments from the left and the third
copy acts diagonally from the right. Thus we immediately see that we have the
following string of inclusions

Z(G' x G') C D(G/H) C D(G' x G (3.1)

where Z(G’ x G') is the algebra of bi-invariant differential operators on G’ x G’,
which happens to be equal to the center of D(G' x G') = U(ge @ g¢)- In our
present example, all inclusions will be strict

Consider the standard basis for s[(2, R)

1 0 0 1 0 0
H0:(0 —1)’ Xo = <0 0)’ Y°:<1 0>

(we add subscripts 0 to avoid confusion between Hj as a matrix and H as a
subgroup), which satisfies the usual commutation relations

[Xo, Yo] = Ho, [Ho, Xo] = 2Xo, [Ho, Yo] = —2Y0.

Consider the inclusions (3.1). Z(G' x G') CD(G/H) and Z(G' x G') 2 Z(G') ®
Z(G') (it is a standard fact from algebra, that the center of a tensor product
of algebras is the tensor product of the centers), and in this specific case of
G’ = SL(2,R), the center Z(G") is generated by the Casimir element , which
relative the the basis for s[(2,R) above takes the following form: w = $HZ +
XoYo+Yp Xy = %HOQ—&—HO +2X0Yy. Consequently, we have at least two generators
for the algebra D(G/H ), namely w®1 and 1 ®w. Furthermore, it can be checked
that the element

Q:=1Hy® Hy+ Xo® Yy + Yy ® Xo

is actually an element of D(G/H) = U(gr @ gi)" without being an element of
the center Z(G' x G’) (it doesn’t commute with Hy ® 1 for instance). In fact,
w®1and 1 ®w and  constitute a basis for U(g & gi-)4 . Thus we have a third
generator and in particular the first inclusion in (3.1) is strict. Also the other
inclusion is strict: Xo® Y for example, is an element in D(G' xG’) = U (g P gt)
which is not in U(gf: @ g¢)? = U(gr @ gr)" (it is not ad(Hp)-invariant - in order
to be so, the sum of the powers of Xy should equal the sum of the powers of
o).

That leaves us the following question: are there any more generators for
D(G/H) other than w ® 1, 1 ® w and 2?7 The answer turns out to be no, as
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we now explain. First, note that so(4) = su(2) @ su(2) and hence by complexi-
fication sl(2, C) @ sl(2,C) = s0(4,C). Thus U(sl(2,C) ®sl(2,C)) =2 U(so(4,C)).
Furthermore s((2,C) = su(2)¢ = s0(3,C). Thus we have

D(G/H) = U(gr ® gi)"¢ = U(so(4,C))*°®.

This particular algebra has been studied in [4] and the statement is that it
is generated by Z(SO(4)) and by Z(SO(3)) (the centers of U(so(4,C)) and
U(so(3,C)) respectively). SO(4) has rank 2 and SO(3) has rang 1 and hence in
total there are 3 generators for D(G/H). Wrapping up:

Theorem 3.2. D(G/H) is a commutative algebra in 3 generators. Viewed as
a subalgebra of D(G' x G') 2 D(G') @ D(G'), the generators are w ® 1, 1 @ w
and €.

One drawback of this viewpoint is that it depends on the specific realization
of G/H as G’ x G, which is non-canonical since we singled out the third com-
ponent. A slightly different and more invariant viewpoint is the following. For
any homogenous space G/H we have an algebra homomorphism

p:Dy(G) — D(G/H)

given by (p(D) f)op = D(fop) where p : G — G/ H is the projection and where
Dy (G) is the algebra of differential operators which are left G-invariant and
right H-invariant (this algebra is isomorphic to U(gc)?). In particular we can
restrict p to Z(G) C Dy (G) and study how the generators of Z(G) are mapped
to D(G/H). Both algebras are abelian in 3 generators, so if we can show that
it maps generators to generators, it follows that it is an algebra isomorphism.
The identification of D(G/H) with Z(G' x G’ x G') is more canonical than the
identification with U (g @ gi)".

To formalize this, let » : G/H —— G’ x G’ be the G-equivariant diffeomor-
phism [g1, g2, g3] = (9195 ", ggggl). The induced map on algebras of differential
operators @ : D(G/H) — D¢ (G’ x G) given by

(@(D)f)(91,92) = D(f © )(¢™" (91, 92))

is a realization of the identification D(G/H) = D¢g/ (G’ x G). Composing p and
@ we obtain the map pop : Z(G' x G’ x G') — D¢/ (G’ x G') which is given by

(@oD)(D)f(p(goH)) = D(f o pop)(go)- (3.2)
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Note how the right-hand side makes sense, for any D € D(G), whereas the left-
hand side only makes sense as an invariant differential operator on functions on
G/H it D € Dy (G).

We want to calculate the action of this map on the three generators w®1®1,
l1w®land 1®1Qw of Z(G' x G' x G') 2 Z(G') @ Z(G') @ Z(G"). Tt is
not hard to see that w ® 1 ® 1 and 1 ® w ® 1 are mapped to w ® 1 and 1 ® w
respectively. So the only problem is calculating (o p)(1 ® 1 ® w). We calculate
the right hand side of (3.2) term by term. First 1 ® 1 ® H3:

(1 ® 1 & Hg)(f o Op)(gl,QQ,e)
62

= 0tds
82

Otos

(fowop)(g1,92,exp((s+t)Hp))
(0,0)

f(g1exp(—(s +t)Ho), ga exp(—(s +t)Ho)).
(0,0)

For a function h of the form (s,t) — f(s+1¢,s+t) we get from the chain rule

) *f 2f

at9s V) = 552 (0:0)+ 55 105

(0,0) 42

(0,0).

Applied to the expression above we get
(1®1@H§)(fopop)(ggze) = (Hi®1+1® Hf +2Hy @ Ho)f(91,92)
in other words (pop)(1®1® HZ) = HZ®1+1® HZ +2Hy ® Hy.
Then what about (op)(1®1® X¢Yy)?
(1®10XoYo)(f o ¢ op)(g1,92,€)
82
~ Otds
82
0sot

(f o op)(g1,92,exp(tXo) exp(sYp))
(0,0)

f(g1exp(—sYp) exp(—tXyp), g2 exp(—sYp) exp(—tXp)).
(0,0)

The t-derivative must be (—Xo® 1 —1® Xo) f(g1 exp(—sYp), g2 exp(—sYp)) and
the s-derivative of this must be

(Yo ®1-10Y)(-Xo®1—-1® Xo)f(g1,92)

in other words

@op)(1®1® XeYy) =YoXo®1+Yy® Xo+ Xo® Yo+ 10 YXo
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and similarly
(Pop)(1®1®YyXe) =XoYo® 1+ Xo® Yo+ Yo ® Xo+1® XoYo.
From these formulas we conclude that
(PoD)(1®10w)=w®l+1Qw+2Q (3.3)

and this in combination with 1 ® w and w ® 1 is a complete set of generators for
D¢ (G x G'). Since @ is already an algebra homomorphism we conclude

Theorem 3.3. The map p : Z(G' x G' x G') — D(G/H) is an algebra iso-
morphism.

In the previous chapter, we noted that there were only two triple spaces
(known so far) which have commuting algebras of invariant differential opera-
tors, namely triple spaces with G’ = SL(2,R) and G’ = SO.(3,1).

For the second space, we have

D(G/H) = U(so(4,C) & s0(4, C))*°®
and as s50(4) = s50(3) @ s0(3), we can write this as
U(ﬁﬂ(g, C)®4)sa(3)€asu(3)

where (X,Y) € 50(3) @ s0(3) =: b sits inside s0(4,C) ® s0(4, C) = 50(3,C)®* as
(X,Y,X,Y). We can also embed s0(3) ®s0(3) in s0(4,C) dso0(4,C) = s0(3,C)%*
as (X,Y) — (X, X,Y)Y), i.e. a componentwise embedding of so(3) into so0(4)
(as the diagonal). We call this subalgebra §’. It is clear that the Lie algebra
automorphism s0(3,C)®* — s0(3,C)®* which flips the second and third com-
ponent, maps § to )’ and thus gives an isomorphism

D(G/H) = U(so(4,C) & so(4,C))"".

By (1.15) (in the special case where §; and d2 are both the trivial representa-
tion) we get that the space of K; x Ka-invariant vectors in a tensor product is the
tensor product of the spaces of Ky and Ks-invariant vectors for the individual
representations. We can apply this to the above setting with K = Ky = SO(3)
acting on the finite-dimensional spac U(s0(4,C))n (the set of elements of degree
at most V). Then we get

Ulso(4,C) & s0(4,C)), = [U(s0(4,C))x ® U(s0(4, C)) y] 5O 50E)
=~ U(s0(4,C)) 3P @ U(s0(4,C)) 50,
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As this holds for all N, we conclude
U(so(4,C) @ s0(4,C))" = U(so(4,C))5°®) @ U(so(4,C))5O®)
and hence:

Theorem 3.4. For the triple space (G' x G' x G')/G" with G' = SO.(3,1), it
holds that

D(G' x G' x G')/G") =2 D(SL(2,R)*?/SL(2,R))®?

hence the algebra of invariant differential operators is a commutative algebra in
0 generators.

This shows, however, that the identification D(G/H) = Z(G) which was true
for the SL(2,R)-triple space, is not true in general, since Z(SO.(3,1)*3) is an
abelian algebra in only 3 generators.

3.2 Action on Matrix Coefficients

Now we return to the triple space G/H with G’ = SL(2,R). Next goal is to see
how invariant differential operators act on irreducible matrix coefficients and to
show that they are eigenfunctions for the invariant differential operators. This
is analogous to the result for reductive symmetric spaces, where it was shown
by van den Ban in [2], Theorem 1.5.

Theorem 3.5. For any D € D(G/H) and any 7 € GH, then
DM??,U = Mx(D)ynw = XW(D)MTM) (34)

holds for allv € H and n € H;°>H where x is the infinitesimal character of
.

PRrROOF. The entire proof is based on the fact, that we can identify D(G/H)
with Z(G) as shown in the previous section. For any such D we know that
(D) : H® — FH° is just multiplication by x(D), the infinitesimal character
evaluated in D. By duality, 7(X) acts by the same scalar on 3. This
explains the last identity in (3.4). To verify the first, we view M, , as a right
H-invariant function on G and compute for X € g:

= % n(r(exp(—=tX)g~ ) = (Xn)(7(g~ ) = Mxy.(g).
t=0

This shows the identity. O

(XM,.0)(9)
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In general, if h¢ is a Cartan subalgebra of gc, we recall the Harish-Chandra
isomorphism (1.9)
v: Z(G) — U(hc)"

from Z(G) onto Weyl-invariant polynomials over h. For any A € hi we get a
character of Z(G) by composing it with the Harish-Chandra isomorphism

and all characters of Z(G) are of this form (cf. Theorem 1.17).

Getting back to SL(2,R): the holomorphic discrete series representation T,
has Harish-Chandra parameter m -+ 1 (the m is the Blattner parameter, i.e. the
lowest K-weight for the representation) and the anti-holomorphic discrete series
representation 7, has Harish-Chandra parameter —n — 1. Thus

xt,, (D) =~y(D)(m £ 1)".
As the infinitesimal character satisfies
Xmyxa (D1 ® D2) = X, (D1) + Xy (D2)
we get in general
XT,, x T x Ty (D1 ® D2 @ D3) = (D1)(n £ 1) +7(D2)(m £ 1) +v(Ds)(k £ 1).

In the following example we verify the above considerations by a direct com-
putation.

Example 3.6. Let us confirm these deductions by a concrete hands-on example
where we consider the representation 7, xT_,,, X T}, ,, which is a discrete series
representation for G/H, since T, ., sits as a direct summand in T, @ T*, =
T, @Ty,. From [27] we know that Home: (Ty4m, T @ Ty, ) is 1-dimensional. From
the proof in [27] of the decomposition of T}, ® T;,, we know that both T,,;,, and
T, ® T, have unique (up to a scalar) K-weight vectors of weight n +m, namely

O m and ¢ @ ¢ respectively. Thus any S € Home: (Hpym, Hn @, ) must

map 9 +m to a multiple of 0 @ 99 . We scale S such that it actually maps
’91+’m to wg ® ¢9n
Under the isomorphism (2.8)

® : Homg: (Hppm, Hpn @) —— Home(H_p@H_ 1 @Hpym, L2(G/H)),

1Here the + should be interpreted so that it is + when m > 0 and — when m < 0.
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®(S) maps ¢°, @ ¢°, @2, to the following function in L*(G/H):
(I)(S)(Qljo_n Y 7/1(1m & w2+m)[gla g2, 93]
= (T-n(gr Y2, @ Ton(g3 )U20) ST (95 ) sm)-
By the identification G/H = G’ x G', (91,92) ~ [91, 92, €] it suffices to look at
flg1,92) == ()WY, @42, @ ¥) ) (91, 92)

[T ’ﬂ(g; )wO ® T ( ) m] ( n+m)

= [T p(g;" >w° ® Tom (g5 V2] (00 © ¢p,)

= (T-n(gr Y2 (@0) - (Tom(g 2 (0n,).

We know that 4%, =40, and

T (g7 )9 = To(gy MY,

and we know how this acts on the vector ¢?, namely by

To(91 )1/)0(1/’0) (T (91 ) 27 2>

Thus we end up with the function

F(91,92) = (Tulgr )n, V0N (Ton (g2 ) )
Now, let us see how a differential operator of the form X ®1 acts on this function
dt (Tn(exp(—tX)gy ) ns w2><Tm(951) 9m¢31>
t=0
(T (X) Tu(gy o U (T g2 )W, U0
(T(g1 " Vbms Ta (X)) (T (95 ) Yo ) -

Thus the X-action is moved to the other side of the bracket. Acting with 2 =
sTOT+ X, ®X_ +X_®X, (written in the basis (1.21)) we get

(Qf)(g1,92) = = 5(Tulgr Vs T (T)0) (T (92 ) ?mT (1))
+ (Talgr ), T (X)) (T (g2 ), T (X )9,
m(X+)

0
+ (Talgr ), To (X)) (T (g2 ), Ton (X )00,

(X®1)f(g1,92) =
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and since the two last terms are 0 and T,,(T)¢0 = iny% we get
Qf = %nm f.

This constant is in agreement with the general considerations above: from (3.3)
we can identify {2 with

1

2(1®1®w—w®1®1—1®w®1).

In [21] p. 220 the action of the Harish-Chandra isomorphism on the Casimir
element of SL(2,R) is calculated to be

and thus we get

XTon X T 5 T () = 3 (V) (0 + m + 1) — y(w)(—n — 1) — y(w)(—m — 1))
=3 (Gn+m+12 =) = (G +1)? =) - (Jm+1)* = 1))

_1
= 27’Lm.

3.3 Finite-Dimensional Spherical Representations

Sometimes it can be beneficial to be able to embed a homogenous space G/H
into a finite-dimensional vector space, giving a concrete model of the space. This
is possible if the group G admits a so-called strongly H -spherical representation:

Definition 3.7. Let G be a Lie group and H a subgroup. A representation
(m,Hx) of G is called H-spherical if there exists a non-trivial vector v € H,
such that 7(h)v = v for all h € H. The space of such vectors is denoted (.

The representation is called strongly H-spherical if there exists v € 3 for
which the fixed-point group {g € G | 7(g)v = v} equals H.

Clearly, if 7 is a finite-dimensional strongly H-spherical representation of G,
and v a vector with fixed-point group H, then clearly the map g — w(g)v
descends to an embedding G/H — V., providing us with a model of G/H in
V.

In this section we determine the finite-dimensional irreducible H-spherical
representations of G. The set of these we denote by Gfﬁ (even though they are
not unitary). But first, let’s recall the corresponding for results for Riemannian
symmetric spaces (Helgason).
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By Weyl’s unitary trick, all finite-dimensional irreducible representations of
a semisimple group G (for which the complexification exists and is simply con-
nected) are in 1-1 correspondence with irreducible finite-dimensional complex
gc-modules, which are again classified by their highest weights. To be more pre-
cise, let hc be a Cartan subalgebra of g¢ and let 3(gc, hc) be the corresponding
root system. An element A € b is called dominant , if

(A a)=0

for all @ € X7 (gc, he), and X is called algebraically integral if

for all &« € X(gc, he). However, by Proposition 4.15 in [21] it suffices to show this
condition for the simple roots only. Irreducible finite-dimensional gc-modules
are - through their highest weights - in bijective correspondence with dominant
integral elements. Helgason sought out the ones, corresponding to K-spherical
representations of G (cf. [22], Thm. 8.49):

Theorem 3.8 (Helgason). Let G be as above, and g = t @ s the Cartan
decomposition and ) = t@a a mazimally non-compact Cartan subalgebra (a C s
is mazimally abelian and t C Zy(a) is mazimally abelian). The K-spherical
representations of G are the wy’s for which the highest weight A € hc of the
corresponding gc-module satisfies

1) )‘|t = 07

2) % € Z for all restricted roots B € X(g,a).

The conditions can be paraphrased as follows: )\ is a functional on a for which
%)\ is an integral element for the root system X (g, a).
For any root system X, with a given set of simple roots {aq,...,a,} we can
define fundamental weights w1, ...,w, by the requirement
g {win i) _ 5ij-
(aj, aj)

These are clearly integral elements and actually the Z-span of them equals the
set of integral elements. If the fundamental weights are defined relative to the
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root system (g, a) from Helgason’s theorem, it is clear that the K-spherical
representations are parametrized by the lattice

Ag = Z(2w1) + -4 Z(2wn)

In the special case of s[(2,R), (since it is split), a := R 0 01> is a maxi-
mally non-compact Cartan subalgebra. The roots can be identified with +2 (in
_01 to £2). From
that it is clear that the fundamental weight is 1, and hence that the dominant
integral weights are just Z> and for each such k we have a highest weight rep-
resentation 7 of dimension k + 1. my is the trivial one and 7 is the defining
representation. Note that these representations are self-dual: 7% = 7. The finite-
dimensional irreducible representations of the triple product group SL(2,R)*3
are parametrized by triples (n,m, k) with n,m,k € Z>.

. . 1
the sense, that they are the functionals on a mapping (O

Theorem 3.9. The set @ﬁ? is in 1-1 correspondence with the lattice Ay :=
NO,U/I + NO/’LQ + NOIU/?) where M1 = (1a 150); M2 = (1a05 1) and pu3 = (Oa 17 1)

PROOF. From the discussion in Example 2.14 we know exactly which finite-
dimensional irreducible representations have non-trivial H-fixed vectors, namely
T X T X g, where |n — m| < k < n + m and where k has the same parity as
n -+ m.

A general element in Ay is of the form (A1, Ao, A3) = (z +y,z+ 2,y + 2) for
positive integers x, y and z, and it is quite easy to see that this triple satisfies
the double inequality above. Moreover A1 + Ay — A3 = 2z, i.e. A3 has the same
parity as A1 + Ag. This shows that any element in Ay is the highest weight of
an H-spherical finite-dimensional irreducible representation.

On the other hand given a triple (A1, A2, A3) satisfying |A1 —Aa| < Az < A+ g,
then

1 1 1
T = 5(/\1 + Ao — )\3)7 Y= 5()\1 — Ao + )\3), z = 5(—/\1,)\2,)\3)

are actually integers and (A1, A2,A3) = =(1,1,0) + y(1,0,1) + 2(0,1,1), i.e.
()\1,)\2,/\3) € Ay. 0

Combining this theorem with the theorem of Helgason we get the highest
weights corresponding to representations having both H- and K-fixed vectors:
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Corollary 3.10. The finite-dimensional irreducible representations having both
K-invariant vectors and H-invariant vectors are parametrized by the weight
lattice

A i = Novi + Novg + Novs,

where vy = 21 = (2,2,0), vo = 2us = (2,0,2) and vz = 2u3 = (0,2,2).

Note however, that none of the H-spherical irreducible representations are
strongly H-spherical: the condition that k should have the same parity as n +
m excludes the possibility that they are all odd. Assume n to be even, then
(mn, X T X ) (—1,1,1) is the identity, and hence any H-fixed vector is also
fixed under (—1,1,1) which is not in H.

Example 3.11. Here is an example of a (necessarily non-irreducible) strongly
H-spherical representation: 7 := (7, X 7} X 7)) @ (79 X w1 X 7} ) acting on (Vi ®
Vi @C)e(CoVy, @V ). Under the isomorphism Vi, ® V= Home(Vy,, Vi, )
the representation (71 x77) (g1, g2) corresponds to the representation n’(g1, g2)T =
71(g2) o T o m(gyt). The group elements fixing the identity in Home(Vy,, Vi,)
are exactly (g,g). Now let v be the element in V;, ® V* corresponding to the
identity map. Then (v ® 1,1 ® v) is an element in the representation space of
m, and we note that (m1 X 75 X 79)(91, g2, 93) fixes v ® 1 if and only if g1 = go.
Similarly, (mo x m1 X 77)(g1,92,93) fixes 1 ® v if and only if go = g3. All in all
(91,92, 93) fixes (v® 1,1 ®v) if and only if g = go = g3. In other words, the
fixed point group of that element is exactly equal to H.

3.4 The Polar Decomposition

In the theory of symmetric spaces root systems are used to define regular el-
ements. However, in our case, we don’t have a root system at hand. Well, of
course we do have ¥(g, a), but the problem with this root system is, that it has
nothing to do with the subgroup H (unlike in the symmetric case, where one
considers the root systems X(g,a,) or ¥(g*,a,) which depend on o). There-
fore we begin this section by giving an alternative characterization of regular
elements in the Riemannian symmetric case and use this as motivation for the
definition of regular elements in our case. We then set out to determine the set
of such elements.

But first, we consider the Riemannian symmetric case: The set of regular
elements of a is defined as

a®®i=a\ U ker a.

a€X(g,a)
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Recall that m equals Z¢(a) by definition.

Proposition 3.12. An element H € a is regular if and only if (Ad(exp H)t) N
t = m which on the other hand is equivalent to Ad(exp H)t+a+t = g.

PROOF. Let a := exp H. We note first, that m always sits in (Ad(a)®) N ¢ since
Ad(a)X = X for X € m. But of course, the intersection Ad(a)t N ¢ may be
bigger (for instance if a = e). However, for dimension reason, the only case
in which Ad(exp H)t + a + ¢ can fill up g, is when this intersection is minimal:
from the Iwasawa decomposition and root space decomposition, we easily obtain
dim £ = dimn + dimm, therefore the dimension of (Ad(a)t) + a + ¢ is at most

2dim ¢+ dima — dimm = dim g.

which is only attained in the case of minimal intersection. This verifies the last
equivalence.

Assume now that a(H) = 0 for some root o and let X, # 0 be a root vector.
Then obviously X, + 06X, € ¢ and Ad(a)X, = X, and Ad(a)(0X,) = 60X,
(since 60X, = X_, - aroot vector for the root —a). Thus X, +60X, € Ad(a)t as
well. Clearly this is not in m. In other words if H is not regular, the intersection
is non-minimal.

For the converse implication, we note that

t=m+{X+60X|Xen}

for dimension reasons (the formula for dim ¢ above). Now we assume (Ad(a)€)Ne
to contain an element X which is not in m. Since it is in particular in £ we can
assume it of the form Xy + Za62+(g,a) (Xo +6X,) with Xy € m and X, an
element of g, for which at least one X, is non-zero. Note that 6 X, € g_,. Then
Ad(@X =Xo+ Y (exp(ad(H))Xo + exp(ad(H))0Xo)
aceXt(g,a)
= Xo+ (e X, + e >Hgx,)

and since this is also in £, we must have

0= Y [ Xy +eMox,) — (e X, + e DoX,)]

aeXt(g,a)
= > 2sinh(a(H)Xa— Y 2sinh(a(H))0Xo
aeXt(g,a) aeXt(g,a)

and since the root spaces g, are linearly independent, we get a(H) = 0 for all
« where X, # 0. Hence H is not regular. This proves the first equivalence. [
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In the semisimple symmetric case, a similar result holds. Recall from Section
1.10 that we defined a;°® to be the complement in a, of the union of kernels
of roots in the smaller root system X(g", a,). Then the following holds (cf. [31]
Lemma 1.5):

Proposition 3.13. If a € A8, then there is a decomposition

g=Ad(a)t+a,+0b.

Now, let as usual K be a threefold product of K’ = SO(2). From our study
of polar decompositions in the Sections 2.1 and 2.2, we know that we need A =
Ay x Ay x As to be such that two of the groups are equal and orthogonal to the
other, in order to obtain a polar decomposition with minimal non-uniqueness.
The condition is fulfilled for A = A; x Ay x A; where

et 0 1 0
A= {<o et) 1€ R} =exp(R (0 —1))
cosht sinht 0 1
Az = {(sinht cosht> ‘teR} —exp(R (1 0)) = 50.(1,1)
and A = Ay x Ay x As. The propositions above and the fact that m = {0}

motivates the following definition

Definition 3.14. An element a € A is called regular if Ad(a)t N (a @ h) is
non-trivial. An element in A which is not regular is called singular.

The main result in this subsection is the determination of the regular elements
as well as a “regular” polar decomposition of G and an explicit formula for the
Haar measure, when pulled back along the decomposition. Some notation: let
t= (tl, tg, t3) and define

. ( cosht; sinht; ez 0 coshts sinhts )
¢~ \\sinh#; cosht; /J>\ 0 e*2) \sinh¢; coshts
which is a typical element in A (in fact ¢ — a; is the exponential map a 2
R3 = A).

Proposition 3.15. The element a; is reqular, precisely when t1 # t3. Equiva-
lently, a; is singular precisely when t; = t3.

Note that the set of singular elements is a hypersurface in A.
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PROOF. a; being of the form above, and Xy € ¢ of the form

o @)@ 0) 6 T)

we calculate

aaoxs = (o (S0 o)) e (S 70),
w(ae) ) 5

A general element of a @ b is of the form

(<CJL:04 b+aa>’(atﬁ ab5>’(017 btﬁ)) (3.6)

for some a, b, c, o, 3,7 € R. The question that we ask is: for which ¢ is it possible
to bring Ad(a;)Xy on the form (3.6) (by choosing 6 properly)? By comparing
the diagonal elements in the first and the third matrix we get the equation

91 Sinh(2t1) = 03 Sinh(2t3).

The difference between the antidiagonal elements in all three matrices should
also be the same, i.e.

01 cosh(2t1) = 05 cosh(2ty) = 03 cosh(2t3).
All in all we get the following system of equations

91 smh(2t1) - 63 Slnh<2t3>
01 cosh(2t1) — 03 cosh(2t3)
61 cosh(2t1) — 0 cosh(2ts)

I
o o o

in the variables 6; (the t;’s are fixed). The determinant of this equation system
is (use a hyperbolic addition formula) cosh(2t3) sinh(2(t3 — ¢1)). Thus if this
determinant is non-zero, i.e. if t; # t3, then we have only the trivial solution
01 = 02 = 03 = 0 and the overlap Ad(a;)eN (a @ b) is trivial.
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cosh(2t2)

If t1 = t3, we get a non-trivial solution 6 = 1 and 6, = 03 = cosh(211) it is
easy to see that Ad(a;)Xy is in a ® h with
a = f = cosh(2ty) tanh(2t;)
b= —e?t
c=e 2
a =, = —cosh(2ty) + €%
This proves the proposition. O

By a™®& we denote the set of regular elements in a, and similarly by A™® :=
exp(a8) = {(a1,az,a3) | a1 # az} the set of regular elements in A. Denote by
G the set KA™8H inside G and let X be the image of G* in G/H.

It is clear from the proposition that A"™® consists of two connected com-
ponents. These will serve as our “Weyl chambers”. We now fix the chamber
At = {at | t1 > tg}.

Theorem 3.16. It holds that GT = {(g1,92,93) € G|g195 " ¢ K'}. Hence G* is
open and dense in G and Xt is open and dense in G/H. Put M := {£(e,e,e)}.
Then the map

O K/M x AY 5 X+
given by (KM, a) — kaH is a diffeomorphism.
PROOF. From Theorem 2.4 we know that the pair (G, H) is polar, i.e. we have

G = KAH. Hence for each triple (g1,92,93) we can find k1, ko, k3 and aq, as,
as as well as h = (go, go, go) such that

g1 = ki1a1g0
g2 = k2a290
g3 = k3azgo

from which we see that glggl =k alag_lkg_l. Obviously this is in K’ if and only
if a; = ag (the “if” statement is trivial and the “only if” statement follows from
uniqueness of the A-part in the K’ AK’-decomposition).

Next we check that ® is injective. For this we need the fact, that (SL(2,R), As)
is a symmetric pair (the symmetric space SL(2,R)/SO.(1,1) is locally isomor-
phic to the hyperbolic space SO.(2,1)/50.(1,1)). Hence we have a decompo-
sition

G =K' AA,. (3.7)
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As Wik = {e} (cf. Example 1.48: SL(2,R)/SO.(1,1) is locally isomorphic to
S50.(2,1)/5S0.(1,1) - in particular anything that has to do with root spaces and
Weyl groups is the same for these two spaces) and Zxna,(A1) = {e} (even K'N
As = {e}) the K'A; Ay-decomposition of any element in G’ is actually unique
(the irregular elements are in the set K’A;, i.e. ag = e, and decompositions in
K'A; are unique, since K' N A; = {e}).

In the first of the equations above we eliminate gg, insert it in the following
two and multiply the first equation by k; to obtain

kaazai' = gogy 'ka

k)3a3a1_1k‘1_1 = gggl_l.

In the second equation (note, that ai,a3 € As) we now fix ki, k3 and a :=
azay " according to the K'AyK’-decomposition of SL(2,R). k; is unique up to
multiplication by an element in M’ = {£e} (cf. Theorem 7.39 in [22]), and a
is unique up to inverse. In the first equation we fix ko, as € A; and a; € Ay
according to the decomposition (3.7). As noted above, these choices are unique.
Now we can either pick a3 = aa; or as = a~'a; and since a # e, we see that
we can pick az in a unique way such that (a1, as,a3) € AT. We also see, that
if we change k; to —k; we have also to change ko to —ko and k3 to —k3. In
other words k = (k1, ko, k3) is unique up to M (which happens to be equal to
Zknn(A)).

To check that ®, which is already smooth and bijective, is a diffeomorphism,
it suffices to calculate the determinant of the differential

d(I)(kM,a,,) : T(kM,at)(K/M X A) — Tka,,HG/H-

We identify the tangent space T(xr,q,) (K /M x AT) = Tpp K /M x To, AT with
£ @ a via the identification of X € ¢ and Y € a with

o kexp(sX)M resp. 4

Is a; exp(sY).

s=0

s=0

and if we identify G/H with G’ x G', we may identify T,5G/H with ¢’ & ¢'.

To calculate the determinant, we first fix orthonormal bases for ¢®a and g'®g’,
determine the matrix of the differential w.r.t. this basis and then calculate the
determinant. Now put

=01 3) v=( ) 7= o)
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Then
{(X,0,0),(0,X,0),(0,0,X)} and {(Z,0,0),(0,Y,0),(0,0,2)}
are orthonormal bases for £ and a respectively and
{(X,0),(Y,0),(2,0), (0, X), (0,Y), (0, 2)}

is an orthonormal basis for g’ ©g’. The matrix representation of d® ;s q,) W.1.t.
these bases is:

cosh(2(t1 — t3)) 0 -1 0 0 0
— sinh(2(t1 — t3)) cos(2603) 0 0 — sin(203) 0 sin(203)
—sinh(2(t; — t3)) sin(2603) 0 0 cos(263) 0 — cos(203)
0 cosh(2tg) cosh(2t3) —1 0 sinh(2t3) 0
0 f1(t2,ts,03) 0 0 cosh(2t3) cos(203) sin(203)
0 fa(ta,t3,03) 0 0 cosh(2t3)sin(263) — cos(263)
where

f1 (tQ, tg, 93) = - sinh(2t2) sin(203) + sinh(2t3) COSh(th) COS(293)
fa(ta, ts, 03) := sinh(2t2) cos(263) + sinh(2t3) cosh(2t2) sin(263).

The determinant of this matrix can be calculated to be
det(d®(xar,q,)) = sinh(2(t1 — t3)) cosh(2t2)

which is non-zero for ¢; # t3, in particular when a; € AT. This proves that ® is
a diffeomorphism. O

We can use ® to pull-back the invariant measure u on G/H to K/M x A (the
image measure of ;1 under ®~!). From the transformation theorem for integrals,

it is known that
O* () = | det(D®P)|dkda

and hence from the computation in the proof above we get
Corollary 3.17. For any integrable function f on G/H we have
flgH)du(gH) = / f(®(EM,ay))sinh(2(t1 — t3)) cosh(2te)dkday.
G/H K/M JA+

One thing to note is that the determinant of the Jacobian does not depend
on k. This is not surprising as can be seen as follows: A priori we have

& () = J(k,a)dkda
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but since @~ (kogH) = (ko,e)® 1 (gH) we get

Clg,e) @ = Q"0 ="

and as ffko’e)(‘](k,a)dk'da) = J(ky 'k, a)dkda we conclude that J must be k-
independent.

3.5 Failure of Convexity

One of the important building blocks in the theory of symmetric spaces, is
the convexity theorem of Erik van den Ban (see [1]), the content of which is
as follows (see also Section 1.10): Let a, be a maximally abelian subspace of
5N q and let a be a o-stable maximally abelian subspace of s extending a,.
It has a decomposition a = (a N h) & a, and we denote by @ : a — a, the
corresponding projection. Letting A := exp a and picking a positive system for
the root system X (g, a) we consider the corresponding Iwasawa decomposition
G = KAN. We denote by 57 : G —» a the Iwasawa projection given uniquely
by g = kexp(J#(g))n. The convexity gives a complete description of the image
of the map Fy, : H — a, where a € exp(ay) is fixed and F,(h) := Q(H(ah)).

First, we will briefly describe the ingredients in the expression. We consider the
decomposition g = gt @ g~ where g := (¢Nh)®(sNq) and g~ := (ENq) B (sNh)
are the plus and minus 1 eigenspaces of the involution o0 6. As (ENh) @ (sNq)
is the Cartan decomposition of g, it follows that X(g*,a,) is a root system
and the corresponding Weyl group is denoted Wxn . Moreover the root spaces
go for o in the bigger root system (g, a,) are invariant under o o 6, thus they
split in g} @ g where g := g, Ng*. By T we understand the set of positive
roots a € X1 (g, a,) for which g, # 0. For each root « there is a corresponding
co-root H,, uniquely determined by the condition that H, is orthogonal to the
kernel of & and a(H,) = 1. Let T'(7) be the cone

Izt = @ ReoHa.
aext
The statement of the convexity theorem is now the following
F,(H) = conv(Wgnploga) + T'(2T).

Here conv means the convex hull of the set Wi ng loga. We note, in particular,
that the cone is independent of a and equals F.(H), and that the entire image
is a convex set.
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A similar result is not to be expected in this more general setting. The triple
SL(2,R)-space will provide us with a counterexample. As the subgroup A we

take
A-—{ A0 A2 O cosht sinht }
T\ o ATt N0 At \sinht cosht) S

This is the split component of the parabolic subgroup P = Pj X P x P} where P,
. . . . 1
Pj and P} are the parabolics leaving invariant the lines spanned by e; := <0>,

ey = ((1)> and ez := g (}) respectively.

Now, let 7 : G — a = a; @ a @ ag denote the Iwasawa projection and pick
some a = (a1, as,a3) € A. We want the study the image of the map F, : H — a
given by

Fo(g) == H(a19, azg, asg)

(there is no a, to project down to: we need all three dimensions of A to obtain
a full K AH-decomposition of G).
First we need to compute the Iwasawa projection. Put

Hy := <(1) _01> and T:= <(1) (1)>

so that a = RHy @ RHy & RT then if

= ( )= ( A0 A O cosht sinht )
¢=lma2a3) =g 1) {0 A7) \sinht cosht

then (IOg HCL161||,10g HCLQ@Q”,lOg Ha,363||) = (/\17 —)\g,t) and if g = kiaini is the
Iwasawa decomposition of g according to G’ = K'A,N/, then (since N;e; = e;
and since k; is an orthogonal transformation)

H (91,92, 93) = (log(||g1e1]])Ho, — log(llgze2||) Ho, log(llgses|)T)-
In particular, if g = (Z Z) we get more explicitly
H(g,9,9) =(3log(a®+c*)Ho, — 3 log(b* +d*)Ho, & log(% (a+b)*+ 1 (c+d)*)T).

By some simple arithmetics we see that if (3 log(x)Ho, —3 log(y)Ho, 5 log(2)T)
is in the image J#(H) (i.e. equals S <(; Z) for some a, b, ¢ and d, then
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zy —1 = (ab+ cd)* > 0 and we have z = % (a? + b® + ¢* 4+ d*) + ab + cd which
equals either
T+y

2

z:x;yf\/xyfl

depending on the sign of ab+ cd. We conclude that the image 2 (H) lies inside
the following set:

z =

+ vy —1

or

{(5 log(z)Ho, —3 log(y) Ho, 5 log(5 (x +y) £ \/zy — 1)T) [ 2,y > 0, zy > 1}.

Conversely, assume we have an element in the above set. We want to see that
it is of the form .7 (g, g, g) i.e. we want to solve the system of equations

r=a’+c?
y="b"+d
1=ad—bc
given x and y, subject to the constraints x,y > 0 and zy > 1. This is equivalent
. d .
to finding two vectors (ﬁ) and (—b) satisfying that the lengths are y/z and

/9 respectively, and that the inner product is 1. The last condition says that
the angle 6 between these two vectors should satisfy

1
cosl) = ——

Ty

and the condition zy > 1 gives that the right-hand side is < 1. Thus the equation
can always be solved (albeit highly non-uniquely). We therefore conclude that
the image ¢ (H) equals

{(5 log(x)Ho, — 3 log(y) Ho, 5 log(5 (z + y) £ /oy — 1)T) | 2,y > 0, zy > 1}.
or equivalently
{(sHo,tHo, 3log(3(e** +e7?) £ Ve2(s=t) — 1)T) | s,t € R, s —t > 0}.

Obviously, this set is not convex, and it is not a cone as in the symmetric case.
The chances of obtaining a general convexity theorem don’t seem too good.
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3.6 Plancherel Decomposition

The first point here is to describe what happens when we take the outer product
of two principal series representations. We consider a semisimple group G with
maximally compact subgroup K and a parabolic subgroup P = M AN (not
necessarily minimal). If £ € M and ) € ag, we denote by (m¢x,H¢ ) the
corresponding principal series representation of G on Hg¢ x. If G’ is another
reductive group and P’ = M’'A’N’ a parabolic subgroup, then P x P’ is a
parabolic subgroup of G x G’ with Langlands decomposition

PxP =(MxM)AxA)N x N).

The claim is that
Te X X Ter \ = Texer,(AN) (3.8)
as representations of G x G'.
Let’s set up some machinery to prove this

Definition 3.18 (Hilbert Bundle). A Hilbert bundle over a connected topo-
logical space X is a topological space Hx along with a continuous map p :
Hx — X so that

1) Each fiber p~!(z) has a vector space structure.

2) The subspace topology from E on the fiber can be generated by an inner
product.

3) There exists an open cover (U;) of X and a Hilbert space 3 and a home-
omorphism
p N U) == Ui x K
whose restriction to a fiber is a unitary map p~!(z) — H.

Assume now that the space X comes equipped with a Radon measure. We
will focus on the space of L2-sections L?(X,Hx) of a Hilbert bundle and in
order to analyze this, the following result will be useful 2.

Theorem 3.19 (Kuiper). Any infinite-dimensional Hilbert bundle over a com-
pact base space is trivial, i.e. isomorphic to a product bundle X x H for some
fized Hilbert space, H.

2The usual statement of Kuiper’s Theorem is that the set of homotopy classes of maps
[X,GL(H)] where X is compact, H is an infinite-dimensional Hilbert space and GL(H) is
the space of invertible bounded isomorphisms of H equipped with the norm topology, is a
singleton. That the following statement follows from this is remarked in [6] p. 63.
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In particular L2-sections of such a vector bundle are just H-valued L?-function
on X, i.e.
LA(X,Hx) = LA(X,H) = L*(X)RK. (3.9)

In the case of a finite-dimensional Hilbert bundle , the situation is of course
more complicated, since it is by no means true that any vector bundle over
a compact space is trivial (just consider the M&bius bundle over the circle).
However, in this case (3.9) is still true, as we now show.

Lemma 3.20. Let p: E — X be a topological vector bundle over a compact
topological space X. There exists a measurable bundle isomorphism ® : E —
X x C" (i.e. a measurable map with measurable inverse) whose restrictions to
the fibers are unitary maps.

Proor. We assume the vector bundle to be complex. The real case is similar.
Pick a finite family of local, continuous trivializations

®; :p Y (U;) == U; x C", i=1,...,N

about which we may assume that they are fiberwise unitary (if they are not,
simply perform a Gram-Schmidt orthonormalization). Define

%Z:Ul, ‘/QZ:UQ\Ul, VkZ:Uk\(UlLJ"'UUk,l),...

Vi,...,Vy,is adivision of X into disjoint measurable sets. Consequently, p~1(V;)
is a measurable subset of E. We can restrict ®; to p~*(V;) to obtain a measur-
able map ®; : p~1(V;) — V; x C"™ with measurable inverse. Thus we define
. F— X xC" by

D4 (e), e€p (V1)
() ={
Dy (e), e€p 1 (Vy)
This is a measurable map with inverse
o7, v), reW
O (z,v) = :
oy (z,0), e Vy

which is also measurable. They are clearly both bundle maps. This proves the
lemma. O
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Lemma 3.21. If E is an n-dimensional complex vector bundle over the compact
base manifold X then the measurable bundle isomorphism from above gives rise
to a unitary isomorphism ® : L?(X,E) — L*(X,C") = L?(X) ® C", more
specifically, the map is given by

(Df)(x) := pa o B(f(z)) almost everywhere

where pa : X x C* — C™ is the projection on the second factor. The inverse is
given by _
O (z) = o (a, f(x)) almost everywhere.

These are easily checked to be inverses of each other. Unitarity of & follows
from fiberwise unitarity of ®.

Now given two Hilbert bundles (finite or infinite-dimensional), we form the
outer tensor product Hx X Hy over the base space X x Y where the fiber over
(z,y) is wa@X\)iHy 3. We now consider the L2-space of such a tensor product

Proposition 3.22. If Hx and Hy are two Hilbert bundles over compact base
spaces, then the map L*(X, Hx)QL*(Y,Hy) — L*(X x Y, Hx K Hy) which
sends $1 ® so to the section (x,y) — s1(x) ® sa(y) is a unitary isomorphism.

PROOF. It is easy to check that the map is actually unitary. In particular it is
injective and has closed image. Thus we only need to check that the image is
dense.

Assume that e,, and f,, are orthonormal bases for L?(X,Hx) and L?(Y, Hy)
respectively. The claim is that the sections

(,y) — en(z) @ fin(y)

form an orthonormal basis for L?(X x Y, Hx X Hy ).

Trivialize the bundles by ® : Hx — X x H and &' : Hy — Y x H’ (in the
infinite-dimensional case, this can be done continuously by Kuiper’s Theorem, in
the finite-dimensional case, this can be done measurably by the lemma above).
If (v;) and (w;) are orthonormal bases of H and H' respectively, we can form
global L2-sections by

wi(x) == & (x, ;) and Vi(y) =& (y,w;).

Obviously (¢;(x)) and (9;(y)) are orthonormal bases of the fibers H, and H,.
For this it is important that the base spaces are compact.

3This is opposed to the usual tensor product of two bundles over X, which is the pullback
of the outer tensor product from X x X to X along the diagonal embedding map.



3.6 Plancherel Decomposition 101

Now assume that g € L?(X x Y, Hx K Hy ) satisfies (e, @ fm,g) =0, i.e.

[ [ ten@)® gl gt e =0
xJy
for all n and m. We can expand g(z,y) € H,®H, in p;(r) @ 1;(y) to obtain

g(z,y) = Z aij(z,y)ei(x) ® ¥;(y)

for some coefficients a;;(x,y) which are L2-functions. Hence the equation be-
comes

0= /X/Y<6n(x)®fm(y)7Za¢j(:c,y)<p,-(x) ®wj(y)>dzdy

= [ten@)eitan ([ (ot Y st )

Since functions of the form z — (e, (z), pi(x)) span L?(X), it follows that the
function

x%/Y<fm(y),Zaij($7y)1/}j(y>>dy

is zero as an L2-function. Since (f,,) is an orthonormal basis of L?(Y,Hy), it
means that for almost all x, the section

y— Z aij (2, y)¢; (y)
ij
is zero as an L?-section. Thus it follows that a;; are all zero as L2-functions,
and hence that g = 0 in L?(X x Y, Hx K Hy). O

In the case of trivial line bundles, we recover the well-known fact that L?(X x
Y) = L2(X)RLA(Y).

We can formulate the inducing construction in this setting. Let P = M AN
be some parabolic subgroup (not necessarily minimal). Then the flag variety
G/P = K/(M N K) is compact and

P— G—G/P
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realizes G as the total space of a principal P-bundle over G/P. Given £ € M
and A € af we have a representation (£, \) of P on H¢ by man — &£(m)a**+7.
Hence we can form the associated Hilbert bundle

G X (£,0) 3‘(5 — G/P
consisting of the equivalence classes [g,v] under the relation

(gvv) ~ (gp7 (55 /\)(pil)v)

for p € P. This is a homogenous Hilbert bundle, when we define the G-action
by go - [9,v] = [gog, v]. The Hilbert space for the induced representation ¢ y is
Hre 2 L*(G/P,G X (¢,n) He), the space of L?-sections of the associated vector
bundle above, and the action is given by *

(e x(90)8)(gP) = go - (s(g5 "9 P))-

The situation we want to consider is the following: we have two parabolic
subgroups P; = M{A1 Ny and P, = M>AsN> of G and G’ respectively, and
hence a parabolic subgroup

P1 X P2 = (Ml X MQ)(Al X AQ)(Nl X NQ)

of G x G'. Given &; € Z\Z and \; € (af)c we have & x & € (My x My)" and
(A, A2) € (a1 P az)§ and we want to verify that the principal series representa-
tion e, e, (ar,00) Of G X G’ is equivalent to e, x, X e, x,-

Te1xéa,(Mr,)z) 18 defined on the Hilbert space of L?-sections of the vector bundle

(G X G/) X (€1xE2,(A1,A2)) :Hil @):}(52 (3-10)
over G/P; x G'/P, = (G x G') /(P x P,). The map
(GXG/) X (& ><§27(/\1,>\2))g{51®g{52 — (Gx(ﬁl)\l)g{El)E(G,X(ﬁz,/\z)j{&) (3'11)

given by [g1,v1] ® [ge, v2] — [(91,92),v1 ® v2] (which is well-defined) can be
seen to be a bundle isomorphism. Thus from the theory above, we get a natural
Hilbert space isomorphism

Lz((GXG/) X (& ><€2a()\17/\2))g{§1®g{§2) — Lz(GX (517A1)9—C51)®L2(G/ X(EQv\E)fH&))
3.12

4More on this can be found in the lecture notes “Induced representations and the Langlands
classification” by Erik van den Ban.
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by composing a section with the bundle isomorphism, in other words

Heyxea,(0nn) = Hey n @FHgy o

It is easy to see that isomorphism respects the G x G’-action, and we may
therefore conclude

Theorem 3.23. The unitary map (3.12) realizes the equivalence

~Y
e xEa,(A1,h2) = TEr, A1 X Tz Ag

We want to use this result along with (2.7) to calculate the Plancherel measure
(up to absolute continuity) for the SL(2, R)-triple space. The Plancherel measure
for the group is an important ingredient in (2.7), so first we recall the Plancherel
decomposition for SL(2,R) 5:

oo
L*(SL(2,R)) = @P(Hy & H_x)B(H_r & Hy)
k=2
@D =R 52} R
® Hia@FHq,—AdA @ Hog A@H g _xdA (3.13)
iRt iR+

where the measure d\ on iR" is the standard Lebesgue measure.

From (2.7) we see that we need to decompose the tensor product of two
representations occurring in the Plancherel decomposition of SL(2,R). Such a
decomposition of representations is provided by [27] Theorems 4.6, 7.1 and 7.3
respectively:

@
Terh @ Mgy ng = (/ W?i%%)\d)\) @ @ Ty (3.14)
i [k|>2.k=6: €2

where the notation k& = £ means that the sum is taken over even k if £ is trivial
and over odd k if £ is non-trivial. For a tensor product of a principal series and
a discrete series, the decomposition is

S

Te A @ T = (/ 71'(_1)7157)\) @@Tk (3.15)
iR+ .

5See [21] p. 42.
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where the last summation is over |k| > 2 with the same sign as n and which
satisfy k = (—1)"€. Finally, for a tensor product of discrete series representations
we have (for n,m > 2)

Tn ® T = @Tn+m+2k
k=0

T_n ® T—m = @T—n—m—Qk,
k=0

S

T ,T,= (/ 7T§7)\d/\>@@Tk
R+ p

(2

where £ = (—1)"~™ and where the summation is over k which satisfy 2 < |k| <
|n — m| and have the same sign and parity (i.e. even/odd) as n —m.

We can now write down a list of the representations occurring in the Plancherel
formula for G/ H. We divide them into levels according to the number of SL(2, R)
principal series in them. The zeroth level (i.e. the discrete series for G/H) con-
sists of

T,n X Tfm X Tn+m+2k for k >0
Ty X Ty X T py—n—2k for k>0 (3.16)
T, xT_,, x 1T}

where in the last, k& has the same parity and sign as n —m and where 2 < |k| <
|[n —m/|. The Plancherel measure on this part of G is just the counting measure
and all the representations occur with multiplicity 1.

The next level contains the following representations

TTﬂ X T_n X 77(71)7L7'rn7)\ fOr |’I’L|, |m| 2 2, A € ZR+
T p X T(_pyn-—mx X Ty for |n|,|m| > 2, X € iR (3.17)
T—pyn-—mx X Ty X Ty for |n|,|m| > 2, X € iR*.

We can view this subset of G g as a countable set of half-lines, and the Plancherel
measure on each of these half-lines is simply the usual Lebesgue measure, and
all the representation have multiplicity 1.
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The second level looks as follows

T A1 X Tég Ao x T}, where |]€‘ 22andk£§1§2, )\1,)\2 € iR™
Te A X Tk X Tgg Aa where |]€‘ > 2 and k = 5152, )\1, )\2 c iR+ (318)
Tk X Tep Ay X Tgg g where |k‘ > 2 and k = 6152, )\1, /\2 S ’L'RJF.

This subset of G H, we may view as a countable collection of quadrants and the
Plancherel measure on these is the usual Lebesgue measure. Again, all of these
representations have multiplicity 1.

Finally, the third and last level - the most continuous part looks as follows

Ter A1 X Tea Ay X TE € Ng for /\1,)\2, /\3 S iR+. (3.19)

We view this as an octant, and the Plancherel measure here equals the Lebesgue
measure. All representations in the most continuous part occur with multiplicity
2.

In the following we want to analyze further the connection between the mul-
tiplicities and the number of open orbits of parabolic subgroups.

3.7 Orbits of Parabolic Subgroups

As minimal parabolic subgroup P’ in SL(2,R) we pick the subgroup of upper
triangular matrices. This is, up to conjugation within SL(2,R) the unique min-
imal parabolic subgroup in SL(2,R). Thus, in G = G’ x G’ x G’ the list of
conjugacy classes of parabolic subgroups is

P'x P'x P (3.20)
minimal of dimension 6,
G'xP' xP, PxGxP, PxPx@ (3.21)
of dimension 7
G'xG xP, GxPxG, PxGxdqd (3.22)
of dimension 8 and
G'xG xG (3.23)

of maximal dimension 9.
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By Theorem 3.23 the representations (3.16) are trivially induced from the
parabolic (3.23), the representations (3.17) are induced from (3.22), the rep-
resentations (3.18) are induced from (3.21) and the representations (3.19) are
induced from (3.22).

The parabolic subgroups act on G/H. We want to analyze the orbit structure
of this action. Since (G, H) is a spherical pair, we know at least that it admits
open orbits. For the further analysis we introduce the functions ¢ : SL(2,R) —
Rand d: SL(2,R) — R

ab}_> ab}_)d
¢ d ¢  resp. e d

B:={g € SL(2,R) | c(g) # 0}.
The Bruhat-decomposition of SL(2,R) states that SL(2,R) is the disjoint union

of Pand B= NMAN = MANwM AN where w = <0 > is a representative

and

1 0
of the non-trivial Weyl group element in SL(2,R).
In the following theorem we make use of our “non-canonical” model G/H =
G’ x G'. However, later in the case of P minimal, we shall give a more invariant
characterization ©.

Theorem 3.24. Consider a parabolic P acting on G/H =2 G' x G'. If P is of
the form (3.23) or (3.22) there is exactly one orbit, namely G/H itself.

If P is of the form (3.21), then there are two orbits, one open, namely G' X B
and one of lower dimension, namely G’ x P’.

If P is of the form (3.20) there are two open orbits, namely

01:={(g1,92) € G' x G’ | e(gn), el(go) # 0, T < Hez)y

02 :={(g1,92) € G’ x G' | c(g1), c(g2) # 0, (jgi; > ‘iﬁgji}

8 orbits of dimension 5, namely
03 =B x P
(94 =P x B
05 := {(gl,gg) € BxB | glggl S Pl}

6 A similar result as the following has been obtained in [25] Proposition 1.2. The result there
is for minimal P but for more general groups than just G’ = SL(2,R). Instead of considering
P-orbits in G/H they consider H-orbits in G/P but that of course amounts to the same thing.
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and one orbit of dimension 4, namely Og := P’ x P’. Furthermore

001 =002 =03U04U05U g

003 = 004 = 005 = Os.

PrROOF. If P =G x G’ x G, it is clear that the only orbit is G/H.

Now consider the parabolic P’ x G’ x G’. This action is transitive on G/H,
since the point [g1, g, 93] can be reached from [e,e,e] via (e, gy g, 97 '93) €
P’ x G’ x G’. Similar of course with the other parabolics in (3.22).

For the parabolic G’ x P’ x P’ acting on G’ x G’, the claim is that we have
2 orbits, namely G’ x P’ and G’ x B. These orbits contain the points (e, e)
and (e,w). We can reach any point (g,p) in G’ x P’ from (e, e) by acting with
(g,p, e). Similarly, we can reach any point (g1,g2) € G’ x B from (e, w): simply
by picking p; and py in P’ such that pywpy' = go and go € G’ such that
gopyt = g1. Then (go,p1,p2) - (e,w) = (g1,92). Similarly for the parabolics
P'x G x P and P’ x P' x G'.

Now we come to the minimal parabolic P = P’ x P’ x P'. Note that G' x G’ =
(P'x P")U(B x P")U (P’ x B)U (B x B) by the Bruhat decomposition of G'.
Note also that B x B = 01 U035 U O3, since we can reformulate the condition on
05 to iEZS = ‘Zgjg. Therefore the sets O1,..., 0 fill up all of G’ x G’. Hence
we just have to prove that they are actually orbits, i.e. that the action of P is
transitive on them. This is clear in the case of the orbit P’ x P’.

Now consider O3 = B x P’. It is easily checked to be invariant under P. It
contains (w, e). Given (g,p) € B x P’, we can find p; and p3 in P’ such that
g= plwpgl. Put py := pps, then (g,p) = (p1,p2,p3) - (w,e). Hence B x P’ is an
orbit. Similarly with P’ x B.

Next we consider Q5. This set contains (w,w). Again it is easy to see that it
is P-invariant. For transitivity: let (g1, g2) € O5 be given, and find p; and p3 in
P’ such that gy = pywps ' and put ps := (g29; ")p1, then (p1,p2, p3) - (w, w) =
(91, 92)-

Finally, we come to the orbit O;. The set contains the point (w, (O _1) ).

1 1

Let (g1, g2) be some arbitrary element in O, then igi)) < igzg. We define
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and from that we get

d(gipo) _ o . d(g1)y _ an d(ga2po) _ o . d(g2)\ _
c(g1po) = ( t 0(91)) =0 d c(g2p0) ! ( t 0(92))

In other words, by acting with (e,e,pal) € P we can bring (g1,g2) on the

following form
_ (a1 bl nd _ (a2 bg
gipo = ) a 92Pb0 = e €3

with ¢1,co # 0. Now we see that

Cc1 —aj . 0 -1 d Co —aQ o 0 -1
O Cl_l glpO - 1 0 a1l 0 C2_1 ngO - 1 1

0 —
1 1

with an element in P. Hence the P-action is transitive on O;. The same proof

with obvious modifications, works for Os. O

and this means that we can bring any element in 07 to (w, )) by acting

If [zo] is a point in a P-orbit O in G/H, then the stabilizer for the P-action
at that point is easily seen to be P NzoHz, . Consequently, we have a diffeo-
morphism

P/PNxoHzy' —= 0O (3.24)

by mapping [p] — p-z. In the case of a symmetric space, if P is a fo-invariant
parabolic subgroup we get a Langlands-like decomposition of this quotient as
well:

Lemma 3.25. Let (G,H) be a symmetric pair and P C G a of-invariant
parabolic subgroup. Then for each w € WY we have a diffeomorphism

(Mp/MpNwHw™ ') x Apg x Np — P/PNwHw™! (3.25)

by mapping
([m], a,n) — [man].

PROOF. Assume first that w = e. The map is well-defined, for if [m] = [m/],
ie. m'm~! € H, then m’an(man)™' = m'm~! € H, ie. [man] = [m’an).
It is surjective by the Langlands decomposition and it is injective for the fol-
lowing reason: if ([m],a,n) is mapped to [e], then man € H, meaning that
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manco(n)~to(a)"to(m)~! = e. Using the fact that o(a) = a~! and the normal-
ization properties of Mp and Ap we get

mana(n) to(a) to(m)t = mo(m) ta?n’

for some n’ € Np. By uniqueness of the Langlands decomposition we get
ma(m)~! = e and a® = e, which implies m € Mp N H and a = e. From
this it follows that n € Np N H = {e} and hence the map is injective.

We can reduce P/P N wHw™!, to the above case, since (G,wHw™!) is a
symmetric pair under the involution o := Cy000C,-1 7 of G, and P is a ¢"§-
invariant parabolic. Equivalently, wPw™! is a of-invariant parabolic. This is for
the following reason: The Lie algebra of the parabolic P splits in a Langlands
decomposition mp P ap ®np. Consider ap which by definition is contained in s.
We can extend it to a maximally abelian subspace a in s containing a;. We can
choose w in such a way that Ad(w) preserves both anq = aq and anh := ay .

First, we consider ap which splits into ap, ® ap,- The fact that o preserves
ap and aq translates into the fact that Ad(w)|q, commutes with o. Since Ad(w)
also commutes with 6 (as w is chosen in K), it commutes with ¢f. Thus, as
ap is of-invariant, so is Ad(w)ap. In particular it also follows that Ad(w)ap, is
of-invariant. From this it easily follows that mp @ ap which is the centralizer of
ap, in g is of-invariant. So we are only left with np. A trivial calculation shows

that if
np = @ Ja

acel
then

Ad(w)np = @gw.a.

acl
Again, 6 commutes with Ad(w), and a quick calculation reveals that [H,o o
Ad(w)X,] = —(w - @)(H) (o o Ad(w)X,), i.e. that sigma maps gu.q 10 g_w.o-
This is equal to the action of 8, and hence np is of-invariant. O

In the symmetric space case, this is important since it allows us to effectively
reduce to Mp/(Mp NwHw™') and combined with the fact that Mp/(Mp N
wHw™1!) is again a symmetric pair, an induction argument can be applied.

Inspired by this, we might anticipate a relation like the following

P/Pﬂl‘oHiL‘al = Mp/Mpﬂl‘oH.’l?El XAP/Apr\I.’EoHZ‘al XNP/NpﬁonQTal

7Cy is conjugation with w.
8This is Lemma 1.1 in [3].
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to hold in our setting. The following example, however, shows that this cannot
be the case in general. Take as P the parabolic G’ x G’ x P’. Then PN H =
{(p,p,p) | p € P'} has dimension 2, and hence P/P N H has dimension 6. But
as Mp =G x G'x M" and MpNH = {+(1,1,1)} then Mp/MpN H alone has
dimension 6. As Ap = 1x1x A", Np =1x1x N and ApNH = NpNH = {e},
then Ap/Ap N H and Np/Np N H both have dimension 1, and we see that the
above identity cannot be satisfied.

Moreover, it is no longer true, that (Mp, Mp N (I}()Hwal) is a spherical pair:
With the same parabolic as above: a minimal parabolic Py in Mp = G’ x G’ x M’
has dimension 4, but as MpN H has dimension 0, it is impossible for Py x (MpnN
H) to have an open orbit in Mp (which should be 6-dimensional).

3.8 H-Invariant Distribution Vectors

First a useful lemma

Lemma 3.26. Let G be a Lie group and H a closed subgroup such that G/H has
an invariant measure. Let n be a distribution on G/H satisfying Lgn = f(g)n
for some f € C*(G). Then f is a homomorphism f : G — R\ {0}, constant
1 on H, and n equals the smooth function g — cf(g)~! for some constant c.

PRrROOF. First we assume that H = {e} and that 7 is left invariant, i.e. Lyn =1
for all g € G. We calculate (for ¢ a test function)

. Lex —tX)P — ¢
Xn() = —n(Xe) = =l L)

t—0 t
. Lexp(ftX)(P - . Lexp(tX)n -1
=~ ”( t )__%5%( t (@))_O'

From this formula it follows immediately that a left invariant n satisfies X7 = 0.
Consequently it is also in the kernel of every invariant differential operator on G.
Pick an inner product on 7,G and extend it to a G-invariant Riemannian metric
on G. Then the Laplace-Beltrami operator constructed through this metric, is
G-invariant and elliptic. As 7 is in the kernel of it,  must be a smooth function,
and a constant one even.

For non-trivial H: Assume n € 2'(G/H)%. We lift 5 to a distribution n* on
G by defining 1*(p) := n(¢*) where

©*(gH) = /H o(gh)dh
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for ¢ € CX(G). It is easy to see that n* is a G-invariant distribution on G.
By the first part of the proof, it is a constant. This means that its action on
functions is just the integral times a constant. For a function ¢ € C°(G/H) we
can (by [19] Lemma 1.1.10) assume it to be of the form ¢ = ¥* for ¢ € C°(G)
and hence we get (assuming that the measures on G, H and G/H are properly
normalized)

o) =) = [ wtada=c [ ([ wlanjan)atom

JH

=c W (gH)d(gH).
G/H

This shows that 7 is constant.

In the more general case, it is easy to see (by multiplicativity of g — Lg)
that f is a homomorphism f : G — R* (ifn happens to be the zero distribution,
we can pick f to be constant 1). In particular f is everywhere non-zero. Now
consider the distribution fn. It is easily checked that Ly(fn) = (Lgf)(Lgn) =
flg™Hff(g)n = fn, i.e. is left-invariant, hence constant cf. the first part of the
proof. Consequently n = cf 1. O

Now, consider a principal series representation mp ¢ » occurring in the Plancherel
decomposition of G/H. Then J—C;?;\H # 0 and any such n € J{;’?;\H # 0 can be
viewed as a J{goo-valued distribution on G/ H satisfying left P-equivariance, in
the sense that

Lypann = a)\+p£(m)77~

From the lemma above, it follows that 7 restricts to a smooth function on the
open P-orbits in G/H (since an open P-orbit is of the form P/P N xoHxy!
- it has an invariant measure, since it is an open subset of G/H). Recall the
diffeomorphism (3.24). On an orbit O containing xg, i satisfies n(p-zo) = n(xo),
and by the equivariance of #:

(&, N (@)n(xo) = n(zo)

in other words, n(xg) € He °° should be invariant under the representation (&, A).

—1
In particular n(zg) € J'Cgoo’MpmoH% and aMP =1forallae ApN onxal.

For symmetric spaces it holds in general that 3{-°# is finite-dimensional
when m € G (cf. [2] Lemma 3.3) and if m = 7pg 5 is a principal series represen-
tation for a generic A (meaning for \ € a;c outside a countable union of certain



112 Chapter 3 — A Special Case

hyperplanes), then a distribution vector n € U{IZ?:\H is actually completely de-
termined by its valued on the open P-orbits in G//H (this is Corollary 5.3 in [3]
when P is minimal parabolic, in the non-minimal case this is due to Brylinski
and Delorme in [7]).

In our case, we can prove a similar result, namely that for generic A, the
H-fixed distribution vectors are determined by their values on the open orbits.
Our main tool in the following will be a theorem of Bruhat which we first
describe in full generality (following the delineation in [3] Appendix A which is
for distributions with values in a finite-dimensional vector space - the infinite-
dimensional version is treated in [8] Appendix A2). Later we restrict to the
situation we need.

Consider a manifold M on which a group G acts smoothly. Assume further-
more that we have a finite-dimensional representation 7 of G on a vector space
V. By 2'(M,V) we denote the space of V-valued distributions on M, i.e. the
space of continuous linear maps Z(M) — V, and we denote by 2'(M, 1) the
subspace of 2'(M, V) of distributions 1 which satisfy Lyn = 7(g~1)n (here Lyn
is the dual of the left action on smooth functions on M, just as in the lemma
above in the case of M being G itself). For a G-orbit O in M, we let 2 (M, O, T)
denote the space of distributions n € 2'(M,7) of distribution order at most k
which satisfy

O Nsuppn open in supp7.

In order to exclude the trivial case, where O N suppn is open in supp 7 because
it is empty, we define

Z1(0,7) == Z4(M,0,7)/{n € Z,(M,0,7) | suppn N O = 0}.

The Bruhat theorem is exactly the tool we need to determine this dimension. In
order to state the theorem, we need some more notation. Fix a point xg in the
orbit O and let G, denote the stabilizer at this point. G, acts in a natural way
on T,,M, and it maps the subspace 7,0 to itself. In other words, we have a
representation of G, on the quotient T,,, M /T,,O. By taking the derivative, we
obtain a representation of the Lie algebra g,, on the quotient T,,M/T,,O. For
a given H € g,, we denote by v1(H),...,vm(H) (where m is the codimension
of O in M) the eigenvalues of the corresponding endomorphism of T, M /T, 0.

Theorem 3.27 (Bruhat). If there exists H € g, such that for all eigenvalues
wof T(H) and for all v € NJ* with |v| :=v1 + -+ + vy < k, it holds that

m

> Wi+ 1)yi(H) + p #0, (3.26)

i=1
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then 2;,(0,7) = 0.

Now, let’s apply it to our setting. The quotient G/H will play the role as the
manifold M, on which the minimal parabolic P = P’ x P’ x P’ is acting. As we
have seen in the previous section, there are 6 orbits for this action. Consider now
the unitary principal series @ = Tpg x = g, A, X Ty ap X Ty ng (1€ A € iR).
Taking 7 to be the character (&, ) of P, we see that H_ > is exactly equal to
the space 2'(G/H, 7). Since H; > = H¢ = C, these are C-valued distributions.

For simplicity of the exposition we shall assume in the following that ¢ is the
trivial character of M. The effect of a different £ just an overall sign change,
that will not affect the analysis.

The strategy is now to apply the Bruhat theorem to the non-open orbits one
by one. First the orbit O3. This orbit contains the point xg := [w, e, ] and the
stabilizer at that point is

_ -0 0 0 «
PxozPﬂmoH%l:{(aO a>7<8 al)v(g al)‘aeR}‘

For notational convenience we denote an element as above by p, := (pit, p’,, p)).
Then the representation (1, ) restricted to Py, is just

(1) (Pa) = laf 7o = o A,

w=((5 1) )6 5)

then the Lie algebra of the stabilizer is p,, = RXy. For the corresponding Lie
algebra representation, we see

If we put

(1, )\)(Xo) =AM+ A+ A3+ 1,

and this obviously has the eigenvalue —A; + Ao + A3 + 1.

On the other hand we have the action of the stabilizer on the quotient
T.,(G/H)/T,,03. For these calculations we use the model G/H = G’ x G.
The point 2o = [w, e, €] is identified with (w,e) and we see

T..(G/H) 2 T,G' x T.G' = ((Ly)«T.G") x T.G',
and the action of p, on this quotient is

Pa-(Lw)« X1, X2) = (P, "wXap), ', Ad(p)) Xa) = ((Lw)« Ad(p},) X1, Ad(p},) X>).



114 Chapter 3 — A Special Case

The derived action of X then is

Xo - ((Lu)e X1, Xa) = (L) ad (é _01> X, ad (é _01) X,).

It is clear that the quotient T,,(G/H)/Ty,03 is spanned by

(.(2 v))

and the action of X on this is

5003 5)) =% 5))

meaning that Xy acts by the eigenvalue —2.
The left-hand side of (3.26) for H = X, now reads

—2(V+1)—/\1+)\2+)\3+1

for some v € Ny less than or equal to k. As —\; are all imaginary, this expression
can’t possibly be 0, unless —A; + A2+ A3 = 0. But even in that case, we would be
left with —2(v 4 1) + 1 which cannot be zero. Thus we conclude that there can
be no H-fixed distribution vector for the principal series representation mp¢ x
which is supported solely on the orbit Os.

The calculations for the orbits O4 and O3 are similar. They contain the points
[e, w, e] and [e, e, w] respectively and the left-hand side of (3.26) in this case reads

—2(l/+1)+)\1—>\2+)\3+1 and —2(1/+1)+)\1+)\2—>\3+1.

Again, as long as A; is imaginary, this can never be 0, so we conclude that there
can be no distribution vectors supported on O4 and Os.

This leaves us with the closed orbit Og. We retain the assumption that & = 1.
In the model G/H = G’ x G’ this is just P’ x P’ and it contains the point (e, e)
corresponding to [e, e, €] :== xg. The stabilizer in P of this point is easily seen to
be

Py, ={(p.p,p)|p € P'}

whose Lie algebra is given by

Pzy = {(X7X7X) | X € pl}'
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The restriction of (1, A) to Py, is now given by
(L)x)(p,p,p) _ |a‘>\1+>\2+>\3+3

a
0
lowing basis elements for p,,:

w= (o 5) 6 5) 6 5)
=5 0) (o) 0 o))

and a simple calculation gives

when p = a91>' To determine the derived representation we fix the fol-

(LA)(X1) = A1+ Ao + A3 + 3,
(1, M) (X2) = 0.

For the tangent space, we have
T, G/H =T o)(G'xG) =g & ¢
and the action of P, hereon is simply
(p,p,p) - (X, Y) = (Ad(p) X, Ad(p)Y)
and consequently the derived action of p,, is
(Z2,2,2)- (X,Y)=(2,X],]Z,Y).
As basis for the quotient Ty, (G/H)/Ty, 06 we pick

e ()9 ne )

and then it is clear (basically since X and Yy are root vectors for the root —2)
that

(Xl,Xl,X1)~X0=—2X0 and (XlaXth)'YO = —QYb

Thus (X3, X1, X;) acts with the eigenvalue —2 and therefore the left-hand side
of (3.26) reads
—2(v1 + o) F A+ A+ A3 - L
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Again, as long as A; is imaginary, this can never be 0. So we draw the first

conclusion 9.

Theorem 3.28. Let n € J—C;?;\H be an H-fized distribution vector for a uni-
tary principal series representation wpe x with P minimal. Then 7 is completely
determined by its values on the union of the open orbits. More precisely, given
two points x; € O;, i = 1,2 the evaluation map ev : %;)?’AH — C? given by
n — (n(x1),n(x2)) is injective. In particular the dimension of 9{;’?3\1{ is at
most 2.

The last statement follows from the fact, that the distribution vector is
uniquely determined on an open orbit by its value at a single point, and the fact
that there are two open orbits, when P is minimal.

However, so far we didn’t use the full strength of the Bruhat theorem. We
only used it for X imaginary. If we allow the A\-parameters to take non-imaginary
values, we see that the condition (3.26) is actually satisfied for all k, when the
N's satisfy the following 4 relations.

“AL+As+ A3 ¢ 1+ 2N (3.27)
A — Ao+ Ag ¢ 142N (3.28)
AL+ Ao — Ag ¢ 142N, (3.29)
AL+ Ao+ Ag ¢ 142N, (3.30)

In other words, for (A1, A2, A3) € C3 outside a union of countably many hyper-
planes, the conclusions in the theorem above are still valid.

We can exploit this to draw similar conclusions for representations induced
from higher parabolics. Specifically, let us consider the following representation
=T, X Ty X w3 where my = ¢, », and T3 = g, , are some unitary principal
series representations and n > 2. The representation 7 is induced from the
higher parabolic G’ x P’ x P’. By (1.25) we have a G-map

HE _, — K=, DK

where &, = —(—1)", and this map is surjective with finite-dimensional kernel.
If mo and 73 denote two arbitrary unitary principal series representations of
SL(2,R), we get a surjective G-map

HES _nBHR DI — (3, @ 2 )BHZ DI

9The following result has also been obtained in [25], in Section 2 and 3, for G’ = SOe(1,n)
where they refer to elements in U—C;ZOL\H as invariant trilinear functionals. Since the number of
open orbits in their case is 1, they actually prove uniqueness of invariant trilinear functionals.
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which in turn induces an injective linear map

Hompy (™, & H?)RHZOHS, C) — Hompy (HE _,0HZRHT, C).
Upon noting that H,># = Hompy (H°, C) and invoking Proposition 1.36, we
obtain

g_f;oo,H @ j_ffoo,H C j{foo,H

o X Ty XT3 Thp XTo XT3 — Te,—n XT2 XT3 "

. . . . . —o0,H —oo,H
Complex conjugation gives an isomorphism between Hp """ and Hp 00

. - H . . .
Thus in the cases where fHﬁg‘?LnXﬂzxm is 2-dimensional, we must have that

}C;j:yi—{ﬂ'zXTFB is 1-dimensional. But we see that the triple (—n, A;, A2) satisfies
the conditions above, if Ay # A3 or if Ay = A3 and n is even. We conclude

Theorem 3.29. If Ay # A3 or if Ay = g and n is even, then H; > is

TynXma X3

. . . —oo,H —0o0,
at most 1-dimensional. The same is true for H_Top o and 500 0

At the next level we have representations of the form T, x T,, x w3 for some
unitary principal series representation w3 = 7, ,. We can apply the same trick.
Letting & = —(—1)" and &) = —(—1)" we have a surjective map

Hey —n@HE _ DI — (I @ FHX,)B(ICY @ T, )BT,

—m

By the same reasoning as above (plus restriction) we obtain injective maps

—oo,H —oo,H —oo,H
%TnxT,mxvrg D :HT,nmexvrg j-(‘ﬂ'g,_nx‘n'glyimXTr_g
and
—oo,H —oo,H —oo,H
iHTnmexwg D H o XT_ XT3 J{wg,_nxwglﬁmxm'

Since A3 is imaginary and non-zero, we see that the triple (—n, —m, A3) always
satisfies all the three conditions above, and as complex conjugation gives iso-
morphisms

—o0,H ~ —o0,H
fH:Tn XT_ XT3 fH:T,n X Ty XT3

and
—oo,H ~ —oo,H
iHT,nXT,mxvr_g 7 g{Tnmexm
we arrive at

Theorem 3.30. For any representation of the form m = T, x T, X w3 or
7w =T, xXmoX Ty, orm = m X T, X T, with w; unitary irreducible and |n|,|m| > 2,
it holds that H_°> is of dimension at most 1.
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We can summarize this by saying, that outside the discrete series, the set of
irreducible unitary representations 7 for which it does not hold that the dimen-
sion of H->H equals the number of open orbits in G/H of the corresponding
parabolic, is a set of Plancherel measure 0.

Unfortunately, the method does not apply to the discrete series. Then we
would have to consider triples (n,m,k) of integers and here there are lot of
examples where the conditions above are not satisfied.

3.9 The Most Continuous Part

In this section, we study the H-fixed distribution vectors of the unitary principal
series representations induced from a minimal parabolic. Here we are able to
show that the space of H-fixed distribution vectors is actually equal to 2.

However, before we can do that we need to put up some machinery. We begin
by giving a more invariant characterization of the orbits under the minimal
parabolic subgroup (without referring to the model G/H = G’ x G'). First we
define the following functions on G/H:

¥1([g1, 92, 93]) = c(g295 )
1/)2([91392,93]) = C(glgii_l)
¥3([g1, 92, 93]) == c(g195 ).

Then we see that we can characterize the minimal P-orbits along the following
lines

01 : €191, €212, €313 >0, when c160e3 =1

Il
|
_

0 : €11, €29, €313 > 0, when 16263
O3 : 1 =0, P2#0, P3#0

Os: Y1 #0, 2=0, ¢P3#0

Os : 1 #0, P2 #0, P3=0

Op : 1 =12 =13 =0.

In the following we concentrate on the two open orbits O; and Os. Defin-
ing v1 := <(1) _11> and o = (_11 (1)>, then (w,~;) lies in O; (where w =

0 -1

1 0 ). It is easy to see that the stabilizer of the P-action at (w,~;) is
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+(1,1,1) i.e. equals M N H. Hence we have a diffeomorphism

M/(MNH)x Ax N -"=0;
(Im], a,n) — man - (w,~;). (3.31)

From this it is clear, that if 5 € 5{;‘?’)\ , then n(w, \;) € MOH, meaning that

we only need to consider & € MMM which are ¢ = (&1,&2,&3) (viewed as an
element in Zg X Zg X Zs) which satisfy £1&2€3 = 1.

Composing the inverse of the above diffeomorphism with the projection onto
the M-part resp. the A-part gives us maps

m:0; — M/(MNH)
a:0; — AR}
and the individual components of the map a are denoted a;, i = 1, 2, 3. Note that
these maps depend on the choice of base points. We now set out to compute these
maps. The first thing to note is that the maps v; are left N = N’ x N’ x N’-

invariant, simply because an upper triangular matrix leaves the c-component
unchanged. Therefore, since M A normalizes N we see

pi(man - z) = ;(n'ma - x) = p;(ma - ).

Thus we may neglect N. An element of M'A’ is a diagonal matrix of the form
Diag(ma, (ma)~!) where a €]0,00[ and m = £1. Thus we consider a point in
O1 of the form

z :( miay 0 moas 0 msas 0 )[w 6]
’ 0 (mlal)*l ’ 0 (mzag)il ’ 0 (mgag)il 2T
(3.32)
with a1, as,as > 0 and m1, mg, mg = +1. A simple calculation gives

Y1(z) = (maaamaaz) ™', o(z) = (miaimsas) ™", ¥s(z) = (miarmaas) ™"

(note that 1y (z)Y2(x) 193(x) ™1 and the two other expressions are automati-
cally positive). Solving this system of equations gives us the following formulas
for the a-components

=V11(z) ) z(x)7t = /b1 (@) " Tha () b3 () 1
= V1(2) e (2) s ().




120 Chapter 3 — A Special Case

According to the remarks above, these formulas hold for any point in O; and
not just for those of the form (3.32).
On Oy relative to the point (w,~2) = [w, 72, €] we have similar formulas

=i (z ) lps(z) L, = V=1 () o (a)hs(z)
= /=1 (z) " Teho () ~Leh3 ().

As in the symmetric case we want to examine the connection between the open
orbits and the principal series representations. In the previous section we showed
that the space %;}?;\H was at most 2-dimensional. We devote the rest of this
section to prove the result promised at the beginning, namely that the dimension
of this space is equal to 2. We do it concretely by writing down an explicit inverse
to the evaluation map ev : J{P?’)\ — C%: Given n = (n1,m2) € C2, £ € MMnH
as well as A = (A1, A2, A3) € af x af x af we can construct an H-invariant
distribution vector as the function

¢(m(z))ay ()M Hag(z) 2 ag(x) ety if x € O3 U0,
0 ifox ¢ 0,U0,"

J(P, &N n)(x) :={

Here \; € ag. is identified with an element in C.
Lemma 3.31. The function j(P,§,\,n) : G/H — C as defined above is a
continuous function on G/H if X satisfies
Re(A1 — A2 —A3—1) >0,
Re(—A1 + A2 — A3 —1) >0, (3.33)
Re(=A\1 — A2+ X3 —1) > 0.

This is an open set in ap = C3 and consists of the \’s where Re X lies in the
translated cone

1 1 0 1
N=R_[1]+R_|O0|+R_[1] -1
0 1 1 1

PROOF. Substituting in the definition of j(P,&, A,n) the formulas for a; plus
defining

g1 = %()\1 —/\2 —)\3 — 1)
09 = %(7/\1 4+ Ao — A3 — 1)
03 :— %(—)\1 - )\2 +)\3 - 1)
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we get on O; (for i =1,2):

J(P,6 A n)(x) = §(m(x))[¢r (2)|7 [ (2) |72 05 (2) |7 1.

We want this expression to go to 0, when we converge to the boundary. Recall
that the boundary of O; U045 is O3U0,U0O5UOg, and from the characterization
of these orbits earlier in this section we see that converging to a point on the
boundary implies the functions 1, ¥ and 13 converge to some finite numbers
10 at least one of which is zero. When the \’s satisfy the conditions in the
lemma, then also the expression above converges to zero. The continuity now
follows. O

The problem with the above lemma, is that it only guarantees continuity of
J(P,&, A\,m) in a sector in af which does not contain the imaginary “axis” ia*. In
the theory for symmetric spaces, this problem is dealt with by a meromorphic
extension of A — j(P, &, A\, n) to all of af.

However, in our case we can do with less. A function need not be continuous
in order to be a distribution, if suffices that it be locally integrable. This is
actually the case for j(P, &, A, n) for A on the imaginary axis

Theorem 3.32. The function j(P,£,\,n) on G/H is locally integrable when
X € ia*, in particular j(P,§,\,n) € }(;7?3\H for \ € ia*.

PROOF. Since j(P, &, \,n) is smooth on O U Oy, it is locally integrable around
any of these points. So we only have to show local integrability around points
on the boundary of O; U Q. First, from the expression of j(P,&, A\, n) from the
proof above with A imaginary, we see that

(P, & X ) ()] = |1 (2)| 72 oo (2)| 2 s ()|~ =i

on O, i.e. A-independent. First we assume = € Og, then s(z),¥3(x) # 0, so
we can chose a neighborhood around x where these are non-zero. The problem
is with % (z) = 0. To analyze |1/)1\*% around this point we use again our model
G/H =2 G' x G'. Thus

¥1(91,92)] "% = |e(g1)| 2

where ¢(g1) is the lower left entry of the matrix g;. Writing g1 = kna = kan’
according to the K'N’A’ and K'A’N’ decomposition respectively, and letting

10 As opposed to the a-functions which can diverge to co.
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U and Us be open neighborhoods around ¢; and go respectively (Us of total
measure 1) we get (assuming for simplicity of calculations that |n;| = 1)

/ 1U1xU2W1(91792)|7%d91d92 :/ 1U1|c(kna)\*%da,dndk
G'xG’ K'xN'x A’
and since |¢(kna)| "2 = |c(kan’)|"2 = |e(ka)| "2 we get
/ 1U1xUz|¢1(91792)|_%d91d92 :/ 1U1|c(ka)|_%dadndk.
G'x G

K/'XN’'xA’

cosf) —sinf
sinf cos6

2m
// /1V|sin0|_%e_%tdtd9dn
NJo JR

where V' is the preimage in N’ x [0, 27[XR of U; under the natural map N’ x
[0,27[xR — SL(2,R). As [sinf] > 3|6| for sufficiently small #, we have
|sinf]~2 < v/2|0|"% and since

Putting a = a; = Diag(ef,e™") and k = ( ) the expression equals

/ 16]72d6 = 4y/z < 0o

—€

we see that the integral above converges provided U; is chosen small enough.
Thus j(P,§, A\, n) is integrable around any point € Os. The argument runs
similarly for x € Q4 or x € Os.

Therefore only the case of a point in Og remains. So we have to investigate
the function

(P& 1) (@)] = |1 (2)| 2 o ()| 2 s ()| 2 (3.34)

around a point where ¢ (z) = ¥2(x) = ¢3(x) = 0. We may assume that |n;| = 1,
and employing our model G/H = G’ x G’ we consider the function

1 _1 L1yl
(91, 92) — le(g2) 12 [e(g1)| "2 |e(grgs 1) 2.

We write g; = a;n;k; (for i = 1,2) and since the c-function is both left and right
N-invariant, we get

1 _1 1 -1 —1y—
|c(agnaks)| ™2 |c(aini k)| ™2 |c(arnik1ks 17121(121)| 2

= |c(azks)| "% |c(arky)| "% |c(ar ki ky ag t] 2
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ti P .
and if a; = (6 eOti) and k; = (COS bi —sin 91), then

0 sinf; cosb;

ksl = cos(fy — 03) —sin(6; — 6)
2 sin(91 — 92) COS(91 — 02)

so that c(ki1ky ') = sin(f; — 62) and the expression above becomes
| sin 1]~ 7| sin B3]~ 7| sin(6; — 92)|_%et1+t2. (3.35)

We need to analyze this around (61, 02) = (0,0). The exponential factor is locally
bounded, so that we need not worry about. As above, when |6;| is sufficiently
small, we may assume |sin6;]~2 < /2|6;|~2. Thus we can estimate (again in a

proper neighborhood of (0,0)) the expression (3.35) to be bounded by
01172 102] 72161 — 0] 2

(times some constant which we leave out). We want to integrate this expression
over a ball of sufficiently small radius ¢ in the 6;6s-plane, and switch to polar
coordinates (r, ):

// 61172 102|72 |61 — 02| 2 d6 db, (3.36)
B.(0)

€ s
= / r_%dr/ | cos ¢ sin (cos p — sincp)|_%d<p.

0 -7
The first integral is convergent, so no worry here. For the second integral, we have
7 problematic points where the integrand diverges to infinity: 0, 7 and 27 (where
sinp = 0), 7 and 37” where cos ¢ = 0 and finally 7 and %" where cos p —sinp =
0. Around 0 we can estimate as we did above, namely |sin cp|_% < \/§|<p|_%
and |g0|’% is integrable around 0. Thus 0 is no problem. Similar arguments
work for the points 7, 27, 3 and 37” Around 7 we can estimate as follows:
|cos o —sing| > 1] — Z| and consequently | cos ¢ — sing|"z < |p— %|_% and
the right-hand side is integrable around §. This means that the integral (3.36)
converges and that (3.34) is locally integrable around points in Og. O

Corollary 3.33. When \ € ia*, then the map C% > n+— j(P,&,\,n) € H;E”AH

. . . . oo .H . . .
is an inverse to the evaluation map ev. In particular U{P?’)\ is 2-dimensional.
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1. INTRODUCTION

Let Gy be a real reductive group and let G = Gy x Gy x Gy and
H = diag(Gy). The corresponding homogeneous space G/ H is called a
triple space. Triple spaces are examples of non-symmetric homogeneous
spaces, as there is no involution of G with fixed point group H. It is
interesting in the non-symmetric setting to explore properties, which
play an important role for the harmonic analysis of symmetric spaces.
In this paper we examine the geometric structure of some triple spaces
from this point of view.

One important structural result for symmetric spaces is the polar de-
composition G = KAH. Here K C G is a maximal compact subgroup,
and A C G is abelian. Polar decomposition for a Riemannian symmet-
ric space G/K is due to Cartan, and it was generalized to reductive
symmetric spaces in the form G = KAH by Flensted-Jensen [2].

For triple spaces in general, the sum of the dimensions of K, A and
H can be strictly smaller than the dimension of G, which obviously
prevents G = KAH. Here we are interested in the triple spaces with

(11)  Go=SL(2,R), SL(2,C), SO.(n,1) (n=2,3,...)

for which there is no obstruction by dimensions. In Theorem 3.2 we
show that indeed these spaces admit a polar decomposition as above,
and we determine precisely for which maximal split abelian subgroups
A the decomposition is valid. For the simplest choice of group A we de-
scribe the indeterminateness of the A-component for a given element in
G, and we identify the invariant measure on G/H in these coordinates.

Another important structural result for a Riemannian symmetric
space G/K is the fact (closely related to Iwasawa decomposition) that
minimal parabolic subgroups P act transitively. For non-Riemannian
symmetric spaces there is no transitive action of P, but it is an im-
portant result, due to Wolf [7], that P has an orbit on G/H which
is open. In Proposition 6.1 we verify that this is the case also for the
spaces in (1.1), and we determine precisely for which minimal parabolic
subgroups P the orbit through the origin is open.

By combining these results we conclude in Corollary 6.4 that there
exist maximal split abelian subgroups A for which G = KAH and for
which PH is open for all minimal parabolic subgroups P with P D A,
a property which plays an important role in [5].

An interesting observation (which surprised us) is that in some cases
there are also maximal split abelian subgroups A for which PH is open
for all minimal parabolic subgroups P with P C A, but for which the
polar decomposition fails (see Remark 6.5).
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The fact that the triple space of SL(2,C) admits open P-orbits fol-
lows from [4] p. 152. A homogeneous space of algebraic groups over C
with an open Borel orbit is said to be spherical, cf [1], and the spaces
we consider may be seen as prototypes of spherical spaces over R.

In a final section we introduce an infinitesimal version of the polar
decomposition, and show that in the current setting it is valid if and
only if the global polar decomposition G = K AH is valid.

The harmonic analysis on SL(2,R) is an essential example for un-
derstanding the harmonic analysis on general reductive groups. We
expect the triple spaces considered here to serve similarly for the har-
monic analysis on non-symmetric homogeneous spaces, which is yet to
be developed.

2. NOTATION
Let go = &y @ 59 be a Cartan decomposition of the Lie algebra gg of
G, and put
E:E()XE()XE(), § = 50 X 509 X S,
then g = € ® s is also a Cartan decomposition. The maximal abelian
subspaces of s have the form
(2.1) a=a; X ag X ag
with three maximal abelian subspaces aq, as, az in sg.

If for each j we let A; = expa; and choose a positive system for
the roots of a;, then with Gy = K¢A;N; for j = 1,2,3 we obtain the
Iwasawa decomposition G = K AN where

K:K[)XKOxK(), A:AleQXAg, N:leNQXNg.
Likewise we obtain the minimal parabolic subgroup

P:P1XP2XP3:MAN

where M = M; x My x M3 and each P; = M;A;N; is a minimal
parabolic subgroup of Gj.

3. POLAR DECOMPOSITION

Let G/H be a homogeneous space of a reductive group G, and let
g = t & s be a Cartan decomposition of the Lie algebra of G. A
decomposition of GG of the form

(3.1) G = KAH,

with A = expa, for an abelian subspace a C s, is said to be a polar
decomposition. If such a decomposition exists, then the homogeneous
space G/H is said to be of polar type (see [5]).
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The fact that symmetric spaces are of polar type implies in particular
that every double space G/H = (Gy x Gy)/ diag(Gy) with Gy a real
reductive group admits a polar decomposition. Here we can take

a=ay X ao

for a maximal abelian subspace ay C 8¢ (in fact, it would suffice to
take already the antidiagonal of ag x ag). Then A has the form A; x Ay
with A; = Ay. In contrast, triple spaces do not admit G = KAH for
A:AleQXAgifAleQIAgi

Lemma 3.1. Let G/H be the triple space of a non-compact semisimple
Lie group Gy. Let ag C 5o be mazimal abelian and let A = Agx Ag X Ag.
Then KAH is a proper subset of G.

Proof. Let ay € Ay be a regular element. We claim that a triple
(91,92,93) = (g1,00,€) belongs to KAH only if g3 € KyAp. Assume
g; = kja;g for 1 = 1,2, 3 with k; € Ky, A; € Ag and g € Gy. From

-1 -1y,
ap = g2gs = k2a2a3 k3

we deduce that ko = k3, and from the regularity of ag we then deduce
that k3 belongs to the normalizer Ng,(ag) (see [3], Thm. 7.39). Then

g1 = 0195 = kiayaz ' ky € KoA,.
The lemma follows immediately. 0

It was observed in [5] that the triple spaces for the groups considered
in (1.1) are of polar type. In the following theorem we determine, for

these groups, all the maximal abelian subspaces a of g for which (3.1)
holds.

Theorem 3.2. Let Gy be one of groups (1.1) and a C s as in (2.1).
Then G = KAH if and only if a; + as + az has dimension two in gq.
In particular, G/H is of polar type.

We shall approach G = KAH by a geometric argument. Let Z; =
G/ Ky be the Riemannian symmetric space associated with Gy, and
let zo = eKy € Zy denote its origin. Recall that (up to covering) Gg
is the identity component of the group of isometries of Z,. Then it is
easily seen that G = K AH is equivalent to the following:

Property 3.3. For every triple (21, 22, 23) of points z; € Zy there exist
a triple (y1,Y2,y3) of points y; € Zy with y; € Az for each j, and an
isometry g € Gy such that gz; = y; for j =1,2,3.

In order to illustrate the idea of proof, let us first state and prove a
Euclidean analogue.
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Proposition 3.4. Let (1,05, 03 C R"™ be lines through the origin O.
The following statements are equivalent
(1) d1m(€1 + 62 + 63) =2
(2) For every triple of points z1,z2,2z3 € R"™ there exists a rigid
motion g of R™ with g(z;) € {; for each j =1,2,3.

Proof. (1)=-(2). Since the group of rigid motions is transitive on the 2-
planes in R™, we may assume that z1, zo and 23 belong to the subspace
spanned by the lines. This reduces the proof to the case n = 2.

We shall assume the z; are distinct as otherwise the result is easily
seen. Furthermore, as at most two of the lines are identical, let us
assume that ¢; # (5. Let d denote the distance between z; and 2z, and
consider the set X of pairs (X7, X3) of points X; € ¢; and X5 € {5 with
distance d from each other. Let D; be a point on ¢; with distance d to
the origin, then (Dy, O) and (— Dy, O) belong to X, and it follows from
the geometry that we can connect these points by a continuous curve
s+ (X1(s), Xa2(s)) in X, say with s € [—1,1]. For example, we can
arrange that first X;(s) moves from —D; to O along ¢, while at the
same time X(s) moves along ¢y at distance d from X7(s). Then X(s)
moves from O to a point Dy € £y at distance d from O. After that,
Xi(s) moves from O to Dy, while X5(s) moves back from D5 to O.

When s passes through the interval [—1, 1], the line segment from
Xi(s) to Xa(s) slides with its endpoints on the two lines. We define
X3(s) such that the three points form a triangle congruent to the one
formed by 21, 25 and z3. In other words, for each s € [—1,1] there
exists a unique rigid motion g, of R™ for which g,(z1) = X;i(s) and
9s(22) = Xa(s). We let X5(s) = gs(z3). See the following figure.
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b

As X;(s) and Xy (s) depend continuously on s, then so does g; (in
the standard topology of the group of rigid motions) and hence also
X3(s). Since X;(£1) are opposite points while X5(+1) = O, the points
X3(£1) must be opposite as well. Since s — X3(s) is a continuous curve
that connects two opposite points, it intersects with every line through
0. Let s € [-1,1] be a parameter value for which Xj3(s) € 5. Now g
is the desired rigid motion.

(2)=(1). Note that a rigid motion maps affine lines to affine lines. If
dim(4y + €y + £3) = 1 then ¢; = £y = {3, and it is clear that only triples
of points which are positioned in a common affine line can be brought
into it by a rigid motion. Hence dim(¢; + ¢5 + ¢3) = 1 is excluded.

Let z1, 29,23 be an arbitrary triple of distinct points located on a
common affine line ¢, and let g be a rigid motion which brings these
points into the ¢;. Then O can be one of the points g(z;), or not. In
the first case, say if g(z;) = O, it follows that ¢5 and (3 are both equal
to g(¢), since each of these lines have two points in common with g(¢).
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Hence dim(¢; + ¢s + ¢3) < 2. In the second case, the line g(¢) together
with O spans a 2-dimensional subspace of R", which contains all the
lines ¢;. Hence again dim(¢; + {5 + {3) < 2. O

We proceed with the proof of Theorem 3.2.

Proof. Note that SL(2,R) and SL(2, C) are locally isomorphic to SO.(2,1)
and SO.(3,1), respectively. The centers of SL(2,R) and SL(2,C) be-
long to K, and hence G = KAH will hold for the triple spaces of
these groups if and only if it holds for the triple spaces of their adjoint
groups. Thus it suffices to consider Gy = SO(n, 1) with n > 2.

The elements in so(n, 1) have the form

(3.2) X = (ﬁ 8)

where A € so(n) and b € R", and sy consists of the elements with
A=0.

Assume first that a; +as + a3 is 2-dimensional. By transitivity of the
action of Ky = SO(n) on the 2-dimensional subspaces of R we may
assume that a; +as -+ as consists of the matrices X as above with A =0
and b non-zero only in the last two coordinates. Hence a; + as + ag is
contained in the s0(2, 1)-subalgebra in the lower right corner of so(n, 1).
It follows that exp(a; + as + a3).z is a 2-dimensional totally geodesic
submanifold of Z;.

Let z1, 20,23 € Zy be given. Every triple of points in Z, belongs to
a 2-dimensional totally geodesic submanifold Z{ of Z;. For example,
in the model of Z, as a one-sheeted hyperboliod in R**!, we can ob-
tain Z as the intersection of Z, with a 3-dimensional subspace of R"*!
containing the three points. Since Gy is transitive on geodesic subman-
ifolds, we may assume that z1, 2o, 23 are contained in the submanifold
generated by a; + as + az. We have thus essentially reduced to the case
n = 2, and shall assume n = 2 from now on.

We proceed exactly as in the Euclidean case and produce a pair of
points X1 (s) and X5(s) on the geodesic lines exp(a;).zo and exp(az).zo,
respectively. The two points are chosen so that they have the same
non-Euclidean distance from each other as z; and 2, and they de-
pend continuously on s € [—1,1]. Moreover, X;(—1) and X;(1) are
symmetric with respect to zg, while Xo(—1) = X5(1) = 2. As Z
is two-point homogeneous, there exists for each s € [—1,1] a unique
isometry g, € Gy such that g,(z;) = X;(s) for j = 1,2. As before, a
value of s, where the continuous curve s — gs(z3) intersects exp(as),
produces the desired isometry g, of Property 3.3. Hence G = K AH.
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We return to the case n > 2 and assume conversely that G = K AH.
It follows from Lemma 3.1 that dim(a; 4+ as + a3) > 1. We want to
exclude dim(a; + az + a3) = 3. Again we follow the Euclidean proof
and select an arbitrary triple of distinct points z1, 22, 23 on a single
geodesic v in Zy. Then there is g € Gy such that gz; = y; for some
y; € exp(a;).zo, for j = 1,2,3. If one of the y;’s, say yi, is 2o, then
exp(az).zo = exp(as).zo = g(y) and hence ay = az. Otherwise, the
geodesic g(7y) is contained, together with O, in a 2-dimensional totally
geodesic submanifold of Z,. This submanifold necessarily contains the
geodesic exp(a;).zp for each j. Hence dim(a; + as + a3) < 2. O

4. UNIQUENESS

If G/H is a homogeneous space of polar type, so that every element
g € G allows a decomposition g = kah, it is of interest to know to
which extend the components in this decomposition are unique. An
obvious non-uniqueness is caused by the normalizer Ny (a) of a in
K N H, which acts on A by conjugation. In the case of a symmetric
space, it is known (see [6], Prop. 7.1.3) that the A component of every
g € G is unique up to such conjugation. For our current triple spaces
the description of which elements in A generate the same K x H orbit
appears to be more complicated, unless a; = ay L as.

Theorem 4.1. Let G/H be the triple space with Gy as in (1.1), and
let a be as in (2.1) with a; = ay L a3. Let a = (ay,a9,a3) € A with
a; # ay and let o' = (a, dly,ay) € A. Then KaH = Ka'H if and only
if a and a’ are conjugate by Ngnp(a).

We first determine explicitly which pairs of elements a,a’ € A are
Ninp(a)-conjugate when a; = as L as.

Lemma 4.2. Let a be as above. Then a,a’ € A are conjugate by
Ninu(a) if and only if

(1) (ay,ab) = (a1, a2)*" and aly = a3' if n > 2

(2> (allaa/%aé) = (a17a2,a3)i1 ZfI’L = 2.

Proof. The normalizer Ny (a) consists of all the diagonal elements
k = (ko, ko, ko) € G for which

ko € NKO(al) N NKO(CLQ) n NKO(Clg).

As elements a;,a; € A; are N, (a;)-conjugate if and only if o} = a
only the pairs mentioned under (1) can be conjugate when a; = as.

Let 0,e = £1. For the groups in (1.1) the adjoint representation is
surjective Koy — SO(sp). If n > 2 then there exists a transformation in
SO(sp) which acts by 6 on a; = ay and by € on az. Its preimages in K,

+1
3
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conjugate (ay, as, az) to (af, a3, as). When n = 2 such a transformation

exists if and only if § = €. The lemma follows. O

The following lemmas are used in the proof of Theorem 4.1. Here G
can be any real reductive group with Cartan decomposition gy = €5+so.

Lemma 4.3. Let X,U € sy. Then exp X expU exp X € expsp.

Proof. Let 6 denote the Cartan involution and note that the product
exp(tX) exp(tU) exp(tX) belongs to S = {g € Gy | 0(g) = g~ '} for
all t € [0,1]. It is easily seen that kexpY € S implies k* = e for
k € Ky and Y € sy, and since e is isolated in the set of elements of
order 2 it follows that exp sy is the identity component of S. Hence
exp X expUexp X € expsy. g

Lemma 4.4. Let ag C sg be a one-dimensional subspace and let Ay =
expap.
(1) If g € expsp and gag € apKy for some ag,ay € Ay, then g =
apag .
(2) If g € Gy and gay,gas € AgKy for some aj,ay € Ay with
ay # ay then g € N, (ag)Ao.

Proof. (1) It follows from gag € a(Ky that aggay € aganKy. Since
apgag € exp 5o by Lemma 4.3, it follows from uniqueness of the Cartan
decomposition that aggag = apaly and thus g = aja, .

(2) Put zp = eKy, then Ag.zo is a geodesic in Gy/Ky. Since g maps
two distinct points on Ag.zo into Ag.zg, it maps the entire geodesic
onto itself, and hence so does g~!. In particular g=1.2y € AgKj, that

is, g = koag for some ko € Ky, ag € Ap. It follows for all a € Ay that
k'oako_l = g(laldko_l S ngKO = AQK().

As koaky ' € expsg, uniqueness of the Cartan decomposition implies
koako_l S Ao, ie. ky € NKO(CL()). O

Lemma 4.5. Let ay, a3 C so be one-dimensional subspaces with a; L as
and let Ay = expay, A3 = expay. If g € Ng,(a1)A; and gas € a4 Ky
for some ag, aly € Az, not both equal to e, then g € Nk, (a1) N Ng,(as3).

Proof. We may assume aj # e, as otherwise we interchange it with
az and replace g by g7'. We consider the geodesic triangle in Gy/Kj
formed by the geodesics

L1 = 141.2’07 L2 = A3.Zo, L3 = gA3ZO
The vertices are

o o o — 4
D3 = 20, D2 = g.29, Dl ‘= gasz.zp = as.2o-
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As L, and L, intersect orthogonally, angle Dy is right. The isometry
g maps L; to itself and L, to L. Hence L; and L3 also intersect
orthogonally and angle D is right. As the sectional curvature of Gy /K
is < 0, it is impossible for a proper triangle to have two right angles.
As Ly # Ly and D3 # Dy we conclude D3 = Dy and Ly = Ly. It
follows that g € Ky and by Lemma 4.4 (2) that g € Ng,(as). O

Proof of Theorem 4.1. Assume KaH = Kda'H. Then Kah = Kd' for
some h = (g,9,9) € H. Applying Lemma 4.4 (2) to the first two
coordinates of Kah = Ka' we conclude that g € N, (a;)A;.

If o} and a3 are not both e, we can apply Lemma 4.5 to the last
coordinate and conclude g € Ny, (a;) N Ng,(a3). Hence h € Ngnpg(a),
and we conclude that «’ = h~'ah.

If a5 = a3 = e it follows from the third coordinate that g € K.
Hence g € Ni,(a;) and @’ =aor o’ =a™ . |

Remark 4.6. When dim sy = 2 the assumption in Theorem 4.1 and
Lemmas 4.2, 4.5, that a; = ay L a3, can be relaxed to a; = ay #
a3 with unchanged conclusions. This follows from the fact that in
a two dimensional space the only proper orthogonal transformations
which normalize a one-dimensional subspace are +1. Hence N, (a;) =
N, (a3) in this case.

5. A FORMULA FOR THE INVARIANT MEASURE

In a situation where there is uniqueness (up to some well-described
isomorphism), it is of interest to explicitly determine the invariant mea-
sure with respect to the K AH-coordinates.

For any triple space G/H of a unimodular Lie group G we note that
the map

(5.1) Go x Go — G/H, (g1,92) = (91, 92,€)H

is a Gy x Goy-equivariant diffeomorphism. Accordingly the invariant
measure on GG/ H identifies with the Haar measure on Gy x Gj.

For Gy = SO.(n,1) we define X € so(n,1) by (3.2) with A = 0
and b = e,, and Y € so(n,1) similarly with A = 0 and b = e;. Let
a; = ap = RX and ag = RY, then a3 L a;. Let

a; =exp(tX) € A; = Ay, by =exp(sY) € A;.

Lemma 5.1. Let G/H be the triple space of Gy = SO.(n,1) and let
a; = as and az be as above. Consider the polar coordinates

(52) K xR? > (k,tl, to, S) — (k‘latl,kgatw ]Cgbs)H
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on G/H. The invariant measure dz of G/H can be normalized so that
in these coordinates

(5.3) dz = J(ty,ta, s) dk dty dty ds
where dk is Haar measure, dty,dts, ds Lebesque measure, and where
J(t1,t,8) = | sinh™ ! (t; — t5) sinh™ ?(s) cosh(s)].

Proof. On Gy x Gy we use the formula (see [6], Thm. 8.1.1) for integra-
tion in K AH coordinates for the symmetric space Gy x G/ diag(Gyp) =
Gp. The map

(K0XK0)XA0XG0*>GQXG0
defined by
(k,ae, g) = (kra¢/2g, kaa_/29)

is a parametrization (up to the sign of ¢), and the Haar measure on
Gy x Gy writes as

(5.4) | sinh™ ! (¢)| dk; dky dt dg .

Further we decompose the diagonal copy of Gy by means of the
HAK coordinates for the symmetric space Go/(SO(n—1) x Ay), where
SO(n — 1) is located in the upper left corner of Gy. Note that the
subgroup Aj serves as the ‘A’ in this decomposition. In the coordinates

Ko x A3 x SO(n — 1) x Ay = Gy, (k3,bs,m, ay) — a,mbsks
we obtain (again using [6], Thm. 8.1.1),
(5.5) dg = | sinh" () cosh(s)| dks dbs dm du .
Combining (5.4) and (5.5), we have the coordinates
(F1ayqi/2mbsks, ko, ombgks)

on Gy x Gy, with Jacobian |sinh”*(¢) sinh™ *(s) cosh(s)|. As the sub-
group SO(n — 1) centralizes A;, the integration over m is swallowed
by the integrations over k; and ke. Changing coordinates u, t to
ti=u+t/2and ty = u —t/2 we find t = t; — to.

Finally we apply (5.1) so that the above coordinates correspond to

(ky, k2, ks)(au, , ar,, b—s) diag(Gh)
This proves (5.3). O



12 DANIELSEN, KROTZ, SCHLICHTKRULL

6. SPHERICAL DECOMPOSITION

A decomposition of g of the form

(6.1) g=p+bh
with p a minimal parabolic subalgebra is said to be a spherical decom-
position. If such a decomposition exists, then the homogeneous space
G/H is said to be of spherical type (see [5]).

Note that with go = so(n, 1) we have (see (6.4) and (6.5))

dimp + dimbh — dimg = 1(n* — 50+ 6) > 0.

In particular spherical decompositions will be direct sums if n = 2, 3.

It was observed in [5] that the triple spaces for the groups considered
in (1.1) are of spherical type. In the following we determine for each n
all the minimal parabolic subalgebras p for which (6.1) holds.

Proposition 6.1. Let Gy be one of the groups (1.1) and let p = p1 x
Po X p3 a minimal parabolic subalgebra. Then g = p + b holds if and
only if p1, po and ps are distinct.
In particular, the triple space G/H is of spherical type for all groups
We prepare by the following lemma.
Lemma 6.2. Let Uy, Us, Uy C V' be subspaces of a vector space V. Put
U=UxUxUsCX:=VxVxV,
and Y = diag(V) C X. Then X = U +Y if and only if
(6.2) V=U+UnUs)=Us+ (UsNUy) =Us + (U NTy).
Proof. Assume first that X = U +Y and let v € V' be given. Writing
(v,0,0) = (u1,u9,u3) + diag(w)
we see that w = —uy = —ug € Uy N Uz, and hence v = u; +w €
Uy + (Uy N Us). The other two statements in (6.2) follow similarly.
Conversely, we assume (6.2) and let © = (21,29, 23) € X be given.
We decompose x1, x5 and x3 according to the three decompositions in
(6.2), that is,
(L‘1:U1+t1, ’LL1€[]17 t1€U20U3
$2:U2+t2, UQGUQ, t2€U3mU1
£E3:U3+t3, U3€U3, tgeUlng.
Then
= (uy —ty —tg,up — ty — t3,uz — t1 — ty) + diag(ty + to +t3)
is a decomposition of the desired form U + Y. O
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Remark 6.3. In fact, it is easily seen that any two of the decomposi-
tions of V' in (6.2) together imply the third.

Proof of Proposition 6.1. Tt suffices to consider Gy = SOg(n, 1) because
of the local isomorphisms.

If for example p; = py then p1 + (p2 N p3) = p1. Hence py + (p2 Nps)
is proper in gy and it follows from Lemma 6.2 that g = p + b fails to
hold. This implies one direction of the first statement.

For the other direction it follows from Lemma 6.2 that it suffices to
prove

go = p1 + (p2 Nps)

for all triples of distinct parabolics in so(n,1). We shall do this by
proving

(6.3) dim go = dim p; + dim(p2 N p3) — dim(p1 N p2 N p3).
We find

(6.4) dim go = dimso(n, 1) = $(n* + n),

and claim that

(6.5) dimp; = i(n® —n+2)

(6.6) dim(p; N ps) = 2(n* —3n+4)

(6.7) dim(p; Np2 Np3) = 1(n* — 5n + 6).

The equations (6.4)-(6.7) imply (6.3).

The parabolic subalgebras p of so(n, 1) are the normalizers of the
isotropic lines in R™*!, that is, the one-dimensional subspaces of the
form L, = R(g,1) where ¢ € R" with ||¢|| = 1.

Recall that all elements in so(n, 1) have the form (3.2) with A € so(n)
and b € R™. It follows that X € p if and only if

(6.8) Ag+b=(b-q)q.

Let us prove (6.5). Let ¢ be the unit vector such that p; is the
stabilizer of L, , and extend ¢; to a basis q1,. .., g, for R". For b € R"
we let 1 = (b q1)q1 — b and we observe that x; - ¢ = 0. According to
(6.8) the matrix X of (3.2) belongs to p; if and only if Ag; = 27. In
order to satisfy that we can define an n x n matrix A by

x1-q; fori=1
(6.9) Agi-qgp =4 —x1-q forj=1
oy fori,j > 1
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with arbitrary antisymmetric entries in the last line. Then A € so(n)
and Ag; = 1. The degree of freedom for each b is
dimso(n —1) = $(n — 1)(n — 2),

and hence dimp; = n+ 1(n — 1)(n — 2) = 1(n* — n + 2) as asserted.
Next we prove (6.6). Let ¢1, g2 be the unit vectors such that p; is the
stabilizer of L,,. By assumption ¢; # ¢o. For the element X of (3.2) to

be in p; N ps we need that (6.8) is satisfied in both cases, that is,
(6.10) Agi =z, (i=1,2).
where z; = (b ¢;)q; — b. Now

To- 1+ = (- -q@—1)(0b (¢+¢)).
Note that ¢; - g2 < 1 since ¢; # ¢2. As A € so(n) we conclude that

b- (g1 +¢q)=0

since otherwise (6.10) would lead to contradiction.

Conversely, let b € R™ be such that b- (¢1 + ¢2) = 0 and define x1, xo
by z; = (b- ¢;)¢; —b. Then z; - ¢; = —x; - ¢; for all pairs i, j < 1,2. We
extend ¢1, ¢o to a basis and define an n x n matrix A by

X g5 fori:1,2
(6.11) Agi-q; =14 —xj-¢q forj=12
a;j for i,5 > 2

with arbitrary antisymmetric entries in the last line. Then A € so(n)
and (6.10) holds. The degree of freedom for each b is

dimso(n —2) = $(n —2)(n — 3)

and hence dim(p; Np2) =n—1+ $(n—2)(n —3) = 1(n* — 3n +4) as
asserted.
Finally, to prove (6.7) assume that X in (3.2) belongs to p; Nps Nps.

As above, it follows that

1
2

b-(i+q@)=b-(1+q3) =b-(g2+¢3) =0

which implies that b-¢; = 0 for i = 1,2, 3. If this is satisfied by b, the
condition (6.8) simplifies to

(6.12) Agi=—b, i=1,23.

We first assume that ¢q, ¢2, g3 are linearly independent and extend to
a basis as before. Given b € R” such that b-¢; = 0 for i = 1,2,3 we



DECOMPOSITION THEOREMS 15
define A by

—b-q; fori=1,2,3
(6.13) Agi-q¢;=4b-q for j =1,2,3
Q5 for 7,7] >3

with arbitrary antisymmetric entries in the last line. The degree of
freedom for each b is

dimso(n —3) = $(n —3)(n —4)

and hence dim(p; NpaNp3) =n—3+3(n—3)(n—4) = $(n* —5n+6)
as asserted.

Next we assume linear dependence of ¢, ¢2, g3. This implies a further
obstruction to 0. In fact, let A\jq; + Aaga + A3qs = 0 be a non-trivial
relation, then it follows from (6.12) that (A + A2 + A3)b = 0. Since
q1, G2, q3 are assumed to be distinct unit vectors the sum of the \’s
cannot be zero, and we conclude that b = 0. Thus in this case the only
freedom comes from the choice of A. That can be chosen arbitrarily
from the annihilator in so(n) of the space spanned by the three ¢’s. We
obtain dim(p; N ps N p3) = dimso(n — 2) = (n? — 5n + 6) as before.
This concludes the proof of (6.7).

In particular, if a;, a; and ag are all different, then g = p + b for
every parabolic subalgebra p above a = a; X ay X a3. Hence G/H is of
spherical type. O

Corollary 6.4. There exists a mazximal abelian subspace a C s for
which both

(1) the polar decomposition (3.1) is valid, and
(ii) the spherical decomposition (6.1) is valid for all minimal para-
bolic subalgebras containing a.

Proof. Let a; C sy for j = 1,2,3 be mutually different and with a
two-dimensional sum. It follows from Theorem 3.2 and Proposition 6.1
that a = a; X ag x a3 satisfies (i) and (ii). O

Remark 6.5. The properties of a reductive homogeneous space G/H
that it is of polar type, respectively of spherical type, appear to be
closely related. However, the relation is not as strong as one might
hope, because the conditions on a are different in Theorem 3.2 and
Proposition 6.1. In particular, there exist maximal abelian subspaces
a C g which fulfill (ii) but not (i), namely the 'most generic’ ones, for
which dim(a; + as + a3) = 3.
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7. INFINITESIMAL POLAR DECOMPOSITION

Here we consider an infinitesimal version of the polar decomposition
G = KAH. Let G/H be a homogeneous space of a reductive group G,
and let g = £ + s be a Cartan decomposition.

Definition 7.1. A decomposition of the form
(7.1) s=Ad(KNH)a+sNh

with an abelian subspace a C s is called a polar decomposition.
If there exists such a decomposition of s then we say that G/H ‘s
infinitesimally polar.

Here
AdKNHya={Ad(k)X | ke KNH,X € a}.

Note that this need not be a vector subspace of s.

If G/H is a symmetric space, then we can choose the Cartan decom-
position so that € and s are stable under the involution ¢ that deter-
mines G/H. If g = h+ q denotes the decomposition of g in +1 and —1
eigenspaces for o, then s = sNg+sNh. If furthermore a, is a maximal
abelian subspace of s N ¢, then it is known that s N q = Ad(K N H)aq,
and hence (7.1) follows.

The following lemma suggests that there is a close connection be-
tween polar decomposability and infinitesimally polar decomposability.

Lemma 7.2. Let Gy be one of groups (1.1) and let a = a; X ay X a.
Then the infinitesimal polar decomposition (7.1) holds if and only if
dim(a1 + as + ag) = 2.

Proof. For the triple spaces, the polar decomposition (7.1) interprets to
the statement that for every triple of points Z, Zs, Z3 € 5, there exist
ke Ky, T € spand X; € a; (j =1,2,3) such that Z; = Ad(k)X; +
T. As the maps X — Ad(k)X + T with k € Ky and T € s, are
exactly the rigid motions of sy, this lemma is precisely the content of
Proposition 3.4. O

Combining the lemma with Theorem 3.2 we see that for our triple
spaces the infinitesimal polar decomposition holds with a given a if
and only if the global polar decomposition G = KAH holds for the
corresponding A = exp a.
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