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Abstract

The main topic of this thesis is approximation properties for Lie groups and non-
commutative LP-spaces. In the setting of Lie groups, we consider the Approximation
Property of Haagerup and Kraus (AP). It is well-known that every connected simple
Lie group with real rank at most 1 satisfies the stronger property weak amenability. In
2010, Lafforgue and de la Salle gave the first example of a Lie group without the AP,
namely SL(3,R). In a joint work with Haagerup, we extend this result to connected
simple Lie groups with real rank at least 2 and finite center. To this end, it is sufficient
to prove that the group Sp(2,R) does not have the AP. By looking at the universal
covering group §f)(2, R) of Sp(2,R), we are, in a subsequent work with Haagerup, able
to remove the condition of finite center. Hence, a connected simple Lie group has the
AP if and only if its real rank is at most 1.

Let L(G) denote the group von Neumann algebra of a group G. In the work of
Lafforgue and de la Salle mentioned above, it was also proved that for a lattice I'
in SL(3,R) and p € [1, %) U (4, 00], the noncommutative LP-space LP(L(I")) does not
have the completely bounded approximation property (CBAP) or the operator space
approximation property (OAP). We show that for a lattice I" in a connected simple
Lie group with real rank at least 2 and finite center, the noncommutative LP-space
LP(L(T)) does not have the CBAP or OAP for p € [1, 1¥) U (12,00]. In the second work
with Haagerup mentioned above, we are able to remove the condition of finite center.

Finally, we study the Grothendieck Theorem for jointly completely bounded (jcb)
bilinear forms. This was proved in full generality for jcb bilinear forms on C*-algebras
by Haagerup and Musat. Their method of proof makes use of essentially von Neumann
algebraic techniques, although the problem itself is purely C*-algebraic. We give a mod-
ified proof of the theorem that only makes use of C*-algebraic techniques. In addition,
we prove that the best constant in Blecher’s inequality is stricly larger than 1.



Resumé

Denne afhandling omhandler approksimationsegenskaber for Lie-grupper og ikke-
kommutative LP-rum. For Lie-grupper ser vi pa approximationsegenskaben for grupper
defineret af Haagerup og Kraus (AP). Det er velkendt, at enhver sammenhengende sim-
pel Lie-gruppe med reel rang hgjst 1 opfylder den steerkere egenskab svag amenabilitet.
12010 gav Lafforgue og de la Salle det fgrste eksempel pa en Lie-gruppe uden AP, nemlig
SL(3,R). I et samarbejde med Haagerup udvides dette resultat til sammenhaengende
simple Lie-grupper med reel rang mindst 2 og endeligt centrum. Til dette formal er det
tilstraekkeligt at bevise, at gruppen Sp(2,R) ikke har AP. Ved at se pa den universelle
overlejringsgruppe %(2, R) for Sp(2,R) er vi, i et efterfplgende arbejde med Haagerup,
i stand til at fjerne betingelsen om endeligt centrum. Derfor vil en sammenhaengende
simpel Lie-gruppe have AP, hvis og kun hvis dens reelle rang er hgjst 1.

Lad L(G) veere gruppe von Neumann algebraen af en gruppe G. I arbejdet af
Lafforgue og de la Salle nzevnt ovenfor blev det ogsa bevist, at for et gitter I' i SL(3, R)
ogpe€ll, %) U (4, oo] vil det ikke-kommutative LP-rum LP(L(T")) ikke have den sakaldte
completely bounded approximation property (CBAP) eller operator space approzimation
property (OAP). Vi viser, at for et gitter I' i en sammenhangende simpel Lie-gruppe med
reel rang mindst 2 og endeligt centrum vil det ikke-kommutative LP-rum LP(L(T")) have
hverken CBAP eller OAP for p € [1,12) U (12,00]. I det andet arbejde med Haagerup
naevnt ovenfor, er vi i stand til at fjerne betingelsen om endeligt centrum.

Endelig studerer vi Grothendieck Saetningen for simultant fuldsteendigt begraensede
(sfb) bilinesere former. Dette blev bevist i fuldt generalitet af Haagerup og Musat for
stb bilinesere former pa C*-algebraer. Deres metode ggr primeert brug af von Neumann
algebraiske teknikker, selv om problemet i sig selv er rent C*-algebraisk. Vi giver et
modificeret bevis for saetningen, der kun ggr brug af C*-algebraiske teknikker. Derudover
viser vi, at den bedste konstant i Blechers ulighed er stgrre end 1.



Preface

This thesis contains the results of my PhD research carried out at the Department of
Mathematical Sciences of the University of Copenhagen from September 2010 until Au-
gust 2013. The main topic of my research has been approximation properties for Lie
groups and noncommutative LP-spaces. In the setting of Lie groups, I have mainly con-
sidered the Approximation Property of Haagerup and Kraus (AP), and in the setting of
noncommutative LP-spaces, I have mainly been interested in the completely bounded ap-
proximation property (CBAP) and the operator space approximation property (OAP).
In addition, I have studied the Grothendieck Theorem for jointly completely bounded
bilinear forms. The main part of this thesis consists of four articles I have written or
co-authored. These are included as appendices with permission of the corresponding
journals (if applicable).

The AP has been less studied in the literature than other approximation properties
for groups, such as amenability, weak amenability and the Haagerup property. This
might be due to the fact that until 2010, there were no examples known of exact (count-
able discrete) groups without the AP. Weak amenability is stronger than the AP. Hence,
it follows from the work of Cowling and Haagerup and from the work of Hansen that
connected simple Lie groups with real rank at most 1 have the AP. In the article of
Haagerup and Kraus, it was conjectured that the group SL(3,R), which is a Lie group
of real rank 2, is a group without it. In 2010, Lafforgue and de la Salle proved this
conjecture. Their approach inherently gave information about approximation proper-
ties for noncommutative LP-spaces associated with lattices in SL(3,R). More precisely,
they proved that for a lattice I' in SL(3,R) and p € [1, %) U (4, oo], the noncommutative
LP-space LP(L(I")) does not have the CBAP or OAP, where L(I") denotes the group von
Neumann algebra of T'.

I started my PhD research not long after the appearance of the article of Lafforgue
and de la Salle, and the main goal of my research was to extend their result to a
larger class of Lie groups. An important group to look at was the group Sp(2,R), since
any connected simple Lie group of real at least 2 contains a closed subgroup locally
isomorphic to SL(3,R) or Sp(2,R). In a joint work with Haagerup, we proved that this
group does not have the AP, implying that if G is a connected simple Lie group with
real rank at least 2 and finite center, then G does not have the AP. The article on this
work was published in Duke Mathematical Journal [HdL13al].

As pointed out earlier, the method of Lafforgue and de la Salle (for SL(3,R)) gives
information on approximation properties for certain noncommutative LP-spaces. Indeed,
they introduced the property of completely bounded approximation by Schur multipliers
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iv PREFACE

on SP, denoted AP]S),CC}%“, which is weaker than the AP for p € (1,00). Also, if a non-
commutative LP-space LP(L(I")) associated with a countable discrete group I' has the
OAP, then I' has the APﬁfchglr. The method used by Haagerup and myself is more direct
than the method of Lafforgue and de la Salle, since we are able to work with completely
bounded Fourier multipliers rather than completely bounded multipliers on Schatten
classes. In this way, we can treat the AP directly, but we do not obtain results on
approximation properties for noncommutative LP-spaces. Moreover, we systematically
make use of the theory of Gelfand pairs and spherical functions.

In a subsequent work, I proved that for a lattice I' in any connected simple Lie group
with real rank at least 2 and finite center, the noncommutative LP-space LP(L(I")) does
not have the CBAP or OAP for p € [1,12) U (12,00]. The key idea of the approach is
similar to the approach of Lafforgue and de la Salle, but again, it proves beneficial to
systematically use the theory of Gelfand pairs and spherical functions This work was
published in the Journal of Functional Analysis [dL13a).

It was clear that in order to remove the finite center condition in the results men-
tioned above, it would be sufficient to consider one more group, namely, the universal
covering group §f)(2, R) of Sp(2,R). Recently, in a subsequent joint work, Haagerup and
I were able to remove the condition of finite center in the results mentioned earlier. The
article on this work was submitted recently [HdL13b].

At the beginning of my PhD, I also studied the Grothendieck Theorem for jointly
completely bounded (jcb) bilinear forms, also known as the Effros-Ruan Conjecture.
Pisier and Shlyakhtenko proved a version of this conjecture for exact operator spaces,
as well as a version for C*-algebras, assuming that at least one of them is exact. It was
proved in full generality for jcb bilinear forms on C*-algebras by Haagerup and Musat.
Their method of proof makes use of essentially von Neumann algebraic techniques,
although the problem itself is purely C*-algebraic. I gave a modified proof of the theorem
that only makes use of C*-algebraic techniques. This will appear in Operator Algebra
and Dynamics, Proceedings of the Nordforsk Network Closing Conference [dL13b].
Recently, Regev and Vidick gave a more elementary proof of both the JCB Grothendieck
Theorem for C*-algebras and its version for exact operator spaces.

The first chapter of this thesis gives an introduction to the problems adressed in
the articles, and it states the main results. Moreover, the results are put into a broader
context. At the end of the chapter, some related open problems are discussed.

Tim de Laat
Copenhagen, August 2013
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CHAPTER 1

Introduction

The main topic of this thesis is approximation properties for Lie groups and non-
commutative LP-spaces. In addition, we consider the Grothendieck Theorem for jointly
completely bounded bilinear forms (JCB Grothendieck Theorem). In this chapter, we
give an introduction to the topics of the author’s articles in the appendices, including a
brief historical account and some related results, and we state the main theorems. At
the end of the chapter, some open problems are discussed.

1.1. On approximation properties for Lie groups

The main approximation properties of interest in this thesis are the Approximation
Property of Haagerup and Kraus (AP) for groups, and the completely bounded approx-
imation property (CBAP) and the operator space approximation property (OAP) for
noncommutative LP-spaces. Firstly, we focus on Lie groups, and we describe a more
abstract and general framework in which the AP fits. In the next section, we consider
the approximation properties for noncommutative LP-spaces associated with lattices in
Lie groups. It turns out that certain important information on these properties can be
obtained by looking at the approximation properties of the underlying group, which is
our approach.

Approximation properties can be formulated for several classes of objects. They
give information about the analytical and topological structure of such objects. For the
scope of this text, the most notable examples of such classes are topological groups,
operator spaces, C*-algebras and von Neumann algebras. For a thorough account on
approximation properties for groups and operator algebras, we refer to [BO00]. More
specifically, in the methods we use, the most important class of objects for which we
consider approximation properties is the class of second countable locally compact Haus-
dorff groups. Indeed, Lie groups are contained in this class. Also, the noncommutative
LP-spaces we are interested in are the ones associated with countable discrete groups,
and as pointed out above, the approximation properties we are interested in for such
spaces can, to a certain extent, be studied by means of the approximation properties of
the underlying groups.

Heuristically speaking, an approximation property P for groups is a property that
a group may have that describes whether or not certain functions on the group can be
approximated by a class of other functions in a certain topology. Usually, the approx-
imating functions are “easier to handle” than the functions to be approximated, e.g.,
they might have a certain decay property. The approximation properties for groups
that are of importance in this thesis have analogues for C*-algebras and von Neumann
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2 1. INTRODUCTION

algebras and are characterized by two conditions, as is made precise below.

Assumption: We assume P to be an approximation property for the class of second
countable locally compact Hausdorff groups with analogues C*P for C*-algebras and
WH*P for von Neumann algebras such that the following two conditions are satisfied:

C1: if GG is a second countable locally compact Hausdorff group and I' is a lattice
in G, then G has P if and only if I has P;
C2: if I is a countable discrete group, the following are equivalent:
(1) the group I' has P,
(2) the reduced C*-algebra C(I') of I' has C*P,
(3) the group von Neumann algebra L(I") of T" has W*P.

As mentioned earlier, the AP fits in this framework, but amenability and weak amenabil-
ity do as well. Also, these three approximation properties pass to closed subgroups and
to finite products. Moreover, they can be formulated in such a way that a group has
the property if the constant function 1 on the group can be approximated by elements
of the Fourier algebra in a certain topology.

We now briefly discuss the Fourier algebra of a group. Let G be a (second countable)
locally compact (Hausdorff) group, and let A : G — B(L?*(G)) denote the left-regular
representation, which is given by (A(2)¢)(y) = £(z~'y), where ,y € G and ¢ € L?(G).
The Fourier algebra A(G) of G is defined as the space consisting of the coefficients of
A, as introduced by Eymard [Eym64] (see also [Eym95]). More precisely, ¢ belongs to
A(G) if and only if there exist &, € L?(G) such that for all z € G we have

p(x) = (A(@)€, n).
The norm on A(G) is defined by

lellaey = min{[[€[[[[nl] | ¢(z) = A(@)E,m) Vo € G}

With this norm, A(G) is a Banach space. We have [|¢||oc < [[¢]|la(q) for all ¢ € A(G),
and A(G) is ||.|[c-dense in Cy(G). The Fourier algebra can be identified isometrically
with the predual of the group von Neumann algebra L(G) of G. The identification is
given by the pairing (T, ¢) = (T'f, g)12(c), where T' € L(G) and ¢ = g * f for certain
f.g € L*(G@). Here, f(z) = f(x) and f(z) = f(z~ ) for all z € G.

A complex-valued function ¢ is said to be a (Fourier) multiplier if and only if
ey € A(G) for all v € A(G). Let MA(G) denote the Banach space of multipliers of
A(G) equipped with the norm given by ||| ara(q) = [[mell, where my, : A(G) — A(G)
denotes the associated multiplication operator. A multiplier ¢ is called completely
bounded if the operator M, : L(G) — L(G) induced by m, is completely bounded.
The space of completely bounded multipliers is denoted by MyA(G), and with the norm
lellaac)y = IMpllen, it is a Banach space. It is known that A(G) C MoA(G) C
MA(G).

Arguably, the theory of approximation properties for groups goes back to von Neu-
mann, who introduced the notion of amenability in [vIN29] in order to solve the famous
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Banach—Tarski Paradox. Recall that a second countable locally compact Hausdorff
group G is amenable if there exists a left-invariant mean on L*°(G). It was proven by
Leptin [Lep68| that G is amenable if and only if A(G) has a bounded approximate unit,
i.e., there exists a net (¢,) in A(G) with sup, |[¢alla() < 1 such that for all ¢ € A(G)
we have limg, [|pat) — ¥l 4(q) = 0. Amenability satisfies the two conditions C1 and C2
above. Indeed, its C*-analogue is nuclearity and its W*-analogue is hyperfiniteness (see,
e.g., [BO0O, Theorem 2.6.8]).

For Lie groups, amenability has been studied thoroughly. It is precisely known which
connected semisimple Lie groups are amenable, as follows from the following theorem.

THEOREM 1.1.1. (See [Pie84l Proposition 3.14.10].) Let G be a connected semisim-
ple Lie group. Then G is amenable if and only if G is compact.

Let us point out that much is known about amenability for Lie groups that are not
necessarily connected and semisimple (see, e.g., [Pie84] Section 3.14]), but in this thesis
we focus on connected semisimple Lie groups.

A locally compact group G is called weakly amenable if there exists a net (¢q)
in A(G) with sup, [[¢allrya@ < C for some C > 0 such that p, — 1 uniformly on
compact subsets of G. The infimum of these constants C' is called the Cowling-Haagerup
constant of G and is denoted by A(G). Weak amenability satisfies the two conditions
C1 and C2 above. Indeed, its C*-analogue is the completely bounded approximation
property (CBAP) and its W*-analogue is the weak* completely bounded approximation
property (w*CBAP) (see Section |1.2/and [BOOO]).

Amenability of a group G implies weak amenability with A(G) = 1. Weak amenabil-
ity was first studied in [dCHS85], in which de Canniére and Haagerup proved that the
free group F,, on n generators with n > 2 is weakly amenable with A(F,) = 1. This
also implied that weak amenability is strictly weaker than amenability, since F,, is not
amenable.

Weak amenability has been studied much in the literature, and the constant A(G) is
known for every connected simple Lie group G. Recall that every connected simple Lie
group G (with Lie algebra g) can be decomposed as a set product G = KAK, called a
polar decomposition of G, where K arises from a Cartan decomposition g = ¢ + p (the
group K has Lie algebra ¢), and A is an abelian Lie group such that its Lie algebra a is
a maximal abelian subspace of p. If G has finite center, then K is a maximal compact
subgroup. The dimension of the Lie algebra a of A is called the real rank of G. In
general, given a polar decomposition G = K AK, it is not the case that for g € G there
exist unique ki, ks € K and a € A such that g = kjaks. However, after choosing a set
of positive roots and restricting to the closure A+ of the positive Weyl chamber A, we
still have G = KATK. Moreover, if g = kiaks, where k1, ks € K and a € F, then a is
unique. Note that we can choose any Weyl chamber to be the positive one by choosing
the set of positive roots correspondingly. For details, see [Hel78|, Section IX.1].

Let G be a connected simple Lie group. The constant A(G) of G depends on the
real rank of G. It is known that if G has real rank 0, then G is compact. A proof of this
fact can be given by using a theorem of Weyl (see, e.g., [HN12, Theorem 12.1.17]). If
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G has real rank 1, then it is locally isomorphic to one of the groups SO(n, 1), SU(n, 1),
Sp(n, 1), with n > 2, or to Fy_gg). It is known that

1 if G is locally isomorphic to SO(n, 1) or SU(n, 1),
A(G) =< 2n—1 if G is locally isomorphic to Sp(n,1),
21 if G is locally isomorphic to Fy(_a).

This was proved by Cowling and Haagerup for groups with finite center [CH89|. The
finite center condition was removed by Hansen [Han90].

Haagerup proved that all connected simple Lie groups with real rank greater than or
equal to two and finite center are not weakly amenable by using the fact that any such
group contains a closed subgroup locally isomorphic to SL(3,R) or Sp(2,R), neither of
which is weakly amenable [Haa86]. Later, Dorofaeff proved that this result also holds
for such Lie groups with infinite center [Dor96]. Recently, an analogue of this result was
proved by Lafforgue for algebraic Lie groups over non-archimedean fields [Laf10]. In
2005, Cowling, Dorofaeff, Seeger and Wright gave a characterization of weak amenability
for a very large class of connected Lie groups [CDSWO05].

A weaker approximation approximation property was introduced by Haagerup and
Kraus [HK94]. Let X denote the completion of L!(G) with respect to the norm given

by
HfHX - sup{'/ f d‘T ‘ RS MOA(G)v ”SOHMoA(G) < 1}

Then X* = MyA(G). The space X is considered as the natural predual MyA(G). of
MyA(G), and 1t was first considered by de Canniére and Haagerup |[dCHS85].

DEFINITION 1.1.2. A (second countable) locally compact (Hausdorff) group G is said
to have the Approximation Property (AP) if there exists a net (¢q) in A(G) such that
voq — 1 in the o(MyA(G), MyA(G)s)-topology, where MyA(G), denotes the natural
predual of MyA(G).

It was proved by Haagerup and Kraus that if G is a locally compact group and T"
is a lattice in G, then G has the AP if and only if I" has the AP, so the AP satisfies
condition C1 above. They also proved that it satisfies condition C2. Indeed, the C*-
analogue of the AP is given by the operator space approximation property (OAP), and
the W*-analogue of the AP is given by the weak* operator space approximation property
(W*OAP) (see Section[1.2]and [BOO0O]). The AP has a nice stability property that weak
amenability does not have, namely, if H is a closed normal subgroup of a locally compact
group G such that both H and G/H have the AP, then G has the AP. This implies that
the group SL(2,Z) x Z? has the AP, but it was proved in [Haa86] that this group is not
weakly amenable, so the AP is strictly weaker than weak amenability. It was proved by
Haagerup and Kraus that countable discrete groups satisfying the AP are exact.

The AP has been less studied in the literature than amenability and weak amenabil-
ity (and the Haagerup property). This might be due to the fact that until 2010, there
were no examples known of exact (countable discrete) groups without the AP. Since weak
amenability is a stronger property, it followed from the work of Cowling and Haagerup
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and from the work of Hansen that connected simple Lie groups with real rank smaller
than or equal to one have the AP. In the article of Haagerup and Kraus, it was conjec-
tured that the group SL(3,R), which has real rank two, is a group without it. In 2010,
Lafforgue and de la Salle proved this conjecture.

THEOREM 1.1.3. (Lafforgue - de la Salle [Ld1S11, Theorem C]) The group SL(3,R)
does not have the AP.

In fact, Lafforgue and de la Salle proved that SL(3,R) fails to have certain weaker
approximation properties than the AP, namely, they proved that SL(3,R) does not have
the property of completely bounded approximation by Schur multipliers on S? (denoted
APE%‘T) for p € [1,3) U (4,00] (see Section . The APS?&“ is also closely related
to the OAP for noncommutative LP-spaces associated with countable discrete groups.
In this way, the method of Lafforgue and de la Salle inherently gave information on
approximation properties of certain noncommutative LP-spaces.

As pointed out earlier, the PhD research of the author was mainly aimed at general-
izing the result on the AP by Lafforgue and de la Salle to other Lie groups of higher real
rank. In the article in Appendix [A] we consider the symplectic group Sp(2,R). Recall

that Sp(2,R) is defined as the Lie group
Sp(2,R) := {g € GL(4,R) | g"Jg = J},

where g7 denotes the transpose of g, the matrix I denotes the 2 x 2 identity matrix
and the matrix J is defined by
0 I
J = 2.
—I, 0

Let K denote a maximal compact subgroup of Sp(2,R) given by

K—{(é _AB ) eM4(R)‘A+iBeU(2)}.

This group is isomorphic to U(2). A polar decomposition of Sp(2,R) is given by
Sp(2,R) = KATK, where

B0 0 0
S 0 & 0 0
AF=9DB = 4 4 8 o ‘62720

0 0 0 e

The first main result is the following theorem.

THEOREM 1.1.4. (see Appendix [A] Theorem 3.1) The group Sp(2, R) does not have
the Approximation Property.

Together, the groups SL(3,R) and Sp(2,R) form a powerful couple. Indeed, every
connected simple Lie group with real rank greater than or equal to two has a closed
subgroup that is locally isomorphic to either SL(3,R) or Sp(2,R). The failure of the AP
for these two groups implies the following theorem.
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THEOREM 1.1.5. (see Appendix , Theorem 5.1) Let G be a connected simple Lie
group with real rank greater than or equal to two and finite center. Then G does not
have the Approximation Property.

As indicated earlier, there are important differences between the method of proof of
Haagerup and the author and the method used by Lafforgue and de la Salle. For the
first, it is sufficient to look at completely bounded multipliers, whereas for the second,
one essentially needs the technically more involved completely bounded Schur multipliers
on Schatten classes. Our approach is more direct, since we can treat the AP at once
without considering the AP;?C}{)“r,
properties of noncommutative LP-spaces. In our work, we made systematic use of the

but we do not get any information on approximation

theory of Gelfand pairs and spherical functions. For an overview of this theory, see
[vD09] or [Far82]. In a separate work, the author considers approximation properties
for noncommutative LP-spaces associated with lattices in simple higher rank Lie groups
with finite center (see Section and Appendix .

In a subsequent work with Haagerup, we show that the finite center condition in
Theorem [1.1.5| can be removed. Hereto, it is sufficient to consider the universal covering
group §13(2, R) of Sp(2,R). A covering group of a connected Lie group G is a Lie group
G with a surjective Lie group homomorphism o : G — G, in such a way that (é, o) is
a covering space of G (in the topological sense). A simply connected covering space is
called a universal covering space. Every connected Lie group G has a universal covering
space G. Let 0 : G — G be the correspondmg covering map, and let 1 € o —1(1).
Then there exists a unique multiplication on G that makes G into a Lie group in such a
way that o is a surjective Lie group homomorphism. The group G is called a universal
covering group of the Lie group G. Universal covering groups of connected Lie groups
are unique up to isomorphism. They also satisfy the exact sequence 1 — 71 (G) — G —
G — 1, where m(G) denotes the fundamental group of G. For details on universal
covering groups, see [Kna96, Section I.11].

THEOREM 1.1.6. (see Appendix Theorem 3.2) The universal covering group
Sp(2,R) of Sp(2,R) does not have the Approximation Property.

This finishes the description of the AP for connected simple Lie groups, as such
groups with real rank zero and one are known to be weakly amenable. This is summa-
rized by the following theorem.

THEOREM 1.1.7. (see Appendix [C| Theorem 5.1) Let G be a connected simple Lie
group. Then G has the Approximation Property if and only if its real rank is 0 or 1.

COROLLARY 1.1.8. Let G = 51 x ... X S, be a connected semisimple Lie group,
where the S;’s denote the simple factors. Then G has the AP if and only if the real rank
of all S;’s is smaller than or equal to one.

Recall that a lattice in a Lie group G is a discrete subgroup I' of G such that G/T’
has finite invariant measure.

COROLLARY 1.1.9. Let I' be a lattice in a connected simple Lie group G. Then
C3(T") has the OAP, and, equivalently, L(I') has the w*OAP, if and only if all simple
factors of G have real rank smaller than or equal to 1.
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1.2. On approximation properties for noncommutative LP-spaces

Recall that an operator space E is a closed subspace of B(H) for some Hilbert
space H. This gives rise to a norm on M, (E) for every n > 1 by the embeddings
M, (FE) C M,(B(H)) = B(H™). A linear map T : E — F between operator spaces
induces linear maps T;, : M, (E) — M, (F) defined by T, ([vi;]) = [T'(vi;)] for all
v = [vj;] € M,,(E). The map T is called completely bounded if the completely bounded
norm ||7'||e := sup,,~; ||77]| is finite. For an introduction to operator spaces, we refer to
[ER00] and [Pis03].

Noncommutative LP-spaces are important examples of operator spaces. Let M be
a finite von Neumann algebra with normal faithful trace 7. For 1 < p < oo, the
noncommutative LP-space LP(M, 1) is defined as the completion of M with respect to the
norm ||z, = T((.T*ZE)%)%, and for p = oo, we put L>°(M, 1) = M equipped with operator
norm. In [Kos84], Kosaki showed that noncommutative LP-spaces can be realized by
interpolating between M and L'(M,7). This leads to an operator space structure on
them, as described by Pisier [Pis96] (see also [JRO3]). Indeed, the pair of spaces
(M, L*(M, 7)) becomes a compatible couple of operator spaces, and for 1 < p < oo we
have the isometry LP(M,7) = [M, L'(M,7)]1. By [Pis98, Lemma 1.7], we know that for
alinearmap T : LP(M,7) — LP(M, 1), its cpompletely bounded norm ||T|| 4 corresponds
to sup,ey | idge ® T : SH[LP(M)] — SR[LP(M)]||. Using [Pis98, Corollary 1.4] and the
fact that S! ® LY(M) = L*(M ® M,,), we obtain that SH[LP(M)] = LP(M ® M,,), which
implies that ||T||s = sup,ey |T ®@id : LP(M @ M,,) — LP(M @ M,)].

DEFINITION 1.2.1. An operator space E is said to have the completely bounded
approximation property (CBAP) if there exists a net F,, of finite-rank maps on E such
that sup,, || Fulle < C for some C > 0 and lim, ||Fpz — z|| = 0 for every x € E.

The infimum of all possible constants C’s is denoted by A(E). If A(F) = 1, we say
that E has the completely contractive approximation property (CCAP).
Let KC(£?) denote the space of compact operators on the Hilbert space £2.

DEFINITION 1.2.2. An operator space E is said to have the operator space approx-
imation property (OAP) if there exists a net Fy, of finite-rank maps on E such that
limg, [|(idic(2y ®Fa)z — 2| = 0 for all z € K(€?) @min E.

The CBAP goes back to de Canniere and Haagerup [dCHS85|, and the OAP was
defined by Effros and Ruan [ER90]. By definition, the CCAP implies the CBAP, which
in turn implies the OAP.

It was pointed out that the CBAP and the OAP are the C*-analogues of weak
amenability and the AP, respectively. These properties are most generally formulated
in the setting of operator spaces (note that C*-algebras are operator spaces). In this
way, they are natural approximation properties for noncommutative LP-spaces.

In this thesis, the noncommutative LP-spaces we are interested in are the ones of
the form LP(L(T)), where L(T") is the group von Neumann algebra of a lattice I' in a
connected simple Lie group G. Such a von Neumann algebra L(T") is finite and has
canonical trace 7 : x — (xd1,61), where d; € ¢2(T') is the characteristic function of the
unit element 1 € T'.
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It was proved by Junge and Ruan [JRO3, Proposition 3.5] that if " is a weakly
amenable (countable) discrete group, then for p € (1, 00), the noncommutative LP-space
LP(L(T")) has the CBAP. This implies that for every p € (1,00) and every lattice I' in
a connected simple Lie group G of real rank zero or one, the noncommutative LP-space
LP(L(T)) has the CBAP (see Section[L.1)). It was also shown by Junge and Ruan [JR03]
that if I" is a discrete group with the AP, and if p € (1,00), then LP(L(T")) has the OAP.

The first examples of noncommutative LP-spaces without the CBAP were given by
Szankowski for p > 80 [Sza84]. More examples were given by Lafforgue and de la Salle
[LdIS11]. They proved that for all p € [1, %) U (4,00] and all lattices I' in SL(n,R),
where n > 3, the space LP(L(I')) does not have the CBAP or OAP. They also proved
analogous results for lattices in Lie groups over non-archimedean fields. As mentioned
before, in their work, the failure of the OAP for the aforementioned noncommutative
LP-gpaces follows from the failure of a certain approximation property for the groups
SL(3,R). This property, called the property of completely bounded approximation by
Schur multipliers on SP, denoted APS%”, was introduced by Lafforgue and de la Salle
exactly to this purpose.

For p € [1,00] and a (separable) Hilbert space H, let SP(H) denote the p'® Schatten
class on H. Recall that for p € [1,00] and ¥ € L>®(X x X, u ® p), the Schur multiplier
with symbol % is said to be bounded (resp. completely bounded) on SP(L?(X, u)) if it
maps SP(L*(X, u)) N S*(L*(X,p)) into SP(L*(X, u)) (by Ty — Tyk), and if this map
extends (necessarily uniquely) to a bounded (resp. completely bounded) map My on
SP(L%(X, ut)). The norm of such a bounded multiplier ¢ is defined by 1 arse(n2(x ) =
|Myl|, and its completely bounded norm by [|9[|cparse(r2(x,u)) = IIMyllep- The spaces
of multipliers and completely bounded multipliers are denoted by M SP(L?*(X,p)) and
cbM SP(L?(X, 11)), respectively. It follows that for every p € [1,00] and ¢ € L®(X x

X, p® ), we have [[9]oo < |9l arserex,n)) < 1 llebnrse(r2xp))-

DEFINITION 1.2.3. (see [LdIS11) Definition 2.2]) Let G be a (second countable)
locally compact (Hausdorff) group, and let 1 < p < oco. The group G is said to have
the property of completely bounded approximation by Schur multipliers on SP, denoted

APS?C}E”, if there exists a C' > 0 and a net p, € A(G) with sup,, [|@allebarse(r2(cy) < €

and ¢, — 1 uniformly on compact subsets of G. The infimum of these C’s is denoted

by ASIMT(@).

It was proved by Lafforgue and de la Salle that if G is a locally compact group

and I' is a lattice in G, then for 1 < p < oo, we have Agfcltur(l“) = Alsjiﬁ)ur(G), i.e., the

APE%{}“ satisfies condition C1 of Section They also proved that for a discrete group

I' and p € (1,00), it follows that A;iﬁ)ur(F) € {1,00}. Since a semisimple Lie group

G has lattices (see [BH62]), we conclude that for such a group, it also follows that

Azs)%‘aur(G) € {1,000} for p € (1,0).

Lafforgue and de la Salle related the AP for groups and the OAP for noncommutative

LP-spaces to the APZS;&)”.

LEMMA 1.2.4. (see [LdIS11) Corollary 3.12]) If I" is a countable discrete group with

the AP and if p € (1, 00), then Aﬁfg}aur(l“) =1.
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LeEMMA 1.2.5. (see [LdIS11) Corollary 3.13]) If p € (1,00) and I' is a countable
discrete group such that LP(L(I")) has the OAP, then Ag‘é}}aur(l“) =1

One of the main results of Lafforgue and de la Salle is the following.

THEOREM 1.2.6. (see [LAIS11, Theorem E]) Let n > 3. For p € [1,3) U (4, 00], the

(exact) group SL(n,Z) does not have the APﬁiﬁ)‘“.

As a consequence, the group SL(n, R) does not have the AP, and for p € [1, %)U(él, o]
and a lattice I" in SL(n,R), the noncommutative LP-space LP(L(I")) does not have the
CBAP or OAP.

Using the property of completely bounded approximation by Schur multipliers on S?,
the author obtains results on approximation properties for noncommutative LP-spaces.
These results only give sufficient conditions for a noncommutative LP-space to not have
the OAP. The following are the main results of Appendix [B]

THEOREM 1.2.7. (see Appendix Theorem 3.1) For p € [1, %) U (12, 00|, the group

Sp(2,R) does not have the AP;?J{)“.

THEOREM 1.2.8. (see Appendix B} Theorem 4.3) Let p € [1,13) U (12, cc], and let
I" be a lattice in a connected simple Lie group with finite center and real rank greater

than or equal to two. Then LP(L(I")) does not have OAP or CBAP.

Similarly to the case of the AP, Haagerup and the author are able to remove the
finite center condition, leading to the following general result.

THEOREM 1.2.9. (see Appendix |[C|, Theorem 5.3) Let I' be a lattice in a connected
simple Lie group G. If G has real rank greater than or equal to two, then for p €
[1,12) U (12, oc], the noncommutative LP-space LP(L(I")) does not have the OAP.

1.3. On the JCB Grothendieck Theorem

In the “Résumé de la théorie métrique des produits tensorielles topologiques” |[Gro53],
Grothendieck proved the following result.

THEOREM 1.3.1 (Fundamental theorem on the metric theory of tensor products).
Let K; and K3 be compact spaces, and let u : C(K;) x C(K2) — K, where K =R or
C, be a bounded bilinear form. Then there exist probability measures p; and o on Kj
and Ky respectively, such that

uth. ) < Kl ( [ | AOPda)" ([ 2 ROPd)

for all f1 € C(K;) and fy € C(K3), where Kg is a universal constant only depending
on the field K.

The exact values of K and K g are still unknown, but several bounds (from above
and below) have been discovered by now. We refer to [Pis12, Section 4] for details.

Grothendieck also conjectured a noncommutative analogue of Theorem [1.3.1
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THEOREM 1.3.2 (Noncommutative Grothendieck Inequality). Let A and B be C*-
algebras, and let u : A x B — C be a bounded bilinear form. Then there exist states
f1, fo on A and g1, g2 on B, such that for all a € A and b € B,

1 1
u(a, b)] < [lull (fi(a”a) + f2(aa”))? (g1(b*D) 4 g2(bb"))> .
This result was proved by Pisier assuming a certain approximability condition on
the bilinear form [Pis78]. The general case was proved by Haagerup [Haa835].

Effros and Ruan conjectured that an analogue of the (noncommutative) Grothen-
dieck Inequality holds for jointly completely bounded forms on C*-algebras [ER91]. For
details on the notions of complete boundedness for bilinear forms, we refer to Appendix
Dl

THEOREM 1.3.3 (JCB Grothendieck Theorem). Let A, B be C*-algebras, and let
u: Ax B — C be a jointly completely bounded bilinear form. There exist states fi, fa
on A and g1, g2 on B, such that

1 1 1 1
[ua,b)] < Kula, (F1(aa")3 g1 (58)% + fo(a"a)sga(bb7)3 )
for all a € A and b € B, where K is a universal constant.

Effros and Ruan also conjectured that K = 1.

In [PS02], Pisier and Shlyakhtenko proved a version of the conjecture for exact
operator spaces, in which the constant K depends on the exactness constants of the
operator spaces. They also proved the conjecture for C*-algebras, assuming that at
least one of them is exact, with universal constant K = 923,

Haagerup and Musat proved the general conjecture for C*-algebras, with universal
constant K = 1 [HMOS8|. They used certain type III factors for the proof. Since the
conjecture itself is purely C*-algebraic, it would be more satisfying to have a proof that
relies on C*-algebras. In the article in Appendix[D] we show that the proof of Haagerup
and Musat can be modified in such a way that essentially only C*-algebraic arguments
are used. Indeed, in their proof, one tensors the C*-algebras on which the bilinear
form is defined with certain type III factors, whereas we show that it also works to use
certain simple nuclear C*-algebras admitting KMS states instead. We then transform
the problem back to the (classical) Noncommutative Grothendieck Inequality, as was
also done by Haagerup and Musat.

Recently, Regev and Vidick gave a more elementary proof of both the JCB Grothen-
dieck Theorem for C*-algebras and its version for exact operator spaces [RV12]. Their
proof makes use of methods from quantum information theory and has the advantage
that the transformation of the problem to the (classical) noncommutative Grothendieck
Inequality is explicit and based on finite-dimensional techniques. Moreover, they obtain
certain new quantitative estimates.

In [Ble92], Blecher stated a conjecture about the norm of elements in the algebraic
tensor product of two C*-algebras. Equivalently, the conjecture can be formulated as
follows (see Conjecture 0.2" of [PS02]). For a bilinear form u : A x B — C, put
ut(b,a) = u(a,b).
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THEOREM 1.3.4 (Blecher’s inequality). There is a constant K such that any jointly
completely bounded bilinear form u : Ax B — C on C*-algebras A and B decomposes as
a sum u = uy +ug of completely bounded bilinear forms on A x B, and ||u1 ||+ ||ub]lep <
Klfulljcp-

A version of this theorem for exact operator spaces and a version for pairs of C*-
algebras, one of which is assumed to be exact, were proved by Pisier and Shlyakhtenko
[PS02]. They also showed that the best constant in the inequality is greater than or
equal to 1. Haagerup and Musat proved that the inequality holds in general with K = 2
[HMO8|, Section 3]. In the article in Appendix E we prove that the best constant is
actually strictly greater than 1.

1.4. Further research

The research described above has answered certain questions and raised new ones.
Most importantly, the results above give an answer to the question which connected
semisimple Lie groups have the AP. The connectedness assumption is essential, as is
usually the case for approximation properties. However, the condition of semisimplicity
can be weakened. It is straightforward to formulate necessary and sufficient conditions
for the AP to hold for certain larger or different classes of connected Lie groups, e.g.,
connected reductive Lie groups or connected Lie groups with a sufficiently nice global
Levi decomposition. Such similar results and slight generalizations are not included
in this thesis. Instead, in a third joint work with Haagerup, we intend to cover the
Approximation Property for non-simple Lie groups as generally as possible.

Other important open problems lie in the direction of approximation properties for
noncommutative LP-spaces. The approach in this thesis gives sufficient conditions on
p, namely, p € [1, 1) U (12,00], for the failure of the OAP for LP(L(T')), where I is
a lattice in a connected simple Lie group with real rank greater than or equal to two.
A logical question to ask is whether or not these values of p are optimal. A priori,
there is no reason to think so, since the “cut at p = 12” just follows from estimates of
certain functions that turn up in the problem. Also, we know that when the Lie group
under consideration contains SL(3,R) as a closed subgroup, the set of p-values is larger,
namely, “at least” p € [1, %) U (4, 00]. It might very well be the case that the only value
of p for which LP(L(I")) has the CBAP and OAP is p = 2. A hint in this direction is that
whenever F' is a non-archimedean local field, the results of Lafforgue and de la Salle (see
[LdIS11), Theorem A]) imply that for every p # 2, there exists a noncommutative LP-
space associated with a lattice in SL(n, F') (for some n > 3) without the OAP. The idea
is that the known “set of p-values for which the OAP fails” becomes larger for increasing
n. It is not known whether a similar result holds in the archimedean setting. We point
out that there are important differences between the proofs for the archimedean and the
non-archimedean cases.

A sublety that arises when considering the exact set of p-values for which the OAP
holds or does not hold for LP(L(I")) is that the approach followed in our work makes
use of the earlier mentioned APEfchglr, which is an approximation property of I'. More
precisely, the fact we use is that if LP(L(T")) has the OAP for p € (1,00), then I' has the
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APg’Cﬁfr for that value of p. However, it is not clear whether the converse is true, so in

order to prove that the noncommutative LP-spaces do have the OAP for certain p, it is

Schur
p,cb of

the underlying group. This question was mentioned explicitly, but left unanswered, in
the recent work of Caspers and de la Salle [Cd1S13].

An important motivation for continuing the study of the problems mentioned above
is given by the following theoretical fact. If it is true that the exact p-values for which
noncommutative LP-space associated with lattices in PSL(n, R) have the OAP are actu-
ally different for different values of n > 3, then this would imply that L(PSL(m,Z)) is
not isomorphic to L(PSL(n,Z)) for m,n > 3 and m # n, which is a very famous open
problem in von Neumann algebras, posed by Connes.

not known whether it is sufficient to consider the analogous question for the AP

Another direction that can be investigated is whether the methods of this thesis can
be used to prove that every connected simple Lie group with real rank greater than or
equal to two has strong property (T) of Lafforgue (see [Laf08]). In [Laf08], Lafforgue
proved that SL(3, F) has this property for every local field F'. By the work of Liao
[Lial2], it is known that Sp(2, F') has strong property (T) for local non-archimedean
fields F. In an ongoing work with de la Salle, we consider a generalization of strong
property (T) to connected simple Lie group with real rank greater than or equal to two.

There are also several open questions related to the jointly completely bounded
Grothendieck inequality. As was already indicated in Section the constants Kg
and K g are unknown. Several bounds from above and below have been established (see
[Pis12) Section 4] for an overview), but it turns out to be highly nontrivial to determine
the constants exactly.

Other applications of Grothendieck Theorems were found by studying the deep con-
nection between the Grothendieck Theorem and Bell’s inequality in quantum theory, as
established by Tsirelson in 1980 [T'si80]. Recently, such applications have been studied
by researchers in the field of quantum information theory. We will not go into details
here, but let us mention that Regev and Vidick, who, as mentioned earlier, gave the most
elementary proof of the Grothendieck Theorem for jointly completely bounded bilinear
forms so far, established a connection between quantum XOR games and Grothendieck
Theorems in [RV13].
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Simple Lie groups without the Approximation Property

This chapter contains the published version of the following article:

U. Haagerup and T. de Laat, Simple Lie groups without the Approximation Property,
Duke Math. J. 162 (2013), no. 5, 925-964.

A preprint version is publicly available at http://arxiv.org/abs/1201.1250.
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UFFE HAAGERUP and TIM DE LAAT

Abstract

For a locally compact group G, let A(G) denote its Fourier algebra, and let My A(G)
denote the space of completely bounded Fourier multipliers on G. The group G is said
to have the Approximation Property (AP) if the constant function 1 can be approxi-
mated by a net in A(G) in the weak-* topology on the space MyA(G). Recently,
Lafforgue and de la Salle proved that SL(3,R) does not have the AP, implying the
first example of an exact discrete group without it, namely, SL(3,7Z). In this paper
we prove that Sp(2,R) does not have the AP. It follows that all connected simple
Lie groups with finite center and real rank greater than or equal to two do not have
the AP. This naturally gives rise to many examples of exact discrete groups without
the AP.

1. Introduction

Let G be a (second countable) locally compact group, and let A : G — B(L?(G))
denote the left-regular representation, which is given by (A(x)£)(y) = £(x~1y),
where x,y € G and £ € L?(G). Let the Fourier algebra A(G) be the space con-
sisting of the coefficients of A, as introduced by Eymard [12], [13]. More precisely,
¢ € A(G) if and only if there exist £, 7 € L2(G) such that for all x € G we have

p(x) = (A(x)€. ).
The norm on A(G) is defined by

lellay = min{[[E[l[In]l | Yx € G (x) = (A(x)&. )}

With this norm, A(G) is a Banach space. We have ||¢|| 4(6) > [|¢||loo forall ¢ € A(G),
and A(G) is || - [eo-dense in Co(G).
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In Eymard’s work, the following characterization of A(G) is given. For two func-
tions f, g € L%(G), the function ¢ = f % g, where g(x) = g(x) = g(x~!) forx € G,
belongs to A(G). Conversely, if ¢ € A(G), then we can find such a decomposition
¢ = [ *gsothat | fl2lgll2 = llellaw)-

Another characterization of the Fourier algebra is given by the fact that A(G)
can be identified isometrically with the predual of the group von Neumann algebra
L(G) of G. The identification is given by the pairing (7, ¢) = (Tf, g) 12(G), Where
T e L(G)and ¢ =g * f for certain f,g € L2(G).

A complex-valued function ¢ is said to be a (Fourier) multiplier if and only
if oy € A(G) for all ¥ € A(G). Note that a multiplier is a bounded and continu-
ous function. Let M A(G) denote the Banach space of multipliers of A(G) equipped
with the norm given by ||¢| s 4(G) = [Ime |, where m, : A(G) — A(G) denotes the
multiplication operator on A(G) associated with ¢. A multiplier ¢ is called com-
pletely bounded if the operator M, : L(G) — L(G) induced by m,, is completely
bounded. The space of completely bounded multipliers is denoted by My A(G), and
with the norm |¢| py4(6) = [[Mglleo, it forms a Banach space. It is known that
A(G) C MyA(G) C MA(G).

Completely bounded Fourier multipliers were first studied by Herz [22], although
he defined them in a different way. Hence, they are also called Herz—Schur mul-
tipliers. The equivalence of both notions was proved by Bozejko and Fendler [2].
They also gave an important characterization of completely bounded Fourier mul-
tipliers; namely, ¢ € MyA(G) if and only if there exist bounded continuous maps
P,Q : G — J, where ¥ is a Hilbert space, such that

p(y~'x) = (P(x).0(»)) (1

for all x,y € G. Here (-,-) denotes the inner product on J#. In this characterization,
¢l poa6) = min{|| P ||oo|| O ||oo }, Where the minimum is taken over all possible pairs
(P, Q) for which (1) holds.

Completely bounded Fourier multipliers naturally give rise to the formulation
of a certain approximation property, namely weak amenability, which was studied
extensively for Lie groups in [5], [7], [8], [10], [17], and [20]. Other approximation
properties can be formulated in terms of multipliers as well (see [3, Chapter 12]).

Recall that a locally compact group G is amenable if there exists a left-invariant
mean on L°°(G). It was proven by Leptin [29] that G is amenable if and only if
A(G) has a bounded approximate unit; that is, there is a net (¢y) in A(G) with
sup, ||¢allacc) < 1 such that for all € A(G) we have limy ||¢a ¥ — V|| 46) = 0.

A locally compact group G is called weakly amenable if and only if there is a
net (¢y) in A(G) with sup,, ||¢«|lam4aG) < C for some C > 0, such that ¢, — 1

15
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uniformly on compact subsets of G. The infimum of these constants C is denoted by
A(G), and we put A(G) = oo if G is not weakly amenable.

Amenability of a group G implies weak amenability with A(G) = 1. Weak
amenability was first studied in [5], in which de Canniere and the first author proved
that the free group [F,, on n generators with n > 2 is weakly amenable with A (F,) = 1.
This also implied that weak amenability is strictly weaker than amenability, since F,,
is not amenable.

The constant A(G) is known for every connected simple Lie group G and
depends on the real rank of G. First, note that if G has a real rank zero G is amenable.
A connected simple Lie group G with real rank one is locally isomorphic to one of
the groups SO(n, 1), SU(n, 1), Sp(n, 1) with n > 2, or to F4(—20). It is known that

1 if G is locally isomorphic to SO(n, 1) or SU(n, 1),
A(G)=142n—1 if G islocally isomorphic to Sp(n, 1),
21 if G is locally isomorphic to Fy(_20).

This was proved by Cowling and the first author for groups with finite center [8]. The
finite center condition was removed by Hansen [20].

The first author proved that all connected simple Lie groups with finite center
and real rank greater than or equal to two are not weakly amenable by using the fact
that any such group contains a subgroup locally isomorphic to SL(3,R) or Sp(2,R),
neither of which is weakly amenable [17]. Later, Dorofaeff proved that this result also
holds for such Lie groups with infinite center [10]. Recently, an analogue of this result
was proved by Lafforgue for algebraic Lie groups over non-Archimedean fields [27].
Cowling, Dorofaeff, Seeger, and Wright gave a characterization of weak amenability
for almost all connected Lie groups [7].

A weaker approximation property defined in terms of completely bounded Fourier
multipliers was introduced by the first author and Kraus [18].

Definition 1.1

A locally compact group G is said to have the Approximation Property for groups
(AP) if there is a net (¢y) in A(G) such that ¢, — 1 in the 0 (MyA(G), Mg A(G)+)-
topology, where My A(G), denotes the natural predual of MyA(G), as introduced in
[5].

It was proved by the first author and Kraus that if G is a locally compact group
and I is a lattice in G, then G has the AP if and only if I" has the AP. The AP has
some nice stability properties that weak amenability does not have; for example, if
H is a closed normal subgroup of a locally compact group G such that both H and
G/H have the AP, then G has the AP. This implies that the group SL(2,Z) x Z? has
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the AP, but it was proven in [17] that this group is not weakly amenable, so the AP is
strictly weaker than weak amenability.

A natural question to ask is which groups do have the AP. When this property
was introduced, it was not clear that there even exist groups without it, but it was
conjectured by the first author and Kraus that SL(3, Z) would be such a group. This
conjecture was recently proved by Lafforgue and de la Salle [28].

Recall that a countable discrete group I' is exact if and only if its reduced group
C*-algebra is exact. For discrete groups it is known that the AP implies exactness
(see [3, Section 12.4]). Note that the result of Lafforgue and de la Salle also gives
the first example of an exact group without the AP. In their paper the property of
completely bounded approximation by Schur multipliers on S?(L?(G)), denoted by
Angﬁur, was introduced. For discrete groups, this property is weaker than the AP for
all p € (1, 00). Lafforgue and de la Salle proved that SL(3,IR) does not satisfy the
APSEL““ for certain values of p in this interval, implying that the exact group SL(3, Z)
indeed fails to have the AP, since both the AP and the APS&})"“ pass from the group to
its lattices and from its lattices to the group.

The main part of this paper concerns the proof of the following result.

THEOREM
The group Sp(2,R) does not have the AP.

Together with the fact that SL(3, R) does not have the AP, the above result gives
rise to the following theorem.

THEOREM
Let G be a connected simple Lie group with finite center and real rank greater than
or equal to two. Then G does not have the AP.

In [11], Effros and Ruan introduced the operator approximation property (OAP)
for C*-algebras and the weak-* operator approximation property (w*OAP) for von
Neumann algebras. By the results of [18, Section 2], it follows that for every lattice I"
in a connected simple Lie group with finite center and real rank greater than or equal
to two, the reduced group C *-algebra C;(I") does not have the OAP and the group
von Neumann algebra L(I") does not have the w*OAP.

A natural question is whether all connected simple Lie groups with real rank
greater than or equal to two fail to have the AP, that is, if the last mentioned theorem
also holds for groups with infinite center. As of now, we do not know the answer to
this question (see the comments in Section 4).

17



18

A. SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION PROPERTY

SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION PROPERTY 929

This paper is organized as follows. In Section 2 we recall and prove some results
about Lie groups, Gelfand pairs, and the AP. Some of these may be of independent
interest.

In Section 3 we give a proof of the fact that Sp(2, R) does not have the AP. It turns
out to be sufficient to consider completely bounded Fourier multipliers on Sp(2, R),
rather than multipliers on Schatten classes, so we do not use the APSSE‘".

In Section 4 we prove the earlier mentioned theorem that all connected simple
Lie groups with finite center and real rank greater than or equal to two do not have
the AP.

In Section 5 we give a new proof of the result of Lafforgue and de la Salle that

SL(3,R) does not have the AP based on the method of Section 3.

2. Lie groups and the Approximation Property
In this section we recall some results about Lie groups, Gelfand pairs, and the AP, and
we prove some technical results.

2.1. Polar decomposition
For the details and proofs of the unproved results in this section, we refer the reader
to [21] and [23].

Recall that every connected semisimple Lie group G with finite center can be
decomposed as G = KAK, where K is a maximal compact subgroup (unique up
to conjugation) and A is an abelian Lie group such that its Lie algebra a is a Cartan
subspace of the Lie algebra g of G. The dimension of a is called the real rank of G and
is denoted by Rankg (G ). The real rank of a Lie group is an important concept for us,
since the main result is formulated for Lie groups with certain real ranks. The KAK
decomposition, also called the polar decomposition, is in general not unique. After
choosing a set of positive roots and restricting to the closure A+ of the positive Weyl
chamber A™, we still have G = K A+ K. Moreover, if g =kiak,, where k1,k, € K
and a € AT, then a is unique. Note that we can choose any Weyl chamber to be the
positive one by choosing the correct polarization. For the purposes of this paper, the
existence and the explicit form of the polar decomposition for two certain groups is
important.

Example 2.1 (The symplectic groups)
Let the symplectic group be defined as the Lie group

Sp(n,R) := {g € GL(2n,R) | g'Jg= J},

where
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Here I, denotes the (n x n)-identity matrix. We will only consider the case n = 2
from now on.
The maximal compact subgroup K of Sp(2,R) is given by

K:{(;1 _AB)GM4(R)‘A+iBeU(2)}.

This group is isomorphic to U(2). The embedding of an arbitrary element of U(2)
into Sp(2, R) under this isomorphism is given by

a e —-b —f
(a+ib e—l—if)}_) c g —-d —h
c+id g+ih b f a e |’

d h ¢ g

where a,b,c,d,e, f,g,h € R. L
A polar decomposition of Sp(2,R) is given by Sp(2,R) = KAT K, where

e“t 0 0 0

— 0 e* 0 0
AT = {D(a1,a2) = 0 0 e 0 a1 =0z =0
0 0 0 e 2

Example 2.2 (The special linear group)

Consider the special linear group SL(3,R). Its maximal compact subgroup is K =
SO(3), sitting naturally inside SL(3,R). A polar decomposition is given by
SL(3,R) = KA+ K, where

et 0 0
At = 0 e 0 ||lag>zar>as, aj+ox+az=0
0 0 e*3

2.2. Gelfand pairs and spherical functions

Let G be a locally compact group, and let K be a compact subgroup. We denote
the (left) Haar measure on G by dx and the normalized Haar measure on K by dk.
A function ¢ : G — C is said to be K-biinvariant if for all g € G and k;,k; € K,
then we have p(k1gks) = ¢(g). We identify the space of continuous K -biinvariant
functions with the space C(K\G/K). If the subalgebra C.(K\G/K) of the convo-
lution algebra C.(G) is commutative, then the pair (G, K) is said to be a Gelfand
pair, and K is said to be a Gelfand subgroup of G. Equivalently, the pair (G, K) is a
Gelfand pair if and only if for every irreducible representation 7= on a Hilbert space
H the space
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Ho={EeH|VkeK: n(k)E=Et)

is at most one-dimensional.
For ¢ € C(G), define ¢X € C(K\G/K) by

oK (g) = / o(kgk'ydk dK.
KxK

A continuous K -biinvariant function / : G — C is called a spherical function if
the functional y on C.(K\G/K) given by

2(@) = /G oG dx, e Co(K\G/K)

defines a nontrivial character, that is, y(¢ * ¥) = y(p)x(¥) for all ¢,y €
C.(K\G/K). The following characterization of spherical functions is used later: a
continuous K -biinvariant function 4 : G — C not identical to zero is a spherical
function if and only if forall x,y € G

/Kh(xky)dk = h(x)h(y).

In particular, h(e) = 1.

Spherical functions arise as the matrix coefficients of K-invariant vectors in irre-
ducible representations of G. Hence, they give rise to interesting decompositions of
functions on G.

For an overview of the theory of Gelfand pairs and spherical functions, we refer
the reader to [14] and [9].

2.3. Multipliers on compact Gelfand pairs

For the study of completely bounded Fourier multipliers on a Gelfand pair it is natural
to look at multipliers that are biinvariant with respect to the Gelfand subgroup. In
the case of a compact Gelfand pair (G, K), that is, G is a compact group and K a
closed subgroup such that (G, K) is a Gelfand pair, we get a useful decomposition of
completely bounded Fourier multipliers in terms of spherical functions.

Suppose in this section that (G, K) is a compact Gelfand pair. Recall that for
compact groups every representation on a Hilbert space is equivalent to a unitary rep-
resentation, that every irreducible representation is finite-dimensional, and that every
unitary representation is the direct sum of irreducible ones. Denote by dx and dk the
normalized Haar measures on G and K, respectively. Recall as well that for a Gelfand
pair every irreducible representation 7 on K the space #(, as defined in Section 2.2 is
at most one-dimensional. Let P, = [, (k) dk denote the projection onto #,, and
set Gg = {m € G | Py # 0}, where G denotes the unitary dual of G, that is, the set
of equivalence classes of unitary irreducible representations of G.
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PROPOSITION 2.3
Let (G,K) be a compact Gelfand pair, and let ¢ be a K-biinvariant completely
bounded Fourier multiplier. Then ¢ has a unique decomposition

9(x)= Y cxhz(x). x€G,
neGg

where hy(x) = (m(x)&x,&x) is the positive definite spherical function associated
with the representation w with K-invariant cyclic vector &, and ZneéK lex| =

ol mo4(G)-

Proof
Note that for a compact group G, we have A(G) = MyA(G) = MA(G). By defini-
tion of A(G), there exist £, n € L?(G) such that for all x € G,

p(x) = (A(x)&,m),

and |l¢|l4cc) = I€]ll|n]l. Note that since G is compact, we have

L(G) = P B(Jx)
e

as an /®° direct sum, and

AG) = P S1(Jx)

reG

as an /! direct sum, where S (H#,) denotes the space of trace class operators on #j .
Hence, we can write

o(x) = Z Tr(S,,n(x)), x €@,
neG

where S is a trace class operator acting on #, and it follows that

lelacy =D ISl
nebG

where || - ||; denotes the trace class norm.

Since ¢ is K-biinvariant, S, can be replaced by P, S P, which vanishes when-
ever w ¢ G k> and which equals ¢, P, for some constant ¢, whenever = € G K- We
have |c;| = ||cz Px |1, since the dimension of P, is one. Hence,

p(x) = Y cxTr(Pyrr(x)),

neGy

21
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and therefore,

lelacy= D IPxSxPeli= > lexl.
HEG[( ﬂEGK

Foreach 7 € G K, choose a unit vector &, € P, ;. Then

9(xX)= Y cxhn(x).

neGg

where h(x) = (n(x)&;,&;) is the positive definite spherical function associated
with (7, #Hyr, Ex). O

2.4. The Approximation Property
Recall from Section 1 that a locally compact group G has the AP if there is a net (¢y)
in A(G) such that ¢, — 1 in the 0 (Mo A(G), My A(G)x)-topology, where Mo A(G )«
denotes the natural predual of My A(G).

The natural predual can be described as follows (see [5]). Let X denote the com-
pletion of L!(G) with respect to the norm given by

11 = sup[ [ 10001 dx| [0 € MoA@). Wplasoar <1}-

Then X* = My A(G). On bounded sets, the 6 (MyA(G), Mo A(G)+)-topology coin-
cides with the o(L*®°(G), L'(G))-topology.

The AP passes to closed subgroups, as is proved in [18, Proposition 1.14]. Also,
as was mentioned in Section 1, if H is a closed normal subgroup of a locally compact
group G such that both H and G/H have the AP, then G has the AP (see [18, The-
orem 1.15]). A related result is the following proposition. First we recall some facts
about groups.

For a group G we denote its center by Z(G), and (if G is finite) we denote its
order by |G|. Recall that the adjoint representation ad : g —> gl(g) of a Lie algebra
g is given by ad(X)(Y) = [X, Y]. The image ad(g) is a Lie subalgebra of gl(g). Let
Ad(g) denote the analytic subgroup of GL(g) with Lie algebra ad(g). The Lie group
Ad(g) is called the adjoint group. For a connected Lie group G with Lie algebra g
we also write the adjoint group as Ad(G). Note that Lie groups with the same Lie
algebra have isomorphic adjoint groups. The adjoint group of a connected Lie group
G is isomorphic to G/ Z(G). For more details, we refer the reader to [21].

PROPOSITION 2.4
If Gy and G, are two locally isomorphic connected simple Lie groups with finite
center such that Gy has the AP, then G, has the AP,
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Proof
Let G; and G, be two locally isomorphic connected simple Lie groups with finite
center, and suppose that G satisfies the AP. The two groups have the same Lie algebra
and hence, their adjoint groups, which are isomorphic to G1/Z(G1) and G»/Z(G>),
respectively, are also isomorphic.

Let (¢2) be a net of functions in A(G;) converging to the constant function 1 in
the weak-* topology on My A(G). Define

7a(x2(C) = 760y

> eax2).

ZEZ(G])

The summands are elements of the Fourier algebra of G, and gbolt is independent of
the representative of the coset. By [12, Proposition 3.25], the space A(G1/Z(G1))
can be identified isometrically with the subspace of A(G) consisting of the elements
of A(G1) that are constant on the cosets of Z(G1), and hence ¢, isin A(G1/Z(Gy)).

From the characterization of 4(G1/Z(G1)) we can also conclude that @} — 1 in
the weak-* topology on MyA(G1/Z(Gy)). The latter can also be identified with the
subspace of MyA(G1) consisting of the elements of MyA(G) that are constant on
the cosets of Z(G1). Indeed, the approximating net consists of functions that are finite
convex combinations of left translates of functions approximating 1 in the weak-*
topology on My A(G1).

Hence G1/Z(G1) has the AP, so G/ Z(G>) has it, as well. From the fact men-
tioned above, namely that whenever H is a closed normal subgroup of a locally com-
pact group G such that both H and G/H have the AP, then G has the AP, it follows
that G, has the AP. O

LEMMA 2.5

Let G be a locally compact group with a compact subgroup K. If G has the AP, then
the net approximating the constant function 1 in the weak-* topology on MyA(G)
can be chosen to consist of K -biinvariant functions.

Proof
For f € C(G) or f € L'(G) we put

K _ / /
f (g)—[K/Kf(kgk)dkdk, ¢ <G,

where dk is the normalized Haar measure on K. Since the norm || - ||ar,4¢G) is
invariant under left and right translation by elements of K, we have ||¢X|| MoAG) =
lollpoac) for all ¢ € MoA(G). Moreover, for ¢ € MyA(G) and f € L'(G), we
have

(0%, f)=(p. [5),

23
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where L'(G) is considered as a dense subspace of MyA(G) and the bracket
(-,-) denotes the duality bracket between MyA(G) and MyA(G)«. Hence,
I f Kl moac)e < 1S IMoac). for all f € LY(G). Therefore, the map on L1(G)
defined by f + fX extends uniquely to a linear contraction R on MyA(G)s, and
R*¢ = ¢X forall ¢ € MyA(G), where R* € B(MyA(G)) is the dual operator of R.

Assume now that G has the AP. Then there exists a net ¢ in A(G) such that
¢@q — 1 in the 0(MoA(G), My A(G)+)-topology. Hence, (pf = R*¢py — R*1 =1
in the 0(MyA(G), My A(G)+)-topology. Moreover, (p(f € A(G) N C(K\G/K) for
all «. This proves the lemma. O

The following lemma is used to conclude that a certain subspace of MyA(G) is
o(MyA(G), MyA(G)4)-closed.

LEMMA 2.6
Let (X, ) be a o-finite measure space, and let v : X —> R be a strictly positive
measurable function on X. Then the set

S:={feLl®X)||f(x)] <v(x)ae}
is 0 (L*®(X), L1(X))-closed.

Proof
Let (fy) be anetin S converging to f € L*(X) in the o0 (L% (X), L' (X))-topology.
Define E, = {x € X | | f(x)| > (1 + 1)v(x)}. We will prove that u(E,) = 0 for all
n € N. Suppose that for some n € N we have u(E,) > 0. Put E, ; = {x € E,|
v(x) > %} Then E, /" E, for k — oo. In particular, (£, ,) > 0 for some k, €
N. By o-finiteness of ., we can choose F,, C E, k, such that 0 < u(F,) < co. Note
that F,, C E, and v(x) > é for all x € F,. Define the measurable function g : X —>
C by
1 1 f(x)

0= L@ @ T
Then g € L' (X). It follows that Re( [y fagdp) < 1, since | fo(x)g(x)| <1 almost
everywhere on F. Hence, Re( [x fgdp) < 1. Since this integral is real and fg >0,
it follows that [ | fg|dp < 1. On the other hand,

R 1
/X'fg'd“‘ﬂ(m b o) AL

This gives a contradiction, so w(Ey,) = 0 for all n € N. This implies that the set
E=Uy2,En={x€X||f(x)|>v(x)} has measure 0, so | f(x)| < v(x) almost
everywhere. O
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Let G be a locally compact group with compact subgroup K. Because left and
right translations of a function ¢ € MyA(G) are continuous with respect to the
0 (MyA(G), My A(G)4)-topology, the space MyA(G) N C(K\G/K) consisting of
K-biinvariant completely bounded Fourier multipliers is 0 (MoA(G), MoA(G)+)-
closed. Together with Lemma 2.6 and the fact that L!(G) C MyA(G), this implies
the following.

LEMMA 2.7
Let G be a locally compact group with a compact subgroup K, and letv: G — R
be a strictly positive measurable function. Define

$:(G) = {f € L®(G) | | f()] < v(x) ae.).

Then the space Mo A(G) N Sy(G) N C(K\G/K) is a(MyA(G), My A(G)+)-closed.

3. The group Sp(2,R) does not have the Approximation Property

In this section, let G = Sp(2,R), and let K, A and AT be as described in Exam-
ple 2.1. The fact that G does not have the AP follows from the behavior of completely
bounded Fourier multipliers that are biinvariant with respect to the maximal compact
subgroup of Sp(2,R). Note that the elements of the Fourier algebra, that is, the pos-
sible approximating functions, are themselves completely bounded Fourier multipli-
ers. Moreover, they vanish at infinity. We identify two compact Gelfand pairs sitting
inside Sp(2, R) and relate the values of biinvariant completely bounded Fourier mul-
tipliers to the values of certain different multipliers on these compact Gelfand pairs.
The spherical functions of these Gelfand pairs satisfy certain Holder continuity con-
ditions, which give rise to the key idea of the proof: an explicit description of the
asymptotic behavior of completely bounded Fourier multipliers that are biinvariant
with respect to the maximal compact subgroup. In the proof of Lafforgue and de la
Salle for the case SL(3,R) [28], such an estimate is also one of the important ideas.

THEOREM 3.1
The group G = Sp(2,R) does not have the AP.

The elements of MyA(G) N C(K\G/K) are constant on the double cosets of K
in G, so to describe their asymptotic behavior we only need to consider their restric-
tion to A+. Note that by Example 2.1 a general element of A+ can be written as
D(ay,ay) = diag(e®!, e¥2, ™1, e7%2), where a; > oz > 0.

PROPOSITION 3.2
There exist constants Cy1,Cy > 0 such that for all K-biinvariant completely bounded

25
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Fourier multipliers ¢ : G — C, the limit limg_, o0 ¢(g) = @0 exists and for all oy >
o > 0 we have

lo(D(et1.22)) — 9oo| < Cre™ 2120|110 4. )

where ||allz = \/a? + a3.

Let us first state an interesting corollary of Proposition 3.2.

COROLLARY 3.3

Every K-biinvariant completely bounded Fourier multiplier can be written as the
sum of a K-biinvariant completely bounded Fourier multiplier vanishing at infinity
and an element of C. More precisely, if ¢ is a K-biinvariant completely bounded
Fourier multiplier on G, then ¢ = @o + @Yoo, where gg € Mg A(G) N Co(K\G/K)
and Poo = limg 00 ¢(g) € C.

Proof of Theorem 3.1 using Proposition 3.2.

Recall that the elements of A(G) vanish at infinity. By Lemma 2.7, it follows that
the unit ball of the space My A(G) N Cy(K\G/K), which by Proposition 3.2 satisfies
the asymptotic behavior of (2) (with ¢ = 0 and |||/ s, 4(G) < 1), is closed in the
0 (MyA(G), MyA(G)x)-topology. Recall the Krein—-Smulian theorem, which asserts
that whenever X is a Banach space and A is a convex subset of the dual space X * such
that A N{x* € X* | ||x*| <r} is weak-* closed for every r > 0, then A is weak-*
closed (see [6, Theorem V.12.1]). In the case where A is a vector space, which is the
case here, it suffices to check the case r = 1, that is, the weak-* closedness of the
unit ball. It follows that the space MyA(G) N Co(K\G/K) is weak-* closed. Since
A(G)NC(K\G/K) C MyA(G)NCo(K\G/K), it follows that the constant function
1 is not contained in the 6 (MoA(G), My A(G)x)-closure of A(G) N C(K\G/K).
Hence, by Lemma 2.5, Sp(2, R) does not have the AP. O

The proof of Proposition 3.2 will be given after we prove some preliminary
results. First we identify two Gelfand pairs sitting inside G. We describe them, the
way they are embedded into G, and their spherical functions, and we characterize the
completely bounded Fourier multipliers on them that are biinvariant with respect to
the corresponding Gelfand subgroup.

Consider the group U(2), which contains the circle group U(1) as a subgroup via
the embedding

1 0

U(l) — (0 U

) cuQ).
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Under the identification K = U(2), the embedded copy of U(1) has the following
form:

1 0 0 0
0 cosf 0 —sinf

U(l)=K; = 0 0 ] 0 0 e€[0,27) ¢,
0 sinf 0O cos6

which can be interpreted as the group of rotations in the plane parameterized by the
second and the fourth coordinate. The group K; commutes with the group generated
by the elements D, = diag(e®,1,e7%, 1), where o € R. This group is a subgroup of
A C G, where A is as in Example 2.1.

It goes back to Weyl [33] that (U(2), U(1)) is a Gelfand pair (see, e.g., [23, Theo-
rem IX.9.14]). The homogeneous space U(2)/U(1) is homeomorphic to the complex
1-sphere S& C C? and the space U(1)\U(2)/U(1) of double cosets is homeomorphic
to the closed unit disc D C C by the map

U1z Uiz
K1 ( )Kl = U11.
Uz1 U2

The spherical functions for (U(2),U(1)) can be found in [24]. By the homeomor-
phism U(1)\U(2)/U(1) = D, they are functions of one complex variable in the closed
unit disc. They are indexed by the integers p,q > 0 and explicitly given by

U U
hpq ( N 12) = hop,q(ull)y

U1 U2z

where in the point z € D) the function hg, 4 1s explicitly given by

224 PP DIz —1) p>gq,

he _(z) =
P4 z47P PI(,O’q_p)(2|Z|2 -1 p<q.

Here P,f“’ﬂ ) denotes the nth Jacobi polynomial. The following is a special case of a
result obtained by the first author and Schlichtkrull [19].

THEOREM 3.4
There exists a constant C > 0 such that for all nonnegative integers n, B we have

C
(sin0)2 (cos 0)P 2| POP) (cos 20)| < S5 +p+ D73, 0el0,n).

In particular, for 6 = 7 we get
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B+1 C
2775 | POP(0)] < ﬁ(zn LB 1R,

For the special point z = -1, it follows that

ﬁ,

1

‘hg,q(ﬁ)‘ <C(p+q+1)73,

where C is a constant independent of p and q.

Recall that a function f : X —> Y from a metric space X to a metric space Y
is Holder continuous with exponent o > 0 if there exists a constant C > 0 such that
dy (f(x1), f(x2)) < Cdx(x1,x2)%, for all x1,x, € X. The following result gives
Holder continuity with exponent % of the spherical functions on the circle in D with
radius %, centered at the origin, with a constant independent of p and gq.
COROLLARY 3.5
For all p,q > 0, we have

i1 i6y

. 0

’hg,q(i/i) _hp,q(%)‘ <Cl6, - 92|%

forall 61,0, €[0,2m), where C is a constant independent of p and q.

Proof
From the explicit form of hop,q it follows that for all 8 € [0, 27),

i6 1
5o (e_) = i @—a)0 0 (_)
Pa\ /3 Pa\ /2
This implies that
i0>

() =1

)‘ — |l (P01 _ ,i(p=0)02

1
0 .
5a()
<1p—qllbr—6alC(p+q + )74
<C(p+q+1)36; -6,

for all 61, 6, € [0,27). We also have the estimate

‘hop,q(%) —hg,q(ej;)‘ < Z‘hg,q(%ﬂ <2C(p+q+ 1)—§

for all 61, 6, € [0,27). Combining the two, we get
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0(S2) 152
I\ V2 I\ V2
1 3
<(Cp+q+ D30 —0))* (2C(p+q+1)7%)*
= C |0, — 6|3
for all 0y, 6, € [0,27), where € =23 C. O

By Proposition 2.3, a U(1)-biinvariant completely bounded Fourier multiplier
¢ : U(2) —> C can be decomposed as

o0
Q= E ¢pahp.q,
p,q=0

where ¢, 4, € C and Z;C:q=o Icp.al = ll@ll My aqu(z))- It follows that

Uz2

u u
ww=¢(11 ”)=¢%mn,ueue)
Uz1
for some continuous function ¢° : D — C.

COROLLARY 3.6
Let ¢ : U(2) —> C be a U(1)-biinvariant completely bounded Fourier multiplier.
Then ¢(u) = ¢°(uy1), and for all 6,,6, € [0,21) we have

ei9|

eiez 5 1
‘<P0( ﬁ) —<P0( \/5)‘ < Cl61 — |# ol Myawizy-

Proof _

Let 6 €[0,27),and let uy1,9 = %. Then the matrix
ef 1
V22

is an element of U(2). In this way we get
6>

°(55) ()| = ot gt

< 5 () i ()

p,9=0

~ 1
= Cllellmyawylf — 02]%. ]

29
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For @ € R consider the map K —> G defined by k — Dyk D, where D, =
diag(e*,1,e7%,1). Given a K-biinvariant completely bounded Fourier multiplier

on G, this map gives rise to a Kj-biinvariant completely bounded Fourier multiplier
on K.

LEMMA 3.7

Let ¢ : G —> C be a K-biinvariant completely bounded Fourier multiplier, and
for a € R let Yo, : K —> C be defined by (k) = ¢(DokDy). Then Yy is K-
biinvariant and satisfies

1Vl amoack) < el moacc)-

Proof
Using the fact that the group elements D, commute with K, it follows that for all
ke Kandk;,k, €e Ki1 C K>,

Vao(kikkz) = 9(Dok1kkz Do) = @(k1 Dok Dokz) = ¢(Dak Do) = (k).

S0 Y4 is Kj-biinvariant.

By the characterization of completely bounded Fourier multipliers due to Boze-
jko and Fendler (see Section 1), we know that there exist bounded continuous maps
P,Q : G — J, where J is a Hilbert space, such that ¢(y~'x) = (P(x),
Q(y)) for all x. y € G, and, moreover, ¢l ro4(@) = I P llool| Q loo.

For all k1, k> € K we have

Va(ky k1) = @(Dak; k1 Do) = ¢((kaDy ")~ k1 Dy)
= (P(k1Dq), Q(k2Dg ")) = (Pu(k1), Qu(k2)),

where Py, Q, are the bounded continuous maps from K to # defined by P, (k) =
P(kDgy) and Qq (k) = Q(kD,'). Because KD, and KD are subsets of G, we get

[ Palloo < I Plloc and || Qalloo < | @ lloo, and hence [V o a(k) < l@lmoa)- O

From the fact that v, is K;-biinvariant, it follows that ¥ (1) = wg (u11), where
¥ : D — C is a continuous function.

Suppose now that «; > «p > 0, and let D(ay,«3) be as defined in Example 2.1;
that is, D(op, ) = diag(e®!,e%2,e™*1,¢792), If we find an element of the form
DykDy in KD(aq,0)K, we can relate the value of a K-biinvariant completely
bounded Fourier multiplier ¢ to the value of the multiplier v, that was defined in
Lemma 3.7. This only works for certain «;, ap > 0. We specify which possibilities of
a1 and o, we consider, and it will become clear from our proofs that in these cases
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such o and k exist. It turns out to be sufficient to consider certain candidates for k,
namely, the matrices that in the U(2)-representation of K have the form

u_( a+ib —¢1—a2—b2)

1—a2—-b2 a—ib

3)

with a? + b? < 1. In particular, u € SU(2).

In the following lemmas we let ||h|gs = Tr(h' h)% and det(h) denote the
Hilbert—Schmidt norm and the determinant of a matrix in M4(R), respectively. Note
that det(k) = 1 for all k € K, because K is a connected subgroup of the orthogonal
group O(4).

LEMMA 3.8
Let g € G =Sp(2,R). Then g € KD(B,y)K, where B,y € R are uniquely deter-
mined by the condition 8 > y > 0 together with the two equations

sinh? B + sinh?y = %Ilg—(g’)_lﬂqu, @
sinh® Bsinh® y = & det(g — (") ™).

Proof L

Let g € G. By the KAT K-decomposition, we have g = k1 D(B, y)k, for some

ki,k> € K and some B,y € R satisfying > y > 0. Since k; = (k})™', i =1,2,

and D(B,y) = D(B,y)", we have (g')~! = k1 D(B,y) k. Hence, g — (g")~! =

ki(D(B,y) — D(B.,y) ! k,, which implies that

lg — (&) Nzs = ID(B.y) = D(B.y) 'z = 8(sinh® B + sinh® y)
and
det(g — (g")7") = det(D(B.y) — D(B.y)"") = 16sinh® B sinh? y;

that is, (B, y) satisfies (4).

Putcr(g) = 4llg—(g") " I35 and c2(g) = 1 det(g—(g")™"). Then sinh®  and
sinh? y are the two solutions of the second order equation x2 — ¢ (g)x + ¢2(g) =0,
and since 8 > y > 0, the numbers sinh? 8 and sinh? y are uniquely determined by (4).
This also determines (8, y) € R? uniquely under the condition 8 > y > 0. O

LEMMA 3.9
Leta>0and B >y > 0. Ifu € K is of the form (3) with respect to the identification
of K with U(2), then DyuDy € KD(B,y)K if and only if

{sinhﬁ sinhy = sinh? a(1 — a? — b?), )

sinh § — sinh y = sinh(2a)|a|.

31
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Proof
Leta >0, andlet 8 >y > 0. By Lemma 3.8, DquDy, € KD(B, y)K if and only if

1
sinh? B 4 sinh? y = §||DauDa — D 'uD
= sinh? 2a)a? + 2sinh? a (1 — a? — b?), (6)
and
1
sinh? Bsinh? y = 16 det(DguDy — D;'uD;t)
= sinh* a(1 — a? — b?)2. @)

Note that (7) implies the first equation of the statement. Moreover, by (6) and the first
equation of the statement, we have (sinh 8 — sinhy)? = sinh?(2«)a2, which implies
the second equation of the statement. Hence, (6) and (7) imply (5). Clearly, (5) also
implies equations (6) and (7). This proves the lemma. O

Consider now the second Gelfand pair sitting inside Sp(2, R), namely, the pair
of groups (SU(2),SO(2)). Both groups are naturally subgroups of U(2), so under
the embedding into G, they give rise to compact Lie subgroups of G. The subgroup
corresponding to SU(2) will be called K>, and the one corresponding to SO(2) will
be called K3. The group K3 commutes with the group generated by the elements
D, = diag(e*,e*, e ®,e™), where « € R.

The subgroup SU(2) C U(2) consisting of matrices of the form

a+ib —c+id
u_(c—l-id a—ib) ®)

with a, b, c,d € R such that a? + b2 + ¢? + d? = 1 is after embedding into G iden-

tified with
A -B

K> =
=1 %)

u=A+iBeSU(2)}

a —c —-b —-d
¢ a —d b
“|b d a -

d -b ¢ a

as follows directly from the considerations in Example 2.1.
Recall from Section 2 that a continuous function 4 not identical to 0 on G that is
biinvariant with respect to a Gelfand subgroup K is a spherical function if and only
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if for all x and y we have th(xky) dk = h(x)h(y). From this, it follows that if
K and K’ are two unitarily equivalent Gelfand subgroups such that K = uK'u* and
such that % is a spherical function of the pair (G, K), we have that h (x) = h(uxu™)
defines a spherical function for the pair (G, K’). Indeed,

h(xX)h(y) = h(uxu*)h(uyu*) = /Kh(uxu*kuyu*)dk

:/ h(uxu*uk’u*uyu*)d(uk’u*)=/ h(xk'y)dk'.
’ K/

By a symmetry argument, we find a one-to-one correspondence between the spherical
functions for both pairs.

By [4, Theorem 47.6], the pair (SU(2),SO(2)) is a Gelfand pair. This also fol-
lows from [15, Chapter 9]. Indeed, it is explained there that the pair (SU(2), K’),
where K’ is the subgroup isomorphic to SO(2) consisting of elements of the form
diag(e” ,e~ %) for real numbers s, is a Gelfand pair, and the spherical functions are
indexed by the integers n > 0, and for an element u € SU(2), as given in (8), they are
given by

PyQuii|* = 1) = P, (2(a* + b%) — 1),

where P, : [—1,1] — R is the nth Legendre polynomial. However, the two embed-
dings of SO(2), that is, the natural one and the one given by K’, are unitarily equiva-
lent by the following relation:

" cosf —sinf o = et 0
sinf  cosf N0 )

where u is the unitary matrix given by

More generally, for an element in SU(2) we get
" a+ib —c+id 0 = a+ic b+id
c+id a-—ib " \=b+id a-—ic)’
from which it follows that (SU(2),SO(2)) is a Gelfand pair, and the spherical func-
tions for this pair are indexed by n > 0 and are given by
Pu(2(a® +c*) = 1) = Py(a®> = b* + > — d?),

where the last equality follows from the relation a? + b% + ¢? + d? = 1.
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Note also that the double cosets of K’ in SU(2) are labeled by a? + h? — ¢? —
d?, and therefore the double cosets of SO(2) in SU(2) are labeled by a? — b? +
¢? — d?. Hence, every SO(2)-biinvariant function y : SU(2) —> C is of the form
() = x°(a® — b? + ¢? — d?) for a certain function x°:[-1,1] — C.

Remark 3.10
The Legendre polynomials P, (cos ), without the doubled angle, are the spherical
functions for the Gelfand pair (SO(3),SO(2)) (see [9], [14]).

In what follows, we need the following estimates for the Legendre polynomials
and their derivatives. Analogous results were obtained by Lafforgue [25] and used
by Lafforgue and de la Salle [28]. Our estimates are slightly different. Therefore, we
include a proof.

LEMMA 3.11
For all nonnegative integers n,

1
| P (x) = Pp(y)| < 4[x — y|?

forx,y e [—2, %] that is, the Legendre polynomials are uniformly Holder continu-
% ] with exponent %

Proof

Since Py(x) =1 and P;(x) = x for x € [—1, 1], the statement is clearly satisfied for
n =0 and n = 1. For n > 2 we use the same integral representation for Legendre
polynomials as in [25, Lemma 2.2]; namely, for all x € [—1, 1] we have

1 b1
P,(x)= —/ (x+iv1—x2cos0)"db.
T Jo
Suppose that n > 1. Differentiation under the integral sign gives

b1
Pé(x):%/o (x—}—i\/l—xzcose)”_l(l—i cosG)dG.

X
V1 —x2
We have |1 —i¢1i7c059|2 < l_lxz.Forx €[—1,1] set

1 g
I,,(x):—/ |x +iv1—x%cosf|" db.
T Jo

It follows that for n > 1 we have | Py (x)| < I,(x) and | P, (x)| < 5 In—1(x). More-

over, |x +i+vT—x2cosf]2=1— (1 —x2)sin? 0 < e~1=*Dsi”0 Tt follows that
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1 4 _n 2y in2
]n(-x) < _/ 2 (1—x~)sin Gde
< _/ ~2a-x)(2) g

o
2
e " du.

nm/

JT 27

The last integral is equal to *5-. Hence, for x € [—% %] we get In(x) < /5, <
%. Thus, for n > 2 and x € [—%, %], we get | Pp(x)| < and we get | P, (x)| <
Tz In1(X) = 5 8:_1 <4./n. Letnow n > 2 and x,

inequalities it follows that

%
[-

% 5] From the above
4
[Pn(x) = Pu(P)| < |Pu(X)] + [ Pu(¥)] < N

y
(a0 = P = || a0y dt] < 4lx =1,

Combining the two, we get

4\3
Pa() = Pa)| = (=) (4/lx =y 3 =4l = y|3,
[
which proves the statement for n > 2. O

Remark 3.12
The same result can be obtained from [31] (see Theorem 7.3.3, equation (7.33.9), and
Theorem 7.33.3 therein).

For « € R consider the map K —> G defined by k — D/ kvD|,, where D, =
diag(e®,e%, e %, e *) and v € Z(K) is chosen to be the matrix in K that in the U(2)-
representation of K is given by

La+i) 0
_ (2
( 0 %(1 +i))' ©)

Given a K-biinvariant completely bounded Fourier multiplier on G, this map gives
rise to a K3-biinvariant completely bounded Fourier multiplier on K. We state the
following result, but omit its proof, as it is similar to the one of Lemma 3.7.

LEMMA 3.13
Let ¢ : G —> C be a K-biinvariant completely bounded Fourier multiplier, and let

35
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for a € R the function ¥y : K —> C be defined by (k) = ¢(D,kvD)). Then jq is
Ks-biinvariant and satisfies

| Xl a0 acx) < ll@llmoacG)-

Consider the restriction yo = Xo|k,, Which is a Kj3-biinvariant completely
bounded Fourier multiplier on K». It follows that y (1) = x2(a? —b? + ¢* — d?) for
u € K, where a, b, ¢, d are as before, and || xo || s, 4(k>) < €| MoaG)-

COROLLARY 3.14
Let ¢ € Mg A(G) N C(K\G/K), and let xy : K —> C be as in Lemma 3.13. Then
xeW) = x%(a? —b% + c? —d?) foru € Ky, and y3 : [-1,1] —> C satisfies

1
1X3(r1) — x2(r2)| < 4lr1 = r2| 2 l@ | Mo aca)

fOV ri,r € [—%, %]

Proof

By applying Proposition 2.3 to the Gelfand pair (SU(2),SO(2)), we get xq(u) =
Ym0 CnPu(a® —b% + ¢ —d?), where Y02 lenl = || XallMoaks) < 1@llaoa(6)-
Hence, the corollary follows from Lemma 3.11. O

Suppose now that «; > ap > 0, and let D (o1, ) be as defined in Example 2.1.
Again, if we find an element of the form DjuvD}, in KD(«;,a2)K, where u now
has to be an element of SU(2), we can relate the value of a K-biinvariant completely
bounded Fourier multiplier ¢ to the value of the multiplier y. This again only works
for certain a1,y > 0. Consider a general element of SU(2):

a+ib —c+id
u_(c—l-id a—ib) (10)

witha? + b+ 2 +d? = 1.
LEMMA 3.15
Leta >0 and >y >0, and let u,v € K be of the form as in (9) and (10) with

respect to the identification of K with U(2). Then D, uvD| € KD(B,y)K if and
only if

sinh? B + sinh? y = sinh?(2a),
sinh B sinhy = % sinh? (2a) |7 |,

where r = a? — b2 + ¢? — d>.
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Proof
The lemma follows from Lemma 3.8. Since for g = D, uvD], we have (gH ' =
(D))" tuv(D})™1, it follows by direct computation that

lg = ()7 775 = 8sinh®(200),

det(g — (g")") = 4sinh*(2a)r2. O
LEMMA 3.16
Let B >y > 0. Then the equations

sinh?(2s) + sinh? s = sinh? B + sinh? y,

(11)
sinh(2¢) sinh¢ = sinh 8 sinh y
have unique solutions s = s(B,y), t =t(B,y) in the interval [0, c0). Moreover,
s= P s (12)
4 2

Proof

The existence and uniqueness of s,¢ > 0 is obvious, since x > sinh x is a continuous
and strictly increasing function mapping [0, c0) onto [0, 00). From (11), it follows
that for 8 >y >0and s = s(8,y),

2sinh?(2s) > sinh®(2s) + sinh?(s) > sinh®(B)
= 4sinh2(§) coshz(g) > 2sinh2<§).

Hence, 2s > g To prove the second inequality in (12), we use that for t = ¢(8, y),
we have

sinh?(2¢) > sinh(2¢) sinh(¢) = sinh(B) sinh(y) > sinh?(y),

from which it follows that 2¢ > y. ]

LEMMA 3.17

There exists a constant C3 > 0 such that whenever B >y >0 and s = s(B,y) is
chosen as in Lemma 3.16, then for all p € MyA(G) N C(K\G/K),

lp(D(B. 7)) — (D (25,9))| < Cze™ 5 9l moac)-

Proof
Assume first that § — y > 8. Let « € [0,00) be the unique solution to sinh? B +
sinh? y = sinh? (2w), and observe that 2« > 8 > 2, so in particular « > 0. Define

37



A. SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION PROPERTY

SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION PROPERTY 949
[0%) o] =0
o] = 2(3(2
(2s,5)
(21,1)
(B8,7)
o

Figure 1. The figure shows the relative position of (8,y), (2s,s), and (2¢,¢) as in Lemma 3.17
and Lemma 3.18. Note that (8,y) and (2s,s) lie on a path in the («1,®2)-plane of the form
sinh? a1 + sinh? &y = constant, and (8, y) and (21, 1) lie on a path of the form sinh o sinhap =
constant.

2 sinh B sinh y
ryr = — 2 . 12
sinh“ B + sinh” y

€ [0,1],

1 1
and a; = (HrT")2 and b; = (1_%)2 Furthermore, put

. a1+ib1 0
ul—( 0 al_ibl)eSUQ),

. %(I—H) 0 |
0 1+

as previously defined. We now have 2sinh fsinhy = sinh*(2a)ry, and a? — b? =
r1, so by Lemma 3.15, we have D, u;vD), € KD(B,y)K. Let s = s(B,y) be as in
Lemma 3.16. Then s > 0 and sinh?(2s) 4 sinh? s = sinh? 8 + sinh? y = sinh?(2).
Put

and let

2 sinh(2s) sinh s
rp = —Smh@s)sinhy g 4y,
sinh”(2s) + sinh” s

and

Y — ar +iby 0
2= 0 (lz—ibz

) e SU(2),
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1 1
where a, = (HTrZ)2 and b, = (1_2”)2. Since a3 — b3 = ry, it follows again by
Lemma 3.15 that D), u,vD,, € KD(2s,s)K. Now, let xo(u) = ¢(D,uvD),) for u €

K> = SU(2). Then by Lemma 3.13 and Corollary 3.14, it follows that

1
Ixa 1) = xa@2)| = 1x3(r1) — x2(r2)| < 4lr1 — 1212 |l Mo a6y

provided that ry,r, < % Hence, under this assumption, using the K-biinvariance of
@, we get

1
lo(D(B.y)) —(D(2s,5))| <4lri — 2|2 @l Mo ac)- (13)
2sinh Bsinhy zsinhy
sinh2 B ~ Tsinh -
sinh.s

- . — 1 . .
< 2¢?7P . In particular, r; < 2¢78 < 5. Similarly, r, <235 —

Note that r; <

e¥(1—e~2Y)
eB(1—e—28)
v—8

ﬁ <2e¢7%. By Lemma 3.16, equation (12), we obtain that r, < 2€_§ <2e B4
Y—b

2¢72 < % In particular, (13) holds, and since |r; — rz| < max{r;,r} <2e % , we
have proved that

Hence, using § >y + 8 > y, we get r; <

lp(D(B. 7)) — 0(D(25,5))| < 42”5 o a6) (14)

under the assumption that 8 >y + 8. If y < B <y + 8, we get from |¢] oo <
lllaoacc) that [p(D(B.y)) — (D(2s.5))| < 2@l moac)- Since 2e < 4+/2, it fol-
lows that equation (14) holds for all (8,y) with 8 >y >0 and C3 = 4+/2. O

LEMMA 3.18

There exists a constant C4 > 0 such that whenever >y >0 and t = t(8,y) is
chosen as in Lemma 3.16, then for all € MyA(G) N C(K\G/K),

lo(D(B.y)) —e(DQ1.1))| < Cye™% @l pmoa(G)-

Proof

Let 8 >y > 0. Assume first that y > 2, and let o > 0 be the unique solution in [0, c0)
to the equation sinh 8 sinhy = % sinh? a, and observe that « > 0, because > y > 2.
Put

__ sinhf —sinhy -
~ sinh(Ra)
Since sinh(2e) = 2sinha cosha > 2 sinh? o, we have

_ sinh 8 - sinhf 1
~ sinh(2a) ~ 2sinh?«a  4sinhy’

a

39



40

A. SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION PROPERTY

SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION PROPERTY 951
. 1 1 _ 1 2 2 2 _ 1
In particular, a; < 7 3 Put now b = /5 —a7. Then 1 — a7 — by = 5. Hence,

sinh B sinh y = sinh? (1 — a? — h?) and sinh 8 — sinhy = sinh(2)a; . Let

ay+ib -1
u1=<1 1 ! V2 )ESU(Q.)

— al—ibl

Ng

By Lemma 3.9, we have Dyu; Dy € KD(B,y)K.

By Lemma 3.16, we have sinh(2¢) sinh¢ = sinh 8 sinhy = % sinh? a. Moreover,
by (12), we have t > % > 1. By replacing (8, y) in the above calculation with (2¢,¢),
we get that the number

sinh(2¢) — sinh¢
ar=—— >
sinh(2cx)

’

satisfies

1 1
< <
42 = 4sinht — 4sinh1

Hence, we can put b = /1 — a3 and

a2+ib2 —%
Uy = ; .
2 % Clz—lbz

1
<-.
—4

Then
sinh(2¢) sinh¢ = sinh® a(1 — a3 — b3),
sinh(2¢) — sinh ¢ = sinh(2a)as,
and u, € SU(2). Hence, by Lemma 3.9, Dyu, D, € KD(2¢,¢)K. Put now 6; =

arg(a; +ib;) =% —sin_l(%) for j =1,2. Since 0 <a; < % for j = 1,2, and

since % sin"l7 = J11_7 < 2fort e [0, %], it follows that

16) — 65 < ‘sin_l(%) — sin™! (%))

<lai —as|

<max{ar,as}

1 1
< max { —_— }
4sinhy 4sinht
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because 1 > £. Since y > 2, we have sinh 2 = %e%(l —e V) > %e%. Hence, we
have |6; — 65| < e~ % . Note that a; = %eie-/ for j = 1,2, so by Corollary 3.6 and

Lemma 3.7, the function ¥ () = ¢(DquDy), u € U(2) = K, satisfies
Vau1) = Vau2)| < €161 — 621% [ Vel ato aci)
< Ce ¥ gl moaco). (15)
Since Dqui1 Dy € KD(B,y)K and Dyuy Dy € KD(2t,t) K, it follows that
[0 (D(B.) =0 (DC1.0)| = CeFllplmya)

forall y > 2. For y satisfying 0 < y <2, we can instead use that ||¢|| s < |||l s, 4(G)-

. =~ 1 .
Hence, with C4 = max{C,2e#}, we obtain

l0(D(B.7)) — (D21, 1)| < Cae™ ¥ 9 moaca)

forall B >y >0. O

LEMMA 3.19
Let s >t > 0. Then the equations
sinh? B 4 sinh? y = sinh?(2s) + sinh? s,

(16)
sinh § sinh y = sinh(2¢) sinh ¢,

. . 2 . . 3
have a unique solution (B, y) € R? for which B >y > 0. Moreover, if 1 <t <s < 3,
then

B—-2s] <1,

(17)
ly +2s —3t| <1.

Proof

Put p(s) = sinh?(2s) + sinh? s for s > 0, and o'(¢) = 2sinh(2¢) sinh¢ for t > 0. Then
p and o are strictly increasing functions on [0, 00), and for all s > 0, we have p(s) =
o(s) + (sinh(2s) — sinhs)? > 0. Hence, for all s > ¢ > 0, we have p(s) — o (t) >
o(s) —o(t) > 0. If (B,y) € R? is a solution of (16) and B > y > 0, then the pair
(x,y) = (sinh 8, sinh y) satisfies x > y > 0, and

(x £ )? = p(s) £a(1).

Hence,

e= (Vo) T 00 + Vo) o).

v =3 (Vo) 00 - Vp® — o).

41
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and thus (8,y) = (sinh™! x,sinh™! y) is the unique solution to (16) satisfying g >
y > 0. To prove (17), first observe that since sinh 8 > sinh y, we obtain from (16) that

%p(s) < sinh? B < p(s) and sinh B sinhy = %0([). Hence, +/ @ <sinh 8 < /p(s)
a(t)

o) . )
and Tan) = sinhy < 7200)" Using s >t > 1, we obtain

p(S) < l(e4s +eZS) < é(l +€_2) < le4s
— 4 — 4 -3
o(s) > l(l _ o) 204 > é(l ey > le‘”
— 4 — 4 -5 7
1 5
1) < — s
o(t) < 2e
1 o3t —4 -2 15
o) = e (1= (1 —e7) = s,

Altogether, we have proved that

2s 2s

Ji0 = <sinhf < \/_

L sos _ 5 30
— e <sinhy <4/ =e s,
230 T =V

T Hencel—e2ﬂ>1 Se72 > 2,
which implies that e < 4smh,3 < 4625 and P > 2sinh B > ﬁ 5. Therefore,

From the first inequality we have e# >

&

|B — 25| < max{log 5 log 52 } <1.
Under the extra assumption s < %, we have 3t — 25 > 0. Hence, cosh?y =
sinh®>y + 1 < 5e6’ ~45 4+ 1 < 1257% which implies that e” = sinhy + coshy <

[ ,/ e3=2s <3 5 e3=25 Moreover, e¥ > 2sinhy > j_ e3'725 Hence,

5
|y+25—3t|§max{log(3\/;),logx/§}S1. O

LEMMA 3.20
There exists a constant C5 > 0 such that whenever s,t > 0 satisfy 2 <t <s < gt,
then for all p € My A(G) N C(K\G/K),

0(D2s,5)) — 9(D(21,1))| < C5e™ 15 |0ty a6 -

Proof
Choose B > y > 0 as in Lemma 3.19. Then by Lemma 3.17 and Lemma 3.18, we
have
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lp(D(25.9)) — p(D(B. )| < Cs¢™F 9l o (G-
le(D@t.1)) —p(D(B.))| < Cae™¥ |9l moaco)-
Moreover, by (17),

B—y>QR2s—1)—Bt—2s+1)=4s -3t —-2>s5-2,
s—2
5

5
y23t—2s—125s—2s—1:

Hence, since s > 2, we have min{e~7, e_(ﬂ_y)} < 7, Thus, the lemma follows
from Lemma 3.17 and Lemma 3.18 with Cs = et (C3 + Cy). O

LEMMA 3.21
There exists a constant Cg > 0 such that for all ¢ € My A(G) N C(K\G/K) the limit
Coo (@) = limy_00 (D (2t,1)) exists, and for all t > 0,

|0(D(21,1)) = coo(@)| < Coe™ T8 0]l sy acc)-

Proof
By Lemma 3.20, we have for u > 5 and y € [0, 1] that

lo(DQu,u)) — ¢(DQu + 2y,u + y))| < Cse™16 gl poa(G)- (18)

Lets>¢>5.Thens =t +n + §, where n > 0 is an integer and § € [0, 1). Applying
equation (18) to (u,y) =@+ j,1), j =0,1,...,n—1 and (u,y) = (t +n,8), we
obtain

lo(D@e0) = o(Ds.9)| = C5(3 T ) lolmgac
j=0

_ 1
< Cse7 16 |9 My aG)-

where C = (1 — e~ 16)~!Cs. Hence (p(D(2t.1)))
Coo(®) = limy o0 (D (2t,1)) exists, and

1>5 is a Cauchy net. Therefore,

l0(D21,1)) = cool9)| = lim |o(D21,1)) = ¢(D(2s,9)| = Ce™ 16 @l moac6)
forall t > 5. Since ||¢|lco < ||¢llay4(G)» We have forall 0 <t <5,
[0(D(21,1)) = coo ()| < 2]l a0 4(6)-

Hence, the lemma follows with C¢ = max{CZ, 2eTs }. O
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Proof of Proposition 3.2

Letp € MpA(G)NC(K\G/K),and let (21,a2) = (B,y), where § > y > 0. Assume
first B > 2y. Then § —y > B so by Lemma 3.16 and Lemma 3.17, there exists an
s > % such that

lp(D(B.7)) — @(D(25,9))| < Cse™ 16 |0 0 46)-

By Lemma 3.21,

s _B
l9(D(25.5)) — cool9)| < Coe™ 16 |l@l moaca) < Coe™ 8% @l moa6)-

Hence,

0(D(B.7)) = coo(®)] < (C3 + Co)e™ % [0l a0 46)-

Assume now that B < 2y. Then, by Lemma 3.16 and Lemma 3.18, we obtain that

there existsaz > £ > % such that

lp(D(B. 7)) — p(D2t,1))| < Cae™ 6 | gll o ()

and by Lemma 3.21,

_L _B
lo(D(21,1)) — coo(p)| < Cse™ 16 |9l apa(6) < Coe™ 5% |91l o a(6)-

Hence,

p(D(B.7)) = coo(9)| < (Ca + Co)e % (|0l ato 4 G-

Therefore, for all 8 > y > 0, we have

_B
[0(D(B.7)) — coo(@)| < Cre™ 5% |9l a0 ()

where C; = max{C3 + C¢, C4 + Cg}. This proves the proposition, because |||, =

VB2 + 2 <2 O

Remark 3.22

In [26, Definition 4.1], Lafforgue introduces the property (Tschy) for a locally com-
pact group G relative to a specified compact subgroup K of G. It is not hard to see
that our Proposition 3.2 implies the degenerate case (s = 0) of the property (Tscpyr) for
G = Sp(2, R) relative to its maximal compact subgroup K = U(2). In the same way,
Proposition 5.2 implies the degenerate case of the property (Tschyr) for G = SL(3,R)
relative to K = SO(3).
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4. Simple Lie groups with finite center and real rank greater than or equal to
two do not have the Approximation Property

In the previous section we proved that Sp(2,R) does not have the AP. Together with

the fact that SL(3, R) does not have the AP, this implies the following theorem.

THEOREM 4.1
Let G be a connected simple Lie group with finite center and real rank greater than
or equal to two. Then G does not have the AP.

Proof

Let G be a connected simple Lie group with finite center and real rank greater than
or equal to two. By Wang’s method [32], we may assume that G is the adjoint group,
so that G has a connected splitting semisimple subgroup H with real rank 2. Such
a subgroup is closed, as was proved in [10]. It is known that H has finite center
and is locally isomorphic to either SL(3,R) or Sp(2,RR) (see [1], [30]). Since the
AP is passed to closed subgroups and as it is preserved under local isomorphisms
(see Proposition 2.4), we conclude that G does not have the AP, since SL(3,R) and
Sp(2,R) do not have the AP. O

Remark 4.2

Note that we could as well have stated the theorem for connected semisimple Lie
groups with finite center such that at least one simple factor has real rank greater
than or equal to two, since this factor would then contain a subgroup that is locally
isomorphic to either SL(3,R) or Sp(2,R).

Letn > 1, and let K be field. Countable discrete subgroups of GL(n, K) are exact,
as was proven in [16]. Recall that a lattice in a second countable locally compact group
is a closed discrete subgroup I" such that G/ I' has bounded G -invariant measure. As
mentioned in Section 1, if I" is a lattice in a second countable locally compact group
G, then G has the AP if and only if I' has the AP. These observations imply the
following result.

THEOREM 4.3
Let T be a lattice in a connected simple linear Lie group with finite center and real

rank greater than or equal to two. Then T is an exact group and does not satisfy
the AP.

COROLLARY 4.4
For every lattice in a connected simple Lie group with finite center and real rank
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greater than or equal to two, the reduced group C*-algebra C;(I") does not have the
OAP and the group von Neumann algebra L(I") does not have the w*OAP.

Remark 4.5

We do not know yet if the finite center condition in Theorem 4.1 can be omitted.
If G is a connected simple Lie group with real rank greater than or equal to two
(and maybe infinite center), it contains a connected splitting semisimple subgroup
H locally isomorphic to either SL(3,R) or Sp(2,R). This implies that H is a group
isomorphic to a quotient of the universal cover of either SL(3,R) or Sp(2,R) by a
discrete subgroup of the center of the universal cover. If H is locally isomorphic to
SL(3,R), our arguments still hold, since the universal cover is finite. However, the
universal cover of Sp(2,R) is infinite, so our arguments do not work any longer. If
the universal cover of Sp(2,R) does not have the AP, then this would imply that the
finite center condition in the theorem can be omitted.

5. The group SL(3,R)
In this section we consider the group G = SL(3, R) with maximal compact subgroup
K = SO0O(3). Recall that Lafforgue and de la Salle proved the following theorem.

THEOREM 5.1 (Lafforgue and de la Salle [28, Theorem C])
The group SL(3,R) does not have the AP.

We give a proof of this theorem along the same lines as our proof for the group
Sp(2,R). In particular, we do not make use of the Ang{)“" for 1 < p < oo. Itis clear
that Theorem 5.1 is implied by Proposition 5.2 below in exactly the same way that
Theorem 3.1 is implied by Proposition 3.2, namely, by applying the Krein—Smulian
theorem to show that the space MyA(G) N Co(K\G/K) is closed in My A(G) in the
0 (MyA(G), My A(G)«)-topology.

LetG,K, A, AT be as defined in Example 2.2. Then G = KATK. Following the
notation of [25, Section 2] and [28, Section 5], put D(s,t) = e diag(e*t?, ¢!, 1),
where 5,# € R. Then A = {D(s,7) | s,t € R} and AT = {D(s,7) | s >0, t > 0}.

PROPOSITION 5.2

Let G =SL(3,R) and K = SO(3), and let MyA(G) N C(K\G/K) denote the set of
K-biinvariant completely bounded Fourier multipliers on G. Then there exist con-
stants C1,Cy > 0 such that for all ¢ € MgA(G) N C(K\G/K) the limit ¢oo :=
limg o0 (g) exists, and for all s,t > 0,

lo(D(s,1)) — @os| < Cill@ll moaaye” 26T,
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In [25, Proposition 2.3] Lafforgue proved a similar result for coefficients of cer-
tain nonunitary representations of G = SL(3,R). Below we outline a proof of Propo-
sition 5.2 that relies on the methods of [25, Section 2] and on the previous sections of
this paper.

Consider the pair of compact groups (K, Kg), where K is as above and Kj is the
subgroup of K isomorphic to SO(2) given by the embedding

10
50(2)%(0 30(2))'

It is easy to see that if ¢ is a Ky-biinvariant function on K, then ¢ depends only
on the first matrix element g;;; that is, ¢(g) = ¢°(g1) for a certain function ¢° :
[-1,1]—C.

LEMMA 5.3
Let ¢ : K —> C be a Ky-biinvariant completely bounded Fourier multiplier. Then

0(g) = ¢°(g11) and for all x € [—1,1],
1
|900(x) - (PO(O)| <4|ellmoax)|x|2.

Proof

By [14] and [9], the pair (SO(3),SO(2)) is a compact Gelfand pair, and the spheri-
cal functions are indexed by n > 0 and given by ¢,(g) = P,(g11), where P, again
denotes the nth Legendre polynomial. By Proposition 2.3 the function ¢° can be writ-
tenas 9° =Y, .o CnPn, where ¢, € C and 3", ¢ |cn| = @l My a(k)- Moreover, by
Lemma 3.11 we know that -

1

| Pn(x) — Pn(0)] < 4|x|2 (19)
forn € Ng and x € [—% %] Since | P,(x)| <1 for all n € Ny and x € [—1, 1], the
inequality given by (19) holds for % < |x| <1 as well. The result now follows. O
LEMMA 5.4

Let ¢ € MyA(G) N C(K\G/K), and let r > 0. Then the function ¥, : K — C
defined by V,(k) = @(D(r,0)kD(r,0)) is Ko-biinvariant and V| pmyak) <
el moac6)-

Proof
The matrix D(r,0) = e 5 diag(e”,1,1) commutes with Ky. Therefore the lemma
follows from the proof of Lemma 3.7. O
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LEMMA 5.5
Let 9 € MgA(G) N C(K\G/K), and let q,r € R such that r > q > 0. Then

l0(DQ2q.r —q)) —¢(DO,1)| < 4e™ =" 9]l Mo a6)- (20)

Proof
If r = ¢ = 0, then (20) is trivial, so we can assume that r > 0. Let ¥/, (g) = ¥2(g11)
be the map defined in Lemma 5.4. It follows that

cosf sinf 0
w?(cose)zq) D(r,0)| sinf cosf 0] D(r,0)

0 0 1
e cost) —esinf 0
=9 e~ % | e sind cosf 0
0 0 1

By the polar decomposition of SL(2,R), there exist k1, k> € SO(2), and a ¢ > 0 such

that
e"cosff —sinf —k e? 0 K
sinf e Tcosf) TP\ 0 ed)"*
Comparing the Hilbert—Schmidt norms (similar to the method we applied for the

case Sp(2,R)) and subtracting 2 = 2(sin? § + cos? #) on both sides, we obtain (e” —
e ")?cos? § = (e? — e~9)2. It follows that

sinhg = | cos @|sinhr, 21

and all values of ¢ € [0, 7] occur for some 6 € [0, 3]. By defining ki = (i 9) for
i =1,2, we get

cosf sinf 0 ) 3
D(r,0)| sin@ cos® 0] D(r,0) =k D2g,r —q)ka,
0 0 1

and hence, by the SO(3)-biinvariance of ¢, we get ¥2(cosf) = p(D(2q,r — q)).
For § = %, we have g = 0. Therefore ¥2(0) = ¢(D(0,r)). Hence, for r > 0 and
r>gq >0, wehave Y2(cos 0) — 2(0) = (D (2q,r —q)) —p(D(0,r)) if (21) holds.
Hence, by Lemma 5.3 we have

sinhq) 3

lo(DQ2gq.r —q)) —@(D(0.1))| < 4||(P||M0A(G)(Sinhr

_r—aq
<4|ollmyacre” 2 .
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where we have used that for r > ¢ > 0 and r > 0 the following holds:

: -2
s%nhq :eq_r(l—e q><eq—r_
sinhr

This proves the lemma. O

LEMMA 5.6
Let ¢ € MogA(G) N C(K\G/K). Fors,t >0,

‘(p(D(s,t))—(p(D(s—ZZI,S-l_zt))

t
< 8llellmyacre 3,

s
3 .

25+t 25+t
) <8llellmya)e

‘w(D(s,t)) - w(D< T

Proof
From Lemma 5.5, it follows that in the special case g = % we have

o(2(5:5)-et00r)

Combined with the estimate of Lemma 5.5 it follows that in the general case we have
r—q

e(DQq.r =) —¢(D(¥. 5))| = Atll@llmoace). where Ay =4(e™ 2" +e75).
Substituting (s,7) = (2q,r —q), we get for all s, > 0 that

‘go(D(s,t))—(p(D(S_gzt,s—;2I>)

where A, = 4(6_% + e_SJEZI) < 8¢~ 5, which proves the first inequality of the

<4|ellmoare 3.

< AlellmoaG)-

lemma.
By the SO(3)-biinvariance of ¢, it follows that

¢ (diag(e®', e?,e*3)) = p(diag(e*?, e*2,e*"))

whenever @y + a5 + a3 = 0. Hence ¢(D(s,1)) = o(D(—t,—s)) = ¢(D(t,s)), where
@(g) =@(g™") forall g € G. Since ||@[lmyacc) = ¢l My a(G)» We obtain the second
inequality of the lemma by applying the first inequality to ¢ with s and ¢ interchanged.

U

LEMMA 5.7
Let ¢ € Mg A(G) N C(K\G/K), and let u,v > 0 such that %u <v< %u Then

lo(D(u,u)) — (D, v))| < 16|l ayacre ™.

where w = min{u, v}.



50

A. SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION PROPERTY

SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION PROPERTY 961

Proof

Puts =2v—wuandt =2u—v. Thens,t >0,and u = % and v = %.Hence,by
Lemma 5.6, we get [¢(D(s.1)) = ¢(D(ut,1)| = 8¢l s acr¢ ™5 and lp(D(s.1)) -
e(D(v,v))| < 8|l¢llmyac)e” 3. Hence,

lo(D(u,u)) — (D, )| < Asll@ll Mo ac6)-

where Az = 8(e~3 + e_%) = 8(e_2u3_v + e~ BT ). By the assumptions on u and v,

. — — _u _v —_w
we obtain 2”3 £ > % and ZUTM > ¢. Hence, A3 <8(e”6 +e76) < 16e~ ¢, where
w = min{u, v}. This proves the lemma. O

Proof of Proposition 5.2.
Applying the method of the proof of the case Sp(2,R), it is clear that Lemma 5.7
implies that ¢ := limy, .0 ¢(D (4, u)) exists. Moreover, for u > 2,

lo(D(u,u)) —c| < Z|<p(D(u +n+lLu+n+1)—@(Du+nu+n))|

n=0

o0
< 1675 [|¢ll o acG) Ze‘E

n=0
<112e ¢ |l¢llmya6)

since Y no e~6 <7.Since |p(D(u,u)) —c| < 2|l¢ll myacc) for 0 <u <2, we have
for all u > 0 that |@(D(u,u)) —c| < 112¢76 lellaoac)- Let now s, ¢ > 0. If s <,
then this implies that

1 _st2r
lo(D(s.1)) —c| < (8e™3 + 112¢™ 18")|l@] ppa(c)
st st
<@®e” ¢ +112¢" 12)| ¢l myaG)-

If s > ¢, then we get the same inequality. Hence the proposition holds with ¢, = c,
Cy=120and C; = 35. O
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Abstract

In 2010, Lafforgue and de la Salle gave examples of noncommutative LP-spaces without the operator
space approximation property (OAP) and, hence, without the completely bounded approximation property
(CBAP). To this purpose, they introduced the property of completely bounded approximation by Schur

multipliers on S?, denoted APECIC’{)", and proved that for p € [1, %) U (4, 0o] the groups SL(n, Z), with

n > 3, do not have the APfflgtl)". Since for p € (1, 00) the APff}C‘l‘)’r is weaker than the approximation property
of Haagerup and Kraus (AP), these groups were also the first examples of exact groups without the AP.
Recently, Haagerup and the author proved that also the group Sp(2, R) does not have the AP, without using
the AP?}?BE“. In this paper, we prove that Sp(2, R) does not have the APi‘??gr for p € [1, %) U (12, 00]. It
follows that a large class of noncommutative L”-spaces does not have the OAP or CBAP.

© 2013 Elsevier Inc. All rights reserved.

Keywords: Approximation properties; Noncommutative LP-spaces; Lie groups; Schur multipliers

1. Introduction

Let M be a finite von Neumann algebra with normal faithful trace 7. For 1 < p < oo, the non-
commutative L”-space L? (M, t) is defined as the completion of M with respect to the norm
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lxllp, = r((x*x)g)ll_’, and for p = oo, we put L°°(M, 1) = M with operator norm. In [23],
Kosaki showed that noncommutative LP-spaces can be realized by interpolating between M
and L' (M, 7). This leads to an operator space structure on them, as described by Pisier [27] (see
also [20]).

An operator space E is said to have the completely bounded approximation property (CBAP)
if there exists a net Fy of finite-rank maps on E such that sup,, || Fy|lc» < C for some C > 0,
and lim, || Fyx — x| = 0 for every x € E. The infimum of all possible C’s is denoted by A(E).
If A(E) =1, we say that E has the completely contractive approximation property (CCAP).
An operator space E is said to have the operator space approximation property (OAP) if there
exists a net Fy of finite-rank maps on E such that limg || (idg(2) ® Fo)x — x|| = 0 for all x €
IC(£%) ®min E. Here K(¢£2) denotes the space of compact operators on the Hilbert space £2. The
CBAP goes back to De Canniere and Haagerup [5], and the OAP was defined by Effros and
Ruan [9]. By definition, the CCAP implies the CBAP, which in turn implies the OAP.

Recall that a lattice in a Lie group G is a discrete subgroup I of G such that G/I" has finite
invariant measure. In this paper, we consider noncommutative L”-spaces of the form L? (L(I")),
where L(I") is the group von Neumann algebra of a lattice I” in a connected simple Lie group G.
Such a von Neumann algebra L(I") is finite and has canonical trace 7 :x + (x§1, 81), where
81 € 82(1" ) is the characteristic function of the unit element 1 € I".

It was proved by Junge and Ruan [20, Proposition 3.5] that if " is a weakly amenable (count-
able) discrete group, then for p € (1, 00), the noncommutative L”-space LP(L(I")) has the
CBAP. Recall that connected simple Lie groups of real rank zero are amenable. By the work
of Cowling and Haagerup [6] and Hansen [17], all connected simple Lie groups of real rank one
are weakly amenable. This implies that for every p € (1, 0o) and every lattice I" in a connected
simple Lie group G of real rank zero or one, the noncommutative LP-space L?(L(I")) has the
CBAP.

The existence of noncommutative L”-spaces without the CBAP follows from the work of
Szankowski [29]. The first concrete examples were given recently by Lafforgue and de la
Salle [24]. They proved that for all p € [1, %) U (4, oo] and all lattices I" in SL(n, R), where
n > 3, the space LP(L(I")) does not have the OAP (or CBAP). They also proved analogous
results for lattices in Lie groups over nonarchimedean fields. In their work, the failure of the
OAP for the aforementioned noncommutative L?-spaces follows from the failure of a certain ap-
proximation property for the groups SL(n, R). This property, called the property of completely
bounded approximation by Schur multipliers on S? (see Section 2.6), denoted AP?f?g‘r, was in-
troduced by Lafforgue and de la Salle exactly to this purpose.

Other approximation properties for groups (see [3]), e.g., amenability, weak amenability, and
the approximation property of Haagerup and Kraus (AP) (see [14]), are related to the APf)C?'gr
It is well-known that amenability of a group G (strictly) implies weak amenability, which in
turn (strictly) implies the AP. For p € (1, o), the APif?gr is weaker than the AP. In this way,

the APi‘flggr gave rise to the first example of an exact group without the AP, namely SL(3, Z).
Recently, Haagerup and the author proved that also Sp(2, R) does not have the AP [15], in a more
direct way than Lafforgue and de la Salle did for SL(3, R). Indeed, the APS‘:hur was not used in
the proof. On the other hand, as was mentioned earlier, the method of Lafforgue and de la Salle
also gives information about approximation properties of certain noncommutative L”-spaces.
For this, it is actually crucial to use the APSChur Haagerup and the author also proved that all
connected simple Lie groups with finite center and real rank greater than or equal to two do not
have the AP, building on the failure of the AP for both SL(3, R) and Sp(2, R).
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The following are the main results of this article.

Theorem 3.1. For p € [1, %) U (12, o], the group Sp(2, R) does not have the APif}Clt‘)“.

Theorem 4.3. Let p € [1, i—%) U (12, oo], and let I be a lattice in a connected simple Lie group
with finite center and real rank greater than or equal to two. Then LP (L(I")) does not have OAP
(or CBAP).

The paper is organized as follows. In Section 2, we recall some preliminary results, and we
make a study of Schur multipliers on Schatten classes corresponding to (compact) Gelfand pairs,
which provides us with suitable tools for our proof. In Section 3, we prove Theorem 3.1, and in
Section 4, we prove Theorem 4.3.

2. Preliminaries
2.1. Schur multipliers on Schatten classes

This section partly follows the exposition of [24, Section 1]. More details can be found there.
For p € [1, 00] and a (separable) Hilbert space H, let S”(#) denote the pth Schatten class
on H. Recall that S°°(H) is the Banach space KC(H) of compact operators (with operator norm)
on H, and for p € [1, 00), the space S”(H) consists of the operators 7' on H such that || T||, =

Tr((T*T)g)% < 00, where Tr denotes the (semifinite) trace on B(#). In this way, SP(H) is a
Banach space for all p € [1, co]. We use the notation S} = S (5,21) and S? = S”(¢?%). Note that
the space S?(#) corresponds to the Hilbert—Schmidt operators on .

Schatten classes can be realized by interpolating between certain noncommutative L?-spaces
in the semifinite setting. Indeed, we have S”(#H) = L? (B(#), Tr). Noncommutative L”-spaces
in the semifinite setting can be defined analogously to the finite case, which was described in
Section 1. For details, see [28]. The natural operator space structure on S? () follows from [27].
For our purposes, the following characterization of the completely bounded norm of a linear map
between Schatten classes is important. Recall that S”(H) ® SP(K) (algebraic tensor product)
embeds naturally into S? (H ® K) (Hilbert space tensor product). Let 7 : SP(H) — SP(H) be a
bounded linear map, and let C = ¢2. Then T is completely bounded if the map T ® idg» extends
to a bounded linear map on S? (H ® €2), and we have || T || = || T Qidgr || = Sup,en IT ® ids’;; |
(see [28, Lemma 1.7]).

A linear map T : M, (C) — M,,(C) of the form [x;;] > [;;x;;] for some matrix ¥ € M, (C)
is called a Schur multiplier on M,,(C). More precisely, the operator 7 is called the Schur mul-
tiplier on M, (C) with symbol ¥, and it is also denoted by My, . In what follows, we need more
general notions of Schur multipliers.

Let (X, u) be a o-finite measure space. Let k € L2(X x X, ® ). It is well-known that
the map T : L*(X, ) — L3(X, ) defined by (Tr fH(x) = fX k(x,y)f(y)du(y), is a Hilbert—
Schmidt operator on L2(X, w). Conversely, if T € S2(LA(X, W), then T = T for some k €
L2(X x X, ©u Q w). In this way, we can identify S2(L3(X, W) with L*(X x X, u® ), and we
see that every Schur multiplier on S2(L2(X, 1)) comes from a function ¥ € L°(X x X, u ® i)
acting by multiplication on L2(X x X, u ® ).

Definition 2.1. Let p € [1,00], and let ¥ € L®°(X x X, u ® n). The Schur multiplier with
symbol v is said to be bounded (resp. completely bounded) on SP(L2(X, u)) if it maps
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SP(L2(X, ) N S3(L2(X, w)) into SP(L*(X, 1)) (by Ty > Tyx), and if this map extends (nec-
essarily uniquely) to a bounded (resp. completely bounded) map My, on S? (L2(X, ).

The norm of such a bounded multiplier ¢ is defined by [V [lysr(12(x, ) = My, and
its completely bounded norm by ||| bMSP (L2(X, ) = My lcp. The spaces of multipliers and
completely bounded multipliers are denoted by MS” (L%(X, p)) and ¢cbMSP (L3(X, 1)), respec-
tively. It follows that for every p € [1,00] and ¥ € L®°(X x X, u ® u), we have ||[¥/] oo <
||W||MsP(L2(x,u)) < ||1/f||chSI’(L2(X,u))'

Ifl+ é =1, we have |V llyspr2x, 00) = 1V lpsa 22 (x, uy)- By interpolation and duality we
have that whenever 2 < p < g < oo, then ||1ﬁ||MSp(L2(X,M)) < |W||MSQ(L2(X,M))- These results
also hold for the completely bounded norm.

Lemma 2.2. (See [24, Lemma 1.5 and Remark 1.6].) The Schur multiplier corresponding to ¥ €
L®(X x X, u @ p) is completely bounded on SP(L*(X, ) if and only if the Schur multiplier
corresponding to ¥ (x,€,y,n) = ¥(x,y) is completely bounded on SP(L*(X x 22,11 Q@ v)),
where (2, V) is a o-finite measure space, and

I Wlcomase (r20x ) = W lewmase (L20x x 2, ey -
If L>(82,v) is infinite-dimensional, these norms equal | laas? (L2 (x x 2, p@v))-

Lemma 2.3. (See [24, Theorem 1.19].) Let (X, ) be a locally compact space with a o -finite
Radon measure w, and let ¥ : X x X — C be a bounded continuous function. Let 1 < p < o0.
The following are equivalent:

(1) we have y € MSP (L*(X, ) with 1V lasp 2 x ) < Cs
(2) for every finite set F = {x1,...,x,} C X such that F C supp(u), the Schur multiplier given
by (Y (xi,x;))i,j is bounded on SP (L2(F)) with norm smaller than or equal to C.

The analogous statement holds in the completely bounded case. In particular, the norm and the
completely bounded norm of the multiplier only depend on the support of |, and if this support
does not have any isolated points, then the norm and the completely bounded norm coincide.

2.2. Schur multipliers on locally compact groups

For a locally compact group G and a function ¢ € L*°(G), we define the function ¢ €
L°(G x G) by ¢(g,h) = (p(g_lh). The notation ¢ will be used without further mentioning.
In what follows, we will consider continuous functions ¢ : G — C such that ¢ is a (completely
bounded) Schur multiplier on S?(L%(G)).

2.3. KAK decomposition for Lie groups

Recall that every connected semisimple Lie group G with finite center can be decomposed
as G = KAK, where K is a maximal compact subgroup (unique up to conjugation) and A is
an abelian Lie group such that its Lie algebra a is a Cartan subspace of the Lie algebra g of G.
The dimension of a is called the real rank of G and is denoted by Rankr (G). The K AK decom-
position is in general not unique. However, after choosing a set of positive roots and restricting
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to the closure AT of the positive Weyl chamber At we still have G = K ATK. Moreover, if
g =kjaky, where k1, ky € K and a € AT, then a is unique. For more details, see [18,21].

2.4. Gelfand pairs and spherical functions

Let G be a Lie group with compact subgroup K. We denote the (left) Haar measure on G
by dx and the normalized Haar measure on K by dk. A function ¢:G — C is said to be
K -bi-invariant if ¢(kjgk2) = ¢(g) for all g € G and k1, k> € K. Note that for ¢ € C(G), the
continuous function defined by ¢ X (g) = / % J, x ¢(kgk") dk dk’ is K -bi-invariant. By abuse of no-
tation, we denote the space of K -bi-invariant compactly supported continuous functions on G by
C.(K \ G/K). This space can be considered as a subalgebra of the convolution algebra C.(G).
If this subalgebra is commutative, then the pair (G, K) is said to be a Gelfand pair. Equivalently,
if G is a Lie group with compact subgroup K, then (G, K) is a Gelfand pair if and only if for
every irreducible unitary representation 7 of G on a Hilbert space H, the space H, consisting
of K-invariant vectors, i.e., Hy, = {§ € H | Vk € K: (k)5 = £}, is at most one-dimensional.
Also, the pair (G, K) is a Gelfand pair if and only if the representation L?(G/K) is multiplicity
free.

Let (G, K) be a Gelfand pair. A function & € C(K \ G/K) is called a spherical function if the
functional y on C.(K \ G/K) given by x (¢) = f G (p(x)h(x_l) dx defines a nontrivial character,
ie., x(ex¥) = x(@)x () forall ¢, ¥ € C.(K \ G/K). Spherical functions arise as the matrix
coefficients of K-invariant vectors in irreducible representations of G.

It is possible to consider Gelfand pairs in more general settings than Lie groups, e.g., in the
setting of locally compact groups (see [7,11]).

2.5. Schur multipliers on compact Gelfand pairs

Let G and K be Lie groups such that (G, K) is a Gelfand pair, and let X = G/K denote
the homogeneous space (with quotient topology) corresponding with the canonical (transitive)
action of G. It follows that K is the stabilizer subgroup of a certain element e¢p € X. In this
section we consider Schur multipliers on the Schatten classes S? (), where H = L%(G) or
L%(X). To this end, it is natural to look at multipliers on G that are K -bi-invariant. Denote by
D the space K \ G/K as a topological space, and denote by f:K \ G/K — D, KgK > &
the corresponding homeomorphism. It follows that every function ¢ in C(K \ G/K) induces a
continuous function ¢° on D such that ¢(g) = ¢°(&) for all g € G, where & is the image under
the homeomorphism f.

A Gelfand pair (G, K) is called compact if G is a compact group. In this section, all Gelfand
pairs are assumed to be compact, unless explicitly stated otherwise. For compact groups ev-
ery representation on a Hilbert space is equivalent to a unitary representation, every irreducible
representation is finite-dimensional, and every unitary representation is the direct sum of ir-
reducible ones. For an irreducible unitary representation w of G on a Hilbert space H,, let
P, = f x (k) dk denote the projection onto H, (see Section 2.4), and let G k denote the space
of equivalence classes of the irreducible unitary representations 7 of G such that P, # 0.

Lemma 2.4. Let (G, K) be a compact Gelfand pair, and let X = G/K be the corresponding
(compact) homogeneous space. Then

L*(X)= @ Hax-
HEGK
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Let hy, denote the spherical function corresponding to the equivalence class 7 of representations.
Then for every ¢ € L>(K \ G/K) we have

¢ = Z cpdimHhy,

HGéK

where ¢z = (@, hyz). Moreover, denoting by hg the (spherical) function on D corresponding to
hy, we have ¢° = Zneék cx (dim H )Y

This lemma follows from the Peter—Weyl theorem applied to a compact homogeneous space
(see, e.g., [19, Section V.4]). The decomposition of ¢ (and hence (po) is stated explicitly in [32,
Proposition 9.10.4].

Lemma 2.5. Let (G, K) be a (not necessarily compact) Gelfand pair, and let X = G /K denote
the corresponding homogeneous space. Choose ey € X so that K is its stabilizer subgroup. Let
¢ € C(K \ G/K). Then there exists a continuous function ¥ : X x X — C such that for all
g, heq,

¢(g7'h) = ¥ (geo, heo).

Proof. If geg = g'eq for g, g’ € G, then g~'g’ € K, and hence g’ = gk for some k € K. Hence,
by the K -bi-invariance of ¢, we know that ¢ (¢~ ' %) depends only on the pair (geo, heg) € X x X,
so there exists a function 1 : X x X — C such that go(g’]h) =Y (geo, hep). Since X = G/K is
equipped with the quotient topology, this function is continuous. O

Lemma 2.6. Let (G, K) be a compact Gelfand pair. If ¢:G — C is a continuous K -bi-
invariant function such that ¢ € cbMSP (L%(G)) (see Section 2.2) for some p € [1,00], then
1V leomse 2cx)) = ||¢||chSP(L2(G))’ where Y : X x X — C is as defined in Lemma 2.5. If K is
an infinite group, then these norms are equal 1o ||§ | ysr (12 (G))-

Proof. By [25, Lemma 1.1], the quotient map G — G /K has a Borel cross section. Let Y denote
the image of this cross section. The result now follows directly from Lemma 2.2 by putting
2 =K,sothat G =Y x K as ameasure space by the map (y, k) > ykforye Yandke K. O

We can now prove a decomposition result for Schur multipliers on S”(L?(G)) coming from
K -bi-invariant functions.

Proposition 2.7. Let (G, K) be a compact Gelfand pair, suppose that K has infinitely many
elements, and let p € [1,00). Let ¢ : G — C be a continuous K -bi-invariant function such that
@ € MSP(L*(G)). Then

1
. P v
(E |cn|P(d1mHn)> < @llpse2(6y)»

neGg

where c; and Hy are as in Lemma 2.4.
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Proof. As before, let (Ti f)(x) = fG k(x,y)f(y)dy. Then Tj is the projection on C1 € L2(X).

1
lex |P(dimHy)) P <
1Ty llgp 120x)
S VISPUIX)
”Tl HSI’(LZ(X)) =
1V llassp (L2 (xy)>» which is smaller than or equal to [Vl ppsr2(x)) = 1€lmse2Gy) bY
Lemma 2.6 under the assumption that K is an infinite group.

By Lemma 2.4, we have ¢ = ZneéK ¢y dimHy hy. By [19, Theorem V.4.3], it follows that

the operator Py, = dim?#; T}, is the projection onto #, where 1 : X x X — C denotes the

It follows that [|71lgpz2(x), = 1. It is sufficient to prove that (Zneék

1Ty llsp(r2(x))» Where ¢ is as before. Indeed, we have ||Tyllgrr2(x)) =

function induced by A, (see Lemma 2.5). Since L2(X) decomposes as a direct sum of Hilbert
spaces, we have

p

ITyl§p 2 = H > cndimHn Ty,

neGg

= Y lexlP Te(1Py, 17) = D lexl?dimMy. O

HEGK JTEGK

SP(L2(X))

Lemma 2.8. Let G be a locally compact group with compact subgroup K. For p € [1, o],
let ¢ € C(G) be such that ¢ € MSP(L*(G)). Then the continuous function ¢X defined by
9%(g) = [ [ ¢(kgk') dk k' induces an element $¥ of MSP(L*(G)), and ||¢¥ lmsr 26y <
Il Ms?(L2(G))- The analogous statement holds in the completely bounded case.

Proof. Let v, be a sequence of finitely supported probability measures on K pointwise converg-
ing to the Haar measure . Let ¢, : G — C be defined by ¢, (g) = [¢ [x ¢ (kgk") dv, (k) dv, (k).
Each ¢, is a convex combination of functions ygp of the form e (g) = @(kgk’), where
k, k' € K are fixed. Hence, ¢X is an element of the pointwise closure of conv{;gy | k, k' € K}.
One easily checks that for all k, k" € K, we have |[x@x llpsp(12(6)) = 19 lmse(12(Gy)- Hence, by
Lemma 2.3, we have ¢X € MSP(L*(G)), and ||¢pX lmsr 26y < 1@llpse (12(G))- The result for
the completely bounded case follows in an analogous way. O

2.6. The property APE:?{)H

In this section we recall the definition of the APf’:lg]‘)‘r, as given by Lafforgue and de la Salle
in [24]. First, recall that the Fourier algebra A(G) (see [10]) consists of the coefficients of the
left-regular representation of G. More precisely, ¢ € A(G) if and only if there exist £, n € L%(G)
such that for all x € G we have ¢(x) = (A(x)&, n). With the norm ||¢|| o) = min{||§[|[In]| | Vx €
G ¢(x) = (A(x)&, n)}, it is a Banach space.

Definition 2.9. (See [24, Definition 2.2].) Let G be a locally compact Hausdorff second countable
group, and let 1 < p < oo. The group G is said to have the property of completely bounded
approximation by Schur multipliers on S”, denoted APf}f}c‘t‘)‘r, if there exists a constant C > 0 and
anet gy € A(G) such that g, — 1 uniformly on compacta and sup,, [|¢u Il cpase(22(Gy) < C- The

infimum of these C’s is denoted by Aic}c‘t‘)"(G).

The following result is a key property of the APISf?I;‘r (see [24, Theorem 2.5]).
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Theorem 2.10. Let G be a locally compact Hausdorff group, and let I" be a lattice in G. Then
for 1 < p <00, we have Aiff:‘l‘)“(l") = Aif?gr(G).

Lafforgue and de la Salle also proved that for a discrete group I" and p € (1, 00), it follows
that Aiflggr(F ) € {1, 0o}. Since a semisimple Lie group G has lattices [1], we conclude by the

above proposition that for such a group, it also follows that Aif?gr(G) € {1, oo} for p € (1, 00).

Proposition 2.11. Let G be a locally compact Hausdorff group. The APingr satisfies the follow-
ing properties:

(1) for p =00 (or p =1, by the third statement of this proposition), the group G has the

AP?}??]‘J“ if and only if it is weakly amenable, and Alsflggr(G) = A(G), where A(G) denotes

the Cowling—Haagerup constant of G;
(2) for every locally compact group, Agffb“r(G) =1;

(3) if p,q €1, 00 such that % + ql =1, then ASM(G) = AN (G);

p.cb q.cb
4) if2< p<q < oo, then A,0N(G) < ASR(G);
(5) if H is a closed subgroup of G and 1 < p < o0, then Affg‘;r(H) < Aff?gr(G);

(6) if G has a compact subgroup K, and if ¢4 is a net in A(G) converging to 1 uniformly
on compacta such that sup, ||¢a||chMSp(Lz(G)) < C, then there exists a net ¢, in A(G) N
¢ <

C(K \ G/K) such that sup, |9y llcomsr (12(6))
pacta;
(7) if K is a compact normal subgroup of G and 1 < p < 00, then Alsflg]‘;r(G) = Aif?gr(G/K);
() if G1 and G» are locally isomorphic connected (semi)simple Lie groups with finite centers,

then for p € [1, 00], we have Alsfgtl’lr(Gl) = Ai??gr(Gz).

C that converges to 1 uniformly on com-

Proof. The first statement is clear. The second through the fifth statements are covered in [24,
Section 2]. The sixth statement follows from Lemma 2.8. By combining the sixth statement
and Lemma 2.6, the seventh statement follows. The fact that the net on the group converges
uniformly on compacta if and only if the net on the quotient does, is straightforward (see [6]).
For the eighth statement, note that the center is a normal subgroup of a group. Using the seventh
statement and the fact that the adjoint groups G1/Z(G1) and G2/Z(G»), where Z(G;) denotes
the center of G;, are isomorphic, we obtain the result. O

2.7. Approximation properties for noncommutative L -spaces

The operator space structure on a noncommutative L”-space L? (M, t) can be obtained by
considering this space as a certain interpolation space (see [23]). Indeed, the pair of spaces
(M, L'(M, 1)) becomes a compatible couple of operator spaces, and for 1 < p < co we
have the isometry L?(M, 1) = [M, Ll(M, 7)]1. By [28, Lemma 1.7], we know that for a

linear map T :LP(M,t) — LP(M, 1), its con:pletely bounded norm ||T ||, corresponds to
supyen lidgy ®T : SY[LP(M)] — S7[LP(M)]||. Using [28, Corollary 1.4] and the fact that
S!® L'(M) = L'(M ® M,), we obtain that S} [LP(M)] = LP(M ® M,), which implies that
1T |lco =sup,en IT ®id: LP(M & My) — LP(M @ My)|.

In Section 1 of this article, we recalled the definition of the CBAP, CCAP and OAP. It was
shown by Junge and Ruan [20] that if I" is a discrete group with the AP (of Haagerup and Kraus),
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and if p € (1, 00), then LP(L(I")) has the OAP, where L(I") denotes the group von Neumann al-
gebra of I". Lafforgue and de la Salle related the AP for groups and the OAP for noncommutative
LP-spaces to the APff?'gr.

Lemma 2.12. (See [24, Corollary 3.12].) If I is a countable discrete group with the AP, and if

p € (1,00), then Af;flggr(r) =1

Lemma 2.13. (See [24, Corollary 3.13].) If p € (1, 00) and I' is a countable discrete group such
that LP(L(I")) has the OAP, then A5 (I') = 1.

One of the main results of Lafforgue and de la Salle is the following.

Theorem 2.14. (See [24, Theorem E].) Let n > 3. For p € [1, %) U (4, oo], the group SL(n, R)
does not have the APECBE‘)".

As a consequence, the group SL(n, R) does not have the AP, and for p € [1, %) U (4, oo] and
a lattice I" in SL(n, R), the noncommutative L”-space L”(L(I")) does not have the OAP or
CBAP.

3. The group Sp(2,R)
In this section, we prove the following theorem. The proof is along the same lines as the proof
of the failure of the AP for Sp(2, R) in [15] (and for some details we will refer to that article),

but obtaining sufficiently sharp estimates for Schur multipliers on Schatten classes is technically
more involved.

Theorem 3.1. For p € [1, %) U (12, o), the group Sp(2, R) does not have the APff}Clgr.
In this section, we write G = Sp(2, R). Recall that G is defined as the Lie group

G:={geGL4,R)|g'Jg=1T},

_ 0 I
=0, %)
Here I, denotes the 2 x 2 identity matrix. The maximal compact subgroup K of G is isomorphic
to U(2) and explicitly given by

where

K:{(g _AB) eM4(R))A+iB eU(Z)}.

Let At = {D(ay, ap) = diag(e®!, e, e™ 1, ¢ ) | o} = ap > 0}. It follows that G = K ATK.
For p =1 and oo, the APSth‘)lr is equivalent to weak amenability (as mentioned in Propo-
sition 2.11), and the failure of weak amenability for G was proved in [13]. Therefore, we can

restrict ourselves to the case p € (1, 00). As follows from Proposition 2.11, it suffices to consider
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approximating nets consisting of K -bi-invariant functions. The following result gives a certain
asymptotic behaviour of continuous K -bi-invariant functions ¢ for which the induced function ¢
is a Schur multiplier on S?(L%(G)). From this, it follows that the constant function 1 cannot be
approximated pointwise (and hence not uniformly on compacta) by a K -bi-invariant net in A(G)
in such a way that the net of associated multipliers is uniformly bounded in the MS” (L*(G))-
norm. This implies Theorem 3.1.

Proposition 3.2. Let p > 12. There exist constants C1(p), C2(p) (depending on p only) such that
for all p € C(K \ G/K) for which ¢ € MSP (L*(G)), the limit Yoo = limyg||— 00 @(D(ay, a))
exists, and for all ¥y > ap > 0,

|o(D(@1,@2)) = poo| < LG llagsr12(Gpye~ P10,

where ||a|2 = ,/a% + a%.

Remark 3.3. Note that Proposition 3.2 is stated in terms of the MS” (L%(G))-norm rather than
the ¢cbMSP (L%(G))-norm. However, we have ||. asse 2y < I-lleppmse (22(Gy)» Which shows that
Proposition 3.2 is indeed sufficient to prove Theorem 3.1. Moreover, by [24, Theorem 1.18], the
claims are equivalent for non-discrete groups.

For the proof of Proposition 3.2, we will identify two Gelfand pairs in G and describe certain
properties of their spherical functions.

Consider the group U(2), which contains the circle group U(1) as a subgroup via the embed-
ding

1 0
U(1)c—>(0 U(l))CU(Z).

Let K denote the copy of U(1) in G under the identification of U(2) with K. It goes back to Weyl
[31] that (U(2),U(1)) is a Gelfand pair (see, e.g., [21, Theorem [X.9.14]). The homogeneous
space U(2)/U(1) is homeomorphic to the complex 1-sphere S(lC C C? and the double coset space
U(1)\ U(2)/U(1) is homeomorphic to the closed unit disc DccC by the map

u() <”” ”‘Z)U(1)+—> ).

uzr U2

The spherical functions for (U(2), U(1)) can be found in [22]. By the homeomorphism U(1) \

U(2)/U(1) =D, they can be considered as functions of one complex variable in the closed unit
disc. They are indexed by the integers /, m > 0 and explicitly given by

u
h[,m<ull l2):h?m(u11)’

Uzl U
where in the point z € I, the function h?m is explicitly given by
(0,1—m)

W (= 2Py l(2|z|2—1), [>m,
o PO DI~ 1), I<m,
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Here P,,(a’ﬁ ) denotes the nth Jacobi polynomial. These spherical functions satisfy a certain Holder
continuity condition, as is stated in the following lemma (see [15, Corollary 3.5]). The proof of
this lemma makes use of recent results by Haagerup and Schlichtkrull [16].

Lemma 3.4. For alll,m > 0, and for 61, 0> € [0, 21), we have
i0) i6
"\V2 "\V2
i6) i6

0o (¢ o (€

(%))
V2 V2

Here C > 0 is a uniform constant. Combining the two, we get

K? <eml) KO (eiez>‘<2icw 0|3
— |- — )| < 1 —602]%.
L,m «/5 Lm «/5

Let ¢ : U(2) — C be a U(1)-bi-invariant continuous function. Then

<CU+m~+1D)i6; — 6],

<2CU+m+ 1)‘5.

u u —

o) =¢ ( . “) =¢"u11), ueUQ), un €D,
Uzl U

for some continuous function ¢ : D — C. By Lemma 2.4, we know that L?(X) = B0 Him,

where X =UQ2)/U(1) = S(IC. It is known that dim H; ,, =1 4+ m + 1, so, by Proposition 2.7, we

get

o0
"= aml+m+Dhy,.
I,m=0
for certain ¢;,, € C. Moreover, by the same proposition, we obtain that if p € (1, co), then
1 . .. .
(Zl,m>0 lezm| P+ m 4+ 1) 7 < @llpse12u2)))> Where @ is defined as above by ¢(g, h) =
-1
(g h).

Lemma 3.5. Let p > 12, and let ¢ :U(2) — C be a continuous U(1)-bi-invariant function such
that ¢ is an element of MSP (L2(U(2))). Then goo satisfies

‘ o 0 o L ‘ - 1_3
- SCP)IPlpsr (L2 |6 —6a2]3 2P
@ <J§) @ (ﬁ) PII@IpmsP(L2(U2)))

for 61,6, €[0,2m). Here, C~'(p) is a constant depending only on p.

Proof. Let p, g € (1, c0) be such that % + % = 1. Then for 6y, 6, € [0, 27),

0 €i91 0 ei92
“” (ﬁ)“” <ﬁ)‘
= > lamll+m+1)

1,m=0

i0y i0
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,m sm
o V2 V2

i0 i\ |P\ %
() 1 (5)] )
"\V2 \V2

Note that [l ys22u2))) = 1@ msr 2wy~ If We look at the terms of the last sum, we get,
using Lemma 3.4 and the fact that min{x, y} < x®y'~¢ for x, y > 0 and ¢ € (0, 1), that

i0y i0y
h?m <e_) - h?m (e—)
"\V2 "\V2

<min{CP(L+m+ D)'F3P[0, — 0,17, 27 CP (I +m +n)' ~37)

<<Z

I,m=0

1
|c,,m|q(1+m+1))"< Y d+m+1)
l

< ”‘;BHMSli(LZ(U(z)))( Z (I+m+1)
1[,m>=0

p
(+m+1)

<2P0=OCPIg) — 0, |PE (I +m + 1)\ TPE=aP

for ¢ € (0, 1). Hence, the sum converges for 0 < ¢ < % — %. Such an ¢ only exists for p > 12.

Hence, if p > 12, and putting ¢ = %(}T — %) = % — %, then

0 ei@] 0 €i92 ‘ - 1_3
e\—= )¢ |—= ) <CDIel 2 01 — 62|82
(3)-#(5)|= o

for some constant C(p) depending only on p. O
For o € R consider the map K — G defined by k — Dyk D, where D, = diag(e®, 1,e7%, 1).

Lemma 3.6. Let ¢ : G — C be a continuous K -bi-invariant function such that ¢ € MSP (L*(G))
for some p € (1,00), and for a € R, let Yy : K — C be defined by (k) = ¢(DykDy). Then
Yy is K1-bi-invariant and satisfies

Ve llpse 2wy < 1€1mse26)-

Proof. Using the fact that the group elements D, commute with K1, it follows that for all k € K
and k1, ky € K| C K>,

wa(klka) = (p(DaklkaDa) = <P(k1 DykDykr) = ‘p(DakDa) = Wa(k)v
S0 Yy 1s K1-bi-invariant.
The second part follows by the fact that Dy KD, is a subset of G and by applying

Lemma2.3. O

From the fact that v/, is K;-bi-invariant, it follows that ¥, (1) = wg (u11), where gﬁg ‘:D—>C
is a continuous function.
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Suppose that o1 >« > 0, and let D(«, arp) be as defined above. If we find an element of the
form DykD, in K D (a1, ®2) K, we can relate the value of a K-bi-invariant multiplier ¢ to the
value of the multiplier ¥, that was just defined. This only works for certain o1, ap > 0. It turns
out to be sufficient to consider certain candidates for k, namely the ones of the form

"y = a+ib —/1—a%?—-b2
- 1—a%—b2 a—ib

ey

with a% + b2 < 1. For a proof of the following result, see [15, Lemma 3.9].

Lemma3.7. Leta > 0and B > y > 0. Ifu € K is of the form (1) with respect to the identification
of K with U(2), then DyuDy € KD(B, v)K if and only if

{ sinh B sinhy = sinh?a(1 — a® — b?), )
sinh B — sinh y = sinh(2w)|a].
Consider the second Gelfand pair sitting inside G, namely the pair of groups (SU(2), SO(2)).
Both groups are subgroups of U(2), so under the embedding into G, they give rise to compact
Lie subgroups of G. The subgroup corresponding to SU(2) will be called K;, and the one cor-
responding to SO(2) will be called K3. The group K3 commutes with the group generated by
the elements D], = diag(e®, e*, e™%, ¢™*), where « € R. The subgroup SU(2) C U(2) consists

of matrices of the form
- a+ib —c+id
“\c+id a-—ib )’

with a, b, c,d € R such that a® + b? + 2 +d*> = 1.

By [4, Theorem 47.6], the pair (SU(2), SO(2)) is a Gelfand pair. This also follows from [12,
Chapter 9]. The homogeneous space SU(2)/SO(2) is the sphere S2, and the spherical functions
on the double coset space [—1, 1] are indexed by n > 0, and given by the Legendre polynomials

Py(2(a* +¢*) — 1) = Py(a® = b* + * — d?).

Note that the double cosets of SO(2) in SU(2) are labeled by a® — b*> + ¢> — d?>. We use the
following estimate (see [15, Lemma 3.11]).

Lemma 3.8. For all non-negative integers n, and x,y € [— %, %],

4
|Pn(x) - Pn()’)| < |Pn(x)| + |Pn(y)| < ﬁa

/ P, (t)dt

X

| Pu(x) = Pa(p)| < <4/nlx —yl.

Combining the two, we get

| Py (x) = Pa(y)| <4lx — y|2
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forx,ye [—% %], i.e., the Legendre polynomials are uniformly Holder continuous on [—%, %]

. 1
with exponent 5.

Let ¢ : SU(2) — C be an SO(2)-bi-invariant continuous function. Then

pu)=¢ (ii;g _czcjillad> =g00(2(a2 +62) _ 1) =(p0(a2 42— dz),

where u € UQ2), uy; € D, and where gz)o :D — C is some continuous function. By Lemma 2.4,

we know that L2(X) = @n>0 Hn, where X = SU(2)/SO(2) = $2. 1t is known that dimH,, =
2n + 1, so, by Proposition 2.7, we get

o0
"= "ca@n+ 1P,
n=0

for certain ¢, € C. Moreover, by the same proposition, we obtain that if p € (1, 00), then

1 . v . v _
(2,120 lenl?2n+1))7 < @llasp(L2(sU(2)))> Where ¢ is defined as above by ¢(g, h) = ¢(g Ip).

Lemma 3.9. Let p > 4, and let ¢ : SU(2) — C be a continuous SO(2)-bi-invariant function such
that ¢ € MSP (L*(SU(2))). Then ¢° satisfies

N 1_1
[0°(81) — 0°(82)| < C(PI@lmsr L2 sUy 181 — 82177
for 81,67 € [—%, %]. Here é(p) is a constant depending only on p.

Proof. Let p, g € (1, 00) be such that % + ; =1,and let 81,8, € [~ 3, 1]. Then

0061 = 9°(82)| = leal@n + 1| Pu(81) — Pu(82)]

n=0
1 1
< (Z leal? (20 + 1)) (Z(Zn + 1| Pa(81) — Pn<6z)|”)
n=0 n=>0

1
. P
< N@lluss2suy) ( > @n+ D|Pus1) — Pn(sz)}”) .
n=0

Note that [|@]lyse(12sU(2))) = 1@llmsr2su2)))- If we look at the terms of the last sum, we get,
using Lemma 3.8 and the fact that min{x, y} < xgyl_s for x,y > 0and ¢ € (0, 1), that

@n+ 1)|Py(81) — Pu(82)|” < min{4” (20 + n= %, 47 2n + n>18; — 5217}

<4P@Bn) PR |5y — 5y P
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for ¢ € (0, 1). Hence, the sum converges for ¢ € (0, % — 2). Such an ¢ only exists for p > 4.

p
. . _ 1l _2y_1_ 1
Hence, if p > 4, and putting ¢ = 5(; — ) =g 5. we have

_1
p’

~ 1
[0°(81) — 0°(82)| < CPIG s L2y 161 — 821
where C( p) is a constant depending only on p. O

For « € R consider the map K — G defined by k — D, kvD,,, where D) = diag(e®, ¢*,
e % e %) and v € Z(K) is chosen to be the matrix in K that in the U(2)-representation of K is

given by
L(+i 0
uz<ﬁ( ) 1 . ) 3)
0 ﬁ(l-i-l)

Given a K -bi-invariant multiplier on G, this map gives rise to a K3-bi-invariant multiplier on K.

We state the following result, but omit its proof, as it is similar to the one of Lemma 3.6.

Lemma 3.10. Let ¢ : G — C be a continuous K -bi-invariant function such that ¢ € MS? (LX(G))
for some p € (1,00), and for & € R let jo: K — C be defined by 3o (k) = ¢(D,,kvD,). Then
Xa is K3-bi-invariant and satisfies

X o lazs 2y < NP lase L2¢6))-

Consider the restriction xo = X«|k,, Which is a K3-bi-invariant multiplier on K. It follows
that xq (1) = )((E[)(a2 — b+ - d2), where u € K;, and where a, b, ¢, d are as before, and

”)Zot”MSP(LZ(Kz)) < ||¢||MSP(L2(G)).
Suppose that o1 > o > 0 and let D(«1, or2) be as defined above. Again, if we find an element

of the form D/ uvD], in K D(«1,2)K, where now u has to be an element of SU(2), we can
relate the value of a K -bi-invariant multiplier ¢ to the value of the multiplier x,. This again only
works for certain o1, ap > 0. Consider a general element of SU(2),

- a+ib —c+id
“\ec+id a-—ib )’
witha? +b% +c2+d*=1.Fora proof of the following, see [15, Lemma 3.15].

Lemma 3.11. Let« >0 and B > y > 0, and let u,v € K be of the form as in (1) and (3) with
respect to the identification of K with U(2). Then D,uvD|,, € KD(B,y)K if and only if

sinh? B + sinh? y = sinh?(2a),
sinh B sinh y = § sinh?(2a)|r|,

where r = a® — b + ¢ — d2.

Now we can combine the results that we obtained for both Gelfand pairs.
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(5] ap = Q2
o] = 20[2
(2s,s
(2t,1)
(B8,7)
aq
Fig. 1. The figure shows the relative position of (8, y), (2s, s) and (2¢, ) as in Lemmas 3.13 and 3.14.
Lemma 3.12. Let 8 > y > 0. Then the equations
c 1.2 12 a2 s 1.2
sinh”(2s) 4+ sinh” s = sinh” 8 + sinh” y,
sinh(2t) sinh# = sinh B sinh y 4)
have unique solutions s = s(B, y), t =t(B, y) in the interval [0, 00). Moreover,
B Y
s 2 T t> LR o)

A proof of this lemma can be found in [15, Lemma 3.16].

Fig. 1 shows the relative position of (8, y), (2s,s) and (2¢,¢) as in Lemmas 3.13 and 3.14
below. Note that (8, y) and (2s, s) lie on a path in the (o1, a2)-plane of the form sinh? ) +
sinh? ap = constant, and (8, y) and (2, t) lie on a path of the form sinh ¢«¢j sinh @y = constant.

Lemma 3.13. For p > 4, there exists a constant C3(p) > 0 (depending only on p) such that
whenever B 2>y 2 0and s = s(B, y) is chosen as in Lemma 3.12, then for all ¢ € C(K \ G/K)
for which ¢ € MSP(L*(G)),

ﬂ*V(l 1

lp(D(B, 1)) — (D25, )| < C3(p)e™ = SV lysr 126

Proof. Assume first that § —y > 8. Let o € [0, 00) be the unique solution to sinh? g +sinh? y =
sinh? (2a), and observe that 2o > 8 > 2, so in particular & > 0. Define

2sinh B sinh y

rn=—-mpm——
: sinh? B + sinh? y

e [0, 1],

1 _ 1
and a; = (H'T”)i and b = (IT”)Q. Furthermore, put

(a1 +ib 0
u1—< 0 a1—ib1)€SU(2)’
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and let

1 .
v E(l-l-l) 0 7
0 %(Hi)

as previously defined. We now have 2sinh8sinhy = sinh?(2a)r;, and a% - b% =r1, so by
Lemma 3.11, we have D,ujvD) € KD(B,y)K. Let s = s(B, y) be as in Lemma 3.12. Then
s > 0 and sinh? 2s) + sinh? s = sinh? B+ sinh? y = sinh2(2a). Put

_ 2sinh(2s) sinh s
* sinh?(2s) + sinh? s

e [0, 1],

and

u2=<a2+lb2 0

0 a2—ib2> €SU®,

where ay = (1+’2)2 and by = (15 ’2)2 Since a3 — b3 = ry, it follows again by Lemma 3.11
that D, usvD! € KD(2s,s)K. Now, let xo(u) = ¢(D,uvD,) for u € K» = SU(2). Then by
Lemmas 3.9 and 3.10, it follows that

~ 1_1
| Xa 1) = xa2)| = | X9 (r1) — x| < CPIr1 = 121377 1 Gllpgsr 126y -

provided that r1, > < 5. Hence, under this assumption, using the K -bi-invariance of ¢, we get

(DB, 1) — 9(D(2s.9)| < EPIr = ral* 7 13 sz ©)

2sinh/3sinhy Zsmhy 26 (1—e~%)
sinh? g smhﬂ eP(1—e20)

2¢¥ 7P In partlcular r <28 < 5 L. Similarly, r, <2 SSI‘I;}SS = coshs < 2¢7*. By Lemma 3.12,

Note that r; < Hence, using 8 >y +8 > y we get r; <

Eq. (5), we obtain that r, < 2e™ & < 2e 4ﬂ <272 i' In particular, (6) holds, and since
v=8
|r1 — 2| < max{ry, r} < 2T , we have proved that

(D ; Plg
o(D(B.y)) —o(D(2s.5)| < C(p)2 PNl pse 126 ©)

under the assumption that § > y + 8. If y < 8 < y + 8, we get from ||¢||co < ||g0||MSp(Lz(G)) that
lp(D(B, ¥)) — 9(D2s, )| < 2[@llpsr 12(G))- 1t follows that

Vﬂ

lo(D(B, 7)) — ¢(D(2s,5))| < C3(pre = ¢

A
= |-

) v
I@llasp 26y

NI'—‘
O

1
for all (B, y) with 8 >y >0, if for all p € (1, 00), we put C3(p) = max{C (p)2? _5



B. APPROXIMATION PROPERTIES FOR NONCOMMUTATIVE LP-SPACES

T. de Laat / Journal of Functional Analysis 264 (2013) 2300-2322 2317

Lemma 3.14. For p > 12, there exists a constant C4(p) > 0O (depending only on p) such that
whenever B >y 2 0andt =t(B, y) is chosen as in Lemma 3.12, then for all ¢ € C(K \ G/K)
for which ¢ € MSP (L*(G)),

(1 3

4 p

(DB, 1)) — (D21, )] < Ca(pre™ T [ Gllassr 126y

Proof. Let 8 > y > 0. Assume first that y > 2, and let & > 0 be the unique solution in [0, co)
to the equation sinh 8 sinhy = % sinh® &, and observe that & > 0, because g > y > 2. Put

_ sinh B —sinhy
" sinhQa)

Since sinh(2a) =2 sinha cosha > 2 sinh? &, we have

NS GinhQa) S 2sinhla 4sinhy

sinh 8 o sinh 8 1

In particular, a; < # < %. Putnow b; = ,/% — a12. Then 1 —a12 —b% = % Hence, sinh 8sinhy =
sinh? (1 — a? — b?) and sinh B — sinhy = sinh(2a)a; . Let

. 1
Uy = alﬁlbl V2 ) esuQ).
7 ay) —ib

By Lemma 3.7, we have Dyu1 Dy € KD(B,y)K.
By Lemma 3.12, we have sinh(2¢) sinh# = sinh Ssinhy = %sinhza. Moreover, by (5), we
have r > % > 1. By replacing (8, y) in the above calculation with (27, ¢), we get that the number

sinh(2¢) — sinht
ap=—"-———20,

sinh(2a)
satisfies

1 1 1

< <
4sinht  4sinh1 4

ap <

Hence, we can put by =,/ % — a% and

Then

sinh(2¢) sinh# = sinh® (1 — a3 — b3),

sinh(2¢) — sinh ¢t = sinh(2a)ay,
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and u; € SU(2). Hence, by Lemma 3.7, Dyuz Dy € KD(2t,t)K. Putnow 6; = arg(a; +ib;) =

z —sin_l(%) for j=1,2.Since 0 < a; < % for j =1, 2, and since %sin_ltz 1 <\/§

2 1—12
sin~! (ﬂ) —sin”! (2)‘
V2 V2

<layp —az|

1 .
for ¢ € [0, E]’ it follows that

|01 — 02| <

< max{ay, az}

1 1
Smaxy ————, ~—
{4s1nhy 4smht}
o 1
" 4sinh %’

. . v _ v _v
because 1 > % Since y > 2, we have sinh & = %eZ(l —e V) > %eZ.Hence, 0] — 6] <e™ 2.

Note that a; \%eieﬁ for j =1, 2, so by Lemmas 3.5 and 3.6, the function ¥, (1) = @(DyuDy),
u € UQR) = K satisfies

-3

- 1 v
Vo (u1) — Yo u2)| < C(P)IO1 — 0215 2 [V llpssp 22k
- _Z(l_i) .
<C(pe % 2@l pse 12(Gy)- ®)

Since Dyu1 Dy € KD(B, y)K and Dyur Dy € K D(2t, 1)K, it follows that

(DB, 1)) — (D@t )| < Cpe T g lusr 1260

forall y > 2. For y satisfying 0 < y < 2, we can instead use that ||¢||co < ||¢||Msp(Lz(G)). Hence,
for all p € (1, oo) putting Ca(p) = max{é‘(p), Zeé }, we obtain

_Z(l_l) o
lo(D(B,y)) —@(DQ21,1))| < Ca(p)e” #3477 @l pse 226y
forall B>y >0. O
For a proof of the following lemma, see [15, Lemma 3.19].

Lemma 3.15. Let s > t > 0. Then the equations

sinh? B + sinh? y = sinh?(2s) + sinh’s,
sinh 8 sinh y = sinh(2¢) sinh?, ©)]

have a unique solution (B, y) € R? for which B >y > 0. Moreover, if 1 <t <s < % then
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1B —2s| <1,
ly +2s —3¢| < 1. (10)

Lemma 3.16. For all p > 12, there exists a constant Cs(p) > 0 such that whenever s,t > 0
satisfy 2 <t <s < gt, then for all ¢ € C(K \ G/K) for which ¢ € MSP (L*(G)),

1_3

_s 3y, o
l0(D2s. ) — (D21, )| < Cs(ple” 5T 1 Gllyse 2 -

Proof. Choose 8 > y > 0 as in Lemma 3.15. Then by Lemmas 3.13 and 3.14, we have for
p>12,

ﬁ*}/(l 1

3

lo(D(2s.5)) — (DB, )| < Ca(p)e” 477
‘go(D(Zt, t)) — (p(D(ﬂ, 7/))| < C4(p)€_%(z_ﬁ) ||¢||M5P(L2(G))'

Moreover, by (10),

Y v
I2llasse 226y

B—y>2Q2s—1)—Q@t—2s+1)=4s -3t —-2>s5—2,
s—=2
7

5
y>3t—2s—1>5s—25—1=

. . _s=2
Hence, since s > 2, we have min{e™7, e_(ﬂ_y)} < e” 2 . Thus, the lemma follows from Lem-

mas 3.13 and 3.14 with Cs(p) = €16 (C3(p) + Ca(p)). O

Lemma 3.17. For p > 12, there exists a constant Ce(p) > 0 such that for all ¢ € C(K \ G/K)
for which ¢ € MSP (L%(G)), the limit Coo (@) = limy_ o (D (2t, 1)) exists, and for all t > 0,

_tel_3y
l0(D@2t, 1)) = coo(@)]| < Co(Pe 55 NPl s 126y)-

Proof. By Lemma 3.16, we have for u > 5 and y € [0, 1], that

ucl

_uel 3y
lo(DQu,u)) — p(DQu+ 2y, u+p)| < Cs(pe ST Nlysr 26y (AD

sinceu <u-+y.Lets>t>5. Thens=t+n+ 5, where n > 0 is an integer and § € [0, 1).
Applying Eq. (11) to (u,y) =@+ j, 1), j=0,1,...,n—1 and (u, y) = (t +n, §), we obtain

T FE T T Y
lo(D@t, 1)) — p(D(2s,5))| < Cs(p)(ze # G "))||€0||MSP<L2<G)>
=0

t
< Cs(p)e 4 p)||‘P||MS1’(L2(G))’

jl 3
where C$(p) = Cs(p) Z;’io P (al Hence, (¢(D(2t,1)));>5 is a Cauchy net. Therefore,
Coo() = limy_, oo (D (2t, t)) exists, and

3

|p(D21.1)) = coo(p)| = lim |o(D(21.1)) — @(D(2s.5))| < C5(p)e GG s 226y
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forall # > 5. Since ||¢]loo < ||¢||M5p(Lz(G)), we have forall 0 <7 < 5,
[o(DQ21,1)) = coo(@)| <208l ysr (12())-
Hence, the lemma follows with Cs(p) = max{C%(p), 2e® }. O

Proof of Proposition 3.2. Let ¢ € C(K \ G/K) be such that ¢ € MSP(L*(G)), and let
(a1,0) =(B,y), where 8 >y > 0. Assume first 8 > 2y. Then 8 —y > g, so by Lemmas 3.12

>
and 3.13, there exists an s > % such that

1

_B .
lo(D(B. 1)) — 9(D2s, )| < C3(p)e 5T PPl ysr 126 -

By Lemma 3.17,

_scl_3y

(D (2s.5)) = cool@)| < Co(Pe™ 5TV |Gl pssr 126
,ﬁ(l,é) .

< Co(ple 2% P@lpse 26y

Hence,

_B1_3y
l0(D(B. 7)) — coo(@)| < (C3(p) + Co(p))e TP G150 126

Assume now that 8 < 2y. Then, by Lemmas 3.12 and 3.14, we obtain that there exists a ¢ >

ry B
5>7 such that

,E(l,i) .
lo(D(B. 7)) — (D@21, 0)| < Calple” ¥4 P NGl ysr 126y
and again by Lemma 3.17,

tel 3

lo(D@1. 1)) = cool@)| < Co(Ple 3P 1Bl sr 126y
— B3y
S Co(pe 23 1@l yser2(6y)-

Hence,

lo(D - <(c C RGP
@(D(B. 7)) — coo(@)| < (Ca(p) + Cs(p))e Pllellpse (2 Gy)-

Combining these results, and using that [|a|l> = /B2 + y2 < /28, it follows that for all g >
y =0,

[0(D(B.¥)) — coo(@)| < Cr(p)e” 2P| G ] v 126y

where C1(p) = max{C3(p) + Ce(p). Ca(p) + Co(p)} and Ca(p) = 315 (5 — 3). This proves

P
the proposition. O
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The values p € [1, 12) U (12, 00] give sufficient conditions for Sp(2, R) to fail the APffzgr.
We would like to point out that the set of these values might be bigger.

4. Noncommutative L?-spaces without the OAP

In the previous section we proved that Sp(2, R) does not have the APif?t‘)‘r for p e [1, %) U
(12, oo]. By Lemma 2.13, this directly implies the following theorem.

Theorem 4.1. Let p € [1, %) U (12, ool, and let I" be a lattice in Sp(2, R). Then the noncom-
mutative LP-space LP (L(I")) does not have the OAP (or CBAP).

Combining Theorem 3.1 and Theorem 2.14, this implies the following result.

Theorem 4.2. Let p € [1, %) U (12, o], and let G be a connected simple Lie group with finite

PSchur

center and real rank greater than or equal to two. Then G does not have the A b -

Proof. Let G be a connected simple Lie group with finite center and real rank greater than or
equal to two. By Wang’s method [30], we may assume that G is the adjoint group, so that G has
a connected semisimple subgroup H with real rank 2. Such a subgroup is closed, as was proved
in [8]. It is known that H has finite center and is locally isomorphic to either SL(3, R) or Sp(2, R)
[2,26]. Since the APffggr passes to closed subgroups and is preserved under local isomorphisms

(see Proposition 2.11), we conclude that G does not have the APidc‘l‘)‘r for p € [1, i—%) U (12, o0],
since both SL(3, R) and Sp(2, R) do not have the AP?;?{)“ for such p. O

Combining this result with Proposition 2.10 and Lemma 2.13, we obtain the main theorem of
this article.

Theorem 4.3. Let p € [1, %) U (12, o], and let I be a lattice in a connected simple Lie group

with finite center and real rank greater than or equal to two. Then LP (L(I")) does not have OAP
(or CBAP).
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APPENDIX C

Simple Lie groups without the Approximation Property 11

This chapter contains the preprint version of the following article:

U. Haagerup and T. de Laat, Simple Lie groups without the Approximation Property II,
submitted.

The preprint version included here is publicly available at http://arxiv.org/abs/
1307.2526.
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SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION
PROPERTY II

UFFE HAAGERUP AND TIM DE LAAT

ABSTRACT. We prove that the universal covering group %(Z,R) of Sp(2,R)
does not have the Approximation Property (AP). Together with the fact that
SL(3,R) does not have the AP, which was proved by Lafforgue and de la Salle,
and the fact that Sp(2,R) does not have the AP, which was proved by the au-
thors of this article, this finishes the description of the AP for connected simple
Lie groups. Indeed, it follows that a connected simple Lie group has the AP if
and only if its real rank is zero or one. By an adaptation of the methods we use
to study the AP, we obtain results on approximation properties for noncom-
mutative LP-spaces associated with lattices in STIJ)(Q,]R). Combining this with
earlier results of Lafforgue and de la Salle and results of the second named
author of this article, this gives rise to results on approximation properties of
noncommutative LP-spaces associated with lattices in any connected simple
Lie group.

1. INTRODUCTION

This is the second article of the authors on the Approximation Property (AP) for
Lie groups. In the first article on this topic, the authors proved that Sp(2,R) does
not satisfy the AP [21]. Together with the earlier established fact that SL(3,R)
does not have the AP, which was proved by Lafforgue and de la Salle in [31], this
implied that if G is a connected simple Lie group with finite center and real rank
greater than or equal to two, then G does not satisfy the AP. In [21], it was pointed
out that in order to extend this result to the class of connected simple Lie groups
with real rank greater than or equal to two, i.e., not necessarily with finite center, it
would be sufficient to prove that the universal covering group é?)@7 R) of Sp(2,R)
does not satisfy the AP. The main goal of this article is to prove this. This finishes
the description of the AP for connected simple Lie groups. Indeed, it follows that
a connected simple Lie group has the AP if and only if its real rank is zero or one.

In this article we are mainly interested in Lie groups, but many definitions are
given in the setting of locally compact groups. We always assume locally compact
groups to be second countable and Hausdorff. Before we state the main results of
this article, we give some background (see Section 1 of [21] for a more extensive
account of the background).

Let G be a locally compact group. Denote by A(G) its Fourier algebra and by
MyA(G) the space of completely bounded Fourier multipliers on G. Recall that G
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Natural Science Research Council, and the Danish National Research Foundation through the
Centre for Symmetry and Deformation (DNRF92).

The second named author is supported by the Danish National Research Foundation through
the Centre for Symmetry and Deformation (DNRF92).
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is said to have the Approximation Property for groups (AP) if there is a net (¢4 ) in
the Fourier algebra A(G) such that ¢, — 1 in the o(MyA(G), My A(G).)-topology,
where MoA(G). denotes the natural predual of MyA(G), as introduced in [4].

The AP was defined by the first named author and Kraus in [20] as a version for
groups of the Banach space approximation property (BSAP) of Grothendieck. To
see the connection, recall first that Banach spaces have a natural noncommutative
analogue, namely, operator spaces. Recall that an operator space E is a closed
linear subspace of the bounded operators B(H) on a Hilbert space H. Operator
spaces have a remarkably rich structure (see [11], [36]). For the class of operator
spaces, which contains the class of C*-algebras, a well-known version of the BSAP
is known, namely, the operator space approximation property (OAP). The first
named author and Kraus proved that a discrete group I' has the AP if and only if
its reduced C*-algebra C5(T") has the OAP.

The AP also relates to other approximation properties for groups (see [3] for an
extensive text on approximation properties for groups and operator algebras). It is
known that weak amenability (which is strictly weaker than amenability) strictly
implies the AP. Amenability and weak amenability have been studied thoroughly
for Lie groups. Indeed, a connected simple Lie group with real rank zero is amenable
and a connected simple Lie group with real rank one is weakly amenable (see [7]
and [23]). Also, it has been known for some time that connected simple Lie groups
with real rank greater than or equal to two are not weakly amenable (see [19] and
[9]). In addition, weak amenability was studied for a larger class of connected Lie
groups in [6]. The AP has been less studied than weak amenability. In particular,
until the work of Lafforgue and de la Salle, no example of an exact group without
the AP was known.

The key theorem of this article is as follows.

Theorem 3.2. The universal covering group é?)(ZR) of the symplectic group
Sp(2,R) does not have the Approximation Property.

Combining this with the fact that SL(3,R) does not have the AP, as established
by Lafforgue and de la Salle, and the fact that Sp(2,R) does not have the AP, as
proved by the authors, the following main result follows.

Theorem 5.1. Let G be a connected simple Lie group. Then G has the Approxi-
mation Property if and only if G has real rank zero or one.

There are important differences between the approach of Lafforgue and de la
Salle for the proof of the fact that SL(3,R) does not have the AP in [31] and the
approach of the authors for proving the failure of the AP for Sp(2,R) in [21] and
for its universal covering group in this article. Indeed, the method of Lafforgue and
de la Salle gives information about approximation properties for certain noncom-
mutative LP-spaces associated with lattices in SL(3,R), which the method of the
authors does not. However, the latter is more direct, since it suffices to consider
completely bounded Fourier multipliers rather than completely bounded multipliers
on Schatten classes.

Noncommutative LP-spaces are important examples of the earlier mentioned
operator spaces. Let M be a finite von Neumann algebra with normal faithful
trace 7. For 1 < p < oo, the noncommutative LP-space LP(M, 1) is defined as the

completion of M with respect to the norm |z|, = T((m*z)%)%, and for p = oo,
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we put L°(M,7) = M (with operator norm). Noncommutative LP-spaces can be
realized by interpolating between M and L'(M,7) (see [28]). This leads to an
operator space structure on them (see [34],[25]).

An operator space F is said to have the completely bounded approximation prop-
erty (CBAP) if there exists a net F,, of finite-rank maps on E with sup,, ||Fa| b < C
for some C > 0 such that lim, ||F,z — z|| = 0 for every € E. The infimum of
all possible C’s is denoted by A(E). If A(E) = 1, then E has the completely con-
tractive approximation property (CCAP). An operator space E is said to have the
operator space approximation property (OAP) if there exists a net F,, of finite-rank
maps on E such that lim, ||(idice2) @ Fy )z — z|| = 0 for all 2 € K(£?) @min E. Here,
K(¢2) denotes the space of compact operators on ¢2. The CBAP goes back to [4],
and the OAP was defined in [10]. By definition, the CCAP implies the CBAP,
which in turn implies the OAP.

It was shown by Junge and Ruan [25] that if " is a weakly amenable countable
discrete group (resp. a countable discrete group with the AP), and if p € (1, 00),
then LP(L(T")) has the CBAP (resp. the OAP), where L(I") denotes the group von
Neumann algebra of I'. The method of Lafforgue and de la Salle can be used to
prove the failure of the CBAP and OAP for noncommutative LP-spaces. The key
ingredient of their method is the property of completely bounded approximation
by Schur multipliers on SP, denoted APE’C?Q”, which is weaker than the AP for
p € (1,00). Indeed, they prove that if p € (1,00) and T is a countable discrete
group with the AP, then Agfchll“ (T') =1 (see [31, Corollary 3.12]). Also, they prove
that if p € (1,00) and T is a countable discrete group such that LP(L(I")) has the
OAP, then AE?C]};"(F) = 1 (see [31, Corollary 3.13]). Using this, they prove that
for p € [1,5) U (4,00] and a lattice I' in SL(3,R), the noncommutative LP-space
LP(L(T")) does not have the OAP or CBAP.

In [29], the second named author generalized the results of Lafforgue and de la
Salle on approximation properties for noncommutative LP-spaces associated with
lattices in SL(3,R) to noncommutative LP-spaces associated with lattices in con-
nected simple Lie groups with finite center and real rank greater than or equal to
two. In this article, we will in turn generalize these results to connected simple Lie
groups with real rank greater than or equal to two that do not necessarily have
finite center, as is illustrated by our main result on noncommutative LP-spaces.

Theorem 5.3. Let I' be a lattice in a connected simple Lie group with real rank
greater than or equal to two. For p € [1, %)U(IZ, oo], the noncommutative LP-space

LP(L(T")) does not have the OAP or CBAP.

It may very well be possible that the range of p-values for which the CBAP and
OAP fail is larger than [1, 12) U (12, 00]. We will comment on this in further detail
in Section 5.

This article is organized as follows. In Section 2, we recall some preliminaries.
In Section 3, we prove that §f)(2,]R) does not have the AP. We prove the results
on noncommutative LP-spaces in Section 4. The results will be summarized and
combined to our general results in Section 5. Appendix A gives a connection be-
tween spherical functions for Gelfand pairs and their analogues for strong Gelfand
pairs that might give a deeper understanding of certain results that are proved in
Section 3. The material in that appendix follows from discussions of the second
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named author with Thomas Danielsen. This material might be known to experts,
but we could not find an explicit reference.

2. PRELIMINARIES

2.1. Universal covering groups. Let G be a connected Lie group. A covering
group of G is a Lie group G with a surjective Lie group homomorphism o : G — G,
in such a way that (67 o) is a covering space of G (in the topological sense). A simply
connected covering space is called a universal covering space. Every connected Lie
group G has a universal covering space G. Let 0 : G — G be the corresponding
covering map, and let 1 € o~ 1(1). Then there exists a unique multiplication on
G that makes G into a Lie group in such a way that ¢ is a surjective Lie group
homomorphism. The group G is called a universal covering group of the Lie group
G. Universal covering groups of connected Lie groups are unique up to isomorphism.
They also satisfy the exact sequence 1 — m(G) = G — G — 1, where m(G)
denotes the fundamental group of G. For details on universal covering groups, see
[26, Section I.11].

2.2. Polar decomposition of Lie groups. Every connected semisimple Lie group
G has a polar decomposition G = KAK, where K arises from a Cartan decompo-
sition g = ¢ + p (the group K has Lie algebra €), and A is an abelian Lie group
such that its Lie algebra a is a maximal abelian subspace of p. If G has finite
center, then K is a maximal compact subgroup. The dimension of the Lie algebra
a of A is called the real rank of G and is denoted by rankg(G). In general, given
a polar decomposition G = KAK, it is not the case that for g € G there exist
unique k1, ks € K and a € A such that g = kjaks. However, after choosing a set of
positive roots and restricting to the closure A+ of the positive Weyl chamber A,
we still have G = KA+ K. Moreover, if g = kyjaky, where k1, ks € K and a € AT,
then a is unique. Note that we can choose any Weyl chamber to be the positive one
by choosing the set of positive roots correspondingly. We also use the terminology
polar decomposition for such a KA+ K decomposition. For details, see [24, Section
IX.1].

2.3. Gelfand pairs and spherical functions. Let G be a locally compact group
(with Haar measure dg) with a compact subgroup K (with normalized Haar measure
dk). A function ¢ : G — C is said to be K-bi-invariant if for all g € G and ky, ks €
K, we have p(ki1gks) = ¢(g). We denote the space of continuous K-bi-invariant
compactly supported functions by C.(K\G/K). If the subalgebra C.(K\G/K)
of the (convolution) algebra C.(G) is commutative, then the pair (G, K) is called
a Gelfand pair. Equivalently, the pair (G, K) is a Gelfand pair if and only if
for every irreducible unitary representation 7w on a Hilbert space H, the space
He ={E€H|Vke K: n(k)§ =&} consisting of K- invariant vectors is at most
one-dimensional. For a Gelfand pair (G, K), a function h € C(K\G/K) is called
spherical if the functional x on C.(K\G/K) given by x(¢) = [ ¢(9)h(g™")dg for
¢ € C.(K\G/K) defines a nontrivial character. The theory of Gelfand pairs and
spherical functions is well-established and goes back to Gelfand [16]. For more
recent accounts of the theory, we refer the reader to [8], [14], [39].

Let G be a locally compact group with closed subgroup H. A function ¢ : G — C
is said to be Int(H)-invariant if ¢(hgh™') = ¢(g) for all g € G and h € H. The
space of continuous Int(H )-invariant functions is denoted by C(G//H).
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Let now G be a locally compact group with compact subgroup K. The pair
(G, K) is called a strong Gelfand pair if and only if the subalgebra C.(G//K) of
C.(G) is commutative. In the setting of locally compact groups, the notion of
strong Gelfand pair goes back to Goldrich and Wigner [18]. It is well-known that
whenever G is a locally compact group with a compact subgroup K, then (G, K)
is a strong Gelfand pair if and only if (G x K,AK) (where AK is the diagonal
subgroup) is a Gelfand pair.

It turns out that certain results of Section 3 can be understood on a deeper
level in the setting of strong Gelfand pairs, in particular when one considers the
analogue of spherical functions in this setting. This is discussed in Appendix A.
The analogues of spherical functions already occurred in [17].

2.4. The Fourier algebra. Let G be a (second countable) locally compact group.
The Fourier algebra A(G) is defined as the space consisting of the coefficients of
the left-regular representation A : G — B(L?*(G)). It was introduced by Eymard
[12] (see also [13]). More precisely, ¢ € A(G) if and only if there exist &, € L?(G)
such that for all g € G, we have p(g) = (A(g)§,n). The Fourier algebra A(G) is a
Banach space with respect to the norm defined by [|¢|l.ae) = min{||¢[|[ln]] | Vg €
G olg) = (A@Em}. We have ol < 9l for all ¢ € A(G), and A(G) is
||.||co-dense in Cy(G). Eymard showed that A(G) can be identified isometrically
with the predual of the group von Neumann algebra L(G) of G.

2.5. Completely bounded Fourier multipliers on compact Gelfand pairs.
A function ¢ : G — C is said to be a Fourier multiplier if and only if ¢¢ € A(G) for
all ¢ € A(G). Let M A(G) denote the Banach space of multipliers of A(G) equipped
with the norm given by [|o|lasrae) = [Imyl|, where m, : A(G) — A(G) denotes
the associated multiplication operator. A multiplier ¢ is said to be completely
bounded if the operator M, : L(G) — L(G) induced by m,, is completely bounded.
The space of completely bounded multipliers is denoted by MyA(G), and with the
norm |l¢llaracq) = IIMypllep, it forms a Banach space. It is known that A(G) C
MyA(G) C MA(G).

It was proved by Bozejko and Fendler in [2] that ¢ € MyA(G) if and only if
there exist bounded continuous maps P,Q : G — H, where H is a Hilbert space,
such that ¢(g5 'g1) = (P(g1),Q(gz)) for all g1, g2 € G. Here {.,.) denotes the inner
product on H. In this characterization, |[¢||r,a(c) = min{||Plloc||@llso }, where the
minimum is taken over all possible pairs (P, Q) for which ¢(g5 'g1) = (P(g1), Q(g2))
for all g1, 92 € G.

Suppose now that (G, K) is a compact Gelfand pair, i.e., the group G is compact
and (G, K) is a Gelfand pair. Then for every irreducible representation 7 on H, the
space H, as defined in Section 2.3 is at most one-dimensional. Let Py = || w m(k)dk
denote the projection onto M., and set G = {m e G | Pr # 0}, where G denotes
the unitary dual of G. We proved the following result in [21, Proposition 2.3].

Proposition 2.1. Let (G, K) be a compact Gelfand pair, and let ¢ be a K-bi-
invariant completely bounded Fourier multiplier. Then ¢ has a unique decomposi-
tion ©(g9) = >_ g, cxhr(g) forallg € G, where hr(g) = (7(9)&x, &x) is the positive
definite spherical function associated with the representation 7 with K-invariant
cyclic vector &, and >° . lex| = [l@llampacc)-



C. SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION PROPERTY II

6 UFFE HAAGERUP AND TIM DE LAAT

2.6. The Approximation Property. We recall the definition and basic prop-
erties of the Approximation Property for groups (AP), as introduced by the first
named author and Kraus [20].

Definition 2.2. A locally compact group G is said to have the Approximation
Property for groups (AP) if there is a net (¢4) in A(G) such that ¢, — 1 in the
0(MyA(G), My A(G).)-topology, where MyA(G). denotes the natural predual of
MyA(G) as introduced in [4] (see also [20] and [21]).

It was proved by the first named author and Kraus that if G is a locally compact
group and I is a lattice in G, then G has the AP if and only if " has the AP [20,
Theorem 2.4]. The AP passes to closed subgroups, as is proved in [20, Proposition
1.14]. Also, if H is a closed normal subgroup of a locally compact group G such that
both H and G/H have the AP, then G has the AP [20, Theorem 1.15]. Moreover,
if G; and G2 are two locally isomorphic connected simple Lie groups with finite
center such that G has the AP, then G5 has the AP [21, Proposition 2.4].

2.7. Preliminaries for the results on noncommutative LP-spaces. These
preliminaries are only relevant for Section 4. For a more extensive account, we
refer to [31], [29].

2.7.1. Schur multipliers on Schatten classes. For p € [1,00] and a Hilbert space H,
let SP(H) denote the p*" Schatten class on H. We identify S?(H) with H* ® H,
and for a o-finite measure space (X, 11), we identify L?(X, u)* with L2(X, u) by the
duality bracket (f,g) = [y fgdp. It follows that S?(L?(X,pu)) can be identified
with L2(X x X, ® p). Hence, every Schur multiplier on S2(L?(X, 1)) comes from
a function 1 € L®°(X x X, u ® u) acting by multiplication on L%(X x X,y ® p).

Definition 2.3. Let p € [1,00], and let ¢ € L*°(X x X, p®p). The Schur multiplier
with symbol 1) is said to be bounded (resp. completely bounded) on SP(L?(X, 1))
if it maps SP(L2(X, u)) N S?(L3(X, p)) into SP(L%(X, ) by Ty — Tyr (where Ty,
denotes the integral operator with kernel k), and if this map extends (necessarily
uniquely) to a bounded (resp. completely bounded) map M, on SP(L?(X, ).

The norm of a bounded multiplier ¢ is defined by |[1)||arse(r2(x,0)) = Myl
and its completely bounded norm by ||%|lcearsr(r2(x,u)) = IMylles- The spaces
of multipliers and completely bounded multipliers are denoted by M SP(L?(X, 1))
and cbM SP(L2(X, pu)), respectively. It follows that for every p € [1,00] and o €
L2(X x X, p@ p), we have [[¢]loc < [¥llarse(z2 ) < 1llconrse 2 x,m)-

2.7.2. Schur multipliers on compact Gelfand pairs. In this section, we recall results
from [29, Section 2] that are analogues in the setting of multipliers on Schatten
classes of the results of Section 2.5. For proofs, we refer to [29].

For a locally compact group G and a function ¢ € L*(G), we define the function
¢ € L=(G x G) by ¢(91,92) = (91 ' 92)-

In what follows, let G and K be Lie groups such that (G, K) is a compact
Gelfand pair. Let X = G/K denote the homogeneous space corresponding with
the canonical transitive action of G. The group K is the stabilizer subgroup of a
certain element ey € X. It follows that L?(X) = Dre@, Hr Let by denote the
spherical function corresponding to the equivalence class 7 of representations. Then
for every ¢ € L2(K\G/K) we have p = > ety Cr AimHyhy, where cx = (@, hr).
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It also follows that for any ¢ € C(K\G/K), there exists a continuous function
1 : X x X — C such that for all g1, g2 € G, we have go(gf192) = 1(g1€0, g2€0). Let
¢ : G — C be a continuous K-bi-invariant function such that ¢ € cbM SP(L?(G))
for some p € [1,00]. Then [[Y|lcoarsrr2(x)) = [Pllebrrse(r2(ay), where ¢+ X x X —
C is as defined above. If K is an infinite group, then these norms are equal to
[8llarse(L2(G))-

Let (G,K) be a compact Gelfand pair, let p € [1,00), and let ¢ : G —
C be a continuous K-bi-invariant function such that ¢ € MSP(L?(G)). Then

(ZWEGK |c,r|1’(dim7-l7r)> "< |@llarse(L2(G))» where ¢, and H, are as before.

2.7.3. The Angg‘g‘r. The APE%&" was defined in [31]. Its relevance to us, including

certain important properties, was described in Section 1.

Definition 2.4. (see [31, Definition 2.2]) Let G be a locally compact Hausdorff
second countable group, and let 1 < p < oco. The group G is said to have the
property of completely bounded approximation by Schur multipliers on S?, denoted
/—\Pfﬁ‘b‘“7 if there exists a constant C' > 0 and a net ¢, € A(G) such that ¢, — 1
uniformly on compacta and sup,, ||Pallecsrrsr(2(a)) < C. The infimum of these C’s

is denoted by Agfg‘g‘r(G).

It was proved by Lafforgue and de la Salle that if G is a locally compact group

and T is a lattice in G, then for 1 < p < oo, we have Aifg{;“(r) = A;iﬁfr(G) (see

[31, Theorem 2.5]). More properties of the AngC}L“r are discussed in [31] and [29].

3. THE GROUP Sp(2,R) DOES NOT HAVE THE AP

In this section, we prove that the universal covering group §f)(2, R) of Sp(2,R)
does not have the AP. Hereto, let us first recall the definition of Sp(2,R) and
describe a realization of é?)(Q, R).

Let I3 denote the 2 x 2 identity matrix, and let the matrix J be defined by

J= ( _012 o ) .
Recall that the symplectic group Sp(2,R) is defined as the Lie group
Sp(2,R) := {g € GL(4,R) | g" Jg = J}.
Here, g7 denotes the transpose of g. Let K denote the maximal compact subgroup

of Sp(2,R) given by

K:{(g _AB ) €M4(R)‘A+iBeU(2)}.

This group is isomorphic to U(2). A polar decomposition of Sp(2,R) is given by
Sp(2,R) = KA+ K, where

e? 0 0
—_— 0 e 0 0
F={DB={ o Y o o ’ﬁ>7>0

0 0 0 e

Different explicit realizations of gﬁ(?,R) can be found in the literature. An in-
complete list is given by [32], [37], [40]. We use the realization in terms of circle
functions, given recently by Rawnsley [37], and in what follows we use of some of
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his computations. In fact, he describes a method that gives a realization of the
universal covering group of any connected Lie group G with fundamental group
71(G) isomorphic to Z admitting a so-called (normalized) circle function. Firstly,
we briefly describe Rawnsley’s general construction.

Let G be a connected Lie group with m1(G) = Z. A circle function on G is a
smooth function ¢ : G — T, where T denotes the circle (as a subspace of C), that
induces an isomorphism of the fundamental groups of G and T. Such a function is
said to be normalized if ¢(1) = 1 and ¢(g~!) = ¢(g)~!. If G admits a circle function,
it admits one and only one normalized circle function.

Let G be a connected Lie group with fundamental group isomorphic to Z that
admits a normalized circle function. Then there exists a unique smooth function
n: G x G — R such that

6(9192) = 0(91 )6(92)ein(91 ,92)

for all g1,92 € G and 7n(1,1) = 0. Furthermore, it follows that n(g,1) = n(1,9) =

1(g.97") = 0 and 1(g1, g2) + 1(g192, 93) = 191, g2g3) + n(g2, g3) for all g € G and
g1,92,93 € G.
Let G be a connected Lie group with normalized circle function ¢, and let

(1) G={(g9.t) € GxR|c(g) ="}
The space G is a smooth manifold of the same dimension as G. A multiplication
on (G is given by

(91,t1)(g2,t2) = (9192, t1 + ta + (g1, g2))-

With this multiplication, G is a Lie group with identity 1 = (1,0), where 1 denotes
the identity element of G, and inverse given by (g,¢)™! = (¢~ %, —t). The map
0:G— G, (9,t) — g (with kernel {(1,27k) € G x R | k € Z}) defines a universal
covering map from G onto G.

In the rest of this section, let G = Sp(2,R) and G= §f)(2,R).

We now give the explicit functions ¢ and n for §f)(2,R). Let My(R)o denote the
subspace of My(R) given by

A -B
M4(R)O—{( B A ) ’A,BGMZ(R)},
and let ¢ : My(R)g — M2(C) be given by

A —-B
: A+1iB.
L ( B A )H +1

The map ¢ is an algebra homomorphism. For an element g € G, let C, = %(g +
(¢")71) and Dy = (g — (¢7)7!). Note that g = Cy + Dy. As described by
Rawnsley, the connected Lie group G admits a normalized circle function; namely,
the function ¢ : G — T given by

det((Cy))
() 9) = AT

| det(¢(Cy))]

With this circle function, the manifold G is given through (1). Let Zy = C7'D,.

The function 7 (which is needed to define the multiplication on é) corresponding
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to the circle function ¢ is given by
191, 92) = Im(Tr(e(log(1 — Zy, Z,1)))) = Im(Tr(e(log(Cy, " Cg 0. Cg,))))-

The logarithm is well-defined, since || Z,, Ly Il <1 (see[37, Section 4]). It was also
proved by Rawnsley that |1(g1, g2)| < 27 for all g1, 92 € G (see [37, Lemma 14]).

Remark 3.1. Everything that we described so far for G can be generalized to
Sp(n,R) for n > 1 (see [37]).

The rest of this section is devoted to proving the following theorem.
Theorem 3.2. The group G= %(2, R) does not have the AP.

Fnrstly7 we elaborate on the structure of G. Let g denote the Lie algebra of G
and G and denote by exp:g — G and exp : g — G the corresponding exponential
maps. These exponential maps have as their image a neighbourhood of the identity.
The group G has a polar decomposition (see Section 2.2) G = KA+K that is
strongly related to the polar decomposition G = KAK of G. It is known that the
exponential map of a connected simple Lie group is a bijection from the a-summand
of the K AK-decomposition on the Lie algebra level to A. Therefore, it follows that
A= A. This implies that the “infinite covering” part of G is intrinsic to the K-part
of the polar decomposition. It is known that exp : ¢ — K is surjective, because K
is connected and compact. Also, since £ = su(2) @R (see [37, Lemma 9]), it follows
that exp : & — K is surjective. We summarize these facts (based on [24, Section
IX.1]) in the following proposition.

Proposition 3.3. We have G = KAK and G = f(gf{, where K and A are as
above, and

K = exp(t), A = exp(a),

E=ep(t), A= pla).

Here, ¢ and a denote the Lie algebras of K and A, respectively. The group A is
isomorphic to A. We can restrict to the positive Weyl chamber, and get

A+ = exp({diag(e?, e, e 7P, e77) | B2 7 > 0}),
which yields the decomposition G= IN(FIN( .

Note that the group SU(2) is a natural subgroup of U(2). Denote by H the
corresponding subgroup of K. We also get a corresponding group H, which is
isomorphic to H, since SU(2) is simply connected.

Definition 3.4. We define C to be the following class of functions:
C={peC(G ) | ¢ is H-bi-invariant and Int(K) invariant }.

We refer to Section 2.3 for the notions of H-bi-invariant and Int(f{ )-invariant
functions. In the notation used in that section, we have C = C(H\G/H)NC(G//K).

Consider the generator <(Z) O) of the Lie algebra of the center of U(2). Let Z
i

denote the corresponding element of £. The elements v; = exp(tZ) and vy = exp(tZ)
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for t € R are elements of the centers of K and K , respectively. Also, the family v,
is periodic with period 27. Explicitly, we have

cost 0 —sint 0
0 cost 0 —sint
Ut .
sint 0 cost 0
0 sint 0 cost

Remark 3.5. Every k € K can be written as the product k = v:h for some t € R
and h € H, and, sumlarly, every k € K can be written as the product k= vth for
some t € R and h € H. Hence, the class C can also be defined in the following way:

C:={p € C(Q) | ¢ is H-bi-invariant and o (3:g7; ) = ¢(g) Vg € GVt € R}.

For 8 > v > 0, let D(B,v) = diag(e®,e?,e™#,e™7) € G, which is, as pointed
out before, an element of A*. Since A = A, there is one and only one element
5(6, v) in A+ that surjects onto D(8,v) € G. We now show that functions in
C are completely determined by their values at elements of the form '17,55(5,7).

Firstly, let us prove the following lemma.

Lemma 3.6. In the realization of (1), we have 5,D(8,7) = (v.D(8,7),2t) for
B>y>0andteR.

Proof. By the description of G and the fact that the covering map is a homo-
morphism, it follows that v;D(3,v) = (v+D(B,7), s) for some s € R. Using that
(vf)~* = v; and that ¢ is an algebra homomorphism, it follows that ¢(Cy, p(s,+)) =
W(50(D(B.7) + D(=B,—))) = 1(uy) diag(cosh(8), cosh(7)). Hence,

= det(e(vy))

c(veD(B,7)) = ———,

( t (ﬂ 7)) ‘det(L(Ut)N
because det(diag(cosh(B),cosh(7))) = | det(diag(cosh(3), cosh(v)))| and the deter-
minant is multiplicative. Using the fact that {v,D(3,v) | ¢ € R} defines a contin-
uous path in G, the value of s is computed by

2sint t
o= ta (23 ¢ 2w = 20+ 2k
cos®t —sin“t

for some k € Z. Since we can connect every element 505(57 ) continuously to
vg =1=(1,0) (by varying o, 8 and =), it follows that k = 0. Hence, s = 2t. d

Lemma 3.7. A function in C is determined by its values at the elements of the
form v D (5, 7).

Proof Let ¢ € C, and let g € G. By the polar decomp031t10n of G we can write
g—k‘l D(3, ’Y)kz forsomeﬁ>7>Oandk1,k2€K Fori=1,2, let t; € R and
h; € H be so that k; = ’Utlh = h;v; Using both invariance properties of functions
in C, we obtain

(9) = (h1e, D(B, 7)1, h2) = ¢(V, 14, D(B,7)).
O

Notation 3.8. The value of ¢ € C at g = (go,t) € G does not change if we
multiply g from the left or the right with an element of H or if we conjugate g with
an element of K. This induces an equivalence relation on G. Let Sg,~,t denote the
corresponding equivalence class of the element '17% 5( B,7) (note that the t-parameter
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of the equivalence class corresponds to the t-parameter coming from the equation
c(go) = €™). Also, for p € C, we put ¢(B,7,t) = gp(ﬂ%D(ﬂ,fy)).

Lemma 3.9. The class C is invariant under the action of the one-parameter family
v;. More precisely, if ¢ € C and ¢ € R, then ¢; : G — C defined by ¢:(g) = ¢(19)
is also in C. Clearly, for an element ¢ € MyA(G) NC, it follows that for all ¢t € R,

we have HSDtHM[,A(@) = H‘PHM(,A(é)'

Proof. Let ¢ € C. We have got(hlghg) = @(vthighs) = w(hitighs) = p(rg) =

©i(g) for all g € G, t € R and hy,hy € H. Moreover, we have (D905 %) =
gp(vtvsgv D) = (00905 ) = @(Urg) = @i(g) for all g € G and s,¢t € R. This
proves the invariance properties of C of Remark 3.5 for ;. a

Lemm~a 3.10. If G has the AP, then the approximating net can be chosen in the
set A(G)NC.

Proof. For f € C(G) or f € L*(G), we define

/ //fhlvtgvt ho)dhidhadt, g€ G,
R/7Z

where dﬁl and dh2 both denote the normalized Haar measure on H. The function
f€ clearly satisfies the invariance properties of Remark 3.5.
The rest of the proof is similar to the proof of [21, Lemma 2.5]. g

Proposition 3.11. There exist constants C7,Cy > 0 such that for all functions ¢
in MpA(G)NC and t € R, the limit ¢, (¢) = lims_o0 ¢(25, 5, 1) exists, and for all
B >~ >0, we have
16(8,7%,8) — e, (B)] < CreOVFF P g o
The proof of this proposition will be postponed. Using the following lemma, we
will explain how the proposition implies Theorem 3.2.

Lemma 3.12. The space consisting of ¢ in MyA(G) N C for which co(t) =0 is
0(MoA(G), My A(G).)-closed.

Proof. Let (pq) be anet in My A(G)NC converging to ¢ € MoA(G). Tt follows that
for all f € LY(G), we have (¢, f) = limg(@a, f) = lima (¢C, f) = lima (9o, f€) =
(0, F€) = (¢C, f), i.e., the space MoA(G)NC is o(MoA(G), Mo A(G).)-closed, since
Lt (é) is dense in MOA(G’)*‘

It was proved in [21, Lemma 2.6] that whenever (X, u) is a o-finite measure
space and v : X — R is a strictly positive measurable function on X, then the set
S :={feL>®X)||f(z) <v(x)ae}is o(L®(X), L (X))-closed. We can apply
this fact to the unit ball of the space {¢ € MoA(G)NC | ¢,(t) = 0}. Indeed, the
conditions are satisfied with v given by Proposition 3.11 (putting ||¢|[;, A < 1).

Recall the Krein-Smulian Theorem, asserting that whenever X is a Banach space
and A is a convex subset of the dual space X* such that AN{z* € X* | ||z*|| <r}is
weak-* closed for every r > 0, then A is weak-* closed [5, Theorem V.12.1]. In the
case where A is a vector space, which is the case here, it suffices to check the case
r =1, i.e., the weak-* closedness of the unit ball. It follows that the space consisting
of ¢ in MyA(G) N C for which co(t) =0 1is o(MoA(G), MyA(G).)-closed. O
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Proof of Theorem 3.2 using Proposition 3.11. By Lemma 3.10, it follows that if

there is no net in A(G) N C that approximates the constant function 1 in the

o(MyA(G), MoA(G).)-topology, then G does not have the AP. However, since the
space {¢ € MyA(G) NC | c,(t) = 0} is o(MoA(G), MogA(G)+)-closed by Lemma
3.12, it follows immediately that the constant function 1 cannot be approximated

by such a net. O

The rest of this section will be devoted to proving Proposition 3.11. Hereto, we
identify certain pairs of groups in G , as was also done for G in [21]. However, since
K is not compact (unlike K in G), one of the pairs we consider here is slightly
different.

Firstly, note that U(1) is contained as a subgroup in SU(2) by the embedding

© (5 S )=sue

where v € R. We point out that the quotient of SU(2) with respect to the equiva-
lence relation g ~ kgk~! for k € U(1) is homeomorphic to the closed unit disc I in
the complex plane. This homeomorphism is given by

(4) z = (zll le) = Z11.

221 222

Let Hy denote the corresponding subgroup of H. It can be proved that (H, Hy)
is a strong Gelfand pair (see Section 2.3). However, because the theory on strong
Gelfand pairs is not as well-developed as the theory of Gelfand pairs, we use a more
explicit approach, and prove the things we need in a more ad hoc manner.

For I, m € Zxo, consider the so-called disc polynomials (see [27]) A, : D—C
from the closed unit disc D to C, given by

B (= ATETTREE )z,
I,m ZrrL—l]pl(()’7rL7l)(2|z|2 -1 l<m.

where P\ denotes the n® Jacobi polynomial.

Recall that a function f: X — Y from a metric space X to a metric space Y is
Holder continuous with exponent o > 0 if there exists a constant C' > 0 such that
dy (f(z1), f(z2)) < Cdx (z1,x2)%, for all 21,22 € X. The following result (see [21,
Corollary 3.5]) gives Hélder continuity with exponent 1 of the functions h,, on
the circle in D centered at the origin with radius %, with a constant independent
of [ and m. It is a corollary of results of de first named author and Schlichtkrull

[22].

Lemma 3.13. For all I;m > 0, we have

h?'rn (£> - h?'m (&)' < C~’|‘91 - €2|%
V2 V2

for all 0,6, € [0,27), where C is a constant independent of [ and m.

We now prove the following decomposition result.

Lemma 3.14. Let ¢ € MyA(SU(2)//U(1)) (recall the embedding (3)). Let
z= < AL ) € SU(2).

Z21 222
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Then ¢(z) = ¢%(211) for a certain function ¢° : D — C, and

0 0
Y= Z Clﬂnhl,m

1,m>0

such that 3, |~ |cm| = 1@l asu(2))- Moreover, ¢ satisfies

0 ei91 0 ei€2 é 5 4 .
_ < _ 0|1
‘tp (\/5> @ (ﬁ)’ < C101 = 027 |l plla asu(2)
for all 61,6, € [0.27).

Proof. Let L = U(1) denote the subgroup of U(2) given by the elements of the form

1 0
lai(o ew), 0 cR.

Note that (U(2), L) is the Gelfand pair that played an important role in [21]. We
now prove that there is an isometric isomorphism between MyA(SU(2)//U(1)) and
MyA(L\U(2)/L).

Let @ : MoA(L\U(2)/L) — MyA(SU(2)//U(1)) be the map given by ¢ — ¢,
where @ = ¢|gy(g). It is clear that ¢ € MyA(SU(2)//U(1)) and that ® is norm-
decreasing.

Write U(2) = SU(2) x L by the action given by multiplication from the right,
ie., g = hl, where g € U(2), h € SU(2) and [ € L. Consider the map ¥ :
MyA(SU(2)//U(1)) = MoA(L\U(2)/L) given by ¢ — 1, where ¥(g) = @(h) if
g = hl according to the unique factorization that follows from U(2) = SU(2) x L.
It follows that 1 (I1hls) = p(h) for all h € SU(2) and [y, € L. Indeed, (I hls) =
P(ILhlT ) = o(LhhTh) = @(h), since i~ € SU(2) for all h € SU(2) and
l € L. From this, it follows that ¥((hala) " hily) = (I3 hy *hily) = @(hg 'hy).
Let now P,Q : SU(2) — H be bounded continuous maps such that ¢(hy'h;) =
(P(h1),Q(ha)) for all hy,hy € SU(2) and [[gllag asuey = | Pllocl@llo: This is
possible by the result of Bozejko and Fendler mentioned in Section 2.5. It follows
from this that also the map ¥ is norm-decreasing, since the maps P(hl) = P(h)
and Q(hl) = Q(h) give maps such that ¥ ((haly) " hyly) = (P(hily), Q(hals)) for all
hi,hy € SU(2) and I;,ls € L. Moreover, it is easy to check that ® and ¥ are each
other’s inverses.

From Proposition 2.1 we get a decomposition of elements of MyA(L\ U(2)/L)
in terms of the functions hy,,, as was also explained in [21, Section 3]. Indeed
(U(2),L) is a compact Gelfand pair. Applying the map ® to this decomposition,
i.e., restricting to SU(2), and by using the homeomorphism of (4), it follows that for
» € MgA(SU(2)//U(1)) we have ¢(h) = ¢°(h11) for a certain function ¢° : D — C,
and ¢° = 2 lm>0 ctmhy,, such that Yimsolcml = llellmasu@). The last
assertion of the lemma follows directly from Lemma 3.13. O

Remark 3.15. This lemma shows that the disc polynomials act like analogues of
spherical functions for the strong Gelfand pair (SU(2),U(1)). The disc polynomials
also occur as the spherical functions of the Gelfand pair (U(2),L), where L is
as above. It turns out that there is a general connection between the spherical
functions for certain Gelfand pairs and their analogues for certain strong Gelfand
pairs. A brief account on this connection is given in Appendix A.

Note that we can identify MyA(H//Hy) with MyA(SU(2)//U(1)).
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Proposition 3.16. Let ¢ € MyA(G)NC. For o > 0, let ¥, : H — C be given
by h — @(D(c,0)hD(c,0)). This function is an element of MyA(H//Hy), and
“¢0¢‘|MOA(H) < H‘pHMOA((;)'

Proof. Let L be the subgroup of U(2) as in Lemma 3.14, and let Ky (resp. I?o) be
the corresponding subgroup of K (resp. K ). For ho € Hy, we can write ho = kol
for some EU € IN(O and t € R. Since %0 is the exponential of an element in the
Lie algebra (note that this does not hold for every element in é), and since this
element of the Lie algebra commutes with the Lie algebra element corresponding
to E(a, 0), the elements also commute on the Lie group level. Hence, for all h € H
and hg = kove € Hp,

Yo (hohhyt)

¢(koD(c, 0)hD(a, 0)kg ")
©(D(a,0)hD(ax, 0))
Ya(h),

80 1, is an element of C'(H//Hy). The statement on the norms follows in the same

o(D(a, 0)kot:ho; kg ' D(a, 0))
ko

way as in [21, Lemma 3.7]. O

Suppose that 8 > v > 0, and let D(8,~) and E(B,y) be as before. Let S3., ¢ be
as in Notation 3.8. In what follows, let ||.||gs denote the Hilbert-Schmidt norm of
an operator, and let h € H be such that

a+ib —cH+id
5) L(h)_(c+id afib>’

with a? 4+ b% 4+ ¢? + d? = 1. The following is an easy adaptation of [21, Lemma 3.8].

Lemma 3.17. Let g = (go,t) € G. Then g € Sp~,t, where 3,7 € R are uniquely
determined by the condition 8 > v > 0 together with the equations

. . 1 _
sinh? 8 + sinh? y = gH!JO —(96) "lEss

1
sinh? Bsinh?y = 6 det(go — (9") 7).

Lemma 3.18. Let a >0and 8>~ > 0. If h € H is such that Ehe corzeiponding
h € H satisfies (5), and ¢ = V1 —a? — b? = % and d = 0, then D(a,0)hD(,0) €
S3,~,¢ if and only if

1
sinh Bsinhy = 5 sinh? a(l —a® —b?),

(6) sinh 8 — sinh vy = sinh(2a)|al,

2ab
t=—tan"! ( ) a ) .
coth®(a) + a? — b?

Proof. Let a > 0 and 8 > v > 0. By Lemma 3.17, ﬁ(m O)Eﬁ(a, 0) € S+ if and
only if

1
sinh® B 4 sinh®y = gHD(a,O)hD(a, 0) — D(a,0)"*hD(a,0) || %5

= sinh?(2a)a® + sinh?

93
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and

sinh? Bsinh?y = % det(D(a, 0)hD(e, 0) — D(er,0) " hD(a, 0)71)
(8)

1 4
_ L.
—4s1nh a,

and, using the explicit expression of (2),
it det(t(Cp(a,0)hD(a,0)))

) [det(Cimonpian)]

The fact that the first two equations of (6) hold if and only if (7) and (8) hold was
proved in [21, Lemma 3.9]. The rest of the proof consists of computing ¢. From
(9), it follows that

(10) t = arg(det(¢(Cp(a.0)nD(a0)))) + 2T
for some k € Z. It is elementary to check that

t(Cp(a,0)hD(a,0)) = L(1 (D(e,0)hD(cx,0) + D(—, 0)hD(—c,0)))

2
cosh(2a)a + ib —%\/g")
e )

Computing the determinant of this matrix yields
1
det(L(Cp(a,0)nD(a,0))) = cosh(2a)a® + b* + iab — iabcosh(2a) + 5 cosh?(a).

Determining the argument is done by taking the inverse tangent of the the imagi-
nary part of this determinant divided by its real part, which yields

ab(1 — cosh(2a))
2ar)a? + b2 + % cosh®(«)

b3 dt C @ @ = te -
arg(det («(Cp(a,0)nD(a.0)))) = tan (cosh(

— tan-? 2absinh?(a)
a2 + 2a2 sinh? () 4 b2 cosh? () — b2 sinh? () + 3 cosh?(a)

1 2absinh?(a)
(a2 — b2) sinh? () + (3 +a+b?) cosh?(a)

= —tan~! ( 2ab ) .
coth? (@) + a2 — b2

Since cothz(oe) > 1 for all @ > 0, the argument of the inverse tangent is clearly a
bounded function. Hence, the value of k in (10) is the same for the whole family

= —tan~

of elements of the form D(a, 0)hD (e, 0). Since there exists a continuous path from
any D(«,0)hD(a,0) to the identity element of G, it follows that k = 0. d

We now consider a different pair of groups in G. The natural embedding of
SO(2) in SU(2) gives rise to a subgroup Hy of H and to a subgroup Hj of H. The
pair (H, Hy) is a compact Gelfand pair and was used in [21] as well. If h € SU(2)
satisfies (5), then the double cosets of SO(2) in SU(2) are labeled by a® —b? +c2 —d?.
Hence, every SO(2)-bi-invariant function x : SU(2) — C is of the form x(h) =
xX%(a? — b% + ¢? — d?) for a certain function x° : [~1,1] — C, since SO(2)\ SU(2)/
SO(2) = [—1,1]. The spherical functions for this Gelfand pair are indexed by n > 0,
and given by P,(a% —b? +c? — d?), where P, denotes the n'® Legendre polynomial.
For details, we refer to [21].
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The following estimate was proved (in this explicit form) in [21, Lemma 3.11].
Similar estimates were already proved in [30], and, as was remarked in [21, Remark
3.12], they can also be obtained from Szegd’s book [38].

Lemma 3.19. For all non-negative integers n,

1
|Pa(2) = Pa(y)| < 4l —y|?
for z,y € [-1,1], i.e., the Legendre polynomials are uniformly Hélder continuous

11y o 1
on [—3, 5| with exponent 3.

Lemma 3.20. Let ¢ € MyA(SO(2)\ SU(2)/S0O(2)). Suppose that h € SU(2) is of
the form
L (a+ib —ctid
“\e+id a—ib )’
where a,b,c,d € R such that a® + b* + ¢* + d> = 1. Then p(h) = ¢°(r), where

r=a?—b?+c? — d?, for a certain function ° : [-1,1] — C, and
@0 = Z cnPp
n>0
such that -, < |en] = [l@lla,asU(2)). Moreover, ¢ satisfies

1
|0°(r1) = % (r2)| < 4l — o2 s a@)

for all ry,75 € [-3, 3]

The above lemma follows directly from Proposition 2.1 and Lemma 3.19. Note
that we can identify MoA(H,\H/H;) with MyA(SO(2)\ SU(2)/50(2)).

Notation 3.21. In what follows, we use the notation v = vz and v = v=.

The proof of the following proposition is similar to the proof of Proposition 3.16.

Proposition 3.22. Let ¢ € MyA(G)NC. For a« > 0, let x/, : H — C be
given by h — @(D(a,a)vhD(a, @), and let x : H — C be given by h —
o(D(a, )" *hD(a, @)). These functions are elements of MoA(H,\H/H;), and

Ity < 19llyg, @ 2 IX vt < 12l a3
Suppose that 8 > v > 0, and let D(3,7) and ﬁ(ﬁ,’y) be as before.

Lemma 3.23. Let « >0 and § > v > 0. If h is such that the corresponding h
satisfies (5), then D(«, a)vhD(o, ) € Sp.~,+ if and only if

sinh? 8 + sinh? 4 = sinh?(2),

sinh B sinhy = % sinh2(2a)\7"|7

_ _1 ( sinh®(2a) |
t= g —tan <2cosh(2a)7) ’

and D(a, a)o"'hD(a, a) € S3,,¢ if and only if

sinh? 8 4 sinh? v = sinh?(20),

(11) sinh sinhy = 1 sinh?(2a)|r|,
x - inh? (2
t= 5+t (FERGE)

where r = a? — b% + ¢? — d?.
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Proof. Let a > 0 and § > v > 0. By Lemma 3.17, ﬁ(a, a)'ﬁﬁﬁ(a,a) € Sgq,¢ if
and only if

1
sinh? B 4 sinh?y = gHD(oz7 a)whD(a,a) — D(a, o) *ohD(a, ) 7Y%

(12)
= sinh?(2a),
and
1
sinh? Bsinh? y = 6 det(D(a, &)vhD(a,0) — D(c, ) " 'vhD(a, o)1)
(13)

1
=1 sinh?(20)12,

)
and, using the explicit expression of (2),
(

(14) eit _ det(L CD(a,a)th(a,a))) )

| dEt(L(CD(a,a)th(a,a)))‘
The first two equations of (11) are now obvious. The last part of the proof consists
of computing ¢. From (14), it follows that

t= arg(det(L(CD(a,a)th(aA,Q)))) + 2km

for some k € Z. It is elementary to check that
1
UCD(a,@)vhD(aa)) = U5 (D, a)vhD(a, @) + D(~a, —a)vhD(~a, ~a)))

_ 1 (cosh(2a)(a —b) +i(a+b) —cosh(2a)(c+d)—i(c— d)>
V2 \cosh(2a)(c —d) +i(c+d) cosh(2a)(a+0b)+i(a—0b) )~

Computing the determinant of this matrix yields

det(L(CD(a,a)th(a,a)))
1
= 5((12 — 0%+ — d*)(cosh?(2a) — 1) 4 i(a® + b + ® + d?) cosh(2a).
Determining the argument is done by taking the inverse tangent of the the imagi-
nary part of this determinant divided by its real part. By arg(z+iy) = tan™1(¥) =

5 - tanfl(i;) for  # 0 and y > 0, we obtain

T [ (a® =% + & — d?)(2cosh®(2a) — 1)
arg(det(L(CD(a,a)th(a,a)))) = 5 — tan ! ( (a2 b2+ 2+ d2)COSh(20t)

™ _, ( sinh®*(2a)
= — —tan — .
2 2 cosh(2a)
The second inclusion we have to consider, i.e., D(a, @)i'hD(a, a) € Sg.-., is very
similar. It is easy to check that this holds if and only if (12) and (13) hold. As for
the value of t, it is very similar to the first case. Indeed, it is again elementary to
check that
1
t(Cpla,a)yv-1hD(asa)) = L(i(D(a,a)vflhD(a, a) + D(—a, —a)v ' hD(—a, —q)))

_ 1 [cosh(2a)(a+b) —i(a—b) —cosh(2a)(c—d)+i(c+d)

~ 2 \cosh(2a)(c+d) —i(c—d) cosh(2a)(a —b) —i(a+0b) )~
It follows that
sinh?(2) )

™ —
arg(det(L(CD(a,a)v—lhD(a,a)))) = _5 + tan L (2005h(2a)r
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By an argument similar to the one in the proof of Lemma 3.18; it follows that k = 0,
giving the correct values of ¢. O

We will now prove that multipliers in ]\/IOA(é) NC are almost constant on certain
paths in the groups.

Proposition 3.24. Let ¢ € MOA(G) NC. If a >0 and |1 — 72| < 7, then
1$(20,0,71) — $(20,0,7)] < 24¢™pll g, 16
In order to prove this result, we need the following lemma.

Lemma 3.25. Let o € MyA(G)NC, let o > 2 and 7 € [—
_ 2cosh(2a)

4 Let r =

tan(7), and let 8 > > 0 be the unique numbers for which

sinh?(2a)
1
smhﬁ—istha 1+ |r+ /1=,
1
sinhy = isinh(Qa)(\/l +|rl =1 =r|).
Then

$(8,7.7) - $(20,0,0)] < 126~ ol o 46
Proof. One easily checks that sinh? 8 + sinh? v = sinh?(2a) and 2sinh Ssinh~y =
sinh?(2a)|r|. Put

9(r) = D(a, a)uh(r)D(a, ) € Sp..qr

P T el sinh?(2a) . T
=== ———r | =—+T
2 2 cosh(2a) 2

where

and ?L(T‘) is any element in H satisfying a? — b% + c? — d? = r. By Proposition 3.22,
we obtain
1
lp(g(r)) = @(g(O))] < 4lrl2[lell psy 4
provided that |r| < %. Since g(0) corresponds to r = 0, it follows that the corre-
sponding 79 = 5. Hence, g(0) € S2a,0,z-
Hence, by the invariance property of C of Lemma 3.9,
. . 1
\90(57 Y5 T) - (,0(2&7 07 0)' S 4|T| 2 HQOHMOA(@)v

provided that |r| < 3. However, since |7 < T,
2a 4o _8
that ‘T‘ < 2510110115;((222> S ifu(iltihx)g < 4672& ((11:;678)2) S 5672& for a 2 2. Then

Ir| < 5e~* < 1. This implies that

|(tb(ﬂ7777—) - (P(QO[,0,0N S 126_&”@”]\/[0,4(5)'

we have [tan7| < 1. It follows

Proof of Proposition 3.24. Put 7 = 2572 It is sufficient to prove that
(6(20,0,7) — 2000, )| € 24— 10l st a6

Construct S > v > 0 as in Lemma 3.25. Observe that this gives the same
for 7 and —7. Replacing g(r) = D(«, @)vh(r)D(a, @) in that lemma by g(r) =
D(a, @)~ h(r)D(a, o), we obtain

|¢(B>fy> _T) - @(2057 07 O)‘ S 12670‘”@”M0A(§)
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for @ > 2. Combining the results, we obtain
[$(8,7, £7) — $(20,0,0)] < 1267l 1y 4 -
Then the invariance property of C (see Lemma 3.9) implies that
|£(8,7,0) — 920, 0, F7)| < 1267&“@”]\40,4(5)

for @ > 2. Since 2¢2 < 24, it follows that the desired estimate holds for every
a>0. d

Lemma 3.26. Let 8 >~ > 0. Then the equations
sinh2(251) + sinh? s; = sinh? 8 + sinh? v,
sinh(2s2) sinh s = sinh 8 sinhy
have unique solutions s; = s1(83,7), s2 = s2(8,7) in the interval [0, c0). Moreover,

822%

|

(15) S1 > )

For a proof, see [21, Lemma 3.16]. Note that we have changed notation here.

Lemma 3.27. There exists a constant B > 0 such that for a > 0,teR, 7€

[-%.5], s1 = s1(21,0) chosen as in Lemma 3.26, and ¢ € MyA(G) NC, we have
[p(2s1, 81,t) — P(281, s1,t +7)| < Be % ||<p||A,[DA(é)A
Proof. Let t € R, and let 7 € [-F, 5]. Suppose first that a > 4, and let h; € H be

such that
1414 0
2
( 0 1—i>€SU( )

i.e., in the parametrization of (5), we have a = b = %, ¢ = d = 0, and, hence,

t(h) =

Sl

r1 = 0. By Lemma 3.23, we have ﬁ(a,a)ﬂﬁlf)(a,a) € S0, for some t” € R.
Let 51 = s1(2c,0) be as in Lemma 3.26. Then s; > 0 and sinh2(231) +sinh? s =
sinh?(2a). Put
ry = ‘2 812nh(251)s1‘nh§1 € [0.1],
sinh®(2s1) + sinh” 51
and let hy € H be such that

U(he) = < axtiby 0 ) € SU),

0 as — Zbg

where ay = (H%)% and by = (13"2)%. Since a2 — b2 = 7o, it follows again by
Lemma 3.23 that D(a, )TheD(a, o) € S2s1,s1,¢ for some ' € R.

Let ¢ € MyA(G) N C, and let X, (h) = ¢(D(e, ®)ohD(a, ) for h € H as in
Proposition 3.22. By the same proposition, given the fact that 71 = 0 and provided
that ro < %, it follows that

2251, 51,1') — 4(20,0,8")] < X4 (h1) — Xa ()]

(16) = [xa%(r1) = xa’(r2)|
1
< 47‘22 ”()OHJ\,[OA(éy
where x;° is the function on [—1,1] induced by x’,. Note that ro < 2;2}?;;1 =

L_ < 2¢e7*. By Lemma 3.26, equation (15), we obtain that ro < 2e7% <

coshs; —
2e72 < % In particular, (16) holds, and we have ro < 2e~%. The estimate above
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is independent on the choice of ¢ € MyA(G) NC, so by the invariance property of
Lemma 3.9, it follows that
|o(251, 51,t") — @(281, 51, + 7T)]
< |p(2s1,81,t) — @2, 0, ") + |9(2c, 0, ") — p(2a, 0, " + 7)]
+ 020, 0,t" 4+ 1) — 9(281, s1,¢' + 7)]
< (8V2e T +24e™)[0ll pyo 4y

By the invariance property of Lemma 3.9, the desired estimate follows with B =
8vV2 + 24. O

By the following two lemmas, we can estimate the difference between ¢ (3,7,t)
and the value of ¢ at a certain point on the line {(2s,s,t) | s € Ry }. The method
is similar to the one used in [21, Lemma 3.17 and Lemma 3.18], but because of the
t-dependence, there is an extra parameter. Lemma 3.27 provides us with the tools
to deal with this extra parameter.

Lemma 3.28. There exists a constant B; > 0 such that whenever g > v > 0,

t € R, and s; = s1(8,7) is chosen as in Lemma 3.26, then for all ¢ € MyA(G)NC,
. . _B—
|¢(ﬁv’yvt) 7@(2517815t)| S Ble 8 ”(p”]u()A(é)'
Proof. Let B >~ >0 and ¢t € R. Assume first that 5 —y > 8. Let o € [0,00) be
the unique solution to sinh? 8 + sinh? 4 = sinh?(2a), and observe that 2o > 3 > 2,
so in particular @ > 0. Define
2ginh 8 sinh
— ZSmhOSWhY ),
sinh® 8 + sinh® ~y

1

1 1
and a; = (32)2 and by = (152) 2. Furthermore, let hy € H be such that

_ ay + Zbl 0
t(h1) = < 0 a1 — ibs ) € SU(2),

and let ¥ be as before. We now have 2sinh §sinhy = sinh®(2a)ry, and a3 —b} = 71,
so by Lemma 3.23, we have D(«a, a)ThiD(«a, ) € Sg,4,¢ for some ¢’ € R.
Let now s1 = s1(3,7) be as in Lemma 3.26. Then s; > 0 and sinh?(2s;) +
sinh? s; = sinh? 8 + sinh? 4 = sinh?(2a). Similar to the proof of Lemma 3.27, put
2sinh(2s1) sinh s1

ro = € 0,1
? sinh?(2s;) + sinh? s, 0.1}

and let ho € H be such that
as + iby 0
= 2
o(hs) ( 0 ) € SU(2),

1 1
where ay = (H%)2 and by = (%)2 Since a2 — b2 = ry, it follows again by

Lemma 3.23 that ﬁ(a,a)iﬁgﬁ(a, a) € Sag, s, ¢ for some ¢t € R.
Now, let x.,(h) = ¢(D(a, a)vhD(«,«)) for h € H as in Proposition 3.22. By
the same proposition, it follows that
1
(A7) Ixa(h) = xa(ha)| = X5 (1) = x5°(r2)] < 4lr = ral 2 (19l gy 4
provided that ri,ry < % Note that r < ZSirsli};ifigh'V = 2:12;12 Hence, using

p— 2 . —_
B>7+8>7 wegetr < 2% < 2¢778. In particular, 1 < 278 < %
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Similarly, ro < 2;?}?23;1 = ﬁ < 2e7%1. By Lemma 3.26, equation (15), we
obtain that ro < 267§ < 26¥ <272 <
|r1 — ro| < max{ry,ro} < 277

Because of the explicit form of #' and ¢”, we have [t — ¢"| < Z. It follows that

|30(/B7 Vs t,)7¢(2327 52, t,)‘ < ‘90(/37 Ys tl)igb(zsl, 81, t”)|+|¢(2815 S15 t,)i(tb(zsla S15 t”)"

-

The first summand is estimated by 425 o1l ar A by (17), and the second

%. In particular, (17) holds. Moreover,

summand is estimated by Be™% by Lemma 3.27. It follows that
. . _B—xy -1
(8,7, 1) = (252, 52,)| < 4V2e™ % [0l ace) + Be™ Tlellagace)
Sy — B
< W2+ B F el

under the assumption that 8 > v + 8. By shifting over ¢t — ' (cf. Lemma 3.9), we
obtain the estimate of the lemma for 8 > v 4 8. In general, the assertion of the
lemma follows with By = max{4v/2 + B, 2¢*} = 4y/2 + B. O

Lemma 3.29. There exists a constant By > 0 such that whenever g > v > 0,

t € R, and sy = s2(f,7) is chosen as in Lemma 3.26, then for all ¢ € MyA(G) NC,
|<p(ﬁa s t) - @(2827 82, t)' < BQe—% ”90”]\/[014((;)'

Proof. Let B >~ > 0 and t € R. Assume first that v > 2, and let « € [0,00) be
the unique solution in [0, 00) to the equation sinh Bsinhy = 3 sinh? o, and observe
that a > 0, because > v > 2. Put
smh.ﬁ — sinhy >0

sinh(2a)

a; =
Since sinh(2a) = 2sinh a cosh a > 2sinh® a, we have
sinh 8 sinh 8 1

- Sinh(za) - 2sin}12a - 4sinh’y'

In particular, a; < % < %. Put now b, = ,/% — a%. Then 1 — a% — b% = % Hence,

we have sinh 8 — sinh v = sinh(2a)a;. Let hy € H be such that

a1 +iby L
u(h) = ( A > € SU(2).
V2 1 1

By Lemma 3.18; we have ﬁ(a, O)Eﬁ(a, 0) € Sg,~,+, where t' is determined by the
equations in that lemma. By Lemma 3.26, we have sinh(2sz) sinh s5 = sinh 8 sinhy =
%sinh2 a. Moreover, by (15), we have s, > % > 1. By replacing (f,~) in the above
calculation with (2s2, s2), we get that the number

sinh(2s2) — sinh so

= >0
2 sinh(2a) -

satisfies
1 1

< < <
2= Jsinhs, — 4sinh1 — 4
Hence, we can put by = ,/% — a2 and let hy € H be such that

as + iby L
L<hz>=< T w )
V2 2 L02
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Then
sinh(2s5) sinh sy = sinh? a(1 — a2 — b3),
sinh(2s2) — sinh sp = sinh(2a)as,
and 1(hy) € SU(2). Hence, by Lemma 3.18, D(a, 0)hoD(a, 0) € 595,54, Where t”

is determined by the equations in that lemma. It follows from the explicit formula
for ¢, and from the fact that they have the same sign, that |t —t"| < Z. Put now

0; = arg(a; +ibj) = = — sin" (%) for j =1,2. Since 0 < a; < 1 for j = 1,2,

and since d% sin"ly = \/1177 < V2 foryc o, %], it follows that
|01 — 65| < |sin~? (%) —sin~! (%) ’
<lar — asf
< max{ai,as}
< max {;, L }
- 4sinhy’ 4sinht
< ;
~ 4sinh ¥’
Since v > 2, we have sinh 3 = %e%(l —e7) > %e%. Hence,

because y >
|91 - 192| S &
have

s
1.
~3. Note that a; = %ewi for j = 1,2, so by Proposition 3.16, we

[@(252, s2,t") — (B, 7, ') < |Ya(h1) — ta(he)]
(18) < 6‘01 — 02|% ”wD/”JW()A(H)
< C'e_%”‘PHMDA(@)'

Since D(a, 0)hy D(a,0) € Sp.4 and D(a,0)haD(ar,0) € Saay a0, it follows that

|S0(/B7 Vs t,)7¢(2327 52, t,)‘ < ‘SD(/B7 Ys tl)7¢(282, 52, t”)|+|(p(2815 S1, t’)*({’)(282, 52, t”)"

The first summand is estimated by Ce™ % ||<p||MOA(§) by (18), and the second sum-
mand is estimated by Be~%. It now follows that
. . ~ =2 = 4
|90(67'77tl) - 90(251a Slvt,)‘ <Ce = H‘pHMOA(é) + Be™ 1 ”(p”MoA(C‘)'
Using the fact that e=% < e~% and using the invariance property of Lemma 3.9,
the desired estimate follows with By = max{C, 2% }. O

We state the following lemma. For a proof, see [21, Lemma 3.19].

Lemma 3.30. Let s; > so > 0. Then the equations
sinh? 8 + sinh? y = sinh?(2s;) + sinh? 51,
sinh 8 sinhy = sinh(2s5) sinh so,
have a unique solution (3,7) € R? for which 3 > v > 0. Moreover, if 1 < 55 <
51 < %sz, then
[B—2s1| <1,

(19)
|7+ 281 — 3s2| < 1.
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Lemma 3.31. There exists a constant B3 > 0 such that whenever sy, s5 > 0 satisfy
2 <59 < 51 < %92 and t € R, then for all ¢ € MyA(G) NC,

[$(2s1,51,) — (252, 52,D)] < Boe™ Bl 1y -
Proof. Choose 8 > v > 0 as in Lemma 3.30. Then by Lemma 3.28 and Lemma
3.29, we have

. . _B=xy

[9(8,7,t) — ¢(251,81,1)| < Bre 5 H‘PHMOA@)

|(10(67 Y t) - ¢(2527 52, t)‘ < B2€7% H()OHJ\/IOA(é)‘
Moreover, by (19), we have

B—7v>(2s1 —1)—(3s2 —2s1 +1) =481 —3s2 —2 > 51 — 2,

81—2
2

723327231712231725171=
Hence, since 51 > 2, we have min{e~7,e~(#=7} < e~ Thus, the lemma, follows
from Lemma 3.28 and Lemma 3.29 with Bs = 5 (B + Bs). O

Lemma 3.32. There exists a constant B4 > 0 such that for all ¢ € MyA(G)NC
and t € R the limit ¢, (t) = lims, 00 ©(251, 51, %) exists, and for all so > 0,

. _sa
[$(282, 52,1) — cp(t)| < Bye™ 70 H‘P”MUA(@'

Proof. Let ¢ € MgA(G)NC, and let t € R. By Lemma 3.31, we have for u > 5 and
k € [0,1], that
(20) 9(20,1,8) — (2(u+ 1), u+ 5, 8)] < Bae™ ol 4.
Let s1 > s2 > 5. Then s; = s2 +n + 0, where n > 0 is an integer and § € [0,1).
Applying equation (20) to (u,k) = (s2 + 4,1), j = 0,1,...,n — 1 and (u,k) =
(s2 +n,d), we obtain

s2+i

. . _ _ s
|9(251, 81,t) — P(252, 82,t)| < Bs Ze 16 H‘PHMOA(G) < Bée 16 H‘P”MUA(@)v
j=0

where B} = (1 — e 16)"'Bs. Hence (#(251,51,1))s,>5 is a Cauchy net for every

6
t € R. Therefore, c,(t) = limg, 00 ©(251, 51, ) exists, and

. . . . _ 352
|30(282,827t) - Ctﬂ(t) = slh—I}éo |(p(2813 Slat) - @(2827 SQat)| S Bée 16 HQOHM,JA(a)

for all so > 5. Since ||¢|loo < ||<,9HMOA(6)7 we have for all 0 < s9 < 5,
(252, 82,1) — Cw(t)l < 2||‘PHMOA(6)~
Hence, the lemma follows with By = max{Bj, 261%}. O

Proof of Proposition 3.11. Let ¢ € MyA(G)NC and let t € R. Let 8 > v > 0.
Suppose first that 5 > 2. Then g —~ > %, so by Lemma 3.26 and Lemma 3.28,
there exists an s; > g such that

. . _8
|Lp(,8,’7,t) - @(231781715” < Ble 16 ”()OHJL{UA(G)'

Suppose now that f < 2y. Then, by Lemma 3.26 and Lemma 3.29, we obtain that

there exists an sy > % > g such that

. . _B
[9(B,7,t) — (252, 52,1)| < Bae™ 16 ”‘PHMOA(G)'
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Combining these estimates with Lemma 3.32, and using again that s; and s, ma-
jorize g, it follows that for all § > v > 0, we have

. _8
[6(8,7,t) — cp(t)] < Cre™ o H@”MUA(é)-
where C1 = max{Bj + By, By + B,}. This proves the proposition, for /3% + 2 <

V28. O

Proposition 3.33. For every ¢ € MoA(G)NC, the limit function c, () is a constant
function.

Proof. From Proposition 3.11 and its proof, we know that for every ¢ € MyA(G) the
limit ¢, (t) = limge 2,00 ¢(B,7,t) exists and that ¢ satisfies a certain asymptotic
behaviour. It is clear from this expression that the limit may depend on ¢, but it
does not depend on how 3% + 72 goes to infinity. In particular, we have c,(t) =
lima ;00 (20, 0,¢). Let 71,72 be such that |7y — 73| < 5. By Proposition 3.24, we
have
|9b(2a7 0, Tl) - 9'0(2057 0, T2)| < 24672“”¢HM(,A(@)'
In the limit o — oo, this expression gives ¢, (71) = ¢, (72). i.e., the function ¢, () is
us

constant on any interval of length smaller than or equal to 7. Hence, the function

¢, is constant. O

Corollary 3.34. The space MOA(CNJ)QCO of completely bounded Fourier multipliers

© in C for which ¢, = 0 is a subspace of MyA(G) N C of codimension one.

4. NONCOMMUTATIVE LP-SPACES ASSOCIATED WITH LATTICES IN Sp(2,R)

Let again G = Sp(2,R) and G= §f)(2, R). We use the same realization of G asin
Section 3, and we use the same notation as in that section (e.g., for the subgroups
K, A, AT, H, Hy, H; of G and the corresponding subgroups of é) The main
ng;“ for G. This gives rise to the

failure of the OAP for certain noncommutative LP-spaces, which will be explained

result of this section is a statement about the AP

in Section 5.

Theorem 4.1. For p € [1, 1) U (12, 00|, the group G does not have the APE??G".

The proof follows by combining the method of proof of the failure of the AP for
Sp(2,R) in Section 3 with the methods that were used in [31], [29] to prove the

failure of the Angchg" for SL(3,R) and Sp(2,R) for certain values of p € (1,00),

respectively.

Note that for p = 1 and oo, the Angg{)“r is equivalent to weak amenability (see
[31, Proposition 2.3]), and the failure of weak amenability for G was proved in [9],
so from now on, it suffices to consider p € (1,00). Using an averaging argument
similar to the one in Lemma 3.10 (see [29, Lemma 2.8] for more details on averaging

functions in the setting of the APiCC}ﬂ"), it follows that if G has the APE?&?r for

some p € (1,00), then the approximating net can be chosen in A(G) NC.

The following result, which is a direct analogue of Proposition 3.11, gives a
certain asymptotic behaviour of continuous functions ¢ in C for which the induced
function ¢ is a Schur multiplier on SP(L2(G)). From this, it follows that the
constant function 1 cannot be approximated pointwise (and hence not uniformly

on compacta) by a net in A(G)NC in such a way that the net of associated multipliers
is uniformly bounded in the M SP(L%(G))-norm. This implies Theorem 4.1.
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Proposition 4.2. Let p > 12. There exist constants C1(p), C2(p) (depending on p
only) such that for all ¢ € C(G)NC for which ¢ € M SP(L?*(G)), and for all ¢ € R,
the limit ¢ (¢) = lim, o P(2s, 5,1) exists, and for all 3 > v >0,

(8, 7.t) — 5£(t)| <0 (p)efcz(P)\/ B2+~2

|‘¢HMSP(L2(é>)'

To prove this, we again use the strong Gelfand pair (SU(2), U(1)) and the Gelfand
pair (SU(2),SO(2)), which sit inside G. For the disc polynomials hy,, we need
better estimates than in Lemma 3.13. These were already given in [21, Corollary
3.5].

Lemma 4.3. For all [,m > 0, and for 61,6 € [0,27), we have

. (i) . (i)} <C(+m+1)3[6; — 6y,

w0 (C2) —no (S| < 200 -
bm \ g ) " \ g )| = (+m+1)"1.

Here C > 0 is a uniform constant.

Combining the above two estimates, we get the estimate of Lemma 3.13. Com-
bining Lemma 3.14 and [29, Lemma 2.4], we obtain that for ¢ € L2(SU(2)//U(1)),
there is an induced function ©° : D — C, and

(oo}

o0 = Z am(l+m+ 1)h?7m

1,m=0
for certain ¢; ,,, € C. Moreover, by [29, Proposition 2.7], we obtain that if p € (1, c0),
1 y
then (3_; 0 lamP(L+m+1))7 < [|@]lamse(r2ue))-

Lemma 4.4. Let p > 12, and let ¢ € SU(2) — C be a continuous Int(U(1))-
invariant function such that ¢ is an element of M SP(L2(SU(2))). Then ¢ satisfies

601 62
0 e 0 e ~ . 1_3
— _— <C P(L2 0 O] 20
'cp <\/§) 2 (ﬁ)’ < CPISlarse L2 uylth 2|

for 01,60, € [0,2n). Here, C(p) is a constant depending only on p.

The proof of this lemma is exactly the same as the proof of [29, Lemma 3.5] after
identifying the spaces C'(SU(2)//U(1)) and C(L\ U(2)/L) and proving an isometric
isomorphism in the setting of multipliers on Schatten classes as was done in Lemma
3.14 in the setting of completely bounded Fourier multipliers.

Lemma 4.5. Let ¢ € C(G) NC such that ¢ € ]\/[SP(Lz(G)) for some p € (1,00),
and for a € R, let ¢, : H — C be defined by ¥, (h) = ¢(D(a, 0)hD(c,0)). Then
14 is an element of C(H//Hy) and satisfies

HQLaHMSP(Lz(H)) < ||¢||MSP(L2(6))'

Proof. The fact that ¢, € C(H//H,) follows as in Proposition 3.16. The second
part follows by the fact that D(a, 0)H D(«,0) is a subset of G’ and by applying [29,
Lemma 2.3]. a

We now turn to the second pair of groups (H, H;). We again need the Legendre
polynomials, which act as spherical functions. The following estimate was proved
in [29, Lemma 3.8].
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Lemma 4.6. For all non-negative integers n, and z,y € [f%, =],

|Pu(z) = Pa®)] < |Pa(@)] + [Pa(y)] < %

y
/ P;,‘(t)dt‘ < 4y/nl|z —y).

Combining the two estimates above, yields the estimate of Lemma 3.19. Let
¢ : SU(2) = C be a SO(2)-bi-invariant continuous function. Then (k) = ¢°(r)
as in Section 3. It follows that ¢® = 3°°7 ¢,(2n + 1)P, for certain ¢, € C.
Moreover, as above, we obtain that if p € (1,00), then (3,5 |ca|P(2n + 1))% <
@1l asp(L2(sU(2))), Where ¢ is defined as above by ¢(g, h) = ©(g~'h). The following

result can be found in [29, Lemma 3.9].

Lemma 4.7. Let p > 4, and let ¢ € C(SO(2)\ SU(2)/SO(2)) be such that ¢ €
MSP(L?(SU(2))). Then ¢V satisfies

|Po(2) — Pa(y)] <

1

. 1
10°(81) = @%(82)| < C)lpllmsr(r2(suc))ldr — 2|77
for 61,02 € [f%, %] Here C’(p) is a constant depending only on p.

Lemma 4.8. Let ¢ € C(G) NC such that ¢ € MSP(L%(G)) for some p € (1, 00).
For a > 0, let x., : H — C be defined by h — o(D(ar, 0)ThD(ev, o)), and let X
H — C bedefined by h — o(D(e, 2)o~*hD(ev, o). These maps are H,-bi-invariant
such that X/, X, € MSP(L?*(H)). Moreover, we obtain that [|[X}|larse(r2(my) <
@llarsy (L2 myy and [|Xallarse 2y < NPlarse 2 my)-

The fact that the maps are H;-bi-invariant is similar to the case of completely
bounded Fourier multipliers. The second part follows by the fact that the sets
D(o, @)HD(e, ) and D(, a)5~HD(ev, @) are subsets of G and by applying [29,
Lemma 2.3].

Proposition 4.9. Let p > 4, and let ¢ € C such that ¢ € MSP(L*(Q)). If
|71 — 72| < Z and a > 0, then

, , oa(l 1y, .
(20, 0,71) = $(20,0,72) < D) > T3l 1501260
where D(p) > 0 is a constant depending only on p.

The proof of this proposition is similar to the proof of Proposition 3.24. One
uses the Holder continuity coming from the Legendre polynomials in the p-setting
(see Lemma 4.7) rather than the Holder continuity in the setting of completely
bounded Fourier multipliers. In the lemma yielding the above proposition, replace
the Holder continuity accordingly.

Lemma 4.10. There exists a constant B(p) > 0 such that for o > 0, t € R,
7 €[5, 5], and 51 = 51(2c,0) is chosen as in Lemma 3.26, then for all ¢ € C such
that @ € MSP(L*(Q)),

1 1

|¢(2517 S1, t) - ([.7(251, S1, t+ T)l S B(p)e 3(4 p) H@HMSP(LZ(é)'
The following two lemmas replace Lemmas 3.28 and 3.29.

Lemma 4.11. For p > 4, there exists a constant By (p) > 0 (depending only on p)
such that whenever 8 > v > 0 and s; = $1(83,7) is chosen as in Lemma 3.26, then

for all ¢ € C for which ¢ € MSP(L%(@)),

. . _B=y(1_1 .
12(B,7,t) — @251, 51, 8)| < Bi(p)e™ + G701 @llarsr(r2(ay)-
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Lemma 4.12. For p > 12, there exists a constant Ba(p) > 0 (depending only on
p) such that whenever 8 > v > 0 and sy = s2(8,7) is chosen as in Lemma 3.26,
then for all ¢ € C for which ¢ € MSP(L*(G)),
. . _a(1o38y, .
[6(8,7,t) — ¢(2s2, s2,t)| < Ba(p)e i p)H@”Msp(p(é))-
The following lemma follows in a similar way from the previous two lemmas as
Lemma 3.31 follows from Lemmas 3.28 and 3.29.

Lemma 4.13. For all p > 12, there exists a constant B3(p) > 0 such that Whenezer
81,82 > 0 satisfy 2 < 59 < 51 < 2327 then for all ¢ € C for which ¢ € MSP(L%(G))
and for all t € R,

_ﬂ(l_é

[p(2s1,81,8) = (252, 52,8)| < Ba(p)e™ = T |2l y g0 12

The following lemma replaces 3.32.

Lemma 4.14. For p > 12, there exists a constant B4 (p) > 0 such that for all ¢ € C

for which ¢ € MSP(L?(G)) and for all t € R, the limit & (¢) = limy, 00 @(251,51,1)
exists, and for all so > 0,

. ~ _S2(1_3 .
|§0(2527527t) - Cg(t” < B4(p)e £ p>H50HMSp(L2(§>)~

Proof of Proposition 4.2. Let ¢ € C be such that ¢ € MSP(L?(G)). The proof
of the proposition now follows in the same way as the proof of Proposition 3.11.
Indeed, assume first > 2. Then 8 — v > %, and it follows for all ¢ € R that
. - _B(1_3y.
$(8,7.8) — (1) < (Bu) + Ba®)e #E D0l 1600
Assume now that 8 < 2. Then
. - _B(1_3y,
$(8,7,8) — (1) < (Bal) + Ba®)e #E D@l 160 -
Combining these results, it follows that for all 5 > v > 0,

(8, 7,t) — &(1)] < Cy(p)e=C:WVF*7?

H@HMSP(H(E;))v

where C1(p) = max{B(p) + B4(p), B2(p) + Ba(p)} and Ca(p) = ﬁ(i — %) This

proves the proposition. O

The values p € [1, 12)U(12, oc] give sufficient conditions for G to fail the APE?CILM.
We would like to point out that the set of these values might be bigger, as already

mentioned in Section 1.

5. MAIN RESULTS
In this section, we state and prove the main results of this article.

Theorem 5.1. Let G be a connected simple Lie group. Then G has the Approxi-
mation Property if and only if it has real rank zero or one.

Proof. Since it is well-known that if a connected simple Lie group G has real rank
zero or one, then G has the AP (see Section 1), it suffices to prove that any connected
simple Lie group with real rank greater than or equal to two does not have the AP.

Let G be a connected simple Lie group with real rank greater than or equal to
two. Then G has a closed connected subgroup H locally isomorphic to SL(3,R) or
Sp(2,R) (see, e.g., [1],19],[33]).
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Firstly, suppose that H is locally isomorphic to SL(3,R). Since the universal
covering §I:(3, R) has finite center, it follows that H automatically has finite center.
Using the fact that the AP is preserved under local isomorphism of connected simple
Lie groups with finite center (see Section 2.6) and the fact that SL(3,R) does not
have the AP, it follows that G does not have the AP, since the AP passes from a
group to closed subgroups.

Secondly, suppose that H is locally isomorphic to Sp(2,R), i.e., H is isomorphic
to Sp(2,R)/T', where T'is a discrete subgroup of the center Z(Sp(2,R)) of Sp(2, R).
If H has finite center, then the result follows in the same way as the case SL(3,R).
If H has infinite center, then H = §13(2, R), because all nontrivial subgroups of the
center of TS';?(Q,R) are infinite subgroups of finite index (which make H have finite
center). This implies that H does not have the AP, which finishes the proof. g

Note that the proof of this theorem follows from combining the failure of the AP
for SL(3,R), which was proved by Lafforgue and de la Salle and the failure of the
AP for Sp(2,R) and Sp(2,R).

Corollary 5.2. Let G =57 X ... x S, be a connected semisimple Lie group with
connected simple factors S;, i = 1,...,n. Then G has the AP if and only if for all
i =1,...,n the real rank of S; is smaller than or equal to 1.

We now state our results on noncommutative LP-spaces. Combining [31, The-
orem E| by Lafforgue and de la Salle, [29, Theorem 3.1] and Theorem 4.1 of this
article, it follows that whenever G is a connected simple Lie group with real rank
greater than or equal to two and whenever p € [1, %) U (12, 00], then G does not
have the AP?%;”. Combining this with the fact that the Apiﬁﬁlr passes from a
group to its lattices and vice versa and the earlier mentioned result of Lafforgue
and de la Salle that whenever I' is a discrete group such that LP(L(T')) has the

OAP for p € (1,00), then I" has the Angc}ﬁ”, we obtain the following result.

Theorem 5.3. Let I' be a lattice in a connected simple Lie group with real rank
greater than or equal to two. For p € [1, %)U(IZ7 o], the noncommutative LP-space

LP(L(T")) does not have the OAP or CBAP.

Note that this result only gives sufficient conditions on the value of p for the
failure of the CBAP and OAP for noncommutative LP-spaces associated with lat-
tices in connected higher rank simple Lie groups. The set of such p-values might
be bigger than [1,12) U (12, 00]. In particular, if we consider LP(L(I")), where T' is
a lattice in a connected simple Lie group that contains a closed subgroup locally
isomorphic to SL(3,R), then we know by the results of Lafforgue and de la Salle

that the CBAP and OAP for LP(L(T)) fail for p € [1,3) U (4, 00].

APPENDIX A. HARMONIC ANALYSIS ON STRONG (GELFAND PAIRS

This appendix discusses the analogues of spherical functions in the setting of
strong Gelfand pairs. In particular, we explain their relation to spherical func-
tions for Gelfand pairs and their meaning in representation theory. The material
discussed here is not needed for the rest of this article, but might give a deeper un-
derstanding of certain results proved in Sections 3 and 4 (see in particular Lemma
3.14). The main result of this section, Theorem A.2, might be known to experts,
and special cases of it were considered in [15], but we could not find a reference for
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the general statement. The content of this appendix arose from discussions between
the second named author and Thomas Danielsen.

The definitions of Gelfand pairs, spherical functions and strong Gelfand pairs
were given in Section 2.3. It was pointed out there (and it is elementary to prove)
that a pair (G, K) consisting of a locally compact group G and a compact subgroup
K is a strong Gelfand pair if and only if (G x K, AK) (where AK is the diagonal
subgroup) is a Gelfand pair. We refer to [8] and [14] for a thorough account of the
theory of Gelfand pairs.

Suppose that G is a locally compact group with compact subgroup K. An equiv-
alent definition of spherical functions (see [8],[14] for a proof of the equivalence) is
that for a Gelfand pair (G, K), a function h € C(K\G/K) that is not identical to
zero is spherical if for all g1,92 € G we have [, h(g1kga)dk = h(g1)h(g2). We de-
note the set of spherical functions by S(G, K). Spherical functions parametrize the
nontrivial characters (multiplicative linear functionals) of the algebra C.(K\G/K),
since any such character is of the form x(¢) = xn(p) = [ ¢(9)h(g~")dg. Further-
more, if h is a bounded spherical function, the expression above defines a continuous
multiplicative functional on the Banach algebra L' (K\G/K), and the set BS(G, K)
of bounded spherical functions parametrizes bijectively the set of continuous char-
acters of L1(K\G/K).

We can now define the analogues of spherical functions in the setting of strong
Gelfand pairs. For a strong Gelfand pair (G, K), we say that a function h €
C(G//K) that is not identical to zero is s-spherical if for all ¢g1,g92 € G we have
Sy h(k~ g1kg2)dk = h(g1)h(g2). The set of s-spherical functions is denoted by
SS(G,K). Analogous to the case of spherical functions, the s-spherical func-
tions parametrise the space of nontrivial characters of the convolution algebra
C.(G//K), since an s-spherical function h gives rise to a character by xp(¢) =
Je e(@)h(g~")dg.

It is clear that S(G, K) C SS(G, K). We can now relate the spaces of s-spherical
functions for (G, K) and spherical functions for (G x K,AK). First, we state a
lemma, the proof of which is elementary and left to the reader.

Lemma A.1. The map ® : AK\(G x K)/AK — G//K given by AK(g,k)AK —
[k~1g] = [gk~!] is a homeomorphism with inverse ®~1([g]) = AK(g,e)AK. Here,
[g] denotes the K-conjugation class of g.

The map ® of Lemma A.1 induces a bijection ®* : C(G//K) — C(K\G/K)
given by f — fo ®.

Theorem A.2. The map ®*: C(G//K) — C(K\G/K) given by f — fo® defines
a bijection between SS(G, K) and S(G x K, AK).

Proof. For h € SS(G, K), we have (ho®)((k1,k1)(g, k)(ka, k2)) = h(ky 'k~ ghks) =
h(k~tg) = (ho®)((g,k)) for all g € G and k, k1, ko € K, so ho® is AK-bi-invariant
on G x K. Moreover, we check that for h o ® (which is not identical to the zero
function), we have

/ (h o ®) (g1, k1) (k. k) (g2, ko)) dk = / h(ky Kk gukgn)dk
K K

= [ B kb )k = (b o @01, ) (0 ®) g2, o)
K
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for all g1,92 € G and k, ki, k2 € K. Let now h € S(G,K). It follows that (h o
&) (kgk™') = h(kg,k) = h(g,e) = (ho ®71)(g) for all g € G and k € K, so
h o ®~! is Int(K)-invariant on G. Moreover, we check that ¢ o ®~1 (which is not
identical to the zero function) satisfies

/I'(«o 0 &) (k" gikgs)dk = /K (g1, €) (k. k) (g2, €))dk

= o((91,€)9((g92,€)) = (0@ ") (91) (w0 27 ")(g2)
for all g1, 92 € G. g

Remark A.3. For a compact group G with compact subgroup K such that (G, K)
is a strong Gelfand pair, the map ®* extends to a bijective isometry from L?(G//K)
onto L2(AK\G x K/AK). The fact that ®* is isometric on C(G//K) follows by
elementary computation.

Let (G,K) be a compact strong Gelfand pair, i.e., the group G is compact
and (G, K) is a strong Gelfand pair. In particular, (G, K) is a Gelfand pair. Let
X = G/K denote the corresponding homogeneous space. For an irreducible unitary
representation 7 of G, let Hr, Hr,, Pr and Gk be as in Section 2.3. Then L2 (X) =
Orey Hr (see Section 2.7). Let h, denote the spherical function corresponding
to the equivalence class 7 of representations. Then for every ¢ € L?*(K\G/K) we
have ¢ = ereG‘K ¢x dim Hhy, where ¢ = (@, hy).

Recall that any unitary irreducible representation of a product of compact Lie
groups arises as the tensor product of unitary irreducible representations of these
groups. Also, it was already known from [18] that a pair (G, K) consisting of
a locally compact group and a compact subgroup K of G is a strong Gelfand
pair if and only if for every unitary irreducible representation m of G, the space
Hompg (7, 7) is at most one-dimensional for all unitary irreducible representations
7 of K. Combining this with Theorem A.2 and Remark A.3, the following result
follows.

Theorem A.4. Let (G, K) be a compact strong Gelfand pair, and let f € L?(G//K).

Then
f= Y cxdimMo(hro® )= cpdimHhs,
TEGXEK A red

where 2 denotes the s-spherical function associated with 7.
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ON THE GROTHENDIECK THEOREM FOR JOINTLY
COMPLETELY BOUNDED BILINEAR FORMS

TIM DE LAAT

ABSTRACT. We show how the proof of the Grothendieck Theorem for jointly
completely bounded bilinear forms on C*-algebras by Haagerup and Musat
can be modified in such a way that the method of proof is essentially C*-
algebraic. To this purpose, we use Cuntz algebras rather than type III factors.
Furthermore, we show that the best constant in Blecher’s inequality is strictly
greater than one.

1. INTRODUCTION

In [10], Grothendieck proved his famous Fundamental Theorem on the metric
theory of tensor products. He also conjectured a noncommutative analogue of
this theorem for bounded bilinear forms on C*-algebras. This noncommutative
Grothendieck Theorem was proved by Pisier assuming a certain approximability
condition on the bilinear form [16]. The general case was proved by Haagerup
[11]. Effros and Ruan conjectured a “sharper” analogue of this theorem for bilinear
forms on C*-algebras that are jointly completely bounded (rather than bounded)
[9]. More precisely, they conjectured the following result, with universal constant
K=1.

Theorem 1.1 (JCB Grothendieck Theorem). Let A, B be C*-algebras, and let
u: A x B — C be a jointly completely bounded bilinear form. Then there exist
states f1, fo on A and g1, g2 on B such that for alla € A and b € B,

[u(a,b)| < Kljulljes (fr(aa”)gu(b°0)F + fala"a) Fga(06)F)
where K is a constant.

We call this Grothendieck Theorem for jointly completely bounded bilinear forms
on C*-algebras the JCB Grothendieck Theorem. 1t is often referred to as the Effros-
Ruan conjecture.

In [18], Pisier and Shlyakhtenko proved a version of Theorem 1.1 for exact op-
erator spaces, in which the constant K depends on the exactness constants of the
operator spaces. They also proved the conjecture for C*-algebras, assuming that
at least one of them is exact, with universal constant K = 2%,

Haagerup and Musat proved the general conjecture (for C*-algebras), i.e., The-
orem 1.1, with universal constant K = 1 [12]. They used certain type III factors
in the proof. Since the conjecture itself is purely C*-algebraic, it would be more
satisfactory to have a proof that relies on C*-algebras. In this note, we show how
the proof of Haagerup and Musat can be modified in such a way that essentially

The author is supported by the Danish National Research Foundation through the Centre for
Symmetry and Deformation.
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only C*-algebraic arguments are used. Indeed, in their proof, one tensors the C*-
algebras on which the bilinear form is defined with certain type III factors, whereas
we show that it also works to tensor with certain simple nuclear C*-algebras ad-
mitting KMS states instead. We then transform the problem back to the (classical)
noncommutative Grothendieck Theorem, as was also done by Haagerup and Musat.

Recently, Regev and Vidick gave a more elementary proof of both the JCB
Grothendieck Theorem for C*-algebras and its version for exact operator spaces
[19]. Their proof makes use of methods from quantum information theory and has
the advantage that the transformation of the problem to the (classical) noncom-
mutative Grothendieck Theorem is more explicit and based on finite-dimensional
techniques. Moreover, they obtain certain new quantitative estimates.

For an extensive overview of the different versions of the Grothendieck Theorem,
as well as their proofs and several applications, we refer to [17].

This text is organized as follows. In Section 2, we recall two different notions
of complete boundedness for bilinear forms on operator spaces. In Section 3, we
recall some facts about Cuntz algebras and their KMS states. This is needed for
the proof of the JCB Grothendieck Theorem, which is given in Section 4 (with a
constant K > 1) by using (single) Cuntz algebras. We explain how to obtain K =1
in Section 5. In Section 6, we show that using a recent result by Haagerup and
Musat on the best constant in the noncommutative little Grothendieck Theorem,
we are able to improve the best constant in Blecher’s inequality.

2. BILINEAR FORMS ON OPERATOR SPACES

Recall that an operator space E is a closed linear subspace of B(H) for some
Hilbert space H. For n > 1, the embedding M, (E) C M, (B(H)) = B(H") gives
rise to a norm |.||, on M, (E). In particular, C*-algebras are operator spaces. A
linear map T : F — F between operator spaces induces a linear map T,, : M,,(E) —
M, (F') for each n € N, defined by T, ([z;5]) = [T'(;)] for all z = [z;;] € M, (E).
The map T is called completely bounded if the completely bounded norm || T||cp :=
sup,>1 || 7| is finite.

There are two common ways to define a notion of complete boundedness for
bilinear forms on operator spaces. For the first one, we refer to [5]. Let F and
F be operator spaces contained in C*-algebras A and B, respectively, and let u :
E x F — C be a bounded bilinear form. Let () : My, (E) x My (F) — M,(C) be
the map defined by ([a;;], [bi;]) — [Dpe; w(aik, bi;)]-

Definition 2.1. The bilinear form u is called completely bounded if
l[ulley == sup [Jugy |
n>1
is finite. We put ||ul|cs = oo if w is not completely bounded.

Equivalently (see Section 3 of [12] or the Introduction of [18]), u is completely
bounded if there exists a constant C' > 0 and states f on A and g on B such that
foralla € Eand b€ F,

(1) lu(a,b)| < Cf(aa*)?g(b*b)?,

and |lulep is the smallest constant C' such that (1) holds.
For the second notion, we refer to [3], [9]. Let E and F be operator spaces
contained in C*-algebras A and B, respectively, and let u : ExF — C be a bounded
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bilinear form. Then there exists a unique bounded linear operator @ : £ — F* such
that

u(a,b) = (a(a),b)
for all a € F and b € F, where (.,.) denotes the pairing between F and its dual.

Definition 2.2. The bilinear form w is called jointly completely bounded if the map
i : F — F* is completely bounded, and we set

[elljen := llalleo-

We put ||ul]jep = oo if u is not jointly completely bounded.

Equivalently, if we define maps u,, : M,,(F) ® M, (F) — M,(C) ® M, (C) by

k l
Up Zai®ci,2bj®dj :ZZu(ai,bj)ci(@dj
i=1 j=1 i=1 j=1
for aj,...,ap € A, by,...,b; € B, and cy,...,ck,dy,...,d; € M,(C), then we have

[ulljeb = supp>1 llunl-
3. KMS sTATES ON CUNTZ ALGEBRAS

For 2 < n < o0, let O,, denote the Cuntz algebra generated by n isometries, as
introduced by Cuntz in [6], in which one of the main results is that the algebras
O,, are simple. We now recall some results by Cuntz. If o = (v, ..., ax) denotes
a multi-index of length k = I(a), where o; € {1,...,n} for all j, we write S, =
Say ---Sa,, and we put Sy = 1. It follows that for every nonzero word M in
{Si}i= U{S;}7,, there are unique multi-indices p and v such that M = S,,S}.

For k > 1, let ¥ be the C*-algebra generated by {S,S;; | I(u) = I(v) = k}, and
let 0 = C1. It follows that F* is -isomorphic to M, (C), and, as a consequence,
FF c FFt1. The C*-algebra F, generated by Uneo FF is a UHF-algebra of type
n°e.

If we write P, for the algebra generated algebraically by Si,...,S,, S7,..., 5},
each element A in P,, has a unique representation

N N
A= (SHFAL+ Ao+ > ArSY,
k=1 k=1

where N € N and A, € P, N F,. The maps F, : P, — F,, (k € Z) defined by
F, 1(A) = Ay extend to norm-decreasing maps F,  : O, — F,. It follows that
F, 0 is a conditional expectation.

The existence of a unique KMS state on each Cuntz algebra was proved by Olesen
and Pedersen [15]. Firstly, we give some background on C*-dynamical systems.

Definition 3.1. A C*-dynamical system (A, R, p) consists of a C*-algebra A and
a representation p : R — Aut(A), such that each map ¢ — pi(a), a € A, is norm
continuous.

C*-dynamical systems can be defined in more general settings. In particular,
one can replace R with arbitrary locally compact groups.

Let A® denote the dense x-subalgebra of A consisting of analytic elements, i.e.,
a € A if the function ¢ — p,(a) has a (necessarily unique) extension to an en-
tire operator-valued function. This extension is implicitly used in the following
definition.
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Definition 3.2. Let (A, R, p) be a C*-dynamical system. An invariant state ¢ on
A, i.e., a state for which ¢ o p, = ¢ for all ¢ € R, is a KMS state if

¢(pr+i(a)b) = ¢(bpe(a))
foralla € A*, be Aand t € R.

This definition is similar to the one introduced by Takesaki (see [20], Definition
13.1). It corresponds to ¢ being a B-KMS state for p_; with § = 1 according to
the conventions of [4] and [15]. In the latter, the following two results were proved
(see Lemma 1 and Theorem 2 therein). We restate these results slightly according
to the conventions of Definition 3.2.

Proposition 3.3. (Olesen-Pedersen) For all t € R and the generators {Sj}7_; of
O, define p?(Sk) = n®*Sy. Then p} extends uniquely to a x-automorphism of O,
for every ¢ € R in such a way that (O,,R, p") becomes a C*-dymamical system.
Moreover, F,, is the fixed-point algebra of p™ in O,,, and P,, C (O,)".

Let 7, = ®g°:1%Tr denote the unique tracial state on F,.

Proposition 3.4. (Olesen-Pedersen) For n > 2, the C*-dynamical system given
by (On,R, p™) has exactly one KMS state, namely ¢,, = 7,, 0 F}, .

For a C*-algebra A, let U(A) denote its unitary group. The following result was
proved by Archbold [1]. It implies the Dizmier property for O,

Proposition 3.5. (Archbold) For all z € O,,

bn(2)1o, € conv{uzu* [u € UFET.

As a corollary, we obtain the following (well-known) fact (see also [7]).
Corollary 3.6. The relative commutant of F,, in O, is trivial, i.e.,
(Fn) NO, =CL.

Proof. Let z € (F,)' NO,,. By Proposition 3.5, we know that for every ¢ > 0, there
exists a finite convex combination Y ", A;u;zu}, where u; € U(F,), such that
| S Niwizu) — én(z)lo, || < e. Since z € (F,)' N Oy, we have > 0| Nuzul =
> Aizuiul = z. Hence, ||z — ¢,,(z)10, || < e. This implies that x € C1. O

Proposition 3.5 can be extended to finite sets in O,,, as described in the following
lemma, by similar methods as in [8], Part III, Chapter 5. For an invertible element
v in a C*-algebra A, we define ad(v)(z) = vzv~! for all x € A.

Lemma 3.7. Let {x1,..., 2} be a subset of O,, and let £ > 0. Then there exists
a convex combination « of elements in {ad(u) | v € U(F,)} such that

lla(x;) — dn(zi)lo, || <e foralli=1,..., k.
Moreover, there exists a net {«;}je; C conv{ad(u) | u € U(F,)} such that
lim [laj () = ¢n ()10, | =0

for all x € O,
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Proof. Suppose that ||/ (2;) — ¢n(zi)1lo, || <€ fori=1,...,k— 1. By Proposition
3.5, we can find a convex combination & such that

la(a/ (k) = dn(c (zk) 10, || <&

Note that ¢, (a’(zx)) = ¢n(zk) and 1o, = &(le, ). By the fact that ||a(z)] < ||z
for all z € O,,, we conclude that a = & o o/ satisfies ||a(x;) — ¢n(zi)lo, || < € for
i=1,...,k.

Let J denote the directed set consisting of pairs (F, n), where F is a finite subset
of O, and n € (0, 1), with the ordering given by (Fy,m) = (Fa,n9) if F1 C Fy and

m1 > 12. By the first assertion, this gives rise to a net {o;};cs with the desired
properties. O

4. PROOF OF THE JCB GROTHENDIECK THEOREM

In this section, we explain the proof of the Grothendieck Theorem for jointly
completely bounded bilinear forms on C*-algebras. As mentioned in Section 1, the
proof is along the same lines as the proof by Haagerup and Musat, but we tensor
with Cuntz algebras instead of type III factors.

Applying the GNS construction to the pair (O,,, ¢,), we obtain a x-representation
7p of Oy, on the Hilbert space H,, = L*(O,, $n), with cyclic vector &,, such that
() = (T (2)En, &n) B, - We identify O, with its GNS representation. Note that
¢y, extends in a normal way to the von Neumann algebra O/,
H, . This normal extension is a KMS state for a W*-dynamical system with O}/ as
the underlying von Neumann algebra (see Corollary 5.3.4 of [4]). The commutant

which also acts on

Ol of O, is also a von Neumann algebra, and using Tomita-Takesaki theory (see
[4], [20]), we obtain, via the polar decomposition of the closure of the operator
Sz&, = x*&,, a conjugate-linear involution J : H, — H, satisfying JO,J C O),.

Lemma 4.1. For k € Z, we have
OF ={z €0, | ptx)=n"*avt e R} = {z € O, | pnlay) = n "¢, (yx)Vy € O, }.

The proof of this lemma is analogous to Lemma 1.6 of [21]. Note that 0% = F,,
and that for all k € Z, we have OF # {0}.

Lemma 4.2. For every k € Z, there exists a ¢ € O, such that
onlcrer) = n%7 on(crey) = rf%,
and, moreover, (cxJcgJEn, &n) = 1.
The proof is similar to the proof of Lemma 2.1 of [12].

Proposition 4.3. Let A, B be C*-algebras, and let u : A x B — C be a jointly
completely bounded bilinear form. There exists a bounded bilinear form @ on
(A ®@min On) X (B @min JO,J) given by

fb(a ®c,b® d) = u(a, b) <Cd€n» €n>
forallae A,be B, c€ O, and d € JO,J. Moreover, ||4| < |[ulljcb-

The C*-algebra JO,,J is just a copy of O,,. This result is analogous to Propo-

sition 2.3 of [12], and the proof is the same. Note that in our case, we use
k k

12 i1 cidillB2(0n,60)) = | 2oiz1 ¢ ® dillo, 1,00, for all e1,... cx € Oy and

di,...,d; € JO,J. This equality is elementary, since O,, is simple and nuclear. In
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the proof of Haagerup and Musat, one takes the tensor product of A and a certain
type III factor M and the tensor product of B with the commutant M’ of M,
respectively. Note that JO,J C O),.

One can formulate analogues of Lemma 2.4, Lemma 2.5 and Proposition 2.6 of
[12]. They can be proved in the same way as there, and one explicitly needs the exis-
tence and properties of KMS states on the Cuntz algebras (see Section 3). The ana-
logue of Proposition 2.6 gives the “transformation” of the JCB Grothendieck The-
orem to the noncommutative Grothendieck Theorem for bounded bilinear forms.

Using Lemma 2.7 of [12], we arrive at the following conclusion, which is the
analogue of [12], Proposition 2.8.

Proposition 4.4. Let K(n) = 1/(n? +n2)/2, and let u : Ax B — C be a
jointly completely bounded bilinear form on C*-algebras A, B. Then there exist
states f, f3 on A and ¢7, g5 on B such that for all a € A and b € B,

fula, )] < K (n)ulljes (f7'(aa") ¥ g7 (") % + f3 (a"a) g (6" )
The above proposition is the JCB Grothendieck Theorem. However, the (uni-
versal) constant and states depend on n. This is because the noncommutative
Grothendieck Theorem gives states on A ®yin On and B Qyin J O, J, which clearly

depend on n, and these states are used to obtain the states on A and B. The
best constant we obtain in this way comes from the case n = 2, which yields the

constant K (2) = /(22 +272)/2 ~ 1.03.

5. THE BEST CONSTANT

In order to get the best constant K = 1, we consider the C*-dynamical system
(A, R, p), with A = Oy ® O3 and p; = p? ® p}. Tt is straightforward to check that
it has a KMS state, namely ¢ = ¢2 ® ¢3. It is easy to see that F = Fo ® F3 is
contained in the fixed point algebra. (Actually, it is equal to the fixed point algebra,
but we do not need this.) These assertions follow by the fact that the algebraic
tensor product of Oy and Os is dense in 02 ® Oz. Note that p is not periodic.

Applying the GNS construction to the pair (A, ¢), we obtain a *-representation
7 of A on the Hilbert space H, = L%(A4, ¢), with cyclic vector £, such that ¢(z) =
(r(z)&,&) .. We identify A with its GNS representation. Using Tomita-Takesaki
theory, we obtain a conjugate-linear involution J : H, — H, satisfying JAJ C A’
(see also Section 4).

It follows directly from Proposition 3.5 that ¢(z)14 € conv{uzu* |u € U(F)}
for all z € A. Also, the analogue of Lemma 3.7 follows in a similar way, as well as
the fact that 7/ N A = CI.

It is elementary to check that

A i={z € A pe(x) = NVt e R} = {z € A| d(zy) = \o(yx)Vy € O, }.

Let A := {2P37 | p,qg € Z} N (0,1). For all A € A and k € Z, we have A j, # {0}.
This leads, analogous to Lemma 4.2, to the following result.

Lemma 5.1. Let A € A. For every k € Z there exists a ¢y ; € A such that

Bheenk) =ATE5, Blerwcia) =A%
and
(exrderpJE &) =1

119
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In this way, by the analogues of Lemma 2.4, Lemma 2.5 and Proposition 2.6 of
[12], we obtain the following result, which is the analogue of [12], Proposition 2.8.

Proposition 5.2. Let A € A, and let C(\) = /(A2 + A"2)/2. Let u: Ax B = C

be a jointly completely bounded bilinear form. Then there exist states f7, f5 on A
and g7, 92 on B such that for all a € A and b € B,

fu(a, )] < CO)ulljen (£ (aa") g} (470)F + f (0" a) g2 (7)) .

Note that C(A) > 1 for A € A. Let (A,)nen be a sequence in A converging to
1. By the weak*-compactness of the unit balls (A% ); and (Bj); of A% and B,
respectively, the Grothendieck Theorem for jointly completely bounded bilinear
forms with K = 1 follows in the same way as in the “Proof of Theorem 1.1” in [12].

Remark 5.3. By Kirchberg’s second “Geneva Theorem” (see [14] for a proof), we
know that Oy ® O3 = 5. This implies that the best constant in Theorem 1.1 can
also be obtained by tensoring with the single Cuntz algebra O, but considered
with a different action that defines the C*-dynamical system. Since the explicit
form of the isomorphism is not known, we cannot adjust the action accordingly.

6. A REMARK ON BLECHER’S INEQUALITY

In [2], Blecher stated a conjecture about the norm of elements in the algebraic
tensor product of two C*-algebras. Equivalently, the conjecture can be formulated
as follows (see Conjecture 0.2’ of [18]). For a bilinear form u : A x B — C, put
ut(b,a) = u(a,b).

Theorem 6.1 (Blecher’s inequality). There is a constant K such that any jointly
completely bounded bilinear form u: A x B — C on C*-algebras A and B decom-
poses as a sum u = uj + uy of completely bounded bilinear forms on A x B, and
Huchb + ||u§||cb < K”u”jUb'

A version of this conjecture for exact operator spaces and a version for pairs
of C*-algebras, one of which is assumed to be exact, were proved by Pisier and
Shlyakhtenko [18]. They also showed that the best constant in Theorem 6.1 is
greater than or equal to 1. Haagerup and Musat proved that Theorem 6.1 holds
with K = 2 [12, Section 3]. We show that the best constant is actually strictly
greater than 1.

In the following, let OH(I) denote Pisier’s operator Hilbert space based on ¢2(I)
for some index set I. Recall the noncommutative little Grothendieck Theorem.

Theorem 6.2 (Noncommutative little Grothendieck Theorem). Let A be a C*-
algebra, and let T': A — OH(I) be a completely bounded map. Then there exists
a universal constant C' > 0 and states f; and fo on A such that for all a € A,

| Tal|l < C||T)|ebf1(aa*)7 fa(a*a)i.

For a completely bounded map T : A — OH(I), denote by C(T) the smallest
constant C' > 0 for which there exist states f1, fo on A such that for all a € A,
we have ||Ta|| < Cfi(aa)i fo(a*a)i. In [12], Haagerup and Musat proved that
C(T) < v2||T)|c. Pisier and Shlyakhtenko proved in [18] that ||T||, < C(T) for
all T: A — OH(I). Haagerup and Musat proved that for a certain T : M3(C) —
OH(3), the inequality is actually strict, i.e., |7 < C(T) [13, Section 7]. We can
now apply this knowledge to improve the best constant in Theorem 6.1.
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Theorem 6.3. The best constant K in Theorem 6.1 is strictly greater than 1.

Proof. Let Abea C*-algebra, and let T : A — OH(J) be a completely bounded map
for which |7 < C(T). Define the map V = T*JT from A to A* = A", where
J : OH(I) — OH(I)* is the canonical complete isomorphism and 7* : OH(I)* — A*
is the adjoint of T. Hence, V is completely bounded. It follows that V = 4
for some jointly completely bounded bilinear form v : A x A — C. Moreover,
lulljeb = IV leo = | T||%, where the last equality follows from the proof of Corollary
3.4 in [18]. By Blecher’s inequality, i.e., Theorem 6.1, we have a decomposition
u = u1 + ug such that ||u]|es + Jubllee < K|lulljep-

By the second characterization of completely bounded bilinear forms (in the
Christensen-Sinclair sense) in Section 2, we obtain

Jua(a, b)| < lua[lebfr(aa®)2gr (0°6)%,  [ua(a,b)| < ullen fo(a”a)? ga(bb7)?.
It follows that
u(a, b)| < flua [lebfr(aa*)2 gy (0°b)% + [[ublles f2(a*a) = g2 (bb") 2.
Let g;(a) = g;(a*) for ¢ = 1,2, and define states

lallenfs + usllevgs o g = luallevgy + [[ub]cb f2

l[uallen + llup]leo l[uallen + llupleo

f=
‘We obtain
IT(@)]|? = u(a,@)] < |Jur]|cvfr(aa”) >, (a%a)® + [[ub]|es fo(a*a) 2G5 (aa*) 2
< (Juallenfr + l[ubllea) (aa™)? (Juallesgy + bl s f2) (0" a)®
< (ulles + ulles) flaa™) 2 g(a*a)?.

Hence, |lu1lles + |[ubllce > C(T)? > |T||%, = ||ulljcb- This proves the theorem. O
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