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K
K

(eAeBe−Ae−B) = [A, B] ∈ C/(2πi)Z [A, B] ∈ L1(H)

MF (ea0 ∗ . . . ∗ ea2p−1) = − 1

p!

( ∑

s∈Σ2p

(s)Pas(0)P · . . . · Pas(2p−1)P
)
∈ C/(2πi)pZ

K

K
K

(eAeBe−Ae−B) = [A, B] ∈ C/(2πi)Z [A, B] ∈ L1(H)

MF (ea0 ∗ . . . ∗ ea2p−1) = − 1

p!

( ∑

s∈Σ2p

(s)Pas(0)P · . . . · Pas(2p−1)P
)
∈ C/(2πi)pZ

K



K

K

C2

K

K

K

K



T ∈ L(H)

T T ∗

[T, T ∗] ∈ K(H) q : L(H) → L(H)/K(H)
C∗ E ⊆ L(H)

C∗ T
C∗

0 −−−→ K(H)
i−−−→ E

q−−−→ q(E) −−−→ 0

C∗

T

q(E) ∼= C(Z) Z := (q(T ))

f : E → C∗

K C(Z) [f ] ∈ K1 (C(Z))

∂ : K1 (C(Z)) → K0(K(H)) ∼= Z

K ∂[f ] ∈ Z
f λ /∈ Z = (q(T ))

∂[λ − ] ∈ Z
λ − T ∈ L(H) 4.8.8

2.4.8
K

g : C− Z → Z
g : λ (→ ∂[λ− ] = (λ− T )

= ( (λ− T ))− ( (λ− T ∗))

C−Z

T ∈ L(H) [T, T ∗]

1
[T, T ∗] ∈ L1(H) ⊆ K(H) L1(H)

: L1(H) → C (S) =
∑∞

n=1〈en, Sen〉
([T, T ∗]) ∈ C

T = X + iY X
Y T [T, T ∗] = −2i[X, Y ] ∈ L1(H)

X Y



p =
∑

n,m

λn,mxnym ∈ C[x, y]

p(X, Y ) ∈ L(H)

p(X, Y ) =
∑

n,m

λn,mXnY m

p, q ∈ C[x, y] [p(X, Y ), q(X, Y )] ∈ L1(H)

(·, ·) : C[x, y]× C[x, y] → C (p, q) = ([p(X, Y ), q(X, Y )])

C∞(R2)

T ∈ L(H)
[T, T ∗] ∈ L1(H) g : R2 → R

f1, f2 ∈ C∞(R2) (f1, f2) ∈ C

(f1, f2) = − 1

2πi

∫

R2

J(f1, f2)g(x, y)dxdy

J(f1, f2) = ∂f1

∂x
∂f2

∂y −
∂f2

∂x
∂f1

∂y ∈ C∞(R2) f1 f2

λ ∈ C−Z T = X + iY

g( (λ), (λ)) = (λ− T )

g : R2 → R
(T ), (T ) ∈ L(H)

(λ−T ) λ ∈ C−Z
K

X : 0 −−−→ L1(H)
i−−−→ E q−−−→ B −−−→ 0

E
π : E → L(H) L1(H)

s : B → E B



E ∗ T ∈
L(H) [T, T ∗] ∈ L1(H)

E/L1(H) = B B
T

T

: HC0(L1(H), E) → C
f, g ∈ B

g⊗f ∈ HC1(B) ([A, B]) ∈ C

HC1(B)
∂X−−−→ HC0(L1(H), E)

−−−−→ C
A, B ∈ E f, g ∈ B

2 (F, H)
A

H
F ∈ L(H)

π : A →L (H)

[F, π(a)] ∈ L2(H) a ∈ A
L2(H) H

‖π(a)‖∞ ≤ ‖a‖ ‖[F, π(a)]‖2 ≤ ‖a‖
a ∈ A ‖ · ‖p : Lp(H) → [0,∞)

τF : HC1(A) → C a0 ⊗ a1 (→ −1
4 (F [F, a0][F, a1])

7. 2

C
T 1
A = {(S, a) ∈ L(PH)×A |S − PaP ∈ L1(PH)}

‖(S, a)‖ = ‖S‖∞ + ‖S − PaP‖1 + ‖a‖+ ‖[P, a]‖2



P = F+1
2

F 1

TF : 0 −−−→ L1(PH)
i−−−→ T 1

A
q−−−→ A −−−→ 0

HC1(A)
∂TF−−−→ HC0(L1(H), T 1

A)
−−−−→ C

τF = (− ) ◦ ∂TF

5.6 4.2
a0 ⊗ a1 ∈ HC1(A)

τF (a0 ⊗ a1) = − ([Pa0P, Pa1P ])

π(a0), π(a1) ∈ L(H)
T = Pπ(a0)P + iPπ(a1)P ∈ L(PH)

p, q ∈ C[x, y]

τF (p(a0, a1)⊗ q(a0, a1)) =
1

2πi

∫

R2

J(p, q)g(x, y)dxdy

g : R2 → R T ∈ L(PH)

Pπ(a0)P, Pπ(a1)P ∈ L(PH)

X : 0 −−−→ L1(H)
i−−−→ E q−−−→ B −−−→ 0

E

2
K : K1 (C(Z)) →

Z

K
E E

C∗

K
K

K



X K
B

d(X,π) : K2(B)
∂X−−−→ K1(L1(H), E)

π∗−−−→ K1(L1(H),L(H)) −−−→ C∗

K
: GL(L1(H)) → C∗ f, g ∈ B∗

{f, g} ∈ K2(B) K

A, B ∈ E∗ q(A) = f, q(B) = g

d(X,π)({f, g}) = (ABA−1B−1)

f, g ∈ B A, B ∈ E

d(X,π)({ef , eg}) = (eAeBe−Ae−B) = e [A,B]

2πiZ ⊆ C [A, B] ∈ C
K

K
f, g ∈ B

K
X

K

τ(X,π) : K2 (B) −−−→ HC1(B)
∂X−−−→ HC1(L1(H), E)

−−−−→ C

: K2 (B) → HC1(B)
f, g ∈ B

α : [0, 1] → [0, 1] α(1) = 1

{e−α·f , e−α·g} ∈ K2 (B)

K B

τ(X,π)({e−α·f , e−α·g} ) = ([A, B]) ∈ C



A, B ∈ E f, g ∈ B

K K

θ : K2 (B) → K2(B)

σ : ∆2 → GL(B)

θ({e−α·f , e−α·g} ) = {ef , eg}
θ

K2 (B)
θ−−−→ K2(B)

τ(X,π)

' d(X,π)

'

C exp−−−→ C∗

(eAeBe−Ae−B) = e ([A,B]) A, B ∈ E

(eAeBe−Ae−B) = d(X,π)({ef , eg})
= (d(X,π) ◦ θ)({e−α·f , e−α·g} )

= (exp ◦τ(X,π))({e−α·f , e−α·g} )

= e ([A,B])

2p A1, . . . , A2p ∈ L(H)
[Ai, Aj] ∈ Lp(H) p

〈·, . . . , ·〉 : E⊗2p → C x1 ⊗ . . .⊗ x2p (→ (
∑

σ∈Σ2p
(σ)xσ(1) · . . . · xσ(2p))

E ⊆ L(H) ∗ p
A0, . . . , A2p−1 ∈ L(H) 2p

∑

σ∈Σ2p

(σ)xσ(1) · . . . · xσ(2p) =
∑

s∈SE2p

(s)[xs(1), xs(2)] · . . . · [xs(2p−1), xs(2p)]

SE2p ⊆ Σ2p s(2i−1) < s(2i) i ∈ {1, . . . , p}



K
K

1

p (A1, . . . , A2p)

X : 0 −−−→ Lp(H)
i−−−→ E q−−−→ B −−−→ 0

B
(L1(H), E)

(Lp(H), E)

s : B →
L(H) Lp(H) 7. 5

H A
F ∈ L(H)

π : A →L (H)

[F, π(a)] ∈ L2p(H) a ∈ A

L2p(H) 2p

‖π(a)‖∞ ≤ ‖a‖ ‖[F, π(a)]‖2p ≤ ‖a‖

a ∈ A
τF : HC2p−1(A) → C a0 ⊗ . . .⊗ a2p−1 (→ − 1

22p·(p−1)! (F [F, a0] · . . . · [F, a2p−1])

7.
2

7.

τF (
∑

s∈Σ2p−1

(s)a0 ⊗ as(1) ⊗ . . .⊗ as(2p−1)) = − 1

p!
〈Pa0P, . . . , Pa2p−1P 〉



5.3

AF : K2p (A) → C AF := τF ◦
K2p (A)

K

: K2p (A) → HC2p−1(A)

AF = τF ◦ = (− ) ◦ ∂TF ◦ = τ(TF ,π1) : K2 (A) → C

TF

TF : 0 −−−→ L1(H)
i−−−→ T 1

A
q−−−→ A −−−→ 0

2

K

K
K

K

∗ : Kn (A)×Km (A) → Kn+m(A)

K

θ : K∗ (A) → K∗(A)

K
3

AF : K2p (A) → C AF = τF ◦

[γ] = [γ0] ∗ . . . ∗ [γ2p−1] ∈ K2p (A)

(F, H) 2p
A K



σ : [0, 1] → GL(A) σ(0) = 1
[γi] ∈ K1 (A)

1

γi : t (→ e−tai ai ∈ A

: K∗ (A) → HC∗(A)[1]

K

K

∗ : HCn(A)×HCm(A) → HCn+m+1(A) x ∗ y = x× (sNy)

HC∗(A)[1]
4.4

4

([σ] ∗ [τ ]) = ([σ]) ∗ ([τ ])

[σ] ∈ Kn (A) [τ ] ∈ Km (A)

[γ] = [γ0] ∗ . . . ∗ [γ2p−1] ∈ K2p (A)

γi : t (→ e−tai

([γi]) =

∫ 1

0

d(e−tai)

dt
etaidt = −ai ∈ HC0(A)

([γ]) =
∑

s∈Σ2p−1

(s)a0 ⊗ as(1) ⊗ . . .⊗ as(2p−1) ∈ HC2p−1(A)

AF ([γ]) =
∑

s∈Σ2p−1

(s)τF (a0 ⊗ as(1) ⊗ . . .⊗ as(2p−1)) = − 1

p!
〈Pa0P, . . . , Pa2p−1P 〉

K



(F, H) 2 C A

K2(A)

C/(2πi)Z C∗
!

MF
"

"
""#
dF

$
exp

MF : K2(A) → C/(2πi)Z
dF : K2(A) → C∗

C
0 −−−→ L1(H)

i−−−→ T 1
A

q−−−→ A −−−→ 0

2

K 2p (F, H) C A

MF : K2p(A) → C/(2πi)pZ
A

θ(y) ∈ K2p(A)

θ : K2p (A) → K2p(A) θ(σ) = (σ(0)σ(1)−1, . . . , σ(n− 1)σ(n)−1)

θ(y)

MF (θ(y)) = [AF (y)] ∈ C/(2πi)pZ
[·] : C → C/(2πi)pZ

A
K

2p a0, . . . , a2p−1 ∈ A
ea0 , . . . , ea2p−1 ∈ A∗

K

[x] = [ea0 ] ∗ . . . ∗ [ea2p−1 ] ∈ K2p(A)



K

[ea0 ] ∗ [ea1 ] = {ea1 , ea0}

(exp ◦MF ){ea1 , ea0} = dF{ea1 , ea0}

dF{ea1 , ea0} = (ePa1P ePa0P e−Pa1P e−Pa0P ) = e [Pa1P,Pa0P ]

MF [ea0 ] ∗ [ea1 ] = −
[

[Pa0P, Pa1P ]
]
∈ C/(2πi)pZ

[x] ∈ K2p(A) θ :
K2p (A) → K2p(A)

[γ] ∈ K2p (A)

θ([γ]) = θ([γ0]) ∗ . . . ∗ θ([γ2p−1]) = [γ0(1)−1] ∗ . . . ∗ [γ2p−1(1)−1] = [x]

[x] ∈ K2p(A)
[γ] ∈ K2p (A)

MF ([x]) = [AF ([γ])] = −
[ 1

p!
〈Pa0P, . . . , Pa2p−1P 〉

]
∈ C/(2πi)pZ

eai ∈ A∗

ai



MF ([ea0 ] ∗ . . . ∗ [ea2p−1 ]) = −
[ 1

p!
〈Pa0P, . . . , Pa2p−1P 〉

]
∈ C/(2πi)pZ

(ePaP ePbP e−PaP e−PbP ) = e ([PaP,PbP ])

K

K

5
5.6

K
L(H)/L1(H)

K

MF ([ef0 ] ∗ . . . ∗ [ef2p−1 ]) =
[
C

∫

T2p−1

f0df1 ∧ . . . ∧ df2p−1

]
∈ C/(2πi)pZ

C ∈ C

τF : HC2p−1(C
p+2(T2p−1)) → C



K

K

K

H L(H) C∗

H K(H) ⊆ L(H) C∗

T ∈ K(H) s0(T ) ≥ s1(T ) ≥ s2(T ) ≥ . . .
|T | = (T ∗T )1/2

p ∈ [1,∞) p

T ∈ Lp(H) ⇔
(
T ∈ K(H)

∞∑

n=0

|sn(T )|p < ∞
)



T ∈ Lp(H) ⊆ K(H)
p

p, q ∈ [1,∞)

p Lp(H) L(H)
T ∈ Lp(H) S ∈ Lq(H) TS ∈ Lr(H) r

1
r = 1

p + 1
q

‖ ·‖ p : Lp(H) → [0,∞) ‖T‖p =
( ∑∞

n=0 |sn(T )|p
)1/p

∗ Lp(H) p
T ∈ Lp(H) S, R ∈ L(H)

‖STR‖p ≤ ‖S‖∞ · ‖T‖p · ‖R‖∞ ‖T‖∞ ≤ ‖T‖p

‖ ·‖ ∞ : L(H) → [0,∞)

L1(H)

: L1(H) → C (T ) =
∑∞

n=0〈Ten, en〉

(en)∞n=0 H
(TS) = (ST ) TS ∈ L1(H)

K
K K K

K
K K

K
K

K
K

A GL(A)
A

A

GL(A) := lim
n→∞

GLn(A)

GL(A)
A

GL(A) ⊆ lim
n→∞

Mn(A)



Mn(A)
‖(aij)‖ =

∑
i,j ‖aij‖ Mn(A) → Mn+k(A)

R(A)1 σ : [0, 1] → GL(A) σ(0) = 1

σ, τ ∈ R(A)1 H : [0, 1]× [0, 1] → GL(A)

H(0, t) = σ(t) H(1, t) = τ(t)
H(s, 1) = σ(1) H(s, 0) = 1

R(A)1

∼ F (A)1 R(A)1

R(A)1 →
R(A)1/ ∼ F (A)1/ ∼ F (A)1

R(A)1

K A

K1 (A) := (R(A)1/ ∼)/(F (A)1/ ∼)

ϕ : A → B
ϕ∗ : K1 (A) → K1 (B)

K K K
K

K

K A

K1 (A) := GL(A)/GL0(A)

GL0(A)
GL(A) K

K A
A GL(A)

K2 (A) := π1(GL(A))

1 ∈ GL(A)
K

ϕ : A → B
ϕ∗ : K∗ (A) → K∗ (B)

K R

K1(R) := GL(R)/E(R)

E(R) ⊆ GL(R) GL(R)
E(R) eij(r) 1 r ∈ R (i, j)



i 4= j GL(R)
E(R) GL(R)

ϕ : R → S ϕ∗ : K1(R) →
K1(S) K

K R
K A

GL(A)
K K

K1(C) = C∗ K1 (C) = {0}
A

K

E(A) ⊆ GL0(A) q : K1(A) = GL(A)/E(A) →
GL(A)/GL0(A) = K1 (A)

θ : K1 (A) → K1(A) σ ∈ R(A)1

θ(σ) = σ(1)−1 σ(1)−1 ∈ E(A) σ ∈ F (A)1

∂ : K2 (A) → K1 (A) γ : S1 →
GL(A) ∂(γ)(t) = γ(e2πit)

K

A

K2 (A)
∂−−−→ K1 (A)

θ−−−→ K1(A)
q−−−→ K1 (A) −−−→ 0

!

K
K J A

K
K

K

A/J
(J, A)

A J ⊆ A

‖ ·‖ J : J → [0,∞) J
j ∈ J x, y ∈ A ‖xjy‖J ≤ ‖x‖A‖j‖J‖y‖A

‖ ·‖ A : A → [0,∞) A
j ∈ J ‖j‖A ≤ ‖j‖J



J A (J, A)

J+ = J ⊕ C J GL(J) ⊆ GL(J+)
J+

g ∈ GL(J) ⇔
(
g ∈ GL(J+) g − 1 ∈ M∞(J)

)

M∞(J) J GL(J)
d(g, h) = ‖g −

h‖M∞(J)

R(J)1 σ : [0, 1] → GL(J) σ(0) = 1

σ, τ ∈ R(J)1 H : [0, 1] × [0, 1] → GL(J)

H(0, t) = σ(t) H(1, t) = τ(t)
H(s, 1) = σ(1) H(s, 0) = 1

R(J)1

∼ F (J, A)1 R(J)1

στσ−1τ−1 ∈ F (J, A)1 σ ∈ R(A)1 τ ∈ R(J)1
(
F (J, A)1/ ∼

)
⊆ R(J)1/ ∼ F (J, A)1

F (J, A)1 R(A)1 R(J)1

K (J, A)

K1 (J, A) :=
(
R(J)1/ ∼

)
/
(
F (J, A)1/ ∼

)

ϕ : A → B
ϕ|J : J → I ϕ∗ : K1 (J, A) → K1 (I, B)

K (J, A)

A
K

K (J, A)

K J ⊆ A

K1 (J) = GL(J)/GL0(J)

GL0(J) GL(J) K

K J ⊆ A
GL(J)

K2 (J) = π1(GL(J))



1 ∈ GL(J)
K

ϕ : J → I ϕ∗ :
K∗ (J) → K∗ (I)

K
A K 5.4.2

K I R

K1(I, R) = GL(I)/[GL(R), GL(I)]

[GL(R), GL(I)] GL(R)

ghg−1h−1 ∈ [GL(R), GL(I)] g ∈ GL(R) h ∈ GL(I)

[GL(R), GL(I)] GL(R)

K
ϕ : R → S ϕ : I → J
ϕ∗ : K1(I, R) → K1(J, S)

K
R K

K (J, A)

A J ⊆ A

K2 (J)
∂−−−→ K1 (J, A)

θ−−−→ K1(J, A)
q−−−→ K1 (J) −−−→ 0

K1 (J, A) θ◦∂ = 0 θ[σ] = 0
σ ∈ R(J)1 σ(1)−1 ∈ [GL(A), GL(J)] K

σ(1)−1 =
n∏

i=1

(gihig
−1
i h−1

i )

gi ∈ GL0(A) hi ∈ GL0(J) γi ∈ R(A)1

τi ∈ R(J)1

γi(1) = gi τi(1) = hi

β ∈ F (J, A)1

β =
n∏

i=1

(γiτiγ
−1
i τ−1

i )



[σ] = [σ · β] K1 (J, A) (σβ)(1) = 1 !

K
K K

J ⊆ A A
s : A/J → A q ◦ s = A/J q : A → A/J

K1 (J, A)
i∗−−−→ K1 (A)

q∗−−−→ K1 (A/J) −−−→ 0

i : J → A
q : A → A/J

K1 (A) q∗ ◦ i∗ = 0
q∗[σ] = 0 σ ∈ R(A)1 H : [0, 1] × [0, 1] →

GL(A/J) q◦σ τ ∈ F (A/J)1

s : A/J → A 3.4.4
H̃ : [0, 1]× [0, 1] → GL(A)

q ◦ H̃ = H H̃(t, 0) = σ(t) t ∈ [0, 1]

τ ∈ F (A/J)1

τ̃ ∈ F (A)1 [σ] ∈ K1 (A)

t (→ H̃(t, 1) · τ̃−1(t)

q(H̃(t, 1) · τ̃−1(t)) = 1 t ∈ [0, 1]

!

J A (J, A)

: K1 (J, A) → HC0(J, A)

K J = L1(H) ⊆
A = L(H) K

K



A B A⊗π B A
B J ⊆ A

‖ ·‖ (J,A) : J ⊗C A + A⊗C J → [0,∞)

J ⊗C A + A⊗C J

‖x‖(J,A) := inf{
n∑

i=1

(‖si‖J · ‖ai‖A + ‖bi‖A · ‖ti‖J |x =
n∑

i=1

(si ⊗ ai + bi ⊗ ti)}

J ⊗π A + A⊗π J J ⊗C A + A⊗C J

m : J ⊗π A + A⊗π J → J m(s⊗ a + b⊗ t) = sa + bt

(J, A)

HC0(J, A) = J/ (b)

b : J ⊗π A + A⊗π J → J

b : s⊗ a + b⊗ t (→ sa− as + bt− tb

HC0(J, A)
J

(J, A)

: K1 (J, A) = (R(J)1/ ∼)/(F (J, A)1/ ∼) → HC0(J, A) = J/ (b)

: R(J)1 → J σ (→
( ∫ 1

0
dσ
dt · σ

−1dt
)

: M∞(J) → J

K (J, A)

3.2

γ0, γ1 : [0, 1] → GL(J)
γ0 γ1 (γ1) −

(γ0) ∈ (b) b : J ⊗π A + A⊗π J → J

:
(
R(J)1/ ∼

)
→ HC0(J, A)



γ0, γ1 : [0, 1] → GL1(J)
GL1(J)

H : [0, 1]× [0, 1] → GL1(J) GL1(J) L(H) ∈ J ⊗π A + A⊗π J

L(H) = −
∫ 1

0

∫ 1

0

∂H

∂t
·H−1 ⊗ ∂H

∂s
·H−1dtds

b(L(H)) = (γ1)− (γ0)

b : A⊗π J + J ⊗π A → J

b(L(H)) = −
∫ 1

0

∫ 1

0

[∂H

∂t
·H−1,

∂H

∂s
·H−1

]
dtds

∂
∂t

∂
∂s

∂

∂t

(∂H

∂s
·H−1

)
− ∂

∂s

(∂H

∂t
·H−1

)
=

[∂H

∂t
·H−1,

∂H

∂s
·H−1

]

b(L(H)) =

∫ 1

0

(∂H

∂t
·H−1

)
(t, 1)dt−

∫ 1

0

(∂H

∂t
·H−1

)
(t, 0)dt

−
∫ 1

0

(∂H

∂s
·H−1

)
(1, s)ds +

∫ 1

0

(∂H

∂s
·H−1

)
(0, s)ds

H

b(L(H)) =

∫ 1

0

dγ1

dt
· γ−1

1 dt−
∫ 1

0

dγ0

dt
· γ−1

0 dt

!

:
(
R(J)1/ ∼

)
→ HC0(J, A)

γ0 : [0, 1] → GL(J) γ1 : [0, 1] → GL(J)
0 1 γ0(0) = γ1(0) = 1 γ0 ∗ γ1 : [0, 1] → GL(J)

(γ0 ∗ γ1)(t) =

{
γ0(2t) t ∈ [0, 1/2]

γ0(1)γ1(2t− 1) t ∈ [1/2, 1]

γ0γ1 : [0, 1] → GL(J) γ0 ∗ γ1 : [0, 1] → GL(J)

(γ0γ1) = (γ0 ∗ γ1)

(γ0 ∗ γ1) = (γ0) + (γ1)



σ ∈ R(A)1 τ ∈ R(J)1

στσ−1 ∈ R(J)1 σ(1)τσ(1)−1 ∈ R(J)1

(στσ−1) = (σ(1)τσ(1)−1)

b(σ(1) (τ)⊗ σ−1(1)) = (σ(1)τσ(1)−1)− (τ)

(στσ−1) = (τ) (β) = 0
β ∈ F (J, A)1/ ∼ !

A

: K1 (A) → HC0(A) (σ) = (
∫ 1

0
dσ
dt · σ

−1dt)

K
K

K

K

A = L(H)
J = L1(H) ⊆ A = L(H)

: L1(H) → C
(TS) = (ST ) TS ∈ L1(H)

◦ b : L1(H)⊗π L(H) + L(H)⊗π L1(H) → C

: HC0(L1(H),L(H)) → C [T ] = (T )

L1(H) ⊆ L(H)

K K1 (L1(H),L(H))

τ := (− ) ◦ : K1 (L1(H),L(H)) → C

L1(H) ⊆ L(H)



K L1(H)

K

K1 (L1(H)) ∼= {0} K2 (L1(H)) ∼= Z
Z → K2 (L1(H))

n (→
{

z (→ zpn + 1− pn n ≥ 0
z (→ z−1pn + 1− pn n < 0

n ∈ Z pn ∈ L1(H) (pn) =
|n| K

1.11

K2 (L1(H))
∂−−−→ K1 (L1(H),L(H))

'∼=
'τ

Z −2πi·−−−→ C
∂

n ∈ N pn ∈ L1(H) (pn) = n

τ(t (→ pne
2πit + 1− pn) = −2πi · n

τ(t (→ pne
2πit + 1− pn) = −

( ∫ 1

0

pn
d(e2πit)

dt
e2πitdt

)
= − (pn)2πi

!

K K1 (L1(H)) ∼= {0}

0 −−−→ K2 (L1(H))
∂−−−→ K1 (L1(H),L(H))

θ−−−→ K1(L1(H),L(H)) −−−→ 0
'∼=

'τ

Z −2πi·−−−→ C

: K1(L1(H),L(H)) → C/(2πi)Z ∼= C∗

[x] ∈ K1(L1(H),L(H))

([x]) = (exp ◦τ)[σ]

σ ∈ R(L1(H))1 θ([σ]) = [x]



g, h ∈ GL(L1(H)) X ∈ GL(L(H))

([gh]) = ([g]) ([h]) ([XgX−1]) = ([g])

T ∈ L1(H)
([eT ]) = e (T )

8. 2

([eT ]) = e (T ) T ∈ L1(H) γ(t) = e−tT

t ∈ [0, 1] γ ∈ R(L1(H))1 K

θ([γ]) = [γ(1)−1] = [eT ]

([eT ]) = exp(τ [γ])

τ [γ] = −
( ∫ 1

0

d(e−tT )

dt
etT dt

)
= (T )

!
g ∈ GL(L1(H)) g

(g) = (exp ◦ )
(
−

∫ 1

0

dγ

dt
· γ−1dt

)

γ : [0, 1] → GL(L1(H)) γ(1)−1 = g γ(0) = 1

A, B ∈ L(H) [A, B] ∈
L1(H)

A B eA, eB ∈ L(H)∗

eAeBe−Ae−B ∈ GL1(L1(H))

(eAeBe−Ae−B) = e ([A,B])

3.
2 3 K



K K

K
K

C2 A, B ∈
L(H) [A, B] ∈ L1(H)

L(H)/L1(H)
L(H) K

L(H)/L1(H)

C C〈X, Y 〉 C[x, y]
X Y C

x y C
x, y, X, Y r > 0 C

C[x, y] C2

‖ ·‖ 2,r : C[x, y] → [0,∞)

‖λn,mxnym‖2,r = |λn,m|
(
rn+m + (n + m)rn+m−1 + (n + m)(n + m− 1)rn+m−2

)

C C2
r [x, y]

C2 x y
r > 0

k ∈ N0 Nk = N0 × N× . . .× N︸ ︷︷ ︸
k

C〈X, Y 〉 α ∈ Nk

(X, Y )α =

{
Xn0Y n1Xn2 · . . . · Y n2m−1Xn2m k = 2m

Xn0Y n1Xn2 · . . . · Y n2m−3Xn2m−2Y n2m−1 k = 2m− 1

C〈X, Y 〉 C α ∈ Nk

|α| =
∑k

j=0 nk C C〈X, Y 〉 C2

‖ ·‖ 2,r : C〈X, Y 〉 → [0,∞)

‖λα(X, Y )α‖2,r = |λα|
(
r|α| + |α|r|α|−1 + |α|(|α| − 1)r|α|−2

)



C C2
r 〈X, Y 〉

C2 X
Y R > 0

0 −−−→ Jr
i−−−→ C2

r 〈X, Y 〉 q−−−→ C2
r [x, y] −−−→ 0

q : C2
r 〈X, Y 〉 → C2

r [x, y] X (→ x
Y (→ y Jr C2

r 〈X, Y 〉
[X, Y ] ∈ C2

r 〈X, Y 〉
s : C2

r [x, y] → C2
r 〈X, Y 〉

s : λn,mxnym (→ λn,mXnY m

!

A, B ∈ L(H)
r > 0 ‖A‖∞, ‖B‖∞ ≤ r

πA,B : C2
r 〈X, Y 〉 → L(H) πA,B(X) = A πA,B(Y ) = B

πA,B Jr

α = (n0, n1, . . . , nk) ∈ Nk

‖(A, B)α − A|αX |B|αY |‖1 ≤ |αX ||αY | · ‖[A, B]‖1r
|α|−2

|αX | ∈ N0 X |αY | ∈ N0 Y α ∈ Nk

k = 2m

‖(A, B)α − A|αX |B|αY |‖1

= ‖
m∑

i=1

(A, B)(n0,...,n2i−2)
[
Bn2i−1 , A

Pm
j=i n2j

]
B

Pm
j=i+1 n2j−1‖1

≤
m∑

i=1

‖[Bn2i−1 , A
Pm

j=i n2j ]‖1r
P2i−2

j=0 nj+
Pm

j=i+1 n2j−1

≤
m∑

i=1

n2i−1(
m∑

j=i

n2j)‖[A, B]‖1r
|α|−2

≤ |αX ||αY | · ‖[A, B]‖1r
|α|−2

!

C2 Jr 1 L1(H)



πA,B : C2
r 〈X, Y 〉 → L(H)

Jr πA,B : Jr → L1(H)
1 ‖πA,B‖ ≤ ‖[A, B]‖1

J q : C〈X, Y 〉 → C[x, y]
s : C[x, y] → C〈X, Y 〉

q : C2
r 〈X, Y 〉 → C2

r [x, y] J C2
r 〈X, Y 〉 [A, B] ∈ L1(H)

πA,B : J → L(H) L1(H)
πA,B : J → L1(H)

(n, m) ∈ N0 × N0

p =
∑

α∈Nn,m

λα(X, Y )α ∈ C〈X, Y 〉

∑
α∈Nn,m

λα = 0 Nn,m α X Y

n m J
p ∈ J

‖πA,B(p)‖1 = ‖πA,B(p)−
∑

α∈Nn,m

λαA|αX |B|αY |‖1

‖πA,B(p)‖1 ≤
∑

α∈Nn,m

|λα||αX ||αY | · ‖[A, B]‖1r
|α|−2 ≤ ‖p‖2,r‖[A, B]‖1

!

K
K K

∂ : K2(R/I) → K1(I, R)
K

A, B ∈ L(H)
dA,B : K2(C2

r [x, y]) → C∗

K K2(C2
r [x, y])

dA,B{ex, ey} = (eAeBe−Ae−B)



K
K G

0 ←−−− Z[G] ←−−−
d

. . . ←−−−
d

Z[Gn−1] ←−−−
d

Z[Gn] ←−−−
d

. . .

d : Z[Gn] → Z[Gn−1]

d(g1, . . . , gn) = (g2, . . . , gn) + (−1)n(g1, . . . , gn−1) +
n−1∑

i=1

(−1)i(g1, . . . , gigi+1, . . . , gn)

d2 = 0

G

Hn(G) := Zn(G)/Bn(G)

Zn(G) := (d : Z[Gn] → Z[Gn−1]) n Bn(G) := (d :
Z[Gn+1] → Z[Gn]) n

G ϕ : G →
H ϕ∗ : H∗(G) → H∗(H)

R R
GL(R) E(R) = [GL(R), GL(R)] ⊆ GL(R)

K R
R

K2(R) := H2(E(R))

K R

I ⊆ R R R/I

0 −−−→ I
i−−−→ R

q−−−→ R/I −−−→ 0

∂ : K2(R/I) → K1(I, R)

K q : R → R/I
E(q) : E(R) → E(R/I)

y ∈ Z[E(R/I)2] x ∈ Z[E(R)2] E(q)∗(x) = y
y ∈ Z2(E(R/I))

(E(q)∗d)(x) = (d2E(q)∗)(x) = 0

d(x) ∈ Z[E(R)]

d(x) =
∑n

i=1(gi − hi) E(q)(gi) = E(q)(hi)



y ∈ Z2(E(R/I))

∂(y) =
n∏

i=1

(gih
−1
i ) ∈ K1(I, R) = GL(I)/[GL(I), GL(R)]

∂(y) ∈ K1(I, R) x ∈ Z[E(R)2]
d(x) =

∑n
i=1(gi − hi)

∂ : (d) → K1(I, R)

∂ : K2(R/I) = H2(E(R/I)) → K1(I, R) = GL(I)/[GL(I), GL(R)]

2.1
4.3.1 !

L1(H) ⊆ L(H)

0 −−−→ L1(H)
i−−−→ L(H)

q−−−→ L(H)/L1(H) −−−→ 0

d : K2(L(H)/L1(H)) → C∗ d = ◦ ∂

∂ : K2(L(H)/L1(H)) → K1(L1(H),L(H))
: K1(L1(H),L(H)) → C∗

I ⊆ R
R

X : 0 −−−→ I
i−−−→ R

q−−−→ R/I −−−→ 0

π : R → L(H)
I π : I → L1(H)

(X, π)

d(X,π) : K2(R/I) → C∗ d(X,π) = d ◦ π∗
π∗ : K2(R/I) → K2(L(H)/L1(H))

π : R/I → L(H)/L1(H) K
d : K2(L(H)/L1(H)) → C∗

A, B ∈ L(H) ‖A‖∞, ‖B‖∞ ≤ r

dA,B : K2(C
2
r [x, y]) → C∗

0 −−−→ Jr
i−−−→ C2

r 〈X, Y 〉 q−−−→ C2
r [x, y] −−−→ 0

πA,B : C2
r 〈X, Y 〉 → L(H)



dA,B : K2(C2[x, y]) → C∗ dA,B = ◦ ∂ ◦ πA,B
∗

K2(C2[x, y])

∗ : K1(C2[x, y]) × K1(C2[x, y]) → K2(C2[x, y])

4.4.22

R

g, h ∈ R∗

K {g, h} ∈ K2(R)

{g, h} = (x13(h), x12(g))− (x12(g), x13(h)) ∈ H2(E(R))

x12(g), x13(h) ∈ E(R)

x12(g) =




g 0 0
0 g−1 0
0 0 1



 x13(h) =




h 0 0
0 1 0
0 0 h−1





I ⊆ R q : R → R/I
∂ : K2(R/I) → K1(I, R)

g, h ∈ (R/I)∗

R/I G, H ∈ R∗ q(G) = g q(H) = h
{g, h} ∈ K2(R/I)

∂({g, h}) = GHG−1H−1 ∈ K1(I, R)

E(q)∗
(
(x13(H), x12(G))− (x12(G), x13(H))

)
= (x13(h), x12(g))− (x12(g), x13(h))

d : Z[E(R)2] → Z[E(R)]

(x13(H), x12(G))− (x12(G), x13(H)) ∈ Z[E(R)2]

d
(
(x13(H), x12(G))− (x12(G), x13(H))

)
=




GH 0 0
0 G−1 0
0 0 H−1



−




HG 0 0
0 G−1 0
0 0 H−1





q(GH) = q(HG)

∂({g, h}) = (GH)(HG)−1 ∈ K1(I, R)



!

A, B ∈ L(H)
‖A‖∞, ‖B‖∞ ≤ r ∈ (0,∞) x, y ∈ C2

r [x, y]
ex, ey ∈ C2

r [x, y]∗

{ex, ey} ∈ K2(C2
r [x, y])

dA,B : K2(C2
r [x, y]) → C∗ dA,B = ◦ ∂ ◦ πA,B

∗

A, B ∈ L(H) [A, B] ∈
L1(H) r > 0 r ≥ ‖A‖, ‖B‖

{ex, ey} ∈ K2(C2
r [x, y])

dA,B{ex, ey} = (eAeBe−Ae−B)

∂({ex, ey}) = eXeY e−Xe−Y ∈ K1(J, C2
r 〈X, Y 〉)

πA,B
∗ : K1(J, C2

r 〈X, Y 〉) → K1(L1(H),L(H))
X Y A B

( ◦ πA,B
∗ )(eXeY e−Xe−Y ) = (eAeBe−Ae−B)

!

K
K

K

K

A, B ∈ L(H) τA,B : K2 (C2
r [x, y]) → C

[A, B] ∈ C

K A n ∈ N
∆n ⊆ Rn

∆n = {(t1, . . . , tn) | ti ∈ [0, 1] ,
n∑

i=1

ti ≤ 1}

0, . . . ,n ∈ ∆n n

i =

{
(0, . . . , 0, 1, 0, . . . , 0) i ∈ {1, . . . , n}

(0, . . . , 0) i = 0



i 1 i

0 ∈ ∆n R(A)n

σ : ∆n → GL(A) σ(0) = 1 R(A)n

di : R(A)n → R(A)n−1

di(σ)(t1, . . . , tn−1) =

{
σ(t1, . . . , ti−1, 0, ti, . . . , tn−1) i ∈ {1, . . . , n}

σ(1−
∑n

i=1 ti, t2, . . . , tn) · σ(1)−1 i = 0

σ(1)−1

1 ∈ GL(A)

didj = dj−1di 0 ≤ i < j ≤ n

F (A)1 R(A)1

n ∈ N F (A)n R(A)n

F (A)1 := F (A)1

σ ∈ F (A)n+1 ⇔
(
σ ∈ R(A)n+1 di(σ) ∈ F (A)n i ∈ {0, 1, . . . , n + 1}

)

n ∈ N d : Z[F (A)n+1] → Z[F (A)n]
d =

∑n+1
i=0 (−1)idi

0 ←−−− Z[F (A)1] ←−−−
d

. . . ←−−−
d

Z[F (A)n−1] ←−−−
d

Z[F (A)n] ←−−−
d

. . .

d2 = 0

K A
(Z[F (A)∗], d)

K2 (A) := H2(F (A))

K
GL(A∗)/GL(A)

3.8

K θ : K2 (A) → K2(A)
σ ∈ F (A)2 (σ(1)−1, σ(1)σ(2)−1) ∈

E(A)2 σ(1) σ(2)
F (A)2

(eT ) = e (T ) T ∈ L1(H)

[γ] ∈ K1 (L1(H),L(H))
θ([γ]) = [eT ]

dA,B : K2(C2
r [x, y]) → C∗



K2 (C2
r [x, y])

A
K

n ∈ N0 Cn(A) = A ⊗π A⊗πn (n + 1)
A Cn(A) Cn(A)

t : Cn(A) → Cn(A)

t(a0 ⊗ a1 ⊗ . . .⊗ an) =

{
(−1)nan ⊗ a0 ⊗ . . .⊗ an−1 n ≥ 1

a0 n = 0

b : Cn+1(A) → Cn(A)

b : a0 ⊗ a1 ⊗ . . .⊗ an+1 (→ (−1)n+1an+1a0 ⊗ a1 ⊗ . . .⊗ an + b′(a0 ⊗ a1 ⊗ . . .⊗ an+1)

b′ : Cn+1(A) → Cn(A)

b′ : a0 × a1 ⊗ . . .⊗ an+1 (→
n∑

i=0

(−1)ia0 ⊗ . . .⊗ ai · ai+1 ⊗ . . .⊗ an+1

(1 − t) : Cn(A) → Cn(A) n ∈ N0

b2 = 0
(1− t) : C∗(A) → C∗(A)

(1− t) : Cn(A) → Cn(A) n ∈ N
N = 1 + t + . . . + tn : Cn(A) → Cn(A) (1− t) =

(N) N(1 − t) = 0 N(y) = 0 y ∈ Cn(A)

n−1∑

i=0

1

n + 1
(1− t)(1 + t + . . . + ti) =

n∑

j=1

1

n + 1
(1− tj)(y) = y − 1

n + 1
N(y)

!

n ∈ N0 Cλ
n(A) = Cn(A)/ (1−t)

0 ←−−− Cλ
0 (A) ←−−−

b
. . . ←−−−

b
Cλ

n(A) ←−−−
b

Cλ
n+1(A) ←−−−

b
. . .



A
n

HCn(A)

p ∈ N n ∈ N

: HCn(Mp(A)) → HCn(A)

: u0a0 ⊗ u1a1 ⊗ . . .⊗ unan (→ (u0u1 . . . un)a0 ⊗ a1 ⊗ . . .⊗ an

ai ∈ A ui ∈ Mp(C) i ∈ {0, 1, . . . , n} 1.2

A

: K2 (A) = H2(F (A)) → HC1(A)

: Z[F (A)2] → Cλ
1 (A) σ (→

( ∫ 1

0

∫ 1−t2
0 Γ1(σ)⊗ Γ2(σ)dt1dt2

)

Γi(σ) :=
∂σ

∂ti
· σ−1 : ∆2 → M∞(A)

J ⊆ A A
A/J

X : 0 −−−→ J
i−−−→ A

q−−−→ A/J −−−→ 0

X

s : A/J → A q ◦ s = A/J

s : A/J → A

s∗ : Cλ
1 (A/J) → Cλ

1 (A) s∗(x0 ⊗ x1) = s(x0)⊗ s(x1)

∂ : Cλ
1 (A/J) → Cλ

0 (A) ∂ = b ◦ s∗ y ∈
Zλ

1 (A/J) b(y) = 0

(q∗ ◦ ∂)(y) = (b ◦ q∗ ◦ s∗)(y) = b(y) = 0



∂(y) ∈ J

∂ : Cλ
1 (A/J) → Cλ

0 (A)

∂ : HC1(A/J) → HC0(J, A) := J/ (b : J ⊗π A + A⊗π J → J)

!

X π : A → L(H)
J

π : J → L1(H) (X, π)
K

τ(X,π) : K2 (A/J) → C

π : A → L(H)

π∗ : HC0(J, A) → HC0(L1(H),L(H))

(X, π)

τ(X,π) : K2 (A/J) → C τ(X,π) = (− ) ◦ π∗ ◦ ∂ ◦

A, B ∈ L(H) ‖A‖∞, ‖B‖∞ ≤ r
r ∈ (0,∞)

τA,B : K2 (C2
r [x, y]) → C

0 −−−→ Jr
i−−−→ C2

r 〈X, Y 〉 q−−−→ C2
r [x, y] −−−→ 0

πA,B : C2
r 〈X, Y 〉 → L(H) πA,B : X (→ A , Y (→ B



τA,B : K2 (C2
r [x, y]) → C

K K2 (C2
r [x, y])

∗ : K1 (A)×K1 (A) → K2 (A) K

A σ : [0, 1] → GLp(A) σ(0) = 1
s0(σ), s1(σ) : ∆2 → GLp(A)

s0(σ)(t1, t2) = σ(t2) s1(σ)(t1, t2) = σ(t1 + t2)

(t1, t2) ∈ ∆2 s0(σ)(0) = 1 = s1(σ)(0) x12(σ), x13(σ) :
[0, 1] → GL3p(A)

x12(σ) =




σ 0 0
0 σ−1 0
0 0 1



 x13(σ) =




σ 0 0
0 1 0
0 0 σ−1





x12(σ), x13(σ) ∈ F (A)1

ε > 0

σ(t) = 1 t ∈ [0, ε)

2.1.3

A σ, τ : [0, 1] → A∗

σ(t) = τ(t) = 1
t ∈ [0, ε) σ τ

{σ, τ} ∈ K2 (A)

s0(x12(σ)) · s1(x13(τ))− s1(x12(σ)) · s0(x13(τ)) ∈ Z[F (A)2]

γx, γy : [0, 1] → C2
r [x, y]∗

γx(t) = e−α(t)x γy(t) = e−α(t)y

α : [0, 1] → [0, 1] 0
1 1 C2

r [x, y]
{γx, γy} ∈ K2 (C2

r [x, y])

({γx, γy} ) = y ⊗ x ∈ HC1(C
2
r [x, y])

{γx, γy} ∈ K2 (C2
r [x, y])



x̃, ỹ ∈ M3(C2
r [x, y])

x̃ =




x 0 0
0 −x 0
0 0 0



 ỹ =




y 0 0
0 0 0
0 0 −y





Γ1

(
s0(x12(γx))s1(x13(γy))

)
= −s1(α

′) · ỹ
Γ2

(
s0(x12(γx))s1(x13(γy))

)
= −s0(α

′) · x̃− s1(α
′) · ỹ

Γ1

(
s1(x12(γx))s0(x13(γy))

)
= −s1(α

′) · x̃
Γ2

(
s1(x12(γx))s0(x13(γy))

)
= −s0(α

′) · ỹ − s1(α
′) · x̃

Γi(σ)

Γi(σ) = ∂σ
∂ti
· σ−1 : ∆2 → M∞(A) i = 1, 2

σ : ∆2 → GL(A)

({γx, γy} )

=
( ∫ 1

0

∫ 1−t2

0

s1(α
′)ỹ ⊗

(
s1(α

′)ỹ + s0(α
′)x̃

)
dt1dt2

)

−
( ∫ 1

0

∫ 1−t2

0

s1(α
′)x̃⊗

(
s1(α

′)x̃ + s0(α
′)ỹ

)
dt1dt2

)

= 2
( ∫ 1

0

∫ 1−t2

0

s1(α
′)s0(α

′)ỹ ⊗ x̃ dt1dt2
)

= 2

∫ 1

0

∫ 1−t2

0

s1(α
′)s0(α

′)y ⊗ x dt1dt2

2

∫ 1

0

∫ 1−t2

0

s1(α
′)s0(α

′)dt1dt2 = 1

!

α : [0, 1] → [0, 1]
{σ, τ}

σ, τ : [0, 1] → A∗ K

K x ⊗ y ∈ HC1(C2
R[x, y])



A, B ∈ L(H) ‖A‖∞, ‖B‖∞ ≤ r
r ∈ (0,∞)

τA,B : K2 (C2
r [x, y]) → C τA,B = (− ) ◦ πA,B

∗ ◦ ∂ ◦

∂ : HC1(C2
r [x, y]) → HC0(JR, C2

R〈X, Y 〉)

0 −−−→ Jr
i−−−→ C2

r 〈X, Y 〉 q−−−→ C2
r [x, y] −−−→ 0

s : C2
r [x, y] → C2

r 〈X, Y 〉 s(xnym) = XnY m

πA,B
∗ : HC0(Jr, C2

r 〈X, Y 〉) → HC0(L1(H),L(H))

πA,B : C2
r 〈X, Y 〉 → L(H) X (→ A , Y (→ B

τA,B({γx, γy} ) = −( ◦ πA,B
∗ ◦ ∂)(y ⊗ x) = −( ◦ πA,B

∗ )(Y X −XY ) = ([A, B])

{γx, γy} ∈ K2 (C2
r [x, y])

A, B ∈ L(H)
([A, B]) ∈ C

τA,B({γx, γy} ) = ([A, B])

K

(eAeBe−Ae−B) = e [A,B]

K
K

X : 0 −−−→ J
i−−−→ A

q−−−→ A/J −−−→ 0

s : A/J → A
π : A → L(H)

π : J → L1(H)

(X, π)

d(X,π) : K2(A/J) → C∗ d(X,π) = ◦ ∂ ◦ π∗

τ(X,π) : K2 (A/J) → C τ(X,π) = (− ) ◦ π∗ ◦ ∂ ◦



K K

θ : K2 (A/J) → K2(A/J) θ(σ) = (σ(1)−1, σ(1)σ(2)−1)

σ ∈ F (A/J)2

K2 (A/J)
θ−−−→ K2(A/J)

τ(X,π)

' d(X,π)

'

C exp−−−→ C∗

K K

∂ : K2 (A/J) → K1 (J, A)

K2 (A/J)
∂−−−→ K1 (J, A)

θ

' θ

'

K2(A/J)
∂−−−→ K1(J, A)

K2 (A/J)
∂−−−→ K1 (J, A)

'
'

HC1(A/J)
∂−−−→ HC0(J, A)

d(X,π) ◦ θ = ◦ ∂ ◦ π∗ ◦ θ = ◦ θ ◦ π∗ ◦ ∂

◦ θ : K1 (L1(H),L(H)) → C∗

exp ◦(− ) ◦ : K1 (L1(H),L(H)) → C∗

◦ θ ◦ π∗ ◦ ∂ = exp ◦(− ) ◦ π∗ ◦ ∂ ◦
!

(eAeBe−Ae−B) = e [A,B]

A, B ∈ L(H)
r > 0 ‖A‖, ‖B‖ ≤ r

0 −−−→ Jr
i−−−→ C2

r 〈X, Y 〉 q−−−→ C2
r [x, y] −−−→ 0



πA,B : C2
r 〈X, Y 〉 → L(H) X A Y B

πA,B Jr

dA,B : K2(C2
r [x, y]) → C∗ τA,B : K2 (C2

r [x, y]) → C

A, B ∈ L(H) [A, B] ∈
L1(H)

(eAeBe−Ae−B) = e [A,B]

eAeBe−Ae−B ∈ GL1(L1(H))

τA,B({γx, γy} ) = ([A, B]) dA,B({ex, ey}) = (eAeBe−Ae−B)

exp ◦τA,B = dA,B ◦ θ

θ({γx, γy} ) = {ex, ey}

(s0(γx)s1(γy))(1) = e−y (s0(γx)s1(γy))(2) = e−xe−y

(s1(γx)s0(γy))(1) = e−x (s1(γx)s0(γy))(2) = e−xe−y

!

(eA, eB) (→ e [A,B]

K

K
2 (F, H) C A

MF : K2(A) → C/(2πi)Z



K2(A)
(RF )∗−−−→ K2(B)

MF

' dF

'

C/(2πi)Z exp−−−→ C∗

RF : A →B dF : K2(B) → C∗

2
(F, H) A

K K2(L(H)/L1(H))

K H
M1 C

H⊕H
x = (xij) ∈M1 H⊕H

x12, x21 ∈ L2(H) C M1

‖ ·‖ : M1 → [0,∞)

‖x‖ = ‖x‖∞ + ‖x12‖2 + ‖x21‖2

M1 M1

A C 2 (F, H)
A H π :

A →L (H) F ∈ L(H)

F = F ∗

F 2 = 1
[F, π(a)] ∈ L2(H) a ∈ A

A (F, H)

π : A →L (H) a (→ [F, π(a)] ∈ L2(H)

PH (1−P )H
P = (F +1)/2 F ∈ L(H)

FU ∈ L(H⊕H)

FU =

(
1 0
0 −1

)

π : M1 → L(H ⊕ H)
(FU ,H ⊕ H) 2 M1



(F, H) 2 C A
PH (1−P )H

H

πF : A →L (H⊕H)

[F, π(a)] ∈ L2(H) πF : A →L (H ⊕H)
M1 (F, H)

πF : A →M 1

K

τ1 ◦ : K2 (M1) → C

: K2 (M1) → HC1(M1)

K

τ1 : HC1(M1) → C

7. 2 (F, H) 2
A

τF : (a0, a1) (→ −1

4
(F [F, a0][F, a1])

τF : HC1(A) → C

−1
4

τ1 : HC1(M1) → C
2 (FU ,H ⊕ H) M1 2

(F, H) A

HC1(A)
(πF )∗−−−→ HC1(M1)

τF

' τ1

'

C C



AU : K2 (M1) → C A = τ1 ◦

2

(F, H) 2
A

AF : K2 (A) → C τF := τU ◦ (πF )∗

πF : A →M 1

AF = AU ◦ (πF )∗ = τ1 ◦ ◦ (πF )∗ = τF ◦

θ : K2 (M1) → K2(M1)

MU : K2(M1) → C/(2πi)Z

MU(θ(y)) = [AU(y)]

[·] : C → C/(2πi)Z

2 (F, H) C A
MF : K2(A) → C/(2πi)Z MF = MU ◦ (ρF )∗

K

5.6

K



H T 1 C
(S, x) ∈ L(H) ×M1 S − x11 ∈ L1(H) C

‖ ·‖ : T 1 → [0,∞)

‖(S, x)‖ = ‖x‖∞ + ‖S − x11‖1

T 1

π1 : T 1 → L(H) π1(S, x) = S π2 : T 1 →M1 π2(S, x) = x

π2 L1(H)

T : 0 −−−→ L1(H)
i−−−→ T 1 π2−−−→ M1 −−−→ 0

s : M1 → T 1 s(x) = (x11, x)

π1 π1|L1(H) : L1(H) → L1(H)

τ(T,π1) : K2 (M1) → C d(T,π1) : K2(M1) → C∗

K2 (M1)
θ−−−→ K2(M1)

τ(T,π1)

' d(T,π1)

'

C exp−−−→ C∗

(T, π1)

τ1 = (− ) ◦ (π1)∗ ◦ ∂T : HC1(M1) → C

T

4.2
5.6 !

(T, π1)
AU = τ(T,π1) : K2 (M1) → C

(T, π1)

τ(T,π1) = (− ) ◦ (π1)∗ ◦ ∂T ◦ : K2 (M1) → C
!



(T, π1)

K2(M1) K2(M1)

MU

' d(T,π1)

'

C/(2πi)Z exp−−−→ C∗

!

5.6

α : M1 → L(H)/L1(H) α(x) = q(x11)

q : L(H) → L(H)/L1(H)
π1 : T 1 → L(H)

K

α∗ : K2(M1) → K2(L(H)/L1(H))

(T, π1)

d(T,π1) : K2(M1) → C∗ d(T,π1) = d ◦ α∗

d : K2(L(H)/L1(H)) → C∗

exp ◦(MU) : K2(M1) → C∗ d ◦ α∗ : K2(M1) →
C∗

K L(H)/L1(H)

2 (F, H) C
A πF : A → M1 E ⊆ L(H) C

E = {T + (πF (a))11 | a ∈ A T ∈ L1(H)}
B E L(H)/L1(H)

XF : 0 −−−→ L1(H)
i−−−→ E q−−−→ B −−−→ 0

ρ : E → L(H)

dF : K2(B) → C∗ dF = d ◦ ρ∗



RF : A →B RF (a) = q(πF (a)11)

2
(F, H) RF : A → B

K2(A)
(RF )∗−−−→ K2(B)

MF

' dF

'

C/(2πi)Z exp−−−→ C∗

ρ ◦RF : A →L (H)/L1(H) α ◦ πF : A →L (H)/L1(H)

!

K (F, H) 2
A a, b ∈ A

ea, eb ∈ A∗

{ea, eb} ∈ K2(A)

MF : K2(A) → C/(2πi)Z
πF : A → M1

(exp ◦MF ){ea, eb} =
(
d ◦ α∗ ◦ (πF )∗

)
{ea, eb}

= d{q(ea11), q(eb11)}

πF : A →M1

d{q(ea11), q(eb11)} = (ea11eb11e−a11e−b11)

(exp ◦MF ){ea, eb} = e [a11,b11] = e [PaP,PbP ]

P = (F + 1)/2 (F, H)
π : A →L (H)

K



K

K
K

K K

K

K K
K

K

K

(Xn)n≥0

n ∈ N
di : Xn → Xn−1 i ∈ {0, 1, . . . , n}
sj : Xn−1 → Xn j ∈ {0, 1, . . . , n− 1}

didj = dj−1di i < j

sisj = sj+1si i ≤ j

disj =






sj−1di i < j
i = j, j + 1

sjdi−1 i > j + 1

di : Xn → Xn−1 sj : Xn−1 → Xn

f : X → Y

X = (Xn)n≥0

n x0, . . . , xk−1, xk+1, . . . , xn ∈ Xn−1

dixj = dj−1xi i, j ∈ {0, . . . , n} −{ k} i < j



x ∈ Xn dj(x) = xj j ∈ {0, . . . , n} −{ k}

A GL(A)
R GL(R)

∆n n

∆n = {(t1, . . . , tn) | ti ∈ [0, 1] ,
n∑

i=1

ti ≤ 1}

∆0 = {0} n
0, . . . ,n ∈ ∆n

i =

{
(0, . . . , 0) i = 0

(0, . . . , 1, . . . , 0) i 4= 0

1 i
R(A)

BGL(R) = (GL(R)n)n≥0

di(g1, . . . , gn) =






(g2, . . . , gn) i = 0
(g1, . . . , gigi+1, . . . , gn) i ∈ {1, . . . , n− 1}

(g1, . . . , gn−1) i = n

sj(g1, . . . , gn−1) =
{

(g1, . . . , gj−1, 1, gj, . . . , gn−1) j ∈ {0, . . . , n− 1}

R(A) = (R(A)n) R(A)n σ : ∆n → GL(A)
σ(0) = 1

di(σ)(t1, . . . , tn−1) =

{
σ(1−

∑n−1
j=1 tj, t1, . . . , tn−1)σ(1)−1 i = 0

σ(t1, . . . , ti−1, 0, ti, . . . , tn−1) i ∈ {1, . . . , n}

sj(σ)(t1, . . . , tn) =

{
σ(t2, . . . , tn) j = 0

σ(t1, . . . , tj + tj+1, . . . , tn) j ∈ {1, . . . , n− 1}

σ(1)−1

1 ∈ R(A)0

ϕ : R → S ϕ : BGL(R) →
BGL(S) ϕ : A →
B ϕ : R(A) → R(B)

R(A) GL(A∗)/GL(A)
K

σ : ∆n → GL(A) σ · σ(0)−1 ∈ R(A)

θ : R(A) → BGL(A) θ(σ) = (σ(0)σ(1)−1, . . . , σ(n− 1)σ(n)−1)



X = (Xn)n≥0 ∗ ∈ X0

n X

πn(X) := {x ∈ Xn | dix = ∗ i ∈ {0, . . . , n}}/ ∼
∼

x ∼ y ⇔ ∃z ∈ Xn+1 : dnz = x , dn+1z = y diz = ∗ ∀i ∈ {0, 1, . . . , n− 1}

X = (Xn)n≥0 n ≥ 1
πn(X) ∗ : πn(X) × πn(X) → πn(X)

x ∗ y = dn(z)

z ∈ Xn+1 (n + 1) dn−1(z) = x dn+1(z) = y di(z) = ∗
i ∈ {0, 1, . . . , n− 2} n ≥ 2

BGL(R)

πn(BGL(R)) =

{
GL(R) n = 1

0 n ≥ 2

R(A)

πn(R(A)) =

{
R(A)1/ ∼ n = 1
Kn+1(A) n ≥ 2

X

didj = dj−1di i < j

d =
n∑

i=0

(−1)idi : Z[Xn] → Z[Xn−1]

d2 = 0

Z[X0] ←−−−
d

. . . ←−−−
d

Z[Xn−1] ←−−−
d

Z[Xn] ←−−−
d

Z[Xn+1] ←−−−
d

. . .

X

CW
| · |



X X

|X| :=
∐

n≥0

∆n ×Xn/ ∼

Xn ∼

(δit, x) ∼ (t, dix) t ∈ ∆n−1 , x ∈ Xn

(ηjt, x) ∼ (t, sjx) t ∈ ∆n+1 , x ∈ Xn

δi : ∆n−1 → ∆n ηj : ∆n+1 → ∆n

X |X|
X

|X|
X

|X|

K K

K
K
K

G
G G

X CW N
X CW X+

i : X → X+

X+ π1(X)/N
i∗ : π1(X) → π1(X+)

i : X → X+

CW X+ X N ⊆ π1(X)



X CW X+

X N π1(X) Y CW
f : X → Y

f∗ : π1(X) → π1(Y ) N ⊆ π1(X)
f+ : X+ → Y

X X+

Y

$i

%
%%&

f

!
f+

K

R A

E(R) = [GL(R), GL(R)] ⊆ GL(R) = π1(BGL(R))
(
F (A)1/ ∼

)
= [R(A)1/ ∼, R(A)1/ ∼] ⊆

(
R(A)1/ ∼

)
= π1(R(A))

2.1.4 F (A)1/ ∼
!

R K R
CW |BGL(R)|+

E(R) ⊆ π1(|BGL(R)|)
Kn(R) = πn(|BGL(R)|+)

K
R ϕ : R → S

|ϕ| : |BGL(R)| →| BGL(S)|
ϕ : GL(R) → GL(S)

|ϕ|+ : |BGL(S)|+ → |BGL(R)|+

A K A
CW |R(A)|+

(F (A)1/ ∼) ⊆ π1(|R(A)|)

Kn (A) = πn(|R(A)|+)



K
K

K

θ : R(A) → BGL(A) θ(σ) = (σ(0)σ(1)−1, . . . , σ(n− 1)σ(n)−1)

|θ| : |R(A)| → |BGL(A)|
(R(A)1/ ∼) → GL(A) [σ] (→ σ(1)−1

|θ|+ : |R(A)|+ → |BGL(A)|+

θ : Kn (A) → Kn(A) n ∈ N
K

K 6.17

. . . −−−→ Kn+1(A)
v−−−→ Kn (A)

θ−−−→ Kn(A) −−−→ Kn (A)
v−−−→ . . .

K
K

K K
θ : Kn (A) → Kn(A)

K
CW

|BGL(R)|+ |R(A)|+ H

H

R ⊕ : GL(R)×
GL(R) → GL(R)

(g ⊕ h)ij =






gkl i = 2k − 1, j = 2l − 1
hkl i = 2k, j = 2l
0

⊕+ : |BGL(R)×BGL(R)|+ → |BGL(R)|+



1.1.4 BGL(R)×BGL(R)

k : |BGL(R)×BGL(R)|+ → |BGL(R)|+ × |BGL(R)|+

k−1 : |BGL(R)|+ × |BGL(R)|+ → |BGL(R)×BGL(R)|+

|BGL(R)|+

+ = ⊕+ ◦ k−1 : |BGL(R)|+ × |BGL(R)|+ → |BGL(R)|+

1.2.6 1.2

+ : |BGL(R)|+×|BGL(R)|+ → |BGL(R)|+
1 ∈ |BGL(R)|+ H |BGL(R)|+

H H

Kn(R)

[f ] + [g] = [+ ◦ (f, g)] f, g : Sn → |BGL(R)|+

A σ, τ :
∆n → GL(A)

⊕ : R(A)×R(A) → R(A)

(σ ⊕ τ)(t) = σ(t)⊕ τ(t) σ, τ ∈ R(A)n t ∈ ∆n

|R(A)|
+ : |R(A)|+ × |R(A)|+ → |R(A)|+ + = ⊕+ ◦ k−1

k−1 : |R(A)|+ × |R(A)|+ → |R(A)× R(A)|+
3.12 3.13

+ : |R(A)|+ × |R(A)|+ → |R(A)|+ 1 ∈
|R(A)|+ H |R(A)|+

|θ|+ : |R(A)|+ → |BGL(A)|+ H

H K

[f ] + [g] = [+ ◦ (f, g)] f, g : Sn → |R(A)|+

K
R S p, q ∈ N

ϕ : Rp ⊗Z Sq → (R⊗Z S)pq



(R⊗Z S)

⊗ϕ : GLp(R)×GLq(S) → GLpq(R⊗Z S) ⊆ GL(R⊗Z S)

p, q ≥ 3

⊗+
p,q : |BGLp(R)|+ × |BGLq(S)|+ → |BGL(R⊗Z S)|+ ⊗+

p,q = ⊗+
ϕ ◦ k−1

k−1 : |BGLp(R)|+ × |BGLq(S)|+ → |BGLp(R)×BGLq(S)|+

⊗ϕ : GLp(R)×GLq(S) → GL(R⊗Z S)

⊗+
p,q (R⊗Z S)

2.1.1

γp,q : |BGLp(R)|+ × |BGLq(S)|+ → |BGL(R⊗Z S)|+

γp,q(x, y) = ⊗+
p,q(x, y)−⊗+

p,q(1p, y)−⊗+
p,q(x, 1q)

H |BGL(R⊗ZS)|+

γ : |BGL(R)|+ × |BGL(S)|+ → |BGL(R⊗Z S)|+

f, g : X → Y f∗ = g∗ : [K, X] → [K, Y ]
K

2.1.8

i : |BGLp(R)|+ × |BGLq(S)|+ → |BGL(R)|+ × |BGL(S)|+

p : |BGL(R)|+ × |BGL(S)|+ → |BGL(R)|+ ∧ |BGL(S)|+

γ̂ : |BGL(R)|+ ∧ |BGL(S)|+ → |BGL(R ⊗Z S)|+

|BGLp(R)|+ × |BGLq(S)|+ p◦i−−−→ |BGL(R)|+ ∧ |BGL(S)|+

γp,q

' bγ
'

|BGL(R⊗Z S)|+ |BGL(R⊗Z S)|+



K
γ̂

∗ : Kn(R)×Km(S) → Kn+m(R⊗Z S)

f ∗ g = γ̂ ◦ (f ∧ g) : Sn ∧ Sm ∼= Sn+m → |BGL(R⊗Z S)|+

f : Sn → |BGL(R)|+ g : Sm → |BGL(S)|+

γ̂

R S
x ∈ Kn(R)

y ∈ Km(S)
(−1)nmx ∗ y = T∗(y ∗ x)

T∗ : Kn+m(R ⊗Z S) → Kn+m(S ⊗Z R) T :
R⊗Z S → S ⊗Z R

R m : R ⊗Z R → R
K m∗ : Kn(R ⊗Z R) →

Kn(R)

m∗ ◦ ∗ : Kn(R)×Km(R) → Kn+m(R)

∗

R
K

K A B
p, q ∈ N

ϕ : Ap ⊗Z Bq → (A⊗Z B)pq

(A⊗Z B)

⊗ϕ : GLp(A)×GLq(B) → GLpq(A⊗Z B)

A⊗π B A B

ι : A⊗Z B → A⊗π B



σ : ∆n → GLp(A) τ : ∆n → GLq(B)
σ τ

σ ⊗ϕ τ : ∆n → GL(A⊗π B)

(σ ⊗ϕ τ)(t) = ι(σ(t)⊗ϕ τ(t))

⊗ϕ : Rp(A)×Rq(B) → Rpq(A⊗π B) ⊆ R(A⊗π B)

p, q ≥ 3

⊗+
p,q : |Rp(A)|+ × |Rq(B)|+ → |R(A⊗π B)|+ ⊗+

p,q = ⊗+
ϕ ◦ k−1

k−1 : |Rp(A)|+ × |Rq(B)|+ → |Rp(A) × Rq(B)|+
3.3

γp,q : |Rp(A)|+ × |Rq(B)|+ → |R(A⊗π B)|+

γp,q(x, y) = ⊗+
p,q(x, y)−⊗+

p,q(1p, y)−⊗+
p,q(x, 1q)

H |R(A ⊗π B)|+

γ̂ : |R(A)|+ ∧ |R(B)|+ → |R(A ⊗π B)|+

|Rp(A)|+ × |Rq(B)|+ p◦i−−−→ |R(A)|+ ∧ |R(B)|+

γp,q

' bγ
'

|R(A⊗π B)|+ |R(A⊗π B)|+

3.3

K

∗ : Kn (A)×Km (B) → Kn+m(A⊗π B)

f ∗ g = γ̂ ◦ (f ∧ g) : Sn ∧ Sm ∼= Sn+m → |R(A⊗π B)|+

f : Sn → |R(A)|+ g : Sm → |R(B)|+



γ̂

A B
x ∈ Kn (A)

y ∈ Km (B)
(−1)nm(x ∗ y) = T∗(y ∗ x)

T : A⊗πB → B⊗πA

A
m : A⊗π A → A

m∗ ◦ ∗ : Kn (A)×Km (A) → Kn+m(A)

∗

A K

K

∗̂ : Kn(A)×Km(B) → Kn+m(A⊗π B) ∗̂ = ι∗ ◦ ∗

ι : A⊗Z B → A⊗π B

θ : Kn (A) → Kn(A)

θ(x ∗ y) = θ(x)∗̂θ(y)

x ∈ Kn (A) y ∈ Km (B)

|R(A)|+ ∧ |R(B)|+ θ∧θ−−−→ |BGL(A)|+ ∧ |BGL(B)|+

bγ
' |ι|+◦bγ

'

|R(A⊗π B)|+ θ−−−→ |BGL(A⊗π B)|+



3.17

A θ : K∗ (A) → K∗(A)

K

2.2.3
K

K 1.2.1

A F (A)n

F (A)1 := [R(A), R(A)]
σ ∈ F (A)n+1 ⇔ (σ ∈ R(A)n+1 diσ ∈ F (A)n i ∈ {0, . . . , n + 1})

F (A)
R(A) |F (A)|

|F (A)|
F (A)1 R(A)1/ ∼

F (A)1/ ∼
|F (A)|

CW |F (A)|+ i : F (A) → R(A)
|i|+ : |F (A)|+ → |R(A)|+ 3.7

|i|+ : |F (A)|+ → |R(A)|+
2

i+∗ : πn(|F (A)|+) → πn(|R(A)|+) = Kn (A)

n ≥ 2

4.3.2

h2 : π2(|F (A)|+) → H2(|F (A)|+) ∼= H2(F (A))
K

F (A)

K

A
σ, τ : [0, 1] → A∗ σ(t) = 1 = τ(t) t ∈ [0, ε)



K [σ], [τ ] ∈ K1 (A)

[σ] ∗ [τ ] ∈ K2 (A)

{σ, τ} ∈ H2(F (A))

K2 (A) ∼= H2(F (A))

X
h2 : π2(X) → H2(X)

H2(S2) ∼= Z [1Z] ∈ H2(S2)

h2[f ] = f∗[1Z] [f ] ∈ π2(X)

[1Z] ∈ H2(S2)

1Z = η1 ∧ η0 − η0 ∧ η1 ∈ Z[S2(S
2)]

η0(t1, t2) = e2πit2 ∈ S1 η1(t1, t2) = e2πi(t1+t2) ∈ S1

[σ], [τ ] ∈ K1 (A) ∼= π1(|R(A)|+)

γσ(e2πit) = (t, σ) ∈ |R(A)| ⊆ |R(A)|+ γτ (e2πit) = (t, τ) ∈ |R(A)| ⊆ |R(A)|+

t ∈ [0, 1]

BZ

γ1 : S1 → |BZ| α(e2πit) = (t, 1)

γσ γτ : S1 ∼= |BZ| → |R(A)| ⊆ |R(A)|+

ασ ατ : BZ → R(A)

ασ(i1, . . . , in) =
n∏

j=1

(sn−1 . . . ŝj−1 . . . s0)(σ
ij)

ατ (i1, . . . , in) =
n∏

j=1

(sn−1 . . . ŝj−1 . . . s0)(τ
ij)

·̂
γσ = |ασ| ◦ γ1 γτ = |ατ | ◦ γ1 : S1 → |R(A)|+



S1 × S1 Z × Z

γ1 × γ1 : S1 × S1 → |BZ| ×|BZ| ∼= |B(Z× Z)|

γσ × γτ : S1 × S1 → |R(A)|+ × |R(A)|+ ∼= |R(A)×R(A)|+

ασ × ατ : BZ×BZ → R(A)×R(A)

x12(σ), x13(τ) ∈ F (A)1

x12(σ) = d(σ, σ−1, 1) x13(τ) = d(τ, 1, τ−1)

|dσ·τ | : S1 × S1 ∼= |BZ×BZ| → |F (A)| ⊆ |F (A)|+

dσ·τ : BZ×BZ → F (A) (i, j) (→ αx12(σ)(i) · αx13(τ)(j)

A

m : A ⊗π A → A

p ≥ 3

|m|+ ◦ γp,p ◦ (γσ × γτ ) i+ ◦ |dσ·τ | : S1 × S1 → |R(A)|+

γσ × γτ |Rp(A)|+ ×
|Rp(A)|+ γp,p

2.2.3 !

[σ] ∗ [τ ] ∈ K2 (A)

{τ, σ} ∈ H2(F (A))

H2(F (A)) ∼= K2 (A)



S1 × S1 p−−−→ S1 ∧ S1

i+◦|dσ·τ |
'

'[σ]∗ [τ ]

|R(A)|+ |R(A)|+

(i+)−1 : |R(A)|+ → |F (A)|+
i+ : |F (A)|+ → |R(A)|+

S1 × S1 p−−−→ S1 ∧ S1

|dσ·τ |
'

'(i+)−1◦([σ]∗ [τ ])

|F (A)|+ |F (A)|+

(i+)−1 ◦ ([σ] ∗ [τ ])

|dσ·τ | ◦ (η1, η0)− |dσ·τ | ◦ (η0, η1) ∈ H2(|F (A)|+)

H2(F (A)) ∼= H2(|F (A)|+)

(η1, η0)− (η0, η1) ∈ H2(S
1 × S1)

(
(1, 0), (0, 1)

)
−

(
(0, 1), (1, 0)

)
∈ H2(BZ×BZ)

H2(S1 × S1) ∼= H2(|BZ×BZ|) ∼= H2(BZ×BZ)

s1(x12(σ)) · s0(x13(τ))− s0(x12(σ)) · s1(x13(τ)) ∈ H2(F (A))

|dσ·τ | : S1 × S1 → |F (A)|+

!

K

K

(eAeBe−Ae−B) = e [A,B]



A, B ∈ L(H)

K K
2.2.3

[ex], [ey] ∈ K1(C2[x, y]) [γx], [γy] ∈ K1 (C2[x, y])

[γy] ∗ [γx] = {γx, γy} ∈ K2 (C2[x, y])

[ey] ∗ [ex] = {ex, ey} ∈ K2(C
2[x, y])

θ : K∗ (C2[x, y]) → K∗(C
2[x, y])

K

K

K

MF : Kn(A) → C/(2πi),
n
2 -Z

n C A

n = 2p
K

K

H M2p−1 C
H⊕H 2p

x = (xij) ∈M1 H⊕H
x12, x21 ∈ L2p(H) C M2p−1

‖ ·‖ : M2p−1 → [0,∞)

‖x‖ = ‖x‖∞ + ‖x12‖2p + ‖x21‖2p

M2p−1 M2p−1 2p

A C 2p
(F, H) A H
π : A → L(H) F ∈ L(H)



F = F ∗

F 2 = 1
[F, π(a)] ∈ L2p(H) a ∈ A

A (F, H)

π : A → L(H) a (→ [F, π(a)] ∈ L2p(H)

PH (1−P )H
P = (F +1)/2 F ∈ L(H)

FU ∈ L(H⊕H)

FU =

(
1 0
0 −1

)

π : M2p−1 → L(H ⊕ H)
(FU ,H⊕H) 2p M2p−1

(F, H) 2p C A
PH (1−P )H

H
πF : A → L(H⊕H)

[F, π(a)] ∈ L2p(H) πF : A → L(H⊕H)
M2p−1 (F, H)

πF : A →M2p−1

2p

7. 2 (F, H) 2p
A

τF : (a0, a1, . . . , a2p−1) (→ − 1

22p · (p− 1)!
(F [F, a0][F, a1] · . . . · [F, a2p−1])

τF : HC2p−1(A) → C

− 1
22p·(p−1)!

1
(2p−1)!

3

τ2p−1 : HC2p−1(M2p−1) → C
2p (FU ,H ⊕H) M2p−1



2p (F, H) A

HC2p−1(A)
(πF )∗−−−→ HC2p−1(M2p−1)

τF

' τ2p−1

'

C C
K

K

: Kn (A) → HCn−1(A)

4.2

A K
CW |R(A)|+

hn : Kn (A) = πn(|R(A)|+) → Hn(|R(A)|+) ∼= Hn(R(A))

R(A)

R(A)

L : Rm(A)n → Cn−1(Mm(A))

L(σ) =
1

n

∑

s∈Σn

(s)

∫

∆n

Γs(1)(σ)⊗ . . .⊗ Γs(n)(σ)dt1 . . . dtn

Γi(σ) =
∂σ

∂ti
· σ−1 : ∆n → Mm(A)

σ : ∆n → GLm(A)
Rm(A)n

3.2

L : Hn(R(A)) → lim
m→∞

HCn−1(Mm(A))

T (→ T ⊕ 0

: lim
m→∞

HCn−1(Mm(A)) → HCn−1(A)



: u0a0 ⊗ . . .⊗ un−1an−1 (→ (u0 · . . . · un−1)a0 ⊗ . . .⊗ an−1

a0, . . . , an−1 ∈ A u0, . . . , un−1 ∈ Mm(C) 1.2

A

: Kn (A) → HCn−1(A) = ◦ L ◦ hn

2p (F, H)
A K

2p
(F, H) A

AF : K2p (A) → C AF = τF ◦

K2p (A)
(πF )∗−−−→ K2p (M2p−1)

AF

' A2p−1

'

C C
A2p−1 : K2p (M2p−1) → C

(FU ,L(H⊕H)) M2p−1

2.8 K M2p−1

p ∈ N K M2p−1

K0 (M2p−1) = {0} K1 (M2p−1) = Z

M2p−1 K

. . .
θ−−−→ K2p+1(M2p−1) −−−→ Z v−−−→ K2p (M2p−1)

θ−−−→ K2p(M2p−1) −−−→ 0

θ : K2p (M2p−1) → K2p(M2p−1)

(A2p−1 ◦ v) = cZ ⊆ C
c ∈ C c = (2πi)p



2p

M2p−1 : K2p(M2p−1) → C/(2πi)pZ

M2p−1(θ(y)) = [A2p−1(y)]

[ · ] : C → C/(2πi)pZ
(F, H) 2p C A

MF : K2p(A) → C/(2πi)pZ MF = M2p−1 ◦ (πF )∗

(πF )∗ : K2p(A) → K2p(M2p−1) K
πF : A →M2p−1

K

A B
K

∗ : Kn (A)×Km (B) → Kn+m(A⊗π B)

K

: Kn (A) → HCn−1(A)

A C∗(A)

×′ : Cn(A)⊗C Cm(A) → Cn+m(A)

(a0 ⊗ a1 ⊗ . . .⊗ an)×′ (b0 ⊗ an+1 ⊗ . . .⊗ an+m) =
∑

s∈Σn,m

(s)a0b0 ⊗ as(1) ⊗ . . .⊗ as(n+m)

Σ(n,m) (n, m) s ∈ Σn+m (n, m)
s : {1, . . . , n+m} →{ 1, . . . , n+m}

{1, . . . , n} {n + 1, . . . , n + m}
B

1A ⊗ · : C∗(B) → C∗(A⊗π B) · ⊗ 1B : C∗(A) → C∗(A⊗π B)



1A ⊗ (b0 ⊗ . . .⊗ bn) = (1A ⊗ b0)⊗ . . .⊗ (1A ⊗ bn)

(a0 ⊗ . . .⊗ an)⊗ 1B = (a0 ⊗ 1B)⊗ . . .⊗ (an ⊗ 1B)

A B

× : Cn(A)⊗C Cm(B) → Cn+m(A⊗π B) × = ×′ ◦
(
(· ⊗ 1B)⊗ (1A ⊗ ·)

)

4.2.2

b(x× y) = b(x)× y + (−1)nx× b(y)

x ∈ Cn(A) y ∈ Cm(B)

N : C∗(A) → C∗(A) s : C∗(A) → C∗+1(A)

n ∈ N∪{0}

N = 1 + t + . . . + tn s(a0 ⊗ . . .⊗ an) = 1⊗ a0 ⊗ . . .⊗ an

t : C∗(A) → C∗(A)

∗ : Cλ
n(A)⊗C Cλ

m(B) → Cλ
n+m+1(A⊗π B)

x ∗ y = x× (sNy)

x ∈ Cλ
n(A) y ∈ Cλ

m(B)

4.4.2
2.3

x ∈ Cλ
n(A) y ∈ Cλ

m(B)

b(x ∗ y) = b(x) ∗ y + (−1)n+1x ∗ b(y)

bs = 1− t− sb′ b′N = Nb



b′ : Cn(A) → Cn−1(A)

b(x ∗ y) = b(x× (sNy)) = b(x) ∗ y + (−1)nx× b(sNy) = b(x) ∗ y + (−1)n+1x ∗ b(y)

!

∗ : HCn(A)⊗C HCm(B) → HCn+m+1(A⊗π B)

A B
4.4.5 2.3

(x ∗ y) = (x) ∗ (y)

x ∈ Kn (A) y ∈ Km (B)

4 !

A
m : A ⊗π A → A

m∗ ◦ ∗ : HCn(A)⊗C HCm(A) → HCn+m+1(A)

∗

A

: K∗ (A) → HC∗(A)[1]

!

(F, H) 2p (F, H)
A 2p

g0, g1, . . . , g2p−1 ∈ GL0(A)

MF : K2p(A) → C/(2πi)pZ

[x] = [g0] ∗ . . . ∗ [g2p−1] ∈ K2p(A)



[y] ∈ K2p (A) θ[y] = [x] ∈ K2p(A)

g0, . . . , g2p−1 ∈ GL0(A) γi :
[0, 1] → GL(A) γi(0) = 1 γi(1) = g−1

i [y] = [γ0] ∗ . . . ∗ [γ2p−1]

θ[y] = θ[γ0] ∗ . . . ∗ θ[γ2p−1] = [g0] ∗ . . . ∗ [g2p−1] = [x]

[y] ∈ Kn (A)

γi : [0, 1] → GL(A)

[τF ] : HCn−1(A) → C/(2πi)pZ

〈·, . . . , ·〉F : M∞(A) ∧ . . . ∧M∞(A) → C

〈a0, . . . , a2p−1〉F = − 1

(p− 1)!

∑

s∈S2p−1

(s)

([P (a0)P, P (as(1))P ] · . . . · [P (as(2p−2))P, P (as(2p−1))P ])

P = F+1
2

S2p−1 s ∈ Σ2p−1 s(2i) < s(2i + 1)
i ∈ {1, . . . , p− 1}

[P (a)P, P (b)P ] ∈ Lp(H)

p a, b ∈ M∞(A)
(F, H) A

[P (a)P, P (b)P ] = P (a)[P, (b)]P + P (b)[ (a), P ]P

= [P, (a)][P, (b)]P − [P, (b)][P, (a)]P

∈ Lp(H)

γ : [0, 1] → GL(A) γ(0) = 1 l(γ) ∈ M∞(A)

l(γ) =

∫ 1

0

dγ

dt
· γ−1dt

a ∈ M∞(A) γa ∈ [0, 1] → GL(A)

γa(t) = e−ta

l(γa) = −a



AF : K2p (A) → C AF = τF ◦

5.1 5.3

A (F, H)
2p A γ0, . . . , γ2p−1 : [0, 1] → GL(A)

γi(0) = 1

AF ([γ0] ∗ . . . ∗ [γ2p−1]) = 〈l(γ0), . . . , l(γ2p−1)〉F

[γ0], . . . , [γ2p−1] ∈ K1 (A) a0, . . . , a2p−1 ∈ M∞(A)

AF ([γa0 ] ∗ . . . ∗ [γa2p−1 ]) = 〈a0, . . . , a2p−1〉F

〈·, . . . , ·〉F : M∞(A) ∧ . . . ∧M∞(A) → C

K

γ0, . . . , γ2p−1, τ : [0, 1] → GL(A) γi(0) = 1 = τ(0)
s ∈ Σ2p

〈l(γs(0)), . . . , l(γs(2p−1))〉F
= (s)〈l(γ0), . . . , l(γ2p−1)〉F

〈l(γ0), . . . , l(γi · τ), . . . , l(γ2p−1)〉F
= 〈l(γ0), . . . , l(γi), . . . , l(γ2p−1)〉F + 〈l(γ0), . . . , l(τ), . . . , l(γ2p−1)〉F

!
γ0, . . . , γ2p−1, τ : [0, 1] → GL(A) γi(0) = 1 = τ(0)

σ ∈ F (A) = [R(A), R(A)] γi · σ ∼ τ ∼

〈l(γ0), . . . , l(γi), . . . , l(γ2p−1)〉F = 〈l(γ0), . . . , l(τ), . . . , l(γ2p−1)〉F

〈l(γ0), . . . , l(γi), . . . , l(γ2p−1)〉F
γ0, . . . , γ2p−1 K !



MF (θ[y]) = [AF [y]] ∈ C/(2πi)pZ

θ : K2p (A) → K2p(A) [ · ] : C → C/(2πi)pZ

5.4 A
(F, H) 2p A g0, . . . , g2p−1 ∈

GL0(A) γ0, . . . , γ2p−1 : [0, 1] → GL(A)
γi(0) = 1 γi(1) = g−1

i

MF ([g0] ∗ . . . ∗ [g2p−1]) =
[
〈l(γ0), . . . , l(γ2p−1)〉F

]

[g0], . . . , [g2p−1] ∈ K1(A) a0, . . . , a2p−1 ∈ M∞(A)

MF ([ea0 ] ∗ . . . ∗ [ea2p−1 ]) =
[
〈a0, . . . , a2p−1〉F

]

(eAeBe−Ae−B) = e [A,B]

A, B ∈ L(H)
dA,B : K2(C2[x, y]) → C∗

{ex, ey} ∈ K2(C2[x, y])

dA,B{ex, ey} = (eAeBe−Ae−B)

τA,B :
K2 (C2[x, y]) → C {γx, γy} ∈ K2 (C2[x, y])

τA,B{γx, γy} = [A, B]

θ{γx, γy} = {ex, ey}

dF : K2(B) → C∗ RF : A → B
2 C A

K2(A)
(RF )∗−−−→ K2(B)

MF

' dF

'

C/(2πi)Z exp−−−→ C∗



2 (F, H) 2
A

(exp ◦MF ){ea, eb} = (dF ◦ (RF )∗){ea, eb}
= dF{q(Pπ(ea)P ), q(Pπ(eb)P )}
= exp

(
[Pπ(a)P, Pπ(b)P ]

)

MF{ea, eb} = [Pπ(a)P, Pπ(b)P ] ∈ C/(2πi)Z

MF ([eb] ∗ [ea]) = [Pπ(a)P, Pπ(b)P ] ∈ C/(2πi)Z

p = 1

K

ea0 , . . . , ea2p−1 ∈ GL0(A)
a0, . . . , a2p−1 ∈ M∞(A)

bi ∈ M∞(A) A ebi = eai

〈a0, . . . , ai, . . . , a2p−1〉F − 〈a0, . . . , bi, . . . , a2p−1〉F ∈ (2πi)pZ

(2πi)pZ ⊆ C

γ0, . . . , γ2p−1 : [0, 1] → GL(A) γi(0) = 1
τi : [0, 1] → GL(A) τi(0) = 1 τi(1) = γi(1)h h ∈ E(A)

〈l(γ0), . . . , l(γi), . . . , l(γ2p−1)〉 − 〈l(γ0), . . . , l(τi), . . . , l(γ2p−1)〉 ∈ (2πi)pZ

(2πi)pZ ⊆ C

γi(1)−1 ∈ GL0(A) K !

(F, H) 2p
C A (F, H)

F : GL(A)2p → C/(2πi)pZ

F (g0, . . . , g2p−1) = MF ([g0] ∗ . . . ∗ [g2p−1])

K



g0, . . . , g2p−1, h ∈ GL(A) s ∈ Σ2p e ∈ E(A)

F (gs(0), . . . , gs(2p−1)) = (s) F (g0, . . . , g2p−1)

F (g0, . . . , gi · h, . . . g2p−1) = F (g0, . . . , gi, . . . , g2p−1) + F (g0, . . . , h, . . . , g2p−1)

F (g0, . . . , gie, . . . , g2p−1) = F (g0, . . . , g2p−1)

A (F, H) 2p
A

GL0(A) 3.4.3

T2p−1 2p
(F, H) Cp+2(T2p−1)

τF : HC2p−1(C
p+2(T2p−1)) → C

x =
∑

s∈Σ2p−1

f0 ⊗ fs(1) ⊗ . . .⊗ f(s(2p− 1)) = f0 ∗ . . . ∗ f2p−1

τF (x) = C

∫

T2p−1

f0df1 ∧ . . . ∧ df2p−1

f0, . . . , f2p−1 ∈ Cp+2(T2p−1) Cp+2

C = − Ωn

n(2π)n

(−i)p(2p− 1)!

2p+1(p− 1)!
∈ C n := 2p− 1

F (ef0 , . . . , ef2p−1) =
[
τF (f0 ∗ . . . ∗ f2p−1)

]
=

[
C

∫

T2p−1

f0df1 ∧ . . . ∧ df2p−1

]
∈ C/(2πi)pZ

[ · ] : C → C/(2πi)pZ



10.32

H
L1+(H) L(H)

L1+(H) = {T ∈ K(H) | sup
n≥2

σn(T )

log(n)
< ∞}

σn(T ) = s0(T ) + . . . + sn−1(T ) T

σn(T + S) ≤ σn(T ) + σn(S) σn(ATB) ≤ ‖A‖∞σn(T )‖B‖∞
T, S ∈ K(H) A, B ∈ L(H)

L(H)
∗

‖ ·‖ 1+ : L1+(H) → [0,∞) ‖T‖1+ = supn≥2
σn(T )
log(n)

T ∈ K(H) T ∗ ∈ K(H)

1 < p < ∞ p L(H)

Lp+(H) = {T ∈ K(H) | sup
n∈N

σn(T )

n1−1/p
< ∞}

p L(H)
∗

‖ ·‖ p+ : Lp+(H) → [0,∞) ‖T‖p+ = supn∈N
σn(T )
n1−1/p

7.37 A ∈ Lp+(H) p A

Ap ∈ L1+(H)



T ∈ K(H) λ ∈ [1,∞)

σλ(T ) = (1− t)σn(T ) + tσn+1(T )

n = :λ; λ t = λ− n
λ (→ σλ(T )/ log(λ)

τλ(T ) =
1

log(λ)

∫ λ

3

σu(T )

log(u)

du

u

T ∈ L1+(H) λ (→ τλ(T )
τλ(T ) λ →∞

C∗ Cb([3,∞))/C0([3,∞))

ω : Cb([3,∞))/C0([3,∞)) → C

T ∈ L1+(H)
T

ω(T ) = ω(τλ(T ))

L1+(H) T ∈ L1+(H)
T ∈ L1+(H)

T =
T + T ∗

2
+ i

i(T ∗ − T )

2
T ∈ L1+(H)

T =
1

2
(T + |T |)− 1

2
(|T | − T )

2. 3 ω : Cb([3,∞))/C0([3,∞)) → C

ω : L1+(H) → C

ω(TS) = ω(ST )

T ∈ L1+(H) S ∈ L(H)

T ∈ L1+(H)

+(T ) ∈ C T ∈ L1(H)

σn(T )

log(n)
≤ ‖T‖1

log(n)
→ 0

T



2. 3
L1(H)

M n

νg ∈ An(M, R)

∆ : C∞(M) → C∞(M) ∆ := −(2d 2 d)

d : Ak(M) → Ak+1(M) 2 : Ak(M) → An−k(M)
149 150

∆−n/2

−n H := L2(M)
M ∆−n/2 ∈ L1+(H)

M L2(M)

7.22 f∆−n/2 ∈ L1+(H)
f ∈ C(M)

n(2π)n

Ωn
+(f∆−n/2) =

∫

M

fνg

Ωn = 2πn/2

Γ(n
2 ) Sn−1

A C π : A →
L(H) H D H

(A, H,D)

a( (D)) ⊆ (D) [D, a] H
(λ + D)−1 λ ∈ C− R

a ∈ A



n ∈ [1,∞) (n+)
(λ + D)−1 ∈ Ln+(H) n

λ ∈ C− R

|D| δ : T (→ [|D|, T ] δ
T ∈ L(H)

T ( (|D|)) ⊆ (|D|) [|D|, T ] H

AD L(H)

a ∈ AD [D, a] ∈ AD a ∈ A

k ∈ N (A, H,D) QCk

AD δm 1 ≤ m ≤ k

(A, H,D)
P = 1[0,∞)(D) D

[0,∞) ⊆ R F = 2P − 1 ∈ L(H)
10.18

ε > 0 n ∈ [1,∞) (A, H,D) (n+)
(F, H) (n + ε)

A A
a (→ [D, a] (F, H)

A C n ∈ N0 Cn (A) = A ⊗C A⊗Cn

x ∈ Cn (A) b(x) = 0

b : Cn (A) → Cn−1(A)

b(a0 ⊗ a1 ⊗ . . .⊗ an) = (−1)nana0 ⊗ . . .⊗ an−1 +
n−1∑

i=0

(−1)ia0 ⊗ . . .⊗ aiai+1 ⊗ . . .⊗ an

I : Cn (A) → Cn (A)/ (1− t)

2p (F, H)
C A

τF : C2p−1(A)/ (1− t) → C

I : C2p−1(A) → C2p−1(A)/ (1− t)



n = 2p − 1 ∈ N (A, H,D) (n+)
|D|−1 (D)⊥

|D|−1 ∈ L(H)

|D|−1 =

(
|D|−1 0

0 0

)

H = (D)⊥ ⊕ (D) (n+)
|D|−1 ∈ Ln+(H) n
|D|−n ∈ L1+(H)

ϕω
D : C2p−1(A) → C

ϕω
D(a0 ⊗ a1 ⊗ . . .⊗ a2p−1) = ω(a0[D, a1] · . . . · [D, a2p−1]|D|−2p+1)

ω : Cb([3,∞))/C0([3,∞)) → C

10.32 n = 2p − 1 ∈ N (A, H,D)
QC2 (n+) (F, H) 2p

A x ∈ C2p−1(A)

τF (I(x)) = − 1

22p · (p− 1)!
ϕω

D(x)

I(x) ∈ Cn (A)/ (1− t)

T2p−1

T2p−1 = (Cp+2(T2p−1), H,D)
D

n = 2p− 1

F : GL(Cp+2(T2p−1))2p → C/(2πi)pZ
2p

f0, . . . , f2p−1 ∈ Mk(C
p+2(T2p−1))

F (ef0 , . . . , ef2p−1) =
[
C

∫

T2p−1

(f0)d (f1) ∧ . . . ∧ d (f2p−1)
]



C = −(−i)p(2p− 1)!

2p+1 · (p− 1)!
· Ωn

n(2π)n
∈ C

Ωn = 2πn/2

Γ(n
2 ) Sn−1

T2p−1 = (Cp+2(T2p−1), H,D)
C Cp+2

(2p − 1) Cp+2(T2p−1)

H := C2p−1 ⊗ L2(T2p−1)

π : Cp+2(Tn) → L(H) π : f (→ 12p−1 ⊗m(f)

L2(T2p−1) D H

j ∈ {1, . . . , 2p− 1} ∂j := −i ∂
∂θj

L2(T2p−1)

j

α0 =

(
1 0
0 −1

)
α1 =

(
0 1
1 0

)
α2 =

(
0 −i
i 0

)

j ∈ {1, . . . , 2p− 1} cj ∈ M2p−1(C)

cj =






α0 ⊗ . . .⊗ α0︸ ︷︷ ︸
k−1

⊗α1 ⊗ 1⊗ . . .⊗ 1 j = 2k − 1

α0 ⊗ . . .⊗ α0︸ ︷︷ ︸
k−1

⊗α2 ⊗ 1⊗ . . .⊗ 1 j = 2k

ψ : M2(C)⊗C . . .⊗C M2(C) ∼= M2p−1(C)

(C⊕ C)⊗C . . .⊗C (C⊕ C) ∼= C2p−1

R2p−1 C2p−1

cj ∈ M2p−1(C)

cjck = −ckcj 1 ≤ j < k ≤ 2p− 1
cjcj = 1 j ∈ {1, . . . , 2p− 1}

D H = C2p−1 ⊗ L2(T2p−1)

D = c1 ⊗ ∂1 + . . . + c2p−1 ⊗ ∂2p−1

D



n = 2p − 1 ∈ N Tn = (Cp+2(Tn), H,D)
QC2 (n+) f (→ [D, f ]

Cp+2(Tn)

!

ω : Cb([3,∞))/C0([3,∞)) → C

ϕω
D(f0 ⊗ . . .⊗ f2p−1) = ω(f0[D, f1] · . . . · [D, f2p−1]|D|−2p+1)

f0, . . . , f2p−1 ∈ Cp+2(T2p−1) Cp+2

[D, f ] = −i
∑2p−1

j=1 cj ⊗ ∂f
∂θj

f ∈ Cp+2(T2p−1)

f
D

D2 = 12p−1 ⊗
( 2p−1∑

j=1

∂2
j

)
= 12p−1 ⊗∆

∆ : C∞(T2p−1) → C∞(T2p−1)
νg = dθ1 ∧ . . . ∧ dθ2p−1 ∈ A2p−1(T2p−1, R)

H A ∈ Mk(L1+(H)) ⊆ L(Hk)
A

ω(A) =
k∑

j=1

ω(Aii)

: M2p−1(C) → C

(ψ(A1 ⊗ . . .⊗ Ap−1)) = (A1) · . . . · (Ap−1)

ψ A1, . . . , Ap−1 ∈ M2(C)

ω((cj1 · . . . · cjk
)⊗ f |D|−2p+1) = 0



f 1 ≤ j1 < . . . < jk ≤ 2p− 1 1 ≤ k < 2p− 1
n = 2p− 1

ϕω
D(f0 ⊗ . . .⊗ f2p−1) = (−i)2p−1

ω

(
c1 · . . . · c2p−1 ⊗ f0 (Jf )|D|−2p+1

)

= (−i)p2p−1
ω(f0 (Jf )|D|−2p+1

)

= (−i)p2p−1 Ωn

n(2π)n

∫

T2p−1

f0df1 ∧ . . . ∧ df2p−1

Jf ∈ M2p−1(Cp+1(T2p−1))

(Jf )i,j =
∂fi

∂θj

(F, H)
Cp+2(T2p−1)

(F, H) 2p

F : GL(Cp+2(T2p−1))2p → C/(2πi)pZ F (g0, . . . , g2p−1) = MF ([g0] ∗ . . . ∗ [g2p−1])

5.4

F (ef0 , . . . , ef2p−1) = [τF (f0 ∗ . . . ∗ f2p−1)]

f0 ∗ . . . ∗ f2p−1 ∈ C2p−1(C
p+2(T2p−1)) ⊆ C2p−1(C

p+2(T2p−1))

τF (f0 ∗ . . . ∗ f2p−1)

= − 1

22p(p− 1)!
ϕω

D(f0 ∗ . . . ∗ f2p−1)

= −(−i)p(2p− 1)!

2p+1(p− 1)!

Ωn

n(2π)n

∫

T2p−1

f0df1 ∧ . . . ∧ df2p−1 ∈ C/(2πi)pZ



1986

345
1973 210 228

1973 1119 1121

71 5 1974 1952 1956
575

1977 19 43

358 2004 509 551
62 1985 257 360

1994
1988 431 463

1963

2001

1998
2002

345
1973 141 209

K
2000

K
K

1995 187 194
149 1987

226
1978

K
17 1997

36 1995 3822 3835

296 1983 295 297
1976

309 377
301

1992
1993

19 1980
299 346

K 7
1974

13 2008 275 363



1972
341 1973 85 147

147
1994

1979

1970

1992 457 463

38 1983 217 218
K 1972 349 370

1983
2006

K 303 1987 541 558


