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Abstract

It is a well-known result that the noncommutative residue of a pseudodifferential pro-
jection is zero on a compact manifold without boundary. Equivalently, the value of
the zeta-function of P at zero, (y(P,0), is independent of € for any elliptic operator P.
Here 6 denotes the angle of a ray where the resolvent of P has minimal growth.

In this thesis, we consider the analogous questions on a compact manifold with
boundary. We show that the noncommutative residue is zero for any projection in
Boutet de Monvel’s calculus of pseudodifferential boundary problems.

For an elliptic boundary problem {P; + G,T'}, with the corresponding realization
B = (P + G)r, we define the sectorial projection Ily,(B) and the residue of this
projection. We discuss whether this residue is always zero, through various analyses of
the structure of the projection. The question is interesting since (y(B, 0) is independent
of 6 exactly when the residues of the corresponding sectorial projections are zero; in
particular this holds when the projections are in Boutet de Monvel’s calculus. This
happens in certain cases, but we also give examples where the projections lie outside

the calculus.

Resumé

Det er et velkendt resultat at det ikke-kommutative residuum af en pseudodifferentiel
projektion er nul pa en kompakt mangfoldighed uden rand. Et hermed sekvivalent
udsagn er, at zeta-veerdien af P i nul, (y(P,0), er uathengig af 6 for enhver elliptisk
operator P. Her betegner 6 vinklen for en strale hvor resolventen for P har minimal
vaekst.

I denne afhandling betragter vi de tilsvarende problemstillinger pa en kompakt
mangfoldighed med rand. Det vises at det ikke-kommutative residuum er nul for enhver
projektion i Boutet de Monvels kalkyle af pseudodifferentielle randveerdiproblemer.

For et elliptisk randveerdiproblem {P; + G,T}, med den tilhgrende realisation
B = (P + G)r, definerer vi den sektorielle projektion Ily ,(B) og dennes residuum. Vi
diskuterer hvorvidt residuet altid er nul, gennem forskellige analyser af projektionens
struktur. Dette spgrgsmal er interessant, da (9(B,0) er uafthengig af  netop nar resi-
duerne af de tilhgrende sektorielle projektioner er nul; specielt geelder dette altsa nar
projektionerne ligger i Boutet de Monvels kalkyle. Det forekommer i visse tilfzelde, men

vi giver ogsa eksempler hvor projektionerne ligger uden for kalkylen.
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Outline

As mentioned, the main work lies in the two articles [GGO§| and [Gaa07]. They
appear at the end of the present text. Besides these papers, the thesis is divided
into three parts:

1. Chapters 1 and 2 give a short introduction to the subject at hand: zeta- and
eta-functions of elliptic operators, noncommutative residue, and trace expansions.
Chapter 1 concerns operators on closed manifolds, while Chapter 2 deals with the
case of manifolds with boundary and in particular Boutet de Monvel’s calculus
of boundary value problems. None of this is my work, but it is a historical
description — primarily with original references — and it partly serves as a
motivation for my interest in the subject.

2. Chapters 3 and 4 basically recap the articles mentioned above, rewritten
to help the “flow” of the text — to make the dissertation more easily readable —
although Chapter 4 also contains some additional work on the noncommutative
residue of a sectorial projection and some examples.

3. Finally, Chapter 5 is a description of the various further results I have
achieved in light of the main results.

Almost no proofs are given in Chapters 1-4 (none until Section [£.2)), and my
goal was to make these chapters as non-technical as possible and hopefully in
this way readable for non-experts. I have attempted to write this part so that
graduate students with some knowledge of PDE theory and geometric analysis
should be able to get an intuitive understanding of the subject.

Note that while the articles [GG08] and [Gaa07] appear in chronological order
at the end of the text, I reversed the order in Chapters 3 and 4 as I felt the text

as a whole would benefit from this.

vil



viii Outline

Notation

We generally follow the notation conventions of Grubb [Gru96], except for a few
instances. For example, we do not include zero in N.

We shall often consider the halfspace
R} = {z e R" | 2 = (2/, z,) with z,, > 0}. (P.1)

Whenever we consider a manifold with boundary, it is understood that a fixed
atlas is chosen such that each chart intersecting the boundary of the manifold
corresponds to a set in ]RT}r with the boundary at x,, = 0, as explained in the
appendix of [Gru96]. As indicated above, tangential variables are primed while
normal variables have a subscript n; in some instances, z, can be seen as a
boundary defining function on the manifold.

All manifolds are understood to be smooth and equipped with a smooth pos-
itive density dx; all vector bundles are understood to be smooth and Hermitian.
In our terminology, a compact manifold without boundary is called closed. The
fiberwise trace in a vector bundle — corresponding to the standard matrix trace
in local trivializations — is denoted tr.

For function spaces on R™ and R}, respectively, 7" restricts from R" to R’}
while et extends from R” to R™ by zero. Similarly, for a manifold X embedded
in a larger manifold X , v restricts from X to X° while et extends functions on
X by zero to X.

Let P be an operator on a Hilbert space H with domain D(P), and A € sp(P),

the spectrum of P. We define the generalized eigenspace
E\(P)={u€D(P)|(P—-X"u=0, for some N € N}. (P.2)

We say that P has a complete set of root vectors, when the algebraic direct sum
of all E, X € sp(P), is dense in H.
For 0 < ¢ < 0 + 21 we define the sector

Ngp={A€C\{0} |0 <argA<p}={re”|r>0,0<w< ey} (P.3)

We define the algebraic direct sum of the generalized eigenspaces for all the

eigenvalues in the sector Ag ,:

Epo(P) = +arespP)nng , Ex- (P.4)



Chapter 1

Closed manifolds

The subject of my thesis has mainly been noncommutative residues of sectorial
projections of boundary value problems. This introductory chapter gives a brief
historical description of the analogous results in the setting of manifolds without
boundary.

The setup is the following: Let X denote a closed manifold of dimension n
and E a vector bundle over X. The class of classical pseudodifferential operators
(1»dos) of order m acting on the sections of E is denoted ¥ (X, E).

1.1 Zeta- and eta-functions

We begin with a short description of the complex powers of an elliptic vdo, as
defined by Seeley [See67]: Let P € U™ (X, E) be elliptic, and assume that the
principal symbol p,,(z,§) of P has no eigenvalues on the negative real line R_.
Then P has (possibly after a small rotation) R_ as a ray of minimal growth, i.e.,
the spectrum of P is disjoint from R_ and [|[(P—X)"!|| is O(A™!), where the norm
is the operator norm in Ly(X, E).

Letting C be a Laurent loop, a contour in the complex plane going around the

non-zero spectrum of P,
C={re™|oo>r>nrtU{re™ | m>w>—-m}u{re ™ |ro <r < oo}, (1.1.1)
we define the complex powers of P by

Pr=" [ X(P-X""d\ Res<0,
or Je (1.1.2)

P* = PP Res >0, where k € N is such that Re (s — k) < 0.

1



2 Chapter 1

Seeley showed the following properties of the complex powers:

Theorem 1.1.1 ([See67]). P* is a tpdo of order ms, and is in particular trace-

class for Res < —=. The zeta-function of P is defined as
¢((P,s)=TrP™*, Res> . (1.1.3)

It is a holomorphic function of s which extends to a meromorphic function —
also denoted ((P,s) — in the entire complezx plane with at worst simple poles at

s=(n—j)/m, j € Ny. The pole at s =0 is a removable singularity.

Consider now a self-adjoint, elliptic »do A € (X, E). Then the spectrum
sp(A) is a discrete set of real eigenvalues, and Atiyah, Patodi and Singer [APST5]
defined the eta-function of A to be

n(A,s) = Z sgn(A) [A|™°, Res> -, (1.1.4)
Aesp(A)\{0}

summing over the eigenvalues in accordance with multiplicity. Like the zeta-
function, 7(A, s) is an analytic function of s, extendable to a meromorphic func-
tion in all of C with at worst simple poles at s = (n — j)/m, j € N.

Unlike the zeta-function, however, it was not clear that the pole at the origin
is removable and n(A, s) thus regular at s = 0: Atiyah-Patodi-Singer [APS76]
themselves — connecting the question to the investigation of first order boundary
problems — showed that the residue at the origin does indeed vanish when the
dimension n is odd.

Whether the same held true in even dimensions was long an open problem.

The question was answered in the affirmative by Gilkey [Gil&1]:

Theorem 1.1.2 ([APS76, [Gil&1]). The residue R(A) = ress—on(A,s) is zero, so
n(A, s) is reqular at the origin s = 0. The value n(A,0) is called the eta-invariant
of A and denoted n(A).

Gilkey used topological methods in his proof, making Wodzicki wonder if the
local nature of R(A) could possibly contribute to an analytic proof. Here, the
term local refers to the fact that R(A) can be computed as the integral of an
explicit density on X, depending only on finitely many homogeneous terms of
the symbol of A.
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Wodzicki [Wod82, [Wod84] began his search for an analytic proof with the
observation by Shubin [Shu78, Problem 13.5] that there is a connection between
R(A) and the zeta-function(s) of A. To describe this, we generalize the definition
of complex powers slightly to depend on a specific spectral cut: assume that,
instead of R_, it is the ray I'y = ¢ R, which is disjoint from the spectrum of

pm(z,§), such that T'y is a ray of minimal growth for P. Defining the contour

Co={re” |oco>r>rg}U{ree™ |0>w>0—2r}U{re | ry <r < 00},

(1.1.5)
we then define

i
Pi=— [ M(P=X\"1d\, Res<0,
? 2m e, SLF =) (1.1.6)

P; = P"P;7% Res >0, where k € N is such that Re (s — k) < 0.

Here, the subscript 6 indicates that we take the holomorphic branch of \* with
a branch cut at I'y. The properties of Theorem hold for Bj as well, and

analogously to (|1.1.3)) we then define the ray-dependent zeta-function
Go(P,s) =Tr Py*, Res> I, (1.1.7)

meromorphically extended to C. (4(P, s) has the same pole structure as described
above for ( = (_.

For the self-adjoint operator A above, any ray I'y in the complex plane with
0 # 0,27 will be a ray of minimal growth, and (4(A, s) hence well-defined for
such 6.

Proposition 1.1.3 ([Shu7s]).

R(A) = I'€Ss=0 77(147 S) = (CT (A7 O) - Q(A7 0))7 (1'1°8)

1
0
where T, resp. |, refers to any angle 0 in the upper, resp. lower, halfplane.

From this identity we immediately obtain that if (4(A,0) is independent of
then n(A, s) is regular at the origin. Wodzicki proved the former statement and

thus obtained a new proof of the regularity of the eta-invariant:

Theorem 1.1.4 ([Wod82, Wod84]). (4(P,0) is independent of 6.
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Unfortunately, a careless formulation in the introduction of [See67] caused
an important flaw in the original proof of Theorem in [Wod82]. Instead,
Wodzicki had to rely on a rather complicated characterization of local invariants
of spectral asymmetry [Wod84] to prove the result, and it could be argued that
not much had been gained in relation to a simpler proof of Theorem [I.1.2]

However, Wodzicki had many other interesting observations, including the

definition of the noncommutative residue which we describe in the next section.

1.2 The noncommutative residue

Consider a ¢do P € U™(X, E). In local trivializations of E, the symbol p(z, &)

of P has an asymptotic expansion

k=0
with each p,,_r homogeneous in the sense that

pm—k(xatf) = tm_kpm—k’(xag)? for t Z 17 |§| 2 1. (122)

Under changes of coordinates the homogeneous terms transform in a way such
that the principal symbol p,,(z, &) is the only term which is invariantly defined
on X — or rather on S*X, the cosphere bundle.

However, the term of degree —n, when integrated over the unit sphere S} X,

transforms such that the density res, P dx, with
res, P = / Pn(,£)dS(§), (1.2.3)
1€1=1

is in fact also invariant under coordinate changes. Here, d@S(&) denotes the surface
measure on SFX, divided by (2m)".
We call res, Pdx the noncommutative residue density of P. Its invariance

under transformations allows the following definition:

Definition 1.2.1 ([Wod84]). We define the noncommutative residue of P to be

res P = / trres, Pdx = / tr p_,(z,&) dS(€) dx. (1.2.4)
X S X
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Although we have mostly concerned ourselves with Wodzicki’s work, it should
be noted that the residue (and some of the theorems below) was independently
discovered by Guillemin [Gui85| in a different setting.

The noncommutative residue has a number of interesting properties:

Theorem 1.2.2 ([Wod84]). res is a trace on W= (X, E), i.e., a linear functional
which vanishes on commutators: res([P,Q]) =0 for P,Q € V>*(X, E).
When S*X is connected, res is the only trace on W (X, E) up to multiplication

by a scalar.

Requiring S*X to be connected is equivalent to requiring that X is connected
and of dimension n at least 2; if X has more than one component, all linear
combinations of the component-wise residues will form a trace on V(X F).
Likewise, for n = 1 the integral over S;X becomes a sum flé\zl = Zg:ﬂ and
there is an ambiguity in the choice of constants for each term.

We consider now the case of a ido projection II, i.e., Il € U*(X, F) satis-
fying I1? = II. We follow the terminology from functional analysis, which does not
require a projection to be self-adjoint (as opposed to the terminology of operator

algebraists). Obviously, IT must have order 0 or —coc.
Theorem 1.2.3 ([Wod84]). Let IT be a ¥ do projection on X. Then resIl = 0.

Wodzicki proved this theorem by showing the statement to be equivalent to his
earlier Theorem [I.1.4} see also Proposition below. Due to an observation
by Briining and Lesch [BL99, Lemma 2.7], Theorem can in fact also be
deduced from Theorem [LT.21

1.3 Sectorial projection

Assume now that P has two rays of minimal growth I'y and I'y,, with 0 < ¢ <
0 + 2.
For A on either ray and u € D(P) = H™(X, E), the m’th Sobolev space of

sections of F/, we then have

AT PP = X) "l < [ATHP = N7 - [Pl = O(A). (1.3.1)
This permits the definition of the sectorial projection
g, (P)u = QL/ AMTP(P = A)"tud)\, ue H'(X,E), (1.3.2)
T Jr

0,p
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where I'g , is the integration contour
{re® | oo >r>re} U{ree™ | o >w>0yU{re? |ro<r < ool (1.3.3)

Wodzicki showed interest for this projection — Burak considered it earlier,
but in a different setting — in connection with his here mentioned results, but
gave few details. Ponge [Pon(6] filled in the details:

Proposition 1.3.1 ([Pon06]). Iy ,(P) is a ¥ do projection of order 0, in parti-
cular it extends to a bounded projection on Ly(X, E).

Its image contains the closure of Ey ,(P), the algebraic sum of the generalized
eigenspaces for the eigenvalues of P in the sector Ng . Its kernel contains the

closure of Eggy0-(P) 4+ Eo(P), the corresponding space for the eigenvalues in
Ay gior U{0}.

(Cf. equations (P.2)) and (P.4)) for the E(P)-spaces.)

We call Il , the sectorial projection since it is “essentially” the spectral pro-
jection onto the spectrum of P in the sector Ay, = {6 < arg X < }. In certain
cases, Iy ,(P) equals this spectral projection, for example when P is a normal
operator (P commutes with its adjoint P*).

The polyhomogeneous symbol (in local trivializations) of Il ,(P) is given by

Mg~ D Mogmis Topi(2.6) = %/e Gy (1, €, ) d, (1.3.4)
=0 (@,6)
where ¢ ~ 37 ¢ p; is the symbol of the resolvent (P — A\)™" and C(y¢) is
a closed contour in the complex A plane going around (once, in the positive
direction) the zeroes of the A polynomial det(p,,(z,£) — A) lying in the sector
Ag .

The connection with the previous sections is given by the following proposi-

tion, which “completes the circle” (well, not quite) between Theorems ,

and [[.2.3

Proposition 1.3.2 ([Wod84]).

271

Co(P,0) — (P, 0) = ~ - res Iy ,(P). (1.3.5)

The proof of this proposition is actually quite easy and will appear as an

intermediate result in Chapter 4.
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1.4 Trace expansions

As we saw above, the zeta-function is defined with the use of a holomorphic
family of complex powers (P;)sec. We wish to consider the notion of zeta-
functions in the setting of manifolds with boundary, and since complex powers
of boundary problems are in general difficult to work with, we mention here a
different approach using resolvent trace expansions.

We consider once again P € UV™(X, F) with 'y as a ray of minimal growth. For
convenience, we temporarily add the assumption m > n, such that the resolvent
(P — \)~! is trace-class.

Theorem 1.4.1 ([Gru96, 3.3.5]). There is a trace expansion
Tr(P — e )\)~ cha X)) T O(A T am), (1.4.1)

for X going to oo in a small sector A_. . of C containing Ry. The coefficients of

the expansion are given by
Ck,0 =/ cro(r)dr, cpp(r) = —eie/ (]Em—k(%ﬁa eie)dﬂ (1.4.2)
X n

where q",,_, are the strictly homogeneous terms of the symbol ¢ ~ > po o q-m—k
of the resolvent (P — \)™*

Note that A need not be a real parameter in ([1.4.1), but will have relatively
small imaginary part. The branch )\j is used for the fractional powers. The
strictly homogeneous version of the term ¢_,,_, is obtained by extending the

domain of homogeneity inside the unit ball |£] < 1, i.e., it satisfies

q" (@, 6, 0) = qpi (T, N), €| > 1,
Q" (@t TN =t R (60, > 0,6 £0.

Remark 1.4.2. Determining the “correct” reference is quite difficult in this case;

(1.4.3)

the result was possibly known by Seeley in connection with his work on complex
powers [See67], but the first explicit references seem to be Agmon and Kannai
[AKGT] in the case of self-adjoint differential operators and Grubb [Gru78] in the
case of self-adjoint ¢dos. We have listed [Gru96] as the reference here, since the
first edition of this monograph (from 1986) is apparently the first source with a

complete description.
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We have chosen to present the trace expansion slightly different than usually
done: Traditionally, the dependence upon 6 is not made explicit and one considers
the trace of (P — A)~! for A going to infinity in a small sector containing T'y.
We need to be able to handle coefficients for different rays simultaneously, cf.
Definition [£.2.3] and thus need A to run in a particular sector independent of 6,
here chosen to be close to the real line.

The reason for the particular “sign” convention in two-fold: we ensure
that below is satisfied without having to insert a phase factor, and at the
same time the expression in (|1.4.1]) is comparable with the standard convention
for 6 = m, i.e., for = 7 the coeflicients ¢, equal the coefficients of e.g. [Gru90,
eq. (3.3.33)].

The coeffient of A~! in the above expansion is of particular interest to us, for

it is essentially equal to the zeta-function at the origin:

Theorem 1.4.3 ([See67]). We have an equality
Cnp = Co(P,0) + 1, (1.4.4)
where vy 1s the algebraic multiplicity of 0 as an eigenvalue of P.

According to the definition of E\(P), v can also be characterized as the
dimension of the generalized nullspace Ey(P).

If m < n, one can instead consider the N’th power of the resolvent with
N € N so large that (P — e®\)™" is trace-class (satisfied for N > n/m). Then

the trace expansion has the form
Te(P — e\ =3 ) (—e?N) 5 N+ oAV ), (1.4.5)
k=0

In this case, it is the coefficient of A= which interests us: as explained in e.g.

N-—-1
[Gru05, Remark 3.12] one can use the identity (P — \)™ = %(P - ) to
turn the iterates into A-derivatives and show that in fact cg’\g is independent of
N and can be inserted into equations ((1.4.4)) and ([1.4.2):

(N
n,0

Proposition 1.4.4. ¢ ) is independent of N and satifies

ey = Co(P,0) + 1, (1.4.6)

c%) :/ c%)(x)dx, where c%)(x) = —ew/ qu_n(:c,f,ew)d‘g. (1.4.7)
X n



Chapter 2

Manifolds with boundary

This chapter begins with a description of Boutet de Monvel’s calculus of bound-
ary value problems. Then the results from Chapter 1 are transferred to the
setting of manifolds with boundary, that is, we discuss noncommutative residues
of boundary operators, and zeta-functions and trace expansions for realizations
of boundary problems.

In this chapter, X denotes a compact n-dimensional manifold with boundary
dX. We assume that X is embedded in a closed manifold X ; for instance, we
could choose X as the double manifold 2.X .

2.1 Boutet de Monvel’s calculus

Boutet de Monvel [BAMT1] constructed a calculus with the aim that it should
contain all differential boundary value problems, and the parametrices of the
elliptic ones.

A standard example of such a boundary problem is the Dirichlet problem for

the Laplacian (plus the identity in this case, for technical reasons):

(1-Au=f onlX,

(2.1.1)
ulox = ¢ on 0X.
The solution of this problem is well-known to be
u=(Q++G)f + Ko, (2.1.2)

where Q. = rtQe" is the truncation of Q = (1—A)™!, the inverse of 1—A on X,

K is a Poisson operator, going from the boundary to X, while G is a so-called

9



10 Chapter 2

singular Green operator with the intuitive description of Gf as a “boundary
correction term”.

We can describe this problem as a column vector of operators

“A, C>=(X)
A:( ) L CR(X) > x (2.1.3)
o C>*(0X),

which maps u to (f, ). Here 7 is the standard trace operator of order 0, which
is merely restriction to the boundary.
The solution in (2.1.2) can likewise be described as the operator row vector

A7 = (Q++G K), (2.1.4)

which maps (f,¢) to u.
Let El,EQ be vector bundles over X ; we denote their restrictions to X by
Ei, B> Let Fy, F5 be vector bundles over 0.X. Boutet de Monvel combined the

“row” and “column” operators in (2.1.3)) and (2.1.4)) in a larger setting of matrices

of operators:
A Green operator, or pseudodifferential boundary operator (1»dbo), is an op-

erator of the form

P.+G K\ X E) O™ (X, )
- : x - x (2.1.5)
r S} cx0x,F) C>(0X, Fy),

where P, = r™Pe™ is the truncation to X of a ¢»do P on )?, going from E; to
Es and satisfying the transmission condition with respect to 0.X, i.e., P, maps
C*(X, Ey) into C*(X, Ey); G is a singular Green operator from F; to Eo; T is
a trace operator from F; to Fy (going from the manifold X to its boundary); K
is a Poisson operator from Fj to Ey (going from the boundary to X); and S is a
1do on the closed manifold 0X from F} to F5.

A more thorough introduction to Green operators can be found in [Gru906]
or [SchO1], in particular a detailed description of the different types of operators
mentioned above.

The following important property allows us to speak of the set of Green op-
erators as a calculus of pseudodifferential boundary problems, called Boutet de

Monvel’s calculus (or the Boutet de Monvel calculus):
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Theorem 2.1.1 ([BAMTI]). The composition of two Green operator (with match-

ing vector bundles) is a Green operator.

The different components of a Green operator each have an order and class
assigned to them, they have symbols with polyhomogeneous expansions and can
be thought of as being operatorvalued dos along the boundary. This is most
easily described in local coordinates (z/,x,,¢’,&,) € T*X in a neighborhood of
the boundary. Here, the action of GG, a singular Green operator of order m and

class 0, is given by a symbol-kernel g(x', x,, yn, &'):

Gu(x’,xn):/ eix,'fl/ 9@z, yn, ) U(E ) dy,, A€ (2.1.6)
Rn—1 0

where 4 denotes the partial Fourier transform 4(¢', z,,) = Fo_gu(a’, x,).
The symbol-kernel satisfies estimates combining the usual S; estimates in

the (2, ¢’)-variables with rapid decay estimates in the (z,,y,)-variables:

sup  |eEDE g DY D DEG! s g €)] < ola!) (gm0l (2.1.7)

ZTn,YnER ¢

The boundary symbol operator of G on La(R, ) is the compact integral operator

g(x’,f’,Dn)U(a:n):/ G s s €) 0(yn) dy, (2.1.8)
0
and the action of G is then
Gu(z', x,) = / e g’ € Dy) (€ yn) dy, A€, (2.1.9)
Rnfl

where we see that GG behaves like a pseudodifferential operator on R"~! with
symbol g(2’, &', D,,), an operator on Ly(R,) for each fixed (z’,&’). The symbol of

G is obtained by Fourier (and conjugate Fourier) transforming the symbol-kernel

g<xla 5/7 gnu nn) = fxn—fn?yn—mng(xl’ Tny Yn, 6,) (2110)

As mentioned, ¢ has an expansion in homogenous terms; we will denote by ¢°
the principal term, homogeneous in (&, 7,) of degree m — 1 when G is of order m.
Inverting the relation between ¢ and ¢ above, we get a principal symbol-kernel

¢° which satisfies the following quasi-homogeneity:

P e ey =t (2, yn, &), > 1L > 10 (2.1.11)



12 Chapter 2

The corresponding integral operator on Ly(R,) with this kernel is then denoted

¢°(2', &, D,,), the principal boundary symbol operator (of G).

Similarly, K and T can be ascribed symbols and principal boundary sym-
bol operators, k°(z',¢', D,) : C — Lo(R,), the multiplication by the princi-
pal symbol-kernel k°(z',z,, &), and (/. ¢/, D,,) : Ly(Ry) — C, the operator
v fooo%vo(x’ s Uny E)0(Yn)dyn. The analogous notions for P and @ should be
obvious, and we can define the principal boundary symbol operator of A:

€, D,) = (po(x/’o’g’D")* LS D) LD ")) @iy

t%(a', &', Dn) s'(@',€)

Occasionally this is denoted v(.A) and simply called the boundary symbol (in
comparison with the interior symbol o(A), the principal symbol of P). For

simplicity, we have sketched only the case of class 0 operators here.

The homogeneous terms of the symbols provide us with a countable family
of seminorms, which allows us to define a Fréchet topology on the set of Green

operators.

The symbol is also important for the definition of ellipticity: for A to be ellip-
tic, we require that both symbols — the interior symbol o(A) and the boundary
symbol v(A) — are invertible. Since o(A) = p°(x,€), the first requirement is

just that P is elliptic in the usual sense.

In the remainder of this chapter, we consider only the case with £y = Fy = F
and F) = F, = F. The Green operators then form an algebra, occasionally called
Boutet de Monvel’s algebra. With the topology mentioned above it becomes a
Fréchet algebra. We denote it 275% or, more often, just &/ when the specific

choice of vector bundles is understood (or irrelevant).

Remark 2.1.2. Regarding the assumption that X is embedded in a closed mani-
fold, there are in fact examples of elliptic operators on X that do not extend to
elliptic operators on X. However, in our applications there is no loss of generality
in this assumption since we consider only operators with a ray of minimal growth,
and such operators do indeed have an elliptic extension to X. See e.g. [Gru99,
Theorem 7.4] for details.
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2.2 The noncommutative residue

The notion of noncommutative residue of a Green operator was defined by Fe-
dosov, Golse, Leichtnam and Schrohe [FGLS96]:

For the ¢»dbo A in , since P is a classical 1¥»do on the closed manifold
X , its residue density res, P dx is well-defined for all z € X , in particular for
x € X. Similarly, S is a 1»do on the closed manifold X and has a residue
density res, Sdz’. Finally, from the singular Green operator G with symbol-

kernel g(2', zp, Yn, '), we define its normal trace tr,, G with symbol

trng(:z:’,ﬁ’):/ (2 v, wp, Edy, (2.2.1)
0

in local coordinates. This is a ©»do on 0X as well, and hence also the density

res, (tr, G) dz’ makes sense.

Definition 2.2.1. The noncommutative residue of the operator A is defined as

res A = / trres, Pdzr + / trres, (tr, G) do’ + / trres,s S dx’
X X

0X

= / tr p_n(x,&)dS(&)dx +/ tr tr, g1n(2',&)AS()de"  (2.2.2)
S*X

S*0X

+/ tr s1_n(2',&)asS(¢)dx'.
S*0X

(Here, tr denotes the bundletrace in E, E|sx and F, respectively. Also, a sign
error in [FGLS96] has been corrected, cf. Grubb and Schrohe [GSc01, eq. (1.5)].)
The term | « trres; Pdx is occasionally denoted res; P to emphasize that one

only integrates over X, cf. the plus symbol in r*, restriction to X.

Remark 2.2.2. Although tr, G (and thus res, (tr, G)dz’) can depend on the
specific choice of boundary charts, the noncommutative residue is independent of

this choice.

The noncommutative residue is a continuous trace on the Fréchet algebra

/>, in fact the unique such trace:

Theorem 2.2.3 ([FGLS96]). res : &7 — C is continuous and vanishes on com-
mutators. When X and S*0X are connected, res is — up to scalar multiplication

— the only continuous trace on o/>°.
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We see that the central properties (being tracial, uniqueness) of Wodzicki’s
noncommutative residue are preserved for the noncommutative residue of Fedosov
et al. An open question has been whether Theorem does as well: is the
noncommutative residue of a projection in &7 zero? This question has been
central in my thesis and was answered in the affirmative, see Chapter 3 and/or
[Gaa01].

Regarding Theorem [1.1.4] (that (y(P,0) is independent of #) in the setting
of boundary problems, I was not quite so fortunate and only reached a final
conclusion in the cases where the corresponding sectorial projection belongs to
Boutet de Monvel’s calculus. The investigations in this matter are described in
Chapter 5, but first we must dedicate the next couple of pages to introduce the

notion of zeta-functions in the setting of boundary value problems.

2.3 Zeta-functions and trace expansions

We consider now a boundary value problem{ P, +G, T} of order m € N in Boutet

de Monvel’s calculus, that is, a Green operator of the form

A= <P+; G) . (2.3.1)

Here T is a system of trace operators, a column vector T' = {Ty, ..., T,, 1} with
each T; a trace operator, cf. [Gru96, Section 1.4]. We define the realization
B = (P + G)r to be the operator on Ls(X, F) with domain

D(B) = {u € H"(X,E) | Tu = 0}, (2.3.2)

acting on D(B) as P, + G, in the distributional sense.

Assume now that { P, + G — A\, T'} is parameter-elliptic for A on the rays in a
small sector around I'y, as defined in [Gru96, Definition 1.5.5].

Then — cf. [Gru96), Section 3.3] — the realization B — A will be invertible for
A € Iy when |)] is sufficiently large, and the resolvent there has the form

R, = (B - )\)_1 = QA,-&- + Gy. (233)

Here Q) = (P —\)~! is the parameter-dependent resolvent of P on X , with sym-
bol ¢(x,&, \) ~ Z;io q—m—j(x,&, ). Gy is a parameter-dependent singular Green
operator with symbol-kernel g(z', z,,, yn, &', \) ~ Z;io Gem—i (@, Ty Y, E' S N).
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Furthermore, I'y is a ray of minimal growth, i.e., the spectrum of B is disjoint

from T'y and the Ly(X, E) operator norm of R) satisfies
(B =X\t =00\M). (2.3.4)

This is clearly similar to the situation in Chapter 1 that allowed the definition of
Ps. Like there, we are interested in the zeta-function ((B,s) at s = 0.

That I'y is a ray of minimal growth allows for the definition of complex powers
Bj; for Res < 0 as in the case of i)dos on closed manifolds, cf. . For
Res > = the operator By is trace-class [Gru96, Corollary 4.5.11] and one can
then analogously define the zeta-function (y(B,s) as the trace of B,* for large
Res.

Seeley [See69al, [See69b] used this approach for the case of a differential bound-
ary problem Pr (P and T differential, G = 0), and managed to show that ((Pr, s)
extends to a meromorphic function in C with a pole-structure comparable to (al-
though not quite as nice as) the one in Theorem . In particular the pole at
s = 0 is removable, so ((Pr,0) is defined.

However, Seeley specifically made use of the symbol-structure of @) and G
in , which is much more explicit and easier to work with in the differential
case than in the more general case of pseudodifferential boundary problems, and
his methods cannot be directly applied in general.

In fact, the complex powers Bj do not lie in Boutet de Monvel’s calculus
[Gru96, Section 4.4], and hence a more appealing approach is to take the route
via trace expansions. Here, one can work in a parameter-dependent version of
Boutet de Monvel’s calculus, developed by Grubb [Gru96].

If m > n we have a trace expansion |[Gru96, Theorems 3.3.5, 3.3.10]
Tr(B — e)\)~ chg e?N) 5 4 O(NT ). (2.3.5)

We state the more general statement, valid also for m < n, in the following

theorem:

Theorem 2.3.1. For N € N such that N > n/m, we have

Tr(B — e)\)~ Zcﬂ N5 N L O N ), (2.3.6)

for |\ — oo in the sector V.
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Like in Chapter 1, original references are somewhat unclear. This theorem,
and the statements in the rest of this section, can essentially be found in [Gru96]
(in fact, in the 1986 edition).

As in Proposition |1.4.4} the coefficient c,%) is independent of N, and we define
it to be the basic zeta coefficient of B

Coo(B) = Cog(P + G)r = Ty, (2.3.7)
According to e.g. [Gru05, eq. (5.5) and Remark 3.12] we have
CS\? = Cga+ +c%, = / tr @, (z)dx +/ trcC ,(a)da’, (2.3.8)
’ o ’ X ’ X ’
where, in local coordinates, cfig(a:) is given by (1.4.7))
o) = =" [ (o6, 2.39)

S (2') :—ew/ st (@, € e ag (2.3.10)
Rnfl

with sf_Lm +1_n the strictly homogeneous version of s_,, 1, where s = tr, g is

the symbol of the normal trace tr,, Gy:

sm+1n(az’,§’,)\):/ Tomitn(' 20, & N)dy,. (2.3.11)
0

We recap this in the following proposition:

Proposition 2.3.2. The basic zeta coefficient satisfies the equation

0079(B):/ trcfi@(x)dx—l—/ trcfﬁ(a:’)dx’. (2.3.12)
b oX

As shown in e.g. [GSe96], the existence of the asymptotic trace expansion
implies that the zeta-function ((B,s) does indeed have a meromorphic
extension beyond the set {Res > 1} (although not to all of C) with a pole
structure resembling that in Chapter 1. Moreover, the pole at the origin is

removable and the value there identifies with the trace expansion coefficient in a
way similar to (|1.4.6)):

Co(B,0) + 1 = ¢} = Cog, (2.3.13)
where 14 is the algebraic multiplicity of zero as an eigenvalue of B = (P + G)r.

We see here the motivation for calling Cy4(B) the basic zeta value.
A direct proof of (2.3.13)) can be found in |[Gru96, Theorem 4.4.8].



Chapter 3

Noncommutative residue of
Green operator projections

This chapter recaps the article [Gaa07] — the second article in this text — and
essentially contains only one result, Theorem below, which is one of the
main theorems of the present thesis.

We attempt to give an intuitive understanding of the proof, which is based
on the work of Melo, Nest and Schrohe [MNS03], and Melo, Schick and Schrohe
[MSS06].

3.1 Theorem and idea of proof

In Theorem [1.2.3] we saw that Wodzicki’s noncommutative residue vanishes when
applied to (classical) 1»do projections. As mentioned, a central part of my thesis
has been to investigate whether this holds true for the noncommutative residue

of Fedosov et al. It does:

Theorem 3.1.1 ([Gaa0T7, Theorem 1.1]). The noncommutative residue of a pro-

jection in Boutet de Monvel’s calculus is zero.

The idea of the proof is to use K-theoretic methods to reduce the question
to the well-known case of projections on closed manifolds. The proof is based on
a number of results on the K-theory of the Boutet de Monvel algebra shown in
[IMNSO03, MSS06]. We will not give specific references below, they can be found
in [Gaa07].

We consider the Boutet de Monvel algebra .«7*°, and in particular the subal-

gebra of all operators of order and class zero, which we denote 7. Being of order

17
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and class zero ensures that the Green operators are bounded operators on the
Hilbert space H = Lo(X, E) @ H-'/2(0X, F), and that &/ is closed under taking
adjoints. Also, all projections in Boutet de Monvel’s calculus lie in &7, since a
projection must have order and class zero.

o/ is a Fréchet x-algebra with the topology from Section Moreover, it
is contained in B(H), the C*-algebra of bounded operators on H; we denote the
C*-closure of o7 by 2. o is closed under holomorphic function calculus, which
implies that o7 is local in the C*-algebra 2 in the sense of Blackadar [Bla9§|. Thus
the K-theory of &7 equals the K-theory of 2, and in particular K(o/) = Ky(2).

The noncommutative residue
res: o/ — C (3.1.1)

is a continuous trace in the Fréchet-topology of .o (although not continuous with

respect to the coarser norm-topology in ) and induces a map
res, : Ko(o/) — C. (3.1.2)

The Ky-classes of Ky(2/) are given by projections — synonymous to idempotents
in our terminology — in M, (), the set of n X n matrices with entries from 7.
Every ¥dbo projection A thus defines a class [A]y € Ko(«7) such that

res(A) = res,[A]o. (3.1.3)

We show that the linear map res, is the zero map, and hence res(A) = 0 for any
idempotent A.
To prove this, we first show that Ky(.7) is the sum of two parts:

Ko(o) 2 m, Ko(C®(X)) + (0.) Ko (Cg°(S*X°)). (3.1.4)

Here m, and o, are the Ky-induced maps of m : C*°(X) — </, which maps a

function f to the multiplication operator
(/0

and 0 : &/ — C*(S*X), which maps a Green operator (PJF;— G [5(‘> to the

principal symbol p°(z, £) of its pseudodifferential part P.
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While o, is not an isomorphism on Ky(47), it does restrict to an isomorphism
with range Ko(C,(S*X°)) = Ko(C5(S*X®)) such that (o,)~! is defined there.
(The domain of this isomorphism is Ky(J/R), details can be found in [Gaa07].)

So (3.1.4]) gives us that, intuitively, (the Ky-class of) each ¢dbo projection is
the sum of (the Ky-class of) a multiplication operator and (the Ky-class of) an
operator supported in the interior of X, away from the boundary 0X. This de-
composition was essentially done in [MSS06], and we just had to improve slightly
on their result.

It only remains to show that res, vanishes for each of the two parts in (3.1.4)).
For the multiplication operators it is fairly obvious [Gaa07, Lemma 3.1], while
the other is more difficult. Here, we had to rely on a technical lemma [GaaQT,
Lemma 3.2] to show that we only need to investigate the residue of a certain
kind of ¥dbo projection Il ; the advantage is that the residue resy (I1;) of this
particular kind of operator in fact equals the residue resg II of a pdo projection
IT on the closed manifold X.

According to the well-known result by Wodzicki (Theorem the residue
resy II vanishes, and we can conclude the proof, having essentially reduced the

question to the known (but non-trivial) case of closed manifolds.

Remark 3.1.2. Our notation here differs slightly from that in [Gaa07]: Here C§°
denotes “smooth, with compact support”, corresponding to C2° there; C), here

means “vanishing at infinity”, corresponding to Cj there.

Remark 3.1.3. Since Ky(«/) = Ky(21), we can in fact extend the residue to
idempotents in A: For any idempotent A € 2 there is a corresponding [A]y in
Ko(<7), and we can define Tes(A) = res,[A]o. In any case, this is zero.

Note that res does not have a continuous extension to : res(R) vanishes
for all smoothing operators R and, in the topology of 2, the set of smoothing
operators is dense in the set of compact operators, which includes the operators

of order —n. The definition of Tes above is valid only for idempotents in 2.
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The sectorial projection

This chapter takes up the results regarding the sectorial projection of an elliptic
boundary value problem from the article [GGOS].

We define the operator and name some of its properties, both the general
functional analytic properties as well as the more specific structural properties
in our case. We discuss how it fits into Boutet de Monvel’s calculus and its
connection to the logarithms, and we show that the noncommutative residue in
a natural way extends to the set of sectorial projections.

Finally, we look at a few interesting examples.

4.1 The sectorial projection

We consider a boundary value problem {P, + G,T} in the Boutet de Monvel
calculus of order m > 0, where P, is the truncation of a ¥»do P on X , G is a
singular Green operator, and T" = {Ty,...,T,,_1} a system of trace operators.
B = (P + G)r is the realization as described in Section 2.3

Let 0 < ¢ < 0+ 2w, and assume that {P, + G — A\, T} is parameter-elliptic
for A in two sectors Vy and V,, around I'y and I',, respectively, such that both are
rays of minimal growth.

Like in ((1.3.2)) we can then define the sectorial projection

7

Hg’v(B)u = %

/ AN 'B(B—=XN"1ud\, ueD(B). (4.1.1)

Unlike the case of Proposition Iy ,(B) is not necessarily a bounded op-

erator and, a priori, its domain is only D(B). In some cases it is bounded, cf.

20
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the proposition below, and we then extend the domain to all of Ls(X, E) by
continuity.

There are parallels to Proposition [1.3.1]in any case:

Proposition 4.1.1 ([GGO8, Proposition 4.1]). The operator g ,(B) is a projec-
tion in Lo(X, E): 11y ,(B)* = Iy ,(B). Its range contains Ey ,(B) and its kernel
contains E, g12-(B) + Eo(B).

(a) If B has a complete set of root vectors, then Iy ,(B) is the bounded pro-
jection onto Ey,(B) along Eg,(B) + Eo(B).

(b) If B is normal (commutes with B*), then Ily ,(B) is the bounded ortho-
gonal projection onto ©xcsp(p)nn,,, Ker(B — A) along Gacsp(p)\a,, ker(B — A).

The above proposition is essentially just functional analysis. In our case, we
have additional information on the structure of the resolvent from , namely
that

(B—=XA)""=Qx: + Gy (4.1.2)

We use this to decompose Il ,(B) into two parts:

Theorem 4.1.2 ([GGO8, Theorem 4.5]). The sectorial projection satisfies
Ip(B) = Hpu(P)4 + Gy (4.1.3)

where 11y ,(P)4 is the truncation of the bounded vpdo 11y ,(P) on X (from Section
, while Gy, is a generalized singular Green operator, given by
1
Gop=— Gy dA 4.1.4
9790 271- I‘e,w A Y ( )

bounded from Lo(X, E) to H (X, E).

For the specific (and rather technical) meaning of the term generalized singular
Green operator, we refer to [GGO8, Theorem 2.6]. The intuitive understanding
is that G, acts like a singular Green operator, cf. (2.1.6),

G pu(z) = / e / 0. (2, Ty Yy €) U(E, ) i AE, (4.1.5)
R 0

but the symbol-kernel gy, does not satisfy all the required decay-estimates. How-
ever, it does have an asymptotic expansion gy, ~ Zj‘io J0,0,—; With terms given

by _
~ 1 ~
997907—]'(37/’377171/7175,) = % / g_m_j(m',xn,yn,f’,)\) d)‘> (4'1‘6)
Iy

0,¢
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where g ~ Z?io G-m—; is the symbol-kernel of G and I'y, is the integration
contour from (1.3.3)). For j > 0, gy, —; is quasi-homogeneous in the sense

Go,p—j (2, 2 M 1E7) = T Gop (@ w0y yn, €, > 1,|E > 1. (4.1.7)

We now consider the case where the system {P, + G, T} is differential, that
is, the operators P, Ty, ..., T,,_1 are differential and G = 0.

Theorem 4.1.3 ([GGO8, Theorem 4.6]). Assume that B = Pr is differential.
Then Gy, is bounded and Iy ,(B) is thus a bounded projection in Ly(X, E).

The reason for Gy, being bounded in this case is that the homogeneous terms
Jg—m—j of the symbol-kernel of G have a certain exponential decay when B is
differential, cf. [See67]. This also ensures that the quasi-homogeneity described
in applies for j = 0 (the principal part of the symbol-kernel) as well.

The proof of Theorem [4.1.2] cannot be improved in order to drop the term
“generalized” in the description of the singular Green part. We show this in Ex-
ample where we consider a differential problem B = Pr and show explicitly
that Gy, is not a true singular Green operator.

So the singular Green part of Il ,(B) is in general not in the Boutet de Monvel
calculus, but how about the 1do part Ily,(B)? This question is determined
by whether or not its symbol my,, given in , satisfies the transmission

condition. The answer is the following:

Proposition 4.1.4 (J[GGO8, Lemma 4.7]). mg,(z,§) satisfies the transmission
condition when the order m of P is even. Hence Ily,(P) is in the Boutet de

Monwel calculus for even m.

Also in this case, the proof cannot be improved to general m: Example [4.4.1
— the same as mentioned above — gives a concrete case of an odd order operator

where Iy ,(P) does not satisfy the transmission condition.

4.2 Residue of the sectorial projection

As we have just mentioned, Iy, (B) is not always in Boutet de Monvel’s calculus
and hence the residue definition does not apply in general. However, in case it is

defined, it satisfies an identity similar to Proposition [1.3.2;
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Proposition 4.2.1. Assume that Iy ,(B) is in the Boutet de Monvel calculus.

Then the noncommutative residue satisfies the identity

res Ty »(B) = ~——(Cop(B) — Cou(B)). (4.2.1)

271

Proof. We begin with the right hand side of (4.2.1)). Recall from ({2.3.12]) that

Cun(B) ~ CoulB) = |

tr [cgﬂ(:v) — ¢ (x)]dx +/ tr [c5g(2') — 5 ()] da’.

X X/
(4.2.2)
with
olx) = 2 () = - / [€q" (@, €, €) — gl (2,6, %),
CSﬂ(I) - Cilﬂ(x) - _/]R -1 [ewsﬁerlfn(x/ﬂ 5/? ei0> - ewsiierlfn(x/v 5/7 ei@)} dgl
(4.2.3)
By Lemma below, this reduces to
1
o) =) == [ [ e N anasie)
k= (4.2.4)
o) — G pla) = — ' i (€. ) AN S ()
Cn,@ T Cn,go x S—m+1—n T,q, )
m ‘ /|:1 ng(p
where T'j _ is the integration contour
T, ={te” |oo>1t>0}U{te” | 0 <t < oo} (4.2.5)
Now, for each || = 1 we have
/ q" (@, &) AN = / Gmn(T, & N) dA, (4.2.6)
L Clare)

where C(, ¢) is the curve from (L.3.4). To see this, let g = |[A|Y™. From [Gru96)
egs. (3.3.35-36)], we have

& ul i< m,

@6 V)] < cr{ A
e ifn < m,

(4.2.7)

so that in any case, for |{| = 1 we have

lq", (2, &, N)] < O, u|~™ ¢, which is O((\)~'7°). (4.2.8)
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Furthermore, for || = 1 we have ¢",,  (7,&,\) = q_pm_n(z,& \), which is a
meromorphic function in A € Ay, with poles at the eigenvalues of p,,(z,§), i.e
inside Cy¢). As it is O(|A|717°%) for A — oo, it follows that the infinite contour

Fh can be deformed into the closed contour C, ¢), since the two contours enclose

the same poles. Hence, is proved.
By (1.3.4), the rlght hand side of ([4.2.6) is (—2mi) g 4 _n (2, €), the symbol of
[Ty ,(P) of degree —n. So combining this with (4.2.4) we get

g () =8, @) = [ 7@ 9asi©), (4.2.9)

271

which, by definition, is res, IIy ,(P).
For the singular Green part of (4.2.4) we have, for |{'| = 1,

/h L 1@, € A) dA = / /F i 1-n (T Ty T, € N) AN dy, (4.2.10)

rh
where the right hand side is (—27%) tr,, go,p1-n(2', &), cf. (4.1.6). To show this,
note that s",,.,_, equals s_,,41_, for |¢'| = 1, and is holomorphic in A in a

neighborhood of I' »» SO the integration contour rh
The left hand side of - thus equals

/ s_m+1_n(x/,§’,)\)d)\:/ / Gomitn(T T, T, &SN dy dX. (4.2.11)
Lo Tp, /0

To arrive at the right hand side of , we only need to change the order of
integration in z,, and A; this is easily achieved using Fubini’s theorem (g_,;,41-»
is O({z,) "M (N)7179) for |¢'| = 1, any N € N).

Combining with now gives us

m

_(Cge@) - C§¢($)) = /E’I—ltrn Go.p1—n(x', &) AS(E), (4.2.12)

9, can be deformed to I'g .
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which equals res,s tr, Gy . Inserting this into we obtain

7o (CoalB) - Co(B)) = |

tr res, Iy ,(P) dx + / tr res, tr, Gy, da’,
X

0X

(4.2.13)

the residue of Iy ,(B) = Iy ,(P)+ + Go,p. O
In the proof we used the following lemma, where I" is the set

D={re®|r>0, weld—e0+e]U[p—c,0+e|}, (4.2.14)

for some sufficiently small € > 0.
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Lemma 4.2.2. Let m > 0. Let f(&,)\) be continuous for (§,\) € (R*\ {0}) x T
and quasi-homogeneous there in the sense that f(s&,s™\) = s~ % f(&,\) for all
s > 0, and integrable at &€ = 0 for each X # 0. Then

/ [ewf(f, eiG) _ eiwf(g’ ei%’)} ¢ = l / FE,N)dNaS(€). (4.2.15)
RF m Jig=1Jrg

Proof. The proof is completely analogous to the proof of |[Gru05, Lemma 1.3],

except for the phases e and e** which enter the contour integral. O

Since Cyy(B) and Cy ,(B) are well-defined in any case, we can now use Prop-
osition to define the noncommutative residue of Il ,(B) even when it is not

a Boutet de Monvel operator:

Definition 4.2.3. We define the noncommutative residue of 11y ,(B) to be

m

res Iy ,(B) 5

(Co(B) — Cou(B)). (4.2.16)

As shown in the proposition above, this is consistent with the definition of
[FGLS96] when the latter is applicable.
In (4.2.9), we saw that

res, Ip,(P) = %(cgﬁ(x) — & (v)). (4.2.17)

Together with Theorems and (or Proposition [1.4.4)), this proves Prop-

osition [1.3.2[ as we promised in Chapter 1.

Moreover,

resIly ,(B) = / tr res, g ,(P)dx + L - [c5y(a') — ¢ (a!)]da’, (4.2.18)
X 21 Jx ’ ’

where we recognize the X-integral as res,Ily ,(P), well-defined whether or not

Iy ,(P) satisfies the transmission condition. This prompts us to define

res, Go, = %(cgﬂ(f) — S (), resGy = / tr res, G, da’, (4.2.19)

such that we obtain the “usual” formula

resIly ,(B) = res(llp,(P)+ + Go,,) = resy Il ,(P) + res G . (4.2.20)

As shown above, whenever Gy, is a singular Green operator, the definition
(4.2.19) is indeed in agreement with the usual definition by [FGLS96].
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Remark 4.2.4. We have not investigated if the noncommutative residue, as de-
fined above, is in fact a trace (in the sense that it vanishes on commutators).
Partial results in this direction have been obtained by Grubb [Gru0§]; for in-
stance, if B is of even order m and A = P! +G" has order and class 0, the residue
of [A, 11y ,(B)] vanishes [Gru08, Theorem 7.5].

4.2.1 Spectral asymmetry

Combining (2.3.13)) and the above Definition we easily get
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Co(B,0) — (,(B,0) = ~ - tes Iy ,(B), (4.2.21)

which shows that — in this case as well, cf. Proposition [1.3.2] — the sectorial
projection encodes the dependence of (y(B,0) upon 6. Occasionally, this depen-
dence is somewhat vaguely referred to as the (sectorial) spectral asymmetry of B,
although, for self-adjoint B, the phrase spectral asymmetry traditionally refers
to n(B).

The statement in Theorem [1.1.4] in the setting of boundary problems, has
been a central question in our work: is (4(B,0) independent of 67 Or, equiva-
lently, is the residue of Il ,(B) zero?

Unfortunately, we have not obtained a final result in this matter. From Chap-
ter 3, we see that the answer is yes when Iy ,(B) is a Boutet de Monvel operator;
Example [4.4.2| gives an example of a sectorial projection not in Boutet de Mon-
vel’s calculus which nevertheless has residue zero. But otherwise it is still an
open question: our work in this direction is explained in Chapter 5.

If we assume B to be self-adjoint, the dependence of (4(B,0) on @ is given in

terms of the residue of the eta-function:
(,(B,0) — (;(B,0) =im R(B) = imress—on(B, s). (4.2.22)

This follows from Proposition [I.1.3] the proof of which only requires that the
operator is self-adjoint; | (1) refers to any angle in the lower (upper) half-plane.
The projection I1};(B) is the projection onto the eigenspaces for the eigenvalues
with positive real part, i.e., it equals the projection II. onto the eigenspaces

corresponding to eigenvalues in R, . This proves the following proposition:

Proposition 4.2.5. When the realization B s self-adjoint, we have

resIl. = resIl};(B) = %R(B) - % res,_o (B, s). (4.2.23)
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However, not much is known about R(B) for the boundary problems we con-
sider — as opposed to the boundaryless case where it has been studied intensively
(and is known to vanish). See also Section

4.3 Logarithms

The results presented in Section are actually shown in [GGOS8] as corollaries
to similar results for log B, the logarithm of B. Since these logarithms were not
central in my thesis work, I have chosen to downplay their role in the presentation
of the material here. Although logarithms were used in the proofs in [GGO0S], one
could easily have avoided this: working directly with the symbol-structure of
Iy ,(B) one can show the results above, often in a manner very similar to the
methods used in [GGO8, Sections 2 and 3].

However, let us quickly discuss the connection between log B and Ily ,(B):

Since B has I'y as a ray of minimal growth, we can define an operator

logyBu = — lim [ A;*logeA (B —\)"ud\, ueD(B). (4.3.1)
27 s—0+ Co
The subscript # once again indicates that we take the holomorphic branch of
A~*log A with a branch cut at I'y.
The logarithm has a “Boutet de Monvel-like” structure |[GGO8, Theorem 2.2]

logyB = log,(P + G)r = (logyP), + G™#, (4.3.2)

where log,P is the logarithm (with a branch cut at 6) of P on X and G'°#
is a generalized singular Green operator. log,B is bounded from Ly(X, E) to
H=#(X,E) for any € > 0.

The basic zeta value of B can be interpreted as a noncommutative residue

1 1
Cop(B) = - res, (logy P) — - Tes Glogs (4.3.3)

sub

[GGO8, Theorem 3.2]. Here res, (log,P) is the integration over X of the residue
density res, ; logy P on X, a generalization by Lesch [Les99] of Wodzicki’s non-
commutative residue to log-polyhomogeneous operators; res(SingG) is intuitively

the residue of the (generalized) normal trace of G'°%¢ from above, subtracted the

principal part for technical reasons.
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For this reason — and because this would be an analogy to the boundaryless
case, cf. Scott [Sco05] — we define ([GGO8, Definition 3.3]) the noncommutative

residue of the logarithm to be
res(logyB) = —m Cp9(B). (4.3.4)

The dependence of the choice of # in the definition of the logarithm is given

by the sectorial projection:

Proposition 4.3.1 (J[GGO8, Proposition 4.4]). For u € D(B),
loggBu —log, Bu = —2mi ly ,(B) u. (4.3.5)

The structure of log, B from (4.3.2)) is consistent with this, in the sense that,

when the operators below are applied to u € D(B), we have
(loggP)+ — (log, P)y = —2mi g, (P)y, G% — G = —2miGy,.  (4.3.6)
The residue definitions and are consistent with the proposition:
res(logy B) — res(log,B) = —2mi res Iy ,(B). (4.3.7)

Obviously, this is no surprise, since we used the identity in the proposition to

define the residue of Iy ,(B) from the residues of the logarithms.

4.4 Examples

We conclude this chapter with two concrete examples of sectorial projections.
One is the abovementioned example showing that the sectorial projection need
not be in Boutet de Monvel’s calculus. The other is interesting because it gives
an example of a sectorial projection which is not in Boutet de Monvel’s algebra,
but nevertheless has vanishing residue — even though its residue densities are

locally non-vanishing.

Example 4.4.1. This example is given in detail in [GGO8, Example 4.8], so we
skip the intermediate computations here. We consider the differential operators

A and P on R? given by

v 0 0 1 0 1 10
P A PR G PR (I PR (X PR
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and

P= <S1 _OA*> : (4.4.2)

where A* is the formal adjoint of A. The trace operator T' = B~y, with

1010
B_(0101>’

is then added to obtain the realization B = Pr. The system {P — A\, T} is
parameter-elliptic for A on any ray in C\ iR, so we can consider the sectorial pro-
jection Il ,(B) with § = 0 and ¢ = , that is, the projection on the eigenspaces
corresponding to eigenvalues with positive imaginary part. (We regard the whole
thing as a localization of an operator on a compact manifold.)

First, the symbol of the ¢do part Iy, (P) is

9 0 S +ti&y —i&+ &3
_ b 0 [3 &2+ & —& ik
=g e it —iere e o |0 WY
i€+ & —& — 1y 0 €]

which is easily seen not to satisfy the transmission condition: In order for a
polyhomogeneous symbol p(z, &) ~ Z;io Pm—j(x, &) of order m € Z to satisfy the

transmission condition, it has to obey
DSDEpy—;(2',0,0,&,) = (1) DI Dgp,,_;(a’,0,0,—¢,). (4.4.4)

In particular, 7y, would have to be even in &, for ¢ = 0, which it clearly is not.

Turning to the singular Green part Gy, its symbol-kernel is given by

- [ el
g@,(p(xna Yn, 5/) = 5 / g($n7 Yn, 5/7 )‘) d)‘a (445>

2m J_

where the integrand is the parameter-dependent symbol-kernel of GG (the singular

Green part of the resolvent):

—i§1 +io =& —i&3 —A 0
~ Py L il G tio 0 - o (n-tyn)
g('rn7yn’§7/\)_ 20_ _)\ 0 —Zfl—iO' _€Q—i£3 (& s
0 —A §o—i&3 & —io

(4.4.6)
with o = (|&'|> + \2)1/2.
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A necessary condition for gy, to be the symbol-kernel of a true singular Green
operator, is that, for each (2/,¢’), it lies in S(K?H), i.e., it can be described as the
restriction to R2, = Ry x Ry of a Schwartz function in (z,,y,) € R%. However,
Jo,, 1s in fact unbounded for (z,,y,) — 0. To see this, note that the diagonal

contains terms of the form

o o0 —|¢'[(zn+yn)
/ o~ (€ 2 tyn) g / €MD) g — 9 € " gy oy
So gp,, cannot be the restriction of a smooth function on R? and is not the
symbol-kernel of a singular Green operator.
Although we discussed this example on Ri, it can easily be carried over to a

compact manifold, e.g. ST x S x S x [0, 1].

Let us now look at another interesting example, namely a differential re-
alization B = Pp where, in the calculation of resIly,(B), we find that both
res; Iy ,(P) and res Gy, are non-zero — but of same magnitude and opposite
sign such that they cancel each other out.

The present example is inspired by Wodzicki’s example of a nonvanishing
residue density [Wod82].

Example 4.4.2. We consider the Dirichlet realization B = P, of the differential

operator P on Ri given by

r= (@(;2?192 T) ’ (448)

where ¢ is a smooth function on R, . We will use the notions (1, z5) and (', 2,,)
interchangeably. We proceed to find @), and G, in the usual manner:

P has principal symbol
g+&6 &g )
x, &) = . 4.4.9
p2( f) ( 0 _5% . 5% ( )

The eigenvalues of the principal symbol are +|¢|*> = +(&2 + £2). The principal

symbol of the parametrix with parameter (), thus becomes

1 2 2
ol ) = ) - N = ot (10 ) )
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Working out the singular Green part, G, one finds that {P — X\, v} is
parameter-elliptic for A on all rays in C \ R. For such A the principal part of
the symbol-kernel g is

o~V E A @ntyn) g(en/s%—x(znwn) e*\/§%+>\(zn+yn))

ax NG N NGESY

~ / / o 2\/5%7)\ 4X
g—?(x s Ty Yny § )‘) - e_\/%(xn+y")

0 2 /@
(4.4.11)
We seek the operator Iy ,(P,,) with § = —7 and ¢ = 7, the projection on

the eigenspaces corresponding to eigenvalues with positive real part.

The principal symbol, resp. symbol-kernel, of Iy ,(P), resp. Gg,,, is

1 1 &
W9,¢,0($, é) = % / qu(x, f, )\)d}\ = (0 2|6|2>
“ (4.4.12)

G : - 0 —Lig |e-lel@ntum)
90..0(", L, Y, €) / Goola, n, Y, &, N)dA = (0 1161 . 7
Lo,

" or

where C¢ is a closed curve encircling the pole A = |£]? exactly once.

We see that gy, is a true singular Green symbol-kernel, and hence the “prin-
cipal part” of Il ,(B) is in the Boutet de Monvel calculus. (The “full” operator
is not a Boutet de Monvel operator, however. To see this, one can show that the
second term gy, 1 — although bounded in (x,,y,) — has unbounded z,, and
Y, derivatives near the origin and gy, cannot be a true singular Green symbol-
kernel.)

To calculate the non-commutative residue of Iy (B), we need to find the
lower order terms of the parametrix. Since n is 2, the contribution to the residue
from the pseudodifferential part stems from 7_s(x,§).

The lower order terms of the symbol p(z, ) are

0 0
pi(z, &) = (go(xz)fz O) and po(z, &) =0, (4.4.13)

and the next terms of our parametrix then become

-3 = —qap1q—2, (-4 =—q2Pig-s — g2 ¥ _ DEpa0Sq_3 — q_opoq—s. (4.4.14)

|a|=1
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For us, q_4 is the relevant term:

€263 (4il¢|? ¢’ (wa)—E3p(w2)?) e (4ileP e (z2) —ERe(e2)?)
B (IEP=X)([g]*=A%)? (g1t =x2)3
q_4($’€’/\)_ 2 (62 2 2 / 262 ( ¢2 2_9i(1¢]2 /
_'L£Q<'L£1‘P(5E2) +2(|‘£‘ _>‘)<P (332)) _5152( 190(:172) _27*(|£| _)‘)‘P (IQ))
(lg|*=A2)2 (€M) (€[4 —72)?
(4.4.15)
which leads to the following result for the projection’s symbol
i
R RIS SNPRENY
Ce
36263 (2p(w2)?—4ilE2¢" (z2))  3E1€3(E3p(w2)?—4iE[2¢! (w2) ) (4.4.16)
B 16[¢[8 16]¢[10
i€3 (i€ p(w2)2 20620 (2)) €33 (4il¢|*¢ (w2)—3E3 p(w2)?)
41¢[5 16/¢[®
For the trace we find
22
trm_o(2’, &) = _ & o' (xy). (4.4.17)

2/¢[°

Integrating over the unit sphere in £-space, in polar coordinates, then gives us

- _ [ 88 )
res, Iy o (P) = /|§|=1 trmo(z, §)dS(§) = /|s=1 e ) s
104 2m / n
= _ZSDSS;”) /0 coS(u))2 Siﬂ(w)Zdw _ @3;?;)

Remark 4.4.3. It should be noted that we have chosen P with “minimal” lower
order terms (4.4.13)), in the sense that another operator P’ with the same principal

part as P, but lower order terms given by

pi(e,€) = (ay(2)& +bij(2)€2), .15 Po(2.6) = (cij(2)), 1, (44.19)
will have
(93%1721 (I’)
32mi
i.e., only the coefficient of & in the (2, 1)-entry of the matrix p} will contribute.

res, Iy o (P') = (4.4.20)

We now turn our attention to the contribution from the singular Green part.
Actually calculating gy, —1 is quite difficult, but we do not need this. Recall that

the noncommutative residue density of Gy, is given by

res, Go, = %(tr Sy(x’) — tr cfigo(x’)), (4.4.21)
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where
Cugla’) = —e / (@ €€, (4.4.22)
Rin—

and s" ,_, is the strictly homogeneous version of

Semi1n(2 & N) = /OO Gomn(2 20, 20, & Ny, (4.4.23)

0
The expressions for g 3 and s_3 are quite complicated, but we end up with
tr sy (2!, €, 0) = %(2\/5% N \/§;_ - - %%: )\)gp(()).

(4.4.24)

(At first sight, this expression appears non-integrable in £’ = &;, but cancellations

ensure a O(|¢'|73) decay. Which we know it has from homogeneity in any case.)
We obtain then, for A € C\ R,

ip(0) log(~)) — log(\)

trs”y(af, &, \)d¢' = 4.4.25
sty = e CEEAL (4.4.25)
Hence, inserting ¢ = —i in (4.4.22), we find
. i5p(0) log(i) —log(—i) _ ¢(0)
trcSy(a') = —(— = : 4.4.2
Likewise for ' = i, where we get trc , = —(0)/64. We arrive at
m ¢(0)
res, Go o, = 5 [trcS(a") — tref (2)] = 9’ (4.4.27)

Now, let us consider this problem on the compact manifold X = S x [0, a].
The operator P from has an obvious analogue on X if we consider Dy, = D,,
as the usual differentiaion on [0, a] and D; = D’ as the usual invariant vector field
on S'. We take ¢ € C>([0,al).

Carrying the local calculations above over to X, we obtain the following re-

sults: The noncommutative residue of the 1do Iy, (P)4 is

res, ]._.[9790(P>:/ res, Iy ,(P) dz
ol (s1) [ (@) — 0(0) (4.4.28)
- m/ﬂ o (2n)dx, = wla) = e\l

while the residue of the singular Green part is

res Go,, = / res, Gy, dx’. (4.4.29)
0X



34 Chapter 4

The boundary is the disjoint union of two circles
0X =S x {0} U S x {a}, (4.4.30)

and hence the integral over 0X (4.4.21]) splits into two:

/QX(..-)dx’:/Slx{o}(...)dw’—/Slx{a}(...)dx/’ (4.4.31)

where the sign is due to the opposite orientation of the boundaries at x5 = 0 and
Ty = a, respectively. In comparison with (4.4.27)), we find at x5 = a that

p(a)
/ = 4.4.32
resy G, 39’ (4.4.32)
such that the residue of Gy, becomes
]‘ / /
res Gy, = —(/ ©(0) dx" — / o(a) d:c)
VO ©(0) — ¢(a
— -/ — =7 Iy, (P)).
S ((0) - () = EE tes. (Tly,»(P))
The residue of the projection is then
res 1y ,(B) = resy Iy ,(P) +res Gy, = 0. (4.4.34)

So the residue does indeed vanish, through a somewhat miraculous cancellation.
One might think that this vanishing has nothing to do with the nature of the
projection, and that in fact the contribution from each ray vanishes, i.e, that Cp g

and Cy , are both zero. However this is not the case, as we find

Cou(B) = Coo(B) = 6i4 /O " () dan + M. (4.4.35)

So it seems the property of being a projection is important for the vanishing.
Note that the residue of logyB is —mCj¢(B), which is apparently non-zero
(in general) and independent of # in this case.
Although — as noted above — Ily ,(B) is not in <7, its principal part is; so
the operator is of the form (& + compact) and therefore lies in 2, the C*-closure

of &7, and its residue should indeed vanish, cf. the discussions in Remarks [3.1.3

and [5.1.3
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Is it zero?

It was shown in Chapter 3 that the noncommutative residue of [FGLS96] al-
ways vanishes on projections in o, the algebra of Boutet de Monvel boundary
operators of order and class zero. So reslly ,(B) is zero whenever the sectorial
projection lies in .&7. Further, we saw in Chapter 4 that we can define a residue
of Il ,(B) even when this operator is not a Boutet de Monvel operator.
Basically, our work in the final year of the thesis project was spent on inves-

tigating whether the vanishing can be extended to the latter case:
Is the noncommutative residue of g ,(B) always zero?

For simplicity, we considered only differential problems B = Pr, which have
two important properties compared to the general pseudodifferential case: the
operator Iy ,(B) is then known to be bounded (Theorem and we have the
exponential decay of [See69a] at our disposal (see below).

We did not arrive at a final conclusion, but achieved partial results. This
chapter is a discussion of those results, as well as the outline of a few related

ideas which we did not work on in detail.

5.1 C*-closure

Iy ,(B) is not always in </, but since the K-theoretic arguments of [Gaa(7]
actually show that the residue of [FGLS90] is extendable to projections — and
vanishes for these also — in the C*-closure 2 of .27, cf. Remark[3.1.3] our first aim
was to examine if IIy ,(B) lies in . Observe that we only consider &7 where the

vector bundle F' over X is empty, since Iy ,(B) is an operator on H = Ly(X, E).

35
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That is, &7 here is the set of Green operators A = P, + G of order and class zero,
with 2 its C*-closure in B(Ly(X, E)).

The pseudodifferential part Iy, (P)+ is the truncation of a ¢do on X , and is
thus in & exactly when its symbol 7y, (z, ) satisfies the transmission property.
For example, this holds when the order m of P is even, cf. Proposition

The principal symbol map o : & — C*°(S*X) — mapping A = P, + G to
p°(z,€), the principal symbol of P — extends to a map o : 2 — C(S*X), by
[MNS03l, Theorem 5]. The range of this map is given by the functions in C'(S*X)
which, over each point of the boundary, take the same value at the two covectors

that vanish on the tangent space of 0.X, that is,
gA)={feC(S*X) | f(«,0,0,1) = f(2',0,0,—1) }. (5.1.1)
In other words, I1p ,(P)4 can lie in 2 only if its principal symbol 7T37Lp(l‘, €) satisfies
o, (2,0,0,1) = my (2',0,0,—1). (5.1.2)

This is also known as the weak transmission property. For odd m, we can find

examples where this does not hold, for instance our Example [4.4.1] where the
(principal) symbol is given by (|4.4.3), such that

it 0 it 0
1 0 ¢ 0
0 (. _
Ty ,(2',0,0,1) = =it 0 11 o] (5.1.3)
0 —it 0 [t

This clearly does not satisfy (5.1.2)). The conclusion is that ITy ,(P); is in 2 for
even m, but not in general.

We now look into whether Gy, lies in 2. First, we consider if Gy, is the
limit in 2 of a sequence of singular Green operators. We have the following

composition sequence, cf. [MNS03| eq. (11)],
0CRCBCH, (5.1.4)

where R denotes the ideal of compact operators in B(H), and & is the closure of
¢, the algebra of all Green operators A in o7 with P of negative order. In other

words, we investigate if Gy, is in &.

The boundary symbol map ~, cf. (2.1.12)),

Y(A) = ad (', &, Dy) = p°(«,0,€, D) + ¢°(2, €', Dy), (5.1.5)
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induces an isometry from &/8 to C(S*0X) ® Rr, [MNS03, Theorem 6], where

g, is the ideal of compact operators in Ly(R ).

.
In particular, for G ,, to be the limit of a sequence of singular Green operators,
the corresponding boundary principal symbol operator v(Gy,,) = ggm(x’ L€ Dy)
would have to be a compact operator in Ly(R,) for all (2/,&’). Recall that the
boundary symbol operator is the integral operator with kernel gg ., 0(2', Ty, Yn, &’).

Like above, we have to look no further than Example to find a coun-
terexample where gp (2',¢', D,,) is not compact in Ly(R, ), and so, Gy, is not in

®. Here, the parameter-dependent singular Green kernel is given by (4.4.6)):

—7;51 + 10 —52 - Z€3 —A 0
~ Py L | i & tio 0 -\ o (@ntyn)
g(l'nvyn7£7)\)_ 20_ _)\ 0 —2.51—2.0' _SQ_ZES € )
0 —A §o— &3 W& — o
(5.1.6)
where o = (|¢'|? + A?)Y/2. For §# = 0 and ¢ = 7 we obtain, by holomorphy, that
~ 1
g@,¢<xnayna§/) = 2_/ g($n>yn7§ )\ - _/ xnaynag t) t (517)
m Lo,

The action of 7(Gy,,) on u € Ly(Ry) is then

6 (€' Doyula,) = / G0 Y €) () i (5.1.8)

Proposition 5.1.1. g (&', Dy) is not compact.

Proof. There are three types of entries in the “matrix-part” of g: those with only
& and &3, those with only A, and those with & and o.

For the first type, the corresponding symbol-kernel ggi}(mm Yn, &) is in fact in
Loz, 4 (R2,) for each & (we ignore the factors of & =+ i&; here):

o (Tn+yn) 2 1/2
( / ‘ / dt‘ dxndyn)
R+XR+
e—a(xn+yn) 2
/. (/ e
—00 R+XR+ o
o 1 00 ) 1/2
:/ - (/ e2az”dxn/ eQUy”dyn) dt
-0 9 \Jo 0

—/Ooldt /OO L = ™
B 202 o 2(1EP )T 21

1/2
da:ndyn) dt

(5.1.9)
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where a form of Minkowski’s inequality (Lieb and Loss [LL0O1, Theorem 2.4]) was
employed at the inequality sign. These matrix entries become Hilbert-Schmidt
operators in Lo(R ).

For the entries of the second type we get

~(’L]) N Z &0 t *(‘5/‘2+t2)1/2(55n+yn) .
Ty Yn, &) = —— ————¢ dt=0 5.1.10
ge,w( Yns €') o /_Oo (|62 + )1/ ( )
since the integrand is odd in ¢.

The entries of the third type split into terms with & and o, respectively. For
the former, the story is the same as in ((5.1.9)), i.e., a Hilbert-Schmidt operator.

For the terms with o, we get (since the o cancels out the 1)

47 i oo , IS )
%géfp) (xm Un, fl) — / e_(|§ |2+t2)1/2(mn+yn)dt _ 2/ 6_(|€ ‘2+t2)1/2(£"+y”)dt
—c0 0

© =& [(zn+yn)
> 2/ (€0t gy — 27T (5.1.11)
0

Tn + Yn
So we get a singularity of the type (x, + ,)”' and by Lemma below,
90.,(&'; D) cannot be compact in Ly(R,). O

So Iy ,(P)+ is not in A and Gy, is not in &, but this does not rule out that
their sum Il ,(B) could be in A. However, the matrix M*% € M4(C) with a 1 in
the (i, j)-entry and zeroes elsewhere is clearly in <7, so M AMJ — essentially
the (i, j)-entry of A — is in & for any A € &.

Now, the (1, 3)-entry of Il ,(B) equals the corresponding entry of Il ,(P),
since the (1,3)-entry in Gy, vanishes, by (5.1.10). So the sum IIy ,(B) cannot
lie in 2 either. (According to (5.1.3)), this entry does not satisfy (5.1.2).) We

summarize our findings in the following theorem:

Theorem 5.1.2. The operator 11y ,(B) from Ezample is not in A, so we

cannot draw a final conclusion on the residue just from our results on 2.

Remark 5.1.3. It should be noted that it remains to be proven that the K-
theoretic extension to idempotents in A, from Remark [3.1.3] actually agrees with
the definition given in It would seem counter-intuitive if this is not the
case, but we have not spent time on this question since it would not help us

much, in light of the above.
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We conclude this section with the lemma used above and a remark on the

normal trace of Gy, ,.

Lemma 5.1.4. The integral operator K with kernel k(z,y) = %y 1$ not a com-

pact operator on La(R,).

Proof. Let, for n € N, g,, be the characteristic function of the interval (0, %) and
= \/ngn. Then || f,|| =1 and

Kfu(x \/_/ (5.1.12)

x—l—y

For0<a7<%wehave

K folx \/‘/ —dy>\/_/ —d >_; Omdy:%ﬁ. (5.1.13)

So K f,, > %fn > 0, and hence ||K f,|| > % for all n. In particular || K f,|| /4 0.

But f,, converges weakly to zero: Since

(fn:0) \/_/ (5.1.14)

we obviously have lim,, .. (fn, vo) = 0 for all vy € C{°(R,).

Let v € Ly(Ry) and let € > 0. Find vy € C§°(Ry) such that |[v — v < 3,
and find N such that |(f,,vo)| < § for n > N.

Then, for n > N,

[ (s )] < (s 0 = w0)| 4+ (s v0) | S N[ full - o = woll + [(fns w0} < 5+ 5 =¢
(5.1.15)
So (fn) is a sequence of Lo-functions converging weakly to 0. Compact oper-
ators map weakly convergent sequences to norm convergent sequences, so K is

not compact since ||K f,|| does not converge to 0. O]

With the arguments from the proof of Proposition |5.1.1] at our disposal, we

can easily show that the normal trace of Gy is in general not defined. Again,
we consider Gy, from Example [£.4.1}

Proposition 5.1.5. tr, gg.,(£') does not converge.
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Proof. The normal trace of gy, is given by

tI‘n gg’@<€/) = / gg’@<xn, T, fl)dl’n = % / / g(xna Ly glu t)dt dxn
0 0 —0o0
(5.1.16)
For the terms with ¢ — as in (5.1.11)) above — this becomes

_ [e%S) o] 72(|£/‘2+t2)1/2xn _ oo 1 _
/—00/0 e dx,, dt /_oo —2(|£’\2+t2)1/2dt 00,

using Tonelli’s theorem. Il

This proves that the normal trace of the principal part is not in general well-
defined for Gy, just as in the case of G'*¢ [GGOS, Section 3].

5.2 Larger algebras

Another approach to the question at hand, is to find an algebra containing .o/ as
well as all the sectorial projections. Of course, this is an interesting problem in
its own right, but moreover, one could then hope to extend the definition of non-
commutative residue to this algebra, and maybe even use K-theoretic arguments
to show that the map induced by res in Kj vanishes, as it does in the case of &/
itself.

The algebra in question should contain o7 as well as the set of ¥»dos without
the transmission property — because of Iy ,(P)+ — and the generalized singular
Green operators of type Gy,. One suggestion is the algebra B° by Rempel and
Schulze [RS82]; we show why this is a good suggestion further below.

5.2.1 Description of Gy,

Let us first give a more thorough description of Gy, the operator which poses
the greater questions in this connection. Recall from Chapter 4 that it is given

by .
Gy pu(x) L/ Ghu(z) dA, (5.2.1)
Ty

:27T

where G, is the singular Green part of the resolvent (B—\)"' = Q, . +G). Since

we assume B to be differential, we know from Seeley [SeeG9a] that G is given
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(in local coordinates) by a parameter-dependent singular Green symbol-kernel

g~ 20 G-m—j’

Gu(z) = / 6“"5'/ 9@, T Y, €, N G(E ) dyn AE (5.2.2)
Rr—1 0
where the terms are quasi-homogeneous

Jomj (@, 5, B b€ UMN) = 7 G (2 Ty, €, ), for t > L€ > 1,
‘ ' (5.2.3)
and satisfy estimates

|D/3 DgkaDk ynDZ D)\ T ]| < CHl—m—j—|o¢‘—k+k’_Z+Z’_mpe—cH(xn-‘ryn)’ (524)

for all indices, when x = |&'| + |A[Y/™ > e. It is here we see the previously

mentioned exponential decay. We can then write Gy, as

Gy () — / ' / G0 (& T s €) A ya) dy . (5.25)
Rn—1 0

a generalized singular Green operator with symbol-kernel gy, ~ Z;io 90,0,
given by '
~ 1 ~
99,@(1'/71’n7yna€/> = 2_/ g('xlal‘naynagla)\) d>‘7 (526)
T F9,¢

where the terms gy, _; are given by similar integrals of g_,,_;, cf. (4.1.6). They

are quasi-homogeneous

’9*/67%7 ( /7 Itn’ ytnatg ) - tl 1 90,0,— (xla xnvyn7£/)7 for t 2 17 ‘5/‘ Z 17 (527>

and satisfy estimates

o DD, D, 5 < Og/| i lelmhtk =t e lentun) for ¢/ >
D2 Dgan D, 4Dy, Gops] < CIE'| , for [¢'] > €.

Tn + Yn
(5.2.8)
The claims here are proven in [GGO8, Theorem 2.4]. Further remarks on the
(2, yn)-singularities for j > 0 are found in |[GGO8, Remark 2.5].

In short, we seek an algebra containing operators Gy, as described here.

5.2.2 Model operator

Our investigations initially centered on finding a suitable algebra containing the
generalized singular Green operator with symbol-kernel
€_|§/|($n+yn)

iz, yn, &) = —————. 5.2.9
G(Zns Yn, §) " (5.2.9)
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Here in Section [5.2| we will call the operator ¢g(¢', D,,) — acting on Ls(R; ) with
this g as its integration-kernel — our model operator.

The reason for this particular choice should be obvious from the estimate
above, but let us elaborate in any case: In Example we saw an
example of an operator Iy ,(B) where the “troublesome” terms of the singular

Green part had a symbol-kernel

G0.0(Tn, Y, &) = /OO e~ (EPH) 2 @ntyn) gy (5.2.10)

—00

which is O(Iniyn) for , + yn — 0 and O(e1€'1@E+)) for z,, +y, — oo, just like
(5.2.9). Moreover, the generalized singular Green operators we wish to investigate

can be written as the difference between two logarithmic terms, cf. (4.3.6]),
Gy = QL(Gloge — Gy, (5.2.11)
T

s0 it seems fair to assume that G, will resemble operators of type G'°8 in general;
for the Dirichlet realization of the Laplacian in R’} , the logarithm is given by
[GGO8, Example 2.3]

log(—A,,) = log(—A)y + G = OP(2log |¢]) 4 + G5, (5.2.12)

where G'°8 is the generalized singular Green operator with symbol-kernel

6*|§l|($n+yn)

78 (2p, Yy, &) = — 5.2.13
G (T, Yn, &) P ( )

So although we might not actually obtain a sectorial projection with (5.2.9))
as its singular Green symbol-kernel (e.g., Gy, is zero for the Laplacian), we will
definitely get operators very similar to it and we study this particular choice of

operator for simplicity.

5.2.3 Eskin’s algebra

The first step is to find an algebra of pseudodifferential operators on the half-
line, which contains our model operator g(¢', D,,) for fixed &’. We consider an
algebra @ of operators on Ly (R, ) constructed by Eskin [Esk73, Chapter 15]. The

operators in & are of the form

P& Dp)y +wM +T. (5.2.14)
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Here p(§) = p(¢',&,) is a symbol of order 0, which is independent of = and does
not necessarily satisfy the transmission property; w is (multiplication with) a

fixed cutoff function
weCFRY), 0<w<l, wt)=1fort<1; (5.2.15)

T is a compact operator on Ly(Ry); and M is of the type 9t described below.
Eskin’s purpose was to find an algebra that contained the parametrices of elliptic
p(&, Dy)+ in the case that p(§) does not satisfy the transmission property.

We denote by 9 the class of integral operators on R, of the form

]Wm%}:AlemC@)ﬂﬂdﬁ o€ C2(R,), (5.2.16)

T

where m is in .#*°, the set of functions m € C*°(R, ) which satisfy
t"oFm(t)] = O(t™°°), t — 0, [t*oFm(t)| = O(t™1°%%), t — o0, (5.2.17)

for some ¢ € [0, %), dependent of m, and all k € Ny, € > 0.
Applying the Mellin transform

u(z) = Mu(z) = /00 = tu(t) dt (5.2.18)
0
to , we obtain
- 0o . B [ L 00 B T,
Mo(z) :/0 o2 Mop(z,) dxn—/o x; 1/0 T 1m<7> o(1)dr dx,,
:/ /t“m@ﬁlﬂﬂMﬁ:ﬁ@&@, (5.2.19)
o Jo

where the transformation x,, = t7 was used. We call m the symbol of M; it is the
Mellin transform of m. From the estimates ([5.2.17)) it can be shown that m(z) is
analytic in the strip 0 < Rez <1 — ¢ and

|2Fm(2)| < Cepy, 04+e<Rez<1—-§—¢, forall ke Ny, e>0. (52.20)

Conversely, if m is analytic in 6 < Rez < 1 — ¢ and satisfies then m is
in .. In this manner, one could say that 9t is the space of Mellin multipliers,
whose symbols are in M(.#Z>), i.e., satisfy (5.2.20).

The operators in 9t (and hence the operators in &) are bounded and thus
extend to all of Lo(Ry).
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An important example in 9 is the operator My with mg(t) = %H and symbol

_ e T
= —2m — = . 0.2.21
o (2) T ez sin(mz) ( )

Its action can be written as

Moyp(x,) = /000 7t ! o(t)dr = /000 2 (7) dr = /OOO Mdyn,

1+ %= Tp+ T Tn + Yn
(5.2.22)

which evidently resembles our model operator g(¢', D,,) from (5.2.9) for small

Ty + yn; in fact, My equals ¢(0,D,). This observation was one of the main

reasons we became interested in Eskin’s algebra.
However, the algebra does not allow M to depend on & as ¢g(¢', D,,) does.
Instead, the idea is to subtract the {’-independent singularity for small (x,,, y,):

We have an expansion

¢~ 1€/1@En+yn)

1
— T1E |+ O(E P (n + yn))- 5.2.23
e Tt €'+ O] (2n + yn)) ( )

Subtracting 1/(z, + y,) turns this into a bounded function of (x,,y,), which is

: 2
in fact smooth up to the boundary on R% . Now,

6_‘5/‘(33”""3/") w($n>

h(l'n?ynagl) = T, y - T, —+ y

(5.2.24)

isin Lo, 4, (R%,) and hence the operator with h as its integral-kernel is Hilbert-

Schmidt. So our model kernel becomes

9(Tn, Yn, gl) = w(zn) + h(Zn; Yn, 6,)7 (5.2.25)

Tn + Yn
and in this way the model operator can be written

9(&, Dn) =wMy+ T € €, (5.2.26)

where 7' is the compact operator with A as its integral kernel. Going on from the

model operator, let us consider the concrete example from earlier:

Proposition 5.2.1. The boundary symbol operator from Ezample

7T9,<P(€I7Dn)+ +g€,<p(£/7Dn>7 (5227)

is in &, with My (times a coefficient matriz) as its Mellin multiplier.
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Proof. Since my, is a symbol of order 0, we only need to show that gy, (¢, D))

is the sum of a Mellin multiplier and a compact operator.

Recall its generalized singular Green symbol-kernel gy, from (5.1.6)), (5.1.7)),
and the description of its structure from the proof of Proposition [5.1.11 As

described there, most of the matrix entries are Hilbert-Schmidt kernels and to

prove that gy, (¢, D,,) is in €, we only need to account for the entries of the form

/OO e—(\§/|2+t2)1/2(x"+yn)dt- (5228)

o0

Subtracting the model kernel, we obtain

6*‘5/|($n+yn)

f(l’m yn) — / 6_(‘5"2+t2)1/2(rn+yn)dt _ 2 , (5229)

Tn + Yn

which is in fact a Hilbert-Schmidt kernel as well. To see this, we rewrite it as
f(@n, yn) =2 /OO [e= P+ 2 @ntyn) _ o=(€'1+0(ntom)] gy, (5.2.30)
0

We can then bound its Ly norm, again using the inequality [LL0O1, Theorem 2.4]:

([, 15w m)Pard) "

. L

= — d
2 /0 <(Ié/\ 02 IR E (¢ i+ EP T t2)2) t
(5.2.31)

|6_(|£/|2+t2)1/2(1‘n+yn) — 6_(|5/|+t)($n+yn) lzdxndyn> 1/2dt

2
F+

Putting the terms on a common denominator, cancellations will ensure that the
contents of the square root is O(t~*) and hence the integrand is O((t)~2) and
integrable for & # 0, so f(z,,y,) is square integrable.

From ([5.2.29) we now see that the operator with the kernel in is the
sum of the compact operator with kernel f and (2 times) our model operator
9(¢', D,) from (5.2.20); the latter we proved to be in & with My as its Mellin
multiplier. Il

Obviously, the next interesting question here is whether the boundary symbol
operator of a general sectorial projection is in € for fixed (2/,¢’), i.e., whether the
operator gg(2', &', Dy), with gy, as in Section |5.2.1] can be written as the sum

of a Mellin multiplier and a compact operator, as in the example above.
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Possibly, one could succeed with a proof similar to above, where we rewrote
(5.2.29) as ((5.2.30]), but unfortunately, we discovered the idea of subtracting the

¢’-independent singularity (i.e., that the model operator is in fact in &) so late

that there was no time left to really dig into the general question.

Nevertheless, let us continue with the results above.

5.2.4 Rempel and Schulze’s algebra

Based on the works of Visik and Eskin [VE67, [Esk73], Rempel and Schulze [RS82)]
constructed an algebra of boundary operators B°, which includes problems that

do not satisfy the transmission condition. In apperance, the operators here re-
semble the Green operators in (2.1.5): an operator in B° has the form

A K Lg(X, El) L2(X7 E2)
T S)  L,0X, F) Ly(0X, F»),

where K, T, and S are just slightly more general than the corresponding operators
in Boutet de Monvel’s calculus. The big difference lies in the entry A’ which, in
local coordinates, can be described as pseudodifferential along the boundary with
operator-valued symbols, where, for each (2,¢’), the symbol belongs to a variant
of Eskin’s algebra €.

For our purposes — cf. the first paragraph of Section — we need only
consider the entry A’. (We can assume that F = FE; = E and that the F;

bundles are empty.) In local coordinates, the operator A’ is given by
A =P +W+G, (5.2.33)

modulo compact operators; P is a ®»do with no requirement of the transmission
condition, G is a B-singular Green operator, and W is an M-operator.

A B-singular Green operator G is quite similar to Boutet de Monvel’s notion
of a singular Green operator (of order and class zero) and its action is also given
by with a symbol-kernel g. The difference is that ¢ is only required
to be in Ly(R,) — as opposed to S(R?H) — with respect to (z,,y,). (The
term B-singular is our convention to avoid confusion; [RS82] simply calls them
Green operators.) By working modulo compact operators, we disregard lower
order terms; in particular, the symbol-kernel ¢ is assumed quasi-homogeneous of

degree 1.
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An M-operator W is of the form

/ zm / > — /xn o /
Wula!, z) = / Cu(1¢]2) / gt (2 ) (e ) dy @€, (5.2.34)
Rn—1 0 Yn

where w is a cutoff function as in ((5.2.15)), and u is a smooth function of 2’ with
values in .Z>. For fixed (2/,&’) we recognize the inner integral as an operator in
M.

Now we go back to our model operator G and show that it lies in B°. For
this, we modify (5.2.24) and (5.2.25)) slightly: Let

Kt w(|fen)

h(x', xp, yn, &) = P RS o', t) = 7 (5.2.35)
such that
€)= (1€ ) i o (272 ) + B 0,0, €) (5.2.36)
Then G, with
Gu(2', z,) = /R B e e /000 (T, yn, &) 4(E ) dy,, A€, (5.2.37)

equals Wy + H, where W) is the M-operator with = pp and H is the B-singular
Green operator with symbol-kernel h; b is in L, . (IRQ+ +), as stated previously,

and the quasi-homogeneity

h( ,’ ztn’ ytn ) tf ) (CL’/, Tn, Yn, 5/) (5238)

is satisfied due to the factor |¢’| in the nonhomogeneous function w.
So the model operator G is in B°. Similarly to the proof of |5.2.1, one then

shows the following statement:
Proposition 5.2.2. The operator Iy ,(B) from Ezample is in BO.

Since this was our prime example of a sectorial projection not in o7, it is
an obvious question whether all sectorial projections lie in B°. This question is
clearly related to the question at the end of the previous section; as explained
there, we made the observations here too late to reach more general results.

Regarding the question of residues, B° actually seems to offer some promise
since [RS82] states results on the C*-closure of B°, which might be needed for a
K-theoretic proof in the spirit of Chapter 3.
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5.2.5 Mellin operators

Before we realized that B° may suffice, we had spent some time looking at more
modern versions of Rempel and Schulze’s algebra. As mentioned, the 99T operators
in Eskin’s class do not permit symbols that depend on &', and the same holds for
the M-operators in [RS82]. Also, those algebras are quite crude in the sense that
all lower order terms only appear as compact operators.

The concepts from [RS82] were later further developed in a wide range of ap-
plications, cf. e.g. the collaborations of Schulze with Schrohe and Seiler, respec-
tively, [SS94, [SS95, [SSe02]. Here the algebras have a more detailed structure, in

particular the M-operators are allowed to depend on & as we describe below.

Remark 5.2.3. In this section, (z,,y,) will be denoted by (¢,t'), since this is
customary when working with Mellin operators. In particular, the prime on ¢/

should not be understood as a “tangential prime” in the sense of z’ and ¢’.

The Mellin transform is invertible in the sense that
-1 (7 1 —z > z—1
f@ZMHU@F*f/t/NTfWWM (5.2.39)
2m Jp, 0

for “suitable” f, where L, = {# € C | Re(z) = 1/2 + ~}. We apply this to
(5.2.19) and obtain

Mep(t) = M2, (m(2) &(2))

L t‘ziﬁ(z)(Q/moﬁﬁz‘1¢(ﬂ)dﬂ>dz

21

m//tﬁZ~)m%M

Now, just like we obtain the pseudodifferential operators from the Fourier mul-

(5.2.40)

tipliers by allowing the symbol to depend on (x,y), we allow the symbol m(z) of
the Mellin multiplier in ([5.2.40) to depend on (¢,t') to get the Mellin operator
op,, f with symbol f(¢,t, z):

dat’
(t/t") — dz. 5.2.41
vk ) = 5 [ [ st ) G G2
If f is independent of ¢', the inner integral is merely the Mellin transform of w:

[opy, flu(t) = L/L t2f(t, 2) u(z) dz. (5.2.42)

271
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Now, if g(z,, yn, &) is a quasi-homogeneous (B-)singular Green symbol-kernel,

such that

gt &) =) "g(&1,t¢), (5.2.43)
then, using ((5.2.39)) and setting p = r/t/, we get
oo _ 1 o o _
/ G uydr = —— [ / pe-1 / G(r b, €Y ult') dt’ dr d
0 2mi L, 0 0

L, o Jo
. / t / / r )T G (G L) dru(t) dif dz
Ly o Jo

= o | [T [ e ) i
Defining
0600 = [ r L) o= M (30 10E) (G2.5)
we arrive at
o€ DaJutt) = [ (e8¢ )t = (o, gt (5.2.46)

We conclude that the principal boundary operator g(z’, &', D,,) of a singular Green
operator of order 0, with quasi-homogeneous symbol-kernel g(z’, x,,, y,, ), can
be described as a Mellin operator with symbol g(z',¢,t', &', 2) given by .
Note that the symbol in is independent of ¢, while most of the litera-
ture on Mellin operators deals with t-independent symbols. However, there are
formulas to express symbols depending on (¢,t') as symbols depending only on ¢:

we can find gy (2/,t,&, z) such that
9(2',¢', D) = opi, g ~ opy; 81, (5.2.47)

where the ~ essentially means “modulo smoothing operators” (but is more tech-
nical), cf. [SS95, Theorem 2.3.3].

In the case of our model operator we find the Mellin symbol to be
e—t'Ig'1(1+p)

T, W=TEMA-=tE),  (5248)

Y _ > z—1
g(tata§7z)_ p
0
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where I'(a, x) is the (upper) incomplete Gamma function
['(a,z) = / t"tetdt, acC,xrecRy. (5.2.49)

For t'[¢'| > 0, g(t,t', &, z) is a meromorphic function of z, with simple poles in
z € —Np. When ¢'|¢'| = 0, it simplifies to

™

g(t,0,0,z) =T(2) (1 —2) = (5.2.50)

sin(rz)’

as in (5.2.21]).

More generally, one would investigate the Mellin symbol gy, (¢,t',2) from
(5.2.45) where gy, is as in Section In particular, plugging in ((5.2.6]) gives

us

goltt' ) = 3 [ [ p 7 G e N e (5.251)
0 Fe,tp

However, it seems there are no immediate advantages to this, i.e., changing the
order of integration does not seem to simplify.

We considered different pseudodifferential calculi incorporating Mellin opera-
tors; there are several to choose from, e.g. cone algebras, but the appearance of
the t'¢’ in (5.2.45)) — which intuitively corresponds to x,0,/, a tangential differ-
ential operator which degenerates at the boundary — makes it natural to look
at some form of an edge calculus:

Let A =3, <, ta(z)D7 be a differential operator in R’} with coefficients aq
in C*(R"). Then A can be rewritten

A=qg ™ Z ar5(2', 2,) (—2,00) (2, D), arp € C°(R}).  (5.2.52)
k+[B|<m

Schulze and Seiler [SSe02] call a differential operator of the form edge-
degenerate, and we see the appearance of x,,0,» as mentioned above. It should be
mentioned that the class of edge-degenerate operators is much larger than that
induced by operators with smooth coefficients. (The notion of edge-degenerate
operators is closely connected to Mazzeo’s zero calculus, cf. e.g. Albin and Melrose
[AMOG6] and the references there.)

One description of an edge algebra is given in [SSe(2]; we spent quite some
time studying this subject before it was ultimately decided to be too time-
consuming to get to the bottom of edge algebras compared to the expected gains

(it is not at all clear how one would define a residue on the edge algebra).



Is it zero? 51

5.2.6 The Hilbert transform

Let us finish this discussion with a quick look at an example in one dimension; we
originally looked at this to get an intuitive feel for the problem, but the example
is interesting in its own right.

We look — once again — at Example [.4.T] transferred to the 1d case by
setting £ = (0,0,0,&,). We denote &, by ¢ for ease of notation; we get

€l 0 € 0 1 0 dsgn(§) O
- (5)_L 0 g 0 ) _1 0 1 0 isgn(§)
P T o | —ie 0 Jg 0| T2 | —isgn(®) 0 1 0
0 —i& 0 [ 0 —isgn(¢) 0 1
(5.2.53)
The symbol-kernel of the singular Green part becomes
~ 1 >

where
ic 0 =X 0

N 110 0 0 =\
= — *O‘(ﬁn,yn)
9@y N =~ |\ 0 _ie o |© (5.2.55)

0O X 0 —io
with o = v/A2. Plugging (5.2.55) into (5.2.54) we obtain

-1 0 0 O
~ 110 -1 0 0 1
0 0 0 1
The Hilbert transform 2,
1 (o0
Hf(r)=— S dy, (5.2.57)

TJ)o—Y

is a classical 1do of order 0 with symbol —i sgn(&); this is essentially the symbol of
(5.2.53)). Using the reflection operator J : f(z) — f(—z) we define the operators
H and G as

Hf($) = rt e‘*‘f(z) = % OOO ;C(_y)y dy,
G(a) = r* AT f(x) = OOO T g,

(5.2.58)
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and find that

I 0 -H 0 -G 0 0 0
Y [ I FE ) e
0 H 0 I 0 0 0 G
Since Iy, = Iy, (P)+ + G, is idempotent, we obtain the identities
G*-H*=1, GH=HG, (5.2.60)

which are probably well-known. The one on the left is connected to the fact that
H? = —1.

5.3 Logarithms

Finally, we have spent a little time working on the idea of an algebra containing
(log P), the truncation of log P to R, for a 1»do P on R". As is well known,
the symbol of log P is mlog[¢] 4+ 1(z, &), where m is the order of P, [{] is a smooth
positive function that equals [£| for |£] > 1, and I(z,€) is a classical ©»do symbol
of order zero; it does not satisfy the transmission condition in general.

We briefly studied the boundary symbol operator p(¢', D,,)+ in Lo(Ry) for
p(§) = log [£]; what we proved is that one cannot draw any immediate parallels

to Eskin’s algebra.

5.3.1 Analogy to Eskin

Eskin gave the following description of a tdo of order Zero [Esk73]: Let a(&) be
homogeneous of degree 0, and let a(¢', x,) = én_,xn a(¢, &), ax = a(0,£1) and

uy = etu. Then
a(f,Dp)yu=a*uy = a0 xuy +a 0y xuy +bxuy (5.3.1)

where * is convolution, b is in Lo, (R), and

01 = é + L PV 1 (5.3.2)
2 2m x

This description was central for Eskin in showing that the operators in & in fact

form an algebra. It is an essential detail that the operator II* : u + 04 * u, can
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be described as a Mellin multiplier with symbol

T = — L m(s = (5.3.3)
1 — e2ris 1 — e2ris

While 1% is not in M(.Z), it is analytic in the strip {0 < Res < 1} and

bounded in closed substrips; hence, for each m € .#>°, the product 1= (s)m(s) is

in M(.#*). Below, we look into the possibility of a similar scenario for log [£].

The idea behind is to control the behavior of a(§) for &, — too: let

H denote the Heaviside function, and split up a as

a(¢,&) = ar H(&) +a-H(=&) + {a(€,&) —ar H(&) —a-H(=&,)}. (5.3.4)

The expression enclosed in { } is in Ly wrt. &, and b is then the inverse Fourier
transform of this, while the 0+ arises as the inverse Fourier transform of H(=£¢,).
We seek to emulate this for the symbol p(€) = log |¢] = 5 log(&?). Here

12
NS

HE) = p(6) — log |en] = §log((€” +£7) — loglé] = Flog (1+ 75

) (5.3.5)

is in Ly wrt. &,, so if we let

(=F"_ log|&| and b€, x,) = F 1 b(E), (5.3.6)

En—Tn En—Tn

then the action of the boundary symbol operator is given by
(€ Dy)yu=Cxuy +bkuy. (5.3.7)

Here £ is a temperate distribution and b(¢', z,,) is in Ly, (R) for fixed ¢'; in fact,
the dependence of the Ly norm on ¢ is such that b € 52 (R"™; Ly(R)).
We find ¢ to be

1 1
(=—=Pf— —~¢ 3.
3P 0 (5.3.8)

where v is Euler’s gamma constant and the “pseudofunction” is defined by

Pfi: i [H(x—s)—H(—m—s)

|J]| e—0t

+2loge (5} : (5.3.9)

T

such that convolution with a function u, = e*u becomes

(Pfi*m)(x) = lim [/Ozg u(y) dy—/mi u<y)y dy+2loge u(:v)]. (5.3.10)

|| e—0+ r—y x —
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However, ¢ is not a homogeneous distribution, and this prevents convolution
with it from being a Mellin multiplier. The easiest way to show this is with a

concrete example: let a > 0 and consider the function
u(y) =e ¥, u(s) = / v tu(y)dy = a5 T(s). (5.3.11)
0

The convolution of Pf ﬁ with u, is given by the above formula, and we get

1
Pt — xuy)(z) = lim |e *(Ei(azx) — Ei(ae) — I'(0,ae) + 2loge
(Pt o) o) H)J (Fi(ar) - Bifac) = T(0,02) + 210g2)] |
~**(Ei(az) — 2y — 2loga),
where Ei is the exponential integral function
o0 e—t

which is smooth on R (and square integrable on [0, 1]).

Convolution with 4 is the identity, such that

(0xup)(z) = -1 e (Ei(az) — 2y — 2loga) —ve * = e **(loga — 1Ei(az)).

(5.3.14)
The Mellin transform of this is
M(Cxuy)(s) = / 2*"'e " (loga — 3Ei(ax))dx
= a~*T(s)(loga — § cot(rs)) (5.3.15)

(loga — Z cot(ms))u(s).

The loga term ensures that we cannot find a Mellin symbol A(s) such that
M(€xv)(s) = h(s)o(s) (5.3.16)

for arbitrary v, and we have shown that convolution with ¢ is not a Mellin mul-

tiplier.

Remark 5.3.1. The operator p({’, D,,) above can also be described as convo-
lution with p(&’, x,,), the inverse Fourier transform of p(§) = log |£|. It is given
by

P& wa) = Fe o, p(&) = — e Wllmlpf— — 55, (5.3.17)
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e— 1€ lon
2xn
our model operator quite a lot.

For x,, > 0, this equals —

, which clearly resembles the symbol-kernel of

The symbol p(§) corresponds to the operator P = %log(—A) on R™; let
J: f(@,x,) — f(2',—z,) be the reflection map; then the generalized singular
Green operators, cf. [GG0O8, Example 2.8],

Gt (P)=rtPe"J and G (P)=Jr Pe* (5.3.18)

have symbol-kernels
—1&'|(zntyn)
e
(5)) ‘zn=xn+yn o _m’
e~ 1€ [(@n+yn)

T @y, €) = (5, Fe,2ep
(5.3.19)

,g_ (xnvyn7§,) = (T;sz:zi’znp<§)) ‘z":_x"_y" - _W

We see that the generalized singular Green operator GG, with the model kernel
(5-2.9) as its symbol-kernel, arises as G = G*(—2 P) = —G*(log(—A)).
Another interesting observation in this connection: the function g(f’ , Tp) from

above is given, for x,, > 0, by

= 1 1 €_|§ |1'n 1
b(E ) = Fol, b(E) = _5( — - x_), (5.3.20)
such that
2 n f—l b 6_‘5/‘($n+yn) 1 5 3 21
N <TZ" En—zn (S)) }Zn:xn+yn o Tn + Yn - T + yn’ ( o )

which equals h(x,,, y,, ') from (5.2.24)).

Remark 5.3.2. In our preprints for [GGO§|, equation (2.9) there,
(log P); : H'(X,E) — H"(X,E)  for |t| <1, (5.3.22)

was stated as being valid for all ¢ > —%. This was a formulational error, for in
fact, it is not.
We can show this easily with the example u(y) = e¥: while u is in H(R})

for any t, the boundary symbol operator maps it to the function

v(z) = p(¢, Dy)yu(z) = L e (T(0,2¢'| — 2) + log(|¢']* — 1)) (5.3.23)

which is in Ly(R, ), but not even in H'(R,):

e
v'(z) = — 5 v(z) & La(Ry). (5.3.24)
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Looking at the product o(z')u(x,) for some ¢ € CP(R"!) and carrying the
situation over to the manifold X, it follows that the statement in ([5.3.22)) above
is not valid for ¢t > 1.

The error was corrected in the galley proofs.

Remark 5.3.3. Another reason we studied edge algebras was the following: It
is clear from Section [4.3] that an algebra of logarithms automatically would give
us an algebra containing the sectorial projections. Schulze and Seiler [SSe(2]
Theorem 4.3.4] describe an edge boundary operator D* with principal symbol

|€|#; from this, one could possibly obtain an operator with symbol log [£] as

d
—D* . (5.3.25)
d,U, n=0

However, as mentioned earlier, the edge algebra work was ended when it seemed

to take us too far astray.

5.4 APS operators

In our definition of the sectorial projection of a boundary problem B = (P+G)r,
we required that the boundary problem {P, + G — A\, T} was parameter-elliptic
— in the sense of Grubb — for A in two sectors.

Since normality is a necessary condition for parameter-ellipticity to occur,
cf. [Gru96, Lemma 1.5.7], this requirement excludes an important class of non-
normal boundary value problems, namely the Atiyah-Patodi-Singer (APS) oper-
ators. An APS operator is the realization of a certain class of boundary problems
for first order Dirac operators [APST5].

In other words, our Definition [£.2.3]of noncommutative residue does not apply
to sectorial projections of APS operators, since the definition of the sectorial
projection itself does not apply.

However, for a self-adjoint APS operator D, the projection Il onto the
eigenspaces of the eigenvalues in R, can obviously be interpreted as the sectorial
projection II (D), where | (T) corresponds to any angle in the lower (upper)
halfplane. Likewise for II. and II; (D).

For such an operator D, there are — to our knowledge — no results on trace

expansions coefficients Cy | (D) and Cy;(D), but we can instead define the residue
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analogously to Proposition [4.2.5}
res [T, = resIl|{(D) = Lres,on(D, s). (5.4.1)

The right hand side has been extensively examined — for more general APS-
type problems too — in e.g. [GSe96, Corollary 2.4], [BL99, Theorem 3.4], Woj-
ciechowski [Wo0j99, Theorem 0.2], Grubb [Gru03, Theorem 5.9], and vanishes in
certain cases.

However, [GSe96] Corollary 2.4.(2)] also gives examples of APS-type operators
P, for which the right hand side may be non-zero (see [GSe96] for notation):

resITs = 2 res,—on(Ps, s) = res,—o (P>, 2s) = &= Tr(olly(A)). (5.4.2)

Likewise, [Gru03l, p. 276-278] indicates that there might be cases where R(P) is

nonzero. In both cases, a closer analysis would be needed in order to verify this.

5.5 Other ideas

Finally, we sketch a few other ideas related to the question resIly ,(B) = 0. We

have not spent any significant time on these approaches, though.

5.5.1 Briining-Lesch

Briining and Lesch [BL99, Lemma 2.7] showed that, on a closed manifold, the
vanishing of ress—on(P, s) for self-adjoint ¢dos P is equivalent to the vanishing
of resII for any idempotent do II.

If one was to examine whether a similar equivalence holds on manifolds with
boundary, Proposition is clearly relevant; however, res;—on(B,s) has not
been studied thoroughly for general self-adjoint realizations B and not much is

known, as mentioned in connection with the proposition.

5.5.2 Adjoining projections to 2

Another approach might be to use entirely operator algebraic methods; for in-
stance, one could consider the smallest C*-algebra generated by &/ and all the
sectorial projections Ilp,(B), but a simpler path in this direction is to adjoin
a single sectorial projection II = Il ,(Pr) to &/ to obtain the sub-C*-algebra
¢ =C*(«,1l) C B(H) generated by 7 and II.
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Hopefully, one could then use some kind of K-theoretic arguments on this new
algebra € to extend the definition of residue and show its (possible) vanishing.

The description of the set of commutators [II,.27] is probably important for
this approach; for instance, if [II, @] C @11+ o7, then (&7, 11) = /11 4 o7, since
IT is idempotent and any combination of II with operators from .27 can then be

commuted.

5.5.3 Deformation

Given a projection Iy, (B), one final approach could be to make a continuous
deformation (through projections) to a projection which is essentially supported
in the interior. The idea of continuous deformations go back to Boutet de Monvel
himself, but also Albin and Melrose worked on this in their recent paper [AMOG].

However, it does not immediately seem to be a promising idea: deformations
usually go through elliptic elements, and the projections are not elliptic. One
could imagine making a homotopy B = Pr to B’ = Pj,, and then looking at
the path from Iy ,(B) to Il ,(B’) but it seems highly unlikely that this would
work, since continuous deformations are bad at “conserving the spectrum”, i.e.,
it is hard to imagine that all intermediate realizations in the path would satisfy
the requirements on the spectrum such that the sectorial projection could even
be defined.
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LOGARITHMS AND SECTORIAL PROJECTIONS FOR
ELLIPTIC BOUNDARY PROBLEMS

ANDERS GAARDE and GERD GRUBB

Abstract

On a compact manifold with boundary, consider the realization B of an elliptic, possibly pseudodif-
ferential, boundary value problem having a spectral cut (a ray free of eigenvalues), say R_. In the
first part of the paper we define and discuss in detail the operator log B; its residue (generaliz-
ing the Wodzicki residue) is essentially proportional to the zeta function value at zero, ¢ (B, 0),
and it enters in an important way in studies of composed zeta functions ¢ (A, B, s) = Tr(AB™*)
(pursued elsewhere).

There is a similar definition of the operator log, B, when the spectral cut is at a general angle
6. When B has spectral cuts at two angles 6 < ¢, one can define the sectorial projection Iy , (B)
whose range contains the generalized eigenspaces for eigenvalues with argument in 16, ¢[; this
is studied in the last part of the paper. The operator Iy ,(B) is shown to be proportional to the
difference between logy B and log, B, having slightly better symbol properties than they have.
We show by examples that it belongs to the Boutet de Monvel calculus in many special cases, but
lies outside the calculus in general.

1. Introduction

The purpose of this paper is to set up logarithms and sectorial projections
for elliptic boundary value problems, and to establish and analyze residue
definitions associated with these operators. Let us first recall the situation for
boundaryless manifolds:

For a classical elliptic pseudodifferential operator (y/do) P of order m > 0,
acting in a vector bundle E over a closed (i.e., compact boundaryless) n-
dimensional manifold X, certain functions of the operator have been studied
with great interest for many years. Assuming that P has no eigenvalues on
some ray, say R_, one has from Seeley’s work [16] that the complex powers
P~ can be defined as ¥do’s by use of the resolvent (P — A)~!'. Moreover,
the zeta function ¢ (P, s) = Tr(P %) has a meromorphic extension to s € C
with at most simple poles at the real numbers {(n — j)/m | j € N} (we denote
{0,1,2,...} = N). Thereisno pole ats = O (for j = n), and the value ¢ (P, 0)
plays an important role in index formulas. Let us define the basic zeta value

Received March 27, 2007.
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Co(P) by
(1.1 Co(P) = ¢(P,0) + vy,

where vy is the algebraic multiplicity of the zero eigenvalue of P (if any). It
is well-known how Cy(P) can be calculated in local coordinates from finitely
many homogeneous terms of the symbol of P.

Another interesting function of P is log P, defined on smooth functions by

— 1; l_ —s _ 1)1 .
(1.2) logP_ll\r‘r(l)znlg)u logh (P — X)) dX;

here A~ and log A are taken with branch cut R_, and € is a contour in C \ R_
going around the nonzero spectrum of P in the positive direction. By use of
the fact that log P = —j—s P L:o’ Scott [15] showed that

(1.3) Co(P) = — res(log P),

where res(log P) is a slight generalization of Wodzicki’s noncommutative
residue ([20], Guillemin [11]).

In the case of a compact n-dimensional manifold X with boundary 9 X = X'
(smoothly imbedded in an n-dimensional manifold X without boundary), one
can study the analogous operators and constants defined from a realization B
of a pseudodifferential (or differential) elliptic boundary value problem. Here
B = (P + G)r, defined from a system { P, + G, T} of order@ >0(me2)
in the Boutet de Monvel calcului [2], where P is a yvdo on X and P, is its
truncation to X (acting in E = Ely), G is a singular Green operator (s.g.0.)
and T is a system of trace operators. B is the operator acting like Py 4+ G with
domain

(1.4) D(B)={ue H"(X,E) | Tu =0},

where H" (X, E) is the Sobolev space of order m. In the differential operator
case, G = 0. Assuming that for A on a ray, say R_, {P; + G — A, T} satis-
fies the hypotheses of parameter-ellipticity of Grubb [6, Sect. 3.3] (consistent
with those of Seeley [17] in the differential operator case), one can define
the complex powers by functional analysis and study the pole structure of
C(B,s) =Tr(B™*) [6, Sect. 4.4], and in particular discuss the basic zeta value
Co(B) defined similarly to (1.1). However, in contrast with the closed mani-
fold case, the powers B~® do not lie in the calculus we are using (in particular
their {rdo part does not satisfy the transmission condition of [2]). Then it is
advantageous to build the analysis more directly on the resolvent, which does
belong to the parameter-dependent calculus set up in [6]. In fact, for N > n/m
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(such that (B — 1)~V is trace-class), there is a trace expansion for A — 00 in
a sector V around R_:

(15  Tr(B-nV =Y V(N L oaNT

0<j=n
(¢ > 0), and here
(1.6) Co(B) = ¢V,
independently of N. It is shown in [8] that for a generalization of (1.3) to B,

(1.7) Co(B) = — res(log B),

—5 are not

it is sufficient to be able to define log B; the complex powers B
needed.

The present paper gives in Sections 2 and 3 a detailed study of log B. For one
thing, this allows a more precise interpretation of the formula (1.7), initiated
in [8]. Another important purpose is to open up for the use of compositions of
log B with other operators. These are needed for the consideration of composed
zeta functions ¢(A, B,s) = Tr(AB™*) with general A from the calculus of
[2], or rather, trace expansion formulas for composed resolvents A(B — )~V
Such a study is carried out in [9] using the results on log B obtained in the

present paper. We show in Section 2 that
(1.8) log B = (log P), + G"¢,

where G'°¢ is a generalized singular Green operator satisfying a specific part
of the usual symbol estimates for s.g.o.s; its principal part has a singularity at
the boundary. In Section 3 we study its residue.

If, more generally than R_, the ray free of eigenvalues for B (the spectral
cut) is e’?R,. for some angle 6, the corresponding operator functions will be
defined by formulas where A™* and log A (as in (1.2)) are replaced by A," and
log, A with branch cut e’’R., and the integration curve runs in C\ e’’R .. The
functions are then provided with an index 6;

(1.9) o(B,s) = Tr(B,*), log, B = (log, P), + G"%.

When B has spectral cuts at 0 and ¢ forsome 6 < ¢ < 642, itis of interest to
study the sectorial projection I ,(B), a projection whose range contains the
generalized eigenspace of B for the sector Ag , = {re'” | r > 0,0 <w < ¢}
and whose nullspace contains the generalized eigenspace of B for Ay g1 it
was considered earlier by Burak [3], and in the boundaryless case by Wodzicki
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[20], Ponge [14]. We show in Section 4 that it equals ﬁ (logy B — log(p B) and
has the form

(1.10) [p,o(B) = (T1g,,(P))+ + Gg .

Here Iy ,(P) is a zero-order classical yrdo, which satisfies the transmission
condition when m is even, and Gy , is a generalized s.g.o., bounded in L in
the differential operator case. There are natural types of examples where Gy ,,
is a standard s.g.o. as in [2], but in general it will be of a generalized type
satisfying only part of the standard symbol estimates.

We expect to take up elsewhere the study of its residue, whose possible
vanishing is important for the study of eta functions associated with B.

2. The singular Green part of the logarithm

Let X be a compact n-dimensional C* manifold with boundary X = X',
provided with a hermitian C* vector bundle E. We can assume that X is
smoothly imbedded in an n-dimensional manifold X withoutboundary and that
E is the restriction to X of a bundle E over X. Consider a system {P; + G, T}
of operators in the Boutet de Monvel calculus [2] (pseudodifferential boundary
operators, ¥dbo’s). Here P is defined as a yrdo of order m > 0 on X acting
on the sections of E, and its truncation to X is

2.1) Py =r"Pe", r* restricts from X to X°, e™ extends by O.

To assure that P, maps C*°(X, E) into itself, P is assumed to satisfy the
transmission condition, which means that in local coordinate systems at the
boundary, where the manifold is replaced by R, = {x = (x1,...,x,) | x, >
0}, with notation x" = (x1, ..., X,—1),

(22) 3L0¢ pm—j(x',0,0, —&,)
= (=)0 p_j(x',0,0,8,)  for & =1,

for all indices; m is integer. (A discussion of such conditions can be found in
Grubb and Hérmander [10].) G is a singular Green operator in E of order and
classm,and T = {Ty, ..., T,,—}1is a system of trace operators 7} of order and
class k, going from E to bundles Fj over 0X, defining an elliptic boundary
value problem. In particular,

(2.3) Y dimF, = imdimE.

Details on these operator types can be found in [2], [6].
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We assume that the system {P. + G — A, T'} satisfies the conditions of
parameter-ellipticity in [6, Def. 3.3.1] for A on the rays in a sector V around
R_. In particular, it can be a differential operator system; here P and T are
differential, and G is omitted. A classical example is the Laplace operator on
a domain in R", together with the Dirichlet trace operator T = yy.

It should be noted that the hypotheses imply that the trace operator is normal,
as accounted for in [6, Section 1.5].

The system has a certain regularity number v in the sense of [6]; it is
an integer or half-integer in [%, m] for pseudodifferential problems, +oo for
purely differential problems.

From the system we define the realization B = (P + G)r as the operator
acting like Py + G with domain (1.4). By [6, Ch. 3], the resolvent R, =
(B — 1)~! exists on each ray in V for sufficiently large |A|, and is O(A~!) in
L, operator norm there. It has the structure

(2.4) R = Q).+ + Gy,

where 0, = (P —1)"! on X (which can be assumed to be compact), and G,
is the singular Green part. Since the spectrum of B is discrete, we can assume
(after a small rotation if necessary) that R_ is free of eigenvalues of B, and
likewise for P.

We shall define the operator log(B) = log((P + G)7), also written log B,
log(P + G)r, by
(2.5) log(P + G)r = lim L

fk_"'logARAdk,
02 Jg

to be further explained below; here € is a Laurent loop
2.6) . .
€ ={re" |oo>r>rgfU{ree’|mn>w>—-a}lU{re™ |rg<r < oo}

going around the nonzero spectrum of (P 4+ G)r in the positive direction.

Insertion of the decomposition (2.4) in the defining formula (2.5) shows
that Q, 4 contributes with

27  lim 2L / 2~ logart Q,et di = rt(log P)et = (log P).,
T Jg

where log P is well-known from the closed manifold case, cf. (1.2). Its symbol
in local coordinates is of the form

(2.8) symb(log P) = mlog[§] + I(x, &),
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where [ (x, &) is a classical ¥do symbol of order O (see also the lemma below),
and [§] is a smooth positive function that equals |£] for [§] > 1. The operator
is continuous from H'(X, E) to H'~ S(X E) for any ¢ > 0; hence

(2.9) (log P);:H'(X,E) > H°(X,E)  for |t| <3.

(The limit for s — 0 in (2.7) can be taken in this operator norm.)
In even-order cases, the transmission condition satisfied by P carries over

tol(x,&):
LEMMA 2.1. When m is even, l(x, &) satisfies the transmission condition.

PrOOF. As shown e.g. in Okikiolu [13], the symbol of log P is calculated
in local coordinates from the symbol g (x, &, A) of Q, by integration with
log A around the spectrum of the principal symbol p,, of P; here the quasi-
homogeneous terms in the expansion g (x, &, 1) ~ > jeN d-m—j (x, &, A) (ho-
mogeneous of degree —m — j in (&, |A| i) on each ray) contribute as follows:

— | loghg n(x.E ) dx

27 Jews
i _
=5 log A(pm(x, §) — )" di = log p (x, §)
(2.10) €.

= log([§1") + log(I§]7" pim(x, §)) = mlog[§] + lo(x, §),

— loghg_pm—j(x, 85, A)dr=1_;(x,§) for j >0,
27 J4(x.6)

where € (x, &) is a closed curve in C \ R_ around the spectrum of p,,(x, &).
Each [_; is homogeneous in & of degree —j for |§| > 1; for j = 0 it follows
since [£]7" pm(x, &) 1s so, and for j > 1 it is seen e.g. as follows (where we
set A =t"p):

Ljx 18) = o~ [g( S)log)»q_m_j(x,té,k)dk
X,t

I .
= (logo +mlogt)t ™" q_,,_j(x, &, 0)t"do
27 1= (x 1€)

=171 j(x,&) +mt” flogt— q-m—j(x,§,0)do,
27 Jo.e)

where the last term is zero since g_,,_; i8 O (lo|™?) for |o| — oo when j > 0.
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When m is even, we see that the transmission condition (2.2) carries over
through the calculations (2.10) to the corresponding property for [(x, £), since
the parity of —j is the same as that of —j — m.

Now consider the contribution from G,. Here we shall use the following
observations:
(2.11) _
Qi +27' =+ A7 (P =10y =2""PQ; on X,

R, + 17!
=R+ 17" (Py + G — MR, =17 (P + G)(Qs.+ + G))
=1"'[(PQu)+ — L(P, 0:) + GQ;. 4+ + (P+ + G)G;]
= Qit++ A"+ AT-L(P, Q)+ GQs s + (P+ +G)G,] on X;

they imply in view of (2.4) that G, may be written as
(2.12) G, =A""[-L(P, Q) + GQ;. 1 + (P+ + G)G;].

Here L(P, Q;) = GT(P)G~(Q,) in local coordinates. (The latter formula
is accounted for in [6, (1.2.49-50) and Sect. 2.6]; we recall that GT(P) =
r*Pe”Jand G~ (P) = Jr~ Pe™, where e* extends by zero from R”. to R", r*
restricts from R” to R’ , and J is the reflection map J: u(x’, x,,) — u(x’, —x,).)
By [6, Th. 3.3.2], G, is of order —m and regularity v; moreover, (2.12) shows
that it is A~! times an s.g.0. of order 0 and regularity v (by the composition
rules in [6, Th. 2.7.6-7)).
Since

0:Ly(X, E) » H"*(X, E),

a with norms O (A ~¢/™),
Gy:Lay(X, E) - H" (X, E),

for ¢ € [0, m] (a standard observation used also in [6, pp. 409—410]), each of
the terms in [ ] in (2.12) maps L, (X, E) to H™°(X, E) with norm o(A—8/m).
Then we can perform the integration in this operator norm (letting s — 0),
defining the s.g.o.-like part G'°¢ of log(P + G)r by

g _ L
G™ = log LG, dA
2 €
(2.13) )
i
= E,/ A og A[=L(P, 03) + G Qs+ + (P+ 4+ G)G,1dA,
4

also written as
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(2.14) G9& = —G+(P)l—/ A 1ogAG ™ (Q;) dA
21 €

+GL/x—llongA+dx+(P++G)’—/x—llogmkdx,
2 € ' 2 €

when localized. It is a bounded operator from L, (X, E) to H *(X, E). Sum-
ming up, we have found:

THEOREM 2.2. The logarithm of the realization B = (P + G)r satisfies
(2.15) log B =log(P + G)7 = (log P), + G'¢,

where log P is the logarithm of P on X, and G'*¢ is defined by (2.13), (2.14);
the terms are bounded operators from L,(X, E) to H™*(X, E) (any ¢ > 0).

The operator G'°¢ is a generalized singular Green operator, in the same
spirit as the generalized s.g.0.s G studied in [6, Sect. 4.4] (the s.g.0.-like
parts of the powers B~*), and one can show as in [6, Th. 4.4.4] that there is a
symbol-kernel satisfying part of the usual L, ,, ,, (R%r ) estimates for s.g.0.s,

allowing Df/, D¢, (x, D, )* and (ynDyn)l in arbitrarily high powers (with
exceptions for the principal term), and allowing some applications of x* D§

and y’ Dly'n , limited by the regularity and other restrictions. We account for this
in Theorem 2.6 below; let us first consider an example.

ExaMPLE 2.3. Let P = 1 — A on R. It is easy to see that the solution
operator for the Dirichlet problemfor P —A =1—A —i, 2 € V = C\R4,is
R, = Q0,4 +G,, where Q; isthe ¥rdo (1—A—A)~! with symbol ((£)>—1)~!,
and G, is the singular Green operator with symbol-kernel %e"“ Cntdn) s jo) =

("> =) 3 (We here use the well-known notation (x) = (xl2 +- .- —I—x,% +1) > )
It follows that

(2.16) log P = OP(21log(£)).

To find out how G'°¢ acts on functions ¢ € Cy°(RL), we write (using that
e~*1n ) is rapidly decreasing in A on the rays in V when y, is in the support

of ¢):

Gt = Lf log AG; ¢ dxr
2w €

i 0 e _1
= —/ / / log)\‘ elx -£ _e—KI(Xn'f‘yn)(‘é(&l’ yn)dyn d%‘/ d)\"
27[ € JR-1 JO 2K1
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with ¢ denoting the partial Fourier transform ¢ (&', y,) = Fy_e0 (Y, yu).
Here we can calculate
2.17)

1 0
l_ / log A_—le_Kl(Xn‘Fyn) d}\’ — / ;le_((§/>2_l)%(xn+)7n) dt
27 Je 5 2k oo 2((8)7 — 1)}

o (EV+9)2 () g

o0 1
/o 2((")2 +5)2

* 1
— / _e_u(xrl+)’n) 2u dl/l
&) 2u

1
= e

_<%—,>(xn+yn)
Xn + Yn

using that the log |A| contributions cancel out (as in [8, Lemma 1.2]). Thus

GlOg / / (S’)(xn"l‘yn)(p(é-/’ yn) dynds/.
Rr-1 xn + yn
This shows that G'°¢ is a generalized kind of s.g.0. with symbol-kernel
1 /
(2.18) o8 (x, Xy, y, E) = o~ (EN Gty
Xp + Yn

Since the operator with kernel is bounded in L,(R.) (as a truncation of

n+ n
the Hilbert transform), it follows that G'°¢ is a bounded operator in Ly(R%).

Note that 3, g'°¢ is a standard s.g.o. symbol-kernel, and that xnglog is
bounded.

The same calculations with (&') replaced by |&’| show that for P = —A,
G'°¢ has symbol- kernel —— y —L_ &Gt for || > 1.

In the general dlﬁ‘erennal operator case, G'°¢ is qualitatively very much
like in this example. Here one can directly use the symbol-kernel estimates and
boundedness considerations worked out by Seeley in [17], [18]. Notationally,
we follow [8]; in particular, the enumeration of quasi-homogeneous (resp.
homogeneous) terms in the asymptotic expansions of singular Green symbol-
kernels (resp. symbols) have been shifted by one step in comparison with [6],
in order to have the same index on an s.g.o. symbol-kernel (resp. symbol) and
its normal trace. For example, the principal part of a symbol-kernel g of order
—m is denoted g_,, (although the corresponding symbol g_,, has homogeneity
degree —m — 1). We shall use the notation < (resp. >) to indicate “less than
or equal (resp. greater than or equal) to a constant times”, and = to indicate
that both < and > hold.
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THEOREM 2.4. Consider the case where P is a differential operator, G = 0,
and the trace operators Ty, ..., T, _1 are differential operators. In this case,
the singular Green part G, of the resolvent is of regularity +o00 and its symbol-
kernel inlocal coordinates g ~ =0 8—m—j, expanded in quasi-homogeneous
terms

(2.19) G <x/, -2 rmx)
="M (& Xy €N for 1= 1 1€ = 1,

. . . . 1
satisfies estimates on the rays in V, withk = |&'| + |\|m:
(2.20)
B o knk I nl NP | = l=—m—|a|—k+k'—I+l'—j—mp ,—cKk (Xy+Yn)
|D} D¢ xy Dy yi D\, DY g_u_j| <« e

for all indices, when k > ¢.
Then G'¢ is, in local coordinates near X', a generalized singular Green
operator

o0
G *ulx) = / f X E GO v ENVGE, ya) dyn dE
(2.21) Rt Jo
= OPG(8"%(x', X, Yn, &)u(x)

with g1°¢ ~ D jeN glff; here the j’th term is quasihomogeneous:

2.22) g (x/, x? n rg’)

t

_ d—j=log  ; / ’

=1 785, Xn, yn, &) for t =1 and |§7] = 1,
and satisfies, when |&'| > &,

B kpk' Il 5108 &y er —lal—k+k'=I4+1'—j _ 1 —cl&'|(xa+yn)
(2.23) |DEDExEDE yiD! g% < (g7 e A

for the indices satisfying
(2.24) —k+k -1+ —|a|—j<0O.

It follows in particular that G'® is a bounded operator in L »(X, E) for
l < p < oo

ProoF. The estimates (2.20) were shown in [17, (29)], [18]. Because of the
fall-off in A, they allow us to define the j’th term in the symbol-kernel of G'°¢
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for [§'] > & by

gl_of(x/a Xns Yn» é,.:/) = é/ lOg)\.g—m—j(X/, Xns Yn» %-/, )M) di
(2.25) ‘

(0]
=f Gom—j(x' Xy, yu, &', —5) ds;
0

here we rewrote the integral as in (2.17) (and [8, Lemma 1.2]). The homo-
geneity is seen from the last integral, using (2.19). The function is estimated
as follows, for the indices satisfying (2.24), when we use that |£'| 4 sno=

(&)™ + )i
(2.26)
/ |
| DL Dgxk DY vl DY 8%

o
/ Df,Dg/xﬁDf ylelyng_m_j (x', Xpy yn, &', —5) ds
0

n

o0

. — — f_ I 1\1— (M %

< gl f (&' 4 sym) " (81T ) g g
0

o)

— p— /7 /7. p— — —

— |%./| loe| —k+k"—1+1 jf ul me cu(x,,er,,)mum 1du
1§’

— |$/|—|Ol|—k+k/_l+l/_] m e—C|§,|(Xn+yn)
c(xn+yn)

The operator G'°¢ is defined from a finite number of these symbol terms
multiplied with an excision function ¢ (|€’|), where
(2.27)
(1) € C*(R), ¢(t) =0 for |r] <61, &) =1 for |t] = 6,

plus an integral as in (2.13) of the remainder of G, which can be taken with
arbitrarily high smoothness of the kernel and decrease for A — oo, cf. [18,
(2.14)]. Applying the arguments of Theorem 1 of [18] (using Lemmas 1 and 2
there invoking Mihlin’s theorem and the Hilbert transform) one finds that G'°¢
is L ,-continuous as asserted.

REMARK 2.5. The lower order terms in g'°2 and the derivatives are not as

singular for x, + y, — 0 as (2.23) indicates. In fact, the symbol-kernels one
step down can be estimated as follows:

(2.28) When —k+k' =141 — || —j < —1,
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0o
~1 / 4 —1— —
‘D'B Dotkak ynDl og| = |§- | |oe| —k+k —1+] j+1/ u 1 eue cu(xy+yn) du
&1

{ |S/|—|Ol‘—k+k/—l+l/—J+]+€ _Cu(xn+yn)

sup ‘uge
MER+

. —lot|—k+k'—1+"—j+1 —
< |$/| lot| —k+k"—1+1"— j+ +8(xn+yn) &

9

for ¢ > 0. The symbol-kernels two steps down are bounded for x,, + y, — O:

(2.29) When —k+k —I1+1 —|a| —j < 2,

o0
k k' I' ~lo —k+k =1+ —j+2 Ly—m—1
‘D’BDO[ Dt y,,D g! <€ | —k+K =14+ — j+ / (|%'/|-|-Sm) ds
0
é |$/|—|a\—k+k/—l+l/—j+l’

and the smoothness at 0 increases with increasing |«| and ;.

Now let us turn to the pseudodifferential case and the methods of [6,
Sect. 4.4].

THEOREM 2.6. Let { P, +G, T} have regularity v € [% oo[, and define G'°2
by (2.13). Then G'°¢ is, in local coordinates near X a generalized singular
Green operator as in (2.21) with g2 ~ ZjeN g J, here the j’th term is

quasihomogeneous as in (2.22) when j > 0, and the series approximates g'°¢
asymptotically in the sense that

(2.30) HD’SD“ kD" yn[ 2 (g lalkek =

Y]

j<J

L2,xn,yn
holds for the indices satisfying
—k+k —14+1—|a|—J <0,

2.31

23D [k —K1-+1[-1']- <v.

Moreover,

(2.32) | D Dz xk DY v D! g% HLZX,, = (&)l ek 1

holds for these indices.

With ¢(t) defined as in (2.27), the above symbol-kernels multiplied with
£ (x,)¢ (yy) satisfy estimates for all o, B, J, k, k', 1,1' with (€'Y~ any M, in
the right-hand side.

Proor. This is modeled after the proof of [6, Th. 4.4.4] and the remarks
preceding it.
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We recall from [6, Th. 3.3.9] that the symbol-kernel g(x’, x,, y,, ', 1) of
G, (in a local coordinate system) has an expansion in quasi-homogeneous
terms g ~ ) >0 g—m—; satisfying (2.19) in V, and that one has for all indices,

denoting A = —u™e'® (u > 0), (|&'> + u? + 1)% = (&', u):

HD’8 DgxkDE yi D! [ —> &m- ,]

j<J L2 .3y .y
(2.33) L (EYM A E )M E
| &y when M’ < v,
- { (E) M (g py =M when MY > v,

with

M =[k—-kKl++[1-114+ x|+ J,
(2.34) M'=[k—-K1_+1[-17_; )
M +M'=—-k+k -1+ —|a| - J.

The notation N = max{xN, 0} is used, and we have (as recalled earlier)
changed the indexation from [6] by one step as in [8].

Let us first observe that the “error terms” and remainders in the resolvent
construction, that are negligible in the class of operators of order —m and
regularity v, give rise to generalized s.g.o. error terms G’ here, satisfying
estimates of the type (as in [6, Lemma 2.3.11])

HDﬂ Dakak ynDl g/

L2~~’(n »yn

(2.35) M / log 2. (1)~ === =I=T10/m g5
€

< (g™, for any M, when [k — k- +[I —1']_ < v.

It follows that the corresponding kernels ¢ (x, y) satisfy, for these indices:

oy X < 00.

(2.36) sup| DY, xk DYy, DY Her|)
x/’y/ sXn,Yn

For j > 0 the L, ,, y -norm of g_,_; is O(\~1=1/2my since v > %, SO
the corresponding term g £ can be defined directly for |£'| > 1 by Cauchy
1ntegrals asin (2.25), convergent inthe L, ., ,, -norm. The quasi-homogeneity

ofg is seen as in (2.25) by using [8, Lemma 1.2] in L, ,, ,, -norm.
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We use the estimates (2.33) to see that for §'°¢ — 3~ _, §1_°§ with J > 0
(so that the first term is excluded), the integrand in the corresponding Cauchy

integral is O(A~!7%) in Ly, y,-norm (some & > 0), when

(237) —k+k' =14+ —|a|—J <0, if k=K1 +U -1+ |a|+J < v,
and when

(238) [k—K1_+[U—-01-<v, iff[k—Klo +U—-01s + o] +J > .

Then the integral converges and defines a symbol-kernel satisfying the asserted
estimate. Since

—k4k =1+ —|a|=J = k=K1 +[1-1"-— (k=K +[ =11+ a4+ T),

we see that the conditions “if ...” can be left out in (2.37)—(2.38), leading to
the formulation (2.31).

We still have to consider the first term g})‘)g in g'°¢, defined from the prin-
cipal part g_,, of g. Here we use that g_,, can be found by performing the
resolvent construction on the principal boundary symbol level for the corres-
ponding operators on L,(R,), and that they obey a one-dimensional version
of the identities in (2.11). So we can replace g_,, by the symbol-kernel of the
principal boundary symbol version of (2.12), which gives a convergent Cauchy
integral, when the A-independent factors are pulled outside of the integration.
In a formal sense, we can ascribe it a symbol-kernel gﬁ;’g (X', X, Yu, &'). The
resulting boundary symbol operator is continuous from L,(Ry) to H °(Ry)
fore > 0, ateach (x’, £'). If we define the functions derived from g};’g “weakly”
by

/ -
Df/Dg/'xf{l{Dlchy}{lDingoog(-x/, Xn, yn’ S/)
i 4 /
] E [glog)» Df,D?/x’]’:Dl;nyrllDizng—m(x/,.xn, Vs 5/’ )\‘) d)\,’

we can use that the integral converges in L, ,, ,, -norm when the indices satisfy
(2.31). In this sense, the estimates (2.30) hold also when J = 0 in (2.31).

The estimates (2.32) of the individual terms follow from (2.30) since gl_"% =
(8 =%, &%) = (8 = X1 275):

Finally, for the statements on the symbol-kernels multiplied with
£ (x,)¢(y,), note that £(z) can for any k € N be written as t*¢;(t) with a
bounded smooth function ¢, so from the already shown estimates we can in-
fer arbitrarily rapid fall-off in &’ by rewriting with arbitrarily high powers of
x, and y,.
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If R, has infinite regularity, v can be arbitrarily large in the second line of
(2.31), so the line can be left out. Note that even then there is a limitation on
the indices for which we get standard s.g.o. estimates.

While G'°2 is the primary s.g.0.-type operator to consider in this con-
nection, it is also of interest to study some other s.g.o.-type operators here,
namely, in local coordinates, G (log P) = r*(log P)e~J and G~ (log P) =
Jr~(log P)e™, with notation as in the text after (2.12). The operators
G*(log P) have properties very similar to those of G'°¢:

THEOREM 2.7. The operators G*(log P) are defined in local coordinates
by

Gt (logP) =rtlogPe”J =r+l—/ logA Q) dre™J
2 €

=— [ A '1ogAGT(PQ,)dA,
2 €
(2.39)

G (log P) = Jr~ log Pet = Jr_L/ logh Q) dre™
2 €

=— [ A 'ogAG~(PQ;)dA.

2 €
Their symbol-kernels g*(log p) have properties like those of g'°% in The-
orem 2.6, with v = m.

In particular, when P is a differential operator, the s.g.o.s GE(Q;) satisfy
Seeley’s estimates (2.20), and hence the operators G*(log P) have symbol

estimates and boundedness properties like those of G'°2 in Theorem 2.4, Re-
mark 2.5.

PrOOF. The defining integrals are established by use of the first formula in
(2.11), noting that GE(A~') = 0. By [6, Th. 2.7.4], G*(Q,,) is a parameter-
dependent polyhomogeneous family of s.g.0.s of order —m and regularity m —¢e
(any ¢ > 0), since Q, is of order —m and regularity m. The symbol-kernel
then satisfies estimates like those for g in Theorem 2.6, with v = m — &. The
method of Theorem 2.6 leads to the conclusion that the resulting symbol-kernel
g% (log p) has properties like those stated for g'°%, with v = m — &; here & can
be removed since the second inequality in (2.31) is sharp.

For the second statement, we must show that the Seeley estimates (2.20) are
valid for the homogeneous terms in the symbol-kernel of G*(Q;). But this is
easy. Consider e.g. GT(Q3). Using the Taylor expansion of the symbol of Q;

atx, = 0:
g0, %0, E,0) ~ ) xhdl g(x, 0,8, 3)
leN
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we have from [6, Th. 2.7.4] that

/ -! /
gH @ & W) ~ D 5D, gt [0l q(x', 0, €, W],
leN

where gt[f1(&,, n,) is the s.g.0. symbol corresponding to the symbol-kernel
g7 [f1(xs, ya) defined by:

§+[f](-xl’la yn) = (r;;[ngzl—)zn f])lzn:xn+y11’

The homogeneous terms in the symbols chnq (x’, 0, &, L) are rational functions
of &, with %m dim E poles in Cy = {z € C | Imz = 0}, lying inside a
circle of radius Ck and having a distance > ck from the real axis, for suitable
positive constants C > c. (A more detailed description is given e.g. in [6,
Remark 3.3.7].) For simplicity of notation, consider the j’th term q_,,_; itself.
The inverse Fourier transform evaluated at z,, > 0 can be written as an integral
of eiz"é:"q_m_ j(x’,0,&,&,) over the curve bounding the intersection of the
circle {|§,|] = Ck} with the halfplane {Imé&, > c«} (lying in C;). We get
the factor e ““*" since |eiZ"5"| < e “““ on the curve. (Similarly, the inverse
Fourier transform evaluated at z,, < O can be written as an integral over a
closed curve in C_ with Im &, < —c«k.) For the resulting symbol-kernel, this
gives the factor e~““®»*¥); the power of « in front is seen from the degree of
the rational function.

Once the estimates (2.20) are established, the rest of the proof goes as in
Theorem 2.4.

ExampLE 2.8. For P = 1 — A as in Example 2.3, one finds by direct
calculation of the inverse Fourier transform w.r.t. £, that G*(Q,) both have
the symbol-kernel

1

(2.40) gt =g = —e lutm)
2/(1

with k; = ((£)? — k)%. Then the calculations of Example 2.3 can be used
again, to see that
(2.41)

- , - —1
g log p)(xX', Xy, yu, €) = &~ (log p) (X', X, yu, §) =

e_<§/>(xn+yn) .
Xn + Yn

For P = —A, the calculations give that the symbol-kernel of G*(log P) is

ﬁe”é/“xﬁy’l) for |&€’| > 1; the same holds for P = OP([£]?).

When the order m is even, there is a remarkable simplification in view of
Lemma 2.1:
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PROPOSITION 2.9. When m = 2k, k integer > 0, then in local coordinates,
the symbol-kernel of G*(log P) satisfies for |E'| > 1:

_k /
(2.42) §5(log p)(x', Xy, Y §) = ———€ F1OT 4 gE0G x,, y,, €,
Xp + Yn
where g50(x, X, Yu, &) is a standard singular Green symbol of order and
class 0.

PrOOF. We here have in view of Lemma 2.1 that the symbol of log P is the
sum of k log[£]? and a symbol /(x, &) of order O satisfying the transmission
condition. Then we can apply Example 2.8 to the first term and the standard
G* construction (of [6]) to the second term.

Thus in the even-order case, the terms in G*(log P) of order < 0 satisfy
all the standard s.g.o. estimates.

3. Trace formulas

The normal trace tr,, G of a singular Green operator G with symbol-kernel
g(x’, x,, yn, &) in alocal coordinate system is the ydo S = tr,, G with symbol

(3.1) s(x',E) =(r,9)(x', &) = /0 g(x', x,, x,, € dxy,.

In the differential operator case, we see from the estimates (2.23), (2.28),
(2.29) that tr,, gl_"f.’ is well-defined for j > 1. (Example 2.3 shows that this will
generally not hold for the principal part.) In view of the homogeneity (2.22),
tr, gfl_"j'? is homogeneous of degree —j in & for |§’| > 1, hence a classical {rdo
symbol of degree — j. In the pseudodifferential case, we have when v > 1 and
Jj = 1 that the L, ,, , -estimates of §1,Of, ynélff, 0y, glj’f and y,d,, glj’f imply
as in [6, pf. of Th. 3.3.9] that there is a well-defined normal trace, again a
homogeneous classical symbol of order —j. This estimation applies also to
remainders g'°¢ — i<l glj’f for J > 1.

1
2

of 8},n§l_°f needed for this argument. However, it is still posssible to take the
normal trace of G,, subtract the principal part, and integrate the remaining
operator with log A to get a classical ¥rdo of order —1.

For v = 3 or 1, the estimates in Theorem 2.6 do not provide the estimates

THEOREM 3.1. In a local coordinate system, let S, = tr, G, with sym-
bol s(x', &', 1) = (tr, 8)(x", &', 1), expanded in terms s_,,_;j(x', &', 1) =
(tr, §—m—;)(x', &', A). Define the parts of G, and S, of order —m — 1 by

G)»,Sllb = G}» - OPG(g—m(x/’ xn’ yna 5/7 )\‘))’

3.2)
SA,sub =1tr, G)»,sub = SA - OP/(S—m(x/’ 5/, )"))
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(the remainders after subtracting principal parts), and let

1 i
(3.3) Gat = - /qglogk G.sub dA,
with symbol-kernel g g b = glog — glog. The formula

lo i
(3.4) Sop = - [g log A Si._sub dA

defines a classical Wdo of order —1, with symbol slﬁ% (x’, &") expanded in terms

(3.5  sue ) s)——flogks_m_j(x/,é/,k)dk, j=1
€

log

log .
When v > 1, S_¢ is the normal trace of G o3

ProoF. Since G, and G, g, are of regularity v > %, Sy and S, qub are of
regularity v — i > %, cf. [8, Section 3]. In particular, the symbols in S; s
are O (A~!=1/4m) on the rays in V so that the integrals in (3.4) and (3.5) make
sense.

As accounted for in the text before the theorem, there are estimates in
the cases v > 1 that allow interchange of the A-integral with the x,-integral

involved in taking tr,,.

For the operator in Example 2.3, we note that S, = tr, G, is the yrdo with
symbol —(2«1) 2 = — 1 ((§")* =) 7!, soits log-integral gives — 1 log(1—A ).
This demonstrates that the “log-transform” of the principal part of S; will not
in general be a classical ¥rdo.

Finally, we shall connect this with the study of the expansion coefficient
Co(I, (P + G)7) in the last section of [8]; we here write it simply as Co((P +
G)7) (or Co(B)). It is known from [6, Sect. 3.3] that when m > n, the trace
of the resolvent has an expansion in powers of —A,

(36) TI'R)L = Z Cl(—)\.)%_l + O(A—l—ﬁ)’
0<I<n

and a similar proof shows that for general m > 0, the expansion holds for a
sufficiently high iterate:

N-1

0, o 1
(3.7 Ter':T (N—l)' Z CI(N)( NN 4 ( N—m)'
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Define the basic zeta value as the coefficient of (—A)™V:
(3.8) Co(B) =",

it is independent of N. If B is invertible, Cy(B) equals the value of the zeta
function ¢ (B, s) — the meromorphic extension of Tr(B™) —ats = 0. If B
has a nontrivial nullspace, the constants are connected by

(3.9) Co(B) = ¢(B, 0) + vo,

where vy is the dimension of the generalized eigenspace of the zero eigenvalue

There are similar expansions as in (3.7) of the traces of the yrdo iterates oy y
on X, truncated to X, that follow from integration over X of the diagonal kernel
expansions, as established in [6, Sect. 3.3] (with remarks); it is the s.g.o0. con-
tribution that presents the greater challenge in [6]. In view of the identifications
in [8, Sect. 1], the coefficient of (—A)™" here equals —% res; (log P), where
the plus-index indicates that the pointwise contribution to —n% res(log P) isin-
tegrated over X only. It can also be regarded as —% res((log P).), extending
the notation of [4].

The constant Cy(B) was analyzed in [8, Sect. 5] in relation to residue
formulas, and we can now improve the result with further information.

THEOREM 3.2. One has that
(3.10) Co(B) = —— res+(10g P)— - resX/(Ssub)

where the terms are calculated as sums of contributions from local coordinate
patches of the form

/ / trl_,(x,&)dS()dx, resp.
1 Jigl=1

/ / tlrswbl n(x £)dS(E)dx'.
Rr-1 Jig"=1

The term —%res+(log P) has an invariant meaning as the coefficient of
(=)~ in the expansion similar to (3.7) of Tr(((P — X)~N),), and hence
the last term in the right-hand side of (3.10) likewise has an invariant mean-
ing.

When the problem is differential, or when the problem is pseudodifferential
with regularity v > 1, then res X/(Sizﬁ) is, in local coordinates, the residue of

(3.11)

the normal trace of unb
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PrOOF. It was shown in [8, Sect. 5] how Cy(B) is found from integrals of
the strictly homogeneous symbol terms of order —m — n in (P — A)~! resp.
of order —m — n + 1 in G,; the proof given for the case m > n extends
to general m when the iterates are used, cf. [8, Remark 3.12]. It was shown
moreover that these integrals by use of [8, Lemmas 1.2, 1.3] could be turned
into log-integrals as in (3.5). In those proofs, the log-integration is applied
after the tr,-integration, so the boundary term is really res(Slﬁ%), as defined in
Theorem 3.1.

When v > 1, in particular when the problem is differential so that v = oo,
Theorem 3.1 shows that 1% is the normal trace of G°%, so the assertion for
the residues follows.

What we gain here in comparison with [8, Sect. 5] is a little more insight
into how the boundary term stems from the s.g.o.-like part of log B, plus the
inclusion of all orders m > 0. At any rate, since Cy(B) is an invariant, we can
propose it to be the residue of —n% log B:

DEeFINITION 3.3. When {P, + G — A, T} satisfies the hypotheses of para-
meter-ellipticity given above, the residue of log(P + G)r is defined to be the
constant

(3.12) res(log(P +G)r) = —mCo((P+G)r) = res, (log P)+resx (Sws),

as calculated in Theorem 3.2.

This is consistent with the definition of [4]. We note that certain steps in an
explicit calculation of this constant depend very much on localizations, e.g.
in the steps of discarding the principal symbol and taking tr,. A number of
similar or more general residue definitions are made in [9] for compositions
of ¥rdbo’s with components of log Py (when Pr is defined from an even-order
differential problem). These residues do have a certain amount of traciality:
res([A, log Pr]) = 0 holds for operators A of order and class zero (cf. The-
orem 6.5 there).

It should be noted that Definition 3.3 does not cover the case of first-order
differential operators with spectral boundary conditions, since such boundary
conditions are not normal. But for such boundary problems (Atiyah-Patodi-
Singer problems [1]) there exists a wealth of other treatments, adapted to
the specific situation. The results there often depend on additional symmetry
properties. (See e.g. [7] and its references.)
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4. Sectorial projections

Now we turn our attention to a certain spectral projection connected to the
realization (P + G)r; namely a projection whose range contains the closure
of the direct sum of the generalized eigenspaces for the eigenvalues in a sector
of the complex plane. Such projections have been studied earlier by Burak
[3], Wodzicki [20], and Ponge [14]; the latter gives a detailed deduction of the
basic properties in the case of classical ¥do’s on closed manifolds. We recall
the properties below, supplying them with some additional information.

In order to apply the techniques to different types of operators, we first
consider an abstract situation where A denotes an unbounded, densely defined,
closed operator in a Hilbert space H. It is assumed to have the following
properties:

A has a resolvent set containing two sectors Vj and V,, around ¢’R; and
¢'YR., respectively, for some 0 < ¢ < 0 + 27, the resolvent (A — A)~! is
compact, and [|(A — )~ !|| is O(A~") for A going to infinity on each ray of
these sectors. (We refer to Kato [12] for general background theory.)

For x € D(A) and A on a ray in either sector, we have

(4.1) I2TAA =) < IATA =0T - 1Ax ] = 007,

so that A~ A(A — 1)~ 'x is integrable for |A| — oco.
Then define the operator Iy ,(A), the sectorial projection, with domain
D(A) to begin with, by

4.2) Mo, (A)x = — [ A 'AA-Dxdr,  xe D(A),
27 Ty,

where the integration goes along the sectorial contour
4.3)
[y ={re'?| oo>r>r0}U{r0e""|(p2a)20}u{re’9 | ro < r < oo},

with r( taken so small that 0 is the only possible eigenvalue in {|A| < ro}. If the
operator is bounded in H-norm, we extend it to H. This operator is a spectral
projection in the following sense:

For each A € 0 (A), denote the generalized eigenspace by £},

E, = U ker(A — L)
keN

(it equals ker(A — A)% for a sufficiently large ko). For @ < B, set

Agp=1{ré®|r>0a<w<p,}, Eap = trconn., B
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PRrOPOSITION 4.1. l'Ig,(p(A)2 = Iy ,(A), i.e. 1y ,(A) is a (possibly un-
bounded) projection in H. Its range contains Eg , and its kernel contains
Eo+ Ey o427 ‘

(a) If A has a complete system of root vectors, i.e. +jcqa)E) is dense in
H, then Iy ,(A) is the bounded projection onto Ey , along E + Ey 6107

(b)If Aisnormal, i.e. A*A = AA*, thenTly ,(A) is the bounded orthogonal
projection onto ®;.co(A)nn,,, Ker(A — 1) along @jco(a)\a,, KET(A — 1).

Proor. Except for a few elementary considerations regarding the domain
and closedness, the proofs of [14, Propositions 3.2, A.4, and A.5] carry over
almost word for word to the present setting (it should be noted that some
contours in [14] have the opposite orientation).

In (a) and (b), the boundedness of Iy ,(A) follows from the fact that the
kernel and range are closed.

In certain important cases, Iy ,(A) can be seen to be bounded regardless
of whether the hypotheses of (a) or (b) can be verified; as shown in [14,
Proposition 3.1] this holds when A is a ¥do of order m > 0 on a closed
manifold. We shall see below in Theorem 4.6 that it also holds for the realization
of a differential elliptic boundary value problem.

As shown below, the sectorial projection has a direct connection with the
choice of spectral cut in our definition of the logarithm of an operator. Using
arguments as in Section 2, we can define the logarithm of A with a branch cut
at the angle 6 as

.1 s _
(4.4) log, A = lim 5 L oz A =0

where the subscript 6 indicates that A7° log A is chosen to have a branch cut
along e’?R_, and the contour is the Laurent loop
4.5) € ={re'’ | oo >r > ry)
U{ree’® |0 >w >0 -2} U{re%2) | ry < r < 00}.
The following proposition eliminates the limiting procedure of (4.4) and

gives a useful alternative description of ITg ,(A). A proof can be found in the
Appendix.

PROPOSITION 4.2. For x € D(A) we have the identities

(4.6) logy Ax = — [ A"Vlog, AA(A — M) 'xdr  and
2w %,
: _0
@7 My,(dx=-— | A-n"xdr+ 2,
2r Top 2r
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where the integral in the right-hand side of (4.7) is an improper integral.

Next, we include a lemma which will be useful for our considerations
regarding expressions involving different branches of the logarithm. Again, a
proof is available in the Appendix.

LEMMA 4.3. Let f(A) be a continuous (possibly vector-valued) function on
the “punctuated double keyhole region”

4.8) Vs ={reC||A| <2rpor|argr—0| < dor|argr—¢| < 5}\{0},

such that f(A) is O(A™'7%) for |L| — oo in Vyo.s- Then

4.9) / logy Af () dA — / log, Af(A)dr = —2mi S dar.
o

¢ FO,«J

We can use this lemma to describe the relation between Iy ,(A) and log-
arithms of A as follows:

ProrosITION 4.4. For x € D(A),

(4.10) logy Ax — log, Ax = / ATTAA — W) 'xdh = —27iTly 4 (A)x.
|

When Iy ,(A) is bounded, so is logy A — log(p A, and

i
(4.11) M,y (A) = 5—(logy A — log, A).

PrOOF. For x € D(A), the expression f(1) = A~'A(A — A)"!x is holo-
morphic in V,, s for some ry, § > 0, and f(4) is O(L7?) for |A| = oo in Vio.s
by (4.1).

Hence we can apply Lemma 4.3, and insertion of the expression for f(A)
into (4.9) gives

(4.12) / logg AA T A(A — 1) da — / log, AA ' A(A — 1) x dA
) €,

= —2m'f ATAA =) da.
Ty

Then (4.10) follows from (4.2) and (4.6).
If Iy ,(A) 1s bounded, (4.10) extends to all x € H since D(A) is dense in
H, and (4.11) follows.
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With the results above at hand we return to the realization (P + G)r.
Modifying the assumption of Section 2 a little, we now assume { Py +G — A, T'}
to satisfy the conditions of parameter-ellipticity in [6, Def. 3.3.1] for A on the
rays of two sectors around ¢'?R, and 'R, respectively. Then the realization
B = (P + G)r satisfies the requirements for A above (4.1), and we can define
the sectorial projection accordingly:

(4.13) My, (B) = L/ 27'BR; d.
2 T

0.9
Here, and below, the integrals are understood to be in the strong sense, to
simplify notation. Like in the case of the logarithm, we decompose it into the
contributions from the pseudodifferential and singular Green parts.
For the ¥rdo P on the closed manifold X, we can use Proposition 4.2 to see
that

@14 = | ouar+?
27

oy

u=TIlg ,(P)u, u e D(P);

it is known from [20], [14], that Ty ,(P) is a y¥do of order < 0 on X.
Using Proposition 4.2, (2.4), and the fact that r"e™ = I, we can rewrite
(4.13) as

I (B)—i/ Rydn+ 2"
T o 2

i o —0

= (O + + Galdr + ——
27 T, 27

(4.15)
: i :
:r+(L dek+¢—>e++l— G, dx
2 Top 2 2 Top

i
=Ty (P)s+ o | Gud;

Ty

in the last line we moreover used (4.14). Now an application of Proposition 4.4
to P and B gives:

Moy (P)s = 5 ((log, P) — (log, P)..),
(4.16)

My ,(B) = 5 (logy B —log, B).

i
b4
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Using the contour €, from (4.5) we can define an operator as in (2.13),

(4.17) Glw = ZL logy AG; .,
T %,

and similarly define G'°% where 6 is replaced by . By rotation it is obvious that
G'°% and G'°% have properties similar to those of G'°¢ described in Section 2.
Now (4.16) and (2.15) show that if we define Gy , by

i
4.18 Goy=-— [ Gidnx,
@.18) y MLMA
then
i (0] (0]
(4.19) Go.p = E(Gl & — GY%).

In view of (4.15), we have then obtained:

THEOREM 4.5. The sectorial projection for B = (P + G)r satisfies
(4.20) Iy,o(B) =g o(P)+ + Gy,

where each term on the right hand side is known: Tlg ,(P) is the truncation
of a Yrdo on X of order at most zero, in particular it is bounded on Ly(X, E);
Gy, is a difference (4.19) of two terms of the log-type described in Section 2
and hence is a generalized singular Green operator, bounded from L,(X, E)
to H*(X, E).

Like G'°¢, Gy , acts asin (2.21). Ithas a symbol-kernel gy ,~ > jen 80.9.—)s
with terms given by

~ i ~log, ~log,
860.9.—j = E(&j — 8- )

—1 5 3
= M(.[gg loggkg_m_ja’)\—ﬁg log(pkg_m_jd)»)

12

(4.21)

By Lemma 4.3 this is simplified to

~ ! / i ~ / /
422) gm%ﬁ%%@=7/ém%ﬁmmﬁmﬁ
T T,

In view of (4.19) and (4.21), the results on G'°2 resp. g'°2 in Section 2 carry
over immediately to Gg , resp. gs,,. We shall not reproduce all the statements
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explicitly, but will just present the following important result obtained from
Theorem 2.4.

THEOREM 4.6. Assume that P is a differential operator, G = 0, and the
trace operators Ty, . . ., T,,_ are differential operators; hereby B = Pr.

Then Gy, is, in local coordinates near X', a generalized singular Green
operator

(4.23) Go,p = OPG(gs,0)

with g9, ~ ZjeN 80,¢.—j; the j thterm is quasihomogeneous as in (2.22) and
satisfies estimates as in (2.23).

Gy, and Iy ,(Pr) are bounded operators in L,(X, E) for 1 < p < oc.
In particular, 1y ,(Pr) is a bounded projection in L, (X, E).

Proor. The claims regarding gy , follow immediately from Theorem 2.4
and (4.21).

The boundedness properties of Gy, are obvious from Theorem 2.4 and
(4.19). Since Ig ,(P)+ is the truncation of a ydo of order at most zero, this
is also bounded in L, (X, E); then in view of (4.20) so is 1y ,, (Pr).

An interesting question is whether one can give criteria on P, G, and T
assuring that the operator Iy ,((P + G)7) belongs to the Boutet de Monvel
calculus.

Concerning the ydo part I'ly ,(P), with symbol g , (x, &) in local coordin-
ates, we have easily by use of Lemma 2.1:

LEMMA 4.7. Whenm is even, mg ,(x, §) satisfies the transmission condition.
Hence Iy ,(P)4 is in the Boutet de Monvel calculus for even m.

ProoF. We have that in view of (2.10) that

(4.24) symb(log, P) = mlog[§]+1y(x,§), lo(x, &) ~ Zle,_,-(x, £),
jeN

where mlog[§] + lgo(x,&) = logy(pm(x,§)), with similar formulas for
log, P, so the symbols of log, P and log, P have the same log-term m log[§].
Then it is seen from the first line in (4.16) that

(4.25) g (X, §) = é(le(x,é) —ly(x,8)),

which satisfies the transmission condition when m is even in view of
Lemma 2.1.
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This could also be based more directly on the fact, worked out in detail in
[14], that g , (x, §) ~ ZjeN Tg,,—j(x, &), where the terms are given by

(4.26) Tg,p,—j(X,§) = sz q—m—j(x, &, 1) dA;

T J % (x.6)
here €y ,(x, &) isaclosed curve in the sector Ay , going in the positive direction
around the part of the spectrum of p,,(x, &) lying in that sector.

When m is odd, one cannot expect Iy , (P) to satisfy the transmission con-
dition. For example, for a first-order selfadjoint invertible elliptic differential
operator A on X (e.g., a Dirac operator), I1_z z (A) equals I1. (A), the pos-
itive eigenprojection %(I + A|A%|71/2), where A|A%|71/2 does not satisfy the
transmission condition (its even-order symbol terms are odd in &).

Next, let us consider the s.g.o. part Gy ,. Example 4.8 below shows a dif-
ferential operator realization where Gy ,, is not a standard singular Green op-
erator, already in a constant-coefficient principal symbol case. Example 4.9
on the other hand defines a general class of differential operator realizations
where Gy, is a standard s.g.o., and Iy ,,(B) belongs to the standard calculus.
Here one finds however, that lower order perturbations can ruin the standard
s.g.0.-properties.

ExampLE 4.8. Consider the differential operators A and P on Ri given by

i 0 0 1 0 i 1 0
(4.27)A—<0 —i>D1+<—1 O)D2+<i 0>D3—|—<0 1)D4,

and

4.28 P = 0 -4
(4.28) _<A 0),

where A* denotes the formal adjoint of A. (A and P are Dirac-type operators,
with A*A = —AD, (i P)> = —AlL.)

Regarding this as a localization of a manifold situation, we seek the pro-
jection onto the (generalized) eigenspaces for the eigenvalues A in the upper
halfplane C, for a certain realisation Py of P, where the boundary condition
is Byou = 0, with

1 010
(4.29) B= :
010 1

i.e., youi + yous = yous + yous = 0, u; being the i’th component of u.
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Thus, in this localized situation we shall construct ITg ,(Pr) with & = 0
and ¢ = . In this case the contour I'y , is a contour from —o0 to 0o passing
above the origin.

P has symbol

_( 0 “a®

0 0 i51—& & +i&
_ 0 0 =& +i& —ib — &
| iEa+Ea s+ig 0 0 ’
=& +i& —i§ +& 0 0

the eigenvalues of which are £i|&|. Hence P — A is parameter-elliptic for A
on all rays in C\ R, with parametrix-symbol

qE 1) = (pE) -1

—A 0 —i&1+& —&—i&

1 0 —A Er— ik i§ + &
CEP AR | it — & —& — ik =X 0
E2—i& &1 —& 0 —A

We first find the yrdo part of Iy, (Pr): According to (4.26) the symbol 7 (§)
of Iy  (P) is obtained by integrating g (£, A) along a small closed curve, €,
enclosing the pole i|£] in C,.:

i
7€) = 5 [ 960 = ~ Res at6.2)

(4.30) €] 0 §1+i6s —is+ &
_ 0 & i&+& —& +i&

28| & —i& —i&H+& €] 0

i& +& —& —i& 0 13

The singular Green part G, of the resolvent R, = (Pr — A)~! has symbol-
kernel

g(Xn, Yn, g/’ A)
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—i&§ +ioc —§ —i& —A 0
_ 1| &% i&tio 0 —A o0 Catnn)
20 —A 0 —i§ —io —§ —i& ’
0 —X & —i& & —io

where o = /|&’|? 4+ A2. Note that o is holomorphic (and Reo > 0) for
A€ C\ £i(|&'], 00); in particular { P — A, By} is parameter-elliptic for A on
any ray in C \ iR.

The integration contour [y, is homotopic in {re'® | @ # +7 orr < [§']}

1
to the real line; thus, due to the exponential falloff of e~ (8'"+2)2 Catyn) we get

27 -
4.31) ’

i 0
= > / g(xna yn’sl’t)dt-
T J-—c0

- i -
gea(p('xn’ yn’s/) = _/ g(-xl’l’ yn’é/v)")d)"
I

We can now verify that gy , is not a singular Green symbol-kernel: The 12-
matrix entry of gy , becomes

_q 00 1 ) 1
44 —0o0

which, for fixed &, is unbounded as x,, 4 y, goes to zero; hence, gy, is not in
y_i__l’_.
To see this note that, for fixed a > 0,

1 & 1 2, o1 o0 1 b ok
f(}") = 5/ (a2 + tz)_fe_r(“ +17)2 dt = / (a2 4 t2)—§e—r(a +1%)2 dt
—0 0

00 e—(a+t)r 00 L,
Z/ dt=/ du
0 a-+t ar u

which diverges to +o00 as r — 0T,

ExAaMPLE 4.9. Let X{, be a closed (n — 1)-dimensional manifold provided
with an elliptic second-order differential operator S which is selfadjoint pos-
itive in L,(X). Let X = X x [0, a] with points x = (x', x,,), x" € X{, and
X, € [0, a], and let B be the Dirichlet realization of D)%n + S on X; it is selfad-
joint positive in Ly (X), with D(B) = H?*(X)N H} (X). Let A be the Dirichlet
realization of

D: +S S )

4.33 P=
(339 ( S —-D; — S
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on X, then in fact,

B S
(4.34) A= <S —B)
with domain D(B) x D(B). The resolvent is
—-B—-—\A =S
4.35 A—n" = A =B —sH!,
(4.35) (A=) ( o sl A) ( )

where we used that S and B commute. Define B; = (B2+52):. Here B2+52is
the realization of the fourth-order elliptic differential operator (Dfn +8)? + 52
determined by the boundary condition yyu = 0, ypBu = 0. This is one of
the particular cases where the square root of the interior operator does satisfy
the transmission condition, cf. [6, (4.4.9)]. Moreover, the square root of the
realization B2 + S represents a boundary condition consisting of exactly the
part of the boundary condition for B> 4+ §? that makes sense on H?(X), cf.
[6, Cor. 4.4.3] (based on a result of Grisvard); so in fact B; is the realization
of (D} + )+ $2)2 determined by the Dirichlet condition you = 0. This
belongs to the standard calculus and enters nicely in the theory of [6], cf.
Section 1.7 there. Note that D(B;) = D(B).
We can then calculate

A2 = (B4 $H))!
=0 =B '=B - (=B — 1"

(4.36) = (Bi =)' @B) " (Bi + 4+ By — M(=By — 1)

1
= —53;1((31 M= (=B -»")

which leads to the formula:
4.37)
(A—n"

(—B+Bl_Bl_)\. -5
N -S B— B+ B — A

B ((B1 — )1 0 )
N 0 (—B; — A)~!

By —B ) I _ —
S !

)(81 — )7 (=B -0

valid for A outside the spectra of B; and — B;. To determine the spectral pro-
jection Ily ,(A) with 6 = —%, ¢ = %, we use the abstract machinery. It is
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seen from either of the formulas (4.2) or (4.7) that

M_z z(B) 0
(4.38) n_g,;(A)z( 2(; )

Bi—B —S \1__,
- 580 (M-z.3(B) —T_z.5(=By)).

—S B—By)?2

Here
(4.39) [M_z 2(By)) =1, [I_z2(=By) =0,
in view of Proposition 4.1 and the fact that B is selfadjoint positive. It follows
that

1, 1pp-! ~1

2 t2BB %531
(4.40) [z z(A) = R A

5B 1~ 2BB

The operator is in the Boutet de Monvel calculus. Note that the sum of the
diagonal terms is /, so the residue of the operator is zero.

Inherent in this example are some symbol calculations where the poles of
the resolvent symbol appear isolated in such a way that integrals over I'y ,
can be turned into integrals over closed curves, reducing to simple residue
calculations. Perturbations can easily introduce more complicated calculations
where integrals as in (4.32) appear, leading to non-standard s.g.o.-symbols (we
shall not reproduce examples here).

In view of Definition 3.3 and the formulas (4.16), the sectorial projection
Ty ,(B) has a well-defined residue. In the differential operator case where
the order m is even, one can moreover define residues of the compositions of
Iy, (B) with operators A in the Boutet de Monvel calculus; this is taken up
in [9]. It is found there that if in addition, A is of order and class 0, the residue
vanishes on the commutator of Iy ,(B) and A.

Itis still an open question whether the residue is zero on sectorial projections
for boundary value problems, as it is in the closed manifold case; we expect
to return to this question in a forthcoming work.

Appendix A. Proofs of auxiliary results in functional analysis

PROOF OF PROPOSITION 4.2. First we prove (4.6): Let, for N € N,

(A1) €Y ={re | N >r>ro)

U{ree |0 >w >0 —21}U{re%2 | ry <r < NJ.
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Then, for s > 0

(A.2) / 2y " og, A d
@y .

1 Netﬁ
= [—;)\;s(l + s log, A)] —> 0 for N — o0,

Nei0—27)

since N™° and N *log N go to O for N — oo. It follows that

: . —s—1 _
(A.3) 11\1}(1) A}l_I)noo " Ay loggddi =0.

Observe that the order of the limits is important.

Using the resolvent identity A(A —A)~! = 1+ A(A —1)~! we now get for
x € D(A):
(A4)

limf Ay  logy AM(A — X)) x dh
sN\O %,

1 . —s _ —1

= 1% A}1_r)réo " Ay logy A(A —A)" xdA

= lim lim [/ A, " Mogy Ax di + / A; " logg (A — )" 1x d)»i|
sNO N—o0 %N N

%y

i . —s—1 -1
= lim lim (ggxe logy A[14+A(A — 1) |xda

. . —s—1 -1
= !1\1‘1(1) ]\}I—Enoo ” Ay logy AA(A — A)” xdA,

where we used (A.3) in the second line (adding zero). Then, since
A=< A

(A.5) 125" logg AA(A — 1) 'x || £ [Tog Al|A| 72| Ax]l,

so that the integrand in the last expression of (A.4) is integrable along 6y
uniformly in s > 0, and

(A.6) lim lim [ 2,* 'log, 2 A(A — 1)~ 'xdr
sNO N—oo %N
:/ A ogy AA(A — A da.
o

Combining (A.4) and (A.6) (and multiplying with ﬁ) we obtain the desired
result (4.6).
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The identity (4.7) stems from [3] (we have corrected a sign here). For this,
consider the integration contour

(A.7) I’é\{(p ={re'* | N >r > ro}
U{ree® | ¢ > w >0 U{re? | rp<r < NJ.
Using again A(A — 1)~ =14+ A(A — A)~! we obtain

(A.8) / ATAA =) xda =
FN

0.9

(A—2)"'xdr+ f A xda.

N N
FHA,w FHJP

For the second term we have, using a logarithm with branch cut disjoint from

(A.9) / A 7ldn = [log ] =i (0 — ).
ry,

o —0
X

(A.10) l—f ATAA =) Tk dh = — (A=1)""xdr+
ry, 2 Jry,

For x € D(A) the limit for N — oo is well-defined on the left-hand side,
and the limit of the first term on the right-hand side then exists as an improper
integral, as indicated.

PrROOF OF LEMMA 4.3. The integral along %j is, in detail:
(A.11)

ro
/ log, A f(A) dA = / (logr +i0) f(re')e'’ dr
qgg 0
0—2m ) .
+ / (logro +iw) f(roe'®)irge'® dw
0
oo
+ / (logr + i — 2mwi) f (re'® =27 =27 gy,
ro

Since f(re'=271)e!=2mi = f(rei?)e'?, the two terms with (log r +i6) cancel
each other. Thus

(A.12) / logy Af (X)) dA
o

0 0
= _/ (logro + iw) f (roe'®)irge'” dw — 2mi / fre'®)e dr.
o ;

-2
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276 ANDERS GAARDE AND GERD GRUBB

Denote the integrand in the first integral g(w) = (logry + iw) f (roe'®)irge’®.
There is of course an identity similar to (A.12) with 6 replaced by ¢, and
then

/loggkf(k)dk—f logw)»f(k)dk
%,

0 o
0 @
= (—/ —I—/ )g(a)) dw
62w o—21

(A.13) — 2711‘(/00 fre®ye' dr — /OO f(re)el? dr)

ro ro

0 ¢
= (—/ —I—/ )g(a)) dw
602w o—2m
—2mi / fre'®)e'? dr — 2mi f fre'ye® dr.
00 ro

The last two terms are recognized as the contributions to —2mi frg fA)da
P

from the rays e'“[ry, oo[ and e'®[ry, oo[. The first term is seen to give the
contribution from the arc €, ¢ , = {roe'” | ¢ > @ > 6} as follows:

0 @
(—/ -|-f )g(a)) dw
021 o—21
0 0—27 0
= (—f +/ )g(w)dw=/ [—g(w) + g(w —27)] dw
@ p—2m @

0
= / [ — (logro + iw) f (roe'®)irge’®
¢

+ (logro +i(w — 277))f(r0ei“’)ir0ei‘”] dw

(7
= —2mi / f(roe'®)irge™ dow = —2mi f f(L) da.
@ %,

0.0.¢
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NONCOMMUTATIVE RESIDUE OF PROJECTIONS IN
BOUTET DE MONVEL’S CALCULUS

ANDERS GAARDE

ABSTRACT. Employing results by Melo, Nest, Schick and Schrohe on
the K-theory of Boutet de Monvel’s calculus of boundary value prob-
lems, we show that the noncommutative residue introduced by Fedosov,
Golse, Leichtnam and Schrohe vanishes on projections in the calculus.

This partially answers a question raised in a recent collaboration
with Grubb, namely whether the residue is zero on sectorial projections
for boundary value problems: This is confirmed to be true when the

sectorial projection is in the calculus.

1. INTRODUCTION

Boutet de Monvel [2] constructed a calculus, often called the Boutet de
Monvel calculus (or algebra), of pseudodifferential boundary operators on
a manifold with boundary. It includes the classical differential boundary
value problems as well of the parametrices of the elliptic elements:

Let X be a compact n-dimensional manifold with boundary 0X; we
consider X as an embedded submanifold of a closed n-dimensional manifold
X. Denote by X° the interior of X. Let E and F be smooth complex
vector bundles over X and 0X, respectively, with E the restriction to X of
a bundle E over X.

An operator in Boutet de Monvel’s calculus — a (polyhomogeneous)
Green operator — is a map A acting on sections of E and F, given by a
matrix

P+G K C*®(X,E) C*®(X,E)
(1.1) A= ( > : ® — S5
T 5] ¢=0x,F) C®(0X, F),

2000 Mathematics Subject Classification. 58J42, 58J32, 35S15.
1
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2 ANDERS GAARDE

where P is a pseudodifferential operator (¢)do) on X with the transmission
property and P, is its truncation to X:

(1.2) P, =rTPet, rt restricts from X to X°, et extends by 0.

G is a singular Green operator, 1" a trace operator, K a Poisson operator,
and S a ¢do on the closed manifold 0X. See [2], Grubb [6], or Schrohe [15]
for details.

Fedosov, Golse, Leichtnam and Schrohe [4] extended the notion of non-
commutative residue known from closed manifolds (cf. Wodzicki [17], [18]
and Guillemin [9]) to the algebra of Green operators. The noncommutative
residue of A from (1.1) is defined to be

(1.3) resx(A //S*XU“EP (x,£)dS(&)dx

[ Tt g)iala €) + trp siae )] aS(€ )i’
ox Js*,0x

Here trg and trp are traces in Hom(FE) and Hom(F'), respectively; d@S(¢)
(resp. dS(¢’)) denotes the surface measure on the unit sphere of the cotan-
gent bundle, divided by (27)" (resp. (27)"~1); tr,, g is the symbol of tr, G
(the normal trace of ), a ¥do on 0X; and the subscripts —n and 1 —n
indicate that we consider only the homogeneous terms of degree —n resp.
1 —n. Also, a sign error in [4] has been corrected, cf. Grubb and Schrohe
8, (1.5)].

It is well-known [17] that on a closed manifold, the noncommutative
residue of a classical i)do projection vanishes. In the present paper we
show that the same holds in the case of Green operators:

Theorem 1.1. The noncommutative residue of a projection in the Boutet
de Monwvel calculus is zero.

In the proof, we use K-theoretic arguments (in a C*-algebra setting)
to reduce the problem to the known case of closed manifolds. We rely on
results on the K-theory of Boutet de Monvel’s algebra by Melo, Nest and
Schrohe [10] and Melo, Schick and Schrohe [11].

In our recent collaboration with Grubb [5] we studied certain spectral
projections: For the realization B = (P + G)r of an elliptic boundary value
problem { Py + G, T} of order m > 0 with two spectral cuts at angles 6 and
¢, one can define the sectorial projection Ilg ,(B). It is a (not necessarily
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RESIDUE OF PROJECTIONS IN BOUTET DE MONVEL’S CALCULUS 3

self-adjoint) projection whose range contains the generalized eigenspace of
B for the sector Ag, = {re” | r > 0,0 < w < ¢} and whose nullspace
contains the generalized eigenspace for Ay g1or. It was considered earlier
by Burak [3], and in the boundaryless case by Wodzicki [17] and Ponge
[13].

In general this operator is not in Boutet de Monvel’s calculus, but we
showed that it has a residue in a slightly more general sense. The question
was posed whether this residue vanishes.

The question of the noncommutative residue of projections is particularly
interesting in the context of zeta-invariants as discussed by Grubb [7] and
in [5]: The basic zeta value Cpg(B) for the realization B of a boundary
value problem is defined via a choice of spectral cut in the complex plane;
the difference in the basic zeta value based on two spectral cut angles 6
and ¢ is then given as the noncommutative residue of the corresponding
sectorial projection:

271
(1.4) Co(B) = Co(B) =~ resx Iy o(B)).
Our results here show that the dependence of Cpg(B) upon 6 is trivial
whenever the projection Ilg ,,(B) lies in Boutet de Monvel’s calculus.

It should be noted that the literature in functional analysis and PDE-
theory often uses “projection” as a synonym for idempotent, while C*-
algebraists furthermore require that projections are self-adjoint. We choose
here the former terminology; that is, in this text projection and idempotent

are synonymous.

2. PRELIMINARIES AND NOTATION

We employ Blackadar’s [1] approach to K-theory: A pre-C*-algebra B
is called local if it, as a subalgebra of its C*-completion B, is closed under
holomorphic function calculus. (Blackadar also required that all matrix al-
gebras M,,(B) are closed under holomorphic function calculus, but this fol-
lows automatically, cf. Schweitzer [16].) Let M (B) denote the direct limit
of the matrix algebras M,,,(B), m € N. Define TP (B) = Idem(M s (B))
to be the set of all idempotent matrices with entries from B. Likewise,
IPm(B) = Idem(M,,(B)) is the set of all m x m idempotents. Define the
relation ~ on ZP(B) by

(2.1)  x ~ y if there exist a,b € My (B) such that z = ab and y = ba.
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4 ANDERS GAARDE

If B has a unit we define Ky(B) to be the Grothendieck group of the
semigroup V(B) = IPs(B)/ ~. If B has no unit, we consider the scalar
map from the unitization — indicated with a tilde as in Bor B — of B
to the complex numbers s : B — C defined by s(b + Alz) = A, and then

define Ky(B) as the kernel of the induced map s, : Ko(B) — Ko(C).
A fact that we shall use several times is that if B is local, then [1, p. 28]

(2.2) V(B) 2 V(B), and hence Ko(B) = K(B).
Combined with the standard picture of Kq this implies that
(2.3) Ko(B) = {[z]o — [¥]o | z,y € TPn(B),m € N}

in the case where B is unital, and
(2.4)
Ko(B) = {[z]o — [¥]o | z,y € IPm(B) with z = y mod M,,(B),m € N}

in the non-unital case [1].

Let o/ denote the set of Green operators as in (1.1) of order and class
zero; it is equipped with a Fréchet topology, which makes it a Fréchet
x-algebra (Schrohe [14]). Moreover, <7 is a *-subalgebra of the bounded
operators on the Hilbert space H = Lo(X,E) ® H V20X, F); we will
denote by 2 its C*-closure in B(H). o is local [14], so Ko(«) = Ky(2).
Note that the definitions of Ky(47) are equivalent whether we consider .o/
as a Fréchet algebra or as a x-subalgebra of 2, cf. Phillips [12].

We follow here the definition of order and class from [6], as opposed to
the convention used in [11] where the operators are bounded on the Hilbert
space H' = La(X, E) @ L2(0X, F). Tt is explained in [10, 1.1] how the two
approaches are equivalent for our purposes.

Furthermore, the K-theory of o7 is independent of the specific bundles
[10, 1.5], so for simplicity we assume in this paper the simple case E = X xC
and F'=0X x C.

 denotes the subalgebra of smoothing operators, R its C*-closure (the
ideal of compact operators). We let .# denote the set of elements in <7 of
the form

oPY+G K
o (e 1)

with ¢, € C°(X°), P a 1do on X of order zero, and G, K, T and S of
negative order and class zero. J will be the C*-closure of .# in .
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The noncommutative residue defined in [4] is a trace — a linear functional
that vanishes on commutators — res : &/ — C. It is continuous with
respect to the Fréchet topology in 7, and induces a group homomorphism
res, : Ko(«7) — C such that

(2.6) res.([A]o) = resx(A)

for any idempotent A € /. Our goal is to prove the vanishing of res,,
which obviously implies that resx(A) = 0 for all idempotent A.

The quotient map ¢ : A — /R induces an isomorphism ¢, : Ko(2A) —
Ko(2/R) [10, Prop. 13]. The isomorphisms Ky (27) = Ko() = Ko(A/R) al-
low us to extend the noncommutative residue: For each [A+RK]g in Ko(A/RK)
there is an A € TP (&) such that ¢.[A]o = [A + K)o, and we then define

(2.7) res,[A + K)o = res.[A]o = resx(A).

So r1és, is just res, ¢, !, and is a group homomorphism Ky (2/8) — C.

3. K-THEORY AND THE RESIDUE

We employ results from Melo, Schick and Schrohe [11]: Theorem 1 there

proves an isomorphism
(3.1) Ko(/R) = Ko(C(X)) ® K1(Co(T*X°)).

The intuitive interpretation of this isomorphism is that each Kjy-class in
2A/R is the sum of (the Kjy-class of) a continuous function and (the Kp-
class of) something vanishing on the boundary 0X.

More precisely, we will use their observation

(3.2) Ko(A/8) = qum.Ko(C(X)) + ix Ko(3/K).

Here m : C(X) — 2 sends f to the multiplication operator é 8 and 17

is the inclusion J/8 — 2(/K; m, and i, are then the corresponding induced
maps in Ky. We will in general suppress ¢ and i, to simplify notation.

We will show that res, vanishes on both terms in the right hand side of
(3.2). The following lemma treats the first of these terms:

Lemma 3.1. res, vanishes on q.m.Ko(C(X)).

Proof. Recall that multiplication with a smooth function is a Green opera-
tor of order zero, whose noncommutative residue is clearly zero since it has
no homogeneous term of order —n.
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Let f € IP,,(C*(X)); m(f) acts by multiplication with a smooth (ma-
trix) function and therefore lies in ZP,, (o). Then ¢.m«[flo = ¢«[m(f)]o =
[m(f) + K)o, and according to (2.7)

(3.3) res« (gema[flo) = res«[m(f)]o = resx (m(f)) = 0.

Since C*°(X) is local in C(X) [1, 3.1.1-2], any element of K(C(X)) can be
written as [f]o — [g]o for some f,g € TP, (C*®(X)), cf. (2.3). The lemma
follows from this. U

We now turn to the second term of (3.2); our strategy is to show that
the elements of Ky(J/RK) correspond to @dos with symbols supported in
the interior of X. This allows us to construct certain projections for which
the noncommutative residue is given as the residue of a projection on the
closed manifold X.

The principal symbol induces an isomorphism J/8 = Cp(S*X°) [10,
Theorem 1]. We denote the induced isomorphism in Ky by oy, i.e.,

(3.4) oyt Ko(3/8) — Ko(Co(S*X°)).

Like in Lemma 3.1 we wish to consider smooth functions instead of
merely continuous functions; the following shows that instead of Cy(S*X°),
it suffices to look at smooth functions (symbols) compactly supported in
the interior:

The algebra C2°(S*X°), equipped with the sup-norm, is a local C*-
algebra [1, 3.1.1-2] with completion Cp(S*X°). It follows from (2.2) that
the injection C2°(S*X°) — Cp(S*X°) induces an isomorphism

(3.5) Ko(CF(57X7)) = Ko(Co(57X")).

We now show that each compactly supported symbol in Ky(CS°(S*X°))
gives rise to a 1do projection I, on X which is in fact the truncation of
a ®do projection on X. This will allow us to calculate the residue of Iy
from the residue of a projection on the closed manifold X.

Lemma 3.2. Let p(z,§) € IP,,(C(S*X°)™). There is a zero-order 1 do
projection 11 acting on C*°(X,C™), such that its symbol is constant on a
neighborhood of X \ X°, its truncation 114 is an idempotent in M, (I,
and

(3.6) 7+q«([IL+]o) = [plo-
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Proof. By definition of the unitization of C2°(S*X°), we can write p as a
sum

(3.7) p(x,§) = a(z,§) + 5,

with a € M, (C*(5*X°)) and § € M,,,(C). Note that 3 itself is idempo-
tent, since p = 3 outside the support of a.

We extend a by zero to obtain a smooth function a(z, ) on the closed
manifold S* X. We get a 1bdo symbol (also denoted «) of order zero on X by
requiring « to be homogeneous of degree zero in £. Let p(x, &) = a(x, &)+ 5.

We now have an idempotent 1do-symbol p on X ; we then construct a
wdo projection on X that has p as its principal symbol.

In [7, Chapter 3], Grubb constructed an operator that, for a suitable
choice of atlas on the manifold, carries over to the Euclidean Laplacian
in each chart, modulo smoothing operators. Hence, choose that particular
atlas on X and let D denote this particular operator, i.e., with scalar symbol
d(x,€) = |€]2. Define the auxiliary second order 1do C' = OP(c(x, £)), with
symbol ¢(z, ) given in the local coordinates of the specified charts as

(3.8) c(z,§) = (2p(,§) — d(, E).

Since p is idempotent, the eigenvalues of 2p — I are +1, cf. (A.2), so C' is
an elliptic second order operator and c(x,£) — A is parameter-elliptic for A
on each ray in C\ R.

Then we can define the sectorial projection, cf. [13], [5], II = IIg ,(C)
with angles 6 = -5, ¢ = 3,

?

(3.9) IT Ao - Nta

27 FO,Lp

IT is a ¥do projection [13] on X with symbol 7 given in local coordinates
by

(3.10) mw =5 [ a@enan
2T Je(e)
where g(z, &, \) is the symbol with parameter for a parametrix of ¢(z, &) — A,
and C(x,€) is a closed curve encircling the eigenvalues of co(z,£) — the
principal symbol of C'— in the {Re z > 0} half-plane.
The eigenvalues of co(x, &) = (2p(x, £) —1)|€|? are £|¢]2, so we can choose
C(x,¢) as the boundary of a small ball B(|¢|?,r) around +|¢]2.
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Then, the principal symbol of 7 (z, &) is

i

q—2(x, &, N)dA
2W/C(m (1,6, 0)

i (2B(x.€) — DIE? - 74 dA = . €),

7'('0(1',5)

34y 2 JoB(j¢l2.r)
according to Lemma A.1. So II is a 1do projection with principal symbol
p(x,€), as desired.

Observe that for z outside the support of &, we have c(z, &) = (28—1)|¢/?
and q(z,&,\) = g—2(2,&,A) = (26— D)[E[> = N) " so 7(2,§) = mo(2,§) =
there. (We cannot be sure that the full symbol of 7 equals p inside the
support, since coordinate-dependence will in general influence the lower
order terms of the parametrix.) In particular, 7(x,§) is constant equal to
[ for x outside a’s support, i.e., in a neighborhood of X \ X°.

Now consider the truncation II;. We have

(3.12) (I1)? = (I%)4 — L(ILII) = Iy — L(IL, ID),

where the singular Green operator L(P, Q) is defined as (PQ)+ — P+ Q4 for
tdos P and Q. Since 7(x, §) equals the constant matrix 3 in a neighborhood
of the boundary 90X it follows, cf. [6, Theorem 2.7.5], that L(II,II) = 0, so
(T14)? = Iy

The symbol of II — 3 is compactly supported within X°, so we can write
I, = Py + § for some ¢, 1, P, as in (2.5); hence I1; is in M, (7).
Technically, IT; lies in the algebra where the boundary bundle F' is the
zero-bundle, but inserting zeros into I1;’s matrix form will clearly allow us
to augment it to the present case with F' = 0X x C.

Finally we take a look at (3.6): Since Il is an idempotent in M., (™)
it defines a Kp-class [II+]p in Ko(-#~). Then ¢.[I1+]p defines a class in
Ky(J/R™), a class defined by its principal symbol. Since the principal
symbol is exactly the idempotent p(z, &) we obtain (3.6) by definition. [

We now have all the tools to prove our main theorem:

Proof of Theorem 1.1. Anidempotent Green operator necessarily has order
and class zero, and thus lies in «7. So we need to show that resy(A) is zero
for any idempotent A € «7; by (2.6) it suffices to show that res, vanishes
on Ko(<7). In turn, according to equation (3.2) and Lemma 3.1, we only
need to show that res, vanishes on Ky(J/R).
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So let w € Ky(J/K). Employing (2.4), (3.4), and (3.5) we can find p,p’
in ZP,,(C°(S*X°)~) such that

(3.13) OxW = [p]o - [p/]o.

Now, for p, p’ we use Lemma 3.2 to find corresponding tdos II, II" with
the specific properties mentioned there. By (3.6) and (3.13) we see that

(3.14) ¢t Jo — a1 Jo = o ([plo — [P']o) = w.

Using equation (2.7) then gives us

(3.15) res,w = resx (I1}) — resx (IT',).
Here
(3.16) res (T, ) = /X / Tl O3S

By construction, 7(x,£) is constant equal to [ outside X; in particular
m_n(z,€) is zero for z € X \ X and therefore

(3.17) /X /;X trm_p(2,£)dS(§)dx = /)N( /;)? trw_p (2, £)dS(§)dx.
In other words
(3.18) resx (I1;) = res ¢ (1),

where the latter is the noncommutative residue of a 1do projection on a
closed manifold. It is well-known [17], [18] that this always vanishes, so
resx (II;) = 0. Likewise we obtain resx (II’,) = 0 and finally

(3.19) res,w = 0
as desired. m

In [5], it was an open question whether the residue is zero on the sec-
torial projection for a boundary value problem. This theorem answers that
question in the positive for the cases where the projection lies in .o7.

It is not, at this time, clear for which boundary value problems this is
true; however, we showed in [5] that there certainly are boundary value
problems where the sectorial projection is not in .o7.
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A. APPENDIX

Lemma A.1. Let M € IP,,(C). Let d > 0 and let OB(d,r) denote the
closed curve in the complex plane along the boundary of the ball with center
d and radius 0 < r < d. Then

1

(A.1) [(2M — I)d — N7 tdA = M.

21 JoB(d,r)

Proof. A direct computation shows that, for A\ # +d,

M I1-M
A2 2M —I)d— N\~ = - .
The result in (A.1) then follows from the residue theorem. O
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