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Summary

This thesis is concerned with one of the nonlinear financial time series models, the stochastic volatility
model. For financial time series, nonlinear time series models are better suited to describe their behavior.
In contrast to linear time series models such as ARMA, the investigation of nonlinear models is still work
in progress.

We start by collecting some of the standard properties of a stochastic volatility process. Under
mild assumptions, the stochastic volatility sequence is a strictly stationary ergodic martingale difference
sequence. Using this fact, we derive the central limit theorem for the sample mean of this sequence.
Another property of the stochastic volatility model is strong mixing. This fact is helpful to establish a
central limit theorem for the sample variance of this sequence. In both cases, under the assumption of
finite variance innovations, the limiting distribution is a Gaussian distribution. In contrast to this case,
under the assumption of infinite variance stable innovations, these estimators have a limiting distribution
which is not Gaussian and rather unfamiliar. The autocorrelation function is an important tool in
time series analysis. We study its estimator, the sample autocorrelation function and its limit Gaussian

distribution via a multivariate central limit theorem.

Another important characterization of a time series is provided by its spectral density. We estimate
the spectral density of a stochastic volatility process in some heavy— and light-tailed cases by using
the raw periodogram. We derive the pointwise limit distribution of the periodogram. The limit of the
periodogram in the case of iid Gaussian noise is exponential as in the case of an iid sequence. On the
other hand, the limit in the case of a—stable infinite variance noise is rather unfamiliar and, in particular,

depends on the fact whether the frequency is a rational or irrational multiple of .

In the second part of this thesis, we study the extremes in the stochastic volatility model and compare
the results with the GARCH model. Under the assumption of regular variation of the noise of the
stochastic volatility model, we show that the distributional limits of the maxima and order statistics are

the same as in the iid case with the same marginal distributions as in the stochastic volatility model.



v

In addition, the stochastic volatility model itself inherits regular variation from the iid regular variation
noise. The stochastic volatility model has extremal index one and upper tail dependence coefficient zero.
These results show that the extremal behavior of a stochastic volatility process and of an iid sequence

with regularly varying marginals is very much the same.



Resumé

I denne afhandling studerer vi en ikke-lineser model for finansielle tidsraekker, den stokastiske volatilitetsmodel.
Ikke-linesere modeller giver et godt fit til finansielle tidsreekker, og forklarer tidsrsekkenernes egenskaber
bedre end linezre tidsraekkemodeller. Analysen af ikke-linezre tidsraekkemodeller er ikke afsluttet, og

der eksisterer stadigveek mange interessante problemer.

Forst opsummerer vi basale egenskaber for stokastiske volatilitetsmodeller. Vi viser under milde
betingelser, at en stokastisk volatilitetsmodel er en steerkt stationser og ergodisk martingaldifferens.
Vi bruger dette til at bevise den centrale graenseveerdisetning for middelveerdien af stikprgven. Den
stokastiske volatilitetsmodel er ogsa strong mixing. Med hjezlp af denne egenskab beviser vi en central
graensevaerdissetning for stikprgvevariansen. Hvis stgjen i modellen har endelig varians, sa er greaense-
fordelingerne gaussiske. Hvis vi antager, at den multiplikative stgj i modellen har uendelig varians og
stabil fordeling, beviser vi, at greensefordelingerne er ukendte ikke-gaussiske. Autokorrelationsfunktionen
er en af de vigtigste objekter i tidsraskkeanalyse. Vi undersgger stikprgveautokorellationsfunktionen, og

beviser en multivariat central greenseveerdisetning for en vektor af stikprgveautokorellationerne.

En stationger tidsraekke er ogsa karakteriseret af sin spektraltaethed. Vi estimerer spektraltaetheden af
den stokastiske volatilitetsmodel i tilfeelde med bade tunge of lette haler med hjeelp af periodogrammet.
Vi bestemmer grzensefordelingen af periodogrammet for en fast frekvens. Denne fordeling er exponentiel,
nar tidsraekken er iid gaussisk. Hvis stgjen er stabil med uendelig varians, sa er graensefordelingen en

ukendt fordeling, som afhsenger af formen af frekvensveerdien.

I den anden del af afhandlingen undersgger vi ekstremveerdierne i en stokastisk volatilitetsmodel,
og vi sammenligner ogsa resultaterne med GARCH modellen. Hvis vi antager, at stgjen er regulsert
varierende, viser vi at greensefordelingerne af maksima og order statistics er de samme, som i tilfaeldet
hvor tidsreekken er iid og har samme marginalfordeling som den stokastiske volaltilitetsmodel. Blandt
andet er den stokastiske volatilitetsmodel ogsa reguleert varierende. Den stokastiske volatilitetsmodel har

ekstremalindeks 1 og den gvre haleaftheengighedskoefficient er 0. Alle resultater viser, at de ekstremale
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egenskaber af den stokastiske volatilitetsmodel er de samme som de ekstremale egenskaber af en iid fglge

med den samme marginalfordeling.



Contents

Preface i
Summary iii
Resumé v
1 Introduction 1
1.1 Objectives of time series analysis . . . . . . . .. .. ... L 1
1.2 Linear and nonlinear time series . . . . . . . . . . i e e e e e e e e e e 2
1.3 Objectives and methodology of the thesis . . . . . . .. ... ... .. ... .. ..... 4

1.3.1 Asymptotic theory for the sample autocorrelation for the stochastic volatility model 5

1.3.2  Extremes in the stochastic volatility model . . . . . ... ... ... ... ... 7

1.4 Summary . . . .. L e e e e 9

2 Asymptotic theory for stochastic volatility processes 11

2.1 Preminaries on time Series . . . . . . . . . .. Lo e 11

2.1.1  Weak and strict stationarity . . . . . . . . ... Lo oo 11
2.1.2  Autocovariance, autocorrelation functions and their sample analogs of a stationary

PTOCESS « v v v v e e e e e e e e e e 12

2.1.3 Ergodicity . . . . . .. e 14

214 MIXING . . . oL e 15

2.1.5  Central limit theorems . . . . . . . . . .. .. ... 17

2.2 Financial time series and their stylized facts . . . . . . ... ... o000 19

2.2.1 Distribution and tails . . . . . . ... oo 21

2.2.2  Dependence and autocorrelations . . . . . .. ... L o 22

2.2.3 Dependence and extremes . . . . . . ... Lol 24



viii CONTENTS

2.3 Some standard financial time series models . . . . . . ... ... oL 26
2.3.1 The ARCH family . . . . . . . 27
2.3.2 The stochastic volatility model . . . . . . .. ... ... oo oo 28

2.4 Properties of the stochastic volatility model . . . . . . . .. ... ... ... 29
2.4.1 Some elementary properties . . . . . . . ... L0 o 29
2.4.2 Strict stationarity . . . . ... . L L 29
2.4.3 Strong mixing . . . . . . ... e 30
2.4.4 Martingale properties . . . . . ... Lo 31
2.4.5 Moments of the stochastic volatility model . . . . . . ... ... ... ... ... 33

2.5 Asymptotic theory for the sample mean and sample variance in the stochastic volatility

2.5.1 Asymptotic theory for the sample mean and sample variance with finite variance
innovations Zy . . . . . ... e e e e 40

2.5.2 Asymptotic theory for the sample mean and sample variance with infinite variance

a-stable innovations (Z:) . . . . . ... 49

2.6 Asymptotic theory for the periodogram of a stochastic volatility sequence . . . . . .. .. 59
2.6.1 Estimation of the spectral density . . . . . . . ... .. ... ... ... 60
2.6.2 Self-normalization of the periodogram foraa<2. . . . . . .. ... .. ... .. .. 65

2.7 Asymptotic theory for the sample ACVF and ACF of a stochastic volatility process . .. 67
2.7.1 Asymptotic theory for the sample ACVF and ACF for (X;) . . . ... ... .... 67
2.7.2  Asymptotic theory for the sample ACVF and ACF for (| X¢?), 0<p<oo .... 71

3 Some extreme value theory for stochastic volatility models s
3.1 Preliminaries on extreme value theory . . . . . . ... .. ... ... .. . ... 77
3.1.1 Extreme value theory for iid random variables . . . . . ... ... ... ... ... 78
3.1.2 The extremal index . . . . . . . . ... 79
3.1.3 Univariate regular variation . . . . . . . . . .. . Lo L 80
3.1.4 Multivariate regular variation . . . . . . . . .. Lo L Lo 83

3.2 Regular variation of GARCH and stochastic volatility models . . . . . . .. ... ... .. 89
3.2.1 The GARCH model . . . . . . . . . .. 89
3.2.2  The stochastic volatility model . . . . . . .. .. ... o oo 97

3.3 The extremal behavior of a stochastic volatility model with regularly varying noise . . . . 98



CONTENTS

ix

3.4 The extremal behavior of a stochastic volatility model with regularly varying volatility

SCUEIICE . . . . . . o L oo e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

Bibliography



CONTENTS




Chapter 1

Introduction

1.1 Objectives of time series analysis

In practice, observations of various phenomena are often recorded sequentially over time. Values in
the future depend, usually in a stochastic manner, on the observations available at the present. Such
dependence makes it worthwhile to predict the future from its past. Time series analysis deals with such
records that are collected over time. The time order of data is important. We write (X;);ecz for any time
series. The unit of the time scale is usually implicit in this notation.

The following example of a real-life time series is often used in the financial time series literature.

Example 1.1.1. (The Standard and Poor’s 500 Index)

The Standard and Poor’s 500 index (S&P 500) is a value-weighted index based on the prices of the 500
stocks that account for approximately 70% of the total U.S. equity market capitalization. The selected
companies tend to be the leading companies in leading industries within the U.S. economy. The index
is a market capitalization-weighted index (shares outstanding multiplied by stock price)-the weighted
average of the stock price of the 500 companies. In 1980, the S&P 500 became a component of the U.S.
Department of Commerce’s Index of Leading Economic Indicators, which are used to gauge the health of
the U.S. economy. It serves as a benchmark of stock market performance against which the performance
of many mutual funds is compared. It is also a useful financial instrument for hedging the risks of market
portfolios. The S&P index began in 1923 when the Standard and Poor’s Company introduced a series
of indices, which included 323 companies and covered 26 industries. The current S&P 500 Index was

introduced in 1957.

This example is one of a multitude of time series data existing in astronomy, biology, economics,

finance, environmental studies, engineering, and other areas.
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Depending on the background of applications, the objectives of time series analysis are diverse. Statis-
ticians usually view a time series as a realization from a stochastic process. A fundamental task is to
unveil the probability law that governs the observed time series. With such a probability law, we can
understand the underlying dynamics, forecast future events, and control future events via intervention.
These are the three main objectives of time series analysis.

Time series analysis rests on proper statistical modeling. In selecting a model, interpretability, sim-
plicity, and feasibility play important roles. A selected model should reasonably reflect the physical law

that governs the data. Everything else being equal, a simple model is usually preferable.

1.2 Linear and nonlinear time series

A very popular class of time series models consists of the autoregressive moving average (ARMA) models.
ARMA models are frequently used to describe linear dynamic structures, to depict linear relationships
among lagged variables (see Example 2.1.6). It is one of the most frequently used families of parametric
models in time series analysis. This is due to their flexibility in approximating many stationary processes.
From the pioneering work of Yule [41] on AR modeling of the sunspot numbers to the work of Box
and Jenkins [6] that marked the maturity of ARMA modeling in terms of theory and methodology,
linear Gaussian time series models flourished and dominated both theoretical explorations and practical
applications.

However, there is no universal key that can open every door. Moran, in his classical paper in 1953
[31], on modeling the Canadian lynx data, hinted at a limitation of linear models. He drew attention to
the ”curious feature” that the residuals for the sample points greater than the mean were significantly
smaller than those for the sample points smaller than the mean. This can be well-explained in terms of
the so-called "regime effect” at different stages of population fluctuation.

Another application which challenges the linear time series model are financial time series (see Sec-
tion 2.2 for stylized facts about financial time series). Among the stylized facts of financial time series

(log —returns), we have:

e Zero sample autocorrelations px (h) for (X;) at almost all lags h > 0, with a possible exception at

the first lag although the estimated autocorrelation px (1) is usually rather small (often about 0.1).

e Very slowly decaying sample autocorrelations of (|X;|) and (X?). In this context, one often refers

to long memory in the volatility.
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e Occurrence of extremely large and small X;’s clustered at certain instants of time, caused by

turbulences in the market due to financial crashes, political decisions, war, etc.

If we wanted to explain the dependence structure of such a model by an ARMA model with iid noise
(Z:), we would have to restrict our attention to models of the form X; = Z; or moving average models
of very low order. Indeed, for an MA(q) (moving average process of order ¢) model, X; and X; 441 are
independent, hence |X;|" and |X}, | are independent for any r > 0 and therefore p x|-(h) = 0 for
|h| > ¢q. This means that the effect of non-vanishing autocorrelations of the (] X;|") processes for r = 1,2
cannot be explained by an MA(g) model with iid noise (Z;).

Beyond the linear domain, there are infinitely many non-linear forms to be explored. In the econo-
metrics literature, the ARCH processes (autoregressive processes with conditional heteroscedasticity) and
their numerous modifications have attracted significant attention. One of the 2003 Bank of Sweden Prizes
for Economics, better known under the name of Nobel Prize for Economics, was awarded to Robert Engle
who introduced the ARCH model in the celebrated 1982 paper [12]. We also refer to the collection of
papers on the theme "ARCH” edited by Engle [13]. A generalization of ARCH is given by the popular
GARCH models (generalized ARCH). For example, GARCH(1,1) is given by

Xt = O'tZt, t e Z,

2 2 2
o; = oo+aX; |+ pPiog_q.

where (Z;) is iid noise and «g, a1, f1 are positive parameters.
There are some reasons for the wide use of GARCH. Mikosch [27] summarized these reasons which can

be given by:

e Its relation to ARMA processes suggests that the theory behind it might be closely related to

ARMA process theory which is well studied, widely known and seemingly ”easy”.

This opinion is, however, wishful thinking. The difference to standard ARMA processes is due to the
fact that the noise sequence in the ARMA representation of (X?) depends on the X;’s themselves,

so a complicated non—linear relationship of the X;’s builds up.

e A second argument for the use of GARCH models is that, even for a GARCH(1,1) model with three
parameters one often gets a reasonable fit to real-life financial data, provided that the sample has
not been chosen from a too long period making the stationarity assumption questionable. Tests for

the residuals of GARCH(1,1) models with estimated parameters ag, a1, 31 give the impression that
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the residuals very much behave like an iid sequence. Some evidence on this issue can be found in

the paper of Mikosch and Starica [29].

e The most powerful argument in favor of GARCH models, from an applied point of view, is the
fact that the statistical estimation of the parameters of a GARCH process is rather uncomplicated.
This attractive property has led S+ to provide us with a module for the statistical inference and

simulation of GARCH models, called S+FinMetrics.

Another non-linear model for financial time series is the stochastic volatility model, given by
Xy = oz, teZ,

where the noise process (Z;) and the volatility process (o;) are assumed to be independent. Although
this model is much easier than the GARCH in understanding its probabilistic properties, the lack of
estimation procedures for the stochastic volatility model made it less attractive than the GARCH family.
Recently, the attitude towards the stochastic volatility model has changed and a variety of estimation
techniques (such as GMM and quasi-MLE) have been developed as well. We study some properties of

the stochastic volatility model in Section 2.4, including stationarity, mixing properties, moments.

1.3 Objectives and methodology of the thesis

As mentioned before, financial time series have some characteristic features which should be taken into
consideration when analyzing them. By now, there is no ”perfect” time series model for returns. Some
of these models score high in some cases and not so well in other cases. This leads to many different
models for financial time series. Some of these models are useful as regards certain aspects of time series
analysis, such as estimation of the parameters, capturing a large variety of real-life financial time series:
they give a good fit in many examples, their probabilistic properties are easy to study as regards some
other aspects. On the other hand, the available models usually suffer from some shortage as regards
some other aspects. Therefore, in general we use different models according to the slogan ”This model
is correct, having some shortage and the other model is wrong, having some advantages”. This is the
problem of statistics in general.

We already mentioned some time series models, ARMA, GARCH and stochastic volatility models.
The (linear) ARMA process is not really suited for modeling financial time series. The GARCH model
is very attractive because of its simplicity in estimation problems and its capability to fit real-life return

data. There exists an enormous body of literature on the properties of the GARCH model. This work aims
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at studying strict and weak stationarity, power law tails, extremes, mixing and the statistical properties
of parameter estimators (such as consistency and asymptotic normality under general assumptions on
the distribution of Z;). Despite the many papers and books which have been written on the ”ARCH”
theme, the GARCH model is still not completely understood as regards its probabilistic properties. The
stochastic volatility model is still in the frame of the picture when we speak about financial time series
analysis. The problem of estimation of the stochastic volatility model parameters was a serious threat
for this model. New methods for estimation made the stochastic volatility model more interesting for

financial time series analysis.

1.3.1 Asymptotic theory for the sample autocorrelation for the stochastic
volatility model

In this thesis our interest focuses on the stochastic volatility model as a tool for financial time series
analysis. Our first aim will be to derive an asymptotic theory for the stochastic volatility model. If one
estimates the parameters of the model from the sample data, the estimators often include the sample
mean X, the sample variance and the sample autocorrelations for (X;) and (| X|?) for some p > 0, e.g.
for p = 2. We start our study, as usual in time series analysis, by exploring the probabilistic properties
of the stochastic volatility process.

In the beginning, an introduction to the probabilistic tools which are used throughout the thesis are
given. The ergodic theorem and the central limit theorem play an important role for the asymptotic
theory of the estimators. Martingale properties are crucial for the central limit theorem of (X;). For the
(IX¢P), p > 0, sequence, mixing conditions are needed for the application of the central limit theorem
for dependent variables. We introduce different types of mixing conditions, see Section 2.1.4. In the
case of the stochastic volatility model, strong mixing is convenient. Using the Cramér -Wold device, we
get a multivariate version of the central limit theorem, see Section 2.1.5. The multivariate central limit
theorem is useful, e.g. when studying the joint convergence of the sample mean and the sample variance,
but also when we consider the asymptotic behavior for a lagged vector of sample autocorrelations or
sample autocorrelations. This is the topic of Section 2.7.

Stationarity is an important property in time series analysis. For linear time series analysis often
weak stationarity suffices, whereas for non—linear time series analysis strict stationarity is important. In
practice, financial time series in general are non—stationary. If there is a doubt about stationarity we can
apply some transformations to make the data stationary. The stochastic volatility sequence is a strictly

stationary sequence under some mild conditions, see Section 2.4.2.
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One of the advantages of the stochastic volatility model is that we can easily study its probabilistic
properties. Its moments are used to compute variances, autocovariances, and autocorrelation functions.
In Section 2.4.4, we study the moments of the stochastic volatility sequence (X;) and its powers (|X;|?).
We introduce the results in the case logo; = Zfio Yine—; where (n;) is an iid sequence and (¢;) are

suitable constants and in the special case that n has a Gaussian distribution.

We need a central limit theorem to study the asymptotic behavior of the estimators of moments and
covariances. The central limit theorem for iid sequences is not applicable for financial time series as
the data are dependent through time. For a stochastic volatility model, the sequence (X;) is a strictly
stationary ergodic martingale difference sequence under mild assumptions, see Section 2.4.4. Hence the
central limit theorem for strictly stationary ergodic martingale difference sequences can be applied to
the sample mean of a stochastic volatility model. Another important sequence in financial time series
analysis consists of the series of the powers (|X;|?). In practice, it is common to study the sequences
(|X¢]) and (X?) in order to detect non-linearities in the sequence of the returns (X;). If the sequence (X;)
is strongly mixing the sequence (|X:|?), p > 0, is also strongly mixing sequence. Thus the central limit
theorem for strictly stationary strongly mixing sequences can be applied to get the asymptotic behavior
of the sample mean of (] X;|”). Using these central limit theorems and the Cramér-Wold device, we get
multivariate versions of the central limit theorem. Section 2.5 studies the joint central limit theorem for
the sample mean and the estimated variance of the stochastic volatility sequence (X;) and the power

sequence (| X;|?).

First, we are interested in the case of finite variance innovations Z;, where we can use the standard
central limit theorems from Section 2.1.5. We also consider the non—standard case, when Z; has infinite
variance. As a special case we study iid a—stable innovations (Z;). We study the joint asymptotic
behavior of (X,,,52), where X, is the sample mean and 82 is the sample variance, under the assumption
that (Z;) is iid symmetric stable (sas) for some a € (0,2). The limiting joint mixed characteristic
function-Laplace-Stieltjes transformation of (X,,32) is derived. We also study the limiting distribution
of the standardized sample mean /nX ,,/3,. It is symmetric and has unit variance but it is not standard

normal. This result is in contrast to the case when var(X) is finite, when the limit is normal.

The other side of the coin in time series analysis is spectral analysis. In this thesis we study the
asymptotic theory for the periodogram of a stochastic volatility sequence. The spectral representation of a
stationary process (X;) essentially decomposes (X ) into a sum of sinusoidal components with uncorrelated

random coefficients. In conjunction with this decomposition there is a corresponding decomposition into
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sinusoids of the spectral density of (X;). The spectral decomposition is thus an analogue for stationary
stochastic processes of the more familiar Fourier representation of deterministic functions. Herglotz’s
theorem and the spectral distribution function of a stationary process are important building blocks in
this area. The standard methods for estimating the spectral density are based on the periodogram. We
again study the asymptotic behavior of the periodogram for the stochastic volatility model when either
(Z;) is iid normal or (Z;) is iid infinite variance sas, for some a < 2, see Section 2.6. We also study the
self-normalized periodogram.

An important fact about financial time series is related to the autocovariance/autocorrelation func-
tions, which are usually estimated by their sample autocovariance/autocorrelation functions. Of course,
as for any statistical estimator, we need to study its asymptotic behavior. The stochastic volatility se-
quence (X;) is a strictly stationary ergodic martingale difference sequence, so the central limit theorem
for strictly stationary ergodic martingale difference sequences is applicable in this case. We study the
joint limit distribution for the sample autocovariance and the sample autocorrelation functions in the
case of Gaussian and non-Gaussian log o;. For the sequence (|X;|?), p > 0, its autocorrelation function
is relevant in financial time series analysis. For example, for real-life data (X;), the autocorrelation
function of the time series (|X¢|) does not decay very fast for large lags h. The sequence (|X¢|P) is a
strictly stationary strongly mixing sequence, so the central limit theorem for this kind of sequence and
its multivariate versions can be applied to the sample autocovariances and autocorrelations. As the auto-
covariance for lag h > 0 does not equal zero, the variance covariance matrix for the limiting distribution

is more complicated than in the case when p = 1. These are the topics of Section 2.7.

1.3.2 Extremes in the stochastic volatility model

When reading a newspaper and studying the financial index on the first page, one expects to find big
losses or big profits in the financial market. This is a simple example when extremes matter. In general,
extreme value theory takes a special interest in very different areas, and financial time series analysis
is just one of them. Some time series analysts consider extremes as outliers. This means, that they do
not, consider them as belonging to the probability distribution underlying the data. Dealing with these
extremes as outliers, leaves one no choice for a quantitative analysis of these values. Another point of
view, especially for long records of phenomena, is to model the extremes. Extreme value theory deals
with this topic. In Section 3.1.1, we give a short review of classical extreme value theory for iid random
variables.

Real-life financial returns are heavy-tailed in the sense that their distributional tails exhibit power
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law behavior. This means in particular that sufficiently high moments of returns might be infinite. For
modeling heavy tails of financial time series, the class of regularly varying distributions is particularly
attractive. A random variable X is said to be regularly varying with index « > 0 if there exist constants

p,q >0, ¢ =1— p satisfies

P(X>z)=(p+0(1)z"%L(z) and P(X < —z)=(¢+o(1))a"*L(x),

for every x > 0, L(-) is a slowly varying function, i.e. L(cx)/L(x) — 1, as x — oo, for every ¢ > 0. In
many real-life data, there is evidence in favour of regularly varying distributions, see [11]. In addition,
mathematical reasons for using regularly varying distributions for modeling extremal events come from
their relation with extreme value theory and the fluctuation theory of modern models. A probability
distribution is regularly varying with index « € (0, 2) if and only if it belongs to the domain of attraction
of an infinite variance stable distribution. Moreover, a regularly varying distribution with index o > 0
belongs to the maximum domain of attraction of one particular extreme value distribution, the Fréchet

distribution

O,(z)=e¢" x> 0.

In Sections 3.1.3 and 3.1.4, we introduce univariate/multivariate regular variation, major properties of
regularly varying variables and vectors, and give examples. Two functions of regularly varying vectors,
product and sum, are particularly important for our purposes. We study them in these sections.

An important application of regular variation is modeling extremal events in financial time series. In
Section 3.2.1 we study the regular variation of the GARCH model. In particular, we study the so—called
spectral distribution of the GARCH(1, 1) case under mild conditions. This distribution is a quantitative
measure of the likelihood that multivariate extremes occur in a certain direction. The knowledge of the
spectral distribution enables one to conclude various limiting conditional probabilities, among which the
tail dependence coefficient has gained some popularity in quantitative risk management, see e.g. McNeil
et al [25]. This leads us to study some consequences for the extremes of the GARCH(1,1). We also study
regular variation in the stochastic volatility model in Section 3.2.2, which is a less demanding task.

In general, sequences of iid random variables are not very often met in time series practice. An
important fact about financial time series is that their extremes usually occur in clusters. Classical
extreme value theory does not apply to the stochastic volatility model; we need some extra conditions
on the dependence structure. There are different models for dependence. In the case of heavy—tailed

distributions, the autocorrelation function is not a perfect measure of dependence. To measure the
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dependence in the tails, the extremal index of a stationary sequence is a useful tool. Smaller values of
the extremal index indicate stronger clustering of large fluctuations, i.e. more dependence in the tails.
Perhaps surprisingly (and in contrast to the GARCH model), the extremal index of a stochastic
volatility model is one, i.e. it has the same value as for an iid sequence. In Section 3.3 we study the
asymptotic behavior of the extremes in a stochastic volatility process. Under the assumption of regular
variation on the noise (Z;) we show that the limits of the maxima and ordered statistics are the same
as in the iid case with the same marginal distributions as in the stochastic volatility model, and we also

show that the weak limit of the point processes of exceedances is a homogeneous Poisson process.

1.4 Summary

The thesis contributes results in the following areas:

1) We give an overview of the asymptotic behavior of the sample mean and sample variance for a stochastic
volatility model under strong mixing of the volatility sequence. Whereas the results in the finite variance
case follow standard patterns, the results, where the noise is iid symmetric a—stable, are new.

2) We study the asymptotic behavior of the periodogram of the stochastic volatility model in the cases
when the noise is either iid Gaussian or infinite variance a—stable. We also consider the selfnormalized
(or standardized) periodogram at a fixed frequency. Whereas the limit of the periodogram in the case
of iid Gaussian noise is exponential as in the case of an iid sequence, the limits in the case of a—stable
infinite variance noise are rather unusual and, in particular, depend on whether the frequency is a rational
or irrational multiple of 2r. Whereas this phenomena has been observed in Kliippelberg and Mikosch
[23] for an iid sequence, the results are new for the stochastic volatility model. Since the self-normalized
periodogram has a limit distribution in both cases, the finite and the infinite variance ones, the limits
of the smoothed self-normalized periodogram can be interpreted as a spectral density irrespective of
whether the spectral density of the model is well defined or not.

3) We provide a limit theory for the sample autocovariance and autocorrelation functions of the stochastic
volatility model and its absolute values and any positive power. Since we exclusively made use of strong
mixing, the results follow by standard arguments from the theory of strong mixing.

4) We study the extremal behavior of a stochastic volatility model under the assumption that the iid
noise be regularly varying. We show that the stochastic volatility model itself inherits regular variation
in the sense that its finite—dimensional distributions are regularly varying with a spectral distribution

concentrated at the coordinate axes. This is again analogous to the case of an iid sequence. In particular,
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the stochastic volatility sequence has extremal index one and has upper tail zero. These are two other
properties it shares with an iid regularly varying sequence.

In since, the results of this thesis show that the asymptotic results for sum-like functionals and
extremes of a strongly mixing stochastic volatility sequence very much parallel the theory for an iid

sequence.



Chapter 2

Asymptotic theory for stochastic
volatility processes

This chapter deals with the stochastic volatility model. We study the properties of this model including

its moments. The main aim is to study the asymptotic behavior of its estimated autocorrelations.

2.1 Preminaries on time series

In this section the emphasis is on some tools which play an important role in the study of the stochastic

volatility model.

2.1.1 Weak and strict stationarity

When looking at a time series we hope to see some sort of ”regularity”. In particular, when looking at
different segments of the series we might expect to discover similar patterns or similar behavior. This
can be made precise by introducing the notion of ”stationarity”. Before we can do that we need another

fundamental quantity:

Definition 2.1.1. (The autocovariance function (ACVF))

Let (X4)tez be a process such that var(X;) < oo for all t € Z. The function
vx(s,t) = cov(X5, Xy) = B[(Xs — EX)( Xy — EXy)]; s, t€Z, (2.1.1)
is called the autocovariance function of the process (X;). We write ACVF for short.

Definition 2.1.2. ((Weak) stationarity)

The time series (X¢)tez is said to be stationary if the following relations hold:

L] ElXt|2 < OO,t € 7.
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o EX;, =m,t €Z, for a constant m.
o vx(s,t) =vx(s+ h,t +h) for all s,t,h € Z.

Definition 2.1.3. (Strict stationarity)
The time series (Xi)iez s said to be strictly stationary if for any h € Z and t > 0, the random vectors

(Xn, ..., Xewn) and (Xo, ..., Xy) have the same distribution.

Any strictly stationary sequence will always be indexed by the integers Z. We will usually drop the

index set. For any strictly stationary sequence (X;) we write X for a generic element of the sequence.

o If (X;)iez is stationary then the autocovariance function of (X;) can be written as
vx (h) = cov(Xy, Xiyn) = vx (0, h)

e A strictly stationary process with finite second moments is (weakly) stationary. The converse of

the previous statement is not true.

e There is an important case in which (weak) stationarity implies strict stationarity. It is a Gaussian

time series (if the finite dimensional distributions of (X;) are all multivariate normal).

The weak stationarity assumes that only the first two moments of time series are time invariant provided
that the process has finite second moments. Weak stationarity is primely used for linear time series, such
as ARMA processes, where we are mainly concerned with the linear relationships among variables at
different times. In fact, the assumption of weak stationarity suffices for most linear time series analysis,
such as in spectral analysis. In contrast, we have to look beyond the first two moments if our focus is on
nonlinear relationships. This explains why strict stationarity is often required in the context of nonlinear

time series analysis.

2.1.2 Autocovariance, autocorrelation functions and their sample analogs of
a stationary process

Definition 2.1.4. (Autocorrelation function ACF)

Let (Xy)ter be a stationary process such that var(Xy) < oo for allt € T. The function

px(h) = (2.1.2)

is called the autocorrelation function at lag h € Z .
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Since the ACVF and ACF are unknown for a real-life data set, they have to be estimated by sta-
tistical means. Standard estimators are given by the sample autocovariances §x(h) and the sample

autocorrelations px (h) at lag h € Z.

Definition 2.1.5. (The sample autocovariance function and the sample autocorrelation function)

The sample ACVF and sample ACF of a stationary process (X;) are given by

15y x : x (h)
n

(X) — X)) (Xogn — Xn),  px(h) = 3 0<h<n, (2.1.3)

Ix(h) =

1

respectively, where X, = %2?21 X; s the sample mean.

Autocovariances, autocorrelations and their sample versions are relevant for the study of the depen-
dence structure and for building theoretical time series models. Whenever we work with these quantities
we are in the time domain of time series analysis. Another way of looking at time series is the frequency

domain where one studies the spectral properties of such series.

Example 2.1.6. (Linear Process, ARMA)
The time series (X;) is said to be an ARMA(p, q) process if it is stationary and satisfies the ARMA

difference equations
Xt —p1 Xpoqg — - — ¢pXt—p =Zi+0Zi1+---+ qut—qa teZ, (214)

for given real numbers ¢1, ..., ¢p, 01, .. ., 0, and a white noise sequence (Z;) with var(Z) > 0. The process

(Xt) is linear if it has representation

o0
X, = Z ;i Zi_j, te.

j=—o00

An ARMA(p, q) process is said to be causal if it has representation

(oo}
Xe=)Y $jZ, teL, (2.1.5)
j=0
for constants 1; satisfying
> iyl < oo (2.1.6)
j=0

This means all causal ARMA(p, q) processes have a linear series representation. The following formula
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can be obtained for any linear process, hence in particular for ARMA(p, ¢) process

var(X) = o*) 43, (2.1.7)
7=0
yx(h) = 0®Y ¢itin, heL (2.1.8)
7=0
> e Vit
h) = —==—5—, hel 2.1.9
px (h) =07 € (2.1.9)

For causal ARMA processes, there exist £ > 0,a < 1, such that [¢;]| < ka? for all j > 0. Hence for all
h>0
ix (W) < 0> [slldinl < %KY alalth
j=0 j=0

1

= 02k2ah72.
1—-a

Therefore both vx (h) and px(h) converge to zero exponentially fast as h — oo.

2.1.3 Ergodicity

If (X, t > 0) are independent identically distributed, then their sample mean converges to EX if F|X| <
oo. When (X;) is merely strictly stationary, convergence to a nonconstant limit is possible. In order to
be able to study the limiting random variable in the stationary case ergodicity and invariance play an

important role (see for example [8], Chapter 6 and [38]).

Definition 2.1.7. (Measure-preserving function)
Let (2, F, P) be a probability space. A transformation T from § to §) is measure-preserving (alternatively

"T preserves P”) if it is measurable and if P[T~*A] = P(A) for all A€ F.

Every measure-preserving transformation generates a strictly stationary sequence and any strictly

stationary sequence can be represented by means of a measure-preserving transformation [38, p. 168].

Definition 2.1.8. (Invariant event)
Given a measure-preserving transformation T, a measurable event A is said to be invariant if T-'A = A.

If P(T"YAAA) = 0 then A is said to be almost invariant.

The collection of almost invariant events 7 forms a o-field which is the completion of 7 with respect
to F and P (that is, every almost invariant event differs from an invariant event by a measurable event

of probability 0.)
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Definition 2.1.9. (Ergodic transformation) /38, p. 172]

A measure-preserving transformation is ergodic if for all A € T either P(A) =0 or P(A) = 1.

Lemma 2.1.10. (The mean ergodic theorem) /38, p. 178/

Let T be a measure- preserving transformation. Then E|X| < oo implies

E ni: X(T")/n — E[X|T]| — 0
k=0

as n — oo (that is, convergence in £1).
Theorem 2.1.11. (The pointwise ergodic theorem for a strictly stationary sequence) [38, p. 181]
Let (Xy,t > 1) be a strictly stationary sequence with E|X| < oo. Then 237" | X; — E[X|T] a.s. If in

addition (Xy,t > 1) is ergodic, 2 3°7" | X; — E[X] a.s.

’n
In particular, so-called Bernoulli shifts Y; = f((Xtyn)nez), t € Z, of a strictly stationary ergodic
sequence (X;) are again strictly stationary ergodic sequences. Here f is any measurable real-valued
function f, and (X;) can be an ergodic process with values in some abstract space, see for example [24].

In particular, (Y;) is ergodic if (X}) is an iid sequence.
2.1.4 Mixing

The classical asymptotic theory in statistics is built on the central limit theorem and the law of large
numbers for sequences of independent random variables. For time series, there are rather complicated
dependence structures. Certain asymptotic independence conditions are needed in order to derive large
sample properties for time series inferences. A mixing time series can be viewed as a sequence of random
variables for which the past and distant future are asymptotically independent. For mixing sequences,
both the law of large numbers (i.e., ergodic theorem) and central limit theorem can be established. Mixing
conditions for strictly stationary processes can be given by defining mixing coefficients. These coeflicients
measure the strength of dependence for the two segments of a time series that are apart from each other

in time.

Definition 2.1.12. (Mixing conditions) [15, p. 68-69]
Let §° be the o—field generated by X;,a < t < b, and £*(F2) consists of the F°-measurable random

variables with finite second moment. A strictly stationary sequence (Xi)icz 1s said to be
a-mixing, also called strongly mixing if

sup |[P(BNC)—P(B)P(C)| =14 — 0, t— o0, (2.1.10)
Beg° ,CeFee
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[-mixing, also called absolute regular if

E < sup |P(B)— P(B|Xo,X-1,X o, )|> =04 —0, t— o0, (2.1.11)
Begee

p-mixing if

sup |Corr(X,Y)| =:pt — 0, t— o0, (2.1.12)
XeLx(32 ), YeL(3)

p-mixing if

sup |P(C)— P(C|B)| =1 ¢t — 0, t— o0, (2.1.13)
BeFO ., CeF°,P(B)>0
and
Y-mixing if
P(C|B
sup 1—(C|)‘ =y — 0, t— o0. (2.1.14)
BEF® ,CEF3,P(B)P(C)>0 P(C)

The following diagram illustrates the relationships between the five mixing conditions:

/B —mizing "\,
Y —mixing — @ —mixing a — mizring.
\. p—mizing

In general the a-mixing condition, also called strong mixing, is the weakest among the five, which is
implied by any one of the four other mixing conditions. On the other hand, 1-mixing is the strongest
condition. However, e.g. for Gaussian processes, p-mixing is equivalent to c-mixing and therefore is
weaker than the S-mixing condition [15, p. 69]. Usually strong mixing plays a fundamental role in time
series analysis.

The decay rate of the mixing coefficients to zero as t — oo is a measure of the range of dependence
or of the memory in the sequence (X;). If it decays to zero at an exponential rate, then (X;) is said to
be mixing with geometric rate.

The rate function (c) is closely related to the rate of decay of the ACF px of the stationary process

(X:) [17, p. 309]. For example, the following classical result holds.

Lemma 2.1.13. (ACF upper limit)
Assume (Xy)iez is strictly stationary and strongly mizing with rate function (o) and E(]X|**?) < oo
for some § > 0. Then the relation

S

lpx(h)| < ecay™, h>0 (2.1.15)

holds for some constant ¢ > 0.
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In particular, if (a) decays to zero exponentially fast as h — oo so does (px (h)).

Example 2.1.14. (The rates of decays for ARMA)
Assume that (X;) is a causal Gaussian ARMA process. Then it follows from [33] that (aj) decays
exponentially fast. Of course, in this case it is well known (also for non-Gaussian causal ARMA processes)

that px(h) decays to zero exponentially fast, see Example 2.1.6.

Since strong mixing is defined via the o—fields generated by the random variables X}, it remains valid

for any sub-o fields. In particular, if one considers the time series
Y;g:g(thk,..‘,Xt+k), t€Z,

for any k > 0 and a measurable function g assuming values in d-dimensional Euclidean space, then (Y;) is
again strictly stationary and strongly mixing with a rate function ay,(g) < . This follows from the fact
that the Borel o-fields generated from the Y;’s are sub-o-fields of those generated from (X;_g, ..., Xi)-

We will typically be interested in measurable transformations of the form
Yi=|XsfP, teZ,
for some p > 0, or
Y = (X7, XeXig1s- oo s Xe Xik),

for some k > 0 and the corresponding analogs for | X;|?, some p > 0. These processes have essentially the

same strong mixing properties as the original (X;) sequence.
2.1.5 Central limit theorems
Here the focus will be on the central limit theorem for dependent variables.

Theorem 2.1.15. (Central limit theorem for strictly stationary ergodic martingale difference sequences
[2, p. 206])

Let (X}) be a strictly stationary, ergodic sequence for which
E(X,|X1,...Xn-1) =0, a.s. (2.1.16)
and for which EX? = 0% € (0,00). Then

1 yx 4 N(0,02). (2.1.17)
n-
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This result is remarkable insofar that it holds under a second moment condition as in the iid case.

For the iid case 02 < oo is necessary and sufficient for relation (2.1.17).

Theorem 2.1.16. (Central limit theorem for strictly stationary strongly mixing sequences [17, p. 346—
347])
Let the strictly stationary sequence (Xy) satisfy the strong mixing condition with mizing coefficients o,

)

and let EX =0 and E|X|*T° < 0o for some § > 0. If > i, /™ < oo, then
1 - d 2 > .
%;Xiﬁjv(o,a +2;7X(j)). (2.1.18)
The asymptotic variance in (2.1.18) is finite. This is an immediate consequence of (2.1.15) and
30l ¢ o
i=1
Theorem 2.1.17. (Cramér-Wold device [21, p. 150])

Suppose that X, X1, Xo,... are k-dimensional random wvectors. Then, X, 4 x if and only if for all
choices of a = (a(1),...,a(k)) € R¥,

S a()Xa (i) 5D ali) X (). (2.1.19)

i=1 i=1
Lemma 2.1.18. (The multivariate central limit theorem for strictly stationary ergodic martingale dif-
ference sequences)
Let X, X1, Xo,... be a strictly stationary k—dimensional ergodic martingale difference sequence satisfying
(2.1.16) and E|X|* < co. Then

iixi < N(0,%), (2.1.20)

v i=1
where X is the variance-covariance matriz of X .
Proof. Since E(X,|X1,Xa,...,Xpn_1) =0,
E(d'X,|X1,X2,..., X, 1) =d E(X,|X1,X2,...,Xn_1) =0,
for all @ € R*. An application of Theorem 2.1.15 yields that
% sz:l a' X; % N(0,var(a' X)).

Notice that

var(a'X) = a'a.

By the Cramér-Wold device (Theorem 2.1.17), Relation (2.1.20) holds. O
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Lemma 2.1.19. (The multivariate central limit theorem for strictly stationary strongly mixing se-
quences)
Let X, X1, Xa, . .. be a strictly stationary k— dimensional strongly mizing sequence satisfying E| X |**9 < oo
for some § >0 and Y2, af% < 00, then
1 & d -
E;Xi —>N(Q,Z+2hZ:120h), (2.1.21)

where X is the variance-covariance matrix of X and
Zon = (cov(Xo(1), Xn(4)))ij=1.....k-

Proof. Since (X;) is strongly mixing with rate function ay,, the measurable function f(X;) = o'X; is

strongly mixing with the same rate function. An application of Theorem 2.1.16 yields that

1

NG

and the asymptotic variance is finite. Notice that

Z a'X; % N(0,var(a' X) + 2 Z cov(a' Xo,a’' Xp)),
i=1 h=1

var(a’'X) = a'%d,

and

cov(a' Xo,a' Xp) = a'Sona.

By the Cramér-Wold device (Theorem 2.1.17), this is equivalent to relation (2.1.21). O

2.2 Financial time series and their stylized facts

One branch of financial mathematics is pricing theory. It is the part of financial mathematics which is
related to the pricing of derivatives such as options. The Black-Scholes option pricing formula stands
as a synonym for this theory. It has been developed since 1973 when two fundamental papers of Black,
Scholes [3] and Merton [26] appeared. The basic version of the much quoted Black-Scholes model for log

prices, p; = log(P;), is given by the simple stochastic differential equation,
dpt = ,U,dt + O'dBt,

with ¢t denoting time and B a Brownian motion. Furthermore, p is the drift coefficient and o is commonly
referred to as the volatility which is essential in option pricing for example. This model has two basic

assumptions (which are often known to fail):
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e The volatility o is constant over time.
e p; is normally distributed.

Brownian motion and It6 stochastic integral, Girsanov transformation and change of measure are
basic notions in this framework. A deep knowledge of the theory of stochastic processes is the basis for
anybody who wants to conduct serious research in this area.

Another approach to modeling financial phenomena is via time series. Time series are discrete-time
processes, and the link to continuous-time processes is not obvious and in general difficult to establish, i.e.,
the embedding of a discrete-time process in a continuous-time one is by no means an easy matter. The
aims of time series analysis are different from those of pricing. Whereas the latter requires a continuous-
time framework in order to make martingale and stochastic integration techniques applicable, time series
analysis has always been directed towards the understanding of the mechanism that drives a given series
of data with the aim of possibly predicting future values in the series.

This does not mean that stochastic differential equations, which are commonly used to model price
movements for derivative pricing, do not describe a certain physical mechanism of the price evolution.
This approach, however, does not primarily aim at the most realistic model for prices. Its basic goal is to
get a reasonable model that is mathematically tractable and can be understood or interpreted by financial
practitioners. Thus, financial time series analysis focuses on the ”truth” behind the data meaning that
one is interested in finding physical models that explain, at least to some extent, the empirically observed
features of real-life data.

Because there are many financial data, it might be difficult to say anything about some common
properties. Surprisingly, a large variety of financial data which we denote consistently by P;,t = 0,1,2, ...,

(t can be minutes, hours, days, etc.) exhibits similar properties after the transformation

Pt_Pt—l

X =log P, —log P;—1 = log(1 + )s
Py

at least if one focuses on share prices (of Microsoft, say), stock indices (DAX, Nikkei, Dow Jones, etc.) or
foreign exchange rates (such as USD/JPY, USD/DEM, or JPY/DEM). In fact, these similar properties
depend on the time scale chosen. Depending on whether the time unit is a second, half an hour, or a day,
a month, or a year, qualitative differences in the time series can be expected and different models need to
be introduced. E.g., if the time scale is too small P; lives on a grid and varies little; one often observes that
P, does not change over longer (relative to the time unit) periods. This would imply that the distribution

of X; has an atom at zero. This would be an unacceptable assumption if X; was calculated on a daily
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basis, in which case one often requires that X; has a density. Since we do not want to get into too large
or small time scales; in what follows we think of ¢ in units of hours, days, or weeks.
The resulting (X;) is the time series of log-returns which, by a Taylor series argument, is close to

P,—P,_ . . o
5 L. The relative returns give some more intuition on the log-returns (the

the relative returns series
relative returns are very small and therefore almost indistinguishable from the log-returns), i.e., they
describe the relative change over time of the price process. In what follows, we often refer, for short, to
returns instead of log-returns.

The log-differences X; have the advantage that they are free of any unit, therefore, comparable
among each other. Moreover, there is an important mathematical issue as well: it is believed that the
time series (X;) can be modeled by a stationary (in the strict or wide senses) stochastic process, i.e., this
transformation yields one realization of a stationary process. In turn, stationarity is a basic assumption

for any kind of time series analysis. There are several references which discuss the stylized facts of

financial time series, for example Mikosch [27].

2.2.1 Distribution and tails

return

-0.05

o -
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Time

Figure 2.1: The Nikkei daily closing log-returns over a period of 4 years

Samples of returns, Xi,...,X,, have the following stylized facts in common:
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e The sample mean of the data is close to zero; the sample variance is of the order 10~ or smaller.

This is due to the fact that price changes are in general very small; a daily change of 1%, 2% or

more is very unusual.

e A density plot of the data, see Figure 2.2, shows that the distribution of the data is roughly

symmetric in its center, sharply peaked around zero with heavy tails on both sides. The shape of
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Figure 2.2: Left: Density plot of the Nikkei data. Right: QQ-plot of the Nikkei data against the normal
distribution with mean and variance estimated from the Nikkei data.

the density and the QQ-plot of the data against the normal distribution in Figure 2.2 indicate that

the normal distribution is not a perfect distribution to fit the returns. This is in contrast to the

assumptions in the Black-Scholes model, which is most widely used for modeling stock prices.

e The log-returns have heavy-tailed marginal distribution. This is clear from the very large and very

small values in the density plot and the shape of the QQ-plot (which curves up at the right and

curves down at the left). Examples of distributions more suitable for fitting return data are e.g.

the Pareto and the t-distribution. Both distributions are regularly varying in the sense defined in

Definition 3.1.4. This means that their tails are power-like, hence very heavy-tailed.

2.2.2 Dependence and autocorrelations

Using the ACF and its estimator, the sample ACF, the following dependence properties of log-return series

(X¢) are commonly observed, see Figure 2.3 for an illustration. They are observed for many financial
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Figure 2.3: Sample ACFs for the log-returns (top) and absolute log-returns (bottom) of the Nikkei com-
posite stock index. The confidence band is set as the 95 % asymptotic confidence interval corresponding
to the sample ACF of iid Gaussian noise.

time series.
e The sample ACF is negligible at all lags. An exception can be the first lag.

e The sample ACF for the absolute values |X;| and also for the squares X? are different from zero

for a large number of lags and stay almost constant and positive for large lags.

e Occurrence of extremely large and small X;’s clustered at certain instants of time, caused by

turbulences in the market due to financial crashes, political decisions, war, etc.

The slow decay of the sample ACF for the absolute log-returns is typical for longer time series. The
sample ACF is not negligible even for large lags, this is often interpreted as long memory of the absolute
returns.

Autocorrelations are not good tools for explaining large and small values in a time series. Indeed,
covariance and correlations are moments, hence they are integrated characteristics of the distribution of
the underlying time series; the contribution of the probabilities in the tails of the distributions is averaged

out and disappears.
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2.2.3 Dependence and extremes

The dependence of extremal return values is obvious if one looks, for example, at pairs | X/, |X¢y1]
exceeding a high threshold, see Figures 2.4 and 2.6. For comparison, we include the graph of the joint
exceedances of the same threshold for the successive values | X¢|, | X¢y1| in an iid sequences (X;) with a
student t—distribution with four degrees of freedom which often fits returns nicely. It is obvious that joint
pairwise exceedances of a high threshold occur in clumps for log-return data due the dependence of the
extreme values. We refer to dependence in the tails. For an iid sequence, exceedances of high positive or
low negative thresholds (relatively to the size of the data) occur separated over time, roughly according

to a homogeneous Poisson process. For returns, this is not true. This leads to the next stylized fact:

e The large and small values in the log-return sample occur in clusters. There is dependence in the

tails.
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Figure 2.4: Top: Absolute returns | X;| of the Nikkei composite stock index series for which both |X;| and
| X¢41| exceed the 85% quantile of the data. Bottom: The same kind of plot for an iid sequence from a
student distribution with 4 degrees of freedom. In the former case pairwise exceedances occur in clusters,
in the latter case exceedances appear uniformly scattered over time.

Since autocorrelations are not appropriate for describing the dependence of large and small X;—values,

further tools have been considered. One of them we want to explain now. For an iid sequences (X;) we
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Figure 2.5: Top: Absolute returns | X;| of the S&P500 composite stock index series for which both | X;|
and |X¢11| exceed the 85% quantile of the data. Bottom: The same kind of plot for an iid sequence
from a student distribution with 4 degrees of freedom. In the former case pairwise exceedances occur in
clusters, in the latter case exceedances appear uniformly scattered over time.

know that

where

M, = max(Xy,...,X,).

For large classes of strictly stationary sequences (X;) one can show the existence of a number 6 € [0, 1]

such that

P(M, <z,)=[P(X <x,)]° +0(1),

where (z,,) is a suitable sequence converging to the right endpoint of the distribution of X. This number

0 is the extremal index of (X;). It can be estimated from the data by statistical methods, see [11], Section
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8.1. By its definition, 6 describes the reciprocal of the expected cluster size in a sample X1, ..., X, above

high thresholds.

0.70
|

theta

0.02 0.03 0.04 0.05 0.06 0.07

thresholds

Figure 2.6: Point estimation of the extremal index for the Nikkei data. The estimators are based on
the upper order statistics exceeding the threshold w. The smallest u is the 97% quantile of the data.
The estimator estimates 6 in a u-region, where the plot does not change much (between 0.02 and 0.03)
resulting in an extremal index of about 0.55. If w is too high (above 0.03 say), the estimator is based on
too few order statistics and not reliable.

2.3 Some standard financial time series models

Time series can be roughly divided into two groups, linear and nonlinear time series. Examples of linear
time series models are autoregressive (AR), moving average (MA), and autoregressive moving average
(ARMA) processes. ARMA models and their variations play an active role in analyzing time series data
due to their simplicity, feasibility, and flexibility [15, p. 14]. On the other hand, as regards the properties
of financial time series, the ARMA family is not suitable for fitting the data. Beyond the linear domain,
there are infinitely many nonlinear forms to be explored.

Most models for return data used in practice are of a multiplicative form

Xt =u+ O'ch te Z, (231)
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where (Z;) is an iid noise or innovation sequence, (o:) is a stochastic process with nonnegative values
such that o, and Z, are independent for fixed ¢. The volatility process (o) and the return process (X;)
are usually assumed to be strictly stationary. Sometimes Z; is assumed to be symmetric. We will often
assume that FZ = 0 and var(Z) = 1. We will also assume that p can be estimated from the data and
therefore it will be convenient to assume y = 0 as well. If Z; is iid symmetric, the direction of price
changes is modeled by the sign of Z;, independent of the order of magnitude of this change, which is
directed by the volatility o;. This is in agreement with the empirical observation that it is difficult to
predict the sign of price changes. Since o; and Z; are independent, o7 is then the conditional variance of
X, given o;. Most models assume that oy is a function of X;_1, X;_o,... and oy_1,0¢_3,.... We consider

two of the most popular ones.

2.3.1 The ARCH family

One of the successful examples of nonlinear time series models which has a multiplicative form is the
ARCH process (autoregressive process with conditional heteroscedasticity) and its numerous modifica-

tions.

Definition 2.3.1. (ARCH(p) process)

An ARCH process of order p is defined as

Xi=01Zy, of=ao+WX7 4+ +bX], teL (2.3.2)

where ag > 0,b; > 0,b, > 0 and Z; are iid with EZ =0 and var(Z) = 1.

The ARCH model was introduced by Engle [12] in 1982 to model the varying conditional variance
or volatility of a return time series. It is one of the properties of financial time series that the larger
values of the past lead to instability (i.e., larger variances at the present), which is termed (conditional)
heteroscedasticity.

Bollerslev [4] in 1986 introduced the generalized autoregressive conditionally heteroscedastic (GARCH)

process of order (p, q) by replacing the second equation in (2.3.2) with

o =ag+a1op 4+ ago_,+ i1 X7+ + b X7, tEL, (2.3.3)

where a; > 0, b; >0, ag > 0,a, > 0 and b, > 0.
There exists a constantly increasing number of references to ARCH-GARCH and related process.

Relevant references on different issues are the following ones:
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e On strict stationarity Bougerol and Picard [5], Nelson [32] give conditions for strict stationarity.
Those are in general not easily established. They depend on the coefficients a;,b; and on the

distribution of Z.

e On the tails GARCH models, under general conditions, have power law tails. This is explored in

[11], Section 8.4 for ARCH(1), in [29] for GARCH(1,1) and for general GARCH(p, ¢) in [1].

e On extremes Power law tails of an iid sequence (X;) imply that the distribution of X is in the
domain of attraction of the Fréchet distribution, see [11], Section 3. This remains true for GARCH
process. See [29] and [1]. In contrast to iid sequences, GARCH extremes occur in clusters. See also

Section 3.2.1 below.

e On mixing The GARCH process has nice mixing properties. Given that Z; has a positive density
in some neighborhood of the origin (such as the normal or t-densities), (X;) is S-mixing with

geometric rate. This was proved by Mokkadem [30], see also [10, p. 108].

e On estimation An advanced estimation theory for GARCH and related processes can be found in
[39]. Estimation of the GARCH parameters is typically based on the Gaussian quasi-maximum like-
lihood procedure. This means that one maximizes the likelihood function of the sample (X7, ..., X,,)
under the assumption that the Z;’s are iid N(0,1). The estimators are a.s. consistent and asymp-

totically normal under very general assumptions on the distribution of Z;.

2.3.2 The stochastic volatility model

The stochastic volatility model is an alternative model to the celebrated GARCH model. The GARCH
probabilistic properties (existence of stationary solution, dependence structure, tails, etc.) are by no
means easy to derive and not in all cases well understood. We will consider another multiplicative model,

the stochastic volatility process.

Definition 2.3.2. (Stochastic volatility model)

The time series (X¢)tez s said to be a stochastic volatility process if it satisfies the equations
Xt = O'tZt, te Z,

where the volatility sequence (0¢)iez is a strictly stationary sequence of positive random variables and

(Z1)tez is an iid noise sequence. Moreover, (o1)icz and (Zi)iez are mutually independent.
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In the stochastic volatility model, the volatility sequence (o¢) and the noise sequence (Z;) are inde-
pendent. This is in contrast to the GARCH model where o; is a measurable function of the past values
of the multiplicative noise (Zs)s<; and, for fixed ¢, o, and (Z;)s>; are independent, i.e., in contrast to
GARCH processes, there is no feedback between the noise (Z;) and the volatility process (o¢),i.e., there
are two independent sources of randomness. For this reason, the stochastic volatility model is sometimes
considered as unnatural. However, the probabilistic properties of a stochastic volatility process are much
better understood than the properties of GARCH processes.

Usually (o) is given by a parametric model such as a Gaussian ARMA process for (logoy). By first
squaring X; and then taking logarithms, one can see that the ARMA process 2logo; gets perturbed by
the extra noise 2log |Z;| which makes estimation more complicated because it is impossible to give an
explicit expression for the likelihood function. We still can use some estimation methods like GMM and

quasi-MLE. Often one needs to resort to simulation based methods to calculate efficient estimates.

2.4 Properties of the stochastic volatility model

2.4.1 Some elementary properties

In what follows, we will assume that the following conditions are satisfied. It is common use to assume
that EZ = 0 and EZ? = 1. Then, if Eo < 0o, EX equals zero. This is in agreement with return data of

price series such as foreign exchange rates, share prices and stock indices, see page 20.

Moreover, if var(Z) and var(o) are finite, var(X) < oo and, by the Cauchy-Schwarz inequality,

lcov(Xt, Xeyn)| < /var(X;)var(X;ip) -
In particular, we have
COV(Xt,Xt+h) = E(XtXt+h) = E(Zt)E(Zt+h)E(UtO't+h) =0

for all ¢, h € Z. This shows that (X;) is a white noise sequence. This is in agreement with the stylized

facts in Section 2.2.2.
2.4.2 Strict stationarity
The assumption of stationarity of the time series (X;) is basic for the statistical analysis of the data.

Lemma 2.4.1. (The stochastic volatility sequence is a strictly stationary ergodic sequence)
Under the conditions of Definition 2.3.2, (X;) is strictly stationary. Moreover, it is ergodic if (o) is

ergodic.
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Proof. Condition on (Z,). By strict stationarity of (o,,), the sequences (o) and (o,45) have the same
distribution for any h € Z. Hence (Z,0,+h) < (Zpop). Now condition (Z,0p4+n) on (0p4p). The iid
property of (Z,,) yields that (Z,,) < (Zp+n). Hence (Z,,0p,41) has the same distribution as (Z,410n+1)-
Finally, (X,,) < (Xn+n). The ergodicity of (X,,) follows from the fact that both (o) and (Z;) are ergodic

and mutually independent. O

2.4.3 Strong mixing

Lemma 2.4.2. (The stochastic volatility sequence is a strongly mixing sequence)
Consider the stochastic volatility model with a strongly mizing sequence (o,,) with rate function (ap(0)).

Then the sequence (X3) is strongly mizing with rate function ap, < 4oy (o).
Proof. Let 32 = o(X;,a <t <b) and choose A € §° _, B € §°. Then

[P(ANB) = P(A)P(B)] = P((Xs)s<o € C,(Xs)s21 € D)

—P((Xs)s<0 € O)P((Xs)s21 € D),
where C, D are suitable Borel sets in R>. Conditioning on (o) yields

P(ANB) = E[P((Xs)s<0 € C,(Xs)s>t € D)|(05)]

= E[P(((Xs)s<o € O)los) P(((Xs)szt € D)(05))]
Since (o4) and (Z;) are independent we can write
flo..yo-1,00) = P((...,X_1,X0) € Clos,s <0),
g(ot, 0041, ...) = P((X¢, X41,...) € D]og, s > t),
and then

IP(ANB) — P(A)P(B)| = |E(f(...,0-1,00)9(0t,0¢s1,...))

—E(f(...,0-1,00))E(g9(0t, 0041, ---))|-

Notice that f(...,0-1,00) and g(oy, ot41, .. .) are less than 1. Standard results about strong mixing show

that the right-hand side in the previous equation is bounded by 4ay, (o) [15, Proposition 2.5, p. 71-72]. O

A common way of constructing a positive strictly stationary volatility sequence (o) is to assume a

particular form of the strictly stationary log-volatility sequence Y; = logoy,t € Z. In the literature, it is
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often assumed that (Y;) is a linear process
oo
}/t = Zwintfia te Z7 (241)
=0

where (1¢) is a sequence of deterministic coefficients with 99 = 1 and Y ;2 ¥? < oo and (1) is an
iid mean zero and finite variance sequence of random variables. By Kolmogorov’s three series theorem
[21, p. 185] the latter conditions ensure that the infinite series (2.4.1) converges a.s. As a Bernoulli
shift of the iid sequence (1), the process (o) is strictly stationary ergodic (see Section 2.1.3), and (X3)
inherits ergodicity from ergodicity of (o¢), the iid property of (Z;) and the independence of (o) and (Z;).
Moreover, if (Y;) is strongly mixing with rate function (ay) then (o) has the same rate function and by

Lemma 2.4.2, (X;) has rate function ay, < 4oy (o).
2.4.4 Martingale properties

We consider the filtration G; = 0(Zs,ns,s < t) in the model given by Equation (2.4.1). Then (X}) is
adapted to (G¢) and

E(X(|Gy_ ) = eXr¥im—iB(Z,e") = e = Vi—i BEZEe" =0 a.s., (2.4.2)

provided that Fo < oo. Then (X;) constitutes a centered finite variance strictly stationary ergodic

martingale difference sequence.

Lemma 2.4.3. The sequence (X X11) is a mean zero finite variance strictly stationary ergodic martin-

gale difference sequence with respect to (Gyyp,). If var(o?) < oo it is also stationary.
Proof. For h > 0, (X, X¢+1) is adapted to the filtration (Gy4p) and by (2.4.2)
E(XtXt+h|Gt+h71) = XtE(Xt+h|(Gt+h71) =0 a.s.

Hence (X:X:41) is a strictly stationary ergodic mean zero martingale difference sequence. In addition,

since EZ% =1 and if var(o?) < oo, then
var(X; Xeyn) = B(op*on?) < 0.

Therefore (X;X;+1) is a mean zero finite variance strictly stationary ergodic martingale difference se-

quence. O

Lemma 2.4.4. Assume p > 1. If Eo? < oo and E|Z|P < oo, the sequence (¥ (|Z|P — E|Z|P)) is a
strictly stationary ergodic mean zero martingale difference sequence with respect to (Gy). If Eo®P < oo

and E|Z|?? < o it is also stationary.
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Proof. The sequence (o} (|Z:|P — E|Z:|P)) is adapted to the filtration (G;). Moreover,

E(0{(|Z)P = E|Z|")|Gir) = eP>== v B((¢"(| 24P — E|Z|7)|Gy-1)

— Pty wmtﬁEeme(|Z|p — E|Z]P) =0.

Thus (6(|Z|P — E|Z|P)) is a mean zero strictly stationary ergodic martingale difference sequence with

respect to (Gy). If Eo?P < oo and E|Z|?P < oo,

var(cP(|Z:|P — E|Z|P)) = EUQP(E|Zt|2p — (E|Z|p)2) = EUszGT(|Zt|p) < 0.

Another sequence of interest in the stochastic volatility model is
(ot oy ((1Ze)P = EIZIP)(1Zesnl” — E|Z]7))),  h>0.
The last sequence is adapted to the filtration (Gy1p).

Lemma 2.4.5. Assume p > 1. For every h > 0 the sequence (oy oy, ((|1Z:|P — E|Z|P)(|Zt1n|P — E|Z|P)))
is a strictly stationary ergodic martingale difference with respect to (Gyy) if Eo?? < 0o and E|Z|P < co.

It is stationary if E|Z|** < oo and Eo* < co.

Proof. For h > 0, the sequence (ofoy,, ((|Z:[" — E|Z|P)(|Zs+n|? — E|Z|P))) is adapted to the filtration
(Gis1). Therefore

E((of ol n((1Z:P = EIZP)(| Zenl? = EIZP))IGin—1)) =

(|Zt|p _ E|Z|p)o—fep2?i1 wint+h—iE(ep77t+h(|Zt+h|P _ E|Zt|17))

(‘Zt|1) — E‘Z|p>0f€p2iil qunt+h4Eepnt+n (E|Zt+h‘p _ E|Zt‘17)

|
e

Since Eo?” < oo and E|Z[P < oo, the sequence (070}, ,,((|Z¢|P — E|Z|P)(|Ze4n|? — E|Z|P))) constitutes a
strictly stationary ergodic martingale difference sequence with respect to (G;4). Moreover, if Eo¥? < oo

and E|Z|* < oo,

var(of oy, (1 Z)P = E1ZIP)(|ZenlP — EIZIP)) = E(0y"0 )%, (var(1Z]7))? < cc.
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2.4.5 Moments of the stochastic volatility model

Throughout this section, we assume (X;) is a stochastic volatility process with specification given in
Section 2.4.3, in particular EZ = 0 and EZ? = 1, and (0}) is defined through equation (2.4.1) where (1;)
is an iid sequence with E(n) = 0,var(n) = E(n?) = 7% < oo and the moment generating function of 7,

my,(s) = Ee®, is finite for all s € R, ;2 ¢? < 0o and ¢ = 1.

Remark 2.4.6. The fact that (X;) is a white noise sequence agrees with real-life return data. However,
this observation is not very informative. Therefore it has become common in financial time series analysis
to study the ACVF and ACF of the absolute values, squares and other powers of absolute return data
as well. In contrast to the GARCH process, in the stochastic volatility model one can exploit the

independence between (o) and (Z;) in order to get explicit formulas for v x».

Lemma 2.4.7. Assume p > 0. Then the following relations hold.

E(o?) = []maps), (2.4.3)
1=0

var(o?) = [[mn@pe:) — (] ma(pv:). (2.4.4)
=0 =0

The ACVF of (6¥) at lag h > 0 is given by

0o h—1 )
You (h) = Hmn(p(z/)i +Yitn)) H my (phi) — (H may (p;))? (2.4.5)
i=0 i=0 i=0

and the ACF of (o¥) at lag h > 0 is given by

T (0t + ) TT 1 () — (1% o ()2
por(h) = T, (2ps) — (L1 1 () 2 ‘ (2:46)

Moreover if n has a Gaussian distribution with mean zero and variance 72 > 0 then

2,2 o
E(O-P) — ep2 X 2o 7/’1'2’ (247)
var(a”) — 61727'22?20 7 (ep2722ioio v _ 1)’ (248)
Yor(R) = P T2 Y] (ep27'2 Yo %ititn _ 1) ’ (2.4.9)

P TN o itien _ 1 ePv(R) _q

Por (h) = ep2T2 S o2 1 = P2y (0) _ 1 (2410)

Proof. The volatility sequence (o;) in the stochastic volatility model is given by oy = eXizo¥int—i  Hence
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by independence of the 7;’s and since m,,(s) exists for all s € R,

o0
Bo?) = BeSEovn = T]myy),
1=0
var(o?) = E(0® — (Eo?)?) = [ ma(2pvs) — (][ mn(p:))?,
1=0 1=0
E(Ufaf+h) — E(Ugai):Eep@iowm_ﬁzgwmm)

= EePE oWt ign)n—it+3 2, irnn—j)

o0 h—1
= [ mn@: +vign) [ malpi), > o0.

=0 =0

From the above results, formulas (2.4.5) and (2.4.6) are straightforward. For the special case when 7 has

a Gaussian distribution N(0,72),72 > 0, the moment generating function is given by my(s) =e

37" In

NI

this case (2.4.7) and (2.4.8) are straightforward from (2.4.3) and (2.4.4). Direct calculation with (2.4.5)

yields

2.2

E'(U(Z)JO'Z) = ¢ (C 20 (Wittirn)’+X 10 7)

p2T2

= e 2 (E?iow?JFZ?io¢?+h+22fiowiwi+h+2?:_olwiz)

_ 61327'2 o (¢?+¢iwi+h) ,

Yor(h) = cov(atpaHh
2_2 5]
P T X 0 Yitien _
pop(h) - epz.,.z S v 1

2 2500 2 2 2\ 0o ..
P ):ep TN W3 <€p TEY 2 Yititn _1)7

O

Remark 2.4.8. Notice that when 7 comes from a Gaussian distribution N(0,72), (Y;) presents a linear

process as introduced in Example 2.1.6. Thus (Y;) satisfies

oo
2 2
2y W,
i=0

Yy (0)

wh) = 7Y Witien, k>0,

j=0
o0
Z]‘:O wﬂ/)j-&-h

h = ;
pY( ) ijo 1/)]2

For the ACF of (o}) we then have

h >

0.

Yor () = P O (P () _ 1) p >0,
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Since vy (h) — 0 as h — oo a Taylor series expansion yields
Yor () ~ PO p20 (), h— . (2.4.11)

In addition,

2
eP rv(h) _ 1 2
Dy (h). (2.4.12)

pap(h) = PPy (0) _ ~ eP? iy (0) _

In particular, if (Y;) is strongly mixing with geometric rate, vy (h) — 0 as h — oo exponentially fast,
hence pyr(h) — 0 exponentially fast too. This is in agreement with the theory of strong mixing, see

Lemma 2.1.13.
Lemma 2.4.9. Assume p > 0. The ACVF of (o%d¥, ) at lagt > 0 is given by
o ifh <t

Yoror (t) = [ ma@i + Gnri + ryi + Yepnsi)
=0
h—1 —h—

T a0+ i+ i) H p(¥i + ¥nti))

=0 =0
2

h—1 o _
: H my(pi) — Hmn(P(%‘ + Yitn))- H my(pi)|
i=0 i=0 i=0

o ifh >t

anh H mﬁ P(Yi + Vi + Veti + Vetnri))

h—t—1

. H mn 1/)1 + Yigh—t + werh H mn wz + 'l/}t+2))

'Hmn(p% - I_Im,7 (Vi + Yivn))- H mn(pwz-)
i=0 =0

Moreover, if n has a Gaussian distribution N(0,72) the above ACVF is

Yok b (t) e2P B DE i (TR TN 7/)1+h)[ Yo Witiritbitvirnyi) _ 1} (2.4.13)
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Proof. It h <t we have
E(UgUianfM) = BP0 Yin—it o binn—i+ 20 ine—it 2 Zo Yillitn—i)
- E [ep(Z 2o (Wit n it Yepite—n—i)n—i)

P2 j_=1,h Wm0 et esnt)n— i+ 77 (et epns )1+ 0 gt h—m)

[e§] -1
= JImae®@i +vnsi+ e+ Veni)- [ ma@@isn +Yipe + Yernis)

i=0 i=—h
—h—1 —t—1

: H My (P(Yr4t + Yrgntt))- H Moy (PYt+hoti)-
i=—t i=—t—h

From the above result and Lemma 2.4.7 we get

Yoo () = Elogonoiot,,) — (B(oge}))”

H My (P(Vi + Ynti + Yigi + Viphti)

i=0
-1 —h—1
T mn@iin + it + ivein) [T mn@@ire + vernia)
i=—h i=—1
—t—1 o h—1 2
: H My (DYt hti) — Hmn(P(d% + Yiyn))- H my(pi) |
i=—t—h i=0 =0

For the special case we have

p272

%'gaf(t) — e [ 82 o (it tntitdesritesnt) +2 in p Witn+ite+Pitern)+5 0 Wit e +eanti)?]

2,2 —t—1 2 2.2 2
.ep 5 im—t—h Yithti [ep T ?io(wi +¢i’bi+h)]2

— 62192"'2z?ig(%2+1/1i1bi+h,+¢i¢i+t+¢i¢1+t+h,) _ 621727'2 :io(¢f+wiwi+h)'
In the same way we can get the results for h > t¢. O

Remark 2.4.10. When 7 comes from a Gaussian distribution N (0, 72), the following result holds

Yorar () = e2p2(’yy(0)+w(h))[ew(t)+w(t+h) —1]. (2.4.14)
A Taylor expansion yields
Yopop ~ O OF N (3 (1) 4y (E+ h)), = o,

The variance of (of,07)) is given by

var(ohol)

2p 2
Bo2o®) — (B(ofol))?
_ 64;027'2 2o(Wi+viviin) _ (ep2r2 iﬁo(¢?+wiwi+h))2

— 2O O () (2% v (O () _ 7).
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In addition, the ACF has the form

v (O (t4h) _ 20 (v (0)+7y ()
Poyor (t) = 220 (v (0 +y (1) — 1 202 (ry (0) v () _ 1(’YY (&) + v (t+h)

(2.4.15)

In particular, if (Y;) is strongly mixing with geometric rate, vy (t) — 0 as ¢ — oo exponentially fast,

hence 7,747 (t) — 0 exponentially fast too.

Lemma 2.4.11. Assume p > 0. If E|Z|P < oo, we have

E| X7 = E(1Z7) [T (o).
=0

If E|Z|P < 0o the ACVF for (|X|P) at lag h > 0 is given by

0o h—1 00
Yxp (h) = (E(1Z]P)? (H o (ps + Yin) [ malos) — ([ mnwm?) .
=0 =0 =0

If E|Z|?? < oo the ACF of (|X|P) at lag h > 0 is given by

(B(1217)2 (T120 ma (p(es + ien)) TLy ma(pien) — (T152 0 ma (p02))?)

xp(h) = 5
e () B(\Z12) TI2Z0 mn20t60) — [E(1Z]P) 10 7 (0]

When 1 has a Gaussian distribution N(0,72) we have

p272 oo »2

E(X[P) = E(Z|P)e" 7 2% = E|z|pe'T (O,
var(|X[P) = e REow (EIZIQPePWZ?iU v (EIZIP)Q)

— PP (0) <E|Z|2pep2,yy(0) _ (E|Z\p)2) ’

B(| X P|XinlP) = e?" o ©Utor()(p|zip)2,
’7|X\p(h) = (E‘Z|P)26P2‘F2Zfio 7 (ePZTZZ?C_—’o Yivith _ 1) 7
(E‘Z|p)2 (61’2722?;0 Yitvith _ 1)
pixp(h) = -

B|ZPrer T STV — (B|ZP)?
Proof. For the sequence (X;) we have the following straightforward calculations.
EIXPP = E(@")E(ZP) = E(ZP) [ maloes),
i=0

var(|X?) = E(Z) [T my2pei) — [EAZP) [ (o))

i=0 =0

Nxpp(h) = E(o§|Zo|Po})| Zul") = (E|ZIP)* E(ogoy) = (E(1Z]P)*vor ().

(2.4.16)

(2.4.17)

(2.4.18)

(2.4.19)

(2.4.20)

(2.4.21)

(2.4.22)

(2.4.23)
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Now we use (2.4.5) to get the formulas for v x»(h) and px»(h).

For the special Gaussian case, the moment generating function is given by m,,(t) = et”7°/2. We have

from the previous calculations

E(XP) = B(zP)e" S,
var(|X[P) = E|Z|2P62P2TQZ§'20 i _ (E‘Z|P)26P2TZZ;'ZO 2
= PITEEY] (E|Z‘2pep2f22;'io 7 (E|Z|p)2) 7
vxp(h) = (B|Z|P)2er" ™ Lo ¥l (epwmo Vithirn _ 1) ’
(E|Z[P)? (ep"'ﬁziio i _ 1)
px»(h)

E|ZPrer T SR — (B|ZP) |

Remark 2.4.12. Note that in the above lemma var(]X|?) cannot be derived by formally setting h = 0
in the ACVF v|x»(h) in Equation (2.4.17).

Remark 2.4.13. The ACVF 7|x» in the case of a Gaussian distribution N (0, 72) for 1 can be approxi-

mated by using a Taylor expansion as follows:

Yxp(h) = (E|Z|P)26p27y(0)(epzvy(h)_1)

~ (B|ZP)*p?er ™ Ony (h), b — oo (2.4.24)

This follows from the fact that (yy (h)) decays to zero at h — co. The ACF is approximated by

(E|Z|P)*p?
E‘ZPpep"'W(O) — (E|Z|P)

pix»(h) 5y (h), h— oo (2.4.25)

Remark 2.4.14. We conclude from Remarks 2.4.8 and 2.4.13 that ~,» inherits the asymptotic behavior
of the ACVF vy and, in turn, | x» inherits the asymptotic behavior of v,» and vy In particular, if (Y;)
is strongly mixing with a geometric rate function (i) then we know from page 17 that (|X;|?) and (o?)
inherit strong mixing with the same rate function. We conclude from (2.4.24) and (2.4.25) that (v x»(h))

and (v,»(h)) decay exponentially fast as h — oco. This is in agreement with Remark 2.4.13.

Lemma 2.4.15. Assume p > 0 and E|Z|P < co. The ACVF of the sequence (| XoXn|P) for h >0 at lag

t > 0 is given by



2.4 Properties of the stochastic volatility model

o ifh <t
Y XoXn|P (t) = (E|Z|p (H mn wl + ,(/Jthl + wt+z + "/JtJthrz))
=0
—h—
. H mn % + wz+t n+ '(/Jz+t H ’lpz + "/)thz)) (2.4.26)
— 00 ) h—1 2
: H My (phi) — lH m (i + Yien)- [ | mn(pwi)] ) 7
1=0 1=0 1=0

o ifh >t

VIXOX;L\P(t) = (E‘Z‘p (H mn P(Vi + Vhti + Veti + Vegnri))

h—t—1
: H My (Wi + Yiin—t + Yisn) [] ma@@i + begs)) (2.4.27)
=0 =0
t—1 oo h—1 2
~Hmn(lm/}i) - [H M (p(i + Yitn))- H mn(]“/%‘)} ) )
i=0 i=0 i=0
e ifh =1t and E|Z|** <
fY\XoXh,\” (h) = (E|Z|p E‘Z‘zp <H m’r] % + ’(/}z+2h + 2'¢)h+z))
h—1 = h—1
]I ma @i+ i) T mn(pwi)> (2.4.28)
=0 =0

h—1 2
—(E|Z|P)* Hm,7 (Vi + Yitn) .Hmn(m/ii)l :
i=0

=0

Proof. In the stochastic volatility model we have for ¢ # h

Nxoxnlr(t) = B(ZolPog|Zul" o3| Zi[ o7 | ZosnlP ol ) — (B(1Zo[Pot| ZnlP o))

= (BIZP)"Ygzar(t), t# h.

The ACVF for (c}o?) was given in Lemma 2.4.9. This yields formulas (2.4.26) and (2.4.27). If t = h the
ACVF is given by

Yxoxar(h) = (E|ZIP)?E|Z|*E(c§oi’oh,) — (E|ZP)(E(ohob))?,
h—1
E(Ugo-ipo-gh) = Hm’r] wz+wz+2h+2¢h+z Hm'r} 2'¢1+¢1+h Hm'r} pl/)z
1=0 1=0 1=0

Direct calculation leads to formula (2.4.28). O
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Figure 2.7: Top: A simulated time series and the corresponding sample ACF of 1000 observations from
the ARMA(1,1) process given by V; = 0.7V,_y + 0.75;—1 + &, for iid (6;) with common distribution
N(0,1). Middle: A simulated time series and the corresponding sample ACF of 1000 observations from
the stochastic volatility model given by Q; = Z;o; where log(o;) = V; in the top case and Z comes from
the Gaussian distribution N(0,1). Bottom: A simulated time series and the corresponding sample ACF
of 1000 observations from the stochastic volatility model when Z comes from a Cauchy distribution.

2.5 Asymptotic theory for the sample mean and sample variance
in the stochastic volatility model

2.5.1 Asymptotic theory for the sample mean and sample variance with finite
variance innovations Z;

In what follows, we assume (X;) is a stochastic volatility process with specification given in Section

2.4.3, in particular EZ = 0 and EZ% = 1, and (o) is defined through equation (2.4.1) where (1;) is

an iid sequence with E(n) = 0,var(n) = E(n?) = 72 < co and the moment generating function of 7,

my,(s) = Ee®", is finite for all s € R, > ;2 9? < 0o and )y = 1.

Proposition 2.5.1. Assume (X;) is a stochastic volatility process. The sample mean X,, = %Z?:l X
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Figure 2.8: Top: The time series of the absolute values and the corresponding sample ACF of 1000
observations from the ARMA(1,1) process given in Figure 2.7. Middle: The time series of absolute values
and the corresponding sample ACF of 1000 observations from the stochastic volatility model given in
Figure 2.7 when Z comes from the Gaussian distribution N(0,1). Bottom: The time series of absolute
values and the corresponding sample ACF of 1000 observations from the stochastic volatility model given
in Figure 2.7 when Z comes from a Cauchy distribution.

satisfies the following property
Vi Xn -5 N(0, E(o?)). (2.5.1)

In particular, if n has Gaussian N(0,7%) distribution then
Vi X 5 N(0, 27 0¥y,

Proof. The sequence (X;) constitutes a centered finite variance strictly stationary ergodic martingale
difference sequence (see relation (2.4.2)). Therefore the central limit theorem for strictly stationary

ergodic martingale difference sequences can be applied (see Theorem 2.1.15)

Vi Xn % N(0,var(X)),
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where var(X) = E(0?) = [];oom,(2¢;). If n has a Gaussian distribution with mean 0 and variance

72 > 0 then Eo? = €27 LZ0%! | see Lemma 2.4.7. O

Proposition 2.5.2. Assume that (Y;) = (logo:) is a strictly stationary strongly mizing sequence with

o240

rate function (o) satisfying the condition Yo, < oo. Then

% Z(Uf —Eo?) 4 N (o, var(o?) + 23 Yor (i)) , (2.5.2)

=1

where

var(o?) H my (2p1);) — (H my(pi))
i=0

=0

and

0o h—1 [eS)
Yor (h) = H mn(p(% + wi—i-h)) H mn(p%') - (H m71(p¢i))
1=0

i=0 i=0
Moreover, the infinite series Y .o, Vor(i) is finite. If n is Gaussian N(0,72) distributed the above

results simplify to

var(o?) = ep27y(0)(6p2’yy(0)_1)’

Yor (i) = P O (PP @ _ 7,

Proof. The strictly stationary ergodic sequence (of) inherits strong mixing from the sequence (log o)
with the same rate function. A direct application of the central limit theorem in Theorem 2.1.16 gives the

above result. The variance and the ACVF of (¢7) were calculated in Lemma 2.4.7 and Remark 2.4.8. [

Proposition 2.5.3. Under the same assumptions for (log oy) given in Proposition 2.5.2 and if E|Z|?P*¢ <

oo for some € > 0, we have
n

LZ(|Xt|p*1’3|X\p) % N(0,%), (2.5.3)

t=1

3

where

V= |Z|p 2 Z <H mn 1;[% + wz-‘rh H my pd’z (H mn(pwi))2>
h=1 =0 1=0
+E|Z|2pHmn(2p¢i) — (B|Z|P T ] ma(pi)* (2.5.4)
=0 i=0

If n is Gaussian N(0,72) then

V2 = e O (B[ 77 O — (| Z|P)?) + 2(B| Z|P)2er v O 3 (P v () 1), (2.5.5)
h=1
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Proof. The strictly stationary ergodic sequence (X;) inherits the strong mixing properties from the

sequence (Y;) with the same rate function (a;). Moreover, E|X |t = E¢?PT¢E|Z|?T¢ < oo and
Z;’il af/(2+6) < 00, by assumption. Hence, we can use Theorem 2.1.16 to get the central limit theorem.

IZ 1XP — E|XP) % N(0,02),
with variance

v =var(|X|P) + 227@@(@') < 0.
i=1
From Lemma 2.4.11 we have

var((X[P) = E|ZP [ may@pei) = (B1Z]7 T ma(pe:)

i=0 i=0
7\X|P(h) = ( |Z|p <H mn wz + ¢z+h H my Wh (H mn(p'llji))2> )
i=0
This yields v? in (2.5.4). If 5 is Gaussian N(0,72) then from Lemma 2.4.11 we also have

var((X,) = e O(E|ZPre O — (E|Z]P)?),

Yixe (h) (E|Z|p)2€p2’yy(0)(ep27y(h) ~1).

O

Remark 2.5.4. Another proof for Proposition 2.5.3 using the multivariate CLT for strongly mixing
sequences can be derived as follows. We can write ﬁ Se (| X P — E|X|P) as follows:
DXl - EIXPP) =

t=1

t1ZuP = E(a?Z7))

Si-
3=

n

(|1Z:|P — E|Z|P) + Z — EoP)E|Z|P

%
et

S\

Zt 1Ut<‘Zt|p_E‘Z|p)
= (1 , E|Z]P » . 2.5.6
( | )< th 1(Ut—E‘7) ) ( )

The sequence (6f — EoP) is a strongly mixing strictly stationary ergodic sequence. The CLT for this
sequence was given in Proposition 2.5.2. The sequence (o} (|Z;|’ — E|Z|P)) is a mean zero finite variance
strictly stationary ergodic martingale sequence with respect to the filtration (G;) (see Lemma 2.4.4).
Hence this sequence satisfies the CLT in Theorem 2.1.15. Moreover, (o} (|Z;|P — E|Z|?)) and o} are
uncorrelated and (2 (| Z;|P — E|Z|P)) is strongly mixing with the same rate as (¢7). Then the multivariate

central limit theorem in Theorem 2.1.18 yields that

f Z ("t 2] —Ele)le)> N(0,%), (2.5.7)
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where

_ (Ec®Pvar(|Z|P) 0
X = ( 0 var(o?) +2325° fygp(h)> ’

Finally, (2.5.6) and (2.5.7) and the continuous mapping theorem imply that:

oo

1 d
s (Xl = BIXP?) % N(0,02),
t=1

where

1
o= (1, E|Z|p)E(E|Z|p>

= Eo®var(|Z|P) + (E|ZP)*(var(o?) + 2 yor(h))
h=1

O

This approach shows nicely that the CLT for the sample mean of (| X;|?) is essentially determined by
the CLT for the sample mean of (¢}) and the CLT for the asymptotically independent sample mean of
ot (|12:]" — E|Z|7)).

Lemma 2.5.5. If (X;) is a stochastic volatility sequence, (logoy) satisfies the conditions in Proposition

2.5.2 and E|Z|**¢ < oo for some € > 0, then

%z": (X; — —var(X)) 4, N(0,v?), (2.5.8)

where

v = EZ'[[my(n) — [BZ* ] mo (200

1=0 =0

o h—1 [e%)
2BZ%)° Z (_Homn@(wi +isn)) H) m(2;) — (H)mmwi))?) :

If n is a Gaussian distribution N(0,72) then

2 = e4w(0)(EZ4e4w(0) —(EZ%)?) + 2(EZ?)? ey (0 Z 4W(h)
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Proof. We observe that
1 n
— E (X; — X,)? —var(X))
n
t=1

= ZXQ (X,)? —var(X))

- \/a(% z":(xf ~ EX?) - X, + (EX)?)
t=1

= Vi Y%7 - BX?) — (X, — BX)(X, + EX)

= Vil (X7~ BX?) ~ (X, + EX)Va(X, ~ BX)

t=1

_ % S (X2 - BX?) + 0,(1).

In the last step we used the SLLN

X, EX=0 as.,

and the CLT

Vi(X, — EX) % N(0,var(X)),

from Proposition 2.5.1. Hence v/n((X,)? — (EX)?) £ 0 and therefore it suffices to prove a CLT for (X3?).

We may apply the CLT in Theorem 2.1.16 to obtain

(=Y (x? L N(O,var(X?) + 23 vx2(h))
h=1

t=1

3\'—‘

8/(249)

since (X7) is a strongly mixing ergodic sequence with rate function () satisfying Y ;o ay < 00

for some § > 0 and since E|X|**¢ = E|Z|*T¢Eo?™¢ < co. Using Lemma 2.4.11, we get

var(X?) = EZ*[my(;) - [EZ* ][ my(2¢))%,
=0 =0

i=0 i=—h

VX2 (h) = EZ2 (H mn 'd’z + 1/)1+h H My 21/)1+h (H mn(21/)i))2> .
i=0
If 1 has a Gaussian distribution N(0,72) then by Lemma 2.4.11

var(X?) = O (pzie O _ (BZ%)?),

yxz(h) = (BZ%)2ebv O (edr () 1),
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In the same way, it can be shown for the strictly stationary strongly mixing ergodic sequence (o?)

that the following result holds.

Lemma 2.5.6. If the volatility sequence (o1) satisfies the assumptions in Proposition 2.5.2, the following

CLT holds
1 n
\/ﬁ(fz - 720 —var(o?)) % N(0,1%), (2.5.9)
t=1
where
V2 = 4(Eo?)?var(o®) +var(o®) — 4EcPcov(of o) + 2 Z’yazp

8(Eo?)? Z Yor (h) — 8Eg? Z cov(og?, ob).
h=1

Proof. In the same way as in the proof of Lemma 2.5.5 we start with the following decomposition

\/ﬁ(lz —fZa —var(o?))

= Vn( (o7? — Ec??)) Zat + Eo?)y/n

zn: — Eo?)

— Eo*) — 2EaP\/n(— Zat Eo®) + 0,(1) (2.5.10)

3\)—‘

S|
Pﬁﬁm:

1
ﬁtl

> (Ut — Eo?)
_ _9FgP Vn Lat=1
1, —2E )<th (of — Eap)>’

Here we used the SLLN

1 n
- E ol — Eo? a.s.,
n

t=1

to get that 1 Y% | of + Fo? = 2E0? +0,(1). Note that the sequences (o7?) and (o7) are strongly mixing

stationary ergodic sequences. The CLT in Lemma 2.1.19 can be applied.

> Ee) 4w,

v i
where
o var(o?) + 237 Yo2v (h) cov(og?, ab) + 2 POy cov(og?, a?)
= \eovlo®, o) + 25505, conlof,of)  var(o?) + 25 ver(h) )
Therefore

" _2E0p>(fzt Ao~ o)

d ’
— N(0,a Xa
ﬁZt:1(Ut — Eo?) ) © )
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where
a = (1 , —2Eo0P),
adYa = (1 , _2EUP)Z(—2.1EO’I))

4(Eo?)?var(o?) 4+ var(c?) — 4EaPcov(or, o) + 2 Z Yorr (R

+8(Eo?)? Z Yor (h) — 8Eg? Z cov(og?, ob).
h=1 h=1

O

Remark 2.5.7. Alternatively the proof of Lemma 2.5.6 can be given as follows. Starting from (2.5.10),

we have

3\'—'

Z Z f)Q —var(a?))

t=1

3 =

(=Y [07? = Eo® — 2Ea” (0¥ — Eo”)]) + op(1).
t=1

The sequence (o.F —20% Eo?) is a strongly mixing sequence with rate function () such that p Oy aé/ @+ o

oo and oy is supposed to have all moments finite. Theorem 2.1.16 can be applied:
1
G S =43 o) £ N 0)
where

Vo= var(ot — Eo* —2Eo?(0? — EoP))

+2 Z cov(oy? — Eo® — 2EoP(of — Eo?), (0;" — Ec® — 2EoP(a? — EgP?)))

= war(c®) + 4(Eo®)*var(o?) — 4EaPcov(o??, o) + 2 Z Yoz (h)
h=1

+8(EoP)? Z Yor (h) — 8Eg? Z cov(og?,ob).
— h=1

O

Lemma 2.5.8. Assume (X;) is a stochastic volatility sequence satisfying the conditions in Proposition

2.5.2 and E|Z|""*¢ < 0o for some e > 0. Let |X[P, = L3 | X;[P. Then

n <711 STUXeP ~ [XTP,)? ~ var(X|p)) 4 N0,17), (2.5.11)
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where

V= war(IXPP) +2 3 yxpe (h) — AB|X Peov(| X, | X7)
h=1

—8E|X[PY_ cov(|Xo[*, [X,[7) + 4(E|X[?) var(| X |P) + 8(E|X[P)* Y yix)s (h).
r=1 h=1
Proof. We observe that

3

i ( (X0~ T W<X|p)>

S|

t=1
_ % > (X — E|x|?)

—V/n(IX],, — E|X|")(X] + B|X")
_ % D (X — BIX|*)

t=1

—2BIXPVa(XP, - BIXP) +0,(1)
_ o (2 Tia (X — BIX )
= (1 , —2E|XJ?) (f\/ﬁ(ﬁ)ﬂpn — E|X|P) )

o (Vlﬁ Doy (| X[ — E|X|2p)>

Va(XP, - EIXP) )

Notice that we used the SLLN | X [P — E|X|? a.s. Hence
(|X|P+ E|X|P) =2E|X P + 0,(1).

The sequences (| X;|??) and (| X;|P) are strongly mixing stationary ergodic sequences with rate functions

(at) such that > .=, af/(2+5) < 0o. Moreover E|X|*#+e = Eo'PteE|Z|%PT¢ < co. Lemma 2.1.19 gives

that
Ja Sia X~ EXE 4
V(| X[p, — E|X[P) B
where
o var(X[2) + 2375y () cov(| X[, X[7) + 2% | cov(|Xo[2, | X, |7)
cov(| X[, |X|P) + 23572 cov(|Xo|?, | X |P) var(|X[P) + 23752, vix 0 (h) '
Then
al ﬁ Z?:l(‘XtFp - E|X|2p) i) N(O alza)
Vn(IX[P, — E|XP) ’ ’
where

a'Sa = wvar(|X[*") - 4E|X[Pcov(|X|*",|X|7) — 8E|X|” Y cov(|Xo|*, |X,[")

r=1

HA(E|X[P)Pvar(IX[7) + 8(EIX[P)? Y vixpp(h) +2 ) vxjen (B).
h=1 h=1
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O

Remark 2.5.9. The same idea of the proof in Remark 2.5.7 can be repeated for Lemma 2.5.8 to get the

above results.

2.5.2 Asymptotic theory for the sample mean and sample variance with in-
finite variance a-stable innovations (Z;)

Any time series which exhibits sharp spikes or occasional bursts of outlying observations suggests the

possible use of an infinite variance model (see [14]). In this section we study the asymptotic behavior

of the sample mean X, = 13" | X, and of the sample variance 52 = 13" (X, — X)? in the case

when (o) is a strictly stationary ergodic sequence independent of the iid noise (Z;), but we give up the

assumption of finite variance, var(Z) < oo.

Definition 2.5.10. (Stable distribution) [37, p. 5]
A random variable Z is said to be stable, or to have a stable distribution, if for every positive integer
n there exist constants, a, > 0 and b,, such that the sum Z, + --- + Z, has the same distribution as

anZ + by, for iid random variables Z1, ..., Z,, with the same distribution as Z.
Properties of a stable random variable, Z

e The characteristic function, ¢(u) = Ee%Z, is given by

eiuﬂ—c|u\”(1—i95gn(u) tan(‘n'a/Q))7 if o # 1;
¢(u) = { eiuﬂ—c|u\(1+i0(27‘r)sgn(u) 10g|u\)7 if o = 1; (2512)

where sgn(u) is w/|u| if w # 0, and zero otherwise. The parameters o € (0,2], 8 € R, ¢ € [0,00)

and 0 € [—1,1] are known as the exponent, location, scale and symmetry parameters respectively.
o If @ =2 then Z has a Gaussian distribution, N (8, 2¢).

e If # = 0 then the distribution of Z is symmetric about 5. The symmetric stable distributions (i.e.

those which are symmetric about 0) have characteristic functions of the form

p(u) =e " ueR. (2.5.13)

e Ifa=1,0=0,c=1and § =0 then Z has the Cauchy distribution with probability density

1

= R.
Tlt22) S

f(2)
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e The symmetric stable distributions satisfy the defining property in Definition 2.5.10 with a,, = n'/®

and b, = 0, since if Z, Zy,...,Z, all have the characteristic function (2.5.13) and Zi,...,Z, are

independent, then

1/

. o )
Eezu(ZlJr---Jan) _ efnc|u\ _ EezuZn

Definition 2.5.11. (Laplace-Stieltjes transform) [21, p. 176]
The Laplace-Stieltjes transform of a random wvariable Y > 0 is the function ly : Ry — R4 given by

ly(t) = BEe=tY.
Laplace-Stieltjes transforms exist for all positive random variables.

Properties of the Laplace-Stieltjes transform for a random variable Y

e ly is uniformly continuous and 0 < Iy (¢) < Iy (0) =1 for all ¢.

If Y and U are positive and independent, then Iz y = lz1ly.

If Y and U are positive and ly (t) = ly () for all ¢ belonging to an open interval in R, then Y Ly,

e If Y >0 and EY* < oo, then the derivative lgfk) exists and EY* = (—1)kl§f)(0).

e Given positive random variables Y, Y7,...,Y,, ..., the relation Y,, L ¥ holds if and only if Iy, (t) —

ly(t) for all t € Ry.

In what follows, we will study the joint asymptotic behavior of (X,,,52) under the assumption that (Z;)

is iid symmetric a-stable (sas) for some « € (0,2). This means that Z has characteristic function
Eer? =N N eR, (2.5.14)
for some constant ¢ > 0. It is well known that

E|ZIP < o0, 0<p<a,

E|ZIP = oo, p>a,

see [37, p. 18]. Hence var(Z) = oo for 0 < a <2 and E|Z| < oo only if 1 < o < 2.

We also recall the notion of a positive a-stable random variable Y. It has Laplace-Stieltjes transform

EeY =" s>0, (2.5.15)
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for some constant ¢/ > 0, see [37, p. 15]. Here it is necessary that o € (0,1). It is immediate from
(2.5.14) and (2.5.15) that for iid copies Z; of Z and Y; of Y, respectively, and weights ¢y, ..., ¢, € R and

d17'--7dn>07 aﬂyn21
n

aZi+tenZn L 21 a7, (2.5.16)

=1
(> de)=.
=1

In what follows, we will often make use of the joint mixed characteristic function-Laplace-Stieltjes trans-

Il

formation of a pair of random variables (A, B), where B > 0, given by
f(\s) = Ee?=sB N ecR,s>0.

This transform determines the distribution of (A, B) by virtue of the Stone-Weierstrass theorem, see [36,
p. 115]. Moreover if (A4,,B,) <, (A, B) for a sequence ((A,,By)) with B, > 0 a.s., n > 1, this is
equivalent to

fu(\,8) = BerMn=sBn  f(X/5), AER,5>0. (2.5.17)

Proposition 2.5.12. Assume Ec® < oo and o € (0,2). Then

Q=

-5 1-2-2
("o Xp,n"a%,) = (Sa, Ya),

where Sy, is sas with characteristic function
Eei)\Sa — e—Ea c|A| . AER,

Ya has Laplace-Stielljes transformation

—sYa _ a a 5
Ee 5 e Eo E‘N| 0(28)2’ s 2 0

)

and N is N(0,1) distributed. The joint mized characteristic function-Laplace-Stieltjes transform of
(Sa,Yq) is given by
FOLt) = e Bo BAEVRINITe -\ e R ¢ > 0. (2.5.18)

Remark 2.5.13. Note that

£(0,t) = BeEo"EINI"@0% e R ¢ >0,

$-stable random variable for a € (0,2), see

is indeed the Laplace-Stieltjes transformation of a positive
(2.5.15). Similarly,

f(A,0) = e BN N e R

is the characteristic function of a sas random variable.
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Proof. (Proof of Proposition 2.5.12.) The joint mixed Laplace-Stieltjes transform-characteristic function
of (n'"aX,,n" (X} +--- + X2)) is given by
52 N T 52 y2 2y, —2
f (/\ 7) _ Eez)\n o (X144 Xn) =5 (X{++X)n o AeR. seR
n ) 2 9 ) -
Let (N;) be iid N(0,1) independent of (o;) and (Z;). Conditioning on (X;), we get

2 o1 _
fn()\,%) = E(Be?n (Xt 4 Xa)tis(NiXid - No Xo)n

1(x0))

_1 ,
—  Fein @ iy Xe(A+Nis)

2

Here we used the fact that Ee’*" = e¢~%,s € R. Now condition on (N;) and (0¢) to obtain

82

P n
fah %) = EE(e™ "R AN (N, (0))

_ B % S o A Nas| )

Here we used (2.5.16). Thus, using the characteristic function of 77,

2
A %) — Be Xl ot IMsNi| e

Notice that (oy) is ergodic and independent of (N;) which is an iid sequence. Therefore ((o¢, N¢)iez) is
ergodic and in consequence (g(o¢, N¢))tez. Therefore (o |\ + sNi|) is ergodic. Hence the SLLN applies

to this sequence and we get
fa\s2/2) — e~ E@N+sN|%e.
by Lebesgue dominated convergence. Writing t = s2/2 or s = v/2t, we obtain
Fa(\t) — e~ Eo“EIX+V2tN|%e _ FM1).

Notice that

f(X,0) = e Boella N e R,

This is the characteristic function of
So L Z/(Eo®)%.
On the other hand,

F(0,) = e~Eo" Q" PEINTe,

By (2.5.15) this is the Laplace-Stieltjes transform of a positive a/2-stable random variable Y, /5. Since
J(At) # f(A,0)f(0,t) in general, S, and Y/, are dependent.
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The result is proved by observing that
1 —
R = (3N (X))
gt
= p 2%« Z:Xt2 — (n_é_%(Xl +o 1 X))?
t=1

= n Yo ZXE + 0,(1).

t=1
Hence we proved that
n(n%yn,n_%?) = (X, n A (X 4+ X)) + 0p(1) <, (S, Ya),
as desired. ]
An immediate consequence of the continuous mapping theorem is the following relation.

Lemma 2.5.14. Under the assumptions in Proposition 2.5.12, the following relation holds.

Yn d Sa
n 29 (2.5.19)
Sn RV Ya/Z
Proof. We observe by the continuous mapping theorem that
nX,  Xi+---+X,
Vnsn (X4 4 X2)
nié(Xl"‘r"'Xn) d Sa
= p) T 1
(nEXP -+ XD (1)
O

The relation (2.5.19) means that the standardized sample mean satisfies a central limit theorem. In
contrast to the case when var(X) < oo, the limit is not Gaussian, but is a rather unfamiliar ratio of two
dependent infinite variance variables. For comparison, we consider the case where (X;) is an iid mean
zero unit variance sequence. Then the central limit theorem and the SLLN imply that v/n X, 4N (0,1)

and 32 — 1 a.s. Hence the central limit theorem for the standardized sample mean holds:

>

n 4 N(0,1). (2.5.20)

Sn

n

)

The next example illustrates this result.

Example 2.5.15. Let (Q:) be a stochastic volatility model given by Q; = Z;o; where log(o;) =V} is an
ARMAC(1,1) process given by
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Cauchy noise
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standardized sample mean
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Figure 2.9: (Example 2.5.15) Top: 5 sample mean paths for a stochastic volatility model when Z comes
from the Cauchy distribution (o = 1). Bottom: 5 sample mean paths for a stochastic volatility model
when Z comes from the standard normal distribution (a = 2).

Figure 2.10: (Example 2.5.15) Boxplot for 10000 standardized sample means for a stochastic volatility
model (1) when Z comes from the Cauchy distribution (o = 1) and (2) the boxplot for 10000 standardized
sample means when Z comes from the standard normal distribution (a = 2).

for iid (&¢) with common distribution N(0,1). We simulated 10 samples each of size 1000 observations
from the stochastic volatility model. Five of these samples have Z from a Cauchy distribution and the

other five samples are for the case when Z has a normal distribution, i.e., when o = 1 and 2 respectively.
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Figure 2.11: (Example 2.5.15) Let (Q:) be a stochastic volatility model given by Q; = Z;o; where
log(oy) = V4 is an ARMA(1, 1) process given by V; = 0.7V;_1 + 0.70;—1 + ¢, for iid (d;) with common
distribution N(0,1). Top: Left: The density from 10000 standardized sample means with sample size
1000 for a stochastic volatility model when Z comes from the Cauchy distribution (o = 1). Right:
The density of 10000 standardized sample means with sample size 1000 for a stochastic volatility model
when Z comes from the standard Gaussian distribution (o = 2). Bottom: Left: The QQ-plot for 10000
standardized sample means for a stochastic volatility model when Z comes from the Cauchy distribution
(e = 1). Right: The QQ-plot for 10000 standardized sample means for a stochastic volatility model
when Z comes from the standard Gaussian distribution (o = 2).

We normalized (standardized) the means using the Relation (2.5.19). The result for the standardized
sample mean paths are given in Figure 2.9. The behavior of the two sequences is close. The results in this
figure show that the normalization is reasonable to get close to the limiting distribution. To discover if
both cases have the same limiting distribution we simulated 10000 samples each of size 1000 observations
for the Cauchy and normal cases. The boxplot for the statistic in equation (2.5.19) is given in Figure 2.10.
The boxplot figure suggests that both limiting distributions are symmetric and have some similarity in
their behavior but not the same distributions. Figure 2.11 introduces the densities for both distributions.
In the case of the Gaussian distribution, the limiting density is close to the normal distribution. For
the Cauchy case, the limiting density is symmetric around zero but not a Gaussian distribution. The

QQ-plot emphasizes this idea. The following table summarizes the results for these samples:
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Item Cauchy Gaussian
number of samples | 10000 10000
sample size 1000 1000

mean 0.005887241 | 0.009034064
s.d. 0.9910633 0.9998287
median 0.01660911 | 0.009490259
1st. quantile -0.88545755 | -0.743342986
3rd quantile 0.89173822 0.764400447
minimum -2.911422 -3.241606
maximum 2.830357 3.070718

Lemma 2.5.16. The limit S,/ /Yo is symmetric and has unit variance. If (X¢) is strongly mizing,
E(Sa/\/Ya)* <3, hence So/\/Ya is not standard normal.

Proof. As a matter of fact the limiting variable in (2.5.19) is symmetric as in (2.5.20). This follows from
the fact that X; = ¢;|X;|,4 = 1,...,n are independent symmetric, given |X;|, ¢ =1,...,n. Then

X+ 4+ Xy alXi|+ -+ e Xy
VXT 4+ X2 XP+-+ X2

is a sum of independent random variables, conditionally on (| X;|). In turn, (2.5.21) is symmetric itself. We

(2.5.21)

conclude that (2.5.21) has all odd moments zero, provided these moments exists. The same remains valid
for the distributional limit (2.5.19) of (2.5.21) since the weak limits of symmetric probability measures
are also symmetric.

Next we show that (2.5.21) has variance one:

X144t X)) X244 X2 i< Eil Xiles|1X;
E( 12+ +Xn) B 12+ + n)_'_E(Zg;ézjg | Xile; | X;]
X2+ X2 XZ 4+ X2 X? 4+ X2

g€ X1 X
s ep Y paalbll
D

The expectations on the right hand side exist and are finite since, by 2ab < a? + b2, a,b € R,

1 2[X[|X| 1, XP+X7 1
- <_-FE < -
27 X244 X2 T2 X2 X2 T2

The random variables €;e; are symmetric for ¢ # j:

1

gig | Xil[ X

Hence XT X2

has finite mean and is symmetric. This implies that

Xit o+ X)?

(
E =1.
X+ + X2

An application of the Lebesgue dominated convergence theorem (switching from convergence in distribu-

tion to a.s. convergence on a suitable probability space) implies that

(X144 X,)? S8
X4+ X2 Ya

1=E — B(22) =1.
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We conclude that S,/ \/@ is a symmetric unit variance random variable.

However, S,/ \/@ is not standard normal. Indeed, if it were standard normal it had 4th moment 3.
We show that E(Sq/\/Ya/2)" < 3.

We have

2
(X1 4+ Xp)* E(X%+-~-+Xi+21<i¢j<nXin>

E =
(XF+---+X2)? X7+ + X2

o XX\ o XX
= 1+ E —2129’“3” e 2E—21§‘¢J§” . (2.5.23)
XP+-+ X2 X{+-+ X2
XY\ 2
The expectation of F (%) exists because
| X X 1 .
m < 3 for every i # 7,
by the same reasons as given before. The expectation of
E(Zlgi;éjgn Xin) -0
XP+--+ X2 ’
as shown above. We have
n i—1 n i—1 n -1
DR 3 LD 9 A 9
1<i#j<n =2 j=1 i=2 j=1 =2j'=1
n i—1 n i—1 n i —1
= 4> D XX 4D DN > XiX; Xy X;.  (2.5.24)
i=2 j=1 1=2 j=14'=2j'=1,(4,5)#(i’,5')
We observe that the random variables
XiXj X Xy _ eig ey | Xil| X5 || X || X7 (2.5.25)
(XF 4o+ X7 (X -+ X372 -

are symmetric if 2 < i < n, 1 < j <i—1and (i,j) # (¢,7). Indeed, then it is excluded that

gicjepej = eies for certain [, k and the random variable e;e;e,€;/ is symmetric. Assume i # i’ then
EP(giejepey = xl|ey = £1) = P(ejejer = £1)

If j = j', then ;e = 1, hence the right hand side is 1. If j # j’, then since i # j
EP(e;ejejr = £lle; = £1) = P(ejeyr = £1) = =

as proved in (2.5.22). We conclude that the random variables in (2.5.25) have mean zero.
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We conclude from (2.5.23) and (2.5.24) that

n i—1
(X1 +- + X,)? (XiX;)?
E = 1+4 E
(XP+---+X2)2 ;; (XP+---+X2)2

(XF +-o-+ X7)2

14+ 2F

> X
= 372E(X12+W+X%)2. (2.5.26)

We observe that

n 4
(X%,%f fi)(g)? <1. (2.5.27)
Hence we are finished if we can show that
i Xi
1.1 X2 — FEA >0, (2.5.28)
for some non-degenerate random variable A. Indeed, then
it Xa)” —3-2EA <3,

G+ 1 X27
because A <1 a.s. by (2.5.27). We observe that

n o ya "N X2\
22121 i - B 211172‘ , (2.5.29)
(XP+---+X2)2 dim1 X

where (N;) is an iid N(0,1) sequence independent of (X;). Indeed, conditioning on (X;) yields
S NXEN N, xEY
i=1 ViR N i=1 i
i=14%i =144

n 4 n 4
2 Zi:l XZ _ Zi:l Xz
ENDE S oy = B sy

as desired.

On the other hand, the random variables slNiXiQ + SQXE = (s1N; + SQ)X,L-Q constitute a strictly
stationary ergodic martingale sequence for every s1, se € R. By Breiman’s theorem and the fact that X;
is regularly varying with index « € (0,2) (for more details about Breiman’s theorem see Section 3.1.4),

we have

P((s1Ny + 52)X? > 1) ~ E(s1Ny + 82)*P(X? > ),

and

P((s1N1 + 82)X2 < —2) ~ E(s1 Ny + 52)*?P(X2 > 2),
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where x4 = max(0, &-z). Since X7 is regularly varying with index «/2, we conclude that (s; N7 + s9) X7
is regularly varying with index a/2. According to [19] and using the strong mixing property of (X3),
hence of ((s1 Ny + s2)X¢), the limit of

n

n

Qo

(SlNi + SQ).XZ2 i Y% (517 52)7
i=1

is an §—stable random variable Ya (s1,82). Thus we proved by the Cramer-Wold device that

for an §—stable random vector Yg in R2. According to Samorodnitsky and Taqqu [37], Ysq is §—stable in

o

5 —stable if and only if all its linear combinations are a—stable. Now an application

R2, since a vector is
of the continuous mapping theorem yields

n=w L N XP 4 Y

RS KR Y,

wlR ]2
—~

[N}
—

and by (2.5.29)

Z?:ngl Yg
Hogs ) e

Thus we proved that E(Sa/,/Ys)* < 3. O

2.6 Asymptotic theory for the periodogram of a stochastic volatil-
ity sequence

The techniques used in analyzing stationary time series may be divided into two categories: time domain
analysis and frequency domain analysis. The former deals with the observed data directly, as in con-
ventional statistical analysis with independent observations. The frequency domain analysis, also called
spectral analysis, applies the Fourier transform to the data (or ACVF) first, and the analysis proceeds
with the transformed data only. The spectral analysis is in principle equivalent to the time domain anal-
ysis based on the ACVF. However, it provides an alternative way of viewing a process via decomposing
it into a sum of uncorrelated periodic components with different frequencies, which for some applications

may be more illuminating.

Theorem 2.6.1. (Herglotz) [9, p. 117-118]
The function v : Z — C with v(—h) = ~(h) is the autocovariance function of a stationary process
if and only if there exists a right-continuous, non-decreasing, bounded function F on [—m, x| such that

F(—m) =0 and

7(h)—/( ]e““dF()\) hel. (2.6.1)
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The function F satisfying (2.6.1) is unique. However, notice that F is in general not a probability

distribution function since F'(m) # 1 is possible.

Definition 2.6.2. (Spectral distribution function of a stationary process)

Suppose that the stationary process (X)) has an autocovariance function with representation
vx (h) :/ eMdFx()\), heZ (2.6.2)
(_Trvﬂ—]

where Fx s the right-continuous, non-decreasing, bounded function Fx on [—m, 7] with Fx(—7) = 0
corresponding to yx in Herglotz’s theorem. The function Fx is called the spectral distribution function
of the process (Xi), the corresponding measure the spectral distribution, and (2.6.2) is the spectral rep-
resentation of the autocovariance function vx. Moreover, if Fx is absolutely continuous with respect to

Lebesgue measure then the corresponding density function fx, i.e.,

Fx()\):/ fx($)d1'7 AE (—7T,7T],
(_7‘-77"]
is called the spectral density of (X¢).

Corollary 2.6.3. [9, p. 119] A complez-valued function v(-) defined on the integers is the autocovariance

function of a stationary process (Xi)iez if and only if either of the following conditions holds:

e y(h) = f(_mﬁ] e dF(v) for allh = 0,41, ..., where F is right-continuous, non-decreasing, bounded

function on [—m, 7] with F(—x) =0, or
. Z?jzl a; (i — 7)@; > 0 for all positive integers n and for any a = (a1,...,a,) € C", n > 1.

The spectral distribution function F(-) (and the corresponding spectral density if there is one) will be

referred to as the spectral distribution function (and the spectral density) of both v(-) and of (X¢).

Corollary 2.6.4. [9, p. 120] An absolutely summable complez-valued function v(-) defined on the integers

is the autocovariance function of a stationary process if and only if

f) = % i e~ "My(n) >0 for all \ € [—m, 7], (2.6.3)

n=—oo

in which case f(-) is the spectral density of y(-).
2.6.1 Estimation of the spectral density

Let (X;) be a stationary sequence with spectral density f. Recall from Corollary 2.6.4 that the spectral

density of (X;) has representation

o0

e =5 3 e k()

n=—oo
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provided the autocovariances yx (h) are absolutely summable. For a stochastic volatility model
Xt = 012y,

where (0y) is a strictly stationary ergodic sequence, o, > 0, independent of the iid sequence (Z;), the

spectral density exists if and only if var(Xy) is finite. If EZ; = 0 then
vx (h) = cov(Xo, Xn) =0, h#0.
From Equation (2.6.3), we have that (X;) has spectral density
fx(A) = var(Xy)/2m, X €0,x).

Tt is natural to replace the autocovariances yx (h) by their sample versions and to get an estimator of

fx in this way. Thus a natural (method of moment) estimator of fx(\) is the periodogram given by
Lix (V) = lag ' Y Xee™?,
t=1
for a fixed frequency A € (0,7). We study two cases
1. (Z;) is iid N(0,v/2).
2. (Z;) is iid symmetric a—stable (Sa.S) for a < 2, hence has infinite variance, see Section 2.5.2.

The two cases can be considered from a unified point of view since
EeZt = " teR, a€(0,2],

where we assumed in both cases that the scaling is in this standard way. The case o = 2 corresponds to
N(0,V/2).

We choose the normalization a, = né, n=1,2,.... Then
IH,X(W"‘)) = S?z(w) + C’?L(w)’ w e (Oa 1)7
where

Sp(w) = a;IZXt cos(mwt),

t=1

a;’! Z X, sin(rwt).

t=1

2
£
I

The joint characteristic function of S, (w) and Cy(w) is given by

fn(s1,s25w) = EFets19n(@)tisaCn(w) (s1,82) € R,
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Then by stability of (Z;):

P ; i
fn(slu Sg;w) —  Eetn Yoty Zioi(s1 cos(mwt)+sg sin(wwt))

1
Eeia;121 (>t o |s1 cos(mwt)+sz sin(mwt)|*) o

_ Ee—% St 0f st cos(mwt)+sg sin(wwt)|* ) (264)
In what follows, we study the limit of
A= 1370751 cos(mut) + s sin(mat)|”
"= — o|sq cos(mw so sin(mwt)|“.
n v t 1 2
We have
By = 298 5™ jo, cos(mut) + 53 sinr)|”
n= s1 cos(mw sy sin(mwt)|“.
n L 1 2
Write
v(x) = |s1 cos(mx) + sg sin(mzx)|¥, (2.6.5)
and
(s1,82) = r(cos(mp),sin(mp)), ¢ € (0,2].
Then

v(z) = r%cos(mp)cos(mx) + sin(myp) sin(mx)|*

= [ cos(m(ip — )|
The function v has period 1.

1. Assume w € (0, 1) is rational, i.e., w = ¢ /g2 for positive relatively prime integers ¢1,g2. Then
ISt = LS ey = LS o @y, (2.6.6)
"= = = @
where {x} = & — [z] denotes the fractional part of x.

Let

nk:#{tﬁniqflquflt mod 1}, n — oc.
qz q2

Then there exist ry such that

Nk
— =g, kE=1,23,..., n— oo
n
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Let N(w) denote those integers such that for any k, k' € N(w), g—;k‘ =z g—;k’ mod 1. For k €

N(w), ry = % Hence

ZN
1 n
Ezy({‘ﬂm — 3 meosv({ L))
=1 q2 KeN(w) q2
1

- V ﬂ = I/ Q71 w U,
T #NW) ke%;w) ({, ) =Ev({ U@} (2.6.7)

where U(w) is discretely uniform on N(w).

2. Assume w irrational. The same calculation as in (2.6.6) yields

n

% S v(wt) = % S u({wt)).

t=1 t=1

By Weyl’s theorem [40] the right hand side converges to
1
/ v(u)du = Ev(U),
0
for a U(0,1) random variable U.

Thus we obtained:

Ev(U), if w is irrational;

EAn - EOO r { EV(LUU(W)), if w is rational.

= g(s1,52;w),
where v(z) is defined in (2.6.5).

Next we prove that var(4,) — 0 under suitable conditions on (oy).

We observe that

20 n n

var(4,) = % Z Zcov(af‘, o v(wt)v(ws)
t=1 s=1
c n n
< 52D [eelt—s)l
t=1 s=1
n—1
c o 2c h
= EWT(UU )+ o ;(1 - E)\%a(h”a

for some constant ¢ > 0. The right hand side converges to zero if y,a (h) — 0 as h — oco. Thus we proved
A, LA g(s1,82;w), if yga(h) — 0 as h — co.
This, (2.6.4) and Lebesgue dominated convergence prove that

Fa(s1,s2;0) — 790192,
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The right hand side is the characteristic function of a vector (T,7T%) which is jointly a—stable and

symmetric. Such a characteristic function has representation
Bel1Tits2T2) — o= Jslsimtsaal® P (g ), (2.6.8)

for a measure I' on the unit circle

S={zecR?:2? 422 =1}.
See [37]. We have for irrational w and a < 2

e—g(sl,sz;w) — e—EO’gTaE‘COSTr(Lp—U)la
e*EU[C)XTaE‘COSTFU‘&
@ a 1 @
_ e—Ea'O (Vs1+s2) jo | cos mu|*du (269)

—(EoY % 1 cos mu|%du %A 2452
Fe 0 Jo 1752

1 . i 1
Ee—(Eag‘) o (jol | cos mu|*du) @ A2 (N1s1+Nasa)
)

where A > 0 is a/2—stable (see Equation (2.5.15)), independent of the iid N(0,/2) random variables

N1, Ny. A random vector with representation
AZ(Ny, Ny),

is known to be a stable sub-Gaussian Sa.S vector, see [37].

We have for a rational w

e—g(sl,SQ;w) — e—Eag‘E|sl cos(rwU (w))+s2 sin(rwlU (w))|*

)

which again has the form in Equation (2.6.8).

The case o = 2 deserves special attention. In this case, for w irrational in (2.6.9)

2
o= 9(s1,520) _ o~ Eod(si+s3) [ cos?(ru)du _ ,— 50 (s3+s3)

Hence the limit is of the form (N7, No) for iid N (0, 03) random variables N7, Ny. For rational w the same
result applies since

E(s1 cos(mrwlU(w)) + 82 sin(wa(w)))2 =5 + 2

where we used the orthogonality of cos(rwU (w)), sin(rwlU (w)).

We summarize our results.



2.6 Asymptotic theory for the periodogram of a stochastic volatility sequence

Proposition 2.6.5. Assume that (X3) is a strictly stationary ergodic stochastic volatility model with iid

SaS noise (Z;) for some a < 2 and finite variance (o). Then
Lix(\) T2+ 12, (2.6.10)

where (T, Ts) is jointly SaS and the distribution of (Th,T2) depends on whether w = \/m is rational or
irrational. If w is irrational, TE + T3 4 A(N? + N2), where A is 5 -stable positive, independent of the iid

N(0,1) random variables Ny, Ns.
2.6.2 Self-normalization of the periodogram for a < 2

Since the normalization a,, in the definition of the periodogram is in general unknown it is reasonable to
replace it by a known normalization. We have observed in Section 2.6 that
n
2
n"a Y X Yo,

t=1

for a positive a/2—stable random variable. Since a2 = n?/“, it seems reasonable to replace a? by
i, X?. In order to show this, one has to prove that there is joint convergence:

(ar_LQ Z?:l th ’ In,a()‘)) i’ (Rl ) RZ) )

for non-degenerate random variables Ry, Ry. This is achieved if we can show
(a’772 Z?:l Xt2 ) Sn (w) ’ Cn (w)) - (Rl ; R2S ; RZC) y

for non-degenerate random variables R, Rag, Roc, such that Ry = R3¢ + R..
We consider the joint Laplace-Stieltjes transform-characteristic function
52 -
fals152,55:0) = Eexp(—ra,® Y X7 +isoSn(w) +issCn(w))
t=1

n
= FEexp(isia," Z N Xy + 895, (w) +i83C, (w))
t=1

= E exp(hfé Z Zyo¢ (81Nt + cos(mwt) sy + sin(mwt)ss))
=1

n
= FEexp (inclel(Z o4*|s1. Ny + cos(mwt)se + sin(wwt)53|a)i)

t=1

= Fexp(—n! Z 04'|s1. Ny + cos(mwt) s + sg sin(mwt)|), (2.6.11)
t=1

where (V) is an iid N(0,1) sequence independent of (Z;), (oy).
Write

1 n
Bn = — Z 0|81 Ny + cos(mwt)se + sz sin(mwt)|*.
=
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Then

1 n
EB, = — Z E|s1 Ny + s5 cos(mwt) + s3 sin(mwt)|“.
"

Write

w(z) = E|s1 Ny + so cos(mzx) + s3sin(mwz)|.
Notice that w has period 1. Therefore
w(zx) = E|s1 N1 + so cos(m{x}) + s3sin(m{x})|*.

The same reasons as for £ A,, above yield that

5, — E|s1N1 + sy cos(nU) + sz sin(wU)|*, for w € (0,1) irrational;
" E|s1 N1 + s3 cos(nmwU (w)) + sz sin(rwlU (w))|¥, for w € (0,1) rational.
:9(51,52,53;(.0) (2612)

Here U is U(0,1) independent of Ny and U(w) is defined in Equation (2.6.7) and independent of Nj.

We also have for some constant ¢ > 0

n n

1?3 wifwthu({wsheov(of, 02)

t=1 s=1

var(B,)

< entvar(of) 7022 Yoo (h)]

—0 as n— oo, 1f%a(h)—>0ash—>oo.

Hence we have

B LA g(s1, 82, 83;w), if ypa(h) — 0 as h — oo.

By Lebesgue dominated convergence and relation (2.6.11),
fn(sla 52,833 W) - 679(51752’53;@7

for any (s1,s2,53) € R3. This shows the joint convergence of (n*% S X2 S (w) 7C'n(w)), to

(R1 , Rog ,Rgc) and hence the continuous mapping theorem implies that
7 In,x (N) | S XeeM PP S2(w) + Ca(w) 4 R3g+ R3c
Lix(\) = —=5 2 n 2z w 2 2 :
nTa Y g Xp Dt Xi n=a Y Xi Ry

For w = A/7 irrational we know from Section 2.6.1 that

R3g + R3c £ cA(N? + N3),
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for some constant ¢ > 0, A positive a/2—stable, independent of Ny, No. Up to a constant multiple, R?

has the same distribution as A, but A and R? are dependent. Therefore, we have for w irrational

~ IS XeeM2 g A, 9
IL,x(\)= =5 ——— — — (N7 + N3).
7X( ) z :t::l >:t2 R% ( 1 + 2 )
In the case o = 2, i.e., for iid N(0,1) noise variables Z;, both A and R? degenerate to constants. For

A this was explained above and for R? this is a consequence of the strong law of large numbers and the

NZ4N2
2

ergodicity of (X;). We also conclude that is exponentially Fxp(1) distributed. Therefore, the
periodogram of a stochastic volatility model at irrational w = A\/7 has the same limits as in the case of
iid X%, in the case o < 2 see [23] and for a = 2 see [9].

As in the case of linear processes (X;) it seems feasible to show that smoothed versions of the standard-
ized periodogram INn, x () are consistent estimators of the constant spectral density provided var(X;) < oo
and the same result might apply for regularly varying X; with a < 2. In order to show this one needs
to consider the limit distribution of (EL,X()\;L));L:L_“,,,L at frequencies 0 < A\ < ... < Ay < 7, where

A = Ap(m) — X asm — oo and k = k(m) — oo as m — oo. This was shown in [23] for infinite variance

linear processes (X;) and the case of finite variance linear processes (X;) can be found in [9].

Example 2.6.6. We simulated 1000 observations from two different samples of stochastic volatility
models in the same way as in Example 2.5.15. We estimated the spectral density by using the raw
periodogram for the two samples. The results are shown in Figure 2.12. In a later step, we standardized
the observations in the two samples using the transformation /nX/9x(0). We again estimated the
spectral density for these two samples of standardized samples. The result of the two estimated spectral

densities are close to each other, see Figure 2.12.

2.7 Asymptotic theory for the sample ACVF and ACF of a
stochastic volatility process

2.7.1 Asymptotic theory for the sample ACVF and ACF for (X,)

This section will deal with the asymptotic behavior of the sample ACVFs and ACFs for the sequence

(X¢). Recall that the sample ACVF and ACF of any stationary process (A;) are given by

e T iy sy dalh)
Fa(h) =~ ;(At — A)(Apn — Ay),  palh) = 5 0) 0<h<n, (2.7.1)

respectively, where A4,, = %Z?zl A; is the sample mean.
We will always assume (X;) is a stochastic volatility process with specification given in Section 2.4.3, in

particular EZ = 0 and EZ? = 1, and (0}) is defined through equation (2.4.1), where (1,) is an iid sequence
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Figure 2.12: (Example 2.6.6) Let (Q:) be a stochastic volatility model given by Q; = Z;o; where log(o;) =
Vi is an ARMA(1,1) process given by V; = 0.7V,_1 + 0.70;—1 + J;, for iid (d;) with common distribution
N(0,1). Top: Left: Estimated spectral log-density of 1000 observations from a stochastic volatility
model when Z comes from the Gaussian distribution (o« = 2). Right: Estimated spectral log-density
of 1000 observations from a stochastic volatility model when Z comes from the Cauchy distribution
(a =1). Bottom: Left: Estimated spectral log-density of 1000 standardized observations from a stochastic
volatility model when Z comes from the Gaussian distribution (o = 2). Right: Estimated spectral log-
density of 1000 standardized observations from a stochastic volatility model when Z comes from the
Cauchy distribution (o = 1). Note that the A’s on the z-axis correspond to the frequency 2w A.

with E(n) = 0,var(n) = E(n}) = 72 < oo and the moment generating function of 7, m,(s) = Fe®", is

finite for all s € R, > 00 1? < oo and 9 = 1.

Lemma 2.7.1. If (X;) is a stochastic volatility sequence as specified above. Then x(h) — 0 a.s. for

any h >0 and

Vi Ax(h) 5 N0, E(o30?)),  h>0, (2.7.2)

where
h—1

E(o3o7) = [ [ mn(20i + bien)) [ ] ma(200).

=0 i=0
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Proof. We start with the decomposition

n—h 1 — _
Tx(h) = () —5) (X = Xn)(Xepn = Xn),
h 1 n—h o
= (1--) (nhZXtXHh—(Xn)Q). (2.7.3)

Moreover, (X;) and (X;X;1,) are strictly stationary ergodic sequences. and

E|X]| EcE|Z| < oo,

E|XoXu| = E(ooon)(E|Z|)? < .
The SLLN and (2.7.3) imply that

Ax(h) — EXo X, — (EX)?> =0 a.s.

Similarly,
1 n—h
)2
vn — h(n — ; X Xeyn — (Xn)?)

n—~h n

1 vn—~h, 6 1

= E X Xin — (—§ X;)2.
v —h = n \/ﬁt:1

The sequences (X;) and (X;X;1p) constitute mean zero finite variance strictly stationary ergodic mar-
tingale difference sequences. This was proved in Lemma 2.4.3. Hence the CLT in Theorem 2.1.15 applies

to £ 3" | X, and therefore

" Vi—h 1 & P
(—= > X)* =0
n \/ﬁt:l

An application of the CLT (see Theorem 2.1.15) yields that

n—h

1 d
\/ﬁ Z XtXt+h — ]\7(0,’UCLT()(O)(}L))7
t=1

where var(XoXy) = E(c20?). This proves the statement. O

Using the multivariate central limit theorem for a strictly stationary ergodic martingale difference in

Lemma 2.1.18, we can obtain a multivariate version of Lemma 2.7.1. As in the proof of Lemma 2.7.1, we

have »
n?—l x (1) nl_l =1 Xt Xit1
1 1 n—2
— X(2) — E _ XtXt+2
2 = | v +op(1). (2.7.4)
1 5 n—.m
1 X (m) \/ﬁ Zt:l XtXt+m
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Now apply the multivariate central limit theorem (Lemma 2.1.18) to the strictly stationary ergodic
martingale difference sequence ((X¢X¢t1, X¢Xt12,..., XeXt4m) )tez. According to Lemma 2.1.18 the

asymptotic variance in the central limit theorem is given by

3 = cov(((XoXi), (X0X;)))ij=1,....m-

By the construction of a stochastic volatility sequence, the covariances cov((XoX;), (XoX;)), @ # j

vanish. This simplifies the structure of 3 significantly to
Y = diag(var(XoX1), -+ ,var(Xo X)) = diag(E(cic?), ..., B(cio2,)). (2.7.5)
Proposition 2.7.2. If (X;) is a stochastic volatility sequence satisfying the conditions given at the

beginning of the section, we have

Vi Fx(h))h=1, .m = N(0,%),

where ¥ is given in (2.7.5).

Proposition 2.7.2 helps one to prove the central limit theorem for the sample ACF px(h). We start

with the result for one lag h > 0.

Lemma 2.7.3. If (X}) is a stochastic volatility sequence satisfying the conditions given at the beginning
of the section then

px(h) -0 as., h>0,

and the central limit theorem for the sample ACF at lag h of (X;) holds:
Vi px(h) 5 N(0,12), (2.7.6)

where
2 E(U(%U}QL) - Hzo mn(2(¢i + ¢i+h)) H?gol mn(2¢i) .

7% (0) (T30 o (2404))2

In particular if n has a Gaussian N(0,72) distribution then v* has the form

V2 = AT EZovivien — b (b)), (2.7.7)

Proof. Lemma 2.7.1 yields that 7x (k) — 0 a.s. Moreover, the ergodic theorem applied to (X?) yields

1 & -
x(0) = — > X7 - (Xn)? = EX? — (EX)? = vx(0) a.s.
t=1
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Hence we have

px(h) =0 as., h>0,

and

o
Viax(®) = o @) 218)

We know from Lemma 2.7.1 that

Vidx (h) 5 N(0, E(a20})).

Hence the continuous mapping theorem applies to (2.7.8) and (2.7.6) follows. If n is N(0,72) we apply
Lemma 2.4.7. This yields that v? is given by (2.7.7)

A" 2o (i itiin)

2
) — - s
647—2 Tov?

Following the lines of the proof of Lemma 2.7.3 and using Proposition 2.7.2, we conclude that

V(px (B)h=1,....m = ‘/mX(h)()”‘lv“-”" (14 0,(1)).

~vx (0)

Now the following proposition gives the central limit theorem for the sample ACF of a stochastic volatility

sequence as a consequence of Proposition 2.7.2.

Proposition 2.7.4. If (X;) is a stochastic volatility sequence satisfying the conditions given at the

beginning of the section, we have

V(px (h))n=1,...m 4 N(0,

where ¥ is given in (2.7.5).

2.7.2 Asymptotic theory for the sample ACVF and ACF for (| X;|?), 0 <p < o0

In this section we will consider the sample ACVF and ACF for (|X|?) for any p > 0. We assume that the
sequence (o) is a strongly mixing sequence with rate function (ay). Then the sequence (|X|P) inherits
the strong mixing property with the same rate function, see page 17. Under conditions on the rate of
decay of (cy), the central limit theorem for strictly stationary strongly mixing sequences can be applied

to (|X;[?). The sequence (oo}, ,) constitutes a strictly stationary strongly mixing sequence with the
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same rate function as (o) and (]X;|?). The central limit theorem (see Theorem 2.1.16) for this sequence

is given by:
1O d - .
NG Z(afcfﬂrh — E(cbot)) = N(0,var(choy) + 227050% (1)), h>0. (2.7.9)
t=1 i=1

Here we assumed that E(cgop)?P1 < oo for some 6§ > 0 and Yoo ai/(2+5) < 00.
In addition, the sequence (| X;X;1|P — E(coon)P(E|Z|P)?) is also a strictly stationary strongly mixing

sequence with the same rate function as (o¢). Again the central limit theorem of Theorem 2.1.16 applies:
1 < , 4
7n > (X Xpan|P = E(ooon)P(E|Z[P)?) 5 N(0,0%), h>0, (2.7.10)
t=1

where

U2 = UaT(|XOXh|p) —+ QZV‘XOXHP(Z.)'
i=1

Here we again assumed that E(oqo,)* 79 < oo for some § > 0 and > ;7 ai/(2+5) < 0.
In what follows, we make precise under which conditions these central limit theorems hold. The

following lemma will be useful.

Lemma 2.7.5. Let (A;) be a strictly stationary sequence such that (Ay) satisfies the CLT \/n(A,—EA) <

N(0,v2) for some v > 0 and var(A) < co. Then

n—h n—nh
A, = % (Z(At — BA)(Aven — BA) = Y (Ar = A) (Agn — An)> Zo (2.7.11)

Proof. We assume without loss of generality that FA = 0. We can decompose A,, as follows

n—h n—h

n—h n—h
1 1 _ _ _
— E AgApyp — — ( E AiApyn — An E Apin — Ay E Ap+ (n— h)(An)2>
vn t=1 vn t=1 t=1 t=1

= Vi(A,)* +0,(1) 5 0.

Ay

O

Proposition 2.7.6. Letp >0, E|Z|*’*% < co for some § > 0. Assume that (X;) is a stochastic volatility
sequence with specification at the beginning of Section 2.7.1. Moreover, assume that the volatility sequence
o)
pER

(0¢) is strongly mizing with rate function (ay) satisfying > oo, o ° < oo for some § > 0. Then the central

limit theorem for the sample ACVF for the sequence (| X:|P) is given by

Valixie(h) = vxj0(R) < N(0,2(R)), (2.7.12)
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where
v3(h) = war(|XoXulP) + 4(E|X|P)?var(|X|P) — 4E| X [Pcov(| Xo Xn|?, | Xn|P)

FS(EIXP) Y y1xis () = 4BIX Y con(| XoXul?, Xl

t=1 t=1

42 Yixox,pp () = 4EIX P cov(| X XognlP, | XnlP) (2.7.13)
t=1 t=1

)

Proof. By assumption, (o), hence (] X;|?) is strongly mixing with rate function () satisfying > o, o/’ <
oo for some § > 0 and so is ((|X¢|P — E|X|P)(| Xt+n|? — E|X|P)). The central limit theorem for strongly

mixing sequences in Theorem 2.1.16 implies that

n—h

% S IIXeP = EIXP)([Xesnl” — BIX[P) = vx10 ()] 5 N(0,12(R)). (2.7.14)

By an application of Lemma 2.7.5 one may replace E|X;[? in (2.7.14) by 2 3% | |X;|P. This concludes

the proof for one lag h > 0. O

A multivariate central limit theorem for the vector (7x»(h))n=1,....m also holds.

Proposition 2.7.7. Under the same assumptions in Proposition 2.7.6 a central limit theorem for

W|X\v (h))h=1,~~ ms

s given by
Axpp (1) = vxp (1))
/a (7|X|p(2)—7|x|v( ) 4 NGO,
(Fix e (m) ; ¥x|p (m))
where
2(1) A(1,2) A(L,m)
AL2) 22 A(2,m)
= : : : ’
ALm) A2m) - v2(m)
AO,R) = cov((|XoXn|" — 2B|X[|Xn["), (| Xo|?” — 2E|X|?| Xo"))

+2 " cov((| X Xepnl” = 2B|X P Xesnl?), (|Xol*” — 2| X[7|Xo["))
t=1

= cov(|XoXu[P, | Xo|?) — 2E| X |[Pcov(| Xu|P, | Xo|?P) — 2B|X|Pcov(| Xo|?, | Xo X1 |P)

oo (oo}
HA(BIX )3 xpp (h) + 2 cov(| Xe Xopnl?, | Xo| ™) — 4E|X[P Y cou(|Xipnl?, | Xo| )
t=1 t=1

—4E|XPY " cov(|XolP, [ X Xp4n|P) + 8(EIX[P)? Y cov(| Xepnl?, | XolP),
t=1 t=1
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and, slightly abusing notation,

A(h —1) = A0, |h = 1]) = A(h,1).
The variance v*(h) is given by (2.7.13).

Proof. The central limit theorem for (3| x»(h))n=1,.,m is analogous to the proof of Proposition 2.7.6 by

observing that

(e = BIXPYIXE, — B, L)

is strongly mixing sequence with rate functions (ay). An application of Lemma 2.1.19 yields the central
limit theorem for
(1X¢[” = EIX|P)(| Xpga|” — EIXIP)
1 Z": (IXelP = E[X[P) (| Xeq2|P — EIXP)
VS :

(IXe[” = BIXIP) (| X gm[? — EX[P)

Lemma 2.7.5 again allows one to replace E|X|P by L+ %" | |X;[P. This concludes the proof. O

Let us have a look at the sample ACF for the sequence (|X¢|P). This sequence as mentioned before
is a strictly stationary strongly mixing sequence. The following lemma gives a central limit theorem for

the sample ACF of the stochastic volatility model.

Lemma 2.7.8. Assume the conditions in Proposition 2.7.6 and E(cqoy,)?P*° < oo and E|Z|*%9 < oo
for some § > 0. Let v*(h) be the variance of the limiting distribution in Proposition 2.7.6 given by formula

(2.7.13), A2 the variance of the limiting distribution in Lemma 2.5.8, i.e.

Vi@x 1 (0) = vx1(0)) > N(0,A%),

and A = A(0,h) is given in Proposition 2.7.7. Then

S — (nx12 ()
(71x1»(0))? (7\X\P(0))3A+ (7‘X|p(0))4’\ ) (2.7.15)

Proof. The difference between the ACF and the estimated ACF at lag h can be decomposed as:

Vapyxis (B) = prge(h) S N (o,

Vilpxie(h) - pixpp (1)
S () = nxpe ()71 ) = 12 () G (0) = 31x12(0))
(x»(0))?

_ 1 v x|p(h) '?lX\P (h) - ’Y|X‘p(h)
= Va(aem - ) (26 22 )) e,

(1+0,(1), (2.7.16)

where we used that

¥xr(0) = 71x12(0) + 0p(1).
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Another application of Theorem 2.1.19 yields,

_ <7|Xp<h> - ylxpm)) _ 1y (|xtxt+h|p — E[Xo X[ — 2B[X (| X f? - EX|p>) tou(l)
31x12(0) = 71 (0) Vi |Xu?P — X — 2B|XP( X, — E|X]?) "

1=

N(0,%), (2.7.17)

2 A
S (A Ag).

Then it follows from (2.7.16) and (2.7.17) that

where

N d
V(pixip(h) = pixie(h)) = N(0,a'Sa).
where
o = ( 1 v xp(h) )
— \x»(0) ’ (vx(0))2 ) *
Then
(h) 2 A ; (0)
aa = (% ; %) (V 2) ( Txls (1) > :
v xp (0) (71x» (0)) AN (’”f"w
O
Remark 2.7.9. The proofs of Lemmas 2.7.8 and 2.1.19 are helpful in constructing a multivariate central

limit theorem for the sample ACF (p|x»(h))n=1,..

_7|X|"(1) 7\X|P(0) 0 0o --- 0
4o L | Twe® 0 @ 0 e 0
- (i (0))? : : : Do : :

m- Let

_'YlX.\p( ) 0 0 0 - '7|X\'P(O)
V(3 xp(0) = 7x1#(0))
Vn(Axp (1) = v xpp (1))
S = V(A x| (2) = vx1#(2))

VA xp(m) —yxip(m))
Then the differences between the ACEF’s and their estimators can be written as
i
n(px»(2) — pix»(2
S = AS+o0,(1) 5 N (0, A'SA),
Vn(pixp(m) — pixie(m))
by the multivariate central limit theorem given in Theorem 2.1.19. Here
A2 A0,1) -+ A(0,m)
A(0,1) v2(1) - A(l,m)
Y= ) . ) .

AO,m) A(Lm) - v2(m)
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Chapter 3

Some extreme value theory for
stochastic volatility models

3.1 Preliminaries on extreme value theory

A risk manger is responsible for a portfolio consisting of a few up to hundred or thousands of financial
assets and contracts. Management or investors have also imposed risk preferences that the risk manager
is trying to meet. To evaluate the position the risk manager tries to assess the loss distribution to make
sure that the current positions is in accordance with imposed risk preferences. If it is not, then the risk
manager must rebalance the portfolio until a desirable loss distribution is obtained. We may view a
financial investor as a player participating in the game at financial market and the loss distribution must

be evaluated in order to know which game the investor is participating in.

There are some standard methods for computing value at risk (VaR) and expected shortfall (ES)
for a portfolio of risky assets like empirical VaR and ES, using bootstrap to obtain confidence intervals,
historical simulation, Monte-Carlo methods, etc. One of these methods is extreme value theory. The
main advantage of the methods of extreme value theory is that these methods are designed to be able to

say as much as possible about the tail of the underling distribution.

In a risk management context one is typically interested in the loss distribution from an investment
in financial assets or the distribution of the claims arriving to an insurance company. Extreme events
are particularly frightening because although they are by definition rare, they may cause severe losses to
a financial institution or insurance company. Extreme value theory is the proper tool for estimating the

probability of such events.
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3.1.1 Extreme value theory for iid random variables

Let X, X1, Xo,... be a sequence of iid non-degenerate random variables (rv). We define the sample

maxima M,, as

M1 :Xl, anmaX(Xl,XQ,...Xn), TLZQ
A non-degenerate rv X is called max-stable if for all n > 1 there exist ¢, > 0 and d,, € R such that
M, 2c,X +d,. (3.1.1)

We are interested in the limiting distribution of M, as n — oo under affine transformations.
If there exists a random variable Y with a non-degenerate distribution H such that for some ¢, > 0

and d, € R
MM, —dy) S, (3.1.2)

n

then by the Fisher-Tippett theorem [11, p. 121] Y belongs to the type of one of the distributions Fréchet,

Weibull or Gumbel. The Fréchet distribution function is given by
D, (x) = exp(—z~%), x>0, a>0,
the Weibull distribution function by
U, =exp(—(—x)%), x <0, a >0,
and the Gumbel distribution function by
A(z) = exp (—e™ "), z eR.
Maximum domain of attraction (MDA)

Definition 3.1.1. A random variable X (and its distribution F) belongs to the mazimum domain of

attraction of the extreme value distribution H if (3.1.2) holds. We write X € MDA(H) or F € MDA(H).

The distribution function F belongs to the maximum domain of attraction of the extreme value

distribution H if and only if

lim nF(c,z +dy,) = —log H(z), x €R. (3.1.3)

where F(z) =1 — F(x), see [11, p. 128].
By the above definition and the relation (3.1.2) the maximum domain of attraction of the three

distributions can be characterized as follows :
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e A random variable X belongs to the maximum domain of attraction of ®,, if and only if F(x) =

x~*L(x), = >0, L is slowly varying function, i.e. lim,_, % =1 for all ¢ > 0. In this case, one

can choose

1 1
L=inf(z ER: F(z)>1— =)= F~(1- =),
e =inf(z €R: F(z) 21— ) = F~(1-2)

and d, = 0. Examples of distributions in this class are the Pareto, Cauchy, Burr, loggamma

distributions.

e A random variable X belongs to the maximum domain of attraction of ¥, if and only if the right
end point

zp=sup(z €eR: F(z) <1),

is finite and F(zp — %) =z~ *L(z), « > 0, where L is slowly varying function. The corresponding
norming constants are ¢, = xp — F (1 — %) and d, = xr. Examples of this class are beta and

uniform distributions.

e A random variable X belongs to the maximum domain of attraction of A if and only if there exists
z < xp such that

F(z) = c(z) exp (— /; gggdt) , z<z <P, (3.1.4)

where ¢(-) and g¢(-) are measurable functions, lim,_,,, ¢(z) = ¢ > 0, lim,—,, g(x) = 1 and a(z)
is a positive, absolutely continuous function with lim,_,,, a/(z) = 0. The norming constants are
given by d,, = F—(1 — %) and ¢, = a(d,). Examples of distributions in M DA(A) are the normal,

lognormal, exponential, Weibull and gamma distributions.

3.1.2 The extremal index

In contrast to Section 3.1.1, in reality extremal events often tend to occur in clusters caused by local
dependence in the data. For instance, large claims in insurance are mainly due to hurricanes, storms,
floods, earthquakes, etc. Claims are then linked with these events and do not occur independently. The
same can be observed with financial data such as exchange rates and asset prices. If one large value in
such a time series occurs we can usually observe a cluster of large values over short periods afterwards,
see Section 2.2.

The extremal index is a quantity which, in an intuitive way, allows one to characterize the relationship

between the dependence structure of the data and their extremal behavior.
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Definition 3.1.2. (Extremal index [11, p. 416])
Let (X,,) be a strictly stationary sequence with marginal distribution function F and 6 a non-negative

number. Assume that for every T > 0 there exists a sequence (uy,) such that

lim nF(u,) = T, (3.1.5)
lim P(M, <u,) = e ‘. (3.1.6)

n—oo

Then 0 is called the extremal index of the sequence (X,,).
The extremal index 6 always belongs to the interval [0, 1], see Section 8.1 in [11].

3.1.3 Univariate regular variation

Definition 3.1.3. (Slowly varying function [28, p. 105])

A measurable positive function L(z) on (0,00) is slowly varying if it satisfies the asymptotic relation

-1, z— oo, (3.1.7)

for all ¢ > 0.

The class of slowly varying functions includes constants, logarithms, iterated logarithm, powers of

logarithms. Every slowly varying function has the representation

L(z) = co(x) exp/ #dt, 0 <o <z, (3.1.8)
o

where €(t) — 0 as t — oo and ¢y(t) is a positive function satisfying c¢o(t) — ¢o for some positive constant

¢o. Using the representation in Equation (3.1.8), one can show that for every § > 0,

lim L(z) =0, lim 2°L(z) = oo,

Tr— 00 [L"S Tr— 00

4 1

i.e., L is negligible compared to any power function z°, x~°.

Definition 3.1.4. (Regularly varying function and regularly varying random variable [28, p. 106])

Let L be a slowly varying function in the sense of (3.1.7).
1. For any 6 € R, the function f(z) = 2°L(x),z > 0, is said to be reqularly varying with index §.

2. A positive random variable X and its distribution are said to be regularly varying with (tail) index

a > 0 if the right tail of the distribution has the representation P(X > z) = L(z)z~%,z > 0.
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An alternative way of defining regular variation with index ¢ is to require

- f(en)
A T @)

Hence a distribution F' of a positive random variable X is regularly varying with index o > 0 if and only

=¢ for all ¢>0.

if
im li(tx)
t—o0 F(t)

We call a random variable X and its distribution regularly varying if its distribution is regularly

=g~ %, for each z > 0. (3.1.9)

varying in a ”"balanced manner” in both tails, i.e. if for some p € [0, 1] the following two limits exist

lim PX > tr) x~¢ and lim PX < —tr)
e P(X] > 7 t—x P(|X]>1)

=qz”“, (3.1.10)
for every > 0 and ¢ = 1—p. The word ”balance” is imprecise. Apart from distributions which have both
tails regularly varying of a ”similar shape”, this definition includes distributions with one tail regularly
varying with index a and the other tail of any other shape as long as this tail is lighter.

From the definition of the regularly varying distributions we conclude that they have very heavy

tails, in particular for small o. Examples of regularly varying distributions include the Pareto and Burr

distributions which are standard models for large claims in (re)insurance applications.

Example 3.1.5. Some univariate regularly varying distributions
Here we give some well known regularly varying distributions. We introduce the right tail F or density

f for these distributions.

Pareto F(z) = ($f_2)a, x>0, k>0, a>0,

student with n degrees of freedom

fay = D+ 1/2)

= 14 2%/n) D2 2 eR,
I‘(n/2)\/Hn( /m

log-gamma f(x) = %(logx)ﬁ_lx_a_l, z>1, o3>0,

Burr F(z) = (kfw)a? ok, 7 >0,

Cauchy f(z) = (n(1+2%)7!, z€eR,
Fréchet F(z)=e¢* ", x>0, a>0,

Generalized Pareto distribution with positive shape parameter . The distribution function is
given by
Ge(x)=1—-(1+¢€x)"VE €>0, 2>0.
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In various cases the analysis of the moments of a random variable X can be refined by a study of the
asymptotic tail behavior of the distribution of X. The close relation between the moments and the tails

can be seen e.g. from the fact that for any non-negative random variable X,
EX = /00 P(X > z)dx. (3.1.11)
0
Assume X has a power law tail of the form
P(X >x)=2"“L(x), x>0, (3.1.12)

where a > 0 and L is a slowly varying function. Since for every & > 0 there exist positive constants zg
and ¢y, ¢y such that

iz < L(z) < cpx™®, x> o, (3.1.13)

the contribution of L to the tail in Equation (3.1.12) is negligible compared to the power law z~%. From

Equations (3.1.11) — (3.1.13) we conclude that

o < oo, 0<0,
12108 H){ =00, 6>0

whereas FX® may be finite or infinite, depending on the slowly varying function L.

There exists empirical evidence that the distribution of log-returns is well approximated in its left
and right tails by a regularly varying function (possibly with different tail indices on the left and on the
right). Also teletraffic data (file lengths, transmission durations, throughput rates, etc.) and insurance
claims are often found to have power law tails.

Regular variation conditions are important for limit theorems in probability theory. It is well known
(Feller [16]) that for an iid sequence (X,,) with distribution F' and S, = X; +--- + X,,, n > 1, there

exist constants ¢, > 0, d, € R such that
(S, —dy) S, (3.1.14)
for some non-degenerate Y if and only if
o*(z) = EX?I{x|<s}, @ >0,

is regularly varying. In particular if EX? < oo, Y is normal, and if X is regularly varying with index
a < 2, then

r%0%(z) = x_2/ y2dF (y) ~ %P(\X| > ).

T
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In the case @ < 2, regular variation of X is equivalent to the fact that Y in (3.1.14) has an infinite variance
a—stable distribution. Its distribution is given by the characteristic function in Equation (2.5.14). Stable
distributions have the stability property. This means that for iid random variables Y; with an a—stable

distribution there exists b,, > 0 such that
Y1_|_...+Yninfiyl+bm n>1.

Examples of stable distributions are the normal distribution with o« = 2 and the Cauchy distribution with
«a = 1. The latter distribution is symmetric. The Cauchy distribution coincides with the t—distribution
with one degree of freedom.

Regular variation is also a necessary and sufficient condition for convergence of maxima of iid random
variables X; in the maximum domains of attraction of the Fréchet and Weibull distributions, see Section

3.1.1.
3.1.4 DMultivariate regular variation

Definition 3.1.6. (Multivariate regular variation [1])

The d—dimensional random vector X = (X1,...,X4)" and its distribution are said to be regularly varying
with index o > 0 if there exists a random vector © with values in S*~1, where S*™1 = {z e R?: |z| = 1}
denotes the unit sphere in R? with respect to the norm |.|, such that for all t > 0,

P(X]|>ty, X/|X]| €-)

Lt*PO €., asy— oo. 3.1.15
PX] > y) (©€), ey (3.L.15)

The symbol = stands for weak convergence on the Borel o—algebra of S™' and the probability measure

P(© € ) on S is the spectral measure of reqular variation of X.

Observe that, in the case d = 1, Equation (3.1.15) coincides with condition (3.1.10), which was the
definition of regular variation of X in R. The spectral measure in this case is given by P(© = 1) = p
and P(O© = —1) = q. Definition 3.1.6 is often used as a definition of multivariate regular variation. The

following definition is equivalent to it.

Definition 3.1.7. (Equivalent definition for multivariate regular variation [34])

The d—dimensional random vector X = (X1, ..., Xy)" and its distribution are said to be reqularly varying
with index o > 0 if there exists a random vector © € S and a sequence (a,), a, — 0o, such that for
any t > 0,

nP(|X| > ta,, X/|X|€-) 5t *P(O€-), n— 0. (3.1.16)

w
Here — denotes weak convergence.
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As shown in [35] Section 5.4.2., Definitions 3.1.6 and 3.1.7 are equivalent to

Pz 'Xe) ,
Xl = o) 2ou(), (3.1.17)

where > denote vague convergence in R’ \ {0}, R =R U {o0, —00} and p is a Radon measure (finite on

compact sets) on R’ \ {0} satisfying

p(tA) = p(A)E=*, >0,
for any Borel set A C R’ \ {0}, bounded away from zero, i.e. there exists € such that A C {z : |z| > €}.
The upper tail coefficient

In the literature on risk management, one often finds the upper tail coefficient A\, of a two-dimensional
random vector X = (X7, X2) as a measure of extremal risk in X, see [25]. For such a random vector with

X3 4 X5 and jointly regularly varying distribution we have

: : P(x_l(XlaXQ) € (1700)2)
=1 P(X X =1 .
Au= lim P(Xy> 2l Xo > ) = lim i R (1, 00))

Notice that (1,00)? and R x (1,00) are bounded away from zero. Therefore,

o= g PETH XL Xe) € (Loo)/POX| > 0) _pl(1,0)%)

w0 Ple (X1, X5) € R x (L,oo))/P(X] > @) a(® x (L,00))

The definition of the upper tail index for a regularly varying vector X € R? can be generalized in many
different ways. For example, let A C ﬁml be a set bounded away from zero. Then
P(x71X € (1,00) x A)

P(Xl > (E)

u((1,00) x A)
u((1,00) x RE1)’

Pz (Xa,...,Xq) € A|X; > )

where we assumed that u((1,00) x R4~1) > 0.

For example, let A; = (1,00)%"1. Then

Pz Y (Xy,...,Xg) e A4|X1>2) = PXi>wzi=2,....dX>x)

u((1,00))
(T, 00) x RTT)’

where we assumed that u((1,00) x R471) > 0. Or let Ay = ([0,1]?!)¢. Then

P(x ' (Xa,..., Xq) € Ag|X; >12) = P(X;>2 forsome i=2,...,d|X; > )

p((1,00) x Ay)
p((1,00) x RI=1)’

where we assumed p((1,00) x R¥~1) > 0.
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Examples of spectral measures

We consider some examples of regularly varying random vectors and try to determine their spectral
measures. For the purpose of illustration we focus on two-dimensional vectors with positive components

in the first two examples.

Example 3.1.8. (Total dependence)
We assume that X = (X, X)’ for some regularly varying X with index a > 0 and choose the max-norm

|z| = max(x1,z2). In this case, with nP(|X]| > z,) ~ 1,
nP(| X[ > zn, X/|X[ € §) = nP(X] >, (1,1) € 5) ~ Is((1,1)),

where we assume that (1,1) is not at the boundary of S. The spectral measure is degenerate and
concentrated at the intersection of the unit sphere with the line x = y. The same remark applies to any
norm in R2.

For an iid sequence Xi,..., X, with the same distribution as X, it is clear from the dependence

structure of the components that an X; far away from the origin occurs if both components in the vector

are large at the same time.

In contrast to the previous artificial example, for a real-life time series Xi,...,X,, with dependent
non-identical components we do not expect that all these vectors lie on the line x = y. However, when
the X;s of large modulus stay away from the axes, we have an indication of asymptotic dependence. The

observed features can be generalized to vectors with values in R¢.

Example 3.1.9. (Independence between components)
We assume that X = (X3, X5) has independent components and X; 4 X, for a regularly varying X3

with index a > 0. Choose the max-norm |X| = max(| X[, |X2|). Then

P(|X|>z) = P(max(X1,X2)>x)=1— P(max(X1, Xz) <x)

= 1-(P(X;<2)’=01-P(X; <2))(1+P(X; <2)) ~2P(X; >2).
Choose ¢, such that P(|X| > ¢,) ~ 1. Then for y > 0,

nP(cgll € (y,oo)Q) = nP(chlXi >y;i=1,2) =n[P(X; > cny)]2

~ n[P(X1 > c,)]Py 2 — 0.

Since y > 0 is arbitrary, we can choose y so small that (y,c0)? D A for any set A which is bounded away
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Figure 3.1: (Example 3.1.9) Left: Plot of 1000 lagged vectors X, = (X, X;y1) for the AR(1) process
Xty1 = 0.9X; + Z; for iid symmetric regularly varying noise (Z;) with tail index 1.8. The vectors X, with
large norm are typically concentrated along the line y = 0.9x. Right: Scatterplot of the pairs (X, X;41)
of the daily log-return X; of S&P500 series. The extremes in the series do not tend to cluster around the
axes. This is an indication of dependence in the tails.

from the axes. Therefore nP(c,,'X € A) — 0 for such sets. In particular, for sets

X
A(r,S) ={z e R? : | X]| >r,ﬁ € S},

where S C S and S is bounded away from (0, 1) and (1, 0),

X
nP(c;'X € A(r,S)) = nP(|X] > cur, ﬁ €S)—0, r>0.

Therefore
M(A(Ta S)) = T_a/,L(A(l, S)) =0,
but u(A(1,S)) for any Borel sets S C S is the spectral measure of X. Hence the spectral measure is

concentrated at (0,1) and (1,0).

Example 3.1.10. (A toy model)

This example helps one to understand the spectral measure. Let
X = R(cos P, sin D), (3.1.18)

where the radius R has distribution P(R > r) = r~%,r > 1, for some a > 0 and is independent of

the random angle ® with distribution on (—m,7]. Choosing the Euclidean norm |- | and exploiting the
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independence of R and @, this vector is immediately seen to be regularly varying with © = (cos @, sin ®):

P(X|>tx,X/|X|€S) = PR>tx,0cb)
P(X| > a) -~ P(R>uw)
_ P(R>tx) o
= mF(@eS)_t PO € S5),

provided min(tz,z) > 1. The knowledge of the distribution of ® allows for some straightforward inter-

pretation of the two-dimensional dependence in the tails.

Theta_2

-3 -2 -1 0 1 2 3

Theta_1
Figure 3.2: (Example 3.1.10) IID vectors X; from model (3.1.18) with tail index o = 5 and ® is uniform
on (—m, 7.
Functions of regularly varying vectors
Regularly variation remains valid under various useful operations. We consider some of them.
Products

Let X,Y be two independent random variables such that XY > 0 a.s. and X is regularly varying with

index a > 0 and EY**° < oo, for some § > 0. It follows from Breiman [7] that

P(XY >z)~EYYP(X >z), x— oc. (3.1.19)
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In particular, XY is regularly varying with index a. Thus the product inherits the heavier tail of the
two factors. The condition E(Y**%) < co can be relaxed if more information about the tail P(Y > z)
is available. For example, if P(Y > z) ~ cz~® for some ¢ > 0, then (3.1.19) remains valid although
EY® = co.

It is also well-known that XY is regularly varying with index a > 0 if both X,Y are regularly varying
with index a > 0.

The following result is a multivariate extension of Breiman’s result to random vectors. It can be found

in [1].

Lemma 3.1.11. Let A be a random (r x d)—matriz such that E|A||*T? < oo for some § > 0 (||.|| is an
appropriate matriz norm). Assume that A is independent of the d—dimensional regularly varying vector
X with index o > 0 and limit measure p in Equation (3.1.17). Then

P(x71A7X € ) v
=

P(|X|>$) Eﬂ({&ERdége}):U()

v . . . . .
Here % denotes vague convergence. In particular, if v is a full measure in R, (i.e.: not concentrated on

a lower-dimensional subspace of R?) A X is reqularly varying with index o > 0.
Summation

Let X = (X1...,X4) be a regularly varying vector with index o > 0. Then Z?Zl ¢; X; is regularly
varying with index a > 0 for any choice of ¢; € R, i =1,...,d, such that ¢; # 0 for at least one 1.
Indeed, define ¢ = (c1,...,cq)" and

A, ={z cR?: dz > 1},

then it follows from (3.1.17) that

PN X >tr) Pl 'XeA) ~
= = - — A) =t ulA —
PX| > 2) PIX>a) M) =t7ud) as o= oo,

and
P(Z?:l G X; < —tiE)
P(X] > z)

=t u({z: dz < —1}) =t "u(A-.).
In particular,

PXi+- 4+ Xqg> 1)
P(X| > )
P(Xi 4+ X4 > )
P(X] < —x)

- pHz:izr+- +xg>1}),

= p{z:izi 4+ +xg < —1}).
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As a special case, let X be a regularly varying variable and P(|Y| > z) = o(P(|X| > x)). Then, X +Y
is a regularly varying variable such that
PX+Y>z) ~ PX>uz), z— o0
PX+Y<-z) ~ PX<-z), z— o0
3.2 Regular variation of GARCH and stochastic volatility mod-
els

3.2.1 The GARCH model

Recall the GARCH(p, q) process (X,,) from Section 2.3.1. In this case it is well known that (o,) and
(X,) have regularly varying finite dimensional distributions, see [1]. This holds under general condition
on the iid noise (Z;). A sufficient condition for regularly variation of oy and X; is that Z; has a density
with unbounded support. This includes t— and normally distributed Z;. The index « of regular variation

of o, is given by

E(enZi +p1)% =1, (3.2.1)
in the GARCH(1,1) case, provided this solution exists. Then a result by Kesten [22] implies that
P(oc > x) ~cx™ . (3.2.2)
Breiman’s result in Equation (3.1.19) shows that
P(Xy>x)=P(0yZy > x) ~ E(ZY)P(o > x) ~ E(ZS)ca™ .
In the GARCH(1, 1) case it is possible to determine the spectral distribution of the finite-dimensional
distributions of (¢2). To see this, we write
atg =M, A= 0412371 + 41, By = ag.
Then

of =M, = oo+ (Z} |+ B)o7

- BO + AtMtfl .
Iteration yields

t
My = A AiMo+Y Ai--Ai1By
i=1
t—1
= A~ AMy+Bo+ Y A+ A Bo.
i=1
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Under the conditions of Kesten’s [22] result and with E|Z|*t% < oo for some § > 0 (this condition is

trivially satisfied for normally and t—distributed Z with v > « degrees of freedom), and for h > 0,

Mt,tJrh = (Mt7 T >Mt+h)
t t+h
= (At'"A17~-~,At+h"'A1>M0+(ZAt"'Ai+la-~-72At+h"'Ai+l)BO
i=1 i=1
= Ap A(L, Apgrs oo Apn - Ar ) Mo + Ry, (3.2.3)

where E|R;|*/?+° < oco.

The following lemma is helpful in this case.

Lemma 3.2.1. (Lemma 3.12 in [20])
Assume that X; € R? is reqularly varying with index o > 0 and limit measure i and X, € R? is such
that P(|X5| > z) = o(P(| X ;| > x)) as ¢ — co. Then X, + X, is regularly varying with index o > 0 and

limit measure L.

An application of Lemma 3.2.1 shows that regular variation of M, ., is solely determined by the
regular variation of A;--- Ay (1, A1, .., Agan - Apr1)Mp. Indeed, since E|I:i,g|o‘/2"“S < oo for some
6 >0,

nP(|n_%Rt| >e€) — 0, foralle>D0. (3.2.4)

Therefore the spectral distribution of M, , LM 5 1s given by

(1, Apgr, ooy Agyr - Agyn)
’ |(13At+17"' 7At+1 "'At+h)|

2
= nP (MOAt"'A1|(17At+1a---7At+1 "'At-&-h)‘l (LA 41, ApgrArgn) €s) > rna)

{\(1>At+1 ----- Atp1Apgpn)l

= TLP(MoAt"'Al‘(].,AtJrh...,At+h"'At+1)|>’I"71% ES)

N3

~ nP(MO > Tng)E <At e A1|(1, At+1, ey At+1 s At+h)|1{ (LA 1, A1 Agn) GS})

[(L A 1 ApprAggp)l
(o3

2
~r %E (At"'A1|(]-7At+17"-7At+1"'At+h)I{ (1L,Ay 4, Apg1Aryp) GS}) )

[(1, A 1505 A1 Aep)l

where we used Breiman'’s result, see (3.1.19). By virtue of (3.2.2) we thus have

N

nP((fg>rn%) ~ cr

It is immediate that the spectral measure of M, is then given by the probability measure on S"*!

E (At"'Al)%|(1uAt+1a~~7At+1 At+h)|%-[ (L, A¢ 410 Apg1Argn) s
{‘(11At+1 vvvvv At+1'“At+h)\€ ¥
F(S) =

E[(At--'A1)%|(17At+la---7At+1"'At+h)‘%] ’
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for any Borel set S C S". By virtue of (3.2.1) we have
E(A;---A)% =1.

Hence

2 (1,A1,..., Aq--Ap)
e a—an €5

E|(1,Ay,..., A1 Ap)|%

is the spectral measure of the distribution of M.

The spectral measure of the finite-dimensional distributions of (X?) follows in a similar way. Using

the recursion in (3.2.3), we see that

(Xf,...,XtQ+h) == (tha-?a-"azt2+ho-t2+h)

= (Z} A AiMo, ..., 2} Argn -

= Mt,t+h + 5,

where E|S;|21% < oo for some § > 0 if B|Z|*T < oo.

A1 M) + S, (3.2.5)

Using the same argument as for the finite-dimensional distributions of (07), we see that the regular

variation of (X72,..., X7, ,) is completely determined by the regular variation of My in (3.2.5). Proceed

d
as before for N, ;. ; = Ny:

N
nP(|N,| > rna, I € §)
' [N

2
= nP (MOAt e AN(ZE ZE G Ay 2R Ay - Argn)| > T

(Zt27 Zt2+1At+17 ey Zt2+hAt+1 e At+h) c S>
(Z7, Z2 1 Avrs - 22 Avr - Avgn)|

= nP (MOAt e Al‘(th7 ZtQ+1At+17 ey Zj§2+hAt+1 e At+h)|

1
{

2 2 2
Zi 251 A1 o 25 p Arr1 Argn) }
(23,27 1 Ark1o 28 Arrr Aggn)]

~ nP(My>rn®)E | [(Z3,Z3As, ..., Z2 Ao Aven)|BT (2 04,

,,,,, Z7 1 A2 Apy)

3,2 P
(27,2542, Z) L1 Apg1-Apg1)]

— 2 2 2 o
~ cr “F |(Zl,ZQA2,...,Zl+hA2"'A1+h)|21 (Z%,Z%AQ

€S}

‘<Z%*Z§A2»---=Zﬁ+1A;L+1”'Ah+1)| s}
Here we again used Breiman’s result (see (3.1.19)) and Kesten’s result (see [22]).
Now it is immediate that the spectral measure of N, is given by
‘(le, Z22Ag7 ey Z12+hA2 ce A1+h)|%f (z%,ngQ,A.A,z,%_*_lAQ-»-A,H,l)
12§, 2342, -, Z;QL+1A2"'A}L+1>‘ES}

E|<Z127Z22A2a-~-aZ12+hA2"'A1+h)|%
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for any Borel set S C S".

For the ARCH(1) case, i.e., 81 = 0, the spectral measure therefore simplifies to

2 2 2 <
D) |(041Z1704222A27--~7041Z1+hA2'"A1+h)‘2] (23,23 Ag,.... 23 | As-Apgr) cs)
(22,23 A,,..., Z%+1A2'“Ah,+1)l
2 2 2 <
E|(OZ1Z1,CVQZQA2,...,a121+hA2"'A1+h)|2
E | [(Ag, A3Ag, ..., Aoy - Ag)|2 T (22,2345, 22 | Az A1) )

(23,23 A2, 27 | Az Ap gl
E\(AQ,AgAQ,...,Angh-~A2)|%
E(|(1,A1,A1A2,...,A1---Ah)|3l{(1,A1,A1A2 ..... Ap--Ap) eS})

(1,A1,A1Aq,..., A Ap)l

E|(1,A1,A1Ag, ... Ay -+ Ap)|2 ,

where we used that EATZ/2 =1, see (3.2.1).

This spectral measure is not tractable and can only be calculated by using numerical or simulation
methods.

The spectral measures of the finite-dimensional distribution of (| X;|??) for any p > 2 can be calculated
from the spectral measure of X2. Indeed, for any set B C R \ {0}, bounded away from zero whose

boundary has limiting measure zero,
nP(n= % (|Xo|?,...,|Xn|?) € B) = nP(n" 5 (XZ,...,X2) € B¥),

1 1
1 > > . . —=h
where By = {(xg,....2}) : (vo,...,wn) € RU (20,...,23) € B}. In particular, if B = {z € R +1:

|z > 1, {5 € S} for some S € S", we obtain
nP(n= % (| Xo|*,...,|Xn*") € B) — P(8, € 5).

In the following lemma we study some consequences of the regular variation of the finite-dimensional

distributions of (X}).

Lemma 3.2.2. 1. For GARCH(1,1)

N}

E (min (Zf, 235, 22T, Aj)
E|Z]~

) . (3.2.6)

PX:>ux,... . X >z | X?>2)—

For ARCH(1)

n—1
P(X3>wz,. . ., X2>x|X{>2)— E|min [ 1,4,..., ][ 4, . (3.2.7)
j=1
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2. For GARCH(1,1)

E (Zf Amax(Z3As,..., 22 [T, Aj)) 2

P(X? <z forall2<i<n|Xi>x)—1- EZ (3.2.8)
For ARCH(1) the right-hand side in (3.2.8) is
o o) n—1
5/1 P | max(44,..., H A <ot v g dw.
7j=1
The extremal index of the sequence (X?) is the limit as n — 0o:
a [ - —1y,,-1-2
927/ P(sup | | 4, <v 7 )v~ " 2dw.
2 1 n>1 1
]_
3. Forn>2and 0 < a <b< oo, for GARCH(1,1)
P(z7'X2 € (a,b] | X? > 2) (3.2.9)
~ (B|Z|*)! (E min [ 27,0722 ] 4, ~ B |min 22,5722 ] 4 )
j=2 j=2
For ARCH(1)
P(x 'X2 € (a,b] | X{ > ) (3.2.10)
n—1 2 n—1 2
— E|min[1,a" ][] 4, —E [min [ 1,67 J] 4;
j=1 j=1
4. For GARCH(1, 1)
B (min((Z0)2, (Z2)3 A1, (Z0)3 T2 A))
PXo>uz,...,. Xy >2| X1 >2) —
EZ%
(3.2.11)

5. For GARCH(1,1)

P(XQﬁJZ,,XnSI’|X1 >£ZZ)
E (max(0, 241, ..., Zu T} A)) (Z1)+)a

Pz, <0).
EZ? HPTZ < 0)

— 1-

The extremal index of (X;) is the limit as n — oo of the right-hand side.

For ARCH(1) with symmetric Z the right-hand side becomes with r; = sign(Z;)

%) n—1
a/ P | max(0,70A1,...,7y H Aj) <ot vt do 427
1 ,
Jj=1
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The extremal index of (Xt) is given by
) n—1
9:(1/ P | sup(0,r3A1,...,70 HAj""> <v7l|vtedu.
1 :
j=1

6. For GARCH(1,1) and ¢ > 0

Ns)

(22T, A — 23| 7 23)

P(X? - X} <ex|Xi>2) — 1-— BIZ)

For ARCH(1),

n 2
P(X}—X{|<ex|Xi>2) ~ 1-E[e'[]][4;-1n1
j=2
7. For GARCH(1,1) and ¢ > 1,

E(cY(Z2 + Z23Ay + -+ Z2 ') Aj) A Z2)%
P(X12+"'+X2>C$‘X12>m)w ( (1 24 ijl J) 1) '

E|Z|~
For ARCH(1) and ¢ > 1,
n—1
P(X{+ -+ X2>ca|Xf>a)~E(c A+ 27+ + [[4) A D)%
j=1

8. For GARCH(1,1)

P(min(X?,...,X2) >z | max(X?,..., X2)) ~

P(o?min(Z3, Z3Ay,..., Z2 T2 A)) > x)
P(o?max(23, Z3A1,..., Z2[[}2; Aj) > )
(

E HllIl(Z12, ZZQAla ceey Z721 H_;‘l:_ll AJ))%

E(max(22, Z3As,..., Z2TT}2) 4))%
For ARCH(1)

E(min(1, A4, ..., lANE

P(min(X?,...,X2) >z | max(X?,..., X2) >z) ~ (min(1, 4, H]nill j))a

E(max(l, Al, Ceey Hj:l Aj))7

Proof. (1) By Breiman’s result
P(X? >x) ~ E|Z|* P(6? > z). (3.2.12)

By Lemma 3.2.1 and Breiman, see also (3.2.3) and (3.2.4),

n
PX?>z,...,X2>2) ~ P O%Z%>x,0%Z22A2>a:,...,a%Z721HAj>J:
j=2

[N)

~ P(o®>a)E | min | 27,25 Ay,..., Z2 || 4, . (32.13)
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For the ARCH(1) process EAl% = E(a1Z?)% =1 and therefore the right-hand side reads as

o

P(O’2 > J?) O[l_a/2E min A27A3A2,...,HAJ'
j=2

3
2

n—1
= P(¢? > 1) al_a/QE min | 1, A1,..., H A;
j=1

Taking the ratio of (3.2.13) and (3.2.12) and letting z — oo, we obtain (3.2.6) and (3.2.7).

(2) Let p(x,00) = =2, x > 0. By the joint regular variation of (X7, ..., X2) and Lemma 3.2.1,

P(X? <z for2<i<n|X}>ux)

Ep{s:sZ{ >1,Z5A1s <1,..., Z2[[;_5 Ajs < 1}
E|Z|

Eu{s:sZ} >1,s max(Z3 Ay, ..., Z; [1]_, 4;) <1}
E|Z|*

E (Zf Amax(Z3 Az, ..., Z2 T}, Aj)) ’
= 1- :
E|Z|

For ARCH(1), observing that E(a;Z;)% = 1, the right-hand side becomes

n+1 2
1—E | Ay A Agmax(As, ..., [ 4))
j=3

o
n—1 2

= 1—-F lAmaX(Al,...,HAj)

j=1
1 n—1
= / Py > max(A,,. .., H Aj))dy
0 i1

00 n—1
= %/ P | max(44,..., HAj) <ol o2 do. (3.2.14)
1 i

It follows from [11, p. 422], Section 8.1, that the extremal index 6 of the sequence (X?) is given as the

limit as n — oo of (3.2.14).
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(3) For ¢ > 0 and n > 2, by Breiman’s result,

n
P(X2>uwxc,X}>x) ~ P|oic'Z? HAj >ua, 7008 >«
=2

[Ns)

~ P(e?>z)E |min (22,7122 H Aj
j=2

For ARCH(1),

R

P(X2>ac,X2>2) ~ P(o?>z)a;E [min|1,c! H A;
j=1
Then (3.2.9) and (3.2.10) follow.
(4) By Breiman’s result
P(X, > z) ~ EZ%P(0 > ), (3.2.15)

and by Breiman’s result and Lemma 3.2.1,

P(Xy>a,.... Xy >12) ~ P(Zioy>,2A 01, Z, [ 4)%01 > x)
j=2

N3

~ Plo>z)E(min(Z1)3,(Z2)341,...,(Z)3 [[ 45| - (32.16)
Combining (3.2.15) and (3.2.16), we get (3.2.11).
(5) With v(z,00) =2~
PXs<uz,...,.X, <z|X;>u1)

E (I/{S s smax(ZoAY2, . Zy | A;/Q) <1,8Z; > 1})
EZS¢
+

—

E (maX(O, 243, 2 Ty AP A (Z1)+)
EZ3

= 1—

+E[(zl)11(,m,0) (max(ZaAy?,.. . Za [T}y AY?))]

EZ¢
(3.2.17)
1/2 n 1/2 «

E (max(07ZQA2/ yeosdn Hj:2 Aj/ YA (Z1)+> BE(Z)Y1{z,<0..... 2, <0}

= ]_ — + LA b
EZ¢ EZ¢

E (maX(O, 24y, 2 [Ty AP A (zl)+)

= 1- + P Y(Z, <0). (3.2.18)

EZS
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For ARCH(1) with symmetric Z, with r; = sign(Z;), observing that (|Z;|) and (r;) are independent,

2a
E (Inax((), ZoAy, . Z Ty AP A (Z1)+)

1-—
EZS
0.5F (II’IaX(O7 T2A2A3, R Y H;Li_zl AJ) AN Ag)
= 1 —
0.5E (o Z22)>
= 1—F [max(0,m2A4s,,...,7 | | 4;) A1

j=2

1 n—1
/ P yl/" > max(0,72A1,,...,7 H Aj) | dy
0 .
j=1
and
P Y7z, <0)=2""1!

In view of [11, p. 422], Section 8.1, the limit of (3.2.18) as n — oo yields the extremal index of (X;).

o3
2

(6) The set {(x,y) : [t—y| < €,z > 1} is bounded away from zero. Therefore with u(x,00) =272, = >0,

n—1
P(X2 - X} <ex | XP>a) ~ P}Z2[] A - 22| < e | 022 > x)
j=1
. 2171 4. _ »2 2
Eu({s:s|Z, 1]} Aj — Zi1 < €827 > 1})
E|Z|*

«
E(e 2202 Ay — 23 7 23)
E|Z|z

For ARCH(1) the right-hand side becomes
3

1-E|e!J]4-1n1
j=2

The relations (7) and (8) are obtained by similar arguments. O
3.2.2 The stochastic volatility model

We start by studying the one-dimensional tails. Let the sequence (X;) = (Z;0¢) be a stochastic volatility
process given by Definition 2.3.2. Since o, and Z; are independent it follows that X, is regularly varying
with index o > 0, if Z; is regularly varying with index « and F (Jf‘+5) < oo or if oy is regularly varying
with index a > 0 and F(]Z]|**%) < oo for some § > 0. This follows from Breiman’s result in Equation

(3.1.19).
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Example 3.2.3. (Breiman’s result for stochastic volatility model)

If o, = e¥* for a Gaussian linear process (Y;) then oy is log-normal, hence Eo{ < oo for any a > 0.
Hence regular variation of X; is due to the regular variation of Z;. Moreover, if Z; is regularly varying

with index a > 0, 80 is Z;Z1p, see Remark after Relation (3.1.19). Then by Breiman’s result

P(XtXt+h > .’17) ~ E(O'()O'h)aP(Z()Zh > Z’),
P(X  Xpyn < —x) ~ E(ogon)*P(ZoZn < —x).
Next we show regular variation of the finite-dimensional distributions of (X;). We assume that

Eaf)”"s < oo for some 0 > 0 and that (Z;) is iid and regularly varying with index « > 0. This follows by

an application of a multivariate version of Breiman’s result, see Lemma 3.1.11. Write

o 0 - 0
Xa 0 o9 -+ 0 2
X=(+1=1. . . : | =AZ
Xa 0 0 - oy Za

Since the Z,’s are iid, Z is regularly varying with index o and spectral measure concentrated at the
intersection of the unit sphere S*~! in R? and the axes (see Example 3.1.9). By assumption, E||A||** <

00, hence by the multivariate Breiman result

P 'Xe)

_— — 7 FE R%: A. .
P(IZ] > ) mzeR:4ze)

=EBuzeR¥:zecA™)

Since the spectral measure is concentrated at the axes, it follows that u([z,y]) = 0 for any z < y such
that 0 & [z, y].

We conclude that u(A) = 0 for any set A C R’ \ {0} which does not intersect the axes. Therefore
the spectral measure of X is concentrated at the intersection of the unit sphere S¢~! and the axes. In
other words, the vector X has very much the same extremal behavior (this means for large |X|) as the

iid vector Z. See Example 3.1.9.

3.3 The extremal behavior of a stochastic volatility model with
regularly varying noise

We know that there exist only three types of different limit laws for affinely transformed maxima of iid

random variables: the Fréchet distribution ®,,, the Weibull distribution ¥, and the Gumbel distribution A
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for affinely transformed maxima of iid random variables. It is impossible to build a general extreme value
theory for the class of all strictly stationary sequences. For a (strictly) stationary sequence (X, ), there are
two conditions (see below) which ensure that its sample maxima (M,,) and the corresponding maxima
(M,) of an iid sequence (X,) with common distribution function F(z) = P(X; < 2) = P(X; < z)
exhibit similar limit behavior. We call (X,,) an iid sequence associated with (X,,) or simply an associated
iid sequence. We write FF eMDA(H) for any of the extreme value distributions H if there exist constants
¢, > 0 and d, € R such that c;l(JT/fn —dy) 4, Y, for a random variable Y with distribution H. For
the derivation of the limit probability of P(Mn < uy,) for a sequence of thresholds (u,) the following

factorization property is used:

P(M, < un) = P"(X < up) ~ e "F ) (3.3.1)

if and only if

nF(u,) — 7 =1.

In what follows, we assume this condition for some 7 = 1.

It is clear that we cannot directly apply (3.3.1) to maxima of a stochastic volatility sequence. However,
to overcome this problem we assume that there is a specific type of asymptotic independence. Recall the

conditions D and D’ from [11], Section 4.4.

Definition 3.3.1. Condition D(u,,)

For any integers p,q > 1 and n > 1
1<ip < <ip<j1<-<js<n

such that ji —ip, > 1 we have

|P(ier£1a§A2 X <up)— P(?el%}in < Un)P(?el%(Xz‘ < )| < any, (3.3.2)
where Ay =i1,...,0p, A2 =j1,...,74 and oy — 0 as n — oo for some sequence I =1, = o(n).

Condition D(u,) is a distributional mixing condition, weaker than most of the classical forms of

dependence restrictions. Condition D(u,,) implies, for example, that

P(M,, <up) = (P(M[n/k] < Un))k +o(1),
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for constant or slowly increasing k. This relation already indicates that the limit behavior of (M,,) and
its associated sequence (Mvn) must be closely related.
If (X,,) is strongly mixing with rate function (o) (see 2.1.10), then it is immediate that (3.3.2) holds.

Indeed, for a sequence (X,,),

P X; < - P X; < P X; <
1P 2oy, Ko < vm) = PLege X < un) Plipge o < )|

= |P(Xi i, <tn,...,Xo < up, Xj <up,...,X < uy) — P(max X; < w,)P(max X; < uy,)]

1 Ja~tp i€ Ay i€ A2
< Qi
since
{Xi1—ip S Upy - - 7)(0 S un} S O'(. .. ,X_l,Xo),
and
{le—ip S Upy .- ,qu_ip § Un} c U(le—ianjl—ip+1’ .. )

Definition 3.3.2. Condition D’(uy,)

[n/K]
klin;olirrlrisolipn ; P(X1 > up, X; > u,) =0.
The condition D’(u,) is an ”anti-clustering condition” on the strictly stationary sequence (X,).
Indeed, notice that D’(u,) implies
[n/k)
lim lim sup E( Z Lix,sup, X >un}) < klim lim sup[n/k] Z P(X1 > up, X; > uyn) =0,

—0 n—oo —X n—oo

1<i<j<[n/k] J=2
so that, on average, joint exceedances of u,, by pairs (X;, X;) become very unlikely for large n.

We assume that X; = 0,Z; constitutes a stochastic volatility process with volatility sequence (oy),
(Z;) is iid independent of (o). We want to show that D and D’ are satisfied for the stochastic volatility

model (X;) under mild conditions on (o3).

Lemma 3.3.3. Let (X;) be a stochastic volatility model with a strongly mizing sequence (o) with rate

function (an(c)). Then (Xy) satisfies condition D(uy) with u, satisfying P(X1 > u,) ~ 1.
Proof. We have for B C {1,2,...}

P(max X; < - E(P i <
(X < w) = B (PlogonZs < wallon)

E (H P(Z < 1;’f|a,-)> .

i€B
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Write
fz)=P(Z<z), zeR

Then f(Z) <1 and condition (3.3.2) reads as follows:

BCTT 72 = BT sEDET 7)) < an (3.3.3)
i€AIUA, ¢ i€A; v i€ Ay i

If (o) is strongly mixing, it follows by the proof of Lemma 2.4.2 that (3.3.3) holds with «,,; < 4oy(o). O

Proposition 3.3.4. Let (X;) be a stochastic volatility model with id regularly varying noise (Zy) with

indexr a > 0. Assume that the following conditions hold
1. There exist integers r, — oo such that rn/nl_e/ — 0 for some ¢’ € (0,1).
2. The sequence (X,) is strongly mizing with rate function () such thatn 332 a; — 0 asn — oo.
3. Bo? < oo.

Then (Xy) satisfies condition D'(uy) for (uy) satisfying P(X1 > uy) ~ L.

Proof. Let (r,,) be as in condition (1). Then

[n/k] T [n/k]
n Z P(X1 > up, X; > uy) = nZP(Xl > Up, X > Un) + 0 Z P(Xy > up, X; > uy).
i=2 i=2 i=rp+1

By Markov’s inequality and the definition of (u, ), for § € (0, ),

n> P(X1>u, Xi>u,) = nY E(P(Z> Z—’l‘\al)P(z > %m))
i=2 i=2 v
< nuy 09 ZE(Ulai)a_‘; (3.3.4)
=1

< nu;Q(o‘_‘s)rnconst(EUf(afé))%

< nn*(é%)@(a*é))rnconst,
for any & > 0. Here we used that F|X;]|*7% < oo and
E(010:)*70 < (B0} *™)3 < o,

by the Cauchy-Schwarz inequality and by condition (3). We also exploited the fact that w, = nal (n) for
some slowly varying function ! such that u, > n&~¢ for small € > 0 and large n.
Hence

Tn
nZP(Xl > Up, X > Up) < n= e const — 0,
i=2
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for some €’ > 0 as in condition (1).

We have
[n/k] [n/k]
n Y PXy>up,Xi>u,) = n Y [P(X1>un, X; > up) — (P(X) > uy))?]
i=rp+1 i=rp+1
n
(] =) (P(X0 > un))?.

By definition of u,,
(nP(X1 > up))?

lim li =0. 3.
Jim 1TanHSOLip ’ 0 (3.3.5)
By definition of strong mixing,
[n/k] (%] oo
n Z |P(X1 > tn, Xi > up) — (P(X1 > u,))?| < n Z a1 <n Z a;_1 — 0,
i1=r,+1 i=r,+1 1=r,+1
by assumption (2). O

Remark 3.3.5. The above three conditions in Proposition 3.3.4 are satisfied if (o) is strongly mixing
with geometric rate (a (o)) and if Eo?® < oo. Indeed, then we can choose 7, = n” for any v < 1 — ¢

and n) ;2 < mna™ — 0 for some a € (0,1).

The following two standard theorems are helpful in constructing a result for the limiting distribution

of the maxima of a stochastic volatility sequence.

Theorem 3.3.6. (Limit distribution of maxima of a stationary sequence [11, p. 215-216])
Let (X)) be a strictly stationary sequence with common distribution function F € MDA(H) for some

extreme value distribution H, i.e. there exist constants ¢, > 0, d, € R such that

lim nF(c,z +d,) = —logH(z), z€R. (3.3.6)

n—oo
Assume that for x € R the sequence (un) = (cnx + dy,) satisfies the condition D(u,) and D'(uy,). Then

(3.3.6) is equivalent to each of the following relations:

My —dy) Sy, (3.3.7)
MM, —dy) > Y, (3.3.8)

where Y has distribution H.

Theorem 3.3.7. (Weak convergence of point processes of exceedances, stationary case [11, p. 243])

Suppose (X,,) is strictly stationary and (u,,) is a sequence of threshold values such that

nk(u,) — 7 € (0,00),
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and D(uy,) and D'(uy,) hold. Let (N,,) be the point process of exceedances of a threshold u,, by the random

vartables X1,..., X,

Nn(-) = 25%I{xi>un}, n=12....

i=1
Then N, < N, where N is a homogeneous Poisson process on (0,1] with intensity 7. The convergence

holds in the space of point processes on (0, 1].
The following corollary is an immediate consequence of Theorems 3.3.6 and 3.3.7.

Corollary 3.3.8. (The limiting distribution of the maxima of a stochastic volatility model)

Assume that (X) is a strictly stationary stochastic volatility process with regularly varying noise (Z;) with
index o > 0. Assume that (X,,) is strongly mizing with rate function (ap). Moreover, if the assumptions
in Proposition 3.3.4 hold, then (X,,) satisfies the conditions D(uy,), D'(u,) with (u,) satisfying P(X; >
Upn) ~ 1/n and for M,, = max(Xy,...,X,),

—a

P(u,'M, <) = ®4(z) =€ ", z>0.

In particular, (X,,) has extremal index 1.
Moreover, the point processes of exceedances Ny, , converge in distribution to a homogeneous Poisson
process Ny, 5 on (0,1] with intensity —log @, (x) =z~%, x>0:

Now =3 e:l(x,5u.a) 4N, (3.3.9)

i=1
Remark 3.3.9. Let X(;) < X(5) < -+ < X(,,) be the order statistics of the sample X, ..., X,, from

a stochastic volatility model satisfying the conditions of Corollary 3.3.8. An immediate consequence of

(3.3.9) is that

P(Nn2(0,1] <k) = P(ung(n—k—s-l) <)

— P(N,(0,1] < k)

k—1 i
:(I)a(x) Mzéa(l‘)zxi!

i=0 ’ i=0

3.4 The extremal behavior of a stochastic volatility model with
regularly varying volatility sequence

So far we assumed that (Z;) is iid regularly varying, independent of the volatility sequence (o¢). Then
(X:) = (6+Z;) inherits regular variation from (Z;) provided Ec®*? < oo for some 6§ > 0. Moreover, (X;)

inherits strong mixing with essentially the same rate function as (oy).
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We now investigate the case when E|Z|*"° < oo for some § > 0, but (X;) is regularly varying with
index « > 0. We again assume that (o) is strongly mixing with rate function (ap(0)). Regular variation
of (X;) is easily verified. The one-dimensional case is simple: if o is regularly varying, by Breiman’s

result in (3.1.19)

P(X>z) ~ E(Z$)P(o > z),

P(X<—-xz) ~ E(Z*P(oc>u2),

as r — oo0. Hence X is regularly varying. A similar result holds for the finite-dimensional distributions

X1 Z1 -+ 0 o1

=1 -0 :

X, o - Z, On
A multivariate Breiman’s result and the independence of (Z1,...,Z,) and (o1,...,0,) imply regular
variation of (X7i,...,X,). However, it can be tricky to verify that (oy,...,0,) is regularly varying, as

the following example shows.

Example 3.4.1. Consider the AR(1) process Y; = ¢Y;_1 + n; for iid noise (1), ¢ € (0,1). Choose

op = e¥t = e¥Ye-140_[f g, is regularly varying with index a > 0,

€=

P(e?Yi-1 > 2) = P(o¥ >z)=Plo >z

)

= x_%L(x%),

for a slowly varying function L. Hence o¥ is regularly varying with index a/p > «. We do expect that
e is regularly varying. This is, however, not straightforward. One needs an inverse result to Breiman’s
result, i.e. we need to conclude from the product structure e?¥t=1e™ and the fact that E(e¥Yt-1)ote =
Eo#(@te) < o0 for some € > 0 that e is regularly varying. According to [18], one needs to verify the
condition

E(0%)*® £0, VO eR.
Using the AR(1) structure, we have
E(U«J)aﬂ'@ —  Eef(ati®) 32, ¢°ns

o0
[] Bee™ @@ 0, veeR.
s=0

This condition is satisfied if

E(e* Oy £, ©eR, 0<z<o.
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If we assume that this condition is satisfied it is clear that the regular variation of ¢ is due to regular

variation of €", and then by Breiman’s result,
P(o > z) = P(e?* 1T > 2) ~ E(c¥*)P(e" > ).

In what follows, assume that e is regularly with index o > 0. This condition is satisfied if 7 is Exp(«)

distributed:
P(e" > z) = P(n > log(z)) = e~ @108 = g=o 2 > 1,
We intend to show joint regular variation of (o1,...,0,). We have
2 n—1 n—
(01,...,04) = (01,0, 0f e of e 2’72+“'+’7").
2 n—1  n_
Since E(0¥)*"¢ < 00, E(o¥ ™)t < 0o, ... E(cf e “metdena-i)ote < oo for small € > 0 we ex-
pect that the regular variation of (o7, .. ., 0y, ) follows from regular variation of the vector (o1, e, e, ... ™)

which has independent components which are regularly varying, hence the whole vector is regularly vary-

ing with index o > 0. We observe that

2 n—1 n—22
_ ® @ + @ NI
h(o1,€™,...,e") = (o1,07e™, 07 7 of e ™ )y

is a continuous mapping such that h~1(B) is bounded for B bounded in R" \ {0}.

It is, however, not straightforward to use a continuous mapping argument to verify that
h(oy,e™,...,e"™),

inherits regular variation from regular variation of (o1,€",...,e" ). This is due to the fact that h is not
a homogeneous function, i.e. h(tz) # t9h(x), t > 0, for some g € R. It remains an open problem whether

(01,...,0p) is jointly regularly varying.



106 Chapter 3. Some extreme value theory for stochastic volatility models




Bibliography

[1]

B. Basrak, R. A. Davis, and T. Mikosch. Regular variation of GARCH process. Stochastic Processes
and their Applications, 99:95-115, 2002.

P. Billingsley. Convergence of Probability Measures. John Wiley, New York, 1968.

F. Black and M. Scholes. The pricing of options and corporate liabilities. The Journal of Political
FEconomy, 81:637-654, 1973.

T. Bollerslev. Generalized autoregressive conditional heteroscedasticity. Journal of Econometrics,

31:307-327, 1986.

P. Bougerol and N. Picard. Strict stationary of generalized autoregressive process. The Annals of

Probability, 20(4):1714-1730, 1992.

G.E.P. Box and G.M. Jenkins. Time Series Analysis, Forecasting and Control. Holden—Day, San
Francisco, 1970.

L. Breiman. On some limit theorems similar to the arc-sin law. Theory of Probability and its

Applications, 10, 1965.
L. Breiman. Probability. Society for Industrial and Applied Mathematics, Philadelphia, 1992.

P. J. Brockwell and R. A. Davis. Time Series: Theory and Methods. Springer—Verlag, New York,

second edition, 1991.
P. Doukhan. Mixing: Properties and Examples. Springer—Verlag, New York, 1994.

P. Embrechts, C. Kliippelberg, and T. Mikosch. Modelling Fxtremal Events for Insurance and

Finance. Springer—Verlag, Berlin, Heidelberg, New York, 1997.

R. F. Engle. Autoregressive conditional heteroscedasticity with estimates of the variance of United

Kingdom inflation. Econometrica, 50:987-1007, 1982.



108 BIBLIOGRAPHY

[13] R.F. Engle. ARCH Selected Readings. Oxford University Press, Oxford (UK), 1995.

[14] B. F. Fama. The behavior of stock-market prices. The Journal of Business, 38(1):34-105, 1965.

[15] J. Fan and Q. Yao. Nonlinear Time Series: Nonparametric and Parametric Methods. Springer series
in statistics. Springer—Verlag, New York, 2003.

[16] W. Feller. An Introduction to Probability Theory and its Applications., volume II. John Wiley and
Sons, New York, London, Sydney, 1971.

[17] I.A. Ibragimov and Yu. V. Linnik. Independent and Stationary Sequences of Random Variables.
Wolters—Noordhoff, Groningen, 1971.

[18] M. Jacobsen, T. Mikosch, J. Rosinski, and G. Samorodnitsky. Inverse problems for regular variation
of linear filters, a cancellation property for o-finite measures, and identification of stable laws. Annals
of Applied Probability, to appear, 2008.

[19] A. Jakubowski. Minimal conditions in p-stable limit theorems. Stochastic Processes and their Ap-
plications, 44:291-327, 1993.

[20] A. H. Jessen and T. Mikosch. Regularly varying functions. Publications de U'Institut Mathématique,
Nouwvelle Série, 80:171-192, 2006.

[21] A. F. Karr. Probability. Springer—Verlag, New York, 1993.

[22] H. Kesten. Random difference equations and renewal theory for products of random matrices. Acta
Mathematica, 131:207-248, 1973.

[23] C. Kliippelberg and T. Mikosch. The integrated periodogram for stable processes. The Annals of
Statistics, 24:1855-1879, 1996.

[24] U. Krengel. Ergodic Theorems. Walter de Gruyter, 1985.

[25] A.J. McNeil, R. Frey, and P. Embrechts. Quantitative Risk Management: Concepts, Techniques, and
Tools. Princeton University Press, 2005.

[26] R. C. Merton. The theory of rational option pricing. Bell Jornal of Economics and Management

Science, 4:141-183, 1973.



BIBLIOGRAPHY 109

[27]

[28]

[29]

T. Mikosch. Modeling dependence and tails of financial time series. In Bérbel Finkenstadt and
Holger Rootzén, editors, Extreme Values in Finance, Telecommunications, and the Environment,

pages 185-286. Chapman and Hall/CRC, Boca Raton, 2004.
T. Mikosch. Non-Life Insurance Mathematics. Springer—Verlag, Berlin, Heidelberg, 2004.

T. Mikosch and C. Starica. Limit theory for the sample autocorrelations and extremes of a

GARCH(1,1) process. The Annals of Statistics, 28:1427-1451, 2000.

A. Mokkadem. Propriétés de mélange des modeles autorégressifs polynomiaux. Annales Institut

Henry Poincaré, 26:219-260, 1990.

P. A. P. Moran. The statistical analysis of the Canadian lynx cycle, I:Structure and prediction.
Australian Journal of Zoology, 1:163-173, 1953.

D. B. Nelson. Conditional heteroskedasticity in asset returns: a new approach. FEconometrica,

59:347-370, 1991.

T. D. Pham and L. T. Tran. Some mixing properties of time series models. Stochastic Processes and

their Applications, 19:297-303, 1985.

S. I. Resnick. Point processes, regular variation, and weak convergence. Advances in Applied Prob-

ability, (18):66—138, 1986.
S. I. Resnick. Extreme Values, Regular Variation, and Point Processes. Springer, New York, 1987.
W. Rudin. Functional Analysis. McGrow-Hill, 1973.

G. Samorodnitsky and M. S. Taqqu. Stable Non-Gaussian Random Processes: Stochastic Models

with Infinite Variance. Chapman and Hall, London, 1994.
W. F. Stout. Almost Sure Convergence. Academic Press, New York, 1974.

D. Straumann. FEstimation in Conditionally Heteroscedastic Time Series Models. Number 181 in

Lectures Notes in Statistics. Springer—Verlag, Berlin, 2005.

H. Weyl. Uber die Gleichverteilung von Zahlen mod Eins. Mathematische Annelon, 77:313-357,
1916.

G. U. Yule. On a method of investigating periodicities in distributed series with special reference to

Wolfer’s sunspot numbers. Philosophical Transactions of the Royal Society, A 226:267-298, 1927.



	phd08aa-1
	phd08aa.pdf

