Operator Algebraic Applications
in Symbolic Dynamics

Toke Meier Carlsen

Ph.D. thesis

Defence: April 23, 2004
Thesis advisor: Lektor Sgren Eilers, University of Copenhagen, Denmark

Evaluating committee: Docent Erik Christensen, University of Copenha-
gen, Denmark (chairman).

Professor Ian Putnam, University of Victoria, BC, Canada.

Lektor Klaus Thomsen, University of Aarhus, Denmark.

Department of Mathematics
Institute for Mathematical Sciences
Faculty of Science
University of Copenhagen
2004



Toke Meier Carlsen
Matematisk Afdeling
Kgbenhavns Universitet
Universitetsparken 5
DK-2100 Kgbenhavn ¢
Denmark
toke@math.ku.dk

(© Toke Meier Carlsen (according to the Danish legislation) except the
paper Augmenting dimension group invariants for substitution dynamics
(pp. 138-162) for which Cambridge University Press holds full copyright
in all formats and media.

[SBN 87-7834-585-5



Preface

This work is the result of the research I have carried out as a ph.d.-student
at the Department of Mathematics at the University of Copenhagen from
the first of May 2001 to the second of April 2004.

The subject of the thesis is application of operator algebra in symbolic
dynamics. More specific, the thesis deals with C*-algebras associated to
symbolic dynamical systems and invariants of symbolic dynamical systems
of a K-theoretically nature.

The starting point of the research is C*-algebras associated with one-
sided shift spaces, but we will also deal with C*-algebras associated to
two-sided shift spaces, to infinite topological Markov chains, k-graph and
higher dimensional shifts on infinite alphabets.

A great effort is put into describing the K-theory of the C*-algebra
associated to a shift space, which is both a conjugacy and a flow invariant.
Especially for substitutional dynamical systems, where it is shown that the
K-theory contains information not captured by any other know invariant.

The thesis consists of 6 papers and one note. Each paper is precede
and succeed by some remarks which place the paper in the context of the
subject.

Each page in this thesis is numbered in succession. In addition to
this, each paper has its own internal numbering which hopefully makes
navigation easier.
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Chapter 1

Cuntz-Pimsner C*-algebras
associated with subshifts

This first chapter consists of the preprint Cuntz-Pimsner C*-algebras as-
sociated with subshifts in which a C*-algebra Ox is associated to every
one-sided shift space (which is called a subshift in the paper).
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CHAPTER 1. CUNTZ-PIMSNER C*-ALGEBRAS

Cuntz-Pimsner C*-algebras associated with
subshifts

Toke Meier Carlsen

Abstract

By using C*-correspondences and Cuntz-Pimsner algebras, we as-
sociate to every subshift X a C*-algebra Ox, which is a generalization
of the Cuntz-Krieger algebra. We show that Ox is the universal C*-
algebra generated by partial isometries satisfying relations given by X.
We also show that Ox is a conjugacy invariant of X.

KEYWORDS: C*-algebras, subshifts, shift spaces, conjugacy, Cuntz-Krieger
algebras, Cuntz-Pimsner algebras.

2000 MATHEMATICS SUBJECT CLASSIFICATION: Primary: 46L55,
Secondary: 37B10.

1 Introduction

In [3] Cunzt and Krieger introduced a new class of C*-algebras which in a
natural way can be viewed as universal C*-algebras associated with subshifts
(also called shift spaces) of finite type. Frome the point of view of operator
algebra these C*-algebras were important examples of C*-algebras with new
properties and from the point of view of topological dynamics these C*-
algebras (or rather, the K-theory of these C*-algebras) gave new invariants
of subshifts of finite type.

In [12] Matsumoto tried to generalize this idea by constructing C*-
algebras associated with every subshift and he studied them in [7-11]. Un-
fortunately there is a mistake in [10] which makes many of the results in
[7-11] wrong. This mistake has to do with the identification of an underly-
ing compact space which among other things determine the K-theory of the
C*-algebras. It turned out that this compact space is not the space Mat-
sumoto thought it was, and thus many of the results of [7-11] are wrong.
To recover these results Matsumoto and the author introduced in [1] a new
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class of C*-algebras associated with subshifts, which has the right underly-
ing compact space and thus satisfies most of the results in [7—12], but these
C*-algebra don’t have the universal property. Thus one could think of them
as the reduced C*-algebras associated with subshifts.

In this paper we will construct a new C*-algebra Ox by using C*-
correspondences (also called Hilbert bimodules ) and Cunzt-Pimsner algeb-
ras, and this new C*-algebra will both have the right underlying compact
space and have the universal property and hence will satisfy all the results
of [7-12] and has the C*-algebra defined in [1] s a quotient. Thus is seems
right to think of this C*-algebra as the universal C*-algebra associated to a
subshift.

Matsumoto’s original construction associated a C*-algebra to every two-
sided subshift, but it seems more natural to work with one-sided subshifts,
so we will do that in this paper. We will show that Ox is the universal
C*-algebra associated with partial isometries satisfying relations giving by
X and which resemble the Cuntz-Krieger relations (Theorem 7.2). We will
also show that Ox is an invariant of X in the sense that if X and Y are
conjugate one-sided subshifts, then Ox and Oy are isomorphic (Theorem
8.5). This is a generalization of [12, Proposition 5.8] (see [9, Lemma 4.5] for
a proof), where it is required that X and Y satisfy a certain condition (I).

2 Notation

Let a be a finite set endowed with the discrete topology. We will call this
set the alphabet. Let a¥o be the infinite product spaces I1,2qa endowed
with the product topology. The transformation o on a™° given by (o(z)); =
xit1, 1 € Ny is called the shift. Let X be a shift invariant closed subset of a™
(by shift invariant we mean that o(X) C X, not necessarily o(X) = X). The
topological dynamical system (X,ox) is called a subshift. We will denote
o)x by ox or o for simplicity, and on occasion the alphabet a by ax

A finite sequence = (p1, ..., ug) of elements u; € a is called a finite
word. The length of u is k and is denoted by |u|. We let for each k € Ny,
a¥ be the set of all words with length k and we let L*(X) be the set of all
words with length k appearing in some z € X. We set L;(X) = U;zo L¥(X)
and L(X) = U2, L¥(X) and likewise a; = | Jh_, a* and a* = [J;°, a*, where
LO(X) = a® denote the set consisting of the empty word e. L(X) is called the
language of X. Note that L(X) C a* for every subshift.

For a subshift X and a word p € L(X) we denote by Cx(u) the cylinder
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set
Cx(p) = {z € X | (21,22, .., )) = p}.

It is easy to see that
{Ox(p) | 1€ LX)}

is a basis for the topology of X, and that Cx(u) is closed and hence compact
for every p € L(X). We will allow us self to write C'(u) instead of Cx(u)
when it is clear which subshift space we are working with.

For a subshift X and words u, v € L(X) we denote by C(u, ) the set

Cw)no M(eM(C(n)) = {ve e X | pz € X}.

If X and Y are two subshifts and ¢ : X — Y is a homeomorphism such
that ¢ o ox = oy o ¢, then we say that ¢ is a conjugacy and that X and Y
are conjugate.

3 Cunzt-Pimsner algebras

We will in this section give a short introduction to Cuntz-Pimsner algebras.
We will follow the universal approach of [4] (see also [13] and [6]).

Let A be a C*-algebra. A right Hilbert A-module H is a Banach space
with a right action of the C*-algebra A4 and an .4-valued inner product (-, -)
satisfying

L. (& ma) = (£, n)a,
2. (&m) =0, 8)",

3. (6,€) > 0 and [|&]| = |I(&, €)'/,

for £,m € H and a € A.

For a Hilbert A-module H, we denote by L£(H) the C*-algebra of all
adjointable operators on H. For £, € H, the operator 6, € L(H) is defined
by 0¢ 5 (¢) = &(n,¢) for ¢ € H. We define K(H) C L(H) by

K(H) = span{fe, | &1 € H},

where span{- - - } means the closure of the linear span of {---}.

Let ¢ : A — L(H) be a *x-homomorphism. Then az := ¢(a)x defines a
left action of A on H, and we call H a C*-correspondence over A (in [13]
and [4] a C*-correspondence is called a Hilbert bimodule, but it seems that
the term C*-correspondence has become the preferable).
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A Toeplitz representation (1, 7) of H in a C*-algebra B consists of a
linear map ¢ : H — B and a *-homomorphism 7 : A — B such that

P(&a) = P(&)m(a), L&) ¢(n) = 7((&;n), and P(ag) = 7(a)y(§)

for £,n € Hand a € A. Given such a representation, there is a homomorph-
ism 7(1) : I(H) — B which satisfies

W (0 ) = V(€)Y (n)*

for all £, € H, and we then have

7 W(T)p(€) = ¥(T¢)

for every T' € K(H) and £ € H. If p: B — C is a x-homomorphism between
C*-algebras, then (p o1, po ) is a Toeplitz representation of H, and since

(pom)D(bey) = (po(©)(pot(m)” = por®(bey)
for all £, € H, by linearity and continuity we have
(pom)M) =porl.

We denote by J(H) the closed two-sided ideal ¢~1(X(H)) in A, and we say
that a Toeplitz representation (i, ) of H is Cuntz-Pimsner coinvariant if

) (¢(a)) = m(a)
for all a € J(H).

Theorem 3.1. Let H be a C*-correspondence over A. Then there is a
C*-algebra Oy and a Cuntz-Pimsner coinvariant Toeplitz representation
(kn,ka) : H— On which satisfies:

1. For every Cuntz-Pimsner coinvariant Toeplitz representation (¢, ) of
H, there is a homomorphism 1 x m of Oy such that (Y X 7)o ky = ¢
and (Y x w) ok =,

2. Oy is generated as a C*-algebra by ky(H) U k4(A).

Remark 3.2. The triple (On, kz, k4) is unique: if (X, kyy, k/4) has similar
properties, then there is an isomorphism 6 : Oy — X such that 6 o ky = ky,
and 6 o kg = k/y. Thus there is a strongly continuous gauge action v : T —
Aut Oy which satisfies v, (ka(a)) = ka(a) and v, (kn(z)) = zkn(x) fora € A
and x € H.
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4  (*-correspondences associated with subshifts

We will now define the C*-correspondence Hx that we associate to a subshift
X.

We start by defining the C*-algebra which Hyx is a C*-correspondence
over.

Definition 4.1. For every subshift X we let B(X) be the abelian C*-algebra
of all bounded functions on X, and Dx the C*-subalgebra of 95 (X) generated

by {10(“71,) | n, v e a*}.

It turns out that the spectrum of ZSX is the right underlying compact
space for the C*-algebra that we are going to associate with subshifts, but
since we will not need an explicit description of this compact space we are
not going to give one, but instead work with lsx.

Definition 4.2. Let X be a subshift. For every a € a let 25,1 be the ideal in
Dx generated by 1,(c(q))- Let Hx be the right Hilbert Dx-module

@aeapa

with the right action is given by (fa)acaf = (fof)aca and the inner product
by <(fa)a€a7 (ga)a€a> = Zaea f;ga for (fa)aeav (ga)aea € @yeaDy and f € Dx.

Proposition 4.3. Let X be a subshift and let a € a. Define a x-homomorphism
Ao B(X) — B(X) by letting

N _f flax) ifareX
Aa(f)(w) = { 0 if ax ¢ X

for every f € B(X) and every x € X.
Then \o(Dx) C D,.

Proof. Let p,v € a* with |v| > 1. For every x € X is

~ Lo (az) if az € X
)\a 1 v — H,

U ifa=v, w1 =, T m = Y, po”=1(z), ax € X
0 else.

So Ag (10(%,,)) =0if a # vy, and

X (Louw)) = LeGuuavs v, Lo(C(a)

b}
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if a = v1. Hence Xa (10(,,7“)) € l~)a. In a similar way, we see that Xa (lc(ﬂ,e)) =
Lo (ap,e)s SO Xa (IC(MG)) € D,. Thus Xa(ﬁx) C 5a, since D is generated by
{1C(u,u) ‘ J2RZS Cl*}- O

Definition 4.4. Let X be a subshift. We let ¢ : Dx — L(Hx) be the
x-homomorphism defined by

S(f)((fa)aca) = Na(f) fa)aca

for every f € Dy and every (fa)aca € Hx. With this Hx becomes a C*-
correspondence.

5 The (C*-algebra associated with a subshift

We are now ready to define the C*-algebra Ox associated with a subshift X.

Definition 5.1. Let X be a subshift. The C*-algebra Ox associated with X
is the C*-algebra O, from Theorem 3.1, where Hy is the C*-correspondence
defined above.

We will now take a closer look at Ox. First, we show that Ox is unital.

Lemma 5.2. Let X be a subshift and let 1 be the unit of Dx. Then kg, (1)
18 a unit for Ox.

Proof. We have that

kg (k5 (1) = iy (E1) = ki (€),
and
ks (ki (€) = kg (8(1)€) = kny (27)

for every ¢ € Hx. Since we also have that
kg (Dkp (f) = kg, (f)kp, (1) = kg (f)

for every f € 5x, and Oy is generated by kn, (Hx) U kﬁx (75x), we have that

kﬁx(l) is a unit for Ox. O

We will denote the unit of Ox by I.

Definition 5.3. Let X be a shift. For every a € a let &, be the element
(fa)area € Hx where f, = 15(c(a)) and for = 0 for a’ # a, and let for every
p € a*, Sy be the product kg (& )kry (§us) =« - by () € Ox with the
convention that S, = I.
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Lemma 5.4. Let X be a subshift. Let 1 be the unit of lNDX, and Id the unit
of LHY). Then
1 *
k(1) = k) (1d) = 3 5.5
aca

is the unit of Ox.

Proof. 1t is easy to check that

=1Id= Zega,gg,

aca

so since (kpy, kﬁx) is a Cuntz-Pimsner coinvariant representation,

ks (1) = kgx) (1) = Y 5,.8;

aca

and we know from Lemma 5.2 that kﬁx(l) is the unit of Ox. O
Lemma 5.5. Let X be a shift. Then

k5, (o)) = SvSiSusS)
for every p,v € a*.

Proof. Since

SaSa = Frx(§a) Fry (Sa)
kﬁx (<§a7 £a>)

= kg (Loc))

and
Sk, (Lo ) Sa = K& b (6 (Towiicuy ) )
= (&) e (&3 (L))
= kg (8a) Fry (Sa) ks, <Xa <1U|u’\(c(,u))>>
= ks, (LotcanPe (Lowicgey))
= ks, (10‘“'“‘(C(u’a))>
for every a € a and every i/ € a*, we have that

S;Su=kp, (10|“‘(C(u)))

7
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for every p € a*. N
It is easy to check that for every f € Dx is

o) =D 0%

aca

Let p,v € a* with || > 1 and a € a. Then as proved in the proof of
Proposition 4.3

X (L) =0
if a # v1, and N
Aa (L)) = Lo, Lo(C(a)

if a = 11.

So
ko (o) = k) (6 (legun))

= k%i (%11c<u,y2,...ylu‘),au1>
= k(S Lo (uua,.mp,) Frx (§01)
= Sukp (c(us,.v,) 5
Hence
k5, (o) = SvSpSuSs,
for all p,v € a*. O

Proposition 5.6. Let X be a subshift. Then Ox is generated by {Sq}aca-

Proof. Ox is by Theorem 3.1 generated by kn, (Hx) U k5, (Dx).
First notice that kz (1) = > ,cq505; 1s in the C*-algebra generated by
{Sa}aca. Since
kﬁx (10(%”)) = S,,SZS#S;

for all y, v € a*, and Dy is generated by {1c(uw) | v € a*}, we have that
k5, (Dx) is in the C*-algebra generated by {5, }taca.
Let (fa)aca € Hx. Then

(fa)aea = Z ’gafaa

aca
S0 ka((fa)aEa) = ZaEa Sakﬁx(fa)7 and ka((fa)aea) is in the C*'algebra
generated by {Sg}acq- Hence Ox is generated by {Sg}aca- O
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6 The structure of ('*-algebras generated by par-
tial isometries

We have now established that Ox is a unital C*-algebras generated by partial
isometries {S; }aca, which by Lemma 5.4 and 5.5 satisfy

> 8.Sp = 1,

aca
SS.8,55 = 5,555y,
SS.S58, = 558,555,

where S, = S5, - 'Sﬂlul and S, =S,, - SI,M, for every u,v € a*.

We will now take a closer look at unital C*-algebras generated by partial
isometries {5, }aeq that satisfy the 3 relations above.

Let a be an alphabet. In the following we let O be a unital C*-algebra
generated by partial isometries {Sg, }acq, such that

> 8.Sp = 1, (1)

aca
S58,8,85 = 5,555, (2)
S5S,S5S, = SiS,S5Su, (3)

where S, = 5, - 'Sﬂlul and S, =S5, - S,,M, for every p,v € a*.
Lemma 6.1. For every pn € a*, S, is a partial isometry.

Proof. We will prove the lemma by induction over the length of |u|. If
|| =1, then S, is a partial isometry by definition. Assume now that S, is
a partial isometry and a € a. Then

SyaS%.Sva = S5,5845:5%5,S,
= 5,555,545,
= 5,5
= Sua

So Syq is a partial isometry. Hence S, is a partial isometry for every u €
a*. O

For p € a* we set A, = S},5,,. We notice that since ) ., SaS; = I, the
projections {545} }aca are mutually orthogonal, so S,5;S,S; = 0 for a # b.
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Lemma 6.2. Let u, v € o with |u| = |[v]. If S;;S, # 0, then p = v and
SpSy = Ay

Proof. We will prove the lemma by induction over the length of y and v. If
the length is 1 and p # v, then

S8, = 555,555,555,

= 0
since 5,,57,5,5;, = 0. So since 5,5, # 0, we have that u = v and S5};S, = A,,.
Now assume that we have proved the lemma in case |u| = |v| = n, and

assume that |p/| = V'] =n+1 and 57,8, # 0. Set p = (4i,..., ) and
v=(v,...,v,). Then S;S, #0, so u = v. Since

r n
0 7é SZ/SV/
_ * *
= SIJ»;L+1SN’SVSV':L+1
_ * * * *
- S%HS%H %HS“S“S”%HS%HSV%H

_ * * * *
- ,U«fn_g.lslu‘;htl ,ufn_H SV;L+ISV;I+1S/‘SMSV;L+1 ’

we have that = v}, ,;, and hence ' = v/. So the lemma is true. O

For each | € Ny we denote by A;(O) the C*-subalgebra of O gener-
ated by {A,}cq- Since A;(O) is generated by a finite number of mutually
commuting projection, there exist a finite number of mutually orthogonal
projections E!, i = 1,...m(l), such that (Ezl»)l-:17_”m(l) is a basis for A;(O).
We have that (J;cy, Ai(O) is the C*-algebra generated by {A,}ucqa-. We
denoted this C*-algebra by A(QO). Since A;(O) is finite dimensional and
A1 (O) C A141(0) for every | € Ny, A(O) is an AF-algebra.

Lemma 6.3. For 1 <k <I, p€a® andi € {1,2,...,m(l)}, the following
two conditions are equivalent:

a) SuEfS; #0,

b) A EL#0.
Proof. Since

SuELS: = S, ALELS},

and
l * I ox*
ALE; = SuSuEiS#S#,
we have that
SuELS: # 0 < A EL # 0.

10
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Lemma 6.4. Letl >k >1. Then
a) Fori,i' € {1,2,...m()} and u, i’ € a* is

SuELS: ifp =y andi=1

l l _
SMEiS:SIL/Ei’S;’ = { 0 Zf,u 7£ #/ 07”2.# i/-

b) (S#EfS;)* = S“EgS;; forie{1,2,....,m()} and u € a*.

Proof. a): By Lemma 6.2

S,E'A,E.,S*, if u =
SMEz;SZSM’Ef’SZ’ { et e et L) 1 p 1%

if p#
_ ) SuALEE,S), i =
0 if p#
B SMEZZ-SZ, if u=p' and i =7
o if uwp ori#d.
b): Obviously. ]

7 The universal property of Ox
We let Ax be the C*-subalgebra of Dy generated by {1U|“|(C(,,u)) | € a*}.

Lemma 7.1. Let X be a shift, X a C*-algebra, 1) : Ax —> X a x-homomorphism
and {Sq }aca partial isometries in X such that

) YaeaSaSs =1(1),
b) 5:5,5,5; = 5,555%S,,

c) SpSu =1 (%wow»)r

where Sy, = Spy Spy -+ Sy, and Sy = Sy Syy -+ Sy, for every p,v € a*.
Then ¢ extends to a x-homomorphism from 75x to X, such that

(G (10(%1/)) = SVS;SMS

for every p,v € a*.

11
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Proof. Let O be the C*-subalgebra of X generated by {Sg}scq. Since
1S, = o (1Um <c<m>) and S, = (1C,|V.(C(V))), we have that S75,,555, =
5,8,8,,S,, for every p,v € a*. Since

Saw(l) = 5a525a¢(1)
= Sat (1o@) ¥(1)
= Sa¥ (Lo)
= S.S:S,
= S,

and

1/)(1)5(1 = w(l)SaS:;Sa
= Y SuSiSaSiSa
a’€a
= 54554
= S,

for every a € a, ¢(1) is a unit for O. Hence O and {S, }4cq, satisty (1), (2)
and (3) of section 6.

For each [ € Ny, denote by .Zl the C*-subalgebra of Ax generated by
{1oiui(cuy) | 1+ € ai}. Since A, is generated by a finite number of mutually
commuting projections, there exists a finite number m(l) of mutually disjoint
subsets &/, i = 1,2,...,m(l) of X such that

{151; i€ {1,2,...,m(l)}}

is a basis for /Tl.
Then 1 (15;> , © = 1,2,...,m(l) are mutually orthogonal projections

in O and span {w(lgg) lie{1,2,... ,m(l)}} = A;(0). So by Lemma 6.4
we have that for 1 < k < [ are Sy9(1)S},
orthogonal projections in O. B ' B

For each 1 < k <[ denote by ng the C*-subalgebra of Dx generated by
oy |V e ak, € a;}. Tt is easy to check that

i = 1,2,...m(l) mutually

10(1/)(70-—\’4(5‘24)7 S ak, i=1,2,...,m(l)

12
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are mutually orthogonal projections in Dl , and since

Llowyno-men =0 = Lowicpyle =0
= stlﬂ/](lé'l) =0
= Sup(ler)S, =0,

there exists a x-homomorphism d)fc : 152‘ — X such that d)fc (1C(V)ma_|u\(52;)> =
Syb(1¢1)S; for every v € af and every i € {1,2,...,m(l)} and hence
1% (10(;”) = SuS5,SuS;, for every v € a® and every u € a;.

For every k € Ny denote by Dy the C*-subalgebra of Dx generated by
ey v e a* 4 € a*}. Then Dy = Uik 252 Let ¢} denote the inclusion
of 52 into ﬁfjl. Since~w5€+1 o LL = @/)L for every | > k, the wé’s induce a
x-homomorphism ¢, : D, — O such that 1y, (IC(W,)) = SuS5,,5,5,, for every
v € a* and every p € a*.

Since

C(uv) = | C(a, va)

aca

for every u,v € a, ﬁk - Zskﬂ for every k € Ny and the inclusion ¢ of sz
into Dy41 is given by

i (Leua) = D 1otuaa)-

aca

Hence y41 0t = 1 and since 5X = UkeNO 5k, the i’s induce a *-
homomorphism 1 : ZSX — O C X such that

¥ (Loguw) = SvSiSuSs,
for every u,v € a*. O

We are now ready to state and prove the universel property of Ox.

Theorem 7.2. Let X be a subshift. Then Ox is the universel unital C*-
algebra generatede by partial isometries {Sq}aca satisfying

) S yeaSaSi=1,
b) 5:5,5,5; = 5,555%S,,

c) the map 1o,y — S5y extends to a unital x-homomorphism from A/X
to the C*-algebra generated by {Sq}aca,

13
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where Sy, = Sy, -+ Sﬂml and S, = S,, -+ SVI»\ for every u,v € a*.

Proof. 1t follows from Lemma 5.4 and 5.5 and Proposition 5.6 together with
the fact that Ay is a C*-subalgebra of 25x, that Ox is generated by partial
isometries {5, }4cq satisfying a), b) and c¢).

Assume now that X is a unital C*-algebra generated by partial isometries
{To}acq and that 7 : Ax — X is a unital *-homomorphism such that

a) Y peaTaTr =1,
b) TiT,T,T; = T,T;T;T,,

c) NTy=m (1J|H|(C(,u))))
where T}, =T}, Ty, -+ Ty, and T, =T, T, - - - Ty, for every p, v € a*.

By Lemma 7.1, 7 extends to a *-homomorphism from 5X to X, such
that
7 (o)) = LT T,T)
for every p,v € a*. Let
fa aea ZTaW fa
aca
for every (fa)aca € Hx. We will show that (i, 7) is a Cuntz-Pimsner coin-
variant representation of Hy.
Then ar)(§)+89(¢) = P(ad+06(¢) for every a, 8 € C and every &, ¢ € Hy,

and (&) (f) = Y(&f) for every £ € Hx and every f € Ax.
Recall from the proof of Proposition 4.3 that for p, v € a* with [v| > 1 s

Xa (10(%’/)) =0ifa 7é v, and }v\a (lc(,u’,j)) = 10(;1,1/21/3'“141,‘)10’(C(a)) ifa= .
Thus

71-(10(;1,11)) V((fa)aca) = 1()(”, ZTaT( fa)

aca

= Y TTT,T;Tor(fa)
aca

= LT, T,1;T,7(f,)

= T Ty Ty T Ty, ()
= T, 7 (10(;;,1/21/3---14,,‘)) 7(fur)

= 9 (G logumrs ) Fn )

= ¥ (Rallogun)fadaca)

= ¢ (¢(Lo(uw))(fa)aca) »

14
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for (fa)aca € Hx. We also have that

s (L;\M(C(M)) V((fa)aca) = ( ol (C () )ZTM 2)

aca

= Y TiTTun(fa)

aca

= ZT Tyar(fa)

aca

= ZTaW(oW\ W) (fa)

aca

((1g\ua|(0(ua))fa)a€a)
(Lot gy fa)aca)
= ¢ (qs(lg\u\(c(,u)))(fa)aEa) .

G
Y

Since Dy is generated by 1¢(,,.), i,V € a*, we have that

()Y ((fa)aca) = V(O(f)(fa)aca)

for every f € Dx and every (fa)aca € Hx.
Since ) . TaTy; = I, the projections {157, }aca are mutually ortho-
gonal, so

T Ty

T T T Ty T Ty
=0

if a # a’. Thus

w((fa)aea)*¢((ga)a€a) = Zﬂ(f;)T:ZTa’W(ga’)

aca a’ca

= 3w T (ga)

aca

= > 77 (Lo(c(ay) m(9a)

= 7T(<(fa)a€u7 (ga)a€a>)

for every (fa)aca, (9a)aca € Hx.

15
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Finally we see that for every f € D is O(f)=> .49 , SO

aca

&(ZXG/ (f) 75(1

TD(G(f) = D vlEaralf))(a)

aca

= Z Taﬂ(f)‘va(f))T;

= Z 7"-(f)TaT;

aca

= 7(f).

Thus (¢, ) is a Cuntz-Pimsner coinvariant representation of Hy, so it
follows from Theorem 3.1 that there exists a *-homomorphism ¢ x 7 from
Ox to X such that ¢ X w(kny ((fa)aca)) = ¥((fa)aca) for every (fq)aca € Hx

and hence
P x 7T(Sa) =1 X 7T(ka (fa))) = w(&l) =T,

for every a € a. O
Remark 7.3. Condition b) can be replaced by
b’) S5SuSy = SuS), S,

because ') implies that S}S,,S,S; = S,.5,5.,S; = 5,5;5,,9,5,5; and
SuSyShS, = Su(S;SuSy)* = Su(8,S;,Suu)* = 8,S;S; 5,5, S;, and thus
SrSuSySy = 8,5;5),Sy,, and b) implies that S;5,S, = S;5,5,5;5, =
SuSy858uSy = 85, S Thus Ox has the universal property [12, Theorem
4.9] and also has the right underlying compact space (cf. [10, Lemma 3.1])
and thus satisfy all of the results of [7-12].

Remark 7.4. It follows from Lemma 7.1 that Ox also can be characterized
as the universal C*-algebra generated by partial isometries {5, }qeq such that
the map 1¢(,,,) — 5,555, extends to a *-homomorphism from Dy to C*-
algebra generated by {S,}aca, Where S, = Sy, - - Sy, and Sy, = Sy, -+ Sy,
for every u,v € a*.

8 (Ox is an invariant

We will now show that Ox is an invariant for subshifts. We will do that by
showing that if two shift spaces X and Y are conjugate, then Hx and Hy are
isomorphic as C*-correspondences, and it then follows that Ox and Oy are
isomorphic.

16
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Definition 8.1. Let X and X’ be C*-algebras, (H, ¢) a C*-correspondence
over X and (H, ¢’) a C*-correspondence over X’. If there exist a #-isomorphism
Y : X — X’ and a bijective map T : H — H such that

(T¢,¢) =v((£,T7C)),

and
T(p(X)E) = ¢'((X))(T€)

forall¢ € H, ( € H', X € X; then we say that (T',v) is an C*-correspondence
isomorphism, (H, ¢) and (H’, ¢') are isomorphic and we write H = H'.

It easily follows from Theorem 3.1 that if (7', %) is an C*-correspondence
isomorphism from (H, ¢) to (H’, ¢’), then there exists a x-isomorphism 7" x 1)
from Oy to O such that T' X Yoky = kg oT and T X o ky = kyr o 1.

Lemma 8.2. Let X be a one-sided shift space. Define a *-homomorphism
ox : B(X) — B(X) by letting

ox(f)(@) = f(o(x))

for every f € B(X) and every x € X.
Then ¢x(Dx) < Dx.

Proof. Let p,v € a*. Then

o M (C(,v)) = | Clu, av),

aca

SO

Ox (o)) = lo1(Cum)
= 1U,c. Cluav)
= ZIC(#’W)GDx.

aca

Thus, since Dy is generated by {Tew) | 1, v € a*} and éx is a *-homomorphism,
it follows that ggx(ﬁx) C 5x‘ O

Lemma 8.3. Let X be a one-sided shift space. Then we have:
a) If £1,& are subsets of X such that 1¢g,, 1g, € 5X, then 1g,ue, € ZSX.

b) If € is a subset of X such that 1¢ € Dy, then Lo € Dx.

17
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c) If € is a subset of X such that 1¢ € Dy, then lo-1(e) € Dy.
Proof. a) Let &1,& be subsets of X such that 1¢,,1¢, € Dy, then
le,ue, = le, + 1g, — 1g,1¢, € Dx.
b) Let &€ be a subset of X such that 1¢ € 25X. Set for each a € a,
Eo={reX|ax e}
It is easy to check that

o) =%

aca

Since 1g, = Xa(lg) € Dy (cf. Proposition 4.3), it follows from a) that

Ly(e) € Dx.
c) Let &€ be a subset of X such that 1¢ € Dx. It is easy to check that
Lo-1ge) = ox(1g), so 15-1(g) € Dx by Lemma 8.2. O

Proposition 8.4. If two subshifts X and Y are conjugate, then 5X = ﬁy
and Hx = Hy.
Proof. Let v : X — Y be a conjugacy. Then we can define a *-isomorphism
U B(Y) — B(X) by setting U(f)(x) = f(¢(x)) for every f € B(Y) and
every x € X.

Let o € L(Y). Since Cy(p) is clopen and 1) is continuous, ¥~ (Cy (1))
is clopen and hence compact. So since Cx(v), v € L(X) is a basis for the

topology of X, there exist a finite number of words pi, ua,...,u € L(X)
such that

7N Cv () = | Oxlm)-
k=1

Let p,v € L(Y) and let py,...pp,v1,...,vs € L(X) such that

and

18
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T (Cy (1)) = o1 (Cv () N oy (o (1 (Cy (1))

- (g cx<yk>> N <U oy (ol (Ox( m»)

so it follows from Lemma 8.3 that

U (loygu) = Ly-1cyue) € Dx-

Hence \IJ(ZNZy) C Dx. In the same way we can prove that W_l(ﬁx) C Dy, s0
: Dy — Dx is a *-isomorphism.

\I/(Dy) = Dx, and thus \II|5

Define T : Hy — Hx by

fa a€ay — (

and S : Hx — Hy by

gb bEax — (

Leta€ay, b€ax and x €Y. If ax € Y and (¢ !(ax

v~ (az)

and thus by~ (z) € X and (¢(byp~
If by~ ! (x) € X and ((byp~!

Dby~ (2))

and thus ax € Y and (¢!

D (¥

acay

> X (T

beax

(ax

= (¥
= by~ (o(ax))
by~ ()

H@)h =a.
(z)))1 = a, then

(p(byp™

ay(o

(by)

ap (¥~

axr

)1 =b.

19

Yaz

le (fa))
beax

"leyw)) ‘I’l(gb))

Ha)) 1o (v (by™

“z
H(2))

1
)

Do (™

)

H(ax))

acay

))1 = b, then

H(x)))
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. Hence (ax € YA (v~ az))1 = b) & (b~ Hz) € XA (Wb~ 1(2)))1 = a).

h (Xb ( (1cy(a))))(ﬂf) - { (Loy@) (0071 (@) if byl (2) € X

v

0 if byp~1 () ¢ X
1 if by~ (z) € XA (b~ (2))1 = a
0 else

1 ifar € YA (Y~ l(ax)) =b

0 else

[

1 lcx(b (ax) ifaxeY
ifax ¢Y

and hence ¥—! (Xb (\I/ (lcy(a)))> = A (\11*1 (lcx(b))) for all @ € ay and
b € ax, and thus

<T(fa)a€aya (gb)beax> = << Z )‘b 1Cy(a (fa)) a(gb)beax>
beax

acay
= > N (T (leyw)) U
bcax acay
= 2 PUD XM (Y (@) 9
acay bEayx

= \Il<< fa aEaY (ZA 1C>< b)))qll(gb)> >>
bEax acay

= \I/(<(fa)a€uy7 S(gb)beﬂx>)

for all (fo)acay € Hy and all (gp)peay € Hx.
Let a € ay, b€ ax and y € X. If by € X and (¢(by)); = a, then

Pby) = (¥(by))io((by))
= a(o(by))
= ay(y),

and thus ay(y) € Y

20
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So for every f € Dy is

X (¥ (Ley@)) YQa (M) ) = if by ¢ X

Loy (o) (W (b)) Xa(£) (W(y))  if by € X
if by ¢ X

((by)) if by € X and (1(by))1 = a

0
f
0 else
f
0 else

a~nd hence Ay (¥ (Leya)) T(a(f) = X (¥ (Leya)) X(U(f)) for all f €
Dy, a € ay and b € ax. Thus

T(¢/(f)(fa)a€av) = T(Xa(f)fa)aeav

= (ZAb (Ley (Xa<f>fa>)

aEay beay
= ( NN (¥ (leyw)) (fa))
acay beax
= ¢/(\I](f))T(fa)a€ay

for all (fy)acay € Hy and all f € 5y.
Since UL (X (¥ (1y0))) ) = Ao (U7 (Iey)) for all a € ay and b €
ax, U, U1 and Xa are x-homomorphisms and

1C lf b - b/
Lex@loxw) :{ o it b £ I

for b,b’ € ax, we have that

5o (8 (L)) o (¥ (1)) = { 0 Ges)) 100

21
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for all a € ay

TS(gp)becay

and all b,b’ € ax; and hence

= ( > X (T (L)) U (gb))

beax

- (W 00 T (R0 ) o)

acay bEay b’ €ax
- ( Z )‘b’ 1Cx Z /\b 1Cx ) b)

acay bEax b Eax
= ( Z Mo (Y (1eya)) 9 )

acay bEax

acay bEay

(1) gb)beay
= ( U(CX gb)beqx
= (9b)beay

for all (gs)peay € Hx-
In the same way one can prove that ST(fq)acay = (fa)acay for all

(fa)aéay S HY-

Hence (T,

U) is a C*-correspondence isomorphism and Hx 2 Hy. O

Theorem 8.5. If two subshifts X and Y are conjugate, then there exists a
x-isomorphism p from Ox to Oy such that v, 0 p = pory, for every z € T.

Proof. 1t follows from Theorem 8.4 that there exists a C*-correspondence

isomorphism

(T, ¥) from Hx to Hy. Thus there exists a *-isomorphism p :

Ox — Oy such that p(kuy (€)) = kny (T€) for every £ € Hx and p(kz, (f)) =

kﬁy

((f)) for every f € Dx. Hence

V=(p(kny (€)= 72(kny (TE))
= zkp, (T€)
= kn,(Tz€)
= plkny (2€))
= p(zkuy(£))
= p(72(kng(£)))
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for every £ € Hx and every z € T, and

Vpks, (1) = (kg (¥(f)))
zkz, (Y (f))
kg, (P(zf))
p(kz, (2f))
p(zkz, (f))

= p(:(k5, (1))

for every f € Dy and every z € T. Since Ox is generated by ky, (Hx) U
kﬁx (Dx), it follows that v, o p = p oy, for every z € T. O
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1.10 Closing remarks

Matsumoto has in [7-10,12-15] made a thorough investigation of the prop-
erties of the C*-algebra Ox and among other things shown that Oy is nuc-
lear and satisfies the universal coefficient theorem, given sufficient condi-
tions for when it is purely infinite, described its ideal structure and given
formulas for computing its K-theory. The author has in [2] shown that
Oy is a Cuntz-Krieger algebra when X is a sofic shift.

The invariants Matsumoto introduced in [11] are all based on K-groups
associated with Ox.

The C*-algebra Ox can, as most C*-algebras associated to dynamical
systems, also be constructed in other ways than by C*-correspondence,
for example by Exel’s crossed product (cf. [5]). In the next chapter we
will construct Ox as a groupoid C*-algebra.

Matsumoto has in [6] generalized the construction of Ox to A-graph
systems.



Chapter 2

A groupoid construction
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A groupoid construction

We will in this chapter construct the C*-algebra Ox defined in the [1]
as a groupoid C*-algebra. We will stick to the notation used in [1].

A natural approach is to use the groupoid G(X,T) that Renault in [6]
has associated to a singly generated dynamical system (X,T), and then
look at the C*-algebra has defined in [5]. However, this approach has its
obstacles, because a one-sided shift ¢ : X — X is not in generally a local
homeomorphism which is required for it to be a singly generated dynamical
system (in fact, o is a local homeomorphism if and only if X is a shift of finite
type). We surmount this obstacle by associating to each one-sided shift space
(X,0) a cover (X,o) which is a singly generated dynamical system ((X, o)
is a generalization of the left Krieger cover cf. [2,3]).

1 The cover (X,5)

Let (X, o) be a one-sided shift space, and a its alphabet. Set for every x € X
and every k € Ny

Pi(x) ={p € LX) | pz € X, |pu| = k}.

Following Matsumoto [4], we define for every [ € Ny an equivalence relation
~ on X called [-past equivalence by

x oy & VE <1 Pr(x) = Pr(y),

and we denote by [z]; the [-past equivalence class of x.
Let Z = {(k,l) € N3 | k <1}. We define an order < on Z by

(k1,01) < (ka2,l2) @ k1 < ko ANly — k1 <o — ka.
For (k,l) € Z we define an equivalence relation ;~; on X by
Tt Y S 20k = Yok A PiToc) = PlY,o0])-

We denote the equivalence class of = by x[z]; and we let ;X; be the quotient
of X by i ~;. Notice that ;X; is finite. We endow ;X; with the discrete
topology.
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Let (k1,01) < (k2,l2) € Z. Since

T ko™l Y = TEi™~L Y,

there exists a map (x,1,)T(ky,10) © k1 X1y — ko Xy, such that

(F1,01) T (k2,l2) (kz[w]lz) = kl[x]ll :

Let X be the projective limit, lim, ez (1X;, 7). We will identify X with
the closed subset

{(k[kxz]l)(k,z)ez € Hkxl | V(k1,01) < (k2,l2) € T ¢ poiy 1y ~1y kliﬁll}
(k,1)eT

of H(k,l)el £ X;, where H(k,l)eI 1 X; is endowed with the product of the dis-
crete topologies.
For (k,l) € Z and = € X, we let U(x, k,[) be the set

{(r[r$8]8)(r,s)el € X | kT K~ T}
Then U(z,k,l) is open and closed, and {U(xz,k,l) | z € X,(k,l) € T}
generates the topology of X. Let (k,1) € Z. Then
T~y = 0(7) g—1~1 0 (y),

so there exists a map oy : £ X; — k—1X; such that xo;(g[z];) = k—1[o(x)];. We
then have that the following diagram commutes for every (ki,11) < (ko,l2) €
1:

klo-ll
i X, ———— ki —1Xy,

(k1,11) T (k2,l2) (k1 —1,11) T (kg —1,l2)

koOly
kgxlz —_——> szlxlz .

Thus we get a continuous map & : X — X, such that o (ki) (eyez) =
(kLo (kaz0)]1) (k1) ez-

Proposition 1. 7 is a local homeomorphism.

Proof. We will first show that 7 is open. {U(x,k,1) | x € X, (k,l) € Z,k > 0}
generates the topology of X, so it is enough to show that

G (ﬂ U(xi,k;,z;)>
i=1

is open for x1, za, ..., 2, € X and (k1,1}), (K5, 15) ... (k},1)) € Z, where k] >

n»’'n

0 for every i € {1,2,...,n}. We can assume that all the x;’s begin with the
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same letter, which we denote by a, because otherwise (", U(z;, ki, l;) = 0.
We claim that

(ﬂ U (i, K, 1) ) ﬂ U(o 1,1}).
Clearly

(ﬂUa:z, ) ﬂU —1,1)).

Assume that (k[kl'l]l)(k,l)GI S miil U(O’(Il), k; — ]., l;) Then kll_ll‘lll kll_lwl/l
o(z1), so ay, 12y € X, which implies that az; € X for every (k,1) € Z. Let
kYl = agxi+1 for (k,1) € Z. Then

(k1 ,11) T (ko do) (kalka Vi 1) =kalka Yoty
=k OhyTly 1)1
=k, Ty 1)1
=kl Y1 1y
for (k1,11) < (k2,l2). Thus (xlxyi]t) (k1yez € X.
Since pay g1~y o),

kY, = Qg Ty 41 k™1 i

for every i € {1,2,...,n}, so (&lkyilt)kpyer € MNizy Uz, ki, ;). We have
that
ko (e 1y0)]1 = kler12i1]e = szl

for every (k,l) € Z, so

(ke e pyer = o (Gelky]t) (rpyez) <ﬂ (24, K, I} ) :

=1

Thus
(ﬂU i, ki, ) ﬂU 1,10).

We then claim that & is injective on U(z,1,1) for every z € X, which
shows that & is locally injective and thus a local homeomorphism.
Assume that (k[rzii) (k€7 (Kleyil)) ez € U(z,1,1) and
o ((klkm]t) (epyez) = o (ki) ey ez)-

Then
i)t = rlzoo (k)i = tlwoo (ky)]i = rlewili

for every (k,1) € Z, so (xlx1]t) (kyez = (Rlk¥i]t) (eyez- O
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Remark 2. There exists a surjective map « from X to X such that moG =
o o, but since we are not going to need it here, we will not go into details
on this matter.

The dynamical system ()N(, o) is a singly generated dynamical system as
defined in Definition 2.3 of [6]. We also have that X is Hausdorff, second
countable and compact. In [6] Renault constructed for such a dynamical
system a groupoid G(X, o) which is Hausdorff locally compact étale group-
oid.

We will show that the corresponding C*-algebra C* ()~(, 0) is isomorphic
to Ox by construction a *-homomorphism from Ox to C*(X,5) and a *-
homomorphism from C*(X,5) to Ox and then show that there are cach
other inverse.

2 The *-homomorphism from Ox to C*(X,5)

For every v € L(X) we let

v,= |J Ul v

zeC(v)

Then U, is a open subset of X, UscaUa = X, and (0)|u, is injective.

Let a € a. Since (0)y, is injective, we can for every f € C(X) define a
map Aq(f) : X —C by

Nw,) (x) zea
R B

and since o is open and continuous, and U, is open and compact, A4(f)
is continuous. Hence A, is a x-homomorphism from C(X) to C(X). For
p=pip ... pn € L(X) welet Ay =Xy 0, 0--0A,,.

Proposition 3. There exists a %-isomorphism 1 : Dx — C()~(), such that
0 (1C(u)ma—\#\([xh)) = 1U(pa,|ulp) Jor every p € L(X), every l € Ny and every
x € X, and such that ¢ (ggx(f)) =¢(f)oo and w(Xa(f)) = X (W(f)) for

every a € a and every f € ﬁx-

Proof. Let (k,l) € Z. Tt is obvious that there only are finitely many [-past
equivalence classes. Denote these by

£ € Ehys

and choose for each i € {1,2,...,m(l)} an z! € &
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Denote by 52 the C*-subalgebra of Dy generated by 1g(,,), tV €
L(X), |u| <1, |v| = k. It is easy to check that

1C(l/)ﬁ(77|”‘(5£)7 Ve L(X), |V| = k7 1= 1,2, .. ,m(l)

are mutually orthogonal projections that generate Dl , and that

1U(z/a¢é,k,l)’ Ve L(X)v |V| =k, i= 1727~--7m(l)

are mutually orthogonal projections in C'(X), and since

10(,/)007\1/\(514) =0« C(l/) N O_7|y\(gll) = @
s Uz k1) =0
= ]‘U( ) — 0,

Z/xf;,k,l

there exists a *-monomorphism 1!, : 52 — C(X) such that

Ui, (10(11)(70*‘”(51?)) = Lyat k)

for every v € L(X) with |[v| = k and every i € {1,2,...,m(])}.

For every k € Ny denote by Dy the C*-subalgebra of Dy generated by
Loy, #v € LX), |v| = k. Then Dy, = Ul>k’ﬁ§c‘ Let ¢t denote the
inclusion of 52 into YSLH. Since 1/;5:“1 ) Zik = zp,lg_for every | > k, the 1;’s
induce a *-monomorphism )y, : Dy, — C()N() such that wé <1c(y)mo.—\u\(8’f)> =
1y (val gy for every v e L(X) and every i € {1,2,...,m(l)}.

Denote for every k € Ny by 73 the inclusion of 15k into 5k:+1- Since
Y11 0ty = P for every k € Ny and 5X = UkeN 5k, the ¥’s induce a
+-monomorphism v : Dx — C’()~() such that (10(”007\”\(51@)) = 1y (el k)
for every p € L(X), every | € Ny and every ¢ € {1,2,...,m(l)} and hence
) <1C(u)ﬂa"“‘([ﬂc]z)) = Ly (ua,|p|) for every p € L(X), every [ € Ny and every
x € X. By the Stone-Weierstrass Theorem

(0 (1C(M)mg—|u\(55)> = 1y (ulapeny 1€ LX), €Ny, i €{1,2,...,m(l)}

generates C ()N(), so ) is surjective.
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Let @’ € a, p € L(X), 1 € Ng and z € X. Then

(G (5x <1C(,u,)ﬁa_‘“‘([;t]l))) = Z¢ (1C(au)ﬂa—'“”‘([w]z))

aca

= W(apalul+10)

aca
= LacaU(aple ul+1.)
= 1@ 1 ule. ul.0)
= Luulajul)y © 0

=9 (1C<u>mo—lul<[asm> ©0,

and

¥ (A (logone i) ) = ¥ (ot @nnecan)

= LU (o(pa),lul-1,0)n0 (U,1)
= Lo, |ul)no(,)
= A (1t (| u)))

= \y (1,/) <1C(M)ma—‘“'([w]l))> ’

and since Dy is generated by 1c¢,)ng-Inl(12),)> K € L(X), I € Ny, z € X it

follows that ¢(q§x(f)) =(f)oo and (N (f)) = A (¥(f)) for every o’ € a
and every f € Dx. O

We will identify every f € C(X) with the function f € Ce(G(X,5))
given by

~ ) f(x) ifz=yandn =0,
fany) = {O ifx#yorn#0.

As in [6, Definition 2.4], we let for m,n € Ng and open subsets U and V' of
X such that ™ is injective on U and ¢" is injective on V', U(U, m,n, V') be
the open subset

{(z,m—n,y) | (z,9) €U XV, 6™(x) ="(y)}
of G(X,5), and we let for every u € L(X), U, =UUy, |, 0,5 (TU,)).

Proposition 4. There exists a x-homomorphism from Ox to C* ()~(, o) send-
ing Sq to 1y, for every a € a.

Proof. Let ¢ : Dx — Co(G(X,5)) be the *-isomorphism from Proposition
3 composed with the inclusion of C(X) into Cc(G(X,a)) and let for every
aca T, =1y, Letfor p=pips--pn € LX), Ty =T Tpo -+ T,
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Since
Talu# = Tvalu(UV"l,‘7075|u\(UD))(x,n,y)
- Z L4(U0,1,0,5Wa)) (@M 2) Ly, u),0.51 0,)) (20— M y)
= L (U 41,0, 141 (U, )) (25 0, Y)
= 1tta,
for every a € a, v € L(X) and every (z,n,y) € G(X,5), we have that
Tvu = Ly,

for every u € L(X).
Since

TuTi(@,m,9) = 3 Yy, 0.5 0,0) (@1 2 Ly, 0,501 ) (3 — 1, 2)
= lyw,.000,) (@, 1Y)

=4 (1og) (2,n,y)

TaTu(x,m,9) = 3 Lgqu, 0,50 0,0 (22 =170 ) Ly, g 05101 ) (207 = ,9)
= LuEU,),0,05U,)) (21, )
= ¢ ( olul c(,@)) (z,n,y)
for every p € L(X) and every (z,n,y) € G(X,5), we have that
8) Laea LTy = 0(1),
b) T;T,T,T; = TT;T;T,,
c) T:Tu = 1; (%\M(c(m))-

for every i, v € L(X). So by Theorem 7.1 in [1], there exists a *-homomorphism
from Ox to C*(G(X, ¢x)) sending S, to T, = 1, for every a € a. O

3 The s-homomorphism from C*(X,5) to Ox

Lemma 5. Let K be a compact subset of G()~(, 0). Then there exists a finite
subset F' of L(X)? such that

U<UM7 ’M’a ’V’7 Uy) mu(Uu” ’:U’/‘? |V/’7 Uy) = 0
for (p,v), (W, V') € F with (p,v) # (¢',v'), and such that

Kg U U(UIJ«7‘M‘7|V|7UV)'
(u,v)eEF
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Proof. Let K be a compact subset of G()N(, 7). Since
KgG(X,&) = U Z/[(Uu,|/1,|,|V|,Ul,),
(k,v)EL(X)?
there exists a finite set F” of L(X)? such that
K C U U(Uua|ﬂ|a|V’aUu)-
(p,v)EF’

Let
m = max{|u| | v € L(X) : (u,v) € F'},

and let
F = {(nowa) | (1) € F, a € LX), o] =m — |ul}.
Then F is a finite subset of L(X)2. Since for every (u,v) € F,
UU v U) = | U, lnal, [val, Usa)
|a|=m—]ul

and
U(Uua |M|a ’V’aUu) mu(Uu’a ’,LL/|, |V,|’UV/) = @

if |u| = || and (p,v) # (4, V'), we have that
UUp, [ul, ], Un) 0UU s W] V], U) = 0
for (u,v), (1',v) € F with (u,v) # (¢/,V'), and
K C U Z/I(Uu,|,u|,]1/],Ul,) = U u(UM7|/L|a|V|7Ul’)'
(w,v)EF' (p,v)EF

O

Lemma 6. Let p,v € L(X). For every f € Co(G(X,5)) with supp f C
UWUp, |pl, [v],Uy) s
supp (1, flu,) € U@ (U) N (U,),0,0, 0 (1) N (U,) € G°(X,3).

Proof. This follows from the fact that

1Z>tluf17/lu (wvnvy) =
FU@ ) M @)+l = ], (@)w,) M) if = € H(U,)
and y € 3VI(U,),
0 if z ¢ 5H(U,)
or y ¢ ().
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Proposition 7. There exists a x-homomorphism from C’*()N(, o) to Ox send-
ing 1y, to Sq for every a € a.

Proof. Let f € Co(G(X,5)). By Lemma 5 there exists a finite subset F of
L(X)?2 such that

U(Ulu ul, v],Uy) mu(Uu’v ’Nl|7 |V/|7 Uy) = 0
for (p,v), (W/',v') € F with (u,v) # (¢, V'), and such that

supp f € | U, |ul, v, U,).
(mv)EF

Since U(Uy, |pul, [v],Uy) is open and compact, fiw,,|ulvl,U) € Ce(G(X,5))
for every (u,v) € F, and

F= > fu@uluhiiv.)-

(mv)er
By Lemma 6 _
supP (L3, fut (Ul v 1) € GO(X, 7).

Let ¢ be the isomorphism from C(G°(X,5)) to C(X) composed with the
inverse of the isomorphism from Proposition 3.

We want to show that a *-homomorphism from Co(G(X,5)) to Ox is
defined by

fe > Sy, S, ulv,v.) 1ea, ) S5 -

(p,v)EF

We first show that Z(,u,l/)EF Sﬂqﬁ(lZlHf\M(Uu,Iul,\VI,Uu)1%)5; is independ-
ent of F. So let F’ be another finite subset of L(X)? such that

U(Ulm ’N’a ’V’7UV) mu(Uu’ﬂ ’/“A? |V/’7UV’) =0

for (u,v), (u/',v') € F' with (u,v) # (¢/,1), and such that

supp f C U U(UM,|M|,|V|,UZ,).
(mv)er’

Let
m = max{|u| | I € LX) : () € PV (u,v) € F'},

and let
F" = {(po,ve) | (,v) € FV (p,v) € F', a € L(X), |a =m — |ul}.
We let for every (u,v) € F,

F{l, ) = {(na,va) € F" | a € L(X)}.
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Then

Z S'u'/d) (1;;#’ f‘u(UMUIN’/leV/LUV’)12/{1/) S:/

! ! 1
(W' W)EF, )

= Z Sua® (1Z{Wf\U(UW,ma\,paLUm)1um> Spa

laf=m—[u|

= X 5800 (M (U e lin,) ) SES;

laf=m—|u|

= Z SuSaSho (12;“f|Z/l(Uu,\M,|u\,Ul,)1UV> SaSESE

laf=m—|u|

= Su¢ <1z§Mf|u(U#,w,|u\,Uy)1uu) Sy

Since
U(U;M |H|7 ’V’7 UV) nu(UM’v ’Nl|7 |V/’7 UV’) =0
for (,v), (4, ) € F with () # (i, ),
1" 1" o
) NV E Gy =0
for (u,v), (y/',v') € F with (u,v) # (1/,v'). Let (u,v) € F”. 1If
U, |ul, [v|, Uy) Nsupp f # 0,

then since

supp f C U Z/l(Uw’M’a’V’le/)
(p,v)EF

there exists (¢/, 1) € F such that
U, |ul, v, U0) NUU, 1] 1], U # 0,

and thus there exist a o € L(X) such that p = p/a and v = v'a. Hence

(u,v) € F(/;//,V’)‘ So

> 8oy, fuw, vl v) 1) Sy

(nv)EF"

= Z Z Spa® (1,0 [iUUpes ol lvalUve) e ) Sa

1!
(p,v)EF (,u,a,ya)EF(H’u)

= Y S0 fulul v 14,) S5
(u,v)EF

In the same way we can prove that
Y Sud( Sl v o) 1, )S5 =
(y)er”

> Sub(, Sl U 1t4,) S5
(pw,v)EF’

10
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So the map 1 : Co(G(X,5)) — Ox given by

G = D Sud(Gy, fuuw il ivon) 1) S

(u,v)eF

is well defined and is clearly linear.
If suppg € UUy, |pl, |v],Uy), then suppg* C U(Uy, |v|, |u],Uy), so if
f € Cc(G(X,5)) and F is a finite subset of L(X)? such that

U(UIM |H|7 ’V’7Ul/) mu(UM’v ’Nl|7 |V/|7UV’) =0

for (u,v), (¢/',v') € F with (u,v) # (¢/,v'), and such that

supp /€ | Uy, 1l 0], T,
(wv)EF

then F' = {(v,p) € L(X)? | (u,v) € F} is a finite subset of L(X)? such that
U(U,ua |M|7 |V’7 Ul/) mu(Uulv |:u/|> |V/|7 Ul/’) = (D

for (u,v), (u/',v') € F' with (u,v) # (¢, 1), and such that

supp f* € | U, |ul, v, UL).
(p,v)EF!

So

v = ( > Sud (1Z{ufu(Uu7#:V:Uu)1u”)S:>
(

mv)EF

= > S0 (1, (fuwopliuvn) 1) S5

(p,v)EF

= > Suo (1ifﬂf|?t(Um|u|,|u|,Uu>1%)S;
(p,v)eF’

=Y(f7).

Let f,g € Co(G(X,5)), and let Fy be a finite subset of L(X)? such that
U, ul, V|, U0) NUUw, 1] 1], Uy) =0

for (u,v), (u/',v') € Fy with (u,v) # (i/,v'), and such that

suppf € ) UU, |pl, 1], T),
(/‘»V)EFl

and let Fy be a finite subset of L(X)? such that

U(Ulm ’N|a ’V’7UV) mu(U/L’ﬂ ’,LL/‘, |V/’7UV’) =0

11
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for (u,v), (¢/',v') € Fy with (u,v) # (/,v'), and such that

suppg € | UUp |ul, ], Un).

(mv)EF2
Let
m = max{|] | v € LX) : (v.p1) € F1V () € B},
F{ = {(pa,va) | (p,v) € F1, a € L(X), |a] =m —|v[}
and

Fy = {(pa,va) | (n,v) € Fy, a € L(X), |a] =m —|ul}.
Then F} is a finite subset of L(X)? such that

U, |pl, v, U) NUO W), 1V, U0) =0
for (u,v), (u/',v') € F| with (u,v) # (1/,v'), and such that

Suppfg U U(Uua’N’a‘V‘qu%
(1,v)EF]

and F} is a finite subset of L(X)? such that
UUp, |l ], Un) DUU s W] V] U) = 0

for (u,v), (¢, V") € F) with (u,v) # (4/,v'), and such that

suppg € | UUp |ul, ], Un).
(ha)EFs

Let
k= max{lu| | 3v € L(X) : (u,v) € F}}

and set

F = {(pa,va) |3y € LX) : (1,7) € FiA
(7.v) € Fy,a € L(X), |a| =k — [ul}.

Then F is a finite subset of L(X)? such that
U(qu ’M” ’V’v Ul/) ﬂZ/l(Uu/, ’:u/‘» |l/’v Ul/’) =0
for (u,v),(u',v') € F with (u,v) # (1/,v'). Since

fg(x,n,y) = Zf(x’m’ Z)g(z,n - m’y)

for every (z,n,y) € G()N(, o), we have that if (z,n,y) € supp fg, then there
exist a m € N and a z € X such that (z,m,2) € supp f, and (z,n —

12
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m,y) € supp g, and thus there exist (u,v) € F| and (y/,v') € Fj such that
(x,m,z) € U(Uy, |ul,|v|,Uy), and (z,n —m,y) € U(U,y, ||, V'], U,s). Since
|v| = |i/| and z € U, N Uy, we have that v = 4/, and thus (pa,v'a) € F,
where « is the unique element in L(X) such that |o| = k — || and such that

(@) = 3"(2) = 5"\ (y) € Us.

Hence
supp fg € () UU, |l Iv],U,).
(p,v)eEF
So
GOV = D Suo <1Z{uf\L{(U#,|u|,\1/|,Uz,)1Z/IV) S,
(mv)EF]
> Sud (Y oo ) S5
(W' ' )EF
= > Smb(1%f|u<Uu,\m,|u\,Uu>1uu)53
(mv)eF]
(vV')€EF}

Sud (131, 9 ol w10, ) Lu, ) Sa
= > 5u¢(1%f|u(Uu,w,|u\,Uu>1uu)¢(1a\vl<vu>)

(W//)EF{/
(v, )EF,

¢ (10, 9o vl 0,0 1w, ) Sy

= > Sﬂd’(12*@fiuwu,w,|u\,Uu>9\u<Uu,\u|,|u'|,Uul>1%/)53’
(mv)eF]
(v )€EF}

= Y SuSaSi¢ (1%f\u(UM,\m,|u\,UV)9|U(UV,\V|,\1/|,UV,)1uyl> SaSa5,
(mv)eF]

(vV')€EF]
|a|=k—n

= > SuSad (12'}a15#f\uwu,|u|,\u|,Uu>9|u(Uu,|u|,|u'\,Um1%/1ua)5253/
(mv)eF]
(vV')eF]
|a|=k—n

= Z Suo (1Z/Mf9|U(Uu,|H|,|u|,UV)1uy) S,
(nv)eF

=Y(f9g)

Hence 1) is a *-homomorphism, and since G()~(, o) is a second countable
locally compact r-discrete groupoid, it follows from Corollary I1,1.22 of [5]
that v is || - ||;-bounded and hence extends to the C*-algebra C*(X,7). O

13



2.4. Ox IS ISOMORPHIC TO C*(X,5) 49

4 Ox is isomorphic to C*(X, o)
Lemma 8. Let X be the x-subalgebra of C*()N(,E) generated by 1, a € a.
Then 1z )1 € X for every p € L(X), I € Ng and every x € X.

Proof. We know that if u = pypi2 - - - pm € L(X), then 1y, = Lt ety Lthy s
so 1y, € & for every u € L(X).
Let u € L(X), I € Ny and = € X. Since

Ulpz, |pl, 1) =
U, N 5 Iul ( N'”‘(Uy) ﬂ ﬂ X \ ~IV\( U,)
k Opk VGU%C:OC‘]C\’PIC( )

we have that

Lo (pa,|ul) = H L, 170, Tu, 1,
veUl _ Pr(z)

11 (Lo, 13, — 1eg, 13, 10, 17, | € X
ueuﬁczoak\Pk(x)

Lemma 9. C’*()N(, o) is generated by 1y, a € a.

Proof. Let X be the *x-subalgebra of C*()N(N, o) generated by 1y,, a € a. We
then have to show that & is dense in C*(X, 7). Since Cc(G(X, 7)) is dense
in C*(X, &), and the C*-norm is dominated by || - ||7, it is enough to show
that X is || - ||7-dense in Co(G(X,7)). N

From Lemma 5 we know that every f € Cc(G(X,0)) can be writ-
ten as a finite sum > ., fi, where for each i € {1,2,...,n}, supp f; C
UUy,, i, |vil, Uy,) for some p;, 13 € L(X). So we just have to show that
{feX|suppf CUWU|ul,|v,U,)} is || - ||1-dense in

{f € Co(G(X,3)) | supp f CUU,, |ul,|v],U.)}

for every p,v € L(X). Since U(Uy, |u|, |v|,U,) is a G-set (i.e. r and s are
injective on U(U,, |, [v],Uv)), || - |1 is dominated by the uniform norm on
UUy, |p|,|v|,U,). Hence we just have to show that every

feCUUy lul, vl U))

can be approximated by elements of

{9uw, ulwo) | 9 € X, suppg CUU,, |pl, [v],UL)}.

14



50 CHAPTER 2. A GROUPOID CONSTRUCTION

CU(Uy, |p|,|v|,Uy) is of course a C*-algebra with pointwise operations and
the uniform norm. Let X[, ,) be the xsubalgebra of C(U(Uy,|ul,|v|,U,)
generated by

LU (uoce ol ), Jul Jv1.U (vaa jval 1)) @ € L(X), 1€ No, & € X.
For p = pypg -+ pm € L(X), we let () = pap2 - - - im—1. Since the product
of
LU ez lual i) ul vl Uvare: Jvas) i)
and
Ly (U (nanea,lnazl l), |ul,Iv|.U (vases Jvas| i2))
in CUU, I, W], U,) is
if |on| = |az],
Ly (porer,pan 1), lul, LU (var e, Jvas |i1)) nleal=le2l (o) = ag, 11 > 1
and [z1];, = [z2]i,,
if |ou| = |az],
Ld(U (poza e |2} v U ez van | 42)) - 10011020 (1) = aa, 12 > 1y
and [z2];, = [z1];,,
if |ag| = [aal,
plezl=leiD (qy) = ay, 1y > 1
and [z1];, = [z2]i,,

LU pasa, Jnaz)i ), ul v U (vase: lvas i)

if || > |l

LU (e, pcva o) o | U (vasa pasl ) 11227190 (a2) = o, 1o > 1y
and [1'2]51 = [$1]l17

0 else.

and

LU (uaw,|ualb),ul Jv],U vaa,vall)) = Lu(U(paw,lpal 0), ul,v|,U (vaa,Jval 1))

we have that

Xpuw) =
Spa‘n{1Z/I(U(,uam,\,ua|,l),|;L\,|V|,U(yax,|l/a|,l)) | o€ L(X)v leN, xz e X}

By Lemma 8, 1y7(,a4 )y € X for every a € L(X), [ €N, x € X, s0

slpal,l
LU (pac, [l 1) [l o U (vaz, jval 1)) = Lt LU (ol 4,0 121) 124, € X

and hence X, ) C {9uw,.|ulv.v,) | SuPPg C UUy,|ul, [v],Uy)}. Since
X,y contain the constant functions and separate points it follows from the
Stone-Weierstrass Theorem that X, ,) and hence

uw, ulwo) | 9 € X, suppg CUUy, |ul, [v|,Uy)}

is uniform dense in C'(U(Uy, |u|, |v|,U,)), and we are done. O

15



2.5. REFERENCES ol

Theorem 10. There exists a x-isomorphism between Ox and C*()N(, o) send-
ing Sq to 1y, for every a € a.

Proof. We know from Proposition 4 that there exists a *-homomorphism

from Ox to C*(X, ¢x ) sending S, to 1y, for every a € a and from Proposition
7 that there exists a x-homomorphism from C*(X, ¢x) to Ox sending 1z, to
S, for every a € a, and since Ox is generated by S,, a € a and C*(X, ) is

generated by 174, a € a these *-homomorphisms are each other inverse. [
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Chapter 3

Symbolic dynamics, partial
dynamical systems, Boolean
algebras and C*-algebras
generated by partial
isometries

This chapter consists of the preprint Symbolic dynamics, partial dynamical
systems, Boolean algebras and C*-algebras generated by partial isometries
which is an attempt to relate the C*-algebra associated to one-sided shift
spaces to other C*-algebras associated to symbolic dynamical systems and
to unify all these C*-algebras into a single construction which also applies
to classes of symbolic dynamics to which, as far as I know, no C*-algebras
have previous been associated.

The preprint also includes a results which connects the crossed product
of a two-sided shift space having a certain property () and the C*-algebra
associated to the corresponding one-sided shift space. This result is the
foundation for the work presented in the remaining 4 papers.
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SYMBOLIC DYNAMICS, PARTIAL DYNAMICAL
SYSTEMS, BOOLEAN ALGEBRAS AND C*-ALGEBRAS
GENERATED BY PARTIAL ISOMETRIES

TOKE MEIER CARLSEN

ABSTRACT. We associate to each partial dynamical system a universal
C*-algebra generated by partial isometries satisfying relations given by
a Boolean algebra. We show that for symbolic dynamical systems like
one-sided and two-sided shift spaces, topological Markov chains with an
arbitrary state space and higher rank graph, the C*-algebras usually
associated to them, can be obtained in this way.

As a consequence of this, we get that for two-sided shift spaces having
a certain property, the crossed product of the two-sided shift space is
a quotient of the C*-algebra associated to the corresponding one-sided
shift space.

We also suggest how to associate C*-algebras to higher dimensional
shifts over an infinite alphabet.

1. INTRODUCTION

One-sided and two-sided shift spaces (also called subshifts), topological
Markov chains with an arbitrary state space and higher rank graph are
all symbolic dynamical systems to which C*-algebras have been associated.
We will in this paper show that all of these C*-algebras can be obtained as
crossed product of C*-partial dynamical systems.

The symbolic dynamical systems mentioned here all come with a natural
partial dynamical system, but this system can not in general be turned in
to a C*-partial dynamical systems in a straight forward way. We surmount
this problem by turning every discrete partial dynamical system into a C*-
partial dynamical systems by using Boolean algebras and thus associate to
every discrete partial dynamical system a universal C*-algebra generated by
partial isometries satisfying relations given by a Boolean algebra.

This allows us to associated to shifts with an infinite alphabet and to
higher dimensional shifts C*-algebras which are generalizations of the C*-
algebra associated to one-sided shift spaces, the C*-algebra associated to
higher rank graph and the C*-algebra associated to 0-1 matrices.

We will also to each discrete partial dynamical system associate a reduced
C*-algebra, and we will also show that for two-sided shift spaces having a
certain property, the crossed product of the two-sided shift space is a factor
of the C*-algebra associated to the corresponding one-sided shift space. This

Date: 2nd April 2004.
2000 Mathematics Subject Classification. Primary 46L55; Secondary 46105, 37B10,
06E99.
Key words and phrases. C*-algebras, partial dynamical systems, symbolic dynamical
systems, Boolean algebras.
1
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2 TOKE MEIER CARLSEN

lays the ground for a description of the K-theory of the C*-algebra associated
to the one-sided shift space which is explained in [2,3].

2. PRELIMINARIES AND NOTATION

Throughout this paper e will denote the neutral element of a given group
and Idx will denote the identity map on the set X.

If 6 is a map defined on a subset A of some set X, then we will for another
subset B of X by §(B) mean §(ANB). We use span(A) to denote the closure
of the linear span of A. For a subset B of a C*-algebra we denote the C*-sub
algebra generated by B, by C*(B).

For partial isometries S, T we say that S extends T and write S > T if
TT* =TS* (cf. [10, Lemma 1.6]).

3. DISCRETE PARTIAL DYNAMICAL SYSTEMS

Definition 1. Given a group G and a set X, a partial action 0 of G on X
is a pair
({Dt}tEGa {et}tEG)a

where for each t € G, Dy is a subset of X and 6, is a bijective map from
D,-1 to Dy, satisfying for all r and s in G

(1) D = X and 6, is the identity map on X,

(2) eT‘(DS) =D, N Drs:

(3) 0,(0s(x)) = b,5(x) for x € Dy-1 N Dy—1,-1.
The triple (X, G, @) is called a discrete partial dynamical system.

Let us look at some examples of some symbolic dynamical systems which
all come with a natural discrete partial dynamical systems.

Example 1. Let (X;0) be a two-sided shift space over the finite alphabet
a (cf. [8]). Let for every a € a, D, = {z € X | g = a}, Dy—1 = {z € X |
x_1 = a},
0, = UEG,l :D,—1 — D,
and
0,1 =0\p, : Do — Dg-1.
Let g be the free group generated by a and let for every t € F, written on
reduced form wjus - - - uy,, where uy, ug,...,u, € aU{a"!|a € a},
Dy =6y, 00,0080, (X)
and
0y =0y, 004,0---00,,.

Then X = (X,Fq,0) is a discrete partial dynamical system.

Example 2. Let (X, 04) be a one-sided shift space over the finite alphabet
a (cf. [8, §13.8]). Let for every a € a, Dy = {z € XT | zp = a}, Dy-1 =
04(Dy), 04 : D,-1 — D, the map

T — az,
and 6,-1 : D, — D,-1 the map

x — o4(x).
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DYNAMICS, BOOLEAN ALGEBRAS AND C*-ALGEBRAS 3

Let g be the free group generated by a and let for every t € F, written on
reduced form ujus - - - u,, where uy,us,...,uy, € aU {a_1 | a € a},

Dy =0y, 00y, 0 "'Oeun(x+)
and
Oy =0y, 004,0---00,,.

Then X = (X1, F,0) is a discrete partial dynamical system.

Example 3. Let 7 be an arbitrary index set and let A = A(4,j), ;o7 be a

i€
matrix with entries in {0, 1} and having no identically zero rows. Let Xj be
the set

{(Q%)neNo S H A ‘ vn € N[) . A(xn,$n+1) = 1}7
n€eNg

and let o : XX — ng be the shift mapping defined by

O+ (($n>n€N0)n = Tn+1

for ($n)neN0XX and n € Np.
Let for every i € I, D; = {x € X} | 29 = i} and D;—1 = o (D;), and let
0; : D;—1 — D; be the map

T — i,
and 6,-1 : D; — D;—1 the map
x — o4 ().

Let F7 be the free group generated by Z and let for every t € Fz written on
reduced form wujus - - - u,,, where uy, ug, ..., u, € ZU{i~1|ie€ I},

D, = 9U1 o 9U2 ©--0 Hun(xi)
and
0y =0y, 004,0---00,,.
Then X} = (X},Fz,0) is a discrete partial dynamical system.
Example 4. Let A be a k-graph (cf. [7]) and let G be the quotient of F x\ zo
where we for A\, € A\ AY with s(\) = r()) identify the product of A and

with Ay € A.
Let for A € A\ A?,

Dy = {z € A% | 2(0,d())) = A}.

It follows from [7, Proposition 2.3] that O"d[()))\\) is injective. Let Dy-1 =

-1
J|dl()>;\) (Dy), 0y = (0’%?) and 0y-1 = O"déi\\). Let for every t € G written on
reduced form wujus - - - uy,, where uy, ug, ..., u, € A\NASU{AT1 | X e A\ A%},
Dy = 0y 00y, 0---08,,(XT)
and
O =0y, 00y, 000, .

Then A = (A, G, 0) is a discrete partial dynamical system.
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4 TOKE MEIER CARLSEN

4. THE REDUCED C*-ALGEBRA

As mentioned before, the object of this paper is to associate to each
discrete partial dynamical system X = (X, G, 60) a C*-algebra Ox.

Let us first try the naive approach and look at the Hilber space l2(X).
Let (e;)zex be an orthonormal basis for l2(X), and define for each t € G
an operator S; by setting

Sy (Z Axer> = Z >‘9t,1(z)ex

zeX z€Dy
for every > .y Azesx € l2(X).

Definition 2. We let, for a discrete partial dynamical system X = (X, G, 0),
Oggd be the C* generated by the operators S;, t € G defined above.

We call (’)gfd the reduced C*-algebra associated to X.

In order to define the universal C*-algebra Ox associated to X, we will
first determine a reasonable set of conditions which the generators of Ox
should satisfy.

It is straight forward to check that the operators {S; € O¢ | t € G}
are partial isometries and satisfy that S, = 1, S} = S;-1, SiSs < Sis and
Sy S} = proj(span{e, | * € D.}), where proj(Span{e, | = € D.}) is the
projection of l2(X) onto span{e, | x € D;}, for every t,s € G.

We will take these relations to be the conditions which the generators of
Ox should satisfy.

5. THE UNIVERSAL C*-ALGEBRA

Let X = (X, G,0) be a discrete partial dynamical system. We want Ox
to be the universal C*-algebra generated by partial isometries Sy, t € G
satisfying S = 1, S} = S;-1, SiSs < Sis and S¢S} = proj(span{e, | = €
D;}). One way of constructing Ox is by using full crossed product of C*-
partial dynamical systems (cf. [5,10]).

First we have to turn the discrete partial dynamical system X into a C*-
partial dynamical system. We will do that by using Boolean algebras (see [6]
for a introduction to Boolean algebras). A Boolean algebra is an algebraic
object with three operations U,N and — which act like union, intersection
and complement. Examples are the power set of a set, the set of clopen
subsets of a topological space, projections of a unital C*-algebra, ideals of a
C*-algebra and the set {0,1}.

A map ¢ between two Boolean algebras B and B’ is called a Boolean
homomorphism if ¢(A U B) = ¢(A) U ¢(B), ¢(AN B) = ¢(A) N ¢(B) and
d(—A) = ~¢(A) for every A, B € B.

Let Bx be the Boolean algebra generated by D;, t € G. Notice that
0.(Ds) = D, N D,s € Bx for every r;s € G, so 0;(A) € Bx for every
A € By. ~

Let for each t € G, D, be the ideal in Bx generated by Dy, i.e.

D, ={AeBx|ACD}.
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DYNAMICS, BOOLEAN ALGEBRAS AND C*-ALGEBRAS 5

We define for every t € G a map 6, from D, to ]_~)t_1 by
01(A) =0, (A).

It is easy to see that 5,5 is a bijective Boolean homomorphism.
Let X be the dual of By, i.e. X is the closed subset

{¢ € {0,1}5% | ¢ is a Boolean homomorphism }

of the Cantor space {0, 1}3% endowed with the product topology of the dis-
crete topology on {0,1}. Then Xisa totally disconnected compact Haus-
dorff space.

For each A € Bx we let A= {¢ € X | #(A) = 1}, and notice that A is a

clopen subset of X.
Lemma 3. The system {D; |t € G} separates points in X.
Proof. Let ¢1,¢2 € X and let

A={A€Bx | $i1(A4) = ¢2(A)}.
Then A is a Boolean subalgebra of Bx. Assume that

¢1 € Dy & ¢y € Dy

for every t € GG. This means that D; € A for every ¢ € G and thus that
A = Bx. But then ¢; and ¢ must be equal. O

For each t € G, let 6; be the map given by
0:(9)(A) = (6, ' (A))

for A € Bx and ¢ € l/jtfl. It is easy to check that 6, is a Boolean homo-
morphism from D;-1 to Dy.
Let X = C(X) and let for each t € G,

Dy = {fe X | f|j(\ﬁt =0}
and let 0; : D,—1 — Dy be defined by

2(1)(6) = {gj e b,

for f € Dy—1 and ¢ € X. Then 6 = ({D;}1eq, {0:}teq) is a partial action of
G on the C*-algebra X. Thus (X, G, 0) is a C*-partial dynamical system.

We define Ox to be the full crossed product X x5 G. It is characterized
by the following theorem:

Theorem 4. Let X = (X,G,0) be a discrete partial dynamical system.
Then Ox is the universal C*-algebra generated by partial isometries {St }teq
satisfying

(1) Se =1,

(2) Si—1 = S§ for every t € G,

(3) Ss extends SsSy for every s,t € G,

(4) the map D, — SiS} extends to a Boolean homomorphism from Bx

to the set of projections in C*(S¢ |t € G).
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6 TOKE MEIER CARLSEN

Proof. We will first show that if (7, u) is a covariant representation of (A, G, ),
then S; = w; are partial isometries which satisfy (1), (2), (3) and (4), and
we will then show if {S; };c¢ are partial isometries on a Hilbert space H and
{St}ieq satisty (1), (2), (3) and (4) and span{S:¢ |t € G, € H} = H, then
there is a covariant representation of (A4, G, ) such that u; = S; for every
ted.

Let (7, u) be a covariant representation of (A4, G, ). Let for every t € G,
St = ug. Then clearly (1), (2) and (3) are satisfied.

Denote for every subset B of X, the subspace

span{n(T)¢ | T € B, £ € H}

of H by [B].
Since the map sending an element A of Bx to A, the map sending a clopen
subset U of X to {f € X | f|f<\U = 0}, and the map sending an ideal I of X

to proj[I] all are Boolean homomorphism, so is the map sending an element
A of Bx to

proj([{f € X | fiz\4 = 0},
and since

proj([{f € X | fix\p, = 0}]) = proj([D¢])

— 5,8}

for every t € G, (4) is satisfied.

Now let S;, t € G be partial isometries on a Hilbert space H such that
{St}ieq satisty (1), (2), (3) and (4) and Span{S:£ |t € G,£ € H} = H. Let
for every t € G, uy = S;. Then t — wu; is a partial representation of G on H.

It follows from Lemma 3 and the Stone-Weierstrass Theorem that

span{ly |t € G} =X,

so since the map D; — S;S} extends to a Boolean homomorphism from By
to the set of projections in C*(S; | t € ), the map

> Nlp, = > MSiS;, M eC

teG teG

extends to a s-homomorphism 7 from X to C*(S; | t € G). Thus 7 is a
nondegenerated representation of X on H, which satisfies that

proj([Dy]) = proj(span{S;S;¢ | € € H})
= 5,87

= wpuy .

59



DYNAMICS, BOOLEAN ALGEBRAS AND C*-ALGEBRAS 7

Let Dy € Dy-1. Then 15 € Dy, and 6;(15 ) =15 p, - Thus
m(0:(1p,) = 7(1p,np,,)
= 5157 Sts S,
= 515557,
= 515557555},
= 515:5.5;f
= Utﬂ'(lbs)ut—l,
and since span{ly | Ds C Dy-1} = D,-1, this shows that
m(0(f)) = ue(m(f))u
for every f € D,-1. -
Thus (7, u) is a covariant representation of (A4, G, 0) O

Proposition 5. Let X = (X, G,0) be a discrete partial dynamical system.
Then there is a *-homomorphism from Ox to OL?, sending Sy to S; for
every t € G.

Proof. This follows from Theorem 4 since {S; € O%? | t € G} are partial
isometries that satisfy that S, = 1, S} = S;-1, SiSs < Sis and S:S; =
proj(span{e, | x € D;}) for all s,t € G, and the map

A — proj(span{e, | x € A})
is a Boolean homomorphism from Bx to the set of projections on lo(X). O

Lemma 6. The Boolean homomorphism from Bx to the set of projections
in Ox that extends the map D, — S.S} is injective.

Proof. Since the Boolean homomorphism
A — proj(Span{e, | z € A})

from Bx to the set of projections on lo(X) is injective, the lemma follows. O

6. C"-ALGEBRAS ASSOCIATED TO SYMBOLIC DYNAMICAL SYSTEMS

We will now return to the symbolic dynamical system we looked at in
Section 3 and show that the C*-algebras associated to them can be realized
as universal C*-algebras associated with discrete dynamical systems.

Example 1 continued. Let (X,0) be a two-sided shift space over the
finite alphabet, and let X be the discrete partial dynamical system defined
in Example 1. Let o* be the automorphism on C'(X) defined by f +— foo and
let C'(X) g+ Z be the full crossed product (cf. [9, 7.6.5]). Thus C(X) Xy« Z
is the universal C*-algebra generated by a copy of C(X) and an unitary
operator U which satisfies that U fU* = f o ¢ for every f € C(X). We then
have:

Proposition 7. Ox is isomorphic to the crossed product C(X) X+ Z.
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8 TOKE MEIER CARLSEN

Proof. We will first show that the Boolean algebra Bx generated by {D; |
t € Fq} is the Boolean algebra of clopen subsets of X. To see this, notice first
that D, and D,-1 are clopen for every a € a. Since ¢ is a homeomorphism,
D; is clopen for every t € F,, so every set in By is clopen.

In the other direction, we have that

D(a71a72"'a7n)71 ﬁ Daoal"'am =
{1’ eX ’ Tepn =0-n;T-p+l = QG—n+41y-- -, Tm = am} € Bx

fora_p,a_pyt1,-..am € a, and that the system consisting of sets of this form
is a basis for the topology of X, so every clopen set is a finite union of sets
of this form and thus belongs to Bx.

So it follows from the Stone-Weierstrass theorem that C'(X) = span{1p, |
t € Fq}. Since the map D; — S.S; extends to a Boolean homomorphism
from By to the set of projections in Ox, the map

> Nelp, = Y MSSE M eC

telF, teF,

extends to a x-homomorphism ¢ from C(X) to Ox. Let U =)
Then

S, € Ox.

aca

Ug(1p,)U* = SaSiS; Y St
aca a’€a
= SuSiS; S SaSSar St

aca
a’€a

= 8.8.5; S
aca

= 5055525555
aca

= Z ¢(1DaﬁDat)

aca

=> ¢(1g.(py)

aca
= A(1U,eaba(Dr))
= ¢(1o-1(py))
= ¢(1p, o 0)

for every t € Fy. Since C(X) = span{lp, | t € Fq}, this shows that
Up(f)U* = ¢(foo) for every f € C(X). Thus there is a x-homomorphism ¢
from C(X) x5+ Z to Ox which is equal to ¢ on C'(X) and sends U to }_ ., Sa-

Let for every a € a, Sq = 1p,U € C(X) Xgx Z, Sg—1 = S} and let S, =1
and Sy = Sy, Sy, - - Su,,, where t = ujug---u, € Fqy is written in reduced
form. Then (1), (2) and (3) of Theorem 4 hold.
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We define a function [] : Fy — Z recursively by [e] = 0, [at] = [t] + 1 and
[a™1t] = [t] = 1 for a € a and t € F,. For every t € Fy and a € a are

S1p, UM =1p U1p, UM

= 1p,Ulp,U*Ul+!

= 1Daﬁo'—1(Dt)U[t]+1

— lD tU[t]+1

and if ¢ written in reduced form does not begin with an a, then D,-1, C D,-1,
SO

S,-11p,UM = U*1p 1p, UM

= 1U(DaﬂDt)U[t]71
- 19a—1(Dt)U[t]_1

= 1Da—1mDa—ltU[t}71

= 1Da—1tU[t]_1'

This shows that S; = 1p, U and thus S;S; = 1p, for every t € F,. Thus
(4) holds. Hence there is a *-homomorphism 1 from Ox to C(X) s+ Z such
that ¥(S;) = 1p, UM for every t € F,. )

We have that (¢(U)) = (3 4cq Sa) = Yonca 10U = U, and ¢(¢(1p,)) =
¥(S:SF) = 1p,UMU~M1p, = 1p, for every t € Fy, and since C(X) xg+ Z is
generated by U and 1p,, t € Iy, this shows that 1 o ¢~> = IdOC(X)MU*Z'

We also have that ¢(1(S;)) = ¢(1p,U) = S;S; (ZaeaSa)[t] for every
t € Fq. Notice that if @ # b € a, then D1 = 60, 0 6,-1(X) = 0 and
Da—lb = Qa—l o Hb(X) = @, SO Sab—l = Sa—lb =0in OX Thus St 75 0 implies
that t = uyug - - - u, where either u; € a for all 4 € {1,2,...,n} or u; € a™*
for all i € {1,2,...,n}. Hence SiS; (X peqSa) = Sy for every t € Fy,
which shows that (E o =Idpy.

Thus Ox is isomorphic to C'(X) X+ Z. O

Example 2 continued. Let (X*,0.) be a one-sided shift space over the
finite alphabet a and let X+ be the discrete partial dynamical system defined
in Example 2. Let a* denote the set of finite words with letters from a. For
w,v € a*, we let
C(p,v) = {ve € X | px € XT}.

We let B(XT) be the abelian C*-algebra of all bounded functions on X¥,
and Dy+ the C*-subalgebra of B(X") generated by {1, | 1, v € a*}.

The C*-algebra Ox+ is the universal C*-algebra generated by partial iso-
metries {S,}aca satisfying that the map 1o,y — 5,5,5,S; extends to a
s-homomorphism from Dx+ to Ox+ (cf. [1, Remark 7.3]).

We will for each a € a, by A\, denote the map on Dx+ given by

flax) if ax € XT,

Aal)(@) = {0 if ax ¢ X*
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10 TOKE MEIER CARLSEN

and by ¢, the map on Dyx+ given by

S R s

for f € Dy+ and x € Xt (cf. [1, Proposition 4.3 and Lemma 8.2]).
Proposition 8. Ox+ is isomorphic to Ox+.

Proof. We claim that span{lp, | t € Fq} = Dx+. To see this, first notice
that if u,v € a*, then
C’(,u, 1/) = Qy(Dufl) =D,N Dl/,u*%

so Dy+ C span{lp, |t € Fq}.
If Ais a subset of X* such that 14 € Dx+, then 1y, (4) = Aa(1a) € Dx+
and 1p _ (4) = @a(14) € Dx+ for a € a, so since

Dy =0y, 00,0 00y, (XT),

where t € Fy is written on reduced form ujus - - - uy, we have that span{1p, |
te Fa} C Dx+. Thus D+ = W{l[)t ’ t e Fa}.

Since the map Dy — S5} extends to a Boolean homomorphism from By
to the set of projections in Ox+, the map

Z )\tlﬁt = Z AtStS;/k, )\t S (C
telF, teFqy

extends to a *x-homomorphism ¢ from Dx+ to Ox+.
Fort € F, and a € a are

#(1,(p,)) = ¢(1D.AD.:)
=845, S50,
— 84S 80t Su St
= Su5:5; S,
and
(1o, (py)) =¢(1p, 10D, 1,)
= 84-15,-15.-145,-1,
St S8y S St S
= 5,155/ 5" 1.
S0 6(0a(1) = S5a0(/)S; and 6(Na(f)) = S50(f)Sa for f € Dys and a € a.
Thus
(o)) = ¢(1p,(p, 1))
= ¢(¢V1 O(;5V2 "‘o(z)un o)‘um o--~o)\m(1))
= S0, Sy Sy, S S S S S S
for p = pap2 -+ pm,v =11v2- - vy € a*. Hence there is a x-homomorphism
¢ from Ox+ to Ox+ such that ¢(S,) = S, for every a € a.
Let us now turn towards Ox+. Let S,-1 = S} and let S =1 and S; =

SuySuy -+ Su,,, where t = ujug - - - u, € Fy is written in reduced form. Then
(1), (2) and (3) of Theorem 4 hold.
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The map 1o, — SuS,5uS, extends to a x-homomorphism ¢ from
Dy+ to Ox+. It is easy to check that ¥(A.(f)) = Sk (f)S, and ¥ (da(f)) =
Sa(f)S,-1 for a € a and f € Dy+. Thus

1/)(].Dt) = ¢(10u109u20-~09un(x+))
=¢(lof,-100, -1 o---00u1_1)
= SuySuy SunSZ ' 'SZI
= S¢S}
so also (4) of Theorem 4 holds. Hence there is a *-homomorphism ¢ from
Ox+ to Ox+ such that ¢(S;) = Sy, Su, -+ Su, for every t € Fg,, where

t =ujuy---uy € Fy is written in reduced form.

We have that ¢(¢(Ss)) = ¥(Sa) = S, for every a € a, and since Oy+ is
generated by {S, }eca, this shows that ¢ o ¢ = Ido, .

We also have that ¢(1(S)) = ¢(Su, Suy - - Suy,) = Suy Suy - - - Su, for every
t € Fq, where t = ujus - - - uy, € Fy is written in reduced form.

If u € aUa ! and t € Fy written in reduced form does not begin with u,
then D,; C D,, so

SuSy = SuSySut
= SuS;Sut Sy Sut
= Sut-
This shows that SulSug---Sun = 5 for t = wqus---u, € F, written in
reduced form. Hence ¢(y(S;)) = S for every t € Fq, and since Ox+ is

generated by S;, t € Fq, this shows that ¢ o ¢ = Ido,, . Thus Ox+ and
Ox+ are isomorphic. O

Example 3 continued. Let 7 be an arbitrary index set and let A =
A(i’j)meI be a matrix with entries in {0, 1} and having no identically zero
rows. Exel and Laca have in [4] defined a C*-algebra O4 associated with
A. It is the universal C*-algebra generated by partial isometries {S;}ier
satisfying:

(1) for each pair of finite subsets X and Y of Z such that
AX, Y 5) =[] Al 5) [T - Ay, 5)
reX yey
vanish for all but a finite number of j’s,
T Sis= [T (1 = S58y) =D A(X,Y,4)S;S;,
zeX yey JjET

(2) 57S; and S7S; commute, for all i,j € 7,
(3) SrS; =0,ifi #j €T,
(4) S:SzS] = A(i,j)Sj, for all i,j € 7.

Let XX be the discrete partial dynamical system defined in Example 3.
We then have the following result:

Proposition 9. Oy is isomorphic to the unitization O of Oy.
A
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Proof. Tt is easy to check that {S;}iez C OXX satisfy condition (1), (2), (3)
and (4) above. Thus there is a *-homomorphism ¢ from O4 to OXX such
that ¢(S;) = S; for all i € Z.

It follows from Lemma 6 that there is an injective Boolean homomorphism
from BXX to the set of projections in OXX which maps Dy to S:S;. Thus
there is an Boolean homomorphism from the Boolean algebra generated by
{55} Her, to sz, mapping S;S; to D;.

Let us now turn towards O4. We let for every t € Z, S,-1 = S; and we
let Se =1 and St = Sy, Su, - - - Su,,, where t = ujug - - - u, € Fz is written in
reduced form. Then (1), (2) and (3) of Theorem 4 hold.

The *-homomorphism ¢ induces a Boolean homomorphism from the set
of projections in 04 to the set of projections in Oy+ which maps S; S} to
S¢Sy Thus there is a Boolean homomorphism from the set of projections
in O4 to BXX which maps S;S} to D;. We claim that it is injective.

Let Z* be the set of finite words with letters from Z, and let for every
i € T* and every pair (I, J) of finite subset of Z,

O, I,J) =6, (ﬂpiqf][jﬁqq

el jeJ
={pz e X |Viel: iz e X,Vje J:ju¢Xi},

and let B’ be the set of subsets of XX which is a finite union of sets of the
form

mmLﬂﬂ<ﬂﬂawﬁm%0

k=1

where n € Ng, p, 1, .-, pbtn € Z* and I, Iy, ..., Iy, J, J1, ..., J, all are finite
subsets of Z.
We claim that B’ = BXX' It is clear that B’ C sz. We will show that

ijg C B’ by proving that B’ is closed under taking union, intersection and

complement and that 0;(B’) C B" and 0,-1(B’) C B’ for every i € .
It is obvious that B’ is closed under union. Suppose that |ui| > |pel.
Then

Cp, v, J1) N Cpe, Iz, J2) =

( .
C(,ul,llUIQ,JlUJQ) if pu1 = po,
if there is a v such that p; = pov,

C(p1, I, J1) A(i,v1) =1 for all i € T and
A(j,v1) =0 for all j € J,
0 else,

\

so B’ is closed under intersection and hence closed under complement.
We have for every i € 7 that

Gi(C(,lL,I, J)) = C(i:u’ I, J)’
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so 0;(B") C B'. If || > 0, then

Cv,1,J) ifiv=yp,
0 else,

0;i-1(C(p, I, J)) = {

and
C(0,{i},0) if A(i,v1)=1foralliel,
0,1 (C(0,1,J)) = and A(j,v1) =0 for all j € J,
0 else,
so 0,1 (B') C B.
Thus B’ = By+, so in order to prove that the Boolean homomorphism is
injective it is enough to show that if

C(M:L J) N (ﬂ _'C(,ukyjka Jk)) =0,

k=1
then
Sullsisi[Ja-s;snsi { TT [ 1= Su [T Sis: [T-558)8:, ] | =0
i€l jeJ k=1 i€l JjeJk

Let k € {1,2,...,n}. If |u| > |pxl, then either C(u, I, J)N=C(puk, I, Ji) =
C(p,I,J) or p = pra for some o € 7* which satisfies that A(i, ;) = 1 for
all i € I, and A(j,aq) =0 for all j € J. In the later case

SuSiSu, [T S8 [ (1= 558,85, = SueaSiaSu [ SiSi T (1 - 555585,

i€ly, jE€Jk i€y, jE€Jg
= S SaS5S5, S [ S5 [T (21— 555585,
i€l jeJk
= S SaSy [T 575 [ (1 - S75))85,
i€l J€Jx

= 81, 5aS55,
= 8,8

and thus

Sullsisi[Ta=s;snsi [ T | 1= Sw [T 55 [T (1 - 555085, | | =o.

i€l J€J k=1 i€l j€Jk

If |u| = |pg|, then C(p, I, J) N =C(ug, Ik, Jx) is equal to either C(u, I, J) or
to

UCwrniu{iy) |u| U Cw1uiiy,g) |-
i€y, JEJk
If |u| < |pk| and there is no a € Z* such that po = pyg, then C(u, 1, J) N
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14 TOKE MEIER CARLSEN

Thus we may assume that py = poy for every k € {1,2,...,n}. We then
have that

cm, I, J)m(ﬂ —C(ou, I, Jk)> =0, (cw,f, J)N (ﬂ ﬁC(uk,Ik,Jk)>> ,

k=1 k=1
so if
C(/’L7I7 J) N (ﬂ _‘C Nka-[ka Jk >
k=1
then
c®,1,J)n <ﬂ —~C(ovg, I, T ) = (.
k=1
Assume that
C(@,I,J)ﬂ(ﬂ_\c O[k,[k,Jk) @
k=1

Then

C(@,I, J) - U C(Oék,.[k,:]k),
k=1
so A(I,J, k) = 0 for all but finitely many k € Z. Thus

[Ts:si [ -5:8) =" sss,
=1

iel jeJ
and

c®,1,J) = UDkl

for some ki, kg,...kyp €T, Let [ € {1,2,...,m}. Since

Dy, € | Clow, I, i),
k=1

either k; = ay for some k € {1,2,...,n} or A({kl} 0, 7‘) = 0 for all but

finitely many » € Z. In the later case, Sk, Sy, Zt 1575y, for some
r1,79,...7H € I, and thus

Tt~

h
Sk Sty = Sk, S5, Sk St, = Y SkiSr S5 i
t=1

Continuing in this way, we get that

[Is:s [T - 5:8) = Sa,Si,

i€l jeJ keF

where F' is a subset of {1,2,...,n}. Thus

Hs;sir[u—s;sj)ZsakS;k [Is:si]Ia

iel jed k=1 iel jed
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SO
n

Sullsisi[Ta-s;snsi { TT [ 1= 5w [T Sis ] s || =o.

i€l jeJ k=1 i€l j€Jk

Hence there is a Boolean homomorphism from ij to the set of projec-
tions in O4, sending Dy to S;S¥. Thus also (4) of Theorem 4 holds. So
there is a unital *-homomorphism 1 from OXZ to Oy, such that ¥(S;) =
Sy Sug - Su,,, for t = uiug - - - up € Fr written in reduced form.

The *-homomorphism ¢ extends to a unital *-homomorphism. We then
have that (¢(S;)) = ¢¥(S;) = S; for every i € Z and that ¢(¢(1)) = 1, and
since O4 is generated by {S;}iez U {1}, this shows that ¢ o ¢ = Id(;)vA.

We also have that ¢(1(S)) = ¢(Su, Suy - - Suy,) = Suy Suy - - - Su, for every
t € Fz, where t = ujus - - - u,, € Fz is written in reduced form.

If u € ZUZ ! and t € F7 written in reduced form does not begin with w,
then D,; C D,, so

SuSt = SuS:;Sut
= SuS;Sut Sy Sut
= Put-
This shows that SulSug---Sun = 5; for t = wjug---u, € Fz written in
reduced form. Hence ¢(1(S;)) = Sy for every t € Fz, and since OXX is
generated by Sy, t € Fz, this shows that ¢ oy = Ido)< .- Thus OXX and O,
A

are isomorphic. O

Example 4 continued. Let A be a k-graph which satisfies the standing
hypothesis

0 < #A™(v) < oo for every v € A° and n € NF

of [7]. Kumjian and Pask have in [7] defined a C*-algebra C*(A) which
is the universal C*-algebra generated by a family {S) | A € A} of partial
isometries satisfying:

(1) {S, | v € A%} is a family of mutually orthogonal projections,

(2) S\S, = S')\M for all A\, u € A such that s(A) = r(u),

(3) S35\ = Sy for all A € A,
)

(4) for all v € A and n € N¥ we have S, = 2 oreAn(v) SASK-
Let A be the discrete partial dynamical system defined in Example 4. We
then have the following result:

Proposition 10. Oy is isomorphic to the unitizaation C*( A) of C*(A)..

Proof. Let for every v € A°, S, = ZkeAp(v) S\SY € O, where p is the

element (1,1,...,1) € N¥. Consider the family {Sy | A € A} of partial
isometries in Op.

Since {U AEAP(v) Dy |ve AO} is a family of mutually disjoint subsets of
A, condition (1) above is satisfied. For A € A is Dy-1 = U, epn(s(r)) D 80
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16 TOKE MEIER CARLSEN

condition (3) above is satisfied. If v € A? and n € N¥ then
U ba= U Dm
AEA™ (v) AEAP (v

o (4) above is satisfied. If A\, x € A\ A? and s()\) = r(u), then Dy, C Dy,
S0)

7Sy = SAS{ NSt Sn
= Sy

If A€ A\ A% v e A% and 7(\) = v, then D) C Uenrw) Dus s0
SuSx=| Y_ .S | SxS;5h
HEAP (v)
= S\
= PvA-

Finally, if A € A\A°, v € A® and s()\) = v, then S\, = SxS3S\ = S\ = S
Thus condition (2) above is satisfied. Hence there is a *-homomorphism ¢
from C*(A) to Op such that ¢(S)) = Sy for A € A\ A® and ¢(S,) =
Z)\EAP(U) S5\S3 € Op for v e A°.

Let us now turn towards C*(A). We let for every A € A\ A?, §y-1 = S
and we let Sc = 1 and S; = Sy, Su, - - Su,,, where t = wjuz---u, € G is
written in reduced form. Then (1), (2) and (3) of Theorem 4 hold.

The *x-homomorphism ¢ induces a Boolean homomorphism from the set
of projections in C*(/NX) to the set of projections in O which maps S5} to
S¢Sf. Since there by Lemma 6 is an injective Boolean homomorphism from
B to the set of projections in Op which maps Dy to 5SS}, we get a Boolean
homomorphism from the set of projections in C*(A) to By which maps S; S}
to D;. We claim that it is injective.

Let for each v € A%, D, = A®(v) = Usear(wyDa € Ba, and let B’ be the
set of subsets of A* which is a finite union of sets of the form

n
DynN m D,
i=1
where n € Ny and A\, A1, Ao, ..., Ay, € AL
We claim that B’ = Bj. It is clear that B’ C By. We will show that
Bx C B’ by proving that B’ is closed under taking union, intersection and
complement and that 6, (B') C B’ and 0,-1(B') C B’ for every A € A\ A°.
It is clear that B’ is closed under union. Let A,y € A and let d be the
least upper bound of d(\) and d(u) in NE. If there is a v € A with d(v) = d
such that \vy = v and pvp = v for some v1,15 € A, then DyN D, = D,.
Otherwise Dy N D, = 0. Hence B’ is closed under intersection, and hence

closed under complement.
Let A€ A\ A and p € A. Then

6(D,) = {5 v 1=
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Hence 0, (B') C B’ for every A € A\ A°.

Let A € A\ A and p € A and let as before d be the least upper bound of
d(\) and d(u) in N§. If there are v,/ € A such that d(\) + d(v) = d(p) +
d(V') = d and \v = v/, then 6,-1(D,) = D,. Otherwise 6-1(D,) = 0
Hence 0,-1(B') C B’ for every A € A\ A”.

Thus B’ = By, so in order to prove that the Boolean homomorphism is
injective it is enough to show that if

Dy N (ﬂ —‘D)\k) =0,

k=1
then
S\S3 (H 1- SAkS§k> =0.
k=1

Let k € {1,2,...n}. If there does not exist a u € A such that Ay = A\
then Dy N Dy, = D), so we may assume that for every k € {1,2,...n},
A = Ay for some pi € A. We then have that

-1 (D,\ N (ﬂ ﬁD/\k>> =Dy N <ﬂ ﬂDMk) ’
k=1 k=1

so if
then

Choose d € NF such that d
p € A%(s(N)). Since

d(py) for every k € {1,2,...,n}. Let

n
Du c -Ds()\) - U Duku
k=1

thereis a k € {1,2,...,n} and a a € A such that yu = pga. Then

S, S = Sy SaSSs, S S = S SaSLSE = 5,55,

Hk™ pug ™ g M HE g a™ g

SO

SsSey DS S = D SuSi Y SwS;,
k=1 HEAT(s(N)) k=1

- Z Sy
HEAL(s(N))
= SS(A)S:()\)v
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18 TOKE MEIER CARLSEN

and

5555 (H 1— SAkS§k> = 5,55 (H 1- SASukSZkSA>

k=1 k=1

(H 1- SukS;jk> Si

—s (IT1- st ) s

Hence there is a Boolean homomorphism from Bp to the set of projec-
tions in C*(A), sending D; to S;Sf. Thus also (4) of Theorem 4 holds.
So there is a unital *-homomorphism ¥ from Oa to C*(A), such that
¥(Sy) = SuySuy -+ Su,, for t = ugug -+ - u, € G written in reduced form.

The *-homomorphism ¢ : C*(A) — Op extends to a unital x*-homomorphism
from C*(A) to Ox. We then have that ¢(¢(Sy)) = ¥(Sy) = Sy for every
A € A, and since C*(A) is generated by {Sx}xea U {1}, this shows that
w © ¢ = Idc* (7\)

We also have that ¢(¢(St)) = &(Suy Sus * +* Sun) = Suy Suy - -+ Su,, for every
t € G, where t = ujusg - - - u, € G is written in reduced form.

Ifue A\ APUA\ A" ! and t € G written in reduced form does not begin
with u, then D, C D,, so

SuSt - SuSZSut
= SuS;Sut Sy Sut

= Out-

=0.

This shows that SulSU%-"Sun = S for t = wquo---u, € G written in
reduced form. Hence ¢(10(S;)) = S; for every t € G, and since Oy is

generated by Sy, t € G, this shows that ¢ o1 = Idp,. Thus O and C*(A)
are isomorphic. Il

The hypothesis
0 < #A™(v) < oo for every v € A and n € NF

is not required for the construction of the partial dynamical system A and
thus one can construct the C*-algebra Oy also in the case where A does not
satisfy the hypothesis. It seems naturally also in this case to think of Ox as
the C*-algebra associated to the k-graph A.

Example 5. Let £ € N and let Z be an arbitrary discrete set. Endow N6
with the product topology, and let for each n € N’S, o N6 — NG be the
shift mapping defined by ¢"(z)(m) = 2(m +n) for € N6 and m € NE.
Let X be a closed subset of ZN6 such that 0" (X) C X for every n € NE.
Then X is a k-dimensional shift space over Z.
Notice that a k-dimensional shift is a generalization of one-sided shift
spaces, k-graphs and the space XA‘ associated to a matrix A.
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Let for i € {1,2,...,k}, i(Nk) = {n € Nf | n; = 0} and let for each
T E Ii(Ng),
k

Let e; be the element in N’S with every entries equal to 0 except the ¢’th which
is equal to 1. Then UFBT is injective. Let D1 = UFBT (D), 0, = (UI%T)_I

and 0,1 = o}

|Dq*

Let J = Ule i(NE), let F7 be the free group generated by J and let for
every t € F written on reduced form wujusg - - - u,, where uy,ug,...,u, €
JuJ,

D=0, 004,000, (X)
and

Oy = 0y, 004y 000y,

Then X = (X,F7,0) is a discrete partial dynamical system which is a
generalization of the discrete partial dynamical systems associated to one-
sided shift spaces, k-graphs and {0, 1}-matrices. Thus Oy is a generalization
of the C*-algebra of one-sided shift spaces, k-graphs and {0, 1}-matrices.

7. A SHORT EXACT SEQUENCE

We will now show how an invariant ideal of By (i.e. a subset which is a
union of sets from Bx) gives raise to an ideal in Ox.

At the end of the section, we will apply this to two-sided shift spaces
having a certain property and show that the crossed product of the shift
space is a quotient of the C*-algebra associated to the corresponding one-
sided shift space.

Theorem 11. Let X = (X, G, 0) be a discrete partial dynamical system and
let Y be an invariant (i.e. 0,(Y) CY for allt € G) ideal of Bx.

Let Oy be the ideal of Ox generated by elements of the form Sy, Sy, - - - St
where O, 00y, 0---06, (X) CY. Then the map

St + Oy — Sy

n

extends to a x-isomorphism from the quotient Ox /Oy to Ox jy, where X /Y
is the C*-partial action ({Dy N (X \'Y)}ea, {0y x\v }ec) of G on X\ Y.

Proof. Let
Y= J{Ad|AeBx,ACY}.
Then Y is an open subset of X ,and for t € G are

0:(V) = J{0:(A) | A€ Bx,AC Y}
=J0(4) | AeBx,ACY)

so Y is invariant.
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Let I be the ideal {f € X | f|X\}>} of X. It follows from lemma 3, the

fact that Y is a union of finite intersection of sets from {D; | t € G} and
Stone-Weierstrass Theorem, that

I—span{l |DtlﬂDt2ﬂ---ﬂDtn§Y}.

Dy ﬂDtQ - ﬂDt

Let Y be the C*-partial action of GG on I with ideals D;N1I and isomorphisms
Oy 1 (cf. [5, Proposition 3.1]). We then have that

I xyG:span{fSt ’ f S DtﬂI,t € G}

= Span{lbtlmﬁtzmmmbtn Stn ‘ Dt1 N Dt2 N---N Dtn Q Y}

We claim that Oy =1 Xy G. If Dy, N Dy, N ---N Dy, CY, then
0251 Oetl_l 00t2 00t2—1 O"'Oetn(X) :Dtl ﬂDt2 mthn g Y,

SO

1Dt1ﬂf)t2ﬁ“'ﬁf)tn8t” = StlStl_IStQStQ_I s Stn € Oy.
Ithl thQ mthn g Y, then

9151 o 0251252 O---0 9t1t2---tn(X) = Dt1 N Dt2 n---N Dtn Q YV,
SO
1St St = S0y S S Sia Sty -+ St
= 1p, StitaSts -+ St

1Dt1 Loy by s, Stn €LY G

n

Thus OY =1 Ny G.
It follows from [5, Proposition 3.1] that (A xx G)/(I xy G) is isomorphic

to (A/I) xx G, where X is the partial action ({D;}ieq, {0} eq) of G on
X/I, where D, = {f eX ‘ f\f(\(f(\f/ﬁﬁz) = 0} and

ifpe X\ (D,NX\Y),
(cf. [5, Page 7]). We claim that (A/I) xx G is isomorphic to Oxy. A/l
is isomorphic to C'(X \ Y), so it is enough to check that there is a Boolean
isomorphism from the Boolean algebra on X \Y generated by DN (X \
Y), t € G to the Boolean algebra on X\ Y generated by D;N (X\Y) teG
which intertwines 6; ! and 6;"!, and which maps D; (X \Y) to D;N(X\Y)
for every t € G, and the existence of such an isomorphism follows from
the fact that the map A — A is an Boolean isomorphism from Bx to the
Boolean algebra on X generated by Dy, tegG. (]

Let X be a two-sided shift space and let

X' = {(zn)nen, | (2n)nez € X}

be the corresponding one-sided shift space. We denote the language of X by
L(X). For every x € XT and every k € Ny we set

Pr(x) = {p € LX) | px € XT, |u| = k},
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and define for every [ € Ny an equivalence relation ~; on X by
z ~ 2’ & Pz) = Pia).

We say (cf. [2]) that a shift space X has property (x) if for every p € L(X)
there exists an x € X such that Py, (z) = {u}.
Let Z = {(k,l) € N3 | k <1}. We define an order < on Z by

(k1,0h) < (ko,l2) © k1 < ko ANy — ki <y — k.
For (k,l) € T we define an equivalence relation p~; on X by
TRt Y S 20k = Yok A PilTco]) = Pl(Yk,o0])-

Denote the inclusion of Dy+ into Ox+ by no and the inclusion of C(X)
into C(X) X+ Z by nx. We then have the follow result:

Proposition 12. Let X be a two-sided shift space with the property (x).
Then there are surjective x-homomorphisms k : Dy+ — C(X) and p : Ox+ —
C(X) X+ Z making the diagram

Dy+ s C(X)
noi lnx
OX+ C(X) A gx 7

commute. We furthermore have that
K(L0(10)) = La€X0 e st 1 =1 soe s =H1 O =10 eosm =V }
for every =y i, v = 10, ..., vy € L(X).
Proof. Let for every A € By+,
Y(A) ={z e X|V(k,l) € I3z € A: z(g 1) = 20,k N Pi(Tk,00]) = {Z]k,00[}}-

We claim that 1 is a surjective Boolean homomorphism from Byx+ to B,
mapping D; to D, for every t € Fq.
We will prove that by establishing a sequence of claims.

Claim 1.
VA€ Bx+I(k,)) €T :xp~ ' N e A= o' € A
Proof. Let
A={A€ By |3k, ) €T xp~ ' N2 e A= 2 € A}

We must then show that A = By+. Clearly X € A. Assume that A, B € A
and choose (kq,la), (ky,lp) € Z such that

Tp,~, ¥ ANTEA=T €A
and

T oy ™1, 2 ANx e B=212 €B.
Let k = max{kq, ky} and | = max{l,,{;}. Then

rp~ @ Nt €ANB =2 € AN B,

so AN B e A. We also have that

Tk, ~l, x//\JEEﬂA:>.I/€_\A,
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T g t1~,11 T AT € 0,(A) = 2’ € 0,(A)
and
Ty ~lat1 ANz e 0,-1(A) = x € 0,-1(A),

so mA,0,(A),0,-1(A) € A. Thus A is a Boolean algebra containing D; for
every t € Fy, which means that A = By-. O

Claim 2. ¢ is a Boolean homomorphism.

Proof. Clearly ¢(0) = (. Let A, B € By+. It is obvious that (AN B) C
Y(A) NY(B). Assume that z € p(A) NY(B). Choose (kg,ls), (ky,lp) € T
such that

Tp~, T ANreEA=12" €A
and
T k™1, 2 NreB=z1 ¢cB.

Let (k,1) > (ka,la), (kb,1p). Choose 4 € A and 2B € B such that 2ok =
mf(‘),k[ = x[%k[ and Pl(xf}wo[) = Pl(mﬁ,’oo[) = {zj—1x}- Then 2 € AN B.
Thus z € (AN B). So (AN B) =y(A) NY(B).

Assume now that z € p(—A). Let (k,1) > (kq,ls). We then have that if
2[0,k[ = T[0,k[ and Pl(x[k,oo[) = {Z[k—l,k[}a then z € =A. Thus z € —(A).

If z € —(A), then there is (k,l) > (kq,la) such that z . # Tk Or
Pi(Zfk,00) # {2k—1k)} for every z € A. Since X has property (*), there is
a x € Xt such that zj 5 = @ and Pi(jcc) = {2jk—sk(}. This 2 must
belong to ~A. Thus z € ¥)(—A). So ¢Y(—A) = ~¢(A). O

Claim 3. (0,(A4)) = 0,(¢(A)) for every A € Bx+ and every a € a.

Proof. Let z € 9)(0,(A)) and let (k,l) € Z. Then there is an x € 0,(A) such
that 2o k1] = 2j0k+1] A PU(Z(rt1,00]) = {Zk+1-1,k+1[}- Then there is a
y € AN Dy-1 such that x = 0,(y). Hence 2o = 70 = a, Yjor| = T1 k41| =
211 k1] A PrYkoo) = Pi(Thr1,00) = {Zkt1-1k417}- Thus o(z) € ¢(A)
and zp = a. Hence z € 0,(¢(A)).

Now let z € 6,(1)(A)). Then there is a 2’ € ¥(A) such that z = 0,(z’). For
every (k,l) € Z, there is a © € A such that zfo,k[ = 2ok and Py(T[k 00) =
{2f_ipt- Then zpgpi1) = azpy and Pi(@pco) = {2pt+1-1 41} Thus

z € Y(0,(A)). O
Claim 4. (0,-1(A)) = 0,-1(¢Y(A)) for every A € By+ and every a € a.

Proof. Let z € 9(0,-1(A)) and let (k,l) € Z. Then there is an x € 6,-1(A)
such that zpy = 2jok and Piy1(Toec)) = {Zk—i+1,k}- Then there is a
y € AN D, such that x = 0,-1(y). Hence 21 = yo = a, Yo [ = T|=1,k—1] =
zie1,k—1] A0d Pr(yip,oof = Pi(Tg—1,00] = {Zp—1-1,k—17}- Thus 071(z) € ¥(A)
and z_1 = a. Hence z € 0,(¢(A)).

Now let z € ,-1(¢)(A)). Then there is a 2’ € ¥(A) such that z = 6,-1(2").
For every (k,l) € Z, there is a x € A such that Zfo,k[ = 2,k and PiT [k, 00]) =
{21} Then zppi1 = axpr and Pu(freo) = {2p+1-t0417}- Thus

z € Y(0,(A)). 0
1)
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It follows from Claim 3 and Claim 4 that
(D) = 1h(Buy © Ouy 0 -+ 0 0y, (XT))
=0y, 00y,0---00,, ow(X"')
=0y, 00y, 000, (X)
=Dy,

for every t = ujus - - - uy, € Fq written in reduced form. Thus ¢ is a surjective
Boolean homomorphism from By+ to Bx.

Let Y be the kernel of ¢, i.e. Y = J{A € Bx+ | ¥(4) = 0}. Then Y
is invariant and a ideal. Thus it follows from Theorem 11 that the map
St — Si extends to a surjective *-homomorphism from Ox+ to Ox+ y-

Now, ¢ induces a Boolean isomorphism from the Boolean algebra Bx+ /vy =
{AN(XT\Y) | A € Bx+} to Bx which maps D; N (Xt \Y) to D; for every
t € Fq. Thus it follows from Theorem 4 that there exists a *-isomorphism
from Ox+ /Y to Ox which maps S; to S; for every t € F,. Thus there is a
surjective x-homomorphism 7o from Ox+ to Ox, which by Proposition 7 is
isomorphic to C(X) Xy« Z.

The image of Dy+ inside Ox+ is the C*-subalgebra generated by {S;S;} |
t € Fq}, and the image of C(X) inside Ox is the C*-subalgebra generated
by {S:S; | t € Fq}. Since no maps S; to S, the restriction of np to
{S:Sf | t € Fq} is surjective onto {S:S} | t € Fq}. Thus there is a surjective
s-homomorphism & : Dx+ — C(X) which makes the diagram commute and
which maps 1¢(,,.) = 5,.5,5,5; to

SVSZSNS; = 1{x€X|x_m:um,

T 1=Hm—1,.-L—1=[1,L0=V0,...,Ln=Vn }*
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3.9 Closing remarks

The reduced C*-algebra O associated with one-sided shift spaces has
been studied by Matsumoto and the author in [3]. If the shift spaces satis-
fies a certain condition (I), then the reduced C*-algebra O is isomorphic
to O, but it is know that this is not generally true.

A thorough discussing of the property () can be found in the next
paper.

I would be interesting to try look at the C*-algebra associated to a
higher dimensional shift on an infinite alphabet for some concrete ex-

amples and, for example, try to compute its K-theory.



Chapter 4

Ky of the C*-algebra
assoclated to certain one-sided
shift spaces

This chapter consists of the preprint Matsumoto K-groups associated to
certain shift spaces which is written together with Sgren Eilers.

The result from the previous chapter which connects the crossed product
of a two-sided shift space and the C*-algebra associated to the correspond-
ing one-sided shift space, is the starting point for an examination of the
K-theory of the C*-algebra associated to the one-sided shift space corres-
ponding to a two-sided shift space which has property (x), and its relation
with the K-theory of the crossed product of the two-sided shift space.

In this paper we start the examination by showing that the Ky-group
of the crossed product of a two-sided shift space which has the property
(x) is a factor group of the Ky-group of the C*-algebra associated to
the corresponding one-sided shift space, and by giving a description of
the Ky-group of the C*-algebra associated to the one-sided shift space
corresponding to a two-sided shift space having a certain property (%),
which is a strengthening of the property (x), in terms of the Ky-group
of the crossed product of the two-sided shift space and the left special
elements of the two-sided shift space.

Note that in this paper the Ky-group of the crossed product of a two-
sided shift space is called the first cohomology group and is denoted by
C(X,Z)/(Id — (e )*)(C(X,Z)) (cf. [1, Theorem 5.2]), and that the Ko-
group of the C*-algebra associated to the corresponding one-sided shift
space is called the Matsumoto’s K-group and is denoted by Ky(X) (cf.

[11]).
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MATSUMOTO K-GROUPS ASSOCIATED TO CERTAIN SHIFT SPACES

TOKE MEIER CARLSEN AND SOREN EILERS

ABSTRACT. In [24] Matsumoto associated to each shift space (also
called a subshift) an abelian group which is now known as Mat-
sumoto’s Kg-group. It is defined as the cokernel of a certain map
and resembles the first cohomology group of the dynamical system
which has been studied in for example [2], [28], [13], [16] and [11]
(where it is called the dimension group).

In this paper, we will for shift spaces having a certain property (%),
show that the first cohomology group is a factor group of Matsumoto’s
Ky-group. We will also for shift spaces having an additional property
(x%), describe Matsumoto’s Ko-group in terms of the first cohomol-
ogy group and some extra information determined by the left special
elements of the shift space.

We determine for a broad range of different classes of shift spaces if
they have property (%) and property (%) and use this to show that
Matsumoto’s Ky-group and the first cohomology group are isomorphic
for example for finite shift spaces and for Sturmian shift spaces.

Furthermore, the ground is laid for a description of the Matsumoto
Ky-group as an ordered group in a forthcoming paper.

2000 Mathematics Subject Classification: Primary 37B10, Secondary
54H20, 19K99.

Keywords and Phrases: Shift spaces, subshifts, symbolic dynamics,
Matsumoto’s K-groups, dimension groups, cohomology, special ele-
ments.

1 INTRODUCTION

Invariants for symbolic dynamical systems in the form of abelian groups have
a fruitful history. Important examples are the dimension group defined by
Krieger in [19] and [20], and the Bowen-Franks group defined in [1] by Bowen
and Franks.
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2 CARLSEN AND EILERS

In [24] Matsumoto generalized the definition of dimension groups and Bowen-
Franks groups to the whole class of shift spaces and introduced what is now
known as Matsumoto’s K-groups.

In another direction, Putnam [29], Herman, Putnam and Skau [16], Giordano,
Putnam and Skau [15], Durand, Host and Skau [11] and Forrest [13] studied
what they called the dimension group (it is not the same as Krieger’s or Mat-
sumoto’s dimension group) for Cantor minimal systems. The same group has
for a broader class of topological dynamical systems been studied in [2], [28]
and [27] where it is shown that it is the first cohomology group of the standard
suspension of the dynamical system in question.

It turns out that Matsumoto’s Ky-group and the first cohomology group are
closely related. We will for shift spaces having a certain property (), show
that the first cohomology group is a factor group of Matsumoto’s Ky-group,
and we will also for shift spaces having an additional property (xx), describe
Matsumoto’s Ky-group in terms of the first cohomology group and some extra
information determined by the left special elements of the shift space.

We will for a broad range of different classes of shift spaces, which includes
shift of finite types, finite shift spaces, Sturmian shift spaces, substitution shift
spaces and Toeplitz shift spaces, determine if they have property (x) and prop-
erty (x+). This will allow us to show that Matsumoto’s Ko-group and the first
cohomology group are isomorphic for example for finite shift spaces and for
Sturmian shift spaces and to describe Matsumoto’s Ky-group for substitution
shift spaces in such a way that we in [8] can for every shift space associated
with a aperiodic and primitive substitution present Matsumoto’s Ky-group as
a stationary inductive limit of a system associated to an integer matrix defined
from combinatorial data which can be computed in an algorithmic way (cf. [6],
7).

Since both Matsumoto’s Ky-group and the first cohomology group are K-
groups of certain C*-algebras they come with a natural (pre)order structure.
All the results presented in this paper hold not just in the category of abelian
group, but also in the category of preordered groups. Since we do not know
how to prove this without involving C*-algebras we have decided to defer this
to [9], where we also show that Matsumoto’s Ky-group with order is a finer
invariant than Matsumoto’s Ky-group without order.

We wish to thank Yves Lacroix for helping us understand Toeplitz sequences.

2 PRELIMINARIES AND NOTATION

Throughout this paper Id will denote the identity map. For a map ¢ between
two sets X and Y, we will by ¢* denote the map which maps a function f on
Y to the function fo¢ on X.

Let a be a finite set of symbols, and let af denote the set of finite, nonempty
words with letters from a. Thus with e denoting the empty word, € ¢ a*. By
|| we denote the length of a finite word p (i.e. the number of letters in ).
The length of € is 0.
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2.1 SHIFT SPACES

We equip

o, qNo_q=N
with the product topology from the discrete topology on a. We will strive to
denote elements of aZ by z, elements of a¥° by x and elements of a =" by y. We
define o : o — a%, o, :aVo — Yo and o_ :a™N — a7 by

(0(2))n = 2n+1 (04(%)n = Tny1 (0—(¥)n = Yn-1.

Such maps we will refer to as shift maps.

A shift space is a closed subset of aZ which is mapped into itself by o. We shall
refer to such spaces by “X”.

With the obvious restriction maps

Tyt X — allo

we get
1

04 0Ty =T 00 O_OTM_=T_00 .
We denote 74 (X), respectively 7_(X), by XT, respectively X, and notice that
o (XT)=X"and 0_(X") =X". For z € a” and n € Z, we write

2,00 = T4 (0"(2)).
The language of a shift space is the subset of af U {€} given by
LX) ={2pnm) | z € X,n <m € Z}

where the interval subscript notation should be self-explanatory. A compact-
ness argument shows that an element z € a? (respectively z € a™o, y € a=V)
is in X (respectively X*, X7) if and only if 2}, ) € L(X) for all n < m € Z
(respectively n < m € Ng, n <m € —N) (cf. [21, Corollary 1.3.5 and Theorem
6.1.21]).

We say that shift spaces are conjugate, denoted by “~”, when they are home-
omorphic via a map which intertwines the relevant shift maps. The concept of
conjugacy also makes sense for the “one-sided” shift spaces X*. If XT ~ YT,
then we say that X and Y are one-sided conjugate. It is not difficult to see that
Xt oYt = X~ Y (cf. [21, §13.8]).

Finally we want to draw attention to a third kind of equivalence between shift
spaces, called flow equivalence, which we denote by =;. We will not define it
here (see [26], [14], [2] or [21, §13.6] for the definition), but just notice that
XY= XY,

A flow invariant of a shift space X is a mapping associating to each shift
space another mathematical object, called the invariant, in such a way that
flow equivalent shift spaces give isomorphic invariants. In the same way, a
conjugacy invariant of X, respectively XT, is a mapping associating to each
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shift space an invariant in such a way that conjugate, respectively one-sided
conjugate, shift spaces give isomorphic invariants.

Since X ~ Y = X =, Y, a flow invariant of X is also a conjugacy invariant of
X, and since XT ~ YT = X ~ Y, a conjugacy invariant of X is also a conjugacy
invariant of XT.

2.2 SPECIAL ELEMENTS

We say (cf. [17]) that z € X is left special if there exists z’ € X such that
zo1 # 2L m(z) = me(2).

It follows from [4, Proposition 2.4.1] (cf. [3, Theorem 3.9]) that a sufficient
condition for a shift space X to have a left special element is that X is infinite.
Conversely, the following proposition shows that this condition is necessary.

PROPOSITION 2.1. Let X be a finite shift space. Then X contains no left special
element.

Proof: Since X is finite, every z € X is periodic. Hence if 7 (z) = w1 (2'), then
z=2z. O

We say that the left special word z is adjusted if c~"(z) is not left special for
any n € N, and that z is cofinal if 0™(z) is not left special for any n € N.
Thinking of left special words as those which are not deterministic from the
right at index —1, the adjusted and cofinal left special words are those where
this is the leftmost and rightmost occurrence of nondeterminacy, respectively.
Let z, 2’ € X. If there exist an n and an M such that z,, = Z;H_m forallm > M
then we say that z and 2’ are right shift tail equivalent and write z ~,. 2’. We
will denote the right shift tail equivalence class of z by z.

2.3 THE FIRST COHOMOLOGY GROUP

The first cohomology group (cf. [2]) of a shift space X is the group

C(X,Z)/(1d ~(o~1)")(C(X, Z)).

Notice that usually o is used instead of o~!, but for our purpose it
is more naturally to use o', and we of course get the same group.
C(X,Z)/(1d —(c=1)*)(C(X,Z)) is the first Cech cohomology group of the stan-
dard suspension of (X,o) (cf. [27, IV.15. Theorem]). It is also isomorphic
to the homotopy classes of continuous maps from the standard suspension of
(X, o) into the circle (cf. [27, page 60]).

It is proved in [2, Theorem 1.5] that C'(X,Z)/(Id —(c=1)*)(C(X,Z)) is a flow
invariant of X and thus also a conjugacy invariant of X and X™.
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2.4 PAST EQUIVALENCE AND MATSUMOTO’S K-THEORY
Let X be a shift space. For every z € X' and every k € N we set
Prle) = {n € LX) | pz € X), || = k},
and define for every I € N an equivalence relation ~; on Xt by
z~ 2’ & Px) = Pi(a).
Likewise we let for every z € X+
Poo(x) = {y € X~ |yz € X)},
and define an equivalence relation ~ on X' by
T ~oo &' S Poo(x) = Poo(2).

The set

ND(XY) ={z e Xt | Tk e N: |Pp(2)| > 1}
then consists exactly of all words on the form 2, o[ Where 2 is left special and
n € Np.
Following Matsumoto ([23]), we denote by [z]; the equivalence class of z and
refer to the relation as [-past equivalence.
Obviously the set of equivalence classes of the I-past equivalence relation ~; is
finite. We will denote the number of such classes m(l) and enumerate them &'
with s € {1,...,m(l)}. For each [ € N, we define an m(l + 1) x m(l)-matrix I’
by

(1,0 = 1 ifgHt cél
s 0 otherwise,

and note that I' induces a group homomorphism from Z™® to z™(+1) We
denote by Zx the group given by the inductive limit

lim(Z™®, 1),

For a subset € of X and a finite word p we let u€ = {uzr € X* | x € £}. For
each I € N and a € a we define an m(l + 1) x m()-matrix

(Ll ,:{ 1 if ) # aEH C &

0 otherwise,

and letting L' = > ac aLfl we get a matrix inducing a group homeomorphism

from Z™®) to Z™H1D | Since one can prove that L4 o IP = "1 o LY, a group
endomorphism A on Zx is induced.

THEOREM 2.2 (CF. [24], [25, THEOREM]). Let X be a shift space. The group
Ko(X) = Zx/(1d =N Zx,

is a conjugacy invariant of X and X, and a flow invariant of X.
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2.5 THE SPACE Qx

We will now give an alternative description of Ky(X). Ko(X) is defined by
taking a inductive limits of Z™(®) | where Z™® could be thought of as C(X*/ ~;
) Z)'

We will now do things in different order. First we will take the projective limit
of Xt / ~i and then look at the continuous functions from the projective limit
to Z.

Since ~; is coarser than ~j1, there is a projection m; of X/ ~j41 on X/ ~y.

DEFINITION 2.3 (CF. [23, PAGE 682]). Let X be a shift space. Qx is the
compact topological space given by the projective limit im(X™/ ~y, ).

We will identify Qx with the closed subspace

{([xn)n)nen | VN € No : Zpg1 ~p 0}

of [T, X*/ ~i, where [[;2, XT/ ~; is endowed with the product of the discrete
topologies.

Notice that if we identify C(XT/ ~;, Z) with Z™® | then I' is the map induced
by m;, so C(Qx,Z) can be identified with Z.

If ([zn]n)nen, € Qx, then

{([znln)nen, € Qx| 2 ~1 a1}

is an clopen subset of Qx, and if @ € Py (z1), then ([az),]n)nen, € Ox for every
([#5,]n)nen, € Qx with 2} ~1 z1, and the map

([wfn]’ﬂ)nENo = ([am{n]’ﬂ)"ENo

is a continuous map on {([z],]n)nen, € 2x | «§ ~1 1}. This allows us to define
amap Ax : C(Qx,Z) — C(Qx,Z) in the following way:

DEFINITION 2.4. Let X be a shift space, h € C(Qx,Z) and ([Tp]n)nen, € Ox.
Then we let

/\l(h)(([‘rn}n)neNo) = Z h([axn]neNo)'

a€Pi(x1)

Under the identification of C(Qx,Z) and Zx, Ax is equal to A, thus we have
the following proposition:

PROPOSITION 2.5. Let X be a shift space. Then Ky(X) and
C(x,Z)/(1d =Ax)(C(x, Z))

are isomorphic as groups.
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3 PROPERTY (*) AND (**)

We will introduce the properties (%) and (**) and show that they are invariant
under flow equivalence and thus under conjugacy. At the end of the section,
we will for various examples of shift spaces determine if they have property (x)

and (xx).

DEFINITION 3.1. We say that a shift space X has property (x) if for every
€ L(X) there exists an x € X such that Py, (z) = {u}.

DEFINITION 3.2. We say that a shift space X has property () if it has property
() and if the number of left special words of X is finite, and no such left special
word is periodic.

Since flow equivalence is generated by conjugacy and symbolic expansion (cf.
[25, Lemma 2.1] and [26]), it is, in order to prove the following proposition,
enough to check that (%) and (xx*) are invariant under symbolic expansion and
conjugacy. Although this is easy, it is also tedious, so we will omit it.

PROPOSITION 3.3. The properties (x) and (xx) are invariant under flow equiv-
alence.

ExAMPLE 3.4. It follows from Proposition 2.1 that if a shift space X is finite,
then it contains no left special element, and thus has property ().

EXAMPLE 3.5. An infinite shift of finite type does not have property ().

Proof: Let X be a shift of finite type. This means (cf. [21, Chapter 2]) that
there is a k € Ny such that

X={2€d” |Vn€L: 2 nsn € LX)}

Suppose that X has property (x). Let L(X)r = {p € LX) | |¢| = k}, and
notice that if p,v,w € L(X) and pv, vw € L(X), then prw € L(X).

Let 11 € £(X)). Then thereis az € X™ such that Py, (z) = {u}. Let i/ = (o .
Suppose that v € £(X), and vy’ € £(X). Then vz € X', so v must be equal
to . Thus there is for every p € L(X)r a p’ € L(X)x such that

ve LX) Avy' € LX) = v =p.

Since L£(X)y is finite and the map p — g’ is injective, there is for every v €
LX)k a p € L(X)g such that v = p/. Hence there is for every u € L(X); a
unique ¢’ € L(X)g such that pu' € £(X) and a unique p” € L£(X)y such that
p' € L(X). Thus every z € X is determined by z(g x[, but since £(X)y, is finite,
this implies that X is finite. O

EXAMPLE 3.6. An infinite minimal shift space X has property (%) precisely
when the number of left special words of X is finite.
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Proof: Since no elements in such a shift space is periodic, we only need to prove
that property (x) follows from finiteness of the number of left special elements.
Let p € £(X) and pick any € X, Since X™ is infinite and minimal, 2 is
not periodic, and since the set of left special words is finite there exists NV € N
such that ¢”(x) is not left special for any n > N. Since X™ is minimal there
exists a k > N such that @ {41yt = p. Hence Py, (¥ HH(2)) = {p}. O

ExampLE 3.7. If z is a non-regular Toeplitz sequence, then the shift space

OG) = {o"(z) [n € Z}

has property (x).

Proof: Let p € £(O(z)). Since O(z) is minimal (cf. [32, page 97]), there is an
m € N such that z[_,,_|,|,—m[ = p. We claim that P|,|(2[—m o) = {1}

Assume that 2’ € O(z) and z(_,, | = 2[—m,oc[- Then 7(2') = 7(2), where 7 is
the factor map of O(z) onto its maximal equicontinuous factor (G,1) (cf. [32,
Theorem 2.2]), because since szm oo = Zl=m,o0ls the distance between o™ (z2')
and 0" (z), and thus the distance between 1"(7(2")) and 1"(n(2)), goes to 0 as
n goes to infinity, but since 1 is equicontinuous, this implies that 7(z’) = w(z).
Since 7 is one-to-one on the set of Toeplitz sequences (cf. [32, Corollary 2.4]),
2" = z. Thus P (2—m,ec]) = {1} O

The following example shows that property (**) does not follow from property
().

EXAMPLE 3.8. We will construct a non-regular Toeplitz sequence z € {0,1}%
such that the shift space

0@ ={o"(z) [nc Z}

has infinitely many left special elements and thus does not have property (xx).
We will construct z by using the technique introduced by Susan Williams in
[32, Section 4]. We will use the same notation as in [32, Section 4]. We let
Y = {0, 1}? and defined (p;)sen recursively by setting p; = 3 and p; 1 = 3"+ ip;
for i € N, where r; is as defined in [32, Section 4]. We then have that

piﬁri _ 2"

—i
pig1  3riti <3

SO

i Pitd
converges, so z is non-regular by [32, Proposition 4.1].

CLAaM. The shift space O(z) has infinitely many left special elements.
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Proof: Let D be as defined on [32, page 103]. If
gen({z € D|—1¢€ Aper(z)}),

Y,y €Y, Yo,00f = Yjo,00) 204 Y—1 # yL 1, then ¢(g,y) (0,00 = ¢(9: ¥ )0,00] and
d(9,y)-1 # ¢(g,y’)-1, where ¢ is the map define on [32, page 103]. Thus
?(g,y) and ¢(g,y’) are left special elements, and since

7({z' € D| -1 € Aper(2')}) x {y € Y | y is left special}

is infinite and contained in 7(D) x Y, where ¢ is 1 — 1 on, O(z) has infinitely
many left special elements. (I

4 THE FIRST COHOMOLOGY GROUP IS A FACTOR OF Kj(X)

We will now show that if a shift space X has property (), then the first coho-
mology group is a factor group of Ko(X).

Suppose that a shift space X has property (). We can then define a map tx
from X~ into Qx in the following way: For each y € X~ and each n € Ny we
choose an z,, € X* such that Pp(2s) = {y_pn,—17}- Then ([zn]n)nen, € Ox,
and we denote this element by tx(y). tx is obviously injective and continuous.
We denote the map

(ex om)": C(Qx,Z) — C(X,Z)
by k.
PROPOSITION 4.1. Let X be a shift space which has property (x). Then there

is a surjective group homomorphism & from C(Qx,Z)/(Id —Ax)(C(Qx,Z)) to
C(X,Z)/(Id —(c=1*)(C(X,Z)) which makes the following diagram commute:

C(0x, 2) - C(X,7)

i |

C(Qx. 2)/(1d =2x)(C(Qx, Z)) —= C(X, Z)/(1d = (0~ 1)*)(C(X, Z))

Proof: Let ¢ be the quotient map from C(X,Z) to
C(X,2)/(1d—(o~ )" )(C(X,Z)).

We will show that g o k is surjective and that (Id —Ax)(C(Qx,Z)) C ker(g o k).
This will prove the existence of .

q o k is surjective: Given f € C(X,Z). Our goal is to find a function g €
C(Qx, Z) which is mapped to ¢(f) by ¢ o s.
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Since f is continuous, there are k,m € N such that z;_j ) = Zf—k,m] = f(z) =

f(2'). Thus
Rl—k—-m—1,-1] = Zf—k—m—l,—l] = f °© Uﬁ(m+1)(z) = f © 07(m+1)(zl)'
Define a function g from Q2x to Z by

() = 4427 EH Prpnia @emin) = {zremt -0}
nln)neNg 0 if #Primt1 (Thame1) > 1.

Then g € C(Qx,Z), and goix om_ = foo ™+, Thus g o k(g) = q(f).

(Id =Xx)(C(Q2x,Z)) C ker(qgo k): Let g € C(2%,Z) and y € X~. Then
Ax(9)(ex(y)) = g(x (0-(y)), so

K(Ax(9)) =gowxom_oo™,
which shows that (Id —Ax)(g) € ker(q o k). O

The following corollary now follows from Theorem 2.5:

COROLLARY 4.2. Let X be a shift space which has property (x). Then
C(X,Z)/(1d~(o~")*")(C(X,Z)) is a factor group of Ko(X).

5 Ky OF SHIFT SPACES HAVING PROPERTY (%)

We saw in the last section that if a shift space X has property (*), then the
first cohomology group is a factor group of Ky(X). This stems from the fact
that property (%) causes an inclusion of X~ into Qx, and thus a surjection of
C(Qx,Z) onto C(X™,Z). We will now for shift spaces having property (sx)
describe K in terms of the first cohomology group and some extra information
determined by the left special elements of the shift space.

We will first define the group Gx which is a subgroup of the external direct
product of C(X™,Z) and an infinite product of copies of Z, and isomorphic to
C(Qx,Z). Next, we will define the group Gx which is a the external direct
product of C'(X,Z) and an infinite sum of copies of Z, and has a factor group
which is isomorphic to Ko(X). We will round off by relating this with the fact
that the first cohomology group is a factor group of Ky(X) and look at some
examples.

LEMMA 5.1. Let X be a shift space which has property (). Then
x(X7) = {([zn]n)nen, € Qx | Vn € No : #Pn(2,) = 1}
Proof: Clearly

”X(X_) c {([In]n)neNo € Ql | Vn € NO : #Pn(mn) = 1}'
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Suppose ([Zn]n)nen, € Qx and P, (z,) = {pn} for every n € Ny. Let for every
n € N, y_, be the first letter of u,. Since y_, _1j = p, for every n € N,
y € X7, and clearly x(y) = ([zn]n)nen, - O

Denote by Zx the set NDoo(X1)/ ~oo. We will now define a map ¢x from
Tx to Qx. We see that for z € NDuoo(XT), ([#]n)nen, € Ox, and we notice
that © ~o Z, if and only if ([z]n)nen, = ([E]n)nen,- So if we let ¢x ([T]oo) =
([]n)nen,, then ¢x is well-defined and injective.

LEMMA 5.2. Let X be a shift space which has property (x). Then tx(X™) N
dx(Ix) =0, and if X has property (xx), then ix (X~ ) U ¢x (Ix) = Qx.

Proof: If ([xn]n)nen, € tx(X7), then according to Lemma 5.1, #P,(x,) = 1
for every n € Ny, and if ([zn]n)nen, € dx(Ix), then #P,(z,) > 1 for some
n € Ny. Hence ux(X™) N¢x(Zx) = 0.

Suppose that X has property (sx). If ([zn]n)nen, € Ox \tx(X™), then according
to Lemma 5.1, there is an n € Ny such that #P,(z,) > 1, and since there
only are finitely many left special words, [x,], is finite. Since [z]x # 0 and
[Zk+1]k+1 C [xk]k for every k € Ny, this implies that ﬂkeNo [zk]k is not empty.
Let x € Nyen, [Tk]k- Since #P,(x) = #Pp(zn) > 1, 2 € NDo(XT), and since
([zn]n)nen, = dx([z]ec)s ([Tn]n)nen, € ¢x(Ix). O

5.1 THE GROUP Gx

We will from now on assume that X has property (xx). Let for every function
h:Qx — Z,
W (h) = (houx, (h(éx(i)))iezx )-

It follows from Lemma 5.2 that vx is a bijective correspondence between func-
tions from Qx to Z and pairs (g, (ai)iezy ), where g is a function from X to Z
and each «; is an integer.

LEMMA 5.3. (g, (qi)iezy) € 1 (C(Qx,Z)) if and only if there is an ng € Noy
such that

1YY,y € X7 i Y[mng,—1] = Y[_py—1) = 9(U) = 9(¥),
2. Vo, 2" € NDoo(XT) : [2]ng = [2']0o = Na]oe = U] s
3. Vz € ./\/‘DOO(X+),y €X 1 Ppo(@) = {yj—n,—1)} = 1. = 9(y).

Proof: A function from §x to Z is continuous if and only if there is an ny € Ny
such that

[an]nO = [',I;;’Lo]”o = h(([x"]n)NENo) = h(([x{n]n)neNg)
for ([xn]n)neNm ([l'/n]n)neNo c QX, and since

[xno]no = [x;m]no < Yl—ng,—1] = yffng,fl]
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12 CARLSEN AND EILERS

for y,y" € X7 if ([wn]n)nen, = tx(y) and ([27]n)nen, = x(y'), and
["E}nu = [l‘;’LU}nU ~ Pﬂo(x) = {y[—no,—l]}

for z € NDoo(X") and y € X~ if ([#n]n)nen, = tx(y), the conclusion follows.
g

DEFINITION 5.4. Let X be a shift space which has property (xx). We denote
1x(C(Q2x,Z)) by Gx, and we let for every function g : X~ — Z and (c4)iez, €
7%,

Ax (9, (ai)iezx ) = (9 0 0, (Q)iez),

where
Ao = D Ot D 9m-(2))
2’ END o (XT) z€X
oy (z))=x 2(0,00[EN Do (XT)
Z[1,00[=T

LEMMA 5.5. Ax maps Gx into Gx, and the following diagram commutes:

X

C(Qx,Z) ——— Gx

Ax Ax

C(Ox,Z) — = Gx.

Proof: Let h € C(Qx,Z) and ([Zn]n)nen, € Ox. Then

Ax (M) (([zn]n)neny) = Z h([azpn]nen,)-

a€Pi(z1)

If ([#n]n)nen, € ix(X7), then #Py(z1) = 1 and ix (o (15" ([Zn]n)nen,))) =
[aZn)neny, Wwhere a € Py(z1). Thus

A (B)(([n]n)nemo) = P(([azn]n)nens) = 1k ' © Ax © 9% (B) (([n]n)nemo)-

Now assume that ([2n]n)nen, € ¢x(Zx) and choose € N'Duo (XT) such that
dx ([%]oo) = ([Tn]n)nen,- We claim that

Y hlazalueny) = Y hdx([@)) + D h(x(2-oo,-1))- (1)

a€P1(z1) 2/ ENDoo (XT) zEX
ot (z')=x Z[o,oo[QNDoc(lJr)
2[1,00[ =%

To see this, let a € Py (z1).
Assume first that ([az,]n)nen, € tx(X7), and let z be the element of a’ sat-
isfying 2)_oo,0 = Lgl(([amn]n)nel\!o)? 20 = a, and 2[00 = . Then z € X,
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20,00 ¢ ND(XT), 2[1,00] = T, a0 1x (2] —00,~1]) = [aTn]nen,. If on the other
hand 2 is an element of X which satisfies Zjg oo ¢ NDy(XT), and 21,00 = T,
then Zy € P1(z1), and 1x(Z—0o,—1]) = ([Z0Tn]n)nen,

Then assume that ([azn]n)nen, € éx(Ix). Then ax € N'Doo(XT), 04 (ax) =
z, and ¢x([az]oo) = [aZn]nern,- On the other hand, if 2’ € N D (X') and
oy (x') =z, then z, € Pi(x1), and ¢x ([2']o0) = [2)Zn]nen,-

Thus (1) holds, and

Ax (B)(([Tn]n)neny) = Z h([azy]nen,)

a€Pi(z1)
= > hox([@lee)+ Y h(ix(3-oc,-11))
' ENDoo (XT) zeX

o (z')=x Z[o,oo[QN'Doo(lJr)

Z[1,00[=%

=" 0 Ax 0 W (A)(([n]n)neny)-

This shows that Ax = yx o Ax o ’y)zl, so Ax maps Gx into Gx, and the diagram
commutes. B O

COROLLARY 5.6. Let X be a shift space which has property (xx). Then Ko(X)
and

Gx /(1d —Ax)Gx

are isomorphic as groups.

5.2 THE SPACE Iy

In order to get a better understanding of the group Gx and the map Ax, we
will now try to describe Zx in the case where X has properties (xx). For that
we will need the concept of right shift tail equivalence.

Denote the set of those right shift tail equivalence classes of X which contains
a left special element by Jx. Notice that it is finite. Let for every j € Jx, M;
be the set of adjusted left special elements belonging to j. Notice that there
only is a finite - but positive - number of elements in M;.

Let us take a closer look at 7 (j). It is clear that

7T+(j) = {Z[n,oo[ ‘ z € ijn S Z}7

and it follows from the definition of adjusted left special elements that 2, [ €
NDo(X1) if and only if n > 0. It is easy to see that if 2, 2’ € Mj and n,n’ < 0,
then

Zn,oo] = 2 ool & 2 =2 An =1,
Contrary to this, it might happen that 2z}, o[ = z[’n,)oo[ for z # 2’ if n,n’ > 0.
In fact, it turns out that j has a “common tail”.

DEFINITION 5.7. Letj € Jx. Anx € Xt such that there for every z € j is an
n € Z such that zj, o[ = T is called a common tail of j.
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LEMMA 5.8. Let z be a left special element. Then zjg o[ is a common tail of z
if and only if z is cofinal.

Proof: Assume that z is cofinal and let 2z’ € z. Then there are n,n’ € Z such
that z(, o] = zfn, oo’ and since z is cofinal, 2o ,[ = an'—n,n/[ ifn>0.Ifn <0,

then obviously 2[g,e0] = zf Thus z[g,[ is @ common tail of z.

n’—n,oco["
Assume now that z is not cofinal. Then there is a 2’ € z and an n € N such
that zp, o] = an ool but z, -1 # 2, ;. If 29,00 is a common tail of z, then

there is a n’ € Z such that an/ oo = Z[0,00]> and since z,_1 # z,_q, n' # 0.
But we then have for k > n that z;H_n, = 2z, = z},, which cannot be true, since
there are no periodic left special words. O

DEFINITION 5.9. An z € XT s called isolated if there is a k € Ny such that
[z = {z}.
LEMMA 5.10. Ewvery j € Jx has an isolated common tail.

Proof: Let z be the cofinal left special element of j. Then z o[, and thus
2[n,00] for every n € No, is a common tail by Lemma 5.8. Since there only are
finitely many left special words, [, o)1 is finite. Hence there is an n € N such
that

x € [Z[O,oo[]l AN ZT[o,n] = 2[0,n] = T = Z[0,00][-
Thus [z[n_’m[]nﬂ = {z[n,m[} and therefore z[, [ is an isolated common tail. [
REMARK 5.11. In [22] Matsumoto introduced the condition (I) for shift spaces,
which is a generalization of the condition (I) for topological Markov shifts in
the sense of Cuntz and Krieger (cf. [10]).
A shift space X satisfies condition (I) if and only if X* has no isolated elements
(cf. [22, Lemma 5.1]). Thus, it follows from Lemma 5.10 that a shift space
which has property (+x) does not satisfy condition (I).
Choose once and for all, for each j € Jx an isolated common tail 23 and a 23
such that ZfO,oo[ = .
REMARK 5.12. Notice that zfmoo[ is isolated for every j € Jx and every n € N,

because if [Z‘[IO’OO[];C = {Z'[io,oo[}7 then [zfnm[]k.Jrn = {z‘[in)oo[}.

Let j € Jx. Since 23 is a common tail of j, there is for every z € Mj an n, € Ny
such that zp,, o[ = 3. Let
K = {[Zm,00foc | 2 € Mj,0 <n <.}

LEMMA 5.13. )
U (K5 UL, e | n € No}) = T

JjeIx

and . .
K;n {[meoo[]oo |n€No} = {Zfo,oo[}
for each j € Jx.
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Proof: Let & € N'Doo(XT). Then there are an adjusted left special word z and
an n € Ng such that z = 2, o[- If n > n,, then

_ _ z
r = Z[n,oo[ = Z[ninz’oo[.

If n < n,, then [z]o € K,. Thus

U (K50l ol I n € N}) =T,

JjeIx

Assume that n > 0 and [zfn oo[]oo € Kj. Since zfn o[ I8 isolated, this implies
that an ool = im0l for some z € Mj and 0 < m < n,. But then

Zm.oo] = Pl c0] = Zlns+n.ocl

which cannot be true since there are no periodic left special words.
Thus

Kin{lz

noo[]

i€ T eNo} = {4, }
for each j € Jx. O

LEMMA 5.14. The map

(G:n) =[5

[n,OO[]OO’
from Jx x Ng to Ix is injective.

Proof: Assume that [Zf;q soflos = [szm sofloc- Since 21 is isolated, 2’

[nlvoo[ [nlvoo[

must be equal to z*['fw oo This implies that 23! and 232 are right shift tail
equivalent, so j; = jo, and since there are no periodic left special words, nq

and ny must be equal. O

We will now look at Zx for three examples. First let X be the shift space
associated with the Morse substitution

0+— 01, 1+~ 10.
The shift space X is minimal and has 4 left special elements:

Yo-o Yo-r1 Yi1-To Y1-T1

where yo,y; are the fixpoints in X~ of the substitution ending with 0 respec-
tively 1, and zg, z1 are the fixpoints in X of the substitution beginning with
0 respectively 1. Thus it follows from Example 3.6 that X has property ().
We see that Jx consists of 2 elements: yg.xo and y1.x1. Notice that although
all of the 4 left special elements are cofinal (and adjusted) neither z¢ nor x; are
isolated, but o4 (x¢) and o4 (z1) are, so we can choose o(yo.zo) and o(y1.71)
as zY0*0 and 2Y*** respectively. We then have that Zx looks like this:
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0% (21)] oo

[03 (20)]oo (02 (1))
KYO-XO K}’l-X1

where an arrow from a to b means that in Definition 5.4 &, = «,. We notice
further that ap,)., = g(o—(yo)) + g(o—(y1)).
Our second example is the shift space associated to the substitution

1123514, 2+ 124, 3+ 13214, 4+ 14124, 5+ 15214,

The shift space X is minimal and has 8 left special elements (4 adjusted and 4
cofinal) as illustrated on this figure:

B

s
[&4
(0]

[+

]

where z € XT and y1,y2 € X~ . Thus it follows from 3.6 that X has property
(*%). The set Jx consists of one element y;52.x, and since x is isolated, we
can choose y;52.7 as zY*2*, We then have that Zx looks like this:
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where an arrow from a to b means that in Definition 5.4 &, = «,. We notice
further that &y = j2a) + Qaa]es G20) = 29(y1) and Gy, = g(y1) +

9(o—(y2))
The third example is the shift space associated to the substitution

a — adbac, b aedbbc, c+— ac, dw— adac, e — aecadbac.

The shift space X is minimal and has 9 left special elements (3 adjusted, 4
cofinal and 2 which are neither adjusted nor cofinal) as illustrated on this
figure:

] @
2] a
&}@%

where z € X and Y1,Y2, Y3, ya € X . Thus it follows from 3.6 that X has
property (s*). The set Jx consists of one element y;e.x, and since z is isolated,
we can choose yie.x as zY1®*. We then have that Zx looks like this:

(07 (2)]oo

Kyle.x

where an arrow from a to b means that in Definition 5.4 &, = «,. We notice
further that &) = oea),. + (1), Qaz)ee = Vez]os T g(y2) and Xealee =
9(o—(y3)) + g(o+(ya))-

5.3 Ky(X) IS A FACTOR OF Gx

We are now ready to define the group Gx which has a factor which is isomorphic

to Gx /(Id —Ax)(Gx)-
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Loosely speaking, the idea is to simplify Gx in three ways. First we replace
X~ by X, secondly we collapse for each j € Jx, Kj to one point, which makes
it possible to replace Ix by Jx x Np, and thirdly we replace the continuity
condition of Lemma 5.3 by the condition that the sequence is eventually 0. By
doing this, we of course do not get a group which is isomorphic to Gx, but it
turns out that we still get isomorphic cokernels.

DEFINITION 5.15. Let X be a shift space which has property (xx). Denote by
Gx the group C(X,Z)®Y 7%, let Ax be the map from Gx to itself defined
by

n€Ng

(.fv (alzz)jGJEmGNo) = (f © 0713 (d.;)j€(75,n€N0)7
where @) = > e flo™1(2)) = flo~ (), and &, = a),_| for n >0, and let
1 be the map from Gx to Gx defined by

(gv (ai)iGIl) = (g om—, (a%)jGJanNo)v

where al) = ZieKj ai — g(rm_()) and o, = i = g(z{iooyn[) forn > 0.

[n,o0[

PROPOSITION 5.16. Let X be a shift space which has property (xx). Then there
is an isomorphism

¢ Gx /(1d —Ax)(9x) — Gx/(1d —Ax) (Gx)

which makes the following diagram commute:

Gx i Gx

i i

G/ (Id —Ax) (Gx) —= G /(1d — Ax) (Gx)

Proof: Let p be the projection from Gx to Gx/(Id —Ax) (Gl)~ We will prove
the existence of 1) by showing the following 3 things about p o 1: a) that it
is surjective, b) that ker(p o ¢) C (Id —Ax)(Gx), and ¢) that (Id —Ax)(Gx) C
ker(p o 1).

a) po is surjective: Let (f,(a)jesnen,) € Gx. Our goal is to find an

element of Gx which is mapped to p((f, (a},)je s nen,)) by po .
Since f is continuous, there are n,m € N such that z(_, ,,,) = zf_n’m] = f(z) =

f(2'). Thus
Zen-m-1,-1] = 2{-n-m-1,-1] = f © oM (z) = foo M ().

Hence there is an g € C'(X™,Z) such that gom_ = f oo~ (m+1),
Choose for each i € Uj€.7x Kj an [ € Ny such that P, (z) > 1 for every z € i,

and let N =n+m+1+max{li [ i € Uz K;}. Let j € Jx. Then there is
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an m; € Ny such that PN(Z‘En sof) > 1 for 0 <n < mj and 'PN(Z‘E =1 for

n,oo[)
n = m;j.
Set for each j € Jx and n > m;,

= g(zj]—oo,n[)7

a[j

Z[n,oc[]oo

and let o; = 0 for

te T\ ([, e L€ Tom = mih = | (K5 Ul ol [0S0 < mg}).
Jjedx

We then have that y_n,_1) = yf,N,,l] = g9(y) =9'), Pn(z) > 1= Az]oe =
0, and Py (x) = {yj—n,—1]} = ). = 9(y) for y,3' € X~ and x € X*. Hence
(9, (qi)iezy) € Gx. We also have that

P((g, (ai)ieny ) = AL (S, (ad))iegxmens) + (0, (@,)je g mens)

for some (@, )je 7, .neno € Yo pen, Z7%. Since

p(f, (a),)ieay meny) = P(AXTH(f, ()i g mens))s

it is enough to find (0,(&i)iczx) € Gx such that (0,(d)iez,) =
(0, (&J;l)jejbneNO), because then

po((g: (aw)iezy) — (0, (@i)iezy ) = p(f, (ad)jez nen,)-

Let i€ Ix. If i € Ujep Kj\ {[#7]o}, then we let a; = 0, and if i = [ sofloc>
j € Jx, n € Ny, then we let & = aj,. We claim that (0, (Gi)iezx) € Gx and
’(Z)(O, (di)iefg) = (07 (&%)jGJX,TLENo)'

Choose an N € Ng such that dJ;l =0 for every j € Jx and n > N. Let j € Jx.

Since Z‘[in,oo[ is isolated for every j € Jx and every n € Ny (cf. Remark 5.12),
there is for each 0 < n < N a kj, € Ny such that [zfmoo[]k% = {Z'[in,oo[} and by
increasing kJ, if necessary, we may (and will) assume that #Ppi (zfn,w[) > 1.
Let )

M =max{k}, |j € IJx,0<n < N}.

We then have that [an,oo[]M = {zfnm[} and #PM(an,m[) > 1 for j € Jx and
0<n < N. Thus if ap)__ # 0, then [z]y; = {x} and #Py(x) > 1. So we have
that [z]y = [2']lm = Q). = A, and Pu(2) = {y-m, -1} = G, = 0.
Hence (0, (&)iez) € 9x-

Let j € Jx. Then we have that &; = 0 for i € Kj \ {23} and d[an oo T al, for

n € No. Hence 1/](07 (di)iel'l) = (07 (a'il)jejl,neNo)'
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b) ker(potp) C (Id —Ax)(Gx): Assume that (g, (ai)icz,) € ker(pop). We must
then find (g, (& )iezy) € Gx such that (Id —Ax)(7, (Gi)iezx) = (9, (i)iezx)-
Since p o ¥((g, (ai)iezy)) = 0, there is (f,(a))jes nen,) € Gx such that
(Id —Ax)(f, (a})je gy meno) = ¥(9, (ai)iezy ). Hence f — foo™" =gom_. The
function f is continuous, so there are n,m € N such that z[_, ,,,) = zf_n’m] =
f(2) = f(#'). We claim that

2[co0,—1] = Zf_oo,—u = f(z) = f(z").
Assume that there are z, 2’ such that z_ 1) = szoo _qy and f(z) # f(2).
Since f = foo t+gon_, flo71(2) # f(o~(7')). Similarly foo ! =
foo 2 +gom_oot, 50 f(072(2)) # f(072(2")). Continuing in this way we get
that f(o7"™(2)) # f(c~™(%")), but this can not be true since o= (2)[_p,m] =
o™ (2" (= nm)-
Thus there is a § € C(X™,Z) such that gon_ = f and hence § — goo_ = g.
Set for every j € Jx and n € N,

= aJ;L + Q(Z]J_m,n[)-

a[zj

[n,m[]oo

Let i € Ujejg Kj. Choose ;i € N'Doo(X) such that i = [zj]o. There is for

each z € X which satisfies 7, (z) = x;, a unique m, € Ny such that o7™=(z) is
an adjusted left special word. Let

Li = {[z[fmpodoo | 7T+(Z) = .’L'i,o <m< mz} - 257
B = o™= (2) | my(s) = m} € X,

a; = Z Qi + Z f(O'_l(Z)).

i’eL; zeB;

and

Notice that even though B; depends on the choice of z;, &; does not, because
f=gom_.

Since (a,)je 7 .neNo € Yonen, Z7%, there is an N; such that ad, = 0 for j € Jx
and n > Np, and since g is continuous, there is an Ny € N such that

Y[-No,—1] = Y[_ny 1) = ) = 3(¥)

for y,y’ € X™. Let j € Jx. Since zfn’oo[ is isolated for every j € Jx and every
n € No (cf. Remark 5.12), there is for each 0 < n < max{Ni, N2} a K, €N
such that [an,oo[]kd;b = {an,m[}’ and by increasing kJ, if necessary, we may (and
will) assume that #P;; (2}, () > 1. Let

N3 = max{k |j € Jx,0<n < max{Ny, Na}}.

Since Ujejl Kj is finite, there is an Ny such that [z]n, = [2']n, = 2] = [#']e0

and Py, (z) > 1 for [z]o, [2']c € Ujep K- Let M = max{Ni, N2, N3, Nu}.
We claim that -
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LoVy,y € X7t ym—1) = Y{_p—q) = 9() = 3(),
2. Vo, 2’ € NDoo(X") : 2]y = [2]m = Gl = @) s
3. Vo € NDoo(XT),y € X7 Pa(2) = {ymnr,—1)} = G = 3(0),

which implies that (g, (&)iez,) € Gx. 1. follows from the fact that M > Ns.
Notice that if

) € | (Kj U{ld, oo |0 < < maX{Nl,Ng}}) :
JjeIx

then o' € [z]p = ¢ ~o @’. This takes care of 2. in the case where [z]o €
Ui (Kj U{ld, oee 0 < < maX{Nl,NQ}}). For n > max{Ny, N},
a[zﬂ Joo = g(z][w)n[), and since

o

[an,oo[]M = [Z‘[]n’,oo[]j\/f :>an—N2,n[ = Z[]n'—NQ,n’[

o

=G(3_ o) = 9

2. and 3. hold.
Let (g, (&i)iefz) = Ax (9, (Gi)iezy ). Then Gg=goo_,and forje Jx and n € N

Ol[z

= L‘L‘in + g(z]Jioon[)

. — &
fn+1,oc[]°° [ZJ[n,oo[]oo

Let j € Jx. Then Ly, = Kj and B, = Mj, so

On

[zf1,m[]w = Qfab]
=Y ait+ Y fle7'(2)
iEK; z€M;

= al) + g(n_(2))) + f(e™! ()

= a%) + g(z‘]liooA)[)’
where the third equality sign follows from the fact that
(Id _AX)(fv (a‘jz)jEJg,neNo) = ¢(9a (ai)iefl)a
and the fourth follows from the facts that gon_ = f and g —goo_ = g.
If [z]c € Kj, then Ly, is the disjoint union of Ly, _, where [2']oc € Ix

and o4 (z') = x, and {[z]oc}, and By, is the disjoint union of Bj,,__, where
[2']oo € Ix and o4 (') = x, and {0(2) | 2z € X, 2(0,00] ¢ ND (XT), 2[1,00[ = T}
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Hence

Qn

wo = D, G+ > 9(2)—00,-1))
[2'] 00 ETx z€X
oy (a)=x 2[0,00 £ Doo (XT)
Z[1,00[ =%
= Z Qi — Q) T Z fle™(2))
iEL[I]OO ZGB[I]OO
= Qa]e — Qoo

So§f§:g,dif&i:difd;+ai:ai foriEKj,and

. A . | ~J | | _ .
@ .fn,oo[]oo Oé[z‘[]n,oc[]OQ o a";l + g(#,oo’n[) an71 g(zjlioo’nil[) - a[z‘f"ww[]w.
fOI"j € jl and n € N. Thus (Id—Al)(g, (di)ieIX) = (g, (&i)ielg) —
(9, ()iezx) = (9, (i)iezy)-

¢) (Id —Ax)(Gx) C ker(pop): Let (g, (ai)iez,) € Gx. Set f =gom_ and af, =

o — g(zJ ) for j € Jx and n € Ny. Then (f, (a‘,;L)jer’neNo) € Gx,

z Joo ]—o0,n|
[n,00l
and since f — foo ! =(g—goo_)om_,
al, —a,_, = A, e Yot @] T (9—go U,)(Z]]_m’n[)

for j € Jx and n € N, and

ay— D floe7H(2) = . — > 9(2)-00,-17) — 9(m— (%))

z€M; zEX
210,00 EN Do (XT)
2[1,00[€J

for j € Jx, we have that

(Id _AX)(fv (a%)jGJX,HENo) = ’l/)((Id _Al)(gv (ai)iefg))'
Thus (Id —Ax)(Gx) C ker(po ). O
The next theorem now immediately follows from Corollary 5.6:

THEOREM 5.17. Let X be a shift space which has property (xx). Then Ky(X)
and

Gx/(1d - Ax) (Gx)

are isomorphic as groups.
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5.4 EXAMPLES

EXAMPLE 5.18. Let X be a finite shift space. Then Ky(X) and
C(X,2)/(d —(e~")")(C(X,2))

are isomorphic as groups.

Proof: We saw in Example 3.4, that a finite shift space has property (#*) and
has no left special elements. Thus Jx = 0, so Gx = C(X,Z) and Ax = (c71)*
and it follows from 5.17, that Ko(X) and

C(X,2)/(1d (o7 1)*)(C(X, 2Z))
are isomorphic as groups. O
Let 1 be the canonical projection from Gx to C(X,Z). We tie things up with
the following proposition:

PROPOSITION 5.19. Let X be a shift space which has property (xx). Then there
is a surjective group homomorphism

i Gx/(1d—Ax) (Gx) — C(X,Z)/(Id —(67")*)(C(X, Z))
which makes the following diagram commute:

C(Qx,Z) C(X,7)

|

G /(1d — Ax) (
V \
C(Qx,Z) Cc(X,Z)
(Id =Ax)(C(Qx,Z)) (Id — (‘T*l) HC(X,2))

where yx is the map from C(Qx,Z)/(1d —Xx)(C(Qx,Z)) to Gx/(Id —Ax)Gx
induced by yx .

Proof: Since no Ax = (¢71)* o,  induces a map from Gx/(Id —Ax) (Gx) to
C(X,Z)/(Id —(c=H)*)(C(X,Z)). It is easy to check that this map makes the
diagram commute. (I

COROLLARY 5.20. Let X be a shift space which has property (xx) and only has
two left special words. Then 7 is an isomorphism from Gx/(Id —Ax) (GX) to
C(X,Z)/(dd —(c=H*)(C(X,Z)). Thus Ko(X) and

C(X,2)/(1d = (c71)*)(C(X,Z))

are isomorphic as groups.
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Proof: If X only has two left special words, z; and z5, then they must necessarily
be right shift tail equivalent, so Jx = {j}, where j = z; = z2. We also have
that 21(0,00] = #2[0,00] i an isolated common tail of j, so we can choose 22 to be
23, The set M; is equal to {21, 22}, 0

Ax ((f, (@)neny)) = (fo 0™, (@) )nen, )

where @, = f(o071(21)), and @, = a),_, for n > 0.

Suppose that 7((f, (a,)nen,)) € (Id—(e=1)*)(C(X,Z)). Then there is a g €
C(X,Z) such that f = g—goo~t. Since (a,)nen, € X, cn, Z» there is an N €
Ny such that a}, = forn > N. Let ¢ = fg(a_l(zl))fzgzo al, and h € C(X,Z)
the function f plus the constant ¢, and let b, = " ad + g(o~1(21)) + ¢ for
n € Ng. Then b, = for n > N, so (h, (b,)nen,) € Gx, and

(Id 7Al>((h7 (b];z)neNo» = (f» (a'jz)nENo)v

which prove that 7 is injective and thus an isomorphism. |

EXAMPLE 5.21. As noted in [12], a Sturmian shift space X, a € [0,1]\Q is
minimal and has two special words. Thus it follows from Example 3.6 and
Corollary 5.20 that Ky(X,) and

C(Xou Z)/(Id 7(0_1)*)(C(la7 Z))

are isomorphic as groups.
In [31] it is shown that

C(la? Z)/(Id 7(0_1)*)(C(la7 Z))

is isomorphic to Z + Za as an ordered group. Thus it follows that Ky(X,) and
Z + Za are isomorphic as groups.

In [9, Corollary 5.2] we prove that Ko(X,) with the order structure mentioned
in the Introduction is isomorphic to Z + Za.

EXAMPLE 5.22. It is proved in [30, pp. 90 and 107] that if 7 is an aperiodic and
primitive substitution, then the associated shift space X, is minimal and only
has a finite number of left special words. Thus by Example 3.6, X, has property
(#x). It follows from [6, Proposition 3.5] that if 7 furthermore is proper and
elementary, then 7 (z) is isolated for every left special word z. Thus Koy(X,)
is isomorphic to the cokernel of the map

AT(f’ [(a%)jeJxT ) (ajl).iEJXT 3 ]) =

Foo ™ Il D2 fe7 )| = FET G | (@ies, s (@)ied, s -

M; .
2eM J€Ix,
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defined on
G, =C(X,,2)& Y 77,
i=0
where Jx, and Mj are as defined in section 5.2, and 23 is a cofinal special

element belonging to the right shift tail equivalence class j. 4
In the notation of [8]7 jXT = {5/47?27 s aVnT}7 My-‘ = {yJ17Y%a s ayg)]’+1} and

2¥ =¥ . In [8], this is used for every aperiodic and primitive (but not neces-
sarily proper or elementary) substitution 7, to present Ko(X,) as a stationary
inductive limit of a system associated to an integer matrix defined from com-
binatorial data which can be computed in an algorithmic way (cf. [6] and [7]).

REFERENCES

[1] R. Bowen and J. Franks, Homology for zero-dimensional nonwandering
sets, Ann. Math. (2) 106 (1977), no. 1, 73-92.

[2] M. Boyle and D. Handelman, Orbit equivalence, flow equivalence and or-
dered cohomology, Israel J. Math. 95 (1996), 169-210.

[3] M. Boyle and D. Lind, Ezponential subdynamics, Trans. Amer. Math. Soc.
349 (1997), 55-102.

[4] M. Brin and G. Stuck, Introduction to dynamical systems, Cambridge Uni-
versity Press, Cambridge, 2002.

[5] T.M. Carlsen, C*-algebras associated to general shift spaces, Master’s the-
sis, Copenhagen University, 2001, available on www.math.ku.dk/~toke.

[6) T.M. Carlsen and S. Eilers, A graph approach to computing
nondeterminacy in  substitutional dynamical systems,  preprint,
www.math.ku.dk/~eilers/papers/cei, 2002.

, Java applet, wuw.math.ku.dk/"eilers/papers/cei, 2002.

, Augmenting dimension group invariants for substitution dynam-
ics, to appear in Ergodic Theory Dynam. Systems.

, Ordered K -groups associated to substitutional dynamics, preprint,
www.math.ku.dk/~eilers/papers/ceiv, 2004.

[10] J. Cuntz and W. Krieger, A class of C*-algebras and topological markov
chains, Invent. Math. 56 (1980), 251-268.

[11] F. Durand, B. Host and C. Skau, Substitutional dynamical systems, Brat-
teli diagrams and dimension groups, Ergodic Theory Dynam. Systems 19
(1999), no. 4, 953-993.

104



26

[12]

[13]

[14]

[15]

[16]

[17]

[18]
[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

CARLSEN AND EILERS

N.P. Fogg, Substitutions in dynamics, arithmetics and combinatorics, Lec-
ture Notes in Mathematics 1794, Springer-Verlag, Berlin, 2002.

A.H. Forrest, K-groups associated with substitution minimal systems, Is-
rael J. Math. 98 (1997), 101-139.

J. Franks, Flow equivalence of subshifts of finite type, Ergodic Theory
Dynam. Systems 4 (1984), no. 1, 53—66.

T. Giordano, I.LF. Putnam, and C.F. Skau, Topological orbit equivalence
and C*-crossed products, J. Reine Angew. Math. 469 (1995), 51-111.

R.H. Herman, I.LF. Putnam, and C.F. Skau, Ordered Bratteli diagrams,
dimension groups and topological dynamics, Internat. J. Math. 3 (1992),
no. 6, 827-864.

C. Holton and L.Q. Zamboni, Directed graphs and substitutions, Theory
Comput. Syst. 34 (2001), no. 6, 545-564.

B.P. Kitchens, Symbolic dynamics, Springer-Verlag, Berlin, 1998.

W. Krieger, On dimension functions and topological Markov chains, In-
vent. Math. 56 (1980), no. 3, 239-250.

, On a dimension for a class of homeomorphism groups, Math.
Ann. 252 (1980), no. 2, 87-95.

D. Lind and B. Marcus, An introduction to symbolic dynamics and coding,
Cambridge University Press, Cambridge, 1995.

K. Matsumoto, K -theory for C*-algebras associated with subshifts, Math.
Scand. 82 (1998), no. 2, 237-255.

, Dimension groups for subshifts and simplicity of the associated
C*-algebras, J. Math. Soc. Japan 51 (1999), no. 3, 679-698.

, Presentations of subshifts and their topological conjugacy invari-
ants, Doc. Math. 4 (1999), 285-340 (electronic).

, Bowen-Franks groups as an invariant for flow equivalence of sub-
shifts, Ergodic Theory Dynam. Systems 21 (2001), no. 6, 1831-1842.

B. Parry and D. Sullivan, A topological invariant of flows on 1-dimensional
spaces, Topology 14 (1975), no. 4, 297-299.

W. Parry and S. Tuncel, Classification problems in ergodic theory, London
Mathematical Society Lecture Note Series 67 Cambridge University Press,
Cambridge, 1982.

Y.T. Poon, A K -theoretic invariant for dynamical systems, Trans. Amer.
Math. Soc., 311 (1989), no. 2, 515-533.

105



MATSUMOTO K-GROUPS ASSOCIATED TO CERTAIN SHIFT SPACES 27

[29] L.F. Putnam, On the topological stable rank of certain transformation group
C*-algebras, Ergodic Theory Dynam. Systems 10 (1990), 197-207.

[30] M. Queflélec, Substitution dynamical systems—spectral analysis, Springer-
Verlag, Berlin, 1987.

[31] C. Skau, Ordered K -theory and minimal symbolic dynamical systems, Col-
log. Math., 84/85 (2000), part 1, 203-227.

[32] S. Williams, Toeplitz minimal flows which are not uniquely ergodic, Z.
Wahrsch. Verw. Gebiete, 67 (1984), no. 1, 95-107.

Department of Mathematics
University of Copenhagen
Universitetsparken 5
DK-2100 Copenhagen 0
Denmark

106



4.7. CLOSING REMARKS 107

4.7 Closing remarks

One can show that if X is shift space which has property (xx), then the
kernel of the quotient map p : Ox+ — C(X) Xy« Z is a finite number of
copies of the compact operators. In fact the number of copies is the same
as the number of elements in Jx.

The description of K, giving in the paper is the starting point for an
thorough investigation and description of the Ky-group of the C*-algebra
associated to the one-sided shift space of a substitutional dynamical sys-
tems as a stationary inductive limit of finite abelian preordered groups
which is carried out in the last three papers.
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Chapter 5

Special elements in
substitutional dynamical
systems

This chapter consists of the preprint A graph approach to computing non-
determinacy in substitutional dynamical systems which is written together
with Sgren Eilers.

In order to give the previously mentioned description of K for sub-
stitutional dynamical system, we need an understanding of the structure
of special elements in substitutional dynamical systems. This paper de-
scribes an algorithm for finding them.
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A graph approach to computing
nondeterminacy in substitutional dynamical
systems

Toke M. Carlsen and Sgren Eilers

Revised version, February 2004

Abstract

We present an algorithm which for any aperiodic and primitive
substitution outputs a finite representation of each special word in
the shift space associated to that substitution, and determines when
such representations are equivalent under orbit and shift tail equiva-
lence. The algorithm has been implemented and applied in the study
of certain new invariants for flow equivalence of substitutional dynam-
ical systems.

1 Preliminaries

1.1 Introduction

Most elements in substitutional dynamical systems, given as doubly infinite
sequences, have unique pasts and futures in the sense that one one-sided
infinite subsequence determines the other. The importance of those elements
which do not have this property, the special elements, is well understood in
the theory of substitutions and the dynamical systems associated to them.
Determining K-groups of certain C*-algebras we found, as described in
[4], an invariant of flow equivalence (cf. [16]) — akin and related to the di-
mension groups considered in [8] — of substitutional systems based on com-
binatorial and textual properties of the special elements. For each primitive
and aperiodic substitution 7 on an alphabet a this invariant is an ordered
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group defined as a stationary inductive limit of group endomorphisms on
74 @ 7 induced from a (|a| + n,) x (Ja| + n,) block matrix

A, 0

{BT Id}
where the block A, is the abelianization matrix of the substitution in ques-
tion. To compute the integer n, and the matrix B, one needs a coherent finite
representation of all the special words of the substitution, and to determine
which among the special words are equivalent under the natural relations of
orbit and right shift tail equivalence (see Definition 1.4). In a recent paper
[7] we prove by example that the resulting invariant contains information not
accessible by any other flow invariant known to us, such as the dimension
groups in [8], the configuration graph (see page 6 below), or the numerical
index used in conjuction with the notion of weak equivalence in [1]. The

example is an explicit substitution 7 on {a,b,c,d} such that the matrices
associated to 7 and its opposite 77!, respectively, become

6 9 3 9 0 0 6 9 3 9 00
12 18 6 18 0 0 12 18 6 18 0 0
6 9 3 9 00 6 9 3 9 00
36 54 18 54 0 0 4 |36 54 18 54 0 0
10 13 4 12 1 0 2 7 2 7 10
6 8 2 8 0 1 2 7 2 7 01

Needless to say, having computer based tools to compute these compo-
nents of our invariant is very useful in the study of it. The project described
above thus naturally lead us to concern ourselves with computability of the
aforementioned words and quantities associated to the class of special ele-
ments associated to a given substitution, and failing to find algorithms meet-
ing our needs in the literature, we developed the approach presented in the
present note. Our algorithm outputs a finite representation of each special
word, and determines when such representations are equivalent under shift
tail equivalence, a naturally occurring relation of importance in our invariant.

We wish to acknowledge [2], to which our work is closely related. Al-
though the ends and ambitions of the present note and [2] do not overlap,
the means seem to do. Our method was developed independently, but we
recieved [2] before writing up this note. Although we have not attempted
to do so, the results in our Section 3 could most likely be developed using
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the methods in [2], and vice versa. The series of reductions based on replac-
ing the substitutions in [2] is, however, computationally inconvenient for our
purposes. Our Section 4 has no analogue there.

Our paper is organized as follows. In Section 2, after having singled
out the class of elementary substitutions and explained how to reduce the
problem to this case, we associate certain graphs to such substitutions and
explain how they give rise to a class of adjusted left special words. We
also define a class of adjusted left special words arising from 7-periodic one-
sided words. In Section 3 we then proceed to prove that each adjusted left
special word is on the list generated in the previous section, and prove a
separation result of importance in our forthcoming paper [6]. The main
technical tool is the one-sided substitute for injectivity of 7 considered as a
map on its two-sided shift space, cf. Lemma 1.2 below, which we shall be
able to derive from the work of Mossé ([14]). In Section 4 we describe an
algorithm for determining shift tail and orbit equivalence of the output of
the algorithm described and proved in the previous section. The paper ends
with a summary of the algorithm and a few remarks of relevance to related
work.

1.2 Swubstitutions

We refer to [9], [8], and [17] for a thorough introduction to this subject and
shall here only lay out notation. Letting a denote a finite set or alphabet,
we denote by a* the set of nonempty finite words in a. For w € a*, we let |w|
denote the number of letters and index the letters of w from 0 to |w| — 1. A
substitution is simply a map 7 : a — af. We can extend 7 to a* or to

aZ a%o g7 (1)

(with Ng = {0,1,...}, =N = Z\Ny) in the obvious way, and define powers
of 7 recursively. To define the action of 7 on a” we need to specify that
the word resulting from the substitution of the letter at index 0 of a doubly
infinite sequence = will be placed starting at index 0 in 7(x). We thus have

T(y.x) = 7(y).7(v)

where, as we will do in the following, we have used a dot to indicate the
position separating —N and Ny. We denote by 77! the opposite substitution
defined by reversing each word 7(-). Finally, an abelianization matriz A, is

3
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associated to 7 as the |a| x |a|-matrix counting at row b and column a the
number of occurrences of b in 7(a).

We equip the sequence spaces mentioned in (1) with the product topology
from the discrete topology on a, and define o : a? — aZ by (0(z)), = Tpi1.
Maps of this type we will refer to as shift maps. A two-sided shift space is
a closed subset of a? which is mapped onto itself by o. We shall refer to
such spaces by “X” with possible subscripts. Generally speaking, a one-sided
shift space is a closed subset of a™ or a™ which is mapped into itself by
the unique shift map. We are only interested in those one-sided shift spaces
which can be produced from two-sided shift spaces by projection, and denote
these spaces by X* and X™, respectively. There is a rich theory of shift spaces;
we refer to [12] and [11].

For —oo < i < j < oo we use interval notation zj; ;) to denote the
(possibly infinite) subword of = corresponding to the indices between 7 and
J. We write xy; ji = x};,-1) when it makes sense and is convenient. Unless
specified otherwise, we index finite words by nonnegative indices starting
with 0, and right or left infinite words by Ny or —N.

The language of a two-sided shift space is the subset of a* U {¢}, where ¢
denotes the empty word, given by

LX) ={zpy |z eX,i<jeZ}

Conversely, a subset G C af U {e} defines a shift space; the smallest shift
space Xg such that G C L(Xg). With G = {7"(a) | n € N,a € a} we arrive
at the substitutional dynamical systems denoted X, which will be our main
concern in the present paper.

We single out two important properties of substitutions below. The no-
tation “A > 07 indicates that the matrix A has only positive entries.

Definition 1.1 A substitution 7 is primitive if |a| > 1 and
In e N: A" > 0.
A substitution 7 is aperiodic if |X, | = co.

It is decidable when a given substitution has these properties, cf. [15]
and [19]. Primitive and aperiodic substitutions yield minimal shift spaces:
all orbits {¢"(z) | n € Z} are dense, cf. [17]. Consequently, there are no
(ultimately) o-periodic words in X, XI or X_ for such 7: if 2y, = Xy 1p for

all n in the various index sets, then &k = m. Further, we have

4
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Lemma 1.2 [[14], cf. [8, Corollary 10]] The map induced by T on X, is
injective, when 7 is primitive and aperiodic.

Example 1.3 The following substitutions are all primitive and aperiodic:

71 :1+— 12,2+ 13,3 +— 123;

Ty :0 — 003210, 1 — 00, 2 — 00, 3 — 00220;

73 :a — aba, b — baab;

74 :0+— 10,1 — 0;

Ts :a +— accdadbb, b — acdcbadb, ¢ — aacdedbb, d — accbdadb;
Te :a — accbbadd, b — accdbabd, ¢ — aacbbedd, d — acbedabd.

The following notation is convenient. When wy,...,w,_1 is a finite list of
words in £(X,), we define

[Wo, ..., wa_1]™ = wor(wy) -+ - 7" (Wpet )T (wo) T (wy) - - - € at,

N

" (wy) 7" (wo) T Hwp1) - - T(wr)wy € a7

(W1, W] =T

1.3 Orbit classes and special elements

Definition 1.4 Let X be a two-sided shift space. We define three equiva-
lence relations on z,y € X in the following way:

(i) If there exists an n such that z,,, = yp+m for all m € Z then we say that
x and y are orbit equivalent and write x ~, y.

(ii) If there exist an n and an N such that x,, = y,1,, for all m > N then
we say that x and y are right shift tail equivalent and write x ~,. y.

(iii) If there exist an n and an N such that x,, = y,1., for all m < N then
we say that x and y are left shift tail equivalent and write x ~; y.

Notice that © ~, y implies that = ~, y,x ~; y, so ~, and ~; induce
equivalence relations on X/~, which we also will denote by ~, and ~;. We
call an orbit class [x] in X/ ~, left special ([10, §5]) if there exists [y] € X/ ~,
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such that [z] # [y], but [z] ~, [y]. A left special word x € X is a representative
of such an orbit class with the property that y € X exists with

To1F Y1 To,c0[ = Y[o,00[-

We say that the left special word z is adjusted if o~ (x) is not left special
for any n € N.

The symmetric definition defines a class of (adjusted) right special words.
Classical results ([17, p. 107], [3, Theorem 3.9]) give:

Theorem 1.5 When 7 is aperiodic and primitive, then the number of (left
or right) special orbit classes is finite, but nonzero.

Note that as a consequence of this, there is always an adjusted special
word representing each special orbit class. Clearly this word is unique.

A nice way of describing the structure of special words using the equiva-
lence relations ~, and ~; on X/ ~,, suggested to us by an electronic exchange
with Charles Holton, is by means of a bipartite graph defined as follows. The
vertex set of the graph will be contained in the disjoint union of X/ ~, and
of X/ ~, and for each orbit class [z], with x a special element, we let an edge
connect A € X/ ~, with B € X/~ if [z], € A and [z], € B, and we label
that edge [z],. Removing all vertices with no edges, we arrive at a bipartite
graph which we shall denote as the configuration graph of X. The theorem
above shows that this is a finite graph when the shift space arises from a
substitution. Examples are given in 4.7 below.

Lemma 1.6 The configuration graph is an invariant of conjugacy and flow
equivalence ([16]) of the substitutional dynamical systems.

Proof: Since a conjugacy is a sliding block code (cf. [12, 1.5]), one easily sees
that it must preserve special words and all the relevant equivalence relations.
Similarly, any ezpansion map induced by

ag — agb a; — a;,1 >0

sending biinfinite sequences on the alphabet a = {ag, a1, ..., a,} to biinfinite
sequences on a U {b} will take special words to special words in a manner
preserving all the relations, and since the same can be said about the inverse
of this map which deletes all occurrences of b, we get that expansion maps
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preserve configuration graphs. This proves the second claim since flow equiv-
alence on shift spaces is generated by conjugacy and expansion according to
[13, Lemma 2.1]. O

Note that the lemma implies that also the number of orbit or shift tail
classes of special elements is a flow invariant.

2 Collecting special elements

2.1 Elementary and simplifiable substitutions

We recall from [18, p. 17] that a substitution 7 on the alphabet a is simplifiable
if it can be factored 7 = f o g for maps

f:b—a g:a—bf

where |b| < |a|. We say that the substitution v = g o f is a simplification of
7 in this case. In case 7 is not simplifiable, we call it elementary.

It is decidable whether a substitution is simplifiable or elementary, cf.
[18, p. 17], and a succession of simplifications, ending with an elementary
substitution, can be computed in the simplifiable case. Composing the 2n
maps involved in a simplification in n steps to the elementary substitution
v, we get f, g with the property

T"=fog W'=gof. (2)
This was used in [15] to provide an algorithm for deciding aperodicity by
reducing to the elementary case. We shall use a similar strategy to compute
the set of special elements for a given substitution, based on Proposition 2.2
below.

First, however, we need to concern ourselves with establishing our key
substitution properties for simplifications. Simplifications preserve aperiod-
icity — this is a key observation in [15] — but a simplification of a primitive
substitution may fail to be primitive. However, the following holds:

Lemma 2.1 If a primitive and aperiodic substitution 7 is simplified to an
elementary substitution v, then v is primitive and aperiodic.

Proof: Tt follows easily that A, and A, are strongly shift equivalent, cf. [12].
Note further that A, must be essential, as otherwise a letter could be deleted
from the alphabet. Applying [12, Proposition 4.5.10], we get the desired
result. 0
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Proposition 2.2 Let 7 be a primitive and aperiodic simplifiable substitu-
tion and let v be an elementary simplification with maps f, g satisfying (2)
above. The map from X, to X, induced by f preserves orbit and shift tail
equivalences, and maps the (left, right) special orbits of X,, bijectively onto
the set of (left, right) special orbits of X, .

Proof: Clearly the maps induced by f and g preserve all three kinds of
equivalence. Note also that they are injective because of Lemma 1.2; in the
case of f because v (and v") is primitive by Lemma 2.1.

Clearly, then, both maps send special elements to special elements. Let
Z1,...,%, be a choice of orbit inequivalent special words of X_, representing
all such orbit classes. We have that 7(xy),...,7(z,) are orbit inequivalent
special words of X_, since 7 is injective and X, is aperiodic. Hence each orbit
class of special elements is realized by a representative of the form f(g(z;)),
where g(x;) is special. O

Example 2.3 The substitutions 1, 73, T4, T5 and Tg are elementary, but 1, is
simplifiable to

b = ppap, q — pprrppppp, T — pp

using f given by p — 0,q — 321,r — 2 and g given by 0 — ppgp,1 +—
PP, 2 = pp, 3 — pprrp.

2.2 N§S-covers and their graphs

In the following, we assume that the alphabet a is equipped with some well-
ordering “>"; in the examples, we just use alphabetical or numerical order.
Let W be a finite set of nonempty words. By WxW we denote the set

{(v,w) | v,w € W, 0|1 > W)y|-1}

consisting of pairs of words from VW which end in different letters, arranged
so that the word ending in the first letter according to “>” is first among
the two.

Definition 2.4 Let 7 be a primitive and aperiodic substitution. We say
that the finite family W C £(X,) is an N.S-cover of 7 (a nonsuffix cover) if

Cyl’(w) = {$ e X, ’ T[—|w|,~1] = w}, weWwW
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forms a disjoint partition of X_, and if for every pair (v, w) € WXW one can
write
Tv)=t'z  71(w) =uw'z (3)

where t,u, z € L(X,) with t,u # ¢, and where either

(v, w') € WXW (+)
or

(w',v') € WXW. (—)

Not every primitive and aperiodic substitution posseses an NS-cover —
our example 7, provides an example of this behavior as seen in Example 5.2
below. However, the following shall suffice for our purposes:

Proposition 2.5 If a primitive and aperiodic substitution is elementary, it
posseses an N S-cover. Indeed, there is a computable integer n such that the
set

{we LX;) | |w] = n}

is an N S-cover.

Proof: By [18, Theorem 1.6, p. 126], the integer

p=3"(Ir(@)] ~ 1) + max|r(a)

aca

has the property that if words v, w € £(X,) end in different letters, and both
7(v) and 7(w) have the suffix z, then |z| < p.

By primitivity, one letter a € a has the property |7(a)| > 2, and we may
find m such that a occurs in 7(b) for every b € a, and with

=2(p+ 1) max{|7™(b)| | b € a}
we thus have that a occurs p + 1 times in v if |v| = n. Thus
lT()| >p+1+v=p+n+1

for each such v. In (3), this leaves n letters to read off v/, w’" ending in different
letters, and at least one more letter to read off ¢, u. O
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Implementation remark 2.6 In practice one finds that the value of n de-
termined above is often much larger than needed. It is hence recommendable
to simply try n = 1, n = 2, etc. until one reaches a sufficiently large length.
We do not know whether the bound given is reachable.

Example 2.7 For the substitutions considered in Example 1.3, the smallest
number n such that the set of all words in the associated language is an
N S-cover is

T Tfl (%! v;l 732751 T4 7};1

2 3 3| 4 1 4| 2

Let now 7 be a primitive and aperiodic substitution with an N.S-cover
W. We define a multiply labeled graph G,y of 7 and W as follows. Choose
as vertex set Vyy = WXW and define for each (v,w) € WXW a threefold
labeled edge

(W', w') 225 (v, w),

where v/, w’ and z, t, u are the (obviously unique) elements satisfying (3). Let
&, denote the set of all such edges with (v, w) ranging over WxW and define
labelings

£:&— LX), Ly :E— L(X,),L_: & — L(X,)

accordingly, associating z,t, u, respectively, to the edge in question. Finally,
we label any edge of G, by

gE—s={+ -}

according to which of the alternatives in Definition 2.4 is met. We will need
to consider {4, —} as the group Z,, but find this notation more suggestive.

In the following definition, the essential part of a given graph is the
subgraph defined by deleting all vertices which do not have both incoming
and outgoing edges.

Definition 2.8 The graph G,y is the essential part of (V,w, &) labeled
by the restrictions of the labelings.

Corollary 2.9 For every primitive and aperiodic substitution T with an N .S-
cover W, G,y is a nonempty forest of cycles.

10
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Proof: By construction, each vertex of G, has only one incoming edge. Since
G, is essential, each vertex has at least one, and thus exactly one, outgoing
edge. We conclude that G, is a forest of cycles. Since (V,, ;) defined above
has at least one cycle, so does G,. ]

Example 2.10 For each substitution in Example 1.3 we state G, associated
to the NS-covers consisting of all words of a certain length, as found in
Example 2.7. The graphs are decorated with £, £'.

34
T (21,12) 7 (12,13)
€,+ 1
At ()
L (321, 213) (131,213) (132,213)
21+
Vs : (ppp, PPQ) = (ppp, prr)
(ppq, prr)
p,— ppPppPp,—
D! (D
vyt (pppg, pprr) (pppp, PPPY)
€+
(N
T3 ! (a,b)
0,—
O
Ty : (1010, 1001)
()
T (10,01)

Lemma 2.11 Let 7 be a primitive and aperiodic substitution. When W
is an N S-cover for T, then it is also an NS-cover for ™ for N > 1. The
underlying graph of G~y is identical to the higher power graph (G, w)",

11
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with edges representing paths on G,y of length N. It is labeled by

Lleo,- . en-1) = Lleo)(Ller)) - 7" (Llean)),

N-1

2,’(60,...,61\/,1) = S/(ei)a

i=0
and
Lileo,. .. en_1) =TV (Lo (en—1)) - 7(Ls (1)) Loy (€0),
where s; € {4+, —} is defined recursively by sy = + and s;11 = £'(e;)s;.
Proof: To see the first claim, note that when (v, w) € WXW

T(v) = 7(t'z) = 7()7(v)7(2)

()" 7(2),
2

7 (w) = 7(tw'z) = 7(u)7(W')7(2) = 7(u)u'w"2'7(2),

where (v/,w') and (v”,w") are elements of WXW. This forms the basis of an
induction argument proving that W is an N S-cover for 7%. The remaining
claims are straightforward. U

Proposition 2.12 Let 7 be a primitive and aperiodic substitution. There
is an N such that G vy is a forest of loops all labeled + by £'.

Proof: As seen in the proof of Corollary 2.9, G,y is a forest of cycles. The
power m defined as the least common multiple of all the lengths of cycles
will lead to a graph with loops only. Then N = 2m will suffice. O

We shall say that N is a W-basic power of the primitive and aperiodic
substitution 7 (relative to the N S-cover W) if G,~ )y meets the conditions of
Proposition 2.12. Our result above proves that every primitive and aperiodic
substitution with an N S-cover W has an W-basic power. Suppose further
that 771 has an NS-cover W'. We say that N is an W, W'-bibasic power if
N is W-basic for 7 and W'-basic for 771

A class of left special words on bracket form can be read of the graph thus
associated to a W-basic power of a substitution. Indeed, whenever (v, w) is
a vertex in the graph, e is the loop at that vertex, and whenever £(e) # €
we have that

7"V () = TNTI(L(e) - TV (4 (€))L ()ue(e) T (E(e)) - TN (E(e))
"N (w) = TNI(E (e) - TN(E—(G))E—(e)wﬁ(e)TN(E(e))---TN(’”*”(E(e))

T

12
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are words growing to infinity in both directions, as £, (e) # ¢, £_(e) # € by
definition of N S-covers. Thus both

E R (O] ule(e) F TR

and
N-1 N-1
€. 8L (e)] w[Le),s .- ¢

are elements of X_. Since v and w end in different letters, these elements are
left special. We shall denote the class of such left special words by Sy (lat.
sinister). By considering opposite substitutions and reverting the output of
the procedure described above, we get a set of right special elements which
we denote by Dyy (lat. dexter).

Implementation remark 2.13 It is a theoretical convenience to work with
special words read off a graph associated to basic powers, but as a conse-
quence of our construction the words may also be read off graphs associated
to smaller powers, notably N = 1.

When the graph is no longer a forest of +-labeled loops, one proceeds as
follows. For each vertex (v,w) in Gy, one follows outgoing edges

€0y .- Cn

until e,, ends at (v, w). One defines s; € {+, —} recursively by
S0 = +, siv1 = £(e;)s;.

If s,, = + one records

(L5, (en), ., Ls(e0)] v.[L(e0), ..., L(en)]T,
(£ s (en), .., £ g (e0)] w.[L(eg), ..., L(en)]T.

If s,, = — one needs to consider

(L s (en)s . £ g(€0), L5, (€n), ..., Ls(€0)] 0. .
(L, (en)s -y Logle0), £ s, (€n), -, £ s (e0)] w.[L(eg), ..., L(en)]T.

Obviously, we just get different — shorter — bracket representations of the
elements of Syy this way.

13
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Example 2.14 Reading off elements on the graphs found in Example 2.10
we get

71 Sy, = {[1,13]712.[¢, 3], [12, 12] 7 13.[¢, 3] 1, [13, 1]721.[3, €] 7, [12, 12]712.[3, €] T}
Dy, = {[12,12]7.123[12, 23]7, [12, 12].312[13, 13]",
[12,12]7.131[23, 12]*, [1, 1]7.231[213, 312]
[1,1)7.312[312, 213] " };
va :Swy, = {[papppap, papppapppppp, Pap)” ppp.[pp, PP, PP]
[pap, papppap, papppapppppp]” prrlpp, pp, Pp) ",
[papppapppppp, AP, PapPPap]” PPY. (PP, PP PP };
Dy, = {[ppppp, pPPPP)~ -9PPPIAPP, PAPPPAPPPPP] T,
[ppppR, PPPPP) ™ TP [PAPPPYPPPAPP, PP] T,
[p, P~ .pPPP[rTEPPAPPPAPPPIPD, APPPAPPPIPP)
[p, P~ -appplapppapppapp, rrpppapppapppapp] };

73 : Sy, = 0;
Dy, = 0.

71 :Sw, = {[0,0]71010.[0,0]*, [0,0]71001.[0, 0]}
Dyy, = 0.

2.3 r7-periodic points

We call elements y € XT, respectively x € X, 7-periodic when 7"(y) = y,
respectively 7"(z) = z, for some n > 1. Let a be the last letter of a 7-
periodic z and b the first letter of a T-periodic y. If ab € L(X.), then because
every finite subword of x.y is contained in 7% (ab) for some k, we have that
x.y € X,. And if another 7-periodic word ' € X~ ends in o’ # a for which
a'b € L(X,), then z.y and 2’.y are left special elements.

The class S, of left special elements obtained this way is computable. For
a letter a € a gives rise to a 7-periodic word precisely when 7"(a) begins or
ends in a, and there is a computable smallest integer N such that all possible
first and last letters are attained at some power n < N. Furthermore, the
set of two-letter words of £(X,) is computable.

14
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Definition 2.15 For any N S-cover W we write
Sow = Sw U S,,.
The symmetric notation is applied to D as well.

We also note that such a left special element can be written on bracket

form. Indeed,
N-1 N-1
ry=1[¢...,¢v] abwe ..t

where 7V (a) = va and 7V (b) = bw. Note that v, w # € by primitivity.
Example 2.16 S, and D, are empty for i, s, 75, 76, but

73 :S, = {[ab] " a.alba]*, [baa) b.a[ba]t};
D, = {[ab]"a.alba]™, [ab]~a.blaab] " };
74 :Sp =10
D, = {[1]70.0[10, €] ™, [1]70.1]0, €] " }.

3 The structure of special words

In the previous section we defined two classes of left special words which we
denoted by Syy and S, respectively, and let Sy denote their union. In the
present section we are going to prove that Sy coincides with the set of left
special words.

3.1 Auxiliary results

The following is a one-sided substitute for Lemma 1.2. It is proved using
techniques from [14].

Lemma 3.1 For a primitive and aperiodic substitution 7, let x,y € X_. If
7(x) ~, 7(y), then x ~, y.

Proof: We first note, as in [14], that there exists M € N such that

™(a) = ™ (b)) <= ™" (a) = M 7(b)

15
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for any a,b € a. Since 7 is primitive, we may choose M so large that an
element u € X_ has the property 7™ (u) = u. As a consequence of [14], cf. [8,
Corollary 12], we may choose z’,y € X_ such that

w o )y e TN,

By assumption, 7 (z') ~, 7 (y'). We fix i,j € Z such that 7™ (2');,,, =
™ (y') 40 for all n € Ny.
We define for each k € Ny

ap =" (@)l =i b =T (o)l —

and let A = {ag,ay,...}, B = {bo,b1,...}. Our first goal is to prove that
AN |[Lyoo[= BN[L,oof for an L € N chosen according to Mossé’s two-
sided reckognizability property for 7. This property states that with e} =
|7M (upo,p)] and

UpeM —Lep L) = Ul-L,I+L]

then [ € {eM | k € Ny}, cf. [14, Définition 1.2]. Hence let k € A,k > L and
choose, using minimality, integers r, s such that

Ulr,r ket L+i] = x/[o,k+L+z‘] Uls,s+k+L+j] = yf07k+L+j]'
Then
{h+eM+i|he{ag, .. ,appirr}y={eM |r<h<r+k+i+L}, (4)
and
{h+e+j|hefby,.. bpjir}t={el |s<h<s+k+j+L} (5
Choose by (4) h € {r,..., 7+ k+1i+ L} such that e} =k + eM + 4. Since

UM _peMyr) = UeMtkti—L,eM+k+itL]
My
™ (x )[k+z>L,k+z‘+L}
_ My 1
= 7Y ) krj-LbtirL)

= U[eM k4j—L,eM+k4j+L]

it follows by [14, Théoreme 3.1 bis] that eM + k + j = eM for some h, where
obviously s < h < s+ k + j. Using (5) we get that k € B, as required to

16
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prove AN [L,00[C BN [L,00[. The symmetric argument proves the other
inclusion.
Let

n=min{h € Ny |a, > L}  m=min{h € Ny | b, > L}.

By what we have already proved, {a,, ani1,...} = {bm,bmi1,...}, s0

TM(fU;erd) TM(x/)[an+d+i7an+d+1+i[
= TM(y/)[an+d+j7an+d+1+j[
- TM(y/)[bm+d+j>bm+d+1+j[
= TM(?J:n-i-d)
for every d € Ny. By our initial assumption on M, also 7™ (a/_,) =
™M1y ;). Consequently, z ~, y, as desired. O

3.2 The main theorem

Lemma 3.2 Let 7 be a primitive and aperiodic substitution with an N.S-
cover W, and assume that N is a VVW-basic power for 7. Suppose that x, x5 €
X, are elements of the form

Tr; = T;0;.X

where (v1,v5) € WXW. Then there exist y1,Yy2 € X, of the form
Yi = Yivi-y
such that z; = o~ %©l (7N (y,)), where e is the unique loop at (vi,v2) € G .

Proof: Let z; be of the described form. As a consequence of [14], cf. [8,
Corollary 12], there exist w; € X, and integers m; with 0 < m; < |7 ((w;)o)|
such that

z; = o™ (TN (wy;)).

We get that

(T (1)) pma ool = (1) 10,000 = (Z2) 10,001 = (T (W2) ) mssov

and since 7 is also aperiodic and primitive, Lemma 3.1 applies to yield

n; € 7Z such that

(wl)[nl,oo[ = (w2)[n2,w[' (6)

17
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We may and shall assume that among the pairs (ny,ny) € Z? satisfying (6),
the sum ny +ny is minimal. For if (n], n}) satisfied (6) with nJ +n) — —oo,
we could use the fact that there are no o-periodic points in X to prove that
njl — njz is constant and then conclude that w; ~, wy. This would lead to the
contradiction xy ~, Zs.

Now by minimality

<w1>n1_1 # (w2)n2—1~
Choose ¢; € Z and uq,us € W such that

(Wi) ey 00 = Wil

where § = (W) 00 = (W2)[na00[- Since we are working with a W-basic
power N for 7, we have
M

T (ug) = tiuiZTN(g]),

and since this is a segment of x;, we get that z begins at index 0. Con-
sequently, (uy,u2) = (v1,v2), and since z = £(e), the result is established.

O

Theorem 3.3 Let 7 be a primitive and aperiodic substitution with an N .S-
cover W. If v € X, is a left special word, then x € Sj.

Proof: Choose a W-basic power N for 7. Let x1,25 € X_ be given with
(71)[0,00] = (%2)[0,00[; DUt (1)1 # (22)—1. By definition of NS-covers, z; €
Cyl™ (v;) for some unique v; € W. Note that after interchanging x; and xo if
necessary, we may assume that (vi,v,) € WXW. Apply Lemma 3.2 to get
elements y; and an edge e with the properties stated there, and note that
these elements are also left special and satisfy that y; € Cyl™ (v;).

When |£(e)| = 0, Lemma 3.2 can be iterated to get that

x; € ﬁTiN<XT>,
1=1

and this in turn implies that the z; are 7-periodic. When |£(e)| > 0, we let
z = £(e) and note that Lemma 3.2 may be iterated to prove that

N—-1 N—-1
Ti = [67 ceey e,ti]*ui.[z, €, ... ,6}+,
We note that this word lies in Sy, by construction. 0

18
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Remark 3.4 Note that when [£(e)| > 0 for all edges of G~y the first case
does not occur and every left special word can be found in Sy,. This will
always be the case when 7 is proper in the sense that there exists M € N and
letters 7,1 € a such that every word 7 (a),a € a begins in [ and ends in 7.
This leads to the following separation result of importance in our forthcoming

paper [6].

Proposition 3.5 Let 7 be a proper, primitive and aperiodic substitution
with an N S-cover W. For every left special word x of X two words vy, vy €
W may be chosen with the property

Vy € XF vy, vy € XF = 2 =1y.

Proof: As seen in Remark 3.4, x € Sy. Let (vi,v2) be a node of G vy,
where N is a W-basic power, from which we may initiate an infinite walk on
G,~ yy with labels yielding x. Using Lemma 3.2 as in the proof of Theorem
3.3 we get that when v;y € XTI, then y will coincide with the labels read off
this infinite walk, and hence y = . [

4 Deciding shift tail and orbit equivalence

We have managed to generate all special words of an aperiodic and primitive
substitution. We have not yet, however, given an algorithm to decide which
special words are adjusted. Similarly, since our method may output two or
more elements which are orbit equivalent, or even identical, we have not yet
explained how to count the number of orbit classes of special words or to
compute the configuration graph. We solve these problems in the present
section.

4.1 A decidable relation

In this section we consider the following auxiliary relation, prove that it is
decidable on words on the form [v] w.[w]T, and that it is closely related to
right shift tail equivalence.

Definition 4.1 Let 7 be aperiodic and primitive, and consider z,y € X..
We write x < y when there exists n € Ny such that zj o[ = Yjn,o0[-

19
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We first see in Lemma 4.2 that it is decidable when [v]T = ([w] ") o0[ for
k up to a certain predefined integer, and then pass to general k£ in Lemma
4.3.

Lemma 4.2 Let 7 be aperiodic and primitive, and let v,w € L(X,)\{e} and
0 <k < |w| be given. We have

[o]" = (] ool

if and only if
V= Wi uo) [T (W0 ) -

Proof: If the equality of words holds, we get
I* [wik i 7 (Wpo,)]
= Wi, )T (W )T(w[k ol T (W(o,6)) 7> (Wt ool T (Wio kD)) - =+

= Wi o7 (W )T(

[v

In the other direction, first note that if [v]*" = [w]{; oo and 0 < k < |w|,

(0] otkool = T[] ) kyoo]

(
= 7( w][k: oo[)[k oo
(

+

[
[

= T([W] ") et r(wpo pp)l 00l
bt o) ol oo

= [w
= ([ ]+) [7(wio, k) |H|w],00]

using the assumption on k in the third step. Since otherwise a subword of
[v]T would be o-periodic, the two segments must agree, so the length of v
must coincide with the length of w7 (wok[). Reading off letters from the
left we get equality of the words themselves. O

Lemma 4.3 Let 7 be aperiodic and primitive, and consider v,w € L(X, )\{€}.
If []* < [w]™ then '
= (7" (w)7 (W) 4ol

where i € Ny satisfies |7 ( )< || < |7 (w)| and 0 < § < |79(w)].
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Proof: Assume that [v]" = ([w]")}n,00f and write

n—ZIT )+

with j € {0,...,|7"(w)| — 1}. Then [v]* = ([w]*)p,cof = ([7"(w)]*)pj,0p, and
by Lemma 4.2 applied with 7'(w) in place of w we get that v is a subword
of 7%(w)T ! (w), and that

o] = |7 (w)] = + |7 (7" (w) o))

Since |7(7(w)p,1)| = j we have |v| > |7"(w)|, and since we have, for any
word u and any ¢ < |ul,
C | (uge )| = Jul

we can apply this to u = 7°(w) and get that

7 (w)| = IT(Ti(w)[o DI+ 17(7* (W) )|
= Jo| = |7 (W) + J + |7(7 () i wy)|
> ol
as desired. O

Note that when w and v are given in the lemma above, there is only a
finite number of i satisfying

[T (w)] < Jof < |7 (w)).

Thus “—” becomes decidable for elements of X _ given on the form [v] u.[w]*.
To tie this in with right shift tail equivalence, we note:

Proposition 4.4 Let 7 be aperiodic and primitive, and consider a finite set
B C X, which contains all left special words of X,.. Then the equivalence
relation induced by — on B coincides with right shift tail equivalence.

Proof: Since the other implication is obvious, let z,2” € B and assume
that = ~,. 2’ to find a series of elements in B, related by “—". passing
between x and z’. More precisely, assume that 2, .| = xfm,’oo[, where we
may and shall assume that the pair (m,m’) is chosen such that among pairs
of nonnegative integers with this property, m +m/’ is least possible. If m =0
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5.4. DECIDING SHIFT TAIL AND ORBIT EQUIVALENCE 131

orm’ =0 we have x — z’ or ' — x. If m,m’ > 0, we get by the minimality
assumption that j,_1 o[ 7 x’[m,fl oo holds, whence o™ (x) is left special, and
thus ol = Ty o) = Zfooo| With 2" € B. Consequently, 2" — 2 and

" — 2/, wherefrom it follows that = and x’ are related by any symmetric
and transitive relation extending “—". O

Example 4.5 For 74, our algorithm has produced a set
{[0,0]71010.[0, 0]*, [0, 0]~ 1001.[0, 0], [1]70.0[10, €] *, [1]70.1[0, €] *}

of special words which we enumerate x1,...,x4. Applying the results of the
present section to 77 we get that ¥y — Ty, Ty — X1, T3 — T1, T4 — Ty, but
r3 4 x4 and x4 4~ x3. This demonstrates that the symmetrized relation
induced by “—7” is not an equivalence relation, and hence not the same as
right shift tail equivalence.

4.2 Deciding equivalences

Theorem 4.6 Let 7 be a primitive and aperiodic substitution with an N.S-
cover W, and with an NS-cover W' given for 7=*. On a finite set B with

SpW U DpW/ C B - XT

of elements finitely presented on the form [v]~u.[w]|T, right and left shift tail
equivalence, as well as orbit equivalence, is decidable. Furthermore, it is
decidable which special words are adjusted.

Proof: Let ¢ = [v] u.[w]T and 2’ = [v/]"«/.[w']T denote generic elements of B.
We have seen in Proposition 4.4 that right shift tail equivalence is generated
by a relation which is decidable by Lemma 4.3. By symmetry, the same is
true for left shift tail equivalence. To decide orbit equivalence, we first decide
whether the shift tail equivalences hold, noting that the algorithms described
above provide us with integers satisfying

(o] )ooiy = ([ )1oory (] ) m.oot = (@) o0

Checking orbit equivalence is hence reduced to comparing finite segments
containing v and u’. The adjusted left special words are then those left
special words x with the property that y — x for each other left special
y € B in the same orbit class. O
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Example 4.7 Our algorithm leads to the following configuration data graphs:

e
7 zz o
. ~_

5 Conclusion

In conclusion, our algorithm is laid out as follows. We have implemented it
as a Java applet, see [5].

(a) Check that 7 is aperiodic and primitive ([15],[19]).
(b) Decide whether 7 is simplifiable or elementary ([18]).

(c) If 7 is elementary, let v = 7. If 7 is simplifiable, compute a simplification
v of T ([18]).

(d) Compute an integer such that W, is an NS-cover for v (2.5).

(e) Compute graphs G, yy, and G,-1y, and read off sets Sy, and Dy (2.8,
2.13).

(f) Compute sets S, and D,, (2.15).
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(g) Determine shift tail and orbit equivalence among elements in Sy UDppy
(4.6).

(h) If 7 # v, transfer special elements back to the alphabet of 7 (2.2).

Remark 5.1 Obviously steps (c¢) and (h) are redundant when 7 is already
elementary. And as noted in Remark 3.4, we may skip step (f) and work
directly with Syy and Dyy» when £(e) # ¢ for all edges of G~ )y and G —1yv ),
when N is an W, W’-bibasic power. This will always be the case when 7 is
proper in the sense defined there.

Example 5.2 Applying step (h) of the algorithm one gets that two of the
right special elements of T, are [00000]~.123000[12300, 012300012300012300]*
and [00000]~.2200[012300012300012300, 12300]*. This proves that 75 has no
N S-cover, for since [00000]~1 and [00000]~2 are mapped to the same se-
quence under 7o, there are words of any length with this problematic behav-
ior.

Remark 5.3 Our paper [4] shows how finer data associated to special words
may be used to distinguish the flow classes of 75 and 74 even though their
configuration graphs coincide.
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Chapter 6

Ky of the C*-algebra
assocliated to substitutional
dynamical systems

This chapter consists of the paper Augmenting dimension group invari-
ants for substitution dynamics in which the promised description of the
Ky-group of the C*-algebra associated to the one-sided shift space of a
substitutional dynamical systems as a stationary inductive limit of finite
abelian groups is given.

Notice that as in Chapter 4, the Ky-group of the C*-algebra associated
to the corresponding one-sided shift space is denoted by Ky(X), but that
the Ky-group of the crossed product of a two-sided shift space is called
the dimension group and is denoted by DG(X) (cf. [4]).

The paper is written together with Sgren Filers and has been accepted
for publication in Ergodic theory and dynamical systems.
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Augmenting dimension group invariants
for substitution dynamics
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Abstract. We present new invariants for substitutional dynamical systems. Our
main contribution is a flow invariant which is strictly finer than, but related and
akin to, the dimension groups of Herman, Putnam and Skau. We present this
group as a stationary inductive limit of a system associated to an integer matrix
defined from combinatorial data based on the class of special words of the dynamical
system.

1. Introduction

The topics of topological dynamics and operator algebras are tied together in a
way allowing fruitful bidirectional (although asymmetrical) transport of ideas from
one area of research to another. The main benefit for operator algebras from
this transport of ideas seems to be the definition of several important classes of
C*-algebras associated to dynamical systems. The main benefit for topological
dynamics seems to be the discovery of conjugacy invariants, especially ordered
groups arising from K-theory for operator algebras.

The contribution in the present paper is of the latter kind, based on a
contribution by Matsumoto of the former. Indeed, computing the K-groups of
C*-algebras associated to certain shift spaces, we shall arrive at a flow (and hence
conjugacy) invariant for these. This invariant is closely related to, but finer than,
the dimension groups for substitutional shift spaces defined by Herman, Putnam
and Skau in [18], and studied in this particular setting by Durand, Host and Skau
in [14].

The ground-breaking work of Cuntz and Krieger [13] showed how to associate, in
a natural and conjugacy invariant way, a C*-algebra to a shift space of finite type.
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2 T.M. Carlsen and S. Eilers

There has been a large amount of attention in the operator algebra community
to endeavors to generalize this construction, as the Cuntz-Krieger class holds a
pivotal position in the theory of purely infinite C*-algebras. Some work has taken
the graph picture of such a shift space as a starting point of generalization to a
non-finite setting. Other work, notably that of K. Matsumoto, has looked towards
the full class of shift spaces on a finite alphabet. Indeed, in a series of papers [24]-
[28] Matsumoto has managed to associate a certain C*-algebra to any such shift
space, and to gather much information about the algebras.

At the core of the interplay between operator algebras and dynamics lies an idea
originating with Krieger to study the K-groups of the operator algebras in question,
employing the fact that these will be invariants of the shift spaces when the C*-
algebras are. This idea allowed the realization of the dimension groups originating
in Elliott’s work [15] on AF algebras as the conjugacy invariant now well known.

Such a strategy has been successfully pursued in work of Matsumoto ([24]-[29])
(and of Krieger and Matsumoto ([21])) leading to a complete description of these K-
groups which does not involve C*-algebras, and to new insight in several important
classes of shift spaces. Taking the vastness of the class covered by Matsumoto’s work
into account, it is no surprise that the best general description of such algebras —
given in terms of “past equivalence” — is not readily computable. However, for the
class of substitutional dynamical spaces which is the focus of the present paper, a
very concrete description of this group can be given taking into account the ordered
group arising as the K-theory of a completely different C*-algebraic construction.

Indeed, such shift spaces will give rise to minimal topological dynamical systems,
and as shown in work by Putnam [33] and Giordano, Putnam and Skau [17],
the canonical crossed product associated hereto falls in a well studied class of C*-
algebras. This work was the starting point for work by Durand, Host and Skau [14]
and by Forrest [16] leading to new and readily computable conjugacy invariants for
such systems.

In the present paper, we shall compute the Matsumoto K-groups for any
primitive and aperiodic substitution shift space in terms of an integer matrix giving
rise to a dimension group through a standard inductive limit construction. The
starting point of our work is the intermediate presentation of the K-groups given
in [10] which then, in the present paper, leads to a complete description of the
Matsumoto K-group as an inductive limit of a stationary system just like the K-
groups considered in [14]. Indeed, this part of our computation is a (not completely
trivial) adaptation of methods from that paper.

1.1. A recurring example Throughout the paper we shall use the substitutions

7(a) = accdadbb 7(b) = acdcbadb
7(c) = aacdedbb 7(d) = accbdadb
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Augmenting dimension group invariants 3

and
v(a) = accbbadd v(b) = acedbabd
v(c) = aacbbedd v(d) = acbedabd

to illustrate the nature of our invariant, and to demonstrate how it is computed. The
corresponding shift spaces are strong orbit equivalent and hence indistinguishable
by the invariant of Durand, Host and Skau. This pair of examples is also resistant
to the method of comparing the configuration of the special elements or asymptotic
orbits (cf. [1]), suggested to us by Charles Holton. Indeed, the “configuration
data” of all right or left tail equivalence classes of special elements (see [10])
are identical. From [1, 3.10] 7 and v are flow equivalent precisely when the
derived substitutions 7* and v* defined there are weakly equivalent. However,
since computer experiments indicate that both 7% and v* allow squares ww but no
triples www in their respective languages, the method given in [1] for establishing
flow inequivalence does not seem to work here.

Nevertheless, we can use our invariant to prove that the shift spaces associated
to these two substitutions are not flow equivalent. We will return to this example
in 2.9, 3.4, 3.6, 3.8 and 5.17 below.

1.2.  Acknowledgments This work is the result of a long process starting when
we were both visiting The Mathematical Sciences Research Institute, Berkeley,
CA, in the fall of 2000. We wish to thank the Danish Science Research Counsil
and Herborgs Fond for making this visit possible. We are also grateful to Klaus
Thomsen for directing our attention to the class of shift spaces considered in the
paper, and to Tan Putnam for hospitality and suggestions during a visit by the
first author to University of Victoria. We are also grateful to Charles Holton for a
productive email exchange during the process.

2. Preliminaries and notation
Let a be a finite set of symbols, and let a? denote the set of finite, nonempty words
with letters from a. Thus with e denoting the empty word, € & af.

2.1.  Substitutions and shifts We refer to [14] and [34] for an introduction to this
subject. A substitution is simply a map

T:aﬁaﬁ.

We can extend 7 to a? in the obvious way, and thereby define powers of T recursively
by
() = 7(7" " (a)).

We find the following notation convenient:

DEFINITION 2.1. Let v,w € af. We say that v occurs in w and write
v w

when w = w'vw” for suitable w’,w” € a* U {e}.

Prepared using etds.cls

140



4 T.M. Carlsen and S. Eilers

For w € af, we call the number of letters in w the length and denote it |w|.

We set Ng = NU {0} and —N = Z\Ny, and equip o and ao with the
product topology from the discrete topology on a, and define o : a? — a% and
oy :alo — gNo by

(0(2))n = Tni1, (04(%)n = Tni1.

Such maps we will refer to as shift maps. A two-sided shift space is a closed subset
of a” which is mapped onto itself by o. We shall refer to such spaces by “X” with
possible subscripts; note that o(X) = X. A one-sided shift space is a closed subset
of ao which is mapped into itself by o,. We refer to such spaces by X*, and
remark that oy (XT) # XT is possible. There is a rich theory of shift spaces; we
refer to [23] and [20] and shall not give details here, but just establish notation.
However, the method for describing such spaces by way of languages and forbidden
words deserves explicit mentioning here.

We can further extend 7 to a0, a™™ and a” in the obvious way. It is necessary
in the last case, however, to specify that the word resulting from the substitution
of the letter at index 0 of a doubly infinite sequence x will be placed starting at
index 0 in 7(z). Using a dot to indicate the position separating —N and Ny, as we
will do in the following, we thus have

T(y.x) = 7(y)7(x)
The language of a shift space is the subset of af U {€} given by
LX) ={wead U{el|TreX:w-x}
(extending the notation “4” in the obvious way). With the obvious restriction maps
7y X — a0,
we get
0y 0Ty =T34 00

and immediately note that 71 (X) is a one-sided shift space. Sometimes it is more
suggestive to write

Tn,00] = (0" ()

for n € Z.
Whenever F C af is given, we define a two-sided shift space by

Xrp={(v;)€a? |Vi<j€Z:x;--x; & F}.

One can prove that every two-sided shift space has such a description.

We say that shift spaces are conjugate, denoted by “=~", when they are
homeomorphic via a map which intertwines the relevant shift maps. A conjugacy
invariant is a mapping associating to a class of shift spaces another mathematical
object, called the invariant, in such a way that conjugate shift spaces give

isomorphic invariants.
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The weaker notion of flow equivalence among two-sided shift spaces is also of
importance here. This notion is defined using the suspension flow space of (X, o)
defined as SX = (X x R)/ ~ where the equivalence relation ~ is generated by
requiring that (z,¢t+ 1) ~ (o(x),t). Equipped with the quotient topology, we get a
compact space with a continuous flow consisting of a family of maps (¢:) defined
by ¢:([z, s]) = [z, s +t]. We say that two shift spaces X and X' are flow equivalent
and write X 2, X' if a homeomorphism F : SX — SX’ exists with the property
that for every x € SX there is a monotonically increasing map f, : R — R such
that

F(¢i(z)) = ¢}, 1y (F(2)).

In words, F' takes flow orbits to flow orbits in an orientation-preserving way. It is
not hard to see that conjugacy implies flow equivalence.
We derive shift spaces from substitutions as follows:

DEFINITION 2.2. With 7 a substitution, we set
Fr=d\{fwed|ImeNaca:w-r"(a)}.
We abbreviate Xz = X, .

Clearly the maps derived from 7 above sends X, back in itself.

2.2.  Classes of substitutions In this section, we single out and discuss some
important properties of substitutions:

DEFINITION 2.3. A substitution 7 is primative if |a| > 1 and
dneNVa,bea:b-d7"(a).

Note that F, = Fr» and (hence X, = X, .) irrespective of n € N, when 7 is
primitive. Furthermore, in the primitive case, X, is minimal in the sense that
every orbit {o"(z) | m € Z} is dense, see [34, p. 90].

We are not interested in the case where X_ is finite, and hence consider only the
following class.

DEFINITION 2.4. A substitution 7 is aperiodic if X_ is infinite.

The following concepts are useful in determining whether or not a substitution
is aperiodic.

DEFINITION 2.5. A substitution 7 on the alphabet a is intertwined with a
substitution v on the alphabet b if 7 = go f and v = f o g for some maps

f:ia—bf g:b—af.

We say that v is a simplification of 7 if |b| < |a|. In case 7 has no simplification,
we call it elementary.
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It is computable whether a substitution is elementary or not, and there is an
algorithmic way to produce a sequence of simplifications ending with an elementary
substitution in the latter case, cf. [35, p. 17]. Since simplification preserves
aperiodicity, this reduces the problem of deciding aperiodicity to the elementary
case, in which it is readily decidable, cf. [32].

The final property we shall consider is perhaps less natural than the others:

DEFINITION 2.6. A substitution 7 is proper if for some 7/ : a — af U {e},
dneN3l,r €ava € a: 7" (a) = I7'(a)r.

In [14, Proposition 20, Lemma 21] an algorithmic way is given for passing
from a primitive and aperiodic substitution 7’ to a primitive, aperiodic and proper
substitution 7 such that X., ~ X_. There is hence no restriction, when the goal
is to discuss conjugacy or flow equivalence of aperiodic and primitive substitution
shift spaces, in working with the proper ones among them.

Furthermore, when a proper, primitive and aperiodic substitution 7’ is simplified
to an elementary substitution 7"/, the resulting substitution will also be proper,
primitive and aperiodic. That properness is preserved after incrementing the power
n in Definition 2.6 is obvious, and the other two claims are proved in [8, Lemma
2.1] and [32]. Observe that X_, and X, may fail to be conjugate, but we do have

PROPOSITION 2.7. If T and v are intertwined primitive substitutions, then X, =
X

FATR

Proof: Assume that go f = 7 and f o g = v with notation as in Definition 2.5. We
prove the claim by defining
F:SX, — SX,

by F([z,s]) = [f(x),s|f(x0)|] when s € [0,1] and « € X,. Checking that F is
defined and continuous is straightforward; we shall give details for injectivity and
surjectivity of F.

Suppose first that [f(z),s|f(z0)]] = [f(y),t|f(yo)|] for some s,t € [0,1] and
x,y € X,. By definition, there is an n € Z with the property

o"(f(x)) = fly)  slf(zo)l = tf(yo)| + n.

Reversing the roles of x and y if necessary, we may assume that n > 0. Choose
m € Ny maximal with the property that

I7(@(0,m()| < |9(f (@)0,n()]
and set i = |g(f(x)0,n)| = |7(Z[0,m[)]- Since 0 <i < |7(xy,)| and
o'(r(o™(2))) = ol E0nDl(r(z))
= o9V @w0ndl(g(f(x)))
= 90" (f(2)))
= 9(/(¥)
= 7(y),
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we get by Mossé recognizability ([30], cf. [14, Corollary 12]) that i = 0, 0™ (x) = y
and |7(xo ()| = [9(f(2)[0,n[)]- Hence |f([o,m[)| = n. We conclude that m =n =0
because if m > 0, then

s|f (o)l < |f (o) < |f (2po,mp) = 7,

which would make it impossible for s|f(zo)| to equal ¢|f(yo)| + n. Hence z = y,
and s|f(xo)| = t|f(yo)| so that s =t as desired.

To see that F' is surjective, let z € X, and s € [0,1] be given. Choose y € X,,
and k € [0, |v(yo)|[ such that = = o*(v(y)). Let

n =max{n' € No | |f(g()jon)| < s+ k}

and

s+k—1f(gW)o.n)l
|f(g(y)n)l .
Then r € [0,1], and

F(lo"(gw)),r]) = [f(@"(gW))),rlf(gy)n)l]

[
[o! 7@ (f(g(y))), 7[f (9(y)n)]
= [V WDl ((y)),r|f(g(y)n)l]
0" (v(y)), 5] = [z, 5]
because k + s = [f(g(y)0.n))] + 1 (9(¥)n)].

We have established that F' is a homeomorphism. Since it obviously maps orbits

to orbits in an orientation-preserving way, X, and X,, are flow equivalent. |
COROLLARY 2.8. If 7 is simplified to 7/, then X =¢ X_,

ExXAMPLE 2.9. The substitutions T and v are aperiodic, elementary, primitive, and
proper on {a,b,c,d}.

3. Components of the invariant

3.1. Basic quantities Fix a primitive and aperiodic substitution 7. In this
section, we shall associate a collection of combinatoric data to 7 which we shall
employ in our theoretical work, as well as in our invariants, below.

As we are navigating mathematical waters close to known undecidable quantities,
the reader might worry about computability of these data. Fortunately, we have
been able to find efficient algorithms for computing all the data described below.
The algorithms are suffiently simple that we have found ourselves capable of
implementing them in a Java applet ([9]), and although we have not studied the
complexity of these algorithms, we have found that they can compute invariants
for substitutions such as 7 and v in a matter of seconds. A presentation of
our algorithmic results, proved by methods partially related to [2], will appear
elsewhere, in [8].

We say (cf. [19]) that y € X, is left special if there exists y' € X, such that

ya#y, m(y) =1 ()
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—{ 41241235141241412412351..

...5141141241235141

4{ 1412412351414124...

...4124132141521412351 }

FIGURE 1. Special words for w

By [34, p. 107] and [3, Theorem 3.9], there is a finite, but nonzero, number of left
special words.

We say that the left special word y is adjusted if o~ (y) is not left special for
any n € N, and that y is cofinal if ™ (y) is not left special for any n € N. Thinking
of left special words as those which are not deterministic from the right at index
—1, the adjusted and cofinal left special words are those where this is the leftmost
and rightmost occurrence of nondeterminacy, respectively.

Let z,y € X,. If there exist an n and an M such that x,, = yp4m for allm > M
then we say that x and y are right shift tail equivalent and write x ~, y. One
defines right special elements using

voFy T-(y)=71-(),

and left shift tail equivalence and ~; in the obvious way. When a left special word
y is cofinal, every word in its right shift tail equivalence class will end in 74 (y).

REMARK 3.1. Quite often, all the special words of a substitution are simultaneously
adjusted and cofinal. There are exceptions, though, as illustrated by Figure 1
which indicates the relations among all the special words of the aperiodic and
primitive substitution w on {1, 2, 3,4, 5} given by w(1) = 123514, w(2) = 124, w(3) =
13214, w(4) = 14124, w(5) = 15214. The element

...514114124123514152.1412412351414124...

is an example of a cofinal left special element which is not adjusted left special.
Shifting it to

...51411412412351415.21412412351414124...
one achieves an element which is adjusted left special, but not cofinal. Shifting

once more, one gets an element which is simultaneously adjusted and cofinal right
special.
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Augmenting dimension group invariants 9

DEFINITION 3.2. When 7 is an aperiodic and primitive substitution, we denote the
number of right shift tail equivalence classes of left special elements of X_ by n;.

It is not hard to see directly that this number is a flow invariant for substitutional
systems, but in fact it will follow from our main result as noted in Theorem 6.2.

As described in Section 2.2 there is an algorithmic way of passing from a given
aperiodic and primitive substitution 7’ to an aperiodic, elementary, primitive and
proper substitution 7 in the same flow equivalence class. Now as concluded in [8,
Remark 5.1] (cf. also [1], [2]), there is an integer n such that each left special word
y can be represented (nonuniquely) as

T ()T ()T (v)vuawr™ (w) T (w) T (w) -

for some n € N and some v, u, w € £(X,)\{e} with the property that 7" (u) = vuw.
Since X, = X,» we shall in the following, with no loss of generality, pass to 7" and
assume that n = 1. Our definition below becomes more complicated by the fact
that elementarity does not always pass to powers.

DEFINITION 3.3. We say that a substitution 7 is basic if it has the form (7)™ for
some aperodic, elementary, primitive and proper substitution 7/, and if all its left
special words have the form

3 ()2 (0) T (V)vuaT (W) T (W) T (W) . . . (3.1)
for suitable u, v, w € L(X,)\{€e} such that
7(u) = vuw. (3.2)

As outlined above, there is an algorithm yielding for every aperiodic and
primitive substitution v a basic substitution 7 = (7)" with X, = X.. We may
hence work only with basic substituions as long as we are interested in invariants
of flow equivalence.

Our paper [8] provides algorithms for computing and representing each left
special element in X_ as in (3.1) and (3.2), to determine which of these elements
are adjusted or cofinal, and which among them are right shift tail equivalent. Thus
we may, in what follows, use the convenient notation

[w]” =" (w) ™ (w)T" (W) - T(w)w € aN
[w]t = wr(w)--- 7" (w)r" (w)r" T (w) - - € a'o
to describe all the (adjusted, cofinal) left special words.

EXAMPLE 3.4. Both T and v are basic substitutions. The left special elements of
X, are

[aced) ™ a.[dbb] T, [aacd]” c.[dbb] T, [acdc] ™ b.[adb] T, [acch] " d.[adb]T.

which are all simultaneously adjusted and cofinal. The left special elements of X,,
are
[accbb])~a.[dd] T, [aachb]~c.[dd] T, [acbc]d.[abd) ", [accd] " b.[abd] T,

also all adjusted and cofinal. Since [dbb]t £, [adb]™ and [dbb]T #, [adb]?,

n =n, = 2.
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10 T.M. Carlsen and S. Eilers

DEFINITION 3.5. When 7 is a basic substitution, equipped with some ordering of
the right shift tail equivalence classes containing left special elements, we define
pr € N by

Pr = (P15---+Pn,);

where p; + 1 is the number of adjusted left special words in each such class.

Note that by the definition of right special words, p; > 1 for all i.

Enumerating the output of our algorithm we organize all the adjusted left special

words as
11 1
yl’y27"'7yp1+1
2 2 2
Y1:YQ7~--7yp2+1
N nr nr
y1 7y2 7"'aypn7+1
where
i I d w1+ IN — I I wd
Vi = Vi) g wi ], T(uy,) = vy upwy.

Finally, we denote the last letter of each word ui by ai‘
We further choose one cofinal left special element in each right tail equivalence
class, and denote it /. As above, we write

V=V W, @) =Vu WL
and denote by 3’ the last letter of 0.
3.2.  Matrices The number #[a, w| counts the number of occurrences of the letter

a in the word w. As usual (cf. [14]) one associates to any substitution 7 the
abelianization matriz which is the |a| x |a]-matrix A, given by

(Ar)ap = #[b, 7(a)].

EXAMPLE 3.6.

2 2 2 2
2 2 2 2
AT_A”_2222
2 2 2 2

We shall define a rectangular matrix based on different data of the same nature.
The reader may share our initial surprise that this definition will eventually lead
to an invariant of conjugacy and flow equivalence.

DEFINITION 3.7. To a basic substitution 7 one associates the n, x |a|-matrix E,
given by

pj+1
(Er)jp = (Z €r.al wi (b)) T F W (0)

k=1
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with
er.a,w(b) = max(0, #[b, 7(a)] — #[b, aw])

and with aj,3” and wj,w’ given as in Section 3.1.

In all the applications of e, 4., we either have that 7(a) is a proper subword of
aw, in which case the term vanishes, or that 7(a) ends in aw, in which case the
contribution of the term is a count of the remaining letters in 7(a)

EXAMPLE 3.8. Enumerating the elements given Example 3.6 in the order y},y =
¥',v2,y2 =5°, we would have

e _ [#[.,accd] + #[e, aacd] #[o,aacd]] B {1 0 2 1}

#[e, acdc] + #[e,acch] — #[e,acch] | |1 0 2 1

and similarly
E _ #[e,accbb]] 1 2 2 0
Y| #[e,achd | |1 1 2 0]

DEFINITION 3.9. To a basic substitution 7 one associates the (Ja]+n.) x (|a|+n;)-
matrix

4. Matsumoto K-groups

The Matsumoto K -groups with which we are concerned in the present paper can
be efficiently defined directly, using the concept of past equivalence. They were,
however, discovered as the (ordered) K-groups associated to certain classes of C*-
algebras. The results in the present paper do not depend directly or indirectly on
an analysis of C*-algebras, so we shall employ the most fundamental definition and
repeat it for the benefit of the reader in section 4.1 below.

However, since our results were developed in this category and subsequently
translated to a more basic setting, and since we do have further results (see Section
6) which we do not know how to get without this machinery, we find that a brief
outline of how our work is positioned in an operator algebraic setting may be in
order. We do this in section 4.3 below, which may be skipped by any reader not
operator algebraically inclined.

4.1. Past equivalence Let X be a two-sided shift space. For every x € 74 (X) and
every k € N we set

Pi(x) ={p € LX) | pz € m(X), |u| =k},
and define for every [ € N an equivalence relation ~; on 74 (X) by
x~y s Pi(z) =Pi(y).

Following Matsumoto ([25], [27]), we denote by [z]; the equivalence class of = and
refer to the relation as I-past equivalence.
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Obviously the set of equivalence classes of the [-past equivalence relation ~; is
finite. We will denote the number of such classes m(l) and enumerate them £ with
s€{1,...,m(l)}. For each | € N, we define an m(l + 1) x m(l)-matrix I by

0 _{ 1 ifgFtcél

0 otherwise,

and note that I' induces a group homomorphism from Z™® to Z™(+1) We denote
by Zx the group given by the inductive limit

lim(Z™® 1),

For a subset £ of m4(X) and a finite word p we let u& = {ux € 7. (X) |z € £}.
For each I € N and a € a we define an m(l + 1) x m(l)-matrix

(L), 1 if ) #aglttCél
a/TS 71 0 otherwise,

and letting L' = > aca L. we get a matrix inducing a group homeomorphism from
7™ to 7™+ | Since one can prove that LiT1ol! = IHH16L! | a group endomorphism

A on Zx is induced.

DEFINITION 4.1. [Cf. [25, Theorem 4.9], [27], [29, Theorem], [5, pp. 67-68]] Let
X be a two-sided shift space. The group

Ko(X) = Zx /(1d =\)Zx,

is a conjugacy invariant of X and 74 (X), and a flow invariant of X.

4.2.  An intermediate description The dimension group DG(X, o) of a Cantor
minimal system (X,o) — a dynamical system where X is a Cantor set in which
every o-orbit is dense — is the cokernel of the map

Id—(c~ Y : C(X,2) — C(X,Z),

equipped with the quotient order induced from C(X,Np).

When 7 is an aperiodic and primitive substitution, (X,, o) is a Cantor minimal
system. The technical basis of our results is a similar description of the Matsumoto
Ko-group of a basic substitution as the cokernel of a certain map, based on a set
of choices made as described in Section 3.1. Such a description can, for the special
kind of shift spaces considered here, be inferred from a theoretically straightforward,
but rather technical, analysis of [-past equivalence relation (or the lambda-graph)
of the substitutional dynamics, noting that it may be correlated with the structure
of the left special words. It is not the same cokernal description as the — much more
general — basic tool in [27]. We defer the proofs of this to our paper [10], and shall
here just present the results, laying out notation along the way.

Fix a basic substitution 7. We shall work extensively with elements of Z"~, and
fix here notation for such. We shall prefer the index j € {1,...,n,} and write

. . A\ N
2= @)y = ) e = ()
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Augmenting dimension group invariants 13

etc., for such vectors. The vector §; has zero entries except at index jo, where the
entry is 1.
We now define a group

G-=CX,,Z)® > I
=0

and, based on a set of choices made as described in Section 3.1, a map A, : G, —
G, given hereon by

AT(fv[g()’ilv"'D:
pj+1 ‘ , nr
foo L, ((Z f(«fl(yi)))f(al('y”))) gz | ]
k=1 j=1

with yi and ¥ defined as in Section 3.1 above. The following result of [10] forms
the basis of our alternative characterization of Ky(X,) involving G, and A,.

PROPOSITION 4.2. When 7 is a basic substitution, then Ky(X,) is isomorphic to
the cokernel of the map A;.

4.3. Related C*-algebras There is a universal construction associating to most
dynamical systems a C*-algebra called the crossed product. In the seminal case
of a Z-action given by a homeomorphism ¢ of a compact Hausdorff space X,
one first passes to the C*-dynamical system of the transpose ¢* acting on C(X)
by composition, and constructs therefrom a C*-algebra denoted C(X) x4 Z
which captures the dynamics in non-commutative structure. A crossed product
algebra C(X) X4+ Z can hence be associated to each two-sided shift space, and
the universality of the construction proves that such an associated C*-algebra is
a conjugacy invariant. But in this special case, another invariant C*-algebra is
available to us via the one-sided shift 7 (X).

The C*-algebras first considered by Matsumoto can be constructed from such a
one-sided shift space in several equivalent ways — by a universal construction based
on generators and relations, or by invoking standard constructions in C*-algebras
based on either groupoids ([7]) or Hilbert C*-bimodules ([5]). The original approach
in [24] based on a Fock space construction may in some cases lead to a different
algebra, see [12]. Each of these approaches have independent virtues and add to the
accumulated value of this concept. When a one-sided shift space XT is given, we
denote this C*-algebra by Ox+. Such C*-algebras can be used to provide conjugacy
invariants up to either one-sided or two-sided conjugacy as follows. Here and below,
K denotes the C*-algebra of compact operators on a separable Hilbert spaces.

THEOREM 4.3. [[5, Theorem 4.1.4], [6]] Let Xt and YT be one-sided shift spaces.
We have
X+ ~ Y+ — Ox+ ~ Oy+.

Furthermore, when X and Y are two-sided shift spaces, we have

X":X:>X§fX:>O7T+(K)®KZOﬂ+(X)®K.
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This observation goes back to Matsumoto for a large family of shift spaces with
the so-called property (I), see [24, Proposition 5.8], [28, Corollary 6.2] and [26,
Lemma 4.5]. However, the one-sided shift spaces associated to the two-sided shifts
under investigation, those of the form 74 (X, ), rarely have this property.

DEFINITION 4.4. Or = O, (x )-

These C*-algebras bear relevance for the groups considered in the present paper
through a K-functor. In fact,

DG(X;) = Ko(C(X;) %, Z)
Ko(X;) = Ko(Or).

In general, the C*-algebras C(X) %,z Z and O, (x) will be very different. For
instance, when X = X, where F is a finite set (a so-called shift of finite type), the
crossed product will always have a very rich ideal structure, whereas the algebra
considered by Matsumoto becomes the Cuntz-Krieger algebra associated to F,
which is a simple C*-algebra under modest assumptions. When F = F,, as proved
in [7], there is an extension of C*-algebras

0 Kr- 0, C(X,) Xgs Z—>0 (4.3)

showing that O, is non-simple, with the crossed product as a quotient.

Since C'(X,) Xt Z is simple because the underlying dynamical system is minimal,
this gives a complete description of the ideal structure of O,. However, a reader
unfamiliar with the extension theory of C*-algebras should probably be explicitly
warned that such a description offers very little concrete information about the
algebra in general. In many cases, the theorem of Brown-Douglas-Fillmore in
conjunction with the Universal coefficient theorem in Kasparov’s theory proved
by Rosenberg and Schochet shows that there are uncountably many nonisomorphic
algebras having such a decomposition.

5. Inductive limit descriptions

A main accomplishment in [14] is the description of DG(X,) (see Section 4.2) as a
stationary inducetive limit with matrices for the connecting maps read off directly
from the substitution. A main result is the following.

THEOREM 5.1. [[14], Theorem 22(i)] There is an order isomorphism
DG(X,) = lim(Z%, A,)
where each 7% is ordered by
(ta) >0<=Va€a:z, >0.

We have found analogous results for the ordered group Ko(X.), but will in the
present paper restrain ourselves to give, in Theorem 5.8 below, an inductive limit
description of Ky(X,) as a group.
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Computing the order structure requires a deeper analysis of the interrelations
among certain C*-algebras, employing the fact that DG(X,) = Ko(C(X,) Xzt Z)
and Ko(X,) = Ko(O-), cf. Section 4.3. We defer this to [11], but the interested
reader is referred to Section 6 for a brief overview of our results.

5.1. Kakutani-Rohlin partitions Theorem 5.1 is achieved from the cokernal
description of the dimension group (see Section 4.2 above) using a sequence of
Kakutani-Rohlin partitions of X, and direct computations of the actions hereupon
by 7. We are going to follow the lead of [14], adapting crucial techniques to our
somewhat more complicated setting. As in that paper, we abbreviate

o] = {x € X, |z = a},

and note that by [14, Corollary 13] — a consequence of the work by Mossé [31],
[30] — the family of sets

o~ 'r™|a], aca ,ie{0,...,|7(a)"| -1}, (5.4)

forms a (clopen) disjoint partition of X for each m € N, when 7 is any aperiodic
substitution.

To set up notation and motivate our adaptation, we will sketch how the
Kakutani-Rohlin partitions are used in [14] to prove Theorem 5.1 in the case of
proper substitutions. We do this to allow references to parts of this proof in our
proof of Theorem 5.8 below.

For any fixed m € N, we use the notation = = (¢; ,) to denote a collection of
integers where a € a,7 € {0,...,|7™(a)| — 1}. For each such collection, we define a
function on X, by

|7 @)]-1
f=>_ ). Galoomp:
aca i=0

DEFINITION 5.2. Fix m € N. We define CE.[m] as the set all integer collections
defined above, and let

tk,[m] = {fz € C(X,,Z) | E € CE-[m]}.
The subset of CE[m] with the further property that
&,0=%p Va,bea
we denote by CES[m], and let rk[m] be the corresponding subspace of rk. [m].

Our properness assumption enters our proof as follows, cf. [14, Proposition
14(iv)]:

PROPOSITION 5.3. If T is a proper, primitive and aperiodic substitution, then

U ke fm] = | kS [m] = C(X,, 2).
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As the family generates C'(X,,Z), the proof of Theorem 5.1 may be reduced to
check that ¢,,11 = A o, where

|77 (a)| -1 |7 (a)| -1
wm . l"kT [m} N Z|Cl|, wm Z Z ai,alo*irm[a] = Z Qe
aca i=0 =0

eca

so that a map
Yoo : O(X,,Z) — lim(Z!°1 A;)

is induced, and to check that this map is surjective and has the property that
ker(tpoo) = Im(Id — (0~ 1)#). An isomorphism

Ve : C(X,,2)/ Tm(Id —(o 1)) — lim(ZI*, A,)

is then induced.

We need to consider the interrelations between sets of the form o~"7"*[a] and
o rm [a']. Doing so is eased by the following perhaps somewhat counterintuitive
notation, which we shall use for the remainder of Section 5.

NOTATION 5.4. Let w € a. By wl"! we denote the letter at position h in w from
right to left, starting with index 0 at the rightmost letter. By w/"° we denote the
subword of w consisting of the h rightmost letters.

It is straightforward (but tedious) to check that
o=@ DRzt () € gRpm 7 (g) M) (5.5)

for any a € a, m € Ngo, h € {0,...,|7(a)] — 1} and k € Ng. Letting
ke {0,...,|7"(r(a)™)|} one covers the sets in the (m + 1)st level of the
Rohlin-Kakutani partition exactly once. Consequently, rk-[m] C rk.[m + 1] and
rk?[m] C rk$[m + 1].

We end this section by defining a numerical quantity associated to the kind of
words used to describe right special elements and observing two basic properties of
it:

DEFINITION 5.5. For w € £(X,), and m € N we set {(m,w) = 2?;61 |78 (w)]. We
also let £(0,w) = 0.

OBSERVATION 5.6. When [v] " u.[w]T € X for u,v,w € L(X,)\{e} with 7(u) = vuw,
and u ends in a € a,

[v]"u.[w]t € g tmw) pm [a]
for every m € Ny.

Proof: An inductive argument based on

7([o]”wfw] ) = [r(0)] " vuw. [r(w)]* = oN([o]"w[w] ).
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OBSERVATION 5.7. Let w,v,w € L(X,)\{e} with 7(u) = vuw, and assume that u
ends in a € a. For any m € Ng and h < |7(a)|, we have

[T (@)™ > £(m +1,w) + 1
if and only if A > |w| + 1.
Proof: Suppose first that h < |w|. Then 7(a)% 4w so that
[ (@) < | )] < m + 1, ).

Induction after m is required to prove the other implication, so assume that
h > |w| + 1 and note that this assumption is equivalent with the case m = 0. For
m > 0 we further note that aw 4 7(a)l™% because of the way that u,a and w are
interrelated. Thus

|7 (7 (@)™ %) [T (a)] + |7 (w)]

>
> | (@) + [ w)
> Um,w) + 14 [ (w)]

= 4(m+1,w)+1

using the induction hypothesis at the third inequality sign. O

5.2. A stationary inductive system The main result of our paper is the following:

THEOREM 5.8. Let 7 be a basic substitution. There is a group isomorphism
Ko(X,) ~ lim(Z"* & Z"p, Z.A,).

We recall that there is an algorithmic way of passing from any aperiodic and
primitive substitution to one which is basic, staying in the same flow equivalence
class. Since K is an invariant of flow equivalence, the result above can be used to
compute the Matsumoto Ky-group of any aperiodic and primitive substitution.

We note right away that the group Ko(X,) has the group DG(X,) computed in
[14], as a quotient. The corresponding kernel is simply Z"7/p,Z. But as we shall
see, this extension is not split in general, making room for storage of additional
information in the non-vanishing cross-term E..

COROLLARY 5.9. Let 7 be a basic substitution. The short exact sequence
0 ——Z"p, Z — > 710l @ Zp, 7 — > glol —>0

induces a short exact sequence
Pso Roo
0 —Z"pZL—— Ko(X;) —= DG(X;) —=0.

Proof: Observe that P oldgn,, 7 = ;‘T oPand Ro KT =A,oR. O
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DEFINITION 5.10. When Z € CE,[m], we define =, = € CE.[m] by

Siv1a 0<i<|T™(a)] -1
S0 i=|m"(a)] -1,
7 @) -1

§i,a Z ék,a-
k=i

LEMMA 5.11. If 2 € CEZ[m] then fz = fz oo™t

gi,a

Proof: Let ¢ denote the mutual value at the lower level of =. First note that if
r € o 'r™[a] is given with i < |7™(a)| — 1, o~} (x) € o=+ 7™"[a]. Further, if
z € o~ T @I=Drm{g] say with £ = o~ (7" (@I=D(y) where y € 7([a]), we can
write

o @) = o T @l (y) = 7 (07 (y))

such that o=1(z) € 0= %7™[b] for b chosen as the second letter of y. Thus for any
x € X, we have

fala) = { St pEO Tl ST T = e o),
g
LEMMA 5.12. IfE € CE;[m] and satisfies
|7 (a)|—1
Z §ia=0 Vac€a, (5.6)
=0

then = € CE[m), and

(1d=47)(fz:[0,0,...]) =

lr™(@%)|-1 pi+1 7™ (@) -1
fE? Z €i7é'j - Z Z gi’ai 7Qa Q? i
i=0(m,W’)+1 k=1 j=¢(m,wi)+1

J=1

[

Proof: By (5.6),

€ C&5[m]. So we get by Lemma 5.11 that fzo0™' = fz. By
(5.6) again, -

[11)
[
0

Finally according to Observation 5.6,
I (@1)]-1

F2@7 O0) = &pmui 12l = O Cia

i
i=£(m, W5, )+1

and similarly for 7. O
We are now ready to define the family of maps which shall give the desired
identification between G,/Im(Id —A;) and a stationary inductive system.
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DEFINITION 5.13. The maps

m
U tke[m] @ Y 2" — 2 @ 2", Z

i=0
are given by
m(f57 [lOaED cee 7£m]) =
7 (@)1 pi+1 |7 (@d)] -1 [ (@) -1 "
> e Zx 2. D> Ga— D &w | *el
1=0 k=1 j=¢(m, Wk)+1 i=L(m, W’ )+1 -1

J

Note that ¥, is well-defined because o~*7™[a] # 0.

We have seen in Lemma 5.11 that (¢~1)* maps rk¢[m] to rk,[m]. Therefore, A,
restricts to a map

m—1
ik [m] © Y 2 ——= k| ZZ"T

=0

which we shall also denote by A-.

PROPOSITION 5.14. The sequence

rk¢[m] @ Z 7r A ki) @ >z I glel @ Z0, 7
1=0

is exact.

Proof: Direct computations, using among other things that there are p; +1 positive
&-terms and one negative {-term in the j entry of the second coordinate of the image
of ¥, show that ¥, o (Id—A;) =0. And if

(fz lzg, -, z,,)) € ker Uy,

then the conditions of Lemma 5.12 are met for Z, and E € CEZ[m]. Note also that
for suitable ¢ € Z,

m Al T @11 [ @)-1

J . — s
domt X Ga| - X &a=we
i=0 k=1 i=¢(m,wi)+1 i=L(m, W’ )+1
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for each j € {1,...,n;}. With C' € CEZ[m] a constant scheme which each entry set
to ¢, we have that Z 4+ C induces a function g € rk?[m] for which

i=1 i=2 i ]
pi+1 [T (@])|-1

va _Zii— Z Z ‘fi,a-,i_

i=1 k=1 i=¢(m,w)+1

7 @)1

E €i’§j +CpT 7£1>-~-7£m
i:é(m,\xlj)+1

(va [Eovilv s ’Em])'

O
We shall work with the following basic elements of rk-[m] & Y :"  Z"". For each
e € a, we let

e = (17'7”(0% [0,...,0])
it = (07 [éz’Q”QD

(2

with §; referring to Kronecker delta. Further, we define a vector A, € Z!°l using
Kronecker delta again.

LEMMA 5.15. For each m,
Um(ed') = (Ae,0)  Wn(fj") = (0,85 + p-Z),
and under the imbedding vk, [m] — rk.[m + 1]
() = ADEA+p,Z)  Upia(F7) = (0,65 + pr2).

Proof: The set of claims concerning f;" are straightforward; the second coordinate
of U,,(e]") vanishes as described because evaluation begins at a nonzero index. To
compute ¥,,11(ed"), we note that as a consequence of (5.5)

T o] = U oI @ g
aca
je{l... Ir@l)
(@) =

This means that the element in CE,[m + 1] inducing the function of el* is given by

1 3h:7(a)? = e i = |r™(r(a))D)]
£i a = .
0 otherwise.
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Now
|7 (a)| -1 |7+ (a)| -1

2 G > #Hhlr@" = ei= @)

T K
[.7 T(CL)] = (A)a,o

and similarly

[rm @)1 [rm @)1
P = [h] _ _|-m 1h,0]
> &a = > #{h | (@)™ = o,i = |7 (r(a)" )]}
i=0(m+1,Wi)+1 i=0(m+1,Wi)+1

#{h | 7@ = o, |7 (7@ )| > £(m + 1,w)) + 1}
= #{h | @)™ = o,k > wi| +1}
according to Lemma 5.7. If |(a k)| < |W,€| + 1 this sum evaluates to 0, otherwise

we get a count of the letter e in what is to the left of ajwy, in T(ak) corresponding
to our Definition 3.7. The same argument applies to 37 and W’. Thus

pi+l [T @)1 [rm @) -1
Z Z §ial | — Z 3 = (Er)je
k=1 i=p(m+1,W])+1 i=0(m,W)+1
as desired. O

PRrROPOSITION 5.16. The diagram

m W
vk, [m] & >0, Z" VARV AL W/

A

7%l @ 7o, Z

ko fm + 1] @ Y5 2

m+41
commutes.

Proof: By Lemma 5.15 and the definition of Kﬂ the diagram commutes on ey’
and fI", and on the subgroup that they generate. For a general (f, [zg,...,2,,]) €

’Zm

rk-[m] @ Y." ; Z"" we note that Proposition 5.14 proves the claim as the images of
eq' and fj" generate VARNGYAL WA O
Proof of 5.8: By Proposition 5.14 and Proposition 5.16, the diagram
— Id—A “ v
rkl[m] & Z Z" — sk, [m] @ ZZ"T m VAL 7M. 7.
i=0 i
j ;
m—+1
kS Z”* R ny la| n,
1=
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22 T.M. Carlsen and S. Eilers

is commutative and exact for each m. Furthermore, since Lemma 5.15 shows that
U, is surjective for each m, the rightmost horizontal maps in the diagram are
surjections. Since taking inductive limits is an exact functor, we get that

q, g Y im(zle @ 20, Z,A,) —> 0

is exact, where we have used Lemma 5.3 to identify

U (rkfr[m] ® Z_ Z”*) =U <rk,[m] @ Z_ Z"T) =aQ,.
=0 =0

meN meN

EXAMPLE 5.17. The matrices

(e

S =
)
=)

—

—_
= O O O O

O O NN

0

induce maps x : Z* & Z*/(1,1)Z — Z? and n : Z* — Z* & Z? /(1,1)Z with the
property that xy on = [§{] and no x = A.; the latter since

00001 -1
0 000 O0 O

102110
1 02101

as a map from Z* ® 7Z?/(1,1)Z to Z?/(1,1)Z. Similarly, we may reduce our
description of Ky(X,,) to a stationary system with [§9].
One now easily finds that

1
and, by [#3 9] [89]= [ 2], that
Ko(X,) = {(87Fz, 7y —22) € Q® | k e N,z,y € Z}.

One sees that Ko(X,) # Ko(X,) — and hence that X, s X,, — by proving that any
element in Ky(X,) which is divisibe by any power of two is also divisible by seven.
This is not the case for Ko(X,).

6. Finer invariants

6.1. Symmetrized invariants Our focus on left special elements makes our

invariant non-symmetric. It is easy to find examples of pairs of substitutions

7,v which cannot be distinguished by our invariant, but such that their opposites

-1
)

771 v~ — the same substitutions, but read from right to left — can.

Thus a strictly finer flow invariant may be achieved by considering Ko(X,) &
Ko(X,-1).
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6.2. Pointed groups The Ky-group associated to a unital C*-algebra posseses a
distinguished element [1] corresponding to the unit of the C*-algebra. This element
is an invariant of isomorphism of such algebras, so according to Theorem 4.3 we
have that (Ko(X,),[1]) is an invariant of one-sided conjugacy of 74 (X, ).

When 7 is basic, [1] is the image of (1,...,1) & 0 from the first copy of
2"l @ Z7Jp,Z in our description of Ko(X,). Since this distinguished element is
not an invariant of flow equivalence we do not at present know how to compute it
when 7 is simplifiable.

6.3. Ordered groups The Ky-group associated to any C*-algebra posseses a
canonical order structure stemming from the fact that it is given as a Grothendieck
group of a semigroup of equivalence classes of self-adjoint projections. The order
structure may be degenerate in the sense that elements can be simultaneously
positive and negative, but often holds important and natural information on the
algebras in question.

In the case of crossed products associated to Cantor minimal systems, for
instance, the order on the Ky-group is part of the complete invariant for (strong)
orbit equivalence given in [17]. Similarly, since it can be given as the Ky-groups
of a C*-algebra, Ky(X,) has an order structure which is a flow invariant for the
underlying substitutional dynamics.

In our paper [11] we give examples showing that this ordered group carries more
information than the group itself, by proving that Ky(X,) may fail to be order
isomorphic to Ko(X,-1), even though the K-groups are isomorphic as groups. We
also give the following complete description of this ordered group:

THEOREM 6.1. Let T be a basic substitution. There is an order isomorphism

Ko(X,) ~ lim(Z!*l ® Z"7p,Z., A,)

where each Z!°! @ Z"Jp,7 is ordered by
[(a),(yi)] >0<=Va€a:z, >0.

This result shows in particular that the order on Ky(X,) is the quotient order
induced by the order on DG(X,) via the map R., considered in the proof of
Theorem 5.9. As will be explained in [11], this phenomenon extends beyond
substitutional shift spaces.

Let us quote another result from [11], stating the potentially finest invariant
conceivable to us from our work above. Such an invariant can be extracted from
the six term exacty sequence associated to the extension (4.3), which becomes

Zr —= Ko(X,) —= DG(X,)

| |

Z 0 0.
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24 T.M. Carlsen and S. Eilers

To describe the maps, apart from p, and R, we use Q : Z" — ZI%l @ Z"7)p, 7
defined by

Qz) = (0,z+ p-Z),
and its composition ()1 with the canonical mapping from the first instance of

/LIS Z™Jp:Z in the inductive system to the inductive limit in our description
of KO (XT)Z

COROLLARY 6.2. Let T be a basic substitution. The exact complex

K, : 0 7" g P K(X,) e DG(X,) 0,

where Z,7",Ko(X,) and DG(X,) should be considered as ordered groups and
pr, @1, Roo as positive homomorphisms, is a flow invariant of X _.

6.4. Open questions It would be most interesting to know exactly which relation
on the substitution shift spaces X_ is induced by isomorphism of the stabilized

algebra O, ®K, or by isomorphism of the invariants mentioned above. Our examples

T

above show that this relation is stronger than strong orbit equivalence, cf. [17].
There are classification results, notably those of Lin and Su ([22]), which could
apply to the class of C*-algebras in question, but we have not yet attempted to
pursue this question.

As mentioned above, and documented in [8], the constituents of our invariants
are effectively computable. However, this does not in itself lead to the conclusion
that isomorphism of our invariants is decidable. Related work by Bratteli et al ([4])
proves decidability of the invariant which is complete for strong orbit equivalence
— it would seem reasonable to expect that the result can be extended.
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6.8 Closing remarks

In the next chapter we show that the description of K| in fact also holds
if we regard it as a preordered group.

It would be interesting to conduct a similar description of Ky for other
classes of shift spaces. Toeplitz flows seems as a natural candidate. They
have property (*), but not necessarily property (xx) (cf. Example 3.7 and
3.8 of Chapter 4), but there seems to be a connection between the I-past
equivalence structure used to describe Ky and the periodic structure of a
Toeplitz flow (cf. [16]).



164 CHAPTER 6. K, OF SUBSTITUTIONS



Chapter 7

Ordered K\ of the C*-algebra
assoclated to certain one-sided
shift spaces

We round off with the preprint Ordered K-groups associated to substitu-
tional dynamics which is written together with Sgren Eilers.

It contains a description of the order on K of the C*-algebra associated
to the one-sided shift space corresponding to a two-sided shift space which
has property (*). It also proofs that the description of the Ky-group of
the C*-algebra associated to the one-sided shift space of a substitutional
dynamical systems given in the previous chapter also holds in the cat-
egory of preordered groups and it shows that the ordered Ky-group of
the C*-algebra associated to the one-sided shift space of a substitutional
dynamical systems is a finer invariant than the Ky-group without order.

Noticed that in this paper the C*-algebra associated to the one-sided
shift space X* corresponding to a two-sided shift space X is denoted Ox.
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Ordered K-groups associated to substitutional
dynamics

Toke M. Carlsen and Sgren Eilers
Final version, March 2004

1 Introduction

The Matsumoto Ky-group ([25]) is an invariant of flow equivalence (cf. [29])
associated to any shift space in a fashion closely related to the way the groups
of Bowen and Franks are associated to shifts of finite type ([3]). This group is
not always easily computable, but in a previous paper ([9]), we have given a
concrete inductive limit description of the Matsumoto Ky-groups associated
to substitutional shift spaces, proved that they contain the dimension groups
of the system (cf. [15]), and demonstrated by examples that the Matsumoto
Ky-group often carries more information than the dimension group.

Using the fact that the Matsumoto Ky-group can be defined as the Kj-
group associated to a certain stabilized C*-algebra ([23], [22], [13]) which is
itself a flow invariant of the shift space, one sees that it carries an ordered
structure which is also a flow invariant. It is well known in the theory of
C*-algebras associated to shifts of finite type, the so called Cuntz-Krieger
algebras ([14]), that in this case the order structure is degenerate and redun-
dant. The main goal of the present paper is to perform a further analysis of
our previous description of the Matsumoto Ky-group of substitutional shift
spaces, leading to a complete description of the order it carries as well (The-
orem 6.1). In contrast to the case for shifts of finite type, we shall give an
example proving that we hence arrive at a finer flow invariant than what the
group, in itself, offers.

Many of the methods employed in this paper apply to a much wider class
of shift spaces. However, we can not at present point to other classes of
shift spaces where this ordered group is manifestly new and important. In
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some classes, like the class of Sturmian shift spaces ([17]), the order structure
is already present in the well studied dimension group (Corollary 5.2). In
other classes, like the class of Toeplitz flows ([34]) we conjecture that the
order structure carries interesting information, but the group it sits in is too
complex for us to understand it well enough to prove that this is in fact the
case. Nevertheless, to pave the way for future applications, we shall state our
main results (Theorems 4.3, 5.1) in the most general framework known to
us, making only the requirements of properties (x) and (%) defined below.
Outside of the class of shifts of finite type, which only meet these properties
when they are finite, these properties can often be established. The properties
are automatic for primitive substitutional systems.

Since we know of no way to define a flow invariant order structure on the
Matsumoto Ky-groups without referring to its operator algebraic origin, we
in an essential fashion need to work with C*-algebras in the present paper.
This is in contrast to our description of the Matsumoto Ky-group as a group
([9]), which could employ a more direct description of these groups using the
past equivalence structure (or the closely related lambda-graph) of the shift
spaces in question.

We wish to thank Ken Goodearl for suggesting to us where to look for
the counterexample given in Section 6.

2 General preliminaries

Let Ng ={0,1,...} and —N = Z\Ny. We equip

a? a% a N
with the product topology from the discrete topology on a, and define o :
a2 —a? o, :a¥% — % ando_ :a™N — a7 N by

(0(2))n = Tnta (04(2))n = Tnta (0 () = Tp1.

Such maps we will refer to as shift maps.

A two-sided shift space is a closed subset of a” which is mapped onto itself
by o. We shall refer to such spaces by “X” with possible subscripts; note
that o(X) = X. A one-sided shift space is either a closed subset of a0 which
is mapped into itself by o, or a closed subset of a~™ which is mapped into
itself by o_. We refer to such spaces by X' and X~, respectively.
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With the obvious restriction maps
Tyt X — gl T_ X —a

we get
0L 0Ty =T 00 o_om_=m_o0 1, (1)

and immediately note that X™ = 7, (X) and X~ = 7_(X) are one-sided shift
spaces. In general, o, (X") # XT (or 0_(X7) # X7) is possible, but as a
consequence of (1) we always have o, (X7) = X*.

Let af be the set of finite nonempty words with letters from a, equipped
with the length map |- | : a* — N. The language of a shift space is the
subset of af U {e} given by

LX) ={xpm |z € X,n<m e Z}

where the interval subscript notation should be self-explanatory. Each p in
the language gives rise to a non-empty cylinder set

Cyl*(u) = {z € X | w0, uj—1) = 1}

Clearly these sets form a base for the topology of X*. Similar bases can be
given for the topologies of X~ and X, but we will not need this here.
We call x,y € X right shift tail equivalent and write x ~, y when there
exist n, M € Z with
T = Yntms m > M.

We say that a pair of (one- or two-sided) shift spaces are conjugate when
there is a homeomorphism between them which intertwines the relevant shift
maps. We indicate conjugacy by the symbol “~” and write “X = Y when
two-sided shift spaces are flow equivalent in the sense considered, e.g., in [29],
[18], [4] or [21, §13.6]. As noted in Theorem 3.2 below there is a hierarchy
among one-sided conjugacy, two-sided conjugacy and flow equivalence.

Let XT be a one-sided shift space. As in [24], for every x € X* and every
k € N we set

Pr(r) = {p € a* | pz € X*},

and write x ~ y or [z], = [y]k if Pr(z) = Pr(y). We say (cf. [20]) that y € X
is left special if there exists y' € X such that

y1#Y T (y) = 7 (Y)-
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Definition 2.1 [12] We say that a shift space X has property (x) if for every
p € L(X) there exists an z € X™ such that Py, (z) = {u}.

Definition 2.2 [12] We say that a shift space X has property (xx) if it has
property (x) and if the number of left special words of X is finite, and no
such left special word is periodic.

It is proved in [12, Example 3.6] that an infinite minimal shift space X
has property (k%) precisely when the number of left special words of X is
finite. Further, we see

’ Type of shift space ‘ () ‘ (k) ‘ Reference in [12] ‘
Finite shift Yes Yes 3.4
Infinite shift of finite type No No 3.5
Sturmian shift Yes Yes 5.21
Primitive substitutional shift | Yes Yes 5.22 or 3.4
Non-regular Toeplitz flow Yes | Not always | 3.7, 3.8

3 (‘*-algebras associated to shift spaces

In this section we shall introduce certain C*-algebras and describe their K-
theory. We recommend [28],[30] as general sources for the theory of C*-
algebras and [2],[32] for general sources of the K-theory of C*-algebras.

One of the easiest K-theory computations in C*-algebra theory is that
of C(X), where X is a zero-dimensional compact Hausdorff space. Indeed,
one gets that Ko(C(X)) = C(X,Z) in a way which associates to any class
[p] € Ko(C(X)) with p a projection in C(X) the function p with values in
{0,1}. The map thus induced is an order isomorphism, so we shall identify
Ky (C(X)) and C(X,Z) is such cases considered below.

Whenever a homeomorphism 7" of a compact Hausdorff space X is given,
the adjoint action 7™ on C(X) gives rise to a C*-algebraic crossed product
C(X) X« Z. There is a canonical *-homomorphism

Ny : C(X) — C(X) X7+ Z

which we shall denote as indicated. When (X, T) is a two-sided shift space
(X,0), the ordered Ky-groups of such systems are completely described by
the following result:
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Theorem 3.1 [[4, Theorem 5.2], cf. [19]] Let (X,T) be a dynamical system
with X a zero-dimensional, metrizable and compact space. There exists an
order isomorphism Y making the diagram

Ko(C(X)) C(X,2)

o |

Ko(C(X) xp+ Z) —~ CO(X, Z)/Im(Id —(T~1)*)

commute, where the rightmost map is the canonical quotient map.

Here and below, we use the notation (), to indicate the group homomor-
phism functorially associated to a *-homomorphism. We shall use repeatedly
that such induced maps are always positive.

Another C*-algebra, introduced in the work by K. Matsumoto in [22] (cf.
[13] and [7]), is available in the special case where (X,T') is a shift space
(X,0). This algebra can be defined in several equivalent ways — we shall
briefly outline the construction based on Hilbert C*-bimodules, see [6] for a
detailed exposition.

Starting with a two-sided shift space X, we define a C*-algebra

B={f:X"— C| f is bounded}.
Inside this algebra, we have elements

9 = 1a‘f|(Cyl+(,u))’ MGE(K)

and we will define a C*-subalgebra Ax of B by
Ax = C"(gu | 1 € LX)

We also let A, be the ideal of Ax generated, for a fixed a € a, by g,. We
may equip Hx = @,c,Aq as a Hilbert C*-bimodule over Ax by letting Ax

act by multiplication on the right and through the map ¢ : Ax — L(Hx)
defined by

¢(f)((fa)aea) = (Aa<f)fa)aea

where
flax) ax e X"

A1) () = {O X
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A construction of great and growing importance in C*-algebra theory,
the (augmented!) Cuntz-Pimsner algebra defined in [31], now leads to a
C*-algebra

Ox

for which we have:

Theorem 3.2 [[22, Proposition 5.8], [26, Corollary 6.2], [27, Proposition
9.2]] Let X and Y be two-sided shift spaces. We have

Yt XY XY

Oy Ox K~0Oy ®K

T~ _—

[Ko(Ox), Ko(Ox ) +] = [Ko(Oy), Ko(Oy)+]

Parallel to the situtation for crossed products, the construction above
leaves us with a canonical *-homomorphism

770:"45—)05'

By construction, Ay is a unital commutative AF algebra ([5]). It may

hence be written C(€x) where the spectrum x is a totally disconnected
compact Hausdorff space (cf. [24, Corollary 4.7]). As explained in [12, §2.4]
we can give a concrete description of {2x as the space

{([xn]n)neNo | Vn € NO g1 ~Mn xn}

On C(€x), we consider A\x given by

A (W) (([ln)neno) = D hl[azala)nen,

a€P1(x1)

Further we see that property (x) allows the definition of a continuous and
injective map tx : X~ — €lx by

x (¥) = ([Ta]n)neny
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where x,, is chosen with P, (x,) = {yj_n0(}. We set
k= (tom ) s C() — C(X)

and note that this map may also be considered as a map from C(Qx,Z) to
C(X,Z). Using this structure, the first author proves the following result,
which is the key to our results in this paper:

Theorem 3.3 [[8]] Let X be a two-sided shift space with property (x). There
is a surjective x-homomorphism

p: Ox — C(X) Xy+ Z,

making the diagram

commute.

4 Quotient order

In [23, Theorem 4.9] Matsumoto establishes a group isomorphism

C(Qx,7Z)
- K -~ =" 7
Yo KolOx) — g3
with the property
Xo © (n0)s([p]) = p + Im(Id —Ax) (2)

for any projection in Ay, considered as a {0, 1}-valued continuous function
on {lx. Since the group on the right hand side may be described directly in
terms of the shift space, this characterization allows a more direct analysis
of the group Ky(Ox) which in this context is often denoted simply Ky(X).
A wide ranging analysis along these lines is carried out in Matumoto’s work,
and under extra assumptions such as property (x), (xx) or the shift space
being substitutional, we have contributed in [9] and [12].

Returning to the origin of Ky(Ox) as an ordered group — and under the
assumption of property (x) — we shall prove that xo is in fact an order
isomorphism. Our starting point is the following diagram:

7
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Proposition 4.1 Let X be a shift space with property (x). Then the dia-
gram

Ko(C(Qx)) C(Qx,Z)

(no)« \ \
Ko(C(X)) C(X,Z)
(110 )«

C(Q£7Z)
2 X0 Im(Id —Xx)

S N

Ko(C(X) xo« Z) CX,2)

X % Im(Id —(o—1)*)

is commutative, where all double-headed arrows indicate canonical quotient
maps.

Proof: Commutativity of the back face follows from (2) since elements of
the form [p] generate Ko(C(€2x)). The left face of the diagram commutes
because of Theorem 3.3, and commutativity of the right face is noted in [12,
Proposition 4.1]. Further, the front face commutes according to Theorem
3.1.

Since commutativity of the top square is obvious, the bottom face may
now be seen to commute by a diagram chase since, as seen on the back face
of the diagram, (np). is onto as a consequence of the fact that o is an
isomorphism. O

Proposition 4.2 Let X be a shift space with property (x). The canonical
order on C(Qx,7Z)/Im(Id —Ax) is the order induced via % by the canonical
order on C(X,Z)/Im(Id —(c=1)*) in the sense that

F+Im(Id —Xx) > 0 < R(f + Im(Id —Ax)) > 0.

Proof: Since % is induced by the positive map « the forward implication is
obvious. Thus assume that &(f +Im(Id —Ax)) > 0 and note that this means
that there exists g € C'(X,Z) with the property that

fowom +(g—goat)>0.

8
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We shall find hy, hy, hy € C(Qx,Z) and Ny, Ny, N3 € N such that

3

4 (1d=A0)(he) = 0. (3)

i=1
This proves positivity since we then have
3 Ni—1
f 4 Id=)Xx) [Z > /\Q(hi)] > 0.
i=1 n=0

By continuity of g, there exists an N; such that g o 0™ (2) depends
only on 7_(x). Thus as seen in the proof of [12, Proposition 4.1] there is
g € C(Qx, Z) with the property that goix om_ = go o ™. We have that

fowxom oo ™M 4goos ™ —gog ™M1 >0,
so since 7_ is surjective and we have proved in [12, Proposition 4.1] that

()"0 Ax = (1x 00-)" = (0-)" 0 (1x)".

we get
0 < fobxoayl—i—ﬁo%—ﬁo%oa,
= (0™ 0 (1)) () + (50)"@ = ((0-)" 0 (1x)") (@)
= ()" o M) + (07(3) — (1x)* 0 Ax(3)
= ()" (F = (=2 + (1d=20)(@))
Let

f=F=@=N"(f) + (1d=x)().

We have scen that f o tx is a nonnegative function.
By continuity of f we get an N3 such that

oy~ Ty = F([2n)nerig) = F(([#)nemy)-
Thus, if ([2,])nen, 18 given with #Pn,(xy,) = 1 we get that

f(([zn])neno) = fex(y)) = 0,

9
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where y € X~ is chosen with Py, (2n,) = {¥—n,,01}- Note that in every point

([7n])nen, Where we do not know that f is nonnegative, we have # Py, (zy,) >
1.

Define, for any ¢ € Z, k. € C(§2x,Z) as the constant function with value
c. One sees by induction that

()™ (ke) ([waln)newy) = c# Py (an,),

so with ¢ = min(0, ming, f) we get

[+ (1d—=(x)") (ko) > 0.
This proves (3) with Ny = 1,hy = —f,hy =g, and h3 = k.. O

Theorem 4.3 Let X be a shift space with property (*). Then xe is an order
isomorphism

C(Ql, Z)
Im(Id _)\l) ’

when the codomain is equipped with quotient order.

Xo : KO(OX) —

Proof: If x € K¢(Ox)+ we get that

EoXxo(r) = Xxx o p«(z) >0

which proves positivity of yo(x) by Proposition 4.2.
In the other direction, lift xo(x) to f € C(§2x,Z)+ and note that

0 < (no)«(f) = .
U

As noted in [12, Proposition 2.5] the map xo is a group isomorphism
regardless of property (). One may check that it is also an order isomorphism
for certain shifts of finite type, but we do not know if it could fail to be an
order isomorphism in general. A completely different approach would seem
to be needed outside of the case with property (k).

Several useful corollaries can be deduced from this result.

Corollary 4.4 Let X be an shift spaces with property (x). The order of
Ky(Ox) is the quotient order induced by p, in the sense that

z € Ko(Ox)4 <= p«(2) € Ko(C(X) X+ Z) 1.

10
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Proof: Since we now know that both maps yy, and ye are order isomor-
phisms, we can establish the claim by the diagram

Ko(Ox) s Ko(C(X) x4+ Z)

| lxx

C(Qx,Z) C(X,2)
Tm(Id —Ax) % ImId—(c— 1))
by appealing to Proposition 4.2. Il

The previous result describes K¢(Ox) as an ordered group by proving
that the order it carries is given as the quotient order induced by p, and the
order on Ky(C(X) Xy« Z). Note that this means that as soon as p, is not
injective, then [Ko(Ox), Ko(Ox)+] will be degenerate in the sense that ele-
ments besides 0 are simultaneously positive and negative. It is, in particular,
not a dimension group in the strict sense of [16].

This does not, however, mean that the order on Ky(Oyx) is redundant or
completely determined by the order on Ky(C(X) X4+ Z). Indeed, the example
given in Section 6 shows that for substitutional systems X and Y we may have

Ko(Ox) ~ Ko(Oy)
as well as
[KO(C(X) N g+ Z)v KO(C<X) A g Z>+] = [KO(C(X) N g+ Z)v KO(C(X) N g+ Z)+]7

yet
[Ko(Ox), Ko(Ox)+] # [Ko(Oy), Ko(Oy)+].
The following result gives an algebraic reformulation of the extra infor-
mation captured by the order on Ky(Ox).

Corollary 4.5 Let X andY both be minimal shift spaces with finitely many
left special words. The following are equivalent

(1) [Ko(Ox), Ko(Ox)+] = [Ko(Oy), Ko(Oy)+]

(ii) There exist group isomorphisms ¥, )’ 1) with 1" an order isomorphism
such that

0 —— kx> Ko(Ox) > Ko(C(X) Xpv Z) —0

o ‘|

)—— kx(—> KQ(OX) T> K()(C(X) A g* Z) —()

11
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commutes, where kx and ky denote the kernels of the respective p,-
maps.

Proof: The shift spaces have property (x) as seen in [12, Example 3.6]. Sup-
pose the Ky-groups are order isomorphic via 1. Further note that, as seen
in [19], Ko(C(X) X4+ Z) is a dimension group and hence in particular has no
nonzero element which is simultaneously positive and negative.

This means, by Corollary 4.4, that

k’l:{l’EKo(Ol)“)SJZSO}

Since the same charancterization may be given for Y, we get that ¢ (kx) = ky.
Thus isomorphisms " and ¢’ are induced, and clearly ' will be an order
isomorphism.

In the other direction, we see that 1 will be an order isomorphism by

$(2) 2 0= pu(th(2)) 2 0= ¢ (pu(2)) 20 = pu(2) 20 =2 2 0.

d

Note that the condition in (ii) above is not the one defining equivalence

in Ext(Ko(C(X) X+ Z), kx). Hence, even though there would seem to be a
relation between the condition and the theory of extensions of C*-algebras,

the order description remains more useful for our purposes than one involving
KK'(C(X) X+ Z, ker p).

5 Finer descriptions

We will now concentrate on the case when the shift space X has property
(xx). In this case, as seen in [12, Section 5.3], we can give a description of
Ko(Ox) as a cokernel of a map on

Gx =C(X,Z)® » 7%,

neNg

where the index set Jx is the set of those right shift tail equivalence classes
of X which contains a left special element. Notice that it is finite.

We say that a left special words is adjusted when o~"(y) is not left special
for any n € N. As a consequence of property (%) each right shift tail class

12
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j of a left special word contains at least one, and at most finitely many,
adjusted left special word. We call that set M;.
We let Ax be the map from G to itself defined by

(f, (a'qjl)jejl,neNo) = (foo™, (d}iq,)jejl,neNo)a

where @ = > e flo4(2)) = flo™ (), and &, = o, for n > 0.

We have proved in [12, Proposition 5.16] that Ky(Ox) is isomorphic to
Gx/Im(Id —Ax). The advantage of this description over the one available
for property (%) is that Gx manifestly contains C'(X,Z) via the canonical
restriction map 7 : Gx — C(X,Z). Indeed, we prove in [12, Proposition
5.19] that there is a group homomorphism ¢ : C(Qx, Z) — Gx such that

C(x,Z) —"— C(X, Z)

N

L

Gx
Im(Id —Ax)
>N
C(Qx,Z) R C(X,Z)
Tm(ld —Xx) Im(Id —(c—1)*)

commutes and ¢ is an isomorphism. We conclude:

Theorem 5.1 Let X be a shift space with property (x*). When

Gx
Tm(Id —Ay)

is equipped with quotient order from the (degenerate) order

(fv (%)J’EJ&HGNO) >0~ f >0,

the map Yo = ¢ o Yo becomes an order isomorphism.

13
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Proof- According to Theorem 4.3 it suffices to prove that ¢ is an order
isomorphism. Because of our choice of order on Gx we clearly have

fz20=k(f) 20=n(¢(f)) 2 0= ¢(f) 20

so that ¢ is positive.
In the other direction, since n is positive, we get

_ =1 —1
yz20=17y)20="r¢ () =20=0¢ (y)

according to Proposition 4.2. U
From [12, Corollary 5.20] we immediately get the following:

Corollary 5.2 When X is a shift space which has property (xx) and only
has two left special words Ky(Ox) and Ko(C(X) X« Z) are isomorphic as
ordered groups.

Example 5.3 For a Sturmian shift space with parameter « (see [17, §6]),we
get
K0(05a> =7 + C(Z,

cf. [33].

6 Substitutional shift spaces

We now consider shift spaces X, associated to aperiodic and primitive sub-
stitutions 7 via
LX) ={m"(@)pm | a€a, N eN,1<n<m< |tV (a)]}.

In [12] we found a representation of K(Ox ) as a stationary inductive
limit of finitely generated groups. We may now prove that this description
also captures the order structure. We refer the reader to [9, 3.3] for the
definition of the class of basic substitutions, for a discussion of why working
with this class is no restriction, and for the definitions of the combinatorial
data A,, n,, p, and A, associated with the substitution 7 on the alphabet a.

Theorem 6.1 Let 7 be a basic substitution. There is an order isomorphism

Ko(Ox,) =~ lim(Z" & Z"p,Z,A,)

where each Z!% @ Z"p,7Z is ordered by
((xa), (i) + prZ) >0 <= VYaca:z, > 0.

14
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Proof: The identification in [15] and [9], respectively, of Ky(C(X,) X, Z)
and Ko(Ox_) as limits of stationary inductive systems of finitely generated
groups, was found using a Kakutani-Rohlin partition

(G

rk-[m] = C(X,, Z)

m=1

and maps
U 1k, [m] — 2 W, vk [m] — Z1Y @ 2, Z
defined in such a way that A, o1, = ¥,,,1 and KT oV,, = W¥,,.1. Thus maps

oo : OX,, Z) — lim(ZI% A) W Gx — lim(Z © 2, Z,A,)

are induced, and since we know by the proofs of [15, Theorem 22] and [9,
Theorem 5.8] (cf. [9, Proposition 5.14]) that

ker 9o = Im(Id —(o71)*) ker ¥, = Im(Id —Ax) (4)

this establishes the stated isomorphisms.
Let R : Zld e 27 — 7% be the projection map. Since we have
directly by definition that

rk.[m] ® Z Z" ? rk, [m]
i=0

\ymi Um
7 © 7, 7. 7)al
we may pass to limits and get that
Gx ! C(X,7)

| iwm

lim(Z¥ & Z"7p. Z, A.) lim(Z/%, A,)

15
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is commutative. Comparing (4) and Theorem 5.1 we get a diagram

Xo Gx n C(X,Z)
KU(OX) Im(Td — Ayx) Im(Id —(o—1)*)

| =

lim(Z'* © Z°/p, Z,A,) lim(ZI7, A,)

Roo

where from [15, Theorem 22|, ¥, is an order isomorphism. Thus ¥, o Xo
becomes an order isomorphism when lim(ZI & Z"p,Z, A, ) is equipped with
the order induced from lim(Z!%, A,) via R.. This is the same as equipping
each Z¥ @ Z"/p,7Z in the inductive system with the order induced from Z!®
via R, as required. O

The remainder of the paper is devoted to proving by example that the
ordered groups thus obtained carry information which is not available by

any other flow equivalent means known to us. For this end, we consider a
substitution 7 given on the alphabet a = {a,b, ¢, d} by

7(a) = dbdbaaaaaddddddbbbbbbcccabd
7(b) = d"b"  cecca'®bdbbbddddbbbbecaadd
¢) = dbdbaaaacddddddbbbbbbcaachd
Yccccadddddbd® b* 2 a** dddddbbbbecaadd

7(

7(d) = d'"b

where “e%” is just an abbreviation of the concatenation of i instances of “e”.

Surely shorter examples could be found — the repeated letters are only used
to get computationally convenient invariants.

Computations using our program [11], cf. [10], show that this substitution

is aperiodic, elementary and basic with n, = 2 and p, = (1,1). Using the

notation

[w]t = wr(w)---7"(w)--- € a'

™(w) - T(w)w € aN

[w]
as in [10], we may choose cofinal representatives (cf. [9, §3.1])
[d"'b"cccca'®dddddbd® b* ¢*?a**) ™ d.[ddddbbbbccaadd)
[dbdbaaaaaddddddbbbbbbeec] ™ a.[bd] ™

16
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for the two orbit classes of special words, and hence arrive at the augmented
matrix

(6 9 3 9 00
12 18 6 18 0 0
A _ 6 9 3 9 00
T 136 54 18 54 0 O
10 13 4 12 1 0
|6 8 2 8 0 1]
Now consider
110 110100
_|100 _
R= ﬁg] S ERIH
000
noting that
110100
121200
RS = ié%éBS]
121110
000001

has the property that (RS)? induces the same map as A, on Z*@72/(1,1)Z.

Since )
SR:[% %8]:[% %8}
311

—-101

we have shown that Ky(Ox ) is isomorphic, as an ordered group, to the
stationary inductive limit of Z? equipped with the order

(l’l,xg,LEg) >0<=z21>20AN29>0

E

Xn = [39" (1733")/2 ﬂ

and note that X,,,1 B = X,,. Hence a map

and the matrix )
2

|

O
—OO

1
We define

Xoo : Ko(Ox ) — Q7

is defined. One easily sees that X, is an isomorphism onto Z @ Z[1/3], and
that
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whence we get that the short exact sequence associated to 7 becomes

0z b 2z g

] 0

SV

This short exact sequence does not split.

Now consider the oppostite substitution 77! with 771(e) equalling 7(e)
read from right to left. Again the substitution is aperiodic, elementary and
basic, with n, = 2 and p, = (1, 1), and it has augmented matrix

6 9 3 9 0

w

D

ot

T

—_

o

ot

=
O = O OO
_ o O O O O

if one chooses

[ddaaccbbbbddddda** c**b* d**bdddd)~d.[a'’ ccceb™ ddddddddddd) ™
[dbaccebbbbbbdddddd)~ a.[aaaabdbd] ™

Similar computations with

190

190 :[6%9%88]

320 00001 —1

000

210 0 0 1
Bop = (2)(1)(1]] Xopin = [3-n 3-n/2 0]

show that we get
o] !

whence the short exact sequence splits and the two ordered groups Ko(Ox )
and KO(OL_l) are nonisomorphic by Corollary 4.5 above, even though they
are identical as groups.

We have chosen the example so that no other flow invariant known to
us can tell the flow equivalence classes of X and X_ -1 apart. Indeed, since
the abelianization matrices of 7 and 77! are identical, the invariant of [15]

18
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cannot detect any difference. Similarly we get in the notation of [1, Theorem
3.10] that
(7_—1)* — (7_*>71
so that
sup{n € N | Jw :w" € L(X..)} =sup{n € N | Jw : w" € L(X-1)-)},

rendering the method of [1] inapplicable here. And finally, the configuration
data graph (cf. [10]) of 7 is symmetric; indeed it is given by

—
=
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7.8 Closing remarks

Since the statement of Theorem 4.3 does not depend on property (%), it is
natural to ask if the results is true in generale and not just for shift spaces
having property (x).

Off other interesting questions in this area is what equivalence relation
does the C*-algebra Ox+ induce on shift spaces? Said in another way:
Is there a symbolic dynamical condition for when to shift spaces have
isomorphic (or Morita equivalent) C*-algebras Ox?
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