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Preface

This is my Ph.D. thesis in mathematics at the University of Copenhagen. The thesis
is based on the following three papers:

[2] T. Biilow: Power Residue Criteria for Quadratic Units and the Negative Pell
Equation, Canad. Math. Bull Vol. 46 (1), 2003, 39-53;

[3] T. Biilow: Relative Norms of Units and 4-rank of Class Groups (submitted);

[4] T. Biilow: 4-rank of the Class Group of Certain Biquadratic Number Fields of
Dirichlet Type (preprint).

The structure of the thesis is as follows:

The first introductory chapter deals with the classical negative Pell equation
and indicates two possible ways to continue the classical theory. These matters are
investigated in parts I and II.

In part I, which consists of the chapters 2 and 3, power residue criteria for units
of real quadratic fields are proved by means of class field theory. Part I is based on
2].

Part II, which consists of the chapters 4 and 5, deals with the surjectivity of
the relative norm map Ny x restricted to unit groups (for certain extensions L/K
of number fields). It turns out that this question is related to concepts which also
influence the structure of the (2-)class group of L, especially the 4-rank of the class
group of L. For certain fields, the 4-rank of the class group is also studied for its
own sake. Part II is based on [3] and [4].

The class field theory that will be used is summarized in an appendix.

I would like to thank my thesis advisor professor Christian U. Jensen, who was
also my master’s thesis advisor, warmly for being an excellent advisor over the years.
He has been a great inspiration and [ am glad that he introduced me to the interesting
theory of the classical negative Pell equation.

Tommy Biilow
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Notation

We list some of the notation that will be used.

7 is the set of rational integers;
N is the set of positive integers;
Ny is the set of non-negative integers;
Q is the field of rational numbers;
R is the field of real numbers;
C is the field of complex numbers;
[F, is the finite field with ¢ elements where ¢ is a prime power.
Np/k is the relative norm map for an extension L/K of number fields;
N(-) is the absolute norm map;
Let K be a number field; then:
Ok is the ring of integers of K;
O} is the group of units in Og;
CI(K) is the class group;
h(K) is the class number;
[a] i is the ideal class in C1(K') containing the fractional ideal a of K;
V is the logical ’or’;
A is the logical ’and’;
|| means ’divides exactly’ (for prime powers);

<%> is the Legendre symbol (or the Kronecker symbol).



Chapter 1

Introduction

1.1 The Classical Negative Pell Equation

Let D be a non-square positive integer. The problem of deciding whether the negative
Pell equation

r? — Dy* = —1, (1.1)
has integral solutions is a classical problem in number theory which is not solved in
general. Obvious necessary conditions for the solvability of (1.1) are that 41 D and
that every odd prime factor of D is congruent to 1 modulo 4; they are not sufficient.

Consider two indefinite integral binary quadratic forms of positive discriminant:
flz,y) = ax® + bwy + cy® and g(z,y) = d'z* + Vzy + dy*>. Then f and g are

called equivalent if there is a matrix A = [ 3 g } € GLy(Z) such that f(x,y) =

g(ax + Py, yx + dy); if this holds and A € SLy(Z), then f and g are called properly
equivalent (these matters where studied by Gauss). The discriminant of f is b* —4ac.
If we consider forms of fixed positive non-square discriminant D, then it is known
that

proper equivalence = equivalence < 22 — Dy? = —4 is solvable.

If 41 D, then these two statements are true if and only if 22 — Dy* = —1 is solvable.

Many mathematicians have made sporadic contributions to the problem about
the solvability of (1.1). Fermat, Euler and Galois were some of the first to study the
equation systematically.

First, suppose that D is square-free.

Dirichlet [5] proved the following result by elementary means (quadratic reci-
procity and simple considerations about biquadratic residues).
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Theorem 1.1. Let py, ps, ps be distinct primes = 1 (mod 4). If D is equal to one of
the following, the equation x*> — Dy? = —1 is solvable:

1. D:pl,'
2. D=2p,, where p; =5 (mod 8);

3. D=2p;, where p; =9 (mod 16) and ( ) =-1;!

2
p1)y

—1;

4. D=p1ps, where (ﬁ—;)

5. D=pipa, where (%) =1 and <§—;>4 = <IQ>4 = —1;

1

ps ) \p1

7 D= where () = (1) =1 ona (32) = (52), = (1), = (). =

6. D=p1paps, where at least two of (%) , (p2) , (ﬁ) are =—1;

)

o Depi v () - (5) = (5) =1 ona (32), - (32), - (:2),-

<%>4 (:%)4 = (%)4 (i‘i>4 = (%)Z(%L =1

More recent results about the negative Pell equation can be found in [6], [23], [24],
[25].

We now turn to the connection between the solvability of the negative Pell equa-
tion and class field theory.

From now on, we use the class field theory and the notation in appendix A.

Let K be a number field.

Consider the ideal group S(;) in K let L; be the corresponding abelian extension
of K (cf. theorem A.9). Then fz,/x = (1), so that (cf. theorem A.6) Sy is an ideal
group corresponding to L;. We have

Gal(Ll/K) >~ A(l)/S(l).

Since any unramified (including at infinity) abelian extension of K has conductor
(1), so that its corresponding ideal group contains S(1), A.11 implies that

L, = the maximal unramified (including at infinity) abelian extension of K.

a

Let a € Z and let p be an odd prime number; in this paper we use (5) only in the following
4

. 1 if ais a 4th power residue mod p
. a) — a — ’
sense: if (p) 1, then (P)4 { —1, if ais not a 4th power residue mod p
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Ly is the Hilbert class field of K.

Let oo be the divisor of K which is the product of the real embeddings of K. Let Lo
be the abelian extension of K corresponding to Ss. Then f1,/k | 00, so that Sy is
an ideal group corresponding to L;. We have

Gal(Lg/K) ~ A(l)/Soo~

A1)/ Sx is the strict class group of K. Since any finitely unramified abelian extension
of K has a conductor dividing oo, so that its corresponding ideal group contains S,
we have that

Ly = the maximal finitely unramified abelian extension of K.

Lo is the strict Hilbert class field of K.
Clearly, Ly € Ly and Ly = Ly < S(1) = Seo-

Let p be a prime number. For a finite abelian group G, let Syl,(G) denote the
p—Sylow group of G.

Let Ly’ ) be the abelian extension of K corresponding to H; where

A/ Say = Sylp(Aay /Sy Hi /Sy
Let Lép ) be the abelian extension of K corresponding to Hy where
A1)/ See = Sylp(A(1)/Soc) H2 / Sec.
(Hi/Sqy (resp. Hy/Ss) is the product of the other Sylow groups in A(;y/S(y (resp.
A1)/ Sx).) We have
(1)
Gal(L{ /K) =~ Aw)/Hy = A1/5(1>/H1/5(1> ~ Sylp(Aw)/Sw),

Lgp ) = maximal unramified (including at infinity) abelian p — extension of K
Gal( LY [K) = Ay /Ha = Ay/Sac | H /e = Syly(Aqy/Sec)

and
Lép ) = the maximal finitely unramified abelian p — extension of K.

Lgp) is called the p—class field of K, Lgp) is the strict p—class field of K. It is clear
that L? ¢ L),
Syl,(Any/Say) is called the p—class group of K; Syl,(An)/Ss) is the strict p—class
group of K.

Suppose that K C R. Then L; C R (since L;/K is unramified at infinity) and
L") C R (since L'P /K is unramified at infinity). Moreover, it is clear that

L, CR & Ly/K is unramified at infinity < L = Ly & Sy = Sw.



10 Introduction

Suppose further that K = Q(\/E) where D > 1 is a square-free integer, and let
ep be the fundamental unit (> 1) of K. Then it is easily seen that Sy = So &
N(ep) = —1 (N is the norm). If, in addition, p = 2, then

Lg) is unramified at infinity
Lg2) _ Lg)

Syla(Aqy/Say) = Syla(A)/Seo)
[Awy/Swl = [Aw)/Sx|

Sa) = S

LY CcRr

S

(we used that |Aq)/Sq)| and |A(1)/ S| differ by a factor 1 or 2).
These observations are summarized in the following

Proposition 1.2. Let D > 1 be a square-free integer. The following statements are
equivalent:

1. 2? — Dy* = —1 is solvable;

2. 2% — Dy* = —4 is solvable;

3. N(ep) = —1;

4. Say = Soo;

5. the strict Hilbert class field of Q(v/D) is real;

6. the strict Hilbert class field of Q(v/D) = the Hilbert class field of Q(v/D);
7. the strict 2-class field of Q(v/D) is real;

8. the strict 2—class field of Q(v/D) = the 2-class field of Q(v/D).

In [27], class field theory in connection with the criteria in Proposition 1.2 (espe-
cially those involving 2—class fields) was used to prove the next result about the case
where D has two prime factors (supplementing Dirichlet).

Theorem 1.3. 1) If D = pipy where p1,py are distinct primes = 1 (mod 4) with
(ﬂ) =1 and <ﬂ> =— (@> , then x> — Dy? = —1 is not solvable.
4 4

p2 p2 p1
2) If D=2p where p is a prime =1 (mod 16) with (%) = —1, then 2*> — Dy? = —1
4
15 not solvable.
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1.2 D Not Square-free and Power Residues of Units

In this section, we consider the negative Pell equation 22 — Dy? = —1 with D not
square-free, and we discuss its relation to certain power residues of units of quadratic
fields which will be the main topic of part I of this thesis.

We write (uniquely) D = dk?* with d > 1 square-free and k > 1.
First we give a formulation of the problem in terms of class field theory:

Consider the two ideal groups in K := Q(v/d):
H ={(a) e Apy(K) | Ir e Q:ao=r (mod (k))} and

H" :={(a) € Ag(K) | 3r e Q: =7 (mod (k)oo)};

(k) (resp. (k)oo) is clearly a congruence module for H' (resp. H"); oo is, as before,
the divisor of K which is the product of the real embeddings of K. Let L' (resp.
L") be the abelian extension of K corresponding to H' (resp. H"). By definition
of infinite ramification, L' C R. It is also clear that H' O H”. Then we have the
following analogue of proposition 1.2:

Proposition 1.4. The following three conditions are equivalent.
1. 2? — dk*y? = —4 is solvable.

2. H =H".

3. L"CR

If 2t k, these conditions are equivalent to

4. 2% — dk*y? = —1 is solvable.
Proof. For 8 € K let 3’ denote the conjugate.

‘1. = 2.: Let a® — dk*b®> = —4, a,b € N, and consider the units

a+ kbvd 8,_a—kb\/3€

— O
9 9 K

which have opposite signs. If (o) € H', r € Q, and o = r (mod k), then (by adding
a suitable integral multiple of k to r, if necessary) we can assume that r and « have
the same sign, and so

a=r (modkoo) or ca= gr (mod koo).
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Hence () € H”. Tt follows that H' = H".

2. = 1.: Assume that H' = H". Put o := 1+ kv/d; then (o) € H = H”. Then
there is a unit € € O and (a rational number and (after multiplication by a suitable
power of its denominator) also) an integer g such that eaw = g (mod koo). As, in
particular, ea/g,e’a’ /g > 0, we have
caca  g?
N(e) = — —— <0,
( 9 9 N(o)

and so N(g) = —1.
We can write ¢ = #, a,b € Z; then

29 = 2e00 = a + WWd + 2kVde = a+ bVd  (mod 2k).
Hence k | b, and so we get —4 = 4N () = a® — dk? (%)2
2.=3" H=H"=1L"=LCR

‘3. = 1. Suppose that L” C R, i.e. frn/k is an integral ideal. Therefore, we can

choose n € N with fov/k | (n). Hence Sppy € H”. Put o := 1+ nkv/d. Since
() € Sgry € H”, there is a unit € € Ok and an integer g € Z with

ea =g (mod koo).

! !
As %“, 57"‘ > 0, we have

and so N(¢) = —1. From ¢ = eca = g (mod k) we find that

x+y\/a

e—g==kF 5

X,y € L

hence —4 = N(2¢) = (kz + 29)? — dk*y>.
To finish the proof we note that 2 { k implies that 4 { dk?; so if 2 1 k, then

2% — dk*y? = —1 is solvable if and only if 22 — dk?y? = —4 is solvable. O
A necessary condition for the solvability of 22 — dk?y? = —1 is, of course, that
2% — dy? = —1 has a solution. Hence it is also necessary that k is odd and that every

odd prime dividing dk is = 1 (mod 4). By the next proposition (from [15]) one can
assume that k is a prime = 1 (mod 4).



1.2 D Not Square-free and Power Residues of Units 13

Proposition 1.5. 2 Let d > 1 be square-free and let the odd number k have the
prime decomposition k =[], p;*. Then

v? — dk*y? = —1 is solvable < Vi: z* —dp’y* = —1 is solvable.
So it is enough to deal with the equation x? — dp?y? = —1 where d > 1 is
square-free and p is a prime = 1 (mod 4). We shall assume that p 1 d.
First we settle the case % = —1 completely.

We shall need the following result from genus theory.

Lemma 1.6. Let K be a quadratic number field where py,...,p, are the (distinct)
prime factors of the discriminant of K. Let p; be the prime ideal in K above p;. The
square of each p; is (of course) a principal ideal with a generator of positive norm.
Moreover,

1. exactly 2 of the 2% ideals

plljl1 U péLw?/J“i S {07 1}7
are principal with a generator of positive norm;

2. every fractional ideal B in K whose ideal class has order 1 or 2 (in K’s class
group) is strictly equivalent to one of the ideals

pyteeph s € {0,1}

(i.e. B differs from one of these by a principal ideal with a generator of positive
norm,).

2

Lemma 1.7. Let d > 1 be square-free. Assume that x> — dy?> = —1 has a solution.

Let dy be a divisor of d. Then
1? — dy* = d; is solvable & dy € {&1,+d}.

Proof. ‘<’: Obvious.

‘=": It is enough to show that (at most) 4 divisors d; result in a solvable equation.
Consider Q(v/d) whose discriminant has the same prime factors as d. Let d =
P1- - Pw be the prime decomposition of d and consider a divisor di = £[[,.5ps,

B C{l,...,w}, of d. Let p; be the prime ideal in Q(v/d) above p;. Since

x? — dy* = d; is solvable < Hpi s a principal ideal
i€B
Hw

and since (by lemma 1.6) exactly 2 of the ideals pi* - - - pi, u; € {0, 1}, are principal,
we are done. 0

2In [15] only an odd d is considered; however, the proof given there does not use this.
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2

Theorem 1.8. Let d > 1 be square-free. Assume that x* — dy —1 has a solution.

Let p=1 (mod 4) be a prime with (%) = —1. Then z* — dp*y* = —1 is solvable.

Proof. Assume that 2? — dp?y?> = —1 is not solvable, and let x,y € N be minimal
with 22 — dp*y*> = 1. As dp* = 1,2,5 (mod 8), x must be odd and y even. The

integers xT“ and xT’l are coprime. From

r+1 x—l_d(y>2
o o ~ OV

we therefore get

r+1 r—1

2

where d = dydy and p§ = aay. Since

2

=dia] and

(d1a1)2 — da% = d1<d1a% — dg&%) = dl,

lemma 1.7 implies that d; € {£1, +d}, and so (dy,ds) € {(1,d),(d,1)}. This gives 4
cases, each one being impossible:

i)di=dANa; =pb: ai — dp*h* = —1.

ii)dgzd/\agzpbz &%—dp%z:l and |a1|:va+1<£L‘.

ili)dy =dANag=pb: da? — p?b® = 1; hence (%) =1.
iv) dy =dANa; =pb: da? — p?b?> = —1; hence (%) =1. ]
This settles the case (%) = —1. From now on, we concentrate on the case

(%) = 1. In this case, the following result (proved in [15] by elementary means)

transforms the question of solvability of the negative Pell equation into a problem
about a congruence in Ogway-

Lemma 1.9. Let d > 1 be square-free, let the fundamental unit ¢ = €4 of @(\/3)
have norm —1 and let p =1 (mod 4) be a prime with <%) = 1. Suppose that 2*||p—1.
Then

2? — dp*y* = —1 is solvable < enT = 1 (mod p) (in OQ(\/E))'
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If ¢ is an integer not divisible by the odd prime p and the Legendre symbol <]—c)>
has the value 1, then we define the symbol (;C)) to be be 1 or —1 according as ¢
4

is or is not a fourth power modulo p. If (%) = 1, then we can interpret ¢4 as an
integer modulo p and if the norm N(gy4) of €4 is 1 or if N(g4) = —1 and p = 1
(mod 4), the symbol (%ﬂ‘) is well-defined. When there is no risk of ambiguity we

define, recursively, the symbol <%d) as follows: (%‘1) T 1 (resp. = —1) means
2

2t+1
that (%) L= 1 and g4 is (resp. is not) a 2°7'th power modulo p. For our purposes
2

it will be sufficient to know that if N(g4) = 1 or if N(g4) = —1 and p =1 (mod 8),
the symbol (%) is well defined.
4

Remark 1.10. Let p = 1 (mod 2*) (A = 2, 3) be a prime number with (%) =1 and
let p be one of the two prime ideals in Q(v/—d) above p. Then for A\ = 2, 3:

)

(ﬁ) -1 < (gd);;\%ll =1 (mod p)
p 2A—1
& p splits totally in Q( 2 \/eq,1),

by theorem 119 in [12]. In particular, we immediately have (cf. lemma 1.9):

A)p=5 (mod 8) :

$2 - dp23/2 = —1 s solvable < (ﬁ> = —1’
p

B)p=9 (mod 16) :

z? —dp*y* = —1 is solvable < (€d> = —1;
P/y

C)p=1 (mod 16) :

v? —dp*y? = —1 is solvable = <Ed) =1.
P/

In part I of this thesis, we concentrate on the problem of finding <Ed> and (%d)
4

for certain classes of d. As indicated by remark 1.10, power residue criteria can be
interpreted in terms of the solvability of 22 — dp*y? = —1.

We now describe some of the known results dealing with the power residue criteria
for 4 or the solvability of 22 — dp*y? = —1 with p being a prime. They are almost all
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expressed in terms of one or two representations of powers of p by binary quadratic
forms.

[8] contains several power residue criteria for 4 being a 2'th power residue
(t =1,2,3) for special classes of d. A typical example is Potenzrestkriterium 1 in [8]:

Theorem 1.11. Let d =7 (mod 8), let the prime divisors q¢ of m be = 1 (mod 8),
let the class group of Q(v/—d) have no invariant divisible by 4, let m be the odd part
of the class number of Q(v/—d), let p = 1 (mod 8) be a prime number such that

<§> =1 for every prime factor q of d. Then p™ = s? + 16dv?,s,v € Z,

(%):1 and (%)4:(—1)1&

If p=1 (mod 16) and (%)4 =1., i.e. p" = s>+ 64d(vy)?, s,v, € Z, then
(%d)s = (=1

We refer to [8] for references to older power residue criteria in the literature.
Let us now turn to the case which interests us in part I of this paper, namely

N(gg) = —1 (i.e. 22 —dy* = —1 is solvable), p = 1 (mod 4) and (;‘—f) = 1. This is
assumed in the rest of this section.
The old paper [22] contains the following criterion:

Theorem 1.12. Let p = 1 (mod 8) be a prime represented by p = s> + 2v?; a
necessary condition for the solvability of x* — 2p*y* = —1 is that 8|v; forp = 9
(mod 16) this condition is also sufficient.

Remark 1.13. Let p =1 (mod 8) be a prime. Then (by Gauss) 2 is a biquadratic
residue modulo p if and only if p = 2? 4+ 64y®. If p = 1 (mod 16), then this is
equivalent to p = s? + 128v?. (See for example [10].)

In [16], theorem 1.12 was extended to a similar criterion when p = 17 (mod 32):

Theorem 1.14. Let p = 1 (mod 16) be a prime satisfying the necessary condition
of theorem 1.12, i.e. representable by the form p = s* + 128v} and hence also by
p = 2% 4+ 64y. Then a necessary condition for the solvability of x? — 2p*y? = —1 is
that y + v; = 22 (mod 2); for p =17 (mod 32) this condition is also sufficient.

In [15], a necessary and sufficient condition was given in the case d = ¢ = 1
(mod 4) a prime and p =5 (mod 8). For example, for ¢ =5 (mod 8):
Theorem 1.15. Let ¢ =5 (mod 8) be a prime. Let p be a prime =1 (mod 4) with
<%> = 1. Then p"? = u® + qu?, h being the class number of Q(/—q).
A necessary condition for the solvability of 2 — qp*y* = —1 is that ’%1 + v 18 even,
for p="5 (mod 8) this condition is also sufficient.
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1.3 Norms of Units and 4-rank of Class Groups

The problem of the solvability of the negative Pell equation, 2% —dy? = —1 with d > 1
square-free can, as we know, be formulated as a question of whether the fundamental
unit £4 of Q(v/d) has norm —1. In other words, we ask whether the relative norm
map between unit groups,

Nowaye * Ogwa — 90 = {£1}

is surjective.
In general, we could ask the following natural question:

Let L/K be an extension of number fields. What can be said about the relative

norm map
NL/K: (f)z — OE'

between unit groups? (Clearly, units of L are mapped to units of K.)
In particular, can we decide whether this is a surjective map?

In part IT of this thesis, we investigate this problem for certain cyclic extensions
of prime degree, mostly quadratic.

Apart from the classical case, the only thing which seems to be known about the
general question is a reformulation (in terms of the ramified primes of L/K) of the
problem given by Hilbert (see [13]) only in the special case of K = Q(¢) the Gaussian
field and L = K(v/d), d an integer. We shall have more to say about this case later
and we use it to illustrate some of the results.

We mention two classical results.

Definition 1.16. Let D be the discriminant of the quadratic number field K. Con-
sider factorizations D = D1Dy of D where each of D; and D, is a product of prime
discriminants or equal to 1. The factorizations D = DDy and D = Dy D; are con-
sidered the same.

The factorization D = DDy is of type 2 (German: Von zweiter Art) if

D D
V prime p|D; : (—2) =1 and V prime p|Dj : (—1) =1.
p p

Here (2) is the Kronecker symbol.

Definition 1.17. For a finite abelian group G, the number of cyclic factors of the
2—-Sylow subgroup of G whose order is divisible by 4 is called the 4-rank of G.

In 1934, Redei and Reichardt (see [25] and [26])) proved the following theorem:
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Theorem 1.18. Let the quadratic number field K have discriminant D. If the
number of factorizations D = D1Dy of D of type 2 is 2%, then u is the 4—rank of the
strict class group of K.

They also proved the following

Theorem 1.19. Let d > 1 be a square-free integer. Assume that d is not divisible by
a prime congruent to 3 modulo 4. If only the trivial factorization of the discriminant
of Q(v/d) is of type 2 (which, by theorem 1.18, means that the strict 2-class group
of Q(\/d) is elementary abelian), then N(eq) = —1.

Theorems 1.18 and 1.19 are, along with the above-mentioned paper, [13], of
Hilberts, the starting point for the investigations in part II. More precisely, we ask
for possible analogues of these theorems to certain quadratic extensions L/K. In the
case of an analogue of theorem 1.19, we shall also look at certain cyclic extensions
of prime degree.

When studying the 4-rank of class groups, we shall use, among other things,
genus theory of quadratic fields as it can be found in for example [30]. Hilberts
similar theory of ’Geschlechter’ for quadratic extensions L of Q(i) (see [13]) will also
play a part at a certain point. The concepts ’Geschlecht’, "Hauptgeschlecht’ and
"Geschlechter der Hauptart” were defined by Hilbert in terms of certain character
symbols.

In general, an ideal class C' of CI1(L) was proved (by Hilbert) to be a square if
and only if C' is in the "Hauptgeschlecht’.

Consider quadratic extensions of Q(7) of the special form L = Q(i,v/d) where d is
an integer. Hilbert proved that the composite of (the natural images of ) C1(Q(v/d))
and CI(Q(v/—=d)) in C1(Q(i,v/d)) is equal to the *Geschlechter der Hauptart’.

See also [7] where these concepts are studied in a more general context.
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Chapter 2

Preparations

2.1 Galois Groups

Let d > 1 be a square-free integer and assume that N(g;) = —1 for the fundamental
unit € = £4 of Q(v/d). Let p = 1 (mod 4) be a prime number with with (g) =1,
i.e. p splits totally in Q(v/—d) and in Q(v/d). In part I of this thesis, criteria for
(%d) = 1 and (%)4 = 1 are proved for certain (infinite) classes of not necessarily

prime d. For example, these criteria will cover all d for which the 2-class group of

Q(v/—d) is elementary abelian
We are going to use the following

Lemma 2.1. Let L/K be a quadratic extension of number fields; so we can assume
that L = K(y/a), a € Ok. Let p C Ok be a prime ideal not dividing (2c). Then

p splits totally in L < 2°=a (mod p) is solvable in Ok

N(p)—1

< a 2 =1 (modp).

Proof.  The first equivalence is contained in [12], theorem 118; the second is well
known from the theory of quadratic residues. O]

Remark 1.10 hints at the possibility of applying class field theory (cf. theo-
rem A.12). In fact, Q(v/,4)/Q(v/—d) turns out to be abelian. Unfortunately,
Q(V/2,1)/Q(v/—d) is not even a Galois extension for d # 2; this will be remedied by
bringing the extension Q(v/2¢,4)/Q(v/—d) into the discussion.
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Proposition 2.2. 1) Q(v/2¢,1)/Q is Galois, and Gal(Q(v2¢,1) /Q(v/—d)) ~ Z/4.
2) Q(v/2¢,i) /Q is Galois, and Gal(Q(v/2¢,1) /Q(v/—d)) ~ Z/8.

3) Q(Ve,1)/Q is Galois, and Gal(Q(V/z,1)/Q(vV—d)) ~ Z/4.

4) Q(V/z,1)/Q(v/—=d) is not Galois for d # 2.

5) Q(¥e,4)/Q is Galois for d = 2, and in this case Gal(Q(/z,1) /Q(v/—d)) ~ Z/8.

Proof. We first prove 1) and 2). Put 2 = u + tVd, u,t € Z.
The polynomial f(z) := 2* — 2uz?® — 4 has the roots +v/u £ tv/d. As

\/u—l—t\/c_l\/u—t\/az\/—_él:%,

Q(V/2¢,1) is the splitting field of f(x) over Q.
The polynomial g(x) := f(x?) has the roots {£1, £i}vu + t/d. As

(l/u—l—t\/ail/u—t\/az V- :\/Z:l—i—i,
Q(v/2¢,1) is the splitting field of g(z) over Q. We claim that

a) Vu+tvVd & Q(vd)), and b) vVu +tvVd & Q(vu + tVd).
Proof of a):

Vu—+tVde QWd) = f(x) reducible over Q
= 2i= \/u+t\/3\/u—t\/36(@ Vv

u+tVd = (\/u+t\/&)2e<@
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Proof of b): Since u + tv/d > 0, we have (using a)):

\4/u+t\/36(@(\/c_l))(\/u+t\/c_l) = Vu+tVd=a+ g\ u+tVd; a, b€ Q(d)

= Vu+tVd= (o?+ P(u+tVd) +

2a3 u+tVd
= 0=a’+P(u+tVd).
= a=0=0.

a) implies that [Q(v/2¢,1) : Q(v/—d)] = 4; this and b) implies that
[Q(V2e,1) (\/_)128

Let Gal(Q /(@(\/_d)) (1), ie. 7(Vd) = —Vd (and 7(i) = —i). Let
7,7 € Gal(Q(V2e,i) /Q(v/—d)) be the two automorphisms restricting to 7. As
( ( u+t\/_>)2 < ( u—l—t\/_>) = 7(u+tVd) = u — tVd,

we can assume that

(o) - # (o)
:T,< uftﬂ)

-2

L

\]\

S

u—t

= —\/u+t\/a,

Gal(Q(V2e,1) /Q(V—=d)) = (') ~ Z/4.
Let 0,0 € Gal(Q(v/2¢,1) /Q(v/—d)) be the two automorphisms restricting to 7. As

o ({0)) = () (o) o

we must have
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we can assume that

- (\4/u+t\/a> _ifu—1va (m - (\4/u+t\/a> _ _\4/u_t¢a).
Note that 0<4U_t\/g>:0< . )Z o

4u+t\/c_l 4u—t\/a.

Since

o (\4/u+tx/3) o ({‘/u—t\/é)
- (7=m)

= 0(1+:\4/u—t\/8)

(1—1)?
(1+4)Vu—tVd
1+

¥ u—t\/a
= —\4/u+t\/g,

we conclude that  Gal(Q(v/2¢,1) /Q(v—d)) = (o) ~ Z/3.

3) The proof of 3) is analogous to that of 1).

4) Suppose that d # 2 and that Q(v/€,7)/Q(v/—d) is Galois; then arguments com-
pletely similar to those in 2) would give that

Gal(Q(Ve, 1) /Q(V—d)) ~ Z/8
and that 6 € Q(\/z,4) where § is a primitive eighth root of unity. Then
V2 € Q(v2,i) = Q() € Q. 1),
and hence Q(v/2,v/—d) = Q(v/—d, i), and so d = 2 which is a contradiction.

5) If d =2, Q(v/—d, i) is the eighth cyclotomic field. Therefore, the proof of the fact
that Q({/z,1)/Q is Galois is analogous to what was done in 2); the computation of
the mentioned Galois group is also similar. O]
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Now we show that the question of the splitting of prime ideals in Q(+/¢, ) / Q(v/—d)
can be reformulated as a question of the splitting of prime ideals in abelian exten-
sions. First an easy lemma.

Lemma 2.3. Let L/K be a Vy — extension of number fields. Let p be a prime ideal
in O which is unramified in L. Let Ly, Lo, L3 be the non-trivial intermediate fields
in L/K. Then p splits totally in exactly one or three of the fields Ly, Lo, L.

Proof.  Note that p cannot be inert in Ly, Ly, L3 (for otherwise p would be inert
L, and hence Gal(L/K) would be cyclic). So we can assume that p splits totally in
Ly. If p splits totally in L/Lq, then p splits totally in Ly and Lz. If p does not split
totally in L/Lq, p does not split totally in L, and not in Ls. O]

Proposition 2.4. Assume that p = 1 (mod 8). For a prime ideal p in Og,/—
above p we have:

p splits totally in Q(v/e,i) <
p splits totally in Q(v/z,i) A

(( (2) =1 A p splits totally in Q(\“/z_e,i)) Vv
4

p

2 4 .
( (—) = —1 A p does not split totally in Q(v2¢,1) >) .
4

D

Proof. Suppose first that d # 2. We begin by proving
a) The extensions Q(y/z,14, v/2) /Q e,1) and Q(/e,i /Q are Galois with

Gal(Q(Vz,i,V2) /Q(VE, 1)) ~ Z/4,
Gal(Q(v/z,1) /Q(Vz, 1) ~ Z/2 and Q(V/z,i) £ Q(Ve, i, V2).

Proof of a): As
Gal(Q(ve, 1) /Q( (V—d)) ~7./4,
we have v2 € Q(\/&,1) = Q(v—d, v2) = Q(v/—d,i) = d = 2; hence
Gal(QVE, 1, V2) [QVE, 1)) = Z/2.

The extension Q(v/g,i, v/2) / Q(y/,1) is clearly Galois, but it is not yet obvious

whether Q(v/2,1,v2) € Q(v/5, 1, v2). Let
™ € Gal(Q(Ve, i, V2) /Q(VE, )
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with T(\/i) = —/2. Consider an automorphism
0 € Gal(Q(VE,i,V2)/Q(Vz,1))
restricting to 7 (perhaps ¢ = 7). Since o(v/2) = (—1)*iv/2, k € {0, 1}, we see that
0*(V2) = o((-1)!iV2) = (-1 (-1)"V2 = —V/2;
hence (Q(v/z,4,v2) € Q(vE,i, v2) and) Gal(Q(v/z, 1, v2) /Q(v/¢,i)) ~ Z /4.
Just as in the proof of v/2e & Q(v/2¢,1) (see the proof of proposition 2.2) we get
Ve & Q(y/e,1). This gives
Gal(Q(Ve,1) /Q(Ve, i) ~ Z/2.
Assume that Q(V/z,7) C Q(v/e, i, v/2). As /& € Q(\/E,i) and
Gal(Q(VE, i, V3)QVE, 1) ~ Z/4
it follows that Q(/z,7) = Q(v/€,4,v/2) which is a Galois extension of Q(v/—d), by
proposition 2.2 3). This contradiction (to proposition 2.2, 4)) finishes the proof of
a).

From a) it immediately follows that Q(/z, 4, v'2) /Q(y/£,4) is Galois of degree 8.
As V2 € Q(\/5,1), clearly [Q(+y/z, i, v/2) : Q(v/%,i,v/2)]=4, and then we must have

Gal(Q(Vz,i,V2) /Q(VE, i, V2)) = Vi.
The three (non-trivial) fields between Q(+/¢, 4, v/2) and Q(+/<,1,v/2) are
Li=Q(Ve,i,V2), Ly=Q(VeiV2), L;y=Q(Vei,V2e).
Let p” be a prime ideal in Q(+/€, ) above p; p” is obviously unramified in Q(/&, i, v/2)
(the discriminant of Q(/€,4, v/2) clearly divides a power of 2), and p” splits totally

in Q(v/,4,v2) (p=1 (mod 8)). Let p’ be a prime ideal in Q(1/€,14,v/2) above p”.

Suppose now that d = 2. We have:

1) e & Q(y/,1) (as above);
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i) v2 & Q(y/,1) (since

V2 € Q(ve, i)
> V3eQ(VE)UR=Q(/F)

- QVaVE) =ave) =) =awa) (V2 )

= 1+V2=¢c=(a+bV2)’V2=4dab+ (a* +26*)v2,a,b € Q
= dab=1ANa*+20> =1
= a'—a®*+1/8=0 (which is impossible));

i) /2 & Q(v/z, 1) (since [Q(v/22) : Q] = 8 > 4 = [Q(v/7) : Q));
iv) V2 ¢ Q(+/€, ) (since
V2€Q(ve i) = V2eQ(Ve)
- o (VW) = a0m (V)

= V2e=1+"V2,7 € Q(VE)
= Ve ==%7¢€Q(\e)).

From i), ii), iii) and iv) we deduce that
Gal(Q(Ve, i, V2) /Q(Vz,4)) = V.
The three (non-trivial) fields between Q(+/z,, v/2) and Q(+/<, i) are
Ly = Q(Ve,i), Ly=Q(Vzi,v2), Ls=Q(Vzi,V2e)

Let p’ be a prime ideal in Q(/2,7) above p; p’ is obviously unramified in

Q(VE,i,V2).

In the rest of the proof we deal with both cases (d # 2 and d = 2) at the same
time. By lemma 2.3 p’ splits totally in 1 or 3 of the fields Ly, Lo, Ls.

If <§> = 1, then p’ splits totally in Ly and hence (when ’split(s)” means ’split(s)
4
totally’):
p splits in Q(v/e,i) < p splits in Q(ve, i) A p' splits in L,

& posplits in Q(v/e,i) A p’ splits in L
& p splits in Q(vz, i) A p splits in Q(v/2e,1).
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If <12)> = —1, then p’ does not split totally in Ly and so:
4

p splits in Q(v/e,i) < p splitsin Q(v/z,1) A p’ splits in L,
& p splits in Q(v/z,i) A p' does not split in L
& p splits in Q(v/e,i) A p does not split in Q(v/2e,14).

This proves the proposition. O]

By this proposition and remark 1.10, the problem of finding (%) and (%) for
4

d > 1 square-free, N(g4) = —1 and (%) = 1 is thus reduced to the question of the

splitting of prime ideals above p in certain cyclic extensions of Q(v/—d). By theorem
A.12 this is equivalent to the problem of deciding whether prime ideals in Q(v/—d)
above p are in the ideal groups in Q(\/—_d) corresponding to these cyclic extensions.
The investigation of these ideal groups will be the main topic of the rest of this
chapter.

2.2 Two Types of Prime Factors of d

The notation and the assumptions introduced here will be maintained throughout
this chapter and the next.

Let d > 1 be square-free and suppose that N(g;) = —1 for the fundamental unit
£q of Q(v/d). Let p=1 (mod 4) be a prime number with (%) =1

Lemma 2.5. Let n =1 (mod 4) be a prime number. Then

).

If n =1 (mod 8), then 4|h where h is the class number of Q(/—n); and

Proof. If n =5 (mod 8), then

(.- () ()

lif (£), =1, we define (£)

g = 1 or —1 according as a is a 8th power residue mod n or not.
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Now let n =1 (mod 8). First we find

(- (),6), v ()0

By the help of genus theory it can be proved (see for example [11]) that 4|k and that
hence

Write
2 =u+tVd, u,t €Z.

It turns out that odd prime factors (necessarily = 1 (mod 4)) of d must be divided
into 2 classes, each class having its own significance for the value of biquadratic

residue symbol (%)4. Let dy be the odd part of d (so dy = d if d is odd). Write

do=qi-"-qap1-- D3

where ¢; and p; are prime numbers such that:
i) (%)4 S (qla)4 = 1 (primes of type I);
ii) (%)4 =...= <plﬁ>4 = —1 (primes of type II).

Remark 2.6. For an odd prime n dividing d we have

©)-(2) - (55) - (2) -

by lemma 2.5. It follows that n satisfies (exactly) one of the conditions i), ii).
For n = 1 (mod 8) it can be checked whether n satisfies i) or ii) without knowing
the fundamental unit € = M; actually it can be checked without leaving Z. This

2
follows from

<u) (u?\ (e —dt* 4

n/a \n/)g n ¢ \n /g

where (=), = 1 was used. By lemma 2.5 a knowledge of the class number h(Q(v/—n))
is also sufficient.
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2.3 The Ideal Groups

In this section we begin the important investigation of the ideal groups in Q(+/—d)
corresponding to the cyclic extensions

Q(Vd,i)/Q(V=d), Q(ve,1)/Q(V=d), Q(V2z,i)/Q(vV~d), Q(V2¢,i) /Q(V—d).

Since each of these extensions is built up from Q(v/—d) by successively adjoining
square roots of integral elements (such as 2e) which generate principal ideals all
of whose prime factors lie above 2, it is clear that these extensions have relative
discriminants dividing some power of (the principal ideal generated by) 2. Therefore
these extensions have conductors dividing (29) for some fixed g € N. In other words:
We can use (29) as a common congruence module for the corresponding ideal groups
in the sense of theorem A.6 (i.e. we can, in ii) of theorem A.6, take (29) as a common
divisor . for all four ideal groups). Let these ideal groups be H_1, H., Hy., H where

a) H_; corresponds to Q(V/d, i);
b) H. corresponds to Q(+/z,1);
¢) Hy. corresponds to Q(v/2¢,1);
d) H corresponds to Q(v/2¢,1).
By theorem A.11 we have (where, of course, A(s) denotes the group of fractional
ideals in Q(v/—d) prime to (2))
H.CH ,CAp2H_ 1 DH,DH

where each inclusion indicates that the subgroup has index 2. We also have (where
the exact value of g is yet unknown):
A2 H 1 D SfQ“/EJ)
A@) 2 He 2 Sy 2 j0v=a) 2
Ap) 2 Hye 2 8

A(Q)QHQS

=D = S29);

S(9);

D .
fo(vaze iy e(v=a) = Sas);

D S(99).
o220 00v=a) = P27
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Q(V/2¢, )
-
Q(v/2¢) Q(iv/2¢) Q(v/2¢,1)
///
Q(v2e) Q(v/—2¢) Q(Vd, i)

\/

Q(v—d)

N2

Q

Figure 1: Some subfields of Q(v/2¢, 1)

Propositions, 2.7, 2.8 and 2.9 (see below) are true no matter how we choose g.

Proposition 2.7. Assume that p is a prime ideal in Q(v/—d) above one of the odd
prime factors of d. Then

1.pe H,..

2. (vV/—d) € Hy. if d is odd.

Proof. 1. Let n be the odd prime factor of d below p, and let p; be the prime ideal
in Q(+v/d) above n. Using theorem A.12 and lemma 2.1 (and 2¢ = u + tv/d) we have:

p e Hy < psplits totally in Q(v/2e, 1)
& py splits totally in Q(v/2e)
& 22=u+tVd (mod py) is solvable in Oo(va)
& 22 =u (mod p;) is solvable in Ogva
Npi)—1
< u z =1 (mod p;)
s w7 =1 (mod n)
u
o (—) —1
n
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And this last statement is true, by remark 2.6.

2. Follows from 1. and the fact that (v/—d) is the product of the prime ideals in
Q(v/—d) above the prime factors of d. O

Proposition 2.8. Let p be a prime ideal in Q(v/—d) above the odd prime factor n
of d. Let dy = q1---qap1---Dpg be as in section 2.2. Then

1.peH & nisof type I (ie.n €{q1,..-,qa})-

2. For d odd: (v/—d) e H < 2|3.

Proof. 1. Let (cf. proposition 2.7) py be one of the two prime ideals in Q(v/2¢)
above n. Using theorem A.12 and lemma 2.1 we have:

pe H < psplits totally in Q(\4/2_5,z)
& py splits totally in Q(v/2¢)

2> =\ u+tvVd (mod py) is solvable in Ogvae)

N(po)—1

i

& (\/u%—tﬂ) =1 (mod ps)
& u—l—t\/g)nT_1 =1 (mod ps)
e T = (mod ps)
& Ut =1 (mod n)
u
= (3), -
< nisof type I.

2. As p € Hy. (by proposition 2.7), this follows immediately from 1. and the fact
that |Hae/H| = 2. O

Proposition 2.9. Let p be a prime ideal in Q(v/—d) above the odd prime factor n
of d. Then

I.pe H. & n=1 (mod8).

2. (V—d)€ H. < d=1 (mod38).
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Proof. 1. Let p; be the prime ideal in Q(\/E) above n. Using theorem A.12, lemma
2.1 and remark 2.6 we have:

p € H. & p splits totally in Q(v/e,1)
p1 splits totally in Q(V/e)
9 U+ tvd

(mod p1) is solvable in Qg /)

=
=
& 22=220 (mod p1) is solvable in Og /g
=
=
=

T
S A/~

(3

2. As p € H_; (by proposition 2.7), this follows immediately from 1. and the fact
that |H_1/H.| = 2. O

The following observation, which we shall use, belongs to class field theory.

Proposition 2.10. Let L/K be a Galois extension of number fields without infinite
ramification; let M be a number field such that M /L is abelian. Let H be the ideal

group in L corresponding to M modulo some integral divisor .# . Assume that Vo €

Gal(L/K): o(M)= .#. Then
M/K is Galois < Vo € Gal(L/K): o(H)= H.

Proof. ‘=": Assume that M/K is Galois. Let 0 € Gal(L/K); let 7 € Gal(M/K)
restrict to 0. As o( M) = M, we easily get T(Ay) = Ay and 7(S.4) = S». The
ideal group in L corresponding to 7(M) is 7(H) (cf. theorem A.12 - an extension is

uniquely determined by its set of primes splitting totally). As 7(M) = M, we have
o(H)=7(H)=H.

‘«=": Assume that Vo € Gal(L/K) : o(H) = H. Let 7 be a K-embedding of M in
C. As T‘L € Gal(L/K), it follows that 7(H) = T‘L(H) = H. Since the extension

7(M)/L is abelian, 7(H) = H is the ideal group modulo .# in L corresponding to
7(M). Hence 7(M) = M, and so M/K is Galois. O
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2.4 The Principal Ideals

We now turn to the determination of all principal ideals in the four ideal groups.

Proposition 2.11. Let p =1 (mod 4) be a prime number. Let 2 = u + t\/d where
£ = g4 is the fundamental unit of Q(v/d) which has norm —1. Then

1. Forpld:
(p) € H.

2. For (%) =1:
(p) € H.
3. For (g) =—1:

p2-1

T =1 (modp) inOgyyg = (p)€H.

(u + tVd)

Proof. Let p be a prime ideal in Q(v/—d) above p, let p’ be the conjugate ideal; let
p; be a prime ideal in Q(v/d) above p.

1. p|d: By proposition 2.7 we have p € Ho.; hence (since |Ho./H| = 2) (p) =p®> € H.

p

L := Q(+/2¢,4) divide 4. So if we put K := Q(v/—d), then theorem A.12 gives that

ord <(L/TK>) =ord(pH) = ord(p'H) = ord <(L£K)) | 4

(ord(pH) = ord(p’H) follows from proposition 2.10:

2. <4> — 1: As p and p’ split totally in Q(v/d, i), the inertial degrees of p and p’ in

pfe He (p)eH < (p)eH).
If ord(pH) = ord(p'H) = 1, then (p) = pp’ € H.
If ord(pH) = ord(p'H) = 2, then (since Awpy/H ~ 7Z/8)

(p) € (PH = (pH)(p'H) = H.

Consider the remaining case: ord(pH) = ord(p'H) = 4; then

(L£K> , (LéK) € Gal(L/Q(Vd,1)).
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So (L/TK) and <L£,K> are determined by their values on v/2¢. It is clear that

(L/TK) (V22) = (—1)"iV/2e, (L/,K) (V2e) = (-1)"iv/2e

for suitable a,b € {0,1}. By conjugating we get

(55) v = -aivee
= (=1)%v2e = (V2e)? (mod pOy)

= —(=1)%V2 = (V2e) = (LIZ—/K> (V2¢) (mod p'Op)

= (0F) vE) = ~(-vrive

/

- (. (48) -

- (2 (8) -

Hence, by the isomorphism in theorem A.6 (induced by the Artin map),

(p) € (p)H = (pH)(p'H) = H.

3. (%) = —1: Since p is inert in Q(v/—d) and in Q(V/d), we have, using theorem
A.12 and lemma 2.1:

p e Hy, < psplitstotally in Q(v/2e,1)
& py splits totally in Q(v/2¢)
<= (u+tVd) e e | (mod p)
p2-1
& (u+tVd) T =1 (mod p).

We can now determine the principal ideals in the ideal groups.
Recall that dy = q1 - - - gqap1 - - - pg is the odd part of d.
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Theorem 2.12. The four ideal groups H_1, H., Ho., H have (8) as a common con-
gruence module, i.e. we can use g=3. The subgroups of principal ideals are as follows:

1. d=1 (mod 4) :
H-1 N Sa) = Ap N Sw);

Ay NSy, ifd=1 (mod8)
HE“SO)—{ sé)), v if d=5 (mod8) ’
Ha. NSy = {(1), (V=d)}S;
HAS :{ {(1), (5), (V—=d), (5v/—d)}Ss), 2|3
DA, 6), 4+ V=d), (4 +5v=d)} S, 218 °

2. 2|d:
H_y 0 Suy = S

H. N Sqy = Hae N Sy = S
HnSay ={(1),(5)}5s)-

Proof. ~ We prove the case d = 1 (mod 4) for the ideal groups corresponding to
Q(v/2¢,1)/Q(v/—d) and its sub-extensions; the other assertions are proved in a sim-
ilar way.

Since Q(v/d,i)/Q(v/—d) is unramified, we have
H_n S(l) = A(g) N S(l).

It is not hard to show (for instance by the conductor-discriminant formula, theo-
rem A.15) that the conductor of the abelian extension Q(v/2¢,1)/Q(v/—d) divides (4);
hence Siy) € Ho.. As Q(\/%, i)/Q(v/—d) is ramified, we have Hy. N Say # Aw@) N Say
We infer that

[A(g) N S(l) : Hoo N S(l)] = [H_1 N 5(1) : Hoo N S(l)] = 2.
Since (v —d) € Hy. N S1y (by proposition 2.7), we conclude that
Hy. NSy ={(1), (V—=d)}S).

It is not difficult to show (for instance by the conductor-discriminant formula)
that the conductor of the extension Q(v/2¢,)/Q(v/—d) divides (8); hence S5y C H.
We prove the following

Claim: (b) € H.

Proof of the claim: We consider the possibilities for d modulo 5:
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d=0,1,4 (mod 5): This is in proposition 2.11.

d =2 (mod 5): From u? + 3t> = 1 (mod 5) we get (u?,t?) = (1,0), (4,4) (mod 5).
If (u?,t*) = (1,0) (mod 5), then

52-1

(u+tVd) = =uS=1 (mod 5).
If (u?,t?) = (4,4) (mod 5), then
(u+tVd)? = u®+ 3dut® + (3u’t + dt*)Vd
= du+4u+ (2t +3t)Vd
= 3u
= £1 (mod 5),

and so
521

(u+tVd) T =1 (mod 5).

Hence this case follows from proposition 2.11.

d =3 (mod 5): From u? + 2t> = 1 (mod 5) we get (u?,t?) = (1,0),(4,1) (mod 5).
If (u?,t*) = (1,0) (mod 5), then

521

(u+tVd) = =uS=1 (mod 5).
If (u?,t?) = (4,1) (mod 5), then
(u+tVd)? = u®+ 3dut® + (3u’t + dt*)Vd
= du+4u+ (2t +3t)Vd
= 3u
= £1 (mod 5),

and so
521

(u+tVd) T =1 (mod 5).

Hence this case also follows from proposition 2.11. This proves the claim.

Since H(A(@z) N S(l))/H is cyclic and Ha. # H(A(@) N S(1)), we have

), (V=d)}Sw : HNS] =1

[Hgg N S(l) cHN S(l)] =1

[A) NS : HN Sl = [A@) NSa) : Ha: NS = 2
Va=h(a) € H(Ax NSy : o =h*(a)’> € HHNSy) CH
[H(A@) N Sw) : H] =2

H 4 / H is not cyclic.

LU e e
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Hence [{(1), (vV—=d)}Su) : HN Sy] = 2. As

A N Say = {(1), 1 +2V—=d), 2+ V—d), (V=d)} S

and

(V=d)?=-1, (1+2vV—d)’=1 (mod 4),
it follows that Ay N S(l)/5(4) ~ V,. Hence H N S(1y # S(a). From (5) € H and

{(1).(5), (1 +4V=d), (5 + 4vV=d), (V=d), (5V/=d), (4 + V=d), (4 + 5V=d) } Sy

= {(1)7 ( \ _d)}5(4) > HN S(l) 2 S(S)
it follows that

H N Say = {(1),(5), (V=d), (5v/=d)}Sg)

or

H O Sy = {(1),(5), (4+ V=), (4 + 5V=)}S(s).

Since
H 01 Sy = {(1), (5), (V=). (5W=D)}Sis) & (V=d) € HN Sy = 2/3

(cf. proposition 2.8), we have proved what was asserted about H N S(y). O

2.5 Indices of the Subgroups of Principal Ideals
Let dy be the odd part of d. Write, as before,

do=q1""-qap1- D3

where the ¢; are prime numbers of type I and the p; are prime numbers of type II.
Let r := o + (3 (the number of odd prime factors of d).

Let the class number of Q(v/—d) be h = h(Q(v/—d)) = 2*°m,2 f m (by genus
theory r < z, cf. lemma 1.6).

In order to make the statements of the next chapter (and the rest of this) easier
to read we use an additional numbering of the odd prime factors of d: Let

ﬁh"'ap?“

be the odd prime factors of d in some arbitrary, but fixed, order.
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Let Py be the prime ideal in Q(v/—d) above 2. Let P; be the prime ideal in
Q(v/—d) above p;, 1 <i <.

We shall write P, = a (mod b) (resp. say that P; is of type I/I1) if p; = a (mod b)
(resp. if p; is of type I/II), 1 <i <r.

Lemma 2.13. The indices of the subgroups of principal ideals in the ideal groups
are given by:

1. d=1 (mod 4) :
[H—l : H—l N S(l)] = [H cHN S(l)] = h/2,

. [ h/4, d=1 (mod8)
[He - He 0 5] = { h/2, d=5 (mod38) °
2. 2|d :
[H_l cH_ N S(l)] = [H€ cH. N 5(1)] = [H cHN 5(1)] = h.
Proof. As [Ap) 1 Ay NSyl = [Aq) : Say] = h (by proposition A.4), we calculate,
using theorem 2.12:

8[H : HﬂS(I)] = [A(g) : HHH : HﬂS(l)]
= [A@) 1 A N Sw[Ae N Say : HN Sy

_ o 4, d=1 (mod4)
N 8, 2|d ’

ZJL[HE cH.N 5(1)] = [A(Q) : Ha][Ha tH.N 5(1)]
= [A@ A NSwllA@ NSy - He N Sw)

1 (mod 8)
5 (mod 8) ;

Q[H_l . H_1 N S(l)] = [A(Q) . H_l][H_l . H_1 N S(l)]
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Definition 2.14. Let G be a finite abelian group. Put
Gy :={g€Glg"=¢e}.

(G4 is clearly an elementary abelian 2-group; a basis for G5 will be called a 2-basis
for G (or for G3). The 2-rank of G (i.e. the number of elements in a 2-basis) will be
denoted by ranks(G).

Proposition 2.15. With notation as above we have:

1.d=1 (mod 4) :
TankQ(A(g)/(A(g) N S(l))) =T,

and

2. 2|d :
TCLnk’Q(A(Q)/A(Q) N S(l)) =7,

and
{Pl, .. ,Pr} (A(g) N S(l))

is a 2-basis for Ay /(A NSay).

3. d=5 (mod 8) :
ranks(H/(H N Swy)) =r—1,

and
{Pi|P;is of type I, 1 <i<r—1}(HNSy)) U

{PZ-(1 +4vV=d)|P, is of type II, 1 <i<r— 1} (H N S)
is a 2-basis for H/(H N S()).

4. 2|d:
ranks(H/(H N Swy)) =,

and
{P|Piis of type I, 1 <i <r}(HNSu) U

{3(1 +4V=d)|P; is of type I, 1 <i< 7’} (HNSw)
is a 2-basis for H/(H N S().
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5.d=1 (mod 8) :
rankys(H/H N Syy) = 7.

6. d=5 (mod 8) :
ranky(H./(H- N Swy)) =7 — 1,

and
{pz.(\/__d)m =5 (mod8), 1<i<r- 1} (H: N Sy) U

{P|P,=1 (mod8), 1<i<r—1}(H-NS)
is a 2-basis for H./(H. N S()).
7. 2|d :
ranks(H./(H. N Swy)) =,

and

{RG+QVT@H%E5 mmd&,1§¢§r}GamSm)u
{P|P,=1 (mod8), 1 <i<r}(H.-NSy))
is a 2-basis for H./(H. N S)).
Proof. First we make two important observations:
i) Let d be odd. Then P, --- P, = (y/—d) is a principal ideal with a generator of
positive norm (which, of course, is the case for every principal ideal). As 2,py,...,p,

are the prime numbers dividing the discriminant of Q(1/—d), it follows from lemma
1.6 that Fy and any r — 1 of P, ..., P, constitute a 2-basis for A1)/S().

ii) Let d be even. Then PyP; --- P. = (v/—d) is a principal ideal. As 2,p1,...,p,
are the prime numbers dividing the discriminant of Q(1/—d), it follows from lemma
1.6 that any r of Fy, P, ..., P, constitute a 2-basis for A)/S).

1.d=1 (mod 4):

Since
A /(A2 NSw) = Awy/Sqy,

via the map A(A@2)NSa)) — ASqu) (by proposition A.4), the assertion follows from
i) and the fact that

1++v—d
B (T) yPi,...,P._1 € A(z)

(2154 =N (R (7)) = R (1) € 4p) ).

2
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2. 2|d:

Since
A/ (A NSwy) =~ Awy/Sw),

via the map A(A)NSwy) — AS(u) (by proposition A.4), the assertion follows from
ii) and the fact that
P,...,P € A(z).

4. 2|d :

We have the isomorphism
H/(H N Sm) ~ A /(Ae) N Sw), AHNSq) — ASw),

since the embedding H/(H N S(l)) — A(Q)/(A(Q) N S(l)), A(H N S(l)) — .AS(l),
must be surjective by lemma 2.13.
By theorem 2.12 and propositions 2.8, 2.9, we have, for ¢ > 1,

a) P, € H for P; of type I, and

b) P(1+4v/—d) € H for P; of type II
(since, for P; of type II, we have P;, (1 + 4v/—d) € Hy.\H). Hence 4. follows from 2.

3.and 5. d =1 (mod 4) :
By lemma 2.13 we get, as above,

H/(H 0 Sgy) ~ Hoy/(Ho1 1 Sy) = Hoa /(A N S(y)

where the equality is from theorem 2.12. From theorem 2.12 we have

(n(2570) - (5heva) {20 o

Hence, as Ay /Hoe ~ Z /4, we get

<1 + \/—d) { ¢H_, d
P ——

2 d
Since also Py, ..., P,y € H_; (cf. proposition 2.7), (H,l/(A(Q) N 5(1))2 must, for d =
5 (mod 8), be a (r — 1)-dimensional Z/2-subspace of (A)/(A@ N Sw))), because
exactly one of the r basis vectors
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1+ +v—d
Py (—2 ) (ApyNSay), Pi(A) N Say), .., Pro1(Ap) N Say)

is not in the subspace. Hence for d = 5 (mod 8) the 2-rank must be r — 1. Ford =1
(mod 8) the 2-rank is clearly 7.

From theorem 2.12 we have (1 + 4\/—_d) € Hy.\H; hence 3. follows from propo-
sitions 2.7 and 2.8.

6. d=5 (mod 8) :
By lemma 2.13 we get, as above,
H/(H N Sy) ~ He/(H: 0 S));

hence, by 3., ranks(H./(H.NSny)) =r—1. As (vV—d) € H_,1\H. (by theorem 2.12),
the claim about the 2-basis follows from propositions 2.7 (Hy. € H_4) and 2.9.

7. 2|d :
By lemma 2.13 we get, as above,
He/(H:050)) = A/ (Ae) N Sw));
hence, by 2., ranks(H./(H: N Sy))) = r. As (1 +2v/—d) € H_;\H. (by theorem

2.12), the rest follows from propositions 2.7 and 2.9. n

Remark 2.16. In the next chapter we shall, from proposition 2.15, only use 1., 2.
and the fact that the basis ideals in H and H. are contained in the given ideal group.



Chapter 3

Power Residue Criteria

We recall the relevant notation and assumptions.
Let d > 1 be a square-free integer. Let pi,...,p, be the odd prime factors of d.

Let ¢4 = # > 1 (u,t € Z) be the fundamental unit of Q(v/d). Assume that

N(eq) = —1. We know that (]%) = 1, by remark 2.6. If u is a biquadratic residue

modulo p;, we say that p; is of type I; otherwise, p; is of type II. Let 3 be the number
of p; of type II.

The symbol A will denote the logical ‘and’; the symbol V is the logical ‘or’. Recall
the discussion of the residue symbols just before remark 1.10.

3.1 The Criteria

Proofs of the results in this section can be found in the subsequent section.

Lemma 3.1. Let d > 1 be a square-free integer and assume that N(e4) = —1. Let

p=1 (mod 4) be a prime number such that (g) =1, let p be one of the two prime

ideals in Q(v/—d) above p. Let the class number of Q(v/—d) be h(Q(v/—d)) = 2°m,
24m.

Ford =5 (mod 8) or 2| d: Assume that p*™ is a principal ideal;

For d =1 (mod 8) : Assume that p™ is a principal ideal

Then the following assertions hold:

1) d=5 (mod 8) : There is a relation
p" = dis® +dyv®, 5,0 € Z\{0}, di,dz €N, didy =d, p, {di, (3.1)

with mo minimal (this implies mo | m). With this mq the absolute values |s|, |v| in
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a relation as in (3.1) are uniquely determined. Put
Y1 = the number of prime factors of dy of type II (with respect to d).
2) 2| d: There is a relation
P =ds? +dy?, 5,0 € Z\{0}, di,dy €N, dydy =d, 21d,, (3.2)

with mo minimal (this implies mo | m). With this mg the absolute values |s|, |v| in
a relation as in (3.2) are uniquely determined. Put

Yo = the number of prime factors of dy of type II (with respect to d).

8)d=1 (mod 8): I s,veZ\{0}, minimal odd ng € N: p" = s* + dv?.

And this is equivalent to p™ being a principal ideal

Theorem 3.2. Let the assumptions and the notation be as in lemma 3.1. Then

Remark 3.3. Clearly, if 2 | d, then this can be written as <%d) = (—1)174;“%; and
if d =1 (mod 8), then we have (%) =1

Theorem 3.4. Let the assumptions and the notation be as in lemma 3.1. Let d =5
(mod 8). Let p=1 (mod 8) and write p = a* + 160, a,b € Z. Then for

i)2|0:
(5),-1
(216 AN ((2]21 A 8|sv) V (2121 A 4|sv))) V
(210 N ((2]21 A A4lsv) V (2137 A 8] sv)));
Z'i)ZJ(ﬂ:

(;)fl “
216 AN (2121 A @ls vV 8|v) vV (21%1 A (8]s V 4]v)))) V
210 AN (2121 A (8]s V 4v) vV (2121 A (4]]s V 8] v)))).
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Theorem 3.5. Let the assumptions and the notation be as in lemma 3.1. Let 2|d.
Let p=1 (mod 8) and write p = a®> + 160, a,b € Z. Then

(5)4:1 <
216 A (2182 A 8|v) V (21D A 4]jv) V
(210 A ((2]Z2 A 4ljv) V (215, A 8| 0))).

Theorem 3.6. Let the assumptions and the notation be as in lemma 3.1. Let d =1
(mod 8). Let p=1 (mod 8) and write p = a* + 16b*, a,b € Z. Then for

i)2]0:
% =1 & (2]b A 8|sv) V (210 A 81sv);
i) 210 :
<%) 1 o @21b A (As V8|V V (21b A 4 fls A 8Tv).

Remark 3.7. If N(g;) = —1 and the 2-class group of Q(v/—d) is elementary abelian,
then the condition about p?™ being principal is clearly fulfilled for all p and it is not
hard to show that d =5 (mod 8) or 2 | d. So the theorems 3.4 and 3.4 cover this
case.

3.2 Proofs of the Criteria

We now turn to the proofs of the results of the previous section. We concentrate on
d =5 (mod 8); the other cases are similar.

In Q(v/—d), conjugation is denoted by o’ etc.

We work in the group G := A2)/(A@2) N S(1)). The assumption about p*™ means
that p™ (A2 N S(1y) has order 1 or 2 in G. Hence, by proposition 2.15, we have

1++v/=d\\" .
b <P0 <+T)) P P = (s+uv—d) € AgyN Sy (3.3)

for suitable ag, ..., a,_1 € {0,1} and s,v € Z. (Recall that, by the notation of section
2.5, d=p; - pp, and if we put pg = 2, then F; is the prime ideal in Q(+v/—d) above
pi, 1 =0,1,...,7.) By taking norms, we get

m 1 + d “ —a —Qr—1
P (T) Pyt D = s? + dv?. (3.4)
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Since 4 = 3 (mod 4) and s% + dv?,p;,p = 1 (mod 4), we must have ay = 0 (this
2

is where we use that d =5 (mod 8) and not just d =1 (mod 4)). We can not have
v = 0; for then, as P/ = P;, (3.3) would imply that p’ = p. If s = 0, (3.4) would
imply that p = p,.. This proves the existence of a minimal m, as claimed.

Now we prove the asserted uniqueness. Let an equation as (3.1) be given. By
considering the norm map, it follows that

PP P = (s 0V =d) (35)

for some zy,yo € Ny with z¢ + yo = mg and aq, ..., a,_1 € {0,1}. Since

To=1y = (s+vvV—d)=(s+ovvV—-d) = sv=0,

we have xg # yo. Since a change of sign of v conjugates the ideal (s 4+ vv/—d), it
follows from (3.5) that we can assume that yo < xo. We can write (3.5) as

zo—yopar , per—1 _ (5 Y /T
R AL

where necessarily 7, 7% € Z\{0} since the ideal on the left is an integral ideal and
since —d = 3 (mod 4) From the minimality of my we conclude that xy — yo = my,
i.e. xg = mg and yg = 0. Hence

poPHn - P = (s 4+ vV —d). (3.6)

Since, because of this equation, p° (AN S(1y) has order 1 or 2 in G, the uniqueness
of the a; follows from proposition 2.15; the uniqueness of the absolute values |s|, |v]
now follows from (3.6).

We need to show that mg|m. We first show that mg is odd. Assume that 2|my.

As 4 1 ord(p(Ap) N Swy)), it follows from (3.6) that a; = --- = a,—1 = 0; hence

po = (s—i-v\/_) Smce p™(A2)NS(1)) has order 1 or 2, there are by, ... ,b,—; € {0,1}
and s v € Z\{0} with

pm P PP = (8 4 u'V=d). (3.7)
b
We remove a factor | Fy Ly=d) )" as before.) Since mg {1 m, we can write
2
m=hkmo+g, 0<g<mg.

Combining the equations (3.6) and (3.7), we find

PIPY - P = (s o'V =d) (s + ov/=d)t = (e + fV=d)
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where necessarily e, f € Z since the ideal on the left is an integral ideal and since
—d =3 (mod 4). Taking norms, we get

_ b,
P = e+ df2

We have f # 0 since the left-hand side is not a square (as 2 { g); and e # 0 since
otherwise the last equation would imply that p = p,. As g < mg, we have obtained
a contradiction to the minimality of mg. Hence my is odd.

Put A:=ord(p(A) NSw))). Put

C (A 214
A'_{A/2, 24

As before we choose ¢1,...,¢,_1 € {0,1} and e, f € Z with
pUP P = (et fV=d).

From
prpe s = €+ df?

we easily get e, f # 0 (A’ is odd); and hence, by minimality of mg, the inequality
A" > myg holds. If 21 A, then

my < A=A < mo,
hence A = my (and all a; = 0); if 2| A, then
2m0 S 2AI =A S 2m0,

hence A = 2my (and there is an i with a; = 1) (we used (3.6) to get the last inequality
in both cases). From mg|A|2m and the fact that mg is odd it follows that mg|m.
We now put dy :=p§*---py 7' (and dy = d/d;). Let a, := 0. Note that

21 == Z a;.

p;i of type II

Za = Z a;.

pi=5 (mod 8)

Put

First we claim that

v=Y, (mod2) & (4sv A p=1 (mod8)) V (4tsv A p=5 (mod 8)).
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Since s Z v (mod 2) and my is odd, we have (from (3.1)) the following 4 observations
which prove the claim:
v=%,=0 (mod2) = 2v A s?+dv®=p (mod?3)

2)lv, p=5 (mod38)
= {4|U, p=1 (

<

v=%,=1 (mod2) = 2[s A s*+dv>=5p (mod 8)
ofls, p=5 (mods) |
dls, p

1 (mod38) ’
vZEY, =0 (mod2) = 2[s A s2+dv*=p (mod 8)

N 4s, p=>5 (mod38)
2lls, p=1 (mod8) "’

4

vZ£Y, =1 (mod2) = 2/v A s*+dv>=5p (mod 8)

{ 4|v, p=5 (mod 8)

= 2|lv, p=1 (mod8) °

Since myq is odd, we get, using proposition 2.15 and theorem 2.12,

peH. & p"eH,
s p- I @ew=d)e [ PreH
pi=5 (mod 8) pi=1 (mod 8)

& (2% A (s+ov=d) e H.) V

(21 %. A (s +ovV—d)(V—d) € H.)
S (2% AN 2|v) VvV (212, A 2¢10)
& v=Y, (mod?2)
& (M4]lsv Ap=1 (mod8)) V (41sv A p=5 (mod 8))

and

peH & py™ecH
v I P T (RO+av=d)cH
pi of type I p; of type IT
& (2% A (s+ov—d) € H) Vv
215 A (s+vV—=d)(1+4V—d) € H)
{(2\21/\8|sv)\/(2+21/\4||sv), 2|0

(3

(2% A (s vV 8|v) VvV (2151 A (8]s V 4]lv)), 2106 -
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Note that (%) =1 if and only if p € H. and that (%) = 1 if and only if

4
peHAN(2|bANpeH)V (21b A p¢ H)), cf. observation 1.10 and proposition
2.4. From this it is routine to deduce the criteria in the previous section. Note that

(%) = 1 is equivalent to 2 | b (if p = a* + 16b%), cf. remark 1.13.
1

3.3 A Similar Result

We give a general result for d even.

Theorem 3.8. Let d > 1 be square-free and even, and assume that N(e4) = —1. Let
p=1 (mod 4) be a prime number with (g) = 1. Let the class number of Q(+/—d) be

h=nQ(vV—d)) =2*m, 2tm. Forp=1 (mod 8) we write p = a* + 16b?, a,b € Z.

1) There are prime ideals py,...,p, € H such that

P1(A)NSw), .- pr(A) N Su))

1s a basis for the finite abelian group
Syla(Aw)/(Ae) N Sw))-

In fact, each of p1,...,p, can be chosen in infinitely many ways. Let pq,...,p, be
fized in what follows. Put g; :== ord(p;(Aw) N Say)) — 1.
2) There are prime ideals q1, .. .,q, € H. such that

q1(A@) N Swy)s -, 4 (Ay N S))

1s a basis for the finite abelian group

Syla(A)/(Aw@) N Sw)));

In fact, each of q1,...,q, can be chosen in infinitely many ways. Let qi,...,q, be
fized. Put g; := ord(q;,(A@y N Say)) — 1.
3) The norms of p1,...,Pr,q1,-..,q, are prime numbers; put p; := N(p;) and ¢; =
N(q;)-
4) Let p & {p1,...,p-}. There is a minimal odd mg € N such that

PP Py = 87 4 dv® (3.8)

r

for suitable a; € {0,1,...,9;}; s,v € Z\{0}. This minimal odd my satisfies my < m.
Let a relation (3.8) (with minimal odd mg) be fized.
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5) Let p & {qi,...,qG.}. There is a minimal odd mj, € N such that

PG - g% = ()2 + d(v')? (3.9)

for suitable a; € {0,1,...,4l}; s 0" € Z\{0}. This minimal odd m{, satisfies mf; <
m. Let a relation (3.9) (with minimal odd my,) be fized.
6) Let p & {G1,...,qG-}. Then, with the above notation,

(@>:1 s
b

7) Let {p1,....,Dr,q1,---,G¢:} Zp =1 (mod 8). Then, with the above notation,

(?L:l o Alv A (25 VY S|v) vV (21b V 810)).

Proof. 1)42) The two maps
H/(H N Sw) — Ap)/(Ae) N Sw),

AH N Sm) — A(Ap N Sw)

and
He/(Ho 00 50)) = A/ (A N S),

A(H: N S(l)) — A(A(g) N S(l))
are clearly well defined and injective. By lemma 2.13 they must be surjective.
Hence 1) (resp. 2)) follows from the fact that every coset of H/(H N S(1)) (resp.
H./(H.N S()) contains infinitely many prime ideals.
3) None of py,...,p,,4q1,...,4, is a principal ideal, and hence none of them is above

an inert prime number; this proves 3).
4) Let p be one of the two prime ideals in Q(v/—d) above p. Since

p"(A@) NSuy) € Syla(Aw)/(Ar) N Sw))),
there are k; € {0,1,...,¢:}; e, f € Z such that
PPy P = (e 4 fV=d).

Taking norms we get
pmﬁlfl . ﬁfr — 62 + df2
So we can consider a relation (3.8) with minimal odd mg and s,v € Z; as my is odd,

D, D1, -, Dr # 2, and 2|d, we must have s, v # 0.
5) This is completely analogous to 4).
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6)+7) By considering the norm map we get from (3.8) for suitable b;, c; € Ny with
b; + ¢; = a; that

P (R "R (p1) - (p) = (5 + 0V =d)

where xg,y9 € Ng with 29 + yo = mp. By changing sign (if necessary) of sv we can
assume that zo > yo. The minimality of my implies that p 1 sv; hence yo = 0 and
xo = my (otherwise (p) = pp’|(s + vv/—d) and so p|s,v).

From (3.9) we get (in a similar way) for a suitable choice of sign of s'v' and
suitable b}, ¢, € Ny with b} + ¢, = a] that

qoq (p)) - - p (pl) = (8" + 'V —d).

Hence (since p; € H and q; € H. by proposition 2.10)

peH & p"eH
S prop(p) - pr (P € H
& (s+wvVv—d)eH
& 8w,

and
peH <& p™cH,
m! v o / o

& pTog (g - al(ay) € He
& (s +v'vV—d) e H.
& 4.

6) and 7) follow from this. O
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Chapter 4

Cyclic Extensions of Prime Degree

4.1 General Observations

In this section, we see that the problem about surjectivity of the relative norm map
between unit groups for certain cyclic extensions of prime degree is related to the
ambiguous ideals of the extension.

Definition 4.1. Let L/K be a cyclic extension of number fields with Galois group
Gal(L/K) =<0 >.

An ideal a of L is called ambiguous (with respect to K) if it is fixed by o: o(a) = a.

An ideal class [a] of L is called ambiguous (with respect to K) if it is fixed by o:
o([a]) = [a]. The group of ambiguous ideal classes is denoted by Am(L/K).

An ideal class [a] of L is called strongly ambiguous (with respect to K) if it con-

tains an ambiguous ideal. The group of strongly ambiguous ideal classes is denoted
by Ams(L/K). Clearly, Ams(L/K) C Am(L/K).

We begin by citing Holzer [14] (Satz 2, p. 115):

Lemma 4.2. Let L/K be a cyclic extension of number fields of prime degree. Then
the following are equivalent

1) O N Ny (L") = Npyxe(01),
i.e. every unit of Ox which is a relative norm of a number of L is a relative norm
of a unit of Op.

2) Amy(L/K) = Am(L/K),

i.e. every ambiguous ideal class is strongly ambiguous.

The following lemma is well known and easily proved.
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Lemma 4.3. Let L/K be a quadratic extension of algebraic number fields. Suppose
that 2 + h(K). Then the 2-Sylow subgroup Ams(L/K) of the group of ambiguous
1deal classes is given by

Amy(L/K) = {[a], € Cl(L)|[a]2L =[]z };

and hence

|Amy(L/K)| = [CI(L) : CI(L)?] = 2rank(CUD),

In particular,
2| (L) & 2| |Amq(L/K)].

Proposition 4.4. Let L/K be a cyclic extension of number fields with [L : K] =1 a
prime. Assume that 11 h(K). Lett' be the number of (not necessarily finite) ramified
primes of L/K. (By class field theory, we must have t' > 1.) Let py,...p, € Op be
the finite, ramified primes of the extension L/K (possibly t =0). Forl odd, suppose
that t' =t. Then

’{[P‘fl...pgt]L\O <a; <Il-— 1} | < Iy

and the following are equivalent:
1) Npk(01) = Ok

2) H{pg s opfp]0 < a <l—1} | =171

Proof.  Using the ambiguous class number formula (§ 13, lemma 4.1 of [18]),

h(K)IF !
(0%  Noyx(L*) N O%]’

|Am(L/K)| =

and the fact that the map CI(K) — CI(L), [a]x +— [a]L, is injective (since [ { h(K),
cf. [20], Corollary p. 190) it is not hard to see that the group Amy(L/K) of strongly
ambiguous ideal classes of L/K is the product of the subgroups

{lp{*, .. -P?t]L‘O <a <l-1} and {[u]L| a fractional ideal in K}

where the first factor is the [-Sylow subgroup (allowing the trivial subgroup if ¢t = 0)
of Ams(L/K) and the second factor has order h(K).
It follows that
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|{[p(111,p?t]L‘OSCLle—l}VL(K |Ams(L/K)|
< [Am(L/K)|
h(K)I¥ 1

(0% : Npyx(L*) N O3]

This and lemma 4.2 give:

Np/k(07) = 0%
& Npw(03) = Npyg(L) N Oy and Npjx(L*)N 0O = 0%
& |Amy(L/K)| = |Am(L/K)| and Np/x(L*) NO% = 0%
e {5, el <a <l-1}|=1"""

]

Corollary 4.5. Let L/K be a cyclic extension of number fields with [L : K| =1
a prime number. Assume that | 1 h(K). Assume that exactly one prime (which is
assumed to be finite, if | is odd) of K ramifies in L. Then

Niyx(0p) = Ok

Remark 4.6. In particular, we get the well-known result that if p is a prime number
congruent to 1 modulo 4, then the negative Pell equation 22 — py? = —1 is solvable.

4.2 A Sufficient Condition for Surjectivity

In this section, we prove a theorem which is a generalization of theorem 1.19.
Let [ be a prime number. Let K be an algebraic number field that contains
the I’th roots of unity and assume that [ 1 h(K); let my,...,m € Ok, t > 2, such

that (m),..., (m) are distinct prime ideals. Assume that no prime different from
(m;) is ramiﬁed in the extension K(y/m;)/K. Let 5i,...,0 € {1,...,1 — 1}; put
o= . Let p; € Og(ym) be the prime ideal above (7;).

Definition 4.7. Let the notation be as above.
i) We use the Artin symbol to define the txt left Redei matriz M = [My;] = My ya)/x

with coefficients in F; (the field with [ elements) corresponding to the extension
K({/a))/ K in the following way:
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For i # j, we let M, .=k if

(KWEIDIKGDY (1 /s e

The diagonal elements of M are then defined by the matrix relation

By BIM =10---0]. (4.1)
ii) For [ = 2 (and hence #, = --- = B, = 1) we define the right Redei matriz
M = [My;] = My (ya)/k just as in i) but by replacing the matrix condition (4.1) by:
1 0
M| =1
1 0
iii) For [l = 2 (and ; = --- = ; = 1) consider a factorization o« = ajap where
a1 = [[ica, m and ag = [[;c 4, m with disjoint A; and A, whose union is {1,...,t}.

We think of o = ajas and a = asa; as the same factorization of «; hence there are
2t=1 distinct factorizations of . We say that oo = vy is a factorization of a of type
2 if the right Redei matrix M = My v/, satisfies:

\V/ieAlizMijZO and VZGAQZMUZO
JEA2 JEA
Clearly, a (left or right) Redei matrix has rank at most t — 1 over F;. Also, the
concepts left Redei and right Redei coincide for symmetric matrices.

Remark 4.8. Let [ = 2. Our definition iii) is a generalization of the concepts in
[26]. It is easily seen that

the Fo-rank of My gy ist—1—u

< the number of factorizations of « of type 2 is 2“.

Theorem 4.9. Let [ be a prime number. Let K be an algebraic number field that
contains the l’th roots of unity and assume that 11 h(K); let my,...,m € O, t > 2,
such that (my),...,(m) are distinct prime ideals. Let By,...,0, € {1,...,1 —1};
put o = Ty - -7rtﬁt. Assume that no prime different from (m;) is ramified in the
extension K(\/m;)/ K.

Consider the left Redei matriz M = M ygy/rc- Assume that rankg (M) =t —1.
Then the relative norm map

Ngayx © Oka — Ok

18 surjective.
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Proof. Put L := K({/a). Let p; be the prime ideal in Oy above (m;). Consider a
vector (71,...,7%) € FI\F, (01, .., 5:). By proposition 4.4, it is enough to show that
a=p]" ---p; is not a principal ideal:

The linear map, F! — T z +— aM, has kernel F;(f,...,3). Hence there
isaj € {1,...,t} such that >'_ v;M;; # 0. We can, by multiplying a with a
suitable power of pfl x -pft = (V/a), if necessary, assume that v; = 0. If we put
L' := K({/m,...,\/m), then we have

(£ = ((42)" = (22) o
— ¢ TTmmMe Ly

V.

Since the extension L'/L is unramified, it follows, by class field theory, that a is not
a principal ideal. O

We shall illustrate the quadratic case in the next chapter; here we give one ex-
ample for [ = 3:

Proposition 4.10. Let p be a prime number congruent to 1 modulo 9; so we can
write p = a®+30%; a,b € Z. Assume that 3||b. Then the following two relative norm
maps are surjective:
Ngyapx + Ok — Ok
NK(S/SPQ)/K : OK(3/3p2) - OK?
where K = Q(v/—3).

Proof. Write p = 77, m = a + by/—3, ™ = a — by/—3; we can assume that a = 1
(mod 9). Since also 3]b, it is easy to see that (%)3 = (Z), = 1. The fact that 3| b
implies that (1/—3) is inert in each of K(/7)/K and K(/7)/K.

If we let a; :=+/—3-7-7 and ay := /=3 - 72 - 72, we therefore have that the left
Redei matrices My = My (yar)/x and My = My (yaz)/ have the forms

x xr Yy * Ty
Mi=1|% —x O , My=1|x% x 0|,
0 —y x 0 y

where x and y are non-zero. Hence M; and M, have rank 2 = 3 — 1 over Fj.
By theorem 4.9 it is enough to note that K(¥ay) = K(3/3p?) and K(¥ag) =
K(/3p). O
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4.3 4-rank of Class Groups

In this section, we prove a more general version of theorem 1.19.
We shall use the following result which is a version of the Elementary Divisor
Theorem:

Lemma 4.11. Let p be a prime number. Let G be a finite abelian p-group with
rank,(G) = n. Let H be a subgroup of G where (necessarily) rank,(H) = m €
{0,1,...,n}. Then there exist g1,...,9, € G and ay,...,a, € N such that

G:<gl7"'7.gn> and H:<g?17"'7g;’lnm>'

We shall use e4(L) to denote the 4-rank of the class group of the number field L
(cf. definition 1.17).

Theorem 4.12. Let K be an algebraic number field and assume that 2 1 h(K);
let mp,...,m € Ok, t > 2, such that (m),...,(m) are distinct prime ideals. Put
a =Ty Assume that no prime different from (m;) is ramified in the extension

K(ym)/K. Put L .= K(\/a).

Assume that every unit of K s the relative norm of a number from L, i.e. O} C
Np/k(L). So the 2-rank of CI(L) ist —1 (cf. lemma 4.3 and the ambiguous class
number formula).

Let the right Redei matriz My x have Fy-rank t —1 —wu, u > 0. Then the following
statements hold:

1) If N1y (07) = Ok, then es(L) = u
2) If Ny (07) # Ok, then we can write
ranks ({{pf", ... p{")L]a; € {0,1}}) =t —1—w, we {1,...,t -1}
where p; is the prime ideal in L above (m;).
i)u—w<eyl) <u.

i) Since the 2-rank of CI(L) is t — 1, we can choose prime ideals p1, ..., P, in L not
dividing (2) such that

ranks ({[p(lll, .. .p?tﬁill, .. .ﬁZ}w]L‘CLi,dj S {O, 1}}) =t—1,
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then
Va = ayag of type 2 and j € {1,...,w}: (g) = <%) =1
bj p;

=  e4(L) =u.

And if, in addition, u =t — 1, then

Va = anag of type 2 and j € {1,...,w}: (g> = <2) =1
Pj b;

4 64(L) = U.

8) In particular, if ranks, (M) =t — 1 (i.e. if only the trivial factorization of o
is of type 2), then the 2-class group of L is elementary abelian.

Proof. First, note that if Ny /x(07) # O, then by proposition 4.4 we can write
ranky ({[p{*, ... py]L]a; € {0,1}}) =t —1—w, we {1,...,t -1}

where p; is the prime ideal in L above (7).

The idea of the proof is the same as in Reichardt [26] but with a few adjustments
to our case. Class field theory will be used.

Note first that for a non-trivial factorization o = aye of «:

a = aijay is of type 2 &

each prime in L dividing (a) splits totally in K (y/aq, /o).

Put A := the group of fractional ideals of L and S := the group of fractional
principal ideals of L.

As the 2-rank of CI(L) is t — 1 > 1, there is (by class field theory) at least
one ideal group H; (modulo S) in L of index 2 in A. The corresponding class
field L; is a quadratic and unramified extension of L and hence has the form L; =
K(y/oq,/az) where o = oy is a non-trivial factorization of a. Conversely, for
every such non-trivial factorization of « the field K(\/a1, /az) is a quadratic and
unramified extension of L and is, therefore, the class field for an ideal group (modulo
S)in L of index 2 in A.

By class field theory, e4(L) > 1 if and only if there exists an unramified Z/4-
extension Ly of L. If this is the case, there is exactly one field L; between L and
Ly such that Ly/L is a quadratic and unramified extension; L; must have the form
L, = K(\/a1,/az); the unique non-trivial factorization o = a9 of o will be called
the factorization of a attached to L.

We now prove some claims:
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a) If the non-trivial factorization o = aay is attached to Ly where Ly is unramified
and Z/4 over L, then oo = ajs is of type 2.

Let Hs be the ideal group (modulo S) in L corresponding to L,. Let cHy be
a generator of A/Hy(~ Z/4). Fix an i € {1,...,t}. Since, in L, (m;) = p? and
(m;) € Hy, we have p; € ((cHs)?) =: Hy. As the class field L; corresponding to H; is
unramified and quadratic over L and contained in Ls, we have that p; splits totally
in Ly = K(\/a1,/03). Hence o = ajas is of type 2. This proves a).

b) Let the non-trivial factorization o« = ajce be of type 2. Let Hy be the ideal group
(modulo S) in L corresponding to K (y/ai, /az). Then

K(y/ai,/as)/L is contained in an unramified Z/4 — extension

& ranky(Hy/S)=1t— 1.
And we have py,...,p; € Hy.

G := A/S has 2-rank t — 1; let G, := H,/S have 2-rank m(€ {0,1,...,t —1}).
By lemma 4.11 (applied to 2-Sylow groups) we can write

G = <ng, e ,gt_15>H/S, g; € A

and )
Gl = <(915)a1, ceey (ng)am>H/S, a; - Z
where [H : S] is odd. Note that G/Gy ~ A/H, ~ Z/2.
Let m =t — 1. We see that (with a suitable numbering)

Hy, = <g%7 ces >gt—1>H'

We must have ¢? ¢ S. Put Hy := (g},...,g.-1)H. Then A/H, ~ 7Z/4
Let m <t —1. As G/Gy ~ Z/2, we must have m =t — 2 and (with a suitable
numbering) ord(g;—15) = 2 and

H, = (917 cee 7gt72>H-

From this we see that if H; O N 2 S and [H; : N] = 2, then A/N # Z/4. (For
A = HyU g, 1H;.) This proves the first part of b). The second part is clear since

each p; splits totally in K (\/aq, /03).

c) Let the non-trivial factorization a = a1y be of type 2. If Ny /x(07) = O}, then
K(\/a1,/as)/L is contained in an unramified Z/4-extension.
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This follows from b) and proposition 4.4.

d) Assume that Ny k(07) # O% and that (cf. proposition 4.4)
ranks ({[pf*, ... p{r]a; € {0,1}}) =t —1—w, w> 1.
If prime ideals pq, ..., P, in L not dividing (2) are chosen such that
ranks ({{p{*, ... p{pd, .. pv]r|ai, a5 € {0,1}}) =t —1,
then, for a non-trivial factorization @ = a;;ap of type 2,

K(y/ai,\/as)/L is contained in an unramified Z/4 — extension <

Vie{l,... w}: <§—;) - (Z‘—j) = 1.

Let H; be as in b). Then d) follows from:

K(\/aq,/as)/L is contained in an unramified Z/4 — extension
& Vied{l,...,w}:p, € H;
& Vje{l,...,w}:p; splits totally in K(\/aq, /as)

& Viefl,... w}: (Z—;) - <§—j) ~ 1.

The proof of the theorem can now be finished as follows:
Put

n := the number of non-trivial factorizations o = a5 of type 2 where
K (\/a1,/az)/L is contained in an unramified Z/4 — extension
= the number of non-trivial factorizations o = a9 where
K(y/ai,/as)/L is contained in an unramified Z/4 — extension
= the number of subgroups of G := A/S of index

2 containing a subgroup in G with factor group Z/4
2e4(@) 1

gea(l) _ 1;

here the third equality sign follows from class field theory and the fourth is group
theory of finite abelian groups.
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From a) we get

n<2"—1.

For a given j € {1,...,w} we have
T = ‘ {a = aja of type 2‘ (ﬂ) = (g) = 1} ‘ € {2v71 24}
pj pj
in particular, z; = 2" if Np/x(07) = O%. Since
n+1= ‘ {a:alag of type 2‘Vj e{l,...,w}: (g) = <2) = 1} ‘,
bj pj

we conclude that

n+1>2%Y
where y is the number of j with ; = 2“7, and we find that for u =1¢—1

n+1=2% & x;=---=ux,=2"

This completes the proof of the theorem. n



Chapter 5

Quadratic Extensions

5.1 Quadratic Extensions of Q(7)

Let (m), ..., (m) be distinct prime ideals in Ogq) = Z[i]. Put a :=my,...,m. Since
we are asking whether 72 — ay? = i is solvable in Z[i], we shall assume that the
necessary condition for solvability,

Vi e {1, ce ,t} : N@(i)/(@(ﬂj) =1 (mod 8),

is fulfilled. This means that i € 0, is the relative norm of a number in Q(i, /o),
and so this is also a necessary (and sufficient) condition for

ranks(CL(Q(i,Va))) =t —1

(cf. lemma 4.3 and the ambiguous class number formula).

We begin by considering the case where o := d = 7y ---7m where d # +1 is a
square-free rational integer. Let p; be the prime ideal in L := K (v/d) above (m;).

Remark 5.1. According to [13],
ranky ({[p® - "1 |a; € {0,1}}) € {t —2,¢t — 1}
and the following statements are equivalent:

1) i € Nogvay o (Oh.va)
2) Je € OZ@(\/E) Fv € Ogva - 72 =2
3) ranky ({[p1™, .. -ﬁtdt]L‘ai €{0,1}}) =t -1

Note that the equivalence of 1) and 3) also follows from Proposition 4.4
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From the equivalence of 1) and 2) we deduce a rational (and complete) criterion
for i being in N, f)/@(z)(O*( \/E)):

Theorem 5.2. 1) i € Ny \[)/@(1)(0(*@(1',\/5))'
Let d € Z\{=£1,2} be square-free.

2) Ifd=1 (mod 4), then i & No; yayj00)(Og . va))-

3) If the negative Pell equation x* — dy* = —1 is solvable (in Z), then
i & Nagvaem (Oguva)-
4) If d £ 1 (mod 4) and x* — dy* = —1 1is not solvable (in Z), then:

* .2 2
i € Nogvayaw Opuva) © I,y €Z: 2 —dy* = +2.

Proof. 1) This is immediate from remark 5.1.

; write v = %ﬁ. We see that

2) Assume that % = 2¢,v € Ogrvay € € O:E@(«/E)’

2?2 — dy? = £8. Since also

y*d + xyVd

2e =~ =42+ 5

we conclude that 2 | z,y. But an equation (z')? — d(y')* = £2 is impossible modulo
4.

3) Let 2 — dy? = —4 be solvable and let ¢ be a fundamental unit of Q(v/d) which
has norm —1. If ¢ € Ny, va)/00) <O<a(z‘,\/8))’ then we have an equation 72 = £2*

with k& € {0,1}. As v2 ¢ Q(V/d), we must have k = 1. This gives the following
contradiction:

0< (NQ(\/E)/Q(V»Q = NQ(\/Q)/Q(QéT) = —4.

4) As Og(g) = Z[\/d), the implication “=" is clear.
So assume that 22 — dy? = 2(—1)*; put v := z + y/d. Just note that

V2 =2 + dy® + 2zyVd = 2((=1)F + dy?® + 2y Vd)
and

N@m)/@((—D’“ +dy? +zyVd) = 1+ dy* + 2dy?(—1)F — da?y?
= 1+dy?(dy* +2(—1)" —2%) = 1.
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Remark 5.3. Let d € Z\{£1,2} be square-free and assume that d # 1 (mod 4)
and that 22 — dy? = —1 not solvable (in Z). If ¢,...q. = 3 (mod 4) are (some of
the) prime factors of d and if 3z,y € Z : 22 — dy* = £2, then, clearly, ¢ = -+ = q.
(mod 8) and exactly one of the equations is solvable; in that case, 72 — dy* = 2 is
solvable if ¢; = 7 (mod 8) and z? — dy? = —2 is solvable if ¢; = 3 (mod 8).

Corollary 5.4. For a prime number p = 1 (mod 8) with the prime factorization
p = ww in Z[i] we have
-
T

Proof. We use theorem 4.9. The assertion corollary follows from the fact that the
) 11 . .

matrix [ 11 } has rank 1 (over Fy) and that ¢ ¢ N@(i,\/ﬁ)/(@(i)<o@(z‘,\/ﬁ))' O

Corollary 5.5. Let ¢ =3 (mod 4) be a prime number. Then

i € Nog,ya)/00)(0ga,va)  and i € Noa,yzay o (o, va)-

Proof. It is well known that one of the equations 22 — qy? = 42 and one of the
equations z? — 2qy* = +2 is solvable (see for instance [21]). O

Lemma 5.6. Let K'/K be an abelian and unramified extension of number fields.
Let | be a prime number and let k € Ny. Consider an ideal a C Q. Suppose that

i) I* || [K': K];
ii) L4 B(K)
iii) (215 = idgo;

w) a'” is a principal ideal in K for some m € Ny.

Then a is a principal ideal.
So, in particular, if p C Ok is a prime ideal that splits totally in the [-class field of
K and whose ideal class in CI(K) has l-power order, then p is a principal ideal.

Proof. Let K be the Hilbert class field of K and put o := (%) According to
class field theory it is enough to show that o = id.
From iv) we get ¢! = (%) = idg. By iii), 0 € Gal(K/K"). As

|Gal(K/K")| =

is not divisible by [ (by i) and ii)), we have o = id. O
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Proposition 5.7. Let a,b € Ny and let ¢1,...,qq,p1,--.,pp be prime numbers with
pm=-=p=1(mod8) andgy =--=¢g =3 (mod8) orqy = =¢q, =7
(mod 8). Suppose that D € N is one of the following:

i) D=2q - qup1--pp withqy =-+-=¢q, =7 (mod 8) (possibly a =0); or

i) D=qq-qup1- - pp with a odd.

If the 2-class group Cly(Q(v/D)) is elementary abelian, then the following (equi-
valent) statements hold:

1)@ € Noivayom (Og,vp)):
2) one of the equations x*> — Dy* = 42 is solvable in Z.

Proof. Let K := Q(\/ﬁ) have an elementary abelian 2-class group and let pg C O
be the prime ideal above 2. It is enough to show that pg is a principal ideal:

i) po splits totally in K(y/—¢;) and in K(,/p;), and hence py splits totally in
K(V=a1; -/ =as /D1, - - -»+/Pp) N R which is the 2-class field of K.

ii) Let a be odd. pg splits totally in K(,/p;). If ¢ = 7 (mod 8), then, clearly, po
splits totally in K (y/—¢;). If g =3 (mod 8), then

a—

2 .1---1=7 (mod 8),

—q1 - Qi1Giv1 Gapr o py = —(3%)

and so pg splits totally in K (v/—q¢1 - ¢i—1Gi+1 - qap1- - Dv) = K(y/—q;). Hence py

splits totally in K(v/=q1,...,v/~qa,/P1,---,+/Ps) N R which is the 2-class field of
K

In both i) and ii), we conclude that pg is a principal ideal, by lemma 5.6. O

We give an example of the result in proposition 5.7:

Corollary 5.8. 1) Let q1, G2, qs be prime numbers with ¢; = go = g3 = 3 (mod 8) or
G =q2=q3 =7 (mod 8) such that <Z—;) = (g—;) = <Z—‘f).

Then i € Ny, ’7‘11‘12‘13)/(?(1')(06(@\/@)) and the equation x> — q1q2qsy° = (—
is solvable in 7.

2) If g =3 (mod 4), p1 = p2 =1 (mod 8) are prime numbers with (p%) = <i) =

q%—l

B

—_

(%) =1, theni € N@(i,\/qmpz)/(@(i)(O(a(i,m)) and the equation
2
2 — gpipey? = (—1)qT1 -2 45 solvable in Z.

Proof. 1t is easily checked that even the strict 2-class group of each of the fields
Q(\/71q2q3) and Q(,/qp1p2) is elementary abelian. O]
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Lemma 5.9. Let K be a quadratic number field with discriminant D, let q and
p1, P2 be prime numbers such that (q) is inert in K and py,py are split with prime
(principal) ideal factorizations

(p1) = (m)(T1) and (p2) = (72)(72)

in K. Assume that each of w1 and 7 is congruent to a square modulo 4 in Og. Then
the following statements about quadratic residue symbols hold:

1) (%) = <l> = <1§> where the last symbol is an ordinary (rational) Legendre

s i

symbol.

) (2)- (2)

3) If the Legendre symbol <ﬁ> has the value 1, then (;—;) = (i—;) and (%) = (%);

P2

if the Legendre symbol (;%) has the value —1, then (:—;) #+ (%) and (;—;) #+ (Z—)

If K £ R, each of these quadratic residue symbols retains its value when reversed.

Proof. 1), 2) and 3) are clear. The last claim follows from the Quadratic Reciprocity
Law in quadratic fields (theorem 165 of [12]). O

The (left or right) Redei matrices we encounter in the rest of this chapter will be
symmetric because of the Quadratic Reciprocity Law in quadratic fields.

We shall now give some applications of theorem 4.12 for K = Q(7) and o := d =
my - - -y where d is a rational integer.

Note that if ¢ = 3 (mod 4) is a prime number and a € Z, then, in O = Z[i], a
is a quadratic residue modulo g.

Recall that e4(L) denotes the 4-rank of the class group of the number field L.

Also, recall that if the odd d satisfies that i € NQ(i,\/E)/Q(i)(O&(@\/a))’ then d = 3

(mod 4).
The first application is immediate:

Theorem 5.10. Let q,...,q = 3 (mod 4) be prime numbers. Put d := q;-- - q.
Then the following statements hold:

1) 64(@@7 \/a)) € {t - 27t - 1}
2) Ifie NQ(Z',\/E)/Q(Z‘)(O&@ \/8))’ then t is odd and
es(Qi, Vd)) =t — 1;

in particular, e4(Q(i,\/d)) is even.
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Proof. 'The right Redei matrix Mo vayoa 1 the zero-matrix. O]

Theorem 5.11. Let q1,...,q: =3 (mod 4), p =1 (mod 8) be prime numbers. Put
d:=qy---qp. Then the following statements hold:

1) eg(Q(i,Vd)) € {t —2,t — 1,t,t +1}.

2)Ifi e NQ(i,\/E)/Q(i)(O(B(i,\/Q))’ then t is odd and

es(Q(i,Vd)) € {t — 1,t + 1}
in particular, e4(Q(i,\/d)) is even.

Proof. In Q(i), let the prime factorization of p be p = 77 where we can assume
that 7 = 7 =1 (mod 4). We only have to prove that the number of factorizations
of = qp - - q7 of type 2 is 2871 or 2!71; the other assertions follow from this.

We can write

where <1> = <i> =1 and <l,> = (i,> - 1.
qi q; qj qj
Consider a factorization o = ayas of a.

Assume that 7|ay and 7|ag. If b > 0, then (for example) ¢} |y and hence <2‘—,12> =

<qi,) = —1 and so a = a1y is not of type 2.

1
If b =0, then, clearly, & = oy is of type 2; and there are 2 of these factorizations

of type 2.
For factorizations of the form

. / /

a1 = iy *4i Gy, 0 Gy

f— . DRI . / . .. / T
Q2 = (i Qzaq]'d+1 quﬂ'ﬂ'

where < = ) = ( 0 ) =1 and (q%) = (,i> = —1 it easily seen that

Qiy, Qiy, ik ik

a = ajas is of type 2 < 2|d.

Hence
the number of factorizations of type 2 of this kind

= (number of subsets of {1,...,b} with an even number of elements)-
(number of subsets of {1,...,a})

[ 1.2e=2 ifb=0

- { 9b=1.9a — 9t=1  f >
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Therefore, the total number of factorizations of type 2 is

20 420 =21 ifb=0
0+20-1 =21 ifb>0 "~

O

Theorem 5.12. Let q,...,q =3 (mod 4), p1,...,p, =1 (mod 8) be prime num-
bers and suppose that all the Legendre symbols <%> and (%) are equal to 1. Put
d:=q1- - qp1--pa- Then the following statements hold:

1) es(Q(i,Vad) € {t +a—2,...,t +2a—1}.
2) Ifie N@(i,\/&)/(@(i)(o(*@(i \/E))’ then t is odd and e4(Q(i,/d)) is even.

Proof. We have

Q= Q1 QT T Mg,

here the prime factorization of p; is p; = m;m; where we can assume that T =71 =1
(mod 4).
Put ¢ := mym - - - w7, Since, clearly,

o= (Qil T C]icﬁl)(%’eﬂ e 'C]itﬁz) isof type 2 & 3= (13 is of type 2

(because the Legendre symbols (2—) are equal to 1), the number of factorizations
J

of type 2 of o is 2° multiplied by the number of factorizations of type 2 of 3. The
right Redei matrix Mg; /3)/q() 18 & block matrix built of 2 x 2 blocks of the form

x

x
such block with the entry z, we get an anti-symmetric a X a matrix of the same
Fo-rank as Mg 5 /06)- By § 91 of [29], this rank is even. Hence the number of
factorizations of type 2 of « is of the form 2¢-22971=2% wwhere 2k € {0,1,...,a}. The
theorem follows. m

i } (because the Legendre symbols <%> are equal to 1). If we replace each

Let d be a product of ¢ prime numbers congruent to 3 modulo 4. As noted in
theorem 5.10, e,(Q(i,v/d)) =t — 2 or t — 1. So, it would be natural to ask if we,
just by looking at the prime factors of d modulo 8, can decide exactly when the case
e4(Q(i,v/d)) =t — 1 occurs? This is done in the next theorem.
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Remark 5.13. Let d > 1 be a square-free integer. Consider the natural map

¢ : CUQ(VA)) x CLQ(V—d)) — CUQ(i, Vd)),

([C‘]Q(\/&)’ [[’]Q(\/Td)) = [a]Q(i,\/a)[b]Q(i,x/&)'
1) In [17], it is proved that the kernel and the co-kernel of ¢ are elementary abelian
2-groups.

2) It follows from [13] that when d is a product of prime numbers congruent to
3 modulo 4, the image of ¢ is exactly the subgroup of C1(Q(i,+/d)) consisting of
squares of ideal classes. (More precisely, this follows from the fact that, in this
case, the concepts "Hauptgeschlecht’ and 'Geschlechter der Hauptart’ coincide for
the extension Q(i,v/d)/Q(i); cf. the discussion at the end of section 1.3.)

For the (unique) factorization D = Dy - - - D,, of the discriminant D of a quadratic
field K as a product of prime discriminants D;, let x; be the genus character of the
strict class group Cls(K) corresponding to D;. A strict ideal class C' € Cl (K) is the
square of a strict class if and only if at least m — 1 of x1(C), ..., xm(C) are equal to
1 (since x1 -+ xm = 1); see [30]. We can now state and prove:

Theorem 5.14. Lett € N. Let the positive integer d have the prime factorization

szl"'Qst+1"'Qt

with prime numbers g = -+ =q¢s =3, ¢sp1 =+ =q =7 (mod 8).

1) If s = 0, then e4(Q(i,Vd)) =t — 1.
2) If s = t, then e (Q(i,Vd)) = { i: ;; ZZ §|t/rt
3)If0 < s <t, then
ea(Qi, V) =t — 1
& vz'e{1,...,s};(%+;+%>:(—1)t—l

and Vj € {s+1,...,t}: <M>:1

where the above symbols are the ordinary Legendre symbols.

Proof. First note that for ¢ = 1 the class number of Q(, \/E) is odd, so the assertion
is true in this case. So suppose that ¢t > 2. Put

K :=Q(Wd) and  K,:=Q(v—d).
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In this proof, we shall use a superscript ’s’ to denote strict ideal classes: [a]3, €
Cly(K;). The (ramified) primes in K; and in K, above qi,...,¢s, @ss1,---,q are
inert in L := Q(4, \/E) Put ¢y := 2. In K, resp. K,, we shall denote the prime
above ¢; by p; resp. q; for j =0,...,t. Note that [po], = [qo]r = [(1 + )], = 1 and
[pz]L = [qz]L for i = 1,...,¢t.

Note that if i € N@(i,\/ﬁ)/Q(i)(oé(i,\/&))’ then t is odd and e4(Q(i,v/d)) =t — 1 and
s=0or s=t. If tis odd, then:

po is a principal ideal = 2% — dy? = £2 is solvable = e,(Q(i,Vd)) =t — 1.

Let t be odd and assume that 22 — dy? = 42 is not solvable; so py is not a
principal ideal. Then we have (with ¢ as above):

es(Q(4, \/;Z)) =t—1

ranks(Im(¢)) =t —1

Jy € Im(@)\ {[pf" - -pi*]e]a; € {0,1}} « ord(y) =2

Jz € Cl(K,) x Cl(Ks) : ord(z) =4 and ord(¢(z)) = 2

dz € Cl(K,) x Cl(K,) : zis a square, ord(z) =2 and ¢(z) =1

Jag, ay, ..., a;,by, ... b € {0, 1} 0 ([paopdt - p™]g,, [q2 - - - 42 k,) s

a square in C1(K,) x CI(K3) of order 2 and [p§*q?* - - - p2q®], =
([pob1 - Pslky, (a1 - - 4]k, ) 18 a square in CI(K7) x CI(K3) of order 2.

S I

(>

The first <" follows from remark 5.13 2). The third ”<” follows from remark
5.13 1) (about the kernel of ¢).

The last ”=" requires a proof: Assume that

2= [pgopSt - pMk, € CI(K,) and 2y := [q}* - - q¥]k, € CU(K,)

are squares with ord((z, z2)) = 2 and [p{'q}* - - - p2 g%, = 1.

We have

ranky ({[p1* - pi')Kk, |2 € {0,1}}) € {t — 2,t — 1};

Let r be this 2-rank. (For ¢ even it is always the case that r =t — 2.)

Consider the equation [pi*q - - - pf*q?], = 1, i.e. [pfr 0. p@tb], = 1.
If r =t — 2, then, by remark 5.1, we must have [pf*t?...p@t), = 1 ie.
[ p™] g, = [P0 - - p¥]k,; hence we can assume that (aq,...,a;) = (by,...,b).
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In the case we are considering, i.e. t odd, another way, which covers both of the
cases r =t — 2 and r = t — 1, of realizing that we can assume that (ai,...,a;) =
(b1, ...,b;) is the following: As pg is not a principal ideal, then the map

{Ipgopt* - piky |2 € {0,1}} — {[pT* -+ pP]L|wi € {0,1}},

LR R A e N )2
has kernel {1, [po]x,}. Hence [p{*** .- py™]r = [po]), for a v € {0,1}, and
this implies that [piepS - pf]g, = [pET 7Pl - p%]k,; and we can assume that
(a,...,a;) = (bl,...,bt).

Since [pg°p{" -+ - pi’]k, is a square in CI(K;), we have that [pg°p{" ---p{*]%,
[pgeps ™t pytt)s, is a square in Cly(Ky). As 20 = 22+ [q1 -+ - ¢)k,, We can assume
that [pg°py" - - - pi*]%, is a square in Cly(K).

Let X,(Cl) resp. X;(f) be the k’th genus character of K resp. Kj (X((f) corresponds
to the prime discriminant —4 if 2 is ramified in K;/Q).

If (a1,...,a;) = (0,...,0), then ord((z1,22)) = 2 implies that ag = 1; hence
[Pol%, = [po"p1" - - pi']%, is a square in Cly(Ky). As

X (lpolie,) = <_2qz'> Li=1,...1,

we conclude that ¢ =+ = ¢ =7 (mod 8),i.e. s =0, and so ”=" is proved in this
case.
Let (a1,...,a¢) # (0,...,0) and consider a j € {1,...,t} with a; = 1. We have

t
1=\ ([pops - pi]i,) me (0550 - T (ol
Z#J /];;3

and

t
1= xP ([0 qfk,) = Hx] 00],) - [0 (a]ks).
k=1

Z#J =y
For i,k € {1,...,t}, i # k, we have

Wlolie) = () =l

q;

This and the above equations imply that

L= ) k) = () (5) = () e
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-:at:().

and hence ap =1 and ¢; =3 (mod 8). In particular, a4
.,s} and a; = 0. Then

Assume now that j € {1,..

1= xM(pops" - p205,) = 3 ([polic,) ij p5i]%,)
2#]

and
2 a1l
1:X§ )([ql ’ s HX] z
lsﬁj

which 1mphes that 1 = X; ([po] 5%.) = (52) = —1 which is a contradiction; hence
= as = 1. This completes the proof of "=".

a; =
For ¢ even it is proved in a similar way (without the assumption about py not

being principal) that

es(Q(i, Vd)) =t — 1
4s)k,) is a square in CI(K;) x Cl(K>) of order 2.

g ([pl te 'pS]KN [qul (s

We now go through the cases of the theorem

)gp=-=¢=7 (mod 8):
Let t be odd: If pg is a principal ideal, we are done; so assume that pg is not a

principal ideal, i.e. ord([po]x,) = 2. We just have to note that

1 s —4q :

o= () =11

Let t be even: We have ord([qo|x,) = 2 since q;---q; is the only non-trivial
principal ideal in {q{°q7" - - - q{*|z; € {0,1}}. Note that

(o)) = (‘7‘1]) =1, j=1,...t

)¢ =---=q =3 (mod 8):
Let ¢t be odd: If py is a principal ideal, we are done; so we can assume that
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ord([po]x,) = 2. Note that [po]x, = [pop1- - Pilx,. For j =1,... ¢ we have

t
Xg'l)([POM‘”Pt];(I) = HXE‘I) ilk,) HX(D ([psl%,)

= =
- (IE)- @IE)
- oo () (5))

and

as required.
Let t be even: As

(a0t - ailks) = Hxl ) [ (s,

: <—7m>irig<q@.> Sl
oo o 1(2) ()

m

= (D) (D) (D (e (1

[q091 - - - 9¢] k, 1s not a square in CI(K>), as required.

p==¢G=3,¢1=-=¢="7 (mod 8) and 0 < s < t:
First note that ord([q: - - - qs]x,) = 2 for ¢ odd and that ord([qoq: - - qs]k,) = 2
for ¢ even.
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Let j € {1,...,s}. For t odd we have
Xg'l)([PoPl“'P ]81)

= HX§-1) Kl HX pj Kl

i7) g
2 i=1 i 4 /o J
1#] k#j

Similar computations show that X] a1+ qsl,) = (=1)1 <M> for t odd and

K rpilic) = X7 (0w audie) = (<1)' (52 for £ even
Finally, let j € {s+1,...,t}. Then it is easﬂy seen that X ([p0p1~ Pk, =
(- ai) = (25 %) for  odd and X\ ([p1- -+ plic,) = X7 ([a0a -+ a]x,) =

<‘“;1+qu> for ¢t even. The assertion in 3) of the theorem follows from this. This

completes the proof of the theorem. n

Before we give an application of theorem 4.9, we prove the following

Lemma 5.15. Let a,b € Ny. Consider the (2a+ 2b+ 1) x (2a + 2b+ 1) matriz over

FQ.’
[0 1 1]
1 |
M= My, | Mo
. J— _I_ . J—
: My, | My
1 |

where My is a 2a X 2a matriz, My is a 2a X 2b matriz, Moy s a 2b X 2a matriz and
My is a 2b x 2b matriz; these four matrices are constructed as block-matrices built
of 2 X 2 matrices in the following way:
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My has the form

*  Tg
Taq Ok

*‘ i }-block‘s on the main diagonal, x; € Fy, and where every other block is

with {

1

of the form l y y+l

yr1l oy ], y € Fy (not necessarily the same y ).

Fuvery block of Mis or of Mayy is of the form { z i ], z € Fy (not necessarily the
same z).

Mss comes in two types:
I) Every block on the main diagonal of Mays is of the form [ ; i ], x € Fy (not
necessarily the same x), and every other block is of the form

[ z ??j }, y € Fy (not necessarily the same y ).

II) Every block on the main diagonal of Mays is of the form [ ; : }, x € Fy (not
necessarily the same x), and every other block is of the form

z z+1 .
[ 241 ~ ]; z € Fy (not necessarily the same z).

Finally, and in all cases, the entries on the main diagonal of M are chosen such
that all column sums of M are 0.

Then the following statements hold:

i) If a is even and if My is of type I, then M has maximal Fy-rank, namely 2a + 2b.

it) If both a and b are even and if My is of type II, then M has mazimal Fy-rank,
2a + 2b.
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Proof. Put t:=1+2(a+b). Note that

M has maximal Fy-rank
& ker(z— M) ={[0,...,0],[1,...,1]}
& VAC{L ..}, A#40, Fje{l,. .t} ) my=1

€A

(Note that ;.4 my; = 1 if and only if >, ¢, mi; = 1 where CA = {1,...t}\A.) If
for 0 #A C {1,...t} 3j € {1,...t} = > ,.,my = 1, then we say that column j
works for A if j € CA and that column j works for CA if j € A. (This usage just
focuses on the fact that we do not want to sum over diagonal elements of M.)

Let 1€ AC{1,... t}.

If 2 | |A], then column 1 of M works for CA; so suppose that 21 |A|.
Put Ay := An{l,...,2a+ 1} and Ay := AN{2a+2,...,t}. For a subset B C
{1,...,t} we let M(B) denote the sub-matrix of M consisting of the rows of M with
a row number in B; for i € {1,...,t} let M(B); be the i'th column of M(B) and
put

1, if the diagonal block of M in the columns 2¢,2¢ + 1 is [ T

m; ‘=

|
0, if the diagonal block of M in the columns 2¢,2: + 1 is [ S 2 ] ’
We treat two cases separately:
1) Jig € {1,...,a+ b} : |{20,2i + 1} N A| = 1:
Assume (for example) that 2ig € A Z 2iy + 1. There are now two possibilities:
1) ip € {1,...,a} (and similarly if io € {1,...,a + b} and My, is of type II):
Put

ny := number of “1“s in M (A1\{2i0})2iy+1;

ny := number of “0%“s in M({2,...,2a 4+ 1}\(A1 U{2ip}))2io+1
= (number of “1“sin M({2,...,2a + 1}\A1)2,) — Miy;

nsy = number of “1“s in M(Ag)a,+1
= number of “1“sin M({2a+2,...,t}\As)e, (mod 2).
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Note that ny = ny (mod 2) (since 2|a).
Assume that column 2iy + 1 does not work for A. As 1 € A, we have

1+n;+n3+m;;, =0 (mod 2);
therefore

number of “1“s in M (CA);,
= (number of “1“sin M({1,...,2a+ 1}\A1)2,)
+(number of “1“s in M({2a +2,...,t}\A2)2,)
(ng + myy) + ng
ny + nz + my,
1 (mod 2).

Hence column 24y works for CA. The second possibility is
1")ige{a+1,...,a+ b} and My, is of type L:

Let k£ be the number of { 1 } }blocks in the columns 2ig, 2ig + 1 of M, which
are different from the main diagonal block in these columns, and having exactly one
row with a number in A.

Assume that column 2ig + 1 does not work for A. Since 1 € A, this means that

k 4+ m;, is odd. But then column 27, works for CA.
2)Vie{l,...,a+0b}:2||{2i,2i + 1} NA|:

Choose an ig € {1,...,a+ b} with {2iy,2iy +1} N A= 0.
Ifig e {a+1,...,a+ b} and My, is of type I, then column 2i, works for A.

So we only need to consider the case ig € {1,...,a} (as the case where iy €
{a+1,...,;a+ b} and My, is of type II is completely similar). If there is an even
number of j € {1,...,a} with 2j,2j + 1 € A, then column 2i, works for A. If there
is an odd number of j € {1,...,a} with 25,25+ 1 € A and if j, is such a j, then
column 2j, works for CA. O

We can now give the promised application of theorem 4.9 (and theorem 4.12; for
the claim about 2—class groups):
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Theorem 5.16. Let a,b € Ny and let a be even.
Let g =3 (mod 4),p1 =~ =p, =p) =--- =p, =1 (mod 8) be prime numbers
such that:

)= () (1) == ()=

3) forie{l,....alue{l,... b}: (;;—) —1;

4) foru,v € {1,...,b},u # v:
i) all the Legendre symbols (%) have the value 1; or

v

v

i) b is even and all the Legendre symbols (%) have the value —1.

Then i € N@(iv\/m)/(@(i)<o@(i, qm--~pap’1~-~pg)) and the 2-class group
Cl(Q(i, \/qp1 - - - papy - - - D})) is elementary abelian.

na one o e equations r° — qp1- - PaPq " DpY” = 1S solvable wn 4).
And th ti 2 | phy? = 2 is solvable in Z

where (m;), (7;), (7)), (7!,) are prime

Proof.  We can write p; = m;7; and pl, = 7, ), (7,

=/
ideals of K :=Q(i) and m; =7} =m, = n/, =1 (mod 4). Then
a=d=qmT - TTaT Ty - T

Note that for v € {q, 71,71, , T, Ta, Ty, Tp, -+, T, Tp }, the prime ideal (1+17) and
hence every prime of K different from () is unramified in the extension K(,/7)/K.
So by theorem 4.9 it is enough to show that the (left or right) Redei matrix Mg ; /a)/00)
has maximal rank: This follows immediately from lemma 5.9 and lemma 5.15. [

Note that the result in 2) of corollary 5.8 also follows by putting a =2 and b =0
in theorem 5.16.

We now investigate the case where (o) = (7) is a prime of Og(y = Z[i]. By the
above, we only need to consider the split case, i.e. 7 has the form 7 = a+bi;a,b € 7Z,

where Ng(y/o(m) = a*> +b* =1 (mod 8) is a prime number; hence 4 | ab.

The following lemma is from the unpublished paper [19].
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Lemma 5.17. Let 1 = a + bi be a prime of Z[i] with 2|a and a + b = £1 (mod ).
Then

4h(CUQE, V) & 8la.

Proof. For the convenience of the reader, we sketch the proof from [19]:
Put K := Q(i,/7) and L := Q(\4,/7). As L/K is unramified, we have 2 | h(K).
Since also the 2—class group Cly(Q(i, /7)) is cyclic, we have

4 ME) & 2|hL)

By the ambiguous class number formula, applied to the extension L/F where F' =

Q(v/1), we have
2|h(L) <« [Op:Nyr(L)NO0p =1

since h(F') is odd. A calculation of this index gives the result. O

Theorem 5.18. Let m = a + bi be a prime of Z][i].

i) If 41 b, then i € Ny, /m)/00) (046, 7))

ii) If 4 | a and a +b = £3 (mod 8), then i € Ny /=) /q)(O
i) If 4|la and a +b = £1 (mod 8), then i € Ny /=) /00)(0

Qi)
Qi)

Proof. 1) By [13], () is the only ramified prime ideal of the extension Q(%, /7)/Q(37).
Hence the assertion follows from corollary 4.5.

ii) By [13], there are exactly two ramified primes of the extension Q(¢,+/7)/Q(4),
namely (7) and (1 + ). Let p C Og = be the prime ideal above (1 + 7). By
proposition 4.4, it is enough to show that p is not principal:

As (1 +1) is inert in Q(4, Vi) (by [13]), p is inert in L := Q(V/i, /7). Since the
extension L/Q(i,+/7) is unramified, it follows from class field theory that p is not
principal.

iii) As 2[|h(C1(Q(i,+/7))) (by lemma 5.17) and Q(v/i,/7)/Q(i, /) is unramified,
Q(V4, /7)) must be the 2-class field of Q(i,/7). By [13], (1 + i) splits totally in
Q(i, Vir) and (1 + 1) is ramified in Q(i, /7). Hence the prime p C Og, ) above
(1 + 4) splits totally in Q(v/4,/7); so p must be principal. Since No@yo(r) =1
(mod 8), the prime (7) splits totally in Q(v/7); hence the prime p; C Oq(,y=) above
() splits totally in Q(v/7,/7); so py is also principal. The theorem now follows from
proposition 4.4. ]

Remark 5.19. In the remaining case, 8la and a + b = +1 (mod 8), there seems
to be no simple answer. For example, for some 7 of this kind it is true that i €
Na,ym/a6) Oy, /) and for some 7 this is false.
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5.2 Quadratic Base Field with One Ramified Prime

Theorem 5.16 has the following analogue for quadratic fields with discriminant D of
the form D = —q where ¢ = 3 (mod 4) is a prime number:

Theorem 5.20. Let ¢ =3 (mod 4) be a prime number and let a,b € Ny where a is
even. Let p,p1,...,Da, D}, -, D) be odd prime numbers with
p=-=p.=py=--=p,=1 (mod 4). Assume that

() =t m=strad o= P+ forsome pviiiov) €2

and

D) () () == ()=

2) fori,j e {l,...,a},i#j: (;’-) — 1

3) forie{l,...,al,ue{l,...,b}: (”—f) =1;

pu
4) foru,v e {1,...,b},u # v:
i) all the Legendre symbols (Z—:,‘) have the value 1; or

v

i1) b is even and all the Legendre symbols (%) have the value —1.

Put p* = (—1)%]9.

Then No = frmrsaip/aw=o o= moraray) — Qo= @nd the 2-class
group Clo(Q(/=q,\/p*p1 - - pall - - - 1})) is elementary abelian.

Proof. This is analogous to the proof of theorem 5.16; the only thing which is not

obvious is the fact that we can choose factorizations of p; and p/, such that the first
(and hence also the other) factor is congruent to a square modulo 4 in Og(, /=)

Consider a prime number p = w? + ¢z> = 1 (mod 4). If p = 1 (mod 8), then
4| z and we choose the sign of w so that w = 1 (mod 4); then

-1
w+zy/—q=1+ 4(wT + Z\/—q) =1 (mod 4).
If p=5 (mod 8), then 2||z and we choose the sign of w so that w =3 (mod 4); then

w—1 z /A
_+_ —
W+ 2/ —q = 1+42f2q =1 (mod 4).

This completes the proof. n






Appendix A
Class Field Theory

We give here the necessary definitions and results from class field theory. The theo-
rems are stated without proofs. The appendix is based on [9] and the appendix
in [28].

A.1 Congruences and Ideal Groups

Let K be a number field. Let .#® = [] £ be an integral ideal in K (& prime
ideal) and let .Z,, = [[ ¢; be a formal square-free (possibly empty) product of real
infinite primes (i.e. embeddings ¢; : K — R). The formal product .# = .#O .4,
is called a divisor of K.

Definition A.1l. For «, § € K define a = # (mod .#) to mean:
(i) (o — B) = &/ %! for coprime integral ideals o7, & with .#©|.o/
(ii) ¢j(c/B) > 0 for all ¢; in M.

Note that i) is clearly equivalent to (") Vi : e; > 1 = vy, (o — ) > e; where vy,
is the Z;-adic valuation in K.
It is elementary to show that ay = f1,a0 = fo (mod ) = ayas = (10

(mod .#) and that for & # 0: « =1 (mod A#) = 1/a =1 (mod #). The last
statement ensures that the relation in the following definition is symmetric.

Definition A.2. For a, 3 € K\{0} define a = 8 (mod* . #) to mean that o/ = 1
(mod ).

A fractional ideal @ %! in K (&, % coprime integral ideals) is said to be rela-
tively prime to .# if &/ and 4 are relatively prime to .#®). So, for a, 3 € K\{0}
with («), (§) relatively prime to .# we clearly have: a = 3 (mod A#) & a =
B (mod* A ).
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Definition A.3. A, = A 4(K) = {F|.Z frac. ideal in K rel. prime to .# } ,
Sy=8Ss(K)={(a)|]a € K, a=1 (mod .#)}.

Ay is an abelian group, and S 4 is (by the above) a subgroup of A ,. One can
show that the factor group A /S 4 is finite.

A group H with A , O H O S ;4 is called an ideal group (modulo .#), and .# is
called a congruence module for H. The factor group A ,/H is called a (generalized)
class group. A(1)/Sq) is, of course, the usual class group for K. If co denotes the
product of the real embeddings of K, then A(1)/S is called the strict class group for
K. It can easily be shown that every coset in A ,/H is represented by an integral
ideal (in A ).

Proposition A.4. Every coset of A 4/H contains an integral ideal in A 4N Az =
Ay for any given integral ideal . Therefore, with the obvious map,

Apg/(AysNH)~A,/H.

A.2 The Main Theorems

Let L be a number field containing K and let Ny x: Aqy(L) — Aq)(K) denote the
relative norm map.

Definition A.5. An infinite prime B (i.e. an embedding K — C ) is unramified in
L if either 1) P is not real, or 2) P is real and P cannot be prolonged to a non-real
embedding L — C .

Theorem A.6. Let L/K be a finite abelian extension. Then there exists a divisor f
of K such that the following hold:
(i) a prime P (finite or infinite) in K ramifies in L < Plf.

(it) If A is a divisor of K with f|.# , then the subgroup H = Ny k(A4 (L))S.4(K)
of Ay (K) is such that A 4(K) D H D S 4(K) and

Ay (K)/H ~ Gal(L/K).

Definition A.7. The minimal divisor f making (i) and (ii) in theorem A.6 true is
called the conductor of L/K and is denoted by fz,/x.

Remark A.8. One can show (with the notation as in theorem A.6 where, in par-
ticular, H depends on .#) that
a) if Li1/K, Lo/ K are abelian with Ly C Lo, then fz, /k|fr,/k;
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b) if exactly one finite prime p in K ramifies in L and if .# is chosen as some power
of p times oo (the product of the real embeddings of K), then

H 2 Spmoo = ](g)/)K‘pm

where fg)/)K is the finite part of f;,x;

C) HD A///(K) N SfL/K(K);

d) if some finite prime of K ramifies in L, then H 2 A 4(K) N Sy (K). (we note
that d) follows from Satz (61) p. 80 in [9].)

Theorem A.9. Let .# be a divisor of K and let H be a subgroup of A, with
Ay DO H DSy Then there exists a unique abelian extension LK with fL/K|///,
such that H = Nk (A4 (L))S.4(K) and

A4 (K)/H ~ Gal(L/K).

Remark A.10. Let L/K be abelian. Let .# be a divisor of K with f; /x|.#. Let p
be a prime ideal in K prime to .#. Then there is a unique o € Gal(L/K) with

VaeO,: ola)=a® (mod pOy).
This o is called the Artin symbol corresponding to p and is denoted by (L/TK> By
extending this symbol multiplicatively to all of A ,(K), we get a homomorphism:

A 4(K) — Gal(L/K) called the Artin map. The isomorphisms mentioned in theo-
rems A.6 and A.9 are induced by the Artin map.

Theorem A.11. Let L/K and Lo/ K be abelian extensions, let .4 be a multiple of
fro/x and /i, and let (cf. theorem A.6) Hy,Hy C A 4(K) be the corresponding
wdeal groups. Then

H, C Hy< Ly O L.

Theorem A.12. Letp 1 A be a prime ideal in K, unramified in the abelian extension
L/K and below the prime ideal B in L; let (cf. theorem A.6) H be the ideal group
in A 4 (K) corresponding to L (where §,/k|# ). Then the order of the Artin symbol,
the inertial degree, and the order of pH (in A 4/H ) are equal:

ord ((#25) ) = o = orato)

p splits totally in L < p € H.

In particular,

Theorem A.13. Let H be an ideal group (modulo .# ). Then every coset of A 4/H
contains infinitely many prime ideals.
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Definition A.14. For an ideal group H in K define the conductor of H: fg = f1/k
where L is the unique abelian extension in theorem A.9.

Let L/K be a finite abelian extension and let H be the corresponding ideal group
(modulo .Z) in K. Let x1,...,xn be the group characters of A ,/H (of course, n is
the order of A ,/H). For each i, write kery; = H,,/H where H,, is an ideal group
(modulo .) and let f; = fpu,, .

Theorem A.15 (Conductor-Discriminant Formula). The relative discriminant
of the finite abelian extension L/K is given by

‘DL/K = HTEO)
1=1
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