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Preface

The present lecture notes are intended for the course ”Beting”. The purpose is to give a
detailed probabilistic introduction to conditional distributions and how this concept is used

to define and describe Markov chains and Bayesian networks.

The chapters 1-4 are mainly based on different sets of lecture notes written by Ernst Hansen
but are adapted to suit students with the knowledge obtained in the courses MI, VidSandl,
and VidSand2. Parts of these chapters also contain material inspired by lecture notes written
by Martin Jacobsen and Sgren Tolver Jensen. Chapter 5 is an adapted version of a set of
lecture notes written by Sgren Tolver Jensen and Martin Jacobsen. These notes themselves
were inspired by earlier notes by Sgren Feodor Nielsen. Chapter 6 contains some standard
results on Bayesian networks - though both formulations and proofs are formulated in the

rather general framework from chapter 3 and 4.

There are exercises in the end of each chapter and hints to selected exercises in the end of
the notes. Some exercises are adapted versions of exercises and exam exercises from previous
lecture notes. Others are inspired by examples and results collected from a large number of

monographs on Markov chains, stochastic simulation, and probability theory in general.

I am grateful to both students and the teaching assistants from the last two years, Ketil Bier-
ing Tvermosegaard and Daniele Cappelletti, who have contributed to the notes by identifying

mistakes and suggesting improvements.

Anders Rgnn-Nielsen
Kgbenhavn, 2014
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Chapter 1

Conditional distributions

Let (X,E) and (¥, K) be two measurable spaces. In this chapter we shall discuss the relation
between measures on the product space (X x Y, E ® K) and measures on the two marginal
spaces (X, E) and (), K). More precisely we will see that measures on the product space can
be constructed from measures on the two marginal spaces. A particularly simple example is

a product measure p ® v where p and v are measures on (X, E) and (Y, K) respectively.

The two factors X and Y will not enter the setup symmetrically in the more general con-

struction.

1.1 Markov kernels

Definition 1.1.1. A (X,E)-Markov Kernel on (Y,K) is a family of probability measures
(Pp)zex on (V,K) indexed by points in X such that the map

x +— Py(B)

is E — B—measurable for every fized B € K.

Theorem 1.1.2. Let (X,E) and (¥,K) be measurable spaces, let v be a o—finite measure on
(V,K), and let f € MT(X x YV, E®K) have the property that

/f(%y) dv(y) =1 forallxz e X.
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Then (P.)zex given by

P,(B) = /Bf(x,y) dv(y) forall BeK, ze X

is a (X, E)-Markov Kernel on (Y,K).

Proof. For each fixed set B € K we need to argue that

MR / Ly (2, y) f(2, ) du(y)

is an E-measurable function. That is a direct result of EH Theorem 8.7 applied to the
function 1x«pf. O

Lemma 1.1.3. If (V,K) has an intersection—stable generating system D, then (Py)zcx 1S a
(X,E)-Markov Kernel on (Y, K) if only

x— P.(D)

1s E — B-measurable for all fixed D € D.

Proof. Define
H={FeK : z+ P,(F)is E — B-measurable}

It is easily checked that H is a Dynkin Class. Since D C H, we have H = K. O

Lemma 1.1.4. Let (P;)zcx be a (X,E)-Markov kernel on (V,K). For each G € E®QK the
map
x — P, (G")

is E — B-measurable.

Proof. Let
H={GecE®K : z— P,(G") is E — B-measurable}

and consider a product set A x B € E® K. Then

0 ifzégA

(Ax B)* = .
B ifzec A

such that

P4 % B = { B e~ @ P)
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This is a product of two E — B—measurable functions. Hence it is E — B—measurable. Thereby
we conclude that H contains all product sets, and since this is a intersection stable generating
system for E ® K, we have H = E ® K, if we can show that H is a Dynkin class:

We already have that X x ) € H — it is a product set! Assume that G; C G4 are two sets
in H. Then obviously also G{ C G3 for all z € X, and

(G2 \ G1)" = G35\ GT

Then
P.((G2\ G1)*) = P:(G3) — P»(GY)
which is a difference between two measurable functions. Hence G5 \ Gy € H.

Finally, assume that G; C G5 C --- is an increasing sequence of H-sets. Similarly to above
we have G CG§ C --- and

([j Gn> ez
n=1 n=1

(G () -2

This limit is E — B-measurable, since each of the functions x — P,(G%) are measurable.
Then |-, G, € H. O

Then

1.2 Integration of Markov kernels

Theorem 1.2.1. Let p be a probability measure on (X,E) and let (Py)yecx be a (X, E)-
Markov kernel on (V,K). There exists a uniquely determined probability measure A on (X X
V,E®K) satisfying
NAx B) = [ Pu(B) dula)
A
for all A€ E and B € K.

The probability measure A constructed in Theorem 1.2.1 is called the integration of (P,).cx
with respect to pu. The interpretation is that A\ describes an experiment on X x ) that is
performed in two steps: The first step is drawing = € X. The second step is drawing y € Y
according to a probability measure that is determined by =x.
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Proof. The uniqueness follows, since A is determined on all product sets and these form an

intersection stable generating system for E ® K.

In order to prove the existence, we define

NG) = [ Pa(67) duta)

For each G € E®K the integrand is measurable according to Lemma 1.1.4. It is furthermore

non-negative, such that A(GQ) is well-defined with values in [0, oo].

Now let G1,Go, ... be a sequence of disjoint sets in E ® K. Then for each z € X the sets
7,G3, ... are disjoint as well. Hence

A U Gn) = / P.(( U Gn)") dpu(a) = / 3" PLGE) dule) = 3 AG)
n=1 n=1 n=1 n=1

In the second equality we have used that each P, is a measure, and in the third equality we
have used monotone convergence to interchange integration and summation. From this we
have that ) is a measure. And since

NEx V) = [P % D)) due) = [ P9 dulo) = [1duta) =1

we obtain, than A is actually a probability measure. Finally, it follows that

N4 B) = [ P4 BY) duta) = [ 1a@)Po(B) dn(o) = [ Po(B) dp(o)
for all A € E and B € K. O

Corollary 1.2.2. Let pu be a probability measure on (X,E) and let (Py)zex be a (X,E)-
Markov kernel on (V,K). Let X be the integration of (Py)zex with respect to . Then A
satisfies

AMAXY) = w(A) forall AcE

AMX x B) = /Pm(B) dp(x) forall Be K

Proof. The second statement is obvious. For the first result just note that P,()) =1 for all
r e X. O

The probability measure on (), K) defined by A(X x B) is called the mixture of the Markov
kernel with respect to p.

Example 1.2.3. Let x be a probability measure on (X, E) and let v be a probability measure
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on (Y,K). Define P, = v for all x € X. Then, trivially, (P,).cx is a X~Markov kernel on
Y. Let A be the integration of this kernel with respect to A. Then for all A € E and B € K

NAx B) = [ (B) dulw) = u(4) - v(B).

A

The only measure satisfying this property is the product measure p® v, so A = p®v. Hence
a product measure is a particularly simple example of a measure constructed by integrating
a Markov kernel. o

Example 1.2.4. Let p be the Poisson distribution with parameter A\. For each z € Ny
we define P, to be the binomial distribution with parameters (z,p). Then it is seen that
(Py)zen, is a Ng-Markov kernel on Ny.

Let & be the mixture of (Py)zen, with respect to p. This must be a probability measure on
Ny and is thereby given by the probability function ¢q. For n € Ny we obtain

Hence the mixture £ is seen to be the Poisson distribution with parameter Ap. o

Theorem 1.2.5 (Uniqueness of integration). Suppose that (V,K) has a countable generating
system that is intersection stable. Let p and fi be two probability measures on (X,E) and
assume that (Py)eex and (Py)gcx are two (X, E)-Markov kernels on (V,K). Let X be the
integration of (Py)scx with respect to p, and let X be the integration of (Py)zex with respect
to fi. Define

Ey={zxeX : P,=P,}

Then A = X if and only if p = ji and p(Ey) = 1.

Proof. Let (Bp)nen be a countable generating system for (), K). Then

Ey = ﬁ {reX : Pu(B,) = Px(Bn)}

n=1

from which we can conclude that Fy € E.
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Assume that p = 1 and p(Ep) = 1. Then for all A € E and B € K we have

)\(AXB):/

PA(B) duw) = [ P.(B) djle) = A4 x B)
ANE,

ANEy
and thereby A = A

Assume conversely that A = \. According to Corollary 1.2.2 we have for all A € E

H(A) = MA x ¥) = A(A x Y) = i(4)
such that u = f.
The proof will be complete, if we can show that

p({z e X : Pu(B,) # Pu(B,)}) =0

for all n € N. Consider for this the set

Efr={zeX : Pu(B,) > P.(Bn)}.
Using this definition gives
/ (Py(Bn) — Py(By)) du(x) = AM(E} x B,) = MEf x B,) =0
Ef

and since the integrand is strictly positive on E;, we can conclude that u(E;") = 0. It is

n

shown similarly that p(E, ) =0, where

Er ={z € X : Py(B,) < Py(Bn)}.

1.3 Properties for the integration measure

In this section we will consider integration with respect to A, where A is the integrated
measure of a Markov kernel (P,).cx with respect to some probability measure p. We shall
see, that such A—integrals can be calculated by successive integration similar to what is known

for product measures.

Lemma 1.3.1. Let (Py)zcx be a (X,E)-Markov kernel on (Y,K) and assume that f :
X x Y —[0,00] is E ® K-measurable. Then the map

e / f(z.y) dPu(y) (1.1)

is E-measurable.
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Proof. Firstly note that for fixed x then f(x,y) = foi,(y) which is a K—measurable function.
Hence the integral in (1.1) is well-defined. Now assume that f is a simple function

n
f= chlck (1.2)
k=1
where ¢1,...,¢, € (0,00) and Gy, ..., G, are disjoint sets in E ® K. Since

Lo, (7, y) = 1oz (v)

for all x and y, we obtain

n

[Hewarw =Y [ale @y )

=
Il
—

I
M=

o / 162 (4) AP, (y)

=
Il

1

ek P (GY)

[
NIE

>
Il
—

According to Lemma 1.1.4 this is a linear combination of E—-measurable functions. Hence it
is E-measurable.

Now assume that f is a general function in MT (X x Y, E®K). Then there exists a sequence
(fn)nen of non—negative simple functions with f,(z,y) T f(z,y) for all x € X and y € ).
For fixed = we have from monotone convergence, that

/ fula, ) dPa(y) 1 / f(x,y) APy (y).

Hence the right hand side is the point—wise limit of E-measurable functions. Thereby it is
E-measurable. O

Theorem 1.3.2 (Extended Tonelli). Let p be a probability measure on (X,E), and assume
that (Py)zex is a (X, E)-Markov kernel on (Y, K). Let X be the integration of (Py)zex with
respect to p. For every E ® K—measurable function f: X x Y — [0,00] it holds that

[ @) ) = [[ ) dPatw) dute)

Proof. The inner integral on the right hand side is according to Lemma 1.3.1 E-measurable
with values in [0, co]. Hence both the left hand side and the right hand side are well-defined.
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Now assume that f is a simple function on the form (1.2). Then

/f d\ = ickA(Gk)
k=1
= ¢k | Pe(G%) du(x)
;k/ k) Ap
=) c gz (y) dP:(y) du(x)
;k// ary y) du
=) c Loy (z,y) APy (y) du(z)
;k//c‘ y y) du

-/ écklak (e,9) APy (y) du(z)
-/ / F(,y) AP, (y) dp(z)

which shows the result, when f is a simple function.

Now let f be a general function in M* (X x Y,E®K). Then there exists a sequence (fy,)nen

of non—negative simple functions with f,, 1 f. Then from monotone convergence

[rav=tim [gar=tin ([ 560 P du)

But monotone convergence also yields

/ fal,y) dPa(y) 1 / f(z.y) dP.(y)

and applying monotone convergence once more then gives

[ ot ar) an@) 1 [[ 1) ap) dute).
and this shows the theorem. O

Theorem 1.3.3 (Extended Fubini). Let pu be a probability measure on (X,E) and assume
that (Py)zex is a (X, E)-Markov kernel on (Y, K). Let A be the integration of (Py)zex with

respect to w. For every E @ K—measurable and A—integrable function f: X x Y — R it holds
that

Ap={reX: /|f<a:,y>| dP,(y) < o}

is E—measurable with u(Ag) = 1. Furthermore it is fulfilled that the function

z— g(x) ::{ Off(Ly) dP;(y) szz
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is E-measurable and p—integrable, and that
e axas) = [ [ e ap.) dute).

Note: The extended Tonelli’s Theorem can be applied to determine whether f is A-integrable
— that is whether [ |f| d\ < cc.

Proof. Tt follows from Lemma 1.3.1 that Ay € E. The extended Tonelli’s Theorem gives

J[ 1wl ar) anw = [1510r <.

Hence the integral [ |f(z,y)| dP;(y) must be finite for  almost all z € X such that pu(Ag) =

1. For each = € Ay we have

/fxydP /f*xydP /f (z,y) dP,(y)

From this we see that the function g defined in the theorem is measurable according to

Lemma 1.3.1. Furthermore we obtain from the extended Tonelli that

/Ig )dp(z /
< / / Lag (@ 9| f (@ 9)| APy (y) du(z)

< 00,

/facy ) dP,( ’du(x)

showing that g is pu—integrable. Finally, we have from the extended Tonelli that

/AO / f(a.y) dPy(y) dp(x)
/Ao/f z,y)" dP,(y) du(z /A/f 2,y)” dPu(y) du()

~ [ @) @) D) - [ L@ (0) Ny)
~ [ 1a@) () A2
— [ sy D).

AgxY

But from Corollary 1.2.2 we have

AAo x YV) = u(Ao)
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SO

/ F(y) dA(zy) = / f(y) dA(z.y)
AogxY

1.4 Conditional distributions

In an experiment where two random variables X and Y are observed, it is often convenient to
consider the probabilistic model in two steps: X is observed first, afterwards Y is observed.
Here it is natural to believe that the mechanism that decides the value of Y depends on the
drawn value of X. This two—step model can be constructed by considering the simultaneous
distribution of X and Y as the integration of the conditional distribution of Y given X with
respect to the distribution of X.

Definition 1.4.1. Let X andY be random variables defined on the probability space (0, F, P)
with values in (X,E) and (V,K) respectively. Let (Py)zcx be a (X,E)-Markov kernel on
(V,K). We say that (Py)gzcx is the conditional distribution of Y given X, if the simultaneous
distribution (X,Y)(P) (a probability measure on (X x Y, E®K) ) is the integration of (Py)zecx
with respect to X(P). That is, if

P(X € AY € B) = X(P)(A x B) = /APx(B) dX (P)(x)

for all A€ E and B € K.

Note that we say the conditional distribution although according to Theorem 1.2.5 the
Markov kernel can be changed on nullsets (with respect to X (P)). The strictly correct
term would be a conditional distribution. When stating the conditional distribution, it
is not necessary to give the entire Markov kernel (P,);cx. Since the Markov kernel is
integrated with respect to X (P) it will be enough to give (Py)zca,, where Ag € E is a set
with P(X € Ap) = 1.

Conversely, a conditional distribution given by (Py)zeca,, where P(X € Ap) = 1, can be

extended to a ”true” Markov kernel (P,),cx by the definition

r =

PO 1’¢A0
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with P, is some probability measure on (), K). Note that z — P,(B) is measurable, since
Ap is a measurable set.

The interpretation of the conditional distribution of Y given X is that P, describes the
distribution of Y if we know that X = z. This interpretation is very useful although it should
not be taken too seriously, since it may be difficult to give a strict mathematical description
when the event X = =z is a nullset. Nevertheless, we will denote P, the conditional
distribution of Y given X = z.

This interpretation leads to the following alternative notation for a Markov kernel (Py),cx

that is a conditional distribution of Y given X:
Py (B|X =xz) = P,(B) for B € K.

A more relaxed but useful notation will be simply talking about ’the distribution of Y | X = x
instead’ of the longer 'the distribution P, , when (P,),cx is the conditional distribution of

Y given X’. We will also from time to time write expressions like Y | X =z ~ v.
Later in this chapter we will show the following very important result:

Theorem 1.4.2. Let X andY be random variables defined on the probability space (Q,TF, P)
with values in (X, E) and (Y, K) respectively, such that Y is a Borel space. Then there exists
a conditional distribution of Y given X.

This result is particularly important, since (as we shall show) R, R™ and R> are Borel sets.

The proof is not constructive in the sense that it is not in general clear how the Markov
kernels should look like. The construction of the Markov kernels is however possible in a
number of more concrete situations.

Theorem 1.4.3. Assume that X and Y are random variables on (X,E) and (V,K) such
that (Py)zex is the conditional distribution of Y given X. Then X and Y are independent
if and only if P, does not depend on x.

That the Markov kernel is independent of x means, that it can be chosen such that
P.=PF

for all x € X. In the case of independence, then P, = Py =Y (P) for allx € X.

Proof. Suppose that X and Y are independent. Then for A € E and B € K

P(X € A,Y € B) = X(P)(A) - Y(P)(B) = /AY(P)(B) dX (P)(x)
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which shows, that the constant Markov kernel (Y (P)),ecx is the conditional distribution of
Y given X.

Conversely, assume that P, = Fp for all z € X, where P, is some probability measure on
(V,K). Then for Y € K we have

PYeB)=P(XeX,YeB)= /PT(B) dX(P)(z) = /PO(B) dX(P)(z) = Py(B)
which shows, that Y (P) = Py. Furthermore for A € E and B € K we obtain

HX@M%E=A&BNMHM=A%@NHHM
= X(P)(A)Py(B) = P(X € A)P(Y € B)

leading to the conclusion that X and Y are independent. O

Hence independence between two variables X and Y is the same as the conditional distri-
bution of Y given X being constant. If conversely the conditional distribution consists of
very different probability measures, then it seems reasonable to believe that there is a strong
dependence between X and Y.

In the following theorem it is seen that if X is a discrete random variable, then the conditional

distribution is just given by elementary conditional probabilities.

Theorem 1.4.4. Let X andY be random variables defined on (0, F, P) with values in (X ,E)
and (Y,K). Assume that X is finite or countable and that E is the paving that consists of all
subsets of X. Then the conditional distribution of Y given X is determined by

P(X =z,Y € B)
P(X =x)

P.(B) = for BeK, (1.3)

for all x € X with P(X =) > 0.

Note that P,(B) is simply defined as the conditional distribution of (Y € B) given the set
(X =x):
P(X =1,Y € B)

P,(B) = P = 7] = P(Y € B|X =u)

Proof. Let Ag = {x € X : P(X = z) > 0} and note that X(P)(Ap) = 1 such that (1.3)
defines a (X,E)-Markov kernel on (),K) — the measurability is not a problem, since all
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functions on X are E-measurable. For A C X and B € K we have

/ P,(B) dX(P)(x) = / P,(B) dX(P)(x)
A ANAp

P(X =z,Y € B)
= > = P(X =)
z€ANAy P(X =x)
= ) P(X=uzYeB)
zEANAo

=P(X € AN Ay, Y € B)
=P(Xe€AYeB)

such that (P, )zcx actually is the conditional distribution of ¥ given X. O

Example 1.4.5. Let X; and X5 be independent random variables that are Poisson dis-
tributed with parameters A; and Ay. Then the distribution of X = X; 4+ X5 is a Poisson
distribution with parameter A\ = Ay + Ao. We will find the conditional distribution of X4
given X by indicating P,({n}) for all ,n € Ny. This must be sufficient, since all P, are
concentrated on Ny. Using Theorem 1.3 yields for z € Ng and n =0,1,...,x that

_ P(X1=n,Xy=2x—n)
N P(X =x)
P(Xi=n)P(Xo=2z—n)
P(X =x)

N AT
nré (w—n)!e
L‘Te—x
z!

G Gaw) )
n) \ A1+ X AL+ A2

Hence the conditional distribution of X; given X = x is a binomial distribution with param-
eters (z, ﬁ) o

Pu({n})

A2

Theorem 1.4.6. Assume that X andY are random variables defined on (Q,F, P) with values
in (X,E) and (Y, K) respectively. Assume that (Py)zex is the conditional distribution of Y
given X. Furthermore let p and v be o—finite measures on (X,E) and (Y,K) respectively
and assume that X (P) = [ - p. Finally assume that (Py)zex s a (X, E)-Markov kernel on
(V,K) of the type constructed in Theorem 1.1.2: Assume that P, = g, v, where the function
(z,9) = gz(y) is E ® K-measurable.

Then the simultaneous distribution of X and Y is given by (X,Y)(P) = h - u® v, where

h(z,y) = f(z) g:(y)  forallze X, ye)
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Proof. Let A € E and B € K. Then
(X,Y)(P)(Ax B)=P(X € A,Y € B)
— [1a@) Pu(B) X (P)(a)
~ [1a@)( [ 150)0:0) @) £) duta)
— [ [1axnle.0) @) y)anto)

= /1A><B($, y) h(x,y)d(ﬂ ® y)(x,y)

where the last equaility is due to Tonelli. We see that (X,Y)(P) and h - u ® v coincide on
all product sets, and thereby they must be equal. O

The theorem states that the simultaneous density is the product of the marginal density and
the conditional densities. The next theorem gives the converse result: The densities for the
conditional distribution is the fraction between the simultaneous density and the marginal
density.

Theorem 1.4.7. Assume that X and Y are random wvariables defined on (2, F, P) with
values in (X,E) and (Y,K) respectively. Furthermore let p and v be o—finite measures on
(X,E) and (V,K) respectively and assume that (X,Y)(P) = h-pu®v. Then the conditional
distribution of Y given X exists. The marginal distribution of X has density with respect to

W given by
£@) = [ ey dvty)

Let Ag={x € X : 0 < f(z) < oo}. Then X(P)(Ap) =1 and the conditional distribution
(Pr)zex of Y giwven X has density with respect to v given by

for all x € Ag.

Proof. Finding the marginal density for X (P) is a well-known calculation. For A € E we
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have
X(P)(4) = (X,Y)(P)(Ax )

:/ h(z,y) d(p @ v)(z,y)
AXY

_ / / h(z,y) dv(y) du(z)
A

- / f() du(x)
A

according to Tonelli. Thus X (P) has density f with respect to p.

Now define the sets
Av={zeX: fl)=0} and As={reX : f(x)=o0}.
Since X (P)(X) = 1 we have
12 X(P)(A2) = [ (@) duta) = o0 ()

so p4(Az2) = 0. Clearly we have that X (P)(A1) = 0, such that X(P)(A4y) = 1.

From Tonelli we have that « — [ h(z,y)dv(y) = f(z) is E — B-measurable. Then also

() = 1a,(2) @) Lag ()92 (y)

is E®K —B-measurable, and we have from Theorem 1.1.2 that (P, ),c4, is a Markov kernel,
when P, = g, - p. Finally we have for A € E and B € K that

[ rmaxe- [ ( [ 5.0 du<y>) f() du(a)
([ )

= [ ([ e ) ante)

:/ h(z, y)d(n ® v)(z, y)
AxB

= (X,Y)(P)(A x B)
=P(X €AY e€B),

which shows, that (Py)ze4, is the conditional distribution for Y given X. O
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1.5 Existence of conditional distributions

Assume that X and Z are random variables defined on (Q2,F, P) with values in (X,E) and
(R,B) respectively. Assume that E|Z| < co. Recall that the conditional expectation of Z
given X exists and it satisfies 1)-3) in Theorem A.2.6. The fact that E(Z|X) is o(X)-
measurable gives the existence of a measurable map ¢ : (X, E) — (R,B) such that

E(Z|X)=¢(X) P almost surely.

If Z is an indicator function 1 for some F € F, then Z is obviously integrable such that
E(1p|X) is well-defined. We call this a conditional probability (given X) and use the notation

P(F|X) = B(1p|X)

Note that 0 < P(F|X) <1 P-a.s., and we can choose a version of P(F|X) such that it has

values in [0, 1] for all w € . Once again we can find a E — B-measurable map ¢ such that
P(F|X) = ¢r(X)
We shall furthermore use the notation
P(F|X =2) = ¢p(x).

The conditional probability P(F|X) is obviously determined by the map ¢p, so we shall
also let this map be called the conditional probability of F' given X. Hence ¢ with values
in [0,1] is a conditional probability of F' given X if it is E — B-measurable and satisfies
¢r(X) = P(F|X).

Going back to the properties 1)-3) of Theorem A.2.6 that characterises conditional expecta-

tions we obtain

Theorem 1.5.1. A E—B-measurable map ¢ with values in [0, 1] is a conditional probability
of F' given X, if and only if it holds that

/A p(x) dX (P)(z) = P((X € A) N F) (1.4)
for all A€ E.

Proof. Assume that ¢r is E — B measurable with values in [0,1]. Then according to the
change-of-variable theorem (Theorem A.1.8) it holds

¢mmw=ﬁwmﬁwm>

XeA
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Hence equation (1.4) is fulfilled, if and only if

/ ¢B(X)dP=P((XeA)mF):/ 1pdP
XeA (XeA)

is fulfilled for all A € E. And this is by definition fulfilled, if and only if ¢5(X) is the

conditional expectation of 1z given X. O

Corollary 1.5.2. Let X andY be random variables defined on the probability space (2, F, P)
with values in (X,E) and (R,B) respectively. Assume that (Py)zex) is a conditional distri-
bution of Y given X. Then for all B € B the function ¢ defined by ¢(x) = P(B) is a
conditional probability of (Y € B) given X.

Proof. Recall that (P,),cx satisfies
/ P.(B) dX(P)(x) = P(X € A,Y € B)
A

for all A € E and B € B. Use Theorem 1.5.1. O

The following immediate consequence of properties for conditional expectations will be useful

Lemma 1.5.3. The following results holds

(a) Assume that A C B. Then
PA|X =2) < P(B|X =1)
for X(P) almost all x € X.

(b) If (An)nen 18 an increasing sequence of sets, then
oo
nh_}II;OP(AﬂX =z)= P( L_JlAn|X = x)

for X(P) almost all x € X.

(c) If (Ap)nen is a decreasing sequence of sets, then

lim P(A,|X = z) :P( ﬁ An|X::c)
n=1

n—oo

for X(P) almost all x € X.



18 Conditional distributions

Proof. (a) We have 14 < 1p so
P(A|X)=E(Q14|X)<E(1p|X)=P(B|X) P-as..
If we write ¢p4(X) = P(A|X) and ¢p(X) = P(B|X), then we have

=X(P)({zr € X : P(A|X =2) < P(B|X =)}
(P)({z € X : pa(x) < dp(2)})

({w e : ga(X(w) < op(X(w)})

(P(A[X) < P(B| X)) =1

X
P
P
(b) Let Ay = U,—, A, and note that 14, 1 14,. Then it follows from (7) in Theorem

A.2.5 that
P(A,| X) — P(Ap| X) P-as.

and then the result can be concluded as in (a).

(c) Use that 14, — 14, is increasing and repeat the argument from (b). O

The idea is to use such conditional probabilities of the events (Y € A) given X to construct
the conditional distribution of Y given X. Since we already know that the conditional
probabilities P(Y € B|X) exists, then it seems really simple and obvious just to define
P,(B) = P(Y € B|X = z) for all B € K. The problem is that P(Y € B|X) is only
determined almost surely and that the nullsets varies with B. We have, however, for B; and
B, disjoint sets that

PYe(BiUBy) | X)=PY eB|X)+P(Y € By X) P-a.s.
such that also
PYe(BiUBy) | X=2)=PY eB | X=2)+PY eB|X =12x)

for X (P) almost all z € X. This is of course necessary, if P, should be a probability measure.
The problem is, that for other sets By and Bs, then the nullsets where the above equalities
are not true may be different. If there are uncountably many sets in K, then it may be

impossible to choose P,, such that e.g. the above equalities are true for all B; and Bs.

We are now ready to prove

Theorem 1.5.4. Let X and Y be random variables defined on the probability space (2, F, P)
with values in (X,E) and (R,B) respectively. Then there exists a conditional distribution of
Y given X.
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Proof. We shall exploit the fact that probabilities on (R,B) are characterised by their dis-
tribution function, and that these in turn are completely determined by their values on the

rational numbers Q.

Let for g € Q,
P(Y < q|X)
be a conditional probability of (Y < ¢q) given X. If ¢ <7 € Q then we have 1y <4 < 1y <y
so
PY <q|X)=E(ly<g| X) S E(liy<y| X) =P <r|X) P-as..
Define

Ap={zeX : PY<q|X=2)<PY <r|X=u2)}eE,

then we have P(A4) = 1 by Lemma 1.5.3 (a), such that also P(Ay) = 1, where 4y =
Ny<req Agr- For some fixed z € Ag we must have that the function

g~ P(Y <q|X =2z)
is increasing on Q. In particular we must have, that for x € Ay the limits

L (z)= lim PY <q|X=u2x),

g——00,q€Q

Li(z)= lim PY<q|X=x

q—00,q€Q

exists. Since (Y < n) T R, we must have from Lemma 1.5.3 (b) that X(P)(G4) = 1, where
Gy={zeX: lim PY<n|X=2z)=1}€cE.
n—oo

Hence it must hold that Ly(x) = 1 for X € Ay N G4. It can be seen similarly that
X(P)(G-) =1, where
G_={zeX: lim PY<n|X=2)=0}cE.
n——oo
Altogether we have that X (P)(M) = 1, where M = Ay NG NG_ and that for x € M the
function ¢ — P(Y < ¢| X = x) is increasing on Q with the limit 1 at +o0o and the limit 0 at

—0Q.

Hence for each z € M the function g — P(Y < ¢| X = z) looks like a distribution function
— and we are looking for distributions indexed by x — but it needs to be defined on R instead
of Q. So define for x € M

Fly| X =2)=mf{P(Y <¢q|X =x): ¢€Qq>y}
and note, that (since ¢ — P(Y < ¢| X = z) is increasing) we have

FylX=x)= le PY <g,|X =12x)
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whenever ¢; > g2 > --- > y is a decreasing sequence with y as the limit. From this we see
that y — F(y| X = z) satisfies:

it is increasing;:

Let y1 < y2 and choose ¢, | y1 and r, | yo rational, such that ¢, < r, for all n € N.

it has limit 1 in 4oc0:
For € > 0 choose gg such that P(Y < ¢|X = ) > 1 — € for ¢ > qo. Realise that
FylX=z)>1-c¢

it has limit 0 in —oo:
For € > 0 choose gg such that P(Y < ¢|X = z) < e for ¢ < ¢go. Then it is seen that
F(y| X =2z) <efory <gy—1 by choosing g, | y such that ¢, < go for all n € N.

it is right continuous:

Let y € R and € > 0. Choose ¢g such that P(Y < ¢|X =2) < F(y|X = z) + € for
q < y+qo. Realise that F(y' | X =2) < F(y| X =z)+efory <y+qo/2 (just choose
gn 4y with all g, <y +qo).

Hence it is seen that y — F(y| X = ) is a distribution function for some distribution P, on
(R,B) for each x € M. For x ¢ M define

with Py some probability on (R, B).

Now our claim is, that the constructed family of measures (P,).cx is the conditional distri-
bution of Y given X. That P, is a probability measure for each x € X is fulfilled by the

construction, so it is only needed to check that for each B € B

(")
(ii")

Let

z +— P,(B) is E — B-measurable

/ P,(B)dX(P)(z) = P(X € A,Y € B)
A

for all A € E.

H={BeB: (i) and (ii) are fulfilled}
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Then it is shown rather easily that H is a Dynkin class, and we will have shown that H = B,
if we can show that D C H, where D is the intersection stable generating system for B given
by

D= {(—o0,z] : z € R}

So let € R and choose a decreasing rational sequence ¢, | . Then

Pﬁ((_oo,x]):{F(MXx) zeM :{limn_moP(YSqﬂXx) zeM

Po((=00,2]) = ¢ M Po((—00, ) x ¢ M

This must be measurable as a function of z, since M € E, and each function z — P(Y <
gn | X = ) is E — B—measurable. Furthermore we obtain (using X (P)(M) =1)

/ P, ((—00,a]) dX (P)(z) = / F(y| X = 2)dX(P)(x)
A ANM

= lim PY <gn|X =2)dX(P)(x)

n—oo ANM
= lim P(X € ANM,Y < g,)

n—oo
—P(X € ANM,Y < z)
=P(X €AY <x)

In the third equality we have used Theorem 1.5.1, since the maps z — P(Y < ¢, | X = z)
are conditional probabilities of (Y < ¢,) given X. Hence (i’) and (ii’) are show for A =
(=00, x]. O

The result can be generalised to other random variables than the R—valued

Definition 1.5.5. A measurable space Y,K) is a Borel space, if there exist By € B and a
bijective, bi-measurable map ¢ : (¥, K) — (Bo, Bo N B).

It is in particular required that both ¢ and ¢~! are measurable. Note that we consider By

as a subspace of (R,B) equipped with the o—algebra By NB = {BoN B : B € B}. The

bi-measurability then amounts to

¢ '(ByeKfor B€ BynB
o(A) € ByNB for A e K

Theorem 1.5.6. IfY is a random variable taking values in a Borel space (V,K), then there

exists a conditional distribution of Y given X.
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Proof. Consider Z = ¢(Y) (p is of course given as in Definition 1.5.5), so according to

Theorem 1.5.4 there exists a conditional distribution (P,).cx of Z given X.

For all x € X the probability measure P, is concentrated on By and can therefore be viewed
as a probability measure on (Bg, BoNB). The probability measure obtained from this by the

1

transformation ¢~ is a probability measure P, on (),K). It is easily seen that (Py)zcx is

a conditional distribution of Y given X. O

Theorem 1.5.6 is useful because of the following fact:

Theorem 1.5.7. For alln € N, (R*,B") is a Borel space. Furthermore, (R, B>®) is a

Borel space.

Sketch of proof. We shall almost show that ([0, 1]2,[0,1]?> N B2) is a Borel space. Consider

the binary expansion of an arbitrary z € [0, 1],

= 1
x:anQ—n, z <1
n=1
.oc=1-20+§o:0-i z=1
n:1 2,n7 b)

where all z,, € {0,1} and the expansion is uniquely determined by the requirement that the

sequence (x,) must contain infinitely many 0’s.

Now define a map ¢ : [0,1] — [0,1]% by ¢(z) = (y1,92), where

> 1 > 1
Y1 szzn—lfﬂ y222$2n27
n=1 n=1

¢ is surjective, but not injective (for instance, ¢(1) = ¢(0.101010101---)), but by remov-
ing countably many points from [0,1] we may turn ¢ into a bi—measurable bijection onto
([0,1])2,[0,1]2 N B?), the inverse of which, ¢, satisfies the requirements given in Definition
1.5.5.

A more refined application of the same idea can be used to show that ([0, 1]°°, [0, 1]°° NB>)
is a Borel space: Consider ¢(z) = (y1,¥2,...), where y, has the binary expansion given by
the n’th row of

Y1 To T1 T3 T

Yi: T2 Ta Tr Tl

Y1+ s Tg Ti2 Tit

Yy Tg9 T13 Tig T24
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1.6 Exercises

Exercise 1.1. Assume that X; and X5 are independent random variables that are both
binomially distributed with parameters (n,p). Define the random variable X = X; 4+ Xo.
Find the conditional distribution of X; given X (Hint). o

Exercise 1.2. Let X and Y be random variables defined on (2, F, P). Assume that

e X has the binomial distribution with parameters (n,p;)

e The conditional distribution of Y given X = x is binomial with parameters (n,ps)

Find the marginal distribution of ¥ and try to give an intuitive explanation of the result. o

Exercise 1.3.

(1) Assume that X and Y are two random variables defined on (2, F, P) with values in
(X,E) and (¥, K) respectively, and let (P,).cx be the conditional distribution of YV
given X. Let f: X x Y — [0,00) be a E ® K-measurable function. Show that

E[f(X,Y)) = / / f(,9) APy (y) dX (P)(z)

Hint: Use the extended Tonelli to calculate an integral with respect to (X,Y)(P) as a
double integral.

(2) Assume that X is uniformly distributed on (0,1). Assume that the conditional dis-
tribution (Py)ze(0,1) of Y given X fulfils that P, is the exponential distribution with
mean value z. Find EY (Hint).

Exercise 1.4. Let ) be a finite or countable set, and let K consist of all subsets of ).
Assume that Y is a random variable defined on (Q,F, P) with values in (),K). Let p(y)
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denote the probability function for Y. Let X be another finite or countable set, and assume
that ¢ : ) — X is some map. Define X = (V).

(1) Show that X has probability function

r@)= Y

yet—1(x)

(2) Show that (Py)gzex is the conditional distribution of Y given X, where each P, has

probability function

Goly) = p(y)lr{(x;)(t(y))

Exercise 1.5. Let Yi,...,Y, be independent and identically distributed random variables
defined on (Q,F, P) with values in {0,1}. Assume that

P(Y1=0)=1-p, PYi=1)=p
for some 0 < p < 1. Define ¢t : {0,1}™ — {0,1,...,n} by

Y1, Yn) = Y1+ Yn

Define X = ¢(Y1,...,Ys).

(1) Realise that X has the binomial distribution with parameters (n,p) and argue that
P(X=z)>0forallz=0,1,...,n.

(2) Show that (Py)z=o,...n is the conditional distribution of ¥ = (Y1,...,Y,,) given X,

where P, is the uniform distribution on {(y1,...,yn) € R™ : y1 + -+ +y, = z}.

Exercise 1.6. Let X and Y be random variables defined on (2, F, P). Assume that

e X has the binomial distribution with parameters (n,p1).

e The conditional distribution of Y given X = x is binomial with parameters (z, p2).
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Find the marginal distribution of Y and try to give an intuitive explanation of the result. o

Exercise 1.7. Let X and Y be random variables with values in (X,E) and (), K) respec-
tively, such that (Py)scx is the conditional distribution of Y given X. Assume that p and
v are o—finite measures on (X,E) and (Y, K). Assume furthermore that X (P) has density f
with respect to u, and that for each z € X the probability P, has density g, with respect to
v, such that (z,y) — ¢.(y) is E ® K — B-measurable.

(1) Show that
(y) = / 00 () () pu(da)

is the density for the marginal distribution of Y with respect to v.
(2) Show that Y(P)(By) =1, where By={y €Y : 0 <{(y) < oo}.

(3) Show that the conditional distribution of X given Y exists and is given by (Qy)yey,
where @), has density with respect to v given by

9:(y) f(z)

ky(z) = ()

fory € By.

Exercise 1.8. Assume that X is Gamma-distributed with parameters (A, 8) and that the
conditional distribution of Y given X is given by (P, ),cr, where P, is the Poisson distribution
with parameter x.

(1) Show that the marginal distribution of Y is a negative binomial distribution and find
the parameters.

(2) Show that the conditional distributions of X given Y are I'-distributions.

Exercise 1.9. Let X and Y be real valued random variables defined on (Q,F, P). Let C € B
be a fixed subset of R. Consider the following game: We are told the value of X, and are
based on this information supposed to guess whether Y € C' or not.
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It seems natural to expect that we in two different games, where the same value of X is
observed, give the same guess of whether Y € C' or not — we know the same in the two
situations. Hence giving a rule for guessing must be the same as indicating a set A: If we
observe X € A then we guess that Y € C, and if we observe X ¢ A, then we guess that
Y ¢C.

Obviously, different choices of A may lead to more or less successful guessing rules (we define
a guessing rule to be successful, if it often leads to the right guess...). Let (Py)ser be the
conditional distribution of Y given X.

(1) Show that for a given guessing rule, then

P(right guess) = /

P.(C)dX (P)(z) + / P(C%) dX(P)(x)
A

c

(2) Show that the optimal guessing rule corresponds to the set

A():{.’EGRZPI(C)Z }

N

(3) How is the optimal guessing rule, if X and Y are independent?

(4) How is the optimal guessing rule, if X =Y?

Exercise 1.10. Let X be a random variable with values in (X,E) that is defined on a

probability space (Q,F, P). Let furthermore F' € F and consider the random variable 1.

(1) Find the Markov kernel (P;).c(o,1} that is the conditional distribution of X given 1p.

(2) Find the Markov kernel (Q.).cx that is the conditional distribution of 1p given X
(Hint).



Chapter 2

Conditional distributions:

Transformations and moments

2.1 Transformations of conditional distributions

In this section we shall present a series of transformation results for conditional distribu-
tions. They have a somewhat similar content: In a framework with three or more random
variables, where we know some of the conditional distributions, then some other conditional

distributions can be expressed.

It is complicated to understand how conditional distributions are specified in situations with
three ore more random variables. The reader is encouraged to spend much time under-
standing the content of the results, rather than the proofs. The stated results are not very
surprising if the content is understood. And the proofs are rather mechanical: Firstly, it is
argued that some expression is a Markov kernel, and then it is shown that this Markov kernel
is the right conditional distribution.

Assume in this section, that X, Y, X;, X5, Y7 and Y5 are random variables defined on
(Q,F, P) with values in (X, E), (V,K), (X1,E), (Xs,Ez), (V1,K;1) and (), Kz) respectively.

Theorem 2.1.1 (Substitution Theorem). Assume that (Py)gzex is the conditional distribu-
tion of Y given X. Let (Z,H) be a measurable space, and let ¢ : X x Y — Z be a measurable
map. Define Z = ¢(X,Y). Then the conditional distribution of Z given X exists and is
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determined by (pm)me)(, where
Py = (¢oiz)(Pr)

Note that this is not at all surprising: If we know that X = z, then we have Z = ¢(z,Y) =
(¢ 0iz)(Y), and apparently we are allowed to plug the conditional distribution into this

formula.

Proof. For a fixed C' € H we have
Py(C) = Pu((¢0is)H(0)) = Pul(67H(C))")

which is a measurable function of z, since (P, ),cx is a Markov kernel. Hence (P,)yecx is a

Markov kernel (each P, is a probability measure since it is the image measure by the function
@ oiy).
Now let A € E and C € H. Then
P(X € A,Z € C) = (X,Y)(P)(Ax ¥)né(C)).
It is seen that if 2 ¢ A then
(AxY)ne~H(O)* =0

and if z € A we have

(Ax V)N~ H(C))" = (¢~ H(O))* = (¢01is) "' (C).

Hence
P(X €A ZeC)= [ P(ooi) H(C)AX(P)@) = [ PC)AX(P)().
A A
which is what we wanted to prove. 0

Example 2.1.2. In this example we consider the p—dimensional normal distribution. Recall
that this distribution is uniquely determined by the mean vector £ € RP and the covariance
matrix ¥ which is a positive semidefinite p x p matrix. If X is a random vector in RP with
this distribution, we write X ~ N,(§,X). If A is a p X p matrix and b € R? we have

AX + b~ Ny(b+ A, AXAT) (2.1)

where AT denotes the transposition of A. Let p =r+s with 1 <, 1 < s, and let X; be the
the first r coordinates of X. In the following we write

X _ Xy = &1 v Y11 X2 ,
X5 & Yo1 Moo
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where ¥T, = 35, since ¥ is positive semidefinite and thereby symmetric. It is furthermore a
well-known property of the normal distribution that X; and X5 are independent if and only

if 315 = 0. In the following we shall assume that o5 is positive define such that 2521 exists.

The aim will be to find the conditional distribution of X; given X5. For this define Z =
X — 2122521X2. Then we have (with e.g. I, the r—dimensional identity matrix)

Z\ [ -5y X1

X, ] Lo I, X,
I, —Y12%5 Y11 X2 I, 0
0 I Y1 Yoo —Y185 I,

Ir 721222_21 211 - E1222_21221 E12
0 I, 0 Y22

DITREED DT Mt SR\
0 Yoo |

Since

it follows from (2.1) that

Z Y £ — D12855 6o Y1 — 219855 80 0
Xo e &2 "\ 0 Yoo

From this we see that Z and X5 are independent and that
Z ~ Np(& — 1085560, T11 — T12555 Xo1) -

Hence this normal distribution is also the conditional distribution of Z given X5 (Theorem
3). Then using the substitution X; = Z + 21222_21X2 gives according to Theorem 2.1.1 and
(2.1) that

X1 | X2 =2 ~ No(€1 + S1235 (2 — &), T11 — $1255; a1)

Example 2.1.3. Assume that X and Y a real valued variables such that the simultane-
ous distribution of (X,Y’) is a Dirichlet distribution with parameters (A1, A2, A). Then the
distribution of (X,Y") has density

A—1

A+ X+ A B _
Flayy) = TAEM ) xinan

T
LANT (AT (A2)
on the set {z,y) € R? : 0 < 2,0 < y,z+y < 1}. It can be shown that the marginal
distribution of X is a B-distribution with parameters (A1, Ay + A). Hence it has density

T+ M+ X9)
9(z) = TOWT (e + /\22) *

1—xz—vy)

)\1—1(1 _ J;))\2+>\_1
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for x € (0,1). The conditional distribution P, of Y given X = z for x € (0,1) must be
concentrated on the interval (0,1 — z) and have density
Uy 102 (_y >* (1- 12 >H 1
1

foly) = g(z) B TAT(A) \1—= 1—x -z’

If P, is transformed by the map y — -~ then a B-distribution with parameters (A2, \)

1—x
is obtained. According to Theorem 2.1.1 the constant family consisting of B—distributions

with parameters (A2, A) indexed by @ € (0,1) must be the conditional distribution of Y+

given X. It follows from Theorem 1.4.3 that % and X are independent and that % is

B-distributed with parameters (Ag, A). o

Theorem 2.1.4. Assume that (Py)zcx is the conditional distribution of Y given X. Let
Z,H) be a measurable space and lett : X — Z be a E—H-measurable map. Define Z = t(X).
Then the conditional distribution (Qz.z)(z,z)exxz of Y given (X, Z) is given by

Qz,. = P, forallz e X,z € Z (2.2)

Note: This is a situation where it is quite clear that conditional distributions are not uniquely
determined. The variable (X, Z) has not values in the entire X x Z but only on the graph
of ¢, meaning the set of points

{(z,y) e X X Z : z=1t(x)}

Then @,. could be defined as any probability measure outside the graph, if only some
measurability conditions are fulfilled. Hence the the Markov kernel defined in (2.2) is not the

only possible conditional distribution of Y given (X, Z) — it is simply a convenient choice.

Proof. 1t is easily argued that a (X x Z,E® H)-Markov kernel (Qq,.)(z,2)exxz on (Y, K) is
defined by (2.2). For A € E, B € K and C € H we have

Qm,z(B) d(X, Z)(P)(xaz) = /]—AXC(x?Z)QI,Z(B) d((ldat) OX)(P)((E,Z)
AxC

_ / Laxc o (id, £) (%) Qua.oe)(B) AX (P)(x)

- / Lane: (¢ (@) Py (B) dX (P)(2).

Since (P, )zex is the conditional distribution of Y given X, the last integral can be identified
as

P(XecAnt™Y(C),Y € B)=P(X € A, ZcC,Y € B)
=P(X,Z2) e AxCY € B).
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By fixing B and letting A x C vary it is obtained (by uniqueness of measures) that
[ @uaB)AX.2)(P)a2) = PUX.2) € G.Y € )
G

for all G € E®H and all B € K. Hence it is concluded that (Qz,2)(s,z)exx z is the conditional
distribution of Y given (X, Z). O

Theorem 2.1.5. Let (P,)zcx be the conditional distribution of Y given X. Let (Z,H) be a
measurable space and let t : X — Z be an E — H-measurable map. Define Z = t(X).
If an (Z,H)-Markov kernel (Q.).cz on (YK) exists such that

Pr = Q) forallz € X,
then (Q).cz is the conditional distribution of Y given Z

A more relaxed formulation of this is, that if the conditional distribution of Y given X only
depends on X through ¢(X), then this is also the conditional distribution of ¥ given ¢(X).

Proof. Let C € H and B € K. According to the change—variable-theorem we have
P(ZcCYeB)=P(X et }(C),Y € B)
= [ Lo (2) P (B) dX(P)(x)
Lo 0 1(2)Qu(x)(B) dX (P)(x)

lo(2)Q=(B) d(t o X)(P)(2)

Il
— — —

- [ @Bazp)e).
c
Hence (Q.).cz is the conditional distribution of Y given Z. O

Theorem 2.1.6. Let Z be a random variable with values in (Z,H). Assume that (Qu.y)(z,y)cxxy
is the conditional distribution of Z given (X,Y), and assume that (P,)zex is the conditional

distribution of Y given X. Then (Ry)zcx is the conditional distribution of Z given X, where

&@z/%ﬂ%&@

for C' € H.
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Proof. For fixed x € X we note that the reduced family (Q ,)yey is a (¥, K)-Markov kernel
on (Z,H). And R, is the mixture (the first coordinate of the integrated measure) of this

Markov kernel with respect to P,. In particular we see that R, is a probability measure on
(Z,H).

Choose C' € H. Since (Qq,y)z,y)cxxy is a Markov kernel on (Z,H) we have that

(z,y) — Qw,y(c)

is an E ® K—measurable, non—negative map. Hence

is E-measurable, which means that (R;),cx is an (X, E)-Markov kernel on (Z,H).
Finally let A € E and C' € H. Then the extended Tonelli’sTheorem yields that

P(XeAZeC)=PXeAYe)Y Zc()

= Qa2 y(C) (X, Y)(P)(2,y)
AXY

_ / / Lax (2, ) Quy (C) AP, (y) X (P)(2)
_ / 1a(2)Ro (C) dX (P) ()

Thereby it follows that (R;)zex is the conditional distribution of Z given X. O

The two next Theorems can be considered as one bi-implication saying that if X; and X
are independent, then independence between (Xp,Y7) and (Xs3,Y3) can be expressed as a
property of the conditional distribution of (Y7,Y3) given (X7, X5).

Theorem 2.1.7. Assume that the variables (X1,Y1) and (Xa,Ya) are independent, and let
(Pl)zex, be the conditional distribution of Y; given X;, i =1,2. Then (Quy,zs) (21 ,00)€X: x s
is the conditional distribution of (Y1,Y2) given (X1, Xa), where

Qxlyf2 = lel ® P:E22 .

Proof. For each (x1,2z2) € X1 X Xy we obviously have that @, 5, is a probability measure
on (Y1 x V2, Ky ® Ky). For a measurable product set By x By, where B € Ky and By € Ky
we have

Qu1,2,(B1 X Ba) = P, (By)P2 (Bs).
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And since both (z1,22) — Py (B1) and (21, x2) — P2 (Bs) are E; @ Eo—measurable, we must
have that Q, z,(B1 X Bs) is measurable as well. According to Lemma 1.1.3 we must have,
that Qg «,(G) is E; ® Eo-measurable for all G € K; ® Ky. Hence (Qz; 2) (2,,20)e: x X, 15 @
Markov kernel.

Now let A; € E; and B; € K; for ¢« = 1,2. The assumption that (X1,Y7) and (Xs,Y3) are

independent will in particular make X; and X5 independent, such that

/ Qus 2a(By % Ba) (X1, Xa)(P)(21, 22)
A1 xXAs

= /1A1(x1)1,42 (z2) Py, (B1) P2, (Bz) d(X1(P) ® Xo(P)) (21, 22)

Using Tonelli gives

[ Quuan(Br x B2) A0 Xa) (P)01,2)
A1 XAy

— ([ ratenrh@axe)en) ([ Lt e axe)e)
= P(X1 S Al,Yi < Bl)P(Xg S AQ,Yé S BQ)
= P((Xl,yl) S A1 X Bl7 (XQ,YQ) € A2 X Bg)
= P((Xl,XQ) S A1 X AQ, (Yl,}/Q) S Bl X BQ)

From having A; and A, fixed while varying By and Bs it is seen (from uniqueness of measures)
that

[ Quna(Ga) A Xa)(P) (o)
A1 ><A2
= P((Xl,XQ) S Al X AQ, (Y17Y2) S Gz)
If we conversely fix G2 in this expression and let A; and As vary, then we obtain
Qzy 25 (G2) A(X1, X2)(P)(21,22) = P((X1, X2) € G1, (Y1,Y2) € G2)
G1

for all G; € E; ® Ey and Gy € K; ® Ky. Hence (le,xz)($1,$2)€X1XX2 is the conditional
distribution of (Y1, Y2) given (X1, X5). O

Theorem 2.1.8. Let the variables X1 and Xo be independent and let (Qu, zs)(a1,02)e X, x X
be the conditional distribution of (Y1,Ys) given (X1, X2). Assume that each Qq, 5, factorises
on the form

Qxlny = P$11 ® P:E22

for two families (Pl )z, ex, and (P2)s,cx, of probability measures on (V1,K1) and (Va, Ks)

Z1 2

respectively.
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Then (P} )z cx, is the conditional distribution of Yy given X1 and (P2,)z,cx, is the condi-

tional distribution of Yo given Xs. Furthermore (X1,Y1) and (Xo,Y2) are independent.

Proof. Firstly, we will argue that (P, )s,ex, is an (X1, E;)-Markov kernel on (Y1, Ky). Let
B € K; and choose a fixed 9 € X5. Then

lel (Bl) = P:il (Bl)P§2(y2) = Q11,12(Bl X yQ) .

Since (z1,%2) = Qu, 4o (B1 X V2) is E; @ Eg—measurable and the inclusion map 1 — (x1, z2)
is E; —E; ® E; —measurable, we can conclude that z1 — P;l (By) is E;—measurable. Similarly
(P2 )p,ex, is an (Xy, Ey)-Markov kernel on (), Ky).

x2

For A; € E; and B; € K; we have
P(X1 S Al,Yi S Bl) = P((Xl,Xg) S A1 X XQ, (Yl,YQ) € By x yz)
- / Quros (By x Vo) d(X1, X2)(P) (a1, 2)
AIXXQ
:/ium@ﬂmu&®®&wmmu>

_ /A P} (By) dXy(P)(x1),

where we have used Tonelli’s Theorem. Hence (le)mle x, is the conditional distribution of

Y; given X;. Similarly, it is seen that (P )zscx, 18 the conditional distribution of Y3 given
Xo.

For A; € E; and B; € K;, i = 1,2, we have

P((Xl,Yl) S A1 X Bl, (XQ,YQ) S A2 X BQ)
= P((Xl,XQ) S Al X AQ, (Yl,}/é) S Bl X Bg)

=A‘“%m@x&wxxmmmm>
= [ a0 s P2 (BOPE, (B (X0 (P) © Xa(P)) (01, 2)

( N P} (By)dX1(P)(z1 ) ( N P2 (Bs) dX,(P )(x2)>

X1 S Al,Yl S Bl)P(XQ S AQ,YQ S BQ)
= P((Xl,yl) € A x Bl)P((XQ,Yé) € Ay X BQ)

From fixing A; and B; and letting As and By vary we obtain (by using the uniqueness of
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measures)

P((Xl,yl) € A x By, (XQ,X/Q) S Gz)
= P((Xl,yl) c A1 X Bl)P((XQ,}/Q) c Gz)

for all A; € Eq, By € K; and Gy € E5 ® Ky. And by fixing G5 and letting A; and B; vary,
we obtain that

P((Xl, Yl) € Gl, (XQ,YQ) € GQ) = P((Xl,Yl) S Gl)P((XQ,YQ) S GQ)

for all G; € E; ® Ky and G2 € Ey ® Ky. Thereby it is seen that (X;,Y7) and (Xs2,Y3) are
independent. O

2.2 Conditional moments

Recall (See appendix) that if X and Y are random variables defined on (2, F, P) with values
in (X,E) and (R,B) respectively, and furthermore E|Y| < oo, then there exists a random
variable E(Y|X) satisfying 1)-3) in Theorem A.2.6

1) E(Y | X) is o(X)-measurable
2) E|IE(Y | X)| < o0

3) For all A € E it holds that
/ E(Y\X)sz/ YdP,
(XeA) (Xe4)

and that the fact that E(Y|X) is o(X)-measurable is equivalent to the existence of a mea-
surable map ¢ : (X, E) — (R,B) such that

E(Y|X)=¢(X) P almost surely.
We call ¢(z) the conditional expectation of ¥ given X = x and write
¢(z) =E(Y|X =x).

We have the following important (and notationally comfortable) result saying, that the con-
ditional expectation E(Y|X = z) can be calculated as the expectation in the conditional

distribution



36 Conditional distributions: Transformations and moments

Theorem 2.2.1. Assume that X and Y are random variables defined on (0, F, P) and with
values in (X,E) and (R,B) respectively. Let (Py).cx be the conditional distribution of Y
given X.

If E|lY| < o0, then X(P)(Ao) =1, where
Ao ={x € X : P, has finite first order moment} .

Define for x € Ag

mmx=w=/wa@

Then the function x — E(Y | X = z) is a conditional expectation of Y given X.

Note: The last result above could be understood as follows: Define the function ¢ : X — R

¢u>=L%uy/yaa@>

Then the random variable ¢(X) satisfies 1)-3) in Theorem A.2.6, such that it is a conditional
expectation of Y given X.

Proof. Consider the function f: X x R — R given by f(z,y) = y. Since

[17G ey )P) o) = [17(Y)]dP = BV < o,

it follows from the extended Fubini, that

/wma«n=/hmnwma@><w

for X (P) almost all x € X, such that X (P)(Ap) = 1.
Define ¢ : X — R by

_ fyde(y), z €A
a@—{07 e

Then according to the extended Fubini, we have that ¢ is E — B-measurable. We will argue,
that ¢(X) is a conditional expectation of Y given X by verifying the conditions 1)-3). Since
¢ is measurable we have that ¢(X) is o(X)-measurable. Furthermore (using the change-of-
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variable theorem, Theorem A.1.8)
Eo(X)| = [ lo(X)|dP
~ [16()l X (P)(z)
- /A | [ var)lax(P)ia)
< [ ([ war) axeie
— [l Y)Yy < o

In the last equality we have used the extended Tonelli. This shows, that 2) is satisfied for
¢(X). Finally we have for A € E

/ H(X)dP = / ¢(z) dX(P)(x)
(XeA) A
- / / ydP,(y) dX (P)(x)
ANAg
:/].AmAO(x)yd(XvY)(P)(x’y)

= /LW,U(X)Y ap

= / Y dP
(X€eANAy)

= / Y dP
(XeA)

In the fourth equality we have used the extended Fubini’s theorem. This shows that also
condition 3) is fulfilled, such that ¢(X) is a conditional expectation of Y given X, so we in

particular have
B(Y X =) = o) = [ ydP(y)

for x € Ap. O

In the framework of theorem 2.2.1, where E|Y| < oo, we have that

/ydP$<y>=E<Y|X=x>
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Notation: Since ¢(z) = 14,(z) [ydP,(y) is a measurable function of = according to the

extended Fubini, then it makes sense to consider the random variable ¢(X) and write
E(Y]X) = ¢(X)

As noted in the comment after Theorem 2.2.1 this equals a version of the ”ordinary” condi-

tional expectation of Y given X.

The following result, that is already known for conditional expectations, can be shown using

the conditional distribution results from the proof of Theorem 2.2.1:

Theorem 2.2.2. Assume that X andY are random variables defined on (0, F, P) with values
in (X,E) and (R,B) respectively. If E|Y| < oo, then E|E(Y | X)| < co and

E(E(Y|X))=FEY

Figure 2.1: 1000 points simulated from the distribution from (X,Y"). EY describes the center
of all points projected to the y—axis (here this is = 0). E(Y | X = z) describes the mean of

the points, that has first coordinate x (here this mean will be ~ —1.5)

Proof. In the proof of 2.2.1 we saw that ¢(X) = E(Y | X) is integrable, and that
/ d(X)dP = / Y dP
(XeA) (X€eA)
Simply let A = X. Then

E(E(Y | X)) :/¢(X) :/YdP:EY



2.2 Conditional moments 39

O

Theorem 2.2.3. Assume that X andY are random variables defined (2, F, P) with values in
(X,E) and (Y, K) respectively. Suppose that the conditional distribution (Py)zex of Y given
X exists. Let ¢ : X x Y — R be a measurable function and define Z = ¢(X,Y). Assume
that E|Z| < co. Then

B(Z|X =0) = [ 6. dn0)
for X(P) almost all x € X.

Proof. According to Theorem 2.1.1 we have that the conditional distribution of Z given X

is given by the Markov kernel (P,)zex, where
Py = (¢ 0ix)(Ps)
Then according to Theorem 2.2.1 we have for X (P) almost all z € X
BZ|X =0) = [24P) = [Goi))dPt) = [ ole)dPatw)
O

Corollary 2.2.4. Assume that X andY are independent random variables defined (0, F, P)
with values in (X, E) and (Y,K) respectively. Let ¢ : X x Y — R be a measurable function
and define Z = ¢(X,Y). Assume that E|p(X,Y)| < oco. Then

B($(X,Y)| X =) = / o) AX (P)(y)

for X(P) almost all x € X.
Proof. We have that (X (P))zex is the conditional distribution of Y given X. O

We can also use Theorem 2.2.3 to show the following result, that is well-known from the

framework of conditional expectations:

Corollary 2.2.5. Assume that Y and Z are real valued random variables with E|Y| < oo
and E|Z| < 0o. Let X be a random variable with values in (X,E). Then

EY+Z|X=2)=E(Y|X =2)+E(Z|X =)

for X(P) almost all x € X.
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Proof. Let (P,)zex be the conditional distribution of (Y, Z) given X. Then
B(Y +21X =0)= [+ 2)dPul,2)
for X (P) almost all z € X. And

B X =2)= [ydPws)  EZIX=1)= [2dP(y.2)

for X(P) almost all z € X. O

If Y is real valued with EY? < oo, and (P,).ecx is the conditional distribution of Y given
X, then we can define the conditional variance of Y given X = x by

VY |X =2)= /dePx(y) - (/yde(y)>2

which will be well-defined for X (P) almost all z € X. Letting V(Y | X) be the composition
of X and z — V(Y | X = z) gives

V(Y|X)=EY? X)-EY|X)?

Theorem 2.2.6. Let X andY be random variables defined on (0, F, P) with values in (X, )
and (R,B) respectively. If EY? < oo, then

VY =E(V(Y|X))+V(E(Y|X)).

Proof.
EVY|X)+V(EY|X))=E(EY? X)-EY|X)?
+ B(B(Y| X)) ~ (B(E(Y] X))
= B(E(Y?| X)) - (BE(E(Y'| X)))”

2

Example 2.2.7. Consider Figure 2.2. The variance V'Y measures how much the projection
of all points onto the y—axis varies around their center. V(Y | X = z) measures how much the
part of the points, that have first coordinate = varies around their center. The two expressions
are normally not particularly close. In this example VY is rather big, while V(Y | X = z) is
small for all z. o
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Example 2.2.8. In example 2.1.2 we studied the situation where
X by b
1 ~ N s &1 ’ 11 12 ’
Xs &2 Yo1 Yoo

X1 | Xo =2~ No(€1 + Z12805 (2 — &), 11 — Z12555 Da1)

and we found that

If we assume that X; is one—dimensional, we have defined E(X; | Xo = z) and V(X7 | X2 =
x). Since conditional expectations and conditional variances are calculated as expectations

and variances in the conditional distributions, we have

E(X1 | X2) =&+ S1285 (z — &)
V(X1 | Xa) =311 — 212850 Yo1

Note that the conditional variance does not depend on x but is different from V' (X;). o

Confusing conditional variances and ordinary variances is a quite common mistake — and

that may lead to substantial problems.

2.3 Exercises

Exercise 2.1. Assume that X is uniformly distributed on (0,1) and that the conditional
distribution of Y given X = z is a binomial distribution with parameters (n, z) We could say

that Y has a binomial distribution with fixed length n and random probability parameter.

(1) What are the possible values of Y7 Argue that E|Y| < oco.
(2) Find E(Y | X =z) and E(Y | X).
(3) Find EY.

(4) Find P(Y = k) for all k being a possible value of Y. What is the marginal distribution
of Y?
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Exercise 2.2. Let X and Y be random variables with values in (X, E) and (Y, K) respec-
tively. Assume that (P,) is the conditional distribution of ¥ given X. Let

Ay={reXx) /|y|Px<dy><oo}

and assume that X (P)(Ag) = 1. Define

6(2) = Ly (o) [ Io| Paldy).
Show that F¢(X) = E|Y| and conclude that
Ep(X) <oo ifand only if E|Y] < oo

(Hint). o

Exercise 2.3. Assume that X has the exponential distribution with mean 1, and assume
that the conditional distribution of Y given X = x is a Poisson distribution with parameter

x. We could say that Y is Poisson distributed with random parameter.

(1) Use Exercise 2.2 to argue that F|Y| < co.
(2) Find E(Y | X = z) and E(Y | X).
(3) Find EY.

(4) Find P(Y = k) for all k being a possible value of Y. What is the marginal distribution
of Y?

Exercise 2.4. Let X and Y be independent random variables that both have the uniform
distribution on (0,1). Define Z = XY

(1) Find the conditional distribution of Z given X.
(2) What are the possible values of Z? Argue that E|Z| < oo.
(3) Find E(Z| X) and use this to find EZ.

(4) Find EZ without using conditional distributions.
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Exercise 2.5. Assume that X, Xo,... is a sequence of independent and identically dis-
tributed random variables such that F|X;| < oo. Assume that N is a random variables
with values in N such that EN < co. Assume that N and (X3, Xo,...) are independent (we
consider (X7, X5,...) as a random variable with values in (R*°,B>)). Define the random

variable Y by

N
Y = ZYk
k=1

(1) Show that the conditional distribution (P,)nen of ¥ given N is determined such that
P, is the distribution of Y7 _,Y;. Argue similarly that the conditional distribu-
tion (Qn)nen of Z,ivzl |Y:| given N is determined such that @, is the distribution

of > 1y Vil
(2) Show that
[ vl @utay) =l
for all n € N.

(3) Use (2) and Exercise 2.2 to obtain that

N
E (Z |Yk|> = ENE|Y;| < o0
k=1

(4) Show that E(Y | N = n) = nEY; and that EY = ENEY;.

Exercise 2.6. Let f and g be densities for distributions on [0, 00). Assume that there exists

a constant ¢ > 0 such that
f(x) < cg(x) for all z € [0, 00)

Think of a situation where we want to simulate random variables with a distribution that
has density f, but where f is so complicated that this is not straightforward to do directly.
Suppose on the other hand that g is a simple well-known density that we actually can simulate
from. An algorithm to produce a random variable X with density f is the acceptance—

rejection algorithm:
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(i) Generate Y with density g and U uniform on (0, 1) such that Y 1L U

(ii) U < f(Y)/(cg(Y)), let X =Y. Otherwise return to (i)

The idea of this exercise is to show that X generated in the algorithm above actually has

density f.

So let Y have density g and let U be uniform on (0, 1). Assume that Y and U are independent.

Define the random variable o)
Z{l’Uﬁwm

0, U> 1Y)

(1) Show that P(Z =1) =1 (Hint).
(2) Show that P(Y € B|Z =1) = [, f(«)dx for all B € B.

(3) Conclude that the algorithm produces a variable X with density f, and discuss which

value of ¢ we should choose.

Exercise 2.7. Think of a situation where we want to estimate the value z that is given by
z=FEZ

for some real valued random variable Z. Let Z1, Zs,..., Z, be independent replications of

Z. Then .
R 1
k=1

is an estimator for z.
(1) Show that 2} is unbiased
and find the variance V2}.

A method to improve the estimator could be finding some random variable X and consider
the new variable E(Z|X). Now let (Z1,X1),...,(Zn, X,) be independent replications of
(Z,X), and define the estimator

n

22 ==Y E(Z|Xy)
k=1
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(2) Show that 22 is unbiased and that

Apparently this method will improve the estimator no matter which variable X we choose.

But of course some choices may be more clever than others.

(3) What happens, if we use X = 1 (or some other constant), and why is this a bad idea

anyway?

We will consider two specific examples of variables Z. In both examples we shall just let
n = 1, since increasing values of n simply makes both variances smaller by a factor 1/n, and

thereby does not change anything in the comparison.

In the first example we shall find estimators for the very well-known value 7 (although we
already know 7 much more accurately than we will ever be able to estimate, the example

serves as a very good illustration of what is going on). Let

Z=4- 1(U12+U2§1) )
where U; and U; are independent and both uniform on (0,1). Define the first estimator
L =2.

(4) Show that EZ; = = (Hint).

Define the estimator Z; by
29 = FE(Z|U)
(5) Show that 2o = 44/1 — UZ.

(6) Try to simulate 10000 replications of both 2; and Z,. Compare the variances — and also

compare with the theoretical variance of Z;.

In the next example, the estimation has some real practical use. Assume that X; and X5 are
independent and has a distribution v. Assume that X7, X5 > 0 and that v has density f with
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respect to the Lebesgue measure. Furthermore think of a situation, where the distribution

of S = X7 + X35 is complicated to calculate. We are interested in estimating
z(s) = P(S > x)
especially for large values of x.

The simple estimator will in this framework be

21(7) = 1(x, 4+ Xo>2)

The problem is, that if x is very large, then it is very rare that this estimator is non—zero.
Even if we make many replications. Instead we shall try to construct an estimator using

conditional expectations.

Firstly, we try something similar to above. Define

Zo(x) = P(S > x| X1)

(7) Show that

?:“2(33‘) = F(JJ — Xl),

where F is the survival function for v:

Let
X(l) = min{Xl, XQ} and X(Q) = Inax{)(17 X2}

(8) Show that the conditional distribution of X5y given X (1) is determined by the Markov

kernel (P,)y,>0, where

_ v(BN(y,»))
BB = =)

(Hint).

We now define a conditional estimator by

23(1‘) = P(S > | X(l))

(9) Show that
F(max{x — )((1)7 X(l)})

33(37) = F(X(l)) y
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Now assume that v is the Weibull distribution with shape parameter 0.5. Then the density
f is given by
0.5 0-5¢==""

for z > 0. And F is
F(z)=e"

(10) Simulate 10000 replications of the three estimators (with e.g. z = 20 and = = 50) and

compare the variances.

Exercise 2.8. Let X be a real valued random variable with E|X| < oo.

(1) Show that the conditional distribution of X given X is given by the Markov kernel

(02)zex, where 0, is the Dirac Measure in x:

1, x€B

(2) Show that E(X | X =z) =z and (X | X) = X.

(3) Assume that Y is another real valued random variable with E|Y| < oo and E|XY| < co.
Show that E(XY | X =2)=zE(Y |X =z) and E(XY | X) = XE(Y | X).

Exercise 2.9. Let W be the set (0,1)2. Assume that we generate N points in W in the
following way:

e Let N be Poisson distributed with parameter .

o Let (U}, U?), (U3, U3),...,(Uk,U%) be independent and identically distributed such
that U] and U? are independent and uniformly distributed on (0,1). This makes each
(U}, U2) uniformly distributed on W.

In this exercise we will show that the collection of points (U, U?),...,(Uk,U%) in W is
a Poisson process on W: Define for a subset A C W the random variable N(A) to be the



48 Conditional distributions: Transformations and moments

number of points in A:

N
N(A) = Z Lk ukyea)
k=1

e N(A) is Poisson distributed with parameter Amg(A), where mo(A) is the area (2-

dimensional Lebesgue measure) of A.

e For disjoint sets Ay, ..., A, the variables N(A;),...,N(A,,) are independent.
The result will follow by finding conditional distributions given N

(1) Show that for U; and U, independent and uniformly distributed on (0,1) and A some
subset of W, then
P((Ul,UQ) € A) = mg(A)

2) Let Aq,..., A, be disjoint subsets of W such that |J" , A; = W. Argue that the con-
145

J
ditional distribution of (N(A1),...,N(A.;)) given N = n is a polynomial distribution
with length n and probability parameters (mq(A41),...,ma(A,,)) (Hint).

(3) Show that N(Ai),...,N(A,,) are independent and that each N(A;) is Poisson dis-
tributed with parameter Amo(A;) (Hint).

Now assume that k : W — [0,1] is a measurable function that is bounded by 1. Define for
each subset A of W the number

K(4) = /A ke, y) ma(de, dy)

(4) Give a suggestion for how to obtain a collection of points (Vit, Vi2),..., (Vi V&) in W,
such that for each subset A of W we have that the number of points in A

M
M(A) =3 Lwpvaea)
k=1

is Poisson distributed with parameter AK (A) (Hint).
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Exercise 2.10. Assume that (X,Y) is a real valued random vector, such that E|Y| < oo.
Assume that the random vector (X,Y) has the same distribution as (X,Y), where Y is

another real valued random variable..
(1) Show that E(Y | X) = E(Y | X) a.s.

Now assume that X,..., X,, are independent and identically distributed with F|X;| < oo.
Define S,, = X1 +--- + X,,.

(2) Argue that (X1,S,) has the same distribution as (X, S,,) for all k =1,...,n.

(3) Show that E(X; | Sp) = S, /n (Hint).
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Chapter 3

Conditional independence

In this chapter we will work on a general probability space (2, F, P). All events occurring will
silently be assumed to be F-measurable, all o-algebras occurring will silently be assumed to
be subalgebras of F, and all stochastic variables X : (Q,F) — (X, E) will silently be assumed

to be F — E measurable.

The general convention is that random variables with names like X or X; or variations thereof
have values in a generic space (X, E), unless it is explicitly stated that they are real valued
(or integer valued or whatever). Similarly, variables with names like Y or Z will have values
in (V,K) and (Z,G) respectively.

Recall that (X,E) is a Borel space if it is in bijective, bimeasurable correspondence with
(R,B) or a subspace of this. Such a correspondence enables us to replace X with R, whenever
there is an advantage in that. It turns out that every sensible space has this property, unless
it its very, very huge (non-separable metric spaces, with the o-algebra generated by the open

sets, say).

The above generic X', Y and Z-spaces are always assumed to be Borel spaces.
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3.1 Conditional probabilities given a c—algebra

So far we have considered conditional expectations E(Y | X), where we condition on a random

variable X. This is an integrable and o (X )—measurable random variable satisfying

/ E(Y|X)dP = Y dP
(XeA) (XeA)

for all A € X. We have furthermore seen that this variable can be calculated as the mean in

the conditional distribution of Y given X.

A natural generalisation of this concept is conditional expectations given a o—algebra: For a
real valued random variable Y satisfying that E|Y| < oo and a o-algebra H, the conditional
expectation E(Y | H) of Y given H is any H-measurable and integrable random variable

satisfying the integral conditions
/ E(Y\H)dP:/ Y dP for all H € H. (3.1)
H H

as defined in Definition A.2.2.

We shall be concerned with the conditional probability of an event A given H — This is
defined similar to P(A|X): We simply use the conditional expectation of the indicator 14,
that is

P(A |H)=E(14 | H).

The integrability condition (3.1) will in this case take the form

/ P(A|H)dP = P(ANH)  for all H € H. (3.2)
H

We will make frequent use of the monotonicity property of conditional expectations, that
make sure that
0<PAIH)<1 a.s.

and even that
ACB = PA|H)<PB|H) as

Furthermore, the double conditioning theorem (Theorem A.2.5) says in this context that
E(P(A | H) | G) —P(A|G) as

whenever the two o-algebras G and H satisfies that G C H.
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3.2 Conditionally independent events

Definition 3.2.1. Two events A and B are are conditionally independent given a o-
algebra H, if
P(ANB|H)=P(A|H)P(B|H) a.s. (3.3)

Symbolically, we will write A 1L B | H if (3.3) is satisfied.

Speaking colloquially, we will frequently say that A and B are independent given H if (3.3)
is satisfied - repeated use of the word conditionally makes the sentences sound tedious.

Please note that conditional independence represents an intricate relation between the two
events and the o-algebra. The o-algebra H is really an integral part of the definition. Whether
A and B are conditionally independent or not, depends crucially on which o-algebra we are

conditioning.

If H C G are two o-algebras, it is completely possible that two events A and B are indepen-
dent given H, while they are not independent given the finer o-algebra G. But it is equally
possible that A and B are independent given G, while they are not independent given the
coarser o-algebra H. Changing the o-algebra on which we are conditioning is usually a very

challenging task - and indeed a task which is at the core of Markov Chain Theory.

Example 3.2.2. Recall that a o-algebra H is a trivial if every event in H has probability

0 or 1. The most obvious trivial o-algebra is
H = {(2)7 Q}’ )

but there are plenty of other trivial algebras arising all over probability theory - tail algebras,
symmetric algebras, invariant o-algebras in ergodic theory and what not. If H is trivial, we
observe that

P(A|H) = P(4) a.s.

for any event A, since the relation
/ P(A)dP =P(ANH),
H

is satisfied for all H-sets H, both those of probability 0 (where there is nothing to prove) and
those of probability 1 (where there is also nothing to prove). Hence (3.3) translates to

P(ANB) = P(A) P(B). (3.4)
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A priori the formula has an a.s.-qualifier, but as it is a relation between deterministic numbers,
it is either true or false, with no probability involved.

Hence we see that conditional independence of two events given a trivial o-algebra is simply
classical independence of the events. o

Example 3.2.3. If C is yet another event, and if H is the o-algebra generated by that event,

H = {®7 C? Cc? Q} )
then it is readily checked that
P(ANC)
W on C
P(AH) = a.s
P(ANC®) e
P(C¢)

for any event A. If we suppose that H is non-trivial, meaning that P(C) € (0,1), we see
that (3.3) translates to the two conditions

P(ANnBNC) PANC) P(BNC)

pic)  P(C)  PC) 7

P(ANBNC®)  P(ANC®) P(BNCY)

P(C?) P(C9  P(CY)

These two conditions cannot be deduced from each other, and they are not related to (3.4).
For instance, the probability table

C ce
B B° B B¢
2 1 2 4
A 5 1 A 5 i
c 4 2 c 1 2
A % A° 5 1§

corresponds to a situation where A 1l B | H but where A and B are dependent, as can
readily be checked.

On the other hand, the probability table

C Cce
B B° B B¢
1 2 2 1
A 5 i A 5 1
c 2 1 c 1 2
A5 A 5
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corresponds to a situation where A and B are independent, but where they are not indepen-

dent given H. o

Example 3.2.4. If we have a finite partition D of 2,
D={Ds,...,D,}

where the atoms of D (the D;-sets) are pairwise disjoint and unite to the whole of €, the
o-algebra generated by D is the family of all unions,

H:{UDi|Ic{1,...,n}}.

iel
If we let
D*={DeD|P(D) >0},
it is easily checked that
P(AND)

PA|H)= ) (D) 1p

Deb~
for any event A. In this setting, condtion (3.3) translates into
P(ANBND) P(AND) P(BND)
= for all D € D*.
P(D) P(D) ~ P(D) oraft e

Again, whether this holds or not is very sensitive to the specific atoms. If an atom is divided

into two, there is no telling if A and B are independent on each of the two subatoms, just
because we know if they are independent on the original atom. And similarly, if two atoms

are coalesced, we may loose or create conditional independence, as the case may be. )

3.3 Conditionally independent o-algebras

Definition 3.3.1. Two classes of events, A and B, are conditionally independent given a
o-algebra H if
Al B|H forallAc A,BeB. (3.5)

Symbolically, we will write A 1L B | H if (3.5) is satisfied.

We will almost exclusively use this concept in situations where the two classes of events are
o-algebras, but it is nice to be allowed to formulate things in a slightly broader fashion.
We may for instance see that it typically is enough to check (3.5) on two generators of the

o-algebras under consideration:
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Lemma 3.3.2. Let A and B be two classes of events, both stable under formation of inter-

sections. Then
Al B|H = o(A) 1L o(B) | H.

Proof. A prototypical application of Dynkins lemma. For each set F' € F we consider the
class
Cr={F€eF|F 1l E|H},

and we observe that this is a Dynkin class. If we take A € A, we know that B C C4. Using
Dynkins lemma, we see that o(B) C C4. On the other hand, conditional independence of
two events is a property that is symmetric in the two events, so we can reformulate this fact
as A C Cp for any set B € ¢(B). Using Dynkins lemma again establishes that o(A) C Cp
for any set B € o(B). And though this may look awkward, it is in fact the property we are
after. O

Conditional independence of classes of events is of course just as sensitive to the exact choice
of the o-algebra on which we are conditioning, as conditional independence of events were.
In fact, if

A={0,A,A°Q}, B = {0, B, B, Q},
then A 1l B | H if and only if A 1L B | H, as is readily seen from lemma 3.3.2. So the
counterexamples to any kind of simple behaviour under change of the conditioning algebra

given in section 3.2 also apply in this setting.

Example 3.3.3. Assume that H is a trivial o—algebra. Then we saw in Example 3.2.2,
that two sets A and B are conditionally independent given H, if and only if they are truly
independent. This translates directly into conditional independence of classes of events: If

H is trivial, then two classes A and B satisfies
Al B|H = Al B
Assume conversely that H = F. Then for all F' € F we have
P(F|F)=1p a.s.,

since 1r is F—measurable. Hence it is seen that for any choice of A and B we have with
A€ A and B € B that

P(A|F)P(B|F)=14-1p =1anp = P(ANB|F) as.,
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so we conclude that A and B are always conditionally independent given F. )

Example 3.3.4. Assume that A, B and H are independent. Then with A € A we observe
P(A|H) = P(A) a.s.
since for H € H the relation
/H P(A)dP = P(A)P(H)=P(ANH)
is satisfied. Then — using the independence between A and B — we obtain
P(A|H)P(B|H)=P(A)-P(B)=P(ANB)=P(ANDB|H) as..

In the last equality we used that AN B 1L H since both A and B are independent of H. We

conclude that A and B are independent given H as well. o

Lemma 3.3.5 (Reduction). Let A and B be two classes of events, and let A" C A be a
subclass. Then

ALB/H = A IB|H.

Proof. This is a quite trivial observation, which hardly deserves to be called a lemma. The
statement on the right hand side involves fewer events than the statement on the left hand

side, so the implication is obvious. O

Theorem 3.3.6. Let A;B and H be three o-algebras. Suppose that A 1L B | H. If X is an
A-measurable real valued random variable, and if Y is a B-measurable real valued random
variable, such that E|X| < oo, E|Y| < 0o and E|XY| < oo, then it holds that

E(XY |H)=EX |[H)EY |H)  ae

Proof. A prototypical extension result. We know the theorem to be true for indicator vari-
ables. Hence it is true for simple variables. The monotone convergence theorem for condi-
tional expectations will show it is true for non-negative variables, and a final handwaving

will dismiss the problems of positive and negative parts. O
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Conditional independence is by its very definition symmetric in the two events, or more
general, in the two classes of events. Rather surprisingly, it turns out that the most fruitful

way of working with the concept is through an asymmetric formulation:
Theorem 3.3.7. Let A, B and H be o-algebras. It holds that A 1L B | H if and only if
P(A|BVH)=P(A|H) a.s (3.6)

for every event A € A.

In the theorem B V H denotes the smallest o—algebra that contains both B and H. This
o—algebra must be generated by the N-stable generating system given by

{BNH : BeB,H cH}

Proof. Notice that for any three events A € A, B € B and H € H we have that

| palEap :/H1BP(A|H)dP=/HE(1BP(A|H) |H) P .

:/P(A|H)P(B|H)dP

In the second equality we have used the integration property from the definition of condi-
tional expectations. In the third equality we have used the following calculation rule from
conditional expectations: If X is H-measurable, then E(XY |H) = X E(Y | H) (we also need
to assume that E|X| < oo, E|Y| < 0o and E|XY| < oo such that the conditional expecta-
tions are well defined). Suppose that A and B are conditionally independent given H. Then

we can work the above line of equations one step further to see that
/ P(A|H)dP=/P(AﬂBHHI)dP:P(AﬂBﬂH).
BNH H

Since the events of the form B N H is a generator for the o-algebra B Vv H that is stable
under formation of intersections, and as P(A | H) is H-measurable, and thereby in particular
B Vv H-measurable, we conclude that P(A | H) indeed does satisfy all conditions for being the
conditional probability of A given BV H. And hence (3.6) holds.

For the opposite implication, we may utilise (3.6) on the starting end of (3.7), and obtain
that

/P(A|H)P(B|H)dP:/ P(A|BVH)dP = P(ANBNH).
H HNB

As P(A | H) P(B | H) is indeed H-measurable, we see that it satisfies all conditions for
being the conditional probability of A N B given H. And hence A and B are conditionally
independent given H. O
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The asymmetric condition (3.6) is usually paraphrased by saying that there is no extra
information in B for making predictions on the occurrence of an A-set, when we already have
access to the information in H. All the information in B, useful for that prediction, is already
contained in H. The symmetry between A and B is not clearly visible here, but somehow it
is still there.

Corollary 3.3.8. Let A, B and H be o-algebras. If A 1L B | H then it holds for any

A-measurable real random variable X such that E|X| < oo that

E(X|BVH)=EX |H)  aec (3.8)

Proof. Follows from 3.3.7 by the same extension technique, that was used to prove theorem
3.3.6. O

Example 3.3.9. Assume that A and H are o—algebras. We clearly have H vV H = H, such
that
P(A|HVH)=P(A|H)

Then it follows that A 1l H | H. The same argument applies to deduce that A 1L B | H

whenever B C H. o

3.4 Shifting information around

The asymmetric approach to the defining conditional independence from Theorem 3.3.7 can
be explored further: In fact, when we already condition on H it makes no difference adding

sets from H to the sets from B.

Theorem 3.4.1. Let A, B and H be o-algebras.

ALB|H = Al (BVH)|H.

Proof. Take A € A. We have that

P(A| (BVH)VH)ZP(A|BVH)=P(A|H),
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where the first equality is true for trivial reason (we are conditioning on the same o-algebra),
and the second equality is true due to the conditional independence of A and B given H. But

now conditional independence of A and B V H given H follows from theorem 3.3.7. O

Theorem 3.4.2. Let A, B and H be o-algebras. Suppose that G is yet another o-algebra,
satisfying that H C G CHV B. Then it holds that

ALB|H = AlLB|G.

Proof. Take A € A. By repeated conditioning we have that
P(A|BVG) :E(P(A BV GV H) |IB%\/(G) :E(P(A |BVH) | IBVG)
:E(P(A | H) |IB%\/(G) = P(A| H)

as P(A | H) is itself H-measurable, and thus G-measurable, and in particular B V G-
measurable. But by the exact same argument we have that

P(A\G):E(P(A|]HI\/IB%)|G) :E(P(A|]HI) |<G) = P(A| H).

And thus in particular P(A | BV G) = P(A | G), which establishes conditional independence
of A and B given G. O

Theorem 3.4.3. Let A, B, G and H be o-algebras. It holds that

ALB|HandA LG|BVH = Al (BVG)|H.

Proof. Take A € A. It holds that
P(A|BVG)VH)=P(A|BVH)=P(A|H).

The first equality is due to conditional independence of A and G given B V H, the second is
due to conditional independence of A and B given H. The combination of course gives that
A and B V G are independent given H. O

Example 3.4.4. None of the theorems so far will tell us how to throw information away in
the conditioning algebra, while retaining conditional independence. But the theorems can in

certain situations be combined to that effect.
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Suppose that A 1L B | G VH. Theorem 3.4.3 tells us that if we furthermore know that
Al G H

then A 1l (BV G) | H. But we can throw events away in the classes that are conditionally
independent for free, so it actually follows that A 1L B | H. By symmetry, we can also get
rid of G if we know it is conditionally independent of B given H. o

3.5 Conditionally independent random variables

In many cases we have o-algebras generated by random variables. We will make no distinction
between the random variable X and the o-algebra o(X) generated by X, and we will write
things like

X1UY|Z instead of o(X) UL o(Y) | 0(Z)

without notification.

Example 3.5.1. Assume that the random variables X, Y and Z are independent. then
of course the corresponding o—algebras o(X), o(Y) and o(Z) are independent, such that
Example 3.3.4 gives

o(X) WL o(Y)|o(Z)

which corresponds to saying
X1UY|Z

Example 3.5.2. Consider a normal distribution in three dimensions, where the one—

dimensional marginals are standard normals,

X 0 1 p B
Y | ~N o], 1 8 |]. (3.9)
A 0 3 B 1

Here we have taken the two correlations involving Z to be identical, to keep the problem
simple.

Independence of X and Y is controlled be the parameter p. If p = 0 they are independent,
if p > 0 they are positively correlated and if p < 0 they are negatively correlated.
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The conditional distribution of X and Y given Z = z is

AG) () e (1)-(0) )
((5)-GR5))

Note that the variance does not depend on the specific value of z. Hence we can conclude
that X and Y are conditionally independent given Z if

p—B>=0.

More precisely, the sign of p— 32 controls the direction of the conditional correlation between
X and Y given Z.

In figure 3.1 we have illustrated this phenomenon. In the (p, 3)-plane we have found the
domain which corresponds to legal covariance-matrices (all three eigenvalues being non-
negative). It is seen that this domain is divided into three: a part which corresponds to
negative marginal correlation and negative conditional correlation between X and Y. A
part which corresponds to positive marginal correlation but negative conditional correlation.
And a third part which corresponds to positive marginal and conditional correlation. If
we did not employ the restriction that the two Z-correlations should be equal, we could of
course have a fourth domain, corresponding to negative marginal but positive conditional

correlation.

In this context, the message is that marginal correlations and conditional correlations are
two very different things, and in particular that marginal independence and conditional

independence are unrelated phenomena. o

Theorem 3.5.3. Let the conditional distributions of Y and Z given X be respectively
(Pr)zex and (Qz)zex. Define

RZL’:P:E®Q17LI,Z:PI'

IfY 1L Z | X, then (Ry)zex is the conditional distribution of (Y, Z) given X, and (Lq ) (q,2)exx 2
is the conditional distribution of Y given (X, Z).

Proof. 1t is easily checked that (Ry)zex is a X-kernel on Y x Z. To check the integral
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1.0

0.5

-1.0

-1.0 -0.5 0.0 0.5 1.0

Figure 3.1: Marginal independence and conditional independence in normal distributions of
type (3.9). The shaded area contains the (p,)-values for which the normal distribution exists.
The vertical line corresponds to marginal independence of X and Y (positive correlation is on the
right hand side). The parabolic curve corresponds to conditional independence of X and Y given Z
(positive conditional correlation is in the interior of the parabola). Note the domain where there is

positive marginal correlation but negative conditional correlation.

condition, we write
[ BB x C)x(P)dn) = [ P(BIQ.O) X(P)(ae)
A A

:/ P(Y € B| X)P(Z € C| X)dP
(XeA)

:/ PYeB,ZeC|X)dP
(XeA)

=P(Xe€AYeB, Zc(C)

In the second equality above we use that the function z — P, (B) is a version of the conditional
probability x — P(B | X = z), and similarly Q,(C) can be replaced by P(C' | X = z). The
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third equality is an application of conditional independence, and the fourth is simply the
definition of conditional probabilities. Standard arguments extend these computations from
product sets B x C to general measurable subsets of J) x Z. Hence (R, ).ex is the conditional
distribution of (Y, Z) given X.

The proof of the second half of the theorem proceeds in exactly the same way, utilising the

asymmetric formulation of conditional independence instead of the definition:

/ Lu(B) (X, Z)(P)(dz, dz) = / P.(B) (X, Z)(P)(dx, d2)
AxC AxC

= / P(Y € B| X)dP
(XeA,ZeC)

:/ P(Y € B| X,Z)dP
(XeA,ZeC)

=P(Xe€eAYeB,Zc()

There are converses of both halves of this theorem. We choose to formulate them separately.
They may come in handy under various circumstances, but in general we will go to quite

some length in order to circumvent any use of them.

Theorem 3.5.4. Suppose that the conditional distribution (Ry)zcx of (Y, Z) given X has
product structure of the form

R, =P, ®Q, forall xe X

for two families (Py)zex and (Qz)zex of probability measures on'Y and Z respectively. Then
both these families are Markov kernels, they are the conditional distributions of Y given X
and of Z given X respectively, and it holds thatY 1l Z | X.

Proof. The first two statements are trivially checked. The statement about conditional in-

dependence follows from

P(YE€B,ZeC|X =x)=Ry(BxC)
= P;(B)Q.(C)
=P(YeB|X=2)P(ZcC|X=2)
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for all x € X. Such that also
PYeB,ZeC|X)=PYeB|X)P(ZeC|X)
Note: this is not just a.s., but for all w € Q! O

Theorem 3.5.5. Suppose that the conditional distribution (Ly .)(q exxz of Y given (X, Z)
has the structure
Ly.=PF, forallz e X,z € Z

for some family (Py)zex of probability measures on' Y. Then this family is a Markov kernel,
it is the conditional distribution of Y given X, and it holds that Y 1L Z | X.

Proof. The first statement is trivially checked. The second statement follows from Theorem
2.1.4. The statement about conditional independence follows from the asymmetric charac-
terization, since

PY€B|X=12)=P(B)=L,.(B)=P(Y€B|X=27=2)
for all  and z, such that

P(YeB|X)=P(Y e€B|X,Z2).

Note: Apparently the fact that Y 1L Z | X is a statement about the joint distribution of
(X,Y,Z). Then three other variables X', Y’ and Z’ that have the same joint distribution,
will satisfy the same conditional independence relation as the original triple.

Finally comes a rather deep result, that indeed will be useful when trying to understand
Markov chains

Theorem 3.5.6. Let X and Y be random variables with values in (X,E) and (Y,K). There
exists a map ¢ : X x (0,1) = ¥, which is E @ B(g,1) — K measurable, with the following
property: if X' is a random variable with the same distribution as X, U is a real valued

random variable, independent of X and uniformly distributed on (0,1), and if we let
Y = (X', U)

then (X', Y") has the same distribution as (X,Y).
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Proof. Due to the underlying assumption that the spaces involved are Borel spaces, we may
assume that (Y, K) = (R,B). Let (P,).ecx be the conditional distribution of ¥ given X.

We know that the conditional distribution of U given X is very degenerate:
Q. =v for all x € X'

where v is the uniform distribution on (0,1). By the substitution theorem, the conditional
distribution of Y’ given X’ is
Ry = ¢0iy(Qz) = dpoir(v).

The proof is complete, once we show how to choose ¢ such that R, = P, for every z, as the
joint distribution is uniquely determined from one marginal distribution and the conditional

distribution of the remaining marginal given the first.

The deep claim is not so much that it is possible to choose ¢ is such a way that
poir(v) =Py forall z € X. (3.10)

For if we let F, be the distribution function corresponding to P, and if we let ¢, be a quantile

function for Fy, it is well known that ¢, (v) = P,. So we may let

P(x,u) = gz (u),
and (3.10) will be satisfied bona fide.

What is a deep claim is that the construction can be carried out in a way that guarantees
¢ to be measurable. There is a choice involved, in the sense that quantile functions are not
unique, and even though the individual quantile functions are increasing, and thus necessarily

measurable, the various choices may destroy joint measurability.

The key is to get rid of the choices, and find an operationally defined quantile function. A
nice one is
¢z(p) = inf{y € R | F;(y) > p} forallz € X,p € (0,1).

The idea is to single out the largest possible p-quantile whenever there is a choice. Let us

prove that this is in fact a quantile function:

For fixed x and p, we have that

(yo,OO)
{y eR[ Fu(y) >p} = ;
[yOaOO)
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for some yg € R. Whether we have the open or the halfclosed interval, depends on the
specifics of the situation, but in both cases we see that ¢, (p) = yo. For each n we have that
Yo + % > 1o, and thus

1
F, <yo+) >p.
n

Using right continuity of F,, we can conclude that

Fi(yo) > p .

1
r, (yo—n) <p.

Using monotonicity of F}, we can conclude that

Similarly, yo — % < 1o, and so

Fe(yo—) <p.

Together these inequalities show that yq is a p-quantile for F,.

As for measurability, an elementary argument shows that

{@p) ) <zt= [J {(@p)]Fu(w)>p}. (3.11)
w<z,weQ
For any fixed w, the map
x = Fy(w) = PI((—oo,wD

is measurable, as (P, ).cx is a Markov kernel. Hence (x,p) — (F,(w), p) is measurable, and
thus

{(z,p) | Fa(w) > p} =A{(z,p) | Fo(w) —p> 0}

is measurable set. The fact that the right hand side of (3.11) is a countable union, shows
that the left hand side is a measurable set. O

The point of theorem 3.5.6 is that we may think of as any pair of variables as generated in
a two-step procedure, where the generation of the second variable can be accomplished by
mixing the first variable with random noise. It is the way that the mixing is carried out, that

determines the joint distribution.

The update function ¢ is not at all unique. There are literally uncountably many ways
to choose it. In certain cases it matters which one we use, in most cases it is irrelevant.
However, in typical applications there is a specific update function that almost forces itself
upon us.
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3.6 Exercises

Exercise 3.1. Let Y and Z be real valued random variables such that EY? < oo and
EZ? < co. Let X be a random variable with values in the measurable space (X, E). Define

the conditional covariance between Y and Z given X by

Coo(Y,Z | X)=E(YZ|X)-EY | X)E(Z| X)

(1) Show that

Cov(Y,Z)=E(Cov(Y,Z | X))+ Cov(E(Y | X),E(Z | X))

(2) Assume that Y 1l Z | X. Show that Cov(Y,Z | X) =0 a.s. (Hint).

Now assume that X is a real valued random variable with EX? < oo, and assume that Y;
and Y, are two other random variables with the same conditional distribution (P, ),cr given
X, where

Py = N(,1)

Assume that Y7 1L Yo | X .

(3) Show that EY?? = EY$ < oo (Hint).

(4) Show that Cov(Y1,Ys) = V(X) (Hint).

Exercise 3.2. Assume that X; and X5 are real valued random variables. Let (P.),ecr be
the conditional distribution of X; given X; + Xs.

Define for each z € R and B € B the set
x—B={x—y:ye€B}
and define the collection of measures (Qz)zcr by

Q.(B) = P,(x — B)
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(1) Show that (Q:)zer is the conditional distribution of X5 given X7 + Xo.

Define for each z € R the measure R, on (R?,B?) by
R.(Ax B)=PFP,(An(x — B))

for A, B € B.

(2) Show that (R;).cr is the conditional distribution of (X7, X5) given X; + X5 (Hint).

(3) Assume that X; 1 X5 | X7 + X5. Show that for all 2 € R it holds that P,(A) € {0,1}
for all A € B. Conclude that P, = d4(s), where ¢(x) is some real number dependent
on z (Hint).

(4) Show that the function ¢ from (3) is measurable (Hint).

(5) Show that if X; 1 X5 | X7 + X5, then there exists measurable functions ¢; and ¢o,
such that
X1 = ¢1(X1 + XQ) a.s., and X2 = ¢2(X1 + XQ) a.S.

(Hint).
(6) Give an example of real random variables X, X5 and X3, where
X; AL Xo | X1 + Xo + X3

(Hint).

Exercise 3.3. In this exercise we shall find an update function (as in theorem 3.5.6) in the
situation, where both X and ) are finite.

(1) Assume that py,...,p, € (0,1) with p; +---+p, = 1. Define for k=1,...,n

qr =p1+...+pk

Let U have the uniform distribution on (0,1). Define the random variable Y by
Y=> lyeg

1

Show that P(Y = k) = py, for each k =1,...,n.
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(2) Assume that X is a random variable with values in {1,...,m} and that Y is a random

variable with values in {1,...,n}. Find a measurable function

é:{1,...,m}x (0,1) = {1,...,n}

such that if X’ has the same distribution as X and if U is uniform on (0,1) and
independent of X', then (X’,Y’) has the same distribution as (X,Y), where Y/ =
o(X’,U) (Hint).

Exercise 3.4. Assume that X is a real random variable and that (P,).cr is the conditional

distribution of Y given X, where P, is the exponential distribution with mean =x.

Find a measurable function
¢:Rx(0,1) >R

such that if X’ has the same distribution as X and if U is uniform on (0, 1) and independent
of X', then (X’,Y”) has the same distribution as (X,Y), where Y' = ¢(X’,U) (Hint). o



Chapter 4

Markov chains

Also in this chapter we will work on a general probability space (2,F, P) and all events
occurring will be assumed to be F-measurable and other c—algebras will be assumed to be
sub o—algebras of F. Furthermore all random variables (typically sequences Xy, X1, Xo,...)
will be defined on this probability space and usually have values in the Borel space (X,E),

unless it is explicitly stated that they a real valued.

4.1 The fundamental Markov property

Definition 4.1.1. A sequence Xy, X1, Xo,... of random variables with values in a common
space (X,E) is a« Markov chain if

Xn+1 A (XQ,Xl, e ,anl) | Xn fO’I“ n = 172, N (4.1)

We refer to (4.1) as the fundamental Markov property. In colloquial terms, we say that
the immediate future - represented by X, 11 - is independent of the entire past given the

present.

For a Markov chain Xy, X1, ... the one-step conditional distributions are of paramount im-

portance as we shall see from the following immediate result
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Theorem 4.1.2. Assume that Xo, X1, ... is a Markov chain with values in (X,E). Let for
each n € N the Markov kernel (P, ;)zex be the conditional distributions of X, 11 given X,,.
Then the Markov kernel given by

(.130,.131, . ,J,‘n) — men

is in fact the conditional distribution of X,,+1 given (Xo, X1,...,Xn).

Proof. This follows directly from Theorem 3.5.3 and the conditional independence from the
definition of Xg, X1, ... being a Markov chain. O

We will call (P, ;)zecx the one—step transition probabilities. That the Markov kernel
(Pn-1,2,)(z0,....z_1)cxn is the conditional distribution of X, given (Xo, X1,...,X, 1) gives

P(X() EAo,Xl EAl,...,XnEAn)

= / Pnfl,xnfl(An) d(X07 le S 7Xn71)(P)(x07$17 cee 7xn71) .
ApX...XApn_1

But utilising that (P,—2z)zex by a slight change of the index set can be considered the
conditional distribution of X,,_; given (Xo, X1,...,X,—_2), we can by the extended Tonelli

theorem write the above integral as a double integral:
P(XO €Ay, X1 € Ay,...,X, € An)

- / / Pptn 1 (Ap)dPy_2p, 5 (2n-1)d(Xo, ..., Xn2)(P)(20, ..., Tp_2).
AoX..XAp_o JA,_1

And of course this process can be carried on, until we have the probability expressed as a
n-fold integral:

P(X()GAo,Xl €A1,...,Xn EAn)

= / / e / Pnfl,zn_l (An) dPn72,a7n_2 (l’nfl) e dPO,mg (CEl) dXo(P)(de()) .
AO A1 Anfl

In order to be slightly more specific, and avoid the indexing circus and the dots, an example
of such a statement is

P(XO € A,Xl € B, X5 € C,Xg S D)
_ / / / Py..(D) APy (2) APy (y) dXo(P)(x)
AJBJC

We can think of a Markov chain X, X1, ... as a random variable with values in the sequence

space (X°°,E®). So far we have assumed that a Markov chain (X, X1,...) was given and
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used this to express the finite dimensional distributions of (Xo, ..., X,,) using the distribution
of Xy and all the transition probabilities (P, z)zcx. Suppose conversely that we are given a
probability measure p on (X, E) and Markov kernels (P, ;)zex for all n € N for each n € N
then we want to know whether a Markov chain (Xo, X, ...) exists with Xo(P) = u and
such that (P, ;)zecx is the conditional distribution of X, 1 given X,,. We will construct the
probability measure on (X°°,E*°) that is the distribution of this Markov chain. Firstly, we
can construct a probability measure P, on (XL EP L) by defining

PS(AOXA1><~-~><An

)
= / / . Po1z, (An)dPp_04, o (Tn—1)...dPy g, (x1) du(zo) -
Ap J Ay Anq

These probability measures can be ”collected” to a probability on (X E>)

Theorem 4.1.3. Given a probability measure p on (X,E) and Markov kernels (P, 4)zex
for all n € N there exists a uniquely determined probability measure P,, on (X°°,E*) that
satisfies

Pu(Bny1 x E*) =P} (Bn+1)

for all B, v, € E"TL. Any process (Xo, X1, ...) with this distribution is a Markov chain with
Xo(P) = p and (P, z)zex as the conditional distribution of X,4+1 given X,.

Proof. The existence and uniqueness of the probability measure is a direct application of
Kolmogorov’s consistency theorem (we shall not go into any details, but according to the

consistency theorem it suffices that the measures P); satisfies
'P;LJFI(BTH_l X E) = PZ(Bn+1)
for all n € Ny and all B,,; € E"*! which is easily seen to be true.)
Suppose that (Xo, X1,...) has distribution P, such that (Xi,..., X,) has distribution P};.
Then doing the calculations from above backwards shows that
P(Xo€ Ap, X1 € Ay,..., Xnt1 € App)

= / Pn,:pn(AnJrl) d(X07X1; s aXn)(P)(-melv s 7$n) .
AgX...XAp

which by definition gives that (P, s, )(x1,....z,)ex is the conditional distribution of X, ;1 given
(Xo,...,Xp). Since this only depends on z,, we conclude from Theorem 3.5.5 that

Xn+1 ui (X07 .. -;anl) | Xn

and that (P, ;)zex as the conditional distribution of X,, 11 given X,. O
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Recall that it is always possible to find an underlying probability space (2,F,P) and a
random variable defined on €2, such that this variable has a given probability measure as its

distribution!!

Example 4.1.4. Assume that X is finite — for convenience assume that X = {1,...,m}
— and let Xg, X4,... be a Markov chain on X. Assume furthermore that the transition
probabilities (P, ).cx are independent of n. Then Xg, X1, ... is a so-called time homogeneous
Markov chain (this concept will be discussed in a later section) on the discrete state space
X. We have that (P,),cx is determined by the point probabilities

pij = P(Xpp1 =7 | X5 =)

with 4,5 € {1,...,m}. We shall call this collection of probabilities (p;;) the transition
matrix for the Markov chain, and write it as

b1 P12 - Pim
« P21 P22 - P2m
P =

Pm1  Pm2 e DPmm

In this example it is also possible to express the probability measure P, since it is completely

determined by the one—point probabilities:
PZ({$O,$1, e ,xn}) = P(XO = xo,Xl = T1,... ,Xn = xn)

= p({zo}) H Pz,

k=1

We have learned how to find the finite-dimensional distributions of a Markov chain through
multiple integrals involving the one-step transition kernels. Believe it or not, this horrible

characterisation is usually taken as the definition of a Markov chain!

It seems plausible to most people that this property generalises certain facts about Markov
Chains on a discrete space. But nobody has the slightest clue on how to check if it is
satisfied for a concrete Markov chain. The literature abounds with statements that this
or that collection of random variables form a Markov chain, but there is never a proof -
the Markov property is taken as selfevident, even when it clearly is not. The problem is
that no one will even know where to start, if they have to check that the finite-dimensional

marginal distributions have an integral representation of the specified form. ... It is way too
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complicated to be checkable in any practical sense. And hence the common conspiracy in

the literature: if everybody keeps quite, nobody will notice the problem.

As we shall see, definition 4.1.1 can in fact be checked in a number of non-trivial situations,
and so it represents a definite progress - we do not have to rely on divine insight when we
claim processes to be Markovian.

Theorem 4.1.5. If Xy, X1, Xs, ... is a Markov Chain, it holds that

(X, Xng1,-.) 1L (Xo, Xo, ..., X)) | X forallm=1,2,...

Proof. We show by induction on k that
(XnaX’n-‘rlv"')Xn-i-k) ‘IJ-(X()lea"-aX’n) IXn (42)
As the algebra

U U(Xnv s 7X7L+k)
k=1

is a generator for o(X,, X,t1,...), stable under intersections, the extension of the result

from the ’finite horizon future’ to the ’infinite horizon future’ follows from lemma 3.3.2.

To show (4.2) we observe that the statement for & = 1 is the very definition of the Markov
chain (and for k = 0 it is downright triviality).

We know that
Xn+k:+1 uin (XOa v 7Xn»Xn+la ) 7Xn+k?) | Xn+k .

By shifting information to the right hand o—algebra to the conditioning c—algebra, we obtain
that

Xogrg1 I (Xoy oo, Xy Xty oo, X)) | (X oo Xgr) -

If we by induction assume that the property (4.2) is true for k, we have that combine via
theorem 3.4.3 to obtain that

(X’I’L7Xn+1; e ,Xn+k,Xn+k+1> J-L (XO7X1; e aX’n) ‘ X’n .
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We usually refer to theorem 4.1.5 as the general Markov property - or simply as the
Markov property. Colloquially speaking, the o-algebra generated by (X, X,+1,...) repre-
sents 'the future’; and so the Markov property says that the future is independent of the past,
given the present. What we have just proved is that if the immediate future only depends
upon the past via the present at all times, then the general future will also depend upon the

past via the present. Variations of the theme is clearly possible, for instance that
(X0, X1, -, Xom) 1L (X, Xnt1y o) | (Ximy -, X)) -

whenever m < n. This follows from shifting information around as we just did, followed by

a reduction.

A formulation of the Markov property that is sometimes useful, and in fact by some authors
is taken as the definition of a Markov Chain, is the following: if Xy, X1, ... is a Markov chain,
and if f: XN — R is a bounded, measurable function, then for any n it holds that

E(f(Xn,XnH,...) | XO,Xh...,Xn) - E(f(Xn,XnH,...) | Xn) a.s

This follows from combining theorem 4.1.5 and corollary 3.3.8. It is a nice property to have,

and it is very flexible to work with. Used on functions like

(I1,$27 .. ) — 13(1'2)

it gives the fundamental Markovian property as a consequence. But considered as a definition,
it has the same basic flaw as the definition via multiple integrals: nobody has a clue on how

to check if it is satisfied in concrete examples.

Theorem 4.1.6. Let Y7,Ys,... be independent variables, which we for simplicity assume
have values in the same space (Y, K). Furthermore, let ¢, : X x Y — X be a sequence of
measurable maps.

Let X1 be yet another variable, independent of the Y'’s, and define
Xn = ¢n(Xn-1,Yn) for n=1,2,... (4.3)

The process Xg, X1, ... is a Markov chain.

Proof. Due to independence, we have that
Yoi1 AL (Xo,Y1,...,Y5).
Which we might formulate as

Yn+1 A (Xanlv-"aY’ﬂ) ‘ {@79}
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As X, is deterministically given by (Xo, Y1,...,Y},), it is of course measurable with respect
to the o-algebra generated by these variables. And hence we may float it to the conditioning
side,

Yorr L (Xo, Y1,..., Y1) | X0 -

From there it may float back to the leftmost algebra, giving
(X'mYn—i-l) ui (X07Y17 s 7Yn) | Xn .

Now, X,+1 18 (X,, Y541)-measurable, and Xo, X1, ..., X, are all (Xo, Y1, ...,Y,, )-measurable.
So by diminishing, we obtain that

Xn+1 uis (X07X1a s aXn—l) | Xn

as desired. O

We usually refer to (4.3) as an update scheme for the Markov proces, and we refer to the

Y -process as the underlying error variables or noise variables.

Theorem 4.1.7. Let Xy, X1,... be a Markov chain. There are update functions
On: X x(0,1) > X forallmn=1,2,...

with the following property: if Uy,Us, ... are a sequence of independent standard uniformly
distributed stochastic variables, and if X| is independent of the U’s, and has the same dis-

tribution as X1, then the update scheme
X, =én(X,_1,U,)  forn=1,2,...

produces a proces X\, X1, X}, ... with the same distribution as the original proces Xo, X1, X2, .. ..

Proof. We may represent the original chain by its initial distribution (the distribution of Xj)
and each of its one-step transition kernels (P, ;)zex. From these building blocks, we can
build up the finite dimensional distributions of the process, and hence the joint distribution

of all the entire process.

Each of the one-step transition kernels has an update function ¢,, according to theorem 3.5.6.
Using these in the update scheme above will produce a Markov chain with the same onestep
transition kernels and then same initial distribution as the original chain, and hence the same

overall distribution. O
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So from at distributional point of view, we may always assume that a Markov chains is given
by an update scheme - if a specific process, we happen to study, is not in update form, we
can replace it by another process which is in update form, and which is indistinguishable
from the first from a probabilistic point of view. The caveat is that the update functions are
not in any way unique, and it may not be easy to produce update functions that make any

sense intuitively.

The representations of Markov chains via update schemes is necessary for simulation pur-
poses: a computer program that simulates a Markov chain must almost inevitably have form
of an update scheme. But the idea also has a number of purely probabilistic applications.

Example 4.1.8. We will show in an exercise how a discrete state space Markov chains can

be constructed using an update scheme. o

Example 4.1.9. The random walk, based on an iid. innovation sequence Xi, Xo, ..., is

by definition the stochastic process Sy, S1, 52, ... given by

Sn = En:sz
=1

with the convention that Sy = 0. This is a Markov chain with update scheme
Sn =Op-1+ Xn .

It is typically assumed that the innovations have mean zero, but random walks with positive
(or negative) drift (meaning that the innovations have a non-zero mean) are study objects

in their own right. o

Example 4.1.10. The reflecting random walk, based on an iid. innovation sequence

X1, Xo, ..., is by definition the Markov chain with update scheme
To=0, Tp=Th_1+X,)".

A random walk with negative drift is frequently studied through the corresponding reflecting
random walk, which exhibits the 'upwards excursions’ of the random walk o

Example 4.1.11. The classical AR(1)-process on the real axis is given by the update scheme
Xn+1 = an + €nt1

where the €’s are independent and identically distributed. As a first choice, the errors are

typically normally distributed with mean zero. But other choices are clearly possible. We
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also have to specify the distribution of Xy in order to specify the joint distribution of the

process.

In a sense, the behaviour of the AR(1)-process is not very dependent on the specific choice of
error distribution or initial distribution. The key is the magnitude of p. If |p| < 1, the process
will behave in a stable and quite predictable way. If |p| > 1 the process will on the other
hand explode. If p = 1 we are back in the random walk case. And if p = —1, we are essential
also back in the random walk case, even though it becomes slightly more complicated to
formulate the results. We will return to this classification time and time again during the

course. o

Example 4.1.12. There is a straight forward generalisation of the AR(1) process to R* via
the update scheme
Xn=RX, 1+e¢,

Here R is a k x k matrix, and the €’s are an iid. sequence of R¥-valued stochastic variables
- a typical choice is to make the errors N(0, X)-distributed, where X is some legal variance

matrix.

It is rather complicated to describe the long time behaviour of the chain, but at a first
description it will depend on the eigenvalues of R. If all the eigenvalues are smaller than
one in modulus, the matrix represents a linear map that contracts everything to 0. And
this contraction in so dominating, that it even governs the stochastic behaviour. If some
of the eigenvalues are outside of the complex unit circle, things become more complicate.
The corresponding eigen—directions will be ’directions of explosion’, and they will in a sense
govern the stochastic behaviour, unless the error distribution is so singular, that the process

will never have a non-zero component in an exploding direction.

Hence there is a very delicate interplay between the deterministic behaviour of the underlying
linear map, and the measure-theoretic singularities of the error distribution. At first sight
it would seem like a mathematical game to explore this interplay - it does not seem to be
relevant from a modelling point of view. But it actually pops up in many places, and the

problem must be considered seriously, o

Example 4.1.13. The AR(2)-process on the real axis is given by the update scheme
Xn+1 = aXn + BXn—l + En+1

where the €’s are independent and identically distributed, typically normal with mean zero.

As it stands, this update scheme does not give rise to a Markov process, because it does



80 Markov chains

not just depend on the present observation, but also a lagged observation. Furthermore, we

need both Xy and X in order to be able to run the update mechanism.

But a slight rearrangement will in fact give a Markov chain. If we stack the process, and

consider the process in R? given by

Yn = < XTL > y
Xn—l

we see that the Y-proces fits into the update scheme
Yn _ aXn—l + ﬁXn—Q + €n _ «@ 6 Xn—l + €n
Xn—l 1 O XTL—Q O
@ €n
= 5 Ynfl +
1 0 0
This shows that the AR(2)-process is just an AR(1)-process in disguise, and hence it is
‘practically Markovian’. The price we pay for this simplification is however, that the errors
in the AR(1) updating scheme are quite degenerate - they are essentially one-dimensional.

This perhaps sheds some light on the remarks as to why it is necessary to study AR(1)-process
in full generality, even with singular error distributions. o

Example 4.1.14. Consider independent, identically distributed non-negative real random
variables Y7, Ys, ..., and think of them as representing waiting times between events. The

occurrence of the n’th event is thus happening at time

ooy
=1

The corresponding renewal process is the continuous time process, which for each time

point indicates how many events that have occurred,
Ny =sup{n : S, <t}

Renewal processes are very important in many branches of probability, in particular in
Markov chain theory.

We will mainly be interested in the case where all the waiting times are integers, and this we

assume from now on. Hence the natural discrete time renewal process is

N, =sup{k : Sk <n} forn=0,1,2,...
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Note that the renewal process itself is not Markovian. Not in general, at least. If we consider

the case where

PY;=2)=PY;,=3)==  for i=1,2,...,

it is clear that exactly one event has taken place at time 3, that is N3 = 1. This makes the
o-algebra generated by N3 trivial, and so the Markov property is ruled out, if we show that
Ny and Ny are not independent. But the joint distribution of these two variables is given by
the table

N4 =1 N4 =2

Ny =0 0

= N

Ny=1 1

and this table does not give independence. If we think about it for at moment, the lack
of Markovianess of renewal processes is rather evident: N, .1 will either be equal to NV,, or
equal to N,, + 1, the latter case corresponding to an event occuring at time n + 1. When we
try to predict whether an event will occure at time n + 1, the relevant knowledge is not how
many events that have occurred at time n, but rather the exact time of the last event - an

information hidden deeper in the past.

But there are other processes, associated to the renewal proces, that do posses the Markov

property. One such proces is the forward recurrence time chain, Vi, V5, ... given by
V,, = inf{Sy — n : k such that Sy > n}

For any timepoint n, the value of V,, is the waiting time until the next event. If V,, > 2,
there is no event taking place at time n + 1, and so V41 = V,, — 1. But if V}, = 1, there is
an event taking place at time n + 1, and the value of V;, 1 will be the length of the waiting

period until the next event. Hence it is very easy to calculate the one-step probabilities:

vV UV U3
. 1 0 0
P=1"9 1 o
where vy, s, ... form the point masses of the waiting time distribution v. But the relevance

of the one-step probabilities are not clear, unless we know that the forward recurrence time
chain is a Markov chain. And while that is true, a rigorous demonstration is not trivial. In a
later example we will establish Markovianess as a consequence of the so-called strong Markov

property for the underlying random walk.
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A related process is the backward recurrence time chain , By, By, ... given by
B, =inf{n -8 : S, <n} forn=0,1,2,...

For any time point n, the value of B, is the time that has occurred since the last event. If an
event is taking place at time n, the value of B,, is 0. Otherwise, we have the simple relation
B, = B,_1 + 1. Also in this case it is easy to compute the one-step probabilities,

/1,0100
~ ,u101()
P=1 1 001

where
pr=PY1=k+1|Y1 > k).

The relevance of this matrix, though, will only become clear once it is established that the

backward recurrence time chain is Markovian. o

Example 4.1.15. If Xy, X1,... is a Markov chain, and if f : X — Y is a measurable

function, we may consider the process Yp, Y7,... given by
Y, = f(X,) forn=0,1,2,...

It is an important problem to find out if the Y-process is Markovian as well. While reduction
easily gives that
Yos1 L (Yo, ..., Y1) | Xa,

there is no telling when we can shrink the conditioning algebra from o(X,,) to o(Y,). The
prominence of this problem arises, of course, from the fact that Y-process is usually not
Markovian. It is actually rather difficult to find examples where the Markov property is
preserved, but non-Markovianess is usually a mess to establish.

To construct an explicit example, we may let the X-process be an asymmetric random walk

on three points, say with one-step transition matrix

P= 1—-p 0 P

The initial distribution can be taken as the equidistribution. This process is a random

movement on the corners of a triangle. When p # %, the process has a preoccupation for
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steps with a specific orientation. If p is close to one, the X-process will move 1+ 2 — 3 —
1+ 2+ ..., if pisclose to 0 the X-process will move the other way around. As selftransitions

are not possible, the variable (X, X1, X2) has only twelve non-zero pointmasses,

1 2 1 p(1-p)/3 2 3 1 p?/3
1 2 3 p?/3 2 3 2 p(1-p)/3
1 3 1 pl-p)/3 31 2 p?/3
1 3 2 (1-p)?/3 3 1 3 p(1-p)/3
2 1 2 p(1-p)/3 3 2 1 (1-p)?/3
2 1 3 (1-p)?/3 3 2 3 p(1—p)/3

The transformation we will consider is f : {1,2,3} — {1,2} given by

So the Y-process is identical to the X-process, except for the fact that the original states 2 and
3 are collapsed into one superstate, which for simplicity is called 2. The variable (Yp, Y7,Y3)
has five point masses (as 2-2 transitions are now perfectly legal, while 1-1 transitions are still
forbidden),

2p(1—p)/3
P*/3+(1—p)*/3
p*/3+2p(1—p)/3+ (1 -p)*/3
p*/34+ (1 -p)*/3
2p(1—p)/3

If we stratify this probability table by Y7, we get

NN N ==
NN =N N
N~ NN

Y2:1 Y2:2
Yo=1 0 0
Yo=2 0  p?/3+2p(1—p)/3+(1-p)?/3

and

Yo, =1 Y, =2
Yo =1 2p(1 —p)/3 p?/3+ (1 —p)?/3
Yo=2 p?/3+(1—-p?/3  2p(1-p)/3

There is actually independence in the Y; = 1 table, even if it is of a somewhat degenerate

o

form. But there is no independence in the Y; = 2 table, unless p = %
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4.2 The strong Markov property

The Markov property formulates a relationship between the past, the present and the future,
which is to hold for all values of 'the present’, if a process is to be called a Markov chain. At
least it has to hold for all deterministic values. But it turns out time and time again, that
we need the Markov property to hold in extended situations, where the value of 'the present’
is not known in advance, but has a certain stochastic element to it. As an example, we may

consider 'the present’ to be the first time, the process enters a certain subset of X.

To introduce the relevant formalism, we focus on a fixed process Xg, X1, ... with values in
some measurable space (X, E). The process may or may not be a Markov chain, presently that
is not relevant. The process generates a filtration, a sequence of o-algebras Fy C F; C ...
given by

F, = o(Xo, X1,...) forn=0,1,2,...

There is also a natural limit algebra F.,, generated by all the variables Xy, X1, ... or - if we
like - generated by the filtration. It may happen that F., equals the fundamental o-algebra
I, but typically this is not the case. All the random variables are of course adapted to the
filtration, meaning that X, is F,,-measurable for each n.

A random variable 7 with values in the countable set N§ = {0, 1,2, ..., 00} is called a random
time. A random time is a stopping time with respect to the filtration Fg C Fy C ... if it
satisfies that

(r=n)elF, for n=0,1,2,...

The stopping time condition means that for each n there is a measurable subset B,, C A"*+!
such that

(r=n)= ((X07X1,...,Xn) € Bn) .
The implication is that we are able to read off from the values of Xg, X1,...,X,, whether

7 = n or not. By observing the X-process for some time, we know if 7 has occurred or not.

Example 4.2.1. The most obvious example of a stopping time is a determinstic time. The
‘random variable’ 7 = n satisfies the necessary condition, as is easily checked.
The second obvious example is the first hitting time of a set A, as in

T=inf{n=0,1,... : X, € A}

Observing that 7 Ao and 7V ¢ (minimum and maximum) for two stopping times 7 and o are

themselves stopping times, we can construct a vast number of new stopping times. A typical
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construction would be 7 A n for a fixed n. A similar construction would be the first hitting

time for a set A after a given stopping time o. As in
r=inf{o+1,0+2,... : Xo4,; € A}.

In Markov chain theory it is customary to discuss both the first hitting time of a set A,
typically denoted by o4, and the first return time of A, typically denoted by 74 which is
the first hitting time after time 0. Unless the chain starts in A, the first hitting time and the
first return time to A agree. But when there is a difference, the first return time is usually
the most relevant. o

It is in principle allowed that a stopping time 7 can obtain the value oco. In martingale
theory this is not only a sensible convention, but in fact a useful idea, that vastly simplifyes
a number of formulations. But in Markov chain theory, infinite stopping times are a menace,
and we will usually not allow them. We will focus on three types of stopping times: The
bounded stopping times, which never take on values above a certain threshold known to
us, The finite stopping times, which never take on the value co, but may take on arbitrarily

large integral values. And the almost surely finite stopping times, which satisfy that
P(r <o) =1.

We would really like all our stopping times to be finite - but that would exclude the first
hitting times from considerations. Consider the waiting times until head comes up in a coin
tossing experiment. With probability one, head comes up sooner or later. But there is a
formal possibility that head never comes up, and we have to deal with this possibility in our
formalism. We could cut the corresponding nullset out of the background probability space
Q, to ensure that head always comes up. But if we follow that route, we will have to do
this kind of surgery on the background space whenever we introduce a new stopping time,
and it becomes technically very unpleasant in the long run. It is much neater to allow that
stopping times take on the value co - as long as we sure this only happens on a nullset.

If Xy, Xq,...is a process and 7 is a corresponding stopping time, we introduce the symbol
X as the value of the proces at the random time 7. If 7 is finite, the formal definition may

be written as
Xr =Y 1en Xn.
n=0

From a strict point of view, this formula only makes sense if X is a vector space. But even
in the general case it is a much more distinct way of expressing the definition than the
case-by-case formula it covers.
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But to a certain extend, the definition of X breaks down if the stopping time can take on
the value oo - even if this only happens with probability zero. In order to do something in
that situation, we adopt the convention that whenever we introduce a new measurable space
(X,E) on which stochastic variables may have values, we equip it with a standard variable
X* -on R™ we could let the standard variable have the deterministic value 0. We will assume
that this standard variable is measurable with respect to Fo, but no other details matter.

Having introduced a standard variable, we may then define

o
Xr =Y rmn) Xn + Lirmo) X*.

n=0
If 7 assumes the value oo with positive probability, the choice of standard variable is of course
important for the behaviour of X,. But as long as 7 is almost surely finite, the invention
of the standard variable is a purely formal gimmick. Observe that X, becomes measurable

with respect to F.:

(@

(X,ed)=|](X,ed)n(r=n) U (X,€A)N(r=oc)

n=0

(@

(XpeA)N(r=n) U (X"€eA)N(r=0x)

n=0
The only event in this composition that does not obviously satisfy the relevant measurability
condition is (7 = co0). But the complement (7 < 00) is the union of event of the form (7 = n),

and this establishes measurability.

Corresponding to a stopping time 7, we have a natural notion of ’the past’, namely the
o-algebra
F.={FeF|FNn(r=n)ecl,foralln=0,1,...}.

Lemma 4.2.2. Let Xg, X1,... be a stochastic process, and let T be an adapted stopping time.
Then the variables T and X, are both F,.-measurable.

Proof. Trivial manipulations. If we consider the event (7 = k), we have that

(r=n) if k=n

0 if k#n

In both cases we get that (7 = k) N (7 =n) € F,. And hence (7 = k) € F,. This shows the

measurability of 7.

(Tzk)ﬁ(T:n)z{

Similarly, if we let A be a measurable subset of X', we have that

(X;eA)n(r=n)=(X,€A)N(r=n)eF,,
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so (X, € A) €F,. O

Lemma 4.2.3. Let Xo, X1, ... be a stochastic proces, and let T and o be two adapted stopping
times. It holds that
o<T = F, CF..

Proof. This is well known. O

Lemma 4.2.4. Let Xo, Xq,... be a Markov chain, with corresponding filtration Fqy C F; C
e If Z and W are two bounded real variables, both ¥, -measurable, then it holds that

E(Z|X,))=EW |X,) as. = EZ|Xp Xpi1)=EW|X,, Xny1) as. .

Proof. This is really a trivial consequence of the Markov property. The future variable X, 1
is independent of the past algebra [F,,, in particular of Z and W, given the present variable
X,,. Referring to the asymmetric formulation of conditional independence in corollary 3.3.8,

we obtain the string of equations

B(Z | Xn, Xns1) = E(Z | X,) = EOW | Xp) = E(W | Xn, Xni1) as.

Note the amusing fact that we are somehow using the Markov property backwards in this
proof. The argument can be verbalised as saying that when we are attempting to ’'predict

the past’, there is no information in knowing the future - only the present matters.

Lemma 4.2.5. Let Xo, X1,... be a process, with corresponding filtration Fg CFy C ..., and
let T be an adapted stopping time. Let Z be a real valued random variable, measurable with

respect to . For any n < oo it holds that 1(.—y)Z is measurable with respect to IF,,.

Proof. We simply observe that for any B € B we have one of two situations, depending on

whether B contains 0 or not:
(ZeB)N(1=n) 0¢ B

1o\ Z €B) =
(107 < 5) (ZeB)N(r=n) U (r4n) 0€B
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Since Z is assumed to be F,-measurable, (Z € B) will be an F,-set, and so (Z € B)N (1T =n)
will be an F,,-set. Also the event (7 # n) is F,,-measurable - its complement has the relevant
measurability per definition. So in either case (1(T:n)Z € B) is in IF,,. O

Lemma 4.2.6. Let Xy, X1,... be a process, with corresponding filtration Fg CFy C ..., and
let 7 be an adapted stopping time. For any event F' and any n < oo it holds that

E(I(T:n)P(F | X, 7) | Xn) - P(F N(r=n)] Xn) a.s (4.4)

Proof. The claim that two conditional expectations with respect to X,, are the same, of
course means that the two random variables integrate to the same thing, when integrated
over o(X,)-events. Observe that

[ tewr@|xonar= [ P(F| X,,7)dP
(Xn€A) (X-€A,7=n)

:P(FQ(XT GA,T:n)>,

since the middle integral is oven an o(X,,7)-event. Similarly it holds that

Note that ( 4.4) may be formulated
E(P(Fm (r=n)| X, 7) | Xn> - P(Fm (r=n)]| Xn> a.s

since 1(;—,) is 0(X,, 7)-measurable. Hence we see that the statement is really about a double
conditioning situation. The statement remains non-trivial, however, because the o-algebras
in question, F,, and o(X,,7), are not nested. In fact, the statement is only true due to the

specific nature of the event F'N (7 = n) and its interplay with the two o-algebras.

Theorem 4.2.7 (Strong Markov property). Let Xo, X1,... be a Markov chain, with corre-
sponding filtration Fg C Fy C .... Let 7 be an adapted stopping time, and assume that T is
almost surely finite. Then

X'r+1 ui ]FT | (7—7 X‘r)
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Proof. We prove that for any F' € F; it holds that
PF| X, X;41,7)=P(F | X,,7) as (4.5)

which is another way of formulating the the-future-is-irrelvant-for-predicting-the-past phe-
nomenon, we have previously encountered. The right hand side of (4.5) clearly has the
measurability properties to be a version of the left hand side, so we only need to check that

it has the right integrals over o (X, X, 41, 7)-events. For finite n we see that

P(F|X.,7)dP = / Lr=n)P(F' | X7,7)dP

/(T_TL,XTGA,XT+1EB) (Xn6A7X7L+1€B)

Combining the lemmas, we see that we can replace the integrand by 1(,—,)nr to obtain

/ P(F|XT,T)dP:P((Xn€A,Xn+1EB,T:n)ﬂF)
(r=n,X;€A,X;11€B)

- P((XT €A X,y €B)N(r=n) mF)
It is trivially true that

/ P(F\XT,T)dP:P((XTeA,XTHeB)ﬂ(T:oo)ﬂF)
(1=00,X,€A,X-11€B)

since both sides are zero, due to the assumption that 7 is almost surely finite. The events of
the form (7 = n, X, € A, X;41 € B) (including the events with n = oc0)) form a generator

for o(X;, X;41,7), stable under the formation of intersections. And hence it follows that
/ P(F|X..7)dP = P(GNF)  forall G € F(Xs, Xosy,7).
G

That is, we have established (4.5). O

This ’strong Markov property’ is slightly weaker than we would have liked. The immediate
future only becomes independent of the past given the present if 'the present’ includes a
glance at the clock. One can construct examples which shows that in general the information
of the random time cannot be dispensed of, see example 4.2.8. But in the next section we
will go hunting for a condition, where all times look the same, and where there is no essential
information in knowing the value of 7. In that framework we will be able to strengthen
the conclusion in theorem 4.2.7 to obtain what is generally perceived as the strong Markov

property in the literature.

Example 4.2.8. Consider an asymmetric random walk on three points with a direction
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which oscillates back and forth. The one-step transition matrices are

Py = Py =

"o O
Qo
o R
Q"8 o
" o
o 3

where p 4+ ¢ = 1. As starting distribution, we can take the equidistribution on state 2 and 3.
As stopping time we take the first hitting time of state 1. In that case X, = 1 almost surely,

and so there is no information contained in that variable.

If X,y 1L F, | X, this triviality implies that X,11 is unconditionally independent of F..
And as 7 is F-measurable, it in fact implies that X, is independent of 7. This is clearly
false, because the conditional distribution of X1 given 7 will depend rather drastically on

whether 7 is odd or even - unless of course p = %

The example demonstrates that we can not in all cases strengthen the general strong Markov
property X1 1L F. | (7, X;) to the simpler and perhaps more attractive statement X, 1 L
1F, | X, o

4.3 Homogeneity

Virtually every single Markov chain we will consider, will have a further simplifying property
called time homogeneity.

As it was shown in Theorem 4.1.3 the distribution of a Markov chain is given by the sequence
of one-step transition probabilities and the initial distribution. The one-step probabilities is a
sequence of kernels (P, ;)zex, where the n’th kernel is a version of the conditional distribution
of X,,+1 given X,,. There is a certain amount of choice involved in these kernels, and maybe
it is possible to adjust these choices, so that a single Markov kernel can be used as the one-
step transition kernel in every step. In that case we call the chain time homogeneous, and
write
P 2 X,1|X, for n=0,1,2,...

Spelled out, the condition is that there is one Markov kernel that satisfies

P(X, € A, X1 € B) = / P,(B)dX,(P)(z) forall A, B and n.
A

Many Markov chains present themselves to us in a form, where the time homogeneity is
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obvious. But if it is not obvious, time homogeneity is almost impossible to establish: there
are many ways to pick the various 1-step transition kernels, and if these are not picked with

the purpose of being equal, then they will surely differ.

The obvious example exhibiting the problems is the random walk, with symmetric £1 incre-

ments. It is a time homogenous Markov chain with transition matrix

ifm=n+1

NI= N

Pnm = ifm=n-1

0 otherwise

This is the obvious transition matrix that everybody will write down - before they start
thinking. But if we somehow miss that, and just start calculating, there are lots of other
choices. Usually we insist that the random walk starts in 0. If that is the case, the transition
matrix for the time 2 to time 3 transition is only uniquely given from the states —2, 0 and
2. Similarly, the transition matrix for the time 3 to time 4 transition is only uniquely given
from the states —3, —1, 1 and 3. Transitions from all other states are not determined at all.
So if we pick the transition matrices one by one, it is quite unlikely that we will pick the

same every time, unless we have some principle to guide us.

The reason why so many chains are blatantly time homogeneous, is because they arise via

time homogeneous update schemes. That is, an update scheme of the form

Xn+l = ‘b(Xn, Yn+1)

where Y7, Y5, ... are independent and identically distributed. The error distribution does
not vary with time, and the update function does not vary with time, hence the one-step

transition probabilities do not vary with time.

In the opposite direction, it is also clear that if (Xo, X1, ...) is a Markov chain where all the
one-step transitions kernels are the same, then there is an update scheme of the above sort

generating the process.

The examples we gave of Markov chains with specified update schemes were all of this time
homogeneous form. Actually, time-varying update schemes virtually never appears in ap-
plications. With one notable exception: simulated annealing which is an optimisation

algorithm based on Markov chains.

However, for processes constructed on top of other processes, neither the Markov structure

nor the time homogeneity may be immediately visible. We have shown that we may examine
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the Markov property from first principles - but the random walk example above shows that
we have to be very careful when we check for time homogeneity. We adopt the following

slightly weaker definition:

Definition 4.3.1. A Markov chain Xy, X1, ... is weakly time homogeneous is
X7-+1 17 | X—,—

for every adapted, almost surely finite stopping time .

This definition undoubtedly looks confusing. There is a nice linguistic catch in that homo-
geneity with this definition reflects that something is ’independent of time’ in a stochastic
sense. But apart from that, the definition may seem arbitrary. However, the definitions has
its merits, as we shall see. And at least for Markov chains on finite spaces, it is possible to
prove that weak time homogeneity implies strict homogeneity, as defined in terms of constant

one-step transition kernels or constant update schemes.

In order to show an equivalent definition of weak homogeneity, we need the following technical

results

Theorem 4.3.2. Let X and Y be two random wvariables, with values in the same space
(X,E). For any event A and any o > 0 4t holds that

I6P(X£Y)

P(‘P(A|X)—P(A|Y)’ >a) ~

Proof. The key technical result we will have to prove is that

/ P(A| X)dP — P(AN D)‘ <2P(X £Y), (4.6)
D

for any event D € o(X,Y). If we have this inequality at our disposal, we can use it on the

event

Dt = (P(A\X)—P(A|X,Y) >a)

which is o(X,Y)-measurable, to obtain that

aP(DY) < [ P(A|X)—P(A|X,Y)dP= | P(A|X)dP - P(AnD")
D+ D+

<2P(X £Y) .
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Using a similar argument in the other tail, we obtain that

P(’P(A\X)—P(A|X,Y)‘ >a> g@.

And observing that the event
(‘P(A | X)— P(A| Y)) > a)
is a subset of
(‘P(A | X)— P(A | X,Y)‘ > %) U (’P(A 1Y) — P(A] X,Y)’ > %)
the theorem is established.
To show (4.6), take D € o(X,Y). We can assume that D = ((X,Y) € B) for some set

BeE®E. Let
D* = ((X,X) € B).

Clearly D* is o(X)-measurable, and
(DAD*) C (X #Y),
where we have used the notation AAB=AUB\ANB = A\ BUB\ A. Now we have that

‘/DP(A|X)dP—P(AﬂD)‘

<

/P(A|X)dP—/ P(A|X)dP‘+|P(AmD*)—P(AﬂD)|
D D*

<2P(D\D*)+2P(D"\ D)
as desired. Here we have used that the integrand P(A | X) is bounded by 1. O
Corollary 4.3.3. Let X, X1, Xo,... be a sequence of random variables. If
PX,=X)—1 for n— o0,

it holds for any event A that
P(A]| X,) 5 PA] X).

Proof. 1t follows directly from theorem 4.3.2 that for any a > 0,

L I6P(XGAX)
(6

P(‘P(A|Xn)—P(A|X)‘>a> 0 for n— oo,

which establishes convergence in probability. O
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Now we can prove

Theorem 4.3.4. If a Markov chain X, X1, ... satisfies that
Xo UL 7| X, (4.7)

for every bounded adapted stopping time T, it is weakly time homogenous.

Proof. Let 7 be an adapted and almost surely finite stopping time. Consider the event
(t = k), and let us first discuss the finite case, where k < co. Pick N so large that &k < N,
and consider the stopping time 7 AN. Clearly (7 = k) = (T AN = k). Using (4.7) on T AN,
we obtain that

P(r =k | X(zany+1, Xean) = P(T AN =k | X(zan)+1, Xean)
(TAN =k | X:;aN)
(T=k|X:AN) a.s.

P
P
Letting N tend to infinity, we see that

P(Xean = X7) = 1, P((Xiranyi1s Xean) = (Xri1,X5)) = 1,

simply because P(T AN =7) = P(r < N) — 1 for N — oo. By corollary 4.3.3 it follows
that
Plr=k|Xos1,X.)=P(r=k|X,) as.

To finish the proof, we have to consider the case k = oo as well. But as 7 is almost surely
finite,
Pir=00|X;41,X;)=0=P(r=00| X;) as.

and we are done. O

Theorem 4.3.5. A time homogeneous Markov chain X, X1, ... is weakly time homogeneous.

Proof. We may assume that the Markov chain has update form,
XnJrl = ¢(Xn7 UnJrl)

for some fixed map ¢, and a sequence of independent, standard uniformly distributed real
stochastic variables Uy, Us,.... Let 7 be a finite stopping time. Then

XT+1 = Z 1(T:n)Xn+1 = Z 1(T:n)¢(Xn7 Un+1) = ¢(X-,—, U) (48)
n=0 n=0
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where we have introduced the variable

U=> 1r=mUni1-
n=0

Take an event F' € F.. Then it holds that

P((ﬁeA)ﬂF):iP((UeA)ﬂFﬂT—n) ZP( Upi1 € A)NF N (1 = )).

Using that FN (7 = n) is F,,-measurable, and that U, is independent of IF,,, as this algebra
is contained in o(Xy, Uy, ...,U,), we get that

((UeA mF) ZP( n+1€A)( n(r n))
:P(UleA)ZP(Fﬂ(T:n))

n=0

= P(Uy € A) P(F).

We can draw two consequences: For one thing, U is standard uniformly distributed. But

more important: we see that

ULlTF,.

Observing that X, is F,-measurable, we may float information to the (trivial) conditioning
side, and obtain that

ULF,|X,.
We may float information back, and obtain
(U,X,)1LF,|X,.

As X, according to (4.8) is o(X,, U)-measurable, and ad 7 is F,-measurable, it follows by

reduction that

XT+1J-I—T|X7‘7

as desired. O

A nice consequence of the proof is that the conditional distribution of X, 1 given X, is
simply the same as the common conditional distribution of X, 1 given X, since it follows

the same update rule with an error variable that is standard uniformly distributed.
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Theorem 4.3.6 (Strong Markov property). Let Xo, X1,... be a Markov chain, with corre-
sponding filtration Fg C Fy C .... Let 7 be an adapted stopping time, and assume that T is

almost surely finite. If the chain is weakly time homogeneous, then

XT+1 uin IF‘r | X‘r

Proof. We combine weak homogeneity and theorem 4.2.7 via theorem 3.4.3, the result drops

out for free. O

This version of the strong Markov property is perhaps the key property of time homogeneous

Markov chains in any formulation.

Corollary 4.3.7. Let Xy, X1, ... be a Markov chain, with corresponding filtration Fq C Fy C
.... Let T be an adapted stopping time, and assume that T is almost surely finite. If the chain

1s weakly time homogeneous, then

(Xri1, Xrpo,.. ) ILF, | X, (4.9)

Proof. We show by an induction argument that
(X1, Xrgoro o Xogp) LLF- | X, (4.10)
for all values of k. The crux of the matter is that o = 7 4 k is a stopping time. Hence
Xoghgr L Frpp | Xogr

As the variables X, X;41,..., X;4r are all F,,p-measurable, we can shift them to the

conditiong algebra, and obtain
Xogror1 L Frgr | (Xr, Xog1, oo, Xrir)
As 74+ k > 7 we see that F,. C F.,, so by reduction it follows that
Xrtrot1 LF | (Xr, Xrg1s oo Xog)
Combining with the inductive hypothesis (4.10) we obtain via theorem 3.4.3 that
(Xry1, Xrgo, oo, Xoqpgn) L F- | X5

as desired. ]
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Example 4.3.8. Let Xy, X1,... be a weakly time homogeneous Markov chain with values
in X, let z € X be a specified state, and let 7 be an almost surely finite stopping time with

the property that X, = x almost surely.

The obvious example where such a phenomenon occurs, is the case where X is finite, and
where 7 is the first (or the second or the k’the) hitting time for the state z. A slight amount
of work will usually establish that 7 is almost surely finite - though it need not always be the
case, the reader is reminded of concepts like 'transience’ and ‘recurrence’, that play important

roles in the study of discrete (and as it turns out, also of general) Markov chains.

If we have such a situation where X, is constant, (X, ) is a trivial algebra. Hence conditional
independence given X is the same as unconditional independence, and the strong Markov

property thus implies that
X1, Xorg1,. .. WL F

This phenomenon is called regeneration - the future is independent of the past in such a
time point. The importance of regeneration can not be overestimated. To a large extend,

analysis of the asymptotic behaviour of Markov chains is analysis of regeneration.

To understand why regeneration is so important, assume that 7 < 7o < ... is an increasing
sequence of almost surely finite regenerations time points, for instance the first, the second,
the third, ...hitting time of a specified state. Let f : X — R be a bounded measurable
function. Then the excursions

YooSXw) D> fXR) s Y f(Xa)

n=71+1 n=7y+1 n=73+1

are independent random variables. Say, the the third is independent of the two former since
it is given by the 73-future, while the two former are given by the 73-past. In most cases these
variables are also identically distributed and have finite mean. And this gives the asymptotic
result that

1 Tk 1 T1 1 k—1 Te41
n=0 n=1 =1 n=1p+1

will converge almost surely to the mean of an individual excursion. A law of large number
can be established from this observation, combined with the so called renewal theorem, which

control the behaviour of the regeneration time points.

Also central limit theorems for Markov chains, and indeed laws of iterated logarithm, can be

obtained from the decomposition of the chain into iid. excursions. o
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Example 4.3.9. Let Y7,Y5,... be iid. stochastic variables with values in N. They are

interpreted as waiting times between events. The events themselves occur at times
Sp=3Y; forn=0,1,...

(though the event at time 0 is probably fake - it is purely conventional). We are interested
in the associated forward recurrence time chain

Vi =inf{S —n : Sk > n} forn=0,1,...

and we intend to prove that this is a Markovian.

The key argument is an application of the strong Markov property of the underlying random
walk Sy, S1, ..., which of course is a time homogeneous Markov chain. For a given time point

n we can define a random time
T=inf{meN : S, >n}.

This is clearly a stopping with respect to the filtration generated by Sy, Si,.... As each
waiting time Y; is at least 1, we see that 7 < n+1 - so 7 is in fact a bounded stopping time.

Hence the strong Markov property shows that
(S, Srt1y...) LLF- | S,

But note that
Vo=5,—n, (4.11)

So the o-algebra generated by V,, is the same as the o-algebra generated by S, and we have
that
(SrySrg1,..) LF |V,

Hence the Markov property for the forward recurrence time chain will follow by reduction,
if we can show that Vj, Vi, ...and V,,_; are measurable with respect to F,, and if V1 is

measurable with respect to o(S:, Sr41,...).

The past is easily dealt with. If we consider some & = 0,1,...,n — 1, there is an associated
stopping time
o=inf{meN: S, >k},

Similarly to (4.11) we have that Vi, = S,. As 0 < 7, it follows that F, C F,, and as S, is

F,-measurable, it follows that V} is F.-measurable as desired.
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The future requires slightly more care. There are two cases, corresponding to whether an
event occurs at time n+ 1 or not. That is corresponding to whether S; =n+1or S; > n+1.
In the latter case we will see the same event, looking forward from time n and n + 1. But
if there is an event at time n + 1, this is the event we will see looking forward from time n,
while we will see the next event when looking forward from time n + 1. That event will be

Sr+1. Combining these observations, we get

Sr—(n—-1) if S:>n+1
Vn+1:
ST+1—(TL+].) if ST:TL+1

It is evident from this formula, that V,,; is measurable with respect to o(S;, S-41). And so

the much more, it is measurable with respect to o(Sr, Sry1,-..). )

4.4 An integration formula for a homogeneous Markov

chain

Assume that Xo, X7, Xs,... is a time homogeneous Markov chain. Let (P,)zex be the
transition probability, and let p be the distribution of Xy. Recall from the considerations

before Theorem 4.1.3 that we derived an expression for the distribution of (X, ..., X,)

XO € Ao, .. , Xn € A )
/ / / In 1 )dpzn_Q(iCn_l)...dpzo(l'l)dXo(P)(l'o)
Ao J A Ana
Note that this could be written as

Pr(Ar x -+ x Ayp)dXo(P) (),
Ao

where P is given by the integrals

7) A1 X - x A )
/ / P (A APy (2n1)...dPs(z1)
Al 'n 1

It is easily seen that (P2}).cx is a Markov kernel (on (X™,E™)). So we have

Theorem 4.4.1. Let Xg, X1, Xo,... be a time homogeneous Markov chain with one-step
probabilities P. Then for alln € N

(X1,....X,) [ Xo 2 P"
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Observe that if Xy = = (similar to saying that X(P) = d,) then we have that
P((X,- X0) € B) = [ Py dXo(P)y) = PE(B)

so we can interpret P to be the marginal distribution of (X1, ..., X,,) if the chain is started
deterministically in z. Equivalently this can be expressed as P, = Py . This interpretation

is very useful.

Since (Py)zecx is the conditional distribution of X, 1 given X,, for all n € N we almost

immediately obtain

Theorem 4.4.2. Let Xy, X1, Xo,... be a time homogeneous Markov chain with one-step
probabilities P. Then for allmn € N

(Xerts - X)) | Xe 2 P" forallkeN

Proof. Simply write
P(Xy € Ay, Xpgn € Apgn)

/ / / mk+n 1(Ak+n) Thtn— 2(xk+" 1) dPIk(xk_H)ka(P)(xk)
Ay Ak+1 Aggn—1
:/ P;(Ak+1 X oo X Ak+n) ka(P)(if)

Ak

which shows the result. O

4.5 The Chapmann-Kolmogorov equations

In this section, we will be discussing a number of Markov kernels on a fixed space (X,E).
They will be denoted by generic symbols like P, @ and R. To be specific, when we write
Q, we are talking about an (X, E)-Markov kernel on (X,E), which in all its glory could be
spelled out as (Qz)zex-

Definition 4.5.1. We define the composition of two Markov kernels P and Q on X as the
new Markov kernel P x Q, given by

(PxQ).(A) = /Py(A) dQs(y) forall AcE,xze X .
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Of course it has to be checked that P x () really is a new Markov kernel, but that presents
no difficulty. We could extend the definition to composition of kernels on different spaces: if
Q@ is an X-kernel on ), and P is a Y-kernel on Z, then P x @Q given by the above formula,
is an X-kernel on Z. A certain amount of bookkeeping has to be developed in order to keep

track on where the various kernels live, and we will not pursue this matter.

Lemma 4.5.2. If P and Q are two Markov kernels on X, then

[1@aPc@ue = [[ 1ap,6) d0.0),

at least for all non-negative measurable functions f : X — R, and all bounded, measurable

functions.

Proof. An application of the extended Tonelli/Fubini theorem. Note that by definition, the

integral formula is true for indicators f(z) = 14(z). O

Lemma 4.5.3. Let X, Y and Z be random variables with values in (X,E). Suppose

1) Q is the conditional distribution of Y given X,
2) P is the conditional distribution of Z given'Y,

)X Z|Y .

Then P x Q is the conditional distribution of Z given X.

Proof. A simple computation. Observe that the conditional independence gives that the
conditional distribution of Z given (X,Y") is the Markov kernel (z,y) — P,. Hence

P(X€AZeC)=P(XeAYeX,ZeC) :/A XPy(C)d(X,Y)(P)(:z:,y)

:A/awm@@mmmm
- /A(p* Q).(C)dX(P)(x)

Lemma 4.5.3 makes it evident that compositon of Markov kernels is not commutative. In

general, P x @ # @ * P. But other simple properties hold:
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Lemma 4.5.4. Composition of Markov kernels on (X,E) is associative. That is, if P, Q

and R are three Markov kernels, then

(P*Q)*R:P*(Q*R).

Proof. For any x € X and A € E we have
(Pr@)+r) = [Pr@@draw = [ [ P)dQ,E) dR.0)
_ /PZ(A)d(Q*R)m(z) = (P+(Q+R)) (4).

The associativity lets us interpret long composition of Markov kernels without ambiguity -
it does not really matter in which order, the compositions are carried out. In particular we

can define powers of a Markov chain,

P"=PxPx...xP
n factors
without worrying about if the compositions should be carried out from left to right or from
right to left or from the middle and out. And we have immediately formulas like

pr(ntm) — pxny prm (4.12)

We may even extend the notion of power to a "power of zero’, if we define P*? as the trivial

Markov kernel, consisting of a onepoint measure in each point
*0
P =0,

With this extension (4.12) holds for all n,m > 0.

Suppose now that Xg, X5,... is a Markov chain on (X,E). Suppose it is time homogeneous
in the classical sense: there is a single Markov kernel P that can act as one-step transition
probability from time n to time n + 1 for all values of n. Symbolically written:

p Z X1 | X for n=0,1,2,...
In this scenario we are able to write the entire transition structure of the chain in terms of
composition powers of P. We obtain formulae like

rrt 2 X X, for mk=01,2,..., (4.13)
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A formal proof of this statement is based on lemma 4.5.3, and proceeds via induction on
k - the details are left to the reader. A combined use of (4.12) and (4.13) is prototypical
in Markov chain theory, and is usually referred to as a use of the Chapman-Kolmogorov
equations. You could say that the Chapman-Kolmogorov equations are not really equations,
but a principle, that combines the power formula (4.12) (which is a trivial consequence of
the associativity of composition of Markov kernels) with the interpretation of the kernels
in the formula as specific conditional distributions. As in 'we can compute the conditional
distribution of X, x4, given X,, by finding the conditional distribution of X,y given X,

and the conditional distribution of X, k1 give X, and combine them via composition’.

Example 4.5.5. Let X, X1, X5,... be a time homogeneous Markov chain with one-step
transition probability P. For a fixed k > 0, the process Xg, Xy, Xog, X3k, ... is called the
k-skeleton of the original chain. This is itself a Markov chain, as the original chain satisfies

the Markov property
Xo, X1,y Xnk—1 L X1, Xnkt2, - | Xk
and this can be reduced to
X0, Xy s X(n—yk L Xngryw | Xk -

Note also that the k-skeleton chain is time homogenous with one-step transition probaility

P¥ as follows from the Chapman-Kolmogorov equations. o

4.6 Stationary distributions

Recall that a process Xg, X1, Xo, ... is called stationary, if
(X1, X9, X3,...) 2 (Xo, X1, Xo,...)
and that we have the very useful result
Theorem 4.6.1. A stochastic process Xg, X1, Xo, ... is stationary if and only if
(X1, Xy ooy Xng1) 2 (X0, X1, -0, X,)
for all n € N.

Recall that for a Markov chain X, X1, ... with transition probability (P, ) and initial distri-
bution p, we find the marginal distribution of X7 as

P(X1 € 4) = P(Xo € X, X1 € 4) = [ P(4)dXo(P)(0) = [ Pu(4) du(o)
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We have the following extremely simple condition for stationarity saying that it is only need
that Xy and X; has the same distribution

Theorem 4.6.2. assume that Xo, X1, Xo,... s a time homogeneous Markov chain with one-
step transition probability P and initial distribution u = Xo(P). Then the Markov chain is

stationary, if
u(4) = [ Pu(4) duto) (4.14)
for all A € E.

Proof. We can express the distribution of (Xj, ..., X,) as follows when using that P™ is the
conditional distribution of (X7,...,X,) given X,

P(X()EAQ,...,XHEAn): P;L(A1XAn)dX0(P)($)
Ao

Using that P is also the conditional distribution of (Xa, ..., X,+1) given X; we obtain that
the distribution of (X7i,..., X,41) is given by

P((Xl S Ao, . ,Xn+1 S An) = Pg(Al X+ 'An) Xm(P)(J?)
Ag

From this we see, that the process will be stationary, if Xo(P) = X;(P), which is similar to
(4.14). That ”only if” holds follows from letting n = 1 in Theorem 4.6.1, which gives that

X, 2 x,

is a necessity for stationarity. O

4.7 Exercises

Exercise 4.1. Assume that Xy, X1, Xo, ... is a Markov chain. Show that also Xg, X3, Xy, ...

is a Markov chain (Hint). o

Exercise 4.2. Consider the one-dimensional AR(1)-process
Xn+1 = an + €n+1,

where all €1, €a, . .. are iid with a A(0,1) distribution. Assume that X is independent of all
the €’s.
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(1) Find the conditional distribution of X,,4+1 given X,, for all n € Ny

(2) Assume that |p| < 1, and assume that Xy has a N/(0,0?) distribution. Find o2 such
that all X, has the same distribution as X. Is this possible, if |p| < 17

Exercise 4.3. In general a renewal process (as defined in Example 4.1.14) does not have the
Markov property. In this exercise we shall see an example, where the ”memoryless property”

of a geometric distribution actually makes a renewal process Markovian.

Let Z1,Z5,... be independent and identically distributed Bernoulli variables with success
probability p € (0,1):
PZ,=1)=p P(Z,=0)1-p

Define the associated random walk

forn=0,1,2,....

(1) Argue that My, My, ... is a Markov chain.

Let (F,,)nen, be the corresponding filtration:
F, = o(Mo,..., M,)
Also define the random times
T, =inf{m € Ny : M,, > n}

forn=20,1,2,....

(2) Show that each T, is a stopping time with respect to the filtration (Fy,),en,-
(3) Show that each T, is almost surely finite (Hint).

(4) Argue that Tp < Ty < T < --- (not a deep result:-)).

Now define the ”waiting times”
Y;L = Tn - Tn—l

forn=1,2,....
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(5) Show that the sequence Y7,Ya,... are independent and identically distributed with

common distribution
P(Y,=k)=1—-p)*p fork=1,2... (4.15)
(Hint).
(6) Define Ny, N1, Na, ... to be the renewal process generated by Y1, Ys,...: Let
Sn=>_Yi
k=1
and define
N, =sup{k : Sy <n}

Show that N,, = M, for all n =0,1,2,... (Hint).

(7) Collect the results from (1)-(5) to a proof of the general statement: If ¥7,Y5, ... are in-
dependent and identically distributed with distribution as in (4.15), then the associated

renewal process is a Markov chain.

Exercise 4.4. Assume that Xy, X7, Xo,... is a Markov chain. Assume that 7 is an almost

surely finite stopping time.

(1) Show that 7+ k is a stopping time for each k¥ € N (Hint).
(2) Show that o(7) = o(7 + k) for each k € N.

(3) Show that the sequence (X;4k, T + k)ren, is @ Markov chain (Hint).

Exercise 4.5. Assume that Xy, X1, Xo, ... is a time homogeneous Markov chain with values

in (X,E). Assume that 7 is an almost surely finite stopping time.

(1) Show that the sequence X, X; 11, Xry2,...is a Markov chain (Hint).
(2) Show that the Markov chain is time homogeneous with
D
Xovbor1 | Xege = Xigr | Xa

(Hint).
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Now assume that Xg = x for some x € X'. Furthermore let
T=inf{n>1: X, =z}

and assume that P(7 < o0) = 1.
(3) Argue that Xy, X1, Xs,... and X, X1, X,1o have the same distribution.

Define

Ne =Y 1(x,=a)
n=1

(4) Show that P(N, = o0) = 1.

Exercise 4.6. Assume that (X}, X{, X3,...) and (X3, X7, X3,...) are two independent
time homogeneous Markov chains on (X, E) with the same transition probabilities (Py)zex-

Let
T=inf{n €Ny : X} = X2}

and assume that P(7 < o0) = 1.

(1) Show that 7 is a stopping time with respect to the (filtration generated by) the process
(lew XTQL)'”ENO :

Define the process Xg, X1, Xs,... by

X}L n<rTt
-
X;: n>T1

We can assume that the two Markov chains have the same update scheme:

X1+1 = ¢(X71u Ui+1)

n

X2 =0(X2,U20)

n

where all U, Us,...,U2,U2,... are iid uniformly distributed. Define the new sequence
Ul, UQ, ce by
Upn=U)Lirony + Ur - Lirap)
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(2) Show that Uy, Us,... are iid following the uniform distribution (Hint).

(3) Show that Xg, X1, Xo,... is a time homogeneous Markov chain with transition proba-
bilities (Py)zex (Hint).

Exercise 4.7. Assume that XoX7, Xo,... is a time homogeneous Markov chain on (X, E).
Let A be some measurable subset of X and define the first hitting time of A by

T4 =inf{n e Ny : X,, € 4}
Define o to be the first time the process hits the set B after time 74

op=inf{n >714 : X,, € B}

(1) Show that
Xop WL Fry [ Xry

(Hint).

Now let the set A be fixed and define the sequence of stopping times 71 < 72 < ... by
T =TA

and recursively
Tot1 = inf{n > 7, : X, € A}

(2) Show that X,,, X,,,...is a Markov chain.

(3) Show that X,,, X,,... is time homogeneous (Hint).

Exercise 4.8. Assume that X, X1, X5, ... is a time homogeneous Markov chain with tran-

sition probabilities (P, )zex. Let 7 be a first hitting time
r=inf{ne Ny : X,, € A}
for some measurable set A C X. Define the process Yy, Y7,Ys,... by
Yo = Xorn

for all n € Ny.
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(1) Show that Yy, Y1,Ys,. .. is a Markov chain (Hint).

(2) Show that Yp,Y7,Ys,... is time homogeneous and find the transition probabilities
(Hint).
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Chapter 5

Ergodic theory for Markov

chains on general state spaces

Consider a stochastic process Xg, X1, Xo,... with values in some measurable space (X,E).

Then we are often interested in knowing, when empirical means like

n—1

Z f(Xk,Xk+1,Xk+2, .. )
k=0

3=

converges, where f : X*° — R is some measurable function defined on the sequence space
X,

A well known simple result is the Strong Law of Large Numbers:

Theorem 5.0.1. Assume that Xo, X1, Xs, ... are independent and identically distributed.
Assume that f: X — R is a measurable function such that E|f(Xo)| < co. Then

n—1

! > f(Xk) = Ef(Xy)  as.

n
k=0

as n — Q.

A much more general result is The Ergodic Theorem. To formulate that result, we need to

recall some definitions from the course VidSandl.
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Let in the following Xo, X7, Xo,... be a stochastic process with values in (X,E). Let P
be the distribution of the sequence (Xo, X1, Xo,...) — hence it is a probability measure on
(X>°,E®). Let S: X — X be the shift

S(.’Eo,l‘l,aﬁg, .. ) = (56‘1,1]2,.’173, .. )

Note that Xg, X1, Xo, ... is stationary, if

19

(Xo, X1, Xo,...) S(Xo, X1, Xo,...)

We define the invariant oc—algebra for S by
I={AcE>®: S 1A = A}
Definition 5.0.2. A stationary process Xo, X1, Xo, ... with distribution P is called ergodic
if
P(A4) €{0,1}
forall AeT.

For ergodic processes we have the Ergodic Theorem

Theorem 5.0.3 (Ergodic theorem). Let X, X1, Xo,... be a stationary and ergodic process,
and let f: X*° — R be a measurable map, such that

E|f(Xo,X1,X2,...)| <o0.

Then
1 n—1
- > F(Xn, Xer1, Xiga, ) = Ef (X0, X1, Xa,...)  a.s.
k=0
as n — oQ.

Note: The limit can be written as
Ef(Xo,Xl, XQ, .. ) = /f($0,$1,$2, .. ) dP(a:o, T1,22,.. )

which will be a useful notation later on.

A useful tool to check whether a process is ergodic is the concept of being mixing

Definition 5.0.4. Let Xo, X1, Xo, ... be a stationary stochastic process with distribution P.
We say that S is mizing with respect to P, if for all F and G in E*

lim P(F NS ™Q)) = P(F)P(G)

n—oo
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because we have the result

Theorem 5.0.5. If S is mixing with respect to P, then Xy, X1, Xo,... is ergodic.

The following Corollary gives a condition that ensures .S being mixing
Corollary 5.0.6. If it for all m,k € Ny and all A € E™*! and B € EFt! holds that
NliglooP((XO,...,Xm) €A (Xn,...,Xn+k €B)
= P((Xo, ..., Xm) € A)P((Xo,..., X)) € B),

then the shift S is mizing with respect to P.

In this chapter we will find conditions that makes Markov chains ergodic, such that the
Ergodic Theorem holds. In fact, we will obtain a much stronger result: The averages in the

theorem may converge even in situations, where the process is not stationary!

5.1 Convergence of transition probabilities

We start by introducing a convergence concept for sequences of probability measures on
(X,E).

Definition 5.1.1. Let ug and vy, vi,vs, ... be probability measures on the same measurable
space (X ). We say, that v, converges to pg as n — oo and write v, — g, provided

lim [ hy) dv,(y) = / h(y) dpioy) (5.1)

n—oo

for every bounded and measurable function h on (X, E).

This a very strong form of convergence, e.g. it follows for h = 1 that

lim v, (B) = po(B)

n—oo

for every B € E.

The standard form of weak convergence requires that (5.1) holds for all continuous and
bounded functions. However, that will only make sense if there is a topology on the state
space X. But in that case the convergence above is stronger than weak convergence. If
X is a finite space, then all bounded functions are continuous, and hence the two forms of
convergence are equal.
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Theorem 5.1.2. Assume that Xo, X1, Xo, ... is a Markov chain with transition probabilities
(Pp)eex. If there exists a probability measure o such that PI™ — po for every x € X,
then po is a stationary initial distribution of Xo, X1, Xo, ..., and it is the only stationary
distribution.

Proof. That g is a stationary distribution is seen as as follows: Let A € E. Then because

of the Chapmann Kolmogorov equation

n—oo n—oo

po(A) = lim Pr"t(A) = lim [ P,(A)dP;"(x /P )dpo (2
which due to Theorem 4.6.2 shows, that the Markov chain is stationary, if Xo(P) = 0.

Now we show the uniqueness: Assume that p is a stationary initial distribution. If we let
Xo(P) = p we obtain that X,,(P) = Xo(P), so

j(A) = P(X, € A) = P(Xp € X, X,, € 4) = / PI(4) dXo(P)(x) = / P (4) dpu(z)

where we have used that P* 2 X, | Xo. But let n — oo in the above equality. From
dominated convergence (since all 0 < Pf"(A) < 1) we obtain that

p(A) = [ (4 du(e) = o(4).
showing that pu = ug. O

Theorem 5.1.3. Assume that X, X1, Xo,... is a Markov chain with transition probabilities
(Py)zex, and assume that there exists a probability measure po such that PX™ — ug for every
x € X. Assume that Xo(P) = po such that the Markov chain is stationary, and let P, be
the distribution of the Markov chain. Then it holds that the shift S is mizing with respect to

Puo, and in particular the Markov chain is ergodic.

Proof. Assume that Xo(P) = pg. Let A € E™*! and B € E* and consider

P((Xo,..., Xm) €A, (XNt1,.- ., XNtk € B) (5.2)
=P((Xo,...,Xm) € A, XN € X, (XN+1,..-s Xn+k) € B)
/ d(Xo,...,Xm,XN)(P)(J?o,...,xm,xN)
AxXX

_ /A / PE(B) AP N ™) () d(Xo, - .., X) (P) (@0, - - ., T
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In the second equality we have used that pk 2 (XN+1,--, XN+k) | XN, and
(XNit1yeo o Xnpk) L (Xoy oo, Xm) | Xiv -
In the third equality we used that P*(N—m) L Xn | Xy For the inner integral we obtain
[Pim ) - [ Ph) dut)
= P((Xy,...,Xx) € B)=P((Xo,...,X;_1) € B)

as N — o0o. So from Dominated convergence we obtain that the probability in (5.2) has the

limit
/AP((XO, o Xk) € B)Yd(Xo, - X)) (P) (o, - - -, Tm)
= P((Xo,...,Xm) € A)P((Xo,...,Xk-1) € B)

which according to Corollary 5.0.6 is precisely what is needed to say that S is mixing. O

5.2 Transition probabilities with densities

We will in the rest of this chapter make the assumption, that all the transition probabilities

(Py)zex have densities with respect to some o—finite measure v on (X,E). We demand that

for all x € X it holds that
)= /A ki (y) dv(y)

where (z,y) — ks (y) is (X2, E?) — (R, B) measurable, and of course y — k,(y) is the density
of P, with respect to v.

Then using the Chapmann Kolmogorov equation gives for n > 1 that
Py"(A) = (Px P 1), (A)

_/</Ak (2) dv(z )) dP; "= (y)
:/A (/ky(z)dP;(”l)dy)> dv(z),

which shows that P;™ has density

B) = [ k)P ()
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*(n-1) similarly have density kg(cn_l) gives

/k”l (y) dv(2).

Repeating the same arguments with n and k arbitrary gives

K (y) = / B (2) k) () do(2) (5.3)

with respect to v. Using that P,

Now assume that X, X1, Xs,...is a Markov chain with transition probabilities (P,).ecx with
densities as above. Assume furthermore that X, has distribution p. Then the distribution

of X,, is given by
P(X,€A)=PXoe X, X, €A
— [ Py dute)

/(/ k( ) dp(x)
= /A ( / kKM (y) du(w)) dv(y)

which shows that X,,(P) has density P*"(u) with respect to v, where

P () (y) = / K () dp(e)

In the case, where p has density f with respect to v, we will use the notation P*"(f) for the
density of X,,(P). In that case we have

P = [ K0 (@) dvo)
Using (5.3) gives the following version of the Chapmann Kolmogorov equation

P*(n+k) /k‘ n+k d/”' )

/ E (2) k) (y) du(z) dp(z)

= P (P (1)) (1) (5.4)

The equation (5.3) used again — now with (n,k) = (n,1) — gives

P (k) (y) = / K (y) ko (2) di(z) = KD () (5.5)
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5.3 Asymptotic stability

Let L'(v) be the vector space of all v-integrable functions, and define

D:{fELl(V):fZO,/fduzl}

to be the subset of L'(v) consisting of all the probability densities. On L'(r) we have the

1l = / \fldv

Definition 5.3.1. Transition probabilities (Py).cx that have densities (ki )zex with respect

L! norm given by

for f € L'(v).

to v are called asymptotically stable if there exists fo € D such that
vVfeD: nli_)rréoHP*”(f) — foll=0. (5.6)

Theorem 5.3.2. Let X, X1, Xs,... be a time homogeneous Markov chain with transition
with transition probabilities (Py)rcx that are asymptotically stable. Then the probability
measure oy = fo - v with density fo with respect to v is the only stationary initial distribu-
tion. Furthermore the shift S is mizing for the distribution P,, of the stationary chain. In

particular the stationary chain is ergodic.

Proof. Let z € X. Since k{™ (y) = P*"=Y(k,)(y) according to (5.5) we have

/

as n — 0o, where the convergence follows from (5.6). Now let & : X — R be a bounded and
measurable function with |h| < ¢. Then for all x € X it holds that

K () = folw)| dvly) = [P0k = fo| =0

[ ntarz - [ ) aualo)
- ‘ / h(y) k™ (y) du(y) — / h(y) fo(y)dl/(y)‘
< [ b1 K ) = o) dv(y)
<c [ W)~ fol)|dvly) 0

as n — oo. Hence we have shown that P;" — pg for all z € X. The theorem follows from
the Theorems 5.1.2 and 5.1.3. O
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Note: In the proof we only used that
Ve e X : lim ||k — fol| =0
n—oo

but as we shall see in the following lemma, this is in fact equivalent to the assumption (5.6)

giving asymptotic stability.

Lemma 5.3.3. Consider the framework from Theorem 5.3.2. Let P(X,E) be the set of all
probability measures on (X, E). Then the following conditions (a), (b) and (c) are equivalent

(a) VreX L lim e [REY — fof| = 0
(b) VfeD t iy oo [|[P*(f) = fol| =0

(¢) VueP(X,E) : lim, oo HP*"(M) — fOH =0

Proof. Tt is obvious that (c) = (b) = (a), so we only need to show that (a) = (c). To show
this, we firstly derive the following: Let p be a probability measure on (X,E). Then

177 = foll = [ ] [ 5 duto) - atw]avo)
[ [ Ko utan) = [ fatw) dute)|aviw)
< [ ([ K9 w) = fotw) du(o)) awt
= [ ([ K90 - s avio) auto)
and since
/ [k (y) = fo(y)| dv(y) < / kS (y)dv(y) + / foly) dv(y) =2,
it follows from Dominated convergence and (a) that the double integral tends to 0 as n —

0. O

Note that the conditions (a), (b) and (c) are equivalent to £!(v)—convergence of the density
of X,,(P) to the density fy, if

(a) Xo=ux for some z € X

(b)  the distribution of Xy has a density w.r.t. v

(¢) the distribution of X is an arbitrary distribution
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Condition (a) is the weakest of the three. Condition (b) will be the most convenient to work

with, and condition (c) is the strongest implying the following result

Notation:
Recall that P, denotes the distribution on (X>°,E*) of X, X1, X5, ..., when X, 2 L.

We will also need a notation for the probability measure on (2, F) that gives X, this distribu-
tion: For a given probability measure p on (X,E), we let P, denote the probability measure
on (92, F), that makes X, 2 73

Theorem 5.3.4. Assume that Xo, X1, Xs,... is a time homogeneous Markov chain with
transition probabilities (Py)zcx that have densities with respect to v and are asymptotically
stable with ug = fo - v as the stationary distribution. then no matter which distribution p
that is chosen to be the initial distribution of Xg, then the following holds:

If f: X% — R is a measurable function, such that

/|f(x0,:1c1,x2, ) APy (o, 21, 22, .. .) < 00,

then
n—1

1
EZf(Xk,Xk+1,Xk+2,...)—)/f($0,931,1‘2,...)dpuo(lfo,.rl,wz,...) R,(*G,.S.
k=0

as n — oQ.

Proof. Recall that
PF = (Xpi1,. s Xngr) | Xn

for all n € N. Then we have for all By, € EF that
P, o Xo) € Bi) = [ PEEL) AX, (P (o)

- / PE(Bi) PP () () dv(x)

where we have used, that X,, has density P*"(u) under P,. Also recall that P¥(By) can be
considered as the probability of Ps_((X71,...,Xk) € B) in a situation, where X = 2 (hence
the notation Pj !!). Hence we can write

Pr(B) = Ps, (X x By x X>)
so we have

Pul(Xnitse s Xnsr) € By) = /%(A’ % By x X%) P* (1) () dv(z)
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for all By, € E*. By standard extension arguments (since {By x X : By, € EF k € N} is

an intersection stable generating class for E>) we have
P,(Xn41,Xnt2,...) € B) = /’P(;z (X x B) P™(u)(x) dv(z)

for all B € E*°. Now define H € E> by

n—1
1
H = ( Zf(Xkan+lan+2;---) 4)/f(’l}o,$1,1'2,...)dPHO($0,$1,x2,...)>

n
k=0

Then H is in the tail o—algebra for the sequence Xy, X1, Xo,..., so in fact, H has the form
H=((Xni1,Xn1a,...) € D,)
for every n € N and some D,, € E*°. Thereby we have, that
[PAH) = Poy(8)] = | [ Po, (X x D) P()(a) () — [ P, (X x D) P (fo) &) (o)
= | [ Po. (@ x D) P () dula) [ Po(X % D) fole) dv(a)|
< / Ps, (X % D,)| P (w) () — fola)| dv(a)
< [ 1P (0)(@) = fola)| dv(a)

= ||P*™ (1) = fol|
—0

as n — o0o. Since we already know that P, (H) = 1 according to Theorem 5.3.2, we must
also have that P,(H) = 1. O

The concept used above is L! (v)—convergence of densities with respect to the o—finite measure
v. If a sequence of densitites converges in L*(v)-norm, there exists a subsequence converging
v—a.e. (almost everywhere). It is worth noting that suitably understood, the converse also
holds

Lemma 5.3.5. If f, fo, f1, f2,... € D and lim,, o frn(z) = f(x) v-a.e., then lim, o || fr. —
fll=0.

In other words, if a sequence converges pointwise a.e. there is also L'-convergence.
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Proof. Define d,, = f — f,. Then d} < f and from using dominated convergence it follows
that

n—oo

lim d;’{dV:/lim dIde/OdeO.
n—o0
Since d;, = d} + f,, — f we have

lim [ d, dv= lim [ d}dv+ lim fndl/—/fdl/:()-l-l—l:o
n— 00

n—oo n—oo

(where it is used that f is a density) and therefore

lim/\fffn\duzlim /d:dl/+lim d,dv=0+0=0
n—oo n— oo

n—0o0

Example 5.3.6. Consider the autoregressive process of order 1. Here (X,E) = (R,B), and
for all n € Ny
Xn+1 = an + €nt1,

where Uy, Us, ... are independent and identically distributed and furthermore independent
of Xo. We assume that each €, has a NV'(0,1) distribution. In an exercise it is shown that

the conditional distribution (P;"),cgr of X, given Xj is given by
P =N(p"z,07,),

where )
2 _1=pT"

On =T 7 7
Hence the n—step transition densities are given by

1 (y — prz)®
() () = A e
kw (y) /727(_0_721 exp ( 202

n

If |p| < 1 we see that
1
1—p2

and furthermore p"z — 0. So we have obtained that

1 y2
E () - ex <_>
(y) Aol AT

for all x and y in R. By a reference to Lemma 5.3.5 we see, that the transition probabilities

2 2.
0, — 0f =

are asymptotically stable with A/(0,02) as the stationary distribution. o
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Example 5.3.7. Here we consider the ARCH(1)-process: Assume that the Markov chain
Xo,X1,Xo,... is given on the update form

Xny1= Vv +aXzeny,

where (again) €j,€s,... are independent and identically distributed and furthermore inde-

pendent of X,. Here we have the transition probabilities (P,).cr, where
Px :N(O,’y+0&$2)

corresponding to the densities

2

) P S——
J2n(y + ax?) 2(7 + aa?)

It is not possible to find the n—step transition densities and neither does one know the
stationary initial distribution in the cases where it exists. We shall see later that the Markov
chain is stable if (and only if) o < 3.56 .. .. o

5.4 Minorisation

We still consider the setup, where the transition probabilities (P,)ex have densities (k;)zex

with respect to a o—finite measure v.

Recall that we for a density f € D found

P (f)(y) = / K (4) f(2) du(z) (5.7)

to be the density of X,, if Xy has density f. It makes sense to use this definition for all
f € LY(v) — we shall see in the following lemma, that the resulting function is well defined
and that P*(f) € L*(v) as well.

Lemma 5.4.1. The definition in (5.7) defines a linear map P*™ : L'(v) — L'(v). Further-
more it holds that

F20 = P™f)>0 and [P =1l
For f € LY(v) it holds that
(P(f)) " < P™(f*)  and (P*™(f))” < P*™(f7).

Moreover P*™ is a contraction

PO < LA
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Proof. Tt is obvious, that the map is linear, and that f > 0 implies that P*™f > 0 (since k,

is non—negative). For f > 0 we have

1Pl = [ P = [ ([ K@@ )i,

which using Fubini’s theorem

- [1@( [ K@ avw))avo) = [ 5@ av) = 11

From this we see in particular that the definition of P*"(f) must make sense for all f € L!(v),
since the integrals involved are finite when integrating |f|. Since the map is linear and
positive (maps non—negative functions to non—negative functions), it must be increasing such
that (since f* > f) P*(f*) > P*(f). But since always P**(f*) > 0 we derive
* * +
P(fT) > (P™(f))

The argument for the negative part is similar. Then

P () = (P(A) T+ (P(F))
< (P(F) 4+ (P(F)) = PP+ ) = P )

+

SO
[P (O < 1P (DI = [ £]

O

Definition 5.4.2. A non-negative integrable function h € L'(v) is said to be a minorant

for the transition probabilities if |h|| > 0 and there for all f € D exists a sequence of non—

negative functions e, (f) in L*(v) such that

P (f) = h —en(f) (5.8)
and

lim [len(f)]] = / enlf)dv =0 (5.9)

n—r oo

Note:
If it holds that P**(f) — h > 0 from some step onward, then we have that h is a minorant,

and we can simply let €,(f) = 0 from this step.

The inequality (5.8) is equivalent to saying that

en(f) 2 (h=P™(f))" = (P™"(f) = h)”
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so we could of course define €, = (P**(f) — h)~ and have that (5.9) is satisfied precisely
when ||[(P**(f) — h)~|| — 0. However the definition using e,—functions is simpler to work
with. The inequality (5.8) may be written as

[P (f) = B < P (f) — h + 26n(f)
SO
1P (f) — bl < / P(f) = h+ 26,(f) dv
— 1~ [|h] + 2llen (D]
Letting n — oo on the right hand side gives

limsup [[P**(f) = hl| <1 — ]| (5.10)

n—oo

Think of a Markov chain Xy, X1, Xo, ..., where X L 1 and where the transition probabilities
(Py)zex have a minorant. Then we have the following, using P*"(u) = P*=D(P*(u)),
where P*!(u1) is a density
liminf P,(X,, € B) = liminf/ P () dv = /
B

n—oo n— oo B

P*("*l)(P*l(u))dyz/ hdv
B

Since [hdv > 0, this shows that the probability mass cannot ”vanish” when n — oo, if
a minorant exists. Hence (part of) the intuition of the existence of a minorant is that the
distribution of the variables cannot keep changing — the probability mass is (partly) fixed by
the function h, so there are limits for how much it can "move around”.

Theorem 5.4.3. The transition probabilities (Py)zex for a Markov chain are asymptotically

stable if and only if there exists a minorant

Proof. First assume that the transition probabilities are stable
YfeD : lm [P7(f) ~ ol =0.
In particular we have for a given density f € D that
(B (f) = fo) "Il < [IP*(f) — fol| = O
which shows that the stationary density fy is a minorant.
Assume conversely, that a minorant h exists. From (5.10) it follows that 0 < ||h|| < 1. It is

also seen from (5.10), that it suffices to show that there exists a minorant h with [|h|| = 1.

The idea in the proof will be to find a maximal minorant. let

¢ =sup{ ||| : his a minorant}.
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Then 0 < ¢ < 1 and we can choose a sequence of minorants hi, ho,... 80 ||hn| — ¢ for
m — 00. Now we show that the maximum h; V hsy is again a minorant if both h; and hs are

minorants: We have

P (f) > h1 —e1n(f) and  P™(f) > ha — e2.,(f)

Then also
P (f) > haVhy —ern(f)Ven(f),

where [let(F)V ean(£) < lletn(f) + 2 (5 < llevn(F)l| + ez ()]l = 0. And this shows,
that hy V hy is a minorant.

Then we can assume that the sequence hy, ho, ... is increasing, hy < ho < ---, and hence the

limit hg = lim,,, 0 hyp is well defined. Furthermore we see from monotone convergence that

Mﬂz/%@zhn/%@zhmMM:c
m— 00 m—00

and similarly we have that lim,, , ||ho — Am|| = 0. Furthermore we must have, that hg is a

minorant as well, since
P*n(f)fh():P*n(f)fhm“i’hm*hO Z *em,n(f)7|hm7h0‘7
giving (P*”(f) — ho)_ < €mn(f) + |hm — ho| such that

1ini)sup H(P*"(f) — ho)H < || = hol| -

And since this is true for all m € N, and the right hand side have limit 0, when m — oo, we

must have that
[(P"(f) = ho)|| = 0

as requested.

Now let h be another minorant. Then also h V hgy is a minorant, and since
cZ/h\/hoduz/hodV:c

we conclude that h < hy v—a.e.

From the inequality P*"(f) > ho — €, (f) it follows (using that P*! is increasing) that

PN () = PP(F)) 2 P (o) — P (en(f))
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and because ||P*(e,(f))|| = llen(f)|| — 0, we see that P*!(hg) is a minorant. Consequently
ho > P*'(hy) v-a.e., but since

/ hodv = ol = [P (ho)|| = / P (ho) dv

we conclude that in fact hg = P*!(hg) v—a.e. Defining fo = ho/c such that fy is a probability
density, we see that also fo = P*!(fo) v—a.s. showing that fj is the density for a stationary

initial distribution.

Now let A be some minorant. We want to show that the Markov chain is asymptotically
stable. Let therefore f € D and we want to show that ||[P*"*(f) — fo|| = 0. Define g = f — fo
and assume without loss of generality that d = ||g||/2 > 0 (otherwise there would be nothing
to show). Since [gdv =1—1= 0 we must have that ||¢g7|| = ||¢”|| = d. Now

1P (f) = foll = [P () = P*" (fo)l
=[P (9l
= [|d(P™" (g7 /d) — h) — d(P™" (g™ /d) = h)|
=d|P™(g" /d) = h|| +d|[P*" (g™ /d) = A],

and because g7 /d, g~ /d € D it follows from (5.10) that

limsup [P () = foll < limsupd ([P (g*/d) = | + [P (g™ /d) = b} (5.11)
= 2d(1 - |l (512
= I1£ = foll(1 = ). (513)

By replacing f by P*™(f) we obtain for each m = 1,2,... that

limsup || P*"(f) — fol| = limsup | P*H™) (f) — fo|
n— o0 n—00
= limsup [|P*"(P*™(f)) — foll
n— oo

< P () = follX = [IAl)

and by letting m — oo it follows from (5.11) that
tim sup [|P7(f) = foll < I = foll (1 = 1112
Repeating this argument gives that

tim sup [|P7(f) = foll < I = foll (1 = IR[*
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for each k =1,2,.... And since 1 — ||h|| < 1 we obtain
Jim [[P*(f) = fol =0

from letting & — oo. O

For deciding whether a function is a minorant or not, the following result proves useful

Lemma 5.4.4. Let D* be a dense subset of D. Then h is a minorant if for all f € D*
there exists a sequence of non-negative functions e,(f) in L'(v) such that (5.8) and (5.9)
are satisfied.

Proof. For f € D and f* € D* we have
PT(f) = h=P7(f*) =h+ P7(f) = P""(f") 2 —ea(f*) + P (F = [7),
and therefore (P**(f) — h)~ < e,(f*) + |P*"(f — f*)| and consequently
limsup | (P*(£) ~ h)” | < Tmmsup |2 — £ < 17~ 5]
Since inff+¢p || f — f*| = 0 it follows that

Jim [[(P™(f) =h)"[| =0

5.5 The drift criterion

In this section we will develop a very useful necessary condition for the existence of a minorant.
Theorem 5.5.1. Let V : (X,E) — (R,B) be a non-negative measurable function such that
0<a<land0<p < oo exists with

/V(y) dP,(y) <aV(z)+ 8 forallz e X (5.14)
Furthermore assume that there exists m € N such that for some r > §/(1—a)+1 the function

— inf k(™
V'™ Vi< )

1s measurable, and that

inf k™ (y)dv(y) > 0. 5.15
[ int_ KO@av) (515)

Then 1t holds that the transition probabilities are asymptotically stable.
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The function V is called a drift function or a Lyapounov function. Typically the be-
haviour of V' is such that V(z) — oo, when z approaches the boundary of X, so the set
{r € X : V(x) < r} is bounded. Usually it is quite easy to verify condition (5.15), so the
critical condition is (5.14). Since a < 1 — informally phrased — the condition states that the
Markov chain has a tendency to drift towards z’s with low values of V' (x). The condition

(5.14) may become more clear if we rewrite it using random variables:

E(V(Xpy1) | Xn=2) <aV(z)+ 8

Proof. The idea in the proof is to determine a minorant, because then it will follow from
Theorem 5.4.3 that the transition probabilities are asymptotically stable. Define B = {z €
X V(z) <r}and

e g(m)
h(y) Inf k3 ().

Then for f € D
= [ K@) P($)a) dula)
> hy) /B Po(f)() du(z).

Let 6 =1— %(i + 1) > 0. We shall show that

l-«a

/B P (f)(z) dv(z) > 6 (5.16)

for n sufficiently large (depending on f). Because then P*(*+™)(f)(y) > 6h(y) for n suffi-
ciently large, and it will follow that dh is a minorant.

Now

/P*”(f)(:n)dz/(x) = P, (X, € B)

= Pf.u (V(Xn) < ’I")
=1- Pfl,(V(Xn) > 7“)

and by Markov’s inequality

Pf,,(V(Xn) > ’l") S %Efy(v(X'n;Fl)) )
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where Ey., denotes integration with respect to Py.,. To establish (5.16) it suffices to show
that Ef., (V(X,)) < % + 1 for n sufficiently large. But

Br (VX)) = [ Vi£)dX(Pr)(@
—/"<wmxnhx>uv»@y>
//V VAP, (y) dX,,— 1(Pf ») ()

(#) + B)dXn—1(Pr.p)(x)

= a/V(m)an71(Pf~u)(33) + 6

<.
<H+ato+ar ) 4at [VdXo(Pr)(a)
=B(l+a+---4+a"H+ a"/V(x)f(:v)dV(x)

B n
< i—a + /V(m)f(x)dz/(:c)

If [V(x)f(z)dv(z) < oo, the last quantity is < 77— = + 1 for n sufficiently large.

The argument above works for f € D such that [V (z)f(z)dv(z) < oo, and we now complete
the proof of the theorem by appealing to Lemma 5.4.4 and verifying that D* = {f € D :
JV(z)f(z)dv(z) < oo} is dense in D.

So let f € D. We want to find a sequence (fx)ken With each fr € D* and with ||f — fx|| — 0.
Define By, = {x € X : V(z) < k} and ¢;, = fB z)dv(z) for k = 1,2,.... Then f, =
1p, f/ck € D*, and

If = fell = 1f = 1B f/ ekl
=(1/cx —1) : fl)dv(z) + [ f(z)dv(z)

B;
= (1/er = Deg + (1 — cx)
=2(1—c;) =0

as k — oo. O

Note: The assumption in the theorem that y — infr,.v(2)<r} k,(om) (y) should be measurable
is not necessary. It is sufficient to complete the proof, that there exists a non—negative
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measurable function g : X — R such that

inf A >
ot R (y) > g9(y)

/g(y) dv(y) > 0.

From Theorem 5.5.1 we can obtain that a given Markov chain has asymptotically stable

for all y € X, and

transition probabilities, such that a stationary initial distribution exists and the averages
from Theorem 5.3.4 converges (towards integrals with respect to the stationary distribution).
But it says nothing about how the stationary distribution behaves. However, in order to use

the convergence of such averages it is necessary to know whether integrals on the form

Efo.y|f(X0,X1, XQ, . )| = / ‘f(.’bo,xhl'g, . )| deO.l,(xo, T1,T2,.. )
are finite. For this the following corollary can be helpful.

Corollary 5.5.2. Assume that the conditions from Theorem 5.5.1 are satisfied and let fq

denote the density for the stationary initial distribution. Then

EjyulV(X0) = [ V(@) fo(e) dvlz) < 0.

Proof. Let f € D* and M > 0. From the proof above we have
[ @ aan (@ < [ VP @
- / V(@) dXa(Pr)(@)
e [Vl
and since the transition probabilities are asymptotically stable
| / 2) A M)P™(f)(@)du() / (V@) A M) fo(a)o(a)
< [ (V@) n 3) [P (1)) = fow)] dvla)

< |[P™*(f) = foll =0

as n — oo. It follows that [ (V(z) A M) fo(z)dv(z) < B(1 — a) and letting M — oo then
yields that [V (z)fo(z)dv(z) < B(1 — ) O
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Example 5.5.3. Continuation of Example 5.3.7. For the ARCH(1)—process we have
X =(r+aXpen .
We shall look for a drift function on the form
V(x) = |zf*

with 6 > 0. Since
X200 = (v +aX))lensa|?

the condition (5.14) means that (due to the Substitution Theorem 2.1.1, since P, 2T ax?e)
(3 + ) B(el”*) < aglaf? +

for some (3, some gy < 1, and where € has a standard normal distribution. For small values
of x, B takes care of this. The condition therefore becomes

OE(lef*?) < 1. (5.17)

As a special case take 6 = 1. The condition is then satisfied if & < 1 and from the corollary

we see that the stationary initial distribution has finite second order moment.

Because E((ae?)?) = 1, the inequality (5.17) may be written

exp(6log(ae?) — exp(0log(ae?)
5( 5 )

1
:g(E(GXp((;lOg(OéGZ)) — E(exp(0log(ae?))) <0
If we let § — 0 we obtain the condition E(log(ce?)) < 0 which is equivalent to
a < exp(—E(log(¢?))) = 3.56.. ..

Hence this condition ensures that the transition probabilities are asymptotically stable. o

5.6 Exercises

Exercise 5.1. Assume that X, X1, Xo,... is a time homogeneous Markov chain on X,E)

with transition probabilities (Py)zecx. Let € X and define the stopping time

r=inf{neN: X, =z}.
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Let X = x and assume that P(7 < oco) = 1. Assume furthermore that ET < co. Define for
each set A € E )
1 -
p(A) = EE <Z 1(Xn€A)>
n=0

(1) Show that y is a probability measure on (X,E)

(2) Show that for all non—negative measurable functions f : X — R it holds that

fro- (5}

(Hint).

(3) Show that for A € E

/PT(A) du(z) = ELT Z E(Px, (A)1(r5mn))
n=0

where F,, = 0(Xo, ..., X,) (Hint).
(4) Obtain that
/P (A) dp(x <Z 1<Xn+1eA>>
(Hint).

(5) Show that
E(l(x,ea) = E(1x,ea))

and use this to obtain

/P (A)du(z —E (Z 1ix, eA))

Conclude that u is a stationary initial distribution for the Markov chain.

Now define 7y = 7 and recursively
™~ =inf{n >7ry_1 : X, =2}

Let furthermore f : X — R be bounded and measurable.
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(6) Argue that the real valued variables

T1—1 T2—1 T3—1
YoAXn), DT F(X), Y (X,
n=0 n=Tt1 n=to

are independent and identically distributed (you do not have to give detailed argu-

ments).

Also argue that 71, 79— 71, T3 — T2, . . . are independent and identically distributed (Hint).

(7) Show that

1 TT~—1
p 7;) f(Xn)—>/fd,u a.s.

as n — oo (Hint).

Exercise 5.2. Reconsider the one-dimensional AR(1)-process on (R,B) from 4.2
Xn+1 = an + €n+t1,

where all €1, €a, . .. are iid with a A/(0,1) distribution. Assume that Xy is independent of all
the €’s.

(1) Find the conditional distribution (P}")zer of X,, given Xy for all n € Ny (Hint).

(2) Assume that |p| < 1. Show that P}™ converges to po for all © € R, where
1
= O, 7>
o N( e

(Hint).

Exercise 5.3. Consider the AR(1) model from 5.2 and Example 5.3.6, but now assume that

|o| > 1. From 5.2 and the example it is known that the transition densities are given by

1 (y — px)?
- exp P
\/2mo2 P 207

with respect to the Lebesgue measure .

kM (y) =
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(1) Show that for all z,y € R
K () - 0

as n — o0.

(2) Show that there does not exist a stationary initial distribution for the Markov chain
(Hint).

Exercise 5.4. Let X, X7, X5,... be a time homogeneous Markov chain on (X,E) with
transition probabilities (Py),cx and initial distribution p. Assume that each P, has density
k, with respect to the o—finite measure v. Furthermore assume that p has density f with

respect to v.

Recall that we in section 4.4 defined (P2).ex to be the conditional distribution of (X1, ..., X,)
given Xj.

(1) Show that P2 has density ky ,(x1,...,2,) with respect to v®", where

n

kn,I($17 ce ,.%‘n) = H ka?i—l (ml)

i=1

(Hint).
(2) Show that the distribution of (Xo, ..., X,) has density

ho (20, .-y 2n) = f(20)kn,oo (X1, 2n)

with respect to €7+,

If the transition densities (k;)zex = (k?),cx depends on some unknown parameter 6 € O, we
can use the density h,, from (2) to write the likelihood function, when observing (Xq, ..., X,).
However, in Markov chain models it is quite often only the transition densities that are
specified and not the initial density f. In such cases, one will typically use the conditional
likelihood given Xy = x as in question (1). Especially in situations with many observations
it can be argued that not very much information is thrown away by considering the first

observation as known.

Now consider the AR(1) model from 5.2, where |p| < 1.
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(3) Find the conditional likelihood function for (Xi,...,X,) given Xo = z.

(4) Show that the conditional maximum likelihood estimate for p given Xy = « is
5, — Zico XiXin
XX
(Hint).
(5) Show that no matter what is the distribution of Xy, then the estimate from (4) is

strongly consistent:
Pn — p as.

as n — oo (Hint).

Exercise 5.5. Let Xy, X1, X5,... be a real valued time homogeneous Markov chain given
by the update scheme
Xn+1 == ¢(Xn7 Un+1) )

where all Uy, Us,... are independent and identically distributed with common density f
with respect to the Lebesgue measure A on (R,B). Assume furthermore that (Uq,Us,...) is
independent of X, and that ¢ : R> — R is measurable, such that

e y— ¢(x,y) is bijective and continuously differentiable for all z € R.

e 5,¢0(z,y) # 0 for all (z,y) € R?, where 6,¢(x,y) denotes the derivative with respect to
Y.

Show that the transition probabilities (P, ).ex for the Markov chain have densities (k;)rcx

with respect to the Lebesgue measure, where

1 -1
ke (y) = |5y¢<m’¢(x’.)_1(y>)|f(¢(xw) (¥))

(Hint). o

Exercise 5.6. Assume that £ : R — R and ¢ : R — (0, 00) are continuous functions, and
that (U, )nen is a sequence of independent and identically distributed random variables with

finite second order moment, such that FU; = 0 and VU; = 1. Define recursively
Xn+1 = €<Xn) + U(Xn)Un+l 5

where X is a real random variable, that is independent of (U, ),en and has distribution p.
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(1) Argue that Xy, X7, Xs,... is a Markov chain.
(2) Assume that for some n € N it holds that
B¢(X,)?2 <oo and  Fo(X,)? < oo

Show that EX?2, | < oo and find E(X,41 | X,, = 2) and V(X 41 | X,, = 2).

Now assume that the distribution of U; (and all U,) has density f with respect to the
Lebesgue measure.

(3) Find the density for the transition probabilities.
Assume that the density f: R — R is continuous and strictly positive.

(4) Assume that
§(2)? + o(@)?

lim sup 5

|z]|—o00 €

<1 (5.18)

Show that the transition probabilities are asymptotically stable using V(z) = 2% as a

drift function (Hint).

(5) Assume that EX2 < oo. Show that EX2 < o for all n € N (Hint).

Exercise 5.7. This exercise gives an example of the Markov chains from 5.6. So assume that
Uy,Us, ... are independent and identically distributed with EU; = 0 and VU; = 1. Assume
that U; has a continuous and strictly positive density f with respect to A. Define o(z) = 1

and
£(2) = (12 + B1) 1 (— o0, () + (@22 + B2) 1} 00) (2) ,
and assume that a1y + 81 = aey + Fs.

(1) Draw &(z) as a function of z, and argue that it is continuous.
(2) Let Xy, X1, Xo,... be a Markov chain given by
Xnt1 = E&(Xn) +0(Xp)Ung1,

where X is independent of (U, )nen. Find conditions in terms of a1, f1, g, B2 such

that the transition probabilities are asymptotically stable.
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(3) Try simulating Xo, ..., X10000 in a situation, where Xo =0, Uy ~ N (0,1), —a3 = as =
%7 and f; = B2 =v = 0. Plot (n, X;,)nen, and (X, X541)nen, and comment the two
plots.

Exercise 5.8. Assume that f : [0,00) — (0,00) is a continuous and strictly positive density
on the interval [0, 00). Let Uy, Us, . .. be a sequence of independent and identically distributed
real non—negative variables with common density f. Assume that there exists 5 > 0 such
that

/ P f(x)dr < oo

0

Assume that X is independent of (Up,)nen and define the Markov chain X, X1, Xs,... by
Xn+1 == |Xn - n+1|

for n € Ny.

(1) Show that the transition probabilities (Py)zer have densities (ky)zer given by

ka(y) = f(z+y) + f(@ = y)ly<o) -

(Hint).

(2) Show that
o0 o0 x
[ ey = [ iy [ e s)ay
0 x 0

(3) Show that the transition probabilities are asymptotically stable and that there exists a

uniquely determined stationary density fo (Hint).
(4) Show that if X, has the stationary distribution, then EX[ < oo for all n € N (Hint).

(5) Let X have the stationary distribution. Show that

EU?

EX, =
0~ 9FU,

(Hint).

(6) Assume that f(z) = e~ *. Show that in this case also fo(z) = e~* (Hint).
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Exercise 5.9. Let Xy, X1, Xs,... be a Markov chain on (X, E) with transition probabilities
(Py)zex such that each P, has density k, with respect to a c—finite measure v. Assume that

for some m it holds that y — infy,cxy k™ (y) is measurable with

inf &) (y)d > 0.
/ (o, (y) dv(y)

Show that the transition probabilities are asymptotically stable (Hint). o

Exercise 5.10. The Gibb’s sampler.
Let (X,Y) be a vector of random variables with values in (X x V,E ® K). Assume that
(X,Y) has density fy with respect to 11 ® vs.

Think of a situation, where fy is rather complicated and difficult to simulate from (or maybe
we do not even know it). Instead we know the densities for the conditional distributions of
X |Y and Y | X. These densities will be denoted (f,)yex and (f2)zex respectively.

The idea is to generate a Markov chain (Z,)nen, consisting of vectors Z,, = (X,,Y,) that

have asymptotically stable transition densities with f as the stationary distribution.

We define (Z,,)nen, as follows:

(a) Let Zy = (Xo,Yy) = (z,y) for some (z,y) € X2.

(b) Given Z, = (X,,,Ys) = (@n,yn) draw X,,+1 from the distribution with density f;n
(¢) Given X, 411 = xp41 draw Y41 from the distribution with density fx2n+1'

(d) Define Zn+1 = (Xn+1,Yn+1)

(e) Add 1 to n and go back to (b).

The above successive definition of Zy, Z1, Zs, ... could of course be written more formally as:

For each n € Ny we have

[ ] Xn+1J_L(Z0,...,Zn)|Yn

o With (Q))yey = Xnt1 | Yy each Q, has density f,.



5.6 Exercises 139

o Yoy L (Zoy.., Zn) | Xnpa

o With (Q2),ex = Vo1 | Xni1 each Q2 has density f2.
(1) Argue that Zy, Z1, Zs, ... is a Markov chain.

Let (Pz,y)(x,y)e xxy be the transition probabilities of this Markov chain.

(2) Show that the P, ,, has density k, ,,) with respect to v1 ® vy, where

k(xl,zn)(x%?ﬂ) = f;l (1'2) z22 (y2)
(Hint).

(3) Show that fy is a stationary density for the transitions (Hint).

Now assume that X = [0,1], ¥ = {0,1}, v1 = A (restricted to [0,1]), and that vy is the
counting measure 7 on {0, 1}. Furthermore assume that the conditional distribution of X, 11
given Y,, is given by
D
Qy=By+1,2-y)
meaning that
1
1
X =
n(72) B(y1 + 1,2 — 1)

and that the conditional distribution of Y;, 1 given X, 41 = z,41 is a Binomial distribution

2 (1 — o)t 702

with parameters

R
"apa1a+ (1 — Tpi1b)

for some given non—negative constants a and b.

(4) Show that the Markov chain Zy, Z1, Zs, ... is asymptotically stable (Hint).
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Chapter 6

An introduction to Bayesian

networks

6.1 Introduction

Consider an n—dimensional vector of random variables X = (X7,..., X,,), where each X, e.g.

have values in some Borel space (X, E).

A very simple model for the distribution of X could be to assume that Xi,...,X, are

independent. Then we have
PXy€A4,...,.X,€A,)=P(X1 €4 -P(X, €A

so in order to determine the distribution of X, we only need to determine the n marginal
distributions. The problem is, that this model very often is far too simple; It is necessary to

allow for some dependence structure in the simultaneous distribution.

If we take this to the other extreme, we could simply use the model, where X is allowed
to have any distribution on (X™,E™). Then we will have to take care of all dependencies
between all combinations of variables. If n is very large, this will be far too complex to
handle.
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Example 6.1.1. Consider the variables Xi,...,X,, in the very simple case, where X =
{0, 1}. If the variables are independent only the n parameters py,...,p, will be necessary to
determine the distribution of (X1,...,X,)

P(Xy=1)=ps
If on the other hand, there is dependence then all the 2" probabilities
P(X1=a1,...,Xn = ay)
will have to be decided, with a € {0,1} for k=1,...,n. o
Example 6.1.2. In a microarray experiment the expression levels of a large number of genes
are measured simultaneously, and it is expected that there will be correlations between the
levels of the different genes. These correlation structures are of great interest, and can lead

to a deeper biological understanding.

Consider a gene expression data set produced from an experiment, where the expression levels

of p genes are recorded for n independent samples. This leads to a data set {z!,..., 2"} where
each vector 2% = (2¥,...,2%) is an independent observation of the vector (X1, ..., X,). The
difficulty in the analysis of data like this is that typically p is much larger than n. o

For large values of n a solution could be to assume that there is still some dependence in the

model, but in such a way that there are not too many dependencies to take care of.

As we shall see in the following example it often makes sense to assume some structure in a

set of observations.

Example 6.1.3. Imagine the situation, when you go to the university in the morning. It
may happen that you do not arrive in time for the first lecture.... And this can have various
reasons. It could be that your alarm did not work this morning, such that you overslept, and
it is also possible that the bus was late. All of this will probably have influence on whether

you were at the university in time.

In Figure 6.1 it is indicated which dependence structures that seems reasonable. For example
it does not make sense to believe that there is dependence between the bus arrival and your
alarm. Furthermore it is reasonable that the alarm only has influence on the arrival time via
the knowledge of whether you overslept: If we know that you did not oversleep, then it will

not be fair to use the alarm as an excuse for being late. o
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Bus late? \

'—» Overslept? /

Figure 6.1: A scheme of your morning situation.

The purpose of this chapter is to give a theoretical description of dependence structures like
the one in Example 6.1.3.

6.2 Directed graphs

Definition 6.2.1. A directed graph G = (V,£) is a set of nodes V = (v1,...,v,) and a set
of edges €. Each edge is a directed connection between to elements v;,v; € V, where i # j.

Such a directed connection will be denoted v; — v;.
Definition 6.2.2. We say that v1,...,v form a path in the directed graph G, if v; = vi11
for everyi=1,...,k—1. We write v; ~ v; if there exists a path from v; to v;.

Definition 6.2.3. A cycle in a directed graph G is a path vy,...,vg, where vi = vi. A

graph is acyclic if it contains no cycles.

The concept of a directed acyclic graph (DAG) will be the basis in this chapter. This will be

the graphical representation that underlies Bayesian networks.

Definition 6.2.4. Let G = (V, &) be a directed acyclic graph, and let B be a subset of V.
The subgraph Gg = (B,Ep) is the graph, that only consists of the nodes in B and only with
the edges from £ that are connections between elements in B.

Another useful notion is that of an ordering of the nodes in a directed graph that is consistent
with the directions of the edges.
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Definition 6.2.5. Let G = (V,€) be a directed acyclic graph. An ordering of the nodes
Vi,...,Upn 5 an ordering relative to G: If v; — vj, then i < j.

It is always possible to find an ordering in a directed acyclic graph!

o © ©
@ ©

Y

0

Figure 6.2: An example of a directed acyclic graph with 6 nodes and 5 edges. We e.g. see that
a ~ f, and that {a,b, c} is the set of parents of d.

We shall also for a node v € V define the parents, descendants, and non-descendants of v.

Definition 6.2.6. Let G = (V,&) be a directed acyclic graph, and let v; € V. Then we say
that

(i) v; is a parent of v;, if v; — v;.
P, ={v, €V :v; = v}
denotes the set of all the parents of v;.
(i1) v; is a child of v;, if v; = v;. We let
Cy, ={v; €V : v; 5 v;}
denote the set of all children of v;.
(iii) vy is an ancestor of v;, if there exists a path, such that vy ~ v;. We let

Ay, ={or €V v ~ v} U{v;}
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denote the set of all ancestors of v;.

Let B be some subset of V. Then we let Ap denote the subset of V that contains B and

all ancestors of elements in B. Then

Ap = UpeBA,

(iv) v is a descendant of v;, if there exists a path, such that v; ~ vy,. We let
D,, ={vg €V : v; ~ vi}

denote the set of all descendants of v;. Furthermore we let ND,, denote the set of all

non-descendants of v; and define it by

NDy; = V\{Dy, U{i}}

6.3 Moral graphs and separation

Definition 6.3.1. An undirected graph G = (V,€) is a set of nodes V = (v1,...,v,) and
a set of edges £. FEach edge is a connection between two elements v;,v; € V, where i # j.

Such an undirected connection will be denoted v; — v;.

Definition 6.3.2. Let G = (V, &) be a directed acyclic graph. The moral graph G™ of G
is an undirected graph with the same nodes as G, but where v; —v; in G™ if either they are

connected in G or they share a child.

In the anachronistically named moral graph, all parents are ”married”!

Definition 6.3.3. Let G = (V,E&) be an undirected graph, and let S be some subset of V.
Let v;,v; € V\S. We say that S separates v; and vj, if all paths from v; to vj intersects S.

Assume that A, B and S are disjoint subsets of V. We say that S separates A and B, if it
separates all v; € A and v; € B.

Example 6.3.4.

Consider the graph G that is depicted in Figure 6.3. The graph is acyclic, and the parent
and child sets of each node can be found. For example Py = {1,2} and Cy = {5}. Similarly
Ay ={1,2}, D4y = {5} and ND4 = {1,2,3}. The corresponding moral graph is also shown
in this figure. o
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OO ‘\
SN
)

Figure 6.3: The graphs discussed in Example 6.3.4. On the left is an example of a directed acyclic

graph, and on the right the moral graph.

6.4 Bayesian networks

Consider a directed acyclic graph G = (V,€) with V = {v1,...,v,} and consider a random
vector X of length n, that is indexed by the nodes in the graph

X=(Xp, -, Xo,)-

In the following we shall use the notation P,(X) = {X, : v € P,} and similarly for C,(X),
Ay(X) Dy(X) and ND,(X).

Assume that each of the variables X, has values in the Borel space (X,E). We let P = X(P)
denote the distribution of X — hence P is a probability measure on (X", E").

We have the following definition of a Bayesian network

Definition 6.4.1. Let G = (V, &) be a DAG containing n nodes, and let X = (X,,,,..., X,,)
be a vector of random wvariables with values in (X, ) indexed by V. let P be the distribution
of X.

The triplet (G, X, P) is called a Bayesian network, if for each v € V

X, 1L ND,(X) | P,(X).
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Example 6.4.2. Assume that X is indexed by the graph in Figure 6.2, and assume that

(G,X,P) is a Bayesian network. Then we e.g. have the conditional independence
Xf uin (Xaa Xb, Xc) | (Xd, Xe)

and the true independence
X, 1L X, 1L X,

Example 6.4.3. Assume that Xy, X, X», ... is a Markov chain, and consider X = (Xj, ..., X,)
for some n. Consider the very simple graph G given by

0—=1—=2—=---—=n

then for each k € {0,...,n} we have that P, = {k — 1}, ND, = {0,...,k — 1} and we
therefore have
Xy AL NDp(X) | Pe(X)

Hence it is seen that (G, X, X(P)) is a Bayesian network. o

In the rest of this chapter we shall (for our own convenience and without loss of generality)
assume that V = {1,...,n} and that this an ordering of the elements in V.

We shall need a (little...) more notation. Let n(i) be the number of elements in P; for each
i€V, and let

(Piz)zexn
denote the conditional distribution of X; given P;(X). If P; is empty, we simply use the

unconditional distribution of X;. Similarly to the definition of P;(X) we shall consider P;(x)
for the vector x = (21,...,2,). So we have

PZ(X) = {l’j . j S Pz}

Now we can formulate and prove

Theorem 6.4.4. Let G = (V,&) be a graph with V = {1,...,n} (for convenience. Let
X =(Xy,...,X,) be a random vector indexed by V. Assume that 1,...,n is an ordering of
the nodes in V.

Then (G, X, P) is a Bayesian network if and only if the distribution P of X is given by the
conditional distributions

{(Pi,x)mexn(i) i V}
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in the following way
An)

P(A; X -+ X
/ / P, p,x)(An) Po_i.p,_ (x)(dTp_1) -+ P py(x)(dz2) Pi(dzy)
Ay An_1

Proof. Let for each i € {1,...,n} (Qi,(zl ,,,,, 171’—1)) be the conditional distribution of X; given
(X1,...,Xi—1). We let @ be the marginal distribution of X;. With this notation we can

always write

X X Ap)

P(A;
A / Qn,(zl, T 1)( n) Qn—l,(wl,...,x",g)(dwn—l) te QQ,rl (dIQ)Ql(dzl)
1 Ap-1

Now the integral representation of P(A; x - -+ x A,,) in the theorem follows by noticing that

for each ¢ we have the conditional independence
X; U (Xy,..., X)) | B(X),

such that

Qiy(a1,ezim1) = FiPi) -
Assume conversely that the distribution P has the integral form. Then it is seen that for
each ¢ € {1,...,n} the conditional distribution of X; given (Xi,...,X;_1) is given by the
Markov kernel (with a slight change of the index—set)

(P ) zexn (6.1)

From this we see for each 7
X W (Xy,...,X1) | B(X)

Now let 7 be fixed, and let vq,...,v,, be the elements in the non—descendants of i that are

not among {1,...,i—1}:
{’Ul,...,’l)m}:ND,L‘\{L...,’L'—l}

We furthermore assume that v, ..., v,, are ordered according to the ordering of V. We want
to show that
X U (X, 0, Xim1, Xoyy oo, X)) | Pi(X) (6.2)

and this will be shown using induction over k = 0,...,m. As the induction start for k = 0
we have the conditional independence in (6.1). So now assume that for some k € {0,...,m}

we have

X AL (X1, X1, Xy, X)) | PA(X) (6.3)
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For X

ves1 We have

X (X, X —1) | P

7)k+1(

X)

Vk+1

Note that because of the ordering, we must have {1,...,i—1,v1,..., 0} C{1,... 0541 —1}.

So we can move this information to the conditioning side

X

o (X1, X 1) | Poy (X), X0, X1, Xy, X,

k+1 (

Also note that since vy; is among the non-descendants of ¢, then also the elements in P,, -

must be among the non—descendants. Hence P, , C {1,...,i—1,v1,...,vx}, so we actually

k+1
have

X

Vk+4+1

(X1, X 1) | X1y X1, Xy, X,

k

which by reduction gives

X

Vk+1

X | Xy, X1, Xoys ey Xo

"
Hence (since obviously P; C {1,...,i — 1}) we have from Theorem 3.4.3 that
Xi J-I— (Xla . ?Xi—13X1)17 cee 7X1)k-+1) | P)'L(X)

So the desired result (6.2) follows by induction. O

The integral form from Theorem 6.4.4 becomes much more clear in the situation, where the
distribution P has density.

Theorem 6.4.5. Assume that the distribution of (X1,...,X,) has density f with respect to
v*", where v is a o—finite measure on (X,E). Then (G,X,P) is a Bayesian network if and

only if the density factorises

n

f(xlﬁ"'vxTL):Hf(xi|Pi(X))’

=1

where each f(x; | P;(x)) is the density of the conditional distribution of X; given P;(X).

Proof. This result follows immediately from Theorem 6.4.4, since we know from Chapter
1, that all the conditional densities exists and that a factorisation as above determines the

simultaneous distribution uniquely. O

Of course we can use update schemes in order to describe how X; depends on it’s parents

P;(X) more concretely. We have results very similar to Theorem 4.1.6 and Theorem 4.1.7.
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Theorem 6.4.6. Assume that X = (X1,...,X,,) is defined recursively such that

X1 =¢1(Uy)
Xy = ¢2(X1,Us)
X3 = ¢3(X17X2aU3)

Xn = (bn(le”-aanlaUn)

where Uy, ...,U, are independent. Define a graph G = (V,E), where j ¢ P; if j > i, and if
Jj <ithen j € P; if and only if ¢;(x1,...,x;—1) depends on x;. Then (G,X,P) is a Bayesian

network, and 1,...,n is an ordering of the notes in V.

Proof. Similar to the proof of Theorem 4.1.6 - but with heavier notation. O

The most simple form of the update scheme is a linear model. This is explained in the

following example.
Example 6.4.7. Assume that X = (X3,...,X,,) is defined recursively such that

X1 = €1
Xo=v2.1X1+ e
X3 =731X1 +732X2 + €3

Xn = 'Yn,le +---+ ’Yn,nlenfl + €n

where €1,...,€, are iild. A Bayesian network over X then consists of a graph G = (V,€)
where 7; ; # 0 if and only if j € P;.

A simple and useful model would be obtained by assuming that ¢; ~ A(0,1) fori =1,...,n.
In that case Theorem 6.4.5 can be applied to derive the simultaneous density of X. o

Theorem 6.4.8. Assume (G,X,P) is a Bayesian network, and assume that 1,...,n is an
ordering of the notes in V. Then there exists update functions ¢y, ..., ¢n with ¢; : X" x
(0,1) — X, such that if Uy,...,U, are independent standard uniformly distributed, and
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X{,..., X} are defined by
X1 =o¢1(Uh)
Xo = ¢2(X1,Uy)
X3 = ¢3(X1, X2,U3)

Xn = ¢n(X17 o aXn—la Un)

then (X1,..., X)) has the same distribution as (X1,...,Xp).

Proof. Similar to the proof of Theorem 4.1.7. O

6.5 Global Markov property

We have the following result, that can be seen as a generalisation of the conditional indepen-
dence that appears in the definition of a Bayesian network.

Theorem 6.5.1. Assume that (G,X,P) is a Bayesian network, and let A, B and S be
disjoint sets in V, such that S separates A and B in the moral graph (QAAUBUS)m of the
sub-graph containing all ancestors of A, B and S. Then

X4l Xp| Xs,

where e.g. X4 denotes {X; : i € A}.

Example 6.5.2. In Figure 6.4 a representation of a Bayesian network can be seen. It can
m
, S

be seen, that S separates A and B in the moral graph (Ga, . s) S0 we have that

Xal Xp| Xs,

Most of the work in the proof is in obtaining the following result, which is formulated as a
separate result in order to ease notation.

Lemma 6.5.3. Assume that (G, X, P) is a Bayesian network, and let A, B and S be disjoint
sets in V, such that Y = AU BUS. Assume furthermore that S separates A and B in the
moral graph G™. Then

Xall Xp | Xs,
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Figure 6.4: A representation of a Bayesian network, where A and B are conditionally independent
given S.

Proof. We still assume that V = {1,...,n} are ordered. Define for each k € {1,...,n}

Ak:Aﬂ{L...,k‘}
By=Bn{L,... Kk}
Sy,=8n{1,...,k}

Let ko be the smallest number among {1,...,n}, where both Ay, and By, are non-empty.
Assume that ko € A. Then both By, and Sy, are parts of the non-descendants of kg, so

Xk L Xy s Xy | Pro (X)
We can move Xg, = to the conditioning side and use reduction
Xio 1L Xy | Pro (X), X,
and since the parents of kg necessarily must be in Si,, we have
Xio AL Xy, | Xy,
We now proceed by induction over k = kg, ..., n. So assume that for some k
Xa, UL Xp, | Xs, (6.4)

and consider k + 1. There are three different scenarios

(a) k+1€A
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(b) k+1€B

() k+1€e8

and we would like to argue that in any case, it holds that
XAk+1 AL XBk+1 | Xsk+1 (65)

The arguments for (a) and (b) will be identical (because of symmetry), so we shall only

consider the scenarios (a) and (c).

First assume that & + 1 € A. Since all of the subsets Ay, By and S; are among the non—

descendants of k + 1 we have
Xir1 AL Xa,, Xy, X, | Per1(X)
and we move X4, and Xg, to the conditioning side and use reduction
X1 L X, | Pey1(X), X4, , Xs,
Furthermore we see that the parents of k + 1 are in S; U Ay, so the result is simply
X1 UL X, | Xa,, Xs, (6.6)
When combining (6.4) and (6.6) it follows from Theorem 3.18, that
Xa,, Xer1 1L Xp, | Xs,

which is the same as (6.5).
Now assume instead that £k + 1 € S. Then it is not possible that k + 1 has parents in both
A and B. So assume that Py1q € AUS (the proof in the B—case will be similar). As before

we must have
Xk+1 uin XAk’XBk7XSk | Pk(X)

and thereby also
Xk+1 J-I— XB;C ‘ Pk+1(X)7XAk7XSk

such that (since Py C Ag, Sk)
X1 IL X, | Xa,, X,
Together with (6.4) this gives according to Theorem 3.18 that

XAk7Xk+1 Hi XBk ‘ XSk
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Now we move Xy to the conditioning side and use reduction. Then
XAk A XBk ‘ XSkan-‘rl

which is the same as (6.5) in the situation, where k+1 € S. O

Proof of Theorem 6.5.1. Let V' be the subset of V that contains all the nodes in A pys,
and let &’ be all the edges in € that are connections between elements in V'. Let G’ = (V', &)
be the corresponding DAG. Then we must have that

(G, Xyr, Xy (P))

is a Bayesian network. We now define A’ to be all the nodes in V' that are not separated
from A by S. Let B’ be all the nodes in V'’ that are not in A’ or S. Then obviously, we have
that A’, B’ and S are disjoint with A C A’, B C B’ and such that A’ and B’ are separated
by S.

Then it follows from Lemma 6.5.3 that
Xa U Xpi | X
such that it by reduction follows that

X4l Xp|Xs.
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Supplementary material

A.1 Measurable spaces

In this section we recall some of the main definitions and results from measure theory that
are used throughout the book. Consider a set X and let E be a collection of subsets of X

Definition A.1.1. We say that E is a o—algebra on X, if it holds that

e YcE
o [fAEE, then A€ E

. IfAl,AQ, ... €E, then UzozlAn ek

If X is some set, and E is a o—algebra on X, then we say that the pair (X, E) is a measurable
space. If D is a collection of subsets of X, then we define o(D) to be the smallest o—algebra
on X that contains . For a o-algebra E on X and a collection H of subsets of X', we say

that H is a generating system for E, if E = o (H).

If it for some collection H of subsets of X holds for all A, B € H that AN B € H, then we
say that H is stable under finite intersections.

Definition A.1.2. We say that H is a Dynkin class on X, if it holds that
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1) X eH,
2) If A,B € H with AC B, then B\ A€ H

3) IfAl,AQ,... € H with Ay C A2 c.., then U,?LozlAn e H

We have

Theorem A.1.3 (Dynkin’s lemma). Let D CH C E be collections of subsets of X. assume
that E = o(D) and that D is stable under finite intersections. If furthermore H is a Dynkin
class, then H = E.

Definition A.1.4. Let (X,E) be a measurable space. We say that a function p : H — [0, oo
is a measure (on (X, H)), if

1) p(@®) =0

2) If Ay, As, ... € H are pairwise disjoint sets, then p(Us An) = > o0 | u(Ay)

We say that a measure p on (X,E) is a probability measure, if y(X) = 1. In the affirmative
we call (X, E, 1) a probability space.

Theorem A.1.5 (Uniqueness theorem for probability measures). Let u and v be two prob-
ability measures on (X,E). Let H be a generating system for B which is stable under finite
intersection. If u(A) = v(A) for all A € H, then u(A) = v(A) for all A € E.

Let (X,E) and (), K) be two measurable spaces. Then we can consider the product space
(X x ¥,E®K). Here the product o-algebra E® K is generated by the system of all product

sets
D={AxB:AcE, BeK}

Note that I is stable under intersections. If A and A are two measures on (X x V,E @ K)
that are equal on product sets

MA x B) = AM(A x B)
for all A € E and B € K, then according to Theorem A.1.5 we have A = \.

Let p be a measure on (X, E) and p be a measure on (), K). Then 4 ®v denotes the uniquely
determined measure defined by (¢ ® v)(A x B) = u(A)v(B).
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Theorem A.1.6 (Tonelli’s theorem). Let u be a probability measure on (X,E) and v be
probability measure on (V,K), and assume that f is nonnegative and E @ K measurable.
Then

[ @ dueney = [[ e ww .

Theorem A.1.7 (Fubini’s theorem). Let u be a probability measure on (X,E) and v be
probability measure on (Y, K), and assume that f is E ® K measurable and p ® v integrable.
Then y — f(x,y) is integrable with respect to v for p-almost all z, the set where this is the

case is measurable, and it holds that

[ temawe @y = [[ fey ) du).

We will also need the following abstract change-of-variable theorem

Theorem A.1.8. Let mu be a measure on (X, E) and let (Y, K) be some other measurable
space. Lett : XX — YY be measurable, and let f : YY — R be Borel measurable. Then
f is t(w)-integrable if and only if f ot is u-integrable, and in the affirmative, it holds that

Jfdt(u) = [ fotdp.

Let again (X,E) and (),K) be two measurable spaces. Define the inclusion map i, : Y —
X x Y by
ir(y) = (v,y) foryeX.

Then i, is K — E ® K—measurable for each fixed y € J. For G € E ® K define
G'={yeY : (z,y) €eG}=1i,"(G)

Note that G* is K-measurable due to the measurability of 7.

A.2 Random variables and conditional expectations

Assume that (2, F, P) is a probability space and (X,E) is some measurable space. We say
that X : Q — X is a random variable on (2, F) with values in (X, E), if it F — E-measurable.
That is

X HA)=(XecAeF
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for all A € E. For a random variable X on (2,F) with values in (X,E) we define o(X) to
be the smallest o—algebra that makes X measurable. Then o(X) is the sub o—algebra of F
given by

o(X)={(X€Ad): AcE}

We have the following extremely useful result

Theorem A.2.1. Assume that X is a random variable with values in (X,E) and that Z
is a real-valued random wvariable. Then Z is o(X)-measurable if and only if there exists a

measurable function ¢ : (X,E) — (R,B) such that

Z=¢oX

Let D be a sub o—algebra of F.

Definition A.2.2. Let X be a real random variable defined on (2, F, P) with E|X| < oo.
A conditional expectation of X given D is a real random variable denoted E(X | D) that
satisfies

1) E(X | D) is D-measurable
2) E|E(X | D)| < 0o

3) For oll D € D it holds
/E(X|ID))dP:/ XdpP
D D

We uniqueness of conditional expectations

Theorem A.2.3. (1) IfU and (NJ are both conditional expectations of X given D, then U = (7

a.s.

(2) If U is a conditional expectation of X given D and ﬁ is D-measurable with & =U a.s.

then U is also a conditional expectation of X given D.

and existence

Theorem A.2.4. If X is a real random variable with E|X| < oo, then there exists a condi-

tional expectation of X given D.
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Furthermore we have a series of nice properties. Let X, X,, and Y be real random variables,

all of which are integrable.

Theorem A.2.5. (1) If X =c a.s., where ¢ € R is a constant, then E(X|D) = ¢ a.s.

(2) For a,p € R it holds that
E(aX + YD) = aE(X|D) + BE(Y|D) a.s.

(8) If X >0a.s. then E(X|D) >0 a.s. IfY > X a.s. then E(Y|D) > E(X|D) a.s.

(4) IfD CD are sub o-algebras of F then

E(X|D) = E[E(X|E)|D] = E[E(X|D)|E] a.s.

(5) Ifo(X) and D are independent then
E(X|D)=EX a.s.

(6) If X is D-measurable then
E(X|D)=X a.s.

(7) If it holds for alln € N that X,, > 0 a.s. and X1 > X, a.s. withlimX,, = X a.s.,
then
lim E(X,|D) = E(X|D) a.s.

n—oo

(8) If X is D-measurable and E|XY| < oo, then

E(XY|D) =X E(YD) a.s.

(9) If f : R — R is a measurable function that is convex on an interval I, such that
P(X el)=1 and E|f(X)| < oo, then it holds that

f(E(XD)) < E(f(X)D)) a.s.

Now assume that X is a random variable with values in (X, E) and that Y is a real random
variable with E|Y| < oo. If we are looking for the conditional expectation of Y given
D = 0(X), then we write E(Y | X) rather than E(Y | 0(X)). The resulting random variable

is referred to as the conditional expectation of Y given X. We have
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Theorem A.2.6. Let Y be a real random variable with E|Y| < oo, and assume that X is
a random variable with values in (X,E). Then the conditional expectation E(Y | X) of Y

given Y 1is characterised by

1) E(Y | X) is o(X)-measurable
2) BIE(Y | X)| < o

3) For all A € E it holds that
/ E(Y | X)dP = / Ydp
(XeA) (X€e€A)

According to Theorem A.2.1 there exists a measurable map ¢ : X — R such that

E(Y | X) = ¢(X)
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Hints for exercises

B.1 Hints for chapter 1

Hints for exercise 1.1. Use Theorem 1.3. Show that the conditional distribution is a hyper-

geometric distribution and find the parameters. )

Hints for exercise 1.3.

(1) Use the extended Tonelli to calculate an integral with respect to (X,Y)(P) as a double
integral.
(2) P, has density
1
foly) = —e7¥/® for y > 0
x
with respect to the Lebesgue measure. Use question (1) to find FY.

Hints for exercise 1.10.

(2) Recall that according to Theorem 1.5.1 there exists a E—B-measurable function ¢ with
values in [0, 1] that satisfies (1.4) in the notes. Use this function in the construction.
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B.2 Hints for chapter 2

Hints for exercise 2.2. Get inspiration from the proof of Theorem 2.2.1! o

Hints for exercise 2.6.

(1) Write

Hints for exercise 2.7.

(4) Use that (Uy,Us) is uniform on (0,1)2, such that for A C (0,1)? the probability
P((Uy,Usz) € A) is simply the area of A.

(8) You should show that
| PAB) X0 (P ) = P(X0y € A X € )

Use the change—of-variable theorem to obtain

B v(BN(X1,00))
/APM(B) Xy (P)(dxy) = /(XleA) 1(X1<X2)de

+ / |
(X2€A) (K<X) 7 (X2, 00))

Use the change—of-variable theorem again (integrate with respect to (X1, X2)(P)) and
use Tonelli (since X; 1L X5).

dpP

Hints for exercise 2.9.
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(2) Simply use that the points (U}, U?),. .., (UL, U%) are independent and e.g. have prob-
ability ma(A;) to be in A;.

(3) Show the (unconditional) probability

n

P(N(Ay1)=n1,...,N(An) =npy) = ﬁ Me_)‘mz(Aj)
j=1 a

(4) Use the points (U}, U?), ..., (Ux,U%) and then remove some of them with a probability
that depends on the value of k(U}, U?). Get inspiration from Exercise 2.6...

Hints for exercise 2.10.

(3) Use (1) and (2) to calculate E(S,, | Sp).

B.3 Hints for chapter 3

Hints for exercise 3.1.

(2) Use Theorem 3.3.6.
(3) Use e.g. the extended Tonelli.

(4) Use (1) and (2).

Hints for exercise 3.2.

(2) Write
P(Xl €A, Xs€ B, X, +X2€C):P(X1€A7(X1 +X2)—X1 EB,X1+X2€C>

and write it as an integral with respect to (X7, X1 + X3). Use the extended Tonelli.
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(3) For the first result, write B =  — A and use Theorem 3.5.3 to find an alternative
expression for R,. For the second result, you can e.g. consider the distribution function
for P, and realise that it only has the values 0 and 1, such that it must have exactly

one jump (and this must be of size 1).
(4) Calculate E(X; | X1 + Xa).

(5) You should use ¢; = ¢. Calculate the probability P(X; = ¢(X; + X2)) as an integral
with respect to (X1, X1+ X5) and use the extended Tonelli. You now have an expression
for P,...

(6) Choose X3 such that X7 + X5 + X3 is particularly simple.

Hints for exercise 3.3.

(2) Let fori e {1,...,m}and j € {1,...,n}

These conditional probabilities are simply the point probabilities in the conditional
distribution of ¥ given X. Use (1) for each value of i.

Hints for exercise 3.4. Recall that if U is uniform on (0,1), then —flog(1 — U) has an

exponential distribution. o

B.4 Hints for chapter 4

Hints for exercise 4.1. Use Theorem 4.1.5 and reduction. o

Hints for exercise 4.3.

(3) The Strong Law of Large Numbers may be useful: If X7, X5, ... are iid with F|X;| < oo,
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then
1 n
-3 Xi > EX; P-as.
Lt
(5) Rewrite P(Y; =myq,...,Y, = m,) to an event concerning the Z—variables.

(6) Show that both of the processes Ny, Ny,... and My, My, ... only have jumps at the

times 11,75, .. ..

Hints for exercise 4.4.

(1) Rewrite the set (1 +k=n)=(r=n—k).
(3) You should show that for all n € Ny
(X7+n+1>T +n+ ]-) ui (XTaTa X7'+177— + 1, © ';X‘r+na7_ + Tl) | X7+n>T +n

Use Theorem 4.2.7 with the stopping time 7+ n, and move some information around...

Hints for exercise 4.5.

(1) Use Theorem 4.3.6 for the stopping times 7 + k.

(2) See the remark after the proof of Theorem 4.3.5.

Hints for exercise 4.6.

(2) Show that P(U; € Ay,...,U, € A,) = P(U; € A1)---P(U, € A,) for all n € N.
Divide according to the value of 7, and use that e.g. U}, is independent of (U; €
Ay, Uk e Ag)N(t=k).

(3) Realise that X,,11 = ¢(Xy, Upy1).
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Hints for exercise 4.7.

(1) Write
o0
Xop = ZXTA+k1(JB:TA+k)
k=0
and write (05 =74 + k) as a set involving X, 11,..., X7, +&-

(3) Argue that
D
(X1, Xo . ) | Xo 2 (Xosts Xrisooo) | X

and that for some function 1, we have

)(7—1 :1/)(X1,X2,...) and )(TkJrl = 1/}(X7-k+1,X7-k+27...)

Hints for exercise 4.8.

(1) You should show that
Xontmt1) AL (Xrnos -+ Xeam—1)) | Xran
Use the strong Markov property to obtain
(X‘r/\m XT/\nJrl) i FTAn | XT/\n
Firstly, use that (X;no,...,X;A(n-1)) is Fzaon—measurable. Then write
Xrnm+1) = Xeant1lirsn) + Xeanl(z<n) (B.1)
Obtain e.g. lir<n) as a function of X, ap,.

(2) Use (B.1) and the substitution theorem. Show that the conditional distribution of ¥;,41
given Y,, is (Qg)zecx, where
0, x€A
Qz = {

P, x¢ A
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B.5 Hints for chapter 5

Hints for exercise 5.1.

(2) Standard approximation argument using indicator functions.

(3) For the last equality recall/use that Px_(A) is a version of P(X,,+1 € A | X,,). Use the
Markov property.

(4) Hint: Use that (7 > n) is F,,—measurable.
(6) See example 4.3.8.

(7) Use The Strong Law of Large Numbers (applied to both Z;ﬁo_l (X,) and 75 /N).

Hints for exercise 5.2.

(1) Show and use that

X, =p"Xo+p" e+ p" Pea -+ pen—1 + e

(2) If f is a bounded measurable function and v = N(u, o?), then

/fduz/f(x)&exp(—#(x—u)Q)d)\(x),

where A is the Lebesgue measure. Use Dominated convergence and that

oo
> o=

— p2°
n=0 1 P

Hints for exercise 5.3.

(2) Assume for contradiction that a stationary initial distribution p exists. Find N € N
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such that P(Xo € [-N,N]) > 0. Then for all n € N

0 < P(X, € [N, N]) = P(X,, € [-N,N])

/ / K () dA(y)du(z)
R J[-N,N]

Let n — oo and get 0.

Hints for exercise 5.4.

(1) Simply use the integral representation of P(A; X -+ X A,).
(4) Consider the conditional likelihood function as a function of p and find maximum.

(5) In Example 5.3.6 (and almost also in Exercise 5.2) it was shown that the transition
densities are asymptotically stable and that N(0,1/(1 — p?)) is the stationary initial
distribution. Let fy be the density for this distribution. Use Theorem 5.3.4 to obtain
that e.g.

n—1

Z XiXH-l — Ef0~)\(X0X1) a.s.,
=0

1
n

where Ey,., means expectation in a model, where Xo ~ N (0,1/(1 — p?)).

Hints for exercise 5.5. A standard argument using transformation of densities. o

Hints for exercise 5.6.

(4) Use that there must exist @ < 1 and K < oo such that

§(z)* + o(x)?

5 <a for |z| > K

T

Also use that for all compact sets B we must (?) have

inf k >0,
(z,y)€[—r,r]xB v (y)

since (z,y) — ks (y) is continuous.
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(5) Use induction and (2).

Hints for exercise 5.8.

(1) You could show that
y
| B e =Pl -ti] ).
0

Use substitution...

3) Use (2) and the drift function V(z) = ¢®. Let a = [;° e 7Y f(y) dy.

3)
(4) Use Corollary 5.5.2 and that for all n € N exists K,, such that 2" < e/% + K,,.
(5) Use that EX2 = EX7?.

(

6) Let Xy have density e~ and find the density of Xj.

Hints for exercise 5.9. Consider a constant drift function. o

Hints for exercise 5.10.

(2) You should simply show, that
P(X, € A1,Y1 € B, X5 € Ay, Ys € By)
=[] R ) A @)z ) A5, V)P )
(3) You should show that
fo(w2,y2) = P (fo) = // E(zy ) (@2, y2) fo(rr, y1)dvi (21) dre(y1)
For this, first show that

/fo(afhyl)dyl(xl)f;l (z2) = foly1,72)

(Recall, that fy is the density for (X,Y"). It can be helpful to invent the notation fo 1
for the marginal density of X and fy o for the marginal density of V).
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(4) Find the transition density k(y, 4,)(z2,¥2) (this will not depend on z;). Use 5.9, since

infimum over (z1,y1) € [0,1] x {0,1} is extremely simple.
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global Markov property, 151
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discrete, 74
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stationary, 104
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Markov kernel, 1
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general, 75, 76
global, 151
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one-step transition probabilities, 72

ordering of graph, 144

parent, 144
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random time, 84
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recurrence time
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renewal process, 80

separation of graphs, 145
shift, 112
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SLLN, 111
stability under finite intersections, 155
stationary Markov chain, 104
stationary process, 103
stopping time, 84

first hitting time, 84

first return time, 85
strong law of large numbers, 111
strong Markov property, 88, 96
subgraph, 143

substitution theorem, 28

time homogeneous, 90, 100
weakly, 92
Tonelli’s theorem, 156
Tonelli, extended, 7
transition density, 115
transition matrix, 74
transition probabilities
density, 115
one step, 72

trivial o-algebra, 53

undirected graph, 145
update function

existence, 65, 67

for discrete variables, 69
update scheme

Bayesian network, 149
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